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.Abatraet 

Experimental techniques for the measurement of natural extremely 

low frequency (Elf) electromagnetic noise are described, including methods 

for absolute calibration of magnetic and electric field sensors in this 

frequency range (5 to 30 Hz), After a review of the theory applicable to 

earth-ioaosphere cavity resonances a method is developed which permits 

location of two simultaneously active, major thunderstonn regions on the 

surface of the earth by analysis of ELF spectra. In particular use is 

made of electric to magnetic field ratios and of ratios involving the 

power spectnan magnitudes at adjacent resonant peaks. Limitations of the 

method are analyzed, particularly those related to f  background noise 

(f = frequency) and to quasi-unifomly distributed, minor lightning ac- 

tivity which adds to the noise originating in the major thunderstorm 

regions. Appropriate methods of spectral analysis—appropriate fre- 

quency resolutions and integration times—are determined and the method 

is illustrated by experimental data. It is also indicated how the source 

location procedure—in conjunction with exact data (+_ 0.25 Hz) describing 

the position of the resonant peaks-nnay be used to evaluate Ionospheric 

conductivity profiles extending downward to about 40 ka. 
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I. IHPRODUCTION - OBJECTS AND OUTLINE OP THE STUDY" AND 

SUMMARY OP EXPERIMENTAL MEJTHODS 

1.1 Objects 

Thia project was concerned vdth the observation and explanation of 

electrcmagnetic noise at extremely low frequencies—approximately 3 Hz 

to 25 Hz—and particularly with noise near the Schumann earth-ionosphere 

cavity resonances at about 8, 14 and 20 Hz. Objects of the investigation 

were the identification of noise sources, the identification of pertinent 

propagation phenomena and the identification of other processes which de- 

teimine properties of ELP noise such as diurnal variation of its ampli- 

tude and of its frequency spectrum. 

Possible applications of the observation and analysis of ELF noise 

which have become apparent in the course of the work are (l) the possi- 

bility of locating the position of major thunderstom regions on the 

surface cf the earth, (2) identification of changes in the effective 

conductivity profile (i.e. electron and ±on density and collision fre- 

quency profile) of the lower Ionosphere over large regions and (3) pre- 

diction of some types of Solar Proton events and associated major iono- 

spheric disturbances. 

1.2 Outline of the study 

The maj.>r part of the present report is devoted to a detailed 

analysis of the first application—location of major thunderstom 

regions (or of other ELP sources) by analysis of ELF observations 

at a single station. It will be shown, however, that this location 



11 
procedure ia also fundamental to any detemlnation of ionospheric con- 

ductivity profiles, since accurate information about such profiles cannot 

be extracted from the E1P spectra unless the relative positions of source 

and receiver are hnown (Sections V and X). 

Observations indicating substantial deviations from uonnal Eli? am- 

plitude levels and nozmal ELF spectra vrhich preceded ten Solar Proton 

events in 1967 and 1968 by pei-iods between eleven ind twenty-three hours 

will not be covered in the present report, because they are not well 

understood and because the number of observations is not sufficient to 

permit definite conclusions without further observations. Some possible 

source and propagation mechanisms were analyzed in MPart I*' of this final 

i-eport (APCRL-7O-OI45). 

Since much of the information obtainable from the always present 

nat'jral ELP background noise is contained in its changing power spectrum, 

the applicable fundamentals of spectral analysis are reviex;ed in Section 

II. In Section III the characteristics of lightning strokes are discussed, 

because during Mnomal" periods—that is periods when ELP noise levels 

are not unusually high and "Schumann" resonances are clearly noticeable— 

their major source seems to be lightning activity. 

The basic theory of earth-Ionosphere cavity resonances due to 

Schumann, Wait, Galejs, D. L. Jones, Madden and others is reviewed in 

section IV while details of a new ELP source location procedure are dis- 

cussed in Sections V to VII. 

The effects of two natural phenomena which could lead to large 

errors in the source location procedure are analyzed in Section VIII1 



(l) Noise, possibly of extra-terrestrial or Ionospheric origin and having 

a f"* power spectrum (where 1 < CK < 3) Is always present. In section o.l 

it is Indicated how large this background noise can be before it «111 

prevent extraction of source Information from ELF data. (2) The source 

location procedure assumes that the major thunderstorm activity at any 

6  2 
one time is restricted to one or two major regions such as a 10 km area 

(approx. 10 by 10 degrees) between 1700 and 1900 local time at an equa- 

torial land mass. Simultaneous with this major thunderstoim activity 

there are, however, many analler thunderstoms in progress ever the rest 

of the earth' surface. Section 8.2 considers the effect vq?o: f spectra 

(and the proposed source location procedure) of various possible relative 

distributions of Jightning activity between the major thunderstorm centers 

and the more uniformly distributed minor lightning activity. 

In section II the source location procedure is illustrated by the 

analysis of experimental ELP power spectra and in section X conclusions 

are drawn and directions of future work are suggested. In particular it 

is indicated how the source location procedure—employing the ratios of 

the power spectrum magnitudes at the resonant peaks—can be used, in con- 

junction with exact data (+.0.25 Hz) describing the position of the reson- 

ant peaks, to evaluate Ionospheric conductivity profiles. 

1.3 Experimental methods 

Observations of extremely low frequency electromagnetic noise in the 

earth-ionosphere cavity [Schumann] resonance region are made on the Alton 

Jones campus of the University of Rhode Island [71° H' 01" rf, ^1° 37» 

53"N] in West Greenwich, R. I. The observation site is in a rural forest 
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If I location, far from sources of nsaisHnade electroaagnetic and vibratlonal 

| | I noise (approxiiaately three niles from the nearest pubUc road). Varia- 

tions of the horizontal magnetic field and of the vertical electric field 

in the frequency region between approximately 3 and ho Bz  (3 dB points of 

irgjut filter) are monitored continuously; the vertical electric field 

data cannot be used, however, during heavy local precipitation. Local 

lightning activity, when it occurs, contaminates both electric and mag- 

netic field data, but thunderstorms are common in this area only between 

Kay and Septeober and the annual average number of thunderstonn days is 

twenty-two. 

The sensors for the horizontal magnetic field are two orthogonal 2 

meter diameter coils, each consisting of four separate sections with ap- 

proximately 11000 turns of nun&er 30 wire. Both coils are electrostatically 

shielded by alianinam housings and are buried in the ground within a small 

mount (approximately 2 meter high by 10 meter in diameter) designed so as 

to minimize the propagation of elastic (acoustic) surface waves. The to- 

tal output from each coil due to thermal noise within the coil and due to 

pick-up of ambient noise is approximately 4.5 microvolt measured through 

a 7.7k to 8.30 Hz (one-tenth octave) filter during a "quiet" period (no 

disturbances on the "sumaary record" described below and illustrated by 

figure 1-5)« 

The magnetic field equipment is calibrated at least once each week 

by the transmission of an 8 Hz signal from a calibrating coil for a 

period of 10 to 15 minutes. The calibrating coil produces a horizontal 

magnetic field intensity of exactly 10"p ampere m~ (12.56 milligamma) 

at the location of the receiving coil which in torn produces a 90 micro- 
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volt output voltage in the 7.74 to 8.30 HB bond. 

The output of each receiving coil is applied to an amplifying and 

filter System which conqpenaates for tlw rising angjlitude-frequency 

characteristic of the coil so that the output of the system is propor- 

tional to the magnetic field and not to its derivative. The frequency 

response of the entire receiving syston [including the receiving coil] 

is flat between 5 Et and 30 Hz (+_ 0.3 dB; 3 dB points are at 5 Hz and 

40 Hz) for constant H-fleld input (constant current in the calibrating 

coil). The output of the amplifying system as well as timing signals are 

recorded AM on half-inch magnetic tape running at a speed of 0.0^75 

inches per second. 

Tb» rcrcical electric field was detected by a vertical rod antenna 

until August 1969 when it was aupplemented by a spherical antenna. The 

latter is mounted approximately 30 feet (9.15 meter) above ground level 

and consists of a silver conductive coating painted on the interior of 

a plexiglass sphere. Inside the sphere is a high impedance preamplifier 

connected to the inner conductive walls. The entire assembly, although 

mounted on top of a mast, can be lowered easily to the ground for service 

and repair. 

The design of the antenna is based tqpon earlier work by Ogawa (1966). 

Mounting of a metal antenna, which is electrically isolated from ground, 

at a height of 10 meters largely eliminates spurious signals due to ion 

motion which is particularly pronounced within the first two meters above 

ground. Purthermore the capacitance to ground of the small metal sphere 

(radius a = 7.815 inches) is rather insensitive to small changes in height 

since for (a/h) < (l/lO) its value is given by C w 27ieoa(2 + a/h). 
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? Consequently C and the received field intensity are  rather insensitive 

to lateral motion or bending of the supporting mast during heavy winds. 

The antenna differs from Ogawa's "ball ar;cencaM by being surrounded with 

a relatively thick (0.123 inch) dielectric coating which acts as a "ra- 

dome" making the antenna usable even during »»derate precipitation. 

Since absolute calibration of the electric as well as the magnetic 

sensors is required for the type of pmcessing described later in this 

report (for example the effective wave impedance ]E|/|H| is of interest), 

it was necessary to obtain means for generating a known standard, ELF 

field in the vicinity of the receiving antenna. This is done by feeding 

a 2.86 meter long vertical calibrating antenna. The vertical field gener- 

ated by such an antenna can be shown to be given by 

„    *b f 1   1  1.  1   (z'+ajH  (z»-a)H 1   ,. -x 

where 

L = base current of the transmitting antenna 

H = elevation of the top of the transmitting antenna above a per- 

fectly conducting ground 

a = elevation of the base of the transmitting antenna 

u) = radian frequency 

z' = elevation of receiving point 

r , r,, r2, r-, are defined by figure 1.1 

This expression for E is based upon the equations given by Jordan (1950) 

for the near-field of a vertical antenna. In deriving (l.l) appropriate 



approxlmationo «er» made to take into account the extremely abort length 

of the antenna and the extremely short observation distance in compari- 

son with one free-space wavelengths k is equal to ^(10') meter at 10 BE. 

It is apparent from (1.1) that for an accurate detezninstion of the 

ambient field in the vicinity of a vertical 8LP calibrating antenna the 

only quantity which must be measured, in addition to distances, is the 

base current. This can be done, indirectly, by evaluating the capaci- 

tance to ground, C , of the trananitting antenna. The antexmr. current 
s 

is then equal to V wC where V is the antenna terminal voltage. 
S  & ft 

Using a circuit suggested by H. L. KSnig and illustrated In Figure 

1,2 the antenna capacitance is given by 

Ca - (R-lHC^ + C2) (1.2) 

where R is defined by 

R = r-fr    z  p <1-5) Zl + Z2    Zp 

z« ZP 

P  za + z2 

For a 2.58 Bieter calibration antenna used on the West Greenwich 

field site this measurement gave C = 22.2pf while a calculation based 

upon a formula given by Watt (I967) 

n  1      24.l6(H-aj   . /. ..v 

losio t-d  ] -k 

«rave a value of 22.8 pf. 

In (1.5) the quantity (H-a) is the antenna length as shown on Fig- 

ure 1.2, d is the antenna diameter and k is a factor depending upon the 
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ratio of antenna elevation above ground to antenna length. For tbe valvie 

of a = 2.86 m which was used [a/(E-a)] • 1.11 and k « 0.196. 

Prom the meaaured capacitance of the receivlnfjf antenna« which ia 

normally used for tbe reception of SU? noiae^ the measured anq^lifler 

gain and the anqplifier output -voltage one can evaluate the receiving an- 

tenna terminal voltage. If the receiving antenna tendnal voltage thus 

calculated agrees with the terminal voltage obtained by integrating over 

the length of the receiving antenna (for a linear vertical receiving an- 

tenna) the field due to the calibrating antenna calculated by (1.1) t it 

becomes possible to translate receiving antenna voltage accurately into 

vertical ELP electric field values. (For a spherical receiving antenna 

the received voltage V during calibration must agree with the calculated 

voltage obtained from V » Q/C where Q ia found by integrating the calcu- 

lated radial component of the calibrating field over the surf are of the- 

<*-. mm. 

receiving antennai £ = ejE0d3). 

For the vertical "whip" ELF receiving antenna which baa been used 

in 1967 and 1968 this calibration procedure (at 10 Hz) leads to the fol- 

lowing values of terminal voltagex 

Prom integration of the radiated calibrating field over the receiv- 

ing antenna - 23.96 mV 

Prom amplifier output voltage, amplifier gain and receiving antenna 

capacitance - 25.89 mV 

It appears therefore that the absolute value of the received vertical 

electric field can be determined with a precision of at least eight per- 

cent. Snploying the described calibration procedure one finds that the 



vertical electric field at the West Greenwich field site hear 8 BE re- 
if   

I nained near 1.8 ailli-volt/meter/^^ on a typical "quiet" suoeer d^r. I 

| Per rapid, visual survey of field intensity variations in the 8 Hz 

[first SehuDann resonance] region, "suraoary records" are obtained as 

fcllokst the nagnetlc tape is replayed in the laboratory at a apeed of 
i ■ - 

1.873 inches per second [50 tines the recording speed] into a band-pass 

filter having 3 dB points at yOO HE and 440 HE, corresponding to 6 & 
i 
t 

and 8.8 HE in the original recording. The output of this filter is 

passed through the rectifier and smoothing network shown in Figure 1.3. 

The response of this filter to application and removal of a constant 
1 

I 400 BE signal at AA is shown in Figure 1.4. The charging tine constant 

T of the filter [time needed fo- output to reach 1 - e" of final value] 

is 7-3 seconds. The measured discharge time constant T. is 31 seconds; 

the discharge function actually has the fonn 

. r  -t/P,     -t/r9 -, 
V = [^ - T,,]'1 [T^   x  - T2e       *   \ 

but since T, » Tp it follows that 

-t/T, 
V« e    ,  [T,. = 1.6 seconds] 

Since the input time constant, T = 7«3 seconds, corresponds to 

[7.5(50)/6o] = 6.25 minutes of recording time, fluctuations in the iiqmt 

signal which are appreciably shorter than six minutes will not appear on 

the paper record which is produced by the output of the network in Fig- 

ure 1.3. Purthermorc^ low level fluctuations which occur within a period 

of T [5O]/60 = 42 minutes after a sustained large signal was received will 
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not appear on the output chart. The "sunmary records" illustrated by 

Figure 1,5 (and regularly published in Section 5 of the APCRL "Geo- 

physics and Space Data Bulletin") should therefore be used primarily to 

locate periods of sustained unusual activity} for such periods the 

original wide-band [3 Hz to 40 Hz] magnetic tape recordings may then 

be examined in more detail. The "sunmary records" can also be used for 

comparison with thunderstorm data and records of solar and geomagnetic 

activity to establish vhich events have significant effect upon magnetic 

field variations in the 8 Hz region. 

Calibration signals are indicated by C on the records; periods of 

man-made interference or missing data are indicated by*-*; local thunder- 

stozms (within about 23 miles of the field station) are shown by LS. 

The 10 ^ amp m ~ o Hz calibrating signal saturates the amplifier of the 

paper chart recorder for the gain setting which is employed (although it 

is 10 dB below saturation level on the majestic tape), it can therefore 

not be used to establish relative signal levels, except when records are 

reproduced at half gain. Time on the records is EST with heavy vertical 

lines indicating 0000 hours EST. 

Pondamental considerations Important in the processing for detailed 

spectral analysis of the wide band magnetic field and electric field data 

which are recorded on magnetic tape, are discussed in Chapter II and in 

Appendix A-l. Spectral analysis was perfoiroed by either digitizing the 

data and employing a "Past-Pourier-Transfom" program on an IBM 360/50, 

or more recently—achieving a reduction of analysis time by a factor of 

about 50/1—by employing a commerical ("3AIC0R") special purpose analog- 

digital system for Fourier spectrum analysis. 



n. SPECTRAL ANALYSIS 

The convenience of the frequency concept in the analyais of 

physical phenomena is well known. In order to facilitate the conpari- 

son of theoretical with experimental results, however, a method of in- 

vestigating experimental data in the frequency domain is needed. This 

is the tool of spectral analysis. Determining the frequency content of 

a time signal is by no means an easy task to accomplish and in the fol- 

lowing paragraphs sane of the problems that occur in spectral analysis, 

as well as methods for treating than are discussed. 

The frequency content of a time function is given by its Fourier 

transform. A time signal, x(t), and its Fourier transform, 1(f) are 

related by 

X(f) = J  x(t)e-:t2nft dt (2.1) 
JO 

and +« 

x(t) = J  X(f)e12,lft df (2.2) 
mm 

provided certain mathematical conditions on x(t) and X(f) are satisfied 

[Weinberger, 1965]. These conditions are alwayt» satisfied by physically 

realizable waveforms. 

Although (2.1) does give the frequency content of the signal, the 

result is complex, i.e. it includes the phases of the spectral components. 



Usually, however, phase information is not of interest and a positive, 

2 
real quantity iX(f)} is used. The power spectral density, Sx(f) can 

be defined as 

+T 

(2.5) ST(f) » lim 4p J  x(t)e x    T-«     -T 
-iZxft^ 

It is called a power density because 3 (f) df gives a measure of the 

power in the frequency band between f and f+df. An alternative defini- 

tion of power spectral density in terms of the autocovariance function 

R (T) is sometimes used. The autocovariance function is defined as 

T 

^(T) . 11* "If | x(t) x (tvr)dt (2.^) 
T - •  _T 

The power spectral density can then be expressed as the Fourier trans- 

fortn of the autocovariance function. 

+ • 

Sx(f) = J   Rx(T)e-
2ltfT dT (2.5) 

The definitions (2.5) and (2.5) are completely equivalent. Es- 

timation of the power spectrum by (2.5), which until recently was the 

most commonly used method for estimating the power spectrum, involves 

two computational steps: the evaluation of the autocovariance and then 

the evaluation of the Fourier transform of the autocovariance. In the 

computation of the autocovariance, however, lags of less than or equal 

to only about ten percent of the total record length need be considered 

(Blackman and Tukey, 1958). For this reason the evaluation of the in- 

tegral in (2.5) is much simpler than the evaluation of the Integral in 
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(2.3). In the past, significant computer time savings were realized 

by 'jsing (2.5) since the calculation of the numerical Fourier transform 

I was a lengthy process which could be considerably shortened by reducirsf 
I  - 
I the domain of the function to be transformed. 

) 
i Coo ley and Tukey (1965) have, however, developed a highly efficient 
! 
f 

{ method for numerically evaluating a Fourier transfom. With the advent 
f 

j of this algorithm, the emphasis has shifted to using (2.3) for the evalu- 

| ation of power spectra. In fact, the Cooley-Tukey algorithm or "Fast 

I Fourier Transform" (Fl^T) is so fast that even if the autocovariance is 
i 

I desired, it is more efficient to find the pownr spectrum by the PPT and 

I 
1 then to take the inverse Fourier transform via the FPT, yielding the 
} 
Si 

I autocovariance. The power spectral density can be efficiently estimated 

I by evaluating (2.3) on a digital computer using the FFT. 

-1 

I 2.1 Resolution and Bias of the Estimates 

f Evaluation of equation (2.1) requires knowledge of the entire 

I history of signal, past and future. This is, of course, not possible 

and we must use an approximation of the form 

T/2 

Xfl(f) = f    x(t)e"i27tft dt (2.6) 
a     j 

-T/2 

where [-T/2, T/2] is the time interval of the signal which is available. 

; Equation (2.6) can be written as 

j Xff) =  ! h(t) x(^)e-i2nft dt (2.7) 
t a       j 

-at 

i if we define h(t) by 
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1; - T/2 ^ t ^ T/2 

a(t) = { (2.8) 
0; t < - T/2 or t > T/2 

h(t) is often called a "data window" since it determines what portion 

of the dat'A is "seen" by our analysis. Using (2.2), we can express 

x(t) in terns of its Fourier transform and interchange the order of 

integration in the resulting iterated integral to obtain 

Xa(f) =  J X(f') H(f-f') df« (2.9) 

The function H(f), called a "spectral window", is the Fourier trans- 

form of h(t), the data window, and is shewn in Pig. 2.1. The effect 

of employing (2,6) to estimate X(f) is clear from (2.9); X (f) is a 

weighted average of the actual Fourier transform. Since the width of 

the main lobe of H(f) is proportional to T" (Fig. 2.1), we can increase 

■uhe resolution of our estimates by increasing the length of signal that 

we analyze. In fact, as T becomes infinite (or equivalently, h(t) = 1 

for all time) F^f-f) becomes» ^(f-f), the unit impulse function, 

(Papoulis, 1962) and X,(f) = X(f). 

The estimates of X(f) can be biased by "leakage" from adjacent 

frequency bands due to the side lobes of H(f). This effect becomes 

especially troublesome if the power spectrum of x(t) contains strong 

sinusoidal components cr large peaks (Hinich and Clay, 1968). Bendat 

and Piersall (1966) have approximated this additive bias of spectral 

estimates as 

2r-  L df2 J 
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where Af is the frequency resolution in hertz of the estimates, Ihst 

this bias tern is negligible for earth-ionosphere resonant cavity power 

spectra is shown in Appendix A. 

2.2 Variability of the Estimates 

To msnerieally estimate the Fourier transform of a time function, 

the integral in equation (2.6) must be calculated. An approximate 

formulation is 
N-l 
^      -i2nnf0ldt 

An=A(nf0)=At  ) x(kAt)c 

ksO n » 0, X, 2, ...N-l 

(2.10) 

where At is the time interval between the samples of the analog to 

digital converter and f0 is the fundamental frequency, f0 = l/P = 

1/NAt. Prom (2.5) we see that 

Sn = T lArJ2 ?  n = 0, 1, 2, ...N-l (2.11) 

are estimates of the power spectrum. A plot of S versus n is called 

the raw periodogram. It will be shown that, unless modified, the raw 

periodogram is not a statistically consistent estimate of the power 

spectrum. 

Suppose that a frequency resolution of A f hertz is desired in the 

power spectrum. To achieve this resolution M + 1 values of S could 

be averaged as 
+M/2 

T S. (2.12) n  M + 1  i.     i+n 

i= -M/2 

*Por convenience, we have shifted the time interval to [0, T], 
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where I-', ir %r4e m&rtst even integer to (Sf/f-),   fbe resulting P   wcu,-d 

constitute1 .%n estiaaste of the power specinn at f = nf. Herts. 
V* 

Ac ex^^esaion for the variance of P^ will fee derived belcw.   We 

»Isall «53-u,:.-fc tliat the tis« signal is a arsber of a wldte stationary 

gaitssian i-.-irjl&m process, or, in other words, teat r aah tioe saaple 

xCMt) is a noTBally £^Lstribitted random variable whose statistics are 

isdependebt of k and that the power spectrum of x(t) is a constant for 

all frequencies.    Using tee notation x.  » x(Mt)f equation (2.10) can 

be written - 
N-l 

Ar « &t     4    x e (2.13) 

Equation (2.15) is of the fows 

-I 

:  f 

-.A »s a + lb 
, .n,  -a .- n 

wher«: K-l 

IfeO 

N-l 

bn=4t I \sin(|2.kn) 

5 

If x. is assurned to be a normally distributed random variable, the a 

and b will also be nonnally distributed, since they represent linear 

combinations of norrr.ally distributed random variables. (Mood and Gray- 

bill, 1963). It will also be assumed that E(x.)  = 0, i.e. the signal is 

passed through a filter or some device that removes the d-c level. In 

digital spectral analysis, the signal is usually filtered to prevent 

; 1 
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aliasing (Blackmn and Tukey, 1958). If the gain on the data gathering 

equipnent is adjxisted we can force 

Var(an) - Var(bn) » Ij n - 1, 2, 5f...N-l       (2.1*) 

so that the quantities 

UJ2 = aj + bn
2;   n » 1, 2, ...N-l (2.15) 

are distributed chi-square with two degrees of freedom. (Mood and 

Graybill, 1963). It is clear that the mean value, p, is given by 

H - ELIAJ];   n = 1, 2, 5, ...N-l 

2 
and that the variance, o is given by 

a
d  = E[(|Anr - n)^];   n = 1. 2, 5, ...N-l 

2 
where E denotes expected value. Since o is a measure of power, the 

last equation is a result of our white noise assumption. 

The variance of a chi-square variate with two degrees of freedom 

equals its mean, (Mood and Graybill, 1963). Thus, 

IA/2 

i = -M/2 

The random variables \A  j with n = 1, 2, 3, ...N-l are independent 

since they are obtained by an orthogonal transformation and represent 

different "components" of x(t). The variance of a sum of independent 

random variables is the sum of the variances (Mood and Graybill, 1963)- 
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Therefore, yj~ 

I '"'^n'  M + 1 

2 
Var(Pn) - ^ + 1^ (2.17) 

n   (M ♦ I)2 

2 
%r(P„)   Ä 

The reader will note that variance of the power spectrum estimates Pn 

can be made arbitrarily small by increasing K. SBtimates obtained by 

(2.12) are then statistically consistent. From equations (2.16) and 

(2.17). 
Yar(Pj     - 

rr-5" - MTT (2-l8) 
^(p^     M +1 

2 sinne |i = a . Mote that if M = 0 (corresponding to the raw periodo- 

gram), the standard deviation of P is equal to its mean. This large 

variability demonstrates that the raw periodogram provides almost 

useless estimates of the power spectrum. Since V^-r- =  &fT, equation 
r0 

(2.l8) becomes 

Var(P ) 

If the length of analyzed tune signal and desired resolution are 

known, the variability of the estimates is given approximately by 
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equation (2.19).   llthtnigh (2.19) is «tsletty only true for a «Mtii 

noise speetnai, it is a relation HMölt ^pUM, at lasst «B^tlr» 

to most easM and is widely used (Wactewm and lUkwy, 1958)« 

'«a» 
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XU. THE LHafEKIl» STRdCE AS A SOTMCE OP ELP K««ES 

3.1 The Idstatnixig Usohuve Process 

upon appUeation of an elsetric field, the eoawtltaent «taw sad 

noleoules of a gas becons polarised. If the electric field la increased 

until the ionisation potential is achieved, electrons «ill be liberated 

from their parent atone and be accelerated by the applied field. TJoäer 

certain conditions (Loebt 1939), the free electrons can achieve the 

monentun necessazy to iooise other atoms by collision. !Ehe fast mov- 

ing electrons can also excite neutral atoms causing them to emit radia- 

tion which can photoionize otibar atoms. Hence, electron maltiplication 

or electrom avalanche can occur in an ionized gas. The lightning dis- 

charge is an exmqple of this phenomenon. 

The lightning flash is a very cooplex mechanism and only the gen- 

eral features, important to the present discussion, will be presented. 

If adjacent regions of air are at different temperatures convection 

takes place: warmer air tends to rise and cooler air descends. In a 

mature thunderstorm cell, convection is occurring on a large scale 

and a strong updraft is present. It is this vqpdraft which carries 

positive charges to the top of the cloud. Negative charges, which are 

believed to reoide on heavier particles remain in the lower regions of 

the cloud. The negative charges in the bottom of the thundercloud in- 

duce a positive surface charge on the conducting earth below. The 

20 

t 

! 
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eleetrle field in the region between the loner cloud and the earth in- 

creases as the charge separated by the updraft increases. When the 

breakdown potential is reached, the air below the cloud becomes ionized. 

The Ionisation will first occur where the electric field is strongest, 

which is usually Just below the bottom of the cloud. The free electrons 

in the ionised air are then accelerated towards the earth by the repul- 

sive force of the large accumulation of negative charge in the lower 

portions of the cloud; any motion of the positive and negative ions can 

be neglected since their large mass renders them immobile relative to 

the electrons (Schonland; 1964). The movement of the electrons takes 

place in a series of steps of about 30 meters in length. Hence, this 

first part of the lightning stroke is called the stepped leader. When 

the stepped leader reaches the earth, a conducting path exists between 

the large accumulations of charge in the cloud and the earth. The elec- 

trons in the lower part of the leader flow into the ground first, then 

the electrons behind them so the process appears to move up towards the 

cloud. The return stroke is actually an upward moving increase in the 

downward velocity of electrons. It is the return stroke that produces 

the intense light, heat, and acoustical energy of the typical lightning 

discharge. 

It should be noted that the lightning discharge to earth consists 

usually of several leader-return processes in succession, wilh the av- 

erage number being three; up to 42 strokes ir a single discharge to earth 

have however been observed (Schonland, 1955). The leaders for strokes 

subsequent to the first are not stepped, but move continuously towards 
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the ground. Theae leaders are called dart leadtrs to dLstlngidBh tlxn 

from the slower moving stepped leaders. The average period of time be- 

tween strokes is about 0.05 sees. 

The stepped leader travels at an effective speed of 300 tat/see. 

The dart leader and return stroke travel at speeds of roughly 2,000 and 

10,000 km/see respectively. The return stroke current reaches a peak 

value of about 30,000 acips within 6 psecs after the leader reaches the 

ground. The current decays to half the peak value in an average of 

24 lisecs (Chalmers, 196?). 

Although only the dischaxge to earth has been discussed, li^rtning 

flashes that never reach the ground are quite conmon. These discharges 

do not manifest a return process but are only of the leader type (Schon- 

land, 1953). A stroke between two different charge concentrations within 

the same cloud, or sheet lightning as it is comnonly called, is observed 
0 

frequently. Air discharges, that is, lightning flashes passing from a 

thundercloud into clear air (Schonland, 1956) as well as strokes from 

the highest regions of the cloud qp to the electrospbere (workers in 

atmospheric electricity refer to the cosmic ray produced ionized layer 

as the electrosphere and to the higher conducting layers, a result of 

solar radiation, as the ionosphere) have been reported (Chalmers, 196?)• 

Strokes along a path between two clouds (intercloud strokes) are also 

possible. 

The characteristics of individual lightning discharges probably 

are determined to a large extent by many climatological, topographical, 

and geographical conditions. For example, evidence indicates that the 
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percentage of diacharges to earth depend» upon geogmpfaical latitude 

(Ghalaera« 1967)« Tropical dlachaiges aay differ aignlflcaiitij frc« 

those oeeurlng In tenperate sonee (Watt, I960). According to Schon- 

land (196%), "giant" Uflfttning flashes, with pe»k currents greater than 

I        200,000 «qperes have only been observed in the Swiss lips. Mghtnlng 

f        strokes to the Inpire State Building have been observed to begin with a 
j 
!        leader moving up toMards the clouds. 

Che large differences in the properties of individual lightning dia- 
s 

chazgaa constitute a possible limitation of the methods to be reported 
t 
\ 

here. It «ill be shown below, however, that many of these difficulties 
1 

can be overcooe by eoploying the proper characteristics of received EIF 

j        signals for the location of sources. 

1 
3*2   The Lightning Stroke as a Source of Radio Waves 

Since the lightning flash consists of a tine changing flow of charged 

particles, it most radiate electromagnetic energy. In view of the large 

wavelength of MF radiation, the lightning stroke can be modeled as an 

infinitesimal electric dlpole of current dipole moment M(t) coul-meter/sec. 

According to Watt (i960) fields radiated by leader processes In 

lightning discharges at frequencies below 5 kHz are not significant. One 

might expect this to be true for the stepped leaders which are relatively 

short In length, but this may not be the case for the dart leaders which 

are as long as the return stroke and may have currents of the order of 

10,000 amps (Schonland, 1956). Pierce (1963) has fonmilated an empiri- 

cal expression for the time rate of change of lightning dlpole moment 
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M(t) - 80 ^«qri-li^ir) ♦ ShgWpC-l^V) 

♦ 35 hjupi^t2) 
(5.1) 

idiere the teitn In h. acoounts for leader processes, the ten in h- ao- 

eoants for the return stroke» and h, acoounts for angr conttnuing currwit 

after the return stroke. For a cloud dLseharge, only the f&xvt teas 

applies. The spectral conposition of the discharge moment can be easily 

shown from (3,1) to be 

M(u) - 80 axp {-v/kkf) ♦ 5 «J* (-^AJ^2) 

* 55 exp (HM Ah,2) coul-tat 
(5.2) 

The values of 1^, hg and 1L given by Pierce (1963) are 40, 40 x 105, and 

ICr. Figure (5.1), vifaich shows each term in equation (5.2) as well as 

the total, N(u), indicates that the leader is much more significant for 

the first three Schumann resonances than the return stroke. It is clear 

that there is disagreement about which component of the discharge pro- 

cess is most important at EIF. 

Lightning strokes can have both vertical and horizontal components. 

Several workers have detentdned from theoretical and experimental inves- 

tigations that it is the vertical currents which are the major source of 

low frequency (ELP and VLP) electromagnetic waves in the earth ionosphere 

cavity. For example Williams (1959) has shown by extensive statistical 
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studies of ttaaaderatoira data that the major sources of VLP waves are 

vertical lightning currents, Somnerfeid (1949) has analytically treated 

the problSD of radiation from both vertical and horizontal dipoles over 

a flat« perfectly conducting earth assuming a homogeneous atmosphe^. 

His results show that when the dipole height to wavelength ratio is 

very snail (as is the case for EIF), the power radiated from a horizon- 

tal dipole is many orders of magnitude less than the power radiated by 

a vertical dipole of equal moment. Bnploying a more realistic model, 

Wait (1962) has shown that the ratio of the vertical electric field from 

a horizontal dipole to the vertical electric field from a vertical di- 

pole is proportional to  uc/o  which for a ■ 10"^ mho/meter is equal 

to about 10  in the lower Schumann band. The problem of horizontal 

dipole excitation of the earth-ionosphere waveguide has been treated in 

a recent papex by Galejs (1968a). The horizontal dipole excites both 

IM and TE modes but all modes except the zero order IM are evanescent 

at ELF,   The vertical dipole is, however, a much more efficient ezoitor 

of the IM mode than the horizontal dipole, 
o 

The reason for the poor radiation properties of the horizontal di- 

pole seems to be intuitively clear. In order to satisfy the boundary 

conditions at the surface of the earth, the "image" of the source must 

be oppositely directed. If the source and its image are very close (in 

units of wavelength they are practically coincident at EliP) their fields 

counteract to greatly reduce their effective radiation. In view of 

these considerations and the experimental evidence it is generally ac- 

cepted (Harris and Tanner, 1962: Galejs, 196l; Raerner, 196l) that only 

the vertical components of lightning current are significant in the 
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production of terrestrial KJPnoiac. ^ i 
1 

3.3   Freqaenay Speetrun of Lightning Strote Dipole MopMMBt | 
■■'ft.- 

There are very few data available on BUf lightning apeetra (üopmi,       I 

1963). Harris and Tanner (1962) have estimated the freqrjmejr vaxlaticm 

of a quantity "very nearly proportional to the frequency speetrun of | 
r 

the square of the current moment* of the lightning stroke using the SP I 

data of Baiser and Wagner (i960), Rj-crolt (1965) calculated the fre- 

quency speetrun of lightning from plausible time variations of the stroke        1 

r 
dipole moment and Raemer (1961) estimated the power spectrum of a median        i 

■ ■ ■        . i 

return stroke employing the lightning stroke statistics compiled by | 

Williams (1939)* Galejs (1961) approximated the Baemer spectroD by the 

relation 

g(ü)) m const, exp [-9.1 x 10'^u] (3.3)        ; 

The agreement among the three Hshtning spectra plotted in Pig. 
i 

(3.2) is surprisingly good considering that completely different methods 

were used in their derivation. 



TV. CAVITY FIELDS FRO« VERTICAL 5LBCTRIC DIPOLE SÖORGES 

4.1 1116 Earth-Ionosphere Cavity Model 

The conductivity of the ionosphere is orders of magnitude less 

than the effective ground conductivity so that, in the ELP range» the 

ionosphere is the major contributor to wave attenuation and the earth 

can be assumed perfectly conducting (Galeja, 1964a). 

Ionosphere models (Galejs, 1961; Jones, 196?) admitting only the 

ver+lcal inhomogeneity lead to results which are in closer agreement 

with experiment than a sharply bounded, conscant parameter model. 

Horizontal variations in ionospheric parameters are usually considered 

less important than vertical variations; but the effects of lateral 

ionospheric inhomogeneities have been examined by Madden-Ttiompson (1965) 

and by Nelson (1967). One important horizontal variation in ionospheric 

properties occurs at the boundary between the day and night hemispheres; 

this problem has been treated by Galejs (1964a), but his method Is 

applicable only if the source is located along the day-night boundary. 

The effect of the terrestrial static magnetic field on the 

propagation of ELP and VLF waves has recently received considerable 

attention in ehe literature. Galejs (1968b) has shown that there is 

very little change in the attenuation and phase velocity of 30 Hz waves 

when the propagation direction is east to west or west to east for a 45 

magnetic dip angle. ?or other propagation directions the effect of the 
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magnetic field is even smaller (Galejs, 196Sc). The valiKS of attenua- 

tion and phase velocity caqnited by Galejs compare closely with those of 

Jones (1967} for propagation below an isotropic ionosphere at 30 Hz. 

^.2 Cavity Fields from Vertical Electric Sources 

Based upon the discussion in Chapter lU, we can approximate the 

lightning stroke as a vertical electric dipole located at the surface 

of the earth. A large body of literature on radiation from dipoles in 

the earth-ionosphere waveguide has been published and only the salient 

features of the approach to the problem will be presented here. For 

details the reader is referred to papers by Wait (I960), and Galejs 

(1964a), and to books by Wait (1962) and Budden (1961). 

Following the approach of Wait (1962), the fields can be obtained 

from a single scalar function, f. If the cavity has complete ^ymnetry 

in the 0-direction the expressions for the field conponencs are 

H^-kfl (4.5) 

The function 'i was given by Wait (1962) 

Pv(-cose) 

Ikha    sinvn 
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The syntools in expressions (4,1) - (4,5) have the following meaning: 

T| s ebaraeteristic inpedance of fi,ee space = J/H/c 

k = free space propagation constant = w ^o
c
0 

h = height from surface of earth to "lower boundary" of 

ionosphere 

a ~ radiun of earth 

M(u) = source dipole Eoscent 

9 = angular separation between source and receiver 

P (-cosö) = Legendere function of complex order, v 

The diffiensionless quantity v, which is a function of frequency, depends 

upon the properties of the ionosphere and will be discussed below. In 

essence, f is proportional to the radial component of the Hercz potential. 

Substituting (4.5) into (4.1), and using the fact that Pv(-cos0) must 

satisfy the Legendere equation, 

^e le fsine le pv^eos0)l + v(v+i)Pv(-nose) = o 

we obtain 

M(UJ)V(V+1) 
Pv(-cose) 

4a we h c 
sinvit (^.6) 

The expressions (^.5) and (4.6) should be summed over all allowed values 

of v, corresponding to all possible waveguide modes; but in the ELF ease, 

only one mode, the lowest order TM mode can propagate in the earth-iono- 

sphere waveguide. All other modes, both TM and TE, are well below their 

cutoff frequencies (Budden, 19cl). A useful representation, called 



Coug&ll's expansion (Magnus, et al,;  19^6) of the Legendere function is 

sinvu  = " n L   ndM-lJ-vrv+l) Pn ^oa9) 

n=o 

where tue P (sosö) are the Legendere polynomials, so that the radial eotn- 

ponent of the electric field becomes 

4Ba we h      v  / *  / 
o   n=o 

Tho quantity v is determined by the conditions on E and H imposed 

by Maxv.-oll's equations at the earth and the ionosphere. Equivalent to 

these boundary conditions is the modal resonance equation (Budden, 19^1)t 

R.(e)R(e)e-2ikhcose = i (4.8) 

which must be satisfied if a waveguide mode is to be self-consistent. 

In (4,8), 9 is the complex angle of incidence (measured from the normal 

to the reflecting boundaries) and R.(e) and R (6) arc  the Presnel re- 

flection coefficients at the ionosphere ay.A earth, respectively. Wait 

(1962) has shown that v + |- = ka sin 9 so that if allowed values of cos 9 

are determined from (4.8), allowed values of v are then known. It should 

be clear that v, as detemiued by (4.8) is a function of frequency. 

Kence, at certain frequencies the denominator of a term in the sunmation 

in (4.7) can be veiy small resulting in a large value of E . These en- 

hancements of the fields at certain frequencies were first predic-ced by 

Schumann (195^) and have in recent years been called "Schumann resonances", 



The horizontal electric field ccfflp.nt£ntf Eü is very amll 3±ti2? a% 

EU? the earth is a very good conductor and the electric field Eust be 

very nearly normal to the surface of the earth. For this reason, the 

TM mode under discussion can also be approximated as a TBK mode (Madden 

and Thompson, 1965) • 

The "horizontalH component of the magnetic field, H^ is found by 

expanding the potential function, f, by Dougall's representation and 

substituting the result into (4,3)» 

n=0 

It is apparent that H^ also displays the resonant behavior. 

The preceding discussion can be summarized as follows{ ELF fields 

from a vertical dipole source consist essentially of a vertical E field 

and a horizontal H field  At the earth surface, the magnetic field 

lines are concentric circles about the source. This result is, however, 

only true if the cavity formed by the earth and the ionosphere is per- 

fectly syranetric and Isotropie. 

k.j,    Fields Prom A Distribution of Independent Sources 

The results of the preceding aectjon will now be generalized to 

include the case of a distribution of vertical dipoles on the surface 

of the earth which represents a reasonable model for a thunderstorm 

region. Ac this point we will no longer consider the field components 

themselves, but th- squares of the masnitudes of the field components 

which are proportional to power. The relations (^.7) and (4,9) can be 

thought of as describing linear systems where M(u)) is the input signal 
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and E and " ., are the output signals. The transfer function of this sys- 

tem depends on 8f the angular distance between source and receiver. The 

ease of several lightning strokes can then be thought of as a multiple 

input linear system and it can be shown (Appendix B) that if the inputs 

to such s system are uncorrelated, the total power at the output is the 

sum of the powers due to each input. Thus if it is ass.mied that the 

lightning strokes are uncorrelated, their powers can be added« 

I The square of the absolute value of the £ field due to a distribu- 

I      ■ 2 
I tion of dipcles over an infinitesimal area a sin6d6d0 located at a dis- 

tance 9 from the receiver on the earth surf»*.- is then equal to 

I .2 

a2sin0ded^ (4.10) 

where g(u} is the dipole mrasent squared per unit area, which is in the 

most general case a function of 6 and 0. In a more abbreviated form, 

JEJ2 - GE(et0)a
2ained9!» (4.11) 

For further development we aseume that the source is centered at an 

angular position 6, 0 as shown on figure (4,1). The edge of the source 

region nearest to the receiver is at distance (9-6) and the far edge 

at (94-6). The azimuthal spread of the source is from 0-Au to 0+Äu. 

The square of the electric field at the receiver due to this source is 

then given by 

0+^ 6+A 

iEi  = i    j   GE(9',05a
2sine'd9'd0' (4.12) 

.2    f $ 

V60 "e-a 

The expression for the magnetic field is similar but the H field 
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due to each eleaerct of the source is, in general» in a different direc- 

tion. If we let 

2 

n-0 

then the square of the magnetic field am the receiver is given by 

0+Ä. 8+& 

|H|2»J   J  OgCe«,^) s^C^'^a^ine'dö^» (*.X4) 
0-A 

where the factor sin (0'-«) accouxts for the vector summation. The 

angle 0* is defined in Figure (4.1) so that the source region extends 

in the azimuthal direction from 0* ■ 0-A. to 0« » 0+4*; the angle or 

indicates the inclination of the receiving coil axis with respect to 

the 0' (and 0) reference line which, for example, could be the east- 

west direction. 
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V. TEE RATIO METHOD FOR SOURCE LOCATION 

As is evident from the discussion of the preceding chapter« the 
« 

received EU? fields are dependent upon the parameter vf which is de- 

termined hjr the ionosphere, and the parameter 9, the source-receiver 

separation. In the source location problem« it is advantageous to em- 

ploy those properties of the received signal which are maialy dependent 

on 8 and are relatively independent of v so that precise knowledge of 

the state of the ionosphere is not required. It was suggested by 

Polk (1969) that the relative sizes of adjacent peaks in the Schumann 

spectra would be a useful indicator of thunderstorm location. 

5.1 The Dominant Tens Approximation 

As introduction and to provide insight into the method« we initially 

make a radical approximation. Let us assume that at the n  resonant 

frequency all terns except the n  in the sumnations in (4.7) and (4.9) 

are negligible. This is equivalent to assund."» that the earth-ionosphere 

cavity is very nearly lossless. Under this approximation« the electric 

field at the receiver is 

i?    ü^k!   v(v-flU2nfl)        Qx ,,, -x Er » ^XTI nU^ll) *n(-e> (5.1) 
n o 

and the magnetic field component exciting the receiving coil is 

u  
1M(ü>n) (2n4-l)slnte-a)  d . , oQv        (t. 0. H0 " TZäZT   Wl)-Wvil) dG Pn (co39)       (5-2) 
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at the n  resonant frequency. Fran (3*1) end (5* 2) it readily follows 

that at the n  resonant frequency, the vertical electric field varies 

as P„(OOB 0) and the horizontal magnetic field varies as -jr P (cos 6). 
n CKJ n 

This behavior is illustrated in Fig. (5*1) for the first two resonances 

and it should be clear from Pig. (3*1) that the relative sizes of the 

resonances are indicative of the source-receiver distance. For example, 

if the receiver is 90° from the source, the ratio of the E field signal 

at the second resonant frequency to the E field signal at the first 

resonant frequency should be much larger than the corresponding ratio 

if the receiver is 65° from the source. For the readers' convenience 

expressions for the first three Legendere polynomials are listedt 

P. (cos 6} « cos 8 

P2 (cos 9) - i (5 cosVl) (5.3) 

P, (cos 6) « 4 (5 cos'e-3 cos 0) 
3 

Equations (5*1) and (5*2) can be expressed in a more simple fonn 

in the following mannen The resonances are determined by the condition 

v(vf 1) ä ndw-l) (5.^) 

and since 

v + i - kaS (5.5) 

the resonant frequencies are given approximately by 

„caffiSi (56) 
n     a     ReS w    ' 

if ReS » ImS. If the cavity has perfectly conducting walls, S « 1, 

and the corresponding resonant frequencies are 

UJ-fÄn) (5.7) HO   s 
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so that 

wn " ^ (5-8) 

Using (5.*), (3.5) and (5.8), the magnitude of the electric field at tcs 

n  resonance can be expressed as 

M(wJ(2m-l)  -2- I 

i\l-Tibr—arris pn(co8e) (5-9) 

The frequency dependence of S for several different ionosphere | 

models has been determined by Jones (1967). In Figs. (5.2) and (5.5)» 

a . - 0.182 f ImS d3/hkn (3.10) 

and 

f - ReS (3.11) 

where f is the frequency in Hertz, c is the velocity of light in air, 

and v is the phase velocity of the field conponents in the earth-iono- 

sphere waveguide. Note that if the cavity trails are perfectly conducting, 

the attenuation, cr, should be zero which is confirmed by (3.10) since 

ImS m 0 for the perfect cavity. Pig» (5.2) reveals an Interesting prop- 

erty of the earth-ionosphere waveguides it is a "slow wave** system in 

the Schumann band, i.e. the phase velocity is always less than c. 

The first three Schumann resonances occur at about 8, 14, and 20 

Hertz with approximately 6 HCrtz separating them. Prom Pigs. (5.2) awi 

(5.5) it is evident that ReS and ImS are fairly constant in the frequency 

interval between adjacent resonances. The ratio of the electric field 

magnitude at the N + 1 at resonance to the electric field magnitude at 

the n  resonance is then independent of the properties of the iono- 

sphere and is given by 
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E 

E_ 

M(>,  )(2M.3)>inoFnf,(co8 9) 
(5.12) 

Similarlyf It Is not difficult to show that, under the approxtmtlons 

that have been made, JH  /H I la also Independent of Ionospheric prop- 

erties and is given by 

I Vl ^n.lX^^^P^cose) 

MCw^X^l^^P^cosa) 
(5.13) 

Another parameter which will be of interest in this report is the 

ratio of the E field at the n  resonance to the H field at the n 

resonsjwe, "M.* caa lie ?s3iiy shown to be 

i i 

E n 
H n 

       ,    P_(oos e) 

de Pn(co8 ^ 

(5.1^) 

which displays a dependence on the ionosphere model (since it involves 

S) but has the interesting feature that it is independent of the light- 

ning stroke frequency spectrum. 

The preceding discussion applies only to an infinitesimal point 

source and it is desirable to extend these results to a distributed source 

which is a better description of a thunderstonc region. 

Following the approach in Chapter IV, and choosing the source as 

in Pig. (4.1) the received electric and magnetic fields in a high Q 

cavity can be deteimined as follows. If we use the notation 

2 

GE(ef0) . g(u)n) 
2tM-l  Re2S ^      ,        -s 

7~2arSs deV008 e) 
4neha       no 

(5.16) 
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and 

Qjjfof) - simj 
no 

(5.16) 

vbertf ma before, g(wv la the lightning dLpole Bcnent squared per unit 

area; the nagnltude squared of the reoel/ed electric field 1ft 

**L*     e+fc 

Ej2 - J J       (^(8», 0»)a2 »in O'dO'd^» (5.17) 

and the magnitude squared of the iitagustlc field cosponent exciting the 

receiving coll is 

lHT,i2 - f   i   GTI(e»,0»)aln
2(0,-Of)^ne'de,<V   (5.18) 

n   0-A0
Je-A H 

Assuming that g(u) is independent of 6 and 0, the squared electric 

field ratios at adjacent resonances in the high Q cavity are 
«Bf A n 

E 
Wl 
E n 

2  M2/   \/o- ,\2 2     PÄ .(coseOslne'dB« 

Je^A n 

(5.19) 

and the squared magnetic field ratios are 

H 
nfl 
H n 

2 .fryJ^V  O' ^i<°°-9')/ •^•J9' 

9-A 
(5.20) 

The impedenees cr electric field to magnetic field ratios for a dis- 

tributed source in the high Q cavity are given by 
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2   uW)*»2^    J. ^n
2(cos80al^*de« 

Hn 
I  12^. 

[^^2V082(^)] rtirPn(co.e.)]»ine.de 
^ (5.21) 

It la evident from equations (5.19) and (3.20) that the electric 

field power ratios and the magnetic field power ratios are independent 

of the asimuthal spread, AM, of the source. They do depend on the dls- 
9 

tance, 9, to the center of the source and also depend on the range 

spread, &, however. The E to H power ratios, eq. (3.21), depend on 

A#, A, 0 and 0 but are not a function of the lightning spectrun since 

they jure ratios of quantities measured at the same frequency. In the 

next section, we dispense with the assumption of a high Q. cavity and 

obtain more realistic expressions for the ratios. 

3.2 Ratios for Distributed Sources in the Lossy Cavity 

Siane the quality factor of the earth-ionc-^.ere resonant cavity 

is of the order of 4 (Jones, 196?) the assumption that only the reson- 

ance tenn in equations (4.7) or (4.9) is significant is really not jus- 

tified. Relaxing this condition, the electric field ratios are given 

by the expression 

0+A. e+& 

„   ||   GE  (e',0')aine'de«d0' 
E
TU.I I  l«-^ e-A Vi 

-¥•     -  "i^-eTS        (5.22) 
n '    »  0 p 

G-, (e',0«)sin9«de'cl0' 
J0-A,Je-A En 
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where 

n 

i* 

viütiL  V _—äätl  .p (00,0) 

n o 

(5.23) 

oad the ratios of the magnetic field squared at the n + 1 st resonance 

to the magnetic field squared at the nth resonance are 

04-Au StA 
r * f 2 

P     \ I   Go  O't^Oaln (^'-«Oaine'de'dj»« 
iH ,i  «-^ Je-Ä Vi 

j    1   ö» (e^Osin^'-oOsine'de'd^' 
J0-AM

Je^ % 

where Qw (6.0) is given toy eq. (4.13). Finally, the electric to 

netic field ratios are given by 

(5.24) 

0+A e^A 

off     at (e'^Osinö'de'd*« 

HJ    "   0+A. ©fA n       r    ^ r 
1 j     öH (e»t0')8ine'de»d0' 
0-A^ 6-A     n 

9 

(5.25) 

Assuming that the surface distribution of dipoles is constant over 

the source; or equivalently( that g(u) does not depend on 9 or 0, it 

follows that 

SfA 

2  J   GE  (9«,0»)8ine'de« 
n+ll    e-A  IM-I  
E_ I " e+A     

I  G-, (e'^Osine'de» 
Je-A En 

(5.26) 
n 
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Je-Ä Hn 

2 
^ 

9fA 

,0»)8ine'de« 

»J 
J6-A 

oH(e« 
n 

^OBine'de* 

(5.28 

There are four important parameters to be determined in the thunder- 

storm location protlemt 9, the angular distance or range to the center 

of the source} 0, the bearing or azimuth of the source center; At the 

range spread of source; and A0y the azimuthal spread of the source. 

The E ratios and H ratios contain Information about 6 and A but are In- 

dependent of 0 and A0. The E to H ratios depend on 9, A, 0,  and A0. 

In the next chapter methods are discussed for estimating these parameters 

from Schumann resonance data. 

Numerical results for equations (5.26) - (5.28) can be obtained by- 

specifying an Ionosphere model and a lightning spectrum. The lightning 

spectrum of equation (3.3) has been used successfully by Qalejs (l96la) 

and will be employed here. 

Jones (1967) has shown that the effect of heavy ions in the lower 

regions (below 56 tan) of the ionosphere must be included in any iono- 

sphere model to be used below 50 Hertz. Curves "c" on Pigs. (5.2) and 

(5.3) give ReS and ImS for an ionosphere profile determined from reaction 
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rates of atmospheric oonatitunrt gases by Pierce taa& Cole (1965). This 

profile includes the effect of the heavy loos and values of v can be 

computed from the curves Ko:* by v ■ kaS - 0,5. 

The vnriatlon with aovirce distance of the ratios of the adjacent 

resonant peaks in the received electric field power spectrum is shoim 

in Pig. (5.4) for A « 20°. The results of calculations using both the 

high-Q, dominant term approximation and the full series, ihhomogeneous 

ionosphere model are shown. Note that the relative sizes of the peaks 

display a marked variation with source-receiver distance. It is also 

evident that the ratios for the high ft cavity are not radically dif- 

ferent from the ratios for the realistic cavity. It is also apparent 

from Pig. 5.1f that the results for the point source and distributed 

source are qualitatively the same, i.e. at 6 « 90° the second resonance 

is large cosopared to the first resonance, etc. For this reason and 

because the choice of the ionosphere model is not extremely critical. 

It is evident that eqs. (5*12, 5.13, 5.1^) can yield great insight into 

the source location problem. 

The magnetic field power spectrum ratios for both the high Q and 

low Q, cases are shown in Fig. (5*5). Here the ionosphere model seems 

to have a greater effect but qualitatively the results are again the 

same for both ionospheres. 

The expression for the electric to magnetic ratios, eq, (5.28) 

is fairly complicated in that it depends on all four of the source 

parameters. For the moment we simplify the expression by choosing the 

special case A0 small, a « 0 , and 0 > 90 . This effectively assumes 
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that the aziarathal spread is small (less than 13 } and that the receiving 

coll is oriented so that its maxlanan response is in the direction of the 

center of the source. Under these assumptiona the coefficient snultiply- 

Ing the ratio of integrals in (3*28} is unity. For this special ease 

the ratios if /Ba\    are plotted as a function of 0 for both the high ft 

and lew Q cavxty in Fig. (5.6). Again the qualitative results are the 

same for both ionosphere models. 

3.3 Effect of Ionosphere Model on Ratios 

It is evident from the results of the previous section that even 

a very drastic change in the properties of the ionosphere such as the 

difference between the Pierce-Cole profile and the perfectly conducting 

model does not fundamentally alter the variation of the ratios with 

source-receiver distance. To investigate this effect in a more meaning- 

ful manner, ratio calculations baaed upon two differeno inhomogeneous 

ionosphere profiles were performed. 

The exponential conductivity profile used by Galejs (I96la) and 

the Pierce-Cole (1965) conductivity profile—both for day ionospheres- 

are shown in Pig, (5.7). The Galejs profile is based upon particle 

density and collision frequency data for electrons only (Galejs, 196lb)} 

the Pierce and Cole curve, on the other hand, includes the effects of 

positive and negative ions which account for the fact that the two 

models have conductivities that differ by as much as two orders of 

magnitude at the lower altitudes. 

A comparison of the ratios for the Pierce-Cole (or Jones) iono- 

sphere, the Galejs ionosphere and the perfectly conducting ionosphere 
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is given by Pigs. (3.8 - 5.1^). As would be expectad, the ratios for 

the Oalejs model are closer to the results of the Pieree-Cole (Janes) 

model than to those for the high Q cavity. The perfectly conducting 

case is, of course, a very unrealistic approxtaation to the ionosphere 

and should only be used to provide initial Insight into the Schumann 

phenomena. 

If an experimental spectrum is given and the ratios are oonputed 

from it, the source distances estimated from the Jones or Qalejo models 

would differ at most by about 10 which is an acceptable error for a 

source of A ■ 20° (total source width 40°). 

The relative invariance of the ratios of spectral peaks with iono- 

sphere properties indicates that observations of these ratios might be 

practically useful for determining source-receiver separation. It has 

been pointed out by Large and Wait (1968) and by Baiser and Wagner (1962) 

that the values of the Schumann resonant frequencies themselves depend 

also upon source-reoelver separation; it should be noted however, that 

the exact values of the resonant frequencies are very strongly dependent 

on the properties of the ionosphere. Illustrative of this fact are 

Pigs. (5.15 - 5.20) where the six resonant frequencies are shown as a 

function of source distance for the ionosphere models of Oalejs and 

Pierce-Cole, 

Suppose one were to attempt to determine source location from 

resonant frequency measurements! If the first resonance in the magnetic 

field were at 8,0 H« (for example), the estimated source distance would 

be 63 based upon the Pierce and Cole model and 110 based upon the 

Oalejs model, a difference of 47 (5000 km). If the second resonance 
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In the H fiold were at 13.7 MZ, the distances would be 28° and 73°, also 

a large variation. Note that for a higher or lower peak frequency only 

one of the modela could yield a source distance; in this case, we could 

use the resonant frequency to choose the "best" of the two ionosphere 

profiles. The ionospheric dependence of the peak frequencies of the 

second and third resonanceJ is strikingly illustrated by Figs. (3.17)» 

(3*19)» OTä (5*20) which could also be used to determine which of the 

two ionosphere profiles is "best". 

It is clear that the resonant frequencies are determined at least 

equally by the ionosphere profile and the source location. In fact, 

for the higher resonances, the ionosphere seems to be the dominant factor 

in the resonant frequency variations. To obtain source-receiver informa- 

tion from resonant frequency measurements would require detailed know- 

ledge of the local as well as global properties of the ionospherej the 

ratio method, however, demands only fairly crude ionospheric data. 
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VI. PROCEDÖRES FOR THE LOCATION OP SOURCES BY THE RATIO METHOD 

Having demonstrated that the ratios of the spectral peak powers 

are relatively independent of the properties of the Ionosphere, we now 

turn to a discussion of methods for estimating the source parameters 

3, 0. &. and A. from measured ratio data« 

According to Jones (1969) a given spectrum corresponds to one 

and only one source-receiver separatior, i.e. the spectra are unique. 

It is reasonable, therefore, to assume v=hat a given ordered sequence 

of measured ratios (lEg/feJ'»- JEySgi , JH^/äJ , IH-/HJ') can corres- 

pond to only one source distance, 3. Consequently, one would expect 

that unique determinations of source receiver separation from ELF 

spectra is possible. 

6.1. General Discussion of Source Distance Estimation 

Suppose we wish to find the "best match distance" between n ratios; 

R^ Rg, ... Rn. For example, Rj^ might be lH2/H1| , Rg » l^J^l   t  H, - 

JEp/Bj , etc. It is desired to find one angle, 6, which is the solution 

to the n equations. 

R1 = f^e) 

(6.1) 

R2 - f2(e) 

R = f (e) 
n   nx ' 
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The f functions are basically the 'ratios of squared suns of Legendere 

polyncoials for JE ./B i", or the ratios of squared sums of deriva- 

tives of Legendere polynomials for JH ,/H ! ; hence, the functions 

f. (6) are con-linear and single valued, but the inverse functions 

f.~"(R.) are non-linsar and multivalued. 

In the discussions below, let {r be the i  root for the j  ratio 

and let H. be the number of roots of R. = tÄQ),  i.e. f .(6) » R. at 

i  i     i 
0 « G^f, Öp ... 6J| . If there are n ratios to be matched, the solu- 

tlona of equations (6.1) will yield then sets of roots 

e,1, e2
1, e,1, ... e^ 1 by solving R1 = ^(e) 

2   2   2 
ei » e2 » e3 » ••• %, b/ solving  Rg = f?(6) 

e^, e2
n, e3

n, ... ^ n by solving R^ = fn(e) 
n 

a total of (N, + N- + ... N ) emgles of which only one from each set 

is the desired anfl:?-e. Our task is to choose the n values of 6^ that 

are mutually closest remembering that ..nere is some measuremfcnt error 

in the given values of R.. By mutually closest is meant those n values 

of 9j for which p. and a are selected such that 

n   n 

J=l i^k>J 
Si 

(6.2) 

is a minimum 1 ^ P. ^ N.   1 < «^ 1 N 
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The distance estimate, 9, is then speoifled by 

e-i(ex + e
2
+ ... e

11) (6.5) 

where the selected Q*  are the n mutually closest roots. 

The ratio values will, of course, not be exact due to the noise 

like properties of B1F signals, is is discussed in Chapter II, the 

power spectnm estimates are random variables with standard deviation 

o - |l 
J(&W 

where |i Is the expected value of the power spectrum estimates. For a 

frequency resolution of 0.3 Bfc and a time sample 15 minutes long the 

standard deviation is about five percent of the expected value. The 

probability that a normally distributed random variable is less than 2 

standard deviations from Its expected value Is about .93* Therefore, 

It Is quite certain that the actual ratios are within plus or minus ten 

percent of the estimated ratios. 

If the possibility of errors In ratio estimates is Included In the 

source location problem we define a perturbed set of ratios given by 

(1 + E.)R., (1 + e^Rg, ... (1 •♦• OR where the e. are in the range 

-.15 < c, +.15 . The method Is then to detemLne Q for all different 

combinations of these perturbations. The roots 9,6, 8 , ... 9 

which give the smallest Q, are then used to determine the best match 

distance by (6,3). 

The larger perturbations are less probable than the smaller pertur- 

bations, I.e. It Is most likely that the measured ratios are equal to 
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the actual ratio. Because of this, it is desirable to employ a "stop- 

ping rule" as follows. Rather than searching for the absolute mlnimm 

Q as above, we stop searching for a match when the maximum of jOr - 07 | 
J  o ^ 

for all J and k is less than some amall specified angular distance (5 

for the & > 20 model, for example). The search for the best match is 

done beginning with the smallest perturbations on the roots and working 

towards the larger perturbations. The ordering of the perturbation se- 

quence is detennined by the quantity 

n 

P 

i-1 

** 

so that the pertuttoation vectors (e., e_, ... e ) which give the smallest 

p are used first in the root search procedure, then the pertuibation set 

which gives the next larger p is used and so on, until either a match 

is achieved or all possible perturbations (within the specified limits) 

have been investigated. This algorithm must, of course, be performed 

on a digital computer. 

6.2. The Distance Estimation Procedure for Matching Two Batlos 

As a simple application of the general method outlined above we con- 

sider the problem of finding the unique 6 which gives the best match to 

two given ratios R^^ and R . K.  could be IE-ZEJ and Rg could be [EySlgl 

in the A = 20 model, for example. The procedure requires frequent 

evaluation of the inverse functions f." (9); i « 1, 2, ... n (n « 2 in 

this example) which is done by linear interpolation on tables of values 

of 6 and R. and tables of values of 6 and Rp, The multivnlued property 
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of the functions tAQ)  and f2(8) can be handled by dlvldliif the table« 

into several piecewise singlevalued regions of 6. In the «BMple under 

discussion ^(6) - 132/^12 and t^B)  - l^/^f »*•» fjC*) *»» *«* 

raonotonic regionst 6 < 55°, 55° < 6 < 90°, 90° < 9 < 125°, «ad 0 > 125°. 

The function tAB)  also has the same four nonotonie regionst 

6 < 55°, 55° < 6 < 90°, 90° < 6 < 1250, and e > 125°. The reader can 

verify these statements by refering to Figure (3*4)• Hence, for a 

given R. and Rg, there will be at most four roots of f.CG)! Ö,, 02f 

0^, ejj and four roots of f2(e)t    B*9 B^, By  ej. 

The root search procedure is as follows. The smallest perturbation 

pair e., e2 is chosen (these will both be zero) and the roots in each 

nonotonie region of each ratio are found by Interpolation on the tables 

of theoretical ratio calculations. Then, the smallest of the quantities 

[S. - 6. I is found and this difference compared to 3 • If it is less 

than 3 it is termed a match and the distance estimate, 6 is deteimLned 

by 

i (e^ + e
2) 

1     2 
where 6 and 6 are the two closest angles, the first selected from the 

1111 2   2   2 
set (6. , 6^ , &, , OL ) and the second from the set (6, , 02 , 8, , 

6^ ). Of course, the closest two angles may be more than 3 apart. 

If this Is the case the next larger perturbation on R, and R^ is used 

to determine the roots, the difference between the closest two roots 

is compared to 3 and so on, until either there is a match or all per- 

turbation pairs have been tried. In the latter case, the model is 

changed (for example a different A is used) and the procedure is 
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initiated again. 1 flowchart of the oethod for matching two ratios is 

shoim in Figure (6.1). Refering to the flowchart, M1ZEP3 is the largest 

P'srtuxtMtion considered, EEPS is the inereaent between different per- 

turtwtionsy NDIO is the marlimin allowed distance difference for a 

match, UBS is the magnitude of the angular distance between the two 

closest roots for a given penurtation pair, and NPBRFS is the total 

number of different perturbation pairs. 

6.3« Estimation of Source Distance and A from Ratio Data 

The source range spread can be estimated from the E ratios ana/or 

H ratios in the following way. Suppose it is desired to choose the best 

distance, 6, and best match A from the possible models A - 0 , 9 « 5 » 

A « 10°, A ■ 20°. The procedure is merely an extension cf the method 

iescribed in section 2t one determines the best 0 from the A « 0 

model and stores the pertuzbations required for a match. Then the same 

is done for the other three A values. Whichever A value gives a match 

with the smallest perturbation is the best match A sad the ocrreaponJlhg 

6 is the best match distance. 

6.4. Determination of Azimuth and Azirauthal Spread of the Source 

Refering to figure (4.1) let the 0 « 0 line from the receiving 

site be the east-west line. A coll whose axis is along the east-west 

line (a > 0) will be excited by the magnetic field component given by 

_. 2 
IH^I - [A0 - i co820sln2A0] ^(M) (6.5) 

where ^ 

Kn(e,A) » J  GH (e^a^ine'de« 
e-A n 
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and the magnitude squaTed of tbt aagnttle field eoqpocent Mmeured b}* 

a ooll idiose axle la along the iwrth-aouth Una (a • 90°) in siren by 

2 
JH183!    - [A# ♦ | eo8a#Äln2A ] Xn(efA) (6.6) 

The electric field aagnitude aquared at the receiver is, as before. 

where 

|V!2 - ^ Ve,A) 

en(M) » J  0E (8*}s slnO*^
1 

(6.7) 

e-A " 

Dividing equation (6*3) bjr equation (6.6) one obtains 

2 

Z A
Ä - i co8208in2A. 

Al -•' i coaa^siii2A' 

and if b   is snail (4^ < 10°) this reduces to 

H"
2 

(6.8) 

C tan 0 (6.9) 

A plot of l^/tfrl against 0 for small iL is shown in Figure (6,2), 

Note that for a fixed |HC/S^| value there are four possible asi- 

aruthal locations, 0. The number of possible source bearings can be 

reduced to two as follows. Suppose two coils with perpendicular axes 

are mounted on a turntable so the angle a between the coils and the 

0-0 line, see Figure (4.1), can be varied. Let JH-I be the magni- 

tude squared of the magnetic field cong>onent exciting a coil whose 

axis makes an angle a - o^ with 0 « 0 line and let IHJ be the magnitude 

squared of the magnetic field component exciting a coll whose axis is at 
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an angle ^p " "'l + %^ with x:,esPeot ^ "the ^ " 0 line. Then it is 

evident from the discussion in Chapter 3 that 

*2 

V i cos2(0-af)sin2AÄ 2,      x ,.      . 
" fr I cos^U^sin^ " tan <^) ^•10) 

if Ä. is small.    Hence, atcr«0(or0 + ic) the ratio of the fields 
s 

measured by the two coils must be small and by rotating the coils until 

JH./BL| is a minimua, the axis of coil 1 lies on the great circle path 

between source and receiver. 

The assunption of small &. is not critical. Even in the highly 

unlikely case A. « 30°, 0 estimates based on the A* » 0 model will be 

in error by only about 5° or 10° as is shown in Figure (6.3) where 

Bq, (6.10) for various &,. is plotted. 

Ve have seen that estimates of 9 and A can be obtained from the 

ratios IB^/SJ , V&JB,^    and/or l^/^l , iHy^l "id that by employ- 

ing a pair of orthogonal coils the azimutn cä the source can be' found, 
2 2 

Prom either of the quantities JE Vu^ or |E/M | the value of A. 
0 

can be obtained. For example. 

E n 2^     en(M) 
Ap-I co8208in2A0  TC^e.A) ^'^ 

where curves of £n(9tA)/4(h(9,A) versus 9 for various A are given in 

Chapter 5. After having found 9, A, and 0 by the methods described 

above eq. (6.11) contains only one unknown, A., which can then be 

determined if measurements of lEj/"^ i are a7ailable (although it is 

clear that (6.11) shows only a very small dependence on A^), 
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Thus, all the significant parameters of a thunderstoiro source can 

be detennined by measurements at a single receiving station. There is, 

however, an ambiguity of l80 in the detemination of the source azimuth 

which could probably be resolved by the elimination of unlikely (e.g. 

temperate zone winter) source locations. 

6.5. An Alternate Method for Source Distance Estimation from Measured 

Ratios 

The solution of the problem posed by equations (6.1) can also be 

treated as a minimization of the distance between two vectors in an n 

dimensional vector space. Let the vector of given, experimental ratio 

values be denoted by 

Kl 
R = 

nJ 

(6.12) 

and the vector of function values, which depend on both 9 and A as 

parameters, be denoted by 

P = 

f-^e,*) 

f2(e,A) 

f (e,A) 

(6.13) 

The distance between these two vectors is given by the expression 
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d=yitri-fi(e^2 

i=l 

and this is a minimum for the same 9 and & that minimize 

Q " I tri - fi(e'A)32 (6-l4> 
i=l 

I 
The solution of equations (6.1) is then where ft = 0. There are, of 

course, some errors in the measurenient of the quantities r,, r„ ... r 
i  £.    n 

so that there may not exist any (6,6) pair for which Q = 0. One would 

expect, however, that useful eatimates of the source distance and 

I       range extent, At could be obtained by minimizing Q,. 

The function Q in equation (6.14) has the undesirable property 

that a small error in a large ratio value can be an equal or even 

larger contributor to the total mean squared error than a large error 

in a small ratio estimate. It would be preferable to weight all the 

errors on a percentage basis which can be accomplished b" employing a 

minimizing function of the form 

Q = L  P-T •] (6.15) 
i=l     1 

The standard method for determining the 8 and A which minimize the ex- 

pression in equation (6.15) would be to solve the two simultaneous non- 

linear equations 

59 - U 

lf-° 
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lor 6 and A. The expressions for the f.{&,&)  are, however, extroaely 

involved and the standard approach seems unwarranted. The method used 

here is to simply guess the 9 and A which minimize Q, The procedure 

would be as follows: choose a value of &, say 0 , Then evaluate Q 

for every value of 9 from 0° to l80o in steps of one degree. The value 

of 9 for which Q is a minimum would be the best 9 for that particular A. 

o 
Next choose another value of A, say 5 , and repeat the above search 

for the minimum Q. The procedure is continued until all values of & 

have been investigated and their corresponding best match 9^ have been 

found. The solution would be that (9,A) pair for which Q is a minimum. 

The algorithm outlined above will always find a solution to R = P(9) 

regardless of how poor a match is obtained. A rule to determine whether 

or not a solution has been found would be to test the quantity «^0 . /n 

(average nomalized deviation) gainst a prescribed tolerance, say ,05. 

6.6. Estimation of Source Distance From IE /H I ratios 1 n n1 

The ratio of the electric field power spectral density to the 

magnetic field power spectral density at their respective nth resonances 

is essentially independent of the lightning spectrum since the resonances 

of the two fields occur at very nearly the same frequency. A measurable 

quantity (which is not the total magnetic field magnitude squared) is 

determined by the addition of eqs. (6.5) and (6.6) to be 

EW     NS 

|H r + |H | = 2^ «n(e,*) 
u      n 
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and the electric field magnitude squared Is 

K\2 - ** W'V n'    0 nN 

so that 

|En|2     en(6.A) 

o« 2  »«, 2 ~ «i (e.A) 

2 
Hence, the ratios j^^AJH^I + IK^] ); |E2i

2/(|lf | + [H®| ) and 

|E,| /(JHI I + iH^rj ) depend only on the source distance and distance 

spread, not on the lightning spectrum, the source azimuth or azlmuthal 

spread. These remaining source parameters can be deteimlnsd as described 

in section (6.4) and it is clear that all the parameters of the source 

can be estimated regardless of the lightning spectrum provided that 

ratios taken at the same frequency such as |E /H | , JIT' ACj f 

|E /Hrr| , or lE/Itr | are vtae^-    This suggests a method of estimating 

the lightning spectrum at the Schumann resonant frequencies since the 

ratios |E ,/E | and |H ./H [ do depend on the lightning frequency 

spectrum. 
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VII. LOCATION OP TWO Eli? SOUBCF- REGIONS PROM A 

SINGIE RECEIVING STATION 

It' is probably a relatively rare occurenee that only one. major 

thunderstorm center is exciting the earth-ionosphere cavity at a given 

time and it is therefore desirable to have a method for locating the 

positions of, at least, two simultaneously active source regions. 

7.1. Received ELF Spectra from Two Distinct Sources 

We shall assume two sources of the type depicted in Figure (4.1): 

a source "A" at azimuth 0., distance 9. and a source "B" at azimuth 0g, 

distance 9n from the rpceivirc site. The range and azimuthal spreads of 

these two sources are denoted by A., A. and k,, L^    respectively. The 

received electric field magnitude squared is then given by 

|E|
2
 = 2A0 .e(eA, LA) + 2A0 e(6B, t^) (7.1) 

A B 

and the power spectra in the east-west and north-south oriented coils 

are proportional to 

\lF\2 =  [A0 - 1/2 cos 20A sin 2A0 ] * (0A, AA) 

+ [>0 " 1/2 cos 29g sin 2A0 ] H (0B, t^) 
B B 

(7.2) 

and 

\^S\2 = U     +1/2 cos 20    sin 2Ä0 ] Ji (eA,  AA) I      _ ^       ,.    ,    -L„0AT^._.WA_^A 

(7.3) 
+ [ä*   + VS cos ?*   sin 2AM ] W (e^, O 

0B ■    B 0g bö 
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Since there are now eight parameters which describe the vocation and 

extent of the two sources, it should be expected that estimation of these 

parameters would be (tore difficult than in the previous single source 
I 
f       ease. 

t 
7,2   Estimation of Hange-Parameters for the Two Source Model 

I 
It is advantageous to employ in the location procedure those quan- 

tities which depend on the least mnfcer of independent parameters since 

their detsnslnation will be then greatly simplified. The electric field 

spectrau depends vpon 6 of the 8 source parameters while each of the two 

magnetic field spectra is a function of the entire set of 8 parameters. 

j       This complexity can be reduced by aonbining equations (7.2) and (7*3) to 

obtain 
2 

\jp*\    +  irf0!2 = 2A0   Ü (eA, AA) + 2A^ » (öß. Äß)        (7.4) 

The number of variables can be further reduced if ratios of JHr j    + 

ill    |    and/or |E|    are considered.    For example, 

E. n 2A.    e* . + 2A.    e0 

0A   n+1 0B   n 

(7.5) 

where fir  = 6 (e., &.)  (see eq. 6.6) is evaluated at the (iw-l)8t reson- 

ance of the total received electric field (since the total electric field 

is what can be measured). Equation (7.5) can be written as 

lEwol2   ^ -. + 6 e? i n+1      n+1    n+l /7 ^\ 
1 En I      fi^ + 6 SB n    n 



where 6 = (fi^ /fiu ). The ratios in (7.6) thus depend on 9 , 9-,  A.» Ag» 
B  A 

and 6. 

We can further reduce the number of variables to three by Baking the 

assumption, &. = Ag = A = 5 corresponding to a great circle distance^ 2At 

of about 700 mili-s, which is probably a representative or average value 

for large thunderstona areas (Kealoha, et. al.» 1968; E^ers, 19^9). In 

any event, the ratios display only a second order (compared to 6) 

variation with A in the range 0 <. A <. 10 which probably includes all 

realistic source sizes. As can be seen from Figures (7.1) and (7*2), 

a A value of 5 is representative for the range 0° _< A <, 10°. 

The following seven ratios are then dependent only on 6.« 9.* and 6s 

I n+1 

ITT 
2 

**l+   h
ü+1 ; n = 1, 2 (7.7) 

}n+1
2 "^   = -SU 211 . n = 1. 2 (7.8) 

i n  ' ' n  ' n n 

|Enl
2 C^+ficJ n-     n    n     , _ , /*, n\   ; n = 1, 2, 3 (7.9) 

|Hf|2 . |^|2    <**t n 

The above seven ratios are not all independent; the particular subset 

to be used will depend on the available data. Also, the ratios of the 

set (7.9) are independent of the lightning spectrum (provided the 

source spectrum at location A is the same as at location B), If the 

selected ratios are denoted by f^G., 0_, 6), i = 1, 2, ...n, the 

parameters 9., eB, and 6 could be estimated by minimizing the quantity 
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i 2 

i=l 

where the r. are the given, measured ratios. As discussed in Chapter VI, 

the minimization would be accomplished by repeated guesses ^^ 3.1 9g, 

and 6; the evaluation of the f. is again done by interpolation on tables 

of theoretically calculated results. 

The procedure of repeated trial solutions is, however, quite time 

consuming. The dependence of the f on 6. and 8_ is so complex that we 

are really forced to adopt this brute-force procedure, but the dependence 

of the f. on 6 is comparatively simple; the f. are of the form 

A, + 6 B. 

where A., B., C. and D. depend on 0. and eu but we are emphasizing here 

the effect of 6 on the ratios (r. = f.). This suggests minimizing, by 

conventional means, the quantity 

" T   A + 6 B -.2 

i=l 

for a specified 9. and e„. The differentiation procedure necessitates, 

however, the solution of a high order polynomial in 6. A much simpler 

approach would be to write equation (7«ll) ss 

ri (Ci + 6 Di) = (Ai + 6 Bi) ^.15) 

and then to minimize the quantity 
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n ^ 

ft » Y [^ (Cj + 6 Dj) - (ft * 6 Bi)] (7.1*) 
i»l 

which leads to the following linear equation for 6 

n n 

I (Ci 'i " -^i) (Di ri * Bi> * 6 Z (Di ri - Bi)2" 0  (7-15) 
i=l 1-1 

so that 

I (A. - C, r.HD, r, - B,) 

6 = i^i  (7.16) 
n 

Z (»i ri - v2 

i=l 

since 
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S = Z <Di ri " V2 I 0 ^.17) 
d6  i=l 

we are gioaranteed that this 6 minimizes Q for a specified 9. and 6-. 

The method of detennining 9A, 6«, and 6 from measured ratios can now 

be outlined as follows: 

We investigate all values cf 9. and 9_ between 10 and l80 in 

steps of a prescribed increment, say 2°. The first value of 9., say 

10 , is chosen and then a value of 9^. All the quantities on the right 

hani side of (7.l6) are then specified and a value of 6 can be calculated. 

The corresponding value of Q, is determined from (7.1^) and stored. Then 

ths next 9_ is chosen, 6 determined, and Q calculated. If this Q is 

less than the previous ft, the former (along with the associated values 

of 9 , 9-, and 6) is stored in place of the latter and the next Og in 

sequence is used to determine a Q. This procedure is continued until 
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all possible values of 6- are investigated, nie next value of 6. 

is chosen and all possible values of Qu are used to detendne a Q 

value and so on until the entire allowed set of 8., 6u pairs have 

been used to evaluate the 6 which yields a minimum Q. The values of 

0., eUt and 6 which produce the mLnlnnm of this set of ndnlnmns are the 

best choices of these source parameters for the given ratios. 

7.3 Estimation of the Azimuthal Parameters in the Two - Source Model 

There are fifteen ratios of spectral peak powers which depend upon 

the azimuths or bearings of the two sources; they are: 

I n '  n I ;    n = 1, 2, 3 

lEL/lH ;    n - 1, 2, 3 

|2    i „0.2       .  „r|2N 

«f| K\$\ * KI) 
2V 

; n « 1, 2, 3 

vdiere n denotes the ordinal number of the resonance. After examining 

these quantities, however it becomes clear that a knowledge of some 

of them implies a knowledge of the others. In fact, values for all 

of them are specified by measurements of any two members of the set 

|2 i   CTIi2 i   m,2 Ml • |vf | • Mff 
we shall confine our attention to the first two ratios of this set; 
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different choice will not affect the azisinents which follow. 

By applying equations (7.1 - 7-3) these ratios are 

2     [t   4*08 2Vin aiu   1 «J ♦ [A* 4co8 a^sin 2t    ]% 

H«3 

% 

L\4cos 20Asin 2A0A ] l^ + [^os S^sin 2A^ ] 1^ 
(7.1S) 

£ 

n 

^ + 2\^ 

i\4co. ^sin ^ J irj + [^4cos ^sin ^ ] ^ 
(7.19) 

n = 1, 2, 5 iiÄiere 

JJ*'8 = Gu (GOsine'de« n * _        »    n (7.20) 

n J 

eA.B+Ä 

eAtB-A     n 
GE (eOsine'de» (7.21) 

and expressions for G_ and GE were given previously (equations (4.13) and 

(5.23). 

A word about the geometry used in the thunderstorm location pro- 

cädur» is in order. Since the area of a thunderstorm regioa which is 

2& in azimuthal spread and 2A in range spread is 4a A sin 9 sin A 

where a is the radius of the earth (6.4 x 10' km), the area of the source 

depends upon the source-receiver separation 6. Hence, at very close 

(near 0 ) or very distant (near l80 ) storms the source area for a fixed 

& becomes unrealistically small. This can be accounted for, however, 
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by allowing A. to assume fairly large values, say as much as 40 . Tiese 

remarks become important in determining the validity of certain approxi- 

mations which are to be discussed below. 

The equations (7.18) and (7.19) can be greatly simplified by naking 

the approximation that &. and A^ are small enough so that the factors 

sin 2 Ä  and sin 2 &  can be replaced by 2A  and 2A* ; this applies 
9A *h Q H ^B 

if A. and A. are not larger tiian 20 . We can preserve a representative 
0A    *B 

source area of the order of at most 300,000 square miles (roughly the 

size of the state of Texas) in the range 10 ^ 9 ^ 170 by adjusting the 

A *s within the upper limit of 20°. 
9 

The simplified forms of eqs, (7.l8) and (7.19) are 

■£ Vt 3in\ + 6 iP sin
20B n 

JC cos 0« + 6 JC eos 4 
(7.22) 

n 

n 

n    n 

J^ sin20. + 5 if sin""*. n n B 

(7-23) 

n 1, 2, 3 

where 

5 = v\ 
Since we have previously shown how to estimate 9., 9- and 6 the only 

A D 

unknowns in (7.22) and (7-23) are 0. and 0B, provided measurements of the 

quantities or the left hand side are available. Subsequent discussion 

will require some algebraic manipulation and we shall simplify the notation; 

n .     „ EWfy, NS let ^ = ^ /^ 
2 

T2 = E2
mAi2

m ■ EW/^ NS 
' r3  1^ ^3 . Ki A EW 
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Using the identity sin x + co» x • 1 the equation« (7.22) and (7.23) »re 

seen to be six simultaneous equations which «re linear in the two un- 

knowns sin 0. ana 8in^B. The first three of these equations corresponding A B 

to (7.22) are 

*n 8in\ + 8 «n ^\ -T7l^ + b $ (7.24) 

n = 1,2,5 «nd the three equations corresponding to (7.23) are 

n 
(7.25) 

n = 1,2,3« 

It is clear that the equations (7.24) and (7.25) are identical since 

it follows fi'om 

2 

(7.26) 
 n  , A , Bv   1 ,A      . _Bs 
 T~ iM +6)i)=Tr_(C +66) r +1 "n Hn   K   n    n n n 

n 
2Ä, '0. 

hence, we need deal with only one of the two sets of equations, either 

(7.24) or (7.25), to determine 0 and 0g. Without loss of generality, 

we shall choose to solve equations (7.24) and shall express them in 

the matrix form 

MS =C (7.27) 

where 

M :-. 

H 

6«. 

B 

B 
(7.28) 

6«. B 
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s » 

and 

Blifö, 

2 sin ^ 
(7.29) 

C » (7.30) 

7^ (V^»iB) 

Trfr   («/.6H/) 

7^1 (*/♦'»/> 

As is well knt\m (Heraraerle, 1967). the beat solution to (7.27) in the 

least squares '.tense is obtained by solving the equation 

if M S = M1^ C (7.31) 

where the superscript T denotes the transpose of the matrix. The 

matrix equation (7.31) represents two simultaneous equations in the 

2       2 
two unknowns sin 0. and sin 0R and can be solved by conventional means. 

It is instructive, however, to examine the determinant of the matrix 

of coefficients, IT M, in (7.31). This determinant is given by the 

expression 

det (M1 M) = 62 { [(V)2 *  ()l2V <■  <*3A)2 K)2 * 0»/)2 *  O»,8)2 J 

- ih\B * "A8 * »JV ]} 
3 

(7.32) 

A   B which vanishes if 9 = 9 . Therefore if the two source centers are at 

equal distances from the receiver, ratios of the type shown in (7.22) or 

(7.25) can provide no infomatlon on the azimuthal location of the 

sources. This fact becomes clear if one examines the expressions for 
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the ratio« given by (7.22) or (7«23) under the condition that eA - 8B 

(or «^ » ii® » %n and «^ - C^ « «n) «inee the ratios beoo»« indeparr^ent 

of the reaonanoe nuniber. In fact, if 9^ « 6^ and AA *. ÄB 

B Kr«totC*fyS*w& 
B 

1 A B 

2Ä0 CO820A^ + 2Ä0 coe2^ - 2Ä'0 co8^'j(n ■f 

vÄiejre 

'n 'n 

'n  "n 

^•-v 

'n 

^ 

B 

and 0'  is an equivalent - fictitious - azlanith for the two sources located 

at 8. m eo with 0,      00. AB AB 

A single received spectrum is produced which is indistinguishable from the 

spectrum from one source. 

7.4 Detecting the Presence of More Than One Major Source 

If a single major source is exciting the cavity the ratios 

iF\' 

if 
n 

Afl 4 co82asin2A0 

&0 +t cos20sin2A0 

are obviously independent of the n, the ordinal number of the resonance. 
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2 
For the case of two aources, Iwvrever, |H^/H~J given by equation 

(7»l8) are clearly dependent on n unless 6. = Ou and A. — An. We can 

then make the following statement: if the measured quantities IH^/HTI 

are different for different resonance numbers, there must be more than 

one source. It does not follow, however, that if these ratios are 

independent of n there is only one source, since as we demonstrated in 

the previous section, two sources at equal 9 but different azimuth 0 

can imitate one source at a single receiving station. 
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Vni. EFFECTS OF BACKGROUND NOISE ON THE SOURCE 

LOCATION METHOD 

Up to thia point, it has been assumed that the measured ELF spectra 

are not contaminated by signals of an origin other than major intense 

thunderstorm regions. This is, of course, not always true and in this 

chapter the effects of various types of noise on the estimated source 

distances will be discussed. 

8.1 Effects of Extra-Terrestrial Noise on Source Location Estimates. 

Schumann spectra of the magnetic field ere frequently observed to 

have a sharply increasing power level with decreasing frequency. This 

effect can be pronounced enough tc cause errors in the estimates of the 

power levels at the lower Schumann resonant frequencies (and consequent 

errors in the estimation of source location) and can even be so strong 

as to entirely remove any evidence of resonances (see Figure 8.1). The 

source of this noise is probably outside the earth-ionosphere cavity and 

possibly involves hydroraagnetic emission phenomena; it cannot be pro- 

duced by distant thunderstorms since the analytical expression for the 

magnetic field does not contain a "zeroth" resonance term. In contrast, 

the electric field does have a "zeroth" resonance. 

Numeixcal experiments were conducted to determine the effect of 

noise of this type on the location estimates. The frequency spectrum 
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of the noise csn be approximated by 

H(f) = If"" (8.1) 

where a is In the range 1 to 2. It is clear that for a given A, the 

larger or is the less a Schumann spectnan will be contaminated. If the 

spectrum resulting from thunderstorm activity is designated by T(f), 

the total received spectrum, S(f), (including the noise) can be written as 

S(f) ^ N(f) + Tff) (A.?) 

provided N and T are the power spectra of uncorrelated random processes. 

Assianing a source location and strength, one can then evaluate S(f) for 

different values of A and « and use thesa "noisy,, spectra in the source 

location procedure. Figures (Ö.2) and (8.5) illustrate the results of 

those investigations. In these graphs 8 is the true location of the 

thunderstorm source; the abcissa is the ratio of the spectral power at 

2 Hz to the spectral power at the first resonant frequency i.e. 

_S(21 
} (8.5) 

where f., is the apparent first resonant frequency. Since thunderstorm 

produced power at 2 Hz is negligible compared to the noise power at 2 Hz, 

C was chosen in this forro ao that it could be used as a criterion for 

accepting or rejecting a spectrum as useful for the location of 

thunderstorms. 

Variation along the abscissa can also be roughly interpreted as 

variation of the percent noise power at the apparent first resonance. 
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The raasoa fcr Ulis ia as folXows: The percent ncise power, P, «it the 

first resonance ia given by 

N(f.) 
P ~ 100 ^ N^f,) \ TifJ  J (8-5) 

and since f. is approximately a constant (f, depends on A, a,  and the 

source location and stringth? but the range of variation is at most 

about +, 1 Hz), we have 

p = loo [isitl)M2)]c (8.6) 

so that P and C are related by a constant if or is fixed. We cannot ex- 

perimentally observe P, but we can measure C. Figure (8.2) shows the 

variation of the estimated source distances 9 for a = 1 and vaiying C 

or P (which corresponds to varying A). The estimated source locations 

are plotted until the estimates are more than 10 in error. The amount 

of noise which is tolerable is dependent on 6 . For example, if the 

o 
source is at 120 distance, source distance estimates are unreliable 

if C > .1 (P > 12 %),but if the source is at 20°, C < 4 or P nearly 

100 0/o does not afftot the distance estimates. 

Selection of a = 1 ia probably a too severe assumption about the 

noise frequency variation. Experimental data indicate that more often 

2 
a a: 2. Figure (8.3) describes the effect of noise if N(f) - A/f  ; 

9^ = 120w is still the worst case but not until 0 _> 4 (P _> 25 /o) must 

we reject a spectrum. 

It can be concluded that the estimation procedure is fairly insen- 

sitive to this type of noise. 
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8.2 UnifoiBi Equatorial Distribution of Low Level Thunderstorm Activity. 

In this section, we examine the effect on the source location pro- 

cedure of low level thunderstonn activity distributed over a large equa- 

torial area. According to Pierce (1969a), large scale thunderatoisi areas 

have a characteristic cliEension of about 1000 Km  (A = 4.5 ) or an area of 

10 km . Herman (19^8) has concluded that the world's major thunderstorm 

f\     ? 
regions have an area of 5 x 10 km (about l/500th of the earths surface 

area). These thunderstom regions consist of conplexes 30-40 Ion in dia- 

meter and separated by aboi:t 100 km (lierce, 1969b). On the average, a 

specific complex will contain one or two active cells which are 6 km in 

diameter and produce three lightning strokes per minute (Pierce, 1969b). 

Using Pierce»3 model we can estimate the flash rate of a typical 

major thunderstorm area. Imagine that a typical complex is placed at 

h    2 
the comers cf a square region 100 km x 100 km. This 10 km region 

then contains one complex and on the average will produce 6 flashes per 

minute so that one of our typical major thunderstorm regions will pro- 

duce 600 flashes/minutd. Assuming that two of these major regions are 

active at a given time, the flash rate from these two major regions would 

then be 1200 discharges per minute or 20 discharges per second from the 

world major thunderstorm regions. It is generally believed that there 

are three major thunderstom regions—tropical Jimerica, Africa, and 

Asia; however, meteorological conditions which are favorable to thunder- 

storms depend on local time (late afternoon is usually considered opti- 

mum for the occurrence of thunderstorms) so that at most two major re- 

gions are likely to be active at a given time (Smith, 196l). 
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According to the widely accepted thunde.r«torm theoiy of atmospheric 

electricity, woitd-wide lightning activity is the generator of the atmos- 

pheric potentiar. gradient (ChaJmers, 196?) and from measurements of this 

potential gradient, the total world-wide lightning activity at a given 

time can be estimated. In this way, it can be roughly detenninsd that 

there are at least 100 lightning discharges/second occurring over the 

entire wrrld (Snith, 1961). Polk (1969). using a related technique, lias 

estimated that there must be 250 "typieal'' discharges per second over 

the earth. 

Prom these very rough, estimates it seema that the amount of 

lightnirsg activity concentrated in the major thunderstoiro regions is only 

about twenty percent of the total world-wide activity. Suppose it is 

assumed that the other 80 percent (about 80 discharges per second) is 

uniforaly distributed in an equatorially centered band between 30° north 

latitude and 50° south latitude. Then the flash rate surface density 

in this band (its area is exactly one-half the total surface area of the 

8 2 —7 ^ 
earth; about 2.58 x 10 km ) is 5.1 x 10 ' flashes/km /sec. Comparing 

this with the flash rate density in the major regions, 2 x lO"5 flashes/ 

2 
km /sec., we see that the source strength (g(u))) in equation (4.10) in 

the major regions is about two orders of magnitude larger than that in 

the uniform equatorial band. It remains to compare the received power 

levels from the uniforai band of scattered "background" sources and the 

major regions. 

Suppose there are N. strokes uniformly distributed over an area A. 

Then the total dipole moment squared over this area is N,M (w) and we 
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have 

NAI^(ö) = J   J g(«)dA (3.7) 
A 

aad if g(«) is uniform over A, 

tfM 
gM . -«j  (8.S) 

but N. * (tA where p is the stroke surface density (strokes per unit 

area) so that 

g(w) . pM2^) (8.9) 

lie cau IKW BKjdify equation (5.5) to account for the stroke surfase 

density and write 

g(«) » (const.) p e^)(-9.1 x lO"^ w) (3.10) 

«here the constant depends upon the properties of our "typical" light- 

ning sts^oke. Knowledge of an absolute value for this constant is not 

neoessaiy in the ratio method; only the frequency variation is impor- 

tant and,as was discussed in Chapter III, the frequency variation is 

held in fair agreesnent by several researchers. 

It is instructive, however, to exandne the likely range of values 

of g(u)) sn that calculated signal levels can be compared with the 

«aeaauTed levels. As mentioned in Chapter III, the average return stroke 

has a peak current of abjut ,?0,000 amps and a duration cf about 100 

micro-secjnds (Pierce, 1963; Watt, i960); assuming a stroke length of 

two kilometers, the peak value of the current moment of the return stroke 

7 
is o x 10 amp-meters. The bandwidth of the pulse is of the order of 

the reciprocal -f the pulse length or 10 KHz. Therefore, in the region 

0 ^ f <_ -;0 Kz. the return stroke spectrum can be considered nearly white 
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and of magnitude equal to (peak anpllftsde) x (pulse length) or 6 x ICK 

asap-tneter sees. Consultation of any of the standard tables os Fourier 

transfom pairs show that the detailed pulse shape is uniaqportaat 

(e.g. see Korn and Kom» 1968) for the purposes of estimating e3cpecte<i 

signal levels. Note that this value of 6 ;* 10 for M(w), although ob- 

tained in a very rough way, coffipares quit« favcrably with the value, 

5 x l(r, given by Pierce (1963), We then can conclude that IT(«) for 

the 3?etum stroke must be in the range 10 - 10' aap -meter -sec so 

that g(w) would be as follows: 

g(ö) for unifom low level background is [j.l x 10 , J.l x 10*'] 

g(fc») for asajor thuaderstom areas ig   [2 x 10 , 2 x 10*^]. 

Using the largest g(w) in their respective ranges, a aajor source 

(& ss 5 • «L » 5 ) a* a distance of 40° should produce theoretical first 

resonance field amplitudes as 

|E1J = 2&iei(40,5) = l8ji volts/meter 

(lij^i = 24 1^(40,5) = .0^.  amps/meter (8.11) 

(or ,0^8 mllligarana) 

o 
and the unif ors1. +_ ~0 tand of low density "background" thunderstorm 

activity produces fields (at Kingston, R. I.; located at approximately 

4l.60M, 71.80W) of amplitudes 

JE,| = 19.3^ volts/meter 

jr^l = .045ü a ps/meter (8.12) 

Cor .056 milligamraa) 
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These values are on* or two orders of magnitude smaller than those re- 

ported in the literature (Polk, 19^5). A possible reason for this dis- 

crepency is that the assumed value of M(fes) is one or two orders of mag- 

nitude toe anali. Rycroft (1965) has obtained good agreement between 

theoretical and experimentally measured 8 Ez field amplitudes using the 

dipol<s mement M(«) = 1.^ x lO' at 8 Hz which is roughly two orders of 

magnitude larger than would be expected for an "average" return stroke. 

Prom "slow tail" measurements, Hughes (196?) has estimated M(iij) to be 

about 3 x ICr at 100 Hz and notes that this is about 40 dB larger than 

the estimates based tqpon the return stroke only (Williams, 1959). la 

a more recent paper, Hughes (I969) provides experimental measurements of 

M(ui) which if extrapolated down in frequency to the region of the first 

three resonances yield a value of about 10 amp-meters. Polk (1969) has 

'ased estimates of the vertical electrostatic field to conclude that 

M(uj)/h = h'~  amps where h is the ionospheric height. For h = 50 Ian, this 

yields a moment of M(u)) = 2.2 x 10 amp-meters. The empirical fomula 

of Pierce (1963) describing time variations of the different components 

of a typical discharge (leader, return, and continuing currents) can be 

used to estimate the frequency dependence of the lightning stroke dipole 

moment. As was shown in Figure (3.1). the total Jr(w) is about two or- 

ders of magnitude higher than that for only the return stroke. These 

discussions seem to indicate that, as was pointed out by Pierce (1965), 

all the processes of a lightning discharge are important in the excita- 

tion of the Schumann resonances and not exclusively the return stroke as 

is widely assumed. If the previously used value of M(u)) is increased by 
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a factor of 10, the theoretical signal levels (equations (8,11} and 

(8.12)) ccagpare well with published data (Polk, 1969). 

Equations (8.11) and (8.12) indicate that the signal levels from a 

major thunderstoxm area and from the equatorial region of background 

noise could be of comparable size. This raises the question as to 

whether the "signal" from a major region can be sufficiently discrimin- 

ated from the "noise" of the equatorial background so that the location 

of the major region can be determined. 

It is reasonable to expect that the background thunderstcxm noise 

is seasonally dependent, i.e. the background noise spectnss would be dif- 

ferent for spring-fall, northern sunnier and corthem winter. Estimates 

of the geographical distribution of the equatorial noise belt can be 

obtained from the literature (Snith, I96I). Assuming a distribution 

uniform in longitude, the extent in latitude of the noise belt for the 

various seasons is roughly 

spring-fall 50oS to 30oN 

northern sunraer 10oS to D0ON 

northern winter    400S to 100N 

The electric and magnetic field power spectra received in Rhode Island 

for these three cases are shown in Figures (8.4) and (0.5). The maxi- 

mum pjwer  level variation for zhe  different seasons is only about thirty- 

percent; this might be expected since the source area for the three cases 

8  2 
is fairly constant; winter area = 2.1 x 10 km , spring fall area = 

p  2 8  2 
2.58 x 10 ' km . summer area = 2.68 x 10J km . A most important charac- 

teristic of these spectra which should be pointed out is the fact that 
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the p«ak powers at the resonance» decrease with lnerr%sing resonance 

masber, i.e. the ratios JE^/Ej2, \Zjfc2\2,   iH/^j2, JHyi^j2 are 

all less than unity. 

One may ask if the "real world1* Schuoann speotra ever depart from 

the estimates given by Figures (8.4) and (8.5) or if the spectra show 

a day to day variation during the same season. Obviously, if the 

spectra are the same from day to day or from week to week, the location 

of our hypothesized "major" regions would be impossible because either 

these major regions do not exist, or their level is so low that their 

presence cannot be detected in the background noise. Actually measured 

spectra do display significant day to day and even hour to hour variations, 

Typical power spectra, measured in Rhode Island, are plotted in 

Figures (8.6) - (8.8). Figure (8.6) shows that in the space of six 

hours a significant change in the east-west magnetic field power spec- 

trum occurred on February 19, 196?. Both the ratios and the resonant 

frequencies show marked changes. Figure (8.7) shows a similar variation. 

An outstanding example of spectral deviation from the background esti- 

mates of Figure (3.4) is shown in Figure (8.8) where the electric field 

power spectrum at 1400 EST on August 14, 1968 is plotted. Here the 

power level increases with the order of the resonance and it is clear 

that at this time, the background level must have been low. Spectra of 

this type are not at all rare occurrences and we can conclude that 

usually the background noise does not completely conceal the signal 

from the major regions. 

Equations (8.11) and (8.12) indicate that the "noise" level pro- 

duced by the equatorial background and that from a major source are com- 
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parablet however, experiment shows that significant departures from a 

constant anibient spectrum dc occur. In the paragraphs to follow, we shall 

examine the problem of how much noise is tolerable in the location of the 

principal thundarstorm regions. 

To simplify the analysis, the case of locating tu  single 10 km 

major source in the presence of the vmifom equatorial background region 

will be considered. The stroke densities in the major and background 

regions are denoted by p« and PB; the number of strokes per unit time 

in the regions are It. and NL. We shall use Smith's estimate of My * 100 

discharges per second over the entire world and write 

Hy » KJJ + Sg (8.13) 

100   »   Pj^ +   PgAjj (8.14) 
or 

where iL. and Ju are the areas of the major and background regions. For 

the purposes of computation 

gM(w) « P^M
2^) (8.15) 

and 

gB((ü) = p^u.) (8.16) 

If the relative flash density Pp/o«» and the areas JL. and JL, (dependent 

■>n the season) are specified the p„ and p., can be determined from (8.14) 

and the spectra from the major source and the background can be calcu- 

lated. Figures (8.9), (8.10), (8.11) show the effect of the background 

noise on the source distance estimates for northern winter, spring-fall, 

and northern summer. On these curves the abscissa is the relative 

strength of the backgroimd souree O-Jp   ,  the rdinate is the estimated 
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source distance and the curves are parametric in the actual source loca- 

tion, 6 . If -AJJ and A^ are specified, ML « PgiU can be determined for a 

given value of ^^ and the values of JL (strokes per second in the back- 

ground region) are displayed at the top of the page for the regions indi- 

cated. The curves simply display the deviation of the estimated location 

from the true location with increasing noise. It can be seen that there 

is very little seasonal dependence of noise effects, a result which 

might be expected since the corresponding noise spectra are very similar. 

We can conclude that Pö/PM must be less than or equal to about 2 x 10 

(N- ^5) for the determination of precise source locations. This result 

is consistent with the calculations of (8.11) and (8.12) where it was 

found that the "noise" level and the "signal" level were about equal for 

the case Pg/Pm, — 10 . This means the received signals are about fifty 

percent noise and it is not surprising that the resulting estimated 

source locations are very different from the true locations. This re- 

sult should be contrasted with the case of the Af"* type additive noise 

whore almost 50 percent noise at the first resonance was tolerable; but 

this is due to the fact that the exponential noise contaminates only the 

first and second resonances of the magnetic field. Both electric and 

magnetic field ratios are used in the estimat.on procedure. On the 

other hand equatorial background noise contaminates all the peak powers 

of both the electric and magnetic field. It appears that the ratio 

method is quite sensitive to our hypothesized equatorial noise sources. 

Figures (3.6) to (8.8) indicate, however, that the estimates used 

in equations (8.11) and (8.12) for the relative strengths of uniformly 



distributed lightning activity as compai'ed vrith activity iai the major 

thunderstorm regions are probably erroneous. In particular, these esti- 

mates are very sensitive to the area of the rcajor thunderstorm region; 

for example, if the assumed area of a major region were increased to 

6  ? 
5 x 10 km (Hennan, 1968) the "signal" to noise ratio would be greatly 

improved. The physical parameters describing thunderstorms and lightning 

have large variability and are still the subject of active research. Con- 

sequently, the rumerical values quoted here are at best crude estimates 

and are only indicative of the order of magnitude of the particular 

quantity. It is clear that the assuned uniform equatorial background 

noise must be either more restricted in area or must have a lower rela- 

tive flash density than assumed in the discussion leading to (8.11) and 

(8.12) if SDP spectra lead to the correct determination of thunderstorm 

regions. To the extent to which it becomes possible therefore to con- 

fiim ELP results by direct surface or satellite observations, information 

is also obtained about the relative magnitude of "major*' and "background" 

lightning activity. For example, if it should turn out that the ELP 

method gives consistently correct results during certain periods, but 

not during others, it would be possible to draw conclusions conclusions 

concerning the distribution in time of the "background" activity. 



IX. LOCATION OF THüMSSHSTOHMS BY JJIALYSIS OF SCHUMäNÜI' SPECTRA 

In this chapter the ratio metbou is applied to observed spectra and 

estimated locations are given. Where possible, the resulting location 

estmates are c^npared with available meteorological data. 

9.1 Location of a Single Active Thunderstorm Region 

During the period 6-12 June, 196? <an exceptional arooant of thunder- 

storm actii J.ty occared near Salt Lake City (Lab 40° k~ynt  Long 111
0 535'W) 

in the Rocky Mountain region of the united States and detailed records 

of the associated phenomena have been published (Kealoha, et al.; 1966), 

The pow^r spectra of the vertical electric field and the eqot-west magnetic 

field received in central Rhode Island (71° 4l' 01"W, 41° 31» ^"N) at 

17;.0 EST to 17^2 EST on June 6, 1967 are shown in Figure (9-1). This 

particular time was seleetsd for analysis because simultaneoiis satellite 

clcuc cover piovores and racar precipitation echo data were available 

(Kealoha, et al.; 1968), The radar data indicate that at this time 

the center if the precipitation region for this thunderstorm area was 

at distance S = 29 , and bearirsg 0 - - lb"  (.see Figure 4.1 for definition 

zT  angle«) end had an ar-;-a of about .8 x 10' kr," i-oushly correspording 

zc  A0 = [b.7~*  A = 5". Efciploying the minimization method described in 

section (6.5) and using the ratios computed from Figure (9.1), source 

locations (6) for several different source widths (A) were estimated. 
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The aoorcfe distance was estisate'i frcw the ratios JEv^-jl^t l&^S-nl' ; 

JH^/HTi . an<* \^ '^ 1 • "^ s0^^20 sjsinutha were obtained by re- 

arrwaginc equation (6.11) into the fera 

si^=i7rr ' s^T' ^1.2.3 (9.1) 

The right hand side of (9.1) can be evaluated from the powsr spectral 

density raeäsurements (notice the necessity for having absolute calibration 

of electric and magnetic field values) and from the previously estimated 

9 and 0. Since the solution of the three equations (9.1) resolts in 

three sets of four possible angles, the corresponding anglea from each 

set were averaged. Table I shows eatimated distance, 9, and possible 

azimuths for & = 0°, 5°» 10°, and 20°. Al?o displayed in the ta'ue 

are the minimun values of the Q function (see equation 6.1fi) correspond- 

ing to the "best" values of G for a given A. 

& 9 ( Z) Snin 

0° 29° -10°, -142°, .38°. .170° .065 

^0 
5 33° -9°, -143°, +->7C, +1710 ,064 

10° 32° -9°, -1T3 » 07°, .171° .057 

2cr' 34° 
0 

-9 , -l-r/, +37
0, .171° .029 

Table I: Source location estimate?, based upon the spectra of Figure (9^1) • 

The eoil used for the magnetic field ineasurements near Kingston is 

oriented with its axis vo the geomagnetic east-west direction and the 0 
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values in Table I Mere therefcrs corrected for the asagsetlc deviation *ß 

flhcae Island (14V west). All 6 and ^ -•/slues in Table I are close to the 

kncwn location of tlie source if it is asatroed that the elosest aalrauth 

estimate is ths correefc one. The maxiraum distance error is only 5 

(about 300 ml lea) and the maxianjip bearing error is 7 . The fact tljac the 

6 and 0 values which are cloaest to the known source position yield the 

largest Q, parameter does not seem to be consistent with the developBteni 

in chapter VI, In chapter VIII, however, it was shown that additive 

noise can cause small errors in the location estimates and this Is 

probably the case here. The value of A which appears to provide the best 

agreement between theoretical and experimental ratios, as indicated by 

rainimun Q, is A ~ 20   which is unrealistically large. Figures (?.l) 

and (7.2) show, however, that, for sources located at distances near 50°, 

the spectral ratios are nearly independent of Ä so that the ratio method 

can provide very little information about the areal extent of the source. 

The preceding example shows that, at least at this particular time (June 6, 

19fi7) > the background noise estimates suggested in chapter 8.2 are much 

too large and correct location of a major thunderstorai region is clearly 

possible. 

9.2 Location of Two Simultaneously Active Sources 

The power spectra of the vertical electric field, the geo- 

magnetic north-south magnetic field and the geomagnetic east-west 

magnetic field measured in central Rhode Island on January 1, 1970 

between 1720 and 1729 GMT are shown in Figure (9.2). Employing the 

methods developed in section (7.2), the distances from the receiver to 
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each of the two sources vere estlnated tc be 6. « 120 , OL = lb2 and 

the relative strength parameter, 6, «as estimated to be 4.22. The pos- 

sible aslanzttaal locations of each source were detezuined from the ratios 

JHy^ar~| i n = 1, 2, ? (see section 7.3). The eight locations listed 

below are derived from these calculations. 

Source A 

(1) 15^, l&E Southeastern India (2500 local time) 

(2) hfs,  20oE      South African Coast (1900 local time) 

(3) 640S$ Xhrfij Southern Pacific (0700 local time) 

(4) 2% 1>2';5     New Guinea (0200 local time) 

Source B 

(1) 280S, 102oE     Vest Australian Coast (2400 local time) 

(2) 53CS, 900E      Southern Indian Ocean (2300 local time) 

(3) 600S, 12C0E     Southeastern Indian Ocean (0100 local time) 

(k)    30oS, 125°% Southwestern Australia (0200 local time) 

Location (3) for Source A can be eliminated since it is too far 

south (only about 200 miles from the Antarctic Circle). Locations (2) 

and (3) for fource B are also unlikely locations for thunderstorm loca- 

tions. It can be concluded that Source A Is either In Southeastern 

India, off the South African Coast, or in New Guinea; that Source B 

lies in Western Australia, and that the electrical intensity of Source B 

(total power output of the thunderstorm region) is k.22 that of region A. 

It is generally believed that the worlds major thunderstom regions 

are concentrated in tropical and subtropical land masses. The above 
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results do not contradict this staietint sad eurres bjr daitb (1961) gir- 

Ing the average frsquecdjr of occurrence of tbunderstoms throu^hoot the 

world for "Dectttoer-Janubry-Pebruary* (Snith, fig. 9-30} indleat« rela- 

tively high thunderstona activity for Southeadtem India, the South-Afrt- 

can .oast. New Guinea and Western Australia« Specific surface observations 

for January 1, 1970 are not yet available to us at the present time. 

As a further example, the analysis of the data fcr 1355-lj^3 UT July 29, 

1969 resulted in the following source locations (excluding four points at ex- 

treme southern or northern latitudes, 55CS, ?50S? 35°$.  HS0!!)! 

Source A 

(1) 28°N, 55?W  West Central Atlantic (0900 local time) , ,0\ 
(2) 25TI, 7o W  Bahama Islands (0900 local time)      k = ±.0 ) 

Source B 

(1) 10S, 960E  Sumatra (2000 local time) ,     o. 
(2) 50S, 1400E  New Guinea (2200 local time) K    " ± ^ • 

Although southern hemisphere surface observations were not available 

for this period information was available from the U.S. Weather Bureau 

"Northern Hemisphere Surface Charts." At 1200 UT—one and one half hours 

before the EU? observations—the weather conditions in the estimated stoim 

region (20o-?0oN, T^-S^'V) included cumulonimbus and towering ctmulua 

clouds, roughly half overcast, and wind out of the southeast. At l800 OT 

the amount of cumulonimbus clouds had greatly increased, precipitation was 

occuring and thunderetoms were observed in the northwest comer of the 

source region (northern Florida). It is thus likely that lightning ac- 

tivity developed soon after 1200 UT and then moved to the northwest of the 

"source region" under the Influence of the prevailing wiads. It is also 

possible, however, that lightning activity was already present at 1200 UT— 

although not indicated on the "surface chart"—since only seven observa- 

tion stations in the source region of 10 km area reported weather 

phenomena on July 29 at 1200 UT. 

«MHUnMMI 
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X.    SUGGESnCSS FOR FOTÜRE WORK 

10.1 Possible Improveinents in the Thunderstorm Location Method 

There are two limitations to ths arcotmt of infonaation about thunder- 

storm locations and characteristics which can be obtained from a single 

receiving site. These are: (1) the ambiguities in the estimates of 

source azimuth which were explained in chapter VI and (2) the effects 

of equatorial background noise which could possibly (see chapter VHI) 

be large enough to produce serious errors in the so'jrce location esti- 

mates. 

The effects of both of these difficulties could be reduced by the 

utilization of simultaneous measurements tak n at several appropriately 

positioned receiving stations. It has been shewn, for example, in 

chapter VI that, if the background noise level is sufficiently low, data 

from a single receiving station are sufficient to determine the source 

distance; bearing information is, however, ambiguous since ohoice among 

four possible angles is arbitrary. On the other hand, if spectra from 

two widely separated stations are known, only two possible source innr.- 

tions exist at ths points of Intersection of the constant distance loci 

from the two receivers. Access to measurements from three stations would 

remove all ambiguity. 

The preceding considerations assume that data from each station are 

processed individually to obtain possible source locations and that the 

final estimates are compared. This is analogous to separately 
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pr: ceasing the slgn*l8 fj-ora each element of an antenna array; «re are 

clearly loaing ^Jiforoation by doing this.  A better method would be to 

ccllectlvely analyze the raw multi-station data using techniques which 

would be extensions of the source location .-nethods ascribed in this 

report, it would seem likely that reliable, continuous monitoring of 

global thunderstomi activity could be obtained in this toy. 

The use of aiulT.iple receiving sites could also improve the noise 

rejection properties of any thunderstozm location method. If the stations 

were placed sc that the background noise spectra were different at each 

receiver (because of different geographical locations relative to the noise 

source), the effect of noise contamination could probably be reduced by 

cross-correlaticn techniques. It might also be possible to estimate the 

noise spectnm and analytically remove it from the received spectra. In 

short, there is no doubt that multiple station measurements could pro- 

vide more reliable location estimates. 

10.2 Estimation of the Ionospheric Conductivity Profile 

As was pointed out in Chapters IV and V, Schumann spectra depend 

up.n both the location and characteristics of the source and the prop- 

erties of the cavity boundaries, particularly the ionosphere. It was 

shown that the relative amplitudes of the peaks in the resonant spectrum 

provide a measure of source location which is nearly independent of the 

properties of tho ionosphere (see Figures 5.8 to 5.1^). On the other 

hand, the exact spectral position of the resonant frequencies depends 

about equally on the source location snd the ionospheric conductivity 

profile (see Figures 5.15 to 5.20). 
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It is possible t.ier^fore t:> first detemdne th«? location (i?) »ni 

extent (A) of the source fron ratios of spectral peak powers and then 

to employ the resonant frequency values to draw conclusio.is concerning 

th» cow*5^tivity p-ofile f the ionobphere. The Schumann spectra are 

af.'ectod by regions of ionlzation extending as low as 30 to 40 km above 

the earth Eurfacs (Jones, 1967) and therefore should provide infomation 

which is difficult to obtain by other means. For example, if it is de- 

termined from the ratios that 9 = 100°, & = 20° and if the first reson- 

ant frequency in the electric field is at 8 Hertz, then Figure (5«18) 

suggests that the "Pierce-Cole" profile is a more appropriate ionosphere 

model than the Galejs profile. 

A refinement of the methods for both, source location and deter- 

mination of the Ionosphere profile would involve an iteration procedure. 

This would require the detennination (from the observed, experimental 

ratios) of the location and extent of the source assuming first a reason- 

atle average ionosphere profile such as the "Pierce-Cole" profile shown 

In Figure (5.7). Then the exact values of the observed resonant fre- 

quencies and the estimated source positions would be used to obtain a 

"better" ionosphere model. This mod';! would then be used again to obtain 

a better estimate of the source location. The procedure would be continued 

until further iterations produce no change in the ionosphere profile. 

10O Detennination of Relative Contribution of Major Thunderstorm 

Regions to World Electrical Activity 

As indiceted at the end of chapter VIII, verification—or lack of 

verification—of ELF thunderstorm locations by ground or satellite 
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observations should provide inforoation about the relative importanoe 

of the major thunderstom regions as lightning generators In conparison 

with the totality of widely distributed, small thunderstorms. A sys- 

tematic program of comparing the results of EIF spectral analysis with 

surface observations would therefore provide Information about the 

diurnal and seasonal variability of the ratio of these two Inputs to 

world electrical activity. 

10.4 Investigation of Localized Ionospheric Perturbations on Schumann 

Resonances 

It has been indicated in chapter VTEI that the Schumann spectra 

are sometimes contaminated by X/i   noise. One possible source of such 

noise may be hydromagnetic wave generation processes in the Magnetosphere 

or the Solar Wind. The l/f0' noise could, however, be also a manifestation 

of near-field effects, that is superposition of TE and higher order TM 

modes, produced by a local lateral ionospheric inhomogeneity, or it could 

be due to random current fluctuations in the local Ionosphere. 

To determine the source of l/x noise comparison of ELF measurements 

with Ionospheric and other geophysical data such as cosmic r&y count, 

10.7 cm flux and micropulsation activity is necessary. Detailed investi- 

gation of analytical models describing the effect of local Ionospheric 

perturbations would also be required. Madden-Thompson (1965) have pointed 

out that the global effect at ELF  of local Ionospheric perturbations would 

be small; higher order modes may nevertheless be appreciable at ELP within 

several hundred km of an inhomogeneity or discontinuity. For this 

reason it would be particularly useful to study the ELP spectra corres- 
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ponding to known Ionospheric discontinuities such as ihcse  existi:<: at 

local dann or dusk or during a Solar eclipse. 
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APPE'TilX A 

Spectral Bias for Rectangxilar Data Window 

The quality factor for resonant cavities is defined as 

Q = u) 
U 

o /  dU v 
^ " dt ; 

(A-l) 

where U is the energy in the cavity and w is the radian resonant fre- 

quency. Equation (A-l) is a differential equation for U which has the 

solution uj 

U(t) = U e ^ (A-2) 

where U is the initial stored energy. Since power is the time 

derivative of the energy, the power behaves in a similar manner. 

P(t) = P e 
o 

Q 
(A-3) 

From equation (A-3) the fields themselves oscillate as 

- ST t iu) t 
E(t) = E  ?Q  e 0 

o 
(A-4) 

In the frequency domain, the behavior is described by 

OJ 

A - -TT t      im t  -iwt 
E(f) = E ' e ^   e 0  e    d" 

o j (A-5) 

11 thert is no energy in the cavity for t < 0. Integrating (A-5), 

■-.^■**(*^.«^j.AiwKiaW9|^^^ 
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we have- 

E(f) = 2  (A-6) 

— + 1  (U) - IüO) 

It is clear that (A-4)  ind (A-6) constitute a Fourier transform pair 

as in equations (2.1) and (2.2). 

The power in the frequency doicain is then proportional to 

E
2

M
2 

P(f) = -^  (A-7) 

-%+(f-f0)2 

hot 0 

where 

f = W/2TI 

Differentiating (A-7) twice with respect to frequency, 

f 2 

E 2    ,  8(f - f )2 - 2[ ^ + (f - f )21      , 
P" (f) = -% { —r-^ LS 1 2LL. } (A.8) 

[IT + (f - V1 

Of course, we are not interested in the absolute size of P"(f) but its 

size relative to P(f). 

i i 2 

V(f)     ~ 2 V  ' 
V P 2 

Per the first three Schumann modes, the resonant frequencies are approxi- 

mately equal to 7.8, 14,1, 20.3 Kz and the quality factors are of the 

order of h  (Jones, 1967). Employing these values, we can evaluate (A-9) 
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in the region of each resonance and deteiroine the importance of the 

additive bias teiro 2k     s"Wm    Tlle Pover and ^e power spectrum »re 

approximately related by 

P(f) = S(f)Af (A-10) 

30 that the normalized additive bias tern for spectral density esti- 

mates is 

i-ii 01.1^1 u.u) 

The frequency variation of this bias teiro in the region about 

each of the first three cavity resonances is shown in Figure (A-l) for 

a frequency resolution f = 1 Hz. It can be seen from Figure (A-l) that 

near the first resonance the additive bias of the estimates is aboat 

-l8 percent of power spectral density at that point. This rather large 

error can be reduced by decreasing the resolution to 0.5 Hz or 0.25 Hz, 

which reduces the bias to ab;ut -4 percent and -1 percent respectively. 

Prom the preceedirg discussion it is clear that if resolutions of 0.5 

or less are used, Ae bias produced by employing a rectangular data 

window is negligiblee 

An intuitive argument, verifying quali:atively the mathematical 

results presented above, is provided by Figure (A-2) where a very high 

Q, resonance is shown. The procedure outlined in Chapter II uses the 

average power over a bandwidth &f as the estimate of the power spectrum 

at the center of the band. In Figure (A-2) the average power in the 

bandwidth Af is schematically represented by point A; un the other hand, 
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the actual power at the center of the band is given by point B. It is 

clear that spproxrnating the power spectrum by the average power in a 

band Af can be very misleading if the spectrum is rapidly varying with 

frequency. 

This problem can be eliminated by decreasing Äf, but this will in- 

crease the variance of the power spectral density estimates as is indi- 

cated by equation (2.19). There is then an optlinun range of Af which 

must be usedt Af must be chosen large to minimize the variance of the 

estimates; but it should be made small to minimize the bias of the 

estimates. This appendix, together with Chapter II has shown that a 

Af of 0.23 Hz or 0.3 Hz provides acceptaole levels of estimate bias and 

variance. 

It is not to be construed from the above that the lower the Q, of 

the resonances (or equivalently, the less the frequency variation of 

the spectrum) the better the informatian contained in the spectrum. Ob- 

viously if the spectrum is white (Q = 0) the bias is zero but there is 

no infonnation provided by the spectnan. The purpose of this appendix 

is merely to demonstrate that for a frequency spectrum of the Schumann 

type, where the qiiality factors of the resonances are of the order of 

k or less, a frequency resolution of 0.25 Hz or 0.5 Hz gives good esti- 

mates of the actual spectrum. 
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APPENDIX B 

Linear Stationary Systems with Uncorrelated Inputs 

If a linear system is driven by a source at radian frequency ut 

the Fourier transforms of the output y(t) and input x(t) are related by 

the transfer function H(jw) as 

Y(Ju.) = H(jiü) X(jW) (B-l) 

H(ju) is the Fourier transform of the Impulse response of the system. 

It can be shown (Davenport and Root, 1958) that the output power spec- 

trum is given by 

Sy(u») = |H(ju))j2 Sx(a.) (B-2) 

If we generalize this to a multiple input system, the single output 

y(t) is related to the N inputs X. (t); k = 1, 2, ,..N by 

N 

y(t) = T y(t) (B-3) 
n=l 

where y, (t) is the response when only the input x, (t) is driving the 

system and the other inputs are zero. The yk(t) are related to the x. (t) 

by the convolution integral 

+• 

yk(t) = J   hk(T)xk(t-T)dT (B-4) 
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or equivalently 

\(J») - I^O) \(Jw) (B^) 

i ! 

irtiere a (J«) and hAt)  are the tranafer functions, in the frequency and 

tine domain« respectively, between the kfch input and the output when 

all other inputs are zero. 

If the inputs x., x2 ... x^ are random signals, the output power 

spectral density is given by (Davenport and Root, 1958) 

N  N 

VW) ' I IHn*(jw)VJw)Snk(w) (B^) 

k*l n-1 

whv^i-e S^^Cw) is the cross spectral density between the inputs x (t) and 

x. (t), S . (w) can be expressed as 

+« 

^^J Rx xlr(
T)e"*,,TdT 

-• n it 
(B-7) 

where R   (t) is the cross correlation function of x (t) and x. (t), 
X X. n        & n K 

If the ii^nits are xmcorrelated, S . (w) » 0 and 

N 
Sv(f)-    1   |Hn(j«)|2Sx(u.) 
y ^      n xn 

(B-8) 

n«l 

which the reader should compare with eq, (B-2). 

A statement of the result given by (B-8) is as follows» The power 

spectral density of the output of a multiple input linear system driven 

by uncorrelated inputs is equal to the sum of the power spectral den- 

sities due to each input considering all other inputs to be zero. 



'^'J™^ ' ' -■■■■-  ■        JIJ«JI   "»ft»!!« 

■ »ft» 

Ve can apply the results of this appendix to the problem of light- 

ning excitation of the earth-ionosphere oavity by assuming that the 

signals from the thunderstorms are stochastic in nature and that the 

different lightning strokes are independent. Hence, the signals from 

each discharge are uncorrelated» Baemer (1961) has pointed out that 

this approach is mathematically equivalent to the analysis of "Shot 

noise" in -vacuum tubes where it is usually assumed that the probability 

of tue emission cf an electron from the cathode is independent of the 

nuriber of electrons emitted in the past (Davenport and Root, 1958), 
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Image 

Fig^e 1.1.    Diagram of calibrating -ntenna  (Identification of symbols). 
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