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DYNAMICS OP THE DESIGN OP A 
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vThe book is devoted to the problem of deter¬ 
mining the necessary carrying capacity and 
rigidity of design of a flight vehicle. Discussed 
in it are theoretical bases and practical methods 
of the calculation of internal force factors from 
external forces acting on the vehicle in the 
process of operation, and methods of development 
of calculation cases of loading are given. In 
this case the main attention is given to problems 
of the dynamics of design, in particular the 
selection of design configurations, the formula¬ 
tion of equations of dynamic equilibrium and deter¬ 
mination of the dynamic reaction of design on the 
effect of external perturbations. We consider 
those limitations which are imposed by conditions 
of strength of the design on values of certain 
parameters of the propulsion system, automatic 
control system, complex of ground equipment, and 
also on conditions of operation of flight vehicles 
of different types. 

There are 118 figures and a bibliography of 
93 names. 



PREFACE 

The necessary carrying capacity and rigidity of design of any 

flight vehicle are determined basically those internal force factors 

which appear in its elements in the process of operation under the 

action of external loads. Due to the random character of the external 

forces and complexity of the theoretical description of real conditions 

of operation of the design, the solution to the problem of its strength 

with low weight is very difficult. Therefore, in practice in the 

designing of the vehicle, it is necessary to resort to the standardiza¬ 

tion of their carrying capacity and rigidity. 

. The appropriate norms of strength establish (for all main centers 

of design of a flight vehicle of a given type) the calculation cases 

of loading, the largest magnitude of external loads and values of 

safety factors. The existing norms of strength of the aircraft were 

created over prolonged time by a comparatively large collective of 

scientists and engineers under the leadership of V. P. Vetchinkin, 

S. N. Shishkin, M. V. Keleysh, Ye. P. Grossman, A. I. Makarevskly, 

A. A. Goriyanov, N. N. Korchemkin, T. A. Frantsuz and others. It is 

natural that they are constantly being refined and are perfected with 

the development of technology, the accumulation of experimental material 

and the fulfillment of the necessary theoretical research. 
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At present in connection with the appearance of new models of 

guided and ungulded flight vehicles of the ballistic type, satellites, 

spaceships, and landing vehicles, for which the problem of weight of 

the design is even more critical than that for aircraft, questions of 

the theoretical foundation of standard methods of calculation for 

strength have become very urgent. To this one should add that the 

specific peculiarities of operation of the mentioned types of vehicles 

substantially limit the posslbllties of a natural experimental 

development of the strength of their design and in many cases practically 

exclude the statistical processing of their results. 

« With an Increase in speeds of flight, powers of the propulsion 

systems and especially dimensions of flight vehicles of the ballistic 

type (the launching weights of which are measured in hundreds and even 

thousands of tons), an even greater Importance in the solution of the 

considered problem is Inherent in the problems of the dynamics of 

design. Elastic oscillations of the design of a flight vehicle on 

the whole and its separate elements and also oscillations of liquid 

fuel tanks have an effect not only on the strength, but also on 

operating conditions of the control system and sometimes the 

propulsion system. Therefore, for similar vehicles the problem of 

the determination of the necessary carrier ability and rigidity of 

desiti proves to be closely connected with the selection Of optimum 

values of parameters of automaton of stabilization, ground equipment, 

trajectory of flight, transitional regimes of operation of engines 

and with establishment of general conditions of operation of the 

vehicle. 

This book covers the theoretical bases and practical methods of 

determining the necessary carrier ability and rigidity of design of 

the aforementioned types of vehicles and solutions of certain problems 

of their dynamics. Here there is no discussion of problems of dynamic 

strength of elements of design of these vehicles, caused by the effect 

of turbulence of the boundary layer, turbulence of the atmosphere, 

acoustic field of pressure of the stream of a Jet engine, Local 

separation of air flow, and also many problems of aeroelasticity, 

which are the subject of independent investigation. 
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The book consists of five parts. In the first part an analysis 

of external forces acting on the vehicle in the process of operation 

is conducted. The effect of the mobility of the liquid in fuel tanks 

on inertial characteristics of vehicles of the ballistic type Is 

estimated. Approximation methods of determining the general internal 

forces in elements of their housings are discussed. 

The second part gives basic informations about methods of the 

solution of the problem on the reaction of the elastic vehicle on 

external disturbance. 
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In the third part problems of the dynamics of design for ground 

cases of the loading of such as the transporting, installation in the 

launch device, prelaunch servicing, and ground and silo launch are 

examined. Due to the effect on the character of loading of the vehicle 

and elasticity of elements of corresponding ground equipment is 

investigated. 

The fourth part is devoted to problems of loading of the design 

of vehicles in fligl-tf. In it approximate perturbation equations of 

the flight vehicle, which consider the effect of elasticity of its 

design and mobility of the liquid in fuel tanks are derived. The 

reaction is analyzed of the design on the effect of perturbing forces 

and moments appearing in the motion of the vehicle in restless air, 

in process of uncoupling of the stages, on the phase of orbit and 

descent, during landing on the hard surface of the planet and on 

water, and also with dynamic instability (in small) systems: elastic 

vehicle-automaton of stabilization, elastic body of the vehicle — 

system of fuel feed - propulsion system. 

In the last part the problems connected with the establishment of 

the necessary carrier ability of design are discussed. In particular, 

methods of the finding of calculation c&.^es of loading and determination 

of limitations on operating conditions of different systems of the 

vehicle are given. General Information concerning the selection of 

safety factors and experimental methods of the solution of dyanmic 
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problems is given. In conclusion an approximate list of calculation 

cases of loading for vehicles of the ballistic type Is applied. 

In the book only those problems are considered which at present 

are widely discussed in Soviet and foreign, especially periodic 

literature. As illustrations in it component diagrams of only 

hypothetical and foreign vehicles are used. For foreign literature 

all concrete data about conditions of the operation of vehicles and 

cases of their loading e.-e borrowed. Digital material is tentative. 

The book uses double numeration of paragraphs, figures and 

formulas. In this case the first number Indicates the number of the 

chapter and with reference to the formula the chapter considered is 

omitted. 

The book is intended for engineers interested in problems of 

strength, dynamics and optimum design structures of flight vehicles. 

The author trusts that it will be useful also to students of higher 

educational institutions specializing in the indicated field. 

The author expresses his sincere gratefulness to Professor 

I. I. Gol’denblat and L. A. Chul’skiy for their valuable remarks made 

in the examination of the manuscript. 

The author will be thankful to .1 readers who send any remarks 

and requests. 
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CHAPTER I 

EXTERNAL FORCES 

I 1.1. Systems of Coordinates. 
Classification of Forces 

Movement of the center of gravity of a vehicle in space is 

described in the terrestrial system of coordinates x0y0ZQ. Usually 

the origin of this rectangular system of coordinates on phase of powered 
«i 

flight is placed at the point of launch and on the phase of descent - 

at the point of landing. The axis xQ is directed along the tangent to 

the arc conducted from the center of earth and connecting the launch 

point with some characteristic point, for Instance, with the touchdown 

point, axis yQ - vertically upwards (Fig. 1.1) and zQ - perpendicular 

to the plane firing x0y0 (according to rule of right-handed system). 

Movement of the vehicle with respect to the center of gravity 

is considered in the so-called continuous or natural system of 

coordinates xyz, the origin of which coincides with the instantaneous 

true position of the center of gravity of the vehicle. The x axis 

of this system of coordinates is directed along the tangent to the 

trajectory (along the velocity vector) in the plane of flight, y axis - 

along tne normal upwards and z axis - along the binormal (perpendicular 

to the plane xy). The plane xy is called the pitch plane, plane xz - 

yawing plane, and plane yz - rolling plane. 
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Pig. 1.1. Diagram of forces acting on the 
flight vehicle in flight (case R). Systems 
of coordinates. 

In calculations of internal forces the connected system of 

coordinates xiyiZi is usually used. The origin of this auxiliary 

system of coordinates is placed at the vertex of the body of the 

vehicle (Fig. 1.1). The xi axis Is directed along its longitudinal 

axis (to the tall), axis yi - In plane xy (upwards) and axis 

perpendlcular to xiyi. , In this case by longitudinal axis we understand 

as the building axis of the body, or axis parallel to the chord of 

the wing and passing through the center of gravity. Axis y\ is usually 

called lateral axis and axis *, - side-force axis. 

The mutual direction of axes of the terrestrial and connected 

systems of coordinates is determined by the pitch angle & (angle between 

the projection of axis xi onto plane x0yQ and axis xQ) and yawing 

angles ÿ (angle between axis xi and plane x0y0). Angles between axes 

of the connected and continuous systems of coordinates $, 8, a can be 

called respectively, angle of role (angle between axis and plane 

xy), angle of slip (angle between axis xi and plane xy) and angle of 

attack (angle between the projection of axis jh onto plane xy and axis 

x). As can be seen from the figure, the angle of attach is determined 

by formula a ■ v - 0, where 0 - angle between the projection of the 

velocity 
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velocity vector onto plane x0y0 and axis xQ. In examining the 

disturbed motion at the angle of attack we understand the angle between 

projections of axis xt and velocity vector of the incident flow of 
air onto plane xy. 

Pitch, yawing and band angles are considered positive with 

rotation counterclockwise, if one were to examine them from positive 

ends of corresponding axes. Angles ß and a are counted off from the 

velocity vector according to the rule of the right-handed system. 

In the investigation of fluctuations of liquid in fuel tanks, we 

use the auxiliary connected systems of coordinates x^Zj, the origin 

of which we place in centers of the free surface of the liquid, directing 

axis Xj along the longitudinal axis of J-th tank upwards to the vertex 

of the body and axes yj and Zj as is shown on Pig. 1.2. 

Pig. 1.2. Auxiliary system of coordinates. 

In accordance with the designation of axes of continuous and 

connected system of coordinates, the designation of projections of 

resultant external and Internal forces is conducted. In this case the 

positive forces are considered to be those forces whose direction of 

action coincides with the direction of corresponding axes of the 
coordinates. 

14 FTD-MT-24-67-70 



A diagram of external forces acting on the flight vehicle is 

given in Pig. 1.1, where Q - gravity, P — thrust force, -control 

force and X and Y - components of resultant aerodynamic loads. 

All these forces are external and characterize the effect on 

flight vehicle of the environment. 

Internal efforts appearing in carrier elements of the structure 

depend on the magnitude and distribution of these external forces 

with respect to body and on the nature of their change with time. 

According to the nature of the distribution all external forces 

can be divided into three categories. 

1. Volume, or mass forces, distributed over the whole volume of 

the vehicle and proportional to the density of its material. Gravity 

and Inertial forces pertain to them. 

2. Surface forces - forces distributed over the surface of the 

structure. This category of forces pertains to aerodynamic forces, 

hydrodynamic forces (pressure or liquid) and others. 

3. Concentrated forces — force of comparatively great magnitude 

distributed over a relatively small surface. Theoretically these are 

forces applied at a point. An example of concentrated forces can be 

contact forces, which appearing at the place of the transmission to 

the body (through rods of the frame of the propulsion system) of 

thrust force. 

According to the nature of the change with time, all external 

forces can be conditionally divided into two classes: 

a) statically acting forces, 

b) dynamically acting force. 

FTD-MT-24-67-70 5 



First class pertains to slowly variable forces, i.e., forces 

whose time of application is great as compared to a certain character¬ 

istic time for a considered design. The second class pertains to 

rapidly variable forces, the time of application of which (or substantial 

charge with time of their magnitude) is comparable with'this character¬ 

istic time. For vehicles such characteristic time 4s the period.of 

natural elastic oscillations of the design of any tone. An example 

of dynamically acting forces exciting elastic oscillations of the 

design is the change in 'hrust force due to the change in the altitude 

of flight and others. Tne same force can belong in one case to the 

class of static forces and in the other case - to the class of dynamic 

forces. 

Gravity, certain dynamic forces, pressure in tanks and thrust 

force are constantly acting forces. Nominal values of these forces, 

which vary little from one copy of the given design to the other, 

are always considered in the determination of parameters of the 

so-called undisturbed (program) motion of a flight vehicle. Therefore, 

they are frequently called "program11 forces. Any deviation of real 

values of external forces from the program values refers to the category 

of external disturbing forces. With respect to their nature disturbing 

forces are random time functions. 

Thus, for instance, the effect on the vehicle at a defined moment 

of flight of a gust of wind of a determinate structure and intensity 

or defined deviation of the line of force of traction from the longi¬ 

tudinal axis and others are random. 

§ 1.2. Dynamic Parameters of the Atmosphere 

Conditions of operation of design in flight in many respects 

depend on the state of the surrounding atmosphere extending usually 

to very great altitudes. Values of aerodynamic forces acting on 

the vehicle in the atmosphere are determined by the speed of its 

motion and altitude of the flight, in particular, air density and 

its temperature. The Joint effect of air density p and true air 
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speed of flight v on these forces is characterized by the magnitude 
1 2 of impact pressure q ■ |pv . Since p decreases greatly with altitude, 

q can attain comparatively large values only in the surface layer of 

atmosphere with a thickness of about 20-30 km, which is called the dense 

layer of the. atmosphere/'since in it the basic mass of air is contained. 

The temperature affects the magnitude of heating of the wheel of the 

body of the vehicle, the speed of sound propagation, l.e., the flight 

Mach number (M,,, ■ ^), and air density.1 

In view of continuous oscillations of values of parameters of 

the atmosphere, in the calculation of the nominal trajectory there 

are used certain average dependencies of air density and speed of 

sound propagation on heights, which are usually assigned in the form 

of tables of the so-called standard motionless atmosphere (see All-Union 

Qovemment Standard 4401-64). For example, on Fig. 1.3 gives curves 

of the change in relative density An * £— of the air and rela-ive speed 
P° 

of sound propagation a ■ §— depending upon altitude (when pn = 0.125 

2 * 0 kfB /n and tQ ■ 20°C) for the atmosphere of the earth. Sometimes these 

are estftolished separately for "hot" (t0w *■ 50°C) and 

• 50°C) days. "cold” (t Ox 

Deviation of the real values of efements of the atmosphere from 

the standard is considered by means of the introduction of additional 

aerodynamic loads (disturbing forces). In many cases these additional 

loads, in particular, from wind, prove to be the determining ones 

for the strength of the structure of a heavy flight vehicle. 

The action of wind on the flight vehicle in flight is reduced to 

a change in magnitude and direction of the vector of its speed with 

respect to the air. Approximately its effect can be estimated by a 
u u 

change in angles of attack and slip on magnitudes Ao * and Aß « —• 

1 2 2 2 and by corresponding change in impact pressure 5p [(v + u ) + u + u ], 
c X y z 

where u and u_ — components of the speed of wind perpendicular to v, y z 
and u - parallel to v. 
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The velocity of the wind depends on the geographic latitude of 

place of launch, time of the year and even day, and basically due to 

altitude h of flight. With an increase in the latter it at first 

increases, attaining its greatest value in the region of the tropopause 

hT, and then decreases. An approximate graph of the change in average 

speed of the wind with respect to relative altitude is shown in Pig. 

1.4. It is noted that in many regions of the earth in the region of 

the tropopause (in certain seasons) large in thickness, of the order 

of several kilometers) established air flows of great extent - so-called 

.let streams, are observed. The width of these flows sometimes reaches 

6OO km. Maximums of average airspeeds in these Jet streams reach 

70-100 m/s. The most intense Jec streams are observed in the winter 

in the region of the Pacific Ocean (Japan and others) where maximum 

wind speeds of 120 m/s and even I80 m/s are recorded. Maximum wind 

speeds above the eastern part of North America reach ISO m/s and above 

the central part I60 m/s. In large limits values of shifts ^ of wind 

speed with respect to altitude are changed. In practice magnitudes of 

these shifts are defined as the difference of wind speeds at two 

comparatively closely located altitudes (300-500 m) divided by the 

thickness of the layer. 

The most frequently encountered (with a probability of 40-50¾) 

shifts are of tue order of 0.015-0.025 1/s. In certain windy regions 

(with a probability of 2-3¾) values and of the order of 0.07-0.08 

1/s. There are assumptions that high wind speeds correspond to 

f 
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greater shifts. Data on shifts are an important characteristic of 

wind flow, since they determine its profile and, consequently, the 

nature of its effects on the flight vehicle. 

$ 

Pig. 1.4. Approximate change in average 
wind speed with respect to altitude (h - 
altitude of the tropopause). T 

In the selection of the calculation wind regime, it should be 

kept In mind that the quantity of measurements of wind speeds at 

various meteorological stations (in various seasons are very nonuni- 

formly distributed over the territory of the earth. Therefore, It is 

at present very difficult to obtain reliable statistical characteristic 

parameters of even steady wind. Various methods of processing these 

measurements give various values of average speeds. There are mean 

annual wind speeds for a defined region. Mean values of speeds, found 

over many years for whole countries and even continents, are encountered. 

Similar data, of course, do not have special practical importance. Of 

interest are only data of maximum speeds obtained for a standard windy 

region and in a season most unfavorable from this point of view. 

Along with the steady shifts in large masses of air, in the 

atmosphere there exist local vortex flows of small extent but with 

comparatively high speeds, which are called wind gusts. The presence 

of great turbulences is noted in all layers of the atmosphere in the 

zone of cumulonimbi, above rugged terrain and especially on flangs 

of Jet streams. Parameters of these vortexes are studied very little. 

This is explained by the fact that the basic method of measuring wind 
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speed at great altitudes is by radar. It permits obtaining values of 

wind ever comparatively large (for vehicles of the ballistic type) 

time intervals calculated in the tens of seconds. In this case the 

gustiness of the wind, i.e., maximum instantaneous values of wird 

speeds, are usually not detected. This must always be remembered 

when it is necessary to use actual data of measurements of wind speed. 

Investigation of the structure of atmospheric turbulence is 

conducted by the follow!;g : 

1. Indirect method, which received widespread use in aviation 

technology. The essence of it consists in the determination of 

certain conditional calculation wind gusts or spectral density of 

energy of external forces on the basis of analytic analysis of 

systematic measurements of the reaction of different types of aircraft 

on the effect of atmospheric turbulence. 

2. Direct method of measuring the pulsation of speed or impact 

pressure of wind flow and obtaining estimators of atmospheric 

turbulence. Here in the majority of the cases, special attention is 

given to the investigation of discrete wind gusts. Usually parameters 

of these gusts is determined approximately by means of the elementary 

mathematical processing of data of measurements (lateral accelerations 

of the aircraft ). 

By means of the analysis of a comparatively large number of such 

measurements, obtained for different types of aircraft at different 

altitudes, the conclusion was drawn [86] that wind gusts of identical 

intensity are équiprobable in any direction (horizontal and vertical). 

In this case dimensions of gusts to which an aircraft reacts, 

expressed as a function of the mean geometric chord of a wing, depend 

little on parameters of the aircraft and altitude of its flight. An 

estimate of the intensity of turbulence with these investigations 

was conducted by means of the introduction of effective speed uc of 

a certain conditional gust of wind instantly enveloping the whole 

aircraft, namely: 
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where m - mass of the aircraftt ÿ - lateral acceleration of Its center 
of gravity)V - calibrated speed of the aircraft* c® — derivative ® y 
with respect to the angle of attack from the coefficient of lift of 
the aircraft and S - area of its wings to which the nondlmensional 
coefficient c®. 

According to the nature of the change in acceleration of the 
aircraft with time* it is established that In the first approximation 
during the calculation of loads it is possible to use conditionally 
either the triangular or sinusoidal law of the change in true speed 
of the wind gust in the direction of movement of the aircraft (Fig. 
1.5). However, the most widespread is the form of the gust determined 
by expression 

(1.1) 

Here it was found that distance H* during the period of which the speed 
of the wind gust is changed from zero to a maximum magnitude* lies 
within limits of 30-60 m. The value of it is Increased with an increase 
ln U-. It was determined that the effect of the altitude of flight 

© 
(to 12.5 km) and speed of the steady wind on magnitude u in practice 
can be disregarded. 

U’tImtmffI 

Fig. 1.5. Conditional profiles 
of wind gust. 
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The true value of the calibrated speed of wind gust um with such 

a method of processing of experimental data will be approximately 

1.3-1.8 times more effective than that of ue. Since the largest 

measured values ue In the indicated range of altitudes were about 

15 m/s [86], it is possible to assume that maximums um will be of 

the order of 15-30 m/s. There are bases to consider that the indicated 

data on the speed of wind gusts are nevertheless not the highest 

possible in view of the interference of pilots into the regime of 

motion of the aircraft entering into the zone of atmospheric turbulence. 

The given brief information about the structure of wind gusts, 

(basically vertical) pertain, as was already stressed, to aircraft 

and therefore cannot be directly transferred to other flight vehicles 

which essentially differ from aircraft not only in design but also in 

conditions of motion and type of trajectory. Data on results of 

measurements of the structure of atmospheric turbulence with the help 

of rockets as yet found is not in literature. 

Proceeding from the established isotropism of the atmosphere with 

respect to wind gusts, it is possible to consider the direction of 

the speed of the wind gust always perpendicular to the velocity vector 

of the flight vehicle, i.e., to estimate the effect of its action by 

the equivalent change in the angle of attack Ao • ^ (or angle of slip 

Aß). 

The absence of sufficient information on the real characteristics 

of atmospheric turbulence led to the necessity of the application 

of conditional methods of calculation of its effect on flight vehicles 

and to the standardization of its parameters. As a result frequently 

during calculations of strength the reaction of flight vehicles on 

single wind gusts and so-called cyclical gusts is considered separately, 

simulating by this in some measure the action of the continuous 

atmospheric turbulence. In this case the cyclical gust is represented 

in the form of several wind gusts following one after the other (at 

a distance of 70—300 m) of comparatively small intensity, having 

opposite directions. Thus, for instance, at altitudes up to ^ km 

we take u * 8-9 m/s and above (up to 9-10 km) of the order of 2-3 m/s. 
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In general, the selection of the rated wind regime depends on specific 

requirements placed on the flight vehicle. Peculiarities of the 

wind regime of the atmosphere in the surface layer is discussed in 

detail In Chapter VI. 

S 1.3. Gravity 

Before proceeding to the determination of loads and calculation 

of dynamic characteristics of the design, it is necessary to compile 

diagrams of the distribution of mass along the length of the body for 

all cases of loading. In the stage of sketch designing, according to 

approximate formulas of gravimetric analysis the total weight of the 

flight vehicle, the weight of components of fuel and limits of weights 

for main units of its design are established: propulsion system, 

control system, payload and all sections of the body. In the process 

of development of the project and fulfillment of the design calculations 

for strength, these weights are refined, and the nature of their 

distribution becomes clearer. At the stage of preparation of engineer¬ 

ing drawings of design, an 'exact calculation Is conducted of the 

weight of all elements of the body, position of the center of gravity 

of the vehicle and moments of inertia relative to the longitudinal 

(J ) and lateral (J„ and J ) axes passing through the center of a y z 
gravity. 

Diagrams of weight for each section are constructed taking into 

account the nature of transfer of weight of loads to the power section 

of the body. Since usually the bracing of many loads to the body in 

longitudinal and lateral directions Is carried out by different design 

elements, the distribution of the component force of weight in these 

directions will also be different. Por instance, the weight of the 

liquid for vehicles of the ballistic type with carrier tanks in a 

longitudinal direction is transferred to the body (at the place of the 

connection of the lower bottom if the tank to the shell) in the form 

f* 1 Ic'd distributed along the contour of the cross section. In a 

1V ruai direction it is transferred in the form of a surface load 

(hylics^atic pressure), distributed along the section of the length 
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of the tank below the mirror of the liquid. For vehicles with 

suspension tanks both in a lateral and longitudinal direction, the 

weight of the liquid and weight of the structure of the tanks 

themselves are transferred to the body in the form of a system of 

concentrated forces (at places of bracing the tanks to the body). 

The method of construction of weight diagrams depends on the 

necessary accuracy of the initial data. One of the most widespread 

is the following: the length of the body of the vehicle is divided 

into a comparatively large number of zones (about 50). The weight 

of all elements of the design entering into the zone is calculated 

and is evenly distributed over its length. The obtained step diagram 

is sometimes smoothed. The number of concentrated forces with such 

method of determination of the weight per unit length qG(*i) refers 

to only those weights the magnitude of which is great as compared to 

QqÍ^i)» for instance, propellant weight of suspension tanks, weight 
of the propulsion system and others. 

By means of numerical or graphic integration of the indicated 

diagrams, the lateral and longitudinal forces are determined in any 

section *, of the body from the force of weight. They will be equal 

to the weight of all elements of the structure ' jing on one side of 
this section: 

g into 

1 section 

‘■ody in 

it design 

i these 

>f the 

,n a 

e of the 

e form 

; In a 

oad 

ength 

QoUi)= J <to|f(*i)d*i + 
0 M 

* 

AV (*,)-•» j 
<•1 

(1.2) 

whereby Gxi and Gyl loads applied to the body on section Ox, are 

designated. With the bracing of these loads to the body at several 

sections as Gxl and Gyl, the corresponding reference loads are taken. 

Repeated integration of diagram QG(x, ) gives values of the 
bending moment MQ(x, ) in the same section: 
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(1.3) 
■i «i * * 

AM*,)-J J ¢0,(*iMM*i+ 20,,(1,-^,) + 5^0,. 
o o l«l /-I 

Here *„ - abscissa of the place of bracing (In a lateral direction) 

of the concentrated load to the body, AMQj - concentrated moments from 

weight of the loads In sections xit on sections (0, *,). In the end 

section of the body (when *, ■ l) the lateral force Qg(D will be 

equal to the combining weight of the apparatus Q, and the bending 

moment M-U) ■ Q(i - *„ ), where *„ - abscissa of the center of 

gravity of the flight vehicle and l — Its length. 

The total weight of the aircraft in flight is defined as the 

sum of the weight of the structure 0H (with payload Qr) and current 

propellant weight 0T: 

o(o—o,+o,(/)—Of + ÖTo-** J ijr^' 
0 

where 0.n - initial (launching) propellant weight, which in general 

depends on the method of servicing and its temperature, ^ - mass 

flow rate per second, gh - acceleration of gravity at the considered 

altitude of flight h: 

<% 

g»-*.-}*!?*)/. 

gg — acceleration of gravity at the surface of the earth, R — its 

radius. 

In moet cases during calculations of the structure for strength, 

it is possible with sufficient accuracy to consider * Sq- *nstead 

of time t it Is convenient to use the relative time t * |r, taking 

as T a certain fictitious time equal to the time during which would 

buen the whole launching weight of the flight vehicle (Qg * 0H + G ) 
. dO dm 

with the indicated flow rate per second * Sq dt: 

FTD-MT-24-67-70 15 



(1.5) 
dl 

In this case with constant per second fuel consumption formula (4) can 
be recorded in a simpler form: 

(1.6) 

It is obvious that when t ■ 0, G(0) * Gq, and when t * tH (at the end 
of the powered-flight trajectory phase) 

(1.6») 0(/,)-G0(l-/,). 

Usually the magnitude of the final weight of the flight vehicle depends 
not only on the weight of the actual structure Gk, but on the weight 
of remainders of fuel in the tanks, and only in the limiting case 

0(/,)-0,. 

Parameter tH is an important characteristic for design of flight 
vehicles, especially, of the ballistic type. It is connected by a 
simple formula with a relative final weight uu ■ 1 - tu, which in 
accordance with the known Tsiolkovsky formula determines terminal 
velocity of the rocket. In other words, parameter t is its own 
kind of the criterion of the quality of design, its weight "culture." 
The larger t , the more perfect (at the assigned value 0,.) is the 
design of the flight vehicle. 

Mass moments of inertia of the flight vehicle with respect to 
axes of the connected system of coordinates, for instance are 
calculated by the formulas of the form 

J </oifdi)Ui-+ 20,,(^,^-^,)1 . (1.6") 
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where xm - abscissa of centers of gravity of the concentrated loads. 

Moments of inertia, mass and the position of the center of gravity 

characterize dynamic properties of the flight vehicle, considered as 

solid body. 

S 1.¾. Thrust Force 

Prom the equation of me cion of the point of variable mass 

(Meshcherskly equation) it follows that with the separation from the 

body of a particle of mass ^ with relative speed we, acting on this 

will be reactive force equal to 

(1.7) 

With flight In dense layers of the atmosphere, acting on supports 

of the coabustlon chamber, besides force P^, will act additional force, 

proportional to the difference In pressure of the external medium on 

the external surface of the body of the nozzle ph and pressure of 

gases on the nozzle section pc: 

V 

Pc,- (Pc— Pk) Po* ^ ( 1.8 ) 

where Fq - area of output section of nozzle of motor. 

Usually we operate with the total value of these forces, which 

we call thrust force P: 

P-P. + Pc (1.9) 

The magnitude of this total force for any height of flight can 

be expressed in terms of the test stand value of thrust force of the 

engine Pq, which is found by means of the measurement of forces in 

rods of the frame of the propulsion system during ground tests. 
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Prom formulas (8) and (9) It follows that when ph = pQ (where 

p, — atmospheric pressure at earth) the test stand value of thrust 

Is equal to 

Po“ + (Pc-Pol- 

Determining from this expression the component Pfl (not depending 
on h) substituting it into (9), we obtain 

P = P0+Po(Po-P*)- (1.10) 

Thrust force by its nature is a surface force. However, it is 
transmitted to a body either in the form of concentrated forces (at 
places of the connection of rods of the frame of the propulsion system) 
or in the form of a load distributed over the contour of the cross 
section of the body (in the presence of a comparatively large number 
of support rods of the frame or with the use of a reinforced shell 
instead of a rod system). 

Since the relative speed wg depends basically on the calorific 
value of fuel and is constant for every engine, the character of 
the change in thrust force with time will be determined by a change 
in magnitude of flow rate per second, in other words, the design of 
the engine, the scheme of its starting and turning off and the regime 
of control of the consumption of fuel components in the process of 
flight. Reactive force of solid-propellant engines depends on the 
temperature of the charge. 

Laws of the buildup and drop in thrust force in the process of 
starting and turning off of engines are established usually 
experimentally. In the first approximation they can be presented in 
the form of a linear dependence P on t, namely: 

when 0</<r., 
P(0- Po when t>T, 
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with putting the engine into operation (with start) and 

P{t)-PK when 0</</K, 

—when <„</<(/« +Tc), 

/»(0-0 when/>(/* +rc) 

(1.12) 

with the turning off of the engine (at the end of the operation). 

In certain cases these laws can be described by equations of 

the form 

/»(O-Pod-«-*')• (1.13) 

Por certain (in particular, for solid-propellent) engines starting 

peaks of thrust force exceeding PQ can sometimes be observed. 

If one were not to consider gas-dynamic deviations of the 

vector of thrust force, it is possible to assume that the line of its 

action coincides with the longitudinal axis of the nozzle and 

coobustion chamber. Then the accuracy of the coincidence of the 

direction of the action of the thrust force with the longitudinal axis 

of the flight vehicle passing through the center of gravity will be 

determined basically by errors in assembling of the very propulsion 

system and sections of the body of the flight vehicle. Thus, in 

general it is necessary to take into account the presence*of both 

the lateral component force of thrust /»yi-Ap/*, and static disturbing 

moment (relative to the lateral axis passing through, the center of 

gravity of the flight vehicle equal to 

Mpi - P (Ay, - Áp(x|a - X|t)L (1.1¾) 

where Ayi. Ap - eccentricity and angle of inclination of the vector 

of the thrust force, and xm - abscissa of the place of bracing of 

the frame of the propulsion system to the body (Pig. 1.6). In the 

case of the use of several propulsion systems, the appearance is 
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possible of both static (in operating conditions) and dynamic (in 

transitional regimes of operation) disturbing moments, caused by 

the scattering of values of thrust force of separate engines. 

thrust in a connected system of 
coordinates. 

§ 1.5. Aerodynamic Loads 

With movement in dense layers of the atmosphere, external surface 

aerodynamic forces will act on the flight vehicle. Values of these 

forces at every point of the surface of the body are characterized 

by the magnitude of normal pressure pH and stress of frictional force 

Px (Pig. 1.7). 

Pig. 1.7. Components 
aerodynamic force. 

Normal pressure can be represented in the form of the sum of 

static atmosphere air pressure ph and a certain excess in aerodynamic 

pressure ApH proportional to the impact pressure q: 

p" = P» + Ap". 
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The value of this excess pressure will depend on the angle of 

attack a, number amó forra of the body . The nature of the 

distribution ApH over the contour of the surface of the body and 

law of the change in its magnitude with respect to M,, and a are 

usually established experimentally by means of test blowings in wind 

tunnels of special models. Only for certain forms of bodies can tne 

steady-state values ApH be determined theoretically with sufficient 

accuracy, for instance, for a conical surface at small angles of 

attack. In particular, with a - 0 this pressure, identical for 

all points of the cone, will depend only on the number H,,, of incident 

flow and half-angle of the cone 0g. The indicated dependence of 

p /PH on and es, determined by tables of Kopal [91], is represented 

on Pig. 1.8. It is possible to use this figure for the approximation 

calculus pH for the front part of the body made from truncated cones, 

taking local values 03. In the presence of blunting in the form of 

a sphere, the pressure at the front point of this sphere pft can be 

approximately determined by the Rayleigh formula 

With angles of attack different from zero, pressure pH with sufficient 

accuracy (with a < 5° and !!„ < 5°) can be found by formula 

p» (a) - p" (o - 0) - ka cos 0,. 

fi 
P» 

5 

Pig. 1.8. Dependence of relative 
pressure on and 0S for a cone. 
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Values of coefficient k are given on Fig. 1.9 in the form of 

Ph 
as a function of 0S and For H,,,, > 5 with success it is possible 

to use the Newtonian theory, sometimes not making limitations on the 

angle of attack. 

K and 0S for a cone. 

ative 
cone. 

Usually on the front (conical) part of the body, pH considerably 

exceeds . On the cylindrical part of the body the normal pressure 
n 

at supersonic speeds differs little from the atmopsheric pressure. 

Large negative values of ApH (with 11,,, > 1) are observed only on the 

bottom of the body and especially during free flight of the vehicle. 

The presence of a stream of gases coming out of the nozzle substantially 

changes the magnitude of the base pressure p^. In certain cases it 

can even exceed p^. The dependence pfl on the number M^, taking into 

account the interaction of the external flow with the stream of the 

engine, is determined experimentally in every concrete case. At 

high subsonic speeds of flight, large negative values of ApH appear 
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beyond corner points of the contour of the body (at places of the 

joint of conical parts with the cylindrical). In the zone 0.7 < ^ < 

< 1.1 at places of the Joint of the cylindrical surface with the 

conical surface, a sharp change in the local static pressure is 

observed. The magnitude of this pressure is characterized basically 

a half-angle of the conical part of the body and angle of attack of 

the vehicle. For comparatively small values of indicated parameters, 

the maximum magnitude of it is determined approximately by formula 

P..I - Pk [0,25 + /2 (sin 0, +a cos 8,)’]- 

In most cases to decrease the volume of expensive drain wind 

tunnel tests, we are limited by the determination of t.ie relative 

— *nH 
excess pressure ApH ■ — for one or several values of M^, assuming 

that max ApH coincides with q^. This assumption is valid for 

comparatively large numbers (1^ > 1.5). Statistics shows that the 

nature of the change in q * ^ — with respect to t for rockets of the 
qmax 

ballistic type on the phase of powered flight is .approximately 

identical. In this case usually the maximum oKthe impact pressure is 

observed in the region 2.5 > > 1*5 when t ■ 0.3-0.5 (Fig. 1.10). 

Fig. 1.10. Approximate change with 
time of the relative impact pressure 
on the phase of powered flight. 
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The tangential component pT of the elementary aerodynamic force 

is practically identical for all points of the surface of the body. 

The magnitude of it depends only on the speed and altitude of flight. 

During calculations for the strength of elements of the structure 

absorbing aerodynamic forces, the effect of the component c«n be 

disregarded almost in all cases.* 

In the investigation of general strength of the structure, it 

is necessary most frequently to operate with total forces from 

aerodynamic forces. Having graphs of the distribution of pressure 

ApB(*i,<p) for different contours, it is easy to calculate linear 

values of components of aerodynamic loads (longitudinal and lateral 

forces), using the approximate expressions 

2JT 

= 2nfl(jc,)pT+ 0(^,) J ApH(.*„ ç)tg\|>(x,)d<p, 
0 

2JI 

» a (*i) J Ap" (x„ q>) sin q> dy, 
0 

(1.15) 

(1.16) 

where a(jc,) - radius of the body in section x,, tt>(x,) - angle between 

the X, axis and tangent to the generator of the shell of the body in 

the same section (Pig. 1.7). 

Considering the dependence of ApH on a and q, these formulas are 

usually written in the form 

ax, 
~dx¡ 
dy, 
ã77=<?5a a* i 

Here S - a certain characteristic area, for instance, a wing area 

of midsection of the body, c,, - drag coefficient, and c“ (or c“) - 

derivative with respect to the angle of attack from the coefficient 

of lateral aerodynamic force so that 
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The main part of the aerodynamic load acts on the head (conical) 

part of the body. At a distance of two to three diameters from the 

place of the Joint of the conical part with the cylindrical, lift at 

small angles of attack practically no longer acts. The role of the 

cylindrical part during calculation Y\(Xi) substantially increase 

only at large angles of attack. 

Integrating (17) with respect to xt, let us find values of 

components of the longitudinal and lateral force and bending moment 

in any section x, of the body from the aerodynamic load: 

AUx,)-«S 

Q.(x,)-^a|^y^dx,. ' 

The force of the base drag 

(1.18) 

(1.19) 

(1.20) 

V 

where AF - area of the bottom of the body free from the effect of the 

stream of the engine, with hermetic body of the engine section is 

applied in the end section (when xt = 0- With a nonhermetic body 

of the engine section, i.e., with a small distinction in pressure 

inside the section from the external base pressure, the place of 

the application of force XR can be considered the place of connection 

to the body of the bottom of the hermetic section nearest to the tail. 

The sum of NaU) and Xn is equal to the total drag of the flight 

vehicle X. Usually this drag reaches its maximum value in the region 
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of high impact pressures. In most cases the change In .elatlve 

magnitude X - with respect to t for flight vehicles of the 
max 

ballistic type similar to the change in q(t). In this case on the 

phase of powered flight it comparatively little depends on flying 

range of the vehicle and even design of the vehicle. On the phase of 

free flight the magnitude of this drag depends greatly on speed, and 

therefore it can reach very high values. 

The ratio of M&(î) to Q&(Z) determines the position of the 

so-called center ofVessure (point of intersection of resultant 

aerodynamic forces with the longitudinal axis of the flight vehicle). 

The mutual location of this center of pressure xta and center of 
gravity characterizes the degree of aerodynamic stability of the 

flight vehicle, i.e., its ability (under the action of only aerodynamic 

forces) to return to the initial position after the removal of the 

external disturbing force, which deflected it from the state of 

equilibrium (undisturbed motion). If the center of pressure is 

behind the center of gravity (*u>*.t), the vehicle will be 
aerodynamically (frequently it is said statically) stable, if xIa 

< X|T, then - aerodynamically unstable. 

For displacement of the center of pressure back, i.e., for an 

increase in *la. sometimes on the tail section of nonmaneuverable 

flight vehicles stabilizers are specially installed. 

For maneuvering flight vehicles lifting surface (wings) of 

different shape and area are joined to the body. The calculation 

for strength of these surfaces is usually produced on loads 

corresponding to the case of flight in the zone of high impact 

pressures with the highest possible angles of attack (taking into 

account the effect of wind speed and wing downwash) equal to 

max Yu = </,n„V>ni.r 

max ,YI( = 
(1.21^ 

FTD-MT-24-67-70 26 



where - surface area, eMil and c®^ - drag coefficient and 

derivative with respect to the angle of attack from tl.e coefficient 

of lateral force of the lifting surface. 

Forces Y« are applied to the body at places of the 

connection of airfoil surfaces to the frames. In this case additional 

aerodynamic loads, caused by the effect of the body, are distributed 

along the span of the lifting surface inversely proportional to the 

square of the distance from the longitudinal axis of the vehicle. 

In the investigation of different problems of dynamics of flight, 

total values of components of aerodynamic forces in a continuous 

system of coordinates are usually used: 

X-qScx, 
Y - qSac*. 

Mt~qSMl(»h-S^Í, 
(1.22) 

where cx - drag coefficient, c® - derivative with respect to the angle 

of attack from the coefficient of lift, *u * -p. and *,T * p. 
• 01 

Here values of coefficients c , c and are determined experimentally 
A j 

by means of weight tests in wind tunnels of special models and not by 

means of integration of ApH (17)» since weight tests are considerably 

simpler and more accurate than drain. 

In the calculation of loads it is necessary to use both general 

and distributed aerodynamic properties. Therefore one should always 

pay serious attention to the coordination of calculations of components 

Yi(ir,) and M«(xt) according to data of drain and weight tests. In 

practice this is carried out by means of a certain correction of the 

diagram (basically on the cylindrical section of the body). 
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For flight vehicles of packet configuration equipped with lateral 

accelerators, the calculation of longitudinal and lateral forces 

and bending moments from aerodynamic loads is conducted separately for 

each accelerator (taking into account corresponding reactions at 

places of their connection). 

The nature of the application of lateral stationary aerodynamic 

forces to the body is basically determined by the law of the change 

with time of angles of attack. 

The effect of angular velocity of the flight vehicle (for instance, 

$■) on the magnitude of aerodynamic load can be approximately considered 

by means of the introduction of additional local angles of attack, since 

the motion of any section of the body with linear speed é(xiT —*i) 

is equivalent to the motion of air with respect to the vehicle with 

the same speed but in opposite direction. In other words, it is 

equivalent to the change in direction of resultant flow rate on angle 

Thus, with rotation of the flight vehicle, damping aerodynamic 

forces will act on it. The moment of these forces with respect to 

the center of gravity (damping moment) is determined approximately 

by formula 

(1.23) 

where 

The forward lateral motion of the vehicle, for instance, with 

speed z, leads to a change in the total angle of attack on magnitude 

FTD-MT-24-67-70 28 



AaT * and, consequently, to the appearance of a corresponding 

damping lateral fdrce 

l Aft 

On the section of powered flight angular velocities of the guided 

flight vehicle are usually small (less than 10°/s). Therefore, the 
• • 

influence of a, ij» on the magnitude and nature of distribution of the 

lateral component of aerodynamic force in most cases can be disregarded. 

On descent phase the angular velocities can be considerable, and, 

consequently, the damping aerodynamic forces can have a substantial 

effect on parameters of disturbed motion of the flight vehicle. The 

question of the necessity of calculation of their effect on Q.i*,) and 

Af,(xt) is solved in each concrete case. 

In the process of ground operation, acting on the flight vehicle 

will be an aerodynamic force equal to 

Z-ijS»«,. (1.24) 

where q - impact pressure of air flow, - projection of the 

surface area blowed by wind, and c - drag coefficient referred to 

S . Values of this coefficient depend on the state of the surface 
fi . 
of the vehicle and its form behind the flow. Besides the force (2¾) 

proportional to the impact pressure, in the given case of loading on 

the vehicle there will act forces proportional to the acceleration 

of the flow and dynamic forces caused by the formation vortexes 

outgoing from boundaries of flow separation. This question is 

in 'estimated in detail in Chapter VI. 

Nonstationary aerodynamic loads appearing in flight, conditioned 

by the turbulence of the boundary layer, instability of the interaction 

of the shock wave with the boundary layer and flow separations, affect 

basically the vibration and local strength of construction of the 

body of the flight vehicle and in this book are not considered. 
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§ 1.6. Acoustic Loads 

On the boundary of the gas stream passing from the nozzle of the 

jet or rocket engine with supersonic speed, a zone of turbulent flow, 

which generates In the surrounding air space sound waves of a different 

frequency will usually be formed. The thickness of this turbulent 

zone (and, consequently,- limiting scales of the vortexes spreading 

downwards over the flow) is increased continuously with distance from 

the section of the nozzle. The spectrum of frequencies of pulsations 

of the stream of acoustic pressure radiated by points is correspondingly 

changed. In the region of little developed (small-scale) turbulence, 

located near the section of the nozzle, sources of high-frequency 

sound waves are found, and in the region of a stream with completely 

developed turbulence - sources of basically low-frequency sound waves. 

In the region of mixing in which the flow remains supersonic, the 

generating of additional pulsations of pressure, caused by the 

interaction of shock waves with turbulence is possible. 

The intensity of the noise created by such a stream is 

proportional to .its average speed in the degree from 6 to 8. Here 

its acoustic power is 0.4-0.8¾ of the mechanical power of motor. It 

follows from this that with an increase in thrust force of the engines 

of the flight vehicles, a proportional increase of the total level 

of acoustic load on the surface of the body of their structure is 

possible. In those cases when these levels will have an order of 150- 

160 and more decibels,4 the effect of acoustic loads will have a 

substantial effect on conditions of vibrations of elements of 

construction of the flight vehicle, on the functioning of different 

instruments and on the fatigue longevity of separate parts of the 

body of the vehicle located near the stream of the engine. In 

certain cases, for instance, with the annular location of nozzles of 

a multiple-chamber engine (when there are comparatively large free 

areas of the bottom of the body of the flight vehicle between the 

nozzles), the pulsation of acoustic pressure inside this region can 

lead to forced longitudinal clastic oscillations of the structure 

as a whole. In other words, even those units of construction which 

are inside the flight vehicle can have an effect on the strength. 
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It is not possible to establish by means of calculation the field 

of sound pressure near the stream of the engine with sufficient 

accuracy, mainly because of difficulties in the determination of 

parameters of the field of turbulence of stream. Therefore, usually 

it is necessary to use experimental data~ The latter can be obtained 

not only with natural tests (test stand or flying) the vehicles or 

their engines, but also by means of appropriate recalculation of 

results of measurements of parameters of random pulsation of the 

acoustic pressure generated by streams of the engine oí a similar 

flight vehicle. In certain cases these data can be obtained by means 

of modeling of the process by Jet or cold or hot air (in scales from 

1/5 to 1/10) with the use as the scale of frequency of the Strouhal 

number 

where d - diameter of the output section of the nozzle, X - frequency 

In cycles per second and w^ - average speed of the Jet. There are 

experimental data1 which show that for Sha < 0.4 corresponding spectra 

of the pulsation of acoustic pressure radiated by the stream of air 

and stream of the actual engine practically coincide. In this case 

the essential dependence of acoustic power (at equal average speeds) 

on the temperature of the Jet is not revealed. 

The method of the mentioned recalculation ensues from the 

aforementioned simplified physical model of the process and theory 

of Lighthill, according to which a moving turbulent field of the 

Jet can be schematically represented in the form of a fixed field 

sources (quadrupoles) located along the axis of the stream, each of 

which generates sound waves of only a definite frequency. 

In general parameters of a sound field of pressure are functions 

of not only the power of the propulsion system, but also distances of 

the considere(Vpoint of space from points of the axis of the Jet. 

If the mentioned distances are quite great, the sound field of 
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pressure (far field) radiated by the jet will practically be 

equivalent to the field of one point source. If the distance of the 

point from the sound sources is comparable to the distance between 

the sources, the field of pressure at this point (the near field) 

will be determined by the entire totality of the sources. In this 

case its intensity will essentially depend on the presence near the 

given point of different barriers capable of reflecting sound waves 

in the direction of this point. 

The near field has a directional nature. The largest value 

of the total level of pressure in it is noted in a direction forming 

with the axis of the Jet an angle of the order of 50-70°. The 

magnitude of this total level drops with an increase in distance of 

the considered point of the surface of the flight vehicle from the 

section of the nozzle basically due to damping of high-frequency 

pulsations of pressure. Usually for strength of structure the 

greatest interest is In the low-frequency part of the spectrum of 

the acoustic load. Therefore, in the first approximation the 

spectral density of the pulsation of sound pressure at comparatively 

low speeds of the flight vehicle can be presented in the form 

(1.25) 

where 

and B (Sh ) is a certain function of the Strouhal number, which 

characterizes the energy generated by the source located at distance 

X, from the nozzle section. Mean values of these functions B and 
- * a 
x^, obtained* by means of averaging of data of measurements of spectral 

density of pressure recounted by the formula (25) at different points 

of the surface for different flight vehicles of the ballistic type 

snown on Fig. 1.11. In this case the effect of such factors as wave 

drag of the environment pa, exhaust velocity of the gas wg and diameter 

of the outlet section of the nozzle dc is considered by the coefficient 
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where p - density of gas of the Jet, a - speed of sound in the 
c 

environment, - reactive force. 

Pig. 1.11. Mean values of functions 

B (Sh) and x,(Sh ). 
a a la 

As can be seen from this formula, the value of spectral density 

(with constant exhaust velocity) is changed in proportion to the 

diameter of the nozzle d . where with an increase in d,, the peak of 
C u 

the spectral density is displaced into the region of lower frequencies. 

•w* 

The standardized value of coefficients of correlation (see 

Chapter IV) of the pulsation of acoustic pressure along the axis 

. of the flight vehicle can be approximately described by the function, 

and the coefficient 

(*!. * î) - COS — (it, - *„), 

and the coefficient of correlation in a circumferential direction 

when 

JSiü! I 

in the first approximation can be taken equal to one. Usually the 

most intensive acoustic loads are observed in the process of launch 

of the flight vehicle. Peak values of sound pressure in the period 
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of launch of the flight vehicle. Peak values of sound pressure in 

the period of starting of the engine can in certain cases exceed 

several times pressures corresponding to its established operating 

conditions. With an increase in flight speed the total level of 

sound pressure drops, and when > 1 sound waves generáted by the 

jet of the reaction engine do not reach parts of the body of flight 

vehicle located ahead of this engine. 

5 1.7. Control Forces 

For the automatic guiding of the flight vehicle over a defined 

trajectory in accordance with the assigned flight program or to 

accomplish required maneuvers and also for providing stability to 

its motion under action of external disturbances of a static nature, 

a special system of control is used. It usually consists of sensing 

devices recording deviations of flight vehicle from the assigned 

position in space, amplifying-converting devices and effectors, which 

create the necessary control forces in planes of pitch %, yawing 

Rt, and bank Mt,. Values of necessary controlling moments are 

determined basically by the assignment of the flight vehicle and its 

aerodynamic and dynamic characteristics. The correct selection of 

maximum magnitudes of control forces, the rate of their change and 

place of the application to che body are important for the strength 

of the structure as a whole, especially in cases of loading connected 

with the low-quality of emergency operation of the control system 

(see Chapter XIII). 

As a rule, the effectors are located in the tail section of the 

flight vehicle, further away from the center of gravity, which 

makes it possible to obtain the maximum controlling moment with 

minimum values of control forces. It is seldom found in the nose 

section. Control forces creating the moment in the plane of bank 

are usually applied at places most remote from the longitudinal axis 

of the vehicle (on wings, stabilizers). 
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Used as effectors can be aerodynamic ("air") vanes, so-called 

gas-jet vanes, working in the Jet of the engines, special oscillatory 

Jet engines of low thrust force, and finally, basic engines (turning, 

adjustable and others). 

Aerodynamic vanes are used only for control in atmospheric phase 

of motion of the flight vehicle. They are practicslly ineffective in 

the beginning of flight at low speeds and at comparatively high 

altitudes at low air density. Values of the control force created 

by these vanes depend basically on their area, magnitude of impact 

pressure and angle of deviation 6: 

Ry{ ■■ <fSpC»!>(®). 

Rt, = qSfCtf (Ô). 

where S - area of the vane, cyp - coefficient of lift of the vane, 

c - drag coefficient of the vane. Here coefficients c^, cyp can 

be nonlinear functions of the angle 6. The form of the vanes in the 

dR 
plan is selected in order to obtain the maximum value with 

minimum area Sp and to ensure a small change with respect to and 

6 of the hinge moment on the shaft of vane: * YpAx^p. Here 

Ax denotes the distance from the center of pressure on the vane to 
AP 

the axis of rotation, and Yp - lateral load on the vane equal to 

/,=-#,,005 0 +Äi, sin A. (1.27) 

In the preliminary calculation for the strength of the structure of 

the actual vanes and elements of their bracing to the body, it is 

possible to be oriented on maximum values of and in calculation 

of aerodynamic loads on the body of the vehicle — on balancing values 

The latter are understood to be those values of control forces at 

which the equality of controlling and disturbing moments in the 

considered plane of stabilization is satisifed. 
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The direction of the action of the balancing lateral load is 

taken depending upon the mutual location of sections xtp, xtn and 

xit. When xiP > xln > xlt, i.e., for an aerodynamically stable vehicle, 

direction Rm is opposite to the direction of action of the total 

lateral force VV When xif > xt, > jtln, i.e., in case of an 

aerodynamically unstable vehicle, the direction of the action of 

forces Ryi and Y coincide. In this case loads on the aerodynamic 

vanes prove to be larger them those in the first case: 

(1.28) 

(1.29) 
Kp# “ (Ä« + °)cos ôe + í?Spcxp (48 + °)8in 4«- 

where — balancing value of the angle of deviation of vanes. 

The nature of distribution of the lateral load Y.,^ over the 

chord and span of the vane is determined experimentally. The normal 

pressure at every point of its surface considerably depends not only 

on the number M of incident flow, but also on the angle of attack 

of the actual vane (6 + a). Usually the maximum of lateral load for 

nonmaneuvering flight vehicles is observed in the zone of high impact 

pressures, and the maximum of the hinge moment, due to the dependence 

of Axflp on (especially in the region M,,, « 0.6-1.2), cannot 

coincide with max Yip. 

Lift Ry, and drag Rx, of the gas-jet vanes, which operate in 

the flow of gases flowing from the nozzle of the engine, depend only 

on the angle of their deviation ó and on the time of operation of 

the engine and do not depend on the a] itude and speed of flight. 

The effect of the time of operation of the engine is expressed 

on the nature of the burnout of vanes, i.e., on the magnitude of 

the area Sp of the vane and. its form in the plan. The impact pressure 

of the bas Jet qr with the established regime of operation of the 
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engine practically does not change. Therefore, the calculation for 

strength of gas-jet vanes and elements of their bracing to the body 

is produced on loads corresponding to the maximum possible value cf 

5 on the initial phase of the flight. 

Substantial deficiencies of gas-jet vanes are the loss of part 

of the thrust force on drag, limitedness of the time of their 
operation and limitedness of the angle of their turn (conditions of 

continuous flow). These deficiencies are not inherent in actuating 
control devices made in the form of turning motors, which create a 
lateral control force R„ by means of turning the axis of thrust: 

sin«, I 
Ä*- —Pycosô, I (1.30) 

where P — thrust of the controlling motor. Here the minus sign 
indicates the direction of force P*i opposite the axis xi, i.e., in 

e 

th* direction of force P. Here the value of « is entirely determined 

by the magnitude of the thrust force Py. 

If special controlling motors of low thrust are used, then 
these angles can reach ir/2. At large values of Py, for instance, 
with a turn of the combustion chamber or nozzle of the main engine, 
necessary angles of deviation « prove to be small, and it is possible 

with sufficient accuracy to consider that 

/?„-/>«. I 
#*-0. J (1.31) 

The nature of the application of control forces to the body in general 
depends on the nature of the change with time of external disturbing 
forces but basically on parameters of drive of the vanes, in 
particular, the rate of change of angles 6. The time of the juildup 
of fri>m zero to a value corresponding to any 6 cannot be less 

* i-han t ■ —^—r, and the amplitude of the steady-state oscillations 
raln max 6 

FTD 
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INERTIAL LOADS 

§ 2.1. Dynamic Factors 

In the proceeding chapter a brief characteristic of external 

forces acting on the flight vehicle in flight was given, and methods 

of the determination of forces in cross sections of the body separately 

from aerodynamic forces and gravity are shown. To find the total 

internal forces appearing as a result of the interaction of parts of 

the body with accelerated motion of the vehicle, it is necessary to 

use the d'Alembert principle, i.e., conditionally introduce appropriate 

forces from forces of inertia. The value of these forces of inertia 

in a number of cases can be obtained directly from conditions of 

dynamic equilibrium. 

It is obvious that components of inertial forces in the continuous 

system of coordinates will be equal to the sum of projections on axes 

X, y, and z all external forces acting on the flight vehicle. According 

to Pig. 1.1 for the phase of powered flight at small angles of attack 

and aiip, i.e., »hen sin a % a, ein 3 % 3, cos a % cos 6 % 1 these 

equalties will take the following form: 

- mó + r Jf - G sin 0 - 0, (2.1) 

— my + (P-R,'J ?ScJ)o + - G cos 0 « 0, (2.2) 

-r.i-(P-Rt+qS<*)p-R,-Q. (2.3) 
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Equating the sums of moments of all external forces with respect 

to axes y and z, which pass through the center of gravity of the 

flight vehicle, by corresponding inertial moments, we obtain equations 

+ +qS^'a(xiA - xtT) + #,. (*lp - *lT) - 0, ( 2.4 ) 

+ - qSclp(xlK - x[T) - RIt (*lp - xiT) - 0. (2.5) 

For the atmospheric phase of free flight (with a nonoperating 

propulsion system) at a small angle of roll and, in general, large 

angles of attack and slip, in accordance with Fig. 2.1. 

ds 

ately 

- mri + Gr sin 0 — X ■■ 0, 

mrÿ + Grcos0- K-0, 

mrS — Z — 0, 

/„# + (K cos a + X sin a) (xu — x1T) - 0, 

J yrfy + (Z cos P + X sin P) (xu - xlT) - 0. 

(2.6) 
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Fig. 2.1. Diagram of forces acting 
on a descending vehicle during free 
flight. 

In practice it is convenient to consider the inertial force 

jointly with gravity, characterizing their total values of a certain 

vector the n, called dynamic factor. In magnitude the dynamic factor 

will be equal to the x-atio of full acceleration, which would be obtained 

by the flight vehicle outside the field of terrestrial gravitation 

under the action of external surface forces, to the acceleration of 

gi’d/ity. The direction of the action of this overload is opposite to 

the direction of full acceleration. 
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Let us designate the components of the dynamic factor of the 

center of gravity of the flight vehicle in the continuous system of 

coordinates by , n^, n^ and call them tangential, normal, and 

blnormal accelerations respectively. Thus, by definition, the 

tangential overload in the center of gravity of the vehicle will be 

eqnar* to 

-+ (2.7) 

Here v is the real acceleration of the center o'* gravity of the flight 

vehicle in the direction of the x axis, determined from equation (1), 

and the second term is the tangential component of acceleration of 

gravity. The normal acceleration (in the pitch plane) will be 

proportional to the sum of the normal (centripetal) acceleration and 

normal component of the acceleration of gravity 

nS—-¿(ÿ+ffocose). (2.8) 

The binormal overload in the center of gravity of the vehicle (in the 

yawing plane) is determined by formula 

(2.9) 

If the aforementioned conditions of dynamic equilibrium are used, then 

the expression for these components of the overload and in terms 

external surface forces can be obtained. Actually, from formula (7) 

and equation (1), it follows that on the phase of powered flight n^ 

is equal to 

(2.10) 

On phase of free flight 

n » — M 
£ 
0 • (2.10') 
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in trils case, as one can see, tne direction of tne tangential overload 

(10) and (10-) on the Indicated peases of flight are opposite. For 

the undisturbed motion of a guloed flight vehicle »hen * * * 0 

from equations (2), W and (8) It follows that 

"Î —+ 
(2.11) 

During free unguided flight the normal and binormal components of 

overload in the center of gravity of the flight vehicle correspondingly 

will be equal to 

The minus sign in formulas (11) and (12) indicates the difference 

in directions of action of the total mass force and resultant of 

external surface forces. From these formulas it follows that with the 

equality to zero of any projection of the resultant of external surface 

forces, a corresponding component of the dynamic factor will be equal 

to zero. 

In calculation of loads and experimental determination of mass 

forces in flight, it is more convenient to use components of the 

dynamic factor in the connected system of coordinates x^z. By 

analogy let us designate them by /»„. n*. nlt and call them 

longitudinal, lateral, and side accelerations, respectively. The 

expression of these accelerations nx, ny, and nz can easily be found 

if one were to use known formulas of the transformation of coordinates 

Considering designations given in 5 1 of Chapter I of angles between 

axes of the continuous and connected systems of coordinates, we will 

have when ¢1 * 0 
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n _ - —rtjcosocosp-njslnocosp + njsinp, 

nj - —njslno + njcoso, 

n® - —njcososinp-rtjsinasinp-njcosp. 

Dynamic factors n® and «• are the most important dimensionless 

parameters of flight vehicles, which in many respects determine their 

assembly scheme and necessary strength of the structure. 

The magnitudes of these overloads are different for various 

classes of flight vehicles. Thus, for instance, for maneuvering 

flight vehicles the presence of great lateral overloads is character¬ 

istic: of the order of 6-9 for piloted vehicles (maneuvering aircraft, 

launched spacecraft) and of the order of 20-30 for unpiloted (surface- 

to-air guided rockets and others).1 For nonmaneuvering pilotless 

flight vehicles there are great longitudinal accelerations, which 

(depending upon the assignment of the craft) can be measured in the 

tens and even hundreds of units. 

At small angles a and 3 formulas for the above accelerations 

can'approximately be represented in the form (Fig. 2.2) 

<—K + 
ii^-ii®-«/»®, 

(2.13) 
(2.15) 

(2.15) 
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an., on 

The fc 
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The minus sign in (13) considers the different direction of axis 

and X. From (11) it follows that at small a (or 6) magnitudes of 

normal (or blnormal) accelerations will also be small. In this case 

terms an0 and Pn° can be disregarded as compared to n , i.e., one 
y z * 
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Fig. 2.2. Components of the 
dynamic factor in high-speed and 
connected systems of coordinates. 

If n. 

on 

is great as compared to n^, then the effect of the term 
y 

(«5) cannot be disregarded. 

The formula for the longitudinal acceleration can be simplified 

if one were to consider that the influence of drag is expressed by 

(on the phase of powered flight) only in the zone of maximum 

impact pressures. Since on this phase of the flight in most cases 

values of q are comparatively small and limited, then this effect 

of drag will noticeably decrease with an increase in lateral force 

and initial weight of the flight vehicle. Therefore, for heavy 

vehicles the calculation of with suffiCj.>nt accuracy can be 

conducted according to the approximate formula 

(2.16) 

which gives somewhat oversized values of the longitudinal acceleration. 

p - V 
Using the concept of specific thrust P ■ -1- and formulas 

yfl q 

(16), (1.5), (1.6), the following expression for this component of 

the acceleration can be obtained: 

Pyi (2.16*) 
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Let us designate the components of the dynamic factor of the 

center of gravity of the flight vehicle in the continuous system of 

coordinates by n^, n^, n° and call them tangential, normal. and 

binoraal accelerations respectively. Thus, by definition, the 

tangential overload in the center of gravity of the vehicle will he 

eqtta* to 

In tni, 

(10) a 

the un 

from e 

(2.7) 

Here v is the real acceleration of the center of gravity of the flight 

vehicle in the direction of the x axis, determined from equation (1), 

and the second term is the tangential component of acceleration of 

gravity. The normal acceleration (in the pitch plane) will be 

proportional to the sum of the normal (centripetal) acceleration and 

normal component of the acceleration of gravity 

"»“-■¿(ÿ + ïo«* &)• (2.8) 

The binormal overload in the center of gravity of the vehicle (in the 

yawing plane) is determined by formula 

(2.9) 

If the aforementioned conditions of dynamic equilibrium are used, then 

the expression for these components of the overload and in terms 

external surface forces can be obtained. Actually, from formula (7) 

and equation (1), it follows that on the phase of powered flight n^ 

is equal to 

12.10) 
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In tais cai3e, as one can see, the direction of the tangential overload 

(10) and (10') on the indicated phases of flight are opposite. For 

the undisturbed motion of a guided flight vehicle when = = 0 

from equations (2), (4) and (8) it follows that 

n o 
y 

Rt¡ + qSc* 
Jip-*ii \ 

*lp-*IT / 
a. (2;ii) 

During free unguided flight the normal and binormal components of 

overload in the center of gravity of the flight vehicle correspondingly 

will be equal to 

(2.12) 

The minus sign in formulas (11) and (12) indicates the difference 

in directions of action of the total mass force and resultant of 

external surface forces. From these formulas it follows that with the 

equality to zero of any projection of the resultant of external surface 

forces, a corresponding component of the dynamic factor will be equal 

to zero. 

In calculation of loads and experimental determination of mass 

forces in flight, it is more convenient to use components of the 

dynamic factor in the connected system of coordinates xiÿi*|. By 

analogy let us designate them by nM„ n„„ n*, and call them 

longitudinal. lateral, and side accelerations, respectively. The 

expression of these accelerations nx> ny, and nz can easily be found 

if one were to use known formulas of the transformation of coordinates. 

Considering designations given in § 1 of Chapter I of angles between 

axes of the continuous and connected systems of coordinates, we will 

have when 4) = 0 

42 
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In beginning of flight, i.e., when t = 0 and p yfl o’ 

n P, Prit 
(2.17) 

At the end of the phase of powered flight (at great altitudes) 

when t - tK - 1 - iiH and pya - pyfl-n 

Pyi. n 
X|K -n® 

Pj.i. r 
*«° t*« Pyi. o ’ 

(2.18) 

where „ - specific thrust of the engine in a vacuum, and p,„ n 
yA-n ° yA-O 

dear the earth (taking into account losses by control effectors). 

Since the specific thrust of liquid-propellant rocket engines 

in a vacuum usually consists approximately 1.15 of the specific thrust 

near the earth, then approximately 

il®- I,I5-ÜÏ!? 
*'■ it. 

In the fulfillment of a preliminary calculation of longitudinal 

loads for nonmaneuvering flight vehicles of the ballistic typ^^t 

is possible in first approximation to take linear law of the change 

In p „ with respect to t 
yA 

Pri“PMo[l +^r(^r^)]"h,n 

Pyt m Pyt. ■ " Pjr»0 ( 1 + >*»•" ^ > ^pt 

(2.19) 

where tn0, tD - relative time of the beginning and end of the change 

'p0 ” 

'P0k p 
in thrust force with the altitude of the flight (tentatively t 

0.04-0.09, and tp - 0.45-0.55). 
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Then (for t pO < t < t 

(2.19’) 

The above formulas (from (10) to (19')) are derived for the case of 

the undisturbed motion of the flight vehicle. In the presence of the 

unbalanced moment of surface forces with respect to the center of 

gravity the local value of components of the dynamic factor in any 

cross section x\ of the body not coinciding with X|T will differ 

from the above values n°u¡ and n°ti due to the effect of angular 

velocity and regular acceleration. Components of corresponding 

additional linear accelerations in the connected system of coordinates 

will be, obviously, equal to: Õ(*it —*i) in the direction of y, axis, 

(|>(XiT —xi) in the direction of 2, axis and (*it —*i) (^+^2) in the 

direction of the xt axis. Consequently, formulas for additional 

components of dynamic factors will have the form 

AnXl (xi) - - xitH^ + tj)2), 

(2.20) 

Thus, in the general case of the disturbed motion the later 

longitudinal and side accelerations at an arbitrary point of the 

longitudinal axis of the body will be determined by expressions 

(2.21) 

For nonmaneuvering flight vehicles values of 0 and t on the 

phase of powered flight are comparatively small, and the effect of 

Anf on nx practically proves to be insignificant. On the section 

of free flight \nM can be the same order with 
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At points of the body remote by distance y\ from plane X|Z|, 

with oscillations in the pitch plane, an additional rotary component 

of longitudinal acceleration appears equal to 

(2.22) 

Similarly, with oscillations in the plane of yawing 

(2.22*) 

These components of longitudinal acceleration prove to be important 

only for flight vehicles having comparatively large lateral 

dimensions, or at very high angular accelerations, for instance, for 

a descending unplloted vehicle. 

The s}gn and magnitude of the rotary component of the lateral 

acceleration a* depend on the location of section xi with respect 

to the center of gravity of the flight vehicle and magnitude and 

direction of the action of the unbalanced moment of surface forces. 

Thus, for Instance, with the free ungulded flight of an aerodynamlcally 

stable apparatus unbalanced the aerodynamic moment will be determined 

by expression M*i* — *it). In this case the lateral acceleration in 

any section *i, on the basis of formulas (20), (21), the corresponding 

equation (4) and expression «J,- —will be equal to 

(*i) - “ "O' I1 + tS; (xu “ *lr)(Xl “ *it)]- (2.23) ft, 
*> 

As can be seen from this formula and from Pig. 2.3, It decreases In 

the front section of the body (when xi<xit) and increases In the tail 

section, and at a certain point xn Is equal to zero. If the flight 

vehicle proved to be for some reason aerodynamlcally unstable (Xia<xiT), 

then would be increased, in. the front section of the body and 

decreased tn the ttrll section. 
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Pig. 2.3. Change in lateral 
acceleration along the length of 
a flight vehicle. 

In the general case of disturbed motion ^ a guided flight 

vehicle, values of components of the acceleration can be determined 

only by means of solution of the corresponding system of equations of 

dynamic equilibrium. 

5 2.2. Perturbation Equations 

The system of differential equations (1)-(5) with nominal values 

of coefficients and program values of the angle attack Jointly with 

evident relations 

ÿo^osinB, ¿0=0 008 0, 

where xQ and y0 are coordinates of the center of gravity in the 

terrestrial system of coordinates, describes the undisturbed motion 

of a flight vehicle on the phase of powered flight. 

Integrating this system of equations with variable coefficients 

by some approximation method, we obtain the values of speed and 

altitude of flight necessary for the calculation of aerodynamic 

forces depending upon t. 

To find equations of dynamic equilibrium of a flight vehicle 

with disturbed motion, we proceed in the following way. Let us assume 

that at a certain moment of time there occurred a change in magnitude 

of external aerodynamic forces acting on the vehicle in the yawing 
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plane by a certain magnitude Z . As a result the aerodynamic moment 
□ 

will be changed by May. This will lead to a change of both parameters 

of motion of the flight vehicle (z, ÿ) and the controlling force Rz 

by Lz, At|> and AR , respectively. Let us substitute the obtained 
z 

values ÿ + A4», 8 + A0, z + Az and R_ + AR into equations (3) and 
z z 

(5): 

m + Az) + (P - Rx¡ + <?Scî)(P + Aß) - Rt - Ap^ = 2,. 

+ A^) + (R,{ + AP„)(jc1p - *1T) + ?Sc5(P + Ap) (Jtla - JtlT) + 

Then from these equations let us subtract equations (3) and (5), which 

correspond to the base of undisturbed motion of the flight vehicle, 

i.e., the case when Z * 0 and M,,,, «0. As a result we obtain the 
’ a ay 

sought perturbation equations of the flight vehicle in the yawing 

plane in the form 

mAz — (P — Rx + flSc$) Ap — A*, - 2,. 

/,A* + A^ + ARt (xlp - xlT) + Ap(xljt - xlT) - . 

Analogously perturbation equations of the vehicle a% a soliU body and 

In the pitch plane can be found. 

Thus, conditions of dynamic equilbrium of a guided fight vehicle 

on the phase of powered flight in the plane of yawing (pitch) will 

consist of the equation of the control, which connects the value of 

angles of deviation of control devices with parameters of lateral 

motion of the body of the vehicle: 

A-f(Az, A¿, A$, A^, A^i, 6, 8, ...) 

and equations describing the deviation of the actual body from the 

state of undisturbed motion. Disregarding changes in parameters of 

longitudinal motion of the flight vehicle and introducing designations 

Ai~vt, Ay-t»,. the last equations (when ¢ = 0) will be presented in the 

following form: 
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^,, + e.y- + r0A^ + f,0 = Y„ 

]z Aft + Aft Aa + Ô = M„\ 

(2.2¾) 

(2.25) 

b) for the yawing plane 

- m i), + ¿Y“ + OrH I- c ft Ô =- Z„ 

1¥ Aij) + Ô = M,v 

where 

c, - P + qScI - Rx¡, 

ca~-(P-RXi + qScl), Cft=-^. 

b&-{qSl^, 

. / ,àRy 
ft« ■“ Ulp -. 

fto“</ScJ(^-xlT). 

ftp-f?Sc5(xIfl-xlT), 

Aa = Aft — , Aji-A*-^, 

(2.27) 

and Yb and Mey designate the external disturbing forces and moments. 

Analogously coefficients for plane xy are found. 

For flight vehicles of the ballistic type, in most cases the 

perturbation equations in planes of pitch, yawing and bank are 

independent. For vehicles of the aircraft type they will be connected. 

For all flight vehicles carrying large masses of liquid fuel, 

sometimes it is necessary to consider additionally the effect of the 

mobility of the liquid in the tanks both on parameters of motion of 

the vehicle and on the nature of the loading of the construction as a 

whole. 
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With undisturbed motion and with static action of the disturbing 

forces, the mirror of the liquid in the tanks remains flat and 

perpendicular to the direction of the total overload. With disturbed 

motion on the free surface of the liquid waves the parameters of which 

depend on the nature of the motion and geometry of the tank are formed. 

As a result a certain part of the work of external forces departs by 

the change in the energy of the liquid. Quantitatively this effect 

in a number of cases can be estimated by means of a change in corres¬ 

ponding inertial characteristics of the flight vehicle. N. Ye. 

Zhukovskiy showed, motion of the body containing cavities completely 

filled with liquid can be described by equations of the dynamics of an 

equivalent solid body having a certain reduced mass and reduced moment 

of inertia. This conclusion proves to be valid for a number of the 

most important particular cases of disturbed motion of the flight 

vehicle having cavities (tanks) partially filled with liquid. Such 

particular cases are cases of the appearance of motion from a state 

of rest and the case of steady harmonic oscillations. In the general 

OMO the reduced inertial characteristics of the flight vehicle 
depend on the form of its perturbed motion, due to the quantity of 
,Uquld fuel (relative time t) and on the geometry of the cavity. 

e 

S 2.3- Hydrodynamic Loads 

The effect of the mobility of liquid in fuel tanks of the flight 

vehicle on the state of strain of its structure can be considered 

by means of introducing corresponding additional external surface 

forces. The value of these forces will be determined by the magnitude 

of hydrodynamic pressure of liquid at every point of the internal 

surface of the wall of the tank. 

•ith undisturbed motion the total pressure at any point of the 

liquid near the wall.of the tank in the system of coordinates 

(Pig. 1.2) is approximately equal to 

.... „» 
P>(*j. J/* (*> + **(*/. Py. O + P/j- (2.28) 
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when 0 > xj i ~hj» yj - aJ’ zj - aJ* where hj “ level of liquid in 

the considered j-th tank, Pj - its density, ~ magnitude of 

absolute gas pressure for the free : .r face of the liquid, a^(Xj) — 

radius of the tank in section, x.. /, - relarive rate of movement of 
., j 

the level of the liqui * in tne tar..:, u* - potential of mass forces. 

For nonmaneuvering the flight vehicles with undisturbed motion 

and at small values of nt„ and as compared to «*, approximately 

(when Xj < 0) 

«* (xj, y,, z¡, t) - —p,g0x,nXl. ( 2.29 ) 

The magnitude of gas pressure of supercharging for similar vehicle 

is selected basically from the condition of providing noncavitation 

operation of fuel feed pumps into the combustion chamber of the engine. 

The relative rate Vj of motion of the liquid in the tank due to fuel 
consumption is usually small, and its effect on Pj in most cases can 

be disregarded. 

Thus, with undisturbed motion of the flight vehicle the pressure 

of the liquid on walls of the tank in practice is a function of only 

the acceleration and level hj. 

With disturbed motion of the vehicle, acting on walls of the tank 

win be an additional hydrodynamic pressure of the liquid Apj, 

proportional to the lateral acceleration nyi («i,/). The magnitude of this 

pressure in the case of transient potential flow of an ideal liquid can 

be found by using the Lagrange integral: 

where - velocity potential of the liquid. 

As is known [21], this potential should satisfy the condition of 

incompressibility of the liquid (Laplace equation) 
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and the defined boundary conditions on the surface of the tank 

moistened by the liquid. These conditions ensure the equality of 

the normal (to the surface of the tank) component of the velocity of 

liquid particles of the corresponding component velocity of motion 

of points of the wall and bottom of the tank 

dn V «• 

Furthermore, the potential should satisfy the boundary condition 

on the free surface of the liquid, which consists in the equality of 

pressure Pj to the gas pressure of supercharging pHj. 

*(*/. 0- 

*1 

, V f <*«/(*/. yj. */. ') . . 
-a/(*M I-3J-sin tj dtj. 

where n arc tg 

(2.32) 

The lateral force and bending moment from this load on the section 

of the tank filled with liquid 0 > Xj > -hj will be determined by 

expressions 

*i 

0- J<M*/. Odxj, (2.33) 
0 

o- J Qr,(xj. t)dx,. (2.3¾) 

Due to the nonuniform distribution of the hydrodynamic pressure of 

the liquid on the bottom of the tank at the place of bracing of it to 

the casing acting or the body will be the additionally concentrated 

moment 
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2.31) (2.35 
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(2.33) 

(2.3¾) 

e of 

f It to 

rated 

al 2» 

'VVf,;(/)= j j ¡^Pj(— h¡, ry. rii-Ap^O. r,, n)lr*sinnrfn*/• 
0 0 

P 2 2 
Here rj s yj + zj * 

On section Xj < -h^, l.e., when xi>xi»j, the bending moment from 

the surface load qTUj t) will be equal to 

/•fty(xj, 0=-*iAi,/(0 + M,/(—h/, 0+ Qi/(— hj, 0U,-xUy), (2.3b) 

where .vi„j - abscissa of the place of connection of the bottom of the 

tank to the casing. 

The total lateral load on the body of the vehicle from hydrodynamic 

forces acting on each tank will be determined by formula 

^»“^Qf/i—A/)» (2.37) 

where n^ — number of the tanks. 

The total moment of this force with respect to the center of 

gravity of the flight vehicle will be equal to 

Ai M'Axh). 
P 

(2.38) 

Including these values Y* and M* in the right side of equations 

(2¾) and (25) in the form of disturbing factors, we obtain the unknown 

conditions of dynamic equilibrium of the flight vehicle, taking into 

account the mobility of the liquid in the tanks in the following form: 

+ c,-~ + h» W + fs* * Y» -h 

J» + + A* Na + + ‘M’- 

( 2.39 ) 
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Since potential *j is a function of parameters of lateral oscillations 

of the tank, expressions of external force YjJ and moment M* in these 

equations will be certain functions of parameters of motion of the 

flight vehicle. 

The problem of the determination of velocity potential 4>j for the 

case of small oscillations of vessels of different form, which partially 

were filled by an ideal incompressible liquid, was considered by a 

number of authors [43» 47, 56» 66, and others]. 

Most frequently on nonmaneuvering flight vehicles fuel tanks of 

the cylindrical form are used. The approximate expression of the 

velocity potential of the liquid for such tanks during small 

oscillations of the liquid is determined comparatively simply, if 

replacement of the true form of bottoms of the tanks by flat bottoms 

is allowed. Similar schematization gives large errors only at 

relatively small levels of liquid in the tanks (hj < 0.5 Sj), l.e., 

at the end of the powered flight when the ratio of the weight of 

remaining fuel to the weight of the construction of the flight vehicle 

becomes comparatively small, and when the effect of the mobility of 

liquid in the tanks on loads proves to be insignificant. 

r 
f 2.4. Equations of Forced Oscillations 

of the Liquid 

Thus, let us consider small oscillations of a cylindrical tank 

with flat bottoms in a "motionless" system of coordinates xyz (for 

Instance, in the plane of yawing). Let us assume that the absolute 

motion of liquid in this tank is irrotational, and forces of viscous 

friction in the liquid are absent. 

The potential of absolute velocity of the liquid tj, as is shown 

in i 2.3, should satisfy the continuity equation (31), which in 

cylindrical coordinates will be written in the form 

‘ i , Q 
dr* rj iff r* d»)* 

(2.40) 
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and correspending boundary conditions. In this case (plane motion of 

the tank; these conditions will be equal to 

the 

ially 

dr) I'/-«/ 

dd>) I 

H7l*r-*rU(U 

on walls of the tank and 

(2.40*) 

f 

cle 

vn 

■') 

P/ 

d*, 
,ro-MA + "3T *r° o (2.40") 

on the free surface of the liquid. Here ex - displacement of a 

particle of liquid along the Xj axis from the plane Xj »0, is 

approximately equal to 

and V - projection of the speed of points of the wall of the tank 

on the y axis, Vqx - projection of the speed of points of the bottom 

of the tank on the x axis. 

For small oscilla%ons of the tank, completely filled with liquid, 

the value of the potential *j was found by N. Ye. Zhukovskiy [21] in 

the form 

<t>fl-(F, + x,y))ti* + oOt0,, (2.41) 

where 

y /i (W)) *tn ^ 

F'~ a'à a(u) 

*i , ri hi t 
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VOyJ ~ projection of the speed of the origin of the system of 

coordinates XjYj connected with the tank (Fig. 1.2) on the'y axis, 

7, - bessel function of the first kind of the first order, - roots 

of equation 

-0. 

for k ■ 1, ■ 1.84; where k ■ 2, ■ 5.33î ... 

The above expression for function Fj is obtained in the following 

way. Substituting (41) into equation (40), we find that function Fj 

should satisfy equation 

*'1 > ¿£/ 

*r 'i *i 
(2.42) 

and boundary conditions, which result from conditions (40*) after 

substituting in them (41) of the corresponding values of vQyj 

_ 
-grj -0 fy-fly, 

ITf “2V/ *•" */“ ± kh 
°otl “ L) AS. 

V 
(2.43) 

Here Lj denotes the distance origin 0 of the system of coordinates 

x.y. from the axis of oscillations of the tank as a solid body 

Lt-xii—xu). 

The solution of equation (42) is sought in the form of the 

product of functions, each of which depends only on one of the 

variables Xj, rj or n 

Fj-HtjYHiidKirj). (2.44) 
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I 

oots 

Substituting (44) into equation (42), we have 

, j_ = o t— !L d*H i 1 ~\ 

dr¡ + f! dr! \ rj W drr1 Z dxj ) ' 

owing 

PJ 

42) 

43) 

44) 

Assuming that 

d'H 
dif 

d'Z 
dx¡ 

— nOH, 

x-z, 
(2.45) 

we obtain the following Bessel equation for the determination of 

function R: 

+J_ + (2.46) 
'i är, \ r, ) 

Solutions of equations (45) and (46) will be functions 

H Oi) ■■ sin (mu + Vo). 
Z(x7)-»h KXj, 

mr,)-Jm(\r,)+yNm(*r,), 

where J and N - Bessel function« of the first and second kind of 
m m 

the order m. 

In virtue of the periodicity of function H(n) m will be the 

integer. It is possible to take m « 1 and ■ 0. Since the function 

N (Ar.) takes an infinite value when r. * 0, and with respect to the 
m J J 
meaning of the problem the solution in this case should be finite, then 

Y * 0. Constant A is from boundary conditions on the wall of the tank 
3F. 

(43). From the first condition 
3r. 

0 when it follows that 

dfl 
0. 
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This equation gives an Infinite number of roots (k = 1, 2, ...). 

Function R(rj) is standardized In such a way so that it is equal 

to one when rj ■ Sj, i.e., we assume 

t 

R(r,) 
hiWl) 

TUT1 

Thus, as a result we obtain that 

m 
F j - SC» sh (l»Iy) /?, (f,) sinn. (2.47) 

where Ck - certain coefficient which is selected in such a manner that 

the second boundary condition (43) is satisfied. 

Expanding in series with respect to cylindrical functions R(r.) 
J 

Vi' ,2a'2ñFI 
MU'/) 

ÄWM) MÜ) 
sin n. 

we find that 

Fulfillment of the boundary condition on the free ‘surface of the 
liquid is ensured by the selection of function Z(x.). 

J 

For the case when the liquid fills the tank partially, we present 
[4?] potential in the form of a sum of two potentials tyi and 

#J2: 

(2.48) 
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The second potential determines the motion of the liquid (with 

a motionless tank), which is conditioned by the irregularity of the 

pressure appearing during oscillations with the first potential ¢,,. 

Potential ♦jg will be defined in such a manner so that it 

satisfies the continuity equation (31) and zero boundary conditions 

on the walls and bottom of the tank and together with potential - 

condition (40M) on the free surface of the liquid. 

7) 

that 

R(rj> 

The expression for wil1 be formed in a form similar to <Dji 

with the introduction of a certain unknown time function B(t), i.e., 

®/,-M0*(*y)tf(il)#(r,). (2.49) 

In this case function Z(Xj) is selected in such a manner so that 

zero boundary conditions on the bottom of the tank are fulfilled 

(when Xj • «-hj) 

Z(*/)-chft, (*, + *,)]. 

Thus, we have 

_ 
where h ■ 

J aJ 

% 
ch [b «/ + <;)! /, (fey;) 

<4-I) chm, /, (U) 
sin t|, (2.50) 

Satisfaction of the required condition on the free surface of 

the liquid (40") is ensured by an appropriate selection of the time 

sent function As a result the following linear differential 

equation is obtained 

8) # 
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which in the case considered by us (after fulfillment of the appropriate 

transformations) we will have the form 

ß», + + «>. + ** (*.t - ^.0/)+«i/ ** - °- 

This equation actually describes the forced small oscillations of 

liquid in the tank. In it wkJ denotes the angular frequency of natural 

oscillations of liquid in a motionless tank equal to 

•»y- 
(2.51) 

and — denotes the coefficient 
IvJ 

<-",*.(' + ¿57) (*-'• 2.-)- (2.52) 

As can be seen from formula (51)» essentially depends on the 

radius of the tank. Any increase in this radius will be accompanied 

by a lowering of the frequency of natural oscillations of liquid in 

the tank. The nature of the change in wkj with respect tàthe time 

of flight is basically determined by the nature of the change in 

longitudinal acceleration «»,. The effect of the change in relative 

level of the liquid appears only when h^ < 1, since when 

h. > 1 it is possible to consider 
J 

Each frequency wkj corresponds to the fully defined form of 

oscillations of free surface of liquid in the tank. Thus, for instance, 

the first tone of natural oscillations of this surface (k » 1) in the 

cylindrical tank is characterized by the presence (in the cross section 

of the wave) of one nodal point, the second (k » 2) - two nodal points, 

etc. In this case with ein increase in amplitude of oscillations of 

particles of liquid, these forms are considerably deformed, and they 
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become asymmetric (the crest is larger than the trough). In other 

words, the problem becomes clearly nonlinear. Calculation of this 

distortion of the form of free surface of the liquid is of practical 

importance basically only in the investigation of certain problems 

of the stability of motion of flight vehicles and designing of intake 

devices for fuel feed into pumps of the engine. Therefore, specially 

do not discuss this problem, referring those who are interested to 

the available works ( [44] and others). 

Substituting the value of potentials (41) and (49) into (48) 

and then into (32), will find the formula for the calculation of the 

total linear lateral load on the body of the cylindrical tank from 

the liquid 

/)-- mt(xj)v¥(xj, ty + bq^xj, /), (2.53) 

where mT(*/)-«p/fl*(x/). 

The first term of this formula determines the lateral inertial 

load from the mass of hardening fuel, which is proportional to the 

local value of lateral linear acceleration of the tank 

»»(*/• 0“ «WO+ A$(0*/. 

and the second term - the additional load caused by the motion of liquid 

in the tank equal to 

%>(*/. 0- 

ch lb(*/ + A/)) 
+ 

(Ij-l)«*1»1»/ 
(2.54) 

Using expressions (33), (34) and (54), it is easy to obtain values 

corresponding to this additional load of lateral force AQtj(Xj) and 

bending moment AMtj(Xj). At the end of the tank when x^ * -hj they 

will be equal to 
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(2.55) - A<U- A,)" 2«P/«îS[K - 2«y 
(' “ ch|i»/) 

«(«-*) . 

(2.56) where 

Taking Into account the effect of additional pressure equal to nXlioPjeXj, 

and relation 

from formula (35) we find the following expanded expression for 

moment AM concentrated In the section x 
J 

-h 
y 

AM. - 4*»,,«w) S %?r¡r+'.TA ^+ 
+2», 

iS 
+'"«ftFïïi1 " ^)] (2.57) 

Using formulas (33)» (51*), and (57), the unknown expressions for 

external force Y* (37) and moment M* (38) as a function of independent 
variables AA, and vy can be obtained. After substitution of them 

Into equations (39) and carrying out certain elementary transformations, 

which here we omit, the system of perturbation equations of the flight 

vehicle with cylindrical tanks (or with conical tanks with a small 

angle of conicity) will take the following form: 

V m Hl 
mi,+c, + c« AA + c*Afr ~ - «# A+ H* +- 2 , (2.58) 

The calcul 
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^ A#+Aè+ft; a« - ^ - 6# ô+ü, + 

(2.59) 

(2.60) P*/ + ®* A/ + A* (*ir - *10/) + óo, + ®î/ ^ “ 0 
(ft“!. 2, • *• ï y.™ 1. 2, • •.i rty), 'ï « • • » ’« • • • i 

where 

(2.61) 

The calculations show that the specific gravity of additional bending 

moments (56) and (57) and lateral forces (55), caused by the direct 

effect on the construction of hydrodynamic loads, in many cases is 

small, and it can be disregarded. Oscillation of the liquid in fuel 

tanks usually has a basic effect on parameters of the disturbed 

motion of a flight vehicle, in particular, on magnitudes of lateral 

accelerations and angles of attack. 

$ 2.5. Estimate of the Effect of Mobility 
of the Liquid on Parameters' 

of Disturbed Motion 

To get rid of an additional equation (60), i.e., to replace the 

complicated system flight vehicle-liquid by some equivalent solid body, 

is possible when condition 

P*/ - A»j (*it - *io/)+ 
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is executed, in other words, when the reaction of the liquid on walls 

of the tank is proportional to the acceleration of the vehicle. 

It is easy to check that the indicated condition is realized with 

established harmonic lateral oscillations of the tank with the frequency 

u different from . In this particular case of disturbed motion of 

the flight vehicle, amplification factors A^j and will be determined 

by formula 

(2.62) 

As can be seen, their values do not absolutely depend on time but are 

only functions of the relation of frequencies of forced and natural 

oscillations of the liquid In the tank. 

The second particular case of disturbed motion at which Ak^ and 

are not time functions will be the case of sudden lateral deviation 

of the tank from the state of rest (undisturbed motion) for which 

Akj ■ ■1- 

The noted particular cases of disturbed motion of the tank in 

reality are most frequently encountered with the operation of the 

flight vehicles. Therefore, a detailed consideration of them is of 

great practical Interest, since It permits noticeably slmplfying the 

solution of a number of problems of dynamic calculation of the design 

of flight vehicles with engines operating on liquid fuel. This 

simplification* leads to the use in equations (24) and (25) of reduced 

inertial characteristics: reduced mass m» and reduced moment of 

inertia J*. The last are understood as corresponding coefficients 

with accelerations v and in equations (58) and (59). 
O' 



1. In this case Let us consider at first the case A^j ■ B 

the hydrodynamic pressure Ap, on walls of the tank is entirely 

determined by the local value of coefficient of lateral acceleration 

Âpí"Pí«oa/K^ + nÍ,T>')> (2.63) 

where 

ch»**/ I 

It is easy to establish that the magnitude of this pressure will be 

comparable to hydrostatic pressure uj (29) only in the presence of 

n h. 
s. J 

lateral acceleration close to —j—. For flight vehicles of the 

ballistic type a similar phenomenon can take place only before the 

end of the operation of engines with small h^. In beginning of flight, 

when hj usually differs little from unity, the value of n^, and, 
consequently, Ap. is small, and it can be disregarded. Even at the 

end of the flight the effect of the indicated hydrodynamic pressure 

on the strength of structure of the tank can be noticeable only when 

uj is comparable to pHj. 

The basic effect on the magnitude of hydrodynamic pressure render 

only members, corresponding k ■ 1. Therefore, in the estimate of the 

general reaction of the liquid on the flight vehicle, with sufficient 

accuracy it is possible to be limited to the calculation of only first 

terms of the series of expansion of the actual form of oscillations 

of the free surface of the liquid with respect to functions JmUkrj). 

Calculation of the second tone of natural oscillations of the liquid 

(k * 2) introduces a correction of the order of 5%. It is difficult 
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to be convinced of this. If one were to compare values and at 

various k with each other. Similar conclusions are confirmed by 

experimental data. Subsequently, for simplification of the letter 

we will omit the symbol of the sum with respect to k and consider 

k ■ 1, perservlng, however, subscript k with the designation of all 

parameters characterizing oscillations of the liquid. 

The expression for the reduced weight of the liquid is obtained 

directly from the formula for the lateral hydrodynamic force Qtj(Xj) 

In the section located at the bottom of the tank (x^ - -hj), 

0«(- M-o.,(' -»•«‘■î? «Msk --Wm*. - «,)- 
-».s(l-+ O.UOM,,»,,*.,]. (2.6 ) 

Here 

V 

The first term of the formula, which characterizes the effect of 

the liquid on the body with forward motion of the vehicle can be 

represented In the form 

Wn-WrA' C2.65) 

where Q*j is the reduced weight of the liquid, and k® is the coefficient 

considering the effect of mobility of the liquid In the tank on 

magnitude Q*., 

(2,66) 

At small hj the coefficient kj of the effect (and consequently, and 

reduced weight of the liquid) decreases with a growth In amplification 

factor . This indicates that the liquid is not completely attracted 
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by walls of the tank during oscillations of the flight vehicle. With 

a sudden lateral deviation of the vehicle from the state of undisturbed 

motion (when * 1) the liquid for the free surface will lag behind 

the motion of walls of the tank, and this lag will be greater, the less 

h.. At large h. almost all the liquid is entrained by the tank, and 
J n J 
coefficient kj differs little from unity. 

With steady-state oscillations of the flight vehicle, on the free 

surface of the liquid waves are formed whose amplitude of oscillations 

depends mainly on the relation of frequencies of forced and natural 

oscillations w/w^j. Values of the coefficient of effect kj in this 

case of motion can be changed in wide limits. With transition through 

resonance they become even negative. Physically this means that the 

direction of the external force and direction of the acceleration 

caused by it become opposite. With c^ose to unity, oscillations 

of the liquid become large, and the above linear theory, which assumes 

the smallness of all parameters of motion of the flight vehicle, 

gives incorrect results. According to this theory, the magnitude of 

the coefficient k^ of effect in the indicated case (with small 

oscillations of vehicle) will approach infinity. In reality it 

always remains limited. This circumstance can be considered either 

by means of the solution of the hydrodynamic problem in a nonlinear 

setting, i.e., accurate satisfaction of boundary conditions on the 

free surface of the licflPld without the drift of them onto plane 

Xj ■ 0 or by means of the conditional introduction (on the basis of 

experiments) of damping forces, which limit the amplitude of 

oscillations of the free surface of the liquid. With steady-state 

great oscillations of the liquid a limiting wave will be formed. 

The crest of such a wave is always greater than the*trough. For 

illustration Fig. 2.4 gives a computed value of the form of free 

surface of the liquid in a tank when k « 1 and ■ 1. With small 

kj 
oscillations outside the zone of the resonance, the crest and trough 

of the wave are identical. Calculations show that values of the 

greatest deviations of particles of the liquid of the free surface in 

the direction of the longitudinal axis of the tank in this case depend 
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mainly on the radius of the tank. The larger the radius of the tank, the 

leas these movements. The effect of longitudinal acceleration is little. 

Pig. 2.4. Form of large oscillations 
of the free surface of the liquid in 
a cylindrical tank. 

The reduced moment of inertia of the liquid on the tank relative 

to the lateral axis, which is at distance Lj from the free surface 

of the liquid, Is equal to 

where 

(2.67) 

As can be seen, dj is a positive function of h^ and Lj. The 

magnitude of it with an Increase in modulus Lj tends to unity. In 

the region of small |Cj| value dj essentially depends on h^. Function 

bj(kj, Lj), remaining also all the time positive, grows with an increase 

in hj when Lj > 0 and decreases when Lj <0, so that the reduced 

moment of inertia of the liquid will be positive when A^j < dj/bj and 

negative when A^j > With a tendency of Akj to it will tend 

to zero. ^ 
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Let us consider now how tne mobility of the liquid in the tank.' 

affects the Inertial characteristics of the flight vehicle as a 

whole. Let us assume that the vehicle has nj cylindrical fuel tanks. 

With undisturbed motion the weight of it is equal to 

•I* 

0-0. + 1,0.,. 

where G - weight of the vehicle without fuel in the tanks. With 

disturbed motion the reduced weight of the vehicle, according to (65), 

will be determined by expression 

«/ 
G* ■■ G« + ii Gt/*/. 

/-i 
(2.68) 

Using formula (66), we represent it in the form 

G* - G-1,44 

Then the coefficient of effect (for the flight vehicle as a whole) will 

be equal to 

'‘•-'-TriWTN* 
/-i 

(2.69) 

where y • Q/IS - the specific weight, 
c 

If all the tanks (in part filled with liquid) have identical 

radii ( a, ■ a), then ‘J 

*/ 

S 
/-i 

(2.70) 

PTD-MT-24-67-70 70 



Prom this formula It follows that when * A0(l - t), where 

ÜQ 

I: 0,456fl*a0H 2j P/ »h |it< 

(2.71) 

and, consequently, Q become equal to zero. According to the linear 

theory, this can take place during steady-state oscillations of the 

vehicle with the period equal to 

To- I+Mi-Tn? 
Mi-0 I 

(2.72) 

When Bjj ■ 1 

is a function of only t and parameter An. Although a change In 
o u 

magnitude of k„ with respect to t occurs In this case In comparatively 
n q 

small limits 0.8 < k” < 1, nevertheless, one should not disregard 

its effect in the calculation of lateral loads. 

V 
Reference of the surface hydrodynamic load to the category of 

Inertial forces, l.e., introduction of corresponding reduced values 

of the force of weight and moment of inertia, requires the introduction 

of the concept of the reduced center of gravity of the system. The 

center of pressure of the liquid in the cylindrical tank with 

undisturbed motion of the flight vehicle is located at the distance 

nl 
xTj ■ -ÿ1- from the free surface. With disturbed motion of the 

vehicle, the abscissa of the center of pressure of hydrodynamic 

forces will not coincide with xTj. Its position is easy to find if 

expressions for AQTj(-hj) and AMTj(“hj)» wh®n é ■ 0 

(2.73) 

Due tq 
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Due to the effect of mobility of the liquid on the position of 

the center of pressure and especially on the magnitude of the reduced 

propellant weight in the tanks, the position of the reduced center 

of gravity of the flight vehicle in the whole *1» can differ from the 

position of the center of gravity *ir corresponding to the undisturbed 

motion. On the basis of formula (73) 

- *IT* w + ¿ ^ "S'(*10' “ *'¡1' (2.7¾) 
/-i 

Here x,™ - coordinate of the center of gravity of "dry" flight vehicle 

(without fuel in the tanks). 

*lT *lT 

For an illustration Fig. 2.5 gives values and 

as a function of t for the flight vehicle "V-2." As can be seen, 

is constant almost on the entire phase of powered flight and 

equal approximately to 0.6 l with the average magnitude of *i,«0.56/. 

*,T 

0.6 VT 

as o 
Fig. 2.5. Effect of mobility 
of liquid in the fuel tanks on 
the position of the effective 
center of gravity of the flight 
vehicle when A ■ B * 1. 

The indicated change of the position of the reduced center of 

gravity with disturbed motion of the flight vehicle should (in the 

case of the use of coefficients of effect) be considered both in the 

determination of moments from external forces acting on the flight 

vehicle in flight and during calculation of the reduced moment of 

Inertia J*. 
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The effect of influence of the mobility of the liquid on magnitude 
• i 

J* or on the value of the corresponding coefficient k of effect to z 
a considerable degree depends on the ratio of moments of inertia of 

the fuel and structure JT/JH* With a decrease in the latter (for 

instance, due to fuel consumption), the distinction J* from J will 

decrease. Let us designate the moment of inertia of a "dry" flight 

vehicle (taking into account the liquid found only in the fuel lines 

and Jacket of the combustion chamber of the engine) relative to the 

reduced center of gravity by J*. Then the reduced moment of inertia 

of the flight vehicle on the whole can be presented in the form 

where 

I*—+ + j-bfAtj) , 
/-i L “ '» J 

(2.75) 

When Akj " BkJ “ 1 

/.-/. l+Í(¿/-»/)-7 
/-i « 

(2.76) 

In this particular case always 1 > dj - b^ > 0, and, consequently, 

i Jz i 
kn ¡F > 0. Usually coefficient k^ differs comparatively little 

z 

from unity (not more than 15ff), and in the first approximation the 

effect of mobility of the liquid on the moment of inertia with an 

Impulse load of the flight vehicle can be disregarded. 

To Illustrate the degree of the effect of mobility of the liquid 

on Inertial characteristics of the considered flight vehicle with such 

form of motion. Pig. 2.6 gives approximate graphs k^(t) and k^j(t). 
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Fig. 2.6. Change in coefficients 

k° and k1 with respect to t. 
n n 

During steady-state oscillations of the flight vehicle the effect 

of mobility of the liquid on its reduced moment of inertia can be 

substantial, and k1 can considerably differ from unity and even take 

negative values. Usually the greatest effect on magnitude k is by 

that tank whose free surface of the liquid is further from the center 

of gravity of the flight vehicle. 

The dependence of the given inertial characteristics of the 

flight vehicle from the nature of the disturbed motion is reflected 

on the magnitude of the angle of attack and on values of lateral 

forces and bending moments in sections of the body. An appraisal of 

this effect can be conducted only by knowing the dependence of 

parameters of motion of the flight vehicle due to it? inertial 

characteristics, i.e., the solution of the system of equations (58), 

(59), and (60). 

For the case of impulse loading of an unguided flight vehicle, 

it is possible to estimate directly the effect of mobility of the 

liquid on the magnitude of the lateral acceleration, using coefficients 

k° and k1 and values of x],. Actually, from formulas (12) and (65) 
n n 

it is clear that in this case loading of the value of the lateral 

acceleration of the center of gravity of the flight vehicle depend 
Q 

only on the magnitude kn: 
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Since k® 0.8, the actual value of the acceleration can differ from 

/i» by not more than 20$. The change In the rotary component of 

the acceleration In the given case of loading Is characterized by the 

2It 
these eqii 
However, 
can be dl 

ratio 

(*lt— *u) (*lr “ *l) 

*Abr 
of Ring B 
Rockets 1 

the magnitude of which, depending upon the position of the center of 

pressure, xIK can be changed In comparatively wide limits. 

The analysis conducted above shows that the effect of mobility 

of the liquid on parameters of disturbed motion of the flight vehicle 

depends on the place of location of the tanks with respect to the 

center of gravity and their geometry. The form and dimensions of the 

tanks determine both the frequency of the natural oscillations and 

the mass of liquid participating in these oscillations. With an increase 

In the Indicated mass and decrease In the frequency , the effect 

of mobility of the liquid Increases. With the approach of frequency 

to frequencies of regulating the control system of characteristics 

of the stability of motion of the flight vehicle substantially worsen. 

Therefore, we usually take appropriate measures to increase values 

and limiting the mass of freely fluptuating liquid, for instance, 

by means of installation in the tanks (remote from the center of 

gravity) of different partitions.* As a result for the majority 

of the flight vehicles (including vehicles having the form of their 

tanks different from cylindrical) the effect of mobility of the liquid 

on parameters of their motion practically proves to be very limited, 

and it frequently can be disregarded. 

Footnotes 

lThe indicated values are the maximum and determining strength 
of the flight vehicle. They are realized only during a relatively 
small time of operation and.for many types of flight vehicles (for 
Imrtaftsm? aircraft) by no means not in every flight and not for each 
type of the vehicle. This permits in a number of cases, due to 
corresponding lowering (usually small) of the probability of fulfillment 
of the problem, decreasing the maximums of overloads and, consequently, 
improve weight and flying characteristics of the vehicle. 
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2It is necessary to note that with selected system of coordinates 
these equations remain, nevertheless, connected with each other. 
However, this connection' is weak, and in the first approximation it 
can be disregarded. 

Abramson H. N., Garza L. R., Some measurements of the effects 
of Ring Baftles in Cylindrical Tanks. Journal of Spacecraft and 
Rockets-1, 1964. 
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CHAPTER III 

INTERNAL FORCE FACTORS. CASES OF LOADING 

S 3*1* Methods of the Determination of Internal 
Force Factors 

After longitudinal and lateral forces and bending moments In sections 

of the body of the flight vehicle are determined separately from 

aerodynamic} hydrodynamic and inertial forces, it is possible to turn 

to the question of finding the total Internal force factors in these 

sections from the totality all external forces and forces acting on 

the vehicle, which are caused by elastic oscillations of structure. 

With the dynamic action of disturbing forces and moments, the actual 

deformations of the structure will not correspond to those deformations 

which are obtained in the static application of these loads. Real 

values of forces in cross sections of the body of the flight vehicle 

will differ from forces obtained as a result of the static calculation. 

This distinction Increases with an increase in dimensions of the 

flight vehicles and decrease in relative rigidity of their structure. 

Appearing with rapid application of external forces, elastic oscillations 

of the structure have both a direct and indirect effect on values of 

the internal force factors. In this case the indirect effect (in 

terms parameters of disturbed motion of the flight vehicle) becomes 

especially noticeable in the case when the frequency of the natural 

bending oscillations of the body of the flight vehicle prove to be 

close to frequencies of regulation of the control system. In similar 

caoes it is impossible to use the approximate system of perturbation 

equations of the form (2.58) and (2.59), which describes the motion 

of the flight vehicle as a solid body. 
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For a linear deformed system, i.e., for a system, to which there 

will be applied the superposition principle, it is possible to indicate 

two methods of the calculation of these forces: the method of 

displacements and the method of overloads (accelerations). According 

to the method of displacements the total force factors in cross 

sections of the body of the flight vehicle (longitudinal and lateral 

forces, bending and torsional moments) are determined in terms of 

deformation according to formulas known from the elementary theory of 

the strength of materials, namely. 
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M(jc„ t)- B(*!) f . 

Vl.p (Jt„ /)--0 (*i) /,.(^.)-¾^. 

(3.1) 

where E - modulus of longitudinal elasticity, G - shear modulus, Fc - 

area of cross section of the carrier part of the structure B(x.)-£(*.)/(*«) - 

rigidity of construction of the body of the flight vehicle with bending, 

/(*,) - moment of inertia of the area of the cross section of the carrier 

part of the body of the relative lateral axis /p(*.) - polar moment 

of inertia of this area of the cross section, «(*,,/) - longitudinal 

elastic displacement of the cross section, y.U../) - lateral displacement 

of points of the longitudinal axis of the body due to bending of the 

structure, and 8(^./) - angle of twist of the considered section 

The essence of the method of overloads consists of a separate 

calculation of the so-called static and dynamic forces. In accordance 

with this method static values of force factors are determined in terms 

of external forces proceeding from conditions of dynamic equilibrium 

of the flight venicle as a solid body and dynamic values by overloads 

caused by elastic oscillations of the structure. The total forces 

here are equal to the sum of the static and dynamic components 
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N{xït 0-AM*,, t) + Nt(x%, t), 
QUi. 0 “ Qt U,, 0+Wi(*i, 0» 
M(jr„ t)-Mt(x\, 0 + M,(x„ 0. (3.2) 

Mgp (x¡, t) ™ Afgj i (xj, ‘‘) + Í). 

In this ease dynamic components of these forces (designated by subscript 
NAn) are determined in terms of forces of Inertia by formulas 

>i 

(3.3) 
0- J <M*i. t)dxu 

o 

where lm(*i) ~ polar mass moment of Inertia of the cross section of the 
body of the flight vehicle. 

i 3.2. Longitudinal Forces 

The total longitudinal force N(xut) in any cross section of the 
body of the flight vehicle xt is equal to the algebraic sum of 
longitudinal forces from external surface forces acting on the cutoff 
part of the body and from corresponding mass forces. The latter 
in the general case of loading are determined by expression 

(3.^) 

where n^ixi.t) is the local value of the longitudinal acceleration, 
and - weight per unit length of the vehicle (taking into account 
the concentrated loads). 

FTD-MT-24-67-7O 79 



Static values of longitudinal forces in most cases with sufficient 

accuracy are determined by the product of the weight of the cutoff 

part of the structure G{xui) by the coefficient of longitudinal 

acceleration of the center of gravity n®((?) 

In sections located above the place of the application to the 

body of effective force (thrust force, forces from accelerators) the 

longitudinal force is determined by formula 

N (xv J) - Nt (*i, i) + Nu (¿1,1) - Ap’ (*!, t) S (*,) wh»n xt < X|m (3-5) 

where S(xt) - area of midsection of the body in section xi, and 

Ap*(x1J) - excess (with respect to atmospheric) gas pressure inside 

the body in the same section (for instance, boost pressure in carrier 

fuel tanks and others). 

In sections of the body located below the place of application 

of effective force P, this force is equal to 

JV (x„ 0 - JV, (x„ !) + JV. (xj, i) - Ap* (X,. I) S (x,) -P(0 (3.6) 
«ton X| > X|a. 

And, finally, Ai(/)-0 when x,«/. With the selected direction of x, 

axis of the connected system of coordinates the positive value N 

will correspond to compression and negative to tension. 

Usually in the calculation of longitudinal static forces, certain 

difficulties are caused by the calculation of the aerodynamic 

component JV,(X|,/)- For its calculation, besides parameters of the 

trajectory of the flight vehicle, it is necessary to have diagrams of 

the distribution of aerodynamic pressure over the surface of the body, 

at least for several PL numbers. oo 
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As follows from formulas (5) and (6), a disregard of this 

component N,(xx,t) will lead to an understating of the magnitude of 

longitudinal force N(xt,t). However, on the other hand, a disregard 

of drag of the vehicle in the determination of longitudinal acceleration 

(2.16) leads to a certain increase in the component of longitudinal 

force from mass forces. Therefore, naturally, there appears the 

question concerning In what cases the effect of Nt(xu t) on N(x\, t) 

can be disregarded not to the detriment of the strength of the 

structure. It is obvious that this is permissible in those cases 

when the magnitude is small as compared to AM*«. 0 or when 

its effect is compensated by a corresponding Increase in component 

Nm(xi,t) due to the growth in *,,(/). The last condition on the basis 

of formulas (1.10), (1.6) and (2.16) has the form 

(3.7) 

where 

G0Ut) and G(jC|) are the initial weight and flow rate per secona of 

weight of the cutoff (section *i) section of the vehicle. At constant 

weight, i.e., when G(*,)-0 

Usually the indicated inequality is not fulfilled only for those parts 

of the flight vehicle which possess relatively low weight of the 

structure and absorb large aerodynamic loads. These include different 

cowls, protective caps, stabilizers, aerodynamic and gas current 

vanes, and in a number of cas»? the body covering the engine section, 

and others. For carrier elements of the structure of the body of a 
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heavy flight vehicle of the ballistic type, this inequality is almost 

always fulfilled. In any case, nonfulfillment of it does not lead 

to great errors. Therefore, on the section of powered flight 

longitudinal forces in main sections of the body of such a flight 

vehicle with sufficient accuracy can be calculated according to the 

following formula: 

(3.8) 

For light flight vehicles for which the ratio X/Q is great, one should 

use an expression of the form (5). 

In carrying out calculations for strength, frequently knowledge 

of only the largest values of longitudinal forces is acquired. In 

this case it is sufficient that inequality (7) be fulfilled only 

in the region of the largest values of the fictitious mass force. It 

is not difficult to note that when G(x,)-const and Ap'Ui)-const function 

N(x\,l) will have extrema at min n*, and max n«,, i.e., when t ■ 0 and 

t - tK. 

For finding the largest magnitude of this function when Ô(xi)’»*0 

and Ap,(xi) *= const, one should equate to zero the derivative of Af(xi, 0 

with respect to t: 

Substituting Into this equation the expression for function P(t), 

for instance, in the form (2.19), we obtain the approximate value 

i-(,, at which function N(xt,t) with respect to (when Ap,=0) has the 

maximum 

• -{(i -liOor.M)’. (3.9) 
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where 

_-^(1,-u 

rn which one can be certain, having taken the second derivative 

of Nixul) according to F. It Is necessary to note that with a small 

change ln 0(4) according to t. It Is possible to take fo-f» 

The considered case G(xi)^0 In practice pertains only to 

sections located between the fuel tanks. Longitudinal forces in 

sections found after the tanks, In region of the engine section, are 

basically determined by the magnitude of force Np(t) arriving at the 

body of the flight vehicle from the propulsion system: 

-/»(O-- VG) fo- 
-p.+f, (P, - p;(0] - n„ (f) 0M. ( 3 • 1 o ) 

where - flying -weight* of the propulsion system (taking Into account 

filling with fuel), p* - absolute pressure inside the tail section. 

This force Is changed comparatively little with time and practically 

does not depend on d(xh ?)• 

Longitudinal forces in cross sections of the body of the side- 

mounting booster of the flight vehicle of packet configuration In 

general will be determined by expression 

-1*«|(*>-#„(*.• 01-V(*,. OM*.)-***<0. ( 3.11) 

where P01 - tractive force of i-th booster, Q01 - its flying weight, 

- drag of the booster, ««, - longitudinal accelerator of the 

center of gravity of the flight vehicle equal to 

m - number 

Calcu 

forces in 

below the 

boosters. 

Here [0A(<) 

the sectioi 

respective: 

accepted a' 

In se< 

(when xi»-i 

where \Gt(x 

section of 

If AG^x.) 

on magnitui 

devices. I 

in this cai 

the longiti 

(simultane« 

engines Jo 
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(3.12) 
m 

0A + S 0« 

m - number of side-mounting boosters. 

Calculated according to an analogous formula are longitudinal 

forces In cross sections of the body of the flight vehicle located 

below the place of application of longitudinal loads from side-mounting 

boosters, i.e., when xip>xi>xin: 

Na(x,. f)]- 
- V(xt. f)SA(X,)-X,A(i) + ^l*U . f). (3.13) 

Here lGA(i) — 0a(*!. 01 and (Jfu(0 — 01 is the weight and drag of 

the section of the vehicle located between sections xt and X|-/, 

respectively. Signs in formulas (11) and (13) correspond to signs 

accepted above for compressive and tensile forces. 

In sections x^x« of the body of the engine (tail) section 

(when xlp-/). unloaded by the force of thrust. 

(3.14) ^(x,./)--+ + *)]. 

where AGx(xt) and AJMx,. 0 denote the weight and drag of the considered 

section of the body of the tail section (between sections x, and x,-/). 

If AG,(xi) is small, the value of this force will basically depend 

on magnitude in particular, on angles of deviation of control 

devices. Since the latter are usually a random time function, then 

in this case one should be oriented on possible limiting values of 

the longitudinal force Nt(xt,i). corresponding to 6 - 0 and 6 - 6max 

(simultaneously for all control devices - vanes, specially controlling 

engines Joined to the body of the tall section). 
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On the phase of free flight (outside the dense layers of the 

atmosphere) longitudinal forces will be determined only by the 

magnitude of excess pressure inside the body of the flight vehicle. 

When motion in dense layers of the atmosphere they are determined 

by the difference in longitudinal components of aerodynamic and mass 

forces. In the latter case their magnitude will depend basically 

on the weight and aerodynamic arrangement of the vehicle. 

Longitudinal loads on elements of bracing of all loads placed 

Inside the body of the flight vehicle on all sections of the flight 

are completely determined by the local value of the longitudinal 

accelerator. 

Example. If the body of the flight vehicle consists of separate 

comparatively small technological sections, then sometimes (for 

Instance, for static tests) there is assigned not a diagram of longi¬ 

tudinal forces but a diagram of external longitudinal forces transmitted 

to the considered section on the side of adjacent sections. Let us 

conduct as an example calculations of such loads for the body of the 

fuel section of a flight vehicle of the ballistic type "7-2" (Pig. 

3.1). The indicated section constitutes a shell strengthened by a 

longitudinal and lateral assembly, Inside which suspension fuel tanks 

are located. The upper tank T (for fuel) is susperfded to the upper 

Joint frame 4 of the section. The lower tank with the help of rods 

2 is connected to the lower Joint frame 1. In the section of the powered 

powered flight, acting on the upper part of this phase are forces 

Nr concentrated (at places of the suspension of rods of the fuel 

tank, the total quantity of which is equal to n*,0’ip, and compressing 

force on the side of the instrument section 

Nnp - nXl (Or + Gnp) + Xln . 

where Gr - weight of the nose cone, Gnp - weight of the instrument 

section, Grp - weight of tank of the fuel with liquid, and X,0 - 

wave drag of the nose cone and instrument section. Since the 

construction of the instrument section of this vehicle consists of 

FTD-MT-24-67-70 85 



four longerons absorbing all longitudinal loads and four detachable 

covers absorbing only external aerodynamic pressure, then load N 

in practice is transmitted to the body of the fuel section in the 

form of four concentrated forces distributed on small length of the 

joint frame. 

o 

Acting on the lower part of the fuel section are compressing 

concentrated forces (at the place of the connection of four rods of 

the frame of the propulsion system and four rods of the tank of 

oxidizer), each of which is equal to 

and tensile load of an intensity evenly distributed over the contour 

of the section 

where a - radius of the middle surface of the shell of the body of 

the fuel section, G , Gno - weight of the body of the tail section 

and propulsion system, — weight of tank for the oxidizer with 
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liquid, Rjjpg and Rxr — drag of each of the four aerodynamic and 

gaa-Jet vanes (when 6 " - force of aerodynamic drag of the 

body of the tall section with stabilizers (taking into account the 

resisting force of suction according to ogival section of the body 

and corresponding part of the end section of the body). 

On the phase of free flight in the case of undisturbed motion 

of this flight vehicle, acting on the upper section of the fuel 

section will be concentrated forces the total quantity of which is 

equal to 

JVn ” - -¾1 (Of + Onp + Cfp) + X10. 

On the lower section the compressing concentrated forces 

*'-7[£(0a.+gok)-Mp:-p;)] 

and distributed load of intensity 

2na (7}-Ou“**»- 

where p” - air pressure on the nozzle section (base pressure), p^- 

pressure on walls of the nozzle inside the tail section. In general 

the sign of force Nn will depend on magnitude Grp, i.e., due to the 

quantity of liquid remaining in the tank. 

S 3-3- Lateral Forces and Bending Moments 

Static values of the lateral force and bending moment in cross 

sections of the body in plane ■ xiy, on the basis of the superposition 

principle will be equal to the algebraic sum of components Q and M 

from lateral aerodynamic (1.19) and (1.20), hydrodynamic (2.55), 

C2.56’) and (2.57) and mass forces, and also external disturbing forces 

and moments applied to the apparatus on one side of the considered 

section: 
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Qc Ui) = Q. (Je.) + Qm Ui) + aQt/Ui) + Q.Ui). 
Me Ul) “ M. U|) + (x,) + AMty Ui) + Al»Ul). 

(3.15) 

where 

QmUi)- J <7o»Ui)n»,Ui)dJfi. 
0 

*1 

(3.16) 

AfMU,)- J Qy(x,)dx,. 

Here tfov(xi) denotes the lateral linear loading density of the vehicle, 

taking into account corresponding loads (real and conditional) applied 

to the body on section Ox,. Conditional loads can be introduced when 

only the total weight of some load or even the whole section and 

position of its center of gravity are known, and the nature of its 

distribution is unknown. This is exactly how the lateral force and 

bending moment in plane x,2, perpendicular to are calculated. 

The total value of the static bending moment in any section 

X| of the body of the flight vehicle will be equal to 

(3.17) 

It is expedient to calculate lateral forces QM(x,) and bending 

moments Mm(x,) by means of graphic integration of diagram ^,(^1)^(^1) 

or by some method of approximation of numerical integration. The 

latter is selected in every concrete case depending upon the form of 

the diagram ^(x,), the necessary accuracy of the calculations and 

the accuracy of the initial data.1 

With the fulfillment of designed calculations it is frequently 

necessary to modify certain parameters of the flight vehicle. Therefore 

it Is more convenient to use unit diagrams of lateral forces and bending 

lIn most cases in practice the formula of trapezoids with the 
number of steps of 10-20 proves to be quite sufficient for the 
distributed component of the load. 
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moments plotted for each external force separately. Values of such 

unit lateral forces and bending moments from aerodynamic forces are 

determined by formulas (1.19) and (1.20) when a * Io. It is somewhat 

more difficult to calculate unit values of the lateral force and 
bending moment from mass forces (16), since the i-otary component 
of the lateral acceleration, weight and position of the center of 
gravity of the vehicle can be substantially changed in flight. In 

similar cases it is expedient to consider separately the constant 
and variable components of mass forces. For this one should separate 

from «;,(*,) the rotary component of the acceleration in such 
a way so that the magnitude of it does not depend on the position of 
center of gravity of the flight vehicle, and, namely, 

'‘„M-AJ. + Ai.M- (3.18) 

where 

flO . no 
*1 »I go ’ 

ft* ** AÔ -ii-. 
Vi g. 

Having diagrams of lateral force and bending moment from the constant 
component of the force of weight QMK(xt) and and from the 
variable propellant weight ÇMT(xi, t) and AWxi.t) with unit values of 
the above components of lateral acceleration (for instance, 

- the required values Qh(xi, f) and i) for any moment of 

time F can be obtained by using relation 

oi «:,<')+ 

+!%(«,)+P^(«,.OI4*<0¿. 
«,(«,. 0 -1«".. («,) + «•.,(*,. 01 »„<'> + 39 

+K,(i,)+«■„(,„ ol»m-¿, 
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where 

«i * i 

ÖMi(xi)r J QuíÍ^i* 0“ J ^c»(-vi’ 
o « 

(/-K, t; /-0, X). 

(3.19') 

In a number of cases it is convenient to present expressions for 

lateral forces and bending moments in canonical form, i.e., in the 

form 

Q(*,)-Q°(*,)a + Q*(*i)ft. ( 0) 
AM*,)-AÍ* (*,)«+Af*(*i) a, 

where Qa(xi) and M°(xi) — total values of lateral force and bending 

moment from the action of the unit lateral aerodynamic force, and 

M«(xi) and <?»(*') - from the action of the unit lateral control force. 

Let us note that with correct fulfillment of calculations of 

lateral forces and bending moments in the end section of the body of 

any flight vehicle, there must be fulfilled the equalities 

Qd, /) = 0, 

Af (/, /)-0. 

For this it is necessary always to make sure that the inertial charac 

teristics of the vehicle G, J and *,T correspond to the assigned 
Là 

distribution of weight and the total aerodynamic properties c“, xu - 

to the assigned diagram of aerodynamic forces. 

For composite flight vehicles equipped with side-force booster, 

which, as a rule, are less in dimensions and weight than the vehicle 

itself, are considered as beams located on two or three supports 

depending on the scheme of the bracing of them to the flight vehicle 

in a lateral direction. The plotting of diagrams of lateral forces 

and bending moments for the actual (carrier) vehicle is conducted 
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taking into account corresponding loads from these side-mounting 

boosters. Thus, for instance, when jti*>jri>jni 

m 

Qac 0*1) ” Qc (jfl) + S 
HI 

Mac (jf|) “ Mt (jfi) i 

where jri, and jna - abscissas of those sections of the body of the 

flight vehicle in which side-mounting boosters are mounted, m - 

number of side-mounting boosters. The indicated support loads determine 

the required strength of points of attachment of boosters to the 

vehicle. In the presence of two supports they (RylB and RylH) are 

found from the equation of static equilibrium of the system of all 

external forces acting on the side-mounting booster: lateral 

aerodynamic force Ku. control force /?„, and corresponding mass 

forces : 

+ 06l h,(*lTl) - IT M*!.}] - A* ^ ' 

Rfl" — 1 + + ®íín», (*!■) XlT/] + 

where 061 - weight of the i-th side-mounting booster, - its length, 

Vu - lateral aerodynamic load on this booster, - angle of deviation 

of the control device of the booster, X|T< and *1* - coordinates of 

the center of gravity and center of pressure of the booster in the 

auxiliary system of coordinates, the origin of which is located in 

the vertex of the booster, and the *n axis is directed along its 

longitudinal axis to the tail, Jfll - mass moment of inertia of the 

side-mounting booster relative to the lateral axis passing through 

the origin of the indicated auxiliary system of coordinates, 



ing 

I 
21) 

e 

termine 

•e 

.1 

22) 

•ngth, 

lation 

ie 

n 

ie 

*it - coordinate of the center of gravity of the vehicle as a whole, 

As can be seen from these formulas, in general values of reactions 

^”RyiB* ”RyiH^ and’ consequently, forces in cross sections of the body 

of side-mounting boosters depend not only on parameters of motion of 

the flight vehicle, but also due to the magnitude and direction of 

action of the control force, i.e., value In the case when control 

devices (turning chambers) of side-mounting boosters are used for 

the obtaining of a controlling moment in the rolling plane, these 

angles 6can noticeably differ from values resulting from equations 

of dynamic equilibrium of the flight vehicle in pitch or yawing planes. 

Therefore, in the calculation of total forces in bodies of boosters 

one should take into consideration the cause of the additional deviation 

of control devices ahd when necessary consider both the presence of 

additional disturbing forces and the effect of angular acceleration 

(relative to the longitudinal axis jh). 

If the body of the flight vehicle possesses large lateral 

dimensions, then in the calculation of bending moments from mass 

forces AM*) it is necessary to consider additional bending moments 

caused by angular accelerations in pitch and yawing planes of the 

form 

(3.23) 

where GK(xi) - all parts of the body located on sections dx\, and 

R{xi) - radius of the body in section xt. Thus, for instance, with 

the parallel location (around the flight vehicle) in plane xlyi 

of two side-mounting boosters this moment will be equal to 

AJLJ 

SM(xt)--2r(x,)G6i-g, (3.24) 
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where r(x ) - distance between the longitudinal axes of the body of 
B 

the carrier vehicle and side-mounting booster at place of attachment 

of this booster (in a longitudinal direction) to the vehicle. 

In a number of particular cases of loading, static bending moments 

and lateral forces are determined very simply. Let us consider as 

a first example the case of powered flight of a single-stage flight 

vehicle of the ballistic type with a solid-propellant engine outside 

the atmosphere. In this case the source of disturbing forces and 

moments can be only the propulsion system and control system. With 

steady-state operating conditions of engine the lateral component of 

the force of thrust Pt, and disturbing moment MpB (1.14) will be 

slowly changed with time of the flight. Similarly, the corresponding 

control forces will be changed. 

Here 

aerod; 

Havin 

(2.14 

In this case, obviously, 

IVflAFl XJ ^ Jt|0. 

wher. X\ ^ Xm* 

(3.25) 

Since we usually try to ensure small values of PK, and MpB, 

the indicated static lateral forces and bending moments will also be 

small. 

With motion of the flight vehicle outside the atmosphere any 

deviation of the control devices 'rom the program position, caused 

by errors in the operation of the actual control system, leads to 

the appearance of static lateral forces and bending moments equal to 

Expre: 

found 

layer: 

aerod] 

accel* 

prove 

Using 

we fii 

. / * í«n/ V TI 'iri^lp *It) , /■>* l r y*lp *'’1 --írW-M1-^— ^li-Tïïri- (3.26) 

(3.27) 
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Here 

Qc(*i)“Q?(*i)4. Af.U.J-Aífíjr,)«. 

A second example can be the case of the free flight of an 

aerodynamically stable flight vehicle In dense layers of the atmosphere. 

Having set in equation (2.¾) /?„, = () (6 » 0) and using formulas (2.12), 

(2.1¾) and (18), we obtain that 

(3.28) 

AM*i)-j Qt(x,)djt,-AÍÍUOa. (3.29) 

Expressions for the lateral force and bending moment are similarly 

found for the case of guided flight of the flight vehicle in dense 

layers of the atmosphere with a slow change in the disturbing 

aerodynamic force and balancing values of the control forces. Angular 

accelerations of the flight vehicle with such a method of loading 

prove to be small, and in practice it is possible to consider n¡¡=0. 

Using the first formula of (2.12) and expressions (2.1¾) and (2.11), 

we find 

- cn 0 J Ox, 1 U (*,„-*„) 
(3.30) 

(3.31) 
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Basic difficulties of the calculation of static lateral forces 

and bending moments for flight cases of loading consist in the 

determination of local values of the lateral acceleration, angles of 

attack of the flight vehicle and values of control forces. 

f 3.4. Load Cases of Flight Vehicles 

On the basis of the analysis of conditions of operation of the 

structure of the flight vehicle in the process of operation it is 

possible to distinguish a number of characteristic from the point of 

view of strength of moments of its load, so-called load cases. In 

each such case the structure is under the effect of a fully defined 

(peculiar to only a given case) combination of external forces and 

surrounding conditions; It is natural that during the time of operation 

the flight vehicle will be subjected to a large number of different load 

cases. However, if one were not to take into account questions of 

fatigue strength (having importance mainly for vehicles of reusable 

application),« for every element of the structure only in one of 

numerous load oases there will appear such internal forces of 

deformations which will determine its necessary carrimrability or 

rigidity. This load case characteristic for tïye considered element 

is called computed case load or simply computed case. 

With the existing variety of designs of flight vehicles and 

conditions of their operation, it is difficult beforehand to establish 

all computed load cases not being attached to the specific design 

or at least to the very nrfrrow class of flight vehicles. For a more 

or less broad class of these vehicles, it is possible to indicate 

only a number of generalized load cases, which determine not the 

separate characteristic moments of the load, but describes the 

characteristic processes of load of the design. 

Let us divide all load cases into two categories; ground and 

flight cases. In this case we separate the basic load cases describing 

normal conditions of operatio,n of the flight vehicle and additional 

cases corresponding to mainly emergency conditions of operation of its 
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systems. For abbreviation all generalized load cases will be given 

designation by letters (letters of the Latin alphabet) with corre¬ 

sponding subscripts (basically letters of the Russian alphabet). 

a) Ground load cases. 

The category of ground load cases will refer to the following 

generalized cases. 

Transport (T) - load cases of the structure in the process of 

the transport of flight vehicles in assembled form or separate parts 

(units) by land, water and air transport, namely: case T - self- 

propelled ground transport, case T... - railroad transport, case T. - Mi ——» 

water transport (above water or underwater), case T - special 
«y 

transporter-erector over standard or specially built roads (iron, 

concrete), case T -- load of the structure in the process of raising 

and lowering the vehicle by a crane. • 

Case U - load of the structure in the process of installation of 

the flight vehicle from the transport position to the position 

accepted as the initial one for launch and in the process of the 

removal of it from the firing position. 

Case V - load of trhe structure in the period of the servicing 

procedure with open ground launch (case V3 - for a fueled flight 

vehicle and case V. - for unfueled). With open launch in a storm 

from the deck of a ship - cases V and V , respectively. 
J K 3 K C 

Case S - load of the flight vehicle in the process of launch (up 

to the moment of breakaway from the launcher), including the process 

of the emergency shutdown of engines on the launcher. 

Case E - load of flight vehicle or its descending part with 

landing on the surface of the planet. Case E* - with landing on water. 
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Test (0) - load cases of separate parts of the structure of the 

flight vehicles in the process of factory (technological, finishing 

or control) tests (for airtightness (0r), external atmospheric pressure) 

with storage (0 ), vibration *ests (0 ) and hot bench tests of the 
X B 

engines (0 ). 
c 

Additional load cases of this type can be cases of the effect on 

flight vehicles installed in closed structures (silo, hold of a ship 

and others), impulse or seismic forces caused by some explosion. 

b) Plight load cases. 

The category of basic generalized flight load cases can be the 

following cases: - , 

Case A - load of the structure on the phase of powered flight 

in dense layers of the atmosphere. For maneuvering flight vehicles 

this case corresponds to a flight with max A, for nonmaneuvering 

flight vehicles of the ballistic type - the case of flight through 

a Jet stream, for other types of flight vehicles - the case max 

Case A* corresponds to a flight with max nr„ and case A" - 

flight of the vehicle with high subsonic speeds. 

Case B — load of the structure on the final phase of powered 

flight in the region max 41^. For multistage flight vehicles this 

case (case B.) corresponds to the end of operation of engines of the 

1-th stage. 

• 

Case W - load of structure during flight in bumpy air (turbulent 

atmosphere). Essentially this case is a derivative of case A and is 

distinguished specially in view of its great significance for flight 

vehicles of the aircraft type. 

Case K - load of the structure in the process of separation of 

the boosters. For composite flight vehicles (case K^) - in the process 
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of uncoupling of stages or separation of boosters (from the moment 

of tne beginning shutdown of the engines of the i-th stage prior to 

the moment of breaking of the power connection between this stage 

and the vehicle). 

Case Kr corresponds to the separation of the last stage (nose 

cone, spaceship and others), and case K - process of separation 
¿I 

of the recoverable section during operation of the system of emergency 

rescue of the crew. 

Case P - load of the structure in the process of attachment or 

mooring of the vehicle. 

Case L - load of the structure on the initial section of powered 

flight with min n«,. For multistage vehicles this case (case L^) will 

correspond to the load of the structure directly after breakaway of 

the vehicle from the launcher (i = I) or after separation of the 

(i - I)-th stage (for i * II, III, ...). It covers completely (with 

"cold" launch or separation of the stages) or partially (with "hot" 

launch or separation of the stages) the process of conditions of 

engines of the i-th stage. 

Case L1 - load of the recoverable section of the structure 

directly after its separation from the flight vehicle (with emergency 

rescue of the crew). 

Case H - load of the structure of the flight vehicle in the 

process of realization of the limiting (available) controlling moment. 

Case C - load of the structure during flight with zero angles 

of attack in the region of maximum impact pressures on the descent 

phase. For maneuvering flight vehicles this case corresponds to 

the case of diving with and for nonmaneuvering - to the moment 

of achievement of the limiting longitudinal acceleration with 

undisturbed motion. Case C* corresponds to the moment of achievement 

of the maximum value of longitudinal acceleration with disturbed motion 

of the flight vehicle. 
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Case D - load of the structure of the flight vehicle on the 

descent phase during flight with limiting values of lateral 

acceleration. 

Case Fj - load of the structure of the vehicle descending to 

earth in the process of the inclusion of a parachut system: main 

(F ), brake (F_), reserve (F ) — and in the process of the inclusion 

of retrorocket installation (F1). 

The additional flight generalized load cases will include cases 

corresponding to the following: 1) low-quality work of certain 

systems of the flight vehicle and 2) complete failure of these 

systems. 

The first group of these cases determines the additional dynamic 

loads on the structure caused by the presence of the dynamic 

instability of the system - body of the flight vehicle and propulsion 

system (case J), the system — elastic body of the flight vehicle 

and the control system (case Q) and the system - the vehicle with 

liquid filling and control system (case 0*). 

Conditionally referred to this gnwup can be cases G”, which 

corresponding to the load of the strircture as a whole or its parts 

with dynamic instability of the flutter type. All cases of the 

indicated group do not have independent importance for the strength 

of the structure of the flight vehicle and are considered only 

Jointly with basic flight load carnes of the phase of powered flight. 

Cases of second group describe the load of the structure in 

emergency stages and are of practical importance only for flight 

vehicles equipped with a crew escape system. These include all forms 

of crash landing of piloted and unpiloted flight vehicles on the 

surface of the planet (case E ), load cases of the structure in the 

process of partial or complete failure of the propulsion system (case 

Q), and in the process of complete or partial failure' of the control 

system (case R). 
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SECTION II 

•DYNAMIC PROPERTIES OF FLIGHT VEHICLES CONSTRUCTION 
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DYNAMIC REACTION OP THE CONSTRUCTION 
ON EXTERNAL INFLUENCE 

This chapter contains general information about the dynamic 

characteristics and dynamic properties of elastic systems, which 

it is impossible to do without when reading subsequent material. 

In particular, methods of formulation of equations of dynamic equilibrium 

òf elastic systems and calculations of their reaction to an external 

Influence are Indicated. Methods of approximation of détermination 

of frequencies and forms of natural elastic oscillations of simple 

and complicated constructions are discussed, and questions connecbmd 

with account of the effect of damping are also touched upon. 

§ 4.1. Selection of Dynamic Scheme 

Selection of the dynamic scheme, i.e., formulation of a system 

of equations, describing conditions of dynamic equilibrium of the 

construction under the effect of external dynamic forces, is the 

most complicated and Important problem of dynamic calculations of 

the construction of any flight vehicle. The dynamic model should, 

first of all, correctly reflect the basic properties of the initial 

x‘eal system and, secondly, be sufficiently simple, since dynamic 

calculation of the construction is an applied discipline and is 

occupied with solution of practical problems. It is possible to find 

the solution of the shown problem only by means of introduction of 



large simplifications. One of the basic of such simplifications 

is reduction of a system with an infinite number of degrees of 

freedom, described by differential equation in partial derivatives, 

to a system with a limited number of degrees of freedom,, motion of 

which can be represented by a finite number of ordinary differential 

equations.1 

There are two methods of such reduction. The first method is 

called the method of lumped parameters. According to this method 

the real construction with distributed mass and rigidity is replaced 

by a system of lumped masses, connected together with weightless 

springs, simulating the rigidity of elements of the system. The 

second method consists of decomposition of deformation of the system 

with respect to types of natural oscillations and calculation of only 

a finite number of the lowest forms of these oscillations. This 

finite number of degrees of freedom is selected in each case 

depending upon loading conditions, dynamic characteristics of the 

system and the required accuracy of calculations. 

In this book we will use two methods of formulation of 

conditions of dynamic equilibrium of elastic systems. 

For simple systems the equation of dynamic equilibrium is easily 

obtained from conditions of static equilibrium by means of inclusion 

(according to d'Alembert principle) in the number of external loads 

of corresponding forces of inertia. This method was already used 

by us during formulation of equations of motion of a flight vehicle as 

a solid body and equations of oscillations of an elastic beam. For 

complicated systems, for which the first method loses its apparent 

simplicity and clarity, the second method is very effective, with 

which conditions of dynamic equilibrium ire written in the form of 

Lagrange equations of the second type, using the expression 

for work of external forces, kinetic and potential energy of the 

system: 

<> (<>r0\ <w0 
‘>‘lj i>iij “ ¢/- (M.l) 
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where TQ - is kinetic energy of the entire system, U0 - potential 

energy, #0 - function of energy dissipation, - generalized 

coordinates and Qj - generalized forces, corresponding to these 

generalized coordinates. 

The application of these equations to elastic systems with 

distributed parameters assumes the possibility of presentation of 

any shift of elements of these systems, satisfying the condition 

of continuity of material, in the form of the sum of products of 

functions of only time and functions of only coordinate (sum of 

standing oscillations). In other words, it assumes the possibility 

of use of method of expansion of elastic deformations with respect to 

forms of natural oscillations of the construction. Moreover, as 

generalised coordinates there are taken independent functions of 

only time, the number of which will obviously correspond to the 

number of dogrtem of freedom of the system. 

Similar trafiefer to a system with a limited number of degrees 

pf freedom Is Justified by the fact that the time of application 

and removal of all the external forces affecting the flight vehicle is 

usually comparable with periods of only the first tones of natural 

oscillations of the construction. Therefore, the effect of the 

highest tones of these oscillations on internal forces turns out 

to be very small, and it can be disregarded. Only in special cases, 

when the time of action of external loads will be small as compared 

to periods of the-first tones of natural oscillations of the system, 

dan this method become little effective due to the necessity of 

calculation of a large number of harmonics. 

With dynamic calculation of construction it is usually assumed 

that the system accomplishes small oscillations near the position 

of stable equilibrium, in which all generalized coordinates qj are 

equal to zero. 

Total kinetic energy of the system in general will consist of 

the sum of kinetic energies of its separate parts. At small oscillations 

the kinetic energy of each component part of the system will be equal 
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to the sum of kinetic energies of its points. In case of stationary 

connections the kinetic energy of the system can be represented in 

the form of functions of the second degree from generalized velocities 

(4.1') 

In this case, if Tq is reduced to the sum of squares, then 

equations are obtained in direct form 

oo 

+ 2 4/y^y = Q/ (/=1,2,...), (4.2) 

and if to the sum of squares there is reduced only potential energy 

Uq of the system, then these equations take the reverse form 

oo 

+ S Q/ (/=1,2,...), (4.3) 

where a^j - coefficients determining the inertial interaction of 

elements of the system, and h^j — coefficients of elastic interaction 

of these elements. 

If to the sum of squares there are simultaneously reduced potential 

and kinetic energies of the system, then equations (1) take the 

simplest form, and namely represent a system of independent second 

order equations 

+ (^=1,2,...), ( 1< . 4 ) 

where a>m - angular frequency of natural oscillations of system 

of m-th tone, Mm - generalized mass of the system. In this case 

generalized coordinates qm are usually called normal coordinates. 

The use of normal coordinates considerably simplifies the 

solution of all problems connected with investigation of forced 

.'scillatiorrs of a complicated system. 

ions 
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Reduction of kinetic and potential energies of the system to 

the sum of squares, i.e., reduction of the system of equations in 

generalized coordinates qj to a system of equations in normal 

coordinates qm, can be carried out by means of simple linear 

transformation of coordinates 

Her ' 

part 

shir 

re la 

m-1 
(4.5) 

Potential energy of any elastic system basically consists of 

strain energy, accumulated in its elements. Therefore, it is 

determined by the work of external forces expended for deformation 

of these elements. It is necessary to emphasize that the difficulty 

of formulation of conditions of dynamic equilibrium by the second 

method consists not only of the selection of generalizec. coordinates, 

but obtaining an expression for potential energy of the entire 

system. Therefore, we will specially elaborate on this question 

in the examining concrete problems. Here we are limited only by 

the fact that we will give expressions of strain energy for a thin- 

walled rod of variable cross sections. Potential energy of such 

a rod during bending Is determined by expression 

IMO-jJswPsp]*+T f GW*-(4.6) 

where G - shear modulus, y»(x\,t) and yc(*i.O - deflections of section 

«i from bending and shear. 

With longitudinal deformation - formula 
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l\(t) = j J E(xx)Ft (*,) [ÉÍLj~iYdxi (4.7) 

Strain energy of torsion has a similar form 

Uu(‘) 

i 
i f 

■i i 
j 

Cl(xi)¡r(x¡) I n 
i i)* i 

(4.8) 
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Here /p(*i) - polar moment of Inertia of the area of the supporting 

part of the cross section of construction, u(.rt,I) - longitudinal 

shift of section, »(*'.0 -- angle of rotation of the cross section 

relative to the longitudinal axis. 

Work of external surface forces is expended not only on increase 

of potential energy, but also on change of kinetic energy of the 

system. If the load is changed slowly (statically), then the rate 

of shifts of points of the system will be small and the role of 

kinetic energy in the overall work will be negligible. With 

rapid change of the magnitude of external surface load (dynamic action 

of force) the role of kinetic energy of elastic oscillations of the 

construction can already be great. In the process of free harmonic 

oscillations of the system, i.e., in the absence of external forces 

and in the absence of energy losses for damping, kinetic energy changes 

into potential and back. In this case the sum-of these energies 

remains constant. Bearing in mind that with harmonic oscillations 

maximum value Tq is attained when Qj * 0, i.e., at the moment of 

transition of the elastic system through the position of stable 

equilibrium, In which U0 = 0, we obtain that 

max f0 = max i/0. (^.9) 

This equality plays an important role in the dynamics of 

elastic bodies. It is the basis of almost all methods of approximation 

of determination of the frequencies of natural elastic oscillations 

of elements of different constructions, including flight vehicles. 

In the conclusion of this paragraph let us note that for 

finding generalized forces Qj, it is sufficient to formulate an 

expression of work of all external surface forces on virtual displace¬ 

ments of the system and to take coefficients at variations of 

corresponding generalized coordinates. In this case the work is 

considered positive if the shift and projection of external force to 

this shift have identical signs. Work of gravity is usually considered 

during formulation of the expression for potential energy of the 

system . 
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i 4.2. Reaction to External Influence 

Basic properties of the linear dynamic system, behavior of which 

is described by an ordinary differential equation with constant 

coefficients, can be obtained by considering its reaction to elementary 

external influences, namely: to unit pulse, harmonic function 

and random function of time. By using these simplest forms of 

reaction, it is possible on the basis of the superposition principle 

to find the reaction of linear system to any external influence, 

which is an arbitrary function of time. 

1. Reaction to unit pulse. By pulse we usually mean such a 

disturbance, the time of application of which is infinitesimal. Unit 

pulse is determined by the following expression: 

i - 

J 6(t - x)dt - 1, 
0 

and 

t 

fu«)Ã«-T)íí<-u(T) ^ (4.10) 
0 

when t is inside the interval of integration, and 

t J i(t-T)dt~0 
0 

when t is outside this interval. In these expressions 6(/-t) designates 

delta function, equal to zero everywhere except t = t, where it becomes 

infinite, and x - moment of time corresponding to the application 

of unit external influence to the system. 

As a result of such impulsive influence on a system with one 

degree of freedom, a change of its quantity of motion will occur 

by a magnitude equal to , where Mm — generalized mass, and 

^ - generalized velocity. Consequently, if a. similar system was 

at rest, then its reaction Km(t) to unit pulse applied at moment 

t - 0 can be obtained as the solution of the equation describing 
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free oscillations of the system at initial conditions, corresponding 

to Qmfi) “° and </»(°)"¿-- This reaction carried the name impulsive 

transient function and is determined by the following formulas; 

K"W--d¡r8in®«' ^'ll) 

for conservative system and 

K«(0“ (^.ii') 

where 

Û) ml 

for a system possessing drag, proportional to the first degree of 

velocity, i.e., for a system whose motion is described by equation 

4m + 2Mm + <^ÄQ, 
i 

Mm' 
(4.13.") 

A graph of any function, representing an external disturbance on the 

system (in a certain time interval 0 < t < t), can be presented in 

the form of sequence of^ulses Qm(T)AT, applied at moments t. Total 

reaction of the conservative system to this sequence of pulses will 

be determined by expression 

By transferring to the limit when At - 0, we obtain 

0 

(4.12) 

Further, having taken into account expression (11)» we will have 
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By means of replacement of the variable of Integration, expression (12) 

can lead to the form 

<7«(0-j QmV—t)Km(x)di. 
o 

Reaction of unconservative system in general with arbitrary initial 

conditions </m(0) =</p>io. 9m(0) = </mo, will be equal to 

( 

Í (l'X)Qm (T) Sin û)ml (/ - X) dT + 

0 

+ e'hm‘ [</mo cos (On,, / + {qmtí + hmqm0) sin (0,,,/]. ( 4.13 ) 

2. Reaction to harmonic function. Basic dynamic characteristic 

of any linear oscillatory system is its reaction to unit harmonic 

function elwt, since it is well known that a very large group of 

external influences can be represented in the form of imposition 

of harmonic oscillations. In general the shown reaction of the 

system can be written in the form 

qm(t)-Gm(i*)eM, 

\ 

where G (iio) is a function only of w, called complex transfer function, 
m 

Transfer function is a very important frequency-response curve 

of the construction of any flight vehicle. It is connected with pulse 

transient function by known Fourier transformation 

CD 

Gm (/<o) =■ j /(„ (/) e-M dt. ( 4.14 ) 
- oo 

In the particular case of a system with one degree of freedom, 

forced oscillations of which are described by equation 

+ <<lm “ MT 
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the search reaction on 

expression 

the basis of formula (12) is determined by 

The first factor of this expression determines the reaction 

of the system to the static action of the considered disturbance, 

and the second factor, called amplification factor or dynamlc. 

coefficient, shows how many times the dynamic system response in 

this case of external influence is greater than static. As can be 

seen, the magnitude of this amplification factor depends on the 

relationship of frequencies ui and a)m. For a conservative system 

with ui approaching ü>m, the amount of amplification factor will be 

Increased infinitely. With the presence of energy dissipation in 

the system, for instance, proportional to generalized velocity, this 

amplification factor n will take limited values in the zone of 

resonance when oj = u)m. 

Indeed, as it is '?asy to establish from (ll"), in this case 

_ sa™ 
where Ym - 

The magnitude of hm determines phase shift <>m between disturbance 

and generalized shift 

qu = arctg -——fy . 

The relationship of nm to co determines the amplitude frequency 

characteristic of the system, and the relationship of 4>m to a> - ßhase 

frequency characteristic of the system. 
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3. Reaction to random function. If the external Influence 

cannot be represented In the form of some known function of time, 

or Its values are continuously changed and turn out to be different 

with, each new observation, then such an Influence can be related 

to the category of random. 

System response to the action of discrete random disturbances 

(for Instance, gusts of wind), appearing through intervals of time 

that are sufficient so that the system would return to initial 

undisturbed state of motion, is expediently considered as a usual 

Individual transient process. System response to continuous random 

Influence, for instance, to continuous atmospheric turbulence, will 

constitute sustained oscillations with continuous spectrum. During 

calculation of such reaction one should use already statistical 

■athoda. 

The basic characteristic of a continuous random process is 

the probability distribution function for magnitudes of perturbations 

at different moments of time. If the form of this probability 

distribution function does not depend on the selection of the 

beginning of reading of time t, then such a random process is called 

stationary. Subsequently in examining the effect of continuous 

atmospheric turbulence on the flight vehicle we will assume that 

we are dealing only with stationary random processes, for which 

the so-called ergodlc hypothesis is valid. In accordance with this 

hypothesis one may assume that statistical properties of atmospheric 

turbulence, determined during observation of one realization of the 

process for a comparatively large interval of time, coincide with 

the statistical properties obtained drr.’ng observation of many similar 

realizations at the same moment of time. 

The structure of random stationary influence is characterized 

by the value of perturbation function every moment of time u(t) and 

the-degree of interconnection between these values at moments t and 

t ♦ T.' The shown degree of interconnection of values of u(t) and 

u(t + t) is established by correlation function R(t), which is defined 

as the time average from products of u(t) by u(t t): 



Correlation function of continuous stationary random process 

is an even function of x with maximum when x * 0. This maximum is 

equal to the mean square value of random process 

T 

/?(0) = ?-Hm-^ Í u2(t)dt. 
« T-*u J 

With increase of the magnitude of x the degree of interconnection 

of u(t) and u(t + x) is naturally decreased, and consequently, the 

magnitude of R(x) is decreased. Therefore, the correlation function 

of random process always has the form of an attenuated curve. For 

purely random process R(x) ■ 0. 

From formula (15) it is clear that with the presence in function 

u(t) of a constant and periodic components 

u (<) it, (0+C0+C'i »in «»f, 

analogous components will be present in function R(x): 

c* 
R(t)-/?i(t) + Co+-f cos«T. 

For finding the correlation function of a real random process the 

graph of concrete realization of randora function u(t) at a sufficiently 

large time interval T^ should be divided into a comparatively large 

number n of equal intervals At. In this case the length of the 

interval must be selected so that function u(t) changed little within 

limits of t and t + At. The less At is, the more exact the values 

of R(x) will be. Thus, t - vAt and x - yAt, where v and y - integers. 

Having assumed that u(t) * 0 when t > T^, i.e., v</i —y, and being 

limited by consideratloa of only positive values of y, instead of 

(15) we obtain the following formula for statistical appraisal of 

the sought correlation function: 
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rt-li 

SMv«vr 
v-l 

(Ü.16) 

This function is usually normalized in such a manner that it is 

dimensionless, for instance. 

p(t) #(*) 
Ä(0) ' 

Por providing the required accuracy of calculations R(y) one should 

pay special attention to selection of interval T^. In this case 

it is recommended to take y less than n/5. 

During determination of the system response to random influence 

it is convenient to use not the correlation function, but spectral 

density of random process (t>(u>). The latter constitutes Fourier 

transformation from correlation function 

©(„)«! f Hftc-lmt #(T)cosöTdT. (4-17) 
_■ 0 

Spectral density is its own statistical characteristic of energy 

distribution of the process with respect to frequencies of continuous 

spectrum. It shows what portion of energy the component with frequency 

U Introduces into total energy of the system. Calculation of ¢((0) 

is carried out by graphic integration, and if R(t) can be approximated 

by some function, then analytically. It is best of all, of course, 

for finding R(t) and <U(w) to apply electronic digital computers. 

Then 

|»/S 

<!>(•)- -j- * (y) ce» («y A/) to. (4.18) 
n-i 

In certain cases it is more convenient to find the spectral 

function by applying Fourier transformation directly to function u(t): 

¢(01)- lim -=- 
T,-*m '1 

/1 

Í u(t)e-‘«dt 
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For a purely random process (white spectrum) ¢(01) = const; for 

a process containing periodic component of frequency im, the spectral 

density will theoretically have discontinuity at this frequency. 

It is practically always continuous because of the finiteness of 

the section of recording and processing. 

In order to obtain the spectral density of reaction ¢(01) of 

the system to random external influence, the spectral density of 

which ¢ (01), one should calculate the value of correlation function 
D 

of the system response by formula (15), having substituted expressions 

for q(t) and q(t + t) instead of u(t) and u(t + t), determined by 

formula (13) with corresponding replacement of variable of integration 

t by other variables. Then, by using formulas (17) and (Hi), find 

the expressions for the energy spectrum of reaction 

0> (u)-<!>,(») I G (/®)|* (4.19) 

By knowing ¢(01), it is easy to calculate the mean value of the 

square of generalized shift of system 

which is a measure of dispersion of random variable from mean value 

By using known Rays formula [58], we can find the average of 

cases of exceeding the definite level of reaction, for instance, 

longitudinal force N\ for unit of time At: 

-3- í (4.20) 

where oN - standard deviation of random value. The probability of 

exceeding the given value of force <V, with normal law of distribution 

is determined by formula 

FTD-MT-24-67-70 HU 



By mearuB of substitution of 

It Is reduced to the following dimensionless form: 

(4.20*) 

Prom this formula It follows that events jV>¿V, and />>P, 

will have Identical probability If the lower limits of corresponding 

Integrals of probability (20') will be equal, i.e.. If 

Nj-Ñ _ Pt-P 
oN ap 

(4.21) 

where ÏT, F - mean values of considered functions N and P. This 

condition will be subsequently used for appraisal of dynamic 

coefficients (Chapter VI). 
V 

S 4.3. Equations of Elastic Oscillations 

As It Is known, an elastic body with distributed mass has 

an Infinite number of degrees of freedom and for a description of 

its oscillations In general It Is necessary to Indicate the position 

of all its points. Por certain types of elastic bodies, in particular 

for a beam of large elongation, It Is possible to be limited by 

indication of the position of only the points of one line (axis 

of rigidity of the beam). 

Numerous experimental data, accumulated In shipbuilding, 

aviation technology, rocket construction, and also certain theoretical 
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research ([30] and others) show that with sufficient accuracy the 

bodies (fuselages) of flight vehicles, wings and stabilizers, 

having aspect ratio over four, can be schematically represented 

in the form of thin-walled beams of variable section with mass and 

rigidity arbitrarily distributed along the length. Simplified equations 

of elastic oscillations of such constructions are simple to obtain 

by using expressions of forces through deformations (3-1) shown in 

S 3.1. For this it is sufficient by means of differentiation of 

lateral force, longitudinal force and torsional moment with respect 

to *i to find expressions connecting the components of deformation 

of beam with external distributed loads, and then to these loads 

to introduce the corresponding distributed forces of inertia. For 

instance, by differentiating the expression for Q(xi,/) with respect 

to x\ , we will have 

(,.22, 

Having representing the external load in the form 

q(xu /)-?,(jt|, /)-m(^)-^,1,0 . (4.22') 

where ?o(*i. 0 — external linear surface load, we obtain the sought 

equation of bending oscillations of the body of a ballistic type 

flight vehicle in plane xii/i 

(4.23) 

The values of function /) will depend on the initial values 

of coordinates and velocity of points of longitudinal axis of the 

beam yt(xt, to) and jM*,. t0) and on boundary conditions on the ends of 

the beam. 

For the body of a flight vehicle, both ends of which are 

free, these boundary conditions will consist of equality of lateral 

forces and bending moments to zero 

<) 

ÖX, 
o. 

daÿi Ui. » -0 
when 3(,-0, (4.24) 
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Function yt(xu t) can be represented in the form of the sum of 

yt (*i. 0 - y» (*». 0 + 0u(*i. 0. ( ^. 2 5 ) 

the first term of which describes free elastic transverse oscillations 

of the beam, and the second-forced oscillations. Function yn(xi, t) 

should satisfy homogeneous differential equation 

[fl(»,>111+1(,,)?<"•£■ ^ -0 (4.26) 

and the above-mentioned boundary and initial conditions, function 

0t*(*i,/) - nonhomogeneous equation (23), boundary conditions (24) 

and homogeneous initial conditions 

0u(*i. 0-0, *„(*„/)-0 when tmt* 
• 

' The solution of linear partial differential equations of 

such type can be obtained by the method of separation of variables. 

According to this method the value of /) is represented in 

the form of an infinite sum of products of functions only of coordinate 

* and only of time t, i.e., 

0„(*„ 0-(4.27) 
n-l 

as 

0i*Un 0- 25,(/)/,(^,), (4.28) 

where S n and S - functions of only time, and f - function of only 

abscissa . By putting expression (27) in equation (26) and 

dividing the variables, we obtain the following ordinary linear 

differential equation for determination of function /,(*■) 

(.-1,2....), (4.29) 

where by u there is designated the frequency of natural oscillations 
n 

of n-th tone. 
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On the basis of formulas (25), (2?) and (28) the additional 

vibration component of transverse overload will be determined by 

formula 

OD 

n„„(Jf|. /)= + (^-30) 

and the expressions for dynamic components of lateral forces Q«(*i, 0 

and bending moments Afa(X|, t) (3*3) will have the form 

CM*,. /)= -2\'Snn(t) + SAt)]QnM(Xx). 
n-\ 

(Xu /)=- ^15,0(/)+5^(/)1^1/1^(-//1^ 
«“1 

(/).31) 

(4.32) 

where 

=1 Q^Ui)” J m(xi)fn(xx)dxi, 
0 

Xi Xi 

(//1)-} \ m(xl)fH(xi)dxidx{ 

(4.33) 

(4.34) 

0 0 

are corresponding unit values of the dynamic component of lateral 

force and bending moment. 

Usually during fulfillment of practical calculations we are 

limited by a finite number of terms of these series. In this case 

the quantity of retained terms is determined basically by the required 

accuracy of calculations. In certain cases it depends on the method 

of calculation of dynamic forces. The method of deformations, as a 

rule, requires the calculation of a greater quantity of types of 

natural oscillations than the method of overloads. In other words, 

the method overloads, giving the best convergence, is more precise 

with the same quantity of terms of the series (28). This is explained 

by the fact that the dynamic component of bending moment is described 

rather well by the lowest tones of oscillations. For description 

of the static component of bending moment in many cases it is 

required to consider the highest forms of oscillations. 

tj 
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All the above-stated, concerning methods of formulation and 

solution of equations of elastic bending oscillations, pertains 

also to longitudinal and torsional oscillations of the construction. 

In accordance with formulas. (3.1), (3.¾) and (22») the differential 

equations describing these oscillations will have the form 

^[e W f,(,,)^i!] Slgjiii. ,), ( 4.35) 

. f). (4.36) 

Here ?«(*», 0 amd 0,- functions of external linear load. 

According to the method of separation of variables, their 

solutions can be represented in the form 

«(*.. 0- js TmU)Xm(Xi), (4.37) 

«<*..0-2), (^-38) 

... \ 

where lfm(x,) and ?*(*■)- functions of the form of o^lllatlons, 

and Tm and yp - functions of only time, satisfying the required 

boundary and initial conditions respectively. 
/ 

If the beam is not axially symmetric and its axis of rigidity 

does not coincide with the axis of centers of gravity of cross 

sections (for instance, the wing of an aircraft), then bending 

oscillations of such a beam will be accompanied by torsional 

oscillations relative to the axis of rigidity and conversely. The 

compatibility of shown oscillations is explained by the presence 

of an inertial connection between them, proportional to the distance 

between axes of rigidity and centers of gravity (in each cross 

section). Bending-torsional oscillations of a similar construction 

will be described by system of equations 

FTD-MT-24-67-70 
119 



(4.39) 

+ m(*l)o(*1)^^/), (4.40) • 

the solution of which can also be represented In the form of series 

(28) and (38). Dynamic components of lateral force, bending moment 

and torsional moment In this case will be expressed by formulas 

0 

Equations of bending (23), longitudinal (35), torsional (36) 

and bending-torsional (39) and (40) oscillations of beams of 

arbitrary cross section can be directly used for description of 

low-frequency elastic oscillations of constructions of flight vehicles, 

the dynamic scheme of which can be approximated by one beam or a 

system of beams. In the latter case oscillations of the vehicle 

will be described by the system of shown equations, connected together 

by corresponding geometric and power conditions of coupling. 

These coupling conditions are established in each concrete case 

depending upon peculiarities of the structure diagram of flight 

vehicle and the character of its loading. For an example let us 

consider the transverse elastic oscillations of the construction 

of an aircraft with sweptback wing (Fig. 4.1). Let us place, as usual, 

the origin of connected system of coordinates at the apex of the 

body of the fuselage, let us direct axis x, along its axis of rigidity 

(toward the tail), and axis yt upwards. Let us still introduce 
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auxiliary connected systems of coordinates Ok£kt|k and O^n,, . Let us 

direct axes £h and of these systems along the axes of rigidity 

of wing and horizontal stabilizer brackets, and arrange the origin 

of coordinates at places of intersection of the shown axes with 

axis (at points xH and Xq). Lateral axes nK and n0 will be 

directed parallel to axis </i. Let us assume that cantilevers of 

the wing and stabilizer are rigidly fixed in the fuselage body (at 

places of intersection of axes of rigidity). Let us assume further 

that these cantilevers can accomplish only bending-torsional oscilla¬ 

tions, and fuselage - only bending oscillations in plane 

(Thisproblem was solved for the first time in a similar formulation 

by N. N. Korchemkln.) Transverse elastic oscillations of the 

construction of an aircraft on the whole in this case will be 

described by a system of differential equations of the form (33). 

(39) and (40): 

(UK -t), 

^<U^]-/.(U)^ + 

+ ««(U)g.(U)—¿7r— - <Uhu(u\ 

+ m«(U)®o({o) "<7«po(U. 0» 

- fflotuMU) ^ * u«(u> 0- 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(4.47) 

whe 

ben< 

the 

can' 

tor; 

The solution of this system of equations can be sought in the form 

of series similar to (28) and (38). 
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iS 
i/i Ui. 0= 2 

n-1 
00 

0= S^íO'^Uk). 
n-1 
00 

tiodo. o» 2^(0^,(10). 
n-1 
oo 

*AL, 0= 2 «fl(0<P»(ir). n-1 

(4.Ü8) 

oo 

00(È0. 0“ 2<MOx„(5o). 

la- 

where — function of only time, f^ — function of the form of 

bending oscillations of the fuselage, and ^ - functions of 

the form of bending oscillations of the cantilever of wing and 

cantilever of stabilizer, <l>n and Kn - functions of the form of 

t?rsional oscillations of wing and stabilizer cantilever respectively. 

4 

0 

Pig. 4.1. Systems of coordinates 
for an aircraft with sweptback 
wings . 

These solutions should satisfy boundary conditions on free 

ends of: 

a) body of fuselage 
rm 
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b) cantilever of wing 

iL.WdfeiiL -0 when 6,-/,, (4.50) 

c) cantilever of stabilizer 

when 6>-Jo (4.51) 

and coupling conditions. 'The latter In this case will consist of: 

a) equality of lateral shifts and angles of rotation of cross 

sections at places of connection of fuselage and cantilever of 

wing, fuselage and cantilever of stabilizer: 

fiUi, 0-%(6<. 0. 
when *1“*«. 61-O. (J*-52) , .ftifci..') ocotx,- -í^^sinK, 

J)n%(to. 0. 
when *i-*o. to-0. (^*53) 

- -0,(6). <)co»Wo- ftkj|jfe-^ »lnWo 

where k and Rn - angles of sweep of wing and stabilizer respectively; 
K U * * 

b) equality of the sum of lateral forces and the sum of bending 

moments, taken on the left (sign "/1") and on the right (sign "n") 

from sections xH and Xq to lateral forces and corresponding components 

of bending moments, arriving from both cantilevers of the wing ami 

stabilizer: 

«h» 6,-0. (4.54) 

-20/,.(6,) de*j^’— co»*« *h,B *!-*«• 6«“°- (4.55) 

-2-j-[aQ(6J-^#—1 *.-*0. 6, = 0, (4.56) 
"to I 0¾ J 
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I 

y; 

ts 

I t 

[fl (*,) 0 ] - jfl (x.) ^1^1,0] »2fl0(U-!!^r-ii*inx0- 

-20/^,(60)-^^-cosxo «h« x,-*«. 60-O. (4.57) 

In conclusion let us note that the dynamic scheme of constructions 

of those flight vehicles, aspect ratio of which Is less than four, 

can be represented In the form of a system of rigid bodies elastically 

connected together. The motion of each link of such a system 

(Pig. 4.2) will be described by an equation of the form 

m,*i - cM (*,♦, - *,) + c, (*, - - 0, ( 4.58 ) 

where m^ - mass of link, c^ - generalized rigidity of elastic 

connection, - absolute shift of mass of 1-th link. We will elaborate 

In more detail on the question of the formulation of equations of 

oscillations of such systems In Chapter XI. Let us note only that 

equations of elastic oscillations In a similar form can be obtained 

(in particularly, for separate nodes of the construction, connected 

to elastic elements of the body of the flight vehicle), proceeding 

from expressions for shiftj in canonical form 

* /-1,2,...,4, 

where k - the number of concentrated masses in the considered system, 

x^ - sought shift of i-th mass in the assigned direction, - shift 

of this mass in the mentioned direction from the unit value of power 

factor, applied to J-th mass, and Xj - total value of the shown 

generalized power factor. For the case of forward motion of J-th 

mass this power factor is described by expression 

Xjm Pj-mjii-b/i). 

Here Pj - external force applied to the given mass, and b, - correspond¬ 

ing coefficient of resisting force. Methods of determination of the 

values of ójj for different typical constructions are usually discussed 

in courses on structural mechanics and the strength of materials. 
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1 Pig. 4.2. Model of elastically 
suspended mass. 

The equations of elastic oscillations of constructions of flight 

vehicles given in this paragraph give the possibility of determining 

the dynamic components of internal forces, caused by the effect of 

external disturbing forces and moments. Por this it is only 

necessary to know the dynamic characteristics of the construction 

of the flight vehicle itself and laws of change of external Influences 

in time. 

f 4.4. Dynamic Characteristics of the Construction 

Many approximate and exact methods of calculation of the 

forms and frequencies of natural elastic oscillations of different 

constructions are known. Each of them has its advantages and 

disadvantages, i.e., its own field of application. Since in most 

cases the dynamic calculation of any construction is reduced to removal 

of the various types of resonance phenomena, then the methods of 
approximation, permitting estimation of the value of only the lowest 

frequencies of natural oscillations with some accuracy, received 

predominant development. During dynamic calculation of the construction 

of a flight vehicle there are also considered and resonance conditions 

of oscillations (with frequencies very close to the natural 
frequencies of elastic oscillations). Therefore, it is often necessary 

to pay considerable attention to the accuracy of calculation of 
fteqûencles and especially the forms of natural oscillations of 

these constructions. Prom this point of view the best method of 

ealmuUMon of dynamic characteristics is undoubtedly the method 
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of successive approximations (method of Iterations), which permits 

obtaining the forms and frequencies of oscillations with any accuracy. 

The basic disadvantage of the method of iterations - time consumption. 

At present with the presence of electronic digital computers this 

disadvantage is easily eliminated. Therefore, in this work we will 

not pause on analysis of the existing methods of calculation of 

dynamic characteristics of elastic systems, but will give only those 

methods which received the widest application during investigation 

of questions of the dynamics of construction of flight vehicles. 

For other methods of interest it is possible to refer to corresponding 

literature [3» 31» 82 and others]. 

By form of natural oscillations we usually mean the function 

of only coordinate xt , which represents the form of deformation 

of the body from forces of inertia, appearing with these oscillations. 

Since this deformation is calculated with accuracy to arbitrary 

constant factor (Sn or q^), usually it is normalized in some way. 

Tor instance, we divide the shift of all points by maximum shift 

or by the value of this function at a fixed point (for instance, 

x,-0 or which we call the point of reduction. Therefore, 

in an expression determining the decomposition of any shift 

with respect to forms of natural oscillations, the function of only 

time will represent correes ponding shifts of the points of reduction 

and have the dimension of length. 

Basic difference of the forms of natural oscillations from each 

other consists of the quantity of nodes, i.e., points, at which these 

functions are equal to zero. Thus, for instance, the form of 

natural bending oscillations of a beam with free ends of the first 

tone (n~I) will have two nodes (Fig. ^.3), the second tone (n ■ 2) - 

three nodes, etc. Since the function of form represents an elastic 

line of the deformed construction at oscillations with natural 

frequency (principal oscillations), then it obviously should satisfy 

the corresponding boundary conditions (kinematic and dynamic). These 

boundary conditions constitute limitations placed on shifts of 
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cross sections of the body (xi-0, xi-0 and on the values of power 

factors (longitudinal and lateral forces, bending and twisting moments) 

under these sections. For the free end (shift of which can be any) 

the boundary conditions will consist of the absence of any forces. 

On the basis of formulas (3*1)» (28), (37) and (38) this is 

possible only when 

(4.59) 

(«-1, 2, p-l, 2, m-1, 2, 

where ¿„(¿i) - function of the form of longitudinal natural oscillations, 

fp(Jti) - function of the form of torsional oscillations, and Mxi) - 

function of the foçm of bending transverse natural oscillations. 

U 

Fig. 4.3. Forma of the first 
three tanas of natural trans¬ 
verse oselllatlona of a 
construction with free ends. 

N. 

For an end section hinged on a rigid support the boundary 

conditions are mixed and reflect the absence of the possibility of 

lateral shift of this section and equality of bending moment and 

longitudinal force to sero: 

(«- I, 2,ni" I, 2, • • • •• (4.60) 
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In this case the angle of rotation of the section and the magnitude 

of lateral force can be any. For a rigidly attached end cross 

section the boundary conditions will consist of the equality of 

lateral and longitudinal shifts to zero and the angles of rotation 

of this section 

X,(x,)-0, »,(*,)-<>, dh(*0 -0. • (4.61) 

Due to the mutual independence of the forms of deformation of 

the body with oscillations with different natural frequencies the 

work of forces of Inertia appearing at one of*the natural oscillations 

on shifts, corresponding to another natural oscillation, is always 

equal to zero. For transverse oscillations this condition is written 

in the form 

i 

\ whwi n + Itl. 
o 

Prom this expression (considering that qn and qm are not' equal to 

zero) ensues the following very important condition (condition of 

orthogonality). which all functions of forms of natural bending 

oscillations must satisfy in this case: 

i 

J mUi)M*i)M*iM*i-0 #>«n 
► 

(a- I, 2, «-1, 2 ...). 

(4.62) 

. 

> 

Taking into account rotary motions of masses this condition takes 

the form 

i i 

)/.(*,)<**,+ J «*«« 

(n-1, 2 m-1, 2, ...), 

where i(x,) - moment oC inertia of the mass relative to lateral axis 

of the section. 
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If natural oscillations of the construction In longitudinal 

direction, in lateral plane, and also relative to the longitudinal 

axis are mutually independent, analogous conditions of orthogonality 

are obtained for. funetlona and fpUi). in particular, 

I 

Jm (*,)*. U.JXaU.Mjr.-O n ¥* m (4.63) 
0 

(i»-l, 2,m-l, 2,...). 

Such are the basic requirements, which functions of the forms 

-of natural oscillations should satisfy. During principal oscillation 

with frequency u , form and amplitude of the point of reduction 

q^Q, the kinetic and potential energy of the system will be equal to 

r. “ T Um~lEm<Ítm> 

where 

W*co»e,,/, 
i 

0 

• 

Having equate'd the maximums of these energies to each other, 

w obtain the expression for the square of angular frequency of 

natural oscillations in the form of ratio of the reduced rigidity 

of construction to reduced mass M : 
In in 

<•{£ <*•«> 

This formula is frequently used both for more precise definition 

of" Che magnitude of frequency wm, and for obtaining Its approximate 

value. Actually, if in (65) instead of function /«(*«). determining 

V 
(4.64) 



the real form of natural oscillations of m-th tone, we place some 

other function, only approximately describing the form of oscillations, 

but satisfying the boundary conditions and having the same quantity 

of nodes, then we will obtain the approximate value of frequency 

The closer this function is to the true form of oscillations, the 

more exact the value of will be. 

§ 4.5. Determination of Forms and Frequencies 
by the Method of Iterations 

It is impossible to exactly solve the equation determining the 

form of natural elastic oscillations of the construction when the 

rigidity and mass are arbitrary functions of coordinate *i . Of 

the existing methods of approximation of the solution of this 

equation the most suitable is the method of successive approximations 

by forms of oscillations (method of iterations). It permits 

determining both the values of function M*t) and its derivatives, 

and the value of frequency u>n with the accuracy necessary for 

engineering calculations. 

The essence of this method consists of the following [82]. Let 

us present an equation, for instance, of bending oscillations of 

a rod in a void (29) with boundary conditions 

(^-66) 

in the form 

£r[fl<*'>J^]-"(*-K/"(*') t"“1’ 2l (4-67) 

Having twice integrated it with respect to *1. we obtain the 

expression for dynamic bending moment from inertial load, equal to 

(U .67' ) 
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where by Mnx there is designated unit dynamic bending moment (34): 

*1 *i 

MM - J J« (*,)/„(*,)</*, dxx + + B,. ( 4.68 ) 
• • 

Since S(xi)>H), then, by integrating expression (67) further with 

respect to *t, we find the sought value of fn(xt) in the form 

(4.69) 

where 

Mí *% 

MsO-J + + + (4.691) 

Is the elastic bending curve of the body from load m(xt)Mxi). 

Arbitrary constants, entering (68) and (69'), are determined 

bf bomdary conditions (66). Proa these conditions it follows that 

^ / m(MÔ j j dx'dx'dx' ~ 

I J!w-dx'4x'dx'- 

~j *»(*i) ///W ¿X, dxx dxy dxij, 

(4.70) 

wbMre a and Js — aaas and moment of inertia of the flight vehicle 

(1.6*). 

Functlorr is normallsed» in such a manner that at the point 

of reduction (*i»o or x,-J) 
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Thus, having taken arbitrary (normalized) function as 

initial, by using formulas (69), (69*), (70), and (68), let us 

calculate the values of function (*,). Then, having taken the 

obtained value of CW for the new original function /«>(*,). let us 

repeat the calculation until relationship ^¡u**1* is identical for all 

x\ or the relative error 
becomes less than specified. 

The shown process will converge faster, than closer the original 

function is to the sought. 

By the described method we find the form and frequency of 

principal oscillation of only the first tone. For determination 

of the form and frequency of principal oscillation of the second 

tone it is necessary to additionally satisfy the condition of 

orthogonality (62) of normal functions fi(x,) and M*i): 

i 

Í >n(xl)fi(xl)ti(xl)dxi-0. (4.71) 
0 

Por this both into initial /?’(*,), and into all subsequent functions 

^>(*,) one should introduce correction 

^-72) 

where /«»(x,) - orthogonalized value of function M*,) » A» - correction 

factor, determined from condition (71): 

J '"(*i)/i(*i)C(*i),<J'i 

—j-, (4.72») 

and k - number of approximation. 

Analogously we find the forms and frequencies of natural 

oscillations of the third, fourth and higher tones. It is necessary 

only to strictly see that the sought function M*i) be orthogonal 
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with all functions of the preceding tones with weight m(x{). It is 

necessary to note that function f(*,)=ajri+6 also satisfies equation (67) 
and boundary conditions (66). It determines the form of oscillations 

of the construction as a solid body, i.e., the form of principal 

oscillations of zero tone with frequency id * 0. 

Calculation of functions M*i) by the above-mentioned method 

is the best of all by the tabular method, by selecting a comparatively 

small step of integration, approximately A = în this case, to 

avoid obtaining small differences of large numbers, it is acmetimes 

expedient to place the origin of the system of coordinates in the 

middle of the body. The form of these functions (forn- 1, n = 2, 

n ■ 3) is shown on Pig. 4.3, and the values of unit dynamic bending 

moments #n*(ï0 — on Pig. 4.4. 

Pig. 4.4. Diagrams of 
unit dynamic bending moments 
for a beam with free ends. 

In the process of finding the forms of principal oscillations 

by the method of iterations simultaneously by formula (69) we 

determine the frequencies a>n of natural oscillations corresponding 

to them. However, sometimes the calculation of these frequencies 

is more convenient by the power method, based on equality of 

maximum values of kinetic and potential energies for each principal 

oscillation (65). Taking into account (67), we obtain 

i 

j «(«y)/;! (*,)**, 

(4.73) 
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Taking into account the effect of lateral forces ,2 it will 

have the form 

(oi C4.73’) 

where 
X» 

Qw(*i) = j m(x,)fH(xi)dxi (n = l, 2, ...). 
0 

Calculations show that an account of lateral forces leads to a 

decrease of the frequencies of free bending oscillations of the 

first tone by all of 3*. and second tone by approximately 15-20$. 

It is possible to similarly evaluate the effect of longitudinal 

forces N(Xi) on the magnitude of u,: 

i 

0 

(4.74) 

As can be seen, longitudinal tensile forces JV(*i)<0f will increase the 

frequencies of natural bending oscillations, and compressive N(xt)>0 - 

lower them. In most cases the effect of longitudinal forces on ein 

and especially on the form of transverse oscillations of the construe 

tion turns out to be small, and in the first approximation it can be 

disregarded. An exception is only case V, examined in Chapter VI. 

Taking into account the inertia of rotation of masses of cross 

sections of the body /(*■) and concentrated loads equation (67) is 

written in the form 
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where by m4 Is designated the mass concentrated in section x,, by 

lj - Its moment of Inertia relative to the lateral axis, passing 

through the center of gravity of cross section Xj, and by i(*i) - 

mass moment of Inertia of the cross section relative to the same axis. 

The calculation of the forms of natural bending oscillations 

is noticeably complicated If It Is necessary tq calculate the effect 

of lateral forces. In this case the kinetic energy of the system 

will be determined by formula 

ToU) dx„ (4.76) 

and potential energy by expression (6) 

dx, + 

where yM - deflection from bending, and yc - deflection from shear. 

From these formulas it Is clear that it Is necessary to determine 

the deflections from bending and from shear separately. Furthermore, 

It is necessary to consider the lag on angle of shift of the angles 

of rotation of cross section of the body behind angles of slope of the 

tangent to elastic line, i.e., perpendicularity of cross sections 

to longitudinal axis. 

Angle of rotation of the cross section in the considered case 

will be equal to 

«1 âx, dx, * 
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and total deflection of the body In section x, 

y(*i. 0-v. Ui. 0+VcUi. 0- 

In this case the bending moment and lateral force will be determined 

by formulas 

M(xlt 

where kQ - some correction factor for the shape of cross section. 

Corresponding equations, describing free bending oscillations 

of the construction In a void. In this case will have the form 

d 
[*0G (X.) Ft (X.) - m (^)-¾^ 0. 

0. 

From them epsue the following equations for determination of the 

forms and frequencies of natural oscillations: 

/»(*l) —/»■ (*i) + (ac(*l)» 

-<"»(*.)/é (*.)“< ¿7 ['<*«)-¾11] • 

¿.[oíxo^íx,)^3^1- - •»'»WM*.)- 

(4.78) 

During solution of the given system of equations by the method 

of Iterations one should assign the values both of functions M*t), 

and functions /,.(xi). The shown connected system of equations Is 

simply reduced to a system of independent equations of the form 
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«here E and E- constants of integration, 
n un 

It is recommended to calculate deflections, caused by shear, 

during calculation of the forms of natural bending oscillations 

of only the highest tones.' Por the lowest tones (n ■ 1, and often 

n ■ 2) it is possible to be limited by the corresponding correction 

of t)ie frequency of oscillations (73*) • 

Por determination of natural frequencies and the forms of 

twisting (longitudinal) oscillations by the method of iterations, 

l.e.t for solving the equation of the form 

the above-indicated formulas (69), (69') should be replaced by the 

following: 

where 

J/«(*,)?,(*,)</*,+ 0>- I, 2,...). 
0 
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Constants of integration and Cp are found froir. corresponding 

boundary conditions, but condition of orthogonality keeps the same 

form: 

/ 

J(*■) «P, Ui )^,=-0 when 
0 

(p- I, 2, n- I. 2, ...). 

In conclusion let us note that the widely used method of iterations, 

presented in this paragraph, will be directly applied to calculations 

of natural frequencies and forms of purely bending, twisting and 

longitudinal oscillations of the constructions of nonmaneuverable 

ballistic type flight vehicles (cantilevers of wing and stabilizer, 

fuselage). In this case we can consider (by means introduction of 

the corresponding resonance factors) the effect of different masses 

elastically suspended inside bodies. Thus, for Instance, the 

initial equation for finding the forms and frequencies of longitudinal 

oscillations of such a system will take the form 

(H.79") 

where u0j - partial frequency of natural oscillations of mass m^, 

elastically suspend^ in section Xj. 

§ ^.6. Determination of the Form of Oscillations 
with Respect to a Specified frequency ~~ 

Usually the frequencies and forms of natural elastic oscillations 

of the construction of a flight vehicle are calculated only for 

several flying values of weight, corresponding to cases A, B, K, L 

and others . 
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By considering the smooth change of u>n by t for any phase of 

flight, It Is possible to graphically determine the magnitudes of 

frequencies of natural elastic oscillations of a construction for 

any Intermediate value of weight (time F). It Is possible to 

obtain the form of natural oscillations of the construction of a 

flight vehicle by interpolation (with acceptable accuracy) only 

when It Is little changed by t. Therefore, sometimes the necessity 

appears for finding the forms of natural oscillations by the known 

frequency of these oscillations. Most frequently such problems 

appear during analysis of results of flight or laboratory dynamic 

tests of the construction. In similar cases Instead of the method 

of successive approximations discussed in the preceding paragraph It 

Is expedient to use another method of approximation, making It 

possible to obtain the function of form of bending oscillations of 

the vehicle by solution of equation (67) by the method of numerical 

Integration (Stormer method). 

For understanding the Idea of this method let us examine the 

process of calculation of the form of natural transverse oscillations 

of the first tone of a beam with free ends. 

For application of the stormer method to equation (67) one 

should preliminarily reduce this equation and boundary conditions 

(66) to the corresponding form [28]. Having substituted 

/ 
(*.80) 

Instead of (67) m obtain equation 

(4.8om 

From boundary conditions (66) it follows that with *i-0 

JSS£l-(>- (4.80") 

Solution' 

represent 

In this c 

C(jti), d(xi) 

constants 

Having us 

Functions 

equations 

Their ini 

xi-0, were 

FTD-MT-24-67-7O 139 
FTD-MT-2¿ 

! 



Solution of the aystem of linear equations (80) and (80*) can be 

represented in the form 

M*,)- tV(*.)+ l/iPn(*i)+ 
ve» Ui) • Uji(xx) + U&u (JC|) + U<An Ui)- 

In this case the linearly independent particular solutions of />(*). •<*•>. 

t(x0, d(xt) and others can be approximately selected so that arbitraty 

constants Ur U2> U4 were determined by equalities 

Ux /.(0), Ut iat l/|-w«(0). 

Having used boundary conditions (80n), we find that 

/.<*,)-\ (4.81) 
W'ixt)- UMxx)+ UiHxi). I 

Functions />(*.), t(xi), •(*.), <<(*.) ®«8t ®»tisfy the following system of 

equations: 

(4.82) 

Their initial values are selected so that boundary conditions when 

xi»0, were fulfilled, i.e., so that 

*>(0)-l, #(0)-0, d (0)-0, C(0)-0, 

iSM.ii - o üííii-o dp{x,) -0. 
dx, ’ 4xi ’ dxt ' dx, 
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The second pair of boundary conditions (when *•-/ ) is used for 

finding arbitrary constants Ut and i/* : 

Ui 
-0, 

Since the determinant of this system is equal to zero, then function 

UM will be determined with accuracy to the arbitrary factor. Having 

taken (A*I, we find that 

l/i- 

Having taken into account equations (81), we obtain the following 

expreaelon for the form of natural bending oscillations, corresponding 

to frequency *• (»-1): 

The calculation is done in the following order. Let us divide 

the length of the body into k equal parts. Since when *-0 p«-J 

then let us assume that According to formula 

o(*,)-«(*,)p(*,)AX. 

where A-j ~ ot int«gratlon* we flnd value8 of ^ a* and 

corresponding differences of Aei. A«i. ^»o#. 

By using expressions 

+ 24 A,<fo+ 

AV-Vo + AöD + 'ff A*°** 

(U.83) 
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let us calculate M«o-0) and 

by them we find values of V V ** A,>«* where 

By formulas analogous to (83) let us calculate APo, A*p# and the 

corrected values of P, and P* . Further let us find P» and %: 

AV, 

•j “ + + AI,i » 

etc. 

In the same way we determine functions t<*.) and d(*,), only in 

the first approximation it is accepted that Í.-0. t,-A and C»-2A. 

This method gives good results with comparatively smooth change of 

mass and rigidity along the length of the body, i.e., with the 

absence of large concentrated loads, which naturally limits the region 

of its application. It can be used as a method ofsuccessive 

approximations, in which not the function of form, but the frequency 

of natural oscillations is initial. However, at least for the lowest 

frequencies the application of the method of approximations for 

frequencies instead of approximations for forms of oscillations 

is inexpedient. 

S 4.7. Application of the Method of Iterations 
r tS ComDlicatedSyst^F 

By the method of iterations we can directly determine the 

frequencies and forms of normal natural oscillations of complicated 

constructions of flight vehicles, oscillations of which are 

described not by one equation such as (t.23), but by a system of 

equations. As an Illustration we examine the process of calculation 
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by this method of the frequencies and forms of natural transverse 

oscillations of an aircraft on the whole, equations of oscillations 

of which are given ln f 4.3. 

Having placed the solution of (48) with replacement of 9,,(/)-*<«><, 

In the system of homogeneous equations corresponding to equations 

(43).(47)t we obtain the following system of ordinary differential 

equations for determination of eigenfunctions: 

[B - •:/„(*,)«(*,). 

^-[fl.ib) ] - •>* (U) [®. (U - a, (l*) f. (l*)]. 

- < lUUKfl.) - d.)»»(U)®,(W]. 

^ [*.<W 

- < [U (4)-.(4) --.(4)^.(4) 'M 

(4.84) 

(4.85) 

(4.86) 

(4.87) 

(4.88) 

The corresponding boundary conditions and coupling conditions on 

the basis of formulas (49)-(57) will have the form 

and 

and 

[Ä“0 ^1-0, *'mlt 

u-4. 

~ [*. (4) ^¾^1] - -^-0 — U-/.. 

- Ui) - f.(1.)«»»*. - w* 

*| " **. I» “ 0, 

f.(s,)-Ÿ.(ü 

" ^(W co* *• “ sin ^ 

(4.89) 

(4.90) 

(4.91) 

(4.92) 

(4.93) 
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(M.91*) 

d 

dx, 

and 

and 

[fl (X.) - [fl (*,) - 2 [fl* (It) sin *» - 

-20(^)/^(^)-¾^608^ xi “x*- t*“°- 

[flU,)^^] -[flW-^p1] -2[B0(b)^^îL]8inH0-; 

-20({¢)/^,(80) ^^-cosko wh«» x,-x0, b-0. 

(4.95) 

(4.96) 

(4.97) 

Having twice Integrated equations (85) and (87) with respect to 

and K0 respectively and with the help of boundary conditions 

(90) and (91) determined arbitrary constants, let us find the following 

expressions for unit dynamic bending moments In the sections of 

cantilevers of wing and stabilizer: 

<» ‘k 

«U- J-f ">.«.)4.-¾. (4-98) 
»* U 

^(Ü- J / «».(io) [\(V> - ^„(ÜH.do)] <*to <Oo- (4*99) 
* t. 

» 

Unit dynamic torsional moments In the same sections will be 

determined by formulas 

•k 

«U«.)- 1 ['.(I0».(W-»(U«.(U®.(U]<<!.. (4.100) 
*â 

*U(M- J ['.«».(«-"•.(«•.(«*.*))-¾. (4-1°11 
lê 

which are obtained after integration of equations (86) and (88) 

and calculation of boundary conditions (90) and (91). 
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Unit bending moments in the sect'ons of body of the fuselage 

on the basis of equation (84) and conditions (89), (95) and (97) 

will be equal to 

Mm (*i) -ff"» Ui) fn Ui)**l +* 
0 0 

+ 2 [M»,(0)sinX* - (0) cos*k] a(xt - xh) + 

+ 2 [Af°„ (0) sin X,, - Af^, (0) cos x0] o (*, - *0), ( 4.10 2 ) 

where e(*i —*<) - Heaviside unit function, equal to zero when xi<*< and 

*,>* (/-*,0). 

By further Integrating system of equations (84)-(88), we find 

the expression for functions characterizing the forms of natural 

elastic oscillations of parts of the construction of aircraft, in 

the fora (69) 

(■*/) “ •«Ai/ (■*/)■ (4.103) 

Rhre tw lx and by F»j are designated functions Jn, <t>n, q>n and 

detendaed by foraulas v V 

0 0 

0 0 
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Prom conditions (92)-(97) it follows that 

*» 

0 

0 

0 

0 

As in the case of a beam with free ends, constants of integration 

Cn, Dn, determining the position of the axis of normal oscillations 

of system, are found from conditions of equilibrium 

^ >i 

mjíxòfnjkJdxj^O, 
i o 
‘1 

mi(x,)xjfnl(x,)dxj-0, 
I 0 

l * 

i.e., will have a form analogous to (70). For finding the forms 

and frequencies of natural oscillations of second and subsequent 

tones in this case instead of (103) we use equation 

(1.105) 

where A„i - corresponding correction factor, analogous to (72*) 

and equal to 

. (1.106) 
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where 

Ai«-J J m/(*/)fl/(*/)d*/ 
/ o 

A**-2 J Mj(xj)fñl(xj)ftj(xj)dxj- j m(xl)fll(xl)f,(xl)dx,+ 
I • 

H/' + 2 J J m» (U) (b) - o» (U) V« (6*)] «*, U») dU + 

+ J I/« 0») ê, (L) - m» (t*) ff* (t*) ¢, (U)} f / (l*) du 
0 

h _ 
+ J ^(¢0)1^.(80)-^(80)^(10)1^^)^+ 

+ J 1/« (60)*. (80) - «0 (80) «0 (80) % (80)] H, (80) du 
0 

.hon I It. 

The procesa of calculations of functions fni (105) by the above- 

indicated formulas Is performed by the scheme discussed ln f H.5. 

With the presence of concentrated masses and sharp changes of 

rigidity along the length of the body of the flight vehicle the 

representation of its dynamic scheme (for calculation of frequencies 

and forms of natural oscillations) can become expedient in the form 

of a system of series connected beams of constant section and 

elastically suspended (at places of their Joining) loads and for 

simpler constructions (than those considered. 

f 4.8. Damping of Elastic Oscillations 

A very important dynamic characteristic of an elastic system 

Is Its ability to dissipate energy. For each cycle of oscillations 

of a real elastic system a certain portion of energy is expended 

on surmounting drag. Although this loss of energy often turns out 

to be very small and does not practically affect the forms of 

natural oscillations of thr system of lowest terms, in the final 

analysis it leads to damping of free oscillations of the system with 

.a comparatively large quantity, of cycles and in the case of resonance 

to limitation of the amplitude of oscillations. With steady-state 
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oscillations of the system damping Is the cause of phase shift 

between external force and the displacement caused by It. 

Resistance can be external and Internal. External resistance 

Is generated by the medium in which oscillations occur. Internal 

resistance of an elastic system Is composed of friction at places 

of Joining of Its elements (constructional damping) and nonelastic 

resistance of the material of these elements. Even with small forces, 

due to the heterogeneity of material, leading to nonuniform distribution 

of stresses along microareas of the section, microplastic deformations 

appear, on which energy is experded. This energy is irreversibly 

absorbed by the material and is dispersed In the form of heat. 

The magnitude of Internal resisting forces is determined usually 

by natural dynamic tests of constructions, since the mechanism of 

their formation is unknown exactly. There are comparatively many 

applied theories of the internal friction in constructions. However, 

the majority of them does not satisfy the basic requirements which 

advances the practice of calculations, namely: requirement of simplicity 

simplicity of analytic description and satisfactory coordination 

with experimental data. In most cases during investigation of 

oscillations of a construction we use the hypothesis of viscous friction 

(Vogt hypothesis), ensuring maximum simplicity of calculations. 

According to this hypothqpls the resisting force Is a linear function 

of elastic deformation. Since experiments show that with cyclic 

deformation the forces of Internal nonelastic resistance do not 

depend on the frequency of oscillations, the coefficient before rate 

in the equation of elastic oscillations Is mathematically presented 

inversely proportional to the frequency of natural oscillations: 

;h 

ice - 

+ 

0. 
(¾ .107) 
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The application of other theories of internal friction in 

materials (N. N. Davidenkov [19], A. Yu. Ishlinskiy [23], 

I. L. Korchinskiy and others) introduces great mathematical difficulties 

into the solution of problems of forced oscillations of complicated 

elastic systems. Therefore, here we will not pause on their advantages 

and disadvantages. Desiring to become acquainted with the state 

of this question in detail, it is possible to recommend [49]. 

Internal friction is characterized quantitatively by the value 

of so-called absorption coefficient t-2nv, equal to the ratio of 

energy absorbed for one cycle AU to total potential energy, 

corresponding to the considered amplitude of oscillations of deforma¬ 

tion.* Appraisal of internal friction is most frequently performed 

•gporfiMntally by means of investigation of damped oscillations of 
the oonatnwtion. In this case we use the concept of logarithmic 

flfy|»gfeent A, equal to the logarithm of the ratio of amplitude 

of osotllatlons of the considered cycle to the amplitude of oscillations 

of tba preceding cycle. Connection of t with 6 is determined by 

mpreealon p ■ 2A. Sometimes the value of 6 is determined from 

anplltude-frequency characteristic of the construction with respect 

to width Am of the resonance curve at a level corresponding to 

(fjfi of the greatest amplitude It is interesting to 

note that the mean value of 6 for metal constructions of the mostr 

various assignment (bridges, ships, radio masts, aircraft and 

others) turn out to be of approximately one order (0.05-0.15). The 

value of 6 defends on the amplitude of oscillations of stresses. 

This relationship appears especially strongly in the zone of small 

deformations. Only with comparatively large deformations can the 

logarithmic decrement practically be considered constant. Figure 4.5 

gives a graph of function A(o), determined by laboratory means [80] 

for a sample made from aluminum alloy AMG. 

a 

Since with elastic oscillation of the construction its different 

elements will have a different level of stresses, then it is obvious 

that the value of A for a flight vehicle on the whole will depend 

on the type jf state of stress, i.e., case of loading. In this case 
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the relationship of the logarithmic decrement to the “pl“u 

of oscillations of the construction can he essentia! In the pr.aanc 

of comparatively large deformations at separate points of the y. 

m the first approximation Í can he represented 

sum of constant and variable components, considering the latter 

a function of the amplitude of oscillations Tn0 (or n0) 

ò - 6,, + 0n(r„0)' 
(4.108) 

Pig. 4.5. Relationship of loga¬ 
rithmic damping decrement of 
oscillations for an aluminum 
alloy to stress (1 - after tensile 
strain 4.5*; 2 - after compressive 

strain 4.5*/* 

Xt is^ractlcally possible to experimentally establish the value 

of generalized logarithmic damping decrement of oscillât Ions or ^ 

the construction of a flight vehicle on the «hole only or 

tones of natural elastic oscillations, and often only for a y 

construction. Therefore, In a number of cases the question 

is changed with change of the form of oscillation. In theprocess 

of flight or with transition to other higher tone, of °*cllla°"” 

* cnme idea of this can be obtained if we are limited 

b yC cons i de rat i on of the particular case when damping o^osc illations 

of the construction is caused only by nonelastic proper 

material. 

FTD-MT-24-67-70 
150 



As It Is known, with small oscillations the absorption of energy 

In a unit of volunte of material for one cycle of oscillations AU 

will be determined by the area of hysteresis loop. For harmonic 

oscillations [65] this loop has elliptical shape, for which 

fPig. *.6>. 

Aî/-.«a0Ÿ, (4.109) 

where Rq - amplitude of oscillations of the force of nonelastic 

resistance, Oq - amplitude of oscillations of elastic force (normal 

stress), and E - modulus of normal elasticity, characterizing the 

relationship of elastic force to elastic deformation. Having taken 

Into account that total energy, expended on deformation of this unit 

volume, is equal to 
e 

U-W0«' (4.110) 

we obtain the absorption coefficient for the construction of the 

vehicle on the whole In the form 

(4.111) 

Where t - volume of supporting part of constructif of the vehicle. 

V 

Fig. 4.6. Shape of 
hysteresis loop. 

According to (110) and (111) the peak value of force (stress) 

of nonelastic resistance for an elementary volume Is expressed 

through the value of logarithmic damping decrementr of oscillations 

Aq by fbrmula 



If we proceed from the assumption that at small elastic 

oscillations «0 linearly depends on the amplitude of stresses 

6o * Mo. 

we obtain that 

Â0--ÎH. *0-4- (4.112) 

As an example let us consider how in this case the value of 

variable component of logarithmic damping decrement will be changed 

with change of the form of longitudinal oscillations of the construction 

of ballistic type flight vehicle. 

It is obvious that stresses in the sections of the body of 

such a vehicle at different forms of natural oscillations (even 

with identical amplitudes of oscillations of the point of reduction 

T ) will be different. Taking into account that 
nO 

(4.113) 

in accordance with formulas (109), (110) and (112), we will have 

*«<*,)(, ul|) 

' ■ 

TOu., the sought value of coefficient (108) for the construction 

on the whole in this case will be determined by expression 

(4.115) 

FTD-MT-24-67-70 152 



or taking Into account equation (79") 

where 

(4.115') 

With equal amplitudes of oscillations of the point of reduction 

the change of 6n during transition from one n-th form of oscillations 

to another m-th will be characterized by relation 

4. 
ô 7 

/ i 

•S j M*.) ’ i i;i 1 
/ i (4.116) 

Por the case of bending oscillations of the considere^construction 

approximately 

16 . , 5 ■' 
13n *«*: t ^"0- 

J 71*T 
(4.117) 

Calculation of 6 by the shown formulas requires knowledge of 
n • 

the value of proportionality factorkQ. Since In reality the 

values of $0 will be affected by local concentration of stresses 

(especially In riveted and welded seams), and also by energy 

dissipation In elements of attachment of different loads and so 

forth, then It is expedients to determine lr0 not on samples, but 

from formulas (115) or (117) by means of measurement of fi0 for the 

construction on the whole. 
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Usually the relationship of logarithmic decrement to the 

amplitude of oscillations will be disregarded when performing practical 

calculations and equation of elastic oscillations of the construction 

of flight vehicle is written in the form 

+ + (1.118) 

action 

latlons 

6) 

ction 

7) 

;e of 

íes 

10 

t 

• the 

where 

2/1, « \<û. 

Correspondingly the dynamic coefficient is determined by expression 

Tin“ HHífír 
With resonance, when üixo,, it will be equal to 

Subsequently when writing equations of elastic oscillations of the 

construction we will introduce damping factors formally (without 

any reservations) into the final expressions of these equations. 

S 4.9. Selection of Initial Punctlons 
of the Forms of Oscillations 

The accuracy of calculation of forms and frequencies of natural 

elastic oscillations of the construction by the method of iterations 

depends on the correctness of establishment of boundary conditions 

and on the accuracy of initial data, namely: on the magnitude and 

character of distribution of weight of the flight vehicle and 

rigidity of the supporting part of its construction. During 

calculation of the frequencies and forms of bending oscillations 

the distribution of weight along the length of the body is taken 

exactly the same as during calculation of static lateral forces and 
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bending moments, i.e., In the form of the sum of Intensity of the 

■mss of construction and mass of fuel taking Into account the character 

of connection (In lateral dlredtlon) of each load to the supporting 

part of the body. Calculation..In the expression for linear mass 

of different concentrated loads la produced by the Introduction of 

delta functions.* When finding the forms and frequencies of longitudinal 

natural oscillations there Is used a weight diagram. Intended for 

calculation of static longitudinal forces. The effect of mobility 

of liquid In the fuel tanks on the forms and frequencies of 

oscillations of the construction can be considered by several methods. 

In cases when the accuracy of calculation of forms Is not very Important 

or the effect of liquid is small, it is possible to be limited by 

the Introduction of reduced mass m* (52.5) into functions of frequency 

M . Otherwise we should correct the frequencies and forms of 

oscillations by means of transformation of the corresponding system 

of equations, describing natural oscillation of the construction 

and liquid In tanks, to normal coordinates. 

Plexural compressive and tensile E(xi)Fe(xt) rigidities are 

determined taking into account the thermal balance of work of the 

construction (values of temperature and tlme^f heating). 

The construction of rigidity diagram is one of the most 

eooqpllcated operations of calculation of the construction for strength 

in the process of designing the flight vehicle. For correct calculation 

Of the effect of local stiffening of loads, local turns of sections 

in Joints of compartments, rigidity of different frames (during 

bending and shear), the effect of cutaways, hatches and so forth, it 

is often required to carry out special investigations. Sometimes 

the calculation of moments of inertia and areas of cross sections 

of reinforced shells, the covering of which can lose stability in 

the process of loading,' causes some difficulty. In similar cases 

depending upon the expected overall level of the state of stress 

of construction (in each particular case of loading) it Is necessary 

to take-the values of these rigiditimk either'taking into account-, 

or without taking into account the losses of stability of the shell. 
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During calculation of dynamic characteristics it is recommended 

to use mean values of geometric dimensions of supporting members. 

In this case, if the shell has a heat-shielding covering, then as 

average thickness- 6cp there is taken 

** A* t A4 , ( ^ • 119 ) • 

where Eg — elastic modulus of covering, 6C — average thickness of 

metal part of the shell (equal to approximately 95< of nominal), 

and A6 - thickness of covering. During calculation of definite 

integrals (68) and (69') by some method of approximation the step 

of integration is selected in each particular case depending upon 

the specified accuracy of calculation of the highest tone of natural 

oscillations and the type of diagrams of masses and rigidities. It 

can be different on various stages of integration, but usually not 

more than -^1. 

The quantity of necessary Approximations is determined by the 

necessary accuracy of calculation of forms of natural oscillations 

of the construction and in many respects depends on the selection 

of initial functions. For a rod with variable linear mass and 

rigidity it is natural as the initial function to take the corresponding 

function of form of natv^al oscillations of a prismatic rod of 

constant section and 0(^,)_£t. Solution of equation (67) 

for such a rod 

A(«<) 
d*\ 

will have the form 

M-C.sh/^x. + C.ch/T*.+ 

+ C3 sin y^y-x,+ (4.120) 
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where P- i £|» £3* £4 - arbitrary constants. 

lhe values of frequency wn and coefficients C, (/-1,2,3,4) are 

ftvln^ In such a way that, function (120) satisfied the required 

bòun4É87 conditions and corresponding condition of normalization. 

Thus, for Instance, for a rod with free ends from conditions 

0 and when *i“° 

it followa that Ci-C,-C, and CfCt-D . Corresponding equations 

for determination of C and D give boundary conditions when x,=l 

.0 and 
ä*\ 

0. 

By equating the determinant, composed of coefficients of these 

-equations» to sero we obtain the following transcendental equation 

1 fhr n>l¢1 nlatlon of the frequencies of natural oscillations of the 

eomtructlon: 

cli/S'/co./f',.,. 

Por n - 1 we will have that ®,, f0r n ■ 2 

Thus, 

CW-(cfc-CM/)(.h«, + sin /*,,) + 

+(.^, + *,)• (4.121) 

The last operation or preparation of the initial function for rods 

with free ends consists of its reduction to the axis of oscillations 

of the flight vehicle, possessing variable linear mass. For this 

we should use formula 
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where 

Cio‘ 
mxirMno ~ QaoJj r« <it9/h ~ 

11 mr2 \ ' U"0 . 2 • 

/ 

QB0= I Al,,,,» I 

Coefficients D n and C are analogous in structure to coefficients 
nu no 

n and C (70). They are determined from condition of mutual balancing 
n n 

of forces of inertia, appearing with principal oscillations of a rod 

with frequency wn 

(4.122') 

As initial function of form it is possible to take the form 

of static deformation of the body of a flight Vehicle from external 

load (for instance, gravity) or corresponding fprms of oscillations of 

similar flight vehiq^s, represented in the function of i--*,. 

In conclusion let us note that in a number of cases of loading 

the correct selection of boundary conditions, in particular, in 

case V (especially in the’absence of special bracing of flight 

vehicle to the launching pad), can present some difficulty. 

Footnotes 

lWith the presence of high-speed electronic computers this 
simplification is not too rough, since it is practically always 
possible to consider the number of degrees of freedom required 
by conditions of accuracy. 

2Taking. into account the small influence of the error of description 
of function of form on the frequency of oscillations, by using this 
method It is possible to more precisely determine the frequencies by 
means of more precise determination of only the expressions for potential 
energy (i.e., without preliminary correction of the form of 
oscillations ). 
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’Subsequently we will use only simplified expressions for TQ(t) 

and Uglt),. assuming that the account of the effect of lateral forces 

and'inertia of rotation Is produced with calculation of functions 
M*i) and wn. 
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SECTION III 

GROUND CASES OP LOAD 
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CHAPTERV 

ELASTIC VIBRATIONS OP A STRUCTURE 
DURING TRANSPORTATION 

S 5.1. Preliminary Remarks 

During transportation the structure of a flight vehicle Is 

acted on by two types of external loads. These are, first of all, 

loads which practically do not yield to adjustment (for instance, 

loads caused by rocking of a ship, the Influence of wind, and so 

forth) and, secondly, adjustable loads, the magnitudes of which 

depend on the construction of special transport means (carriages), 

method of securing equipment to them, and conditions of transporta- 

tlon. In particular, loads are adjustablelwhlch are caused by 

elastic vibrations of the system carriage-flight vehicle loads 
appearing in. the process of fulfillment of various kinds of technologi¬ 

cal operations, and so forth. Such a type of load can always be 

kept In the required limits by means of establishment of definite 

requirements for conditions of grou..d exploitation, for means of 

shock absorption for the carriage. Such a classification of forces 

naturally is very conditional, since in principle all ground loads 

yield to adjustment. However, In practice this Is not always 

realizable, If at least from purely economic considerations. 
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Sometimes for flight vehicles of special assignment by means of 

selection of conditions of exploitation, and certain parameters for 

the- carriages it is possible to make transport cases of load 

noncaleulable for the structure of the vehicle Itself. 

I6l v,. ^ 
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Thus the problem of dynamic calculation of the structure of a 

flight vehicle for transport cases of load usually is reduced to 

manifestation of requirements for the carrying capacity of vehicle 

structure, to conditions of exploitation of the vehicle-carriage 

system, and to dynamic characteristics of the transport carriages in 

particular to determination of places of location of connections 

(supports) between the vehicle and the carriage, and to determiná- 

tion of forces in construction of the flight vehicle. 

External disturbances, acting on the transport and adjusting 

carriages in the process of transporting flight vehicles and in the 

process of pre-launch preparation of the vehicle, have a clearly 

expressed random nature. Therefore they can be described only by 

methods of the probability theory and mathematical statistics. 

However, the difficulties of direct measurement of the characteristics 

of these disturbances are so great that this description is carried 

out only by indirect means, and namely: by means of measurement and 

corresponding processing of response to external influences. The 

solution of this reverse problem, consisting of the determination 

of spectral density of disturbances ®B(w) through spectral density 

of flight vehicle-carriage response. Just as the solution of the 

direct problem (4.19), requires a knowledge of the transfer function 

of the system in a comparatively wide range of frequencies. Determi¬ 

nation of such transfer functions for complex elastic systems is 

also a problematic question, especially in the range of comparatively 

high frequencies. Therefore in most cases the dynamic calculation 

of the structure of flight vehicles for ground cases of load can be 

carried out only with the introduction of a number of simplifying 

assumptions. In the absence of necessary information about external 

disturbances these simplifications lead to rough schematization of 

external influences, and sometimes even to simplification of 

formulation of the actual problem. 

Schematization of external disturbances assumes establishment 

of some conditional profiles of the road, "typical" (calculation) 

obstacles, replacement of the random process by a finite sum of 

sinusoidal oscillations, and so forth. The degree of simplification 
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of the dynamic circuit depends on the parameters of the specific 

system and the Importance of the case of load being considered. 

Most frequently this simplification is reduced to Isolated considera¬ 

tion of elastic vibrations of the flight vehicle and elastic 

vibrations of the carriage with an absolutely rigid vehicle.. Such 

a formulation of the problem is based mainly on the fact that the 

reaction of the carriage construction, which represents an elastic 

system with minor damping and a discrete spectrum of natural 

frequencies, to an external Influence with a continuous spectrum 

of frequencies will have the form of a narrow-band spectrum. In 

other words, the main share of power of carriage reaction will be 

concentrated in narrow bands around the natural frequencies of the 

system. Under such‘conditions the vibrations of vehicle supports 

can be represented approximately in the form of the sum of sinusoidal 

oscillations with the shown frequencies and randan amplitudes. The 

less the weight of the vehicle as compared to weight of the carriage, 

l.e., the less the Influence of vibrations of flight-vehicle structure 

on the dynamic characteristics of the system on the whole, all the 

more founded will be such an approach to determination of possible 

'values of forces in elements of vehicle construction. For flight 

vehicles, the weight of which will compare with the weight of the 

carriage, it follows either to be guided by experimental data or to 

Investigate the response to "typical" disturbances. Using such a 

schematlcationÿ usually it is possible to establish the requirements 

for condltlohs of ground exploitation of flight vehicles. Such ^ 

an approach naturally, has an area of application, and therefore in 

practice it is frequently necessary to conduct expensive full-scale 

tests of the construction of flight vehicles almost for all ground 

load cases. 

I 5.2. Vibrations of Transport Carriages 

For transportation of flight vehicles wholly and by parts from 

the place of manufacture or storage to a technical or launching site 

(airport) it is possible to use all types of transport*: railroad, 

automotive, air, and water. From a technical position to launching 

site they can be transported both on ordinary railroads and on 
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highways and dirt roadsj and large flight vehicles, (for instance 

the carriers of spaceships) also on specially built roads. Transfer 

of completely assembled flight vehicles on this concluding stage 

of transportation is executed, as a rule, on special transporter- 

erectors, which sometimes are also used for erection of .vehicles (in 

particular, vehicles of the ballistic type) in the initial launch 

position (for instance, vertical). 

Since each form of transport possesses its own specific 

peculiarities, then load conditions on the structure in all cases 

of transportation turn out to be different. Existing transport 

means of general assignment permit the transporting of small 

flight vehicles in assembled form, and large ones - only by parts 

(separate units). 

In the process of transportation (during loading, transporting, 

and installation in a launcher) the structure of a flight vehicle 

is loaded by gravity, aerodynamic (wind) loads, and also by inertial 

forces caused by vibrations of the supports. 

Wind loads act directly on the structure only in those cases 

when transportation of the flight vehicle is carried out by the 

open method (on the deck of a ship, on an open platform, and so 

forth). In accordance with formula (1.24) these loads will be 

determined basically by magnitude of impact pressure, equal to 

q ■ •jpqÍu^ + V2) during a cross wind and q * ■jPqÍu + v)^ during a 

headwind, where v - speed of transportation, and u - instantaneous 

speed of wind. Here the coefficient of lateral force cz will depend 

not only on the form of the transported part of the vehicle which 

is circumvented by the flow, but also on the angle of incidence 

o ■ arc tg u/v. 

The values of inertial forces are determined by the type of 

transport utilized, construction of the carriage, and conditions of 

transportation. In the case of transportation by railroad (case Tw) 

the source of inertial forces is vibration of a railroad car. Due 
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to the undulating nature of the track, the oval shape of the wheels, 

lateral blows of wheel rims against the rails, vibrations of the 

tracks themselves on an elastic support. Jolts on switches, and Jolts 

of the wheels on Joints on rail sections, this vibration occurs 

continuously. Its conditions depends on speed of the train, state 

of various sections of track and especially on the type of shock 

absorption and degree of loading of the railroad cars. Usually the 

most Intense vibrations (with amplitudes of overload of an order 

of 0.5-1), are observed in vertical and longitudinal directions 

[11]. Comparatively large longitudinal overloads can be observed 

only during the sharp contact or deceleration of the train or during 

descent of railroad cars from hills in the period of forming a 

train. In most cases similar maneuvers are prohibited for railroad 

cars with flight vehicles. However one should be guided by them 

at least during calculation of elements for securing the vehicle to 

the railroad car. During normal deceleration of a train longitudinal 

overload is small. Also comparatively small are the lateral 

accelerations, which appear mainly on curvilinear sections of 

track. Vibratlbn components of lateral accelerations, caused by 

wobbling oscillations of the car, have an amplitude of an order 

of'djteft. The static component of this overload will be proportional 

to the square of speed of the train vn [km/h] and is inversely 

proportional to radius of turn R[m]: 

Although external influence on railroad cars is a random 

function of time, their reaction to this influence, as was already 

noted, can in many cases be represented approximately in the form 

of the sum of steady-state oscillations with frequencies equal to 

the natural frequencies of oscillations of spring-suspended sections 

of a railroad car with the vehicles (Fig. 5.1). The greatest 

amplitude of such oscillations la observed during the so-called 

critical speeds of the train, determined from the equality of 

frequency of the-inherenff vertical oscillations-of the railroad 

car to frequency of encounter of rail Joints vn/Lp, where Lp - length 

of rail. Usually the lowest frequencies of vertical and horizontal 
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natural oscillations of railroad cars (forward and rotary oscillations 

of the platform of a railroad car on springs) lie within the limits 

of 2-8 Hz'. Approximate values of these frequencies can he obtained 

from equations of free oscillations of the spring-suspended part of 

the railroad car with the vehicle. 

Pig. 5.1. Model picture of change 
of transverse overloads during 
transportation of vehicles by 

railroad. 

In a simplified form vibration of this part of a railroad car 

can be described by-a vertical n (or lateral c) deviation of its 
center of gravity (from a position of equilibrium) and angle of 

rotation of platform 0 relative to this center of gravity (Fig. 5.2) 

Here the corresponding equatlona of Vibrations will have the form 

(M + M.)ñ= + I 
- (/, + /.) * = c lit (n + *>0) - Mi - M>)1- I 

where M - mass of spring-suspended part of the platform, c - rigidity 

of spring, M and J - mass and moment of Inertia of the vehicle, and 

j - moment of Inertia of platform relative to lateral axis z, passing 

through the center of gravity of the system (approximately JB • 

. o 08M l2). The remaining designations are shown In Fig. 5.2. 

1Random oscillations. Collection, Editor S. Krendell 

Publishing House "Mir," 196?. 
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Pig. 5*2. Simplified dynamic model 
of the spring-suspended part of the 
railroad car. 

Substituting n-v“" and •-V'“' » we obtain 

12c - (AI + Ai,)«*)n, - cV/j - /1) - 0, 

- c(/, - /.K + ♦, [cfl + /|) - «*(/. + /J] - 0. 

Equating to zero the determinant of this system of equations, which 

la mads up of coefficients for n0 and 0«, we find the algebraic 

equation (relative to u2) for calculation of two frequencies of 

natural oscillations of the car (with a rigid vehicle) 

a^*4 + ay + ö0-Ö. (5.2) 

Here 

«i - (/. +/,) (Ai.+Af), 
fl1--(/i + /I)2f-c(Af. + A<)(/*+/|), 

0,-^(/, + /^. 

One of these frequencies corresponds to the forward form of motion 

of the railroad car (Jumping), and the other - to rotary (galloping 

; of the railroad car). 

I « f 
As It follows from formulas (3), the values of the mentioned 

frequencies will depend on rigidity of springs and Inertial 

characteristics of the spring-suspended part of railroad car and the 

r\f the vehicle. Only in that case, when the- 

mass of the vehicle M is small as compared to M , its Influence on D 
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U can be disregarded and oscillations of the vehicle considered as 

forced. Then approximately local values of total later overload 

in any section of the body of the vehicle (as a solid body) can 

be determined by a formula of the type 

- (*) “ 1 ^ " Xx)~t¡ ‘ (5.4) 

The values of overload components for a case of transporting a 

vehicle or its parts by air transport (case T0) are set by the 

corresponding norms of strength, since it is natural that the 

strength of construction of the transported vehicle, and especially 

the points where it is connected to the carriage, should in some 

measure correspond to the strength of the transport vehicle itself 

(aircraft, helicopters, dirigibles). 

During loading and unloading operations with the help of cranes 

(case T ) the magnitude of the coefficient of lateral overload can 

be changed in wide limits (from 1.2 to 2) depending on the limitations 

placed on conditions of fu fillment of these operations. 

During transportation on water (case T^) a flight vehicle is 

loaded basically by inertial forces, caused by rocking of a ship due 

to swells of the sea. Vibrations of a ship with comparatively high 

frequencies of an order of 2-10 Hz (so-called running vibration of 

a ship), caused by operation of the screws and motors of a ship, 

occur with very small amplitudes of overloads and do not have any 

practical value on#the strength of the transported vehicle. 

The motion of a ship on waves consists of free and forced 

vibrations. Here the center of gravity of a ship shifts in orbits 

close to circular, with period equal to the period of waves t and 

radius r equal to approximately half the height of a wave. Lateral 

overload, appearing in process of such vibration, can be calculated 

approximately by the formula 

r*. 
i * 

b 

1 
<*» 
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[ Vibrations of a ship relative longitudinal and transverse axes, 

passing through its center of gravity, are usually accomplished with 

! various periods and in practice they can be considered independently 

of each other. Vibrations relative to the longitudinal axis (rolling) 

P occur with a frequency of an order' of 0.15 Hz and with amplitudes 

from 10 to 40° (in stormy weather). Vibrations relative to the 

lateral axis (heaving) are characterized by frequencies of an order 

of 0.2 Hz and amplitudes of an order of 5°• The parameters of 

these vibrations are influenced greatly by the size of the ship and 

the condition of the sea. Values of additional overloads, caused 

by both rolling and heaving, depend on the location of the flight 

vehicle with respect to the center of gravity of the ship. Since 

,rolling of a ship takes place with low frequencies, considerably 

loéer!than the frequencies of inherent bending oscillations in the 

construction of the vehicle, then these inertial forces have (accord- 

inc to the classification accepted by us) a static nature. 

External influences in the case T bear a clearly expressed 
i a 

random nature. During movement over an uneven road the vibrations of 

a spring-suspended carriage with natural frequencies almost do not 

attenuate. Certain data [11] indicate that these oscillations have 

approximately identical intensity in all three directions^ Besides 

it turns out that vibration components of transvers^NBHP^reteral 

accelerations in such "established" conditions of o*! nations do 

not exceed a unit in magnitude regardless of type of road. Besides 

these "usual" oscillations of carriages brief oscillations with 

large transverse overloads of an order of 3-4 and more are observed. 

These are caused by various types of random shocks. #The magnitudes 

of these overloads depend mainly on the condition of the road and 

sprjed, and also on the type of shock absorption of the carriage. Since 

transportation of a flight vehicle by this form of transport is brief, 

then such sanilam.-.Bhocks will also present a basic danger to the 

strength of their construction. 

Radical means for lowering the magnitudes of overloads in this 

case of loading T is the establishment of corresponding limitations 
cl 
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on conditions of transportation. This selection of permissible speeds 

of transportation has to be conducted in each concrete case, proceed¬ 

ing from the strength of construction of the flight vehicle and 

considering that minimum permissible values of overloads should not 

be less than overloads corresponding to "usual" steady-state 

oscillations of the carriage. In first approximation the calculation 

of strength of construction of a flight vehicle for a given case of 

load can be conducted if we are given some typical profile of 

overload jump obtained from experiment or by means of using condi¬ 

tional profiles for unevenness of the road. For instance, it is 

possible to consider passage of several consecutive unevennessess 

of a sinusoidal form with a speed corresponding to lowest frequency 

of natural oscillations of the carriage (with the vehicle), an 

asymmetric incursion on unevenness with a lateral slope of 

carriage, and so forth. 
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§ 5.3. Vibration of Light Vehicles 

The dynamic calculation of construction of any vehicle for 

transport cases of load should begin with a calculation of static 

values of transverse forces Qc(jri) , bending moments Mc(xi) , and 

support reactions R^. The values of these forces (for instance, in 

a vertical plane) in the case of the presence of two supports I 

and II (Fig. 5.2) will be equal to (3«l8)» (3.19) 

QJ*')~Q:A*K + Q:A*tK' I 
when X| < Xi, (5.6) 

(-^,)%+ j (5.7) 

wh«n Jt/ < AT, < Xii< I 

'lie' Qye (*.) - W t- 9« (*,) < + R,e + *, 

*ye (*.) - < + 'VC i'.K + (*, - *l) + #„c (*, - X,,) 

whtti X, > Xu, (5.8) 
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where 

- kt*,. - «,,)+*; (-¾1 - *„•>„)]. 

■ *»-7^7 K('..-«.H*;, V,)]. 

*« f« flfi * 

(5.9) 

and xw - coordinate of center of gravity of transported part of 

vehicle, Q - its weight, and J - mass moment of inertia of the 

vehicle relative to the origin of the coordinates, and Xjj - 

coordinates of sites of installation of vehicle supports. Unit 

values Q’.ix,), Q;,(x,). aC(*i) “W* KAx') are determined by formulas 

(3.19') with 1 • k. Analogously components of forces in lateral 

plane xiíi are calculated, but with ¿-0 . 

Total values of static transverse forces Qc(xi) and bending 

moments M«(xt) also serve as the basis for selection of sites of 

distribution of supports along the length of the body of the flight 

vehicle. Usually these supports are mounted at those points of 

the construction where there are powerful-frames which are able to 
a 

take heavy radial forces - support reactions. Such points can be 

joints of sections. Junctions of bottoms of carrier tanks with the 

conical casings, and sites of attachment to the body of power (motor) 

units. If there are no similar elements of construction near a 

support or they are insufficiently reliable, then the support 

reactions are distributed on two sections, applying support of the 

"rocking lever" type, or intermediate adjustable supports are installed. 

One of the transverse supports of the vehicle (usually rear) can 

simultaneously execute the function of longitudinal support (in the 
direction of axis x, ). In selecting the point for such a base 

support it is not difficult to find (from condition of preservation 

of values of power factors in the construction of the vehicle in 

permissible limits) the required position for the front support from 

formula (7) 



(5.10) 

+ 1*1 {SuK ~ xn^KXn) ~ xmu (*i)| 
+ xnMMtt(x>))IK [0.(^-½)+ ^(^)1 + 

+ «J, I^k - xuxnG* + MM\ - ^Aon^.)}- 

If in the case of position for supports selected in such a way the 

inherent frequencies of bend oscillations of the flight vehicle 

structure are low, one should additionally consider the influence 

of dynamic components of internal forces. The values of the 

latter will obviously be greatest when forcing frequencies are 

close to one of the frequencies of inherent bend oscillation of 

the transported part of the vehicle. 

The equation of forced transverse elastic oscillations for the 

construction of the vehicle in this case of load will have the 

following form: 

(*i) 
d2ÿi (*i. 0 

à*2, 
+ m(x,) 

d2ÿi(*i. 0 

ÖU.) 
d3y 

dl2 

(X,, 0 
dxidl 

.../. \ d’S <*,.0 
_ m(Xt) (5.11) 

where 

•) 

led. 

(X,. D d’tUQ . 

dt1 dl3 dP 
(5.12) 

and xit. - coordinate of center of gravity of the system (carriage) 

in the connected system of coordinates 0,x,!/, . In accordance with 

the method of separation of variables we present sags of the vehicle 

structure yi(*i. 0 in the form (4.28). 

!/,(*,. 0-2 5,(0/»(*,)• 
n-l 

Multiplying the left and right sides of equation (11) by f„(xi) and 

integrating it term by term by *, from 0 to 1, we obtain an ordinary 

differential equation, describing oscillations at the point of 

reduction: 
l 

S +2/1 S +u-’S’n = -I (5.13) '-’n n n n n Mn j 
0 

(n *= 1,2. 
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Here through M and un we designate the reduced mass and frequency 

of inherent bending oscillations of a flight vehicle which is lying 

freely on articulated supports and through fnUit - function of form 

of these oscillations. Boundary conditions in this caae depend on 

th* site of installation of the supports. If the latter (or 

one of them) are disposed on the ends of the body, then these 

conditions will consist of an equality to zero of transverse shifts 

and bending moments 

with and *i«0 (or only with xi*i ). 

If the supports are disposed at a certain distance from the ends 

of the vehicle, then the boundary conditions remain the same as for 

a beam with free ends (4.59), but in addition consideration is given 

to the conditions of Joining which are imposed by the supports on 

defomation of the body of the vehicle. In the case of articulated 

supports these additional.conditions will express the absence of 

sag in the structure of the flight vehicle at points of installation 

of the supports 

(5.14) 
fB(*i) = ° with ,*i-J'. 

With harmonic forward oscillations of the carriage 

|(/) -^(7) -r^sin^+ç«) and S * const the amplitudes of oscillations of 

acceleration of the reduction point will be determined by expressions 

(I 4.2) 

0 

with M* = w, 

I 

Hl» J m(x)/, (*) dx 
(5.15) 
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Por a case of pulse change In the acceleration of “a carriage (for 

example, for the case function «<t> can be approximated In 

first approximation by formulas 

= - 

with Ö < / ^ T 

wltn r,</< T, 4- Tv 
(5.16) 

Then using solution (4.13) of equation (13), «e obtain for this 

case the following expressions for acceleration of reduction pol . 

SnU)= Sue 

•^ n (0 ~ ''nc 

y-S¡n(i),< With ()</< T,. j 

sin sin »„.(/-r,)]®,, J 

with r, < / < r, + r„ 

(5.17) 

where 

.w, 

■When these accelerations are known It is not difficult to calculate 

the corresponding values of transverse force, tending moment, support 

reactions, and vibration component of transverse overload 

QU„ O-Qc^i. ') ~ ,,¾ 
ao 

* i * 
„ =n-L_ VsJ I m(x,) dx,- 

- X/; J mixOMxi)^! j. 
o J 

ÜO I i 
p =D„ +—!—V.sn Imlx^x^ixjdx,- 
Rii * Knt -r Xll _ g, ¿4 [ J 

* 
-X, I mlx^/nlx^dx,. 

J 
II 

.SjmlV,). A«,.!«,) = 
I V ■■ ‘ 

(5.18) 

(5.19) 
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Here (for the case T&) the static values Qc(*i.O. AM*i.O and Ric, Rue 

are determined by formulas (6), (7), (8), and (9) with = 0 > 

i.e.f under the condition that the body of the carriage accomplishes 

only forward motion. If the magnitudes of the given total 

tranaverm* forces or bending moments (18), or support reactions 

(19)» exceed permissible values» then one should try to change 

the frequency u>n, corresponding to the determining tone of 

oscillations of the vehicle, by means of changing the position 

of the supports (or setting up an additional support). 

In conclusion let us note that selection of the point of location 

of supports along the length of the vehicle has important value for 

the strength of the actual carriage, which is especially special, 

since support reactions frequently are the basic load, determining 

the necessary carrier capacity of its structure. 

I 5.4. Dynamic Structural Load in the Case 

• The ease of load embraces the process of raising flight 

vehicles, which are launched from a vertical or slanted position, 

into the initial launch position with help of special erectors (with 

a lifting boos, with a support-mast boom, with a lifting-directing 

boon, and others). The simplified dynamic arrangement of all 

these erectors can be presented in the form of a beam of variable^ 

section, revolving around a fixed axis under action of external 

■ornent, created by some drive (Fig. 5>3)» 

Fig. 5.3. Simplified dynamic model 
of a vehlcle-ereebor system.. 
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Inertial loads, appearing during a change of speed of the boom 

at the onset of turning (during raising) and especially at the time 

of stopping it (during lowering) depend strongly on the constructional 

shape of the system carrying out these operations (construction of 

the erector, type of drive) and on the dynamic characteristics of 

construction of the flight vehicle itself. 

If the vehicle-erector system is rigid, then the greatest 

exploitational values of transverse overload in this case of load 

will be determined (at the beginning of raising and at the end of 

lowering) by the formula 

• -/»„(*.)- I + 

Here # designates the angular acceleration of the erector boom, and 

Îq - distance from the axis of its turn to the origin of the connected 

system of coordinates (peak of the flight vehicle), equal to A>=*h+Xih. 

If the rigidity of the erector boom, on the supports of which 

the vehicle lies, is comparatively small, then it is also necessary 

to consider additional accelerations caused by transverse elastic 

oscillations of the boom (with the vehicle). The latter can appear 

both during sharp application of tractive force of the driving 

mechanism and also when striking against the supports of the 

erector (during braking). Here the values of vibration accelerations 

will be determined not only by the speed of the boom at the time 

of contact with the supports, but also by the rigidity of the 

supports and the rigidity of construction of the boom itself. 

Motion of this system we will consider in a motionless system 

of coordinates Çnt» the origin of which we will dispose in the 

center of rotation of the boom 0 (Fig. 5.3). Axis ç we direct 

vertically upwards, axis n horizontally in the plane of rotation of 

the boom, and axis ; - perpendicular to plane Cn* Furthermore 

we introduce the auxiliary system of coordinates xyz with the origin 

in that same point 0. Axis x we direct along the undeformed axis of 

rigidity of the boom, axis y - in plane in upwards. 
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We will designate transverse shifts of supports "b" and "h" 

of the vehicle (due to bending of the boom) in the system of coordi¬ 

nates xyz through y(xB) and y(xH)- Assuming that the vehicle is 

an absolutely rigid body, it is possible to obtain the following 

expression for transversp overload 

(*■) - - 1 - (4> - - ÿ U.)- 9 (x.) . 

where 

Values of d are determined by the equation 

/„& + G(j(t co*0-yxsin*)- M„ (5.20) 

where Q - total weight of the mobile part of the system, xt and yT - 

coordinates of its center of gravity, MB - moment of all external 

forces applied to the system relative to the axis of rotation, JQ - 

moment of inertia of mobile part of the system relative to this 

axis. 

Using the method of separation of variables, we will represent 

sags of the erector boom y(x, t) in the form of an infinite series 

y(x, 0-¿K,(t)Op(x), 

where K is the unknown function of time t, and ® (x) - function 
P y 

of coordinates, determining the form of transverse elastic 

oscillations of the boom which is loaded by the vehicle. This 

function should satisfy boundary conditions 

¢,,00-0 and 

dx* 
0 aad 

dx* 

</•«,(*) 
dx* 

-0 

-0 

with Jt = 0, 

with X-/c 

(5.21) 

and thy uurresponding1 condition’ of orthogonality, which will be 

written below. Here l - length of the boom. 
C 
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The rates of vertical (with small values of 0) oscillations of 

any point x of the axis of rigidity of the erector boom and any 

point xi of the longitudinal axis of the vehicle in the 

motionless system of coordinates (Pig. 5*3) are determined by 

expressions 

i(x, 0-<M0x + % kP(t)Qp(x), 
p-1 

É(x„ 0- + 

+ ^p(x.)^^] + èit){lo-x]). 

(5.22) 

Kinetic and potential energy of the system being considered (vehicle 

erector boom) in this case will be equal to 

To (0 “ T Í m (xt)i2(Xi. Odx. + ^j flfc(x)^(x. t)dx, 
u 0 

0 

+T£.e(»* 0+}£.U(«.' 0' 

(5.23) 

where Ea and Eh - rigidity of supports "bm and "h" of the erector 

üoom; B (x) - rigidity of the erector boom during bending. 

Substituting these values Tq and UQ in the Lagrange equation (4.1) 

and taking functions 0(/) and Kp(t) as generalized coordinates, we 

obtain the following system of ordinary differential equations for 

calculation of the unknown accelerations 0 and Rp: 

7,,0+ 2 a,/(„ + roO+ 2t-X = 0, 

•VIA + «„0 + KMpKp + cp* + -, “ 0- n m I 

(p*= 1. 2, n ■/=/)) 

(5.24) 
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where 

■c 
MI>- ¡ + Am, 

0 

Am =■ -j m (x, - *,) - -p- / (x,), 

m„, (x) = ffic (x) + b(x — Xi,) + ^-r-ô U - *•). 

Cnp = E&n (^r.) ¢, (Jf.) 4. £„On (X,) ¢, (xB). 
u 

a,= j m„f{x)Q)„(x)xdx + Am[^(x,)xH + x,(I>/,(xh)1, 
.0 

c# “ EA + £hx’, - Û = XH - X., 

c = x,Efi>p(x,) + Xh^pÎXm), 

M, [í.nw+s,®;;».)]. 

(5.2Ï) 

■0(x) - linear mass of erector boom, m - mass of flight vehicle, 

J(Xg) - moment of inertia of this apparatus relative to the transver: 

axis passing thrôugh support (i - a, h). 

By the form of these formulas it is possible to establish that 

the calculation of forms of natural oscillations of the boom O (x) 
P 

is conducted expediently taking into account apparent masses (of the 

vehicle) concentrated in sections x * x and x > x_equal to 
2*2 bp* 

J(x_)/a and J(x )/a correspondingly, and with the following condl- 
B H 

tion of orthogonality: 

Í m,p(x)®,(x)0,(x)dx + Am (¢,(^,) D* (x.) + <*„(*.) ¢,(^.)1 
•- 

* q* n*p. 

0 

(5.26) 

The solution of the system of equations (24) is sought with the 

corresponding initial conditions. Let us substitute in (24) 
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Having expanded the determinant of the resulting system of equations, 
2 

we find the algebraic equation (relative to w ) for the calculation 

of frequencies of natural oscillations of this system. With p * 1 

it will have the form 

-t C “0, 

where 

A “ J0Mp * aJ' 

0-c#Afp + Mp(oJ/0 + 2WJ. 

c “ '»My, - ¢- 

If the flight vehicle has comparatively low frequencies of 

inherent bend oscillations (on supports x and x ), then during 

the calculation of ^,(^) one should also consider additional vibration 

accelerations caused by elastic oscillations of the structure of 

the vehicle itself. For compiling the corresponding conditions of 

dynamic equilibrium of the system in this case it is necessary to 

record the expression for transverse speed of points of axis 

of the flight vehicle in the form 

0 - <► (0 7(*■ (*, - *1.) + x.(x,H -•*,))+ , 
00 

(5.27) 

and to introduce additionally in the expression for potential energy 

of the system the potential deformation energy of the body of the 

flight vehicle (4.6). Let us present yi(x,,t) in the form of series 

(4.28) 

oo 

0** 2 Sii(OM*i). 
nm I 

where Sn - function of time, determining the amplitude of oscillations 

of the point of reduction of the vehicle structure, and Mxi) - 

function of inherent bending oscillations of this structure (as the 

beams of variable section, located on two supports x,, and x,,), 

satisfying the corresponding boundary conditions, for instance, 
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(4.59) or (4.60) and the condition of orthogonality (4.62). 

Taking functions S„(/), K?(i), (ui) as generalized coordinates and 

conducting transformations analogous to those which were executed 

during the derivation of equations (24), we obtain a system of 

equatiomr of tí» fornr 

(5.28) 
CO 

+ 2) CnpK* + cfl - 0, 
»■I 
00 

where 

J m(xl)flt(xiWi-xl)dxu 

+ l'Vx.Jx.-'Vx,)*,! J "»(*i)/»(Jti)dJt, 

Taking Into account formula (27) and static component of transverse 

acceleration (acceleration due to gravity), we find the following 

expression for transverse overload in any section *i of the body of 

the flight vehicle: 0 

(5.29) 
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5.28) 

During the calculation of transverse forces and bending moments, and 

also of loads on elements for securing the flight vehicle to the 

erector it is necessary to consider besides the mass forces propor¬ 

tional to "u, , the corresponding aerodynamic loads from the wind. 

Methods for calculation of the latter are expounded in Chapter VI. 

§ 5.5. Equations for Oscillations of the 
Vehicle-Erector System 

We will make up equations for elastic oscillations of the 

flight vehicle-erector system for a general case of motion. The 

kinetic energy of small oscillations of such a system will consist 

of the sum of kinetic energies of oscillations of all its sections, 

and potential - of the sum of potential energies of elastic deforma¬ 

tion of the erector boom, the structure of the vehicle itself, and 

elastic bonds (upper "b" and lower "h"). The values of these 

energies are determined by speeds and shifts of points in the 

system. 

Transverse shifts of points on the axis of rigidity of the boom 

due to bending in planes xy and xz can be represented in the form 

y Ax, /)- 2/(,„(/) «>,„(*), 
m-| 

00 

zAx, /)= 2 K,m(t)<t>,Jx), 
m-1 

(5.30) 

i verse 

ring 

>dy of 

5.29) 

where 0>ym, (Dzm - independent systems of orthogonal functions of 0 

coordinate x, characterizing the forms of natural oscillations of the 

boom in planes xy and xz correspondingly, and Kym and Kzm - indefinite 

functions only of time. Transverse shifts w of points of longitudinal 

axis of the flight vehicle in plane xy will be determined by shifts 

of those points x and x of the boom in which the upper and lower 
B H 

bonds are established (Fig. 5.1*)» deformations (extension - 

compression) of the bonds w and w themselves, and, finally, 

deformations during bending of the body of the flight vehicle. 

Expanding the sag in the construction of the flight vehicle in plane 

xy in forms of Inherent bending oscillations 
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yi Ui. O 
00 

s 
n-l 

Syn U)fyn (^l). 

we have approximately 

oe ee 

wU,. 0-2 5,,(0^(^)+2 ^-.(oK-U.)^^ + 
n-l 

+®,«u«) +[«.(o++ 
+ (at,,(/) + A«(/) X,] *' , 

where a-jr,,,-«,,. 
—« .. . — • 

Shifting of u(xi,0 pointa of longitudinal axis of the vehicle 

in lateral plane xz will be determined by shifts of points xB and 

X of the boom, caused both by bending of the boom z (x, t) and 

turning of Ï5Ï sections due to torsion +(x, t), and also by 

shifts of supporting points ¿i* and m , caused by sags (vB, vH) of 

the corresponding bonds and bending ¡lUi.Oof the body of the flight 

vehicle In lateral, plane. In this case, using the method of 

separation of variables we write 

»u. o- 2mo*,(*). »-i 

*i(jti, /)- S 5,,(/)/,,(^). 

where x(,(.v 

boom andN 

of time. 

where r 
H 

points xe 

Shif 

plane xy 

uH of the 

is held o 

xH, longl 

the part 

hinge 0 ( 

extension 

Presentln 

where X,( 

of the fl 

tions of 

erector l 
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where /.-,,(xi) - corresponding forms of natural oscillations of the 
boom and construction of the vehicle, u , S - unknown functions p zn 
of time. Thus, considering various signs z and z^ 

00 

v(xu /) = SaUWK.Í*.) isfíiU • 

00 

+ S + x,(,,) r,]- 
P-1 J 

« 

- S s„ (/) f,n (,,) +1), (/) +1». (/) iafiJ., ( 5.3 3 ) 
«-i 

where r - distance between points x and x,,, and r - distance between 
n H Q 

points x and D 

Shifts of cross sections of the body of the flight vehicle in 
plane xy (along axis x) and (*i,/) will occur due to bending strain 
uH of the lower connection (with help of which the flight vehicle 
is held on the boom in a longitudinal direction), turning of section 
XH* longitudinal deformation (extension-compression) u (x, t) of c 
the part of the boom located between the connection and support 
hinge 0 (Pig. S.'O, and longitudinal oscillations (compression- 
extension type) Hi(jci,/) of the structure of the flight vehicle. 
Presenting «.(jr,,/) and*ti (x, t) in the form 

C 

M*.. 0-2 7-,(/)^,(,,). 
p-l 

00 

««(*. 0-2 re*(/)^c»(x). 
(5.34) 

where Xp{xt) - form of longitudinal oscillations in the structure 
of the flight vehicle, swivel-mounted in section *«, T , Tck - func¬ 
tions of time, Xclc(x) - form of longitudinal oscillations of the 
erector beam, we have 

«(*„ 0-£ r,(/)*,(,,)+ £*,„(/) (*) 
m-l 

dx r„- 

- 2 W X'» (*■) + «» (0 + AO (/). 
*-l 

(5.35) 
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The kinetic energy of this system will be equal to 

l l 

27-,,(/)-J t)dx{ + j m(x])òi(xl, t)dx, + 
0 0 

l L 

4-J 4+ iAû (t)p dx + 
0 0 

L L L 

+ J ffic(x)«*(x, /)dx+ j mc(x)^(x, /)<ix+|/(x)4i,(x,/)djr, (5.36) 

where l - length of the flight vehicle, L - length of boom, m (x) - 

distributed msss of boom, wÇ*,) - linear mass of the structure of 

the flight vehicle, Mc - mass of the boom. If the boom is reinforced 

by various struts, for Instance it has the form shown in Pig. 5.1/, 

then to expression (36) one should add the kinetic energy of these 
additional sections AT&. For sufficiently rigid struts it is 

possible to write approximately (with >> 1^) 

2 A7-0(/) - AÍ* A/* + /,(0) AO2(/) + ± /A¿l(Xc, t) + 

/)cosa + «c(xt, /)siiv>l2. (5.37) 

Here - length of strut A; ~ mass moments ofJlKrtla of 

strut A with respect to point 0, (in planes xy^tnd xa^fo - angle 

of inclination of the strut to axis x, M - redua^d mass of the 
O C 

strut. 

We will designate the rigidity of connections 'V and "h” 

in the direction of axis y (during extension-compression) through 

csy and cny* 011(1 ln Plane y* (during bending) - through cbz and 

Chz corre8P°ndingly. Let us assume that the flight vehicle is 

attached to the erector in a longitudinal direction (along axis x, ) 

by means of connection "h," the rigidity of which in this direction 

in plane (xy) will designate by chx. Let us assume that the rigidity 

of the system of beams B and A can be described approximately by 

the given rigidity of one strut A for compression - extension (in 

plane xy), equal to cx, and by flexural cz (in plane xz). It is 

understood that these rigidities can be different r’or cases of 

Vs i-S 

on ; 
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In t 

Sc(x 

in p 
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(33) 
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raisiné the erector boom and for cases of mounting the flight vehicle 

on a launch pad when additional fastening of joint Oi of strut A 

is possible. 

Potential energy of the considered system will be determined 

by express-ion 

5.36) 

(x) - 

of 

nforced 

hese 

5.37) 

la of 

igle 

:he 

it 

ough 

nd 

5 

is *■ ) 

ection 

rigidity 

by 

(in 

is 

f 

(5.38) 

In this formula the following designations are used: £(xt) and 

Bc*{x) - flexual rigidity of body of flight vehicle and boom (Bcz - 

in plane xar B - in p^Lane xy), A7. - change in length of strut 
cy 

due to deformation of the boom 

0. «cUt. /)1- (5.39) 

Placing the expressions for shifts (and speeds) (30), (31), 

(33), and (35) in the formulas of kinetic (36) and potential (38) 

energies and taking all the functions only of time t as generalized 

coordinates qn(t), we obtain from (4.1) a system of ordinary second 

order differential equations with constant coefficients describing 

oscillations of the erector Jointly with the flight vehicle under 

the action of external disturbing forces. 

Since plane £>1 is the plane of symmetry of the particular 

dynamic erector - flight vehicle system, then the shown system of 

equations is broken up into two independent subsystems. One of 

these subsystems will determine longitudinal-bending oscillations 
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oscillations of the system in the plane of symmetry, and the 

second - bending-torsional oscillations of the system outside the 

plane of symmetry. 

The first subsystem will consist of. equations describing- small 

angular oscillations of the system relative to an undisturbed 

state (20) 

/ A# + 2 OmoKim + 2 + 2! <*pofß + 
â-l pm\ W 
m 

+ S + aww, + a«*, + - Q0; 
(5.40) 

bending oscillations of the body of the flight vehicle in plane 

*iiri 

++ + a«« A# — Q Jyn; / c 

longltudlnal oscillations of the boom 

(^ck + + “L^o) + j%amkKgm + 

4- £ + + a*o AA - Qrt; 

(5.42) 

longitudinal oscillations of the body of the flight vehicle 

' PíUtklJf i \ ii.‘ ■ m* ' m 

• + a^, + AA - Qr,; 

banding oscillations of the boom in plane xy 

"UK. > +tsj+1, + 
« 

+ 2 + a«o* + «-*. + + - 0,^.: 

(5.43) 

(5.44) 

extension-compression oscillations of the upper connection 

,®. + fl-AA-<?ii (5.45) 
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extension-compression oscillations of the lower connection 

«.( K++m| + 2 + a-.*.+fl«»“ Q* 

bending of the lower connection in plane xy 

M (Û, + «>„«„) + îfumKm + 2 + 

+ 2) c«»fc* + a« A# ■■ Qa 

The second subsystem will consist of equations describing 

oscillations of the body of the flight vehicle in plane 

*. (S.++<SJ + + m-1 

+ dmtii + dnnV, + 2 <*»wi**~ Qa*'. 
»-I 

bending oscillations of the boom in plane xz 

au*..+“-á»++i, a„s„+ 

+ ^aa^i + dwtfi» + 2 “ Qami. 
»-I 

torsion of the boom with respect to axis x 

/,(Ü, + 2A>, + *>a) + 2 ¿„s,. + 

m 

+ 2/^+^0.+^0,-0^ 

bending of the upper support connection in plane xz 

«. (0. + “î.1'*)+ 2 + .2 + 

+ 2 dtp\ip4- “ Qw 
p-i 

bending of lower support connection in plane xz 

(5.46) 

(5.47) 

bending 

'! 

(5.48) 

(5.49) 

(5.50) 

(5.51) 
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(5.52) 

rt-l m-l 

+ 2. d«p|i, + d„ö.-QH,. »-i 

In these equations M and « with subscripts designate generalized 

masses and angular frequencies of inherent elastic oscillations of 

the corresponding partial systems, the description of which is 

given in f 5.7. Remaining coefficients are equal to 

ait ■■ fly/. ¿(y " dji, 

ama m (*•) + (■*«)• 
! « 

I 

*“• " 7 J m <*1) (*1 “ *1») ¿Jtl- ' 

rjMAfrt (x,), 
t 

®«o * + W.) + f m (*) (x) dx + 

Mum It) I 

I 
®y0 ™ J (X|) Xf (Xj) dX|, 

‘X 

«(••"7 J « (X|) /,. (x,) (x, (xw - X,) + X, (x, - X, J) dx I, 

aW m 7 Mx,(xla — X|t), 

“ 7 ~ X|t), 

i K ™ 
a«-- MXtk(X'), 

<t*ym (*) I 
a«# “ r*Q*p JJ , 

y- 
i 

®v " J )))^(X|)^.(x^dyti, 
• 

a*. “ (x.) + aM®^(x.), 
a» - m.®,* (x.) + 0,.0),. (xj, 

oM - r.Af ^ 1 

» 

dx 
'Mm*w 

(5.53) 

equa 

will 
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ÛH» 

h 

M 

dpn 

-¿ï IM (*iT*lH - X]HXit + X,,*,.) - /01, 

l J m(x[)x]dxv 
o 

i J m(xt)dx¡, 
0 

I 

-■Y*p (Jf») J m (*,)/,„ (x,)(x, - x„) dxi - 
0 

l 

J «»(Jti)/« (*,)(*„-x,)dx„ 
0 

m.®** (Jf.) + Oh.®« (XH), 

Uh) + (■*•)( 

N 

dnm - d«®*«. (-«•) + dM®„ (*.), 
I 

dm — ±l m{xl)fin(xl)(xu-xl)dxi, 

i 

“ “ 7 J m^i)/«(JCiHJct“Jci«)dxi> 
0 

ffli/«Hp (x») (x«) + /rtjTaKp(xa)0III|(xk») + 

+ Qiitf ipip i**) ®*(» (•*•) + Qiuf t*p (Xa) ®aal (xa), 
dp» ■“ ftliTí*p(x») + OhiÍ*^p (•*«)• 
d»p - m»rjip(x») + autr#,(x»), 

J-Jt (0) + mtx\ + m^xj + Air*, 

m»mm'^rJ (*1»). 

i 
J(xi»)- j «(XiHxm-x^rfx,. 

o 
i 

J (x,.) - J m (x,) (x, - X,,)* dx,. 
o y 

(5.53 
Cont’d) 

S 5.6. Reduction of System of Equations In Generalized 
Coordinates to Normal Coordinates 

A particular solution of a system of uniform differential 

equations in generalized coordinates, given in the preceding section 

will be harmonic functions of the form (with h^j * 0) 
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Si» (O “ sin *mt, 
Klm (O m Kimm •i** •«í* 

t-V, *. 

(5.5^) 

where wm - frequency of free transverse oscillations of the system, 

8111(1 Sinm> Kinun ” coefficients, determining the amplitudes of 

oscillations of generalized coordinates. 

Substituting the values of the cited functions in corresponding 

equations and reducing by sin b. t, we obtain a system of algebraic 
m 2 

equation in which the unknowns will be b>ra, Slnm, Klmm, etc. The 

condition of obtaining a nontrivial solution of this system of 

equations relative to the enumerated unknowns consists of equality 

to zero of the determinant of the system composed of coefficients 

with SlnB, Kimm* etc* By exPandln8 thls determinant we obtain a 

frequency equation of the At-th degree. 

The roots of this equation will be equal to the squares of 

frequencies of natural oscillations of the system. For each such 

root, l.e., for each frequency, there will be a corresponding specific 

distribution of amplitudes of oscillations of generalized coordinates. 

The totality of these amplitudes determines the form of natural 

oscillations of the system on the whole (normal form of oscillations) 

corresponding to the given natural frequency um. The number of 

such forms is equal to the number of degrees of freedom, i.e., *«. 

In the case of a large number of degrees of freedom of the system 

the expansion of the determinant is a complex mathematical problem. 

At present there are a number of methods for the solution of the 

stated frequency equation (methods of A. N. Krylov, A. M. Danilevskly, 

Sh. Ye. Ñikeláfoe, and others) which are presented in many works 

on the theory of oscillations. However, all of them are very labor¬ 

consuming and complicated. 

For a conservative system with a finite number of degrees of 

freedom, the matrix of coefficients of which is symmetric, the 

approximate 
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approximate values of frequencies and forms of natural oscillations 

can be found with success by the method of successive approximations. 

This method is very simple and with the use of high speed electronic 

digital computers can give sufficiently high accuracy of calcula¬ 

tions, not only of the lowest, but also of the highest frequencies. 

At first we will consider that with this method one can 

determine approximate values of frequencies and forms of natural 

oscillations of a system, described by equations of the form 

¿M/ + M/-0 (/-1,2.*,)• (5.55) 

Any oscillation of such a system, having *i degrees of freedom, 

can be presented approximately in the form of linear superposition 

*1 of the principal normal oscillations 

—(/“ I. 2,..., kf), (5*56) 

where - normal coordinates of the k-th tone, and Aj^ - coefficients, 

determining the contribution of each main oscillation in the overall 

value qj. The first index for this coefficient designates the 

number of the partial system, and the second - order of form (number 

of tone of inherent normal oscillations). 

If the system accomplishes oscillations with a frequency 

coinciding with one of the natural frequencies, l.e., it accomplishes 

one of the main oscillations, then in the absence of damping the 

generalized, coordinates will be changed by harmonic law 

<7y«Ay*sm<i>*/. 

Since this value qj satisfies equation (55), then it is 

possible to write that 

t, 

f>iiAika\aijAji,- (5.57) 
ü,‘ M 

Substituting (56) in (55) and using the last relationship, we obtain 

the following equations: 

FTD-MT-24-67-7O 192 



(5.58) + 0-1.2.*,). 
*-i * 

We will multiply each of these equations by A. and will sum 
im 

them for all i. As a result we will have 

w * *i 

(Pm + <Pm) + ï S bUA,kAlm (P* + “>*) “ 0 
à“ I <" I ^ 

with k=£ m (m » 1, 2, ..., k})t 

(5.59) 

where designates the generalized mass, equal to 

At - V m ¿4 

», 
V i 

bliAÍm 2 
(-1 

(5.60) 

3o that in the system pf these equations (59) a connection between 

coordinates pm and is absent, i.e., so that free oscillations 

of the particular complex system are described by a system of 

second order differential equations with divided variables of the 

type 

Pm + <Pm-° On-1.2.*,). 
(5.61) 

it is necessary to fulfill the following condition of orthogonality 

of forms of free oscillations relative to potential energy: 

2 l>iiAltA,m - 0 with m. 
• •I 

(5.62) 

Here, obviously, the condition of orthogonality of forms of free 

oscillations relative to kinetic energy of the system will be 

executed automatically 

a ». 

2 ¿t Qi/AjuA/ii^O with k + m. 
<-i /-i (5.63) 

Having established the condition of orthogonality of forms of 

oscillations of the system, it is possible to proceed to the 

determination of w and A. . For this we will write the system m im J 
*• of algebraic equations (57) in the form 

We w 

syst 

therr 

yim' 
of a 

in s 

of n 

equa 

find 

of t 

and 

- va 

calc 

im 
mat! 

coin 

accu 

proc 

form 

FTD-MT-24-67-70 193 FTD' 



at)A¡m 0 = 1,2./f,). (5.64) 

We will take as tne initial form of natural oscillations of the 

system some totality of values Ajm, for instance . Placing 

them in the right side of formula (64), we calculate the values 

yim. Since here the amplitudes Alm are determined with an accuracy 

of an arbitrary constant general factor, then they can be disposed 

in such a manner as to fulfill the condition 

(5.65) 

The system of amplitudes A^m, and consequently also the form 

of natural oscillations of the m-th tone which satisfies a similar 

equality is usually called standardized. Prom this condition we 

find the magnitude of the square of frequency of natural oscillations 

of the system 

(m - 1, 2.*,), (5.66) 

and by the formula 

(5.67) 

- values of amplitudes A^m of the first approximation. Then the 

calculations are repeated by the same scheme, taking the resulting 

A^m as new initial values for determination of the second approxi¬ 

mation of ü)m and Alm, etc., as long as the approximation will not 

coincide with A^m of the (*+l)-th approximation with the assigned 

accuracy. As it is known, for equations in reverse form this 

process converges. Thus we obtain the frequency and standardized 

form of natural oscillations of a system of the first tone («-I). 

If the initial system of equations has the form 

(5.68) 
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then the corresponding system of algebraic equations (6¾) is presented 

in the form 

2 atlA)m 
Izl_ (5.68*) 

condition of orthogonality will be 

/¾ /?i “ 0 With k&nt. (5.69) 

.During determination of um and A.m of the highest tones the 

condition of orthogonality of the form of the unknown m-th tone to 

all forma of oscillations of preceding tones (62) and (69) is used 

for obtaining the necessary correction coefficients 

We will designate by Ilm the corrected value of Alm 

(5.70) 

Prom condition (69) it follows that 

(5.71) 

where A 

when the condition of orthogonality is written in the form (62), 

(5.72) with h =£ n. 

Accuracy of calculation in such a way of A. and w for the 

highest tones depends on the accuracy of fulfillment of the condition 

of orthogonality and will decrease with approximation of m to k\ 
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due to the systematic accumulation of error. Therefore it is expedient 

during calculation of the dynamic characteristics of a system to 

reject the highest frequencies. This method of consecutive approxi¬ 

mations converges very rapidly if there is a large difference 

between partial frequencies of the system. Here the fundamental 

frequencies of the system frequently turn out to be close to 

partial frequencies. 

The totality of frequencies of t»>m determines the spectrum of 

frequencies of natural oscillations of the system. Their numeration 

is carried out in increasing order. Partial frequencies are always 

found between fundamental frequencies. Whereas partial frequencies 

and forms of natural oscillations depend on the selection of 

generalized coordinates, fundamental frequencies of the system are 

invariants, i.e., do not depend on selection of the system of 

coordinates Usually only part of this spectrum of frequencies has 

practical value during the investigation of dynamic loads. 

§ 5.7. Dynamic Characteristics of 
Partial ¿ystems 

In §5.5 the system of differential equations with a limited 

number of degrees of freedom will describe well the dynamic properties 

of the system flight vehicle - erector only in the case of special 

selection of all functions characterizing the form of relative 

oscillations of separate sections of the aystem. These functions 

from coordinates should be fundamental functions of corresponding 

partial systems, namely forms of natural oscillations of systems 

obtained from the basic system vehicle-erector by means of "freezing" 

of all its links besides the considered link. "Freezing" in this 

case is reduced to the fact that oscillations of these sections are 

considered only as the motion of absolutely rigid bodies. In other 

words, the influence of "frozen" sections on partial frequency and 

form of oscillations of the considered link is considered only by 

means of introduction of the corresponding apparent additional masses 

in places of Joining these sections. 



Por the body of a flight vehicle which is located on articulated 

supports *«,>0 and *,</ the forms of transverse partial oscillations 

/*•(*«). /»■»(•*«) will coincide with the forms of natural transverse oscil¬ 

lations, satisfying equation (4.29), boundary conditions (4.59), 

and additional conditions (14). Functions XP(xt) , representing the 

forma of longitudinal partial oscillations of the body of a vehicle 

which is secured on hinges in section xi„ , are determined by equation 

ár[«Wf.(«.)“aj“]--m,(p-1.2....) (5.73) 

with boundary conditions 

—JjJ-- 0 with X, - 0. X, - /, (5.74) 

additional condition with X|-*X|a, and condition of orthogonality 

t 
I 

J m (x,) X,(xi)Xt{xt)dx{ -0 with k*p. 

Here 

Mß^ß “ Í £ ^ F' dx" 

i 
J (P“ U 2. • •'•)• 

(5.75) 

Sinew in the deduction of equations of oscillations of the considered 

•yeten the boom of the erector was schematically represented in the 
font of a bean, having a certain given linear mass m (x) and given 
rigidity Bc(x), then the calculation of partial frequencies and 

form of natural oscillations of this boom can present certain 
difficulties. It is natural that these difficulties will be even 

greater, the more that the construction of the mobile part of the boom 

differs from a simple beam. The schematizatlon accepted above signifies 

essentially that in general partial forms of oscillations of the boom 

are normal forms of oscillations of a certain system of beans 
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forming its construction. These normal forms and their correspond¬ 

ing frequencies for concrete construction of the boom can be deter¬ 

mined by method of iterations presented in Chapter IV. Here it is 

necessary only to fulfill a series of conditions. In particular, 

boundary conditions have to express the absence on the free end of 

the boom of transverse and longitudinal forces, bending and turning 

moments 

d'<t>ym U) 
dx 

U) 
d? 

dXck U) 
dx 

-0, 

= 0. 

= u, 

d’4>,m (*> n 

dx ' 

d'Otm (*) n 

dx1 ” ° 

dx 

w^th Jr - 
(5.76) 

On the other end (at the point of location of axis of rotation 

of the boom) - the absence in plane of rotation xy of sag and bending 

moment (in the case when rigidity of the drive is low) 

¢,,.(,)-0. with x-0 (5.77) 

and equality to zero of shifts and angles of turn (in plane xz and 

with respect to axis of rigidity of the boom 

*,<*)-°* 

Xa (x)-0 
with X-0. (5.78) 

Condition of orthogonality for functions 0lm(*) and Kp(x) should have 

the form 

j m,n,(x)4»1„(x)<I‘(.(x)dx + fl„|«Pi,(xi)^.(x-H- 

+ */«(jt.)^.U.)|-0 (i-y, *) with n*m, 

L 
J 4 (X) K„ (X) M, (X) dx + (N, (X«) X- (*•) + 

* +x,(xt)x.(x,)l-0 with p¥*n. 

(5.79) 

FTD-MT-24-67-70 198 



where ¿„U)- /W + - *.) + r>.Ä(*- *J- 

Moreover in the exprenslon for linear reduced mass, besides the 

mass of construction of the boom Itself one should consider additional 
§ 

concentrated masses (and corresponding moments) from all loads 

distributed on the boom, including and mass of the flight vehicle. 

Por instance, in the case considered in f 5.5 the given linear 

mass of the boom will be: 

in plane xy 

W - «« (*) + m/(x - xj + mMx - *■) + 

+ mc6 (x - xt) + Mr\ ~6(x- x,); (5.80) 

in plane xz 

mm(x) - m, (x) + m/(x-xj-*- mj>(x - x.) + m^(x-xe); ( 5.8l ) 

In the direction of axis x 

m^(x)-m,(x)+«ij*(x-xe) + AI6(x-x.)1 (5.82) 

where 

'»«.-/¿»jr. KtM-lto-j ■In’o, 

and 6(x - Xj^) - delta-function, equal to zero with x t and infinity 

with x » x^, for which 

J i1«)-J7*U-•».)^-[f ith *«l. 
Corresponding generalized masses will be determined by expressions 

(5.83) 
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(5.84) 

le 

nal 

) 

) 

A*,*“ 

A»c*- (5.85) 

In the absence of struts partial frequencies of natural oscillations 

of boom construction will be equal to 

(5.86) 

(5.87) 

(5.88) 

(5.89) 

and partial frequencies of inherent elastic oscillations of connec¬ 

tions 

„I «fit, o« -in, 
« mi ’ m. * «■ 

«Ü -ÍÜ «*2 -fïïi »2 
m§ mB 

(5.90) 

S 5.8. De*ertnlnation of Internal Power Factors 

nity 

Necessary magnitude of moment ensuring the assigned rate 

of raising the boom, is determined by the value of external moments 

acting on the system flight vehicle - erector in the process of 

exploitation. Since moments of aerodynamic forces, caused by 

the Influence of wind, can be changed in magnitude in wide limits 

i and even change sign, then, according to equation (20), the 

possible required values of moment (for current Oo) will lie in 

the region 

min AMe0)< AM«0)<max Ai,!«,,), 
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where 

min - G (xTcos 0,, - y, sin #,,) - 7#„ - 

max Al, (#o) - G Uf eos #0 - y, sin #0) - 7#, (#o) + 

+ K(#0)x, + X(#o)V.- 

(5.92) 

Here the necessary angular acceleration #n of the boom, which Is 
determined by assigned time for raising the system into initial 

position, will depend basically on the assignment of the flight 

vehicle. Permissible angular acceleration #„ will be limited by 

the carrying capacity of the vehicle construction for the given case 

of load, i.e., is a function of angle of rise of the boom #o., and 

also magnitude and direction of wind speed. 

The method of realization of moment which in general is a 

nonlinear function of angle #o, does not have fundamental value for 

dynamic calculation of the system. Therefore for definitiveness we 

will consider that it is created by the concentrated force P(PX» Py» 

Pj)» applied at a certain distance from the axis of rotation of the 

boom. Further let us assume that the stated force is changed in 

magnitude and in direction in such a way that condition is 

fulfilled for all «• and for any dir®ctiony>f wind speed. This 

la ensured either by the construction of the drive, or, in an extreme 

case, by means of Increase of the carrying capacity of the body of the 

flight vehicle, l.e., by an increase of acceleration #«. 

In certain cases, values Õa. themselves determine the limiting 

value of the static required moment 

(5.93) 

For light flight vehicles, especially with lifting surfaces (wings), 

mix Af, > x.y'. (5.9*0 
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(5.92) 
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(5.93) 

(wings), 

(5.9¾) 

where Y - maximum transverse aerodynamic load on the system with 
max 

#o=<W and average local wind speed also being a function of angle 

«„ . In the following chapter we will dwell in detail on the question 

of influence of wind on this particular elastic system flight vehicle- 

erector. In this section we will be limited only to the determination 

of expressions for the corresponding generalized forces. 

Everything stated above remains true also for the case of lower¬ 

ing the boom of the erector with the vehicle in a horizontal 

position, excluding the moment of contact with supports which was 

considered in 5 5-3. In the case of lowering the flight vehicle 

onto a launching pad with #0-7 and <*o-0 , besides the force of 

weight and crosswind loads the system will be influenced by 

aouiulonal corresponding reactions of the pad or special guxde rallo 

(R , R„» RJ. 

During investigation of small elastic oscillations of the system 

flight vehicle-erector relative to a certain "undisturbed" state, 

characterized by parameters O0 and ^o, the influence of the drive 

can be considered by means of introduction of an additional elastic 

connection in section xp with rigidity cnp, i.e., substituting 

-Pv *Cnpiy(*p) + XpAGl. 

Composing expressions for the work of all external forces on possible 

displacements, determined by formulas (30), (3D» (33) and (35), 
and taking from them the partial derivatives for the corresponding 

generalized coordinates, we obtain the following expressions for 

generalized forces: 

Qo ■* fiilfi + ~ Y) [x,(X|H - x(,) + Xii (xu —• X|,)J + XfPy, 

i 

Qsun S f ^»(*1) ¿ï] /»» (XtMX,, 
0 

Qrà “ Px^c*(*p) XlXcklXit)* 
I 
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The longitui 

and (35) wi 

Qngm “ - 1®»» (■*») (jf|» — *u) + (•*■) (XU — *!•)! 

, y dQym (,)1 d<bym (,) . ~ ,, 

+ r"^' dx L +f^ d, ,.. 

Q» “ ■J’ (■fl« — Jfu)» 

Q» ™ (•*!, “ •Ki»)» 

Qiih “ A “ *!■ *|»» 

Qu, 

Qèim ” ~ l®** (jt«) (JCj, — JElt) + Qt^Xt) (xiH — Xu)] + Pt®,n (Xp), 

Qp,. 

Q»' 

Qw- 

Ii- 

♦#' 

fc1 

1 “ a + — *u)%] + 

+ H,(Xp)(Pp2p + P,Vp)- 

— 'J (*U — *!•)> 

' — ■J’^iUw-*!,)• 
1 

'CxSí,, r.-sJ-Í^M^íxOdx,, 

'T^î* í*“7^(^)• 
/ 

■TWÎW A-sf^í.W«!«!. 

Using expression (31), it is easy to obtain the formula for 

transverse overload in any point of longitudinal axis of the flight 
vehicle 

M*i)-^, + ^, +«mW’ (5.95) 

where 

»» - - - W^+ 2"7K»mI®»«(x»)Xi* - «>,,U.)x„l + 
( m«l 

+ (jf,JtlH - ^ib^h) + go «»S % 

where 

And, flnallj 

lateral comí 

where 
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n* --— t¿'i, — K'* + (.VH — J[B) + ^ (JC*) (■*•)] 
m-l 

00 

nViA (-*l) ” Synf an (■*!)• 
«-I 

The longitudinal component of overload on the basis of formulas (34) 

and (35) will be equal to 

"i, (*»)-<+ "*.(*.)• (5.96) 

where 

r •• 
™ - ^1«.- ^ (•*«)+2 

L *“1 m«! 

(*) I 
»" dx 

+ rtAa + fl#3in$0], 
OB 

n*i*(^i) “ JJ" S TpXpixi). 
x-i 

And, finally, from formula (33) the expression is obtained for 

lateral component of tl^ overload in the form 

(*.) - < + n'M- (5.97) 

where 

» 

ago 
2 Ktm [®fm (*•) (•*«) *lJ + 
«• I 

+ ÖaXm 0|Xu + 2 fip [*p (X») X|aTa Up (xj Wa] 
p-l 

"i. " it S K.m I®« (x.) - «l»,* (x,)! + 0,-0,+ 
m-l 

+ 2^ Ixp (•»«) r, - x, (x,) r,J I, 
P"l 

«/ia(Xi)- 2 (^l)' 

""1 
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Loads on the lower support will be equal to 

- RjH ” 
Ryn CutW„ 

Un ™ 

and on the upper 

Ä|)*“ 
Rn “ 

(5.98) 

(5.99) 

Longitudinal, transverse, and lateral forces M*,), Q,Ui). Q1U1) and 

the corresponding bending moments Af,(x,) h AM*,) are determined by 

formulas 

• ? 
.V(*,)-<0,(jr,)“ J^(*.)“#J (5.100) 

»-i # 

«,(«,) - J +«10.(«,)+<<,«8, (.,) - 

—51SgnQiu (*|) ” Ä|» Í 4 (*| •“ *n)d*i “• f Ä (Xj *" X|«) dXi, 
* t ï 1 (5.101) 

Q.W-J ^*r, + <0.(., 

*• *% 
' J! SmQiu(X|) + Äfij" á(x¡ — x,t)dx,+/tM J á(x,-xia)dx¡, 
•“I 0 0 

M,(X,)- j Q,(xt)dxu 

Aí.(xi)- J Q,(xt)dxt. 

(5.102) 

(5.103) 
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‘5.103) 

CHAPTER VI 

LOAD ON THE STRUCTURE OP A VEHICLE IN THE PROCESS 
OP PRELAUNCH PREPARATION 

S 6.1. Wind Loads 

This case of load Is of Interest mainly In respect to fl«lght 

vehicles which are launched from a vertical or slanted position from 

open ground sites (or from the deck of surface vessels). In the 

presence of wind the structure of such vehicles Is loaded both In 

direction of flow and also In a perpendicular direction by aerodynamic 

forces which change chaotically in time. The developing elastic 

oscillations of system vehicle - erector of vehicle - launcher 

(Pig. 6.1) can render an essential influence on the required carrier 

ability of certain elements of their constructions, and also on 

conditions of exploitation of the flight vehicle, in particular on 

conditions of operation of the aiming system, the liquid fueling 

system, and so forth. 

Parameters of these oscillations depend on aerodynamic and 

dynamic characteristics of construction of the actual vehicle, the 

erector and launching system, and also on parameters of air flow. 

Instantaneous value of horizontal wind speed in any point of 

space in the direction of flow can be presented in the form of the 

sum of constant and variable components 

«(*,. <)-«0(*i) + A«(*i> 0- (6.1) 
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Pig. 6.1. Typical picture of pulsation 
of impact pressure of wind q and values 
of bending moment in a cross section of 
the body of the flight vehicle in the 
case V (M - in the plane of flow, 

M - perpendicular to the plane). 
z 

In the surface layer of the atmosphere the mean value of wind 

speed la changed with altitude h exponentially in certain cases, but 

basically by the logarithmic law 

* 

ejM-a^ílnç/ln^ç-j# (6.2) 

where h^ - altitude of weather vane (usually h^ ■ 10 m), u^ - average 

wind speed for altitude h^, k0 - parameter of roughness, characterising 

surface conditions. Usually this parameter la changed within limits 

of 0.05-0.2. 

Por the case of raising the flight vehicle into a vertical 

position altitude h is calculated by the formulas 

A-A,+(f,-x,)«in<>, 

for points of axis of rigidity of the erector boom and 

A - Ao + (/o - *i) sin «0 +'o 

for points of longitudinal axis of the flight vehicle. In these 

formulas h0 designates altitude of location (above the surface 
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of the earth) of the axis of rotation of the erector boom, lQ - 

distance from origin of coordinates of the system *iVx to the axis 

of rotation of the boom, and n> - distance between longitudinal 

axes of the flight vehicle and the boom. 

In scales of days the average wind speed is a random function 

of time. Its magnitude depends on local meteorological conditions, 

condition of the surface in the launch area, and temperature gradient. 

Selection of computed values of these average speeds is performed in 

each specific case taking into account the probability of accomplishing 

the missions assigned to the flight vehicle. Usually the permissible 

average wind speeds u^ from the point of view of safety of exploitation 

(for different vehicles and military equipment) lie within the limits 

of 15-20 m/s. During storage they can reach up to MO m/s (with a 

4-10 minute averaging) [11]. Pulsations of wind speed Au even within 

the limits of the averaging interval have a nonstationary nature. 

Against the background of mild continuous turbulence there are separate 

gusts of wind with comparatively large gradients of speeds. The 

speeds of such gusts (squalls) can reach 10-12 m/s. Intensity of 

atmospheric turbulence, representing the superposition of vortexes 

of different scales, essentially depends on local thermal atmospheric 

composition (stratification). Its statistical characteristic can 

differ strongly during transition from one realization to another. 

Therefore only within limits of a comparatively small interval of 

time it can be replaced by certain stationary ergodic process, the 

distribution of speeds of which corresponds to normal law. The 

dependence of average quadratic value of deviation of the horizontal 

component of speed of atmospheric turbulence on average flow rate 

of air and altitude of the point above the surface (within limits 

h < 50 m) is determined approximately by the formula 

a,-(0,2189-0,00011 A) iij». (6.3) 

Just as the average wind speed, ou is a random function of time in 

scales hours and days with a comparatively large standard deviation 
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Spectral density of energy of pulsation of speed of atmospheric 

turbulence, according to Davenport and Karman, Is described by the 

following approximate formulas: 

•) 
to 

in the direction of flow of the wind and 

(6.4) 

*Á .K Ki «] n 
H (6.5) 

In vertical and lateral directions. In these formulas L designates 

the scale of turbulence, characterizing the average linear dimension 

of the vortex of the turbulent field. Quantitatively it is estimated 

by the Integral from the standardized correlation function. Its 

magnitude Is a function of air temperature. Por pulsation of wind 

speed along the flow the scale of turbulence is commensurate with 

the altitude of the point above the surface. 

Since the body of a flight vehicle of cylindrical or conical 

form is a bluff body in a transverse direction, then in the case of 

the Influence of flow near it there will be a reverse gradient of 

pressure. As a result already at comparatively small Reynolds number 

Us (characterizing the relationship of forces of inertia and forces 

of viscous friction of flow) there will be a breaking away of the 

boundary layer and the formation of a vortex street in the trace 

after body of the flight vehicle. At small Re--0^ (where u - viscosity 

of'air, and d - diameter of body) these vortexes (Benar-Karman vortexes) 

move along the flow in a definite order (being detached in turn from 

each side of the body). The frequency of their separation in the 

case of the motionless body of a flight vehicle is characterized 

by the Strouhal number 3h--^- , which in this case hardly changes. 

In other words, the frequency of separation of vortexes at small 

Re numbers turns out to be proportional to incoming flow velocity. 



At large Reynolds numbers (an order of 1*10^), which are of primary 

interest to designers of flight vehicles, flow in the trace behind 

a motionless body becomes completely turbulent. 

Thus the motionless body of a flight vehicle in a flow of wind 

is acted on additionally by aerodynamic forces in a lateral direction 

and in a direction, opposite the flow, caused by pulsations of 

velocity in the trace behind the body. Spectral densities of energy 

of these forces depend on form of the body of the flight vehicle, 

especially upper part, and are described by expressions analogous 

to (¾) and (5), but with other values of scales of turbulence. 

Spectral densities of external aerodynamic forces, created 

directly by turbulence of incident flow of the wind, are easily 

expressed through the corresponding spectral densities of energy 

of pulsation of speed (4) and (5) on the basis of formula 

for which with ®î<«§ the second member turns out to be minute. With 

sufficient accuracy one may assume that 

*.• (6.6) 

where cr(ii) - coefficient of aerodynamic drag of the body of the 

vehicle in section *i. referred to diameter ¿(xi).. Here if the 

values of this coefficient are determined by means of measurement 

of difference of pressures in opposite points of the cross-section 

contour, then expression (6) will characterize the spectral density 

of total aerodynamic force acting on the flight vehicle in direction 

of flow, and the coefficient itself will be a function of the Reynolds 

number. 

During investigation of the construction reaction of the 

flight vehicle to the influence of atmospheric turbulence and plane- 

parallel flow of wind usually it is assumed that spatial heterogeneity 

of pulsation of aerodynamic forces is small, i.e., it is assumed that 



it Is possible to use one-dimensional correlation functions instead 

of two-dimensional.1 This means that only the low-frequency part 

of the spectrum of turbulence, which is formed by large-scale eddies 

is considered. 

With small structure oscillations of the flight vehicle the 

Instantaneous value of distributed aerodynamic load for flow is 

determined by the expression 

*(*,. -¾¾]. (6*7) 

in whleh the second member in brackets, which is proportional to 

the speed of transverse oscillations of section *i of the body, 

characterises the magnitude of aerodynamic damping. In this case 

aerodynamic coefficients will additionally depend somehow on 

parameters of oscillations of the vehicle. Considering the difficulty 

of determination of this dependence, usually it is preferred to use 

spectral densities not of speeds, but of aerodynamic forces (especially 

in the direction perpendicular to the direction of flow of the wind, 

where this dependence is significant). 

f 6.2. Eouatlons of Transverse Structure Oscillations 

Approximate equations of elastic transverse oscillations, which 

were given in Chapter IV, can be used (with certain refinements) 

for investigating the reaction of a structure to the influence of 

wind flow also in the case of V. The solution of these equations 

(4.23) or (4.39), (4.40) is sought for by the method of separation 

of variables in the form (4.28), (4.37), and (4.38). In this case 

the corresponding function of form of normal inherent transverse 

oscillations should satisfy boundary conditions of the type (4.24) 

on the free end (with *■ - 0) and special boundary conditions on 

the second end (with *i*“‘). The latter depending on the method 

of connection of the flight vehicle to the launcher can be approximated 

by rigid or elastic sealing or by a hinge. In particular, if the 

structure of the launcher (for instance a launching pad), lugs for 

mounting the vehicle to the launcher and corresponding support parts 
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of the flight-vehicle structure can be considered sufficiently rigid 

(in comparison with the rigidity of the body of the vehicle), then 

these conditions will have the form 

wlth *«“*• (6.8) 

If at least one of the enumerated support elements is elastic, then 

one should assume 

M*i)“°. with (6.9) 

where Cq - given rigidity, equal to the ratio of a unit static 

bending moment, applied in section to the angle of rotation 

of the support section of the vehicle caused by him. In the case 

when rigidity of the launching pad during bending is comparable with 

rigidity B(I) of the body of the flight vehicle, the calculation 

of functions M*i) should be conducted taking into account the 
influence of rigidity of pad construction, relating the above-indicated 

boundary conditions to the place of securing of the pad to the 

foundation. 

Conditions corresponding to a hinged support are realized in 

practice only with free installation of the flight vehicle on the 

pad, i.e., in the absence of special bracing, limiting the angle 

of rotation of the support section. 

More precise definition of the above mentioned equations is 

reduced to calculation of the influence longitudinal component of 

the force of weight, damping forces, and mobility of liquid in the 

fuel tanks. 

In many cases additional bending moments from the force of 

weight, caused by transverse displacements of centers of gravity 

of body sections of the flight vehicles, 

*« 

AM(x„ 0-go J '»MtylVíd. 0-gi(*i, 01 ¿I 

ftd-mt-24-67-70 212 



reach comparatively large values. Taking into account these moments 

the approximate equation of transverse oscillations of the structure 

(4.23) takes the form 

where mx - linear (in a longitudinal direction) mass of the flight 

vehicle (taking into account apparent additional masses of mast or 

elements of the service tower, servicing communications). 

Corresponding equations for determination of forms and frequencies 

of inherent bending oscillations of the structure will be 

(6.11) 

Here the unit value of dynamic component of bending moment 

will be equal to 

(6.12) 

Additional Increase of damping factor of transverse elastic oscillations 

of vehicle structure in direction of wind flow at the expense of 

aerodynamic damping force (7) in this case of load will be determined 

by the expression 

(6.13) 
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Its influence turns out to be very significant at comparatively low 

frequencies of oscillations of the structure and especially for 

flight vehicles with large lifting surfaces. In the plane perpendicular 

to the direction of wind flow the influence of aerodynamic damping 

can frequently be disregarded. 

Taking into account the stated corrections the equations for 

transverse oscillations of the point of reduction (for instance, 

summit of the body of the flight vehicle) in case V will have 

the following form: 

B. (n = I, 2, ...). (6.14) 

where 

fl«.*5 J <M*i. “o"-^ 
0 * 

qt(xi, O-uUilM*!, OPoC,(*t)d(*i). 

I 

J ^(^1)^0(^1) ^(xi)fü(xi)^*r 

(6.15) 

The influence of mobility of liquid in the fuel tanks on frequencies 

and form of transverse elastic oscillations of flight-vehicle structure 

in this case of load can be considered approximately by means of 

introduction in equation (11) of the given mass of the liquid or the 
* 

corresponding influence coefficients (2.66) in the function from 

the unknown frequency of natural oscillations wn. If interest lies in 

oscillation of the vehicle structure in process of refueling or in 

parameters of oscillations of the liquid in the tanks, then instead 

of equations (14) it is expedient to use equations which consider 

the mutual influence of mobility of liquid in the tanks and elastic 

oscillations of the structure. 

Por flight vehicles with cylindrical tanks such equations 

can be obtained readily if one were to present the Influence of 

the liquid on the structure of the vehicle In the form of external 
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surface dynamic load of intensity 9n(*j,t) (2.32) and concentrated (in 

places of attachment of lower ends of tanks to the body of the 

flight vehicle *«j) moments (2.57) with «,,-1 

AM*/«AAf*/(AG, A#, P*y). (6.16) 

Then Instead of equation (10) we will have 

+ 0,(*,)£*¿p--*(*,. t)+<hAxj, (6.17) 

where «m*(*iN- intensity of distributed mass of dry construction 

of the flight vehicle (without fuel) in a transverse direction. 

The approximate solution of this equation we present in the form 

of the finite series 

(6.18) 

where •• number of considered forms of inherent bending oscillations 

of the atructure. Usually during investig|ffion of the nature of 

load on the lower (tail) part of the body of the flight vehicle it 

possible to be limited to a calculation of only the first member 

'jfët of this series. The influence of the second member (n ■ 2) 

becomes noticeable only for sections which are located in the front 

part of the body, for which given cases is rarely calculated. 

Since the frequencies of natural oscillations of liquid in 

fuel tanks of the first tone as a rule are less than the 

frequencies of inherent bending oscillations of the structure u>n, 

then it is possible to assume that the mutual influence of second 

and subsequent tones of elastic oscillations of the body and natural 

oscillations of the free surface of the liquid will be small. 
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Under these conditions one may assume with an accuracy which is 

sufficient for practical calculations that in the considered case 

of load distortion of the axis of the fuel tank on the section 

filled with liquid in the case of bending oscillations of the 

structure with a frequency of a>n at n«l will be small. In other 

words, one may assume that with such oscillations a section of tank 

which is partially filled with liquid moves like a solid body. In 

a similar case for determination of value of potential of absolute 

velocity of the liquid it is possible to use expressions (2.41), 

(2.48), and (2.50). 

Transverse speed of center of free surface of liquid in the J-th 

tank in this case will be equal to 

(6.19) 

and angular velocity of oscillations of longitudinal axis of the 

tank is equal to 

• (6.19*) 

where approximately 

(6.19”) 

Here it is assumed that 

M*0/) + *J - {» Uy). 0 > Xy > - Ay. 

Placing these expressions of speeds in formulas (2.41) and (2.50), 

we find that with 

i/y. Zy, <) “ (Fy + (/) + 

. .. ó u\t i., i , o. 0*yMl*'/)ch|U(*y+Äy)l , + », s.(»f.(xtl)+-¡gTÏ)^ »ln n- (6.20) 
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In accordance with boundary conditions with x « 0 the 

equations for functions characterizing the amplitude of 

oscillations of free surface of liquid, taking into account damping 

will have the form 

“íoS»(, + ¿7)^r (/“1’2."A (6.21) 

Knowing the value of potential <P., we find that 

+*'('>Ír£^ (ä-22) 

where «M«}) - intensity of distribution along the length of the 

tank ot the mass of liquid, h« - damping factor of oscillations 

of llqdld in J-th tank. Placing expressions (18), (22), and (16) 

in the right side of equation (17) and rejecting small magnitudes, 

we obtain the following approximate equation for determination of 
function 5.(0 with n-l: 

K (s.+“A+-1 1 +a., ( 6 • 2 3 ) 

where 

(«-0 

0 

J U (*,) ch It* a, + h))\ ix, + 

« [ ch •‘Jr 
, «h |»*i <</■(*/) 

’2^w5R—p>* 

(6.23') 
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+V (tt ""•w+hi¡{^¿r) ]+"• 

• F ... .y -ï X +è u(ii->) n IJ’ 

(6.23”) 

and M*>) — form of inherent bending oscillations of the flight-vehicle 

structure (with "hardened” liquid), determined from equation (11). 

The system of approximate ordinary differential equations in 

generalized coordinates (21) and (23) also will describe small 

transverse oscillations of the flight vehicle in process of prelaunch 

preparation. Using the method shown in S 5-6, it is possible to 

reduce it to normal coordinates, i.e., to a system of independent 

second order differential equations, in form similar to equation 

(14). During fulfillment of the mentioned transformation of coordi¬ 

nates it is recommended that all members of equation (21) preliminarily 

be multiplied by coefficient 

• 

i 6.3. Oscillations of a Structure 
in the Directior. of Flow 

The dynamic reaction of the structure of a flight vehicle to 

a gust of wind (squall) of assigned profile is determined by the 

solution of equations (14) or (23). Moreover, in a number of cases e 

the influence of additional force of an inertial nature, caused by 

change in the magnitude and direction of wind speed, is also 

considered. The value of this force is characterized by the 

magnitude of apparent additional mass of air. Expressions for the 

latter can be found by considering the transverse plane-parallel 

potential flow of an ideal liquid flowing around the body of the 

flight vehicle. Potential of speeds of such a flow can be presented 

In the form [641 

2, I) = Uy(t) (9,(1/, z)-y|+ «,(/) [¢,(0, z)-z). 
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where u and u • - components of wind speed, <fc and $ - corresponding 

components of unit potential of disturbed speeds. It should satisfy 

the condition of Inseparability (2.31) and the corresponding boundary 

conditions on surface of the body of the flight vehicle. The latter 

In this case will consist of equality to zero of the normal (to the 

surface) component flow rate 

Furthermore, the shown potential of speeds should additionally 

satisfy the following condition for infinity: 

According to [34] apparent additional masses are equal to 

» 

Thus , for the circular cross section of a body of a flight vehicle the 
unknown additional aerodynamic forces will be determined by formulas 

-e,-$-[»HU,) + Ml!]-2p,mVx,) (/.,). 

In that case when the period of first tone of inherent transverse 

oscillations of the structure Is small as compared to time of 

change In speed of the wind the effect of the Influence of gusts on 

a flight vehicle In case V will be close to static. Therefore It 

Is possible to expect that the basic Influence on parameters of 
transverse oscillations of such structures In this case of load 

will be rendered only by continuous atmospheric turbulence. Then 

in accordance with the method of overloads the maximum (peak) value 



of bending moment in plane *tyi will be determined by the expression 

max Mg (*,) - M'g (*,) + max Mtl (x,), (6.2¾) 

where 

max Mtg (x,) “ p«»» (*i)» 

and p - number of standards corresponding to the assigned level of 

probability of appearance of maxM^Afe» - static bending moment from 

aerodynamic forces, proportional to the mean value of impact 

pressure of wind. 

The method of determining the average quadratic value of dynamic 

component of bending moment depends on the method of finding 

the spectrum of external aerodynamic forces. If the initial spectrum 

is the spectrum of distributed aerodynamic load, obtained by means 

of measurement of pressure on the contour of cross section of the 

body, then for calculating the reaction of the structure it is 

necessary to know the correlation of this accidental load along the 

longitudinal axis of the vehicle. The correlation function of 

generalized force B„ of equation (14) can be determined by means 

of averaging the product of expressions for fi.n(15)» taken for 

various values of coordinates. 

In the case of fulfillment of projected calculations it is 

possible to be limited to an approximate calculation of the correlation 

of these generalized forces. With this goal it follows to divide 

the length of the body of the flight vehicle into m such sections 

Ax,, within the limits of which the correlation of aerodynamic forces 

is sufficiently great. Then, assuming that correlation of forces 

between sections is absent, it is possible to present the generalized 

force ß,, (in plane xim B»»«) in the form 

m ‘> + S,l 

ß«.,-2pnA“(*/) J «(*,)c*ix,)rf(x,)/,(x,)dxi- (6.25) 
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In this case spectral density of energy of the dynamic component 

of bending moment on the basis of formula (4.19) will be determined 

by the expression 

*)-/„)p. (6.26) 

In the case of a low damping factor the transfer function takes 

large values only in the area of frequencies close to fundamental 

frequencies of bending oscillations in the structure, i.e., in region 

of frequencies w-u,(l±e). where «I. Since the spectral flatness of 

energy of atmospheric turbulence with «*>1 changes smoothly with 

frequency, then if the first tones of frequencies of natural oscilla¬ 

tions of the structure are scattered, it is possible with sufficient 

accuracy to disregard the mutual correlation of generalized 
e 

coordinates and to take the square of the modulus of the transfer 

function (for Instance, for bending moment) in the form 

(6.27) 

where 

gi 

Iftsregarding membera of the second order of smallness, this 

expression can be written in the form 

», 
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Further, taking Into account that spectral density of pulsation 

of speed of atmospheric turbulence changes little In narrow 

frequency bands —, we obtain 

jt 

Since 

n1 
îônp’ 

then 

and 

(*1) “ £ (*.) ¢.,/(“J 
«-i "n » 

.,.1/1 (6.28) 

alyAl(xl)' 

♦here mt - number of sections Axj, located on length x,. Dispersion 

of the static component of bending moment from aerodynamic forces 

in this case will be equal to 

i 

/-1 

A*. 
*»+- 

(*!“■»/) Í Ûo(*.) «„(*.)<< (*,)*, 
At. 

(6.29) 

where o.> - average quadratic value of pulsation of wind speed along 

the flow on altitude of location of section of the body of the 

flight vehicle, and u0(*i)° ----. 
M<P 

I 
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Magnitude oHj, and consequently oMVcf Is determined basically 

by the low-frequency sector of the spectrum of atmospheric turbulence, 

whereas magnitudes oMM depend mainly on values of spectral density 

In the area of comparatively high frequencies (with u> close to wn). 

In spite of the smallness of values of function ¢,,,(10) In the area 

of frequencies u , the magnitudes of °mm at small logarithmic 

damping decrements of transverse elastic oscillations of flight-vehicle 

structure exceed by an order. Therefore, considering approximately 

that these processes are Independent with mean values equal to zero, 

we will represent the spectral density of energy of reaction of the 

structure to the Influence of atmospheric turbulence In the form 

of the sum of spectral densities of static bending moment from 

aerodynamic forces and dynamic bending moment from Inertial forces 

«)-+ U|, 

Then the average quadratic value of deviations of bending moment 

in the direction of wind flow will be determined by the formula 

(*■) “ Kw (x0+°-r Ml7- 

The interval*of subdivision of Ax; Is selected in each specific 

case, proceeding from the required accuracy of calculation. The 

greatest Influence on magnitudes of sections Ax* Is exerted by the 

form of transverse oscillations of the body of the flight vehicle. 

Usually in the area of location of transverse supports of the launcher 

or "seallng" of the tail end of the flight vehicle body on the launching 

pad, and namely on a length Ax, of an order of 25-501 from l, the 

values of standardized function Mx,) are small, and consequently 

the corresponding coefficients and «n»« (at any Ax^a*,) 

will be comparatively small. In practice the parameters of transverse 

oscillations of the structure of similar flight vehicles will be 

determined by the aerodynamic forces acting on the upper part of 

the vehicle body. Therefore, if the length of the flight vehicle 

Is comparatively sijall (order of 15-30 m), then in first approximation 

It Is possible to take Ax/-j. 
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The solution of the given problem is noticeably simplified 

( Axj becomes equal to /,m-l) in that case when spectral density is 

used not of distributed, but of total aerodynamic load acting on 

the vehicle from pulsation of wind speed. Such a spectral density 

can be obtained by means of measurement and the corresponding 

statistical treatment of the reaction of various flight vehicles,, 

smoke tubes, radio masts, and so forth to the influence of atmospheric 

turbulence. It can be represented in the form of spectral density 

of generalized aerodynamic force in a function from the Strouhal 

number or in the form of spectral density of pulsation of flow rate 

(4), and namely: 

where ou - standard deviation of pulsation of wind speed on 

altitude h^, and Lq - generalized scale of turbulence, characterizing 

the length of the section, within the limits of which the pulsations 

of wind speed are correlated sufficiently. For example, Fig. 6.2 

shows the tentative values of such a function <!>*#(»), corresponding 

to spectral density d>My(xi, u) shown in Fig. 6.3. For a comparison 

in the same Fig. 6.2 the dotted line represents the values of spectral 

density of pulsation of wind speed, measured at a point located on 

standard altitude h,. As can be seen, with this realization the 

values and are similar. In the case of other realizations 

a difference was observed only in the area of very low frequencies. 

Thus, in this case 

(6.30) 

where 

0 
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In order to establish necessary static carrier ability in the 

construction of the flight vehicle for this case of load, it is 

necessary to find that maximum level of internal forces which can 

be attained at least once during the entire prelaunch period. 

According to (11.20) the unknown peak value of dynamic bending 

moment for a stationary process can be obtained from equation 

Jüílííki!!! 
e "«.(‘i) »1. 

where Tq - time of influence on the flight vehicle of wind with an 

average speed u0, and 

oo 

®(■*■) “ / (a)rf(O. 
0 

It will be equal to 

nuxAfyl(x,)- 1.40,,^ 

Consequently 

P-mVTïïÂÎ. (6.31) 

where N - number of cycles, equal to and Tt - effective period 

of oscillations 

r,-2n 
(*i) 

If oscillation of the structure occur with a frequency of the first 

tone, then it is possible to assume that (with «-!), i.e., 

/V-x.r,, where Vi - frequency of first tone in cycles per second. 

Pig. 6.2. Generalized 
spectral density of energy 
of pulsation of wind speed 
(along the flow) at 

■ 12 m/s. 
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Fig. 6.3. Form of the function of 
spectral density of energy of bend¬ 
ing moment in flow density of wind. 

Having determined To, /Vf„c, omW in a function from Uq, it is not 

difficult to find possible values of limiting bending moments for 

the assigned range of average wind speeds and assigned duration of 

their action in the region of the launching site. The maximum 

magnitude of such a limiting bending moment also will determine the 

unknown required static carrier ability of the flight-vehicle 

structure. Here, considering that with an increase of uQ, <5np is 

increased and N decreases, it is possible to expect that this 

maximum AfM(*i) in general will not coincide with max Uq. 

Peak value of transverse overload in any cross section *1 of the 

flight-vehicle body will be determined by the expression 

max /i„ (x.) - p [J -j&L- fl, (*,) <DU* («J fl . 
L„.| zonpma J «• 

A rough estimate of the influence of elastic oscillations of 

construction on the values of bending moments in support sections 

of the flight-vehicle body can be obtained if one were to use the 

concept of coefficient of dynamic state 

mix My (X|) 

^^"mixAV (*T)’ 

where maxM,^*,) - maximum static bending moment from aerodynamic 

forces, proportional to the peak value of impact pressure. The 

magnitude of this coefficient is found most simply from the condition 

of equiprobability of events (14.21), which in the given case takes 

the form 
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max Aí, (*,) - Mp (*,) + (max Aí,c (x,) - M,e (x,)J 

Since approximately 

mix My* (X|) 

Äjc (<i) 

max 9 

9 
and AfJ (X|)— Aí^t (X,). 

then, presenting eHyc(X|) in a form analogous to (’„„¿(x,): 

K 

and substituting max 9-k% where A-l+p-^-- coefficient of gustiness 

of wind, we will have 

Om,1 (*i) 1 
On«c(Xl) J 

a«», (*i) 

+ ®ii»e(*i) * 

With such a formulation of the problem the question of establishment 

of limiting values of bending moment max is essentially 

reduced to a question of selection of magnitude of coefficient of 

gustiness of the wind. It is recommended [87] for case V to 

take k of an order of 1.4, and for case U - somewhat less. 

Being limited to a calculation of only the first tone of 

Inherent bending oscillations of the structure, we find that 

(*i) («„) 

Thus with the accepted assumptions the coefficient of dynamic state 

approximately for n ■ 1 will be equal to 

c 

(6.32) 
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Its magnitude is a function of frequency of inherent transverse 

oscillations of the body of the flight vehicle, damping factor 

of oscillations, and parameters of wind flow. For an illustration 

Fig. 6.4 shows the graphs for n(Ai) with k * I.3, uQ * 20 .m/s for 
Z < 25 m and for a number of values of coefficient 

c«“¿(0°"0>05) +£J cMua(xi)d(xl)fH(xt)dx, 
0 

(6.33) with n-1. 

As can be seen, the coefficient of dynamic state decreases with 

an increase of frequency A,and the damping factor. It also 

drops with an increase of Lq, i.e., the length of the vehicle 

body. The largest values of n(Ai) are observed in the area of low 

frequencies of X-i, for which the assumptions accepted above, 

in particular about the öalculation of influence of only the first 

tone of inherent bending oscillations of construction, are sometimes 

unacceptable. For similar flight vehicles the calculation of 

dynamic moments should be conducted taking into account members 

corresponding to n ■ 2 and even n *■ 3- It is necessary to stress 

that in the zone of small frequencies of oscillations aerodynamic 

damping exerts a very large influence on the magnitude of n. The 

role of nonelastic resistance (constructional damping) appears only 

at comparatively large frequencies of u>n. 

? 
zo L,*S0" 

Fig. 6.4. Influence of 
aerodynamic damping and 
frequency of inherent 
bending oscillations of 
a structure on the 
coefficient of dynamic 
state in case V. 
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S 6.4. Oscillations of Construction In the Plane. 
Perpendicular to the Direction 

of Plow 

It has been established experimentally that at small Reynolds 

numbers the Intensity of lateral bending oscillations of cylindrical 

bodies with large elongation (in a plane, perpendicular to the 

direction of average wind speed) increases with an increase of Re. 

In the region Re.^3-104, corresponding to crisis of flow around 

a cylinder, i.e., in the region of a sharp drop in drag, it decreases. 

Then again it increases. At large Reynolds numbers (larger than 

critical R»kp ), which are of basic interest to designers of flight 

vehicles, the influence of Re on parameters of oscillations of a 

body becomes comparatively small, and it is frequently disregarded 

[83]. In the region of subcritical Reynolds numbers the amplitude 

of lateral oscillations of a cylindrical body in the case of a 

constant flow rate depends mainly on the Strouhal number Sh. It is 

noticed that it increases along with approximation of frequency of 

separation of Benar-Karman vortexes to the frequency of inherent 

elastic lateral oscillations of the construction. At Strouhal 

numbers of an order of 0.15-0.28, which are called critical, the 

phenomenon of "wind" resonance is observed. In this case the 

separation of vortexes occurs strictly in extreme positions^* a 

fluctuating body and along the entire length simultaneously. In 

reality (in the case of the influence of surface wind on the body 

of a vertically standing flight vehicle) such a pattern of flow is 

not realized due to the sharp change of average wind speed in 

altitude (2), and consequently also the local Strouhal numbers. 

Under these conditions theoretically the simultaneous breaking away 

of vortexes along the entire length of body of a flight vehicle 

becomes possible only in the presence of a reverse ordered influence 

of motion of the body on the process of vortex formation, i.e., in 

the case when the system elastic body - plane-parallel flow of 

air is a self-oscillating system. In practice in certain cases the 

phenomenon of resonance can take place also in real conditions of 

flowing around. This is explained by the difference in degree of 

influence of aerodynamic forces of separate parts of the body of 
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a flight vehicle on parameters of structural oscillations, in 

particular due to a strong change of function of form of lateral 

oscillations along the length. 

In the case of supercritical Reynolds numbers the separation 

of vortexes occurs irregularly and flow in the trace behind a poo'rly 

streamlined body becomes completely turbulent. Results of natural 

tests on full-scale cylindrical bodies with large elongation testify 

to the absence of any discrete components in the spectrum of lateral 

generalized aerodynamic force (Fig. 6.5). They show that external 

aerodynamic influence can be described with sufficient accuracy for 

practical purposes by a random stationary ergodic normal process. 

Fig. 6.5. Typical curve 
of spectral density of 
lateral generalized aero 
dynamic load on the body 
of a flight vehicle in 
case V with Sh*Sh«p. 

Spectral density of energy of lateral aerodynamic loa'’ in this 

case can be presented in the form of the sum or spectral densities 

of statistically independent surface forces, caused by peculiarities 

of flow around a body of a flight vehicle and the direct influence 

of atmospheric turbulence, 

0)-0.,(1,. u)+ »)• 

The expressions of these spectral densities are identical and differ 

from each other only in scales of turbulence and dispersions. The 

scale of atmospheric turbulence in a lateral direction (5) is 

equal to half the scale of atmospheric turbulence in a longitudinal 

direction,2 i.e., has an order of Z, and the scale of turbulence 

in the trace behind the vehicle dues not exceed two diameters of 

the body. Correspondingly the coefficients of spatial correlation 

differ. 
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Values of function dMxi.u) are determined by formulas (6) 

and (5) with replacement of M*«) by Values ®T(x,,(o) essentially 

depend on the state of the body surface of the flight vehicle (Its 

roughness) and especially on the form of nose cone. The presence 

of various flanges on the body of the flight vehicle distorts streamline 

flow and in certain cases can even lead to the appearance of a local 

periodic breakdown of flow. The influence of geometry of the front 

part of the vehicle (end effect) is noted usually in the zone 

0,06<3h<0,15 . It is manifested in a noticeable change of lateral 

aerodynamic loads acting on this part of the structure. And although 

this Influence is limited to a region of an order of one-two diameters 

of the body, it noticeably influences the reaction of the construction 

due to large values of function of form f„(xi) in the peak of the vehicle. 

In connection with what was presented it is recommended that dMxi.w) 

be determined experimentally by means of testing special drained 

completely aerodynamlcally similar models of the flight vehicle in 

a wind tunnel with small turbulence of flow. 

Spectral densities of generalized lateral aerodynamic forces, 

obtained by means of measurement and corresponding statistical 

treatment of the reaction of dynamically similar models of flight 

vehicles have a limited value in this case of load. This is explained 

by the fact that in a wind tunnel the profile of wind flow is not 

modelled. Therefore these data can be used only f^r obtaining the 

upper estimate of the corresponding reaction of the structure (under 

the condition of equality of Strouhal numbers for the model and nature 

of the front part of the body of the flight vehicle). Similar 

spectral densities of energy of generalized lateral aerodynamic 

forces for cylindrical bodies of ballistic missiles (without indication 

of their elongation) with various forms of nose cones are given 

in work [83] and are reproduced partially in Fig. 6.6 in the function 

of Strouhal number. Here the following designation is used 



Peak values of corresponding lateral forces, bending moments, 

transverse overloads, for angles of turn of cross sections of the 

body of the flight vehicle in this case will be determined by 

expressions 

max Qtn (JC|) ™ OnQnx (*l)t 1 

niax Af,„(x,) - anMnjf (x,), f 

max (x,) - a*/, (x,) , 
•0 

max (xj) - an “T • 
a*i 

where 

3 3 1 

an " Po^O^ 4ÃT, [ 4T t8*1)]7 * 

0 

Calculation of parameters of lateral structural oscillations of the 

flight vehicle, and also corresponding dynamic forces, can be 

carried out by the method presented in the preceding section. Thus, 

for instance, maximum value of lateral bending moment can be 

determined by formula 

(6.3¾) 

(6.35) 

max Af, (*i)—po^ (x,), (6.36) 

where 

r(*l)“K« (*.) + *«„(*.)] 2. 

Pig. 6.6. Dependence of 
spectral density of lateral 
aerodynamic force on Strouhal 
number and form of nose cone 
of a ballistic missile (a - 
for conical, b - for nose cone 
in the form of a hemisphere. 



Taking Into account the mutual Independence of randor; processes 

considered In that section with mean values equal to zero, it is 

possible to write 

°«c (*.) - (X.) + <C. (*,). ( 6.3 7 ) 

(*.) “ (*.) + (20- ( 6.3 8 ) 

The values o,,,, entering In (37) are determined by formula (29) with 

replacement of £*(*i) by c((X|), and v«*# by expression 

»i**(*.) - $¢,(^,-^4 (6.39) 

where *t, - coordinate of center of pressure of J-th section of the 

body of the flight vehicle, mt - number of sections located 

higher than the considered section xi, and 

°i/"/*.#(*/••)*»• (6.40) 
0 

The average quadratic values of dynamic component of bending moment, 

caused by the influence of atmospheric turbulence, are found by 

a formula similar to (28), and namely: 

where 

/ \ V V nVi (xi) 
W-L -“)• (6.41) 

/-1 «-I 

*/♦— 

^«/(*/)-Po«* J «o(*i)c,(Jfi)/.(x,)</(x,)dx,. 
4*/ 

T-f 
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The spatial correlation of lateral aerodynamic forces, generated by 

the wake, is commensurable with the scale of turbulence,3 i.e., is 

comparatively weak. Therefore in the calculation of <w# and «w one 

should take intervals Ajt, small, of an order of one-two diameters. With 

such a relatively small "step" it is possible in first approximation 

to disregard the influence of change in the function of form of 

inherent lateral structural oscillations of the flight vehicle on 

length Axj and take 

MA0 (*.)' 
<A'i) 

/•I n-1 K Wi*,)*«(*,> “„)• (6.42) 

And in this case with small logarithmic damping decrements 6 the 

magnitudes of o«nai considerably exceed o«,c*. 

Peak values of lateral overloads and angles of turn of cross 

sections of the body of the flight vehicle are determined by 

expressions 

max «,,(*,) =*p 

max 

Bt ' 

“) 

(6.43) 

As experiments show [10, 83], in this case of load the values of 

p (even in the case of comparatively small intervals of averaging) 

reach 4-5. 

In conclusion let us note in general neither nor 

AM*,), taken separately, determine the necessary carrier ability 

for the construction of the flight vehicle. If the probability density 

functions of these components are known, then it is possible to 

detect those values of total bending moment which will not 

be exceeded (with a certain probability) in process of the entire 

time of exploitation. If such functions are unknown, it follows in 

first approximation to be guided by limiting values of bending 
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moments, which can be found by means of geometric addition of 

maximum magnitudes of the stated components 

Mm (*|) ■ lm*x Mj (X|) + max M\(x,)1 2. 

Usually for flight vehicles which are symmetric relative to 

the longitudinal axis the lateral component of bending moment exceeds 

by a few times the dynamic component of transverse bending moment. 

In spite of this, its influence on magnitude of total bending 

moment (at comparatively large u>n) in many cases turns out to be 

small. For such vehicles, and also for flight vehicles, which are 

asymmetric in an aerodynamic respect (with coincidence of plane of 

wind flow with the direction of the largest wind-action surface), in 

practice the case AM*,) will be calculated. [Translator's note: wind 

action surface - that which is subjected to the action of the wind.] 

In the case U both the bending moment and also the longitudinal 

force will additionally depend on angle of inclination of the erector 

boom •• (or the guide rails of the launcher). This dependence is 

manifested in a change by of the longitudinal and transverse 

forces from the weight of construction of the flight vehicle 

* 

N0(*i)-iin«o J q0A*i)d*u 

* 
Qa (*i) • co* J 

(6.44) 

and corresponding aerodynamic coefficients c,(x,), c,(x,), c,U,). 

§ 6.5. Modeling of Oscillations of a Vehicle 
‘ In a Flow of Air 

In those cases when lateral structural oscillations of the 

flight vehicle become dangerous for the strength of its body, one 

should turn to the experimental method of determination of dynamic 

forces and amplitudes of structural oscillations. As was already 
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noted the values of transverse forces, bending moments, and amplitudes 

of oscillations depend on the dynamic characteristics of construction 

(frequencies and forms of inherent bending oscillations and damping 

factors), on the parameters of flow (speed, density, and viscosity 

of air), on the dimensions of the flight vehicle (diameter and length) 

and on the aerodynamic shape of body, in particular on the form of 

its forward section. 

The process of oscillation of a flight vehicle in an air flow 

or oscillation of a dynamically similar model of it in the flow of 

a wind tunnel are described by the same equations, which include 

all the above-indicated parameters. Therefore it is natural that 

the model should be similar to the full-scale flight vehicle in 

geometric form and in distribution of mass, and also possess identical 

forms of its inherent bending oscillations and values of logarithmic 

decrements of damping of oscillations. 

For observance of all the conditions of similarity it is 

necessary that members of equations of bending oscillations in the 

construction of a flight vehicle differ from the corresponding members 

of equations of bending oscillations in the model only by a constant 

factor which is identical for all members. On the basis of this 

condition it is possible to obtain the required criterion of similarity 

of the model to full-scale. It turns out that for the full-scale 

flight vehicle and dynamically similar model it is necessary to 

observe the equality of dimensionless Strouhal, Reynolds, and Cauchy 

numbers 

Päu, pHduU,!, 

M Pm ’ (6.46) 

_ (g/c)- 
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where subscript "n* designates the parameters related to the model. 

Por satisfying the. conditions of similarity of dynamic characteristics 

it is necessary, in addition to observance of similarity in distribution 

of mass and rigidity of construction and equality of logarithmic 

damping decrements of oscillations, to ensure identical boundary 

conditions. 

To reproduce exactly all these criteria of similarity and 

especially boundary conditions on a model is very difficult. Therefore 

in each specific case it is necessary to conduct a detailed investiga¬ 

tion and proving of all deviations from conditions of similarity. 

It has been established, for example, that the least error is obtained 

in th$t case when similarity in Reynolds number is disturbed (under 

the condition that it Remains larger than critical). Agreement of 

boundary conditions can be improved by means of modeling the launcher 

Itself. 
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OaoMtrle dimensions of the model are selected, preceding from 

dimensions of the operational section of the wind tunnel. The type 

of tunnel determines the density and viscosity of its flqjr. Frequently 

for these experiments wind tunnels of variable density are used. 

For ensuring the equality of logarithmic damping decrements 

of oscillations the model is made of metal. Usually its construction 

constitutes a tube with sections which simulate fuel tanks. The 

thickness of this tube is selected in accordance with the distribution 

of rigidity of the body. The tanks are filled with some load (fraction) 

or liquid. Required distribution of mass of the model is ensured 

by attachment of additional loads to its body. All remaining scale 

factors, in particular are taken from conditions of 

similarity (45)-(47). Por appraisal of the degree of accuracy in 

the preparation of the model an experimental determination is made 

ot its dynamic characteristics, which are compared with calculated. 
The model is equipped with the necessary measuring devices - vibration 

pickups, strain gauges, and pressure pickups. 
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Tests of a dynamically similar model in a wind tunnel make it 

possible to determine the magnitude of lateral aerodynamic forces 

acting on the flight vehicle in a plane perpendicular to the flow, 

and also to establish the effectiveness of measures undertaken for 

reducing the amplitudes of these oscillations. In particular, from 

the formulas given in S 6.^, it follows that the lowering of these 

amplitudes of oscillations of the flight vehicle can be attained 

by means of increasing the logarithmic damping decrement of 

oscillations, increasing the rigidity of the body, and the corresponding 

selection of form of the forward section. A great influence on lateral 

oscillations of the flight vehicle is exerted by the roughness of 

its body surface, the presence of various projections, and also the 

presence of other bodies near it (masts, service towers, and so forth). 

In connection with this it is recommended to test the vehicle model 

taking into account the aerodynamic influence of assemblies of ground 

equipment which are located near the flight vehicle in the prelaunch 

period. 

In conclusion let us note that the parameters of turbulence 

of flow in a tunnel essentially differ from the parameters of 

atmospheric turbulence (in the surface layer). Therefore the results 

of tunnel experiments cannot be transferred directly (without the 

corresponding correction) to full-scale. 

§ 6.6. Dynamic Calculation of Umbilical Tower 

Por supplying fueling facilities and various cables to a flight 

vehicle, ballistic missiles in particular, frequently a special tower 

is used, which prior to launching is removed on a certain angle, 

thus avoiding collision between it and the vehicle. This removal 

is done under the action of its own weight or with help of external 

transverse force Pc. The magnitude and time of action of the latter 

are selected, proceeding from the values of external forces and 

moments acting on the tower in the process of removal and requirements, 

imposed for the time of removal of the tower on a safe angle 

(here clockwise). 
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Schematically the tower can be presented in the form of flexible 

rod of great elongation which is Joined by a hinge to a pillar 

(Pig. 6.7). At the initial moment this rod can lean in several places 

on the body of the flight vehicle. Let us designate by Y the 

aerodynamic (wind) load, effective in a horizontal direction on the 

tower in the plane of its removal, by Rn - force of reaction of the 

damper (brake), and by x, y, and z - axes of the mobile system of 

coordinates connected with the tower and with an origin at point 0. 

Axis x we direct along the undeformed longitudinal axis of the tower. 

Let us assume that the axis of rotation of the tower Ot is found 

at distance yQ from axis x. Let us assume that the law of change 

of arm e of force with respect to point 0, depending on the 
A 

angle of rotation t is known. 

Pig. 6.7. Diagram of external 
forces acting on an umbilical 
tower in process of removal from 
the flight vehicle. 

% 

We obtain equation of rotation of the tower as solid body in 

plane xy by equating the sum of moments of all external forces with 

respect to point Ot to the inertial moment: 

ïcosf + y0 sin <p) + etP, - 

XtyPt ~ 
~ 0 (*« sin e - j/0 cos q>) + (6.48) + (7,,, + ^^)9 = 0, 
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where x - coordinate of place of application of removing force 

pc, xÄM - coordinate of center of pressure of tower, xTM - coordinate 

of center of gravity of tower, /.* - mass moment of inertia of mast 

relative to the transverse axis passing through point 0. Those 

forces, the direction of action of which coincides with direction 

of axes of coordinates are considered positive. 

For compilation of equations of dynamic equilibrium of the tower 

taking into account elastic oscillations of its construction one 

should write the expression for bending moment in some section x, 

through external surface and mass forces and equate to its moment 

of forces of elasticity 

Af(Jc1)-£(Jf|)/cl,(x1)^^|f.li. (6.49) 

where y(x, t) designates sag of the tower in section x due to 

bending, and ICM - area moments of inertia of cross section of the 

carrier part of the tower structure relative to transverse axis z. 

Components of linear mass force in the system of coordinates xy, 

connected with the undeformed position of the tower, are determined 

by formulas 

Çmx (x) (xç2 - y0qi — go cos q>), J 

<?«,(*) - n (*)(i/0<pJ - ÿ + T* - g0 s'n ¢)- I 

The moment from these forces in the stated section xi<x 

will be equal to 

(x) (x - x,) - quj, (x) [y (x) - y (x,)). 

Bending moment from all external forces can be represented in 

the form 

240 
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wherv 
AM* 

M 
)=-( Pc(xCH- x¡)b(x- xeJdx + 

+ | J ^((^-^)008^ + 
Xi *1 

'm 

+ Hi sin ipil Ô (^ — xt)dx + I (x-xl)quy(x)dx- 

'm 

‘/«Wh/W-y(*i)l<i*. (6.51) 

where ò(x-x,*) - Dirac delta function 

ô(x - Xi«) “0 with x¥=x,u, 

*■ 
J F(x)ò(x-xtJdx — F(x) with x/11>x1 (/w-cm, a), 

— length of tower xn and yn - coordinates of place of application 

of force of reaction of the damper to the tower structure, m(x) - 

linear mass of tower (with filling), <Pi - angle of inclination of 

line of force of damper reaction to axis y. 

Integrating the expression for q»x (50) from *, to lM- we find 

the following formula for calculation of longitudinal force in 

arbitrary section xj: 

A/i*,)-»*/ m(x)xdx-(ÿy0 + g0cos<p) J m(x)dx-sinçj ^jrdx- 
»i *i », 

Differentiating expression (((9) and (51) twice in respect to x, it 

is possible to obtain the unknown equation of motion of the tower 

in the form 

[£ (x) /«(x) -¾ ° ] + m (x) [g0 sin <|) + - 
<)u <X, I) 

Jx 

" cos ^ ~ p'6(* ~ x<*)+ 

+ W^cosç^íjt - .t,) + Visimpi jjôü - r,)], (6.52) 
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where 

>MV - .O — 0 with x¥*xlt 
(lx 

'm 
\ F(x)£¡6(x-xJdx = -!^¿~-\x.'i with 

X\ 

If yQ is small compared to 1^, then boundary conditions for 

a swiveling tower will consist of the absence of uending moment and 

transverse force on the free end and of equality to zero of bending 

moment and the transverse shift of the axis of the tower at the 

point of location of axis of rotation: 

d1!/ (x, h _q witíi X =. [ h X = 0, 
dx1 

(/-0 with X = 0. 

(6.53) 

Under these conditions of function the forms of inherent bending 

oscillations of the tower )„«(*) will be orthogonal among themselves. 

Therefore for finding the solution of equation (52) it is possible 

to use the method of expansion of sag y(x, t) in respect to 

eigenfunctions fn»(x). 

y(x. O-SSnJOf'Jx). (6.5*0 
n-l 

We will place (5*0 in (52) and multiply its right and left sides 

by /„«(*). Then we integrate in respect to x from 0 to Z^. As a 

result we obtain the following approximate equation for determination 

of values of functions of form and frequency of inherent transverse 

oscillations of tower construction: 

£- [t (X) /c« (X) ^ (X) KJn* W + ™ W ($)’ - 
i (Jt) 
dx 

ml X) f i/o 5* + «0 cos ¢) - = o (/1 1. 2, (6.55) 



The solution of this equation in the case of boundary conditions 

d’f'^xy 
dx> 

0. ~[E(x)ltu(x)^¡^-]-0 with X-/, 
(6.56) 

fnu(x)-0, with 1C = 0 

is realized by the method of successive approximations. Prom 

equation (55) it is clear that normal functions and frequencies of 

inherent bending oscillations of the tower depend on the rate of 

its rotation and also angular acceleration. However, in practice 

the influence of members, proportional to ^ and —£, can be 

disregarded. 

The equation for determination of coefficients of expansion of 

dynamic sags of the tower in a series based on forms of natural 

oscillations taking into account damping will have the form 

Sfw + + UnüSfiD “ f»*(•*«<) + 

+ ¿ [/«(*«) COSf, + yu d^dlXl) sin ¢,) + 

(6.57) 

The first member of the right side of this equation considers 

influence of removing force P on sag of the tower. This force 

is applied at the time of onset of discarding the tower and is 

taken when the tower reaches a certain safe angle of rotation ¢¢, 

excluding the possibility of reverse movement of it under the action 

of wind load Y. Time of change tc of force P* from zero to maximum 

magnitude depends on the source of energy utilized. Its point of 

application is selected in such a manner as to obtain as small 

values of bending moments (51) as possible. 
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The linear value of wind load is found by the formula 

^-c^PoyM*). (6-58) 

where u - relative wind velocity FH(x) - linear area of middle section 

of tower, - linear value of coefficient of transverse aerodynamic 

load (at an angle of attack, equal to ¢), referred to FH(x). 

In first approach it is possible to consider only the component 

of wind velocity perpendicular to axis of the tower u„<= ucosq>+» 

and consequently, to take M*.?) with <r“y• Actual value of force 

Y depends on the direction from which the wind is blown on the 

flight vehicle and can change in rather wide limits. It can be 

both negative and positive. Therefore during the calculation of 

parameters of motion of the tower and forces in its sections 

(especially with a constant value of Pc) it is necessary to consider 

particular cases of load corresponding to max Y, min Y and Y = 0, 

and also cases of load on the tower by aerodynamic force in plane zx 

perpendicular to the plane of removal. 

The moment of application of damping force fa and time f, of 

change in its magnitude from zero to the greatest value also will 

be found with large scattering, since these times are determined 

by the rate of rotation of the tower: 

Ay 

dl u 

where A4» - angle of rotation of the tower corresponding to change in 

magnitude R from zero to maximum value. These times will be 

maximum at max Y and minimum at min Y, i.e., at max y . It is 

necessary to note that min Y depends on the diameter of the body of 

the flight vehicle and on how much its body covers the tower from 

the influence of the wind. 

If braking force is created by a hydraulic device which has a lim¬ 

ited movement of the rod, then the magnitude will depend strongly on 

magnitude J at the time /=/„ . The greater J, i.e., the greater the 

2^4 
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kinetic energy of motion of the tower, then the greater is the value 

of the braking force required. Frequently the moment of load of 

the tower, corresponding to max Rfl, turns out to be calculated for 

certain elements of its construction. 

It Is obvious that elastic oscillations of tower construction 

will be considerable only in those cases when tc, U, are comparable 

with the period of inherent bending oscillations of the tower T,,*- — . 

Since the magnitudes of force Y and longitudinal mass forces (50) 

in practice are changed slowly, then in the case of approximate 

calculation of dynamic moments their influence on S** can be disregarded. 

A significant simplification of this problem is obtained in 

that case when it is also possible to disregard the Influence of 

longitudinal forces on the values of forms and frequencies of inherent 

bending oscillations of the tower. During determination of the latter 

frequently the tower can be presented schematically in the form of 

prismatic rod with a rigidity which is constant for length and a 

constant linear mass. In this case the solution of equation 

r 
with boundary conditions (56) will be the function 

/„ U)-. in •»«*.*. (6.60) 

where kn - roots of the transcendental frequency equation 

kj-to+L*' V“(«- I. 2, ...). 

__ V 
With n-0kjm~0 and »m-O . With taro frequency equation (59) will 

be satisfied by the normal function describing the rotation 

of the tower as a solid body. In this case 

M9t - Í 

(6.59) 
V. 
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and equation (57) is reduced to equation (^8). Functions (60) can 

be taken as initial during calculation by the method of successive 

approximations of forms of natural oscillations of the tower (having 

rigidity and mass variable with respect to length) by equation (55). 

ion Footnotes 

‘Similar simplification leads to a certain ovex’Stating (order of 
10-15Ï) of the reaction of the body. 

2Liepman H. W. On the application of statistical concepts to 
the buffeting problem. IAS, No. 12, 1952. 

‘Certain experiments show that its maximum is observed at 
critical Strouhal numbers. 
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DYNAMICS OP LAUNCHING A PLIGHT VEHICLE 

I 7.1. Qwrtl Information 

Th« r«qulr«Mnt that ground cases of load cannot be calculated 

for the construction of a flight vehicle naturally leads to complica¬ 

tion of conditions of ground exploitation. Therefore in each 

ap«elfle ease one should conduct a thorough invt Jtigation of 

conditions of load on the flight vehicle in the process of launching 

for the purpose of establishing the optimum requirements for 

construction of the launcher, for rigidity of its carrier elements, 

and also for the scheme of starting the engines. 

Conditions of operation for the flight vehicle structure in 

this ease of load depend in many respects on the layout of the 

launcher, on the type of launching site. Launching of flight 

vehicles can be carried out from open, completely closed, and 

positions. The most widespread and the simplest Is 

launching from an open position (ground launching, launching from 

the deck of a ship). 

During any form of launching the launcher cannot be made 

absolutely rigid. Due to elastic deformation of its carrier 

elements there will be a shift (settling) of the vehicle in the 

process of fueling by a certain magnitude c0. During launching 
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with an Increase of thrust force this deformation will be selected. 

In the case of a slow change of thrust force lift of the vehicle 

(at P < G0) will not exceed KQ. With a comparatively rapid change 

of thrust force it turns out to be greater than static. Moreover 

the vehicle can in the process of this rise acquire a speed, sufficient 

for breakaway of its support section from the launcher with a magni¬ 

tude of thrust force which is less than the initial weight. As a 

result the flight vehicle can be lifted a certain height 5n above 

launcher, and then (in the case of preservation of inequality 

P < Qq) fall on it, as soon as the kinetic energy obtained by it 

is completely expended for changing the potential energy of the 

position. Rate of fall will depend on magnitude *n and nature 

of change P with respect to t. 

Sometimes for increasing the reliability of launching the 

stepped switching on of motors1 is used or an intermediate step2 

is Introduced. As the latter they usually select a certain value 

of thrust force P which is less than the initial weight. After 
n 

obtaining confidence about th« normal operation of the engines in 

the system on lowered flow rate the main stage is switched on. 

If any malfunctioning is revealed automatically the command is given 

to shut down (emergency) all engines of the flight vehicle. 

Jumping and subsequent falling of the vehicle with P < G0 

can be repeated periodically if the period of operation of the 

engines in the intermediate stage is comparatively great. Under 

such conditions the rapid removal of thrust force (as a result of 

emergency shutdown of engines) can in certain cases lead to an 

increase of rate of fall of the flight vehicle, and, consequently, 

to appearance of additional deformations of support elements of 

the launcher. 

During launching from a closed position a system of starting 

and reflected waves can be formed which leads to additional load 

on the vehicle structure (mainly in the tail section) by external 
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excess pressure. This increase of pressure is observed only in the 

initial moment of launching and for a small Interval of time. Its 

magnitude will be even greater, the greater the power of the engine, 

the less the removal of gases, and the sharper the approach of 

the engine to operational conditions. Determination of the real 

nature of pulsation of pressure and temperature conditions of 

operation of the construction at the time of starting the engines 

is possible only by experimental means, by using special models. 

In the process of movement of a flight vehicle of the ballistic 

type in a silo it will be acted on by the disturbing moment from 

thrust force (1.14), crosswind load (on the part of the body coming 

out of the silo) and gas-dynamic loads, caused by partial passage 

of gases emanating from the engines into the space between the body 

of the flight vehicle and the wall of the silo. The magnitude of 

this space, l.e., the Internal diameter of the wall of the silo, 

is determined by the possible transverse shifting of the vehicle 

body under action of disturbing forces and moments. It is possible 

to decrease this diameter by means of elimination or lladtat^n 

of the transverse motion of the flight vehicle with the help of 

a system of special elastic supports and guides. Similar guide 

rails can aleo be used during Inclined launching of any flight 

vehicle from open positions. Therefore during the investigation 

of load In flight vehicles in case S considerable attention should 

be given namely to this type of launching. 

The dynamics of vertical or horlsontal takeoff of conventional 

aircraft (from moment of starting the engines to the moment of 

breakaway from surface) are not of special Interest for the strength 

of their construction.9 

f 7.2. Coefficients of Dynamics for Longitudinal 
Support B1 emento of a Launcher 

The most dangerous for strength of longitudinal support elements 

of launcher is the case of a load corresponding to emergency shutdown 
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of engines (aftei1 approaching assigned conditions). As was already 

noted in the preceding section as a result of dropping of flight 

vehicle on the launcher considerable dynami. orces can develop in 

carrier elements of the launcher. The values of these forces are 

determined by parameters of longitudinal motion of the vehicle- 

launcher system. 

Let us assume that P - total thrust force of flight vehicle, 

variable according to the law described by formulas (1.11), (1.12), 

(1.13), or others, Et. - generalised stiffness coefficient of 

i-th longitudinal support element of the launcher, equal to the 

fo^ce causing a unitary shift of this support in the direction of 

axis ¢, and Çq - initial shift of flight vehicle due to deformation 

of the launcher under the influence of force of weight Gq, i.e., 

On sector -lQ < ç < 0 movement of the flight vehicle occurs 

under the action of thrust force P and force of reaction of support 

*/ • 

elements of the launcher equal to HIE«, and on sector ( > 0 - only 

under action of foçge of weight and thrust force. 

On the basis of the d'Alambert principle the condition of 

dynamic equilibrium of a flight vehicle on these sectors of the 

trajectory in motionless launching system of coordinates (Cnc) 

will have the form 

| + 2A04 + <o£ = g0(rtx-1) with 0>s>-t bu» 

t = go(n,-l) "lth &>0- 

(7.1) 

(7.2) 

where 

n t 
P 
Go 
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Solution of equation (1) In the case of Initial conditions 

C(t) ■ 0 and c(t) ■ -Cq with t ■ 0 will be function 

i 

• 6(0”“ Soe'**'cOS + ■£[*• f («JT “ 1 ) si n (Do (/ -1) dt. 
5. (7.3) 

Since the total thrust force remains all the time less than weight 

(nx < 1), then motion of the flight vehicle on section C > 0 will be 

observed only in that ease when at the time of passage of position 

( ■ 0, i.e,, with t » t0, Its speed will be different than zero. 

The value of this speed c(t) - C(tQ) depends on the magnitude 

and speed of change of longitudinal overload. With comparatively 

Igrge values of n and dn /dt a significant influence is exterted 
A A • 

on cUq) by magnitude Çq. Other things being equal ç(t0) will 

Increase with an Increase of {q and Increase of dnx/dt. 

Integrating equation (2) with initial conditions c(t) ■ 0 

and ¿(t) ■ CUq) with t ■ tQi we obtain the corresponding expression 

for determination of magnitude of Jump of the flight vehicle above 

the launcher 

S 

t t 

KO-goj J«^(Od/d/ + i(/o)(/-/o)--Y(/-/n)2. 
0 0 

The derivative from this function (4) based on t gives the 

rate of drop of the vehicle on the launcher. Designating by /i 

the moment of secondary passage of ç(t) through zero, we find the 

Initial conditions for the second stage of motion of the flight 

vehicle on sector C < 0 
i, 

6«.) - «0 J MO + 6 ('«) - *0(*1 - 'oh 1(/,) = o. 
(. 

At the time t ■ /0i, when C again becomes equal to zero, the 

following Jump of the vehicle above the launcher will begin with 
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Initial speed i(t0,) , etc. Approximately without taking into 

account damping the shift of the flight vehicle, and, consequently, 

also the deformation of support elements of the launcher will be 

described by formula 

6(0“ ^-6(0)8111^0-0) + 
t 

+ MT)sinM00-T)dT-loll - cos(0,,(/-0)1- (7.5) 

The relation of magnitude of this deformation |6(t)| to static 

deformation determines the value of coefficient of dynamics for 

longitudinal support elements of the launcher. 

With nx » nxn » const, i.e., after approach of the engines to 

conditions of the assigned intermediate stage, oscillations of the 

flight vehicle on the elastic launcher in the absence of damping 

forces will have the form of steady-state oscillations. Integrating 

equation (2), we find that in this case with 

6(<.*)“-6(/o*) 

the time, corresponding to passage by the vehicle of position 

{(t,, ), will be detensAned by formula 

*i* /()* + _äM_ 
g» (I — (tjrii) 

Here the greatest height of Jump of the flight vehicle above the 

launcher will be equal to 

\h 
2<?o (I — nxn) ’ (7.6) 

Since sometimes the functioning of the actual launcher (for 

instance, removal of support elements and so forth) is connected 

with movement of the flight vehicle relative to the support elements, 

then the magnitude of this Jumping can have great practical signifi¬ 

cance for the safety of the launching. 
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Prom expression (5) it Is also easy to find the magnitude of 

settling of the flight vehicle on the launcher 

6(0 - 5o(^n - 1) [1 - cos M0(/-/,)) + sin C0o(/-/,)• (7.7) 

Equating to sero the derivative from c with respect to t, we 

obtain value t ■ t* 

at which this settling is maximum. Since static settling of the 

launcher in this case is not equal to {q, but to CQ(nxn - 1), then 

the coefficient of dynamics n will be less than a unit. Magnitude 

q can be great only in the case of emergency engine cutoff. 

The value of this coefficient of dynamics directly and through 

C(t0k) depends on three parameters: c0, nxn and dnx/dt. For 

illustration in Pig. 7.1 there is a graph of the change of relation 

n • C(t)/C0 for various moments of onset of turning off of engines. 

Positive values of n determine the magnitude of jump of the flight 

vehicle above the launcher in fractions of c0, and negative - the 

magnitude of coefficient of dynamics for the launcher (in a 

vertical direction). 

? 

o 

-/ 

Pig. 7.1. Dependence of coef 
flclent of dynamics for cons¬ 
truction of a launcher on the 
time of onset of turning off 
the flight vehicle engines. 

« On*«t of turning off 
of onglno* 
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It Is obvious that In general an emergency shutdown of engines 

can occur at any moment. Therefore during calculation of the 

launcher one should be guided by the possible value of coefficient 

of dynamics at assigned Çq, nxn and dn^/dt or Introduce the corres¬ 

ponding limitations on values of these parameters. Here It should 

be borne In mind that the least magnitude of nxn Is determined 

by conditions of stable operation of the propulsion system and 

dnx/dt by Its construction, i.e., they are limited from below. The 

degree of influence on n by the rigidity of support elements of 

the launcher (or Çq) can be Judged by the approximate graph shown 

in Pig. 7.2. 

Fig. 7.2. Influence of 
initial static deformation 
of construction of the 
launcher on the magnitude 
of coefficient n. 

Example. As an example we will consider the calculation of 

the coefficient of dynamics for a case of linear law of change of 

coefficient of static longitudinal overload (Fig. 7.3) during the 

start-stop operation of engines. Let us assume that 

t 
flg • fljfn j,* i 

FTD-mt-24-67-70 
254 



where TB designates the 

to assigned conditions, 

the vehicle at the tine 

equal to 

conditional time of approach of the engine 

On the basis of formula (31) the speed of 

t ■ t0 corresponding to ç(t) - 0 will be 

¿(W-So-^O -coscooO, 

we find tà 

Purth 

dynamics o 

where tQ is the solution of equation 

"'H Tt T,Z sin “o<o 

The c 

shutdown o 

Pig. 7.3. Nature of change of 
static component of longitudinal 
overload In the process of start- 
stop operations of an engine. 

Jumping of the flight vehicle above the launcher and speed 

of Its motion with these Initial conditions (with t < T^) are 

determined by formulas 

s 
1(0-6 ('„) 0-toi-fo-to? + (/3 + 2/0 - 3//Î), 

6(0-1(to)-Rod-10) + it). 

Using the last expression, one can also determine the rate of 

drop of the vehicle on the launcher (at the time 1- i,<r„ 

corresponding to ¢( r, ) - 0). If It turns out that <,>ra. then 

on sector the shift of c(t) will be equal to 

6(0 - g0(n„ -+ur,)+(/- r.)6 (71.). ( 7.8 ) 

Equating this expression to cero, we obtain the equation for 

calculation of magnitude r.. Differentiating (ti) with respect to t, 

where t - 
a 

force, and 

(Pig. 7.3) 
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we find the following value for ç(t) (at the time /-/i ) 

iVò-goi*™- IWi- TJ + i(Tt). 

Further, using formulas (5), (7), we find the coefficient of 

dynamics of n in the case of an operating engine. 

The change of longitudinal overload in process of emergency 

shutdown of motors (1.12) can be presented in the form 

(7.9) 

where ta - time, corresponding to moment of onset of drop in thrust 

force, and Tc - conditional time of drop of thrust force to zero 

(Fig. 7.3). The command for turning off the engines is given in 

the event of any abnormalities in the starting system which were 

forseen by the layout (for instance, in case of failure of one of 

the booster engines, and so forth). In practice this shutdown can 

occur during any position of the flight vehicle with respect to 

the launcher. 

If there is no jump of the flight vehicle above the launcher, 

for the calculation of coefficient of dynamics it is sufficient to 

find the solution of equation (1) with the initial conditions, 

determining the parameters of motion of the flight vehicle at the 

time of onset of emergency shutdown of the engines (e.s.e). Approxi¬ 

mately without taking into account resisting forces 

S (0 - 6 (*•) cos »0(/ - + i (/,) -J- si n a>0 (/ - /,) + 
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Substituting expression (9) In this formula, we find that 

(7.10) 

At the time t ■ t, ♦ T 
a c 

It is convenient to present value Tc in fractions of the period 

of inherent longitudinal oscillations of the considered system 

Tc " Vv 
Formula (11), of course, does not give maximum value of n(t). 

In order to find the maximum magnitude of n(t) it is necessary to 

Investigate the motion of the system also at t > (t + t ). As it 
Ä c 

la not difficult to establish, the value of coefficient of dynamics 

on this sector of time will depend significantly on the initial 

conditions of c(ta) and ¿(ta). If e.s.e. is carried out after the 

approach of the thrust force of the main engines to some intepriediate 

stage, l.e.t. with t > T ,, then 

MW-(6(7.)-6o(fl,.- D1 cosü>0(/.- T.) + 

+ 6o(«rn- + sitl^i/.-r,), 

i(W “ M 7.) cos <i>0 (/, - r.)+ 

+ l6o(fl» -1)- 6(7.)1 ©o sin ©„(/, - T.y 

(7.12) 

Figure 7.4 shows the graphs of maximum values of vehicle Jump 

above the launcher for various nxn depending on €q (with Tg ■ 0.1 s). 

Figure 7.5 for the same nxn gives the graphs of function max n (Tc/TQ) 
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period 

t(t). 
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7.12) 

Jump 

0.1 a). 

!TC/T0 

2 JT 
where = If the flight vehicle has several engine installations 

the real law of change of nx with respect to t can possess large 

scattering (since in practice not all motors will be switched on 

simultaneously and the nature of bulld-up of thrust force In them can 

also be different). In this case It Is expedient to be guided by 

the limiting values of function nx(t). 

Pig. 7.4. Influence of 
rigidity of launcher and 
magnitude of thrust force 
on Jumping of flight vehicle 
In the process of launching 
(with Tb ■ 0.1). 

Pig. 7.5. Influence of the 
nature of drop In thrust 
force on the values of 
coefficient of dynamics for 
a launcher. 

Prom the material presented In this section It follows that 

rigidity of launcher and value of nxn should as far as possible be 

selected in such a way that Jumping of the flight vehicle is absent 

or Is Insignificant. If for some reason it is not possible to 

)» carry this out, then it is necessary to calculate the possible values 

of coefficients of dynamics and to ensure the strength of the launcher 

for a load equal to hQq. 
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I 7.3. Longitudinal Dynamic Forces In Elements 
of tha Body of tha Vahlcîê 

Tha ataga natura of starting tha anginas, although It can 

laad to undaslrabla Jumping of tha flight vahlels in an elastic 

launehar, makes It possible to reduce the values of disturbing 

forces and mosmnts which are acting on the construction In process 

of launching, In particular to decrease longitudinal dynamic forces 

In the body of the flight vehicle. In the case of a sharp approach 

of the engines to operating conditions, the so-called "cannon" 

starting, vehicle Jump is absent, but Intense longitudinal elastic 

oscillations of the construction develop. Even if these oscillations 

attenuate comparatively rapidly, they nevertheless can lead to the 

appearance of considerable additional dynamic longitudinal forces 

in the body of the flight vehicle (in the case of B1). Application 

of thrust force to the body of the flight vehicle can also be sharp 

1m the ease of gradual switching on of the engine unit. 

In order to determine the values of these dynamic longitudinal 

forces, which develop both in the process of starting and also in 

the process of turning off the engines, one should consider the 

behavior of the vehicle-launcher system in the period of launching 

taking into account elasticity of construction of the flight vehicle 

Itself. 

For composition of equations of longitudinal oscillations of 

such system we will use the method of Lagrange. Let us assume that 

in the esse of elastic oscillations all the particles of the body 

Msosqpllsh shifting only in the direction of the longitudinal axis 

of the flight vehicle, and also that its transverse sections remain 

plane and perpendicular to this axis. We will designate these 

shifts through «(*1.0. 

Proceeding from the fact that any elastic oscillation of the 

construction can be decomposed according to natural modes of 

vibration, we will represent «(*,!/) in the form of a series (4.37) 
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(7.13) 

no 

«(«1. 0= S TnWXniXi), 
n-l 

where Tn - unknown function of time, determining the amplitude of 

oscillations of the n-th harmonic at the point of reduction, and 

XnU ) - normal function of Inherent longitudinal oscillations of 

the body of the n-th tone, satisfying the equation 

d 

3*i [£(*,) (7.14) 

where mx( x, ) - linear mass of the flight vehicle taking into account 

the concentrated loads and zero boundary conditions (l.e., condition 

of equality to zero of stretching forces on the ends of the 

vehicle with v, * 0 and *; ■ 1) and the condition of orthogonality 

(4.63). 

In this case longitudinal force in a cross section of the body 

of the flight vehicle will be determined by expression (3*1) 

N (*„ T) = - £ Fc (,,) £ Tn (/) , 
(7.15) 

where Pc(t, ) - area of carrier section of cross section of the body 

in section ,¡. 

The vibration component of longitudinal overload will be equal 

to 

oo 

»•i 

The corresponding value of dynamic longitudinal force can also be 

calculated by the formula (3.4). 

FTD-MT-24-67-70 260 



Since at .V| ■ 0 and *, ■ t Pc( v, ) t 0 and E( ^ ) t 0, then on 

the baais of formula (15) and equation (14) the boundary conditions 

for function X_( 'i ) can be written in the form 
n 

dXnlx,) 
dx, 

l 

j mx(xx)Xn(xx)dxX’*0 with *, = /. 

o 

(7.16) 

In this case, disregarding mass of fluctuating elements of 

the actual launcher as compared to the mass of the flight vehicle, 

we obtain the following expression for kinetic energy of small 

longitudinal oscillations of this particular system: 

To (0 - i mi* (/) + {£ Pn (0 J mt (,,) XI 
W-l o 

(7.17) 

Potential energy of this system will consist of potential 

strain energy (extension - compression) of the body of the vehicle, 

potential energy of the position of center of gravity of the flight 

vehicle« and strain energy of elastic elements of the launcher: 

Hl 
IMO+ + 

• i-l 

+tS f»(<)i£(J'')/?c(jr')[^rir</Xi with 5<0, 
«-I U 

IU0-IS Hi«)I + 
rt-t » 

•il th ¿ > 0. 

(7.18) 

Functions T (t) and c(t) we take as generalized coordinates, 
n 

The work of thrust force on virtual displacement of the system with 

accepted direction of axes x, and ( will be equal to 
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i on 

.tions 

6(0-¿ MO *„(*,„) , 
n-l 

i 

(7.16) 

of 

lele, 

1 

(7.17) 

1 

hide, 

flight 

r: 

(7.18) 

ites. 

tm with 

where J((jrin) - value of function of form In the place of application 

of thrust force to the body the the flight vehicle. Using equation 

(4.1), we obtain the following system of equations for determination 

of unknown functions t(t) and Tn(t): 

6 + o>S6 = «oK- *). 
(7.19) 

fn + 2h„tn + wjfn ” 
PX„ (Jt|„) 

(7.20) 

As can be seen, the first of these equations coincides with 

equation (1), describing motion of a flight vehicle as a solid 

body, and the second - determines longitudinal elastic oscillations 

of its construction under the action of force P. Por solid-fuel 

flight vehicle of the ballistic type the right side of equation 

(20) will have the form 

— ~jÿï~ (Jim) + (-^Iw)!» 

where and designate the coordinates of places of connection 

to the body of the flight vehicle of the upper end of the combustion 

chamber of the engine and the nozsle correspondingly, and and 

k - coefficients, showing what share of overall thrust force is 
c 
applied in these sections. 

The integral of equation (20) in the case of zero initial 

conditions, as it is known*(4.12'), will be equal to 

t 

M'H -¾21 f 
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If the nature of bulld-up of thrust force can be described 

approximately by a linear law analogous to the law of change of 

n , which Is shown In Pig. 7.3» then, disregarding members h„/iiiM and 
X 2 n n 
(hn/«n) as compared to a uhit, we obtain for 

Tn(t)~ 

Tn(t) = 

P0)-Pt-~ with t < T",, 

P(0 = ^0“Const "ith 

PtXñ(xín)\Á ,1 

57*d' 

with t ^ r*. 

with r„ 
(7.21) 

Differentiating these expressions twice for t and using 

formulas (3.3) and (13)» we obtain the following expressions for 

calculation of dynamic component of longitudinal force: 

Nt (*i, 0 “ Nntÿù e‘*«' sin ant wi th / < r„ 

Nx(xx, 0 - S ^är N" (*|) e'V X 
(••I 

X [sin »,/ - e*«r* sin (/ - f,)] Nith / > r,, 

(7.21') 

where 
«I 

Af«(*i)- J (»-1, 2....). 
0 

In the case when the dependence of P on t can be presented In 

the form (1.13), 

f.«)- 

X 

pj»(*n) 

“X 

e"v¿(sin<D»/--¿cos“»,)l (7.22) 
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longitudinal dynamic force will be determined by expression 

X [c'rt + e'1'»1 sin (j>nt - cos «„/)] Nnx (*,). (7.22*) 

In the case of turning off the engines (emergency or programmed), 

according to law (1.12), 

Tn(t)> 

'’-M'-tt)' 
Tn (/.) - ('*'.) cos «„ (/ - /.) + 

Mn< J 

#1 Ä c '“rt J 

(7.23) 

e 

Vhere T„(t.) and TM(t.) - values of function at the time of 
nana n 

onset of a drop in thrust force. For this (with TQ > l/*n) 

oo 

N>(*u /)- J {[rn(/.)«; - cos a>„(/ - /.) + 
«-i " J 

+ Wiï? + “«] sin uj/-/,)} (jit,) e'*« <M«). 
(7.2H) 

Usually during determination of they are limited only to the 

calculation of lowest forms of inherent longitudinal oscillations 

of the flight vehicle. 

The coefficient of longitudinal overload of the center of 

gravity of the flight vehicle, determining the magnitude of static 

component of longitudinal force, is found by the formula 

„,</)= I-ML. (7#25) 
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In conclusion let us note that the values of longitudinal forces 

In elements of construction of flight vehicle in the case 3 (in 

the process of start-stop operation of engines) depend not only 

on laws of change of total thrust force, but also on the assembly 

layout of the vehicle. The load picture turns out to be especially 

complex for flight vehicles equipped with lateral accelerators 

having a one-sided power connection with the body of the vehicle in 

a longitudinal direction. 

I 7.1*. Load on a Vehicle During Free 
Launching from a Silo' 

Although by definition the examined generalized case of load 

S embraces motion of a flight vehicle only up to the moment of Its 

final breakaway from the launcher, there Is meaning in also extending 

to it the case of flight of a vehicle Inside a silo during free 

launching (case S0). 

notion of a flight vehicle In a silo up to the moment of 

complete approach to the surface occurs under the action of the 

same disturbing forces and moments as the flight of a vehicle in 

the ease of launching from a ground launcher. However, the values 

of these forcea and the nature of their distribution on the body 

in this case of load will be different. 

On the bottom of the tall section of a flight vehicle during 

launching from a silo an additional longitudinal disturbing force 

of a pulsed nsture PM can act.4 The graph of change in total 

force P (thrust force P and force PH) in this case has the form 

shown in Fig. 7*6 by the solid curve. 

p 
Pig. 7<6. Possible nature of change 
of thrust force in the process of 
launching (solid curve). 



In a particular case, when the time of action of force is 

great as compared to period Tn of inherent longitudinal oscillations 

of the lowest tone on the structure of the flight vehicle, one can 

assume that this force belongs to the static class. In all 

remaining cases one should estimate influence of the time of its 

action. If this time is very small, for example, less than 

then the calculation of the corresponding reaction of the construc¬ 

tion of the flight vehicle can be conducted, using the magnitude of 

pulsed power PH, 

it 

u,«,)-j PJVdt. 
i. 

In other words, it is limited to a consideration of oscillations of 

a construction which appear as a result of attaching to it an 

instantaneous speed equal to 

In the case of uniform initial conditions the corresponding 

shifts of point of reduction and value of additional longitudinal 

f^ce ces ANn(*i ) will be determined by formulas 

Af, (0 “ e'*"' Xn Uln) sin an/, 

A/M*,, 0« M(v sin a»,,'. (7.26) 

It is obvious that in a similar case maximum value AN. will be 
n 

obtained already after disappearance of force P^. With this the 

greater Mn the less ANn will be. If the time of action of this 

force At ■ fi - tQ is close to the half-period of Inherent longitudinal 

osclllatlbns of the construction of the flight vehicle of any tone, 

then this reaction will depend on the form of function PM changes 

with respect to t as is shown by the dotted line in Fig. 7.6, l.e.. 
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Is applied suddenly st the tine tQ» during a certain small Interval 

ât remains constant, and then at the time Is instantly removed. 

According to formula (4.13) in the case of zero Initial conditions 

the solution of an equation of the form (20) on sector /«</</« 

will be 

i 
»„«-T) sin©,, (/-i)dT. 

Since At is small, then, disregarding the Influence of the damping, 

we will have 

sin m, (/ - <0). 

On the subsequent sector in the case of i>tt after cessation of 

the action of force PM the system will accomplish free damped 

oscillations. Knowing AM*.) and ¿/„(/t). it is not difficult to 

obtain 

AT", (/)- - 
a/>, 
M, 

(M,) sin (©„ -y) [sin ©„ (/ - -^y1) - 

— COS ©„ (/-y-1)] Xn (*in)- 
(7.27) 

Since in the case of nonelastic drag coefficient /t„/©„i will 

be of an order of </*, l.e., small as compared to a unit, then 

the second member in the brackets can be disregarded. Furthermore, 

it is possible with sufficient accuracy to consider that ©ni-©n- 

Thus, in the period of starting the engines, i.e., in beginning 

of motion of the flight vehicle in the silo, the longitudinal force 

in cross sections of the body at nx > 1 will be determined by the 

expression 

JV(jr„ /)-^.(/)000 + ^,, 0 +A/M*,. /). (7.28) 
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where 

Here 

AAM,, ,,--2 Aí. (/)*„(,,>. 

max Ar, < - 2 Ís%!í!Í sln „ Ü 
M. » 9 I 

"2, = 4-(/>+/>.), (7.29) 

and A/a(x,,/) le found by the formule (22'). If the graph of function 

PM(t) has a complex form, then It Is possible on the basis of the 

superposition principle to present it approximately in the form 

of sum of step-functions. 

Since the possibility of the flight vehicle Jumping above the 

launching pad in the case of additional force PM of a pulsed nature 

is considerably expanded, then it may be expedient to hold it on 

the pad up to a specific moment. Such a delay of the flight vehicle 

on the pad not only limits its longitudinal shift, but promotes 

a decrease in the magnitude of disturbing moments caused by the 

nonsimultaneity of increase of pressure in different combustion 

chambers of the engine. It is also possible, of course, to change 

thrust force by stages, for example, by means of the nonslmultaneous 

inclusion of combustion chambers. This makes it possible sometimes 

to essentially lower the magnitude of force PM and the value of 

additional starting pressure acting on the body of the flight 

vehicle. A radical means of decreasing starting pressure on the 

body with the simultaneous reduction of transverse dimensions of 

the silo is, of course, the preliminary lifting of the flight vehicle 

(for starting) from the silo onto the surface of the earth. 

In the selection of magnitude of thrust force or n and 
4» 4 A 

time of operation of the engine in the intermediate stage one 

should consider not only those wishes which were mentioned in I 2, 
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but also the requirement of damping the elastic longitudinal oscilla¬ 

tion* of the construction (up to some specific level). Calculation 

of limitations, Imposed by the strength of the body of the flight 

vehicle, permits the exclusion of this case of load from number 

calculated. 

Directly after breakaway from the launching pad the motion of 

the flight vehicle In the silo proceeds for a certain time only 

under the action of forces and moments which are conditioned by the 

operation of the engine installation and the control system. Then 

with the emergence of the body of the vehicle from the silo, it 

starts to be Influenced by aerodynamic forces X(xt) and y^xi) and 

tilting moment 

M(*i) = K(jCi)(xi, — XiflUi)]. 

The magnitude of longitudinal component of aerodynamic force of the 

vehicle X In this case of load Is usually small (In comparison with 

P), and Its Influence can be disregarded. Values of transverse 

component of aerodynamic* force l'(xi) In the case of launching from 

a silo depend not only on the structure of wind flow, but also 

on tfc* speed of the flight vehicle and even the construction 

of the silo Itself (place of removal of gases). 

Magnitude Y{x,) can be represented approximately as a function 

of coordinate x, In the form 

°oPoSc,(*.' ao). (7.30) 

where 
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Here vQ - relative speed of the flight vehicle taking into account 

flow rate of air in the silo ve and wind speed u, i.e., equal to 

i>o = |(í'+ + (7.30') 

Oq - angle of attack, cy - coefficient of transverse aerodynamic 

load of the section of the flight vehicle body projecting out of 

the silo at an angle of attack Oq. Its values, and also the center 

of pressure .ria in function x, and Cq at large angles of attack are 

usually found experimentally. The designation tH indicates the 

time of onset of exit of the summit of the flight vehicle out of 

the silo. The magnitude of this time can be found from equation 

'» J vdt-Hw-l, 
0 

where - depth of silo, l - length of vehicle. Subsequently for 

simplification of the letter we will consider that * Î. Por 

flight vehicles with a relative brief period of stay in the silo 

it is possible with sufficient accuracy to consider Qq ■ const, and 

consequently to take 

t' = -L j P(rt (7.31) 
c 

With the law of change of thrust force P (1.13) we obtain 

We will assume (as this is usually done for obtaining the greatest 

probable deviations of a flight vehicle from the undisturbed state) 

that aerodynamic disturbing forces and moments, caused by operation 
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of th* engin* installation, act in one plane. Then the approximate 

equations of vertical and transverse shift of the flight vehicle 

as a solid body will have the form 

/nd-P-#Xi-G-*(*,), (7.32) 

mr\T-Pt + R^ + Y^,), (7.32') 

/,* - Y(*,) [xlT - xla (*,)] + Mp, - Ry (*lp - xh). 
(7.32") 

Her* the additional surface forces, caused by the influence of the 

engine stream, l.e., change of pressure Inside the silo, are included 

in the magnitude of thrust force P. 

In deciding the system of these equàtlons, we obtain the necessary 

values of components of transverse force Qa(x,) and bending moment 

tf,(xi) from aerodynamic forces. Total bending moments and transverse 

force are found by the formulas shown in Sections^ and 3 of Chapter 

IJI. 

External excess pressure from the starting wave will obviously 

determine the local strength of those elements of the vehicle body 

which are not under internal excess pressure. Here the calculation 

of local and general strength of construction of the flight vehicle 

for this case of load should be conducted taking into account Its 

possible heating by exhaust gases. The solution csystem of 

equations (32), (32*), and (32") also determines the transverse 

shift of points of the body of the flight vehicle In the system of 

coordinates connected with the silo 



The maximum value of this shift will apparently establish the 

necessary transverse dimensions of the silo, more exactly, the 

nemessary space between the exiting sections of the flight vehicle 

and the walls of the silo, thus ensuring that they do not collide. 

It Is clear that the least Internal diameter of silo will be only 

In the presence of special guide rails, eliminating, or In any 

case considerably limiting, the transverse motion of the body of 

the flight vehicle. 

7.5. Peculiarities of Load In a Vehicle In 
the Case of Movement on áulde ftalTs 

As support elements, limiting the transverse shifting of a 

flight vehicle, It Is possible to use the Inner surface of the 

Jacket of the silo or special guiding rods, girders. The use of 

guide rails Is economically expedient, since it does not require 

the thorough treatment of all the Inner surface of the Jacket of 

the silo. Two guiding rods are sufficient to ensure comparatively 

exact preparation and accurate adjustment In one diametrical plane. 

For ensuring the connection of the flight vehicle with these support 

guide rails special support devices are Installed on several sections 

of Its body, In the form of Rollers, lugs, and other similar 

elements. 

We will not dwell in detail on the construction of a silo, 

construction of support guide rails, and support units of the 

vehicle, since this question does not have fundamental value for 

the selection of a system for dynamic calculation of construction 

of the actual flight vehicle. Let us note only that in the presence 

of guide rails this case of load already embraces the whole process 

of movement of the flight vehicle in the silo (up to the moment 

of breakaway of its lower transverse support from the guiding device) 

not formally, but in strict conformity with calculation. 

As was already noted, It Is most expedient to Install two 

support guiding rods, the lateral walls of which are used for 



limiting the motion of the flight vehicle In plane perpendicular to 

the plane of their location, for Instance In plane (n, and the 

face surface - In plane cc. 

For the best understanding of the arrangement of load on the 

body of the flight vehicle during mcvement on such guide rails we 

will consider a case when the support elements of the flight 

vehicle (lugs) are absolutely rigid and slide on guide rails without 

a gap. We will consider the vehicle Itself absolutely rigid. Let 

us assume that there are two such support elements and they are 

fixed In sections xi, and xin (in a connected system of coordinates 

xiyi ). Further let us assume that in plane (n transverse shifting 

of the flight vehicle Is limited by only one main guide rail, the 

cross section of which has the form shown In Fig. 1.1. Since the 

support elements of the flight vehicle follow strictly the profile 

of the guide rail, then the transverse shifting of any point of 

It In the case of the assumptions made will be written in the form 

(7.34) 

where T|(*,n) - transverse shifts of support stirrups. Conse¬ 

quently transverse overload In the considered point xx of longitudinal 

axis of the flight vehicle (In the plane of location If the guide 

rails) will be 

We will present It In the form 

(7.33) 
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Knowing nj and A, It Is not difficult to calculate the corresponding 

support reactions from inertial forces. Prom equations 

*»„ + #,,,, = j ¢(3, (XlK, 
o 

i 
(7.36) 

where 

a = *ih — 

It ensues that 

(7.37) 

Here J( - mass moment of inertia of the flight vehicle relative to 

transverse axis z, parsing through its center of gravity «,Tl and 

Q - weight of vehicle. 

Lu* 

Pig. 7.7. Cross section of 
guide rail. 

juld* rail 

We will assume that external disturbing forces and moments act 

in one plane, namely in plane çç. Then the values of components 
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of rotations from aerodynamic loads acting on the flight vehicle 

during exit from the silo, from disturbing moment MpB (1.14), and 

from control forces will equal correspondingly 

(7.38) 

(7.38*) 

where xla(() - coordinates of center of pressure of aerodynamic forces 

applied to the section of the flight-vehicle body coming out of the 

silo (x, <i). Total reactions will be 

(7*39) 

Dependence of accelerations ^(x,,) and ij(x|H) on t will be determined 

basically by the nature of uneveness of the guide rails. To ensure 

Ideal reetlllnearlty of each guide rail and parallelism of their 

working surfaces to each other is practically Impossible. It Is 

necessary always to establish a certain system of allowances for 

the accuracy of their manufacture and assembling. Let us assume, 

for Instance that curvature of a guide rail can be described 

approximately by equation 



where L - length of that basic section of the guide rail on which 

control of the quality of its manufacture Is realized, - maximum 

sag of this section, and c - coordinate of the considered point 

of the guide rail (Pig. 7.8). 

Pig. 7>8. Schematic representation of 
the form of the carrying surface of a 
guide rail (In the direction of movement 
of the flight vehicle). 

Then transverse shift of upper transverse supporting point of 

the vehicle x„, coinciding at the particular moment with point 

C of the guide rail, will obviously equal 

S)--y-(l-c<M jl). (M1) 

Analogously the transverse shift of point xiH of the body of the 

flight vehicle Is found 

n(*i«. !) - { A0 [ 1 - cos 4n (I - a) Ÿ] • ( 7. M2 ) 

Differentiating these expressions (Ml) and (M2) twice In terms of 

t we obtain 

ñ È) = 2*[4 £ 4» cos (4*41) + 4 sin (4*4 ^)], 

tj (*|„. 4) = 2* 14 -J- 41“' cos [4* y-(4 - fl)] + 

+ 4sin[4*-j:(4-a)]|. 

Prom equation (3D» describing the longitudinal movement of center 
of gravity of the flight vehicle in the shaft of the silo, It follows 

that 
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Placing thcac cxpresslonc in formulas (43) and conducting certain 

elementary conversions, which we will omit here, we find the 

following expression for components rfi0i and A of transverse overload 

(35): 

+ io («.t - 1 ) *i» *in 4« j] COS 4j*j- 

- [4n j x„sin 4n £+* o (n,-1 ) ( x„ cos 4n j )] sin 4ji , 

y4(W-2n-^{[io(n,-l)sin4«| + 

+ 4nj|l—cos4fl-j)jcos4n-| + 

+ [f,(«*- i)(l-cos4ji|)-4n-^-sin4n j-| sin 4n -|-} • 

(7.44) 

As can be seen from these formulas, the magnitude of transverse 

overload in the center of gravity of the flight vehicle is propor¬ 

tional to the longitudinal overload and square of speed. At the 

beginning of motion of the vehicle, when its speed is slow and 

longitudinal overload differs eonparatlvely little from a unit, 

transverse overload and support reaotloris from inertial forces 

also will be snail. Consequently, under these conditions th^ 

influence of accuracy of manufacture and assembling of the guide y 

rail, especially in the lower section of the silo shaft, will 

be snail. 
» 

Since longitudinal overload for the entire time that the 

flight vehicle is located in the silo changes In comparatively small 

limits fron 1 to nxg), then with an Increase of speed of the 

vehicle a basic Influence on values and R . F* will be 
2 IH M M 

exerted only by aenbers containing v . Therefore with sufficient 

accuracy one nay assuae that in the upper part of the silo Jacket 

(7.45 
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Maximum value of ^,(35) will be observed at l^n-j («=■!, 2,...): 

to 
x„cos -j- a (7.H6) 

In the case of the rapid approach of the engine to operating 

conditions in first approximation it is possible to consider 

nx " nx0 " con8t* Then 

O-gofa-rO- l)1' 

From (46) It follows that transverse overload will be greater, 

the greater the speed of the flight vehicle in silo, i«e., the 

greater n^Q and length of the guide rails. Therefore the most 

radical method for decreasing it is limitation of this speed (for 

example, by means of Introduction of an intermediate stage of the 

thrust force). On the other hand, the same effect can be obtained 

by means of decreasing Aq/L and Increasing L/t. The graphs presented 

in Fig. 7.9 show how important it ia to seek an increase of ratio 

L/i, and, consequently, a decrease of â0/L, l.e.t an Increase of 

accuracy of fabrication’of guide rails on the final sector of 

movement of the flight vehicle along the Jacket of the silo. 

Fig. 7.9. Dependence of magnitude 
of overload on the accuracy of 
fabrication of the guide rail. 

Fig. 7.9. 

0 m uz as l/i , 

After tna upper support loses contact with the guide rail 

(R# becomes equal to zero) the flight vehicle under the action of 



disturbing wind loads, which were pointed out in the preceding section, 

will turn freely relative to the lower support x\* This turning 

in the case will determine the necessary gaps A» between the body 

of thw flight vehicle and the silo guide rail. It is clear that 

these necessary gaps will be less, the less the time the flight 

vehicle is moving on one pair of lugs, l.e., the less the distance 

a between the lugs. Therefore when designing such a type of launcher 

It Is natural to strive to decrease to the maximum this distance, 

establishing the upper support closer to the tall of the flight 

vehicle. However, as one may see from formulas (37)» any lowering 
of the magnitude a will lead to an increase of support reactions, 

and also to an Increase of transverse forces and bending moments 

in sections of the body of the flight vehicle. The latter In this 

case of load will be determined by expressions 

Q (*i) - S j*fl (Jfi. I) — dxx + 

X 

o 

« 

where e0 designates the Heaviside unit function. Since with rigid 

supports the angles of rotation of longitudinal axis of the flight 

vehicle will be small, then one should expect that the corresponding 

control^ forces also will be small. To avoid the appearance of large 

values of components of reactions R from any kind of probable 
H/ 

deviations of control devices it Is more expedient In this case 

to include In the operation of a control system after emergence 

of tho flight vehicle from the guide rails. 

Thus tho projected dynamic calculation of construction of a 

flight vehicle in the ease Is reduced to determination of such 

values of psrsmeters a, &0, L, nxQ, at which total support reactions 

■ J l) 'VÍ*!' 1) dxt — (*! ~ Jt| J. (7.47) 
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(39)» transverse forces, and bending moments (47) In all sections 

do not exceed permissible values. In other words, at which the 

given ease of load will not be calculated for construction of the 

vehicle. Por certain flight vehicles fulfillment of the above 

condition In the case of rigid supports can turn out to be difficult. 

Then one should use elastic supports, which are not so sensitive 

to errors of fabrication and assembling of guide rails and permit 

the Installation of additional Intermediate supporting points. 

I 7.6. Dynamics of Launching Vehicles 
Elastic Supports 

In the presence of elastic supports the layout of external 

forces acting on a flight vehicle In plane Cn has the form shown 

In Pig. 7.10. Equating the sum of projections of these forces on 

axes I and n of the starting system of coordinates to the correspond¬ 

ing forces of Inertia, we obtain the unknown equations of forward 

motion of the flight vehicle In the form 

«ñT-/>o+y({. i) 
(7.48) 

(7.49) 

Here if the combustion chamber of the main engine is used as control 

devices, thehIs taken equal to sero. Putting together the sum 

of moments of external forces relative to the transverse axis 

passing through the center of gravity of the flight vehicle, and 

equating to Its inertial moment, we find the following equations of 

rotation of the vehicle as a solid body (In plane Cn): 

/,# = Aip.+ ns. i)[*iT-xu(t)i- 
- #», (*lp - X|t) - /?.(*„ - *1T) - /?„ (x1K - xlT). ( 7.50 ) 

We will assume for simplicity that the flight vehicle has only two 

belts of elastic supports, located in sections *„ and x,„. The values 
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of reactions R( and Rh ln auch a east will depend on the rigidity 

of theae aupporta and the rigidity of the elementa for attaching 

them to the body of the flight vehicle. Let ua dealgnate the total 

quantltlea of theae rlgldltlee eorreapondlngly through ca and cH. 

Then in the preaenee of contact between aupporta of the flight 

vehicle and guide ralla 

Äi™ — <V|(^11)1 /7 ci \ 

»I (*!.) - »H + * (*1T - *1.). t| (*1.) - »K + « (X„ - JC,,). 

In the abaence of auch contact, for example, in the preaenee 

of gape Kq between the aupporta and guide ralla, theae reactlona 

will beeoae equal to aero, and equationa (48), (49), and (50) 

will deaorlbe free motion of the flight vehicle in the alio. 

Pig. 7.10. Arrangement of formet 
acting on a flight Vrehlel^ Mrlng 
movement on a guide rail. 

With |t|(xit) |> «o and |t|(xii)l>e« 

#•- -fihUu)*«ol. I 

/?h“ - C»(n(*,H) + ini. I 
(7.52) 
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where a minus sign before e0 is taken in the case of and 
plus - in the case of nU.KO. The influence of distortion of the 
guide rail or deviation of it from the vertical position (in the 
plane of action of disturbing forces) can be considered by means of 
introduction of additional shift t, which is a certain function of 
coordinate £ (see I 7.5). Since its value will be different for 
upper (■) and lower (m) belts of supports (41) and (42), then 

Rh= - C.fo (*!.) + «(£.)]. 

ÄH = — Ch fafaii) + ®(6h)1* 5k “6»— fl¬ 

it is obvious that the influence of distortion of guide rails on the 
nature of load on the construction of the flight vehicle will 
essentially depend on the rigidity of.elastic supports. Disturbing 

forces 

bR, --CJL (1,), I 

AÄh--^(U i (7.53) 

will be lesser, the less cB and cH. 

Using expressions (51)i (52) and (53)» we write equations 

(48) and (50) in the form 

% + c\~cfi + ft + Ryi, J # (7.54) 
# + = ^ + - Ry (*Ip - xlT), J 

where 
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(7.55) 

The equatloi 

flight vehl< 

Cl - 1/» + c. (x„ - x„) + c, (*u - x1T)l, 

[ca(X|T - *1.)* + c. (xlt - x,.)*|, 

ài “ -JJ [ca (xja—Xit) + ca (X|a — x1T)], 

£- WW + P*t- cMl) - Ch«(1- a)l. 

M.-t, [Mf. + y a) |x„ - Xu(t)l + Ca(x,a - X|T) e (|) + 

+ c«(xia-xlt)e(6-a).) 

The solution of this systen of ordinary nonlinear differential 

equations Jointly with equation (49) and the equation of control 

doserlblng the dependence of Ry, on the paramters of rotation of 

the flight vehicle relative to the transverse axis» passing through 

eenter of gravity» are sought for by some method of approximation» 

for Instanos» the method of numerical Integration. Here the 

beginning of countdown of time Is taken not as the moment of starting 

the engine» but the moment of achievement of thrust force with a 

value equal to 

P-Rx, + 0 + x. (7.56) 

Por comparatively large flight vehicled and especially In the 

case of high speed of emergence out of the silo a noticeable 

Influence can be exerted on the value of support reactions» transverse 

forces, and bending moments by Inertial forces» conditioned by 

elastic oscillations In the construction of the flight vehicle 

Itself. Trsnsverse shifting of any point of longitudinal axis of 

the vehicle In this case Is determined by the expression 

0“n»(0 + • (0(x1T-X,) + 2s,(0/*(x,). (7.57) 

Here 7»(xi) is designated the form of Inherent bending oscillations 

of the structure of the flight vehicle of the n-th (as a beam with 

free ends), and Sn - unknown function of time. Here the corresponding 

support reactions will equal 

where ô(x,-ji 

We wll 

/«(x.) : 
account the 

weight mfx)) 

and 

we obtain t 

mlnatlon of 
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Æ»** £í|i1t+ ^(*11 *n) + 2 5n/n (jTjb) + «(I,) T Sq , 
* n»l 

Ä« “ - C» nt + «(Jf|, - *ih) + h SJnk») + e(^) T eo 
»»•I 

(7.58) 

The equation of forced bending oscillations of the body of the 

flight vehicle in this case will be written in the form 

= + RyMxi - X[f) + RMxi -*,.) + 

+ Rh6(xi — jC|H) + Afp» à (x, X|n), 

(7.59) 

where ftix.-x,) - Dirac-delta function (x( = Jtip. x„, xlH, x,a). 

We will multiply the left and right sides of this equation by 

f„(xt) and Integrate with respect to x, from 0 to 1. Taking into 

account the condition of orthogonality of functions fR(xi) with 

'»eight m(xi) (4.62) and equalities 

and 

we obtain the following ordinary differential equations for deter¬ 

mination of functions S : 

1/ 
(7.60) 

With m¥=n (/1 = 1, 2, ...), 
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where 

a-n/i “ /m (jt|.)/n (jfi.) C, + Mx,b) Im (jC,H) C», 

(7.61) 

The system of equations (60) Is solved Jointly with equations 

describing the motion of the flight vehicle as a solid body.. Sub¬ 

stituting in (48) and (50) in place of and Rh the expressions 

(58), we will have 

^ + C\-cfi + ft + Ry-laA 

( 7 64 
* + »,♦ - »,<1+AT. - /(,, (,,( - - I 

n m i 

where 

' m (^i») "I" Ch/ii 

°»« “ 77 (■*!» “ Jfi») + C«/«I (JCm) (*|T - .ïi*)l. , 

Knowing §n, St ^Tt /?lt y(x,), it is not difficult to construct a 

diagram of transverse forces and bending moments. ^ 

Somewhat more complex is the arrangement of load on the 

construction of the flight vehicle during action of disturbing 

forces and moments in plane çç, perpendicular to the plane of 

location of the guide rails. If in the preceding case motion of 

the flight vehicle was flat, then in this case there can also be 

twisting of the body of the flight vehicle relative to the longi¬ 

tudinal axis. Let us designate by rf*,,) and r(x,H) the distances of 

supporting points of the lugs from the longitudinal axis of the 

vehicle *1. and through <p0(*i.) and <po(*i,,) the corresponding angles of 

rotation of sections xi, and xiH of the body relative to this axis. 

Expressions for support reactions of the lugs, located on the left 

^ei* Ric) and on the pl8ht <R¡¡; "»d R^) from plane « (Pig. 7.11), 
will have the form 
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(7.63) 
(7.61) 

8 

Sub- 
ions 

(7.62) 

et a 

rk “ - c. [e,+* K - ' u)+r (^1.)+*'(s)]- 
R< - - f. [c, + ♦ K - - <pu(xt.) r (AT,.) + e" (1)]. 
Kt = - f- [s, + *(*.»-*.„) + r (*1.) + «' (5 - a)]. 
R"l ' - C» [Ct + • '*.T - *.„) - <Pu(Jf.H)r (*.«) + *"(5 - «)]. 

where i - angle of rotation of the flight vehicle relative to the 
transverse axis, passing through the center of gravity, in plane 
U, CT - lateral shifting of center of gravity of the vehicle in 
this plane. Here the angles of rotation of support belts 40 will 
be equal to the sum of angles of rotation of the corresponding 
cross section due to twisting strain of the body and angle of 
rotation of the flight vehicle as a solid body (angle of roll 4). 
Using the method of separation of variables, we will present 
in the form of a series in terms of functions determining 
the normal forms of Inherent torsional oscillations of the construc¬ 
tion, 

q>o(*i. 0-i>(0-a<p(*i. 0. 

Aq>U,. 0-2MW*.). (7-6l,) 
P-1 

ng 
f 
n of 
-0 be 
ongi- 
nces of 
the 
les of 
axis, 

e left 
7.11), 

Here Vp is a certain function of time t. According to (3.3) the 
conditions of dynamic equilibrium of an element of a rod in the 
case of torsional oscillations are expressed by the formula 

-M*]) 
d’AvUi. 0 

3Ï» 
dM,p (*|) 

àx, ’ (7.65) 

where M*p(x,) - torque created by elastic forces (3.1)» support 
reactions, and control forces. Thus 

dM,p(jr„0 d f„f , n , xt/ , 
“ÃdC/'(*i> àx, J + 

(7.66) 
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Here 'r(xip) designates the distance from point of application to the 

body of the control force to the longitudinal axis of the flight 

vehicle, 0 - shear modulus of elasticity, and /P(xi) - polar area 

moment of Inertia of cross section of the carrying section In the 

construction If the body of the flight vehicle. Placing (66) 

In equation (65) and using formula (64), and also corresponding 

conditions of orthogonality of forms of torsional oscillations with 

»•If** U (xi), we obtain 

i 

J U(xj)X„ (*,)**„{xx)dxx - o with P**; 
• 

after carrying out of conversions, similar to those which were 

executed during derivation of bending oscillations in the construction 

of a flight vehicle (multiplication of all members of the equation 

*7 X»»(4> •»<* Integration In terms of xi), we obtain the following 

ordinary differential equation for function Wp(t): 

4 

H^-R:ùxMr(x^ - 2 VK)**(*.p)]' 
(-1 

(7.67) 

/*•-j /„(xiKÎMÎxOdxi (p-I, 2, ...)• (7.68) 

Mp - frequency of Inherent torsional oscillations In the construction 

of the flight vehicle. 

Equation of oscillations of the flight vehicle as a solid 

body relative longitudinal axis xt has the form 

Kc " R<)r K) + ^,. ( 7.6 9 ) 
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where J - mass moment of inertia of the vehicle relative to 

longitudinal axis, M - controlling moment based on channel of 
Aj 

bank. 

Pig. 7.11. Arrangement of load 
on lugs in a plane perpendicular 
to the location of the guide 
rails. 

Thus, for calculation of support reactions RJÇ, R¡c, RJÇ, R¡¡t, 

turning and bending moments in a plane perpendicular to the plane 

of location of the guide rails, it is necessary to solve the system 

of equations (67) and (69) Jointly with equations of transverse 

oscillations of the flight vehicle, analogous to equations (60), 

(48), and (50), and equations of control for channels of yawing, 

pitch, and bank. Moreover Jn equations (60), (48), and (50) instead 

of R_ and R it is necessary to substitute the expressions 
B W 

“ *'.c + ¿Ce 

and instead of nT and # - variables tT and # correspondingly. Assuming 

that all disturbing forces and moments act in one plane, and namely 

in plane (¢, we obtain the largest possible values of these reactions, 

transverse forces turning and bending moments, and the necessary 

gaps between the body of the flight vehicle and the guide rails. 

Torque is calculated in accordance with expression (66) by 

the formula 
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Calculation of quasl-otatle values of transverse forces and bending 

aoaents is done taking into account? the support reactions according 

to the following formulas: 

0 
(7.70) + K.Oo(*l - •*!.) + ~ -ïih). 

Mt(x„ 0-J QAxlt t)dx{. 
(7.71) 0 

Dynamic components Qfl(jr,) and AfA(jr,) are determined by expressions 

(3*3)* and the total values of transverse force and bending moment 

In plana cc - by formulas (3.2). 

During the appraisal of necessary carrying capacity for the 

construction of the flight vehicle an analysis Is made of the 

geometric sum of transverse forces and bending moments acting In 

both planes Cn and cc: 

Q(*w <)-[<rt(*i. 0+Qí(*i. /)]2, 

AiUl. <)-(Af5(*,, /) + Aí2c(x,, /)] >. 
(7.72) 

Here It la considered that maximum loads from wind can act on the 

flight vehicle at the same time In only one of these planes. The 

last remarie pertains, naturally, also to the calculation of loads 

on support elements, which was already noted, are Installed on the 

most powerful frames of the body of the flight vehicle, which are 

able to abstti) large concentrated forces In radial and tangential 

directions. 
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Above we assumed that guide rails and that base to which they 

are Joined are rigid, i.e., are not noticeably deformed under the 

influence of moving concentrated loads and R^ (i ■ s, h). If 

this assumption is not Justified, then one should also consider 

the influence of elasticity of the launcher itself. This is possible 

to do approximately, taking Instead of ci^cB» CH) a c®rtaln given 

rigidity c¿ 

where ccU) designates the local rigidity of a guide rail Jointly 

with the base (Jacket, boom, or girder of the launcher), equal to 

the ratio of magnitude of concentrated force, applied at point 

¢, to the radial (or tangential) shifting of the point caused by 

it. 

The influence of general deformation of this base (Jacket or 

bftoa) as a thln-walled rod can be considered by means of Inclusion 

in system of additional equations of the type 

/(, + 2/./, + ¾. (p = 1, 2,...-, i = B, h), (7.7*0 

where 
'c 

0 

and M - angular frequency of inherent transverse elastic oscillations 

of theCJacket, - for® of these oscillations in current 

point xA, satisfying the corresponding boundary conditions, ®CT(*) “ 

linear mass of Jacket with guide rails, MpC - reduced mass. More¬ 

over in the expressions for support reactions (58) or (63) we 
additionally introduce the member 

A/?, = Cl i /(,(/)^,(^() (( = B, H). 
p-l 

(7.75) 
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If launehlnc of tht flight vohlelt Is dons from an elastically 

suspended base (without preliminary turning off of shock absorbers), 

then It Is also necessary to consider additional degrees of freedom 

of system caused by the motion of this base (jacket) as a solid 

body In the motionless system of coordinates cnc: 

(7.76) 

(7.77) 

Here Ne( JQ - mass and mass moment of inertia of base (jacket) 

relative to the transverse axis passing through Its center of 

gravity xTe, ".j - support reactions of shock absorbers located in 

sections xQj of the base equal to 

RtJ*“ (tlcT + (jffc — *c/)l. (7.78) 

• where *QT - transverse shift of center of gravity of th/’base. 

be - angle of rotation of Its longitudinal axis x In plane cn, 

Cpj - rigidity of j-th support of base. Correspondingly corrections 

are made of values of reactions for magnitude 

Ci foci + <M*ct-■*/)!. (7.79) 

Calculation of Influence of elasticity of the jacket (girder 

of launcher, and so forth) and their support elements on the nature 

of load on the construction of the flight vehicle complicates the 

solution of the problem. Therefore the question of composition of 

the dynamic system for calculation of Its construction this particular 

case of load should be approached carefully. It is desirable 
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preliminarily to conduct a comparative appraisal of the influence 

on R^, Q(x,), Af(xi) of each degree of freedon of the system. In the 

case when rigidities of supports of the flight vehicle are small and 

permissible transverse shifts of it in the launcher are large an 

influence of any kind of additional shifts of the supports, caused 

by comparatively small errors in fabricating and assembling of the 

guide rails, and local and general deformation of the launcher and 

guide rails can be disregarded. 

I 7.7. Peculiarities of Load During Launch 
from a Firing Tube of a Ship 

Everything said in the preceding sections with respect to 

launching of a flight vehicle from a motionless silo remains true 

also for the case of launching from a firing tube located on a 

surface vessel or submarine. The only thing different will be the 

magnitudes of external forces and moments acting on the flight 

vehicle. In all cases it will be additionally loaded by transverse 

inertial forces caused by rocking of the ship on waves. Since the 

periods of these oscillations are great as compared to the periods 

of inherent bending oscillations in the construction of the flight 

vehicle and even exdeed the time of movement of it in the shaft 

of a silo, then these inertial loads almost always will have a 

static nature. It is not difficult to consider their influence 

on parameters of motion of the vehicle and on the values of support 

reactions, transverse forces, and bending moments. For this 

it follows in equations (76), (77) to consider functions nCT and 

Oc, determining the motion of the actual base (Jacket) of the tube, 

as assigned, for instance, changing according to the law 

tier-ncio sin at, 
0C - Oc0sin at, 

t 

where nCT0 - amplitude of oscillations of the ship at a point 

coinciding with the center of gravity of the tube Jacket, ffro * ampli¬ 

tude of angular oscillations of the Jacket relative to the transverse 
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axis passing through this center of gravity, and w - frequency of 

oscillations of the ship. 

During launching from under water the values of aerodynamic 

(in this case hydrodynamic) forces and moments, entering in equations 

(32), (32')» (32"), (49), (54), and (60) will be changed. The 

vehicle will be Influenced by additional ejecting force A§ (Archimedian 

force). Simultaneously drag will Increase significantly. Increase 

of the latter is explained not only by an Increase of Impact pressure 

due to the high density of water, but also by the appearance of 

suction drag. It is obvious that these forces should be Introduced 

in the equation of longitudinal motion of a flight vehicle in a 

silo (32) or (49), writing it in the form 

ml-P-G-X + A.-R„. 

In equations (30) and (30') Instead of average wind speed the 

S9M* of the ship is taken, and in certain cases the Influence of 

pmlsatlen of flow rate caused by agitation of sea is considered. 

BOro during tho calculation of coefficients m and J., entering in 

the equation both of longitudinal and transverse motion of a flight 

vehicle, the adjoint mass of water is considered. The latter can 

have values, comparsble with the mgss of the flight vehicle Itself. 

The magnitude of coefficient of hydrodynamic damping of transverse 

oscillations of the construction of the vehicle increases Insignifi¬ 

cantly. And, finally, if the calculation of forces in the body 

of the flight vehicle in cases S and V is conducted for storm 

conditions of load on a ship, then in that particular case the 

necessity can arise for calculation of additional overloads, caused 

by elastic oscillations in the construction of the ship Itself. The 

value of these low-frequency vibration overloads is determined 

as a result of carrying out a dynamic calculation of the construction 

of the ship. 
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Footnotes 

Aviation Week, 9v., vol. 72, No. 19, p. 55. 

2Voprosy raketnoy tekhnlkl, No. 2, 1967, str. 107. 

3An exception are cases of crossing through an obstacle and 
movement over periodically repeated roughnesses with an unfavorable 
combination of frequencies of natural oscillations with frequency 
of the disturbing Influence of the roughnesses. 

"Voprosy raketnoy tekhniki. No. 2, 1967, str. 9» 
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CHAPTER VIII 

. DYNAMICS OF LAUNCHING A FLIGHT VEHICLE FROM 
AN ELASTIC LAUNCHING INSTALLATION 

S 8.1. Cases of Load 

The launching of uncontrolled and controlled flight vehicles 

which are Intended for time use (aircraft or ballistic type) is 

usually carried out with the help of a special launcher. Construction 

of such an installation is determined basically by the assignment 

of the vehicle, its geometric dimensions, launching weight, and 
component arrangement. Sometimes it also depends on the structure 

diagram of the body, in particular, on the place of location of the 
body of support section which is able to transmit the weight of the 

vehicle on the launcher. Most frequently selected as such a section 
is the point of application of the thrust force of the engines or 

forces from side-mounting boosters. 

Construction of the launcher is complicated significantly when 

the mentioned support section is located comparatively far away or 
when for absorption of crosswind loads, disturbing moment from the 

system of boosters, and also transverse component of weight force 
(during inclined launching) is there the necessity of introduction of 

transverse supports. In such cases for determination of optimum 
(based on conditions of body strength of the flight vehicle) values 

of rigidity of these supports the necessity arises for carrying out 

an investigation of dynamics of the flight vehicle launching taking 

into account the influence of elasticity of construction of the 

launcher. 
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We will consider a flight vehicle equipped with side-mounting 

boosters (B, B, f, A* •••). Let us assume that each booster has 

an independent propulsion system, the thrust force of which is trans¬ 

mitted to the body of the vehicle in a certain section x. . This 

section, which absorbs comparatively large longitudinal loads, we 

will take as the support section during installation of the flight 

vehicle on the launcher. Certainly it is also possible to take some 

other section, for instance a section located on the bodies of the 

side-mounting booster, and so forth. 

In a general case the supporting structure of a launcher can be 

presented schematically in the form of a system of rods, some of which 

perceive only vertical loads (weight force), and some - only lateral 

load and moments acting on the flight vehicle in the period it is in 

the launcher. Let us assume for simplicity that the number of support 

rods is equal to the number of side-mounting boosters, i.e., each 

booster is suspended to a separate support rod of the launcher, and the 

body of the flight vehicle rests on the booster. 

Structural load of such a flight vehicle and launcher in the 

process of launching will depend on the nature of change in thrust 

force of the engines during starting and emergency shutdown. Scatter¬ 

ing of time for the onset of an increase (drop) in thrust force 

(from the moment of issuance of the command for launching) and 

difference in the actual laws of change of pressure in the combustion 

chambers of engines of oppositely located boosters, for instance B 

and f, will lead to the appearance of large dynamic disturbing moments, 

transmitted through the body of the flight vehicle to the launcher. 

To anticipate all the possible variants of actual switching on of 

engines is practically impossible and it is doubtful whether it is 

necessary. It is possible to establish certain most probable laws 

of change in these moments only in the presence of a comparatively 

large number of corresponding experimental data. In the process of 

planning as a rule such data are absent. Therefore during the 

determination of necessary strength and rigidity for the structure of 

a flight vehicle and the structure of the launcher it is necessary to 

be oriented on limiting cases of load: 
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a) case of identical change of thrust force for all engines of 

the flight vehicle, i.e., a case of action on the flight vehicle of 

maximum longitudinal force (in the absence of disturbing transverse 

forces and moments); 

b) case of identical change of thrust force in a group of side- 

by-side boosters on the assumption that the actual switching on of 

engines of the remaining boosters occurs with the highest possible 

delay for the given system, i.e., a case of action of maximum disturb¬ 

ing moment on the system flight vehicle-launcher. 

In both cases both the process of approach to conditions and also 

the process of cutting, off of the engines are considered, if of 

course the latter is anticipated by the starting arrangement. For 

the flight vehicle having a one-sided power connection with the 

boosters (in the direction of action of thrust force), it is 

expedient additionally to analyze and a case of delay of switching on 

the engine of one of the side-mounting boosters. The stated cases of 

load are conditional, since in reality during the influence of 

aerodynamic and control forces on a flight vehicle in the process of 

launching the vehicle-launcher system will accomplish oscillations i 

in longitudinal and transverse directions simultaneously. Only in 

case (a) and in an additional case of load longitudinal oscillations 

will be predominant, and case (b) - transverse. Methods for 

aalculation of longitudinal oscillations in the structure of a 

flight vehicle in the process of launching, magnitude of its Jump 

above the launcher, and coefficient of dynamics for supporting members 

of the launcher (in longitudinal direction) were presented in preced¬ 

ing chapter. The question on longitudinal elastic oscillations of 

the structure of a flight vehicle with isolated side-mounting boosters 

will be considered more specifically in Chapter XI. In this chapter 

we will dwell only on transverse oscillations of the vehicle-launcher 

system. 



§ 8.2. Equations of Free Transverse Oscillations of 
a Vehicle-Launcher System 

For calculation of dynamic components of transverse forces and 

bending moments In cross sections of the body of boosters and the 

vehicle itself, and also transverse dynamic loads on support elements 

of launcher in the process of launching it is necessary first of all 

to determine the form and frequency of inherent transverse oscilla¬ 

tions of the flight vehicle-launcher system. For flight vehicles 

which do not have side-mounting boosters this problem is solved 

comparatively simply. Actually if the masses of transverse support 

elements of the launcher are small as compared to mass of the flight 

vehicle, then they can be presented schematically in the form of 

weightless elastic supports possessing a certain rigidity EB and EH. 

Then, considering the flight vehicle as an elongated beam, located 

(in a transverse direction) on two elastic supports "b" and h it is 

possible to find directly the unknown values o>m and fm(x) of this 

system by using the method of iteration. 

In this case when it is impossible to disregard the mass of 

transverse support elements of the launcher of the structure of the 

flight vehicle consists of several in parallel and elastically 

connected blocks (pack of blocks) the direct calculation of normal 

forms of transverse oscillations of the system by the method of 

iterations is inexpedient. In spite of the apparent simplicity, 

this method is laborious for systems consisting of a cluster of 

beams. A change cf any parameter of the system requires a repetition 

of the calculation from the very beginning. In the process of 

planning, and also In the analysis of the dynamic arrangement of the 

system, this has to be done very frequently. From this point of a 

more flexible, and consequently simpler, method is based on the use 

of linear transformation of generalized coordinates to normal 

coordinates (Chapter V). We will also use this method in this 

chapter. 

At first we will make up equations for determining the frequencies 

and forms of inherent transverse oscillations of a flight vehicle 
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(without bposters) which is suspended in a transverse direction, for 

example, on eiftht elastic support rods with a variable section of 

comparatively large mass (located in planes Çn and Çç). Let us 

assume that all the rods included in one support belt (upper or 

lower "h”) are completely identical, i.e., axis Ç is the axis of 

symmetry of the system. Further we will consider that all the support 

rods in a plane perpendicular to the plane of their positioning 

are rigidly fastened on one end in the stationary base of the launcher, 

and on the other end are connected by a joint with the body of the 

flight vehicle (in sections xB and xH). In the plane of their 

disposition they are able to rotate freely relative to points 0, and 

02 (Fig. 8.1). Furthermore, for definiteness we shall accept that 

the weight force of the flight vehicle is transmitted on the 

longitudinal supports of the launcher in section xB, i.e., in the 

area of disposition of the upper transverse supports. 

Fig. 8.1. Dynamic arrangement of the vehicle- 
elastic launcher system in a transverse di¬ 
rection. 

We will examine small free transverse oscillations of the system 

in one of the planes of symmetry, for example, Çn. In addition we 
« 

will introduce the auxiliary systems of coordinates Oix,i/, and 02x2y2, 

connected with the nondeformed state of the support rods of the upper 

and lower belts. Axes x\ and x2 of these systems we will draw through 

points Oi, O2 and the points of connection of the rods with the body 

of the flight vehicle, and axes yi and y2 we direct parallel to axis 

n of the launching system of coordinates. Let us assume that displace' 

ment of any points x« and x2 of longitudinal axes of rods "b" and "h" 

(due to bending) will equal ^( xi, t) and nH(x2, t). It is obvious 

that these shifts of the ends of these support rods (*» = /*., x2 = 

* n (It., t) and n t) will evoke forward and rotational motion 
c B He 
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of the flight vehicle as a solid body. If one were to designate 

transverse shifts of points of the longitudinal axis of the flight 

vehicle due to bending strain of body through y(x, t), then the 

transverse shift of any point x of this axis in a motionless system 

of coordinates in the plane of oscillations will be determined by the 

expression 

r\(x, V-y (x, () + ^, + (8.1) 

where a - distance between supports x and x , h and - lengths 
of rods "b" and "h." 

If the transverse support rods of launcher which are located in 

plane do not take part in transverse oscillations of the system 

in this plane £n, then the kinetic energy of the system will consist 

only of the sum of kinetic energy of oscillations of two pairs of 

transverse support rods ("b" and "h") and kinetic energy of motion of 
the flight vehicle itself: 

L (, 

T'oiO-'ÿ { "i(*)ñ2(*. 0 d* + J m(*,)r|*(x,, t)dx,+ 
0 0 

+ J 0 dxr (8,2) 
0 

If, however, these support rods participate in the movement of the 

system, then additionally one should consider the kinetic energy of 

rotation of two other pairs of rods, equal to 

= 0 + 4^0- 
/, <2 

(8.3) 

Here /, and designate the moments of inertia of mass of rods "b" 

and "h" relative to transverse axes y, end y2« 

Potential energy Uq of the given elastic system will consist of 

the sum of strain energies of the flight-vehicle body, strain energy 

of the rods, and energy of the position. Potential energy of the 
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position will be equaj. to the work which is accomplished by gravity on 

the vertical displacement of ttu center of gravity of the flight 

vehicle, caused by the turning of axis x relative to the longitudinal 

support. Usually the share of this energy in the overall value of 

potential energy of the system is small and its influence in first 

approximation can be disregarded. Por simplification of the problem 

we will assume that it is also possible to disregard the energy 

deformation of the longitudinal support rods of the launcher due to 

transverse oscillations of the system. In case of Jump of the flight 

vehicle above the launcher it actually will be equal to zero. Thus, 

L 

(8.4) 

In accordance with method of separation of variables we will 

present the transverse deformations of transverse support rods and 

the body of the flight vehicle in the form 

y(x. 0 “ 2 SAOLW' 

p-i 

0 - 2 r»(0 *»(*»). 

where Kp» ^ - function only of time, $p - function only of 

coordinate xt, Xk - function only of coordinate Functions of 

coordinates are selected in such a way that they satisfy the 

corresponding boundary conditions. For a flight vehicle, both ends 

of which are free, they consist of the absence of forces in end 

sections of the body x ■ 0 and x ■ L: 

d'\n U> 

(8.6) 
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(8.4) 

will 

is and 

\ 

(8.5) ''V 

of 

is of 

;h ends 

?nd 

(8.6) 

For support rods "d" and "h" - in equality to zero for transverse 

shifts and angles of turning of cross sections in the area of fixing 

and in equality to zero for bending moments and transverse forces 

on free ends 

^(-0 = 0, 

X*(jt2) = 0, 

</(iy (*i) 
iJx, 

dXn (xt) 
dx, 

d’<bp (X,) d r 

«'«ï ■ "i’i 

üïïilîi.O. -i- 
dxj dx2 [ 

- = 0withx, -0, 

- = 0 with xj - 0, 

ß (x,) with xi- 

0(^)^4^1 = 0 with xj- 
dg? J 

/2. 

(8.7) 

In reality the values of transverse forces on ends of support 

rods will be determined by the magnitude of the corresponding 

support reactions R and R . Therefore the boundary conditions 

written above (7) at first glance can appear unnatural. However, 

as we will see subsequently, the influence of these transverse 

forces on function and ^(Xg) is more expedient to consider 

not in boundary conditions, but by means of introduction of the 

corresponding apparent additional concentrated masses on the ends 

of the rods. 

Also imposed on function fn(x) is the additional condition of 

equality to zero of sags in the body of the flight vehicle in places 

of installation of supports "b” and ”h," i.e., 

fnM-f'M-O. (8.8) 

Furthermore, for obtaining the expression of potential and kinetic 

energy of the flight vehicle and transverse support rods in the form 

of the sum of squares, we require that functions fn(x), and also 

functions and Xj{(x2), be orthogonal among themselves with the 

corresponding weight m(x), mix,) and m(x2). In other words, these 

functions should constitute forms of natui’al oscillations of certain 

partial systems, obtained in a specific way from the considered 

system. In order to better grasp the method of obtaining these 
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partial systems, we will follow the derivation of equations of free 

oscillations of the system up to the very end. 

We will take as a generalized coordinate, the functions Sn(t), 

, and (t). Taking into account the above-indicated properties 

of functions fn(t), ♦pt*1) » and and using equation (4.1) and 

formulas (2), (4), and (5), after certain elementary conversions,, 

which we will omit here, we obtain the following system of ordinary 

differential equations, describing free transverse oscillations of 

system 

*.($.+"WJ + ll Vt, + Il «„f, - o, 
Pm> l»l 

+ o^K,) + ß aj, +.2 bjk -= 0, 
(I™ I km I 

2Mnk(fk + »IJ") + 2 atnSH + £ bkpK - 0 
pm J 

(»-I. 2. p-l, 2. *-|t 2, 

Coefficients of these equations will be equal to 

L 

J m{x)fll(x)(xt-x)h, 
/ 

L / 

J m(x)fH(x)(x-xt)dx, 
0 

b# -4»,--¿r Xk (/,) <J>, (/,) {AÍ (jct (jc, + XJ - XfXt] - ! (0)}. 

L 

Ai, - J m(x)ftn(x)dx, 
0 
I. 

AÍm" J »•■»Ui)®î(jri)djti, 
o 
i, 

Mrt - J «np (xj) X* (jti) dXi, 

(8.9) 

(8.10) 

where x - coordinate of center of gravity of the flight vehicle, 
T 

J(0) - moment of inertia of its mass relative to transverse axis z, 
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passing through the origin of coordinates x * 0 (sununit of body of 

the vehicle), M - mass of flight vehicle, mnp - reduced mass of support 

rods, equal to 

mnt (*,) + . A (*, - /,), 

m„f (xt) - m (xj) + • i(xj~ /,). 

Here Jz(xB) and JZ(*H) - mass moments of inertia of flight vehicle 

relative to the transverse axes passing through the upper x and 

lower xH supports. With wn, uBp and a>Hk we designate the expressions 

0 

Comparing them with (^.65) we see that they constitute partial 

frequencies of inherent transverse oscillations of the flight 

vehicle, and the upper and lower support rods correspondingly. It is 

not difficult to note that function ^(x) In this case should satisfy 

equation (4.67), boundary conditions (6), and the condition of 

orthogonality (4.62). Functions ¢^,) and Xk(x2) in the case of above- 

indicated boundary conditions (7) should represent the forms of 

inherent transverse oscillations of support rods with apparent 

additional concentrated masses Jz(xH)/2a2 and Jz(xB)/2a2 in sections 
xt = /i and x2 » Z2, i.e., satisfy equations . 

d1 

dx* B(*>) dxi -“>„p(*, )-0. 

dxA. 1 d(] -w>„pWX,(xj) = 0 

(p = I, 2 ..¢=1,2,...) 

(8.12) 

(8.13) 
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Solution of the system of uniform differential equations in 

reverse form (S) can be presented in the form 

(8.14) 

(/i» t, 2, p-1. 2, *-•!, 2, 

where u - frequency of natural oscillations of the system on the whole, 

and S , K and T, - amplitude of oscillations of points of reduc- 
run pm icm 

tion of corresponding partial systems. Substituting these solutions 

In equations (9) and equating to zero the determinant of the system, 

composed of coefficients with unknowns S^, Kpm and T^, we obtain an 

algebraic equations relative to w2 - equation of frequencies of the 

system. This equation will have the simplest form in the particular 

case when it is possible to be limited to a calculation of only the 

first tones of partial frequencies of the system: 

-•*a„ 2(^-^)^ -<*>”>„- =0. 

By the determinant we have 

»•(ÍAMímAí,.* -!- anpbpifian - - Mnblp - iMnfilp) ~ 

— + iEnpMpMnk + ^EnMnpMnk ~ 2£gpûn* — 

— Enblp - 2£\i*a«5) r iw2 (£w)£H*Mn + EnEnkMnp + EnEnpMnk) — 

- 4£1p£H»£n = 0, 

where 
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ln § 8.3. Transverse Oscillations of the btructure of 
an Apparatus with a Pack Arrangement 

Now we will consider free transverse elastic oscillations of a 

^8.14) more complex system, namely oscillations of a flight vehicle with 

side-mounting boosters (pack layout) on the elastic launcher 

described in the preceding section. If such a flight vehicle consists 

f of a large number of blocks, connected in one or several packs, then 

the whole, the problem of determination of its natural frequencies and forms of 

reduc- oscillations will present great difficulties, basically of a calculat- 

lutions ing nature. The actual process of composition of equations of free 

system, oscillations of such a system with an increase in the number of blocks 

btain an and packs is complicated comparatively little. Therefore, for 

of the simplification of the letter we will subsequently be limited to a 

;ticular consideration of oscillations of a hypothetical flight vehicle, 

ly the representing a system which is made up of one basic block (A) and 

eight side-mounting boosters (Pig. 8.2) absolutely identical in their 

structural and weight parameters, located symmetrically around it. 

Here we will consider that the connection of side-mounting boosters 

6, B, r, A with the body of block A in transverse and lateral direc¬ 

tions is carried out with the help of identical elastic connections, 

^ and boosters B', B", A', and A" with the help of connections of 

' equal rigidity in plane Çn(çn)* 

(8.15) 

Fig. 8.2. Dynamic layout of a system of boosters 
of the type "pack" - elastic launcher in a trans¬ 
verse direction. 
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We will present this flight vehicle schematically in the form of 

a system of elastically connected thin-walled rods of variable section 

(Pig. 8.2b).' Let us assume that the weight of transverse support 

elements of launcher is small as compared to weight of the side¬ 

mounting boosters. In this case the mentioned support elements can 

be presented in the form of weightless1 elastic elements with given 

rigidities E and E . The value of the latter in practice can be 

defined as the ratio of the magnitude of transverse force, applied 

in the end section of the support element to the transverse displace¬ 

ment caused by it. 

Let us assume further that elastic supports "b" and "h" are 

fixed on ends of bodies of side-mounting boosters (in planes Bf and 

BA) and that they (supports) absorb only loads acting in a direction 

perpendicular to the plane of their location. 

In the case of complete symmetry of the considered system free 

oscillations of it in planes of location of longitudinal axes of 

boosters B, A and B, f will be mutually Independent, and the equations 

describing these oscillations will have an identical form. Therefore 

it is possible to limit ourselves to a consideration of free oscilla¬ 

tions of this system only in one plane £n (plane of location of 

boosters B and D, considering the correctness of the results obtained 

also for thesother plane Çç. 

We will make one içore important simplifying assumption, concern¬ 

ing flight vehicles equipped with engines working on liquid fuel. 

Usually for such boosters the fuel tanks at launching are almost 

completely filled with liquid. In such case (Chapter II) the influence 

of its mobility on inertial characteristics of the flight vehicle, 

and consequently also on frequencies and forms of inherent elastic 

oscillations of the system, will be comparatively small, and in first 

approximation they can be disregarded. 

*The calculation of the influence of mass of support elements 
does not present any fundamental difficulties. 



Along with the basic system of coordinates xyz, connected with 

the body of block A, we will introduce an auxiliary systems of 

coordinates connected with the bodies of the side-mounting 

boosters. The origins of these auxiliary systems of coordinates we 

will place in the summits of the boosters, heading axis x, along the 

longitudinal axes of their bodies to the tail, and axis y* parallel 

to axis y (Fig. 8.2b). The latter we will dispose in one of the 

planes of symmetry of the system, for instance in plane Çn of the 

launching system of coordinates. Here we will consider that the 

angle between axes x» and x is small. Let us assume further that 

shlftings of points of longitudinal axes of blocks B, A". A'» B", B', 

T in plane are absolutely identical and are characterized completely 

by shifts of points of one block, for instance B. We will also 

consider shift of corresponding points of blocks B and A as identical. 

The expression for kinetic energy of the considered system will 

consist of the sum of kinetic energies of small transverse oscillations 

with respect to the position of equilibrium (underformed state of 

the system) the basic block, and side-mounting boosters. 

(8.16) 
0 0 

where L - length of vehicle (block A), l - length of booster, nA, 

and Hr- - shifts of points of longitudinal axes of the corresponding 
D 

blocks (A, A» B) in plane Çn of the launching system of coordinates. 

Transverse shifting of points of the body of side-mounting 

booster A (and this also means B) will be composed of forward and 

rotary shifts of its longitudinal axis, caused by deformation of 

elastic supports "b” and whw and shifts caused by bending of the 

boostor body itself yu(xi,0 

(8.17) 

Transverse shifts of points of the longitudinal axis of the 

basic block nA(x, t) can also be presented in the form of the sum of 
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shifts caused by its motion as a solid body and deformation of the 

body as beam, located on supports I and II. Forward and rotary 

shifting of axis x will in this case be determined by deformation of 

supports "b" and "h," by transverse shifts of points of longitudinal 

axes of boosters A and B (in places of Joining of elastic connection 

II), and deformations of elastic connections I and II themselves. By 

the latter are understood shifts of yj and y^ of points xB and xc of 

blocks A relative to the corresponding points (*1 = 0 and *i«jric = a) 

of the longitudinal axes of boosters A and D, considering not only 

local deformation of elements of connection of the basic block and 

booster*, but also the twisting strain on bodies of side-mounting 

boosters. Thus we will have 

nA(x, <)-»*(*. <)+[y„(0 + nfl(x,c. 01^ + 

+ h.(0+yi(0)(i — (8.18) 

where a ■ x„ x . C B 

On the basis of formula (17) 

u. I) +-Hr *„ «> 

+«I + ÍTÍ >m (‘i.’ 0- 

V 
(18.18') 

Considering further that connections I and II are absolutely 

rigid in a radial direction and in the direction of axis x, we obtain 

an analogous expression for transverse shifting of points of 

longitudinal axis of the booster B (f, B', B", A’ and A”): 

+ -T yu + í1-T1"(0 + y'*(18.19) 

where is the magnitude of sag of .e axis of booster B as a 

beam located on hinged supports in section *i ■ 0 and xi=xif It is 



necessary to note that when using the units for transmission of 

longitudinal load from the boosters co the body of block A as the front 

transverse connection I, the rigidity of this connection can turn out 

to be very great as compared to the rigidity of the lowçr force 

connection II. In such a case the Influence of the shifting of 

yj(t) on the lowest forms and frequencies of inherent elastic 

oscillations of the system will be small. On this basis by conduct¬ 

ing further simplification we will consider that yj(t) * 0, and 

(for simplicity of designation) y^.^ * yc. 

Potential energy of this system will consist of the sum of the 

energy of transverse deformation of the construction of basic block 

A and side-mounting boosters and the energies of deformation of 

elastic connections and support elements of the launcher. Just as 

in the preceding section, we will consider that (in view of the 

smallness of oscillations) potential energy of the position of the 

system can be disregarded. Furthermore, we will not consider strain 

energy of longitudinal support elements of the launcher. 

We will present the sags of block A and boosters B and A In the 

form of infinite series 

ys(x, 0- i S.<0/.U). 
n-l 

pm I 

i)- S 
Pm ' 

Here f and ¢. (i - B, A) are functions only of coordinates x and *» 
n pi 

correspondingly, and and Kp^ - functions only of time t. 

We will take functions S„ and K . and displacements y* and n,. 
H pX C n n 

also depending only on time t, as generalized coordinates Qj. We 

select functions f^U) and in such a way that the expression 

for potential energy of the system is a homogeneous function of the 

second degree from the stated generalized coordinates. For this it is 
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sufficient that these functions are normal forms of inherent transverse 

oscillations of the corresponding partial systems. The method of 

determination of these partial forms of oscillations (taking into 

account the influence of transverse and longitudinal forces, inertia 

of rotation of sections) is presented in Chapter IV. 

Omitting, for simplification of recording, the members which are 

dependent on Q(x) and N(x), we will present the expression for 

potential energy of the system in the form 

tf.<0-T£ciW + W>+£.n¡<0 + 

(8.20) 
< 0 

(i - B. B'. Ä, Ä'.) 

Here Ec designates the rigidity of the lower elastic connection (II), 

•4.ual to the proportionality factor between force, applied at point of 

crossing of axis of connection with asix x of the flight vehicle, 

and the corresponding deformation yc. the latter is found on the 

asswption that points «i* of boosters A and B are motionless. 

Substituting (16) and (20) in (4.1), we obtaif^a system of 

ordinary differential equations with constant coefficients in a 

reverse form, which also will describe free transverse oscillations of 

the particular flight vehicle on an elastic launcher 

m 

S Otyflyf buQi " 0 (i “ t, 2, ...). (8.21) 

If the flight vehicle does not Jump above the launcher, i.e., 

Its support section xB has constant contact with the longitudinal 

support elements of the launcher, the transverse oscillations of the 

system will be accompanied also by longitudinal oscillations. In 

this case in the expression for potential energy (20) it is also 

hècessary to consider strain energy of longitudinal supports, and in 
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the expressions for kinetic energy of the system - the corresponding 

kinetic energy of longitudinal oscillations of blocks which are 

suspended on these longitudinal supports. 

We will designate the rigidity of one longitudinal support . 

through Ex, and its distance from the longitudinal axis of block 

through r(xB). Since the angle of rotation of support section x of 

the body of block A relative to the neutral axis during transverse 

oscillations of the system is equal to 3nAUB, t)/3x, then the 

corresponding longitudinal shifts of side-mounting boosters of group 

B will be determined by the expression 

M*.) 
d,U (*■ 0 

dx UC0SY/. 

. and their kinetic energy - by formula 

cos'y/. 

where m01 - mass of side-mounting boosters, - angle between planes 

Çn and xxu (Pig. 8.2a). The corresponding increase of potential 

energy of the system will be equal to 

\u0(o - j fx'*(*.)£[-£-\(x. 0Ujc°sV 
i-i 

In the case of a more strict investigation of this case of load 

one should consider, obviously, the longitudinal and transverse elastic 

oscillations of the system Jointly. A separate investigation of them 

is permissible only if the lowest partial frequencies of inherent 

longitudinal elastic oscillations of the bodies of the boosters are 

consiberably greater than the lowest partial frequencies of inherent 

transverse oscillations, i.e., when it is possible to hope that the 

interconnection of transverse and longitudinal oscillations will be 

weak. 
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If we take into account the above-indicated additional values of 

potential and kinetic energies, then we obtain equations of free 

oscillations of the system in the form 

* » 

SM/“0 O'“'.2.k) (8.22) 

In accordance with the accepted designations for shifts of 

points of system (17), (18), and (19), subsequently when writing 

expressions for coefficients a^ and b^, and also when writing 

equations (22) in expanded form, for greater clarity we will use, 

along with numbers (1, 2, ...), the corresponding letter designations 

fbr subscripts i and J, namely: n, h, b, c, p6, pß. 

Thus, for instance, the equation for i ■ h will have the form 

as 

as m 

+ 5 v V + 2 b+q* + %fmqm “ 0. 

Expressions for coefficients of these equations and methods of 

determination of partial forms and frequencies of natural oscillations 

of a system are given in the following section. 

I 8.4. Calculation of Coefficients for Equations 
of Free traniverse Oscillations of 

a System • 

Equations (21) and (22) contain coefficients of three forms: 

1) coefficients a^ and b^j, for which both subscripts are 

identical. The first of these coefficients designates reduced mass of 

the i-th partial system, and the second - reduced rigidity; 
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2) coefficients and a^, which are obtained in the presence 

in the expression for kinetic energy of a system of members with 

products of derivative from generalized coordinates. They character¬ 

ize the dynamic (inertial) connection of the corresponding (i-th and 

J-th) partial systems between each other (i i* J); 

3) coefficients b^ and b^ (i ft j), the presence of which in 

the stated equations is conditioned by the presence of members with 

products of generalized coordinates in the expression for potential 

energy of the system. These coefficients determine the static 

(power) connection of i-th and j-th partial systems between each 

other. 

Values of all the above-indicated coefficients depend on structure 

of the system, its dynamic arrangement. It is easy to check this if 

one were to compare the expressions for the corresponding coefficients 

of equations (21) and (22) which were given in the preceding section 

(describing free transverse oscillations of essentially similar 

dynamic systems having the same partial systems). In the first case, 

i.e., in the presence of Jump of the flight vehicle above the support 

plane of the launcher, the reduced masses of partial systems will be 

determined by the formulas : 

aiut “ Al|»> 

am — M,- 1 (xt). 

a„ •« AI, “ M + -^r^~ —j M(xr — xt), 

i 

«na, “ “ Í ^ 
0 
I 

«BF.P - M,* - M,r “ J m (X.) (X.) dx,, 

(8.23) 

where 

/(x.)-/*(*.) +8/e. rt»«i>(X|) - mix,) + Am • ôíx, - x,c). 

Am - ~ [;*(*,) + 6/e| 
(8.2H) 
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In the second case, in the absence of the possibility for free 

turning of support section x_ of the body of the flight vehicle, 
D 

these reduced masses will equal 

(8.25) 

Approximate expressions of reduced rigidity of these particular 

partial systems in the first case will have the form: 

In the second case: 

bn ” £c» “ £,. bm “ Eh, 

0 

6». - Ur - J B U,)[^Vf»i- 

V (8.26) 

b +e mm • 

■[ 
éLlÍH. 

da 

^Ui) S cos’ Y(, 

k.. + eB? - 
t , 1 

+ e* "a7 (Xlc)' 

^irr “ ^»rr1 

(8.27) 

Connection coefficients a^ and b^j 

systems satisfy the condition of symmetry 

(with i ^ J) for conservative 

, i.e., a^ - a^, - b^. 

Their valu 

and in the 
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ree 

25) 

alar 

?6) 

?7 ) 

ative 

Their values In the second case will be determined by formulas (28), 

and in the first -(29): 

' a + e, 
dl'jx) 

Mfl rtH ' 0 / ¿X 

rtB Bfl 
ia -e — {x) 1 "* 0 / dx L., 

cn nc 
dL (f) 

-o14 d* 

Ipflc ' 

l' 1 
apJXh 

a' - 

= aW« - aflAp + (Jf.c) -¾^ L.^ 

' a*Ap ” apa* ~eoJ ®pa (^ic)* 

: acOfi “ apJXc + e0®p4 (*lc)’ 

' aMÄp “ apflH + eo 7 ®pa (^ic)* 

: ûc. e0 I < 

a- “ a« eo / ' CH MC CM ' 0 / 

/ Û i n os Q — p —— 
■H UMB r0 /2 

Y(. 
J /-1 

(8.28) 

L 

aHn "J j "i(x)fn {x) (x - X,) dx, 
0 

L 

aM - J m(x)fn(x)dx-aM, 

ac» — dHn i 

«VA “ (PpA “ + i ®PA (*.c) («*(*tA - + 

+ 6m#^-üAf«]-aMB, 

(8.29) 
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QpHti “ apfn “ (*U-)i 
I 

d«»Ä ■■ a*pB “ ~ aPB.< 

Otpjy *■ Ocpb “ Alc^(^ic). 

0-5 
a«pB “ Q»pr " ßpB j i 

a«pB ” a»pr ” . 

flcpB ” <»cpr ” -j-. 

a.— 

a« - [«*/( *t* - X,) + 2m6jrT# - JA (jt.) - 676], 

°c» “ Alt y i 

<W “ ®pa(xic) , 

(8.29 
Cont'd) 

0 
I 

“pa - J 
« \ 

I 

PpB * J m (^.)^,^(^1)^1. 

< 

PpA-i"npK)®pfl(*.)^,. 

(8^30) 

«here - mass of central block A, JA(xB) - Its mass moment 

of Inertia relative to the transverse axis passing through xfl, Jö - 

mass moment of inertia of booster relative to transverse axis 

passing through the summit of its body, xtA and xT^ - coordinates of 

centers of gravity of isolated blocks A and 6 (or A) in inherent 

connected systems of coordinates (oxy) and (oixiyi) correspondingly: 
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I 

3.29 
ont’d) 

8 „30) 

' Jö - 
^1. 

ites of 

(nt 

: 

6' =&' -e 
Bt * u Jx 

din (X) b'„ = b’ -c -'I) (r \ — — 
n.lp P-ln » u dx 

I d/aU) 
* / Jx 

b' =*b'~-b' , 
fl® BM «11* 

^xUp “ ‘'jt aa ^Vil (^u)* 

K» = Kc~e,ir’ 

^VfU = ^lOP = — ex äT <*,pil(*lc)* 

6' -= />'. =* -e 
X /2 * 

(8.31) 

According to (4.65) the ratlos of reduced rigidities of 

partial systems to their reduced massestdetermine the values of squares 

of circular frequencies of natural oscillations of these partial 

systems 

n *j< 
U U|/ (8.32) 

(i - h, B, c, n, pB, pH; P ” 1. 2, ... ; n = I. '2, ... ) 

Considering what was said about it is not difficult to establish 

those conditions which have to be satisfied by functions fn(x), 

♦pB(x,), describing the forms of inherent transverse 

oscillations of the corresponding partial systems. In the first case 

(in the presence of vehicle Jump) function fnU) is found exactly as 

in the example considered in the preceding section, i.e., as the 

solution of equation (4.67) with boundary conditions (6) and conditions 

of connection (8). In the determination of functions fn(x) in the 

second case (in the absence of Jump) one should consider the presence 

in section x of the concentrated moment of inertia of rotation from 
B 2 

apparent additional masses of side-mounting boosters a eQ, and also 

elastic fixing of this section, limiting its angle of rotation 

(Fig. 8.3, "A"). 
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Pig. 8.3. Arrangements of partial 
systems. 

Ai 

During the calculation of forms and frequencies of inherent bend¬ 

ing oscillations of side-mounting boosters B and f (*pg(Jtt) and ) 

the latter in both cases are considered as freely supported beams 

(Fig. 8.3, n6" ). Here the boundary conditions for them will have the 

form: 

OW (*,) - 0. ^(X|) =- Owithx, - 0, 

(8.33) 

with X, - /, 

and condition of coupling 

awUi) = 0 with x,^xlc. 

During calculation of partial frequencies and forms of inherent 

transverse oscillations of side-mounting boosters A and B to which 

are directly Joined the support elements "s” and "h" of the launcher, 
a model of a freely supported beam is used, which in section x,=xlc 

Is carrying concentrated mass Am. In the first case of load this 

■ass is determined by formula (24), and in the second by formula 

Am = ¿ /a (Jt.) + 6/» + m6r2(xH) cos2 Yi (8.33') 
«-i 

In certain cases in the deduction of equations, and consequently 
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also in the determination of partial frequencies and forms of inherent 

transverse oscillations of side-mounting boosters, it is more 

convenient to start from the presence in section xi=*ir- of the 

additional elastic support shown in Pig. 8.3, A conditionally in the 

form of a spring. 

Boundary conditions for this side-mounting booster (A) are taken 

in the form 

(^) = 0, ^¢,,4(.1(,) = 0 with *, = 0. *, = /. 

In the deduction of equations of free oscillations of the systems 

mentioned above we used approximate expressions for strain energy in 

the construction of a flight vehicle (with side-mounting boosters). 

This was done basically for preserving the letter. Accuracy of 

description of this potential energy for deduction of equations does 

not have any fundamental value. It is important only in the determina¬ 

tion of partial forms and frequencies of natural oscillations of 

a flight vehicle. Therefore it is recommended that the calculation 

of the latter in all cases regardless of the form of equations be 

carried out according to the method presented in Chapter IV, i.e., 

taking into account influence of shift, longitudinal forces, and 

inertia of rotation of cfoss sections. Calculation of frequencies 

and forms of natural oscillations of a vehicle-launcher system on tho 

whole should be executed by the method given in Chapter V. 

As an illustration in Pig. 8.4 the structure is shown of the 

spectrum of natural frequencies of a similar system (for one of the 

hypothetical flight vehicles with a pack arrangement), and in Pig. 

8.5 - the normal forms of natural oscillations of the system f»(x,) 

corresponding to these frequencies. The values of these forms are 

determined by the totality of amplitudes A. (S , K „ n n 
im nm’ pAm* 'Em* sm* 

etc.) and depena on the characteristics and arrangement of the system 

on the whole, and the forms of natural oscillations of partial systems 

fn(x)‘ ^pE^i) * ••• According to (18'), (19), and (1?) 

l « 

y 
é 
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rM (x) - 5s-^- u)+’i- (1 - V1)+ 
N-l 

+.[2^®^^) + i/c* + 7 ’liwij . 

% *» 

Cb (*.) - 2^®»b (i,)+- 2 (■*,«)+ 
*»l L,_l 

+ ÿt-+ %■ 7] + »Imi (1 “ ^) • 

V 

Ca(*,) - 2 ^a-®« <x<)+ w? + ^(^7-)- 

(8.3¾) 

The graphs are constructed for a case of calculation of only four 

tones (nn ■ 4) of partial frequencies of bending oscillations of 

' central block A, three tones (n * 3) of partial frequencies of Inherent 
, F 

bending oscillations of side-mounting boosters A, B, and two tones of 

partial frequencies of Inherent bending oscillations of side-mounting 

boosters 6 and T. Here we show only the symmetric forms of natural 
oscillations of a systaa, determined *on the assumption that blocks 

A* B, 0’, ..., and aisd blocks 6 and r oscillate synchronously. 

in m—L 
Pig. 8.4. Spectrulbof natural fre¬ 
quencies of transverse synietrlc 
oscillations of the system: vehicle 
with pack layout - elastic launcher. 

Pig. 8.5. Normal forms of 
oscilaltions of a system. 
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§ 8-5. Equations of Forced Oscillations of the 
Vehicle-Launcher System " 

Equations of forced transverse oscillations of the- flight 

vehicle-launcher system in one of the planes of symmetry (plane Çn or 

U) in general in generalized coordinates will have the form 

21 Qijiij + ^ Qi (f - 1, 2, ...). (8.35) 

where designates the generalized force, corresponding to generalized 

coordinate q^. The value of this generalized force depends basically 

on the power structure of the system, in particular on the place of 

location of transverse support elements of the body of the flight 

vehicle, and also on the method of transmission of thrust force to 

the structure of the vehicle. The simplest expression for generalized ' 

forces will be in the case of distribution of transverse supports 

directly on the body of the carrier central block of the flight 

vehicle or on the side—mounting boosters (in places where transverse 

force connections are attached to them). 

For the assembly layout of the flight vehicle-launcher system 

considered in the preceding sections the generalized forces will be 

determined by the expression 

(8.36) 

Using formulas (18), (19') we obtain 

V Plii cos 
(8.37) 

Qp i = r (.t,) «Pp.! (xlc) Pti cos Y/, 
(8.38) 

(8.39) 

(8.40) 
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The determination of parameters of forced oscillations of any 

system with a large number of degrees of freedom by means of solution 

of a system of equations in generalized coordinates of the type (35) 

presante specific difficulties and requires the application of 

computers (analog or digital). This problem is essentially simplified 

the normal forms and frequencies of natural oscillations of this 

system are known. In this case the equations of forced oscillations 

can ba reduced to a system Hq of Independent ordinary second order 

differential equations with constant coefficients of the form 

tm+<PmmQrn (»-1,2.nj. (8.43) 

Using the formula of expansion of transverse shift nA(x, t) in normal 

forms of the system 

n*(*. 0 SpJOCM, (8.44) 

we obtain for the following expressions 

(8.45) 

or, using formulas (34), (37)-(42), the expression 

(8.46) 

where 

(« = I. 2.n0). (8.47) 
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In the case of necessity for calculation of the influence of 

control forces, i.e., consideration of the system of equations (43) 

Jointly with the equation for the system of control, generalization 

force will have the form 

on 

Í) 

where xpl - abscissa of point of application of control force to the 

flight vehicle, and - angle of deviation of automatic control device, 

for example, the combustion chamber in the engine of a side-mounting 

booster. 

For a flight vehicle consisting of one central block and eight 

side-mounting boosters, having their own independent engine systems, 

disturbing forces will be the greatest in the presence of delay 

in approach to operating conditions in engines of oppositely located 

side-mounting boosters. Substituting expression (34) in formula 

(48), we obtain for this particular case (in the absence of control 

devices on boosters B’, D', B", D" and block A) with . X|P ■ I 

Angle is a function of angle of rotation 0 and angular 

velocity ¿ of that section of the body of the central block of the 

flight vehicle, in which the sensing devices for automatic stabiliza¬ 

tion are installed. Since ô is a function of pm 

(8.50) 
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then in general equations (43), describing forced transverse 

oscillations in the construction of a flight vehicle with a pack 

arrangement on an elastic launcher, turn out to be mutually connected 

by means of the equation for the control system. Here the values 

of control forces will depend not only on magnitude of thrust and the 

order of engines arriving at operating conditions, but also on the 

rigidity of transverse support elements of the launcher which 

essentially influence the magnitude of angle «(*<>). 

Both during the determination of partial forms and frequencies 

of natural oscillations and also during the calculation of normal 

faros and frequencies of natural oscillations of a system on the 

whole we absolutely disregarded the force of damping. The influence 

of these forces on partial forms and frequencies of oscillations of 

bodies of flight vehicles indeed is very small. Therefore during 

the investigation of forced oscillations of beams and rods usually 

the calculation of damping forces is done by means of formal introduc¬ 

tion in equations of notion of the corresponding members, the form of 

which is determined by the nature of these dissipative forces. Prom 

this it follows that there is no necessity of the calculation of the 

influence of these forces both on forms and frequencies of natural 

oscillations of a system on the whole (since the energy of damping 

forces is minute as compared to potential and kinetic energy). 

The Influence of resisting forces of the parameters of free and 

forced oscillations of a system can be estimated approximately by 

means of Introduction of the correspçndlng generalized damping forces. 

In this case the system of equations (35) will have the form 

2» • • •• ^o)» (8.51 ) 
/-i /-I 

where 2hA - drag coefficient of the i-th partial system. 

On the basis of formulas (46) and (5.56) the right sides of the 

corresponding equations in normal coordinates will be equal to 



ack 

onnected 

(Lues 

(8.52) 

and the 

n the 

encies 

rmal 

the 

ifluence 

ons of 

tring 

ually 

introduc- 

e form of 

;. Prom 

i of the 

itural 

imping 

:’ree and 

Ly by 

}g forces. 

(8.51) 

s of the 

to 

Í-I 
Qi - ifi^H AmPu 

k-i 
'Im- 

As a result of such a transformation instead of (J»3) we obtain 

the following system of equations: 

Pm + 2flJm + <pm = Qm - 2 Qn,kPk 

(m= I, 2.n0), (8.53) 

where 

(8.5^) 
i-i 

2 R 
with * =7*= m. (8.55) 

i-i 

As can be seen, this system of equations is already connected. 

Fortunately, in most cases the magnitudes of coefficients turn out 

to be small, and the interconnection of equations in normal coordinates 

at the expense of damping forces can be disregarded. It is natural 

that the influence of separate sections of the system on overall 

energy dissipation duririfcwrarious forms of oscillations of a system 

will be different. Therefore in that case when it is possible to 

separate the determining links the calculation of coefficients (54) 

is noticeably simplified. 

§ 8.6. Transverse Forces and Bending Moments in 
Sections of Bodies of Blocks 

In accordance with the accepted method for calculating the forces 

of load on support elements of a launcher, transverse forces and 

bending moments in cross sections of bodies of blocks of a flight 

vehicle with a pack arrangement will be equal to the sum of the 

corresponding static and dynamic components. The calculation of static 

components Qc(x) and Mc(x), and also of static reactions in places 
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of connection of blocks with each other and with carrier elements of 

the launcher is conducted by known methods of structural mechanics of 

rod systems. 

The system of hinged united blocks considered by us as an example 

(Pig. 8.2) during lâunching (in case (b) S 8.1) will be acted on (in 

plane Çn) by a dynamic disturbing moment equal to 

■■ r(x,)2 Puco*Y/. (8.56) 

In the case of static application of this moment and in the 

absence of contact of the flight vehicle with longitudinal support 

elements of the launcher (for instance, during Jumping of the vehicle 

afrdve the launcher) the diagram of transverse forces and bending 

moments for block A will have the form shown in Pig. 8.6. wlth xB < 

< : X < X t 
0 

y 
QM-2R» (8.57) 

AÍ«a (x) jc,). (8.58) 

Having compiled the equations of static equilibrium of a system on the 

whele and each block separately, we obtain the corresponding reactions 

,to apper support Rß and lower connection Rc 

(8.59) 

Pig. 8.J. Diagram of transverse forces 
and bending moments for the central 
block of a flight vehicle with side- 
mounting boosters. 
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In the case of distribution of lower support "h" of the launcher 

in section xc the static values Qc(*i) and Mc(xi) for all side-mounting 

boosters will be equal to zero, and R - R„/2. In the case of installa- 
H C 

tion of support "h" on blocks R and B in section *ih-jc,c • 

-R. 
(8.60) 

Corresponding diagrams of QCß(*i) and Mc^Ui) for Jf,„>(jcc - jt.) are given 

in Pig. 8.7. 

Pig. 8.7. Diagram of transverse force and 
bending moments for a side-mounting booster. 

Within the limits of change of *i from 0 to *|C-a 

Qcn(xi)’mRn, I 
Mca(*i)--J (8.61) 

and on section 

Jtlc<X1<X1<, 

Qca(*i)- - Rh, 
Mca. (*■) - U, - x,e) - x¡Rn. 

(8.62) 

In case of absence of flight-vehicle Jump disturbing moment M 

which is acting on the system will be absorbed not only by transverse, 

but also by longitudinal support elements of the launcher. Moreover, 

in the case of distribution of lower supports 'V in sections x,H*xle 
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the static support reactions will depend on the rigidity of all the 

support elements, and also on the rigidity of force connections and 

rigidity of bodies of blocks of the side-mounting boosters. 

We will introduce a certain equivalent rigidity c, equal to the 

ratio of force Rc - 2Rh to the shifting caused by it of point x, of 

basic block A at cB • •. In a particular case during installation 

of support "h" on the body of this block in section x - x c will be 
c 

equal to cH. Then the arrangement of forces acting on the basic 

block of the flight vehicle in the case of static application of 

disturbing moment MBp can be presented in the form shown in Pig. 8.8, 

in which for clarity the sites of location of longitudinal and upper 

transverse supports are conditionally displaced relative to each 

other. Prom the conditions of static equilibrium we obtain 

(8.63) 
Mtp « a/?, + r (*.) S Rx, cos y,. 

Bare 

£,, cos y<, 

- «tere «(x.) - angle of rotation of section xB, and £,, - rigidity of i-th 

longitudinal support. Approximately, considering the body of block A 

absolutely rigid, it is possible to write that 

i 
Tfcap 

Ex, ! 1 I \ 
-^ta + ’S-jcosY,. (8.65) 
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Fig. 8.8. Scheme of forces act¬ 
ing on the central block of a 
flight vehicle during static 
application of external disturb¬ 
ing moment. 

18.63) 

Substituting this expression in formula (63), we have 

n _ "»P 
a(l+k) 1 (8.66) 

ty of i-th 

block A 

where 

* 
r’M 

aJ ErjCOsV 

Thus the additional static load on the longitudinal support of 

the lanucher will be equal to 

- üTiTH- (-Ä + i)"» V, £ /Vos V). 

and static values of transverse force and bending moment on section 

X < X < X of the body of the basic block of the vehicle will be 
B C 

(8.65) determined by expressions 

Aí rA ( -t) —~ (.I'c “ a) Aí up ~ j i ) 

(8.67) 

(8.68) 
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In comparing (58), (59), and (68) we see that In the absence of 

flight-vehicle Jump above the support surface of the launcher the 

static values of bending moment In sections of the body of the 

central block turn out to be (1 + k) times less than In the presence 

of such jumping. Here the stated decrease of static moments will be 

even greater, the greater the relative rigidity of longitudinal 

support elements of the launcher Exl/EH and Ex1/Eb. An especially 

large influence on magnitude of disturbing moment N (x ) is exerted 
Bp B 

by the ratio rix^J/a. Usually values r(x.,) is determined by the 

diameter of the body of the flight vehicle, and the distance 

between supports x_ and xa by the overall arrangement and place of 

location on body of frames which are able to absorb large concentrated 

forces - transverse support reactions. Therefore it is possible to 

establish some requirement for the ratio r(xB)/a only when this case 

of load becomes determining for the strength of the body of the 

flight vehicle at all possible values of Exi, EH and EB . 

Prom what has been said It follows that the selection of 

magnitude Exl (with assigned nxn) should be conducted in such a 

manner that jumping of the flight vehicle while the englnesare 

approaching operating conditions is absent. Having Ex,, It is not 

difficult to establish those necessary values for E \nd E , at which 

bending moments will not exceed permissible values. However, for 

a noticeable decrease of static component of bending moment the values 

of Eb and Eh have to be small as compared to Exl> Thus, for example, 

for decreasing McA(x), let us assume by 30} In the case of r(xB)/a ■ 

■ 0.1 and Eh ■ Eb, it Is required that Exl/EH be of the order of 7.5. 

For appraisal of the influence of magnitude E„ and ED on values of the 

dynamic component of bending moment N^(x) one should consider the 

forced oscillations of system described by equations (53). 

On the basis of formula (5.56) the dynamic values of support 

reactions will equal 

Dynam 

cross sect: 

by express: 

, 
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“ 2 Pm^Hm ‘ ^*> 

«• 
^■""2 ‘ f «i 

m-l 

#c = 2j PmycmEc- m—I 

(8.69) 

Dynamic components of transverse forces and bending moments in 

cross sections of the body of the central bloak will be determined 

by expressions 

Q*a (x) = - [Q°(x) - mA(jtc - Xta)7] + 
m-l J 

+ 'J |^~ (’I*™ — ^»"i) It cm + ^ KpB,m®pn, (Xic)J ^ 

X {(Q*(x) - x.Q^x)) - [«aUta - X.) - -i /a(x.)]} + 

+ S s»« (*) - Í « (x)/« (x)dx + ^ \ m (x) X 

X (x —x<)/,(x)<fx]|, 

M.a(x)-J Qaa (x) dx w i t h x, < x < xc. 

(8.70) 

Q*a(x)- I n«n.Q°(x)+ j^J (t)„„ - Tl,m) + 

V 1 

+ ycm + 5) Kpam^pn (x,c) IQ1 (x) - *.Qn(jr)| + 
p-i J 

™" I 
+ ^]5bwQ)1j((x> J, 

«•I * 

AÍAAtx) - - £ pm n.mM° (X) + iU (fluni - t|M) + 
m-l ' L 

+ Vcm + ^ ^Cpam^pA (xK) I [M* (x) — x1AfB(x)l + 
P-I J 

"* ) 
+ ï s„mAi nx (x) withx<x,. 

n-J * 

(8.71) 
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The values of dynamic components of transverse forces and bending 

moments in cross sections of bodies of side-mounting boosters 6 and £ 

without a calculation of support reaction are equal to 

p-i 
Qib(X|)” ~ J 

i r“' 
(v* — ’l»«) Q (^l) + I ^(■île 

tp-l 
) i/cm 

AÍ*b(*i)= ~ HI ftm I \i KtbmM(X|) + TImM0(jfi) + 
*-l I P-I 

+ { (¾. - »l.m) M* (X,) + [j /CpÄm®pÄ (Jtlc) + ycmJ X 

xÍaí'U,))! with <ot 

Q*a(*i)fc -Mi 
»-i. ip-i 

¿A KullmQpjtiXi) + npmQ^Jt,) + 

Mun (Jt,) = 

s r"» 

- s4S‘ 
m-l Lp.i 

+ 7(^-^)0^(^1)]. 

KpamMpxix,) + Tl.mM0(jC,) + 

+ 7(ll.m-t|w.)Ai,(jti) withx,<a. 

(8.72) 

(8.73) 

The coefficient (transverse component) vibration overload in points 

of longitudinal axis of central block A will be determined by the 

formula 

. •* - • 

n* r fta 

25»-/-w+ 
m-l Ln«| 

ip 

+ 7(^ ^8) ^pam^pii(A|c) + (x xB)^yrm + — T|Hm| + 

+ n.m fr- 
X- t. (8.74) 
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bending 

;j and A 

and in points of the longitudinal axis of a side-mounting booster, 

for example A, by expression 

m-l p-l 

+ n»m ( l — /')"*■ ’l»™ (8.75) 

8.72) 

In the presence of constant contact (in a longitudinal direction) of 

the central block with side-mounting boosters the bending oscillations 

of this block will cause longitudinal oscillations of the boosters 

with overloads 

\nx = ' (*,) 
#0 

"o s 
m-l 

din U) 
dx cos Y(. (8.76) 

8.73) 

points 

the 

(8.74) 

The values of vibration overloads will obviously depend on the system 

for starting the engines, dynamic and inertial characteristics of the 

flight vehicle, and the rigidity of carrier elements of launcher. 

It is necessary to stress that the dynamic components of transverse 

force and bending moment (70)» (71)» (72)» and (73) are complex 

functions of coordinates x and *t, and therefore it is impossible to 

estimate the effect of the influence on such a system of dynamic 

disturbing forces and moments by some unique coefficient of* dynamics. 

§ 8.7. Concluding Remarks 

We will consider as an example the forced transverse oscillations 

of a system flight vehicle - launcher in the process of switching on 

and emergency shutdown of the engines of side-mounting boosters which 

are located in plane Çn* Let us assume that the nature of build-up 

and drop of thrust force of all the boosters is absolutely identical 

and is described by those formulas which are given in Chapter I, 

namely (1.13) and (1.12) correspondingly. Let us assume further that 

switching on of the engine of one of the side-mounting boosters, for 

instance 6, occurs with a delay equal to ûtQ, and -he command for 
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turning off of all the engines of the flight vehicle is given at a 

certain moment of time t . Here its actual realization occurs also 

with a certain scattering Atc. 

Thus in the period of starting the engines of the side-mounting 

boosters on the flight vehicle in section x_ a disturbing moment (56) 

will be acting which is equal to 

M* - p0r (JC.) (1 - e-«)wi th 0 < < < \t„ \ 

M»p - PQ [e'% - e'T‘] with t > I 

and in period of turning off - moment 

(8.77) 

- P/ (JC.) Wi th /. < / < (<« + A/c), 

AÍ« - p/ (*.) With«. + A/.)< Í < «. + rc), 

M*--Py (JrJ (<~^~rc) with«, + r, ) < / < 

<«c + rc + A/t), 

AfK-0 With <>«c + A/, + rc). 

(8.78) 

It is absolutely clear that the direction of sectioirM can be any, 
dC 

and, consequently, also one sign with moment (77)• 

As a result of solution of the system nQ of equations (53) with 

zero initial conditions (for the particular case of influence of 

moments and M ) we obtain the following approximate expressions 
Bp BC 

for Pm: 

*m W * fiJO - j r« +»iA V + cos •«< j| - 

-CmCOsmJ, tilth 0</<A*„ 
fim(0-fiJ0-fiJt-VJwmi>At' 

(asp 1, 2, .... n0). 

(8.79) 

An analogue solution of these equations for a case of turning off of 

engines (at zero initial conditions) will have the form: 
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p'm (0 = -£j¡jr sin »„,(/- fe) Wi th *C << < + A,‘)* 

P’m(t) - [e'*" <Mt) sin (úm (t - tc) - e~h*(MrA<c) X 

X sin (úm (t-tc- Afc)lwithA/c <(t-tc)<Tc, 

p'jt) » -¿Jr {e''1« <'■'') [sin <om (t - tc) - «*"r' X 

X sin(/-/c- rc)]-sin(¡>m(t-tc-A/c)} (8.80) 

with 7’c<(f-fc)<(7,e + A/c), 

p’m (t) - {«'*« (‘"'c) [sin <om (f - fc) - «A*r« X 

X sin «o, « - fe - T’c)! - e'h" (,''t'4'e) [sin ®m X 

X (< - /c - A/c) - sin ©* A/c - 7\)1) 
with (f-<c) XT’.+ Afc). 

We will designate bending moments, caused by the action of disturbing 

moment M (77), by subscript 1, and additional bending moments, 
Bp 

appearing as a result of action on system by disturbing moment M 
BC 

(78) , by subscript 2. Values M^2(x, t) will be determined by the same 

formulas as values Afjn (x, t), but with replacement of variable Pm(t) 

(79) by p' (t) (80). Then 
m 

with t<tt 
A1(x, t)-Mct(x, t) + Mt,(x, /) = /), 

with/>/c ^ 
M(x, O-lAfcUrO + AÍMU. 01 ± 

± [Afa(x. /-/,) + Ma(x, t - /,)). 

(8.81) 

Since in most cases the magnitude of At is small as compared to 

AtB, then it is possible to expect that M2 will be less than 

The nature of change of M, by t for a system, the normal forms of 

oscillations of which are shown in Pig. 8.5, for three values of At 
B 

is given in Pig. 8.9. Calculations show that values of Af, increase with 

an increase of t and with an increase (up to definite limits) of delay 

time At . In the absence of contact of the flight vehicle with 
B 

longitudinal support elements of the launcher M| is increased with 

an increase of rigidity of the upper transverse support beam Eb and 

decreases with an increase of rigidity of the lower support beam Eh 

(Fig. 8.10). Figures 8.11 and 8.12 show the dependence of relative 
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values of transverse overload and support reaction on the rigidity 

of these beams, and also on the rigidity of the lower force connection. 

As can be seen, Rb increases with an increase of Er and Eh and almost 

does not depend on Ec, and n,i (in the particular section) decreases 

»1th an Increase of E . The nature of change of «»i by t for two 

sections of the central block (at t < t ) is shown in Pig. 8.13). 
— - • ---. ... Ç.. . 

Pig. 8.10. Pig. 8.11. 

Pig. 8.10. Influence of rigidity of trans¬ 
verse beams of the launcher on magnitude of 
bending moment. 

Pig. 8 .11. Influence of rigidity of trans¬ 
verse beams of the launcher and rigidity of 
lower force connection of a side-mounting 
booster of a flight vehicle on the magnitude 
of transverse overload. 

Pig. 8.12. Dependence of support 
reaction on the rigidity of beams 
of the launcher and rigidity of 
the force connection. 
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Pig. 8.13. Approximate nature of change 
of transverse overload in various sec¬ 
tions of the central block of a flight 
vehicle in the process of launching. 

The values of dynamic bending moments At,, and depend on 

a shift oF phases of emposed oscillations. Modifying within the 

limits of fixed allowances of the magnitudes of Atß and Atc, it is 

possible to find for each cross section of bodies of blocks the 

highest possible values for Qni, M»'» ^2’ case 

max Mi and max M2 will correspond to max Atß and max Atc. If a 

certain range of time (counted off from the beginning of actual 

switching on of engines) is set, during which the command can be 

given for emergency shutdown of all engines, then for determination 

of the largest values of total bending moments (8l) one should also 

vary the magnitude of tc. This c«. 1 be done graphically, by means 

of imposition of curve M2(x, t - tc) onAf,(x, t). These operations 

must be repeated for each value of x, since the largest magnitudes 

of bending moments in various cross sections of the body of a flight 

vehicle in general can be observed at various tc, Atc and Atß and in 

various moments of time t. 

The solution of the problem is complicated considerably if the 

necessity appears for calculation of the influence of control forces 

by means of introduction of equations of control. The influence of 

these forces on M(x, t) can be disregarded only in that case when 

they are small or when automatic control devices are Joined to the 

body of the flight vehicle in places close to place of distribution 

of supports of the lower transverse beams of the launcher. 

In absolutely the same way M(x, t) for a case of the action cf 

disturbing moments in plane Çç. By adding them geometrically it is 
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possible to find the values of total bending moments for any combina¬ 

tion of external Influences. If the disturbing moments acting In 

these planes are Independent, then in principle it is possible to also 

add their maximum values. However, one should consider that the 

moment of appearance of the largest magnitude of total bending moment 

in general still does not determine the heaviest case of load on 

elements of construction of the flight vehicle. In process of 

starting and shutting off of engines the longitudinal forces in 

sections of all the side-mounting boosters, and also In certain 

sections of the central block are changed differently. Furthermore, 

there is the possibility of the significant influence of those disturb¬ 

ing forces which appear in the process of bringing the engines up to 

the main stage. Thus the layout of load on a flight vehicle with 

a pack arrangement in the case of launching is very complex. Much 

depends on the structural arrangement of the flight vehicle itself 

and the launch procedure. Therefore for finding the most dangerous, 

from the point of view of strength of construction, moment of load one 

should look for the largest values of total stresses from longitudinal 

and transverse loads. Only for those sections, in which longitudinal 

forces remain constant in the period of launching, it is possible to 

be limitad to calculations of max M(x, t). ^ 

For the given cross section of the body of a flight vehicle the 

probability of realization of a dangerous combination of values of 

parameters t , At , At , and others can also in reality be small. 

This should be considered in the selection of calculation cases of 

load and assignment of safety factors. In practice thrust forces of 

different engines in transitional regimes are changed differently; also 

different are the actual values of magnitudes At , At . Therefore in 

the determination of dynamic response for this case of load it is 

expedient to be guided by the mean values of those parameters which 

are random functions of time. 

Por decreasing the magnitude of transverse forces, bending 

moments, and support reactions which appear in the process of launch¬ 

ing the flight vehicles which have a propulsion system made up of a 
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packet of engines, one should aspire to decreasing the gradient of 

change Is the thrust force of engines both In the process of starting 

and also in the process of cutoff. In all cases It Is necessary to 

limit delay In the time of onset of actual build-up and .the beginning 

of the actural decrease of pressures in the combustion chambers of all 

the engines of a given stage. In the case of stepped approach of 

flight-vehicle engines to operating conditions it is necessary to 

select the magnitude of the intermediate stage with a consideration 

of requirements of strength of construction of the vehicle itself 

and also the launcher. 

The account presented in this chapter of a method for calculation 

of the dynamic reaction of a flight vehicle with side-mounting 

boosters to the influence of disturbing forces which appear in the 

process of launching can readily be extended to other group systems 

of flight vehicles: to simpler ones than those considered, for 

example to arrangements of vehicles with suspended fuel tanks, located 

inside or on the outside of the carrier central block, and to more 

complicated ones, consisting of several serially connected packs of 

blocks with carrier or suspension tanks. 
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CHAPTER IX 

REACTION OF THE VEHICLE CONSTRUCTION TO THE INFLUENCE 
OF WIND IN FLIGHT 

§ 9.1. Reaction of Gust of Wind 

One of the most Important cases of loading for all flight 

vehicles is the case of flight in a restless atmosphere (case W). 

It determines the required bearing capacity of many elements of 

construction of nonmaneuverable flight vehicles, having comparatively 

small programmed values of lateral overloads, and has an essential 

influence on the fatigue strength of the construction of maneuvering 

flight vehicles. Therefore, in the process of designing to the 

question of investigation of the reaction of flight vehicles to the 

influence of wind there is always allotted considerable attention. 

As already was noted, the motion of air in the atmosphere 

can be schematically represented in the form of the sum of two flows: 

steady horizontal wind, characterized by small vertical shifts of 

velocities, and gusts of wind, velocity vector of which is a random 

function of time and coordinates. Pulsation of wind velocity in the 

free atmosphere, as in the surface layer, can in turn be represented 

in the form of small continuous turbulence, on which discrete gusts 

of great intensity are superimposed. These gusts and steady wind 

for all practical purposes determine the required bearing capacity 

of the construction of flight vehicle on a given case of loading. 
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The influence of small atmospheric turbulence is of interest mainly 

in connection with questions of fatigue strength, which are not 

considered in this book. 

Since from a mathematical point of view the reaction of the 

flight vehicle to the influence of steady wind is a particular case 

of the reaction of the construction to a discrete gust of wind, 

Investigation of the latter will comprise the basic content of this 

chapter. 

Let us designate the components of wind velocity in a continuous 

system of coordinates xyz through ux> uy, and uz. Component ux, 

directed along the tangent to undisturbed trajectory of the flight 

vehicle, will directly affect only the magnitude of relative velocities 

of the vehicles. As a result with nonzero angle of attack the 

corresponding change of impact pressure will lead to some change of 

lateral overload of the center of gravity of the flight vehicle. 

According to S 2.1 this overload will obtain an increase equal to 

A«0,, 
PjcJoSA, 

20,(1-/) 
(9.1) 

where 

(9.1*) 

T° - temperature of air at altitude h, T® - at the ground; R - gas 
2 o u 

constant, equal to 287.05 m /(s^deg). 

Normal and binomial velocity components will basically affect 

angle of attack of the flight vehicle. Change of this angle is 

equivalent to the Influence of additional lateral aerodynamic forces 

on the construction 

AX-(? + A</)c;S-£, 
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Lateral motion of the center of gravity of the flight vehicle 

under action of such forces, for instance, force AY, Is described by 

the following ordinary differential second order equation: 

Ü =* 
<lScaug0 

(9.3) 

where - coefficient considering the influence of mobility of 

liquid in tanks. By replacing in this equation variable ¡/=ßo and 

using expression (I*), we will have 

^ M(iV*Oa . 

where X - is relative density of the flight vehicle, equal to the 

ratio of its initial weight to the weight of air located in volume 

IS/2: 

k - (9.4) 

Let us assume that at initial moment tt~0 (corresponding to moment 

of beginning of the action of gust of wind on the flight vehicle 

f-M Then as a result of integration we obtain 

* Ja,«6 
o 

Here 

a,- 
ik{i-i)k°n ’ 

and ti — time counted off from the moment of beginning of action 

of a gust of wind. By differentiating this expression with respect 

to h , we will find the increase of normal overload of the center of 

gravity of the flight vehicle in the form 

i. 
«• <« i' j «, « 
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Since function v(t) keeps the sign on the entire interval of change /,, 

then, by using mean value theorem, we can write 

0 0 (M?) 

where A, — value of A^*S(i-/)_J~J in interval (0,/,). 

If /. is small as compared to then in the first approximation 

it is possible to disregard the change of magnitude of \ in interval 

(kk+M- It is necessary to note that during calculation of ii 

it la possible to use the value of derivative of the coefficient of 

lateral aerodynamic force ¢, determined by steady-state theory or 

by means of wind tunnel teats of a model, only for large values of 

rmlatlw density X. With small X the influence of transient aerodynamic 

phmnoasnm turns out to be essential, and it is impossible to disregard 

Instead of time /« it is expedient to introduce new dimensionless 

variable 

(9.5) 

expressing shift of the flight vehicle in units of length of its 

body (or chord of the wing). Then 

(9.6) 

or 

In case of Instantaneous (sudden) change of wind velocity (sharply 

limited gust of wind, instantly encompassing the whole flight vehicle) 

0 when s < 0. 

when s > 0, 
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corresponding increase of normal overload will be equal to 

-, vu” e~ 
«o^i/KÍ 

(9.7) 

It is simple to note that with such gust of wind overload A/i“ will 

be maximum at initial moment, i.e., when s * 0 

max AnJ umcyv (9.8) 

By comparing expressions (8) and (I), we obtain that at high speeds 

of vehicle flight, when u /v is small as compared to one, relation 
An0(ux) y 
—äi;—^ will be of order a. Consequently, at small prograunmed angles 
max any 

of attack of the flight vehicle the normal component of the velocity 

of the gust of wind has decisive value in loading of the construction. 

In the beginning of flight (at low velocities of the flight 

vehicle) and at high altitudes (with small relative air density) the 

values of maxAnj; are comparatively small. Therefore, during investiga¬ 

tion of lateral overloads and loads affecting the flight vehicle during 

motion in restless air, we subsequently will pay basic attention only 

to the phase of flight with relatively high impact pressures, in 

particular on the region of motion of the vehicle at supersonic 

speeds. 

The rotary component of lateral overload for the case of instan¬ 

taneous action of a gust of wind on an unguided flight vehicle can 

be found, having equated the perturbing aerodynamic moment to 

Inertial moment. Having assumed 

- oUmAoPo „ 

- AG = ~^jy~ (•*!* “ xit)* 

we will have 

VUy 

~ Snl ~ (*U - *tt)(*i - *lt). (9.9) 

J i 
where ^-7. and and ft',', - coefficients considering the influence 

mk„ 

of mobility of liquid in tanks (see Chapter IT). 
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Strictly speaking, overloads found in such a way are fictitious, 

since gusts of wind with sudden change of velocity do not exist in 

nature. The wind velocity is changed continuously by s, reaching its 

maximum value u„ on certain segment H. 
m 

Let us see how the magnitude of path of increase of the velocity 

of a gust of wind affects the amount of overload in the center of 

gravity of the flight vehicle. For an example let us take a gust with 

linear law of change of wind velocity 

when 0<s<sl1I, where s, (9.10) 

Having.placed this value u in expression (6) and taking into account 
O' 

formula (7)» after integration we obtain 

It is clear that magnitude (with respect to modulus) will be 

maximum when s-s«. The ratio of the biggest value of this overload 

to max A«* (8) depends only on one parameter : 

(9.12) 

The magnitude of parameter is determined by the velocity and 

altitude of flight of the vehicle, specific load on the midsection 

and c®. Graphic representation of the relationship of coefficient k., 
O' 

characterizing weakening (damping) of the influence of a gust of wind 

on a flight vehicle, to-j^-is given on Fig. 9.1. It is necessary to 

note that the character of change of the velocity of a gust of wind 

Uy(s) at small values of this parameter does not essentially affect 

the magnitude of coefficient ka. Thus, for sinusoidal law of change 

of uy 
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(9.13) 

Graph k¡ Is shown on Pig. 9.1 by a dotted line. It is clear that 

k't is less than When ^<0,5 this difference does not exceed 5Ï, 

i.e., lies within limits of accuracy of calculations. For large 

values of s large overloads are given by linear law of change of 
m 

u with respect to s. 

Pig. 9.1. Relationship 
of coefficient *« to 

parameter -f5- . 

^ 3.4 3» « U 2 -jft 

Magnitude of overload for section s>Sm can be found by means 

of imposition of back directed gust of wind on Uy(s), i.e., by 

subtraction of the value of An?(s-sm), .obtained by formula (6) by 
* 0 

means of replacement of s in it by s —sm, from Any(s). The overload 

is also found entirely for a triangular form of gust. Por this it 

is sufficient, starting with s » s^, to impose a reverse gust of wind 

with doubled gradient on uw(s). It is obvious that if the 

velocity of a gust of wind remains constant wnen s > sm, then due 

to the growth of ÿ a decrease of the angle of attack of the flight 

vehicle will occur. As a result with increase of s the value of 

Any will be decreased. Por determination of the biggest value of 

overload it is possible to be limited by consideration of only 

the initial transition section s < s . not being interested in 
m 

subsequent change of the velocity of wind (under the condition, of 

course, that it remains less than 
r / 
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If for the flight vehicle Ai is great 0.,>300), then the Influence 

of path of Increase of the velocity of a gust of wind H on the 

magnitude of the biggest transverse (or lateral) overload will show 

noticeably only at large values of sm and basically on the initial 

section of the trajectory. Calculations show that this influence 

can practically be disregarded at all H < 10Z. This means that with 

small H the action of "gradient" wind on a rigid flight vehicle is 

actually equivalent to the action of a sharply limited gust of wind. 

Por large values of H one should consider the corresponding decrease 

of the magnitude of normal overload, which will be more intense, the 

large c® of the vehicle. The true angle of attack of the flight 

vehicle will be changed analogously, equal to 

(9.14) 

where 

A ” 0, (1-i) • 

Äny - reàl value of overload. Por linear relationship of u to s, 

according to (11), 

«-7*. (9.15) 

* 9.2. Action of a Oust of Wind on an Uneulded Vehicle 

In preceding the paragraph we examined the influence of the gradient 

of wind velocity on the magnitude of normal overload of the center of 

gravity of an aerodynamically neutral flight vehicle. In cases when 

the center of pressure does not coincide with the center of gravity, 

transverse forward motion of the flight vehicle is accompanied by 

rotation with respect to the center of gravity. As a result an 

additional angle of attack appears. Not only the magnitude of forward 
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component of lateral overload n1' is changed, but the rotary component 

of overload Values of these overload components will depend on 

the degree of aerodynamic (static) stability of the flight vehicle 

and on its mass moment of inertia. 

Let us consider first of all the reaction of an aerodynamically 

stable unguided flight vehicle to a gust of wind, parameters of 

undisturbed motion of which are changed comparatively slowly. Values 

of components of lateral overload in this case will be determined 

by solution of the system of equations (2.24), (2.25) with variable 

coefficients. Having assumed 6 = 0, let us write them in the form 

+ (9.16) 

ÿ + c'A + <M-fv (9.17) 

where 

b'^b, 

b'a 
Jr 

h • 

uv 

X’ 
/ 

<v m 

: ü)fl. 

(9.17') 

Let us assume that instantaneous wind velocity is constant at all 

points, located perpendicular to the longitudinal axis of the flight 

vehicle and is changed linearly along the length of the vehicle (more 

exact in the direction of its flight). A similar change of wind 

velocity is equivalent to change of local angles of attack by magnitude 

_ «w(*IT-«l) 

lvsm 

In other words, the corresponding change of the moment of perturbing 

aerodynamic forces can be represented in the form of a damping 

moment, acting on the flight vehicle during rotation with respect 

to the center of gravity at constant angular velocity t". 



Consequently, it is possible to write that 

ft-Bj + Bv 
(9.38) 

where 

Since in this case the perturbing force is considered as a function 

of apace coordinates s, then in the shown equations (16) and (17) it 

la expedient to replace independent variable t by s, using formulas 

(9.19) 

i* <1* Aft , 6 , i dM 
+ T d* ' 

Taking into account that the obtained system of equations is solvable 

relative to leading derivatives of functions entering it, let us 

represent it in the form of a system of linear first order differential 

equations in normal Cauchy form. For this let us introduce the 

following phase coordinates: 

-JP “ aSI*l a33x3 Fj, 

(9.20) 

FTD-MT-24-67-70 351 



where 

(9.21) 

Calculations show that In most cases coefficients a, (k ■ 2 3* 

n * 1, 2, 3) are changed very little with respect to s. When s < 20 

they can practically (with accuracy up to 5*) be considered constant. 

The solution of this system of equations will be sought with 

the help of Laplace transformation [38], l.e., with the help of 

transformation of the function from variable s into function of 

variable p by formula 

/(/>)*= {f(s)e~pids. 

Application of a similar operation to all terms of the left and 

right sides of equations (20) permits reducing the linear differential 

equations to algebraic equations. Having obtained the solution of 

these algebraic equations in the form of some functions of p, let us 

then apply to it the operation of inverse transformation to variable s, 

Having designated the representation of sought functions x„(s) 

through jr»(p) , let us write the corresponding system of representing 

equations at zero initial conditions in the form 

P** (p) - S OknXn(p) + Fk (p) (*-1,2, 3). 

Its solution is determined by expression 

3 

*<.(p) = (9.22) 
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in which F„(p)-r*Fk(s) is the representation of function Fk(s), 

and A(p) - determinate of this system, equal to 

Mp) 

-P 
<*21 

«31 

1 

aa~ P 
0 

0 

<*23 i 

<*33 “P 

A»«(p) — adjoint of the element of k-th line and n-th column of the 

given determinant. Let us formulate characteristic equation 

-¿(pHpHe^ + ejP+ej-O, (9-23) 

where 

el'm ~ (<*33 + <*jj)» 

*2 “ <*22<*33 — <*j,, 

ei ™ <*2I<*33 — <*33<*31- 

Let us assume that the roots of this equation are ec^al to 

~ Pi + 

*»■"-Pi-Pti- 

Representation of the angle of deflection of the axis of the 

flight vehicle will have the form 

Here 

0(p)--(fli + fl,p + flap*). 

»I-- 5-(033^1+ a,sfl,), 

~ (t) (ßi + - û,afi4). 
(9.24) 
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By using the second expansion theorem [38], we obtain that 

the 

23) 

the 

A# (p) » A + __£j_ + _ö»£±ß> fli +pB, + p'B, 
Po P + Pn p‘ + 2pip + p¡ p(p + pn)(p'‘ + 2plp + pP)' (9.25) 

Values of constants in this expression are determined by 

formulas (k * 0, 1, 2, 3) 

Du=77 PqP.i 
D, = 

P(Ãi + Bt + pißf 

D2. 

Po(Po-2p,P0 + />]) ’ 

- (D0 + D,), D, = D, (pu - 2p,) + Ö3 - 2pfD0, 
Pl~P\ + P\- 

(9.26) 

Hence 

A#(p) -H- A<Hs) = ( I - e-w) + D0s + 
Po 

+ --5-(1 — e*Pi,cos 
P3 

+ — e-p‘s 
Pi 

(o2-Pi -^-jsinpjs. (9.27) 

On the basis of equation (17) and formulas (18) and (19) the representa¬ 

tion of additional angle of attack of the flight vehicle will be 

equal to 

Aa(p) = j (,i0 - pn,) - pn3(p + n2) AA(p). 

By placing expression AA(p), we obtain that 

where 

Ao(P)-1(«0-P«1) 
P P + Po P + 2pp, + p¡ 

24) 
- Po(E> + p.iDj). 

£, = B,n, - £„ + - 2«3plB„ 

£, - Pl:£ + /?,«./! , ~ - ti ß.yr E — n ,/7,, 

H ■ i Wj 
= — » 

Pa 

l>tUm 

h Is (| 'H 

« fit t’\ i 
">T *- + 7)7’ 

"’“(y) h'’ = n.iD,(p0 — nj). 
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By using formulas (2.14) and (2.8) and equation (17), the coefficient 

of lateral overload of the center of gravity of the flight vehicle 

can be represented In the form 

(9.29) 

or through surface forces 

(9.30) 

Rotary component of lateral overload will be equal to 

**('.• (9.31) 

where 

d AO (s) 
ds D0 + D,<rw + -jj- e'Pl* (D3 - p,D2) sin p2s + DiB-"'’ cqapjs. 

X 

As an example let us consider loading of a ballistic type 

flight vehicle, which has a comparatively large reserve of aerodynamic 

stability. Graph of Aa(s) for this vehicle is presented on Pig. 9.2. 

In the same place for comparison there is given a graph of function 

A<>(s). As can be seen, the difference of Act from A# at small s is 

comparatively small. The influence of rotation of the body relative 

to the lateral axis, passing through the center of gravity, shows 

on the magnitude of A«“ only at comparatively large values of s . 
•' m 
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Figure 9.3 shows the change with respect to s of the coefficient of 

lateral overload of the center of gravity of the flight vehicle. 

Maximum amount of this overload starts to decrease noticeably with 

increase of the gradient distance only when s >8. When s„<15 An0 m m ui 

reaches its maximum value when s = sm even when the wind velocity is 

constant at s > sm. When sm > 15 there is observed displacement of 

the position of maxA/»« relative to s=sm toward smaller values of s. 

The relationship of A«“( to sm is determined mainly by the value of 

coefficient b^. With decrease of its magnitude the influence of 

lateral rotation of the flight vehicle on lateral overload An“ drops 

and when b^ * 0 completely disappears. 

Fig. 9.2. Influence of 
transverse dimension of 
a gust of wind on the 
change of angle of attack 
of a flight vehicle. 

Pig. 9.3. Change of lateral 
overload of the center of 
gravity of aerodynamically 
stable guided and unguided 
flight vehicles in the process 
of passage through a gust of 
wind. 

Thus, from this example we can make the conclusion that the effect 

of decrease of lateral overloads due to rotation of an unguided 

aerodynamically stable flight vehicle should be considered only when 

H/Z is great. The considered case of loading is of practical interest 

for gliders, descending vehicles, separable nose cones and others. 
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i 9.3. Influence of Automatic Control System 

Let us now Investigate the Influence of parameters of an automatic 

control system (automatic pilot) on the reaction of the flight vehicle 

in case of the effect of a discrete gust of wind. In the preceding 

paragraph it was shown that at comparatively small values of s(s < 20) 

the effect of angle of inclination of the tangent to the trajectory 

on the magnitude of angle of attack of the flight vehicle in the first 

approximation can be disregarded. By using this result, let us 

represent the system of perturbation equations of a guided flight 

vehicle as a solid body in somewhat simplified form, namely without 

taking into account the interconnection with equation (17) 

(9.32) A#+ 0^ + ^0 + ^6 = /,. 

(9.32') 6=-F(AO, AO, AO, A, 6, ...)• 

The character of influence of the automatic pilot will naturally 

depend basically on the accepted law of control of motion of the 

eeMolea. In this case the structure of the equation of control 

Will determine in some sense the method of solution of the given 

problem. If this equation has the form 
V ^ 

motion of the system will be described by one second order equation 

A# + b,0 AA + A* AG = /,o, 

where 

. *0 + 00*6 , /, *6 

The solution of this equation at zero initial conditions will be 

equal to 
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If the equation of control can be represented in the form 

ft = a0Aö + ft,!/. 

for finding the reaction of the flight vehicle to a gust of wind it 

is possible to directly use the solution obtained in § 9.2, having 

changed only the expression of certain coefficients (21), and namely 

instead of a21, a31 anci a33 t0 take accordingly 

If in the equation of control it is impossible to disregard the 

terms containing derivatives of 6, for instance in case 

(9.33) ûj A# + a, AG + a0G - ft - T,ft - x,fi = 0, 

it is necessary to solve a system of two equations (32) and (33). 

Assuming that this system is solvable relative to leading derivatives 

AO and 6, let us reduce it to an equivalent system of first order 

equations. For this in these equations after carrying out the operation 

of replacement of independent variable t by s, let us introduce a 

new system of unknown functions: 

Then the corresponding system of representing equations in expanded 

form will be 

-x](p)p + xj(p) = 0, 

X\ (p)ü2i + xi(p){av¡ - p) + x¿(p)alt = - F^p), 

-xAp)p + xi(p)‘*0, 

xl(p)ail + x-^p)a„ + X;i(p)a43 +x4(p)(at4-p)= - F4(p), 

(9.34) 

where 



Ft(P) mirfi (p)> 

w-5-77/. (p)- 
aj| - ~ K~¡¡t’ 

fla“ “ 7(^ ^"t)’ a42“ “ 7í¡;(02^-Pi)' 

fla“,-^#7r' fl«“ --777(^+a2*í)» 

°4I -7177(°0 “ flA)’ fl44 “ _ 7 (77 + 7) * 

Représentatif 

of the flight 

Hence on the 

The approximate solution of It at zero Initial conditions will be 

determined by expression 

*i(p)--Sp*(p)-XigL. 

where 

Hare A(p) - determinant of system (34). 

_ • 

By X, «*1,2,3, 4) let us designate the roots of characteristic 

equation 

a (p) - p4+r,p»+ftp* + fjp + r« - 0, (9.35) 

coefficients of which are equal to 

r,-i(»i+i+s4). 

r2- 
+ 7) (¾+7)+ ++ • 

(t, + + + 7-)i + (°> + °*7)]* 

- -jr (b'a + aobt) — 

The angle of 

analogously: 

Since In this case the motion of flight vehicle Is stable, equation 

(35) will have roots, the real parts of which are negative. According 

to Routh criterion this is fulfilled if the signs of all coefficients 

of equation (35) and discriminant R-TJtTs-fji-fj are identical. Let 

us assume tMt li and - negative real roots, and k and k - conjugate 

complex roots: 

*3--oo-iß, I 

V,- -Oo+ip. J 
(9.36) 

Only in this 

(i=l. 2_5) 
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Representation of the angle of displacement AO of longitudinal axis 

of the flight vehicle in this case will have the form 

M M " Wip) + V + -¾ “ 
/* r P^ + PiP + Pt P<P + Pi ] 

Hence on the basis of the theorem of convolution 

where 

A<Ms) “ 7- {{PiKiKt + + + 
+ s^+ Vf+/>,*, + ;>, _ 

” (^4-sinßs--^(1 -e-^cosßs)], (9.37) 

*“ ^4t f*3~ BlSfpt 

Sj-p-Tj, Ä, = <^ + ß*( 

Pi-Pih + Pj + Bt, ^-2(10 + ^ + ^, 

Pi - [A» - S,) + (S, - 2a0 + P.i.Xoß, J, 

s'“Tfè + 7)“~fl^ 

p* “ i [fl>_ F^XT (s‘ ~2a«^)]“ 
-18,(5, + ^, + ^+ 

O-^-X^+^ + ^+pèfePÎ 

(9.38) 

The angle of displacement of vanes 6 in function s is determined 

analogously: 

n 

ding 

nts 

Let 

njugate 

6 (p) “ tS; rfc (pj + saP + s<)a2’ 

ô(s) = ^-A<Ms). (9.39) 

Only in this case during calculation of all coefficients P, 

0=1, 2.5) should we replace St and S2 by S^, respectively 
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S.-fíq-- (9.40) 

• 

The magnitude of lateral overload in the center of gravity of the 

flight vehicle in the considered case (i.e., taking into account the 

reaction of automaton of stabilization) is found Just as in the 

preceding paragraph. On the basis of equation 

ÿ + c'Í- + c;a# + c;ô-=/2 

and formula 

we obtain that-approximately (when Ao»» a«) 

Thus, lateral loads, caused by a gust of wind for a guided 

flight vehicle are functions of not only its inertial and aerodynamic 

properties, but also parameters of stabilization automaton. In this 

case the influence of coefficients of equation of control on An® 

basically depends on the aerodynamic and weight arrangement of the 

flight vehicle, and namely on the relative location of the center of 

pressure and center of gravity. For an aerodynamically stable 

guided flight vehicle the lateral overload in the center of gravity 

will be less than for unguided. This decrease of the magnitude of 

An* is explained basically by the presence of control force Ryl, 

directed opposite the direction of action of perturbing force. 

Therefore,. in many cases it can turn out to be comparatively small, 

especially for heavy flight vehicles. Calculations conducted for 

ballistic type "Fau-2" flight vehicle (when iio-2,5; 01=0.400«; 01=0,3400; t=0,4) 

show that for all sm < 20 the magnitude of An^ is reduced 10-17Ï. 

For aei*' 

is obse 

center 

the ins 

to the 

side, b 

flight 

Fig. 9. 

respect, 

type fl 

same pi! 

All call 

ao=10, oi = 

of 6 an 

coeffic 

follows 
•• 

6 in eq 

t2 * 0*j 
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instabi1 

always 
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0 
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For aerodynamically unstable flight vehicles the opposite picture 

is observed, i.e., the actual value of lateral overload of the 

center of gravity is larger than fictitious (8), corresponding to 

the instantaneous action of a gust of wind. This occurs not only due 

to the composition of control ana perturbing forces directed to one 

side, but also due to some increase of the angle of attack of the 

flight vehicle relative to incident air flow. For illustration on 

Fig. 9.^ there are graphs of the change of lateral overload with 

respect to s and sm for hypothetical aerodynamically unstable ballistic 

type flight vehicle similar in characteristics to the "Fau-2." In the 

same place there are graphs of function AG(s) for s * 10 and = 20. 
_ m m 

All calculations are carried out for t » 0.43 when u„ a 30 m/s, and 
i m 

ao= 10, ai=ao, a2=2-flo- t'=0-8. t2=0,I • As can be seen, due to the increase 

of 6 and Ad the magnitude of increases with growth of s , where 

coefficient has a noticeable influence on growth. From this it 

follows that it is possible to disregard the term proportional to 
•• 
6 in equation (33) only at small values of and small sm (when 

Tr, * 0.14 and s * 10 the error will be on the order of 10¡í, and 
¿m 

when sm a 20 - around 40Í). Coefficients a, and aa comparatively 

weakly affect the magnitude of lateral overload of the center of 

gravity of the flight vehicle. At small sm the increase of “2 is 

accompanied by some decrease of A^o . When sm > 10 for aerodynamically 

stable vehicles, conversely, there is observed increase of A«0 with 

growth of uj . Increase of the static amplification factor of the 

control system can lead to some decrease of overload (for aerodynamically 

stable flight vehicles at small sm> and for aerodynamically unstable - 

at large sm). It is obvious that decrease of the degree of aerodynamic 

instability (with preservation of constancy of value of cl) will 

always be accompanied by a lowering of lateral overloads. 

Fig. 9.4. Change of lateral 
overload in the center of 
gravity and increase of pitch 
angle of aerodynamically 
unstable guided flight vehicle 
in the process of passage 
through a gust of wind. 
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As can be seen from Pig. 9.5, the change of lateral overload 

of the center of gravity of the flight vehicle with respect to s is 

analogous to change of the velocity of a gust of wind. Change of 

control forces (when the system is dynamically stable) occurs with 

some delay, and usually max S does not correspond to max u, and 
consequently also max An^. 

Pig* 9*5* Phase shift 
between control force and 
external perturbation (gust 
of wind). 

It Is necessary once again to emphasize that equation (33) only 

approximately describes the work of the control system. If it is 

necessary to calculate the derivatives of 6 of higher orders, then 

for solution of the considered problem one should use other methods, 

for Instance the method of numerical integration or method of 

modeling. Conversely, in examining the static influence of wind on a 

flight vêhicle with comparatively small vertical shifts of velocities 

(large H) it is possible in the first approximationtp-replace the 

differential equation of control (33) by linear algeoraic equation 

s 
4-a0AS. (9*42) 

In this case, according to formula (15), the true wind load on the 

flight vehicle will be determined by expression kJ* By introduction 

of coefficient (12) we as if compensate those errors which are 

caused by disregarding the influence of lateral motion of the center 

of gravity of the flight vehicle. Having placed Aô=AÜ>=o in equation 

(32) and multiplied P2 by we will find 

Aft - ..Mi-;, (9.43) 
*a + a0*4 ha + “u*i 
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Having substituted these values of AO and 6, and also the values 

of coefficients C t'Á./, and nx in expression (41) and conducting 

certain transformations, we obtain the following approximate formula 

for lateral overload of the center of gravity of a flight vehicle (for 

considered case of static loading): 

A«?, 
a0^i,u^l (*lp ^u) 

Go(l —I) o (I + ft) ’ 
(9.A4) 

where 

qScay(xu-xlr) ‘ (9.45) 

Prom this formula it is clear that for an aerodynamically 

unstable flight vehicle (b < 0) the magnitude of coefficient of 

lateral overload will be larger than for aerodynamically stable, 

for which b > 0. 

Figure 9.6 shows graphs of envelope values max An0», , calculated for 

the averaged wind velocities shown in Pig. 1.4, when ^ = 0,02 for 

two values of static amplification factor aQ and 2aQ when b < 0 and 

b > 0. These graphs show that increase of aQ when b > 0 leads to 

an insignificant increase of An«, an(j when b < 0 conversely. 

Pig. 9.6. Envelope of maximum 
values of lateral overload of 
the center of gravity of aero¬ 
dynamically unstable flight 
vehicles from the influence of 
steady wind. 

§ 9.4. Appraisal of the Influence of Elastic 
Oscillations of the Construction 

Since usually the periods of natural elastic oscillations of the 

constructions of flight vehicles are comparatively small, the role of 

dynamic components of forces will be noticeable only with the 

influence of gusts of wind with large gradients of velocity (small H) 
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on the construction. In a similar case for appraising the influence 

of elastic oscillations it is possible to be limited by a simplified 

formulation of the problem, in particular it is possible to consider 

all coefficients of equations of elastic oscillations of the construc¬ 

tion as constants (for almost all types of flight vehicles). It is 

possible in the first approximation to disregard the influence of 

control forces, and the change of angles of attack due to rotation 

of the flight vehicle relative to the lateral axis, passing through 

its center of gravity. In principle the influence of these factors 

is simple to consider, if we preliminarily solve the static problem 

of the reaction of the flight vehicle as a solid body to the examined 

gust of wind. 

The shown assumptions usually do not introduce large errors to 

results of calculation of dynamic forces, but noticeably simplify 

computations, which has a definite value at the stage of sketch 

designing. In many cases the change of control force in the process 

of impulsive load of the flight vehicle occurs with comparatively 

large delay. Thus, this force reaches maximum value already upon 

exiting the vehicle from the zone of action of the gust of wind. 

Angles of deflection of axis of the vehicle are analogously changed. 

Usually the Influence of R^, and Aa increases with increase of 

gradient distance H, i.e., with decrease of the influence of \ 

elastic oscillations of the construction. 

Thus, In the considered case of loading the forced transverse 

oscillations of the construction of the flight vehicle can be 

approximately described (depending upon its assembly diagram) either 

by one differential equation (4.23), or a system of differential 

equations of form (4.43)-(4.47). Solution of these equations with 

known normal forms of natural transverse oscillations of the 

construction is reduced to solution of ordinary second order differential 

equation 

Sn + 2HHSn +(ûlSn^ Hh (9-46) 

(«->.2.«„) 

with c » 
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construc- 

1 It is 
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tation 

■hrough 

factors 

problem 

examined 

with corresponding initial conditions. The latter are found by 

means of expansion of initial values of functions of deflections 

and velocities of points of construction of the flight vehicle 

y,(*„*<,) and jM*i.M according to the forms of natural transverse 

oscillations with weight "Hxt) 

flm I 
no 

21 5,0(4)/«(X|)m(jc,). flm I 

(9.47) 

As a result of fulfillment of this procedure, we obtain 

’ors to 

>lify 

ch 

process 
Lvely 

upon 

nd. 

•hanged. 
>f 

5fio(4) “ j V\ (•*!• 4) fn (xi)dx¡, 
0 

I 

5,o(4)“ J ÿi(xt, to)fn(x,)dxt 
0 

(n-1, 2, ...). 

(9.48) 

(9.49) 

Solution of the equation describing free oscillations of the construction 

5«o + 2/1,5,0 + 0),5,0 ■■ 0 (9.50) 

iverse 

either 

ial 

with 

differential 

.46) 

in this case will have the form 

S„o (0 - «*v [5^(4) cos «,/ + sin «>,/]. ( 9.51 ) 

For finding the function of Sn> determining forced elastic oscillations 

of the construction, let us decompose the external lateral load, 

affecting the flight vehicle in the considered case of loading: 

?.U,. 0 - flS+ A* (/)] + 

+ m U.)gu An,, (,,. t) + /?,, (/)0 („ - ,lp), ( 9.52 ) 
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where 6(jh —Jt«p) - Dirac-delta function, also with respect to normal 

forms of natural oscillations Mx<) with weight m(xt)-. 

(9.53) 

where 

0 

Since 

J m(x,)M*iMxi-0. 

then, »by substituting (52) in (51*)» we obtain 

At small s^, I.#v, large Z, the wind velocity is impossible to 

consider constant along the length of body, of the flight vehicle^md 

during calculation of Integral 

(9.56) 

where *-o/ —*i,< one should consider the change of local angle of attack 

in the function of time or path vt of the vehicle through a 

gust of wind. 

In many cases the relationship of integral (56) to t for the 

lowest tones (n ■ 1; 2) can be approximately approximated by equation 

(9.57) 
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ack 

where by anQ there is designated the biggest value of this integral 

on section o</< —. In the same form it is possible to represent 
V 

the change of static bending moment with respect to t 

AMtf*,, o-jmaxAAit(x,)(l-COS• (9*58) 

The latter in this case is determined by expression 

where 

AMt(x„ s)^[jju {si - *,) dxt dxi - 

Mi Mi “I 

-c».M0Ui)-¿ + -¿-(jr|t-Xu) J J m(x,)(x,-xlt)(ix,dJc,J, (9-59) 

end u(sl — x\) - value of velocity of gust in the current section of the 

flight vehicle body. Calculation of change of wind velocity along 

the length of the flight vehicle leads in some cases to noticeable 

lowering of bending moments, since not only the value of coefficient 

an(t) is decreased, but the magnitude of aerodynamic perturbing moment, 

affecting the vehicle is essentially changed. * For example on 

Fig. 9.7 there are presented graphs of functions an when n * 1 and 

*ifl from when sm ■ 1.2. It is clear that by intersecting the 

gust of wind, the flight vehicle at first becomes statically unstable 

<¿u< I), and then statically stable. 

or. 

Fig. 9.7. Change of position 
of the center of pressure and 
coefficient of aerodynamic 
load of the flight vehicle in 
the process of passage through 
a gust of wind. 
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By using formulas (57) and (55), from equations (50) and (46) 

we can find the values of components of accelerations of the point 

of reduction Sn and SnQ, and by formulas (4.31) and (4.32) calculate 

t>e dynamic components of lateral force and bending moment. 

For obtaining a general concept of the influence of elastic 

oscillations of the construction on the character of loading of a 

flight vehicle during flight in restless air it is possible in the 

first approximation to be limited by consideration of only upper 

appraisals of Sn> obtained without taking into account damping 

terms, namely 

Sn 
gSornkn 
ivMn 

COS «„/ + cos o„t — cos at (9.60) 

where 

““2W- 

Moreover, in the majority of cases it is possible to take only the 

first terms of series (47). Usually with an increase of the order 

of index n the values of §n and SnQ are decreased. 

In a number of cases, especially during fulfillment of desigff 

calculations of various, modifications of the same construction of 

flight vehicle, it is convenient to use the idea of dynamic coefficient. 

Although it is a function of coordinate x«, its determination in 

similar cases has some practical value. The magnitude of this 

coefficient, equal to the ratio of total bending moment to the biggest 

value of static bending moment 

1|(X|. 0 
AMcU,. + 0 

maxAAfc(x|, t) 
(9.61) 

graphically characterizes the degree of the influence of elastic 

oscillations of the construction. Its value depends on the gradient 

distant H and frequence u>n of natural transverse oscillations of the 

construction. The magnitude of gradient distance, corresponding to 
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will be critical for the construction of the flight vehicle. Figure 9.8 

shows graphs of functions n, M, AMc of ~ for n = 1. It is 

clear that M and n reach maximum values with u>, close to on . "he 

character of change of dynamic coefficient with respect to vtlH 

is similar to change of function M(vtlH). It reaches the biggest 

value in the region close to max u. 

Fig. 9.8. Change of dynamic 
coefficient and components 
of bending moment from 

Jit; 

“~3r • 

§ 9.5. Selection of Calculation Scheme 

Thus, we clarified that the values of lateral forces, bending 

moments, angles of attack and lateral overloads during flight of the 

flight vehicle in the zone of restless air on the powered-flight phase 

depend on very many factors: on atmospheric composition, parameters 

^ of the trajectory, inertial and dynamic characteristics of the vehicle, 

parameters and type of control system, aerodynamic arrangement of the 

flight vehicle and its purpose. If the flight vehicle is equipped 

with a control system of lateral motion of the center of gravity, then 

it is possible to expect an increase of lateral loads due to increase 

of the damping factor of gust of wind 

If the control system reacts to overload of the center of gravity 

of the flight vehicle, but not to angles of rotation of sections of 

its body, then, conversely, there can be obtained substantial lowering 

of static values of lateral forces and bending moments, corresponding 

to the influence of steady flows of wind on the flight vehicle. From 

this point of view a system carrying out control of motion of the 

flight vehicle by means of mismatch of thrust force in opposite 

located combustion chambers of combined engines, possesses a certain 

advantage. When the flight vehicle is statically unstable, its 



application leads to some lowering of lateral overloads (basically 

due to the absence of lateral component of control force). Mary 

of the above-Indicated factors are continuously changed during the 

entire time of flight of the flight vehicle in dense layers of the 

atmosphere. On one phase of the trajectory the flight vehicle can 

be statically unstable, on another - neutral, and on a third - 

statically stable. 

The effect of the influence of atmospheric turbulence, gusts of 

wind and steady horizontal flows of wind on the construction In many 

respects depends on the magnitude of vertical velocity component of 

the center of gravity of the flight vehicle. Thus, for aircraft, 

the velocities of vertical motion of which are low, vertical gusts 

of wind, parameters of which (u^ and, H) are normalized, are dangerous 

from the point of view of static strength of the construction. 

Although the time the aircraft stay in the zone of restless air is 

calculated in tens and hundreds of hours, the influence of small 

atmospheric turbulence is of interest mainly for fatigue strength. 

S 

Usually the calculations of reaction of the construction to the 

Influence of turbulence is reduced to determination of transfer functions 

of the flight vehicle to input signal, represented by a sinusoidal 

gust of wind of unit amplitude (see Chapter VI). For comparatively 

low horizontal velocities of flight these transfer functions are 

found taking into account the delay of increase of lift (caused by 

aerodynamic inertial effects), which leads to a lowering.of lateral 

overloads by 10-20f. In proportion to increase of flight speed of 

'the;vehicle the influence of the shown unsteadiness of aerodynamic« 

forces drops and when M > 1.6 it becomes insignificant. Functions 
» •ii '. 

éf" the spectral density of energy and for the considered case of 

flight are described by formulas such as (6.4) and (6.5)» only 

other mean square values of pulsation of flow rate oü and scales 

of turbulence L. As in case V, these parameters depend on the 

flight altitude and especially on local meteorological conditions. 

Many researchers recommend taking minimum values of turbulence scale, 



tions 

on the order of 300 m, for flight cases of loading. It is natural 

that with such large values of L, considerably exceeding the character¬ 

istic dimensions of flight vehicles (length of wing chord, length of 

the body), it is possible to disregard space nonuniformity of turbulence 

and consider the spectral density of its energy on]y in ã function 

of the frequency of oscillations and speed of the flight vehicle.. 

For flight vehicles possessing large vertical components of 

velocity, the time of flight in the zone of turbulence, thickness 

of which does not exceed several kilometers, is measured in seconds. 

Therefore, the dynamic reaction of the construction in this case will 

have a clearly expressed unsteady character and will not essentially 

affect the static and fatigue strength. Since usually for flight 

vehicles of the shown type the region of high impact pressures coincides 

in altitude to the region of existence of Jet streams, then the 

influence of the latter will determine the necessary bearing capacity 

of their construction in the considered case of loading. There 

are two approaches to the solution of the given problem of such 

flight vehicles. The first is based on the use of actual wind profiles, 

obtained experimentally for the assumed region of launch. Calculation 

of the possible reaction of the construction in this case is conducted 

by means of numerical integration of the total system of differential 

equations, describing undisturbed and disturbed motion of the flight 

vehicle on the guidance section (from the moment of launch), for series 

of realizations of function u(h), corresponding to the most windy days. 

The second approach is reduced to the use of conditional (normalized) 

profiles of wind flow, i.e., to normalization of the required bearing 

capacity of the construction. In this case the possibility of safe 

flight of the flight vehicle is determined by comparison of basic 

parameters (maximum average wind velocity max uQ and gradient ^-) 

of true wind flow in the zone of launch with normalized. It is 

obvious that the necessity of preliminary sounding of the atmosphere 

and necessary accuracy of measurement of the shown parameters will 

depend on the value of uQ and , accepted as calculated. 
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Calculation of the reaction of the construction of any flight 

vehicle to normalized profile of external influence can be performed 

with sufficient accuracy (considering the conditional character of 

initial data) by the above-stated method. For nonmaneuvering flight 

vehicles of ballistlp type the calculation scheme will have the 

following form. 

At each point of the trajectory the values of and Q(x‘) 

are represented in the form of the sum of static lateral forces and 

bending moments, caused by the action on the flight vehicle of steady 
r dut i 

wind (with maximum average velocity max uQ and vertical shift [irJcp«,. 

and dynamic components of lateral forces and bending moments, caused 

by deviation of the true wind velocity Au from average uQ (Fig. 9.9)* 

Parameters of this pulsation of wind velocity are characterized by 

coefficient of gustiness k and magnitude of shift . Magnitudes 

of the latter depend on the purpose of the flight vehicle and 

meteorological conditions in the proposed regions of flight. 

Tentatively 

'"•'(tt)*«0'1 "T- 

a 

Moreover in the first approximation one may assume that isolated 

profiles of steady wind and ’’gust of wind" are described by one law, 

but with different H: 

AOs. ’ 

dh 

and that the axes of these profiles coincide (Fig. 9*9), although 

similar coincidence does not always give maximums of bending moments 

Initial conditions in this case of loading, in particular, can be 

determined by the reaction of the flight vehicle to the influence of 

atmospheric turbulence for the lower boundary of jet stream. 
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Fig. 9.9. Calculated profile 
of wind flow. 

Mind velocity 

During flight outside the Jet stream the parameters of steady 

wind max uQ(h) and ^ can be taken in accordance with normalized law 

of change of wind velocity with respect to altitude, and parameters 

of the gust of wind in accordance with the accepted coefficient of 

gustiness, but not less than um = 10-15 m/s. 

H 
//«p when 

3T%r when 

In both cases the crew of static values of QAxt) and Aic(xi) is 

performed in the following sequence: 

1. In accordante with specified graph of distribution of uQ 

with respect to h there is selected (for specific flight altitude) 

the maximum value of average velocity of wind, then by specified 

amount of vertical shift of this velocity there are determined H 

and s . m 

2. By formula (12) there is found the damping factor of velocity 

of wind . 

3. There are determined (when * 1 and frii“l) coefficient of 

lateral overload of the center of gravity of the flight vehicle 

and angle of attack a; 
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4. There are calculated unit values of lateral forces and bending 
moments Q.ixi), M.(xi), Q°(xi), Q*{xi), M*(xy) ; 

5. And, finally, by formulas (3*15) there are found Qc(*i) and 

AM«)- 

‘Calculation of lateral forces and bending moments, caused by 

the action of a gust of wind, is performed in two stages: first 

there are calculated static components of lateral force and bending 

moment, corresponding to maximum velocity of a gust of wind and selected 

gradient distance H, and then dynamic. Calculation of AQc(jn) and 

AAI«(xi) is performed by the above-mentioned scheme, but taking into 

account the influence of mobility of liquid in fuel tanks. 

Calculation of Q,(xi, I) and Al„(xi, t) is performed in the following 

order 

1) frequencies and forms of natural bending oscillations of 

the construction of lowest tones are calculated; 

2) from equations (46) and (50) the values of accelerations 

K Sn0! 

3) then, by using expressions (4.31) and (4.32) functions 

and Mft(xi,t) are determined. 

If the length of the body of the flight vehicle is great, then 

calculation of static and dynamic components of bending moment is 

recomnended by taking into account the change of velocity of the 

gust of wind along the length of the body. 

During investigation of loading of the construction of the 

flight vehicle with side-mounting boosters Qc(xt) and Afc(xi) are 

calculated for each unit separately (taking into account the 

corresponding support reactions). 
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Generally the vertical profile of wind has a complicated form. 

Therefore, the calculation scheme, providing for calculation of only 

one gust of wind, is very simplified. For all practical purposes 

on an averaged wind profile there is imposed a series o** ; of 

various intensity, located at distances on the order -.j km 

(along the vertical) from each other. In certain ases the effect 

of the influence of a series of such gusts of wind on the construction 

of the flight vehicle is considered by the introduction of a conditional 

cyclic gust of wind into the calculation scheme. 

In conclusion let us note that for nonmaneuvering flight vehicles 

the wind loads in the region of high impact pressures usually determine 

the required values of controlling moments, i.e., required maximum 

angles of deflection of control devices. The values of these moments 

for maneuvering flight vehicles are often established by the required 

magnitudes of lateral overloads. With use of air vanes as basic control 

devices the required maximums of angles of their deflection will be 

determined by maneuvers in the region of low impact pressures, if, 

of course, according to the purpose of the vehicle at large pressures 

there are not required "sharper" maneuvers. As a result the available 

lateral overloads for such flight vehicles in the zone of high 

impact pressures can considerably exceed required and for all practical 

purposes will be limited only by the power of control drive. It is 

obvious that the influence of wind loads on the required bearing 

capacity of the construction of such class of flight vehicles will 

not have a decisive value. Therefore, during investigation of the 

dynamic reaction of their construction in the case of a sharp programmed 

maneuver (with specified law of change of angle of deflection of vanes 

to maximum value) it is possible to be limited by the calculation of 

the influence of only steady wind flows. 



EQUATIONS OP TRANSVERSE OSCILLATIONS OF THE CONSTRUCTION 
OF A FLIGHT VEHICLE 

i 10.1. Equations of Transverse Oscillations of a Vehicle 
Taking Into Account the Elasticity of Its Construction 

and the Mobility of Liquid in Fuel Tanks 

• 

If the parameters of motion of a flight vehicle are rapidly 

changad In' tirne, for determination of the reaction of its construction 

to î.i asternal Influence it is necessary to use the method of numerical 

integration of a system of perturbation equations with variable 
a 

coefficients. In this case there sometimes appears the necessity of 

acre precise definition of the equations of motion themselves, in 

particular the calculation of the mutual influence of elhpkle ✓ 

oscillations of the construction and oscillations of liquid in fuel 

tanka of the lowest tones. Similar more precise definition is 

'slnple by using the method presented in Chapter VI. 

Let us write the conditions of dynamic equilibrium of the 

construction of a flight vehicle in form of Lagrange equations, 

representing the influence of liquid on parameters of its motion in 

the form of an external surface load. Tn this case the lateral 

component of velocity of any point of the construction of the flight 

vehicle can be expressed by formula (Fig. 10.1) 

y (*«. 0 - Vt(/) + AA(*„ - *,) + Jj s.(0 U (*,), 00.1) 
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where yT - lateral displacement of the flight vehicle center of 

gravity, and fn(xt) — normal form of natural bending oscillations of 

the flight vehicle construction with solidified fuel. 

ON 

hide 
on 

>idly 

instruction 

>f numerical 

ihle 

;ssity of 

>s, in 

✓ 

in fuel 

is 

he 

)ns , 

ation in 

'ral 

ie flight 

10.1) 

Pig. 10.1. Components of lateral 
shift of points of the longitudinal 
axis of flight vehicle during plane 
perturbed motion. 

According to Chapter IV the kinetic energy of the vehicle 

construction without taking into account liquid filling is determined 

by expression 

To«)-±{ Vr(I) + /„,A6*(/) + J m,(X,) S SH(/)/,(*,) 
0 1-,.1 

ni 1 
+ 2ÿT(/)2] S.(/)J mAxi)llt(xl)dxl + 

n-1 0 

nH I 
+ 2 ^ (/) 2 s, U) J (x,) (xlt - X,) /, (x,) dxi + 

(I-1 o 
i 

+ 2//, (/) A6(/) J m«(x,)(x1T-x,)dx 

djr,+ 

(10.2) 

and potential — by expression (4.6). Here mK(xi) - linear mass of 

the construction (without fuel), 

Mk = J mK(xi)dx{, 
o 

i 
J mAx^ix^-x^dx,. 
0 
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Having taken functions SB(/),ÿt(0 and A*(/) as generalized coordinates, 

we obtain the following system of equations, describing transverse 

oscillations of an elastic flight vehicle with liquid filling in flight: 

MtS, + o* A# <»,„$„ — Qv (10.3) 

/» A# + + ^ bMSñ - Q#, (10.¿0 
»“!• 

S^ + a^T + ^Aé + g-QiB, (10.5) 
ßml » 

where 

i 
*»«■ J '»■(XilMXiHXjf-XiirfXi, 

i 
Cß>u‘m j "*«Ul)/.Ul)/,(X|)¿Xi. 

0 

In this case generalized forces <?,, Q# and (see Chapters II and VI) 

will have the form 

AAfjy - momen 

the lower en 

pressure of 

For cyl 

the value of 

(2.50), (1), 

first terms 

where 

Q, - AK. + Â*ô - c. A* - cj, 1 - J cj£+ rt, 
l»-l 

Q« - AAf,. - M - A« Aa - A. A^ - ¿ ^ 5* + 
n-l 

Qs« •" Æm + ta • A — - 21 -MfSp + Bm, 

(10.6) 

c« - 

■/ •*/ 

S J qAx,)dxj, 
/-i o 
•/ -V 

?T(-*y)(Xit —XIy + X;)dXy+^AAljiy, 
/-I 0 

n ¿M*.) 

<<X 

"/ s 
/-I 

(10.7) 

where 

Equatio 

oscillations 

on the free 

out the tran 

FTD-MT-24-67-70 379 FTD-MT-24-6 



tes, 

se 

flight : 

i 

(10.7) 
Cent1d. 

AMaj - moment concentrated in section (at place of attachment of 

the lower end of j-th tank), caused by the presence of nonuniform 

pressure of liquid on the bottom of the tank (2.57) with (6.19), (6.19*). 

For cylindrical tanks, partially filled with an ideal liquid, 

the value of potential «Dj, according to formulas (2.41), (2.48), 

(2.50), (1), (6.20), taking into account the influence of only the 

first terms of series (6.18), i;e., n0 < nn, will be equal to 

nd VI) 

where 

%/- A*(*it-%) + yT (no-1 or 2). 

Equations for functions , determining the amplitude of 

oscillations of liquid in tanks, are found from boundary conditions 

on the free surface of liquid (2.40") when Xj - 0. After carrying 

out the transformations, which we omit here, we will have 
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where 

din Uj) 

dxi — t¡7 ~f» (¾)) ** 
dinix,) 

dx, ’ 

According to (2.32) 

<7t (Jty) - - AGm, (jcy) (xlt - x0/ + xy) - 

»•i 

- mAx))ÿj - SJn(x,) mAx,) - 2|S»ymI(xy) 
H-l 

ch It* (</•!•</)) 

(î*~ O'h (**/ ’ 
(10.10) 

where ^,(^) - intensity of distribution of the mass of fuel along the 

length of the tank. 

* Having placed (10) in (7) and in equations (3), (4), (5) and 

performing certain simplifications, we obtain the sought system of 

approximate differential equations of transverse oscillations of 

the flight vehicle in the form 

m9i+c^» 7+cb AP+cA#+J Cj.S, - 
••I 

•/ % 

/"■ a-1 

/J AA + AA + ft0 AA — ft, + ^ b^SH m 
a-l 

*/ a, *j 

- AAf„ + J ft*-ft- 
I-' «-i /-i 

Aia(Sa + 2A,Sa + m„ S») + ft,* AA + ¿ + CSltÿ, - 

-B» + k*'»*'/ + ^ * + Jj imS, + Í t^j 

(10.11) 

»/• (10.12) 

(10.13) 

n + p. 

To these equations are Joined: equation (9), equations of control 

and equation of sensing device, connecting the angles of rotation of 

the section of the flight vehicle body with angles of deflection of 

control devices, 
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Ufl“ — Aóy), 
(10.14) 

i 

10) 

g the 

where uv - voltage of command current, *v - amplification factor, 

and 

During formulation of control equations it is recommended in this 

case to use experimental values of amplitude-frequency and phase- 

frequency characteristics of stabilization automaton, measured in the 

range of frequencies close to <*>n (n ■ 1 and n = 2). Coefficients of 

equations (11), (12), (13) are determined by (2.27), (2.61), (6.23') 

(6.23") and (7) taking into account (4.122') 

,nd 

i of 

; f 

.11) 

.12) 

.13) 

)f control 

;ion of 

Lon of 

V ( 1 _ 
Cs,,mm P 2 dxj v'1"*«/ 

V1“1»/ ' - 1 <XI 

y f° 

-Kj 

^4n ” ^»/i, (Xlp)’ 
, V ^P/a) 4,(*f) dU*,) 

pn^ ¿ÍHOl-t) '1 ' dx, ' 

I ”/ ! -*/ 

•> I 

“•“Tí 
V 2np/u) -a KM1* i *x< J 

(10.15) 
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In accordance with (3.15), (3.19) the lateral force and bending 
moment are equal to 

For illustration of the effect of mobility of liquid on elastic 

oscillations of the construction Fig. 10.2 shows graphs of the change 

of bending moment in the process of action of a gust of wind (s * i) 
v HJ J 7 

on the flight vehicle, calculated by taking into account and without 

taking into account the mobility of liquid in tanks. Figure 10.3 

shows values of lateral overload of the center of gravity of the 

vehicle, angle of deflection of control devices and angular acceleration 
corresponding to these cases. 

tain aolldlf lad 
iieud Fig. 10.2. The effect of mobility 

of liquid on the magnitude of 
bending moment with the effect of 
a gust of wind on the- flight 
vehicle. 

r 

Hr* Without takln« Into 
HSVni aaaount tha nabllltr 

# 

Fig. 10.3. The effect of mobility of liquid in fuel tanks on the 
valuej of overload of center of gravity, angle of deflection of 
control devices and angular acceleration during the action of a gust 
of ’rind on the flight vehicle. 
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S 10.2. Equations of Transverse Oscillations 
of the Vehicle of Pack Scheme 

Let us represent a flight vehicle of pack scheme (with side¬ 

mounting boosters) in the form of a system of rods of large elongation, 

connected together with rigid connections 'V and "h" (Pig. 10.^)'. 

Let us place the origin of the basic connected system of coordinates 

xyz at a point coinciding in the initial moment of oscillations with 

the apex of the flight vehicle, and the origin of auxiliary moving 

coordinate system xtym — at the apex of side-mounting booster. 

Let us direct axis x along the longitudinal axis of an undeformed 

body of a vehicle (considered as a rigid body), and axis xt — through 

points of intersection of longitudinal axis of the undeformed body 

of the side-mounting booster with cross connections "a” and "h." 

The direction of these axes will be kept the same as in case V, 

and axes y, yt will be placed in the pitching plane. Continuous 

system of coordinates, rigidly connected with undisturbed trajectory, 

will be designated in this case by 5»iC. 

Pig. 10.¾. Connected systems of 
coordinates for flight vehicle of pack 
configuration. 

Let us assume that oscillations of the flight vehicle as a 

solid body with respect to the center of gravity and oscillations 

of the center of gravity itself, and also elastic oscillations of the 

construction are small. As in the preceding paragraph, we will 

consider that deformation of the body does not affect the values of 

aerodynamic forces and moments which enter equations of motion of 

the flight vehicle as a solid body, and that energy dissipation in 

the construction is small. 
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Let us designate lateral deflection of the center of gravity 

of the flight vehixjle in system of coordinates Çnç by nT(t), and 

Increase of angles of pitch and bank by Ad(0 and <J>(t) respectively. 

Further let us nrfertfent elastic deformation of the construction of 

a flight vehicle and side-mounting boosters in the form of 

series 

y(x, 0-2 5.(0/,(x). ¿^(x,. 0-2 KptV)®pt(X|), 
»-i p-i 

.•L* v"* 
where <J>pi(xt)- functions describing partial forms of 

oscillations of units. Values of these functions should satisfy 

boundary conditions (8.6), (8.7) and equations 

Here 

and 

* 
ï? 

J? “ "»np (*) /, (*) < " °' 

[ö (jt,) ^(Xl)" °- 

m+W-mix)+[Am +m (xj] A (x - x J + 

+ [Am + m (x.)]«(x - xj, 

(10.18) 

«(*•) - St'"“ (1 
i-i 

fft (X.) - S ^ 

— corresponding apparent masses of side-mounting boosters. In this 

case the condition of orthogonality for functions fn(x) will have 

the form 

L 
J ff'-npM/AÍxJMxMx-o wt •n n 

A 

i-i 
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For simplification of computations let us assume that twisting 

strain of bodies can be disregarded.1 Then total lateral shift of 

arbitrary point x of the longitudinal axis of the flight vehicle in 

plane (taking into account bending of its body) will have the 

form 

oo 

T,(*, /) - TV(/) + Aft (/) (X, - *) + 2 S, (/) fH(x). 
r»-l 

Analogous shift of some point *• of the longitudinal 

of side-mounting booster (taking into account rotation of 

vehicle relative to longitudinal axis) will be equal to 

T), (*„ /) - ru U) + AO (/) (xT - x, - *,) + <p (/) r, (x.) sin y, + 

+ £ Kpi (/) ¢,- Ui)+S S" U)\fM VM (1 " 
Pmi d*I 

where Y< - angle between the plane passing through longitudinal axes 

x and xt (of considered i-th side-mounting booster) and pitching plane 

(ln). Mx«) - distance of point xt of longitudinal axis of side-mounting 

booster from the longitudinal axis x of the flight vehicle, and *r - 

abscissa of center of gravity of the flight vehicle on the whole in 

system of coordinates xyz, kt - number of accelerators. 

In this case as generalized coordinates let us take functions 

t|t(/). A0(/). <j>(0 and set of functions ^((/),5,,(/) (p-1, 2,...: «-I, 2,...). 

Generalized forces corresponding to these generalized coordinates will 

be equal to 

*< 

Qn - + 2 A V, - ^ i i|T - C.« + 
Iml 

♦ Ay.-JcS.-S S(10.21) 
A-l (-1 Pml 

‘Questions connected with the account of twisting strain of 
the flight vehicle body are considered in Chapter XIII and In [93]. 

(10.19) 

axis 

the flight 

(10.20) 
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(10.22) 

where 

i 

<?•- ~ M — ¿»A sin Vi — éâ Ad — ¿aà + 

“ *( » 

+^,,-2 ¿«s. - 2 2 ^//Cp,. n»l <«l p« 

it *t *t i 
Qf- M*|fi + 2 a*A + 2 «„»in Y, - 2 2 a 

1^1 «“I /•! pail 

Q» ■ + i tufa »in Yi + A«. - 2 IpocS, - 2 2 irU'K,i -1 
1^1 ßm\ <•! pm\ 

Qkh ■ Vßtfll »In Yl + fl»p< - 2 IpnelKm, 
*«1 

fl.-fl+ ^.(. 

fl--^i(*ui)(«+7), 

t-nkM'—r-j+i.w-?]. 

*» ■ «*(•+f) I /• W [-^r !/'• 

(10.23) 

.(10.21») 

(10.25) 

(10.26) 
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fdcJU) <íc¡¡(*) I ^ f 
[-S7-J„,--fc- + 7i ‘i-1£rLdxM*-xJ+ 

Í-1 0 

(«I o 

tpn'-PfnM^ 

‘pnlc «m... I I |0 

^ßti “ (^ip)» 

«Ml 

axi i *1« 

U-i 

+¿ t*«[/.w(r*-4)+/.(«o^]+ 
i*i p^i J 

+»2'.V. W [/. w( --^)+/.(,)^] .In »,! 

(10.26) 
Cont'd. 

Expressions for the remaining coefficients are given In 5 10.1. 

Here Ä* - gradient of control force, 6 - angle of deflection of 

control devices of the central unit of the vehicle, and #*,. à, - the 

same for side-mounting booster; q - impact pressure, S - characteristic 

area, *p, *■ - coordinates of points of application of control force and 

thrust force to the body of the flight vehicle, *■»! - coordinate 

of the center of pressure of i-th side-mounting booster, cj and «J! - 

aerodynamic coefficients of lift and damping moment, u - Instantaneous 

wind velocity at a given flight altitude,/>6, - thrust of one-side¬ 

mounting booster, P — thrust force of central unit of the vehicle, 
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ap,‘ i 
o 

>;* J i,m(*-*,) 
ác^jx) 

dx np 
dx, 

"•“p« J tMtpM^r**- 

VThen determining internal forces the effect of generalized 

damping forces (tan) ;an be disregarded. It is expedient to consider 

them only during investigation of stability of motion and establish¬ 

ment of amplitudes of natural oscillations of the system. Terms 

proportional to and Ktu which consider displacement and turn of 

the line of thrust force due to elastic oscillations of the body, are 
comparatively small. 

Having determined the kinetic and potential energies of the 

system and using Lagrange equations, we obtain approximate equations 

of transverse oscillations of the flight vehicle of pack configuration 

(in the pitching plane) in the form (see Chapter 

+Ec-$.+E +* 2 i 
••i t-i p-i /-i 

"«»/((xrtiJsin Yi - Qv 

/» A* + typ + S *.5. + 2 2 b^K'i - Q,t 
»•I I —! p—1 

/*4 + <>, AA+2 2 ap,Kpt sin y, + 

+ tjt 2) (jtrt/) sin Yi + 2 2 sin y¡ - Q-, ••i i-i B-i T 

Mn + 2hJn + + f,ñT + 6, A# + 

V ^ - ** + 2 2 tnpiK,, + if 2 aH, sin yt - QS),, 

(10.27) 

(10.28) 

(10.29) 

(10.30) 

where 

E< 

the yai 

cos Y< 

accord: 

Joint I; 

we obt 

relati 

of the 

y aw 1 n r 
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1 

l^'pi + 2hptKpi + tfiKpi) + M, + t>kpl A# + 

"* 
+ S Í«pí^ + çar( sin Y( =• Q»p/ (10.31) n-l 

(n-1. 2.r»„; p = l, 2.np; i-1, 2.k¡), ' 

where 

’,ed 

.'onslder 

:abllsh- 

3rms 

turn of 

tody, are 

the 

luations 

figuration 

10.27) 

10.28) 

Cn-bm [fn(x,) + fn U„))t 
U 

Op/*= J m(x,)x,(I>ri {xx)dXi, 
0 
Aff» \ln (xn) UT - Jf.) + /„ (X.) (xr - JC,)). 

bkpi ~ Ppí (Xj ~ X,) — dpi, 
‘i 

Pw- J "«Ui)^ (xi)dx„ 
0 
*< 

bf - S mt,ri (xrti) (xT -x,- xrt/) sin y,, 

api - n (x.) (Ppi - —) + r, (xj , 

ant - mur, (Xrt,) [/. W + U.) ( I - ^)], 

*npl " / n (*») ~ + /«(•*») (Ppi-J-j, 

i-i 
L 

*i.-1 »>.,<*>/: w*>. 
9 

(10.32) 

10.29) 

10.30) 

Equations of transverse oscillations of the flight vehicle in 

the yawing plane will have the same form. Only instead of sin Y< 

cos Y< will stand everywhere. With this sin Y< (cos Y< ) is taken 

according to modulus in all equations of this chapter. By considering 

Jointly the equations for $ in Ditching plane (29) and in yawing plane, 

we obtain one equation, describing rotation of the flight vehicle 

relative the longitudinal axis. This equation will connect oscillations 

of the flight vehicle in the pitching plane with oscillations in the 

yawing plane. 
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Thus, generally the system of equations of transverse oscillations 

of an elastic flight vehicle of pack configuration cannot be 

subdivided into independent subsystems of equations, as it is accepted 

to do during investigation of the stability of motion of the vehicle 

as a solid body. In a particular case, when the flight vehicle is 

a combination of one central and 4 - * absolutely identical lateral 

bodies (boosters) symmetrically located around it, such separation 

of the system of equations of motion (in case of the presence of an 

independent stabilization system along the channel of rotation) is 

possible in principle. In this case (having designated angle of 

deflection of control devices by fy, and by Nvi(t) - function 

determining the amount of sags of side-mounting boosters only due 

to oscillations of the flight vehicle in the plane of bank) it is 

possible to separate the following subsystem of equations of oscilla¬ 

tions of the flight vehicle with respect to axis x: 

X*(*„ + + •*,*„)-*,«**-+&ÍM# ( 10.34) 

(p—l# 2» • • • » ¿■■l* 2, • • • t Aj) i • • • i 

and equation of sensing device 

(30.341) 

Here k. -- amplification factor of the transducer of control system, ♦ 
— command current, — danping moment, AAf„ - perturbing moment 

and AftiAi - controlling moment with respect to bank for. the central 

unit, equal to 

and n^ — number of vanes, working in the plane of bank. 
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With parallel location of axes of side-mounting boosters of 

the flight vehicle 

In the pitching plane the subsystem of equations of oscillations 

of such flight vehicle at small <|> will consist of: 

equation of motion of center of masses 

„.i i-i p-i 

¿i i i 
+ 2ÄJA«in^ + -C.O+ Cr|T- «inflo- 

i-i 
i*« *i "p 

- 2 S S C10.35) 
»-i «-i p-i 

equation of motion of flight vehicle with respect to center 

of masses 

1M+2 + S 2 *»p<*p<-btt - S btfit sin y, - 
n-l I-I P-I ‘“J ^ 

— ft, — b(fl + AAfn — 2 bneSn ~ 2 Í b/nKpt\ ( 10.36 ) 
n-l 1-1 P-I 

system n of equations of elastic oscillations of the construction 

of central unit 

+ + + CA + + 
41 & - 

+ 2 2 - /ínô + + sin Vi - 

“ 2 ^pntSp 2 ¿ tpHicKpi', (10.37) 
Pml ••I Pm\ 

system np of equations of bending oscillations of bodies of 

side-mounting boosters 
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Mu (kpl + 2h0lkpl + <*„) + ßp(iiT + bkpt A# + S tnplsn - 
«•I 

- Tp 4,0, sin Y/ + Â.P(-Í tpntlknl (10.38) 

and aquation of sensing device of the follow-up system 
(stabilization automaton) 

ao-2¡s 
1-1 

* <fc 

The subsystem of equations of oscillations of the flight vehicle 

for the yawing plane (with replacement sin v< by cos Y< ) will have 
analogous form. 

To the three shown subsystems of equations, describing oscillations 

of the flight vehicle, there are Joined corresponding equations of 

tha control (stabilization) system along channels of rotation, pitch 

and yawing, connecting the angles of rotation of cross section 
of the body of central unit of the flight vehicle with angles of~ 

rotation of steering elements. 

§ 10.3. Influence of Elasticity 
of Cross Connections 

Let us very briefly consider what influence the elasticity of 

cross connections "a" and "h" (Pig. 10.4) has on parameters of 

transverse oscillations of the construction of a flight vehicle of 

pack configuration. With elastic connections the shifts of points 

of longitudinal axis of side-mounting booster (unit) in the case of 

transverse oscillations of the flight vehicle will be comprised of 

shifts caused by bending of the body of this unit sM*,./). and shifts 

caused by sags y(x, t) of points x and x of central block of the 8 H 
flight vehicle and flexibility of connections 'V and "h" (y«< and y*)- 

Having formulated the expressions for kinetic and potential energies 

of the flight vehicle and taking functions %(/). A0(0. yn(0. y^U), Sn(i) 

and/(p,(/), as generalized coordinates, instead of ( 35)-(38) we obtain 

following system of ordinary differential equations, approximately 
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describing its transverse oscillations in the pitching plane on the 

powered flight phase (at small ¢): 

where 

and 

*/ "/> 

"»iit + C* 7 îlr + fa« + S C«S« + S S + Hi + 
n~\ (-1 p-l 

»/ », 

(-1 

+ sW + S sin Y« + Ay.- ( 10.39 ) 
(-i i-i 

nn >i fip »i 

J, AÖ + &, Aô + baa + 2 ftnSp + 2 S bupiKpi + 2 + 
n-i /-i p-i i-i 

», », 
+ 2 bKiÿKl - — M - 2 Mi sin V/ + A/Vf„, 

i-i i-i 
*i np 

Mn fin + 2hn^n + “n5«) + + + S 2 '/ipl^pl + 1-1 P-l 
», 

+ 2 + 2 fnlitÿul m tbtfi + 2 'bnfii SÍH y¡ + Btv 
/-1 «-I /-1 

Mpt (Kpi + 2APi^i + “W + + bkpiAô + S ^ + «-i 

+ ^~-Hhi + fëipÿ»t * TP w *1 sin Vi + ß»pi. 

"« 

mi (*0 («/.,+ ®îiO + c.ií1t + ö.i a# + S + 
fl-l 

+ + “ ^((1 “ -ir)0'+ 
p-l 

% 

1 (*.)(P„ + «KlS'-l) + chÃi + ft..(A# + S '«<«5» + m 
A-l 

+S ++ ß«' 
p-l 

(10.40) 

(10.41) 

(10.42) 

(10.43) 

(10.44) 

(n-l, 2.n»; n-1, 2, .... n,; /-1, 2.*/), 

^-'««/(l — ^71). c.i-Y'**,*,#,. 

¿>il“ffl»|(jtT--Jf,-*rtl)' ÖhI. 4k1 --7 «81*1«! Ut “ JC.) - 77 , 

/«l/i = fn(x») Ml (•*■) "I" fn(x») t„p — ßpj ” , 

t»ln ““ fn(Xn) Mi (Xu)-h fn(Xi) A/tttii, Mi(xK)mß , , 

_f-l_ 
l(A;li)*“mfil(, a )+ o’* ‘ “•<“ TiiU.) • “k! m,(*„) ’ 

ß..i - (« + v)(l - T1)* fl«i “ *s';i (« + t) T1 

(10.45) 

- stiffness coefficients of connections 'V and "m." 
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The vibration component of lateral overload for the central 

unit will be determined by formula 

A/«,.a (*,/).--¿J 
»•I 

(10.46) 

and for i-th side-mounting booster - by expression 

‘"r'l'f '>—TrjS 

+S i. W [( I —a.) f. W+i-z. w]+¢., (| _ i)+it 
»•I ' (10.47) 

Total values of coefficients of lateral overload for these parts 

of the flight vehicle construction (pack configuration) will be 

equal to 

»,(*, 0-»;(0+n;(*. 0+AnriAU, /), I 

VÍ*.- 0-"Í,W+»;U„ o+Artni(x„ /). j 

Solution of the given system of equations in generalized 

coordinates can be obtained with an electronic digital computer. 

Por example let us consider the behavior of tlp^ construction described 

in I 8.3 and consisting of one central unit and eight side-mounting 

boosters, in the case of action of a gust of wind of the following 

form on it: 

«-«■TT when 0</</„ 

s-u,[l--J-(/-/,)] when /,</<2/„ 

«-O when />2/„ 

where - maximum value of wind velocity, H - distance during 

which the velocity of a gust of wind is changed from zero to maximum 

magnitude u . In this case we will use a simplified system of control m 
equations «for the channel of pitch, considering derivatives of 6 and t 

to the seventh order inclusively, and equations of motion of the 

flight vehicle (39)-(44). 
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The character of change of generalized coordinates Sn(t) (for 

n = 1 and n * 2) and ÿ«(0 in the process of action of the shown gust 

of wind (2h-0,4 s) is given on Pig. 10.5. As can be seen, in this 

case the values of Sj are considerably less than Si . The influence 

of St on magnitudes of bending moments turned out to be noticeable 

only for certain sections of the body of the central unit. In 

particular, in the middle of this body the component of dynamic 

bending moment, proportional to Si, did not exceed 10Í of the component 

of dynamic bending moment, proportional to Si. Of the side-mounting 

boosters the most loaded turned out to be those which are located 

in plane Çç (Pig. 10.6), i.e., A(B)- 

Fig. 10.5. Character of change of 
generalized coordinates s„ s„ jw, t 
in the process of passage of the 
vehicle through a gust of wind. 

Fig. 10.6. Character of 
change of generalized 
coordinates r.fl) in 

o the process of passage of 
the flight vehicle through 
a gust of wind. 
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Dynamic components of bending moments in certain sections of 

the body of the central unit exceeded the values of corresponding 

static moments by 50t, and for side-mounting boosters by 3ÜÏ. In this 

case we noted the insignificant influence of elastic oscillations of 

the system on the magnitude of rotary component of lateral overload 

(n*). Furthermore, calculation showed that the introduction of at 

least one elastic cross connection of comparatively small rigidity 

in the system can be noticeably reflected on the character of change 

of almost all parameters, determining perturbed motion of the considered 
flight vehicle. 

In conclusion let us note that the above-mentioned differential 

equations of motion of the flight vehicle of pack configuration can 

be easily spread to more complicated assembly diagrams of constructions, 

in particular to diagrams having underslung fuel tanks and loads 

or constituting one or several groups of parallel located (inside 

or on the outside of the flight vehicle body) and different method 
of connected units. 

§ 10.4. Transverse Oscillations of a Vehicle 
of Pack Configuration Taking into Account 

the Mobility of Liquid in Tank? 

• 
By relating the hydrodynamic pressure of liquid on w%¿¿s of * 

tanks to the category of external surface forces, it is possible to 

formulate approximate equations of transverse oscillations (similar 

to the equations given in S 10.1) and for a flight vehicle of pack 

configuration (with longitudinal and transverse division of stages). 

In this case the value of potential «Pj for tanks of the central unit 

(cylindrical shape) will be determined by the same formulas as for 

fuel tanks of a flight vehicle without side-mounting boosters (8), 

and value of functions by equation (9). 

For fuel tanks of side-mounting boosters the velocity of the 

center of free surface of liquid can be determined on the basis of 

formula (?0), and taking into account the elasticity of connections - 

by formula 
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+ y.,~ + ^Sn[fn (X.) ( 1 - ^) + /„ Or.) ^]. (10.1*9) 

In this case the single of rotation of longitudinal axis of J-th 

tank on the section filled with liquid will be 

n-l 
AOjy -= AO - ]£ sn [/„ (x„) - fn (*,)] ÿ - j(y*¡ - y,i) - 

Bp 
- ^ Kpl I^p/ (jtMy) — Q>pi (*|0/)] • (10.50) 

Having placed (¿19) and (50) in (2.41) and using formula (2.48) 

and boundary condition on the free surface of liquid (2.40"), we obtain 

the following approximate equation for finding the coefficients of 

decomposition of oscillations of the free surface with respect to 

forms of natural oscillations of liquid in J-th tank of i-th side¬ 

mounting booster: 

s of 
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stages). 

ral unit 

is for 

s (8), 

if the 

,.3 iS Of 

entions - 

P*«+®«/P*</+(*r- A, ~ *10/)ÿ»i + 
ftp ftß 

+2 kpl%i (xl0J)+£ s„ [/„ w ( 1 —^)+/„(*„) is'1 + 
p-i «-i 

+ al,Mtl+ÿt(l-^r0 (10.51) 

(/= I, 2, .... /= I, 2, .... tij). 

Having formulated expressions for potential and kinetic 

energies of the flight vehicle construction on the whole without 

taking into account the liquid and expressions for generalized forces, 

corresponding to generalized coordinates AO, S„, Kpt, yHi and y»> taking 

into account hydrodynamic loads, it is simple to find approximate 

equations of small oscillations of a flight vehicle of pack 

configuration in the pitching (yawing) plane, considering the 

influence of both elasticity of the construction and mobility of 

liquid in tanks. With the presence of fuel tanks of complex shape 
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the parameters of oscillations of liquid, utilized in corresponding 

equations, can be determined experimentally (for instance, by means 
of modeling). 

Computation of the shown approximate equations is connected 

with carrying out bulky transformations. In this case the matrix 

of coefficients of the system of these equations will be asymmetric. 

However, this asymmetry is small and will not practically affect 

the results of calculation. In particular, it permits the application 

of linear transformation of coordinates, presented in Chapter V. 

In conclusion let us note that transverse oscillations of a 

guided flight vehicle on the powered flight phase generally are 

described by an infinite number of ordinary second order differential 

equations connected together. During solution of practical problems, 

and namely when determining internal power factors and investigation 

of motion stability of the flight vehicle can be limited by consideration 

of only a finite nuntoer of these equations. In particular, it is 

possible to consider, as was already emphasized, only the fundamental 

tone of oscillations of liquid in fuel tanks (l.e., to take k * 1) 

and only the lowest tones of natural elastic oscillations of the 

construction of central and lateral units (for instance, nn - 3 and 

ttp * 2). Selection of the number of degrees of freedom (i.e., values 

of nn and np) and other simplifications in the shown equations of 

transverse oscillations should be performed in every concrete case 

depending upon the peculiarities of the constructive layout of the 

flight vehicle, its dynamic characteristics and parameters of motion. 

Thus, for Instance, when the frequencies of free bending oscillations 

of the construction of units of the flight vehicle are higher than 

partial frequencies of free oscillations of liquid in tanks >2) , 

it is possible to disregard the mutual influence of elastic oscillations 

of liquid in tanks. Furthermore, with symmetric location of side- 

mounting boosters relative to the central unit it is possible to 

decrease the number of equations describing elastic oscillations of 

the construction of the vehicles themselves. 

§ 10.5. 
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§ 10.5. Equations of Transverse Oscillations of a Vehicle 
of Pack Configuration In Normal Coordinates 

Solution of systems of equations In generalized coordinates, 

describing transverse oscillations of a flight vehicle of pack 

configuration in flight, even for a limited number of degrees of 

freedom is a time-consuming operation, especially when the mobility 

of liquid in fuel tanks is considered. For simplification of the 

problem it is possible to use, as was already noted, the method of 

linear transformation of systems of equations in generalized coordinates 

to a system of equations in normal coordinates (S 5.5). For this 

it is necessary only to preliminarily reduce the considered system 

of equations to corresponding form (5*55) or (5.68). 

In particular, in order to reduce system of equations (iJl)-(M), 

describing transverse elastic oscillations of the flight vehicle in 

flight without taking into account the mobility of liquid in tanks, 

to the required form, it is necessary to exclude from it the terms 

containing variables % and AÖ . For this it is sufficient in these 

equations to substitute expressions t;t and Ad. found from equations 

(39) and (40) respectively. As a result we obtain the sought system 

of equations with modified coefficients. By designating the latter 

with a prime above (flî; and 4)/). we will have 

(<-1.2 

This system is easily converted to a system of independent equations 
of form 

(10.52) 

where u>m - angular frequency of natural elastic oscillations of the 

construction of a flight vehicle in flight, and Qm - corresponding 

generalized force, determined by formula 

G1"“ m„ (10.53) 
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Here by Q« we designate the right sides of corrected equations 

(42), (43) and (44), mg — the number of degrees of freedom. 

Thus, equations of transverse oscillations of the construction of 

a flight vehicle of pack configuration (without taking into account 

the mobility of liquid in fuel tanks) in normal coordinates in the 

pitching (yawing) plane will have the following form: 

+ + f.a - + 2 sin Y<+ (10.54) 

(10.55) 

(10.56) 

In this case 

The form of transverse oscillations of the construction,^or 
Instance, of the central unit, corresponding to m-th tone of natural 
oscillations of the system, will be determined by an expression 
similar to (19) 

(10.57) 

and side-mounting booster - by an expression similar to (20). 
Coefficients Mm and »1* are found from equations (40) and (39) 

(10.58) 
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and establish the position of the axis of oscillations in the systen 

of coordinates connected with initial undeformed state of the flight 

vehicle construction. Equation of this axis is the following: 

noW-nm +A^muT-x). (10.59) 

Before proceeding to transformation of the system of equations 

of transverse oscillations of the flight vehicle in generalized 

coordinates of the flight vehicle, considering the mobility of 

liquid in fuel tanks, we should separate it into two subsystems, 

namely, separate 

1) equations describing only elastic oscillations, 

2) equations describing only oscillations of liquid in fuel tanks. 

In both subsystems of equations (in generalized coordinates) let 

us exclude terms with and 4Ä as is done in the preceding case. 

Then let us convert the first subsystem of equations to normal 

coordinates, relating terms containing jj*, and IW to generalized 

forces. As a result we obtain a system of equations of form 

\ 
(10.60) 

where 

«i - number of fuel tanks in central unit, n2 - in side-mounting 

booster. 

Let us connect the second subsystem of equations to it 

C*/(P*/+ “hA/) “ Pmfm{X< l)Ckl 
'*lml (10.61) 
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Then to system of equations (60), (61), (62) in new generalized 
coordinates Pm. ß»j and Pm (m—1,2,.,.,m*—2; /™ 1,2,....fli(fli); 

coordinates 

PmU)“ 21 QßU)Dfm 
f-l 

P»/< (/) — Si, U) Dßjh 
,-1 

where n, - number of degrees of freedom of the system on the whole, 

equal to 2+íii+M!. and i, - normal coordinate of p-th tone. 

Coefficients 0/, (for central unit) and /„<,, (for lateral units) are 

found by formulas similar to the formula for 4/, (6.23'). 

As a result we obtain the sought equations of transverse oscilla¬ 

tions of an elastic flight vehicle of back configuration with^liquid 

filling in normal coordinates. 
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DYNAMICS OP THE CONSTRUCTION IN THE PROCESS 
OP SEPARATION OF STAGES 

§ 11.1. Cases of Loading 

In this chapter there is investigated loading of the construction 

of a flight vehicle by external perturbing forces and moments in the 

period of shutdown of engines of one stage and switching on engines 

of another (following) stage. We consider the transient process from 

one steady state of loading (case B^) to another state (case 1^), 

accompanied by abrupt change of inertial, dynamic, aerodynamic and 

constructive characteristics of the flight vehicle, 

The character of loading of the construction of a flight vehicle 

in the process of separation stage basically depends on the assembly 

diagram of the vehicle itself and the diagram of switching on the 

engine of the subsequent stage. Selection of the latter is produced 

in such a way that: 

1) at the moment of starting of liquid-propellant engines there 

was ensured entry of fuel into pumps, i.e., longitudinal overload 

nx was larger than zero; 

2) time of free flight of the flight vehicle (when P ■ 0) was 

short ; 
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3) as l'ar as possible this case of leading was not rated for 

basic elements of the flight vehicle construction; 

*0 stage separation and operation of all mechanisms occurred 

reliably, i.e., there was rjo collision of separated parts with the 

flight vehicle; 

5) perturbations received by thé flight vehicle in the process 

of separation were minimum. 

The simplest form of the scheme of separation is for flight 

vehicles with lateral division of stages and with solid-propellant 

engines, for which fulfillment of the first condition (/iXl>0) is 

not required. It appears so: the operating engine is shut down, 

locks or bolts connecting the separable unit with the flight vehicle 

are broken, then the engine of the following stage is turned on 

(Pig. 11.1). Separation by such a scheme is called "cold." For 

flight vehicles with liquid-propellant engines a more complicated 

scheme of "hfll" separation is applied, at which a drop of thrust 

force of the separable unit (Fig. 11.2). 

Pig, 11,1. Change of thrust force of 
units of the flight vehicle with "cold" 
separation stage. 

Fig, 11,2, Change of thrust force of units 
of the flight vehicle with "hot" separation 
stage. 

405 
^D-MT-24-67-70 



Depending upon the parameter? of transient processes of the 

shutdown and turned on engines, much variety is possible in the 

scheme of loading of the construction of the flicht vehicle by 

external longitudinal forces, In particular, with rapid decrease 

of thrust force Pj(t) and slow build-up of thrust force Pjj(t) at 

first there is turned on the engine of unit II (second stage1), then, 

after achievement of a definite value by force Pj^it), the engine of 

p.. 
unit I (first stage) is turned off. At the moment when ^^11 = 07, 

takes a value equal to or larger than specified, and thrust force of 

unit I becomes 

Pi«)<0,Vg5i. (11,1) 

where G-^ - weight of flight vehicle without separable unit I, Gj - 

weight of unit I, mechanical separation stage is produced. If, 

conversely, the drop of thrust force of unit I is slow as compared 

to the growth of thrust force of unit II, then at first there is 

given the command for shutdown of the engine of the first stage, and 

then the command for turning on the engine of the second stage. 

A peculiarity of "hot" separation is the presence of the 

influence of a stream of gases, flowing from the combustion chamber 

of the engine of unit II, on the body of the separable unit I. As 

a result at the place of attachment (to the body of this unit) of 

deflecting device xQ to the flight vehicle (from the moment of 

beginning of growth of thrust force fc0 fche moment of separation 

of the unit) additional longitudinal force Rjj will act (Fig. 11.3). 

The magnitude of this force can be comparable with the magnitude of 

force Pjj, and its character of change with respect to t can be 

similar to the character of change of thrust force 

Fig, 11,3. Diagram of external longitudinal 
forces, affecting the flight vehicle in the 
process of "hot" stage separation. 
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Separation of side-mounting boosters from a flight vehicle 

of pack configuration can occur by the following program. All 

engines of side-mounting boosters are turned off and all power 

connections between the bodies of boosters and the body of the central 

unit are broken. The latter continues flight under the action of 

thrust force of its engines and departs from the boosters. In this 

case for elimination of the possibility of collision of boosters with 

the central unit (in the process of uncoupling) forced withdrawal of 

boosters in a lateral direction can be applied. 

The class of "cold" separation stage can include the case of 

separation of a nose cone from the flight vehicle (during normal or 

emergency flight) with the aid of a special device (spring, pneumatic 

or pyrotechnic) or Jet engine. The basic requirement, which is 

imposed on this case of loading (case Kr), consists of limitation of 

disturbances of the parameters of motion of the separated nose cone 

(descent vehicle). Fulfillment of the shown requirement is Important, 

of course, for separation of all stages of the vehicle, since 

perturbation, which the flight vehicle receives in the process of 

stage separation, can noticeably affect the character of loading of 

the following stage, 

In many cases the magnitudes of longitudinal and lateral forces 

and bending moments in the period of stage separation essentially 

depend on the initial values of these forces at the moment of 

beginning of the separation process. In connection with this below, 

along with case the following cases of loading are considered: 

1) case B^tmax nxl), coinciding with the moment of beginning of 

the process of separation of 1-th stage; 

2) case L^, corresponding to loading of the flight vehicle 

after separation of k-th stage (minhi). 



In case the flight vehicle, besides longitudinal, can be 

affected by various types of lateral perturbing forces and moments. 

The source of these forces can be the external medium, and also 

operation of the engine and control system. Thus, for instance, 

if separation occurs at comparatively high impact pressures, then 

the flight vehicle will be affected by lateral aerodynamic loads, 

caused by the presence of angles of attack (programmed or from the 

influence of the wind). With the use of a compound propulsion 

system (cluster of engines), due to inevitable scattering of actual 

laws of change of thrust force of separate engines (during shutdown 

and starting), the construction will be affected by concentrated 

perturbing moments, the value of which will depend on the power of 

engines and lateral dimensions of the vehicle. Values of lateral 

control forces will in turn depend on magnitudes of the above-indicated 

perturbing moments and on those angular oscillations of the flight 

vehicle, which it had at the moment of beginning of stage separation. 

Almost all external lateral forces and moments, affecting the 

flight vehicle in the process of stage separation, are random 

functions of time. If at the stage of sketch designing of the vehicle 

there is no information about estimators of these functions, then 

it is necessary to be oriented mainly to the possible limiting 

particular cases of loading, analogous to those which were considered 

in the case of launch, of a flight vehicle, namely: 

• 1) case of synchronous change of lateral force for all engines 

of the vehicle; 

2) case of appearance of limiting values of lateral perturbing 

forces and moments. 

§ 11,2, Equations of Longitudinal Oscillations 

By the method, discussed in detail in Chapters V and X, equations 

of longitudinal oscillations for any flight vehicle can be obtained. 

According to this method the construction is divided into a series 

of partial systems, dynamic properties of which are characterized by 



generalized mass and generalized rigidity (partial frequency of 

natural oscillations). The method of determination of these 

generalized parameters of partial systems depends on peculiarities 

of the dynamic layout of particular flight vehicles. The latter 

can be represented in the form of a beam of variable section with 

apparent masses or in the form of rigid bodies elastically connected 

together. When comparatively large concentrated loads (underslung 

fuel tanks, propulsion system, pods with instruments and others) are 

applied to the carrier body of a flight vehicle with the aid of 

elastic connections, having low partial frequencies of natural 

oscillations, or when this body is degenerated into the construction, 

slightly resembling a thin-walled rod (for instance, into frame, 

short shell), replacement of the partial distributed system by a 

system with a finite number of elastically connected rigid bodies is 

natural. 

For many flight vehicles, especially ballistic type, longitudinal 

oscillations of the construction in case are described well by 

the dynamic scheme, representing a beam (or system of such beams) with 

arbitrarily distributed mass and rigidity, to which loads are 

elastically suspended in different sections. Longitudinal shifts u 

of centers of gravity of such loads during elastic oscillations will 

be composed of shifts caused by general deformations of thl flight 

vehicle body and deformation of the elastic connection'ttself (taking 

into account local deformation of the construction of the body at 

the point of connection), i.e., 

u(jt„ 0-2 MO*„(*i) +A*,. 
f»— I 

Potential energy of such a system will consist of potential strain 

energy of -the flight vehicle body and strain energy of elastic 

connections, and kinetic energy - the sum of kinetic energies of 

small oscillations of elements of the body and loads. Lagrange 

equations for a similar system will take the form 
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(11.2) 

where F - some function describing the external influence on the 
xn 

system in longitudinal direction, — coordinate of attachment of 

load of mass m^ to the body of the flight vehicle, Ax^ relative 

longitudinal shift of load, and - partial frequency of oscillations 

of the load- 

Here c. is the generalized rigidity of connection, equal to the 

magnitude of longitudinal force applied to the center of gravity of 

the load causing unit relative longitudinal shift of this center oí 

gravity (due to deformation of the connection, local deformation of 

the flight vehicle body and structural elements of the load itself). 

Of course the values of c^ can be determined by another method, for 

instance by means of dynamic tests of the construction or its model. 

By reducing system of equations (2) to normal coordinates, we 

obtain a system of independent second order equations, coinciding in 

form wHh equations of longitudinal oscillations of a beam. In 

particular cases the above-indicated system of equations is degenerated 

into a system of equations of form (7.20) or into a system of 

equations describing motion of a branched chain of elastically 

connected rigid bodies. 

The dynamic layout of any construction of a flight vehicle, 

represented in the form of a system of rigid bodies, connected 

together by springs, can be composed of typical links. In such a 

layout it is possible to separate: a) end link, representing a rigid 

body of mass m^ (Fig. 11.M, suspended on a spring, working on 

tension-compression, bending or torsion; b) simple Intermediate liru-., 
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representing a rigid body of mass (Pig. 11.1»), connected by 

elastic elements to adjacent bodies and «i-r, c) complicated 

intermediate link m1 (Fig. 11.5), differing from the simple 

intermediate link by the presence of a series of Joined end links, 

and finally; d) basic link, to which is Joined a number of 

complicated intermediate links (Pig, 11.6). 

Pif. 11.4. Simple intermediate link. 

Fig. 11.5. Complicated intermediate 
link. 

Pig. 11.6. Basic link. 

The motion of each typical link occurs under action of forces 

caused by deformations of the corresponding elastic connections, 

damping forces and external forces, applied to the part of the 

construction of the flight vehicle, oscillations of which are 

simulated by the given link. Thus, equations of longitudinal 

oscillations of end links will have the form 

+ - u,) + btjiùij — it,) - F,j, 
(11.3) 
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where c^j - generalized rigidity of j-th elastic connection, equal 

to force applied to the center of gravity of the part of the 

construction simulated by given body j» and causing its unit shift 

(in the direction of action of force) with respect to the center of 

gravity of i-th part of the construction (m^), - external force, 

u^j and Uj - longitudinal shifts of centers of gravity of the 

shown bodies, b^ - damping factor, 

Longitudinal oscillations of simple and complicated intermediate 

links of mass m^ (taking into account only the basic component 

of damping forces) are described by the following differential 

equations : 

m,ü, + ct (u, - «,♦,) + ctJ(ui - Uij) + bt (ù, - lii+i) - F/, ( 11,4 ) 

ki 
'*t“i + ci (u, - u,f[) + cM (u, - + bi («i - «4.,) + 2¡m,]üij~Fi. (11.¾1) 

/-i 

Equation of motion of the basic link is presented in the form 

kp k¡ kp 
mfii+ 2 c,p(u,-u,p)+% m,,ütj + 2 b,p(û,- ù,p) - Ft. ( 11,5 ) 

p—i /»i p-i 

In these formulas c^ - generalized rigidity of elastic connection 

of p-th intermediate link, Joined to the basic link, k^ - number of 

end links Joined to i-th intermediate or basic link, k - number of 
P 

complicated intermediate links Joined to basic link. 

By using the above-mentioned equations of separate links it is 

simple to formulate equations of longitudinal oscillations of the 

construction of any flight vehicle. The quantity of such equations 

will be equal to the overall number of links in the system, and 

consequently, will be basically determined by the assembly diagram 

of the vehicle and requirements of the problem, It is obvious that 

the smaller the quantity of these links, the simpler the solution 

of the problem, but the lower the accuracy of description of real 

oscillations of the system. Therefore, during formulation of a 
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similar dynamic layout It Is preliminarily expedient to estimate 

the degree of Influence of parameters of separate links on the 

reaction of the system on the whole. Solution of systems of 

equations (3), (4) and (5), and also (2) can be found directly by 

the method of numerical integration or by means of conversion to 

normal coordinates. 

§ 1113• Calculation of Longitudinal Forces 

Longitudinal forces, appearing In the process of "hot" stage 

separation In structural elements of the flight vehicle, equations 

of oscillations of which are represented in normal coordinates, can 

be determined in the following way. 

Let us designate all parameters of the flight vehicle, pertaining 

to the first stage of flight (before separation), by index I, and 

to the second *- index II. In accordance with the accepted method of 

calculation the Instantaneous value of longitudinal forces will be 

equal to the sum of static and dynamic components 

N(xit /)« AU*,, 0 - S fAtJN'Ax,) • 
«•i 

The statA component Is proportional to static^ longitudinal 

overload, which in this case will be determined b^^xpressions 

when 0 </,</,„ 

W " 07ÏÏJ l**1 + (*i - *h) - R» (/, - /,i)) when 

when 

where time counted from the beginning of the actual drop of 

thrust force of the first stage, tn - time of actual switch-on of 

engines of the second stage, and tQ - moment of mechanical separation 

of units of the construction. 
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Differential equation for determination of acceleration of the 

point of reduction Tn(U) (for section 0<<, <M will have the form 

where 

(/, - /h) “ I 0 when /,</n, 

1 when /,><«. 
a 

ion, Xn, Afn — frequency, form and reduced mass of n-th tone of natural 

longitudinal oscillations of the flight vehicle on the whole (with 

free ends), jrIBn and x,n2- coordinates of those sections of the 

body, in which there are applied forces Pj, and Rjj respectively. 

Solution of this system of equations is sought with initial 

conditions 

which are determined by means of expansion in the forms of natural 

oscillations with weight m(x«) of actual values of initial longitudinal 

shifts u(xi,0 and rates ù(xi,t) of cross sections of the body of the 

flight vehicle at moment /*=/* 

'i 

(11.7) 

fno“ ÃT f 
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When /»>/•. i.e., after separation of part of the construction from the 

flight vehicle, all the dynamic characteristics of the vehicle are 

changed. 

In this case the values of fmn will be determined from equation 

with initial conditions 

^•nUi)™ f«iioi Ÿ«U (f|) ™ f«iiio when ™ /¾. 

In accordance with formulas (7) 

in 

r-"' " Sr-« <<•) Jm (jf.) x*i (xt)dxu 
•■I 0 

• »II (11.9) 

> «tel i 

where tétiUÍ, í»i(<é)— values of function 7,1(/,) and its di ivative at 

moment ^-/^41,^1, ^,,,11,.41^1- frequency, form and reduced mass of m-th 

tone of natural longitudinal oscillations of the flight vehicle 

construction at the beginning of the second phase o^light 

respectively, - length of the second stage of the vehicle, 

In this case 

Af*ll(x,, /,)" — 2 fm\l(tl)Nm*(Xl)' 
m-1 

(11.10) 

where 

A/mM (X,)- J «(x^XallíX^dX,. 
0 

At the beginning of the second phase of flight the total longitudinal 

force will be approximately equal to 
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(11.10') 

n the 

’e N(Xl, t).pn(t)^jLÙ—ftNmAxl)x 
«•I 

><{^»..(0-<ll[rmIlocos(DmIIí+¿rmllo8in®mII/]e-*.»i.'|( 

where t — time counted from the moment of mechanical stage separation. 

For Illustration Fig. 11.7 shows a graph of the change of 

longitudinal force in one of the sections of the flight vehicle body 

in the process of "hot" stage separation. In this case it was 

assumed that at first the engine of the second stage is switched on, 

and the engine of the first stage will be shutdown with some delay. 

t 

i 

cilnal 

Fig. 11.7. Change of longitudinal force 
in the cross section of the flight 
vehicle body in the process of "hot" 
stage separation, 

Values of dynamic components of longitudinal forces depend 

basically on the speed of change of external forces. The greater 

it is, the bigger is /V#(xt,0 and the greater the role the oscillations 

of construction of the highest tones will play. However, as it is 

known, the accuracy of determination of the forms and frequencies of 

natural elastic oscillations drops with increase of the number of 

tone. Therefore, for complicated assembly diagrams of flight vehicles, 

conditions of elastic oscillations of which in the required range of 

frequencies can essentially depend on the local rigidity of separate 

structural elements, it is better to use a system of equations in 

generalized coordinates of the form (3)-(5). Moreover, in the case 

of very rapid (sudden) removal of thrust force the values of 

longitudinal accelerations of links of the system can be obtained 
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by means of solving the shown system of equations with initial 

conditions corresponding to static loading of the construction by 

longitudinal mass forces at the moment of beginning of drop of 

thrust force, i.e., when /i=0 and Fi-O, Fu=0. Thus, for instance, 

with sudden removal of thrust force of the first stage (in particular, 

with ’’cold” separation of stages) these initial conditions (in the 

absence of longitudinal oscillations of the construction in case B) 

for the above-indicated typical links of the system lead to equality 

of the longitudinal rates of all links to zero (ih-ùo-O) and to the 

following values of initial shifts: 

for end links 

«i/ (0) - uj(0) + g0m,i -Ij- max ntl, 

for simple intermediate links 

u, (0) - u,4| (0) + io max nxl ^ m,, 
/-i 

for complicated intermediate links 

and for basic links 

«/(0) - (0) + go— ma* >1,1 (mt + mu), 

where Bq^ - mass of construction, Joined to this link (from above). 

Por n-th link, to which thrust force of engines of the separable 

stage is applied; u,(0)-0. 

In the conclusion of this paragraph let us note that the above- 

mentioned solution can also be used for determination of parameters 

of longitudinal oscillations of the construction of the central unit 

of a flight vehicle cf pack configuration in the case of separation 

of side-mounting boosters, For this it is necessary only to place 

Äll —0, />1- S (/>,(-/lr,G#,), 
M¡M 
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An important feature of loading of the flight vehicle const rue tio 

in case is the possibility of change of the sign of longitudinal 

forces and overloads in the process of separation of stages, i.e., 

the appearance of longitudinal tensile loads in the sections of the 

body and especially in mounting lugs of loads and at nlaees where 

units are connected together. 

§ 11.Transverse-Oscillations of the-Construction 
in the Process o’f' 'Separation of'- stages' 

The Influence of transverse elastic oscillations of the 

construction on the required bearing capacity in this case of loading 

turns out to be essential only for flight vehicles with parallel 

arrangement of stages, i.e., equipped with side-mounting boosters 

(for instance, B and B). 

Let us assume that side-mounting boosters are separated from the 

flight vehicle so that the possibility of their rotation around upper 

hinged connection "e" is preserved. For determinacy let us assume 

that commands for shutdown of engines of boosters and for break of 

lower lateral force connections "h" are given simultaneously. Due 

to the variation of time of operation of the system turning off the 

engines, and namely the time from the moment of issue of command to 

the moment of termination of operation of the corresponding fuel 

shutoff valves, there will always occur a delay of the beginning of 

actual drop of thrust force tg of one engine with respect to the 

other, and also variation of the magnitudes (and laws of drop) 

themselves of these forces. In other words, real values of 

longitudinal forces (reactions), transmitted to the flight vehicle 

from each booster, will be different at each moment of time. As a 

result during separation of stages the flight vehicle will always 

be affected by unbalanced dynamic moment, equal to 

Af.p-r (^)(^8(/.)-^(/.)). (11.11) 
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With rotation of the side-mounting booster to small angle 

(Pig. 11,8) it will additionally be affected by concentrated (in 

section X ) lateral forces: on the part of booster B 

and on the part of booster B 

(*i) **.+ 

where fc initial value of angle of rotation of longitudinal 

axis of i-th booster, /1— current time, counted from the moment of 

beginning of drop of thrust force of one of the boosters, for 

instance 6. 

Fig. 11.8. Calculated scheme of 
separation of side-mounting booster. 

With sufficient accuracy it is possible to express the changes 

of thrust force of these boosters in the process of engine shutdown 

by formulas 

\ I when 

e., 
P* (/iXn*,0«B, 

PbÍ/.X n*,ö«B. I 
Pb(/|)^ «*,0(18 I 

when t#< /j < Tj, 

when 

when /, >t;, 
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where t^i’- times corresponding to moments of separation of boosters 

6 and B from the flight vehicle, i.e., to moments when longitudinal 

components of forces, transmitted on the part of the boosters to the 

body of the flight vehicle, become equal to zero (Fig. 11,9a). This 

is observed when 

(tb) “ (tb) ®íb> P* (tb) “ nx, (tb) 

Thus, the character of change of perturbing moment with respect to /, 

will have the form shown on Fig. 11.9b. It is possible, of course, 

to approximate function /\(/t) by more complicated formulas. This 

question is answered in every concrete case depending upon the 

required accuracy of calculation. 

Fig. 11.9. Change of thrust force 
of boosters 6 and B (a) and 
tíisturbing moment (b) in the procees 
of separation of side-mounting 
boosters. 

t 
4 

Longitudinal overload nXt (/,) in the process of separation of 

boosters is determined by expression 

««, (/i) 
'A + jl'l 

°a + il c<w 
i-i 

(11.12) 
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Here k designates the quantity of boosters, remaining at the 

considered moment of time h in contact with the flight vehicle, and 

G#r— weight of boosters (particularly 6 and B) at the moment of 

separation. It is necessary to note that generally due to deviation 

of weight of the construction of boosters (due to allowances) their 

weights will be different, 

Since we are interested in force only in the cross sections of 

the central body of the flight vehicle, and not side-mounting boosters, 

then in the first approximation it is possible to consider not the 

influence of elastic oscillations of the conatruction of bodies of 

these boosters on the values of reactions and R0, but to consider 

them absolutely rigid. If times t« and t* are comparatively short 
b u 

(for instance on the order of Tq), then angles of rotation of 

boosters for these time intervals (at small u0i) will be small, 

and it is possible to approximately consider 

Lateral shift (in a continuous system of coordinates) of points^ 

of longitudinal axis & of the flight vehicle In the plane of location 

of boosters E and B and in the considered case of loading will be \ 

determined by expression (10,19) 

nU. <«)-*(/») +<*«(',)(*,-*) + ï 5,(/,)/.(x). 
x-l 

« 

Lateral shifts of points of longitudinal axes of side-mounting 

boosters can be approximately represented in the form 

*(*i. <i) - y»(<i) + Ae(/|)(xt-xJ + j! 5.(/,) /, (x.) - x,|i,(/,) cos Yi. 

Kinetic energy of the given system will be equal to 

2Te + 2 />? + S AÍ.5Í - 

_ 2 [i)T + A4 (xT - X.) + 2 SJn (x,)] 2 cos y I, 

wher*eN 

1 a ten 

be del 

flight 

V 

to ger 

equal 
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where mc, Jq - mass and moment of inertia of the system relative to 

lateral axis, passing through its center of gravity, 

* 
We = mA + 2 niti, 

I-I 
k 

*t - — [nAxrA + 2 ««<■*.). 
<•1 

f * 
/* “ J m (x) (jct - x)*dx + m6l (jct - or,)2, 

a 1-1 
L 

i mnp(*)l\(x)dx (n-1,2.nj, 
0 

k 

«»P W-m (x) + 2 m»(ôOc-*.) (jk «. I, 2), Y/ - 0, n. 

Potential energy of the system (with accepted assumptions) will 

be determined by the strain energy of only the central body of the 

flight vehicle. 

With small impact pressures the generalized forces corresponding 

to generalized coordinates y(/t), will be approximately 

equal to 

Qy - A» + 2 ÍV». COS Y, + /?**, (11,13) 

- \06iy.lXlU, ( 11,14 ) 

Qy - (*, - *p) ^ + I (°. “ «,0«) W + 
+ ^ + ^)(^-^.)1co* Yi> (11,15) 

Qs* ~ bfM + S (p< - n.,C«) cos Yi - 
1-1 

» 

- ^(/>i-n.,C«.)riU,)-i^p-cosYi 
<•1 

(i=l, 2.*), (n»l, 2,, • . nH). 

(11.16) 
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When it is necessary to calculate the influence of mobility 

of liquid in the fuel tanks of central unit (10.9), to expressions 

(13), (15) and (16) we should add terms 

ft 

The values of coefficients bug, and in this case will be 

determined by formulas (2.60), (10.15). By the same method it is 

possible to consider the influence of lateral aerodynamic forces. 

The sought approximate equations of lateral oscillations of the 

flight vehicle construction in the process of separation of side- 

mounting boosters will have the following form: 

ft 
mjft — 2 ffift/XiuAi co* Yi “ Q*. (11.17) 

/c A* - (x, - X.) ^ muXjttfii cos y, - Q4, 

Mn (5, + 2hX + •* SJ _ Wj, (x.) ji, cos Yj - Qsn’ 

fjß, - [íT + AA(xt - xj+jbSj, (xj] cos Y< - Q^. 

(11.18) 

(11.19) 

(11.20) 

(11.21) 

(11.22) 
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In this case the corresponding forms x) and frequencies 

of natural transverse oscillations of the body of the central unit 

of the flight vehicle are determined by taking into account apparent 

(in section xa) masses of side-mounting boosters with uniform 

boundary conditions (4,2^), As the boosters separate from the flight 

vehicle, i.e., as number k changes, the apparent mass and consequently 

also the dynamic characteristics of the central unit of the flight 

vehicle will be changed. This can substantially complicate the 

solution of the problem (especially in the presence of side-mounting 

boosters of comparatively great mass). However, if mass mß^ is 

small as compared to m > then in the first approximation the effect 
\e 

of change of number k (in the process of separation) on u>n and fn(x) 

can be desregarded, 

Having determined accelerations yT, a#. Sn and P*j,, it is simple to 

find the values of lateral forces and bending moments in all cross 

sections of the body of the central unit of the flight vehicle of 

interest to us. 

Prom equations (17), (18), (19) and (21) we can obtain equations 

of lateral oscillations for a flight vehicle with lateral division of 

stages. For this it is sufficient to discard all terms containing 

variable and its derivatives. 

The character of change of components of lateral overload n“, 

and in the process of separation of side-mounting boosters for 

some hypothetical flight vehicle is shown on Fig. 11,10. In this 

case for clarity the values of total lateral overload are given for 

two points of the longitudinal axis of the central unit of a flight 

vehicle *--£• and x * L. As can be seen, in this case of loading the 

vibration component, caused by elastic oscillations of the construction 

of the unit, has the basic influence on the magnitude of lateral 

overload n,,. 



Pig. 11,10. Change of components 
of lateral overload in the 
process of separation of stages. 

With a small damping factor the elastic oscillations will 

attenuate comparatively slowly, and consequently, their effect on the 

character of loading of the flight vehicle can be sensed in case 

(after separation of boosters). Therefore, we should pay attention 

to the process of drop of thrust force of engines, in particular to 

« of parameters Tq and tJ, Decrease of the time of delay and 

BldWlng of the change of thrust force always leads to decrease of 

vibration overloads and stresses in the structural elements of the 

flight vehicle. Since in most cases the drop of thrust force of 

engines is an unregulated process, then an analogous effect is 

attained by introduction of step-by-step shutdown of engines. 

Corresponding selection of the intermediate stage or sequence of 

pairwise shutdown of engines can noticeably decrease the magnitude " 

of perturbing moment affecting the flight vehicle in the process of 

separation of stages or separation of side-mounting boosters. Angles 

of rotation of side-mounting boosters in the process of separation 

magnitudes of which depend on the time of delay of beginning of the 

drop of thrust force of engines of these boosters with respect to the 

moment of break of cross connections essentially affect the state 

of stress of the construction, The longer this time is, the larger 

is 
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§ 11.5. Loading or Construction 
In Cases FT and 

Case K^. Values of static and dynamic components of lateral 

forces and bending moments are determined by the magnitude of 

perturbing moment M (11). They will be maximum when delay xn .and 

gradients will be the greatest. On the other hand, longitudinal 

forced (static and dynamic) will be maximum in the absence of delay, 

i.e., with small values of perturbing moment M0p. Therefore, it is 

difficult to establish directly which of the considered limiting 

cases of loading is dangerous for some section of the flight vehicle 

body or another, This can be done only by investigating the 

character of change of total stresses separately in compressed and 

stretched fibers of cross sections of the body in the process of 

separation of stages. External values of these stresses will be 

determined by the magnitude of equivalent longitudinal force, equal 

to 

Nt(x, tj-Nix, ti) ± M(x, ti)E(x) (11.23) 

Wiere B(x) — rigidity of construction of the body during bending, 

aw) - distance of examined liber from the neutral axis, Fc(x) — area 

of cross section of the supporting part of the construction, and 

M(x, U) — total bending moment, equal to 

M(x, /O-IMJÍ*. t{) + M\{x, /,)]!. (11,24) 

Components of this moment h), AM*, h) are calculated on the 

basis of values of accelerations yT. Ad, obtained from solution of 

equations of transverse oscillations of the flight vehicle (17), (18) 

and (19). If separation of stages occurs at comparatively low 

altitudes, then to moment one should add bending moments, 

caused by the influence of corresponding wind perturbations on the 

flight vehicle. 
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Generally the external values of equivalent longitudinal forces 

(23) for different sections of the body will be observed at different 

moments of loading flight vehicle. Every part of the construction 

can have its own unfavorable combination of loading. For its 

manifestation one should corsider a number of particular cases of 

loading of a vehicle taking into account the relationship of values 

°fto the prehistory of loading of the flight vehiclç on the 

whole# which was mentioned above. As already was noted, the values 

of longitudinal and lateral forces and bending moments in the period 

of separation of stages will depend on the character of loading of 

construction in case (at the moment of beginning of the process 

of separation)• In turn the state of construction of the flight 

vehicle at the moment of mechanical separation of stages determines 

the character of its loading in case L^. 

C&sc Bj. With shutdown of the engine in one stage or through 

an intermediate stage with short delay time one may assume that 

longitudinal forces in case are static, i.e., are determined by 

the formulas given in Chapter III, If the engine before separation 

stage is preliminarily transferred to an intermediate stage and is 

maintained at these conditions a comparatively short time At^ (on 

the order of several seconds), then longitudinal force at the moment 

of beginning of the process of separation itself will contain a 

dynamic component. The value of this dynamic longitudinal force can 

be found by solution of equations (2) with corresponding initial 

conditions and assigned law of transition of lateral force into 

intermediate stage. When necessary one should select delay time At^ 

in such a manner that the magnitude of this component of longitudinal 

force was decreased (due to the influence of resisting forces). 

Sometimes in case it is necessary to consider the dynamic components 

of longitudinal force, appearing as a result of pulsation of thrust 

force with a frequency close to the frequency of natural longitudinal 

oscillations of the flight vehicle construction, Methods of their 

calculation are expounded in the followirig chapter. 

e 

Values of lateral forces and bending moments at the considered 

moment of flight of the vehicle depend on parameters of its 
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trajectory and characteristics of the control system. It Is obvious 

that with realization of separation of stages in the zone of 

comparatively high impact pressures lateral aerodynamic loads both 

programmed, proportional to programmed angle of attack pf the flight 

vehicle, and random, caused, for instance, by action of the wind, 

will be essential. A similar picture of loading can take place for 

many flight vehicles. To equations describing transverse oscillations 

of similar flight vehicles in the process of separation of stages 

one should introduce the corresponding terms, proportional to impact 

pressure. When programming the trajectory of such flight vehicles 

it is necessary to see that in case the angle of attack is close 

to zero. 

If separation of stages occurs at comparatively high altitudes 

(at low impact pressures), then the basic source of lateral loads 

in case is the control system. The appearance of control forces 

on this section of the trajectory is caused by two factors: first, 

by the presence of perturbing moment M , caused by misalignment 

and noncoincidence of the line of thrust force with longitudinal 

axis of the flight vehicle, passing through the center of gravity; 

secondly, due to the dynamic instability of the system vehicle- 

stabilization automation, as a result of which there is possible the 

appearance of oscillations of both control devices and construction 

of the flight vehicle at frequencies close to that of natural bending 

oscillations of the body or natural oscillations of liquid in fuel 

tanks. Similar oscillations frequently determine the computed tanks. 

Similar oscillations frequently determine the computed value of 

lateral forces and bending moments in case B^^ with low impact 

pressures, and also initial conditions for functions Sn(t) (in case 

of separation of stages). Methods of approximation of calculation 

of parameters of these oscillations are listed in Chapter XIII. 

Possible additional lateral loads on the flight vehicle 

construction in case due to random deflections of control devices 

ctre usually considered by a safety factor. 

« 
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This generalized case of loading encompasses Initial sections 

an motion of any stages of a flight vehicle. It determines the 

state of stress of the construction during transient processes, 

caused by initial perturbations, received at the moment of liftoff 

of the flight vehicle from the launcher or during mechanical 

separation of stages. 

Values of static and dynamic components of forces for this 

case of loading are found by solution of the corresponding equations 

of undisturbed and perturbed motion at nonuniform initial conditions. 

The latter are comparatively easily established in each concrete 

case, proceeding from operating peculiarities of the flight vehicle. 

With abrupt change of dynamic characteristics of the flight vehicle 

only the selection of initial conditions for generalized coordinates, 

characterizing elastic .oscillations of the construction, may cause 

some difficulty. In this case it is expedient to use the method of 

expansion of deformations in normal forms of oscillations, given in 

5 11.M. Thus, for instance, with an open aboye ground launch the 

initial values of amplitude of transverse Elastic oscillations of 

the construction at the point of reduc^bn (for case Lj) will be 

determined by the following formula: 

/ 

1 f 
S"'0= I ^ 

0 

(11.25) 

where SnQ - amplitude of transverse oscillations of the point of 

reduction of the flight vehicle in case V. /„(*«) ,- form of transverse 

oscillations of its construction in the same case, and fm(xi)— form 

of transversa oscillations of the construction of the vehicle in case 
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Linearized equations of transverse oscillations of the construc¬ 

tion of the flight vehicle for the boost phase of flight are given 

in Chapter X, They can also be used for description of motion of 

nonmaneuvering flight vehicles in case , 

For maneuvering flight vehicles, separation of stages of which 

can occur at large angles of attack, it is necessary to apply 

nonlinear equations. A good illustration of the method of solution 

of a similar problem for such type of flight vehicles is determination 

of the character of loading of the construction of the recoverable 

part of these vehicles in the process of its withdrawal from the 

body with the aid of a special emergency rescue system (special 

propulsion system, operating on solid propellant). Usually in this 

case (case K«) withdrawal of the recoverable part of the vehicle is 

carried out with an almost limiting initial value of longitudinal 

overload for the purpose of guarantee of the impact pressures required 

for subsequent opening of parachutes (during flight vehicle emergency 

at low altitudes of flight) and protection of the construction of the 

recoverable part from the effect of fragments during a possible 

explosion of the fuel compartment of the flight vehicle, 

Typical for the recoverable part of a flight vehicle is a 

design scheme consisting1 of the descent part (cabin or capsule with 

the crew), located on elastic supports inside the part of the cowl 

separable from the flight vehicle, and solid-propellant engine, 

installed in the apex of this cowl. Simplified dynamic layout of the 

described recoverable part of the vehicle construction (in 

longitudinal direction) can be represented in the form depicted on 

Fig. 11.11. 

‘Miller E. S., Bloom H. L., Design consideration for boost 
phase abort of manned space flights, IAS Paper No, 33, 1962, 
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Pig. 11.11, Simplified dynamic à 
layout of the recoverable part of 
a flight vehicle. 

.We will consider its motion (as a solid body) in a fixed system 

of coordinates with origin coinciding with the position of center 

of gravity of the descent part at the moment of breakaway from the 

body of the flight vehicle. Axes Ç and n of the given system of 

coordinates will be directed parallel to axes of the starting system 

of coordinates xQ and yQ (Pig. 1,1) respectively, The origin of the 

connected system of coordinates xy will be placed, as usual, at the 

apax of the body of the descent part of the flight vehicle. In the 

cm« when perturbing forces act in plane the corresponding 

differential equations of motion of the center of gravity of the 

descent part of the vehicle will have the form 

«! —— fS(c,(o, AfJcosO + c,(a, Mjsinbl +Pcosb-Ä^sinb, (11,26) 

—eSlc,(a, AfJtlnb-Cjío, MJ cos 0]+ d + cos O. (11.27) 

Equation of rotation of the aerodynamically stable descent part 

around the center of gravity will be 
0 

/,# —¢5[mj/*+ xT, Mj]-/?,(*,-xT). (11,28) 
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Pig, 11.1À. Simplified dynamic è 
layout of the recoverable part of 
a flight vehicle. 

We will consider its motion (as a solid body) in a fixed system 

of coordinates with origin coinciding with the position of center 

of gravity of the descent part at the moment of breakaway from the 

body of the flight vehicle. Axes Ç and n of the given system of 

coordinates will be directed parallel to axes of the starting system 

of coordinates xQ and yQ (Pig, 1,1) respectively, The origin of the 

connected system of coordinates xy will be placed, as usual, at the 

apex of the body of the descent part of the flight vehicle. In the 

case when perturbing forces act in plane Çn» the corresponding 
differential equations of motion of the center of gravity of the 

descent part of the vehicle will have the form 

(c,(a, AfJcos0 + c#(a, MJsinb]+ (11,26) 

»H —■—fSlc,(a, Mm)sin0—c,(a, M.)cos0] + Psin0 + /?,cos0. (11.27) 

Equation of rotation of the aerodynamically stable descent part 

around the center of gravity will be 
9 

+ «,(«*. *r. (11,28) 
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In these equations in — mass of descent part of the flight vehicle, 

P - thrust force of the engine of escape system, — control force, 

c and c - aerodynamic coefficients of descent part, Ô— pitch 
* y 

angle, l - length of descent part of the vehicle, xT - coordinate 

of its center of gravity, vN— speed. 

In this case ^ = 

m,(a, xT, M J - c, (a, 

«‘-c^ + oj.e-arctg^, 
(11.29) 

Since separation of the descent part from the flight vehicle can 

occur at comparatively large angles of attack, then the aerodynamic 

coefficients entering these equations generally will be nonlinear 

functions of a. In connection with this, the influence of wind on 

the descent part should be considered by means of change of the 

magnitude of angle of attack, i.e,, take 

0(/)-0(/)-0(/) + ¾. (11.30) 

System of equations of elastic longitudinal oscillations of the given 

construction (Pig. 11.11) will consist of equations of type (3) and 

(4). 

fMi + Ci (*i - *io) + M*i - *io) - — P. 

ml0tl0 c.U, JCjo) + C|q (¿IQ— Xjo) + ftio (X|o Xjo) — 0f 

- Cjq (X|(j jcjq) + Ck (jtjn Xu) — 0, 

"»«X, - c, (jtjo - X,) + cn (x, - x„) - 0, 

— Cn(jt|i “ Jtn) + Z>n(-*n _ X«) — 0, 

(11.31) 

where m - mass of engine with fuel, wio. m}0— mass of parts of 
V 

construction of cowl. m„ - mass of recoverable cabin, and in - mass 

of seat with pilot. The letter c with subscripts designates 

corresponding generalized rigidity of the shown sections of the 

system (Fig. 11,11), b^ - damping factors of oscillations (/-a.#10, n). 



Usually from aerodynamic considerations of engine casing of 

the system of emergency rescue is made in the form of an elongated 

cylinder. T|j(Rrefore, during investigation of transverse elastic 

oscillationitogtr the construction of the descent part this body 

together with the separable part of the cowl can be approximated 

by a thin^walled rod of variable section with arbitrarily distributed 

mass. In this case the simplified dynamic layout of the system (in 

transverse direction) will consist of a beam of variable section, to 

which (for instance, in sections Xj and x there is Joined (with 

the aid of elastic connections) a rigid body, simulating the cabin 

with pilot. Transverse elastic oscillations of such a system in 

generalized coordinates can be described approximately by equations 

of form (2), and namely 

+ MuS* + «is,)+c.ÿT + f,,ÿ, + t»ngH - Fn, (11.32) 

(11.33) 

■£r (0ii + + Mr+ Am0i + 2 “ °* ,-i 
(11.31*) 

90 

(11.35) 

where 

t 

/ 

o’ ^ 
m»? (x) = m() (x) + ô(x - X,) + ô (x - x„). 
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In these formulas /,. 72~ mass moments of inertia of the cabin 

(with pilot) relative to lateral axes, located in cross sections wit-, 

coordinates .v, and .v2 respectively, - mass of cabin (with pilot), 

jt, and Xi~ coordinates of its lateral supports in the connected (with 

cabin) system of coordinates, Xj and xu - coordinates Tf the same 

supports in the system of coordinates connected with cowl, xth - 

coordinate of center of gravity of the recoverable part of the vehicle 

(cabin with pilot) in system of coordinates xy, u)n - partial frequency 

of oscillations of a beam with apparent masses in sections Xj and x^j 

and uniform boundary conditions, Cj and c^^ - generalized rigidities 

of cross connections, y^ — additional lateral shift of the center of 

gravity of the descent part of the flight vehicle. 

A distinctive feature of the given problem is not only the 

presence of large angles of attack, but also a sharp change of mass 

characteristics of the system and impact pressures in the process of 

very brief (on the order of several seconds) operation of the escape 

system engine. Therefore, solution of the given nonlinear differential 

equations with variable coefficients can be found only by the method 

of numerical integration. 

For illustration of the character of loading of the considered 

descent part of the flight vehicle in the shown period of time, 

Fig. 11.12 shows graphs of the possible change of longitudinal and 

lateral components of overload of the center of gravity of the 

descent part, and on Fig, 11,13 — graph of the relationship of 

dynamic coefficient for elements of attachment of the cabin to the 

rigidity of its longitudinal connection. 

n 

Fig, 11,12. Change of overload components 
for the recoverable part in case L^. 
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Pig. 11.13. Relationship of 
dynamic coefficient to the 
rigidity of longitudinal 
connection. 

5 11.7. Loading of Points of 
Connection of Stages 

Stages of 9½ flight vehicle are connected together with special 
quick-opening locks or explosive bolts. Their quantity is established 

in each particular case depending upon magnitude of tensile load 

affecting the point and the bearing capacity of the structure of the 

lock itself. Usually for such points of connection the cases of 

ground operation, case W and case (separation of preceding 

stages) .are calculated. If there are limitations on angular 

perturbations of the flight vehicle in the process of separation of 

stages (at initial conditions in case K^), then cases K. can be 

calculated for them. 

The points of attachment of separable stages (section^,-/,,, 

Pig. 11,3) in the process of "hot” separation are affected by 

longitudinal forces, total quantity of which is determined by 

expression 

* (/11. O-AM/n. 0+ *,(/i,. <). (11.36) 

In this case the value of AM/»,/) is calculated by formula (10), and 

AM»n. 0--/*»</) [l ~$$] +(Pi(O-//1.(01¾. 

While force JV(/n,/) remains compressive, these points of connection 

are not loaded, As Pj decreases and increases longitudinal load 
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Ne(la,t) — changes sign and the shown point of connection are subjected 

to the influence of tensile forces right up to the moment correspond¬ 

ing to the beginning of their operation. Due to the presence of 

variation of parameters, characterizing the response time of locks 

(explosive bolts), their break naturally will not occur simulta¬ 

neously, but with some delay itt). Such a limiting case is possible 

(with a small number of locks) when for all locks, with the exception 

of one, the time lag will be practically close to zero. In other 

words, a large dynamic load will act on the remaining unopened lock. 

For guarantee of the necessary reliability of operation of such a 

lock and sufficient strength of the point of its attachment to the 

body of the flight vehicle, it is required to know not only the 

actual value of maximum force R, affecting this point of connection, 

but also its relationship to time of delay At and generalized 

rigidity of the point of connection on the whole (lock, elements for 

attaching it to bodies of units (stages) and part of the shell of 

the bodies of units themselves, absorbing concentrated force R). 

Let us designate this rigidity through Cg. Let us assume that 

the considered point of connection works only under tension. Then 

the diagram of its loading will have the form shown on Fig. 11,14, 

h the designations accepted there the magnitude of force R 

(without taking into the static component, corresponding to t = 0) 

will be equal to 

R-ctixj-Xt) when 0</<a/, 

when <>A/> 

where 
xj-xao + yOj, 

xio- relative longitudinal shift of the center of gravity of the 

second stage of the flight vehicle, *to- relative longitudinal shift 

of the center of gravity of the separable part of the construction^ 

to, to- angles of rotation of these parts of the vehicle relative to 
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their centers of gravity. Approximate values of the shown shifts of 

separable parts of the flight vehicle are determined by equations 

/nn¿» - Pu - R, m,i,0 ~R-R,[ + Pt, | 

-/..♦i-y/?, “ yR, I (11.37) 

where mj, — masses of divided parts, Jj, — mass moments of 

inertia of these parts relative to their centers of gravity, y - 

coordinate of the place of installation of lock (in this case y=-r). 

Prom the last two equations it follows that 

Let us Introduce designations: 

0,-0,- ¢. 

Then equations (37) will take the following form: 

where 

i + »2x - P0 + r»2©, I 
¿ - OotO + 0^-0, J 

(wi + **11) 

/i»,«. nil 
-«0-V 

/»«-• m|M„ (Piimi + mu (/?n - P|)). 

Having calculated x, 0 we obtain 

(11.38) 

P - c# (x - rO). 

Pig, 11,1¾. Diagram of forces affecting 
the point of connection of stages. 
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As can be seen from these formulas, values of v and <♦ are also 

functions of rigidity c6> and consequently, the relationship of P 

to c* will be nonlinear, 
n 

ts of 

7 - 

y=-r). 

The probability of appearance of the considered limiting case 

of loading of locks depends on their quantity. The fewer the looks, 

the greater the probability of realization of such case. With a 

large number of such locks it is possible to find the total load 

affecting the group of locks or to use methods of the theory of 

probability and mathematical statistics. 

38) 

ing 
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STEADY-STATE LONGITUDINAL OSCILLATIONS OP THE 
CONSTRUCTION OP A PLIGHT VEHICLE 

§ 12.1. Introduction 

In the preceding chapter we considered damped longitudinal 

oscillations of the construction of a flight vehicle, caused by a 

change of thrust force In the process of transient operating condi¬ 

tions of propulsion systems. In this chapter we Investigate steady 

longitudinal oscillations of ballistic type flight vehicles on the 
/ 

boost phase of flight with steady state of operation on the 

propulsion system. f 

The source of such oscillations Is the propulsion system Itself 

and partially the control system. Oscillations of effectors of the 

control system can lead to pulsation of the longitudinal component 

of control force £. (resisting force of air and gas current vanes, 

longitudinal component of thrust force of various types of controlling 

engines). However, In most cases the values of these disturbing 

forces turn out to be comparatively small and their influence on the 
parameters of longitudinal oscillations of the construction 
cambe disregarded (with the exception of resonance case, when the 
frsÿwnop' Of Change of becomes close to the frequency of natural 

Xoftfeittafinar oedllatlons of the construction). 

More Important from this point of view are longitudinal disturb¬ 

ing forces, produced by pulsation of thrust force of the basic 



propulsion system. This pulsation can be caused by random fluctuations 

of pressure in the combustion chamber, instability of the process of 

combustion, oscillations of some system, locking the engine (for 

instance, oscillations in the system "fuel line to engine-pump," 

appearing with the presence of cavitational phenomena), operation 

of control system of vehicle speed, operation of the control system, 

built on the principle of throttling of thrust force and so forth. 

For propulsion systems with annular arrangement of combustion chambers 

the pulsation of total thrust force can appear due to acoustic loads 

on the bottom of the body, and also base pressure fluctuation caused 

by the interaction of the engine Jets. 

Especially dangerous for the construction of flight vehicles of 

ballistic type, engines of which operation on liquid propellant, are 

oscillations of thrust force, caused by dynamic instability of the 

closed system vehicle (with fuel feed system) - propulsion system. 

If such a system is unstable, then any random pressure fluctuation 

of liquid at the fuel feed pump inlet or pressure fluctuation 

in the combustion chamber may cause sustained longitudinal oscillations 

of the entire system with frequency close to one of the lowest 

frequencies of natural longitudinal oscillations of the construction. 

Thus, for instance, similar oscillations with frequency on the order 

of 11 Hz were observed in the process of flight of "Titan" class 

ballistic type flight^vehicles. 

The reaction of the construction to steady pulsation of thrust 

force can be determined by solution of system of equations (11.2) 

with harmonic change of generalized force (see Chapter IV). Reaction 

to pulsation of thrust force or base pressure, being a random 

process, is characterized by spectral density 
• • 

®/v (®) " («) I Q/v (/»») p, (12.1) 

where ¢^(^) - spectral density of the energy of fluctuation of force 

of base pressure, and G^dw) - complex transfer function. With the 

same assumptions which were made in the case of transverse oscilla¬ 

tions (see § 6.3) 



In- this case. If the main part of energy of the process will 

occur at the region of comparatively high frequencies, Instead of 

foraula (1) it is possible to use the method of approximation of 

solution of equations of longitudinal oscillations of the construction 

in form (11.2)-(11,5), simulating random continuous process of 

pulsation of external force by the sum of sinusoidal components with 

small pitch of change of frequencies. 

More complicated is the question of determination of parameters 

of steady-state oscillations (natural oscillations) of nonlinear 

vehlole-propulslon system. It is possible to say that the basic 

problta of dynamic calculation of the construction for the considered 

casa of loading consists namely of guarantee of stability of the shown 

system and establishment of corresponding limitations for amplitudes 

of its oscillations. Its solution is reduced to determination of 

transfer functions of longitudinal oscillations of the flight vehicle 

taking into account the influence of liquid filling and to finding tha 

frequencies and amplitudes of steady-state oscillations, in particular 

the amplitudes of oscillations of longitudinal dynamic forces. 

Below we will pause only on certain questions of the given 

problem, having a direct relationship to normalization of the 

required strength of flight vehicle construction. In this case we 

will not touch upon questions connected with the dynamic stability of 

elastic systems, about which there is extensive literature. 

S 12.2. Approximate Equations of Longitudinal 
Oscillations of the Vehicle Construction 

Let us consider longitudinal low-frequena(r elastic oscillations 

of the flight vehicle body, having m consecutively located supporting 

cylindrical tanks partially filled with liquid. 



Let us designate forward displacements of the system of 

coordinates x,y, relative to system xy (in the direction of axis x) 

through çQ. Let us represent displacements of points of cross sections 

of the flight vehicle body (perpendicular to axis x\ ) at small 

longitudinal elastic oscillations (compression-tension) in the form 

of finite series 

where X - some selected linearly independent functions of xt, 
n 

satisfying uniform boundary conditions at ends of the flight vehicle 

body, and Tn - indeterminate functions of time. Then the kinetic 

energy of longitudinal oscillations of the vehicle structure (without 

taking into account liquid filling) will be determined by expression 

(12.2) 

and potential energy, accumulated by the body in the process of elastic 

deformation, by formula 

(12.3) 

where - Intensity of mass of the structure without taking into 

account liquid filling, l - length of the flight vehicle body, 

Fc(xt) - area of cross section of the supporting (power) part of the 

body, C(xi) - modulus of longitudinal elasticity. 

Functions CqU) and Tn(t) will be taken as generalized coordinates 

q . Generalized forces Qr and QTn corresponding to them will be 
m 
represented in the form of the sum of three components, namely: force, 

considering the effect of liquid on the flight vehicle, generalized 

external perturbing force and generalized force of internal nonelastic 

resistance of the body Qcn* 
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Here by Pj there is designated the load from liquid on the bottom of 

J-th tank., equal to 

» «/ 

pi-1 S Pj(r. f)rdrdi, (12.6) 
0 0 

where a^ - radius of tank, - value of function of shape for 

the bottom of the tank, pj - dynamic pressure of liquid on the bottom, 

determined by formula 

dOj 
P/ Py-ãT- (12.7) 

and Pj ~ mass density of liquid, - velocity potential. With 

longitudinal oscillations of the tank this potential should satisfy 

Laplace equation (2.40) 

d*®/ 1 d®/ 

~drr + 7 ~ôT + (12.8) 

and corresponding boundary conditions, and namely the condition on 

free surface of the liquid 

Pj(r, ¢)-0 with *,y-0 (12.9) 
S' 

and conditions at the wall of the cavity. The latter consists of 

equality of radial velocity of liquid particles (with r * a^) to 

radial rate of wall 

a®y 
0'“~ST“ wi (12.10) 

and of equality of longitudinal rates of liquid for the bottom of the 

tanks (when Xj “ hj) to rates of oscillations of points of the bottom 

d®i 
(12.11) 
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By using the method of separation of variables, particular 

solution of equation (8) can be found in the form 

t, r) = CnR(r)X{x,)i(t). (12.12) 

With steady-state oscillations 

KO-«o*'“'-MO0. (12.13) 

Value of function X(Xj) will be selected so that boundary 

conditions were satisfied on the free surface of liquid (9) 

X (xy) » sin Hy*,, (12.14) 

where Wj - some unknown function. Fulfillment of boundary condition 

on the tank bottom is ensured by corresponding selection of 

coefficients C . 
n 

The simplest form of function R(r) is in the case when the 

supporting tank is an unreinforced thin-walled shell. Radial 

deformation of the wall of such a tank with steady-state oscillations 

is determined by an expression analogous to (14), 

K)y = ßySin(llyXy)ei“', (12.15) 

in which coefficient is a function of the frequency of oscillations 

of liquid pressure in the tank and frequency of natural radial 

oscillations of the shell of the tank u 

described by equation 
cy 

Such oscillations can be 

w/ + I 
Pi 

fic/Pcy ' (12.16) 

where pcj “ mass density of material of the wall of the tank, and 

6 . - the thickness of this wall. Having substituted expression (15) 
C J 

and the value of Pj, determined by formulas (7), (12), (13), in this 

equation, let us obtain the value of coefficient Bj in the form 

B, Cn 
P {') P/K,^2 

K/" ’ 
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wet us assume 

(12.18) 

where I0 - modified Bessel function of the first type of zero order. 

By equating the expression for Wj obtained In such a way to 

value vr (10), we find the equation for calculation of unknown 

function u 

(12.19) 

where 

Here AM - modified Bessel function of the first type of the 

first order. 

When M < (i»cj this equation will have one real root. If 

® > “cj* all roots will be imaginary. In this case expression 

should be sought in the form (2.49) with use o^hyperboli^fessel 

functions. ^ 

Thus, approximately 

®y(xy, r, t) - (Cl,/#((»/,)Sin OlyXy) + 

+ 2 C*/0 (Hjfj) sh (Hjij) i (/). 

In most cases (especially at comparatively large values of 

the level of liquid in the tank hj) with sufficient accuracy for 

practical calculations it is possible to be limited only by the 

first term of this expression, i.e., to take *. in the form [84] 
• J 

(12.21) 
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84] 

(12.21) 

r = A - —. 
“i ai 

In this case the boundary condition on the bottom can be 

fulfilled only approximately, by means of selection of coefficient 

dj in such a way that the difference between average longitudinal 

velocity of particles of liquid in the plane of attachment of the tank 

bottom Xj = and the rate of the tank itself is equal to change 

(due to deformation of the volume of elastic bottom Av., filled with 
J ? 

liquid, divided by area of cross section of the cylinder iraj. 

Por absolute rigid bottom dj = 1. 

Bleich proposes calculating the influence of compressibility of 

liquid (for large h^) by means of substitution in (21) instead of 

roots Uj of equation (19) magnitudes uj 

Xj- 

where Cj - speed of sound in liquid. 

Pig. 12.1. Auxiliary system 
of coordinates. 

The above-mentioned expression of velocity potential of liquid 

is written in system of coordinates Xjyj (Pig. 12.1), the origin 

of which is located in the center of free surface of liquid. 

By placing in formula (6) the approximate value of liquid pressure 

on the bottom of tank p^, obtained in such a way, we find that 

(12.22) MO-2 faio 
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where Mj - mass of liquid located in the considered J-th cavity, 

and m* - relative reduced mass of liquid, equal to 

where 

‘K O*//) (12.23) 

Coefficient a^, considering the effect of elasticity of the 

bottom of the tank, la determined by expression 

V 

Here - angular frequency of natural elastic 

bottom with apparent mass of liquid Mj 

•-'"l/íí’ 

and - rigidity of bottom: 

where P? la a certain fixed surface load on the bottom, and Av . - 

change of the volume of bottom corresponding to this load. 

The value of relative reduced mass depends basically on the 

frequency of longitudinal oscillations of the flight vehicle 

structure. Its magnitude is close to one at small u and sharply 

Increases in proportion to approximation of w to some "resonance" 

value. In this case the load on the bottom will Increase (which can 

be considerable even at very small amplitudes of oscillations of 

the tank). Vlth further increase of frequency the magnitude of 

mj even becomes negative. Elasticity of the bottom essentially 

affects the value of this "resonance" frequency . For illustration 

Fig. 12.2 contains a graph of function m*(w), and Fig. 12.3 - graph of 

the dependence of “rj to (or Figure 12.2 also shows a 

(12.24) 

oscillations of the 

(12.25) 
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graph of function m»(io) when “j = 1 and w^-=wrjo. As can be seen, 

the introduction of Oj shifts into the region of lower frequencies 

(dotted curve). 

pi8- 12-2* Pig. 12.3. 

Pig* 12.2. Influence of the frequency of longi¬ 
tudinal oscillations of the tank on the magnitude 
of relative reduced mass of liquid. 

Pig. 12.3. Dependence of "resonance” frequency 
to rigidity of tank bottom. 

Having placed expressions (2), (3), (4) and (5) in Lagrange 

equation 

à (dT^ \ , at;,, _ 
^■UJ+d£¡r-Q* (12.27) 

and using formula (22), we obtain the following system of ordinary 

differential equations, approximately describing longitudinal steady- 

state oscillations of an elastic flight vehicle with cylindrical tanks, 

partially filled with liquid: 

CnTn-P, 

2 
IB-I 

m. 
% 

1+ S m-l CbIo “* CBfP Q,„ 

(12.28) 

(12.29) 

Coefficients of these equations depend on the frequency of 

longitudinal oscillations of the flight vehicle and are determined 

by formulas 
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n ; 

M « Mc + S «’-VI,, 

l 
Aie “ J mAx\)dxx, 

o 
*“ Cop “= Xn ( -* i n ) • 

l »it 

- C» = 1 m. (^.) Xn (X>) dxl + It (Aa/)* 
0 /-1 

= J ^(xJFAxù dX£¿ äXti-']-dx>, 
0 

I 
Mum ** j mK 

0 

/-i 

(12.30) 

I 12.3. Natural Frequencies of Longitudinal Oscillations 
of the Construction of the Vehicle Taking Into 

Account" the Mobility of Liquid In Tanks 

During fomulatlon of approximate equations of mteady longi¬ 

tudinal oscillations of the system vehicle body - liquid, longitudinal 

deformation of the body was represented In the form of*a series by 
t 

arbitrarily selected functions of coordinate ¿i . It Is natural as 

these functions to take fundamental functions Xn(xi) of the problem 

about natural longitudinal elastic oscillations of the flight vehicle 

structure with solidified liquid, i.e., functions satisfying 

equation of form 

-57 [E (•'.) F'M -¾^] + « 0 ■) *. (* .K “ 0 ( 12.31 ) 

and corresponding boundary conditions. For a body with free ends the 

latter, as it is known, are equal to 

when *i*0, jr,-/. 
J11 

Hera by #»n there Is designated the angular frequency of natural 

longldutlnal elastic oscillations of the flight vehicle, by «(xi) - 

mass per unit of its length (taking Into account masses of liquid 

takl 
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Mj, concentrated in sections x,=*aj). Shown functions are calculated 

taking into account peculiarities of the dynamic scheme of every 

flight vehicle, for instance taking into account the elasticity 

of suspension of propulsion system, pumps and so forth. 

Due to the orthogonality of given functions with weight 

m(xi), expressions for coefficients (30) are noticeably simplified 

and will have the form 

mHn -- 2 ( 1 - m!) Xn (jg Xm (jg when m * rt, 

mnn » * S ^/(1 - When m-n> 

l 

Mn** j m{Xl)X2nWdxr 
0 

c«“ — a l)xlt (xt,y 

(12.32) 

Having placed P = 0, Q^n * 0 and excluded Çq from (28) and (29) 

we obtain the following equation, describing free elastic longitudinal 

oscillations of the considered system: 

m nn + cd2Af T 1 n ñ n 

when m ^ n 
m • I 

(ft — 1, 2, ..., fin). 

(12.33) 

Having selected the solution of these equations Jn the form 

whore - amplitude, and u - frequency of oscillations, and having 

equated the determinant, comprised of their coefficients, to zero, 

we obtain transcendental equation for determination of the 

frequencies of system uip. Having calculated these frequencies, 

let us find the values of amplitudes T determining (with accuracy 

to a constant factor) the degree of effect of each function Xntxij 

on the normalized normal form of longitudinal oscillations M*i), 

corresponding to the given frequency of the system, 



(12.3*0 
Graph. 

fp(xl) ” 2 [*" i-1') ~ T'np. 
<1-1 

and consequently, on the form of radial oscillations of the shell of 

the tank 

, •"M" SSjÄ/l) 8in (12.35) 

The solution of frequency equation, taking into account the 

complicated dependence of mj to w, is expediently sought by the trial- 

and-error method. Accuracy of calculation of functions M*t) and 

*»P in such a way depends on the number of taken functions X„(jci) . For 

all practical purposes it is undesirable to take n large. The 
n 

Influence of higher harmonics u and Xn(xi) on the lowest tones u 
n p 

and M*») frequently turns out to be insignificant, so that in many 

cases for determination of the frequency and form of natural 

longitudinal oscillations of the system of the first (sometimes the 

•acond) tone it is possible to be limited by nn ■ 1, having applied the 

aathod of successive approximations for more precise determination 

of values of Wp and M*<) (corresponding to p ■ 1). 

Before changing to the account of this method, let us consider 

how the elasticity of walls and bottom of the tank affects natural 

frequencies of the system and the form of longitudinal oscillations 

of the flight vehicle, how much values of wp and M*‘) differ from 

frequencies un and forms Jf«(xi) of longitudinal elastic oscillations 

of the construction on the whole, calculated on the assumption of 

solidified liquid. For example let us take nn ■ 2. Frequency equation 

In this case will have the form 

f(*)—I. (12.36) 

where 

F(w) - wVflifla - M») - «’(<»1 + flj). 

(12.37) 

represented 
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Graph of function F(u>) for «, = 3 and = *s 
/-i 

represented on Fig. 12.¾. Points of intersection of this curve with 

straight line F * -1 determine the sought values of natural frequencies 

of the system ( wj>i , wp2, Normal forms of oscillations 7i , 

f2, f^ corresponding to them are shown on Fig. 12.5. 

Fig. 12.4. For determination of 
natural frequencies of the system. 

On these graphs for comparison there are given values of wn 

and X„(xi) for n ■ 1 and n * 2, and also natural frequencies of 

system ( and for case nn * 1. 

w 

Fig. 12.5. Influence 
in tanks on values of 
the system. 

of the level of liquid 
natural frequencies on 

As can be seen, the influence of function u>2 on (dpi on in 

this case is comparatively small. It shows up only on f^ and 

and disappears with decrease of the mass of liquid in these tanks. 

In this case the interconnection of equations of system (33) is 

weakened, and with sufficient accuracy for practical calculation it 

is possible (when determining the lowest frequencies of natural 

longitudinal oscillations of such flight vehicles) to be limited by 

case nn = 1, i.e., to take the frequency equation in the form 



The quantity of liquid in tanks essentially affects the general 

type of functions M*i) and value of frequencies of natural oscilla¬ 

tions of the system u>p. 

Figure 12.5 contains graphs of change of and u)i depending 

upon the level of liquid h^ in tanks J * 2 and J * 3 at constant 

value of hj for tank J * 1. It is clear that with decrease of 

hj, i.e., mass of liquid, the frequency of the first tone of natural 

oscillations of the system approaches &>) , and the frequency of 

second tone (which when hj “ hj0 almost coincides with <*>,), conversely, 

departs from »i . In this case there is observed increase of 

the values and amplitudes of radial oscillations of the wall of 

tank (Fig. 12.6) in the part filled with liquid. Distinction of 

«pijk'froa when hj ■ 0 is explained by the influence of mobility of 

located In the first tank (J * 1). 

Fig. 12.6. The effect of the level of 
liquid on amplitudes of radial oscillations 
of the shell of the tank. 

By analyzing the structure of coefficients (30) or (32), it 

is easy to notice that system of equations (28) and (29) is divided 

(c * 0) when the form of natural longitudinal oscillations of the 
n 

considered structure of flight vehicle satisfies (at shown boundary 

conditions) not equation (31), but the nonlinear equation, which 

is obtained after replacement of by 

"•np (*i) “ «i, (jfi) + ¿ Mym/ («>„) A (*, - xt¡), 

where 6(jr,-jr;„) - Dirac delta function. 
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For finding the solution of this equation, for instance, 

obtaining values of frequency and form of natural longitudinal 

oscillations of the first tone, it is possible to apply the method of 

successive approximations, essence of which consists of the 

following. Having assumed «>“<**1 , by formula (23) we find the values 

of m» for every tank. Then we determine the corresponding reduced 

masses of liquid iñJMj. Having placed their values in equation (31), 

we calculate the first approximation for function f,(x,) and frequency 

w,. After that we deflnltize mj and repeat the calculation. This 

process will converge faster if after each approximation we correct 

the frequency of natural oscillations of the system, by using modified 

equation (38). 

These changes lead to replacement of factor (1 - mj) by 

factor K».,-"h») in all coefficients, in which by k there is designated 

the number of apprrximation. In this case it is taken«that 

when k * 1. The value of function M*i) , obtained by the shown 

method for the considered case of loading of flight vehicle little 

differs from values of function (3^). Frequencies <*>, and u>Pi are 

close. However, in many cases the influence of radial oscillations 

of the shell of tanks and mobility of liquid leads only to the 

appearance of additional frequencies of natural oscillations of 

the system. 

It is necessary to note that the method of successive approxi¬ 

mations gives good results only with ")pi, differing from i.e., 

when I ni*I moderately differs from one. It is possible to judge 
actual values of mj by Fig. 12.7, on which there are constructed 

graph of functions mJ(hj) when w=«iipi for all three tanks. With 

hj/hj0 * 0.46, when *;(«„) = 2.15, for obtaining M*,) several 

approximations in all were required. With this uip was found from the 

following equation: 



rl 

Pig. 12.7. Value of relative 
reduced mass of liquid in the 
tanks when 

■4 

-s 

After establishing the fact of the influence of elasticity of 

bottoms and walls of tanks on the frequencies of longitudinal oscil¬ 

lations of the flight vehicle with liquid filling, the question appears 

about what are the requirements for and a>cj. Calculations show 

that with increase of rigidity of bottoms the frequencies of the 

system increase (Pig. 12.8). As can be seen, when > 1 ths 

Influence of on frequency «pi , corresponding to the form of 

longitudinal oscillations of the flight vehicle close to M*,) 

becomes small. The magnitude of uCj has an analogous effect. With 

Increase of the frequency of natural radial oscillations of the 

shell, the frequency of natural longitudinal oscillations of the 

construction of the flight vehicle is Increased (Pig. €2.9). 

Pig. 12.8. The effect of rigidity of 
bottoms of tanks on the frequencies 
of natural longitudinal oscillations 
of the flight vehicle. 

> a. 
iJOa) 1 

Equations of longitudinal oscillations of the flight vehicle 

taking into account forces of internal nonelastic drag will have the 

form 

(12.^0) 

FTD-MT-24-67-7O 455 



where 

2/!,= (12.41) 

and 6p - logarithmic damping 

oscillations of structure of 

decrement of longitudinal elastic 

the flight vehicle of p-th tone. 

Pig. 12.9. Dependence of frequencies of 
natural longitudinal oscillations of the 
flight vehicle to partial frequency of 
natural radial oscillations of the shell of 
tanks. 

In the first approximation it is possible to accept (Chapter IV) 

that 

7WW (12.42) 

where Tp0 - amplitude of oscillations of the point of reduction (fp ■ 1). 

S 12.4. Equations of Longitudinal Oscillations of a 
Vehicle with Side-Mounting Boosters 

In S 12.2 there were listed equations of steady-state oscilla¬ 

tions of an elastic flight vehicle, having m consecutively arranged 

cylindrical tanks, partially filled with liquid. By using the same 

method, it is possible to formulate analogous equations of longitudinal 

oscillations for a system of such vehicles (units), connected together 

with the aid of elastic connections in a cluster. 

Let us assume that Xks is deformation of elastic connection of 

s-th unit of k-th group, and - coordinate of the place of connec¬ 

tion of this k-th group parallel to arranged units to a certain frame 
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or to the same elastic flight vehicle with cavities partially filled 

with liquid. If we represent deformation of each s-th unit in 

longitudinal direction (in the connected system of coordinates 

xksyks ) in the form of series 

m 

m-l 
(12.43) 

then displacement of any section of s-th unit of k-th group in system 

of coordinates Cn will be equal to 

— 6*j(•*»*. 0“ ~ 5o(0 +^»j(0 + 

(12.44) 

• Having determined kinetic and potential energies of this system 

of units and generalized forces, corresponding to generalized coordi¬ 

nates £q, A^g» Tn and we obtain the following system of equation 

describing longitudinal oscillations of th* totality of elastic 

units (each of which has k. consecutively arranged tanks, partially 

filled with liquid): 

(12.46) 

+ “ ~ P** when m n. 
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ks 
can oe 

/ filled 

In 

)S 

(12.43) 

in system 

If each group of units has a common connection, then a 

represented also in the form of series 

'f 

r-\ 
(12.47) 

having taken i^ = 1 during calculation of the lowest frequencies of 

the system. In the last case the coefficients of these equations will 

be equal to 

(12.44) 

is system 

d coordi- 

f equations , 

tic 

rtially 

(12.45) 

- 

Qks/nn ^ (Xu) |* Wkks(*) (x) (Jx + 
o 

+ /^M/ksM/kfXksmfasji/) 

d^sm ■*" ^ÄJi/in^Ä (.Vi) » 

knm - J £ (jt) Ft (X) dx, 
a 

'kt 

kksmn = J £ (x) Fc (x) iíiliííL dXjuiiiL dXt 
0 

^ ^ktmn ** ^ksmm WhCH ft " ftt, 

«• - « -1 M,(| -*3-1 (| Mm(i - *y. 

I h, 
AÍ» = J mk(x)X2lt(x)dx+ '£iMimlX\(xll) + 

•k •$ 
+ S Stó(x.). 

*-l t-l 
», 

Mk, ” A<», + Musmtkt, 

t *' 
" J m«»i (X)X!lum (*)dx + 2] MlktmlkiXi,m{xUAjb 

Ü *"* 

(12.48) 

(12.46) 
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(12.48 
Cont1 d) 

where M - mass of system on the who&e, m£s - mass of the s-th unit 

of k-th group without liquid, m - mass of frame or body of carrier 
t N " 

(without liquid), Pk8 - external force acting on s-th unit of k-th 
group. 

0 

*a Xkwm^xkB ^ ^ ^-8 take the forms of natural 
longitudinal oscillations of s-th unit of k-th group (with solidified^ 

liquid), rigidly attached at the place of Joining of elastic, cowfíection, 

»nd as xn(*) ** fbrms of natural elastic longitudinal oscillations 

of the frame (or basic carrier unit) with free ends, calculated taking 

into account the masses of all units Joining it (through elastic 

connections) in sections x^. Partial frequencies corresponding to 

these forms of oscillations will be designated by wkain and u . It 

is necessary to note that in the presence of separate (isolated) 

connections for each s-th unit it is expedient to determine <*>n» uk m 

and Xn(x). taking into account the elasticity of these 

connections, assuming the unit not rigid, but elastically attached 

(at the place of connection to the frame). In this case in equations 

(45) and (46) all terms with Xka disappear and the equations for 

vanish. If we are limited by consideration of only the first 

tones of natural oscillations of Joining units, then as it is 

~Cn “ J ^,(^)^(^)^ + 

•k I, 

-cts-MkP»(yt), 
*kt 

~ ckmti “ J mKks(x) X»sm(x) Xksn{x) dx + 

0 

+ Mlktrhlk,Xk,m (xktm) Xk,n {Xk,al)' 

t '* '* 
a»* “ J mAx)Xn(x)Xm(x)dx+ S 2 Af*X(jr,)Af,(jt,)+ 

o 4-1 Í-I 
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possible to take the normal form of natural longitudinal oscillations 

of the system: body of vehicle-liquid f\(xk.), methods of calculation 

of which are given in S 12.2. By using the method discussed in 

Chapter X, system of equations (45) and (46) can be written in the 

normal coordinates, i.e., reduced to the form considered in the 

following paragraph. 

S 12.5. Parameters of Steady-State Longitudinal Oscillations 
of the System "Vehicle-Propulsion System** 

In the case when external longitudinal forces are changed accord¬ 

ing to harmonic law with assigned frequency u ft wcj, equations of 

steady longitudinal oscillations of the flight vehicle with cylindrical 

tanks, partially filled with liquid, are reduced to a system of ordinary 

differential equations with constant coefficients, solution of which 

does not present special difficulties. 

The problem is complicated when there is a dependence of thrust 

force P to parameters of motion of the flight vehicle, and namely 

to préssure of liquid in the tanks and lines. In this case feedback 

appears and the action diagram will have the form of a closed 

circuit. Random longitudinal oscillations of the flight vehicle 

body S(*0 will be called pressure fluctuation p^ on the bottom of the 

tank and in the pipe, supplying liquid from the tank to the propulsion 

system. Pressure fluctuation of liquid in the line will lead to 

pulsation of thrust force P. Oscillations of the latter depending 

upon phase shift in the system will either strengthen or weaken the 

longitudinal oscillations of the flight vehicle body. With strengthen¬ 

ing the system will swing and in the presence of nonlinearity can 

enter conditions of steady-state oscillations (natural oscillations). 

For solution of problems of strength it is important to know how to 

find at least the approximate values of frequencies and amplitudes 

of these oscillations and to determine the conditions of their 

appearance. 

For simplification of computations let us consider steady-state 

oscillations of such a system on the assumption that thrust force is 
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a function of liquid pressure of only one of the fuel tanks, namely 

the tank with oxidizer. Let us represent the dynamic properties of 

the feed system of liquid to the propulsion system (taking into 

account elastic properties of the main line, hydraulic losses and 

inertness of flow in the line) in the form of operational equation 

(12.49) 

Here L and. E - polynomials with respect to s, s - variable of Laplace 

transformation, p - outlet pressure of the feed system of liquid 

and 

Pl-Prj + Plj. (12.50) 

where pflj - liquid pressure on the bottom of the tank at the pipe 

entrance, equal to (in connected system of coordinates) 

^y-P/W# (*«/)• (12.51) 

and dj - correction factor, considering the influence of the place 

of location of the entrance section of the pipe on the bottom of the 

tank, l.e., its distance from the axis of cavity (” ' 

it is possible to approximately consider d^ ■ 1, 

Whan i. '0.5 

By there is designated additional inertial pressure of liquid. 

located in the pipe Itself (with length hT^) : 

(12.52) Pr)~ 9/hrJÍ (•*!,). 

Let us assume further that the equation determining the dependence 

of trust force to liquid pressure p during oscillations of the system 
D 

is linear. In this case the values of thrust force can lag a certain 

Interval of time r with respect to p . Then 
0 
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Equations (49) and (53) can bo reduced to one equation of form 

W(s)P-k„PlQ(s)e-'', ( 12.51*) 

where 

UP (s) * R(s)L (s), 

Q(s)-D(s)E(s), 

The system of equations describing longitudinal oscillations 

of the flight vehicle will have the form 

s V„ + S (s) r, » a„P, (12.55) 
s2(lo + c„Tp) = cP, (12.56) 

where 

S(a)-J* + 2A,s + ®J, 

fp (*ia) _ I 

ai‘ " M¡¡~ ’ C~ M ‘ 

In the case when equations of longitudinal elastic oscillations of 

flight vehicle are represented in normal coordinates, cp will be 

equal to zero, and the dependence of Pj to Tp will be determined 

by expression 

Pj™ e0P + epS2Tp, (12.57) 

where 

*0 =- rP, {hn + hl 

- p, [hl dñíf, {Xai) + h,lfp (*ln)] • 

For finding the approximate values of frequency n and amplitude 

Tp0 of steady-state oscillations (natural oscillations) of the 

considered closed system, it is necessary to formulate a characterisr.ic 

equation of this system and to write conditions at which it will have 
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a pair of purely Imaginary roots. In this case it is assumed, of 

course, that the remaining roots of the characteristic equation 

of the system have negative real parts. Having substituted 

s ■ iw and equated the Imaginary and real parts of the obtained 

equality to zero, we find the following equations for determination 

of Q and TpQ: 

V*(«)So(*)-1M«)S«(“. T^ + ^QM+kAQiMSiiio, 7,0)- 

- S0(«>) Qo(*)l) + (») - *r IQi (®) S0(®) + 
+ S,(®, 7^i)Q0 (®)]) sin ®t - 0, 

r,(«)S,(®. 7^) + S0(®) W^+ika'Qi (®) - *T [Q0(®) S, (®, TK)+ 

+ Q,(c»)So(«)l}cosat - {*®*Q0(a) - *T (QoM S0(®) - 

-0,(0)5,(0, 7«))} sin at -0, 

(12.58) 

(12.59) 

where k ■ kpapep “ amplification factor of the system elastic body 
of the flight vehicle-propulsion system, and kT ■ kpe0 - amplification 

factor of the system flight vehicle as an absolutely rigid body- 

propulsion system. By Wq(u) there Is designated the polynomial 

relative to a composed of terms of polynomial W(s), containing zero 

and even degrees s (with replacement of s by -a ) ; and by V^U) - 

polynomial composed from terms containing odd degrees of variable 
O O 

s (with replacement of s by a, sJ by -a, etc.). Analogous designations 

are accepted for real and Imaginary parts of polynomials Q(ak and 

S(a). For Instance, 

S0(®)-«*-®*. (12.60) 

S,(®. 7^)-2/1,0- (12.61) 

Having excluded 5,(0.7^) from equations (58) and (59), we obtain 

the following equation for finding the frequency of steady-state 

oscillations of system a a u: 



where 

AM - kr [QJM + Q»] - [W0M Q0M + 

+ Wi (u) Q, ((0)] cos (0T - [Q, (w) W0M - Q0(a) AT, (a)] sin at, 

B (a) - Wl(a) + W] (a) + k] lQ20(a) + QÎ(a)] - 

- 2*t I B^o (a) Q0 (a) + (a) Q, (a)] cos at - 

- 2*x 1W0 (a) Q, (a) - IT, (a) Q0 (a)] sin at. 

Prom this formula it follows that fl depends on amplification 

factors k and kT, parameters of the liquid feed system and the 

propulsion system itself. However, as calculations show, in most 

cases, having practical value, the influence of these parameters on 

the frequency of oscillations is small, and one may approximately 

assume that n - (op. This important conclusion was used for an 

experimental check of the accuracy of determination of natural 

frequencies of elastic longitudinal oscillations of a flight vehicle 

with cylindrical tanks, partially filled with liquid, by the proposed 

method of approximation. The experimental installation, consisting 

of two tanks and engine, was suspended by the upper and on an elastic 

support. By means of change of the amplification factor of the system 

in the latter were excited natural oscillations with different levels 

of liquid in the tanks. With the aid of accelerometers and strain 

gauges we measured the frequencies of oscillations of the system. 

Experimental values of these frequencies are shown by points on Pig. 

12.10. i the same place for comparison there are given computed 

values of the first two natural frequencies of the given system 

(elastic body-liquid), obtained from equation (39), i.e., when 

n ■ 1. The dotted line shows the value of partial frequency w n ** 
when n * 1 (for "solidified" liquid taking into account the elasticity 

of bottoms and elasticity of support). As can be seen, calculated 

data will agree with experimental for almost all values of levels 

of liquid in the tanks. 

The mobility of liquid in tanks due to radial oscillations 

of walls and elasticity of bottoms leads not only to some lowering 

of the natural frequency of longitudinal oscillations of the flight 

vehicle construction of the first tone, but also the appearance of 

additional frequency u)p2. Calculation of the effect of function 
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Ají*,), corresponding to the second tone of natural longitudinal oscil¬ 

lations of the construction of the flight vehicle with solidified 

■•.Iquld, In this case leads only to a small change of computed values 

of wp2 and does not affect <■»,,. The value of frequency of natural 

oscillations of the syatem of first tone, obtained by the method of 

successive approximations discussed in § 12.2, little differs from u», . 

Pig. 12.10. Effect of the level of 
liquid in tanks on frequencies of 
natural oscillations of the system 
(points show experimental values of 
frequencies ). 

By considering the depencence of S, to Tp0, by knowing nilt 

Is possible from equations (58) and (59) to obtain expression fV 

détermination of amplitude of steady-state oscillations of the \ 

system1 /* 

(12.63) 

» 

where 

C (Û) - [ «T, (Q) Q„ (Q) - W0 (Q) Q, (ü)| cos ÜT + 

+ I^i (Ü)Q, (Q) + U70(O)Q0(Q)] sin wt, 

a (Q) -= fl (u) when u - U. 

Th* value of this amplitude will depend on the form of function 

ip(Tp0). In our case, according to formula (42), 

r _ «flew « 
A a ini' ~ t— «P.VMO) (12.64) 
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! (12.64) 

When necessary, by using the method of harmonic linearization 

[54], besides internal nonelactic drag of material It Is possible to 

consider the force of dry friction. By knowing tpqj It is possible 

to calculate the amplitudes of oscillations of bottoms, shells of 

tanks and pulsations of thrust force. 

Thus, TpQ is a positive magnitude, then a necessary condition 

of the existence of steady-state oscillations of the system is 

inequality 

, àtûpii |Q) 

nOCW 

The system gets on boundary of stability when 

t ,. *VM0) 
(U) 

(12.65) 

The boundary value of the amplification factor of the system can be 

determined approximately by formula 

(12.66) 
n C (ui^) 

From (64) and (65) it follows that 

^ (12.67) 

Longitudinal forces appearing with such oscillations in cross 

sections of the flight vehicle body with amplitude equal to 

'M*.)/,(*,)+ 

«i -j 

+ S^ÆK/)*^,-^,)1 (12.68) 

where 6(xi —x*j) is Dirac delta function, can reach large values. 

By using formula (65), we can determine the boundary values of 

not only the amplification factor, but any parameter of the considered 
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system. It is possible to construct the regions of existence of 

steady-state oscillations of the system (or region of stability of 

the system) depending upon parameters of the liquid feed system and 

characteristics of the propulsion system. For example on Fig. 12.11 

there is shown the effect of time of delay t on the boundary values 

of amplification factor krp (for experimental installation-vehicle 

suspended on an elastic support) depending upon h^ (when m~<opi ). 

In this case we used equation (53) in the form 

(7,^+r^*+r,s + l)p - *c (fo* + i)/»^-M. 

and p was determined by formula (50), i.e., p * p.. 
B B J 

Fig. 12.11. The effect of time of delay on 
the boundary values of amplification factor 
of the system. 

Investigations show that parameters of the pipe for supply of 

liquid fuel from the tank to propulsion system can essentially effect 

the stability of the given system. It is easy to see this if one 

considers the equation of this main line (49) even in simplified 

form 

(** + V+“?)P.-crPr 

For guarantee of stability of the system in a similar case, i.e., in 

the presence of a comparatively long pipe for fuel feed, it is necessary* 

that ui be considerably lower than (oP. This can be attained by 

corresponding selection of the dynamic characteristics of separate 

sections of the main line. 
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In a number of cases natura] oscillations of the shown system 

with limited amplitudes can be permissible on separate sections of the 

trajectory. It is natural that additional limiting forces appearing 

in this case should be appropriately considered when determining 

the safety factors of the construction. Moreover, the magnitudes of 

these forces can serve as one of the criteria for appraisal of 

the techni^al stability of the system. 

Footnotes 

*In certain cases nonlinearity of the characteristic of fuel 
feed pump, for instance in the presence of cavitation, can have 
essental value. 

2K. S. Kolesnikov, Low-frequency instability of nominal condi¬ 
tions of a liquid-fuel rocket engine. Academy of Sciences of USSR, 
Journal of applied mechanics and tech, physics, 2, 1965- 

F 
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STEADY TRANSVERSE OSCILLATIONS OP GUIDED PLIGHT VEHICLES 

§ 13.1. Formulation of the Problem 

The motion stability of many flight vehicles on the bo'-'st phase 

of flight Is provided by an automatic system of angular stabilization 

(automatic stabilizer, automatic pilot). This system can be self- 

adjusting (with limitations of various types) or with constant 

coefficients. The first type of control system permits ensuring 

the necessary motion stability of the flight vehicle with change of its 

dynamic characteristics in comparatively wide limits. The second 

type places essential limitations on the accuracy of determination of 

these characteristics and frequently does not ensure the total 

absence of natural oscillations in the system in the required range 

of frequencies. 

Block diagram of the system flight vehicle*automatic stabilization 

control (with constant amplification factor) in outline has the form 

shewn on Pig. 13.1. The sensing device of the automatic pilot (free 

gyroscope) is installed in one of the sections of the flight 

vehicle body. A signal, proportional to deflection of the angle of 

rotation of this section is fed to the input of amplifier- 

converter. As a result there is formed a command, proportional to 

derivative of Ah, which after amplification is fed to actuators. Por 

the purpose of obtaining the required high-speed operation of control 

system and coordination of fed control signals with actual results 

of their realization, feedback from control elements is introduced 
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to one of the amplifier stages. An electro-hydraulic machine is used 

as drive of control devices. Usually the structure of the control 

system in pitching and yawing planes is identical. When the connection 

between equations of oscillations of the construction o f the flight 

vehicle in pitching, yawing and rolling planes is small, the stability 

of system vehicle-automatic stabilization control can be considered 

separately for each of the named planes. 

Pig. 13.1. Block diagram of system 
flight vehicle-automatic stabiliza¬ 
tion control. 

Oscillations of the construction of the flight vehicle are the 

source of additional signals, proceeding from gyro-instruments to 

automatic stabilization control. These signals will be proportional 

to the angle of rotation of the cross section due to pending of the 

body and to its time derivatives. In other words, the sensing device 

will perceive elastic oscillations of the flight vehicle construction 

as angular oscillations of a solid body, issuing the corresponding 

signals, magnitudes of which will depend on the place of installation 

of sensing transmitters on the body, and also the rigidity of their 

bracing elements. The control system converts into these signals 

control forces. Depending upon the phase, they will either damp 

oscillations of the body or, conversely, amplify them. Values of 

function Sn(t), In the final analysis determining stresses in structural 

elements of the flight vehicle, will either decrease or, conversely, 

grow. In the first case the motion of the flight vehicle will be 

stable and its oscillations will be comparatively rapidly damped even 

in the absence of damping forces. In the second case the system turns 

out to be unstable and only because of nonlinearity of characteristics 

cf the real system its oscillations in the end will have a steady 
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character. The appearance on the separate phase of guided flight of 

sustained oscillations in the system vehicle-automatic stabilization 

control (automatic pilot) in pitching and yawing planes with 

frequencies close to- that of natural transverse elastic oscillations 

of the body, or frequencies of natural oscillations of liquid in the 

tanks at the stage of flying-design tests is usual phenomenon. Some¬ 

times (because of variation of parameters of automatic stabilization 

control) similar oscillations appear even for experimentally developed 

versions of flight vehicles. Therefore, the given case of loading 

(case Q) of the construction lias important value for flight vehicles 

and especially for ballistic type vehicles, the possibilities of natural 

development of which are very limited. 

In the preceding chapters it was noted that the connection of 

bending oscillations of the construction with oscillations of the 

flight vehicle as a solid body for all practical purposes is absent, 

and the interconnection of elastic oscillations of the construction 

and oscillations of liquid in fuel tanks is small. Only the connection 

of oscillations of liquid with oscillations of the flight vehicle 

as a solid body is essential. Proceeding from this, during investiga¬ 

tion of motion stability of the system vehicle-automatiTe^'tabillzation 

control we prefer to consider the following two subsy^iems separately: 

a) vehicle as a solid body-automatic stabilization control, 

b) elastic body of vehicle-automatic stabilization control. 

It is natural that such an approach to the solution of the 

problem of stability is simplified and serves as one of the sources 

of deviation of calculated dynamic layout from real. The presence 

of noncorrespondence of real and calculated dynamic layout of the 

system because of errors of its description or unaccounted for 

variance of parameters in a number of cases can be the cause of 

appearance of steady-state oscillations of the system. 

So that the motion of a guided flight vehicle with liquid 

filling would be stable, the automatic stabilization control should 
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provide phase lead at frequencies corresponding to the frequencies of 

natural oscillations of liquid in fuel tanks u. ., and delay at 
KJ 

frequencies corresponding to the frequencies of natural elastic 

oscillations of the construction u>n of beam type. Critical fre¬ 

quency of automatic stabilization control should be larger than w.. 
KJ 

and less than wn. Since these requirements are contradictory, they 

often cannot be fulfilled in the same range of frequencies simulta¬ 

neously • Therefore, in similar cases for guarantee of stability 

we try to scatter the mentioned frequencies by different constructive 

measures: reduce the mass of fluctuating part of liquid, increase 

damping, since it is obvious that it is very difficult to change 

noticeably the frequencies of natural elastic oscillations of the 

construction of the flight vehicle. 

The shown requirements for adjustment of automatic stabilization 

control pertain basically to the lowest frequencies (less than 8-15 

Hz). Higher frequencies do not affect the processes of adjustment. 

The spectrum of action of control forces on the flight vehicle 

construction is almost always low-frequency and the amplitude of its 

harmonics is decreased with increase of their number according to 

equality 

. max Ä / , « . 
ô«—(n — l, 2, ...). 

If the transmission band of the control system is less than 

frequencies of natural transverse elastic oscillations of the flight 

vehicle construction, then amplitudes of these oscillations are 

considerably decreased with passage through automatic stabilization 

control. In this case the smaller the amplification factor of the 

system, t£e greater is their weakening. Smallness of the magnitude 

of amplification factor of the system is ensured by installation of 

stabilizers, air vanes. However, minimum value of the amplification 

factor is limited by conditions of providing the necessary high¬ 

speed operation of the control system. Therefore, lowering of the 

amplification factors turns out to be unsuitable, and for decrease 

of amplitudes of high-frequency oscillations of the flight vehicle 

special electrical filters are often used. Application of the latter 
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in turn affects the phase angles on low frequencies, i.e., in the range 

in which phase stabilization is applied. Usually the frequency of 

adjustment of automatic stabilization control lies in the region 

0.5 Hz [6]. Convergence of frequencies of adjustment and elastic 

transverse oscillations of the construction always lowers the opera¬ 

ting reliability of the system of control and requires stabilization.1 

Wien it is not possible to scatter the frequencies of natural oscilla¬ 

tions of the construction and frequencies of natural oscillations of 

liquid, steady-state oscillations of the system vehicle-automatic 

tabilization control can be observed at one of these frequencies. 

First of all the question arises about how to consider the 

influence of oscillations of control forces on the state of stress of 

the construction. Should these oscillations pertain to exploitational 

operating conditions of the system and their influence be considered 

during determination of the required bearing capacity of the construc¬ 

tion and magnitude of safety factor or pertain to emergency cases 

of loading? Usually when designing flight vehicles we try to select 

parameters of the system vehicle-automatic stabilization control in 

such a way that it is dynamically stable, i.e., that sustained 

oscillations of control devices are practically absent. However, the 

denser the spectrum of natural frequencies of tranmmersm elastic 

oscillations of the flight vehicle construction and the more complicated 

the dynamic layout, the more difficult it is to provide its stability 

in the above-indicated sense. Consequently, the greater the danger 

that the considered case of loading will affect the required bearing 

capacity of the construction and even the assembly diagram of the 

vehicle, the more rigid the requirements must be for operating condi¬ 

tions of the control system, one of the basic problems of which is 

decrease of overall and local overloads, i.e., amplitudes of elastic 

oscillations. 

-, 8«c.h stabilization the control forces will be changed with 
frequency of elastic oscillations in antiphase with oscillations of 

rUCtl™ °f vehlcle* i-®-» additional damping of elastic 
oscillations of the body will take place. “-t' & 
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Transverse oscillations of the flight vehicle const ■’uction not 

only cause alditional forces in cross sections of the body, but als^ 

harmfully affect the operation of certain instruments. They can lead 

to saturation of the control system and loss of stability, i.e., to 

the appearance in the system of impermissibly strong additional 

lateral loads on the construction. Furthermore, they are the source 

of additional lateral perturbations for the vehicle in the process 

of stage separation, etc. 

Thus, dynamic calculation of the construction for the considered 

case of loading G is reduced to solution of two problems: 

1) appraisal of the effect of steady-state oscillations of the 

system vehicle-automatic stabilization control on the required 

strength of construction, 

2) establishment of limitations for frequency and amplitude of 

transverse oscillations of the system on the part of the strength of 

construction of thfe flight vehicle. 

The first problem appears when there is information about 

parameters of oscillations of the system, obtained by calculation, 

by means of natural tests of the flight vehicle o^ by means of 

modeling. Basic advantage of modeling consists of the possibility of 

using real equipment of automatic stabilization contx’ol (on an analog 

model there is collected only equations of transverse oscillations of 

the flight vehicle). In this case there is reproduced the variability 

of coefficients of equations and peculiarity of current-collecting 

transmitters of sensing devices of the control system, and namely 

their gradation. This gradation of the transmitter may cause impul¬ 

sive loading of the construction by control forces (creating Jerks of 

control devices), and consequently, can excite its elastic oscilla¬ 

tions. With small angles of deflection, conversely, it can (by 

periodically disturbing the continuity of entry of signals from gyro- 

instruments into automatic stabilization control) damp oscillations of 

the system. During theoretical solution of this problem one should use 



experimental amplitude-phase characteristics of automatic stabilization 

control. The presence of such characteristics permits calculating 

the parameters of steady-state oscillations of the system by the same 

method of harmonic balance [53] that was applied In Chapter XII during 

the Investigation of longitudinal oscillations of the system vehicle- 

propulsion system. 

It Is most often necessary to solve the second problem in the 

process of flying-design tests of the vehicle. Less often - in the 

period of development of the construction, when serious difficulties 

are revealed in the guarantee of stability of the system at low 

frequencies. 

f 13.2. Determination of Conditions of Steady-State 
Oscillations 0^ the System Vehicle-Automatic 

Stabilization Control 

Closed system vehicle-automatic stabilization control is a 

nonlinear system. Nonlinear functions are contained both In equations 

of the object of control itself (nonelastic and aerodynamic drag, 

oscillations of liquid), and in equations of the control system 

(amplifier, control actuator and so forth). At definite values of 

parameters and definite initial conditions the shown system will \e 

In a position of stable equilibrium. With other initial conditio^ 

or other values of parameters of automatic stabilization control and 

the flight vehicle itself, it can be unstable-or accomplish steady- 

state oscillations, l.e., be in stable self-oscillation condition. 

Usually the basic nonlinear element of the given system, limiting 

the amplitude of oscillations, is the control actuator (servodrive). 

In simplified form the characteristic of such actuator, namely 

the relationship of dfi/dt to Input current 1, is depicted by the graph 

shown on Pig. 13.2. Nonlinearity of the amplifier, in particular the 

relationship of its amplification factor to the amplitude of input 

signal, usually has small effect on conditions of natural 

oscillations of the system. Therefore, subsequently for simplifica¬ 

tion of the problem we will consider this link linear. 
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Pig. 13«2. Determination of condi¬ 
tions of steady-state oscillations 
of the system vehicle-automatic 
stabilization control. 

Bearing in mind the comparatively slow change of all parameters 

of the system in time, in this case for finding the frequencies and 

amplitude of steady-state oscillations it is possible to use the 

method of harmonic balance [533. By $c and let us designate 

phase angles of automatic stabilization control, the flight vehicle 

as a solid body and an elastic flight vehicle, and by WAC, Wc, Wn - 

amplitude-frequency characteristics of these links respectively. 

Typical graphs of these functions are presented on Pig. 13.3. 

K 

o 

0 M»/ U 

Pig. 13.3. Typical amplitude- 
frequency characteristics of 
links of the system vehicle- 
automatic stabilization 
control. 

The type of frequency characteristic of automatic stabilization 

control depends on the magnitude of static component of input signal, 

possible, limits of deviation of characteristics of real automatic 

stabilization control from nominal values, and also on possible 

variation of parameters of the controlled system. 

Characteristic equation for closed subsystem flight vehicle as 

a solid tody with liquid filling-automatic stabilization control will 

FTD-MT-24-67-70 476 



i + r Acrc«',AC«',c - o. (13.1) 

Analogously there Is written the equation for the subsystem 

elastic flight vehicle-automatic stabilization control 

l + rAo*',ACïvyf»-0. (13.2) 
n-l 

The latter Is essentially simplified in those cases when 

frequencies of natural bending oscillations of the construction are 

•pread, and consequently, it is possible to be limited by considera¬ 

tion of only one tone (n - 1 or n - 2) of elastic oscillations of 

the construction. As can be seen from Pig. 13.3, Wn is great only 

with u> close to a». 

Steady-state oscillations of the mentioned nonlinear subsystem 

are possible „’hen they are unstable in linear setting. Determination 

of the values of parameters of automatic stabilization oontypdf, at ^ 

which all real roots and real parts of complex-conjuga^'roots of the 

characteristic equation of the system will be negative, is the object 

of Investigation^of motion stability of a guided flight vehicle. 

Therefore, here we will not elaborate on this question in detail, 

but will give only a general idea of the method of approximation for 

determination of conditions of such steady-state oscillations 

(natural oscillations) on an example of the subsystem elastic body of 

♦be flight vthjole-autO’natic stabilization control. 

-atoral oscillations of the shown subsystem usually occur with 

frequency / *!i-.-e to ••Me of the natural frequencies of bending 

oscillations of the construction in the pitching (yawing) plane. In 

this case, as already was mentioned above, It is possible In the first 

approximation to take equations of transverse oscillations of the 

flight vehicle in simplified form, without ♦■aklng Into account its 

motion as a solid body of without taking into account the Influence 

of aerodynamic forces, i.e.. In the form 
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(7y-+ 7> + IKS^M. (13.3) 

(13.1) 
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Linearized equation of amplifier-converter in the region of 

frequencies close to u>n can be approximately represented in the 

following form: 

(tjp* + t,p + ! ) /c =« (n0 +• a,p) Ae„, (13*^) 

where ic - current in servodrlve, a^ and - coefficient of equation 

(i ■ 0, 1, 2). For accepted direction of axis xt 

AMO M0-^ Ú3.4*) 

.lotion of aervodrlvç (taking into account feedback) Is described 

by nonlinear equation 

(fp t 1)6 ■ A(U. (13.5) 

nr with 

ndi ng 

ane. In 

the first 

f the 

nt Its 

f 1 uence 

In accordance with the method of harmonic linearization with 

symmetric oscillations the nnnllnearities of saturation type with 

respect to velocity (Fig. 13.2) can be approximately (retaining only 

the lowest hai.ionlcs) represented in the form [54] 

where 

/•(/,)" y (fl)«c. 

'/('!) 

q(n)-k, when 

■it. sin 
b 
<4 

b 
d 

n < h, 
*\ 
jwhon" 

(13.6) 
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T - time constant, ky - amplification factor, a - amplitude, and 

. mH Ã »—Ç-. 

Let us write the linear part of the considered system (3), (4) 

and (4') in the following way: 

where Q„(p) and R.(p) - operational polynomials. 
JI JI 

Then the characteristic equation of the given closed 

by method of harmonic balance) system will have the form 

(7> + l)Q,(p)-*(a)Ä,(p)-0. 

So that this system would be stable, it is necessary 

coefficients of equation (8) be positive. In particular, 

ing coefficient with zero degree p should be positive 

/ 

Prom this condition it follows that for increase of reserve of 

stability It" is necessary to try to install sensing devices of auto¬ 

matic stabilization control so that *o >°' If thls caimot be 

dene, then it is possible to decrease the amplification factor of 

system 

(13.7) 

(linearized 

(13.8) 

that all 

the follow- 

By p - 1;j in equation (8) and dividing the real and imaginary 

parts, we obtain equation of dikhaylov curve 

F (io*) -4 X (w) + U (<»). (13.9) 

Aés.*u:iing 
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X(«o) = 0 and 7(0) = 0, 

I 

7) 

izod 

we find the sought equations for determination of u and a. Solution 

of these equations is best of all by graphic means. The scheme of 

calculation of conditions of steady-state oscillations and subsystems 

vehicle with liquid filling-automatic stabilization control will be 

the same. 

Results of calculations of amplitudes and frequencies of 

steady-state oscillations of the shown subsystems for various types 

of flight vehicles permit making the following conclusions: 

8) 

1 

low- 

of 

ito- 

MÍ 

y 

9) 

1. Parameters of automatic stabilization control in most cases 

weakly affect the frequency of steady-state oscillations of the 

system. Therefore, it differs little from corresponding partial 

frequencies u>n and 

2. Amplitude of steady-state oscillations of the angle of 

deflection of control devices 6m is determined with sufficient 

accuracy for practical purposes by equality 

.-2ÜÍ. (13.10) 

By using these conclusions, it is possible for the given case 

of loading to construct a very simple scheme of approximation calcula¬ 

tion of the limiting values of forces in structural elements of the 

flight vehicle. Since with small difference of w from u the 

corresponding dynamic coefficient differs comparatively little from 

its limiting value, in the first approximation it is possible to use 

limiting values of lateral forces and bending moments, corresponding 

to w ■ ü>n or w « , i.e., to consider forced steady-state oscilla¬ 

tions of the flight vehicle construction under the action of force 

™iisin ,0,. (13.11) 

Bearing In rnind that tne values of these limiting forces depend on 

i 
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values of daoplng factor, gradient of control force and speed of Its 

change. In all cases we should try to decrease th» values of A}, and 

6 and to Increase coefficient h . 

f 13.3. Determination of Static Values of Lateral 
Forces and ¿ending Moments 

In the preceding paragraph there was given the method of 

approximation for determination of conditions of steady-state 

bmfclllatlons of the subsystem elastic body-automatic stabilization 

contSal. Frequencies and amplitudes of steady-state oscillations 

of Iqpbystem vehicle-liquld-autoraatlc stabilization control are 

found absolutely the same way. As already was noted, separate 

consideration of these subsystems makes sense only when the frequencies 

of partial oscillations ii>n and are spaced. 

Calculation of the amplitude.of steady-state oscillations of the 

system on the whole by the presented method presents definite 

difficulties, not even mentioning that It Is unrealizable at the 

dealga stage of the flight vehicle. In connection with this, 

approximate methods of calculation of lateral forces and bending 

moments, are of great value. 

By knowing the frequency and amplitude of steady-state oscilla¬ 

tions of some parameter of the system, for Instance angle 6, it is 

possible to reduce tlje solution of the above-indicated nonlinear 

problem to solution of the linear problem of forced transverse 

oscillations of the vehicle under action of control forces, variable 

according to harmonic law [71]. 

Let us first examine calculation quasl-statlc loads, affecting 

the construction during steady-state oscillations of guided flight 

vehicle (as a solid body) on the boost phase of flight. The Influence 

of mobility of liquid In tanks of parameters of motion of the vehicle 

will be considered by the use of corresponding listed Inertial 

characteristics (Chapter II). Equations of transverse oscillations of 
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the flight vehicle in the pitching (yawing) plane in this case of 

loading will differ from equations (2.25) and (9.33) by magnitudes 

coefficients of the effect of k°, k1 and by right parts: 

A* -i- /it Ad + bä (Ad - + bib — 0, 
(13.12) 

wl\ere 

/>* _ fa ,• _ u* _ ***1^ .• (mt) 
a m*" ' 4 mJiu ' “ ’ a ’ 

6* ™ M ea 
4 (*ip-*ir) ’ a m*°ti " 

Particular solution of this system of equations when Ô ” £ sin ut 
m 

will have the form 

Ad(0-^* »in (*<+«. (13.13) 

where 

(13.14) 

and u0, (--0,-/00). (—°i + K) - roots of characteristic equation 

(13.15) 

Having placed the values of Ad and its derivative in equation 

(12), we obtain the following expression for angle of attack 

Aa(/) - An,, sin (to/ + ß f ft), (13.16) 
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where 

As, - -Y2- - 4- K»2 Ae, - bi cos ß)2 + [<ùb\ Ae,„ - bl sin ß)2] *, 
ö(i» ®« 

(13.17) 

In case of small transverse oscillations of the flight vehicle 

and liquid (with k° and k1, close to one) the difference of Act from 

As la small and one may approximately assume that 

Ao, - Aem - bl |(ftl - u»2)2 + 1 2 - bw>. 
(13.18) 

Values of amplitude of oscillations A«m are basically determined by 

dynamic coefficient Hq* magnitude of which is a function of the ratio 

of frequencies u/rQ and degree of damping of oscillations. 

While not here analyzing the relationship of parameVers of 

transverse oscillations of the flight vehicle to the frecjhency of 

oscillations of the system, let us note only that with approach of 

k° to zero, and also with large values of k° and k1 the magnitudes 

of amplitudes Ãêm and IS will rapidly decrease, approaching zero. 
m 

Coefficient of lateral overload of the center of gravity of 

the flight vehicle, according to (12), In this case will be equal to 

(13.19) 

After substitution of the value of Aa in it we find that 

An^ = AnJm sin (<o/ + <p). (13.20) 

where 
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.17) 

ele 

rom 

.18) 

by 

ratio 

f 

3f 

Î3 

0. 

L to 

.19) 

20) 

An" 

(p = arctg 
qScay¡ cos (ß + p,) 

Rotary component of lateral overload will be 

An^xO-^Ä^^^-OsinV + P). 

(13.21) 

By knowing AnJi(ii and Art*m, it is simple to obtain the expression for 

amplitude of oscillations of total lateral overload at any point of 

the body of the flight vehicle and the corresponding phase shift ipQ 

between \nyt and 6 : 

K.* - + + 2 K* cos (l> - P)]T- 

An? m »¡n f + An* sin ß 
ifc-arctg——r * 

An^cosf + An^eosp 

(13.22) 

Total values of lateral force and bending moment (from inertial 

and aerodynamic forces) can be determined by formulas similar to 

(3.19) 

Qc U.) - <?:(*■) Ao + Q°k (X,) \nl, + Q;(x,) + ¿ Q,; (*,). 

Aie (*i) - AfîU,) Aa + AlS (x.) \n°y, + 

+ MÍ («,) + % lMty (Xj) + \M,y (Xiy)). 
/-1 

(13.23) 

It is necessary to pay attention to the fact that when u > 2ir/T0 

(2.72) and w < wn for statically stable flight vehicle the aero¬ 

dynamic moment, proportional to Aa, will be arithmetically added to 

the disturbing moment from control forces. Thus, with steady-state 

oscillations the lateral overloads and bending moments for such type 
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of flight vehicles can be (other things being equal) larger than 

for statically unstable. In this case the values of An„ and ¿M*) 

will Increase with growth of the reserve of static stability and c^. 
o y 

In region 2w/Tq > u > u>nt where k <0, the aerodynamic moment Is 

directed opposite the direction of action of perturbing moment. 

If we express M . by components proportional to A«*, AnJ, and unite 
0 V * V 

them with and then we can obtain the following expression for 

AM*,): 

AM*,, 0- Me« 

where 

Aii “ AfÍ* + Aí?, 

Km' 

+ MmKm CO* ¢1 + Ai; CO. ¢,)1, 

Ai» “ Km + Kmi Afî* m Aiî X An^M, 

AljAd*«*—, MutmAi*do«,. 

(13.2¾) 

If the frequency of oscillations of the system Is closç to the 
frequency of natural oscillations of liquid in the tank, then into 

the equation describing oscillations of liquid (10.9) one should 
introduce dating terns (viscous resistance), values of which are 

usually found experimentally (taking into account the particular 
construction of the tank, the presence of partitions, the influence of 

frames and so forth). 

It is necessary to note that the source of oscillations of control 

forces can be in the drive Itself. In particular, they can be 

caused by the action of friction forces in the drives of controls, 

discrete entry of pulses from the program mechanism of pitch angle. 

Porced transverse oscillations of the construction can take place 

in the case of use of self-adjusting control system, characteristics 

of adjustment of which are determined by the reaction of the system 

to an artificial external Influence. 



S 13.4. Approximate Calculation of Dynamic Components 
of Lateral Forces ancTTtendlng Moments 

Dynamic components of lateral forces and bending moments and in 

this case of loading are found by formulas (4.31) and (4.32), in which 
•• 

there are substituted expressions Sn, obtained from solution of 

equation (10.13) when 

6 =■ Ô* sin aj, 
a.„-o. (13.25) 

With a very small difference of the frequency of oscillations of 

the system from one of the partial frequencies of its bending 

oscillations of the construction, the shape of its elastic line during 

forced oscillations will practically coincide with the partial form 

of natural oscillations. Therefore, in the first approximation one 

may assume that 

Qi(*t. 0-- Q«,(*,)S„(0, I 
AM*,. 0--AM(*,)5,,(0- I 

(13.26) 

The vibration component of the coefficient of lateral overload 

is determined by expression (when *«-*») 

0- - 775(0/«(*.)• (13.27) 

Having excluded Sn from formulas (26) and (27), we obtain 

Q,(*i)-aVK)4»9m(*i) TTiTTr* 

M,(*()^ (f04oAi,.(*i)7^p 

(13.28) 

If the frequency of oscillations of the system differs from 

partial frequencies wn so that elastic oscillations of the flight 

vehicle construction cannot be described by one term of series (9.55) 



without large errors, then for calculation of iyjn.Oit is possible 

to use the method of numerical integration. In the absence of large 

concentrated masses the application of this method permits avoiding 

preliminary finding of frequencies and forma of its beading 

oscillations of the construction of different tones. 

Since perturbing force #,, is applied to the body usually at 

the end section, forced transverse oscillations of the flight vehicle • 

can be described by homogeneous equation 

(13.29) 

having presented boundary conditions in the form 

(13.30) 

when *!-*,,-/• 

Solution of this equation is sought in the form (with zero initial 

conditions ) 

Vi(*i. 0■■«(*,)sin«/, 
(13.31) 

where w - frequency of oscillations of control force. 

Having placed values of (31) and (25) in (30) and in equation 

(29), for <i(xi) we obtain the following ordinary linear differential 

equation: 

^ [Ä M ] “ m'm (*■) “ (*1) (13.32) 

with boundary conditions 
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1 

1/½ (<!> 

djfí 

“• ''-0' 

It Is simple to note that equation (32) la similar to equation 

(4.67)« and consequently« for Its solution It Is possible to apply 

the method of approximate numerical Integration« discussed in f 5 

of Chapter IV. Arbitrary constants LU and U2 In this case can be 
determined from boundary conditions (32») when .r,-xip-/ 

+ u.*!-A ■0, 

.«¡¿I 
a (/) ' 

(13.33) 

Since outside the zone of resonance the determinant of this system of 

equations will not be equal to zero« then« considering equation (4.82)« 

we obtain 

(13.34) 

In this case for calculation of derivatives 
a«i 

Is possible to use approximate extrapolation formula 

dx, 
1 
ÃÃ’ 

where Ah - Integration step. 

While preserving the designations shown in Chapter IV, we obtain 

the following expression for lateral force and bending moment: 
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(13.35) 

Q»(*». [fl (*1) -jj1' ]sin m/ ” 

M.U,. 0-B<*1)^i-)8in»/-[£/,#(xl)+ yy/Msin»/. 
i 

Vibration component of lateral overload In this case will be 

equal to 

A«»,. (*i, 0 - 77 M (*i)»itua/ - (í/,p U,) + t/jKx,)) sin «/. (13.35’) 

Displacement and angle of rotation of the tangent to elastic line 

In any section xt will be determined by formulas 

Vi (X|. 0 - l^i/> (*i) + UA (Jfi)l »in (xi, /). 
U3.36) 

By usine «xpresslen B^xi) (24), we oan find the value of dynamic 
coefficient in Mf section ¿1 

Magnitude of this coefficient will depend on relation 

% 

l.e., on the relationship of frequencies of forced and natural 
osellistions of the flight vehicle construction. 

By using the given method of calculation of forced elastic 

oscillations of the vehicle. It Is possible to establish certain 

recommendations on the selection of rigidity of separate sections of 
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construction of the body, and also to estimate the effect of elastic 

oscillations on motion parameters of the flight vehicle. For 

Instance, calculations show that change of flexual rigidity of the 

body of the tall section does not practically affect magnitude of 

H («..<) in rather wide limits. The value of the dynamic component 

of bending moment Is determined mainly by rigidity of the middle part 

of the flight vehicle body. On the basis of this It Is possible In 

the first approximation to take B(»! - B - const, having taken rigidity 

of the middle part of the body as B. Having assumed m(x,) - m/1 - const, 

for M (*•) we obtain the following expression: 
a- 

//1 A 
■ [(cos a®/ ” ch ^ 

“ 2ooch a,/cos Oj/ 
+ (sha0i-5ina0Ocho0xl + (cha()|-cos 0,/)5.00^ + 

+ (sin a®/ - sh aj) cos a^l, (13.38) 

where 

i 

In many cases this approximate value of bendlng.moment differs 

comparatively little from (35). especially at the beginning of flight, 

when there is much liquid in fuel tanks of the flight vehicle. The 

degree of their coordination essentially depends, of course, on the 

selection of magnitude B. 

i 5. Torsional Bending Oscillations of 
the construction 

Natural oscillations of the system vehicle-automatic stabiliza¬ 

tion control can occur In the rolling plane at frequencies close to 

the frequencies of Its torsional or torsional bending oscillations of 

the construction. Forced oscillations of the flight vehicle are 

possible relative to the longitudinal axis with frequencies correspond- 

Ing to the frequencies of natural oscillations of the system In yawing 
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pitching planes, caused by variation of values of lateral forces of 

oppositely located control devices. 

Besides the control system itself, a source of oscillations of 

the flight vehicle in the rolling plane can be aerodynamic moments 

caused by a symmetry of the shape of its body relative to the lon- 

gltudlnal axls^ and also moments caused by rotation of the liquid in 

the fuel tanks. Parameters of these oscillations are calculated 

exactly as transverse oscillations. Naturally, there are only used 

corresponding system of equation of torsional or torsional bending 

oscillations of the construction. 

Since similar oscillations can have essential value only for 

systems possessing low frequencies of its torsional bending oscilla¬ 

tions, and primarily for flight vehicles of pack configuration, we 

will not pause here in detail on this question. We are limited 

only by reduction of corresponding equations of torsional and 

torsional bending oscillations of the construction. 

Equations of torsional oscillations of the ^ght vehicle body 

are analogous in form to equations of longitudina^elastic oscilla¬ 

tions of the construction 

¢. + + *>. " 7Í VU Pipí¬ 
as.39) 

Here X_^ (*«) - function characterizing the form of torsional oscilla¬ 

tion of\he body of n-th tone, un(t) - function determining the portion 

of this form of oscillations in values of angles of rotation of 

cross sections of the body during torsional oscillations, - fre¬ 

quency of its torsional oscillations of n-th tone, and Jny 

corresponding reduced mass moment of inertia of the flight vehicle, 

equal to 

i 

U-f 
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where i Ixt) - mass polar moment of Inertia of the cross section of 
P 

the body. With the presence of longitudinal partitions in the tank, 

the polar mass moment of inertia of the section will be equal to the 

sum of moments of inertia of the construction of the tank and mass of 

apparent liquid. 

Equations for calculation of functions XniJ(xi) and natural 

frequencies have the form 

i 

(13.40) 

where index v pertains to concentrated loads, I 
pc 

- polar moment of 

inertia of cross-sectional area, G - shear modulus. Their solutions 

are sought with boundary conditions 

when *i-0, 
a*| 

These equations can be used for calculation of partial forms and 

frequencies of natural torsional oscillations of the central unit of 

a flight vehicle with side-mounting boosters. For this to the right 

side of equation (40) one should additionally Introduce terms consider¬ 

ing apparent masses Of side-mounting boosters in the form of 

concentrated loads (10.18), 

tlon 
(13.41) 

¿4 (xM) - m (x,) r* (x,) + Amr (x,) r (x.) . 

In this case 

o 
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and 

(13.42) 

or 

r 
JüüoTO 
0 

where 

The Integral In formula (42) la obtained by Integration of the 

following expression by parts 

- 0 (.,) 1,(.,)¾11 *.w(- j OMI^Ù [^T^r ^ 

with boundary conditions 

iXtfi Ul) n . n _ l 
——-0 when Jf|-0. 

Equations (39) together with equation Jxi - will describe 

small oscillations of the flight vehicle construction In the rolling 

plane. ^ 

The connection between angle of rotation of the cross section of 

the flight vehicle body and automatic stabilization control is deter¬ 

mined by equation of the transmitter of sensing device of the control 

lystem (10.34*) 
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where - corresponding amplification factor, ** - absc-issa of 

point of attachment of transmitter to the body of the flight vehicle. 

Analogous equations in generalized coordinates for a flight 

vehicle of pack configuration, having k^ side-mounting boosters, will 

consist of equations of form (10.33) and (10.34), namely: 

equation of moments relative to longitudinal axis of the flight 

vehicle 

(13.44) 

equation of bending oscillations of i-th side-mounting boosters 

Mpt {Ñpi + 2hp¡Ñp¡ + ufptNpi) +-^-ÿKi + aplÿ + 

equation of elastic oscillations of power connections of side¬ 

mounting boosters with the body of central unit 

(Xh) fjHi + EniyHl + oa¡<f + 

nP 

(13.46) 

equation of torsional oscillations of the central unit 
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It is expedient to reduce the shown equations to normal 

coordinates, i.e., to apply to them the method, presented in Chapter 

V of linear transformation of amplitudes of oscillations of general¬ 

ized coordinates q^ to amplitudes of normal oscillations by formula 

¢/ *■ S Almpm. 
m-l 

As a result we obtain the equation of oscillations of the flight 

vehicle as a solid body relative to the longitudinal axis in the 

form 

(13.^8) 
«•I 

and system of equations of torsional bending oscillations of the 

construction 

ßm + + <oJp ■•ß. 6+Xä rm mf'm T M a< 1-1 
(13.49) 

where 

Aim " TT~ 

B*" “ d2 + ^ ^nmXmi (^ip)]’ 
«“I 

*ß 

A^íòíVin + S TpH^plm ^»,1 ~ y*'”1 + 
P~l 

+ (jf.)(Jf.) + xnil(x.)(I -^)r(jfj] Rh J, 

kl I *p \ 
— -r- S l S anNrt* + ) • 

l-l ' P-1 ' 

Dm “ jE (/» ■ 1, 2, .... «„). 

Equation (43) in this case will have the form 
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(13.50) M ZP» 
rn-1 

•Pm + ^(1(11 itM + 9 

Dynamic components of the bending moment in sections of the body 

of side-mounting boosters, located at distance r(x) from the axis 

of central unit, will be equal to 

- Af,( (.V,) - [Afw r (X,) + M'(x,)rUll);fl^ ] 9 + 

"o ( "|l 

+ ^pm\ Mx(x,)~ + + 2[»•(*.)*,*(*.) 
m-l ' P“l »“■ 

+ M' (X.) xnti (xH) - ^ (X.) (X,)] nflB1} • (13.51) 

Lateral overload 

a Í/h/hi + ^ (X,) + 
P-l 

«p,(x, 
m-l 

% 

+ £ Mnn,[r (x,>^M (*.) ( I - ^) + r (jr,,) Xnii (xj 
n-1 a J Y «0 

(13.52) 

In conclusion let us note that torsional oscillations of the 

flight vehicle body can affect the operating conditions of different 

gyroscopic systems. Let us Illustrate this by the following example. . 

Sometimes the axis of rotation of the turbine for fuel feed pumps to 

the combustion chamber of the engine is placed perpendicular to the 

longitudinal axis of the flight vehicle. With torsional oscillations 

of the body of the vehicle the turbine shaft will turn relative to 

this longitudinal axis with angular velocity u>T. As a result its 

supports will be affected (in the direction of axis xi) by additional 

loads, characterized by moment 

Aft =• Srto,<o, 

where JT - mass moment of inertia of all revolving parts of the 

turbopump unit with respect to the axis of rotation, u>T - angular 
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velocity of rotation of the turbine. If we conditionally consider 

that the distance between supports (groups of supports) is equal to 

aT, then the total load on support A or B (Fig. 13>*0 will be equal 

to 

Here 0T - weight of revolving parts of the turbopump unit, 

- relative radius of Inertia 

As can be seen, the magnitude of the shown load will be proportional 

to the frequency of torsional oscillations of the vehicle construc¬ 

tion, and consequently, In certain cases can considerably exceed 

the calculated static loads. 

Fig. 13.4. Diagram of forces af¬ 
fecting the elements of attach¬ 
ment of a turbine with rotation 
of the vehicle relative to 
longitudinal axis. 
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DYNAMICS OF DESCENT VEHICLES 

§ 14.1. Cases of Loading 
of the Construction of 

Descent Vehicles' 

In this chapter are considered certain questions of the dynamics 

of descent vehicles (aircraft, descent capsules of spaceships, 

recoverable parts of various flight vehicles, separable nose cones 

and so forth), in particular questions of loading of their construc¬ 

tion in the process of free flight in dense layers of the atmosphere 

(cases C and D), when landing on the ground (case E) and on water 

(case E*). 

Characteristic for the shown cases of loading is the essential 

relationship of values of external forces, affecting the construction 

of descent vehicles, to initial values of motion parameters, and 

namely to speed of the center of gravity Vq and angular parameters 

of motion with respect to the center of gravity (such as KK\io,io)- 

Initial magnitudes of fro and 60 at the moment of separation of 

the descent part from the flight vehicle i» dense layers of the 

atmosphere or at the moment of passage of a certain fixed altitude 

hQ (conditionally taken as the boundary of the dense layer of 

atmosphere) are determined by the trajectory of preceding motion of 

the vehicle and in many respects depend on its purpose. For 

existing types of flight vehicles the values of velocities vQ are 

measured both in meters per second and kilometers per second. Initial 

498 
FTD-MT-24-67-7O 



angular disturbances are usually determined by motion parameters of 

the vehicle at the moment of beginning of free flight (for instance, 

at the moment of separation from the carrier). However, during 

prolonged flight of the separated descent part outside dense layers 

of the atmosphere (and especially In the presence of large variations 

of the duration of this flight) the relationship of angles of slope of 

Its axes at the moment of entry Into dense layers of the atmosphere 

to Initial angular disturbances Is not perceived for all practical 

purposes. This Is explained by the fact that at high altitudes In 

the absence of aerodynamic damping forces and moments the descent 

vehicle (with any nonuniform initial angular disturbances) can revolve 

about the center of gravity. As a result at specified altitude Hq 

the longitudinal axis of the body of this vehicle can occupy any 

position with respect to the velocity vector. In other words, angles 

of attack of such unguided flight vehicles during entry into dense 

layers of the atmosphere can be from 0 to ir with equal probability. 

Since at low angular velocities the current values of angles 

of attack of the descent vehicle (during motion in dense layers of the 

atmosphere) are the function of values of these angles at altitude 

h0, then it is simple to establish that from the poin* of view of 

strength of their construction the most dangerous will be those 

limiting cases of loading for which 

o(/»)-0, d(A)-0 

or 

OM-Oom.,, 0(/1)-0 

(14.1) 

(14.2) 

when h ■ hQ. 

The first limiting case (case C) corresponds to undisturbed 

motion of the descent vehicle with small (zero) angles of attack and 

limiting possible impact pressures on the entire atmosphere section 

of the trajectory. For all practical purposes, if damping of 



angular oscillations of the vehicle in the zone of comparatively 

small impact pressures occurs, this case can encompass a consider¬ 

able range of initial values of nonzero angles of attack. 

The second limiting case (case D) corresponds to perturbed 

motion of the unguided descent vehicle with limiting possible angles 

of attack on the entire atmospheric section of the trajectory. As 

it was shown, in a particular case the values of Oq max can be equal 

to ir. When a(h0) ■ 0 a similar combination of initial conditions will 

correspond to undisturbed motion of the vehicle with tall forward. 

However, for all practical purposes the probability of realization of 

such a case of flight is minute. Motion of the descent vehicle 

in such a position is, as a rule, unstable. Any external disturbance 

or inaccuracy of observance of the shown conditions will move it from 

this position. Therefore, for determinacy as limiting value it is 

recommended to take a0 max ■ 178-179° (when á(hQ) * 0)* 

Initial values of all parameters for guided descent vehicles are 

determined by the flight program, and in emergency cases of loading - 

by motion parameters of the flight vehicle at the moment of separation 

of the recoverable part. 

The character of loading of the construction of the descent 

vehicle during landing depends on initial values of parameters of its 

motion at the moment of contact with the surface. Although real 

magnitudes of overloads in cases E and E', because of the presence 

of deviations of actual mechanical properties of the surface of 

local landing strips from calculated, are random, their maximums 

always will be limited from above either by the efficiency of the 

equipment, that should function after landing, or the endurance of 

the human body to short-duration overloads. These limitations are 

attained, on the one hand, by limitation of the speed of the vehicle 

at the moment of landing, and on the other hand, by introduction of 

local or overall shock absorption, absorbing the main part of the 

kinetic energy of the vehicle. An exception is only when before the 

descent vehicle there are placed no problems besides hitting a planet. 
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Limitation of the landing speed requires the application of special 

brake facilities, constructed on the principle of Increase of drag 

of the descent vehicle (by means of introduction of a parachute 

system, aerodyr 'c dive brakes and so forth) or the creation of active 

brake force with jet engines. 

Values of external loads affecting the construction of the 

descent vehicle in all cases of deceleration (cases Fj) are determined 

by the program of switching on these brake facilities and are 

characterised usually by the magnitude of longitudinal (and for 

gliding vehicles - lateral) overload. In this case the place and 

character of application of external (braking) load to the body of 

the vehicle is determined in each particular case depending upon the 

accepted scheme of deceleration and its constructive design. Thus, 

for instance, with the use of parachute systems (with impact pressures 

lying within 100-1000 kg/m2) braking force Xn is applied to the 

vehicle construction in the form of concentrated forces at points of 

attachment of shroud lines. The character of change of its magnitude 

in time depends on duration of filling of the canopy, which in turn 

depends on the area of the latter. If this area is great, then build 

up of drag occurs comparatively slowly and max is attained in the 

procesa of braking. If the Indicated abea is small, then the time 

of filling of parachute will also be small and for all practical 

purposes X^ will be observed at the moment of introduction of the 

parachute. The amount of parachute drag is determined by a formula 

of the form 

X« ** 

where P - characteristic area of the parachute, and c - coefficient 
n “ 

of aerodynamic drag of the canopy (on the order of 0.5-0.65). In 

this case usually the magnitudes of Fn are selected by proceeding 

from required finit! uniform velocity of motion of the descent 

vehicle, namely from equality Xn ■ 0. 
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§ 1^.2. Loading of the Vehicle on the 
Üescent Phase 

Generally the motion of the flight vehicle during descent is 

three-dimensional and is described by a system of nonlinear 

differential equations with variable coefficients with random initial 

conditions. For unguided descent vehicles this system of equations 

consists of equations of form (2.6) and relationships 

¿o « cos 0, — ÿ0 - u sin 0. 

For guided descent vehicles to the right sides of the shown equations 

there are additionally introduced corresponding control forces and 

moments. As was noted in the preceding paragraph, an important 

feature of loading of the construction of many flight vehicles on 

the descent phase is the large relationship of their motion parameters 

to initial conditions at the moment of entry into dense layers of the 

atmosphere. Possible realizations of these initial conditions in 

many respects are dètermlned by the asslgoaent of the descent 

vehicle. They will be different for separable parts of ballistic 

type flight vehicles, for piloted vehicles, aircraft, for recoverable 

parts separable during an accident and so forth. Initial conditions, 

in particular Initial angles of attack, especially greatly affect the 

character of loading of the construction of unguided descent vehicles, 

possessing small aerodynamic damping. The duration of damping of 

initial angular perturbations for similar vehicles in certain cases 

can be comparable with the duration of their flight in dense layers 

of the atmosphere. Under such conditions, naturally, the effect of 

the influence of other perturbations, including wind, is reduced and 

consequently, the required bearing capacity of the construction of 

the shown vehicles in essence will be determined by limiting values of 

initial conditions (1) and (2). 

Taking into account the random character of initial conditions, 

and also the magnitudes of all aerodynamic and inertial coefficients, 

it is possible to use the statistical methods of solution of the 
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given nonlinear problem (for instance, Monte Carlo method). However, 

for all practical purposes, considering the large labor input of 

calculation of distribution functions of internal forces in the region 

of too small probabilities, it is more expedient to use deterministic 

methods, transfering calculation of the statistical nature of the 

given problem to the region of normalization of safety factors. With 

orientation to limiting values of initial conditions, the necessity 

of using an exact system of equations of motion of the descent 

vehicle drops. In other words, in this case it is possible to 

essentially simplify formulation of the problem itself, particularly 

to be limited by consideration of only two-dimensional perturbed 

motion of the vehicle, described by a system of nonlinear equations of 

form 

A# + bt Ad + btt (a) « 0, 

AÔ + £ cos 0 + ca (a) = 0, 

mô - G sin 0 + JT (a) - 0, 

(14.3) 

(14.4) 

(14.5) 

where 

ft, ™ (¡SI m, (o, Mj -i-, 
Vit 

b*(a)-qSmM Mj-/-, 

c.(o)--iSc,(a, Mji-, 
t 

A-Ao- J osin0d/. 
0 

In this case the effect of various types of wind Influences is 

calculated by corresponding change of the angle of attack of the 

flight vehicle 

a-A*-Ae + £. 

In a particular case with comparatively small changes of angles of 

pitch Ad, when equations (3) and (4) can be considered linear, 

calculation of the reaction of the construction of the descent vehicle 



to the influence of wind loads and calculation of aerodynamic loads, 

caused by the presence of initial disturbances of angles of attack 

(2), can be executed independently from each other. 

Solution of the above-mentioned system of nonlinear differential 

equations with initial conditions (2) is usually found by the method 

of numerical integration. There exist a number of approximate methods 

of calculation of envelope of angles of attack (when the altitude 

or time of flight) and instantaneous values of the frequencies of 

oscillations of such vehicles. All of them are based on the 

assumption of smallness of change of the angle of Inclination of 

the tangent to the trajectory, which permits considering not two 

equations (3) and (4), but one equation of form 

ä +/>,á + fta(a) - 0. (14.6) 

Solution of the latter can be obtained by the method of successive 

approximations. Having taken the trajectory of undisturbed motion 

of the descent vehicle, corresponding to zero initial values of 

a and &, as initial, by approximation formula (for instance, from 

[85]) we find the envelope of angles of attack of the first 

approximation 

a(/) 
Qq ((o) 

2 J bi‘tl 

V dbg(a) 
<)a 

sin (14.7) 

Then, by using this enveloping, let us calculate the mean values of 

drag coefficients of the descent vehicle of the first approximation 

(with perturbed motion) in the function of number M. 

cMcp(a, M,)«=-j lc,(ani„. Mj + c,(a -=*0, Mj|. 

Having substituted them in equation (5), let us more accurately 

calculate the trajectory of undisturbed motion of the center of gravity 

of the vehicle on the atmospheric section of flight. The values of 
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trajectory parameters (v, h, q and Mj obtained in such a way are 

taken as initial for calculation of envelope of angles of attack and 

mean values of drag coefficients of the vehicle of the second 

approximation and scf forth. In most cases it is possible to be 

limited by three-four such approximations. By knowing the parameters 

of perturbed motion of the descent vehicle, it is simple to find 

the values of corresponding components of acceleration factors 

+ I (14.8) 

Here 

«J, - - qSelt (xu - xlr)(x, -xlr), 

Typical graphs of the change of envelopes of values of a,nj, and 

4° are presented in Pigs. 14.1 and 14.2. As can be seen, rikxlma of 

overloads n'i< and are observed at different altitudes, while maximum 

»i®, is usually attained outside the zone of action of Jet streams. 

In similar cases the angles of attack of the vehicle at altitude less 

than 10-12 km are obtained comparatively small and the cori’esponding 

system of equations of motion can be linearized with sufficient 

accuracy, and consequently, additional lateral overloads from the 

influence of the wind can be calculated by approximate formula of the 

form (seè Chapter IX) 

(14.9) 

where 



Total overload in any section x, of the body In this case will be equal 

to 

«(*■)“ ^K,^.) + An»,W + <W- 

Pig. 14.1. Pig. 14.2. 

Pig. 14.1. Envelope of maximum values of 
angles of attack of descent vehicle in 
case D. 

Pig. 14.2. Typical change of maximum 
values of overload components according 
to the altitude of flight in the center 
of gravity of the descent vehicle in 
cases C and D. 

Por ballistic type descent vehicles the values of nx, often 

considerably exceed the longitudinal overloads which are observed 

on the boost phase of flight. In this case its value (in case D) 
can essentially depend on coordinate X| of the considered point, which 

should be considered at least during selection of the place of loca¬ 

tion of instruments, sensitive to overload. For all practical 

purposes it is possible to noticeably decrease the limiting values 

of overloads, in particular, lateral by means of application 

of active stabilization of motion of the vehicle on the descent 

phase. 

Characteristic for the considered case of loading (case D) is 

asymmetric distribution of external aerodynamic pressure along the 

contour of the cross section of the body of the descent vehicle. 
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The magnitude of this pressure at numbers > 5 can be calculated 

with sufficient accuracy by approximate Newtonian theory. For conical 

shape of the body 

p - 2<rfl(sin 0, cos a - cos 6, sin a sin ç)3, 

where 0 - half-angle of cone, 0 - correction factor, introduced for 

coordination of results of calculations by this formula with Kopall 

tables (when a ■ 0). 

Values of corresponding static components of longitudinal and 

lateral forces end bending moments are determined by expressions 

AM*i)- f Qt(xi)dxi. 
0 

Dynamic components of these forces and moments Qa(xi) and Aift(jr,) 

are calculated only when the instantaneous frequency of oscillations 

of the descent vehicle as a solid body in the flow of air, approxi¬ 

mately equal to 

<a “ 0,71 o (pffiJS 21 

turns out to be close to the frequency of natural bending oscillations 

of its construction wn. In a similar case the equation for calculation 

of acceleration of the point reduction Sn will have the form 

14.11) 

where 
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¡ 

Bn 
Il I M„ J <(* 

dx. 
■fn{xí)dxl 

The magnitude of u is determined basically by the amount of impact 

pressure and margin of aerodynamic stability of the descent vehicle. 

The greater the impact pressure and the distance between the center 

of pressure and center of gravity, the greater is the instantaneous 

frequency of natural oscillations of the descent vehicle in the flow 

of air, and consequently the frequency of change of external lateral 

aerodynamic load affecting its body. Since limits of change of 

margins of aerodynamic (static) stability are small, then with 

comparatively high values of frequencies of natural elastic transverse 

oscillations of the construction of the descent vehicle the proximity 

of frequencies u> and un can be practically observed only in the region 

of great impact pressures. 

In case of the action of wind on the descent vehicle the influence 

of transverse elastic oscillations of its construction will be 

noticeable only with o)n close to irv/2H, where v - mean values of the 

speed of flight of the vehicle on the considered phase of the 

trajectory 0 < At < 2H/v, H - gradient distance (see Chapter IX). 

In conclusion let us note that the state of stress of the 

construction of ballistic type descent vehicle in case C is character¬ 

ized, in essence by one parameter - maximum value of longitudinal 

overload. Prom equations (2.6) it follows that with high speeds of 

undisturbed motion of such a vehicle the speeds of change of the 

angle of slope of the tangent to trajectory (Ô * 1/v y) 

e- -- cos 0 
V 

will be small. Thus, with comparatively short flight times of the 

descent vehicle in dense layers of the atmosphere its trajectory will 

be almost rectilinear, and one may consider with sufficient accuracy 

that 0 * 0Q. With large numbers for all practical purposes the 

i 
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drag coefficient pf the descent vehicle remains constant. With the 

enumerated conditions the integration of the first equation (2.6) 

is essentially simplified and it is possible to estimate maximums 

of longitudinal loads on the construction of the descent flight vehicle 

analytically. 

Having accepted that the air density is changed with altitude 

in the case of exponential law, and having introduced certain 

empirical corrections into the solution of the problem, we obtain 

(for 45° > 0Q > 10°) the following approximate formulas for maximum 

magnitudes of longitudinal overload: 

(14.12) 

(14.13) 

,ni,*n,1.n«-3'7^»ineof°r °o<4 lun/s, 

maX/,r1,n»x=,(,3 + 2'9oo)8ine«fOr t'o>4 k"1/® 

where Vq - initial speed of entry of the descent vehicle into dense 

layers of the atmosphere (at altitude hg) in km/s. Corresponding 

values of distributed aerodynamic loads in this case will be 

determined by the magnitude of limiting Impact pressure equal to 

(14.14) 

Thus, maximums of longitudinal forces in any cross section of the 

body of the descent vehicle in case C will be approximately equal to 

0 0 
(14.15) 

The given formulas remain valid until analytic maximum of longitudinal 

overload is attained in flight or on the level of the surface of 

earth, l.e., when h 0. 



§ 14.3. Dynamics of Landing the Vehicle 

In case E the descent vehicle, besides mass and aerodynamic 

forces, is affected by reaction forces of the surface. The latter 

are applied to the parts of construction of the body or wing of the 

flight vehicle, which directly contacts the earth’s surface (landing 

gear, special landing devices, front end of descent module and so 

forth). Values of components of these reactions in fixed system of 

coordinates depend on very many factors: assignment and dimensions 

of the flight vehicle, speed of landing, mechanical characteristics 

and terrain of the landing surface, shock absorption and character 

of the landing itself. 

Usually the horizontal component of reaction Rx^, proportional to 

the friction force between the landing mechanism and surface, does 

not noticeably affect the character of loading of the construction 

of the vehicle. The values of internal power factors are determined 

primarily by the magnitude and speed of change of vertical component 

of reaction R . Side reaction, appearing when landing with a cant, 

y0 
affects only the required strength of certain elements of the landing 

mechanism itself. 

Value of vertical component of the reaction depends mainly on 

the vertical component of velocity of the descent vehicle at the 

moment of contact with the surface. Therefore, the greatest 

magnitudes of this velocity are usually used for appraisal of the 

quality of landing. When v < 2 m/s the landing is considered soft, 
y0 " 

when v = 2-4 m/s - rough, when v * 5-10 m/s - crash, and when 
y0 — y0 

v >10 m/s - hard. 
y0 

Hard landing is applied only for pilotless descent vehicles of 

one-time use. The remaining types of landing pertain basically to 

piloted flight vehicles or pilotless descent vehicles of repeated 

use. Case of crash landing, corresponding to breakdown of part of 

the brake landing systems or shock absorption system, is usually taken 
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as calculated only for those elements of the construction of the descent 

vehicle, failure of which can threaten the safety of pilots (for 

instance, for points of attachment of different loads, instruments 

and so forth). 

If we disregard the effect of lateral component of reaction of 

the ground R,#j. then motion of the flight vehicle (for instance, 

an aircraft) as a solid body in case E can be approximately described 

in fixed system of coordinates x0y0 (§ 1.1) by the following system 

of differential equations: 

*/ 
mbÿ0-Y + G - îiRyj-0, 

M 

mteo + X-Px'+ZR^-O, 
/-i 

~ /_| (■*>» ” *'/) “ (ÿlT - ^1/)] = 0 

(14.16) 

with initial conditions 

Ai/o-0, Axo“0, d-do. Aÿo- - vy„ Ai, - vIa Wherry /-0, 

where Y, < - lift and drag of the flight vehicle, R . R - 
^ ^qJ » y0" 

horizontal and vertical components of the reaction of landing strip 

surface, Ay0 - vertical displacement of the center of gravity of 

the vehicle due to deformation of the ground and corresponding shifts 

of shock absorbers (compression of pneumatic tires, elastic and 

noneiastic deformations of elements of the landing mechanism), AxQ - 

horizontal displacement of the center of gravity of the vehicle, X|T 

and i/iT - coordinates of the center of gravity, xlfl - abscissa of the 

center of pressure of the flight vehicle is connected system of 

coordinates *ij/i. kj - number of elements of landing mechanism, being 

in contact with the earth's surface at the considered moment of time. 
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Values of support reactions In this case of loading can be 

nonlinear functions of displacements of supporting points of the 

vehicle construction. Magnitude of lift will be determined by angle 

0 and the speed of the flight vehicle at the moment of beginning of 

touchdown. With use of a parachute system of deceleration or special 

retrorockets in Y there is included only the vertical component of 

corresponding braking forces. The horizontal component of the 

thrust force of the retrorocket (for descent vehicle) and basic 

engine (for aircraft) is introduced into equations (16) in the form 

of force P , applied at distance i/ip from the center of gravity of the 
x0 

vehicle. 

For descent vehicles, not having special external shock-absorbing 

landing aids, but touching the surface of the earth with the forward 

end of the flight vehicle body, equations of motion in the plane of 

action of the horizontal components of aerodynamic (wind) load, i.e., 

in the plane of drift of the descent vehicle, will have the form 

m A0O + G — Ry — Y — 0, 

m Ai0 + R,,-X-0, 
J.fi + bJ + byY-b'G-O, 

(14.17) 

where 

(14.18) 

*ia - abscissa of application of force Y to the body of the vehicle, 

J - moment of inertia of the flight vehicle with respect to the center 

of gravity, o - angle of deflection of longitudinal axis of the 

vehicle body from axis yQ of fixed systejn of coordinates, read counter¬ 

clockwise, and i/ia - coordinates of contact point of the front bottom 

with the ground in connected system of coordinates x^, with origin 

in the center of this bottom and with axis je,, directed to the aft 
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bottom of the vehicle. In this case it is assumed that the signs of 

• and jht are opposite. 

The position of the mentioned point of contact of the bottom 

with the ground is basically determined by initial angle 0«. in 

particular, when the bottom of the descent vehicle has spherical 

shape of radius R, 

- /?(! - cos ¢¢), 

yu“ - Äsindj 

when y«<r, where r - radius of body of the vehicle at place of 

connection of the bottom. 

Solution of system of equations (1?) is sought with initial 

conditions : 

Ay«-0, Axg-O, ¢-^, ¢-6,,, 

A*<>- “ V A*o" - «V, when /-0 

and with assigned relationships of the magnitude of components of 

support reaction to components of displacement of point 

The form of equations of elastic oscillations of the construction 

in this case of loading in many respects depends on the assembly 

scheme of the descent vehicle and the required accuracy of calculation. 

Por aircraft type flight vehicle it is expedient to consider these 

equations in normal coordinates (see S 4.7). In this case it is 

possible to disregard the influence of elastic displacements of the 

construction by magnitudes of components of support reactions, and 

also the relationship of its oscillation conditions to values of 

aerodynamic forces. With attachment of landing gear to the body of 

the fuselage it is possible to take 

S. + aVh. + wiS.-Q,, (14.19) 
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(14.19) 

Qn = ^ Qnl 
l-l 

I 
Ma 

(11.20) 

With attachment of part of the landing gear struts on the wing 

Qn will be determined by expression 

¢,.-2 At„ [^K,l 
/"I 

- ®nii (6«<) [«P» (In/) COS XK - -11^ sin H,] J - 

' [»<.(J,()«0S >*« - sin kk] cos Yi]. (14.21) 

where 

8*1 “ 8»i cos # + /?^< sin 

sin # - /?r>i cos d, om( ■ Jmj - em cos y,, 

kQ - total number of landing gear struts, m - number of landing gear 

struts connected to the wing, xri, £k1 - coordinates of attachment 
of struts to the fuselage and wing respectively, em - distance from 

the axis of rigidity of the wing to the point of the attachement of 

landing gear strut (in the plane of location of the strut), - angle 

of inclination of the strut to longitudinal axis of the flight 

vehicle, » - angle between axes *i and Xq, - elastic lateral 

displacements of the point of reduction, corresponding to n-th tone. 

The remaining designations are the same as in § 4.7. 

Equations (19) are connected with equations (16), (17) and (18) 

by relationship of components of reactions R . and R . to general- 
xcr yo1 

ized ooordinates Ay0, Ax0, ft. As a result of the Joint solution of 

these equations all the necessary data are found for calculation 

of the dynamic and static forces (lateral forces and bending moments) 
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in parts of the aircraft construction. Considering the essential 

effect of the condition of the landing strip and initial values of 

angular parameters of the flight vehicle at the moment of contact 

with the surface on Rx^^ *VqÍ* c*ur*n8 establishment of the required 

bearing capacity of the landing gear structure and certain elements 

of the flight vehicle itselt it is necessary to consider a number 

of particular cases of loading such as landing with front impact, with 

side impact, with braking, landing with no spin-up of wheels and so 

forth. All these particular cases of loading are listed in correspond¬ 

ing norms of strength of aircraft. 

If the assembly diagram of the descent vehicle is comparatively 

simple, it is expedient to represent the dynamic layout of its 

construction in the given generalized case of loading in the form of 

a system of elastically connected masses (see Chapter XI). It is 

natural that the quantity of these masses and the character of their 

interconnection are established in each particular case depending 

upon peculiarities of the structure diagram of some descent vehicle, 

and a¿so requirements of the problem to be solved. Thus for Instance, 

if the construction of the descent vehicle is a supporting spherical 

or short conical shell, or, finally, a certain frame system (to which 

are attached payloads, pilot seat and life-support equipment), then 

the simplified dynamic layout of it can be represented in the form of 

a system of elastically connected masses (see § 11.2). 

Generally a similar system will consist of mass m0 (simulating 

the mass of the body of the descent vehicle and all loads rigidly 

connected to it) and connected to it (with elastic connections) 

masses of different loads 11^ and masses of shock-absorbing parts of 

seats (with pilots) m^. Let us designate the number of these seats and 

loads through k^ and ^ respectively. 

Equations of two-dimensional perturbed motion of such a system 

in the process of landing (in projections to axes of system of 

coordinates x,//, connected with the descent vehicle with origin at the 
center of the front bottom) can be represented in the following form: 
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+ 2 m*“*+m<“<+ (y,r - yj= 

tn.fi, + Z mkvk + 2 m(ti( - Adm^jr,, - .r„) - Ry, 

"i 
J, Aô + 2 "»/ Kí/w - y») «/ - (jt|/ - *i.) öd + 

** 

+ it (.Vm» - y») + R„k (y,„k - y,,)) = eY, 

mkük - /?,* + Rak, 

mkvk - /?v„ 

R»ky\»k + (/?n* — R»k)y\lk, 
tn,u, + bjrfUi + €¿,141 - cx, |m, + A»(yu - 

mfi, + bylv, + cylv, - cyl [tf, - A#(xu - jr,,)]. 

(1^1.22) 

(1^.23) 

(1^1.2^) 

(14.25) 
(14.26) 

(14.27) 

(14.28) 

(14.29) 

In these equations by u and v with subscripts (k, i) there are 

designated longitudinal and lateral components of displacement of 

centers of gravity of separate masses of the system in the above- 

indicated system of coordinates, and by u«and f»- components of 

displacement of the point of contact of the front bottom of the 

descent vehicle with the ground (*i«, yu). Coordinates of points of 

attachment of longitudinal shock absorbers of seats (left "ji" and 

right "n") to the body of the vehicle are designated by y,.,, and y,nk 

respectively, coordinates of centers of gravity of masses mk by 

and yin. and mass m0 by x,T and j/ir Longitudinal and lateral 

displacement of the supporting points of shock absorbers of seats 

are designated by “o.i*, u0„k, v0k, and displacements of supporting points 

of moving parts of the seats themselves corresponding to them by 

H.I» and «in. Thus, the angle of rotation of the seat relative to its 

center of gravity will be determined by expression 

¢, Mi JíâiSJíüL ' 
Vu» ~ Vm* 

Angle of rotation of the body of the descent vehicle with respect 

to the point of contact of the bottom with the ground (in plane x,y, ) 

is equal to o 
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Furthermore, the following designations are used: /, - moment of 

inertia of mass ra0 relative to point (*u. ¡fu - coordinates of 

points of the i-th load to the body of the descent vehicle, cx^ and 

cyl - generalized rigidities of points of attachment of this load in 

the direction of axes x{ and ^.determined taking into account the 

local rigidity of the body of the vehicle itself Ryk and Rjjk, Rnk - 

lateral ard longitudinal (left and right) support reactions of shock 

absorbers of masses mk, calculated by formulas: 

Rf/t ^ Ryky ^ CfïlOÿi, — Vi) when Ryty^Rykv 

R»t “ R»*j “ (^0,» u,y) when 
R*U Rally “ (**0b* Mn») When Rnty ^ Ratti 

Rgt “ Ryt* when Ry*y ^ RfU> 

Rth “ R*tt when Rtty ^ £*»*• 
Rat “ Rut» when Rumj ^ /?■*, 

(1^.30) 

or by some other formulas. Corresponding displacements of supporting 

points of seats will be equal to: a 

«rt-«» + t»(yi4»-yiT»). 

«rt-«* + t»(yi.»-yii»). 
<lort-ai + Ae(ÿwlk-yu), 

«ou-ll, + Ae(yIM-y|,), 
Pm- 0. +-■*!,»). 

(1^.31) 

Solution of the given simplified system of equations is sought with 

Initial conditions: 

♦ “ . «i *■ 0, t»( « 0, «, <- 0, o, = 0, u, -= 0, o, = 0, 

ti-O. ♦»“O, «, = (), ö, = 0, t)* = 0, 

“ o* sin Go - Oo, ù, = i»,, s'n 00 - vy, cos 00. 

Usually the greatest interest for strength of the construction 

is presented by maximum magnitudes of dynamic forces and overloads, 

which in this case of loading are observed in the process of the first 

impact of the vehicle against the ground. Therefore, if values of 

reactions 



Rx - Rifn cos d - R^ sin 

= Ry„ s'n ^ + Rx, COS 0 

Of 

6 of 

<1 and 

load In 

the 

Rnk - 
f shock 

(1¾.30) 

pporting 

(1^.31) 

t with 

I 

I 
ruction 

[•loads , 

I the first 

lies of 

nonlinearly depend on AyQ and AxQ (i.e., u.-, andu,,), then for 

simplification of the solution of the problem it 'is possible to 

consider them assigned function of time. In particular, approximate 

values of these reactions can be determineo by solution of system 

of equations (17), describing the motion of descent vehicle as a 

solid body. Some idea of the character of change of the value of 

reaction Rx in time is given by the graph of change of longitudinal 

overload of the center of gravity of the vehicle (descent module) in 

the process of landing on the ground (with initial vertical velocity 

9 m/s), presented on Fig. 14.3. As can be seen from this figure, 

maximum magnitudes of longitudinal overload are measured in tens of 

units, and the time of its action - only hundredths of a second. It 

is obvious that in similar cases with sufficient accuracy"for 

practical calculations it is possible to disregard (with calculation 

of reaction and coefficient e) the change of angle 0 with respect to 

t, assuming 

Rx =* Ry, C09 #0 - Rx, sin do. 

Ry = sin do + Rx, cos d0, 

e-jcucosdo-i/nsindo. 

Values of reactions R and R and consequently, the magnitudes of 
x0 y0 

dynamic loads on structural elements of the descent vehicle have a 

random character and can be changed in very wide limits depending 

upon the place of landing and the state of the landing strip. In 

particular, when landing on comparatively soft ground these loads will 

be determined basically by the mechanical properties of the ground 

(dynamic coefficient of elasticity, shearing strength), when landing 

on sufficiently hard (rock) surface - by elastic properties of the 

construction of the bottom of the vehicle. The probability of 

realization of similar limiting cases of loading will depend on many 

factors and can be somehow estimated only for particular flight 
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vehicles. In conformity with values of these probabilities a 

calculated model of the ground of a landing strip is selected. 

Pig. H*.3. Typical change of longitu¬ 
dinal overload in the process of 
landing of a descent vehicle on 
solid ground. 

0 001 0,02 003 004 
l s 

Expressions for longitudinal and lateral components of overload 

at different points of the construction of the descent vehicle will 

have the forro: 

a) for points of the vehicle body with coordinates 

/ 

b) at centers of gravity of loads elastically suspended from 

the body 

c) at points of the cushioned part of seats 

For decrease or limitation of the maximum values of total or 

local overloads there is usually applied external or internal (local) 

shock absorption. The type of shock absorption and permissible 

magnitudes of overload components are selected in each concrete case 

depending upon the assignment of the descent vehicle. 
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§ l4.^. "Soft" Landing of Flight Vehicle 

With realization of a "soft" landing of the flight vehicle, 

possessing low horizontal velocity and limited maneuverablity, i.e., 

limited possibility of selection of a landing strip, required for sub¬ 

sequent launch, the initial position of the vehicle is assured 

basically by the construction of the landing mechanism. Typical 

for the considered class of vehicles are landing mechanisms consist¬ 

ing of four isolated or kinematically connected support struts can be 

freely changed in certain limits, adjusting to the local terrain 

of the landing strip. The requirement for preservation of the 

stability of the descent vehicle is the process of landing imposes 

definite limitations on the general configuration of such craft. The 

tendency to achieve a low position of the center of gravity of 

similar systems usually leads to increase of lateral dimensions of 

their construction, and consequently also to increase of its flexural 

and shear rigidity. Therefore, the essential influence of local 

rigidity of points and elements of their connection with each other 

on the state of stress of the construction becomes characteristic for 

such vehicles. 

The dynamic layout of flight vehicles of the considered class 

will depend not only on overall formulation of the problem, but also 

on concrete structural designing of their typical1 Joints: cabin 

(indes "k"), which accomodates the crew (index "o") and necessary 

life-support facilities for the crews and return to earth; special 

engine unit (index "a") (with "a" and "r" tanks), with the aid of 

which landing of the vehicle is executed, and, finally, the 

landing mechanism itself (index "ny"). 

Since the problem of dynamic calculation for the given case of 

loading leads essentially to selection of characteristics of external 

‘Khilderman, Muller, Mantus, Dynamics of lunar impact of the 
expeditionary section of "Apollo," Questions of rocket technology, 
No. 2, 1967. 
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shock absorption, it is possible to assume that the question of 

accuracy of description of elastic oscillations of the system in 

this case does not have decisi.e values, arid it is possible to be 

limited by consideration of the simplified dynamic model of the 

descent vehicle. Such a simplified model in the form of a system 

of elastically connected solid bodies for a typical assembly diagram 

of descent vehicle is depicted on Fig. 1^.4. 

1AAAA/1 KAMA/' 

Fig. 14.4. 

Fig. 14.4. Simplified 
vehicle, designed for N 

Fig. 14.5. Fixed systei 

Simplified dynamic model of descent 
Igned for "soft" landing. 

Fixed system of coordinates. 

Let us formulate equations of motion of this vehicle in one of 

the planes of symmetry, using the Lagrange method. For this we 

introduce the following systems of coordinates: a) fixed o,4t), axis 

n of fhjch coincides with the tangent to averaged profile of the 

surface at the landing place of the vehicle (Fig. 14.5); b) connected 

<Viyi (Fig. 14.4), axis <i of which is directed along the undeformed 

longitudinal axis of the descent vehicle upwards, and axis y\ - 

perpendicular to axis xi along the line of intersection of the plane 

of symmetry of the vehicle with some conditional reference plane of 

the landing mechanism; c) moving coordinate system Oxy, axes of 

which coincide with instantaneous position of axes and y\- 
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Motion of system of coordinates Oxy relative to the fixed system 

will be characterized by projections AX^, AA^ of forward displacement 

of the origin of coordinates (point 0) and angle of rotation 0 

(relative to point 0). In projections to axes, instantly coinciding 

with axes of the moving coordinate system, components of displacement 

of this point will be equal to 

AX* = AA^sin ß + AAj ros ß, | 
AAy — AXn cos ß — A).j sin ß. | 

(14.32) 

Corresponding components of velocities of points of separate parts of 

the vehicle in system of coordinates Oxy will be determined by 

expressions 

Vj,0 = AX,r + Ai, -r ßy10 + Ai0 + ifc.j/io. I. 

V » My - 0*1 - l|>.(*l - *I0) I 

for points of tank Ho," 

o^r - AA, + Ai, (- (ß +1|>, + ijir) yu + Air, 

V,' - AA, - ßjc, - (ill, + tr) (x, - x,r) 

for points of tank "r," 

- AA,, I (ß + +, ( +,)y, (- Ai, + Ai„ 
Oyu ™ - 0x, - (x, - x„)(+, + +,) 

for points of cabin, 

-AAX ^ßy, + Ai,+ I 

o»,-AA#-ßx,-+,(xl-x„) J 

for points of support section "a" and 

y«-t»« + Ai„ I 

Oy, =■ P,, 4 Aÿ, I 

(14.33) 

(14.34) 

(14.35) 

(14.36) 
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for elastically suspended loads inside the cabin. 

' Components of velocities of points of undeformed parts of the 

landing mechanism will be equal to 

viy - Al, + ¢//,, i 

Vyj-My-fix,. I 
(14.38) 

In these formulas \|>r, t|>K, i|>a - angles of rotation of longitudinal 

axes of tank ”r,M cabin "k” and section "a" due to torsional strain 

of support elements of the tank and unequal deformation of support 

brackets of the cabin and section "a" respectively, *ir - coordinate 

of support frame of tank "r," and xu - support frame of the 

cabin of the craft and section »a," Axj and Ay^ - displacement of 

parts of the craft due to deformation of corresponding elements 

(J «a, o, r, k). 

Having formulated expressions for kinetic and potential energy 

and using equation (4.1), we obtain the sought system of differential 

equations describing the process of ^30^ landing (symmetric relative 

to longitudinal axis) in the fqrm 

Aixm + Aiffli, + Aioflio + Ai, (m - mnJ) -(- 
n 

f + \xHmK =* 2 Rxtt 
i-i 

• n 

Al,/« + - PS — i(>tS, - $«S, - \J)r>Sr - 21 
i-i 

P/. + i.a. + $«a, + - AXrS - Aji.S, - 
It 

* i (^jlVl + RylXl), 

(14.39) 

Air + 2Ar Air + \Xt + Aia + wj Ax, = 0, 

Aio + 2ho Aio + AX, + Ai, + Ajc - 0. 

Ai, + 2A, Ai, + AX, + Ai, + Ai( -(- Ax, «= 0, 

Ai, -(- 2A, Ai, -(- AX, + Ai, + Ai, -(- Ax, — 0, 

Ai, + AX, + (Ai0m„ + M,m, + Ai.m, + 

+ ^m.)(^T+24,AV, + ^Ax, = 0, 

A.V, + 2A, Aÿ, -(- AX, - PS, - ¢,5,, - ¢,5,, + <a¿, A//, - (), 

(14.40) 
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(14.Hl) 

¢,/, + ¢,0, + (Ja, - AXy.S, + ¢,(/, + 

+ ¢^-^,5., +“W.“0' 

¢K/K + ¢KftK + - AMk + Vk + ®*K/A ” Ü- 

Vr + ¢.0. ^ “ AX»Sr + + ®*r/A " °> 

where n - number of support struts of the landing mechanism in 

contact with the surface at the considered moment of time, and 

- coordinates of the point of application of reaction of i-th 

support, m - mass of descent vehicle, irij (j * o, r, k, o, r.y) - mass 

of loads, J - mass moment of inertia of the descent vehicle with ’ z 
respect to axis J , J , and J - moments of inertia of maeses m , a r k a 
mr and mK with respect to axes ¿i, passing through *>/. Sj - static 

moments of J-th mass with respect to axis z». In this case partial 

frequencies of natural elastic oscillations of the parts of construc¬ 

tion of the descent vehicle are calculated by formulas 

ö>; 

m, 

(2 - 111 

c/“£c//. 
p-i 

(/ - a. o, r, K, 9), 

<0:' 

np 

ct “ 2 Calcos*y P*» I (i = a, k, r). 

(14.42) 

Remaining coefficients are equal to 

(i, * /, rn,.Z|,x,t ^K^ikXHt* 

" /„ Û, ** /,1 " MrXirXrri 

S — m,x,j + fngXnj, Sf — ffi, (Xu, Xi,), 
S,— S —■/n,X|, — S,t •• — Xj,), S, ™ 

(14.43) 

By the given method it is simple to obtain equations for another 

number and location of masses of the system, and also equations of 

three-dimensional motion of the descent vehicle. 

The solution of the above-mentioned system of equations is found 

by the method of numerical integration with zero initial values of 
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all parameters characterizing elastic oscillations of the parts of 

the construction, and assigned initial values of motion parameters 

of the descent vehicle as a solid body 

ß-Po-öo-ö». P-ßo. 
i* “ — o* cos - V,, sin Go, 

- Vv.si«*0 + cos#0 + figX,, When / = 0, 

where G0 - angle of slope of longitudinal axis of the vehicle to 

vertical, v^q and vxq - vertical and horizontal velocity components 

of the center of gravity of the vehicle at the moment of contact 

with the surface. 

Let us present schematically support elements of the landing 

mechanism in the form of struts, free ends of which (supporting 

points, touching the surface of the landing strip) in system of 

coordinates Oxy can obtain displacements in the font 

Aj//= (/0 + sin (cio + A«/) —/0 sin do, 
. A*( » - (/8 + A/,) cos (cio + Aa() + /0 cos a,,, 

where lQ - initial length of strut, o0 - initial ang|| of its slope 

of axis X, (in plane *iyi ), and áa¿ - increase of Ängth and angle 

of slope of i-th strut. Generally the change o^length of the strut 

can occur both due to shortening of its separate elements (for 

Instance, shock absorbers) under load, and due to free displacements 

of the supporting points in the process of their attachment to the 

local surface terrain (if this is provided by construction of the 

landing mechanism). In fixed system of coordinates the position of 

supporting points is characterized by functions 

ti (0 ■ Lo + J dt, 
0 

t 

1)/ 0) -1)/0+/ dt, 
0 

FTD-MT-24-67-70 525 



'3 Of 

ters 

I 

to 

nents 

ct 

ing 

ng 

f 

slope 

angle 

strut 

jments 

the 

the 

on of 

where and - velocity components, and and n10 - initial 

coordinates of supporting point of i-th strut. Condition ^(t) = o 

in combination with additional conditions, determining the moment 

of cessation of free motion of the strut in the process of attachment 

to local terrain, establish the fact of application of support 

reaction (R^, to the given strut. 

It is possible to formulate many different combinations of 

inclusion of different struts in the operation of shock absorbers. 

Each such combination will determine the possible particular case 

of loading of the construction of the descent vehicle. The most 

important of all these particular cases are cases corresponding to the 

biggest values of longitudinal and lateral components of overload, 

particularly cases of simultaneous landing of the descent vehicle on 

all the support struts taking into account (v . * v , , ) and with- 

out taking into account (r^ * 0) lateral motion (with specified 

profiles of the landing strip). The shown cases of loading actually 

will establish the allowable maximum magnitudes of support reactions 

(forces of shock absorbers) for any vertical velocities of landing, 

since 

max/?xl-max/1,-5., (14.410 

where max nx - allowable longitudinal overload in the center of gravity 

of the vehicle, and n - total number of struts. 

Components of overload reduced to terrestrial conditions at any 

point of the vehicle are calculated by known formulas 

"" = ~ «o Vxl' = ¿ 

(/-=0, r, K, a), 

where gQ - acceleration due to gravity on the earth; vxj , vyj - velocity 

components of the considered point of descent vehicle, calculated 
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by formulas (33)-(37). Thus, for Instance, for points of support 

section 

rtjn " - ^ (AÄ* + Pi/i + Ai, + ¢^1,). 

Ityl ^ ~ ~ [AXj — PX| — 

Magnitudes of longitudinal forces in structural elements of the 

descent vehicle will be determined by relative elastic displacements 

of separate Joints. Particularly, in places of connection of 

tanks with the body of the vehicle they will be equal to 

JVjro “ fo Ajf0, 

Njcr-Cf \X„ 

and in cabin supports 

/Vjrl “ C,1 (Ax, + 

Airt-c«j(Ajt«-s>«y»3)- 

Values of dynamic components of internal forces in structural 

elements and vibration componente of local overloads in the procers 

of "soft" landing depend on the gradient of cl^hge of support reactions 

of the land mechanism. By selection of the magnitude of dRxi/dAel 

for the initial phase of operation of the shock absorber (up to the 

moment of achievement of maximum value of support reaction) it is 

possible to regulate the values of these forces in rather wide 

limits. 

S 14.5. Loading of Descent Vehicle when Landing 
õn Water 

With unsteady motion of the descent vehicle in an incompressible 

ideal infinite volume of liquid, its inertia Increases at the 

expense of inertia of the part of liquid which is attracted by the 

body of the vehicle. The shewn effect is usually considered by the 

FTD-MT-24-67-70 
527 



introduction of apparent masses and apparent moments of inertia of 

liquid into equations of motion. Values of these apparent inertial 

characteristics depend on the shape and dimensions of the vehicle 

and especially on the density of liquid. With motion of the descent 

vehicle in water they can be comparable with its mass and moment of 

inertia. 

The problem of determination of apparent masses mj is reduced 

to finding the velocity potentials of liquid <J>^ during motion of 

the vehicle along axes y, and *i with unit velocities 

(14.45) 

density of liquid. rhese functions must satisfy Laplace equation 

(2.31), condition of the absence of liquid motion at infinity and 

corresponding boundary conditions of the moistened surface cf the 

vehicle, which for forward motion take the form a^/Bn = cos Oj, 

where - angles of slope of the normal ñ to axes y, and zi- 

In case of partial submersion of the vehicle in liquid the 

velocity potential should additionally satisfy the boundary condition 

on the free surface of liquid 

<P = 2qw-0 (i~x„y„2,). 

where v^ - velocity components of the vehicle in connected system 

of coordinates. By using this condition, it is possible [64] to 
analytically continue potential ¢( through the free surface, 

assuming ip(v,. y{, *,) —<p(—y,, zt). 

In other words, it is possible to replace the problem of impact 

of the vehicle against the free surface of liquid by the problem of 

unsteady motion of a symmetric body in liquid, obtained by mirror 

image of the part of the tody of the descent vehicle immersed in 
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water. Values of apparent masses for symmetric bodies of different 

shape are determined by a number of authors analytically. When 

necessary they can be found experimentally - by direct measurement 

of acceleration of the body, moving in liquid under the action of 

specified force, or by means of comparison of natural frequencies of 

oscillations of the body in liquid and in air. 

In the case of landing of the descent vehicle on watar of 

interest to us apparent masses will be the function of depth of 

submersion h. In proportion to increase of h the shape and 

dimensions of the immersed part of the vehicle will be changed, and 

consequently, m*. With increase of apparent mass the velocity and 

acceleration of the descent vehicle will decrease. This is well 

iàlustrated by a graph of change of longitudinal overload of the 

center of gravity of the descent module in time (Pig. 14.6), obtained 

with vertical velocity of landing 9 m/s. As can be seen, ntl reaches 

maximum values at the initial moment of submersion of the vehicle in 

water with small h. Forward motion of the descent vehicle on this 

section can be described by equations 

(m+m\)h + G-(X + A)~0, 

— (m +m*)ÿ + K-0, 

with initial conditions 4(/)*0, —A(/)*t>w, y(/)—o, ÿ(/)^i»^ ^ « 0where m 

^acs of the vehicle, A - Archimedean force, X and Y - components of 

external aerodynamic forces (wind and braking). With small initial 

values of angular velocities of the body of descent vehicle the in¬ 

fluence of its rotation with respect to the center of gravity in this 

case of loading can be disregarded. 

If components of initial velocity of the center of gravity of 

the descent vehicle are comparatively great (on the order of 5-10 

m/s), then with small h the above-mentioned equations can be 

essentially simplifed, namely are represented in the form 
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ent (m + in\) h = 0, 

(m + m'u) fi = 0. 

(1H.48- 

(l4.i<9) 
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FiK. 14.6. Character of change of long! 
tudlnal overload In case of landing the 
descent, vehicle in water. 

The basic difficulty of solution of the given system of non¬ 

linear differential equations consists of determination of the 

relationship of apparent masses to the depth of submersion of the 

body of the vehicle. When the lower part of such vehicles has 

elliptical or spherical shape, it is possible in the first 

approximation to approximate the body, obtained by mirror image of 

this part of the vehicle immersed in water, by a flattened ellipsoid 

of rotation. Then [64] 

where 

m * = npr2/i —, 

• #2 <jL h0 

(14.50) 

(14.51) 

b 

(I -)iJ) ’ h 

- * „ (arcsin \ I - /i - 4 \ \ - 42 ). 
(I-Ä)’ 

h 

and r - 

surface 

radius of cx’oss section of the bottorr at the level of free 

of il(}uid. For a spherical bottom of x'adlus R r‘=\2Rh-h'. 
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When desired these expressions can be definitized experimentally by 

measurement of longitudinal and lateral overloads with releases of 

mockups of vehicles on the water modelling their weight and shape of 

the lower part. 

Usually in the considered case of loading on the construction of 

the descent vehicles there are imposed only requirements for preserva¬ 

tion of airtightness of their bodies and sufficient strength of 

points of suspension of different loads. So that corresponding 

loads (average hydrodynamic pressure on the bottom of the vehicle and 

inertial forces) will be completely determined by values of overload 

components 

«X- 

and by depth of submersion h of the vehicle in water. Moreover, in 

the first approximation one may assume that 

max nx 
—r-*- — const, r 

For strength of certain elements of the bottom the law of distribution 

of hydrodynamic pressure can be of definite interest. It is 

recommended to find it experimentally in view of the complexity of 

calculation of hydrodynamic interaction of the vehicle with waves. 
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CHAPTER XV 

NORMALIZATION OP STRENGTH OP THE CONSTRUCTION 

I 15.1. Concerning th« Question of Normalization 
of the Strength of the Plight 

Vehicle Construction 

In the preceding sections methods of determination of external 

loads and internal forces In the construction of a flight vehicle 

body were given for all ground and flight generalized cases of 

loading. In this concluding section certain questions are considered, 

connected with normalisation of strength, i.e., with estq|íishment 

of required bearing capacity of the constructicftw 

A necessary condition of any normalization of flight vehicle 

strength Is preliminary revealing of calculated cases of loading 

for every part of Its construction. The presence of calculated 

eaaes considerably reduces the overall volume of calculations on 

strength, simplifies gravimetric analysis of the structure diagram 

of constructions and experimental treatment of their bearing capacity. 

As already was noted, as design there is taken the case of load¬ 

ing which Is the most dangerous for strength of the construction. 

Comparative appraisal of the measure of danger of the different 

states of stress can be performed with the help of corresponding 

theories of strength. In this case one should only consider 
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the peculiarities of the utilized methods of calculations of 

constructions for strength. As it is known, two such methods 

exist: method of allowable stresses (loads) or deformations and 

the method of limiting states (breaking loads) with respect to 

strength or stability. In machine building the method of allowable 

stresses is usually used. Method of limiting states, allowing more 

complete use of the bearing capacity of the construction, is applied 

primarily in those regions of technology, in which questions of 

economy of weight play a decisive role. 

According to the first method maximum stress or deformation, 

appearing at some point of the construction, are compared with 

permissible values. In this case the loading, in which these 

stresses (deformations) or load corresponding to them turn out to 

be the greatest, is considered the most dangerous. By the second 

method the maximum effective load is compared with breaking. The 

latter determines the bearing capacity of the construction, i.e., 

the limiting deformed state of the construction with respect to 

strength or stability, which corresponds to the beginning of its 

failure. Thus, according to the method of limiting states, the case 

of loading which gives the biggest value of required bearing capacity 

of the construction both with respect to strength and stability 

will be design. 

Basic difficulty of determination of allowable stresses 

(deformations) and required bearing capacity of the construction 

of any flight vehicle consists of coordination of calculated data 

with actual. Actual values of stresses, deformations, Internal 

forces in structural elements in all cases of loading are random 

functions of time, and the actual bearing capacity of the 

construction - random variable. Therefore, the question of strength 

of the construction should be considered from a probability point 

of view. With great changeability of real external loads and 

parameters, characterizing the bearing capacity of the construction, 

the condition of strength is reduced to obtaining a guarantee 

that the limiting state will not once be exceeded for the entire 

time of operation of the flight vehicle. 



In case of representation of computed values of required 

bearing capacity In deterministic form, such a guarantee Is provided 

by the Introduction of so-called safety factor f. This factor Is 

used both when determining allowable stresses (deformations) 

(15.1) 

where onp - limiting stress (yield point 

ultimate strength for brittle materials, 

of local or overall stability), and when 

loads 

for plastic materials, 

critical stress of loss 

calculating breaking 

^1).= AV (*,). (15.2) 

Values of the shown factor depend first of all on the accuracy of 

calculation of external loads. Internal power factors and bearing 

capacity of the construction, on conformity of calculated diagrams 

to real. It Is obvious that when counting on the safety factor of 

functions for compensation of errors of the mathematical description 

of real processes of loading, dynamic layout and bearing capacity of 

the flight vehicle the design load (2) In essence becomes fictitious. 

Consequently, calculated cases, established according to such loads, 

cannot correspond to calculated cases determined by operational 

loads. To this one should add that In a number of cases the change 

of geometric shape of the flight vehicle construction due to great 

deformation (elastic and residual) can lead to change of the magnitude 

and especially the distribution of external loads. In similar cases 

the actual breaking load will differ from calculated, obtained by 

multiplication of N by f. Even when the shown proportionality 

takes place right up to failure. It Is not always possible to use 

a single safety factor for all Internal power factors. Thus, for 

Instance with combined loading of the carrier fuel tank of a ballistic 
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type flight vehicle its bearing capacity under compression will 

essentially depend on the magnitude of internal excess gas boost 

pressure. Therefore, the operation of multiplication of the latter 

by the safety factor (especially with the presence of nonlinear 

relationship of critical stress of loss of longitudinal stability 

of the tank shell to the magnitude of this pressure) does not have 

practical meaning. 

on 

of 
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8, 

tude 
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Difficulties of theoretical solution of all questions connected 

with establishment of the required bearing capacity of flight 

vehicle construction are so great that normalization of their strength 

becomes necessary. This normalization is usually reduced to 

establishment of design cases of loading and safety factors for all 

main Junction points of the construction, and also to indication 

of the methods of calculation of external loads and Internal power 

factors. Sometimes strength norms limit maximums of overloads, 

angles of attack, Impact pressures and other parameters. Further¬ 

more, normalization is not Infrequently thought of as an experimental 

check of the actual bearing capacity of the construction of all 

design cases of loading, particularly by means of static tests. 

For flight vehicle, manufactured in small series, norms of 

strength can be attached to a particular vehicle, l.e., they can 

normalize the required bearing capacity of separate parts of the 

designed construction. For reusable vehicles this required bearing 

capacity of the construction is established taking into account the 

effect of recurrence of loads and specified service life. 

For flight vehicles having low frequencies of natural elastic 

oscillations, it is recommended to normalize also the rigidity of 

basic structural elements. The required values of these regldltles 

can be established by dynamic calculation of the construction at 

the stabe of normalization of its required bearing capacity. 
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i 15.2. Selection of Safety Factor 

The structure of the safety factor, expressed through the 

relationship of real breaking load to some design load (constituting 

the possible value of operating load), Is very complicated and Is 
polyhedral. The value of this coefficient depends on many factors, 

many of which carry a random character. Since It Is theoretically 

Impossible to establish maximums of Internal forces and minimum 

values of bearing capacity of the construction without Indication 

of the probability of their realisation, the values of safety factor 

can be determined only from a probability point of view. As was 

mentioned In the preceding paragraph, values of f essentially 

depend on the method of calculation of the construction for strength. 

With use of standard methods of establishment of the required 

bearing capacity of the flight vehicle construction the role of 

safety factors leads basically to compensation of: 

1) discrepancy between the deterministic form of representation 

of results of calculation for stiength and the random character 

of actual values of external loads, Internal forces and the bearing 

capacity of the construction} ^ 

X 
2) deviation of calculated dynamic layout of the flight vehicle 

and design conditions of loading from real. 

It is natural that normalised safety factors are also statis¬ 

tical In their nature, since their selection Is substantiated by 

numerous experimental data, obtained in the process of many years of 

operation of different types of flight vehicles. It Is clear that 

the application of similar experimental safety factors to new 

flight vehicles or to new design cases of loading can lead both to 

excess of the required bearing capacity and to lowering of the 

reliability of the construction. Therefore, recently considerable 

attention has been paid to development of theoretical bases of 

normalization of safety factors, especially In the region of 
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structural mechanics and machine building« In t.;is connection 

one should note the work of V. V. Bolotin [9]» A. R. Rzhanistsyn 

[60], N. S. Streletskiy [68], [69] and other authors. 

The experimental character and probability nature of these 

factors uncover means of their dismemberment into a finite number 

of statistically independent components, characterizing the change¬ 

ability "f opwrstirn; conditions of the construction and its strength. 

In the first approximation the safety factor can be represented in 

the form of the product of two coefficients f, and f2. 

The first coefficient is a certain generalized '’haracteristic 

of changeability of true values of external loads., power 

factors and bearing capacity of the ''onstruction. Its value is 

estimated by variation of actual values of generalised load N and 

bearing capacity of the construction Nh> Thus, for instance, 

with normal laws of distribution N and Nh coefficient /1 establishes 

the required mutual location of their mean values N and (Fig. 

15.1) at known coefficients of variation 

(15.3) 

and specified probability of failure of the construction 

(15.¾) 

If the condition of failure of the construction \rH-jv<0 is presented 

in the form 

(Nu-N)-pa = 0, (15.5) 

where 

0 
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wh«r« p - the number of standards corresponding to specified 

probability of exceeding the limiting state, then the following 

equation cen be obtained for appraisal of the minimum magnitude of 

coefficient h : 

(15.6) 

Since /, should be larger than one, 

mm/l -TTÄ*--• (15.7) 

Fig. 15.1. Distribution 
curves of functions character¬ 
ising external load and 
bearing capacity of the 
construction. 

Values of this coefficient will be different for various 

cases of loading and even for different Junction points of the 

flight vehicle construction. It Is obvious that generally the 

probability of failure P^m, allowable for separate parts of the 

construction, should be less than the failure probability of 

the construction on the whole. Therefore, proceeding from the 

smallness of magnitudes of Plm, it Is possible to approximately 

take 

where m^ - number of Junction points of the construction, for which 

the considered i-th case of loading Is design, and Pj^ failure 
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probability of the vehicle construction on the whole In the same 

case of loading, determined from condition 

p=Íp„ 
J-l 

In which n - overall number of calculated cases for the given 

construction, and P - allowable (specified) failure probability óf 

the flight vehicle In the process of operation. 

A necessary condition of application of methods of the theory 

of probability and mathematical statistics to appraisal of values 

of coefficient /, for each design case of loading Is the presence 

of a sufficiently large amount of corresponding experimental data 

for determination of coefficients of variation w and w|(, obtained 

in uniform conditions. In the absence of euch data they can be 

used only for qualitative analysis of certain results. 

With determination of coefficient /, for reusable flight 

vehicles In certain cases of loading one should take into account 

the influence of auu)i factor as the possible accumulation of 

damages In the process of prolonged operation. 

The second coefficient characterizes deviation rf calculated 

mean values of Ñ and Nh from true, caused by errors of mathematical 

description of the processes of loading and failure of the 

construction, and also Inaccuracy of determination of coefficients 

of variation. It is obvious that its values can be found only 

experimentally, by means of comparison of corresponding calculated 

data with experimental. The presence of this coefficient explains 

the experimental way of establishing the safety factors and the 

absence of the possibility of solution of the problem of Its 

selection by the purely theoretical method. If the values of 

coefficient f, is always greater than one, the magnitude of coef¬ 

ficient Í2 In an ideal case can be equal to one. 
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The question of selection of safety factor is connected with 

reliability of the construction (only in rare cases is the latter 

ensured by means of duplicating the separate supporting members). 

Therefore, it is natural that It should be different for various 

cases of loading and should depend on the sequence of their realiza¬ 

tion. Formula (7) can be used for comparlatlve appraisal of the 

effect of the magnitude of coefficient /, (with specified values of 

wH and w) on the failure probability of the construction. 

Since coefficient f2 Is Introduced for covering the possible 

systematic deviations of actual values of external loads, the real 

temperature rate of operation of structural elements and actual 

values of critical (limiting) stresses from design, then It is 

obvious that any normalization of Its magnitude should presuppose 

the use of full/ defined and checked methods of calculation. Loads 

can be represented In the form of mean, and nominal, and limiting 

valuea. Therefore, the magnitudes of safety factors for every case 

of loading must be determined In accordance with the accepted method 

of calculation of the required bearing capacity of the flight 

vehicle construction. Without indication of such a method It Is 

Impossible to judge the degree of reliability of the construction 

by the magnitude of safety factor. Usually the normalized values 

of these coefficients are changed [11, 17] during calculation by 

the method of limiting states from 1.5 to 2 for different ground 

cases of loading from 1.4 to 2 - for flight cases of loading. 

In this case there often Is allowed for the necessity of their 

Increase (by approximately 251) for especially critical junction 

points (in particular, for points of attachment of loads, joints of 

compartments and so forth) and for junction points, the technology 

of production of which allows larger variance of bearing capacity 

than for the majority of supporting members. Most often this Is 

conneeted with unequal variance of strength characteristics of 

applied structural materials. 

The application of comparatively exact methods of calculation 

thorough Investigation of the operating conditions of all structural 



elements of the flight vehicle In all cases of loading, comprehensive 

experimental check of the actual bearing capacity and rigidity of 

the construction, realization of all measures, excluding the 

possibility of appearance of unforseen cases of loading, are necessary 

conditions for the application of small coefficients f2. For all 

practical purposes this is realizable only with a high overall 

culture of designing and production or with creation of modification 

of flight vehicles on the basis of developed models. 

During sketch designing of new flight vehicles it is usually 

necessary to use a priori values of safety factors. At the latter 

there are taken coefficients substantiated by the practice of 

designing of similar types of flight vehicles. In this case It Is 

recommended to apply the upper values of these coefficients. Small 

magnitudes of f not only require high accuracy of corresponding 

initial data and perfected methods of calculation, but for all 

practical purposes often do not give the proper effect. This Is 

explained by the fact that comparatively small ‘changes of Initial 

data on distribution of masses, rigidity, aerodynamic forces, and 

also variations of parameters of different flight vehicle syetbrr.s, 

which are inevitable when developing a new construction, can 

(when f ■ fmin) subsequently lead to continuous further improvements 

of the constructioiMor other systems, for Instance the control 

system) or to a lowering of the reliability of the flight vehicle. 

Frequently the excess strength of the construction is character¬ 

ized by so-called safety factor of strength n3, constituting the 

ratio of the actual bearing capacity of the construction to 

required.1 This coefficient in contrast to safety factors determines 

namely the reserve of strength, with which the designer can have 

at his disposal. Its actual values, equal to the ratio of actual 

bearing capacity to actual load, divided by coefficient Cq ■ 1.05 

lSometimes the coefficient of excess strength ^ " n3 “ i 
is also applied 



to 1.1 are random variables( which should always be considered 

especially during analysis and treatment of results of natural 

experiments. 

In conclusion let us note that one of the problems of dynamic 

calculation of the construction of a flight vehicle, closely connected 

with the question considered in this paragraph, is the establishment 

of allowances for possible variance of those parameters which 

directly or indirectly affect the required and actual bearing 

capacity of the construction. Its solution is usually reduced to 

calculation and comparative analysis of the limiting values of 

external perturbations and internal forces, realization probability 

of which is in specified limits. Such limit loads in some cases 

of loading can be used for appraisal of the required bearing capacity 

of the construction. They can be obtained either by corresponding 

calculations by means of introduction of correction factors (variance 

coefficients) for each component of internal force and external 

load. The application of the method of limit loads leads to lowering 

of magnitudes of coefficient f, and in the cast of simultaneous uae 

of limiting values of bearing capacity tb# necessity of its introduc¬ 

tion in essence, disappears. Selection of safety factors for 

additional cases of loading, corresponding to an emergency condition 

of the piloted flight vehicle, is performed depending upon require¬ 

ments imposed on strength bf structural elements on the part of 

the crew emergency rescue system. Usually these requirements lead 

to the guarantee of safe ejection of the seat or cabin with the 

pilot. 

I 15.3. Methods of Finding Design 
Cases of Loading 

With establishment of design cases of loading it is necessary 

to consider both the character of the state of stress of the cons¬ 

truction and the external conditions of its operation, which directly 

affect the strength, i.e., the ability of the construction to absorb, 



while not being destroyed, specified external loads. There should 

basically be remembered the effect of magnitude and speed of heating 

on the mechanical and elastic properties of the material of the 

conatruction, which determine the values of allowable stresses or 

its bearing capacity and rigidity, particularly yield points and 

strength and elastic modulus. 

The degree of heating of the construction of flight vehicle is 

determined by the speed of their motion in dense layers of the atmos¬ 

phere, aerodynamic configuration, thickness of body skin and certain 

characteristics of its material, namely specific heat c and specific 

gravity y. The larger that c and y are, the greater and more rapidly 

the material of the body shell is heated. Por ballistic flight 

vehicles type, made from aluminum alloys, the heating rate composes 

2-3°c per second, and in separate cases (for thin shells) it can 

reach up to 5°C per second and more. 

It is possible to indicate several methods of revealing design 

cases of loading, allowing consideration of the loading features of 

particular constructions. The heaviest operating conditions of 

the separate parts and sections of flight vehicles can be determined 

by maximum values of external load or internal force. 

The first method (method of maximum load) is applied when the 

considered structural element is loaded by some external force only 

(with constant temperature conditions), for instance by only external 

or internal pressure, only thrust force and so forth. 

The essence of the second method (method of determining or 

dominating load) consists of the fact that as design there is 

considered the state of stress of the construction (at constant 

temperature rate of operation) from the combined influence of all 

external loads at these moments of operation when one of the 

components of these loads (or internal forces) reaches its biggest 

value. This method in principle scarcely differs from the method 

of maximum load, and therefore gives good results only when all 

components of the external loads, expect those considered remain 

constant. 
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Generally with the combined action of arbitrarily variable 

loads and with unsteady temperature operating conditions of the 

construction It is expedient to use an improved method, which we will 

call the method of conditional load. The essence of this method 

la that as design we consider the case of loading of the construction 
at the aoaent of time of flight when some fictitious (conditional) 

load reaches its biggest value. Magnitude of the latter is determined 

in such a way that we considered both the effect of the combined 

Influence of external forces and the effect of the relationship 

of the bearing capacity of the construction to its temperature. 

The effect of the combined action of longitudinal force, 

bending moment and excess pressure on the body shell of the flight 

vehicle can be approximately estimated by the magnitude of reduced 
force. For finding this force it is possible to use the theory 

of the greatest tangential stresses, which gives the simplest criterion 

of danger of combined state of stress for plastic materials the 

most frequently applied during manufacture of bodies of flight 

vehicles. Although Coulomb-St. Venant conditions are not criteria 

failure of the construction, but determine only the moment of 
transition of the material of shell from elastic to plastic state, 
they cam serve as the basis for comparative appraisal of danger of 
plane state of stress. According lb this condition the more 
severe case of loading will be that which corresponds the greatest 
amount of reduced stress 

=<»,„„,(*1)“ 0,,,, ,(*,), (15.8) 

where a - tensile stress, and o_,_ - compression stress. 
'sax ' Min 

Although the validity of this theory is proven only for some 

constant temperature operating conditions of the material, it can be 

used with sufficient accuracy in the case of the short-duration 
Influence of heating. It is possible, of course, to use more exact 
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formulas for calculation of reduced stresses. However, considering 

that the shown reduced stress is used here not for establishment 

of the magnitude of strength margin of the construction, but only 

for revealing the design case of loading, it is doubtful whether 

the application of complicated formulas Is expedient. While 

complicating the calculation, they actually do not lead to an essen¬ 

tial refinement of the position of the calculated case Itself. 

For all practical purposes It Is more convenient to use not 

reduced stress (8), but reduced or equivalent longitudinal force, 

equal to the product of this stress by area of cross section of the 

supporting part of the vehicle construction 

(15.9) 

by means of corresponding correction of the value of this reduced 

longitudinal load It is possible to approximately consider the 

effect of change of allowable stresses or bearing capacity of the 

construction In time caused by change of its temperature operating 

conditions, 

where - some correction factor. Since the temperature affects 

elastic constants of material and its mechanical properties differently, 

then during a similar relative appraisal of the danger of the state 

of stress one should consider the possible character of loss of 

bearing capacity of the construction. Thus, for Instance, If 

failure occurs due to disturbance of the strength of material, then 

the shown correction factor can be presented In the form of relation¬ 

ship of values of ultimate strength, corresponding to normal Uq) 

and elevated temperature (t°). 

Bearing In mind that the skin temperature of the body depends 

not only on motion parameters of the flight vehicle (speed and 
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Th i Altitud«), boundary layer characteristics and specific heat and 

specific gravity of the material, but also on the time of flight, 

Into this relationship one should Introduce an additional correction 

factor, considering the effect of the history of heating of the 

considered part of the construction. In certain cases It Is necessary 

to consider the relationship of limiting stress (oa or o_) to the 

speed of change of stress aa(x,), especially in the region of high 

temperatures. 

Consequently, with failure of the construction because of 

exceeding the ultimate strength (or yield point) of material this 

correction factor will have the form 

or 

kjx,. n~kv(i) <%(*!• 'Ü) 
0, (»„ I“) 

1°)-MO 
(*l* f<>) 

(15.10) 

where kytF) - coefficient considering the effect of the speed of 

heating and speed of loading of the construction on the magnitude 

of Halting stress. 

If failure of the structural element occurs due to overall 

or local loss of equilibrium stability, then a similar correction 

factor will be determined by the relationship of corresponding 

critical stresses (at normal and operating temperatures) 

%(*!■ 4!) 
(*l. /*) ' (15.11) 

In this case the magnitude of critical stress of local loss of 

stability of shells reinforced by stringers will be affected not 

only by change of elastic modulus E with respect to t°, but also 

by change of mechanical properties of the material of stringers 

with respec1 

by expressli 

and with re 

Thus, ( 

method of a 

revealed by 

use of the i 

will be tha 

(with Impos 

observed ma 

Por il 

constructlo 

shows graph 

respect to 

of hypothet 

PC marks thi 

Its posltlo 

o FTD-MT-24-6 FTD-MT-24-67-70 547 



a , a . Thus, in examining the limiting state of the construction 

with respect to strength, conditional load will be determined 

by expression 

(15.12) 

and with respect to stability - by expression 

• E 
(*i. ,0Wi NEAxi' '> (15.12') 

Thus, during appraisal of the strength of construction by the 

method of allowable stresses the design case of loading will be 

revealed by maximum value of conditional load (12) or (12'). With 

use of the method of limiting states the design case of loading 

will be that case or the moment of operation of flight vehicle 

(with imposition of several cases of loading), in which there is 

observed maximum value of design conditional load 

(15.13) 

or 

(15.13') 

Por Illustration of the effect of operating conditions of the 

construction on the position of design case of loading, Pig. 15.2 

shows graphs of change of equivalent and conditional loads with 

respect to time of flight for one section of the carrier fuel tank 

of hypothetical single-stage ballistic type flight vehicle. Point 

PC marks the design case, corresponding to max N®. As can be seen, 

its position does not coincide with the biggest value of equivalent 
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longitudinal load N3» not yet indicating the coincidence of separate 

coaponents of forces N, NH, ... with naximum values. 

Fig. 15.2. Concerning the question 
of establishment of design case 
of loading for carrier fuel tank. 

For finding the design cases by the method of conditional 

load, besides diagrams of Internal forces and values of external 

and Internal pressures. In all sections of the flight vehicle body 

for all oases of loading and in principle for all points of the 

trajectory It is necessary to have: 

1) results of calculation of temperature operatlng/^ondltlons 

for all supporting elements of the construction; 

2) experimental data on the relationship of o8, oB, E to 

temperature for different speeds of heating and loading. 

On the basis of the shown data we computed conditional forces 

Ny, M*a and for all designated sections and for all cases of 

loading, and found their biggest values. The place of location of 

calculated sections is determined by the construction of sections, 

and their number - by required accuracy of construction of diagrams 

of longitudinal and thrust forces and bending moments. 
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separate 
For many parts of the construction of flight vehicle on the 

basis of accumulated experience it is possible to separate a certain 

limited number of cases of loading, containing the sought design 

case. It is possible to thereby considerably reduce (especially 

at the sketch designing stage) the volume of required calculations, 

since the design case will be revealed from comparison of values of 

conditional loads, calculated for only a few cases of loading. A 

list of similar design cases of loading for the main part of the 

construction of ballistic type flight vehicles is presented in the 

following chapter. 

* 15.4. Equivalent Longitudinal Force for a 
Reinforced Cylindrical Shell 

al 

rnal 

e body 

the 

itions 

forces 

of 

Ion of 

tlons, 

iagrams 

Let us consider a case when a thin cylindrical shell, reinforced 

by longitudinal and transvarsa bracing, is under the action of 

compression force \nx\ and Internal excess pressure p(x). 

' Since critical stress of longitudinal bending of reinforced 

panels increases with decrease of the distance between stringers, 

than we usually try to place a large number of stringers of 

comparatively small section. In a similar case the effect of 

stringers on the magnitude of longitudinal compression stress in a 

shell with thickness < can be considered with sufficient accuracy 

by means of Introduction of additional reduced thickness of the 

shall, equal to 5C ■ Sc/bc, where Sc - area of cross section of one 

stringer, and b - distance between stringers along the circumference. 
V 

In other words, the relationship of linear longitudinal force to 

longitudinal ¿^formation of such a shell, loaded relative to the 

axis, can be represented in the form 

/, I-,.- 
i it II 

(• 7/, Ü.1# (15.14) 

where 
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” »oduli of longitudinal elasticity of the shell and stringer, 

V - Poisson's ratio, u, w, R - longitudinal and radial displacement 

and radius of the middle surface of shell respectively (Pig. 15.3). 

Pig. 15>3> Auxiliary system 
of coordinates for a rein¬ 
forced shell. i 

The effect of a lateral reinforcing assembly on annular stresses 

In the shell cannot be considered In such a way, since usually the 

frames are Installed comparatively farther apart. Therefore, It Is 

iiQQessary to preliminarily calculate radial deformation of the 

shell. As It Is known [72], the value of linear annular force Is 

determined by expression 

(15.15) 

Having excluded du/dx, from formulas (1*0 and (15) we obtain 

(15.16) 

Having taken Into account relationship 

(15.17) 

where by q, there Is designated linear lateral force, equal to 
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We find the following equation for determination of radial dlaplaee- 

ment of the shell between two frames located side by side: 

es 

p « 
/1 

where 

Ak* ■■ 
I — HJ \ 0/ 

(4=1 + 
Mr, 1 + 

i 
ows ’ 

\ i 
apR ' ' 2oA/p 

N. “ npÄ2. 

(15.18) 

(15.19) 

(15.20) 

D - flexural rigidity of shell, and M - linear bending moment. 

With a comparatively small distance between frames l the 
excess pressure of liquid p on the shell (on length l) in the first 

approximation can be considered constant. If this distance is great, 

then the influence of frames on annular stresses in the shell will 

carry basically a local character, i.e., will be noticeable only 

near the frames themselves. In such a case the annular force in 

the basic shell can be calculated with sufficient accuracy by formula 

When p • const the solution of equation (18) will have the form 

& - k'q + C, cos fex ch kx + Cj sin kx sh kx. (15.22) 

where 
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and a - abscissa of the considered cross section of the shell in 

the auxiliary systea of coordinates shown on Pig. 15.3. Arbitrary 

constants Ci and C2 are determined from boundary conditions when 

X m 1/2$ and namely from condition of equilibrium of radial forces 

affecting the frame with tensile forces in the cross section of 

frame 

SuiEu,-J--2/?q;-2#d^ (15.23) 

md from condition of equality of the derivative of deflection curve 

of the shell to sero 

(15.24) 
dx * 

The remaining two arbitrary constants are equal to zero by 

virtue of symmetry of the system relative to the origin of 

coordinates. Having placed the expression for w (22) In formulas 

(23) and (24) we obtain the following algebraic equations for 

computing the sought constants: 

(C, + C,) cos f sh £ + (C, - C,) sin ! ch -f = 0, 

^[(Ct-C.Jcos-y (C| + Cj)sin-yCh-y]^ 

■ ^cosy ch—+C2sin jäh-j+ »0]. 

From these equations it follows that 

C|--Wo8|, (15.25) 

where 

Ä, - ÿ (sin y eh y + cos y sh y), 

fl2- - ÿ (sin y ch y — COS y sh y), (15.25') 

A -y(s:nW + sh«) + 2-y^ 
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Thus, on the basis of formulas (1*0, (16), (21), (22) and (25) 

annular force N for a reinforced shell, being under internal 

pressure, for iwtance for carrier cylindrical tank, will be equal 

to 

= 2npPR2( 1 - fl, cos kxchkx + R^nkxsbkx) - ^ Nt. 

It is easy to see that the amount of this force will be maximum 

between frames, i.e., when x » 0, 

NpK - 2npp/?i(l — ßi)'V|. (15.26) 

With the presence of meridional compression stresses in the shell 

(A'oO), the equivalent longitudinal force is determined by expression 

Na - Np* + Nt. 
(15.27) 

Since 

Nt-N-N,,, and p»p„(l+pN). (15.28) 

then, by using formulas (26) and (27), it is possible to represent 

N° in the form 

¡r'”N(\-$) + Nm [2ß(l -«,)(! + ^)- (l - ï)], (15.29) 

where 

A/, “ npiiR1) P» “* pn i 

and N - longitudinal force from external forces, pM - gas boost 

pressure (here excess), pM - inertial pressure of liquid. Prom 

(20) it follows that 



Having placed thla value of I In (29)» we finally will have 

N°-n(\ - + [l+2^-fl,(l+2^.-J)]. (15.31) 

Por a atrlnger-free tank e ■ 1» and 

The effect of frasea on N° la conaldered by coefficient £i (25') 

It la eaaentlally only when the ahell la conparatlvely thin, franea 

are powerful and are arranged eoaparatlvely close together. The 

larger Sw and the analler I, the analler Is A and the larger Is 

Bi* Por Illustration Pig. 15.* contains graphs of B, as a function 

of kl for different values of paraneter 

It la clear that even when kl >, * Bl hardly differs from zero. In 

tBls case (when e ■ 1) approximately 

N* — N + Nm(\ + 2p*). (15.32) 

Increase of the Inertial pressure of liquid pH on walls of the 

tank leada to Increase of force N9. The greatest amount of this 

force (when taking Into account the effect of temperature of the 

ahell of conditional force N? • N°k ) will deternlne the design y • 
case (during calculation Tor strength). When determining the design 
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case, corresponding to loss of longitudinal stability of the shell 

of carrier cylindrical tank, partially or completely filled with 

liquid, one should consider the relationship of critical stresses 

for this shell to the. magnitude of Internal excess pressure p. 

Pig. 15«1»* Relationship of coefficient 
a, to kl and to parameter a0. 

Increase of boost pressure In the tanks Increases not only 

the tensile component of longitudinal forop Nm, but affects amounts 

of critical forces of longitudinal loss of stability of the shell 

NHp. The Inertial pressure of liquid on walls of the tank does 

not affect the magnitude of Nm, but Just as boost pressure, Increases 

N . Since Inertial pressure Is changed In the process of motion 

of the flight vehicle, due to the relationship of NNp to p In a 

number of cases it can turn out that the largest value of equivalent 

(or conditional) longitudinal load does not determine the design 

case of loading. 

As It is known, critical stress of longitudinal bending of an 

unreinforced shell and critical longitudinal force corresponding 

to It are determined by formulas 

o.p - ¿of 4, A',p - (15.33) 



«h«rt kg - coefficient, depending on the precision of manufacture 

of the shell and magnitude of Internal excess pressure. There are 

works in which this relationship of kQ to p is given various magnitudes 

of initial roughness of the shell. However, the practical value 

of similar graphs fs limited» since it is difficult to quantitatively 

estimate the possible irregularities of the shell of the body, which 

carry a random character beforehand (in process of designing). This 

random character of local initial distortions of shells explains 

the great variance of values of coefficient k0, which is observed 

during experimental determination of longitudinal critical forces. 

From this it follows that the relationship of NKp to p can be 

described only by statistical methods [9]. With establishment of 

design eases of loading it is better to use values of coefficient 

kg, obtained experimentally not on models, but on natural samples, 

if *nly when p * 0. Such experimental data will somehow reflect 

the quality of manufacture of shells at a given enterprise (with 

aoeepted technology). For illustration of the degree of effect 

of Internal excess pressure on critical stress, Fig. 15*5 contains 

the approximate relationship of relation 

(15.31) 

to parameter p/B (R/«)2 for cylindrical unreinforced shell at 

several values of coefficient k(p ■ 0) [90]. This relation^hows 

how many times critical force NMp is increased with increase of 

excess pressure p. From inequality 

e 

*./<<*„ (15.35) 

where H0 - longitudinal critical load, corresponding to p - 0, 

it follows that the moment of loading when function #i/kp, and not 

. /V, reaches the biggest value will be dangerous for the considered 

type of construction. In other words, during investigation of the 
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stability of carrier fuel tank under longitudinal compression as 

calculated case we should take the one, corresponding to the biggest 

value of conditional load 

(15.36) 

In this case the effect of the bending moment can be approximately 

considered by means of introducing equivalent longitudinal force 

Su(xi), equal to the product of area of cross section of the carrier 

part of the tank Fc(xt) by the greatest compression stress from 

bending of the construction into the expression of longitudinal load 

N. Por a shell unreinforced in longitudinal direction 

(15.37) 

and for reinforced 

(15.38) 

where k - correction factor, considering the difference of critical 

stresses, corresponding to pure bending and uniform longitudinal 

compression. 

In conclusion let us note that the calculated case for a 

shell, being under the action of longitudinal compression force 

and external excess pressure, will be determined by maximum value 

of expression 
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vhleh. According to condition» of »tAbility, remains <1. In this 

casa the AAgnltude of critlcAl externei pressure pM is found with- 

,out tAklng into Account the effect of force Nt, 

3 

Pig. 15*5* Approximate effect 
of internal excess pressure on 
the relative critical stress of 
longitudinal bending of a 
cylindrical shell. 

« 15.5 

Selection of optimum values of dynamic characteristics of 

all systems:« propulsion system, control system, ground equipment 

units and the construction of the flight vehicle itself, considered 

combined, is closely connected with the question of creation of 

rational construction of a flight vehicle, possessing minimum weight 

and required technical and economic indices. Usually the construc¬ 

tion is considered rationally designed when it is of'uniform strength, 

l.e., has identical safety factors of strength in all sections and 

for most eases of loading. It is obvious that this condition is 

necessary, but insufficient, since the weight of the construction 

essentially depends on the assembly diagram of the flight vehicle. 

A comparative appraisal of the quality of design of separate 

parts of the flight vehicle construction can be obtained by analysing 

the relationship of actual bearing capacity (NH) to the weight per 

unit length of the supporting part of the construction 

(15.39) 
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The shown coefficient - load factor of the construction considers 

the peculiarities of arrangement of separate sections, the influence 

of temperature operating conditions on the mechanical and elastic 

properties of utilised materials and the uniform strength of the 

given construction, since all these factors in the final, analysis 

find their reflection in weight of the construction. The load 

factors will be high for those constructions which are made from 

materials possessing good thermal characteristics and high specific 

strength o /y (where y - specific gravity of material, and onp 

limiting stress), and for which the safety factors of the majority 

of elements are close to one. 

It is obvious that a radical means of reducing weight of the 

construction is lowering of design loads. In many cases this lowering 

can be attained by means of establishment of definite limitations 

on those parameters and operating conditions of the above-mentioned 

systems, which directly affect the character of loading of the 

flight vehicle in the process of operation. 

The demand for establisHtoent of limitations on conditions of 

ground operation and operating conditions of the control system, 

on transient processes of propulsion systems, on stability of 

systems vehicle-automatic stabilization control, vehicle-propulsion 

system (with fuel feed system), on values of parameters of the 

trajectory and wind conditions already appears at the sketch 

designing stage for many flight vehicles. 

Usually design conditions of loading, determining the required 

bearing capacity of the considered element, is observed only on 

some limited phase of the flight trajectory of the vehicle or in 

some definite case of loading. Consequently, only in this design 

case of loading the safety factor of strength of the construction 

will be equal to a specified value. On other phases of the trajectory 

and in all the remaining cases of loading the safety factor of 

strength will exceed the given value. In other words, in all 

uncalculated cases of loading the construction will possess excess 
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bearing capacity. Thus, In uncalculated cases of loading there 

la the possibility of facilitating the operating conditions of the 

aentloned systems by expansion of allowable limits of change of 

their parameters, proceeding from conditions of uniform strength 

of the construction. 

A necessary prerequisite of determination of minimum necessary 

limitations la knowledge of the actual safety factors of the 

construction on all oasea of loading. With use of a beam diagram 

of calculation of the construction for strength the required Infor¬ 

mation about these safety factors can be obtained by means of 

comparison of the corresponding values of longitudinal conditional 

leads. The difference of conditional forces 

MVy (.Xi) » /Vy (#|) — yVy (jf|) (15 tO ) 
e 

i 

(where ” value of conditional force for calculated case of 

loading, and Ny - value of conditional force for the considered 

case of loading) determines the excess strength (bearing stability) 

of the eonstraetlon, which is available in the considered case of 

loading. By knowing ANy, it la simple to find the permissible 

deviation of longitudinal forces, bending moments, loil|£*udlnal 

and lateral overloads and pressures in fuel tanks fyáf the computed 

values accepted for permissible conditions in operation. 

3u:h an approach to flight vehicle designing gives the possibility 

of rationally solving zany questions of dynamics of the construction, 

In particular questions connected with the dynamic stability of 

motion of the flight vehicle and stability of system body - propulsion 

system, with selection of the scheme of stage separation and para¬ 

meters of boost phase of flight, descent end landing phase, selection 

of required rigidity of launcher, with establishment of permissible 

values of longitudinal and lataral overloads for different ground 

caaes of loading. 
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With such formulation all these problems are solved by the 

methods presented in Sections III and IV. As an example let us 

consider the question of selection of gas boost pressure for carrier 

fuel tanks of a ballistic type flight vehicle. As already was 

notedt for guarantee of cavitation-free operation of pumps for 

supplying liquid fuel Into the combustion chamber of the engine, 

the boost pressure In the tanks should satisfy condition PHj >, p^j. 

However, considering the influence of this pressure on the bearing 

capacity of the construction, one should Introduce an additional 

limitation on its magnitude. Minimum value of pH^ should satisfy 

the condition of preservation of stability of the shape of the shell 

of the tank on external excess pressure, l.e., condition 

(5.41) 

Por underslung tanks the magnitude of pressure pH will be determined 

by air pressure air Inside the fuel compartment (In which tanks 

are placed), for carrier tanks - the magnitude of external aerodynamic 

preisure In the considered section of the body. Maximum value of 

PHj Is limited by strength conditions of the tank shell. With 

plastic state of material 

|p«/(0 + 2pHy(jf|, O-/**!. 0 + <2 M*i) „ 

(15.42) 

where <*.(*,,0 - yield point of material, considered as a function 

of shell temperature, and Mx») - thickness of shell. For carrier 

tanks It Is expedient to select pHj so that condition of preserva¬ 

tion of local stability of the tank shell Is satisfied in the case 

of action of longitudinal compression forces and bending moments 

- 2/ V I / V t)* MM 

where oHp/f - permissible compression stress of the shell. 

(15.43) 



By tquatlng the left sides of expressions (42) and (43) to 

the right, we obtain a system of equations for determination of 

optimum (according to condition of uniform strength of the construc¬ 

tion) values of *e and pHj. 

An example of weakening of limitations can be the following 

case. If the dynamic motion stability of a flight vehicle, equipped 

with automatic stabilisation control (automatic pilot), cannot 

be provided under all conditions of flight or simultaneously at 

frequencies of natural oscillations of liquid in the fuel tanks and 

bending oscillations of the construction, then it is possible to 

set certain limitations on the amplitudes of these oscillations. 

Usually similar limitations are the strictest for the system elastic 

body of the vehicle-automatic stabilisation control. Allowable 

magnitudes of the amplitudes of steady-state oscillations of such 

a system (at the point of reduction) are determined for every 

frequency w, close to »»n, and at every point of the flight trajectory 

with minimum value (according to length of body of the flight 

vehicle) 

In this case the allowable amplitudes of oscillations of lateral 

overload in any section x\ will be determined by formula 

(15.45) 

With simultaneous excitation of two tones of elastic oscillations 

of the construction (for instance, n ■ 1 and n ■ 2) their amplitudes 

are limited by minimum value of expression 

AT* (*|) -AfyU,)/ 

(15.46) 

at specified relationship S2m/5‘" * 
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Basically all limitations and recommendations for the selection 

of values of certain parameters of different flight vehicle systems 

introduced according to strength conditions, are obtained as a 

result of dynamic calculation of its construction at corresponding 

cases of loading by the method presented in Sections III and IV. 

They can be established only for a particular vehicle, proceeding 

from specific features of its construction and operating conditions. 

Therefore, here it is possible to bring forth only a list of such 

limitations. Thus, for Instance, requirements imposed on parameters 

of powered flight of the flight vehicle can be reduced to limitation 

of maximum values of longitudinal and lateral overloads. Impact 

pressures, programmed angles of attack, and also to limitation of 

the magnitude of these parameters on separate sections of the 

trajectory (for instance, in the region of maximum impact pressures, 

transonic speeds, in the process of stage separation and so forth). 

The shown type of limitations can be realized both by change of 

the flight program and by control of thrust force (on separate sections 

of the trajectory). If the possibilities of change of flight speed 

and altitude of the flight vehicle are small, then in a number of 

cases it is possible to go to limitation of operating conditions 

of the vehicle, in particular to limitation of average wind rates. 

For all practical purposes this means that before every flight of 

the vehicle it is necessary to analyze the picture of distribution 

of average wind rates along the altitude in the launch region or 

along the route. For flight vehicles, the region of operation of 

which is limited, calculated mean wind rates along the altitude 

can be established in accordance with local meteorological data. 

Some limitation on parameters of atmospheric turbulence or wind 

gusts should not be introduced, since these processes a little 

controllable and forecastable. 

I 15.6. Experimental Methods of Solution of 
Problems of Structural Dynamics ot a 

Flight Vehicle 

Many problems of dynamics and strength of the construction of 

a flight vehicle are solved experimentally. In this case the more 
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complicated the problem, the greater the value given to these methods 

of investigation. They are widely used both in the process of 

structure designing and in the period of its manufacture and flight 

development. 

There are several types of experimental development of dynamic 

and static strength of flight vehicle structures. These are, first 

of all, laboratory tests of structurally and dynamically similar 

models of vehicles and bench tests of natural junction points, 

coi^artments and the,entire construction of the whole under conditions 

close to real, and, secondly, flight tests. 

Bench (hot and cold) and laboratory tests are used for develop¬ 

ment of: 

- method of calculation of loads, dynamic reaction of the 

construction and the bearing capacity of its parts, 

. actual strength and rigidity of structural elements. 

• determination of certain dynamic characteristics of the 

‘ LfSMfct vehicle and reaction of its construction to ßh external 

Influence, and also quality control of manufacture. 

Plight tests are used basically for checking the correctness 

of establishment of operating conditions of the flight vehicle 

construction, selection of dynamic layout and design cases of 

loading, and also the validity of accepted safety factors. 

Hot bench tests of the flight vehicle on the whole or its 

separate units (stages) are conducted for checking the operation 

of propulsion systems and fuel feed system and are one of the main 

preliminary sources of infonnation about vibration conditions of 

the construction. 
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Cold bench tests are sometimes specially designed for checking 

the bearing capacity and rigidity of Junction points of the construc¬ 

tion. The basic difficulty of carrying out such tests consists of 

the necessity of sufficiently accurate simulation of the real 

scheme of loading and real operating conditions of the construction 

(magnitude and speed of heating of supporting elements of the 

construction and speed of change of external forces). Depending 

upon the realisable speed of loading, the shown tests are subdivided 

into static and dynamic. Usually during static tests the construction 

is loaded very slowly (continuously or in steps). Therefore, it 

is possible to use similar tests only when external loads are static. 

Replacement of dynamic tests by static with dynamic Impact of external 

forces on the flight vehicle requires the preliminary reduction of 

the dynamic problem to static. The shown procedure in the final 

analysis leads to establishment of a certain conditional diagram 

of loading of the construction. 

When the construction of a flight vehicle is of uniform strength 

and its bearing capacity is used completely in many cases of loading, 

the idea of calculated cases for static tests loses meaning. Under 

such conditions the static tests on only one of the cases of loading 

will only partially characterize the actual bearing opacity of the 

construction. 

If various cases of loading are calculated for different sections 

of the body, then for all practical purposes it is inexpedient 

to conduct static tests of the flight vehicle construction on the 

whole. It is possible to determine its bearing capacity by parts 

(sections), simulating corresponding boundary conditions. If it 

is necessary to test the same compartment on several cases of loading, 

we are sometimes limited by tests only on the limit load. In this 

case we frequently deviate from the real scheme of loading, determining 

the bearing capacity of the construction with respect to equivalent 

or even conditional load. Similar cold static teats somehow char¬ 

acterize the bearing capacity of those structural elements which 
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ârt not subjoettd to heating In the process of operation, and give 

only a general Idea of the actual atrength of those elements, for 

which the conditional longitudinal load differs from equivalent. 

For revealing the real bearing capacity of the construction 

during bench teats It la necessary to simulate not only the actual 

diagram of loading, corresponding to the considered calculated 

case of loading, but also Its actual operating conditions, and 

namely the magnitude and speed of heating of structural elements, 

and speed of change of external forces. 

The nearness of simulation of real conditions of loading and 

random character of results of unit static tests essentially limit 

their value. Generally the results of the shown tests cannot be 

directly used for the characteristic of bearing capacity of the 

construction, particularly for determination of actual safety 

factors n3 In the considered case of loading. It Is necessary to 

correct them by means of introduction of some correction factor 

(analogous In structure to the safety factor), considering the 

noncorrespondence of loading diagrams of the construction during 

static tests and In the process of operation^ of the flight vehicle, 

and also possible variance of results of the experiment. 

It Is natural that this remark pertains to results of dynamic 

tests. It Is necessary to note that setting up dynamic tests of 

natural constructions In connection with refinement of their dynamic 

characteristics In many respects is determined by the applied 

methods of solution of dynamic problems. In this case, when the 

dynamic layout of the flight vehicle Is described by elasto-mass 

system, for all practical purposes the tests which give the possibility 

of obtaining values of generalised rigidity and damping factors of 

separate Junction points and parts of the construction present the 

greatest Interest. With use of the method of expansion of the 

solution In normal forms of natural oscillations, basically dynamic 

tests of the flight vehicle on the whole are of value. 



Both static and dynamic tests of natural samples of flight 

vehicles carry basically a checking character, since they are 

conducted, as a rule, after completion of the design operations. 

In the process of development of the construction it Is recommended 

to conduct static and vibration tests of separate junctlçn points 

for revealing weak places and removal of calculation errors. 

For solution of a number of problems of aeroelastlclty and 

dynamic reaction of the construction It Is expedient to apply 

dynamically similar models of different types. Structural design 

of these models and their scales are determined by requirements 

of the problem. They can be similar dynamically (with respect to 

mass and rigidity), aerodynamlcally (geometrically similar) and 

structurally similar. 

Structurally similar flight vehicle models In a certain scale 

reproduce (from material having the same Poisson's ratio as the 

natural construction) all the basic supporting members of the 

constructions (shell, frames, stringers, mounting lugs of large 

loads and so forth). Therefore such models are used for solution 

of certain problems connected with establishment of the dynamic 

layout of the construction. It Is obvious that conformity of results, 

obtained by tests of models, to natural In many respects will 

depend on the quality of manufacture of models and observance of 

the necessary criteria of similarity. 

I IS.?. Flight Tests of Vehicles 

Basic and In many cases the only methods of appraisal of 

the correctness of establishment of design cases of loading for 

flight vehicles (especially ballistic type) are flight tests. In 

the process of these tests there aie measured the actual values 

of all those parameters which characterize the reaction of the 

construction to external Influence, and there are also determined 

the values of external forces themselves. In particular: 
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- values of longitudinal and lateral overloads at different 

points of the construction; 

- angles of deflection of controls, angles of pitch, yaw and 

bank of the flight vehicle; 

• pressures In the combustión chambers of the propulsion 

system, in fuel tanks and In fuel feed lines; 

- temperature of all basic supporting elements of the construc¬ 

tion. 

Certain special measurements are taken, for Instance external 

and Internal pressure on the shell of the body, deformations of 

separate structural elements, parameters of the trajectory and 

others. 

For obtaining an Idea of the character of loading of the 

construction of the descent part of the vehicle on the free-fllght 

phase In dense layers of the atmosphere It Is sufficient to measure 

the values of longitudinal, transverse and lateral components of 

overload in two cross sections of the body, located forward and 

aft of the center of gravity. Por appraisal of the accurac^of 

the method of calculation of loads In cases C and D'it Is expedient 

to additionally measure the angle velocities of rotation of the 

flight vehicle relative to three lateral axes, passing through 

the center of gravity, and also such parameters of the trajectory 

as rate and altitude of flight. 

Since certain external loads, affecting the flight vehicle 

in flight, carry a random character, then it Is natural that 

not all data of flight tests can be directly used for appraisal of 

real safety factors of the construction. Even with the presence 

of a comparatively large number of realisations the actual values 

of reaction parameters of the construction can essentially differ 
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from design due to the Influence of particular conditions of tests 

(time of year, place of location of launch, etc.). This should 

alNays be considered during analysis of results of tests of flight 

vehicles, especially ballistic type, designed for use in different 

regions of the earth. 

Let us examine very briefly how the shown data of measurements 

can be used for determination of real values of longitudinal and 

lateral loads, dynamic characteristics of the construction and for 

appraisal of the correctness of selection of dynamic layout. 

a) Appraisal of longitudinal forces. 

Since the accuracy of determining the weight of the dry 

construction and the propellant weight of a flight vehicle is 

comparatively high, real values of static longitudinal forces will 

be characterized by the magnitude of static component of longitudinal 

overload. By comparing calculated and experimental values of 

n,, for all sections of the trajectory, we obtain a rather complete 

idea of the correctness of determination of static longitudinal 

forces. 

For appraisal of the accuracy of calculation of the dynamic 

component of longitudinal force (in cases of launch and stage 

separation) it is necessary to measure, besides the dynamic 

component of longitudinal overload, the actual value of thrust 

force (force in rods of the frame, pressure in the combustion 

chamber) in transient conditions. While using the real law of 

change of force P according to t, one should compute the corres¬ 

ponding values of longitudinal overload (at places of installation 

of transmitters) and compare them with measured. In case of steady- 

state longitudinal oscillations the amplitude of dynamic force will 

be approximately equal to 

VV (v,) = (M 
*■<*«> ’ 

(IS.*?) 
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where A«*, - amplitude of oscillations of longitudinal overload« 

Nn*(xt) - unit longitudinal force« corresponding to the given 

frequency of oscillations of the flight vehicle fe>n« - coordinate 

of the place of Installation of overload transmitter. The value 

of frequency «n la found directly from the graph of function nXlu) 

by reading off the period of oscillations. In this case It Is 

recommended to use experimental forms of natural longitudinal 

oscillations of the flight vehicle and computed values of Nnx(x{). 

The degree of conformity of 'computed values of the function of form 

¿„(xi) to experimental la checked by comparison of actual relative 

values of the amplitudes of oscillations of longitudinal overload 

(in several sections of the body) with correspondIng calculated 

relative values of functions Xn(xt), and also by comparison of phases 

of oscillations of longitudinal overload. 

For establishment of the correctness of description of the 

dynamic layout of system vehicle-propulsion system it is necessary 

to measure pressure fluctuation In the combustion chamber and 

lines (before the pump and after), and when possible the pressure 

fluctuation of liquid on bottoms of the fuel tanks. 

b) Appraisal of lateral loads. f 

Direct measurement bf stresses In structural elements for 

appraisal of the actual values of bending moments In flight is 

performed on aircraft type flight vehicles. For ballistic type 

vehicles similar measurements are rarely taken. This is explained 

by the difficulty of deciphering the results because of distortion 

of recording by vibrations and Insufficient accuracy of measurements« 

caused by the Influence of temperature deformations. 

Usually for such flight vehicles the accuracy of calculation 

of lateral forces and bending moments can be Judged by the degree 

of conformity of calculated dynamic layout to actual. This 

conformity can be appraised by comparison of the actual reaction 

of the system to an external Influence with calculated, corresponding 



to actual values of Input parameters. For the shown analysis we 

select only those phases of flight, on which the Investigated case 

of loading Is observed In pure form without substantial distortions. 

For Instance, for checking the correctness of description of the 

dynamic layout of system vehicle - atomatic stabilization control 

(in the pitching plane) it is necessary to take the section where 

oscillations of angles of deflection of controls, command currents, 

and lateral overload are almost harmonic. According to such 

measurements there are determined the frequency of steady-state 

oscillations of the system u, transfer functions 

(t A 

A", (*,) ’ AS 

and functions characterizing the form of oscillations 

AV(*10) ’ A", Ko) ’ 

which are compared with corresponding computed values. With poor 

coincidence of results there is investigated the effect of probable 

deviations of parameters of the system on the characteristics of 

the process or the calculation scheme is refined. Appraisal of 

static values of lateral loads in flight is conducted on the 

basis of measurement of static values of lateral overloads (at not 

less than two points of the longitudinal axis, located on both sides 

of the center of gravity of the flight vehicle) and control forces. 

* 
c) Appraisal of dynamic characteristics. 

During experimental investigation of the process of loading 

of the flight vehicle construction overload transmitters are used 

the most often. With their help in certain cases one can determine 

the real dynamic characteristics of the flight vehicle construction 

on the whole: frequency and form of natural elastic oscillations 

and logarithmic damping decrement of oscillations. For this it 
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U necessary that on certain phases of flight there be observed 

either steady-state oscillations of the flight vehicle (natural 

oacillations) with frequency, close to one of the natural frequencies 

of elastic oscillations, or clearly expressed damped natural oscil¬ 

lations of Che construction. 

Since the frequencies of oscillations of systems vehicle- 

automatic stabilisation control, vehicle-propulsion system usually 

differ very little from corresponding partial natural frequencies 

of elastic oscillations of the construction, then with sufficient 

aeeuraey for practical calculations of the latter can be obtained 

directly from graphs of change of overloads «x,. n,, 0r angles i 

sad so forth. For determination cf the form of elastic oscillations 

it la necessary to know the values of overloads at not less than 

three-five points (on half-wave length). In this case, bearing in 

mind the possible distortion of phases of oscillations by these 

transmitters, it is possible to be limited by consideration of 

only the relationships of amplitudes of overloads. 

The magnitude of logarithmic damping decrement of oscillations 

can be roughly calculated if we consider steady-state oscillations 

of system as forced oscillations of the construction unde^dhe 

action of periodic control force or pulsation of thrust force. 

For this it is necessary in the formula for the amplitude of similar 

oscillations (see Chapter XII and XIII) to place experimental values 

of frequency, functions of the form (at the place of installation 

of overload transmitter and at the place of attachment of controls) 

ar.d amplitude of oscillations of control force (thrust force). 

Such a method gives somewhat overstated magnitudes of logarithmic 

decrements, especially we disregard the difference of frequency of 

oscillations of the system from the frequency of natural elastic 

oscillations of the construction of the flight vehicle. More 

exact is the method of determination of these decrements by the 

curve of damping of oscillations of lateral (longitudinal) overload 

with the presence, of course, of confidence in the fact that these 
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oscillations fully correspond to a definite form of natural oscilla¬ 

tions of the construction, and are not a result of imposition of 

oscillations of several forms. In this case it is sometimes possible 

to reveal the relationship of magnitude of logarithmic damping 

decrement to the amplitude of oscillations (point of reduction) 

of the flight vehicle construction. During analysis of magnitudes 

of logarithmic damping decrements of oscillations obtained by the 

shown methods, one should take into account the relationship of 

their values to the temperature of supporting elements of the 

construction (especially with unsteady conditions of heating of the 

body of the vehicle). 



CALCULATION CASES FOR BALLISTIC TYPE 
FLIGHT VEHICLE 

f 16.1. General Information About the Structure 
Diagram of the Const ruction of Ballistic 

Type Flight Vehicles 

The conatruetlon of a ballistic type flight vehicle [2, 78] 

In many respecta depend on the type of utilized fuel and assignment 

of the Vèhlole( particularly the weight of payload and the flying 

range. According to the type of fuel we distinguish vehicles with 

engines operating on solid fuel (solid propellai^) and on liquid 

fuel (liquid propellant). For the first the 40A Is stored in the 

combustion chamber itself, for the secon^- In special reservoirs 

(fuel tanks). 

The weight of transferable payload and flying range are In 

eaaence the basic characteristics of the considered type of flight 

vehicles, on which depend not only its dimensions, but also the 

aaaembly diagram. Vehicles designed for transfer of comparatively 

large loads at long distances (for Instance, Intercontinental) 

or for achievement of space rates, are made, as a rule, multistage 

In the form of a cluster of several units. 

Consecutive arrangement of these units Is applied the most 

often. An arrangement with parallel location of units (in the form 



of "a cluster") Is encountered less often. Side units can be made 
In the form of boosters (Independent single-stage vehicles, having 
Independent propulsion systems) or In the form of fuel sections 
connected In a cluster (hinged or rigid), supplying one engine (or 
a cluster of engines, located on a common power frame) with fuel. 
Figure 16.1 shows a combined multistage vehicle, consisting of 
two series connected units A and B and two side-mounting boosters 
C and D, located on each side of unit A.

Fig. 16.1. "Tltan-IIIC" multistage 
rocket.

Usually the quantity of units In clusters configuration depends 
on the Initial weight of the flight vehicle, and their construction - 
on the method of transmission of thrust force of engines can be 
'applied to the body of only one unit of the cluster (for Instance, 
the central unit) or to a special frame, representing a monocoque 
shell. In this case the side units will In essence constitute 
suspended fuel compartments, located around the carrier central 
unit In the first case a.id Inside the frame In the second case.

The construction of each unit of a multistage llquld-propellant 
flight vehicle, as the construction of the body of a single-stage 
vehicle, consists of three main parts (Fig. l6.2); fuel compartment. 
In which tanks with fuel and oxidizer are placed, engine (tall) 
section and nose section. For flight vehicles with engines operating 
on solid propellant, the separation into fuel and engine compartments
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will be absent. In the forward section (nose cone) of the single- 
stage flight vehicle and In the forward section of the unit of the 
last stage of a sectional flight vehicle the payload Is placed.
On other units of a multistage flight vehicle Instead of the forward 
section there are Installed transition frames or other elements, 
ensuring power connection between the bodies o'f the units. Por 
certain types of flight vehicles there are special Instrument 
compartments for accomodation of control equipment. The structure 
diagram of almost all compartments are determined by the system of 
effective external forces and depend on the overall arrangement of 
the flight vehicle.

Fig. 16.2. Assembly diagram of 
"Saturn" ballistic type missile.
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An example of construction of the fuel compartment with such 

tanks is the fuel compartment of a ballistic type flight vehicle 

shown on Fig. 3.1. Its body is a thin-walled shell, reinforced 

in longitudinal (along the longitudinal axis of the tank) and 

transverse directions by a system of stringers and frames. To 

attachment rings 1 of this body on rods 2 are suspended tanks 

r and 0. At places of connection of these tanks, i.e., application 

of comparatively large concentrated forces, there are sometimes 

installed longerons or stringers are locally strengthened by 

fittings. Attachment of tanks to the body in transverse direction 

is carried out at several points 3 with the help of special Junction 

points not perceiving longitudinal forces. The shape of suspended 

tanks depends on dimensions of the body of the fuel compartment. 

They can be cylindrical, conical, spherical and so forth. With 

large diameter of the body of the flight vehicle the application, 

instead of one large suspended tank, of several tanks of comparatively 

small diameters arranged In parallel can be expedient. Maximums 

of these diameters are often limited by conditions of transportation 

of the vehicles by railroads. 

For flight vehicles with carrier tanks the shell of the tanks 

Is simultaneously the shell of the body of the fuel compartment 

(Fig. 16.2). With low boost pressure such tanks can be equipped 

with longitudinal and lateral reinforcing (for absorption of 

corresponding compression forces and for maintaining the required 

shape of the body). 

The bottoms of fuel tanks can have different shape: ellipsoidal, 

spherical and conical. At the place of their connection to the 

shell of the body there are usually installed special reinforcing 

frames. Sometimes for improvement of the eg of the flight vehicle 

In the tanks we can additionally Install intermediate bottoms. In 

most cases the fuel tanks are made from light (aluminum) alloys. 

With comparatively great operating boost pressures on the order 

of 30-^0 kg/cm (particularly with pressure fuel feed system) we 

apply steel and high-strength uonmetallic materials. 



I 16.2. Calculated Gasea for Fuel Tanks 

A calculated case for the shell and bottoms of suspended fuel 

tanks Is the case of loading of a flight vehicle In which Internal 

excess pressure on these parts of the- construction reaches Its 

highest value 

ma*Py(jC„ /)-lAp,y(/) + py.(X„ 01m... 
(16.1) 

Since ipHj and p¡,(*í) *** Independent functions of F, then it is 
obvious that for various compartments of the tank shell different 

moswnts of flight of the vehicle can be calculated. In a particular 

case (with constant excess gas boost pressure) max pj will be 

observed at moment f-f, (see formula (3.9))( when the Inertial 

pressure of liquid on the walls and bottom of the tank becomes 

maximum 

Pi, (*>’ 0 “ APt/ + <?oP/ (*1 “ •*<>/) W + 

+ 28^,(^,(^0 "P" < W 
(16.2) 

The hydrostatic component of this pressure, proportional to 

n*,. Is a function of the time of flight. For a cylindrical tank 

Its maximum will be observed also when , = ,,. The hydrooynamic component 

of pressure ApTj Is usually small as compared to n*, /,,. and in 

most cases its influence can be disregarded. Hydrostatic pressure 

in the pipes for fuel feed to pumps will be equal to 

p^r wKinx+p*r 

where hTpj - height of pipe, pöj - total pressure on the bottom 

of the tank (at pipe Inlet). During start-stop operation of the 

engine In these pipes an Increase of hydrodynamic pressure can be 

observed, determined by known formulas for hydraulic shock 
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(16.3) 
t 

hPlfl-PiCiVl 't,,n 

hipj 
APip/ “ P/ftvi f wh8n 

2h,ti 
/*<- 

r>^i 

where - rate of liquid In the pipeline, Cj - propagation rate 

of shook wave, t* - time of covering the main line. It Is necessary 

to bear In mind that at the moment of opening of the liquid oxygen 

flow valve (due to the motion of column of liquid In a long pipe 

at first upwards under the action of vapors and then downwards 

during their condensation) there also can be observed an Increase 

of pressure, similar to hydraulic shock. 

For elements of attachment of suspended tanks to the body of 

a flight vehicle longitudinal direction the calculated cases are 

also t~tu and In transverse - the case corresponding to (n„ GTj)m.1x. 

For ballistic type flight vehicles with comparatively short flying 

range, i.e., with nonseparable nose cone, the strength of attachment 

elements of suspended tanks should be checked for case C and D. 

In case C there Is checked the strength of the upper bottoms of 

tanks which are loaded on the powered phase of flight only by boost 

pressure. For a number of sections, for Instance for the sections 

located In the upper part of the tank, and also for the upper bottom, 

case 0r can be calculated. Analogous case of loading can take place 

during static firing (bench) tests of the vehicle, if the required 

pressure of liquid at the pump inlet (when nx^¡) is ensured by 

increase of boost pressure In the tanks. All sealed capacities 

are checked in the case of the influence of external excess atmos¬ 

pheric pressure (particularly with a sharp change of temperature 

conditions during storage and transportation of the flight vehicle). 

Fuel tanks of carrier configuration. Calculated cases for 

carrier fuel tanks should be determined by the method of conditional 

load, i.e., by finding the biggest values of functions N°(t) and 

Ny(t). In a particular case, when the bearing capacity of the tank 

shell is little changed In time (for instance, for a tank with 

FTD-MT-24-67-70 580 



liquid oxygen), the calculated case Is established by the greatest 

magnitude of equivalent longitudinal force 

^(X„ /)= V(ï|. 0 + A/n(X|. 0 + + 01 (16 it 

when 

!*(*„ 0+ *,(*„ 1)\>NJxlt I) 

and 

O-A/p.U,, 0 

when 

|/V(*i. /) + A/„(x„ i)\<Nm(xhl). 

For carrier tanks located In the lower part of the body of 

a ballistic type flight vehicle, dangerous cases can be prelaunch 

servicing (case Va), filling the tanks with fuel (in the absence 

of excess boost pressure In the tanks), and also cases of trans- ^ 

portatlon (for Instance, for frames utilized as support elements 
s 

and so forth). ^ 

Excess gas boost pressure In the tank, determined by the 

required pressure of liquid at the fuel pump Inlet, partially or 

completely unloads Its shell from compression forces. If this 

unloading force Na Is close to equivalent compression force N + Nh, 

then In process of operation it Is necessary to check the minimum 

value of this pressure. For limitation of the maximum value of 

shown pressure usually in tanks there are installed the corresponding 

safety valves, dumping surpluses of gas. With pressure fuel feed 

system In the tanks there Is created high gas pressure, which 

for all practical purposes determines the required strength of 

their construction. 



Minimum boost pressure Is determined by the system of fuel 

feed to combustion chamber. Only for a thoroughly developed 

construction may one assume that the lomer calculated value of 

boost pressure corresponds to the minimum pressure of valve operation 

With a pump system of fuel supply the minimum boost pressure Is 

sometimes selected by proceeding from the condition of guarantee 

of normal cavitation-free operation of the pumps: 

Pji)>P„or-nXi{hl + hrpl)e,pr (16.6) 

where p - the required pressure of liquid at the pump inlet. 

In thls^ase its value will depend on the place of location of 

the tank with respect to pumps of the propulsion system. If 

h is great, i.e., the tank is located in the forward part of 

thSJbody of the flight vehicle, then the required boost pressure 

can turn out to be very small and even equal to vero. Therefore, 

from the point of view of strength it is expediert to introduce 

limitation on the minimum value of boost pressure. Since pHj 

unloads the shell of the tank from compression forces and increases 

its critical forces during longitudinal bending, we usually try 

to increase the boost pressure, but, of course, to known limits. 

I 16.3. Calculated Cases for the Main Parts 
~ñf the Body of a Vehicle 

Separable nose cone. Since usually the values of max nx, 

max n° (corresponding to powered-flight phase) are considerably 

less thsd velues of mss n, ma* nj m„. the required bearing 

capacity of the body of the separable nose cone of a flight vehicle 

is determined mainly by those loads which affect it on the free- 

flight phase. Cases C and D, considered together with case W 

will be calculated for such a nose cone. Considering the opposite 

direction of longitudinal overloads max nx and max nx the 

attachment elements of all loads inside the nose cone should be 
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chacktd ln oas« B. Calculated cases for the body of a separable 

nose cone, not equipped with special heat protection, are determined 

by ■aziBua of corresponding conditional load. 

Body of fuel compartment. Destruction of the body of the fuel 

compartaent of the flight vehicle,with suspended tanks and parts 

of the construction of the body of a vehicle with carrier tanks, 

utilised for connecting the tanks together and to adjacent compart- 

aenta, usually occurs due to loss of stability under the action of 

longitudinal eosqpression force and bending moment. Their calculated 

cases are established by the method of conditional load 

i) + \N,(xt, 01 MO. (16.7) 

In this case the conditional load of the latter Is produced for all 

basic cases of loading: A, B, K, L, S and V. 

If the value of longitudinal forces in some section of the 

body of the fuel compartment Is slightly changed in time, then in 

the first approximation it la possible to take case A as calculated. 

For points of attachment of all loads, located inside the body of ^ 

the compartment (suspended tanks, instalments and so forth) cases 

A, B, L (when f-f, ) can be calculated. ' 

Body of engine compartment. The loading diagram of the body 

of the engine (tail) section depends on many factors: its arrange¬ 

ment, dimensions of the propulsion system, method of application of 

thrust force and control forces, the presence of stabilizers and, 

finally, on the diagram of installation of the flight vehicle on 

the launching pad. Therefore, considering some indeterminancy of 

the temperature conditions of operation of its construction, we 

should very thoroughly approach analysis of all those cases of 

loading, which can turn out to be calculated for elements of this 

compartment. If the engine section is used as support during launch, 
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then to similar eases there should primarily pertain cases V3 

and S. In case V3 it is loaded by longitudinal compression forces 

(initial weight of fueled flight vehicle) and crosswind loads (with 

launch from an open position), and in case - additionally by 

external excess pressure. If the launch support elements are not 

placed on the body of the motor section, then cases A and K turn 

out to be dangerous for its construction, and namely cases of action 

of stabilising aerodynamic forces (with the presence of stabilizers) 

or control forces (moments). 

For ballistic type flight vehicles with nonseparable nose 

cone case D will be calculated for the body of engine (tall) 

section and supporting stabilizer. For engine sections of units 

of a sectional flight vehicle one of the cases of loading of series 

, corresponding to the period of operation of engines of the 

preceding stages, can be the calculated case. 

Frame of propulsion system. For elements transmitting thrust 

force to the body of flight vehicle the case of engines arriving 

at operating conditions (cases S, L^) is usually the calculated. 

If in flight the longitudinal load In the frame of the propulsion 

system and its mounting lugs to the body of the flight vehicle Is 

little changed In time, then it Is necessary to additionally consider 

the cases of action of the largest magnitude of local lateral 

overload. 

Stabilizers. For stabilizers and cowls of different type, 

Installed on the body of the flight vehicle, the case of flight 

with maximum angles of attack in the zone of high Impact pressures 

(case A) Is the calculated. For cowls - the case of motion at 

high subsonic speeds Is also calculated. 

For Intermediate frames, connecting separate stages of the 

flight vehicle together the cases of stage separation can be 

calculated. 
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