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Abstract
Bl

“ .
‘Models are set up to help’ decide upon the appropriate scales

of Research and Development activities in an organization when competitive

preemption of new 1deap‘ia a possibility.
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' laboratory cannot gurrantee steady production of profitable inventions

I. INTRODUCTION
It is widely, if implicitly, recognized that the production of
innovativé ideas or products tgnds to occur in an irrcgular, apéarently
random, manner. That is, the establishment of a research activity or |
hot from the griddle on demand. Rather, such an activity’gehetat;;wa
sporadic series of.discoveties and new relationships whose commercial.
implicatiods remain to be established. Furthermore, once the new notion
is at hand, a further time of unﬁredic;able duration uhually must elapse
before it can be "reduced to practice," readied for market, or -- in the
case of scientific discoveries--published in a journal.
Suppose that an organization (0 for short hereaifter) carries out
two activities, Resen-ch and Development. The responsibilitf of Research
is the creation or identification of ideas or inventions‘that are later
transformed into marketable products or services by Development, In view
of the randomness inherent in the research process, a backlog of inventions
will occasionally be present, awaiting the Development stage. If in the
mean time competition comes upon a related cr better idea and develops it
into a marketable prodﬁé£ before 0 succeeds in doing so the potential market
for the product igulikg}ymypﬂbeug}yefgﬁ,-gpd cyqsequently s§ is the_profit
of 0. The chance of such a héppening is reiated to the speéﬁ with which'ghe

step from invention io marketable product can be executed, In this paper we

set up several simple models in an attempt to bring out the relationship be-

tween the scales of research and development activitics in an organization
that must function io such a competitive envirowuse..r. The problem of timing

the introductior of a single new product is treated in [3].
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II. FIRST MODE'.. AV URGANTZATION WITH FIXED DEVELOPMENT CAPACTTY.

Suppose the research activity of the organizaticn 0 produces ideas

for nev products in accordance with a atationary Poisson process of rate A

inventions per ycar. Eorh new idea passes to the deve10pmen; activity,‘

where Ezfﬁﬁgzrawﬁxt tranatormation into an_actual product.‘ In wenc*al ‘a

g, P e

backlog of ideas awaxtinp favelopment attention will exist, once an idea

comes under active consideration the time for its conversion into a ptoduct

“{s assumed tn be an cxponentially distributed random variable with mean uf%.

Furthermore, ideas arc dealt with in the order of their app;?rance.
. . h

‘In order to rorlect the presence of'compecition we ascume . that 1if
T

an idet hos a to=al 4 lav ‘wait plus conversion time) oF d then the

. probability that anoth- = ~cmpany markets the idea first is 1 - e (k > M.

Since our model corresponds to a single server-queue with arrival rate
X and service rate Q the lorg~run total delay density is when A < b well-

known to b~ the expousrntial: .
. &

-l : X
fa(x) = fu=d) e fu=A)x ‘ x>0 :
(2.1)

= 0 ‘ "> x<0
If > > i it is obvious that the research activity overwhelms development, and

hence many ideas will rvmain long unexploited or. else be prbgmptedbby competition,

”_Conqeqnontly anr att.mpr must be made to select optimum values of A and B

such "ot A < 4,
' Note that under xore general circumsiances, when the imput'rate
(>, tere) is close to, but still less than, the service rate f.), an exponential

long-run ﬂonsity still prevails, approximately:

ORI x>0
' (2.2)
~ N x< 0,

i e
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The parameter & takes the form

E[A] - E[S]

r .
* =\ Varle] 7 varlal J ~(2.3)

o I T

© " Where A is the time“betwecn two sucgessive arrivals of 1deas at the develop-
iww;,w”.mentwsgg:g,ﬁgpq*4§_wi§‘ggwi§§§:§ ggé;ersion time,* Approximation (2.2)

(the "diffusion" or "heavy-traffic" result; sée Kingman-fé 1, and Ga;éf‘[2 1y
turns out to be quite accquate in the event-that;2uccessive inter-arrivals

and services are close té_being independenélv and identically digtributed.‘
Consequently, althouzh we shall use the specific model (2.1) to describe
delny;. ¥t may be anticipated that our specific analysis may be slightly
modificd to snit broader conditions,
In terms of o0 v nodel scveral results follow easily.
(a) The P?obabilxty of ‘ompetitive.Preémétion
The chance thot a rival company markets a new idea before O completes its

devel~pment is

P {preemption? (l-e‘kx) fD(x)dx

(2.4)

DI,
-+

-7 ackxy -G-A)x R _
. . (1l-e ) e (=2 )dx s

(b) lLinear Cost Striucture

- Suppose that research and development expenses per period arc linear ]
in t - resprative protoition rates:
Resea.ch ¢'ynar) = CIA
(2.5)
Development ($/year) = Czu.
The expectcd gain frcn a project (idea) is denoted by

G% = gain (§) if O completea development (markets) first

G, = gain ($) if competition markets first.

1
2
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per project equals

,H‘ﬁ)m Optimal Development (u) for Given Research ().

Put
G, =G -c,, and G,=Gl-¢C, 5 (2.6)
. ; 1 1 1° 2 T2 1 _ .
normally G2 < cl. It now follows directly from (2.4)Athat the expected gain

‘ c1 B =2 + Gl k

e B BeR TG u-1+k""’

e -
T s TV ——_ ot

[ — v-.._«‘...—. -

the expected number of new projects initiated per period 1s l and the reseatch ‘

and development costs are given by (2.5) so the net profit per period fs

- . . —k

The dependencc of ret profit rate ™ on rescarch and development production

rates may now be studied by differentiation,

'(c) Optimal Research Production (\) for Given Development (p)

Suppose development rate, W, 1s fixed and a corrcsponding research

rate is to be cstablished. Solution of g% = 0 gives -
' * . o . '
) = @Y - (L - Gy/6)) K (uHe) e
, 2 . . '
Since the second-order condition é—% < 0 it is clear that we have a relative
) T :

" maximum,

i

This time differentiation of ™ with respect to u furnishes the

rescription
p

W) =k e 2 (2.9)

‘And the second-order conditicns are fulfilled, showing that a relative maximum

is achieved,

K e et e g 4 e
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e other considerations must be brought to bear. The case of (d), relates to

5.
Discussibg
The simple result of (c) furnishes guidance in the case a firm's

development capabilities are essentially fixed, and tlie proper research level

‘'ils to be contracted for, perhaps from an external agency. The result (2,8)

must turn out to be numerically less than u, or the model is invalid, and

o Ee—
ey R A s e -

the situation in which a research activity wishes to subcontract for its -
; ’ o * B
development activity. Again it is necessary to verify that p >} in
order that the basic model be applicable; a neceséary condicion is that
, -1 ,
A>k CZ(GI-GZ) . |
The quantitative behavior of the solution (2.8, and (2.9) conf-rms

* -
to intuition: for example, A 1increases with %, the rute of competitive '

activity; if k approaches zero -- a monopolistic situation -- organization O

need not spend much on research to avoid competitive preemption.
A more rcfined model would perhaps call for priority treatment in
the development stage for certain ‘especially revolutionary and promising new

ideas that should be pushed rapidly into the market to forestall competitive

action,

of soﬁe interest is the fact that without furthur éonétfaiﬁts, or
without the introducvion of diminishing returns to scale, there exists no

analytically by investiga-
a}\Z P“Z oA ’

so a saddlepoint and not a maximum exists. It seems reasonable, however to
These

* &
global optimum solution (A ,u ). This can be shown

tion of the second-order conditions; in particular

consider two alternative cost structures that do lead to global optima.

. are following:

(1) Convex costs




(ii) Budget constraints,

Consider, for example in case (i) the counterparts to (2.5):
Research ($/year) = cl‘hb : (>1)
: . (2.10)
Development ($/ygar) =Chp (d>1)
~ Apparently yearly profit rates increase hf'most ptoportionally‘to A, while

césts rise faster. Consequently global optima appear and may be found numeti-

- PR

e
eyt e s b —s gt

cally by computer search over the region A < j,

L —

In the practical event tha: budget conatraints become important then

the~£fési;m becomes that of selecting A and B to maximize m -~ see (2.7)
-~ subject to C; A +C,p =1L, and A< (A, >”0)luztagt§n§iah techniques
apply, the first- order conditions yield quadratics, and so explicit solutions

may ectually be obtained. Further details are omitted.

11I. 3ECOND MODEL: AN ORGANIZATION WITH BACKLOG-DEPENDENT DEVELOPMENT RATE,

It seems reasonable to alter the previous model in such a manner as

A TR (R T R S N ey g o T 3 cgems

to let development activity speed up when backlogs increase. That is, for

~ example, let all innovations be worked on in parallel; then service rate is

trrpees

Lo ) ?i = jv if “j. projects are simultaneouslyv;n prqgress, aan.v >0 is the‘
$~~‘,  basic proceésing rate. Again we assume that innovations occﬁr in a Poissonian
§‘ - fashion, at rate 1, andkthat cbmpetitive action operates:at’rate k aé before.
.‘”1ffmj””18éa§tbfé"éiﬁﬁitéﬁeéu31y“ih“tﬁe’dé%elopmeﬁt"itéééi'dhd'éach s

susceptible to competitive preemption, then the rate of this préemption is

SR At b e o e

jk. We assume that once preemption occurs organization O ceases further develop-

ment activity on any related invention or idea (G;

= 0). Needless to
; say, nthér formulations are prssible -~ e.g. 0 may hurriedly engage in hot
pvrsuit to develop a competitivc, somewhat different, prdduct. However, we

shall limit the present discussion to the simpler version descr’'bed.
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It can be shown that if the total effective processing rate (develop-
ment plus preemption) i{s proportional to the backlog, then the long-irun

distribution of backlog is Poisson:

, j - '
_Pj = P{number of projects undergoing development = i} = gﬂ%“ (3.1)

j .
where o = A (v + k)-l (see Fe@lét {1i, p. 462). The followihg facts ﬁé&if
now be recorded. ' ' | |
(a) The Probability of Competitive Preemption,

Consider thé organization at a moment when '} development prajects
are simultaneously in §rocess. “Well-known birth z2nd death process properties
show that the chancz that a project completes in (v, t‘; dt)'is_j(v + k)dt,
and hence the probability that the completion is a preemption is k(v + k)fl.

Hence it follows that | l |

%he lon34tun rate at which

O completes projects without v
preemption - ) YR (3.2)
(b) Cost Structure.
To fepresent research costs, let R
Research ($/year) = c1 lb (b > 0); (3.3)

the latter may be specialized to linearity (b = 1) or allowed to éxhibit
decreasing returns to scale (b > 1) as required.

Concerning development, we postulate rate change expenses (hiring and
firing, for example) that vary with fhe square of'deQiations fié& thé average
or normal level, m. Th;‘total cost of development activity is the sum of a
cost proportional to the avacage effort (or staff level), and a cost associated
with the variation ir that level. Recalling.that when 3 development activities

are in process the production rate is jv we are led to consider the two cost

rates:

-
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“"équation in ¥, préscribes that

W AN iy W e Speibis S WSl o e ey

Base Development Cost Rate = czv (Expected number of dévélopment prbjecta)

® Ay

=Cp I ipy= C5rk |
3=0 ~. 3 | T
Development Rate-Change Cost Rate = C,V [var(j)]fc3v VAR
It follows that the total profit rate is R
S DY W b _ vA__ voA
"6 ok - Gh G Tax % vk S
R -cx"-c"z" ‘ (3.5)

1
where wg put 63 G1 - Cz.
(c) Optimal Rates
In the present model it is possible to solve explicitly for optimal

research and development rates, A* and v* respectively. _The nécessary condition

that '2-; = 0 vields

amo_ v b-1 v
il el LR R T T
which leads to
' v w2 1/b-1 , -
It is straightl{orward ic check that 3__1-21< 0, and hence that a {local) maximum
' : N S o
is assimed. Now soliition cf i, 0, which turns out to bec a quadratic - ‘

Av

" Y G3 ! ‘ S
vE o= L 1+ cx -1} ‘ : ‘(3.7)
which may bhe substitutcd into (3.6). A chnck of the sorond-order conditions

verifies thit a joirt m- dmun is th- resuil.

Discussion

It wi!l be ini-diatcly recognized that the explicit sc’utions (3.6)

b e

. - e e ‘. >
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and (3.71) flow from the specific cost assumptions and from the control policy
that effective development service (processing) rate is uj.- jv. ‘One‘
suggestive line for further investigation wquld be thét of deriving an optimal ‘
'ngY;ce fppg:;on uj. Posstblj the methods o} Markov programming:ére applicable
in this connection., Some simple strategies that appear reasonable, if not
globally optimal, might be the following.

ki) The maintenance of rate g until back;og exceeds jo >0,

at which time a change is made to rate ul p. If backlog ever

exceeds Jl > jo the excess 1s sold off or f?éontracted for

development., The parameters most probably must be selected with

with the aid of a numerical search technique.

(1i) At the'moment an idea becomes avaiiable for develqpment its

net market potential, when developed, is assessed; denote this potential

by V. Note that the latter may depend upon the actual timing of the : v

introduction as the latter relates to possible competitive intro-

X
ductions. Then if there are N ideas in the developmént stage, with
potentials VI, V2,...,VN priority ~f emphasis is ;iven to the idea with |.

maximum V-value. Refinements of this type%of strotegy would recognize
L

the errors of estimate of V.

. -
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