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FOREWORD

This report, OSURF Report Number 2183-l1, was prepared by
The ElectroScience Laboratory, Department of Electrical Engineering,
The Ohic State University at (olumbus, Ohio. Research was conducted
uvader Contract AF 19(628)-5929. Dr. John K. Schindler, CRDG of the
Air Force Cambridge Research Laboratories at Bedford, Massachusetts
was the Program Monitor for this research.
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ABSTRACT

The geometrical theory of diffraction is applied to calculate
the wide angle side lobes of a purabolic reflectox antenna. Integral
representatione are used to correct the field in the forward and rear
axial directicns. The complete patterns thus obtained are in excellent
agreement with experimental patteras whe:n the aperture blockage is not
significant., The solution has the usual advantages of a solution based
on the geometrical theory of diffraction, namely, it is obtained in the
form of simple functions, its computation cost is low, it is directly

related to the radiation mechanism of the antenna, and it can bte easily
modified and extended as the need arises.
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I. INTRODUCTION

This chapter contains a statement of the problem under study and
the motivation for undertaking this study, a synopsis of the method of
analysis used here, and & brief survey of the previous work on this
problem,

A, The Problem

In this report the geometrical theory of diffraction is applied
to calculate the wide angle side lobes of reflector antemnas. Although
there are many types of reflector antennas this discussion will be
restricted to rotationally symmetric reflectors. The essential compo-
nenta are shown in Fig, 1; they are the feed antenna and the reflector
which serves to form a beam of specified shape. Depending upon the
function of the antenna, the reflector surface may be a portion of a
paraboloidal, sphe .ical, ellipsoidal or hyperboloidal surface of revo-
lution. However, it is commonly a paraboloid of revolution, and the
examples treated here involve a reflector of this type with the feed
positioned at the focus.

The calculation of wide angle side lobes including the region
behind the reflector has received slight attention, and these side
lobes are of practical importance in cases where it is desired to a)
reduce the interference between antennas, b) design low noise reflec-
tor antennas,l c) reduce the radiation hazard to personnel and equip-
ment cxposed to high power transmitting antennas .4

B. The Approach

The pattern of the reflector antenna is composed ¢f the primary
radiation of the feed and the field of the feed diffracted by the
reflector. If we consider that the field of the feed is shadowed by
the reflector in the geometrical optics sense, the region around the
antenna may be divided into an illuminated region and a shadow region
where the field is zero. At the shadow boundary the geometrical optics
field is discontinuous. In the case of the ellipsoidal and hyperboloi-
dal reflectors there are also far zone reflected fields and associated
reflection boundaries,

Emgloying the geometrical theory of diffraction developed by
Keller,” the field of the feed induces a class of rays diffracted at
the edge of the reflector. These rays radiate into both the illumi-~
nated and shadow regions and their fields when properly corrected, as
described in App. I, combine with the geometrical optics field to pro~
duce a continuous total field at the shadow and reflection boundaries.
Rays multiply-diffracted across the gperture are not included in this
analysis; most practical reflectors are large enough so that these rays
can be neglected,
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Fig. 1 - Reflector Antenna,.

The forward and rear axial directions are caustics of the rays
diffracted from the circular edge of the reflector; consequently the
geometrical theory of diffraction fails in the neighborhood of these
aspects, In the case of the parabolic reflector the forward axial
direction is also a caustic of the far zone reflected rays. The fields
in the cross-hatched regions of Fig. 2 are calculated from integral
representations, In the forward axial region, the conventional aperture
field method* is employed. In the rear axizl direction equivalent elec-
tric and magnetic ring currents are employed; these currents are expressed
in terms of the edge diffraction coefficients.

In summary, the inethod of solution described in the following
chapbers provides e complete 360 degree vettern in any plane containing
the antenna axis. Aperture blockage by the feed alone is treated approx-
imately in the usual manner; however, for reasons of simplicity the
aperture blockage by the feed support has not been included in the solu-

tion.

Although the analysis described in the chapters to follow is applicd
to celculate the far-zone field of an isolated reflector antenna, it can

e ot e nven e ¢ e e e 2t e e o ML et e e o et
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Fig. 2 - Different regions of the secondary field vattern.
be extended to celculate a) the near-zone field, (b) the coupling between

reflector antennas, and (c) the environmental effect on the pattern of
a reflector antenna.

C. Previous Work

Since the advent of microwaves as a means of tracking and communi-
cation, the interest in reflector antennas has grown rapidly. The sub~
jeet of reflector antennas has been treated ex.ensively by both Silver®
and Fradin.® Though a wide variety of papers on various aspects of %lis
subject have been published, relatively few have been concerned with the
wide angle radiation. Tartakovskii’ studied the radiation pattern of an
ideal paraboloid using the current-distribution® und aperture-field
methods and compared the regions of validity of the two, Schouten and
Beukelmon® applied the current-distribution method to obtain the radin-
tion pattern for a paraboloidal reflector with a dipole feed and expressed

3
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the radiation inlegrel in the form of an infinite series of Ressel {unc-
tions. Afifi® compared the experimental results obtained for the case
of a dipole feed with the theoretical results based on the current-
distribution method. Computations based on the classical radiztion
invegral are very complicaied compared with those based on the geometri-
cal, theory of diffraction, Furthermore, they do not correctly »redict
the pattern behind the reflector.

Kinber?! was the first to apply the Keller's theory of diifracied
rays to this problem. He presented curves which show the general behav-
ior of the pattern for an uniformly illuminated aperture. His results
were not corrected for the shadow boundery and the resr axial caustic,
Lysherl? and Peters®3 have both investigated the fields behind a para-
bolic reflector using the geometrical theory of diffraction, after
approximating the real geometry by simplified versions. Lysher approx-
imated the reflector by a flat disc, and Peters considered diffraction
al & half plane edge tangent to the edge of the reflector, thereby,

neglecting the curvature of the edge. Nevertheless, their results appear

to be in reasonable agreement with the measured values. Peters and
Rudduck?? and Peters and Kilcoyne® have employed the geometrical theory
of diffraction to explain the radiation mechanism of reflector antennes;
they also describe how it may be used to improve the design. Recently
Rusch?® studied the edge diffraction for paraboloids and hyperboloids
and compared the patterns optained with those obtained from an integral
formula. His results are not valid at the shadow boundary.

In reviewing the previous work it is evident that there is no
thorough treatment of the complete pattern of a symmetrical reflector
antenna. The previous solutions fail at shadow boundaries or caustics,
or else thov approximate the reflector geometry.
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II. WIDE ANGLE SIDE LOBFS

This chapter bepins with a description of the physical configura-
tion of the reflector antenna and the variocus coordinate systems used
in its analysis. The field of the primary feed radiation is described
next, and subsequently, the two point method to determine the fields
away from the axis, and the ring current method to determine the fields
in the rear axial region are developed.

A, The Configuration and the Coordinate System

The reflecting surface considered here is a portion of a surface
of revolution. Let the vertex of the surface be contained in this por-
tion. A surface of revolution is generated by rotating a curve about a
straight line referred to as the axis of revolution. This .urface is
terminated by a plane perpendicular to the axis; therefore the edge of
the surface is a circle and the reflector is said to be axially symmet-~
ric. In such a case the circle containing the edge of the reflector is
called the aperture circle and the plane containing it, the aperture
plane, The praraboloid of revolution and sphere are two reflecting sur-
faces of widespreud practical interest. 1In the case of the parabolic
reflector the shape of the reflector is commonly described in terms of
the £/D ratio, i.e. the ratio of the focal length to the diameter.

The reflector is assumed to have a sharp edge and a perfectly con-
ducting surface. The feed is generally placed at the axial focus. Its
primery radiation pattern is in general not isotropic. The reflector
is assumed to be in the far zone region of the primary radiation field,
and the dimensions of the retflectcr, as well as the distance to the
field point are assumed to be large compared with a wavelength, thus
the geometrical theoyy of diffraction can be employed to calculate the
field of the edge cdiffracted rays.

Four coordinate systems are used in this analysis to describe the
field of the primary feed, the apertuce and edge geometry and the far
zone field of the reflector antenna. The field of the feed is described
in the spherical coordinate system shown in Fig. 3a, which is cenfered
on the axis of the reflector at the phase reference of the feed; this
field may be obtained either from calculation or measurement. The coor-
dinate system shown in Fig. 3b is introduced to describe the figld of
the feed at the reflector; it has the same origin as the previous coor-
dinate system, but its polar axis is the z axis instead of the y axiz.

Setting ¥ = n -~ 6', the trausformation of variables and unit vectors,
dencted by a superscript, between the two coordinate sgystems is

e il

(1) : cos ¥ = cos @p sin Hp

\
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(2) - cos @' sin ¥ = sin @p sin 6p

t N
(3) §=- o, Yng U, 4, (o)
B B
~ ~ ~ ]
(4) @'== By cos @' _ p sin ¢B cos Y
where
(5) B =1 - sin® y sin® @' ,

The cylindrical coordinate system {p',p',z') shown in Fig. 3c is
used to describe the aperture and edge of the reflector; its origin is
at the center of the eperture. This ccordinate system is useful in the
description of the edge diffracted rays, aperture fields, and equivalent
edge currents which will be described later. Finally we have the spheri-
cal coordinate system shown in Fig. 3d to describe the far zone field of
the reflector antenna. The origin of this coordinate system coincides
with that of Fig. 3ec.

B, The Field of the Feed

For the purpose of the present anuiysis, the feed is assumed to be
a radiator whose dimension is small compared with the aperture diameter
ane its pattern is assumed to be broadly directional with its maximum
value coincident with the reflector axis. Furthermore, for the sake of
simplifying the following discussion the pattern of the feed is assured
to be linearly-polarized in the direction 6y. It is clear that this is
not an essential restriction because an elliptically polarized field
can always be represented as a sum of linearly polarized fields. For
the linear polarization state just described the yz-plane is the E-plane
snd the xz-plane is the H-plane.

In the far zone the field of the feed is given by

~ .'J.kR'
(6) Ef = - 8 aelonon) 7~
where
Rt 5 1
(7) éf=_Rx'(yx:) s
sin ¢
1




(oot

B od

Dby

R L S o L S ey

p-lonny

o

>

Ll s o e v 1

Pty Sty ey

il G e

SR (s ki e [ st = s v

CETAL bl b AT s 23

T

R v inih )t o o o

LTS A R N i

Fig. 4 - The two edge diffracted rays which contribute to
the field behind the reflector.

A is the normalization constant,

g(6p,¢¢) is the primary feed pattern (with its maximum magnitude
equal to unity). .

In terms of the coordinate system shown in Fig. 3b

where

(9) £(¢,9') = gler,er)
In the E- and H-planes the above expression reduces to

o—JKR!

oo e

0of =

(10) g: =& 00 A £(v)

where the sign 1s determined by sgn(-cosy).
8
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in which the pattern functions fg and fj may be written as functions o
¥ only in the two principal planes.

¢, The Two Point Method

As mentioned earlier, this method is used to calculate the field
of the reflector anteana at aspects away from the forward and rear axes
of symmetry. It should be noted, however, that the two point method is
applicable to all practical single reflector antennas.

Farlier it was pointed out that according to geometrical optics
concepts the region surrounding the reflector antenna may be divided

into an illuminated region and & shadow region. The geometrical optics
field at any field point P is then given by

EX(P), P in the illuminated region.

(12) E®:°:(P) ={

0, P in the shadow region.

This geometrical optics field propagates along ray paths which emanate
radially from F,

Next let us turn our attention to the diffracted rays and field at
P, Consider the path from F to P which also includes a point on the
edge of the reflector; the path consists of two straight line sections
in a homogeneous medium. There exist two points Q, and Qz on the edge
of the reflector which make the distance along this path a minimum and
maximum, respectively. According to Keller's extension of Fermat's
Principle these minimum and meximum paths are the trajectories of two
edge diffracted rays. We may fix Q; and Q2 in the following way. Let

V be the vertex of the reflector; the plane defined by FVP intercepts
the edge of the reflector at ¢ and Q.

The total field at P
(13) B(p) = B8O (2) + EN(p)
where id(P) is the sum of the fields which are edge diffracted at @,
and Q». However, over a certain range of 8, the contributions to the

diffracted field come only from one of these two points as the other
gets shadowed by the reflector itself, as shown in Fig. 5. Thus

‘ _ BH(P) + E3(P), P visible from Q; and Q,
(1h) Ep) =4 4
E, (P), P not visible from Q,
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REGION
ILLUMINATED
BY BOTH RAYS

Tig. 5 - Different regions illuminated by the two edge diffracted rays.

where E?(P), Eg(P) are the fields of the edge d .ffracted rays at Q; and
QQy, respectively. The ray incident on the edge at Q, gives rise to a
surface diffracted ray which propagates along the back surface of the
reflector. The surface ray sheds rays tangentially so it propagates
into the shadow region shown in Fig. 5. These rays have not been
included in our analysis; in general, their effect on the pattern is
very small. The contributions from rays multiply-diffracted across the
aperture and from rays diffracted from the edge and then reflected from
the inner surface of the reflector are small and have been neglected.

Since high frequency diffraction is essentially a local phenomeron,
Ed(P) can be determined in terms of the reflector and ray geometry at
tﬁe point of diffraction Q; on the edge. The field of an edge dif-
fracted ray is given byl?

|
I
|
1
|
1
|
1
]
s

10
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(15) Eq(P) = ;(Qi) . ﬁf(Qi) _Pi o~dkry
ripy + ry)

where
D is the dyadic diffraction coefficient for a straight edge,

Ef(Qi) is the electric field of the feed at edge at Qi,
i=1, 2.

py 1s the distance of the caustic from the edge at Q;, and,

rj is the distance from Q; to P.

S and p sre both as defined by Kouyoumjian,18 and they are given in
App. I and App. II, respectively.

Referring to these appendices, it is seen that D is a function of
the incident and diffracted ray geometries at the edge; it does not
depend on edge curvature. The curvature of the edge is teken into
account by the divergence factor, the square root term in Eq, (15),
which is expressed in terms of the caustic distance at the edge.

Next let us explicitly determine the caustic distance p,, po at
Q1 Q2. Ve define the radius of the aperture to be a, the distance
from the focus F to any point on the edge to be Ry, the angle subtended
by the edge at F to be 2¢ (Fig. 5), the distance from the center of the
aperture O to the field point P to be R (Figs. 34, 4).

As shown in App. II, the caustic distances for this are

(16) pp = — X1
R sin @ - a
and
ar
(17) p2 = - 2

R sin 68 + a

Tous at @, , the divergence factor beccmes

e e 1 SR
182 £n, =2 a
(182) \/13(91 +ry) W \/R sin 8

and at Qp,

11
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(18b) S VNS Wy
V ralpe + r2) V2 VR sin 9

In the far zone the divergence factors reduce to

1 a J a
19a,b = 4
(192,0) R \/sin 8 R \/sin 0

at Q, and Q», respectively., The factor j is caused by the phase dis-
continuity which oceurs at the caustic between Qz and the field point,

Substituting from Egs. (19a) and (19b) into Eq. (15) ard making
use of the far zone approximations

(20) ry, =R-asing ,
(ev) ro~R+asing ,

in the phase term and r;, r» =~ R in the amplitude, we have for the far
zone edge diffracted fields

-4 = _ - _-jk(R - a sin 8)
(22) B (P) = D(Qy) * ELQ) Joos .
- _ -jk(R + a sin @) + jZ
(23)  E(e) = Bley - Ef(op [2-¢ ¢
sin 6

It is seen that the scalar product of D and Ef depends on the
polarization of the electric field of feed with resmect to the diffract-
ing edge. From Eqs. (10) and (11) we see that this electric field is
normal to the edge for the E-plane pattern whereas it is parallel to
‘the edge on the H-plane pattern. The pattern in these two planes is of
particular interest; the analysis for each case is carried our sepa-
rately.

a) E-plane Analysis (¢ = n/2)

The two edge points Q, and Qo lie in the yz-plane as shown in
Fig. 6. Equation (10) yields for the incident field a2t @,

- ~ a . n-ijo
(24) E.(Q) = (x x Ip) Afg(a) ﬁ;
in which ¥ = 0 at the edge of the reflector. From lig. 6 one obtains

ey = -~ X ,

12
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Ba, = -Axd=d

P'-'-"‘?EX'-EJ_

in which we set d; = 35 = d in the far zone. llence

Daa) B (@) = [#Ds(@) + (i x &) (i x opl@)] + (& x hsie)

~ "'ijo
(25) = - 0 Dp(Qy) Afg(a) ﬁf
Substituting Bq. (25) into Eq. (22),
-4 . ~JkRg 2 e~Jk(R - a sin 0)
26 E (P) = - 0 A = (3
(26) 1(P) = - B Afe(0) g=  Dn(@) /5o %
For the rays diffracted at Qp,
_f ~ ~ ""jk.Ro
(27) Ee(Qz) = (x x Iz) Afe(Q) ﬁf
and from Fig. 6 one obtains
;"2 = ;‘ 5
hay = kxd=-

Following the same procedure as that used for the field . “fracted from
Q. , one finds that the field diffracted from Qz is

. . St
o~Jk(R + a sin @) + 5

~3KR
(28) E(®) = - 0 a5e() & Du(a)

sin ¢ §

The field in the E-plane due to the direct radiation from the feed
is given by [Eq. (10)]

=f A ~JkR!
(29) E (P) =+ 6 Afe(¥) §$
which after substituting
(30) Rt =R - b cos @

in the phase lerm and R' = R in the amplitude reduces to

14
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R ’
where the sign is determined by sgn(cos 8) and

(31) EL(P) =+ 0 Afo(Y)

b is the distance between the eperture center and the focus.

b) H-plane Analysis (¢ = 0)

The configuration of rays for this cese is shown in ¥Fig. 7. The
points Q; and Q now lie in the xz-plane. The electric field in the
incident ray is given by [Eq. (11)]

X -3k
(32) B (@) = ¥ Afy(a) é o

Therefore

i)

B(Qu) - EF(Qu) = [3¥Ds(@) + (32) (3xIy) Dy(@u)] « ¥ EL(Q)

7 ~ S ‘ij
(33) ¥ Ds(Qy) Afh(a)_-gz- ° .

Next on substitubing Fgs. (33) in Eg. (15) and employing Egs. {19), (20),

(21) after making the usual far zone approximations, one obteins

a o K(R - 2 sin 8)
sin 0 R ’

- ~jk
3 B = jamm(a) £ Fop (@)

(o]

=d,y _ + kR _a  _-jk(R + a sin @) + 3%
(35) E(P) = yAfh(q) = Ds(Qz2) 4 /Sin 5§ 2

and

(36) B(e) - fagyn) £ TR0

The total E- and H-plane fields in various fegions lying away from
the axis can now be obtained on substituting Eqs. (26), (28) and (31)
or Egs. (34), (55) and (3¢) in Egs. (13 end 1%}, If the btangent to the

surface at the edge makes an angle 6, with the z-axis, the region given
by 8 < 6 < % will be seen only by one of the two points; see Fig. 5.

The shadow boundary for feed illuminaktion is given by 6 = n - @. The
fields contributing to the iliumination of the different regions are
presented in tabular form; again it is convenient to refer to Fig. 5.
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(c; FRONT VIEW

X

{b) TOP VIEW

Fig. '{ - Geometry of lhe edge diffracted rays in i{he li-nlane.
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Table 1 - Total IFields in Différent Regions covered
by the Two Point Method

Region Total Field
6<% B+ @+ 52
12‘-< 6 < (n-at) §f+§f
(n-0t) < 0 < B¢ E‘f
6g < 6 ﬁ+§g

The diffraction coefficients appearing in Eqs. (25) and (33)
include the correction factor F which will take into account the smooth
variation of the total fields across the shadow boundary. Therefore,
this transition region has not been considered separately.

Both the E- and H-plane fields are calculated using this method
over the complete range of aspects except in the vicinity of 8 =0
and 6 = 5. The aperture field method and the ring current method will
give the contributions to the field at aspects around 6 = 0 and 6 = x,
respectively.

D, The Ring Current Method

The rear axis of the reflector forms & caustic for the diffracted
rays and therefore, the geometrical theory of diffraction cannot be
applied directly to find the field in this direction. As mentioned
previously, & different method employing equivalent ring currents will
be used for this purpose.

The relationship of these equivalent currents flowing along the
edge of the reflector and the scalar diffraction coefficients for the
hard and soft boundury conditions may be deduced by examining the two-
dimensional dailfraction of a plane wave normally incident on a perfectly-
conducting half plane. Ve will consider two cases separately, in one
case the incident electric field is parallel to the edge and in the
other, the incident magnetic field is parallel to the edge. Using the
geometrical theory of diffraction the diffractied electric field in the
first case is found to be

. : ~jks
(37) B = Q) D E s

and the diffracted magnetic field in the second case to be

17




. ~jk
(38) 18 = 1(Q) Dh(QXJ§ o s

where s is the perpendicular aistance from the edge to the field point.
Alternatively, these diffracted fields may be described in ierms of

electric and magnetic line currents I and M {lowing along thc edge of
the half plane.

0] '4 .
(39) 2= - kz()j_}g__"___i_ e-Jks I,
nks
and
(40) 1 = - kY, e/t ks

NBnks

In the case of an arbitrarily polarized incident wave, E*(Q) must
be replaced by its component tangent to the edge € . EX(Q) and HY(Q)
must be replaced. by its component tangent to the edge & . HY(Q). With
* this in mind and comparing Eq. (37) with Eq. (39) and Eg. (b0), it is
seen that the equivalent electric and magnetic edge currents are

~ . 1 .-.
(b1) 1=- SR py(e) %z =i/t
and
(42) M=-&xI. EQ)Dn(Q) 8_}?. =in /b

in which i is a unit vector in the direction of incidence and we have
made use of the relationship

(43) F(q) = Lx ENQ)
Zo

Tt is seen that these equivalent edge currents not only are &
function of the position on the edge, but they also depend upon the
angles of incidence and diffraction (as defined in Fig. 17 of App. I)
at the edge point in question.

These currents are now used to calcuiate the field directly on
the rear axial caustic of the reflector antenna. It can be shown that
this procedure leads to a result identical with that cbtained when tne
Braunbek currents!®:2° are employed and the field on the axial caustic
is caleulated by evaluating the radiation integral asymptotically
This latter procedure is known to be a very good high frequency approxi-
mation.

18




At aspects close to the rear axial caustic ve employ the sane
equivalent currents as are used for the rear axizl case itse.rl.
Strictly speaking this does not seem to be justified, but we fird that
the patterns calcuwlated by this procedure blend smoothly with the
patterns calculated by the two point method. Moreover, we rcte that
near the rear axial caustic Dg and Dy are slowly varying {wctions of
the angle of diffraction in this application, and so keeping them con-
stant for a limited range of aspects is not a poor approximation,

These equivalent currents have been used by Ryan®3 %o calculste the
scattered fields at the axial caustics of several bodies of revolution.

In calculating the field near the rear axial caustic of the reflec-

tor
: .2
() 2o') = - B cos g1 0 (,7)\[E
and
£ . 8n 3B
(45) M(o') = - E¥(¢*) sin ¢' Dn (7,7') \[F ™8

vhere the angles 7,y' are the angles of diffraction and incidence at
the edge of the reflector as shown in Fig. 8. The electric field E°
produced by the ring current I(p') is given by the radiation integral
(App. III).

E®

=

jkaZo E-JRR f2n I(tp‘)ejka sin @ cos (@-p') o
b R (RxRxgt) do'
(46)

and the electric field produced by the magnetic ring current M(ep') is
given by
ika e"ij 2n ik in @ a ( - t)
(&7) B3} = %:_,R o M(op* Jedka sin @ cos (9-¢
%

(R x o) do

%gg total electric field is then given by the superposition of E€ and
. Thus

(48) E=E+E .

In order to evaluate these integrals it is _necessary to express
the field of the feed Ef as a function of ¢'. Ef(w') can be determined
from measurement or calculation. In the former case it is customary
to measure the E- and H-plane patiterns of the feed. The measurement
of the feed patterns in these lwo planes may suffice, if the differ-
ence betwezen the two patterns is not too great.
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(a)

REFLECTOR ANTENNA AND RAYS FORMING
REAR AXIAL CAUSTIC
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{b) (c)
DIFFRACTION AT FQUIVALENT EDGE
HALF ~ PLANE CURRENT

Figure 3.
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If the pattern of feed_is relatively unitorm we may functionally
interpolate between Ee and H-plane patterns. The type of interpolation
used in this analysis is described helow:

(49) 5p") = 55(a) - [5£(@) - B(@) | cos! °
vhich can be writen as
(50) Ef(p*) = T - & cos 29' ,
where
(51) T = Eg—-;—?—g— )
(52) S = Eé_—_;ﬂﬁ
2

Egs. (44), (46) and (50) now yield

= & e'j(kR -

T 2n . .
E® = - = E)Dsf (-8 cos 20! )edka sin 6 cos (0-9')¢os o
0

8

(53) (Rxkxg') dot ,
and similarly, Egqs. (45), (47) and (50) yield

-j(kR - & 2n en s
=-28 i E)Dhj (T-6 cos 2¢!)edka sin 6 cos (9-0')gin ¢
0 :

7R
(54) (R x §') dg* ,

where Dg = Dg(7,7*) and Dp = Du(y,7') as mentioned earlier.

The vector products appearing in the integrals are different for
the two principal planes and therefore, the evaluation of the integrals
is carried out for the E- and H-planes separately.

a) E-plane Anslysis

In the E-plane ((p =X ) the vector product appearing in the integral
of Eq. (53) can be expressed in the sorm

~

(55) ﬁxﬁxcﬁ'=xsin<§'-éccs()coscp'




Employing this relgtionship in Eq. (53) it is found upon evalualing the
integral tlhat {he x-component vanishes and the 0- component, denoled by

- Fe(9), is
- (56)  ¥e(6) = x cos o[ (T - §)doa) + (2-8) J20) - § 9a(x)]
; vhere

vl

x = ka sin @ ,
Jm(x) is the mPP order Bessel function with argument y.

Eq. (53) can now be written as

- ~ ~-JkR , \ T
B = 688D cos 6 | (1 - 8) 300 + (18) Jaa) - § 3]

NES
(57)

Returning to Eq. (54), for the E-plune the vector product inside
the integral can be expressed in the form

~

(58) Rx o' = -xcos 6 cos ¢ -~ 6 sin g .
¢ ? @

Again the i-component vanishes on evaluating the integral ieaving only
the 6-component which is given as

oA R e A UG  SRbr b S Tl -y

(59)  B6) = - x[ (2 + ) To) - (138) () + 2 3a0) ]

Thus Eq. (54) reduces to

e P e

(60) F@ = 'é:jf_%])h %"j(kR - %)[(T + g-) Jolx) - (T48) Jda(x) + % J4(x)] .

Pl S ML

Employing Egs. (57) and (60) in Eq. (48),

(61) T =-p2xe E"J(RR i if) [AlJo(x) + Apda(x) + A3J4(x)] ,
§ AR

where

(622) A, = T(Dp - Dg cos 6) +.§: (Dp + Dg cos 6) ,

(625} Ap ==T{Dy, + Dg ¢os 8) - & (Dh - Dz cos 8)

A (62¢) Ag = -g (Dp + Dg cos )
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b) H-plane Analysis

In the H-plane ¢~ 0, 7 and the vector product

(63) RxRx &' = -y cos ¢' + 6 sin ¢' cos 8,
and
(64) R x $' = -y cos 6 sin &' - & cos ¢'.

Substituting Eq. (63) in Eq. (53) and evaluating the integral, the
contribution from the 8~component vanishes leaving

-3 (kR~ )
(6) B =y p Eme— [(- D) 3 (0 -@-D) I,00 - 33,001 .
Next evaluating the integral in Eq. (54) after substituting Eq. (64)
in the equation, we obtain the y-component as
3 (kR~ 7)
66) E° = —yJ,":_ D, €05 8 S [(T+ DI_(x) + (L+8)I,(+ 5 I, (0] -

The total €field is obtained as earlier by superposing EC and E* obtained
above., Thus

-1 (kR- )
oy - A _1_1:2.‘ e 4
(67) E = y.fKN - e— [B1 Jo(x) + B, JZLX) + B3 J4(x)]
where
- - _8
(68a) B1 = T(Ds Dh cos 0) > (Ds + Dh cos 9),
(68b) B2 = -T(DS + Dh cos 6) + cS(DS - Dh cos 6),

8
(68¢c) B3 =7 (Ds + Dh cos ).

The rear axis is common to both the E~ and H-planes and therefore,
we expect both these planes to give identical results corresponding to

this direction. This has been found to be so, with the rear axial field
given bv

(69) ) =y M2 [ (T ) b, + (T + ) ble -5 (kR~- —9
T =Y == - O 0
J-; R
23
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ITI. MAIN LOBE AND ADJACENT SIDE LOBES

In his chapter a description of the aperture-field method and its
application to compute the fields in the forward axial region are given.
The aperture blockage caused by the feed structure and its effect on
the radiation pattern are also discussed.

A. Methods of Calculation

The forward axis of a reflector of revolution with axial illumina-
tion is a caustic of the diffracted rays; moreover inm the case of a
parabolic antenna one also has a congruence of the ordinary reflected
rays. Consequently, geometrical optics and the geometrical theory of
diffraction fail at and near the forward axial direction, and as in
the case of the vear axial caustic, we calculate the field in the
nelghborhood of forward aspect from an integral rcpresentation.

One may calculate the field of the reflector antenmna in the for-
ward axial region either from the current induced on the surface of
the reflector (current-distribution methol) or from equivalent sources
in the aperture of the reflector (aperture-field method). In the
current-distribution method the electric current flowing on the surface
of the reflector is approximated by the geometrical optics current

(70) JR) =20 x BTRY)

where here R' is the position vectnr of a point on the surface of the
reflector, 2 is a unit normal to the surface at R' and Hf(R') is the
magnetic field of the feed at R'. The calculation of the far field of
the reflector from 3s is not easy., In the case of thz parabolic
reflector, a simple approach is to be tound in the aperture~field
wethod described in this chapter. 1In the aperture-field method gec-
metrical optics is used to determine the aperture field in terms of
the field of the feed, taking into account the reflection which occurs
at the surface of the reflector.

Both of these approaches have been discussed and compared by
Silver, see Chapters 5 and 12 in [5]. The current-distribution method
is clearly the more accurate method; however, as tue diameter of the
aperture in terms of a wavelength increases, the pattern calculated
from the current-distribution method approaches the pattzrn calculated
from the aperture-field method. This approach is particularly rapid
in the forward axial region, and as a resuit the aperture-field method
can be used to calculate the pattern of most aperture sizes of practi-
cal interest in the forward axial region. This conclusion is also
supported by the work of Tartakovskii”? who shows patterns calculated
by the two methods; in the forward axial region they are seen to agree
well., However, in the case of very deep reflectors with £/D < about
.25 it may be necessary to use the current-distribution method.
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B, The Aperture-Field Distribution

As mentioned earlier, the forward axial fields are computed herc
for the case of a parabolic reflector only; however the method can be
applied to reflectors of other shapes also, Figure 9 shows the con-
figuration of the ray system employed to deternmine the aperture field.
Consider a tube of rays emanating from the feed F located at the focal
point of the reflector; this tube of rays is reflected from the surface
at QQ' and appears at PP' in the aperture. The intensity of this tube
of rays at PP' is obtained from the principle of power conservation in
a tube of rays. ILet the intensity of the reflected field at PP' be
|E3{. The intensity of the incident field at the surface of the reflec-
tor is|Ef(R')|. Therefore, according to the principle of power concen-
tration in a tube of rays

(11) |ES(R')[2 Rt ay p* a4’ dp' = |E2|2 dp' o' d¢';
which reduces to

(72) 2] = |Efgn)||re & .
Gp

Fig. 9 - Rays used to calculate the aperture field distribution.
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For the paraboloid of revolution with focal distance I

- -1 __p!
(73) ¥ = tan - ER
T ir
which yields
() G .11
o' pLRE R
Iy

50 that employing Eqs. (6), (9), (72) and (74)

(75) |p2| = A (vt

Rl

Finally adding polarization and phase information

(76) Ea'(P' ') = yA h{p?,p!) :_R;_-ijO ’

where
- h(p',(p’) = f(‘V}‘P') = g(ef:q’f) >

Ro is the distance from the focus to the edge of the reflector.

The normalizing constant A is chosen so that the amplitude of the
electric field in the center of the aperture is unity. Since hiog) =
1, A = { the focal distance, and
(77) C Blene) =§ rhlere) £

Even though it has been assumed that the feed radiation is linearly
polarized in the y direction, the aperture field is in general not
linearly polarized due to the curvature of reflecting surface. The
aperture field has a cross polarized component in the x direction which
vanishes in the two principal planes leaving only the y component. It
is also seen that the direction of the x component reverses as one
moves frem one quadrant to the adjacent one; see Fig. 12.2 in [5].
Furthermnre, the magnitude of thils compoment is small compared to tle
y component, Therefore, these cross polarized fields do not really
contribute to the far zone field in the two principal planes; however
they give rise to small cross--polarized lobes in the axial planes at
45° to the principal planes.?l
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As mentioned carlier h(p'@') may be determined {rom calcuwlation
or a series of pattern measurements; however in many cases it suificesz
to measure the field of the feed in its E- and H-planes and to deter-

mine the field of the feed elsevhere by the functional interpoleation
scheme described on page 21.

Thus the aperture electric field is given by
(78) E%(pt,q') = y’[ﬁg(p') -[Eg p') - E(p') ] cos? ¢i]

This can be written in terms of T and & [Eqs. (51) and (52)], both of
which are functions of p!'. Consequently,

(79) E*pt,0!) = § [T(p?) - 8(p*) cos 20']

C. Integral Representation of the Field

The integral representation of the far zone of a radiating system
is described in App. ITI. If we completely enclose the reflector by
the dotted surface § as shown_in Fig. 10, and if the exact valves of
the equivalent currents Jg = n x H and Ks = E x n are known every-
where on S, then the radiation from the reflector can be found exactly.
However, in the present case the reflectcr diameter is taken to be
large in terms of a wavelength; consequently. we may employ the follow-

ing approximations in cslculating ‘the reflector far zone field in the
forward axial region.

1) Js = o on the back side of the reflector,

2) ¥ = E® x z, where E* is given.by Eq. (79),
— a 5 . T
3) Js =z x H*, where F® = 2X B |
Zo

In addition, the approximations R . z = cos 6 ¥ 1 and sin 6 ~ 0
may be used in the amplitude of the integrand of the radiation inte-
gral, with the result that the far zone electric field of the reflec-
tor in the ferward axial region is given %o a gcod approximaticn by

-jkR /‘ o= D
£ .Jko R ~8 =2
v £5{p*) ds’
R .lA

Employing Eq. (79) this y‘elds

(80) E(R) = v

> e
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Fig. 10 - Surface of integration for the aperture-field method.

i i £ et

: - ~ . jkRr [ 2n 2 . . « lone
| sE = vy J / _/ [2(p') - 5(p') cos 2gr] eI%®' 510 0 cos (9=")
‘ o Jo

é (81) ot dpt dot

a3 lo

Carrying out the integration with respect to ¢',

-jkR a
e™ 2n J/P [T{p?) To(kp' -z o) +
(0]

B CMCIE * A e S PO

‘ (82)
1 8(s') cos 29 Ja(kp' sin A)] p' dpt

e SOOI 0 TP v B> A . A o8P
2

in vwhich J, and Jz are Bessel functions of order O to 2 respectively.

It one considers the two prinecipal planes only, the cos 2¢ term inside
‘ the integral takes the value -1 ror the g-plane and +1 for the l-plune.
T and ® can be expressed in terms of' the known tunctions fa(¥) = he(p')

and f),(v¥) = hp(p') using Eqs. (51), (52) and (77}, as
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(83) T(p') = o e Fo [ne(p') + luy(pr)]
(84) 6(0') = zxr e X0 [ng(p1) - hy(p')]

The expressions for he and hp may be found from tl.e measured !zed

patterns and the integration in Eq. (82) can then be evaluateu rumeri-
cally by the Simpson's method. To avoid cumulative errors rorty points
Per wavelength are taken in the integration, which is repeated at half

deg?ee intervals. The far zone pattern is normalized to the main beam
maximum velue, which is taken to be 0 dB.

D, 1ue Aperture Blockage

The presence of the feed and its support in the path of the reflected
rays has not been taken into account in the preceding analysis. One
can expect that this will give rise to wide angle scattering and there-
for increase the side lobe levels while reducing the gain slightly.
Because of the complicated nature of the feed structure, which includes
the actual radiator and its supporting structure, an exact analysis of
the contribution made by the aperture blockage is a difficult task,
However, an approximate assessment of the increase in side lobe levels
in the forward region can be made if one assumes that the feed blocks
out a portion of the aperture radiation equal to its physical cross
section, as viewed from the forward axial direction. In other words,
one assumes that the feed gives rise to a shadow in the aperture field
in the geometrical opties sense, This is the customary method of ap~
proximating the effect of aperture blockage. In the second example
treated hera, there is a significant aperture blockage; in this case
the shadow area can be approximated by a circle of radius c¢. B8ince
the shadow area is located at the center of the reflector aperture
and is relatively small, the aperture field here is approximately equal

to unity. The far field set-up by this "shadow'" aperture can be written
as

. -ikR ;
(85) E; L3 % prc? Jy (ke sin @)

-jkR
e 0
ke sin 6

wim

where J; is the Bessel functiocn of crdcr 1. The resultant field in the

forward axial region can then be obtained by the super~position of
Egs. (82) anc (85).

Since the hypcthetical shadow apertnre is small compared with the

refiector aperture, its pattern given by Eq. {85) will be very broad
describing a background radiation in the forward axial 1egion which is
roughly constant and opposite in phase to the reflector pattern on axis.

29




TEPF

kT

T

TR ed

e

Iv, MEASUREMENTS

In order to check the theoretical anzlysis given in the wrevious
chapter measurements were taken on a parabolic reflector artenna opcrat-
ing in the X-band range of frequencies. A description of the antemna,
the anienna range and the E- and H-plane patterns obtained for the
primary field of the feed are presented in this chapter.

A, Description of the Antenna

The antenna used to obtain the far field power patterns (Figs. 15
and 16) is shown in Fig. 11. The diameter of the aperture of the para-
bolic reflector is 24.0 inches and its focal length is 8.0 inches. The
edge of the surface has a thickness of 0.057 inch which can be considered
small compared with the measurement wavelength. The feed is an open-
ended flanged rectangular waveguide. The feed support consists of a
tripod which is fabricated of polystyrene. The cylindrical legs of this
tripod are 0,37 inch in diameter and are mounted well away from the edge
of the reflector to minimize interference with the edge diffraction. A
simple tuner in the form of a waveguide plunger is employed to match
the feed to a crystal mixer. The i-f output ol the mixer is fed to a
coaxial transmission line, which is attached to one of the legs of the
tripod.

The position of the feed was carefully checked to ensure that its
effective phase center was at the focal point of the reflector. It was
first positioned mechanically, then finally adjusted to obtain: 1) a
meximum radiated signal in the forward axial direction, 2) a pattern
symmetrical about the reflector axis. It was found that the focus of
the reflector is about 0.1 inch behind the aperture of the feed.

B. The Antenna Range

An outdoor antenna range was employed. The patterns of the reflec~
tor antenna were measured at a range of 45 feet, which corresponds to
R = Dz/l, here D is the aperture diameter. A block diagram of the
antenna measuring system is shown in Fig, 12.

The transmitter consists of a frequency stabilized X-13 klystron.
The transmitted power is approximately 150 milliwatis, and the measure-
ment frequency is 11 Ghz. The transmitter feeds a horn which has cor-
rugated inner walls te minimize its side lobe level. The horn has a
gain of about 20 db, and its half power beam widths are approximately
15 degrees in the E- and H-planes. Tae horn is mounted about 13 feet
shove the ground. The parabolic antennc is mounted at the top of a
metal mast 6 feet long and 1.75 inches in diameter. The mast in twrn
is mounted on a pedestal whose height and axis rotation are adjusloble.
The rotation of Lhe pedestal is conirolled f{rom a panel by a sclsyn
system; a sccond selsyn system controls the rotation of the recorder
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drum from the vanel. In recording lhe patlierns, two degrees of antenna
rotation correspond to one inch of recorded pattern. Before a paliern
measurement, both tie helght of the antenna and the orientation of the
) axis of rotation of the masi were carefully checked to make cerioin the
k range was aligned,

The i-f output of the parabolic antenna is fed to a Scientific-
Atlanta series 1600 receiver, which in turn is connected to a Scientific-
k Atlanta series 1520 recorder. The receiving system, including the crys-
. tal mixer at the antenna feed, has a sensitivity of about -96 dbw at
: 1l Ghz. In principle, the antenna measuring system is sensitive enough
to record the complete E- and H-plane patterns of the parabolic antenna
at a 45 feet range. In other words, the transmitter power level and
receiver noise level are not a limitation to pattern measurement,
Satisfactory E-plane patterns were recorded. Also saticfactory H-plane
patterns were recorded, except for the deep shadow region behind the
reflector; there only the primary lobe of the rear axial caustic was
. strong enough to be measured without interference from a background
é signal., These measured E~ and H-plane patterns are compared with cal-

culated patterns in the next chapter.

palaava e )

§ During the measurement of the pattern behind the reflector, the
3 main beam illuminates a field of closely mowed grass. Rough calcula-

3 tions show that the terrain backscatter from this field of grass is

: about the same order of magnitude as the H-plane signal received behind
N the reflector. It is believed that this terrain scatter is the spurious
: background signal mentioned in the preceding paragraph.

C. The Primery Feed Patterns

The patterns of the primary feed also were measured at a range of
45 feet. The flanged waveguide feed supports only dominant TEg, mode,
so that it produces a linearly polarized field. The measured patterns
in both E- and H-planes are shown in Fig. 13. It is seen that the E-
plane pattern has a taper of ebout 13 db, and the H-plane patiern a
taper of about 16 db at angular distances corresponding to the reflec-
tor edge. The beam widths at the 3 db level are 66° and 56° in the E-
and H-planes, respectively. The patterns are roughly similar to those
calculated from thecretical formulas for the unflanged open-end rectan-
gular waveguide, assuming that no reflected waves exist at the guide
termination.?? However, these formulas were not used in the analysis

WO

3 as the representaticn of the primary feed pattern; it was found to be
4 rather critical in determining the secondary pattern. Therefore, the
; measured primary patterns. in both E- and H-planes were represented

closely by empirical formulas, so that they could be employed to inter-
polate the valuzs at each of the points used in the integration of
Eq. (82). For the E-plane a good empirical expression is given by

(86) fo(y) = e3-5 % 1071 ¢ + 3.3 x 1078 y*
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and the the H-plane
(87) fo(v) = e84 x 2070 4% + 2.0 x 1078 y*

where ¥ is measured in degrees, These formulas are valid crly in the
forwvard region of the feed where the patterns have a nonotcric behavior.
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V. RESULTS AND DISCUSSION

The methods developed earlier are applied to calculate the patterns
of two parabolic reflector antennas. One of them is the same antenna
described in the last chaptar, the cther is a parabolic reflector with
a dipole feed. A comparsicn of the calculated patterns is presented in
this chapter, and some conclusions are reached concerning the utility
of the geometrical theory of diffraction in this type of problem.

The scattering from the feed and its support are only approximated
crudely, see section 3.4; therefore it is desirable in evaluating the
present method of analysis to begin with a case where the scattering
from the feed and its support is minimal., In such a case we can see
how well this method predicts the wide angle radiation from the reflector.

A. Parabolic Reflector with Dipcle Feed

Afifi10 has measured the H-plane pattern of a parabolic antenna
mounted on a ground plane. The feed consists of a dipole positioned at
the focus, which lies in the aperture of the reflector In this con-
figuration there is no scattering from the feed suppor and the scatter-
ing from the feed itself is relatively small compared with che edge
diffraction and direct feed radiation.

The aperture diameter is 10.65)Xand £/D ratio is 0.25. Afifi's
measured pattern is compared with . pattern calculated from computer
programs based on the two point and ring current methods; the pattern
calculated by the latter method blends smoothly with that calculated by
the former method at ® = 168°, The pattern in the forward axial region
was not calculated as it would simply coincide with that calculated by
Afifi, who used the current-distribution method. At the shadow boundary
the secondary pattern is 6 dB below that of the primary pattern; this
was used to relate the levels of the calculated and measured patterns
shown in Fig. 14,

The agreement between calculated and measured parterrns is excellent
between the forward axial region and the sha‘ow boundary of the reflec-
tor (from 10° to 90°) and also in the shadow region behind the reflector
from 90° to 130°. The agreement in the deep shadow region at aspects
greater than 1300 is good. Based upon previcus experience with pattern
measurement in the deep shadow region, it is safe to attribute a good
part discrepancy here to measurement error at these low signal levels,
see the discussion on page 33. Thus, in general, this comparison
between calculated and measured patterns is very gratifying, because it
confirms the accuracy of our solution based upon the geometrical theocry
of diffraction.
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e s @ woi the H-plane the_ﬂgerture ta2~5 is 3 dB greater than that in the

B. Parabolic Reflector with Flanged Waveguide Feed

This antenna and the measurement of its patterns, together with
the patterns of its feed, are described in Chapter IV. The patterns
are calculated from computer programs which are based on all of the
analytical methods described in Chapters I and III, including the
aperture blockage due to the feed alone. The pattern calculations for
the forward and rear axial regions are joined smoothly with those cal-
culated by the two point method.

The calculated and measurea E-plane patterns are compared in
Fig. 15. The patterns were first calculated neglecting aperture blockage
(solid curve), and then the effect of aperture blockage was included
(dotted curve) in the region between O and 25 drgrees. It was felt that
the nature of the approximation did not justify the inclusion of aperture
bicckage at the larger aspect angles. In part, this belief was based
on the fact that the scattering from the dielectric rods contributes

perceptibly at the larger aspect angles, and this was not included in the
analysis.

The powaer level of che main beam maxima of the three patterns is
chosen to be 0 dB, and it is clear that the calculated patterns predict
the shape of the main beam well, as one would expect. The calculated
and measured patterns also are in very good agreement in the region
behind the reflector, where aperture blockage does not affect the pattern
directly. The close agreement of the lobe structure of the two patterns
in this region again confirms the accuracy the analysis based on the
geometrical theory of diffraction. This agreement is all the more
remarkable when one notes that it occurs at pattern levels which are
40 to 50 dB down with respect to the main beam maximum.

In the illuminated region, between 30° and the shadow boundary at
1079, the calculated and measured patterns are in fairly good agreement.
In the region between 5° and 30° t..e agreement is poor unless the effect
of aperture blockage is included. The calculation without aperture
blockage is of interest in tne region between 5° and 30°, because it
indicates the minimum achievable side lobes in the region close to the
main beam, for a given aperture illumination. Any significant ¢ -erture
blockage raises the level of these side lobes,

T, 0 em @ At Bt . my ) N

E~plane; furthermore, the orientation of “the dieleciric r rods of the ti1ipod
with respect to the polarization of the feed is such 2s to result in a
somewhat greater scattering from the tripod. Thus one vrould expect

larger discrepancies between the calculated and measured patterns in this
plane, and this expectation is confirmed in Fig. 16, where the overall
agreement between the two patterns is only fair., Despite the absence of
detailed agreement, the general behavior of the measured pattern is pre-
dicted qualitatively by the calculated pattern; this observation is par-
ticularly true when one notes that the comparison is made over a dynamic
range exceeding 60 dB.
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: As in the case of the E-plane pattern, the shape of the main beam

g . is predicted well from the aparture~field method. Also the shape of the
- main lobe of the rear axial caustic is predicted well by the theory.

The minor lobe structure in the deep shadow region behind the reflector
was too low to be measured accurately, and it is not included in the
measured pattern.

It is evident from the above discussion that the scattering from
the feed and its support can play an important part in determining the
side lobes of a reflector antenna; hence it is desirable to extend the
prasent solution to include a careful analysis of this effect.

C. Wide Augle Side Lobes

The following observations concerning the characteristics of the

§ wide angle side lobes of a parabolic reflector antenna are based on the
S two examples described here. In the region befween the forward axial
4 region and the shadow boundary the wide angle side lobes depend upon

the direct feed radiation, the edge diffracted radiation, and the aper-
ture blockage if it is significant. The average level of these side
lobes is closely related to the feed pattern. Tnere is a pattern
maximum near the shadow boundary which results from the in phase com-

% bination of the feed radiation and the edge diffracted radiation. The
2 edges of both reflectors are sharn; hence the field at the shadow

/ boundary is 6 dB below the feed field illuminating the edge.

% The field drops sharply as one enters the shadow region. In the

ﬁ f deep shadow region the many well def'ned lobes of the measured pattern

shown in Fig. 15 confirm the radiaticn mechanism associated with the

two edge diffracted rays. Finally, ve note that there is another pattern
maximum at the rear axial caustic. The fields diffracted at the edge of
the reflector in the vicinity of the E-plane are primarily responsible
for this relatively large pattern maximum. It can be eliminated by
placing a limited amount of absorber at appropriate positions on the
rim of the parabola.l4 Also, this same absorber will reduce the deep
shadow pattern of Fig. 15 to roughly that of Fig. 16. This illustrates
the usefulness of the geometrical theory of diffraction solution in
antenna design, which stems from its direct association with the radi-
ation mechanism,

Ll s

5 D. Conclusions

The complete pattern of a parabolic reflector antenna can be
calculated using the singly-diffracted rays of the geometrical theory
of diffraction, with proper corrections for the forward and real axial
directions, Excellent agreement uvith experimental patterns can be
expected, iIf the aperture blockage is not significant.

The solution has the usual advantages of a solution based on the
geometrical theory of diffraction, namely, it is obtained in the form
of simple functions, its computation cost is low, it is directly related
to the radiation mechanism of the antenna sc it can be readily used
in the design problem, and it can be easily extended and modified as the
need arises.
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APPRIDIX I
HALF-PLANE DIFVRACTION COEFFICIELT

The dyadic diffraction cuefficient D for the haif-plane can o
expresged in terms of the two scalar diffraction ccefficients Dg zid
Dp for the soft and hard boundary conditions, respectiveiy. Let ihe
total scalar field U be the sum of a geometrical optics field ardé &
diffracted field UL, At the surface of the half-plene U = O for ihe
soft boundary condition, whereas dU/dy = O ror the hard courdary condi-
tion, see Figure 17. The diffraction of a scalar plane wave ield by
a half-plare has been solved exactly by Sommerfeld;Z® recently Pathak
and Kouyoumjian®4 have obtained an asymptotic solution for the sprerical
wave illumination of the wedge. This solution is particularly amencble
to interpretation in terms of the geometrical theory of diffraction.

In this appendix we reproduce the results or their solution cnly for
the half-plane and fer the illuminatiorn of the edge at rormal incidence.

Souxce

Qo>

b é'\ %

Cd

Figure 17. half-plane diffraction in the plane which contains
the source ard is perpendicular to the edge.

Fig. 17 -~ Half-plane diffraction in the plane which coniains the scurce
and is perpendicular to the edge.

Let Ui(s',w') be the field of the spherical wave incident &t 3The edgg
of the half-plane. The diffracted fields for the sort (s) axd hard (k)
bounde>y conditions are

e & e P e

d = ul(g7 .ot o s! -jzs
(AL) Uﬁ(s:¢) = Ut(s?,9") Dﬁ(@:w') —TE-;-ETS e

where the scalar diffraction coelf{icients are given by
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(Az) D (({) q,t ) - ¢ [ l"(kLO._,) . l"(kLa.,_) ]
S\4H = . e ,
h 2 v 2nk cos ) ; o' cos + o

2
with
oC
. s——— .' 2
(A3) F(kiey) = j2 JiTay edkloz Jyiay e31° a1
7y ar = 2 cos? (@ : o)
(AS) L= ss?

s + st

F(kLaz) is a correction factor needed only in the transition regions of
the reflection and shadow boundaries. Away from these boundaries, more
precisely vhen kLaz > 10, F(kLaz) ~ 1 and may be replaced by unity in
Eq. (A2). It is to emphasize this behavior that we show the diffraction
coefficient to be a function of ¢ and ¢' only.

The integral appearing in this factor is related to the tabulated

w s 2 .2 . 2
fe":"‘ as =jr°° e dT ar __[x e ar
X (6] e

where

[oe ax \/i (0.5 - § 0.5) ,
o 2

[ o\ () -5 568 ).

C and S being the tabuiated Fresnel integrals of argument \/?- X.
n
Thus

(26) /x”e-jr'“’ dr = \/g. [[0.5 - C<\/
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The values of the functions C and S are obtained using the library sub-
routines available in the IBM 360/75 computer.

For rays normally incident on the edge of a perfectly-conducting
half-plane the dyadic diffraction coefficient*®

on

(A7) =eeDg+p3 DDy »

where

é is the unit vector tangent to the edge,

p =& x I; I being the unit vector in the dirsction
of the incident ray,

e x &; d being the unit vector in the direction
o the diffracted ray.

Ba

Thus the diffracted electromagnetic field

— =3 - 1 - ._'ks
A8 (s =D 1y o Fleat 4t —8 e
(A8) (s,9) {$,¢') * E"(s',4") s(s + 8')
_In the case of high frequency diffraction, it_is 1nterest1ng~to
“note how 1nt1mately “scalar diffraction is related to vector (Electro-
magnetic) diffraction, as evidenced by the form of the dyadic diffrac-
tion coefficient.

o~ S Woavn o W
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APYIRDIX II

CAUSTIC DISTAKCES

Employing differential geometry a new formula has been derived.l8

for the distance p of a caustic from the point of difiraction Q on 2
curved edge.

Let
£ be the distance from the phase center of the source
to Q,
pe be the radius of curvature of the edge,

é,ﬁ be the unit vectors tangent and normal to the edge
directed outward from the center of curvature,
respectively,

i,& be the unit vectors in the direction of the incident
and diffracted rays at Q,

p be the angle between I and e.
Then
enceg = s QR KF o v e 1 l - i a
(A9) S=%- L ;
p pe 5inZp
Substituting a for pe, g for B, Ry for £, we get
as v (Is - ds
(AlO) _J;_ ~ i_ i ( h l)
P15 Ro a

with i = 1, 2 corresponding to Q; and Q», respectively.

a) Diffraction at Q, {see Fig. &)

"

n, =Yy

va - z{(1-h)
g, = 22 z(1-h)
LT T Re

~ _ 2z Rcos 8+ y(R sin §-a)
d; =
T




Thus

~

n I =

=3 and ﬁl . &l = B_EEEJi;E
Ro i
(All) p =20

b) Diffraction at Qa

g = - ¥

. 2 ¥e - a(-h)
: -

~

da:ZRcose“"&(Rsine-t-a)
T2

Thus

;12-Ig=R%andna.a_2_____(Rslne+a)

re
which yield
(AlQ) pg=-.__§_£2____ .
R sin € + a
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FAR ZONE INTEGRAL REPRESENTATION OF THE FIELD

4
3
; P' r P
E
;
3 RI E
:
p
3 - 2
: 0
3
3 % .
:
3 Fig. 18 - Geometry of the Source Point P! and the Field Point P.

The far zone criteria for the radiation field are given by
a) kr >> 1,
b) R>> D" with R' S p!,
where

r is the distance between the source point P! and the
field point P,

T TN e TR

Rt is the distance between P' and 0, and

D' is the maximum distance of the source distribution
from 0.
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These conuitions lead Lo che following approximations in the vadialion
integral:

a) r=R -~ R' . R in the calculation of phase,
b) r ~ R in the amplitude term,

1
¢) terms of order ;% and gg are neglected.

The electric field E and the magnetic field H will each be trans-
verse to the direction of propagation R and are related by the char-
acteristic impedence of the wmedium Z,, so that

(A13) E=%2 HxR

The electric field due to an electric current moment dﬁé is given by

ko o~J¥R / cJKR?

(All*) ﬁe(‘ﬁ) = Tz & * R 1; X [ii X d'i;e(-l;\')] s

sources

and the corresponding magnetic field follows from Eq. (Al3) as

Jkk ejk'ﬁ'x - R

sources

(Ms) R = - ﬁ.*;:. %’ R x dpe(R')

The electric field due to a magnetic current moment dpy is obtained
from the ebove equation by duality and is

- ikZo o-JKR LR r -
(A16) BXR) = %‘Zf- < R ¢ Ry g x apu(Rr) .

R source

The current moments for surface and line distributions of current are
given by

- Js(R') ast
(A17) dpe(R') = X
I(2r) 2t asr
—_— - Es(_ﬁ') ds!
(A18) dpp(Re) = )
M(2') ot ag

Therefore, the total electric field due to both clectric and magnetic
current sources is given by
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vhere the vector far ficld anplitude

(A20) T = - IR R R (R x aDa(Rr) + Y, R x dB,(E"))
sSource

In the case of an aperture lying in the xy~plane the equivalent
surface current sources are given by
(A21) Js=2xMendKg=F x 2
where E® and H® are the aperture fields, If the source point is

described in cylindrical conrdinates (p!,0,p') and the field point by
spherical coordinates (R,6,¢),

(A22) ® . R= p' sin 8 cos (9-9') .
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The complete pattern of a parabolic reflector antenna hQS“been
calculated using the singly-diffracted rays of the geometrical theory
of diffraction, with proper corrections for the forward and recal axial
directions. Excellent agreement with exper.mental patteins can be
expected, if the aperture blockage is not significant.

The solution has the unsual advantages of a solution based on the
geometrical theory of diffraction, namely, it is obtained in the form
of simple functions, its computation cost is low, it is directly related
to the radiation mechanism of the antenna and so it can be readily used
In the design probiem, and it can be easily cxtended and modified as the
need arises.
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