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refereniced herein.

Disposition

Destroy this report when it is no ionger needed. Do not
retumn it to the originator.

w-




PRSPPI - R ratc wema asm s o A AT RN o w bt E e R L R N~ oy N AT,
. AL - N “ w!"}

~

Reports Control Symbol OSD-1366
RESEARCH AND DEVELOPMENT TECHNICAL REPORT

ECOM-32L3

RAPID INITIALIZATION OF INBRTIAL NAVIGATION . ;

SYSTEMS THROUGH PARAMETER ESTIMATION

By

Joseph Antheny Dasaro

Dapartment of the Army Task No. 1H1 63207 D235 08 C9

NAVIGATION AND LANDING TECHNICAL AREA

AVIONICS LABORATORY

This document has been
approved for public release
and sale; its distribution
is unlimited.

March 1970

U. S. ARMY ELECTRONICS COMMAND
FORT MONMOUTH, NEW JERSEY

- - - N — . = ke e S T i T - . -




sl i v rgiaisie

YT

W e b ey ST

Pt &

N A g { Ay

g g L petougy

T VI e 1 o

DRarEs Dot A $24

AR L SN

RIS PIIE I AN

X ARG i Ny

)
4

{
s
14
.
,

ABSTRACT
RAPID INITIALIZATION OF INERTIAL NAVIGATION SYSTEMS
THROUGH PARAMETER ESTIMATION

The accuracy of an aircraft inertial navigation aystem de-
pends upon the accuracy with which the system is initially
aligned. One procedure for initial alignment involves the use
of an external reference. This method utilizes squipment which
is much too elaborate for normal cperational use. An alternate
procedure uses the system’s inertial sensors in a self-contained
method., If sufficient time were available, the self-contained
method could achieve accuracies commensurate with the sensor
accuracies; however, in an operstional environment it is usuaslly
necussary to sacrifice some accuracy in the interest of ackieving
a wore rapid initiation. This dissertation investigates the
methods preseatly available for initializziion of an inertial
platform in an azimuth wander or free azimuth instrumentcation- emd
presents a nev method for rapid initialization. The parmmowmt
problem is the determination of the initial azimuth angle in
minimum time in the presence of random gyro drifts, random aocel-
erometer drifts, and measurement ncise.

A linear error model of the inertial platform is developed.
The model contains all significant cross-coupling terms. The
inertial component rendom drifts are modeled as time correlated
random processes and the measurement noise is represented as a
white Gaussian process. tate space equations for the arror
model are then formulated. The problem of determining the

initial azimuth wander angle is then identifiad as a parameter
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3 ,‘ estimation problem where the parameter can assums any of a cou-

tinuum of values (from O to 2x). The twun methode of solving pu-
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raneter estimation problems currently available in the literature
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are presented. The first method allows param:ter e=tination
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when the parameter can assume & continuum of values; however, the .

method is not time optimal. The second method examined is time
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optimal; however, it is constrained to prcblems where the param- ‘

eter can assume only a finite number of possible values. The

4 second method is then extended to permit time optimal parameter -
: ~ eatimation where the parameter can assume a continuum of valuss. ‘
g

? The parameter estimation method developed utilizes an array

of minimum wariance filters. BEach filter (referred to as an
elemental filter) i3 initialized with an estimate of the unknown
paraneter. One element of the filter state vector is related to

the parameter such that feedback can be used to econtinually up-
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date the estimate of the parameter. The elemental filters’ pa-
rameter values are then combined to ferm the overall parameter

estimate. A simple weighting scheme iz used in the combining
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procedure. A variance term for the parameter estimate is also
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computed so that the initialization procedure can be terminated

wvhen & predetermined variance is achieved.
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The equations for a discrete minimum veriance filter with
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internal feedback are then presented. A computer algorithm is

T
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developed for the elemental filter of the parameter estimator.

A method of applying the parameter estimation technique to

T
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detemine the initial azimuth wander angle is then formulated,
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The platiorm controller is then daveloped and the overall syst
described, ‘
A computer simulation of the rapid initializetiun of an
azimuth wander system through the use of the parameter estimation
tachnique Xs discussed. Resgults of the simulation dre presentad
showing reduction of an initial waunder anjyle error variance from .

(1.5 dmgre=z)? o {6 minutes of arc)? after approximataly thras

ninutes of real tie, This repreeents a twofold improvement in
initialization time over a state-of-the-art system presently .
uvnder avslivstion, .
1
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I. Intrcduction

The accursacy of an aircraft inertial navigation system de-~

pends upon the accuracy with which the system is initially aligned,!

One procedure for initial aligmuent involves the use of an ex-
ternal reference. This method utilizes equipment which is much
too elaborate for normal operational use. An alternate procedure
uses the system’s inertial sensors in a self contained method.

If sufficient time were available, the self contained method
cnuld achieve accuracies commensurate with the sensor accuracies;
however, in an operationsl environment it is usually mecessary to
sacrifice some accuracy in the interest of &chieving a more rapid
initiation. In this diasertation the problem of detexmining the
initial orientation of an inertial platform is invest?gated.

An inertial navigation system coﬁsists of three sub-asystems:
the inertial messurement unit or sensor package, the computer in
which the navigation equations are solved, and the display.

Prior to operation as an autonavigator, two sets of quantities
are required as initial conditions fer the inertial navigation
system equations,

Pirst, the true initial position of the inertial measurement
unit in terms of a navigation system coordinate frame must be
accurately known, In addition, the angular orientation of the
axes of the inexrtial measurement unit with respect to the naviga-
tion system ccordinate frame must also be accﬁrately known, In
this investigation it is assumed that initial position is known a

priocri and the angular orientation is to be determined.
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: At this peint it is well to define the various coordinate

i frames which will be refarred to in the ensuing paragraphs.

Pirst, an inertial frame with its origin at the center of the

earth will be the basic fixed frame. The navigation reference

.freme will be the conventional latitude-longitude frame, which is

alsoc earth centered but is rotating with respect to the fixed

frame. At a point in this navigation frame (a specific latitude- -
longitude point on the earth’s surface) a locally level triead can

be defined by Xj, Y, &, where X, is level and pointing east, Y,

is level and pointing north, and 2, is up. Finally, th; inertial
neasursanent unit will have imbadded a set of axes Xb, Yb, Zp

which are mutually orthogonal. The angular crientation of these

inertial measurement unit axes with respect to the lccal level

triad must be accurately known for proper initialization.
The inertial measurement unit in this investigmtion is the

usual Schuler-tuned gimballed platform for terrestrial navigation.?

S Y PP Y e Sl L PR (O S AT

Within the platform assembly are mounted three gyros, the sensi-

Ry

tive axes of which form a mutually orthogonal triad, and two

QGEE

accelerometers. When in operation, two of the sensitive gyrc axes
are oriented in the horizontal or locally level plane and the ]

gsensitive axes of the twoc accelerometers are collinear with these

LYl 3 T T e

gyros’ sensitive axes. The third gyro has its sensitive axis in
the vertical direction and is referred to as the azimuth gyr>.

With respect to the local level reference triad, the usual con-

T i R

vention is to have one of the level gyros’ sensitive axes pointed

By

east and the other pointed north. These gyros are sometimes




£ LU $ X6 U

- e VRS
v

s e

o e -

P vema o ¢ me S

m"‘q‘ B

referred to as the east gyro and rorth gyro resperstively, and de-
fine the X, and Yb axes of the inaxtial measurement unit. The
azimuth gyro sensitive &xis (pointed up) defines the inertial
measurement unit Zp axis. |

Por a stationary system (that is, no vehiclz velocity), one
method for obtaining the initial angular orientation of the level
Xb, Yp platform axes with respect to the X,, Y, axes is through
use of an external true north reference. The orientation of the
reference in the local level axes must be fixed and accurately
known. The information transfer from the external reference is
esccomplished through use of precision electronic theodoliites and
mirrers located on the platform. This method of initiation is
limited to operational enviromments whichk can support this cum~
bersome alignment procedure. For most land based tactical air~
craft a self contained alignment capability is necessary to pro-
vide operational flexibility.

The primary method for self contained alignment of an inertial

platform is commonly referred to as gyrocompassing.? For a

. stationary system, gyrocompassing consists of two phasasg: platform

leveling and azimuth slignment. The simplast form of leveling
congists of feeding the accelerometer gravity messurements to the
appropriate gyro torquers. The piatform is then torqued until
the gensitive axes of the level gyros are in the locally level
plane. The control loop gains and compensation networks are set

for the desired response.‘ The more complex azimuth alignment
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phase is described in the following paragraphs.

To maintain the platform orientation in the local lavel frame,
it is necessary to tcrque the platform axes at the sams rate that
the local level frame is moving with respect to the basic fixed
frame. Otherwise, the platform wculd maintain its orientation in
the inertial or fixed frame. If the platform Xb and Yb axes are
oriented east and north in the local level frame, a torquing rate
must be applied to the north pointing gyro to maintain the plat-
form in a level position. No torquing of the east pointing gyro
is necessery since its sensitive axis is orthogonal toc the rota-
tion.

If the Xb and Y, platform axes are not aligned to east (X;)
and north (Y_) in the local level frame, the platform will appesr
to be tilting when viewed in this frame. This tilting property
is used to align the Xp and Yb platform axes with the X, aad Y,
local level axes in the azimuth alignment phase of gyrocompassing.

Winen the platform xp axis is not coincident with X, in the
local level frame, a rotation about the Xb axis as viewed in the
local level frame will cause the north accelerometer to sense a
codponant of gravity. This signal is then espplied to the Zp or
azimuth gyro torquer. The platform is then rotated until the
X axis is brought into coincidence with the local level X, axis
and gyrocompassing completad.

In orxrder tc maintain tﬁe platform level, it.is niecessary to

#pply torguing signals to both the north gyro and the azimuth gyro
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.level component and a vertical component. This level component
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at latitudes other than the squator. The vertical component

appears because, when viewed from a point on the earth’s surface,

S

the earth’s. rotation vector can be resolved into a horizontal or

Ly

is greatest at the eaquator and zero at the poles, varying in a "
sinusoidel manner. The azimuth alignment phase of gyrccompassing

is more difficult in the polar regions due to the smaller level

component of the earth’s rotation.®

Some inertial platforms in use today are not aligned in
azimuth. Instead, the angle between the platform Yb axis and
local level Y, is detsrminsd. This angle is generally referred
to as the "azimuth wander' engle and the inertial syatem implemen-
tation as an azimuth wander mechanization.®»?

In an azimuth wander mechanization,; torquing signals, which
maintain the platform level, are applied to both the Yp and Xp
gyros. The-torquing signals are datemined by ueing the azimuth
wandsr angle to resulve the level angular earth’s rate into
components along the actual orientation of the level platform axes.
The vertical component of the earth’s angular rate is integrsated
and the azimuth wander engle continususly corrected. This
dissertation will consider a method for rapid determination of
the initial azimuth wander angle.,

.Initial alignment of a locally level azimuth wander'inertial
navigator is normally accomplizhed in either of the two ways

previously discussed, that is, through use of an external reference
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or a modified form of gyrocompassing. When an external reference
is utilized the platform is firast leveled, and then the actual
initial azimuth van&er angle datermined through use of optical
inatruments. In modified gyrocompassing; a coarse estiﬁate of

the azimuth wander angle is initially obtained From an independent
reference, such as a magnetic compass. The platform iz then
leveled and this estimate of the azimuth wander angle used for the
computation of the angular rates to be applied to the level gyro
torquers. IXf tilting (with respect to the local level axes)
occurs, the wander éngle is updated. The updated value is based
on accelerometar gravity measvrements. The platforrm is then re-
leveled and mew torquing rates computed for the level gyro tor-
quera. This sequence is repsated until the accelerometer measure-
ments remain below a pre<determined level for a fixed emownt of
tiam.

Self contained alignment schemes generally require between
twenty smd thirty minutes of time to achieve an iritial azimuth
accuracy on the order of six minutes of arc.® Three factors
which affect alignment time and accuracy are inertial component
warm-up behavior, random inertial component drifts, &nd measure-
ment noise.®s!? During the past few years, significant accomplish-
ments in the area of thermal mcdeliqg of inertial compcorent drifcs
during wamm-up have been reported’!s1? ) and the availability of

the digital sirborne computer has made thermal ccmpensatiosn

feasible. This dissertation presents & rethcd of initiating a
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thermally compensated azimuth wander inertial gystem in ninimum
time (less than five minutes).

The subsequent paragraphs present the organization and con-
tents of this dissertation.

Pirst, a linear eiror mod=l of the inertial platform in the
azimuth wander mechanization is developed. The model contains
all significant cross-coupling terms. The inertial conponent
random drifts are modeled as time correlated random processes and
the measurerent ncise is represented as a white Gaussian process.

Next, state space squations fsr the error macdel sre formu-
lated. Ths problem of determining the initiel - azinmuth wander
angle is then identified as a parameter gstimation problem where
the peraceter can assume any of & continuum of values {from C to
2r).

The two methods of solvirg parameter estimation prr.blens
currently avaiiable in the literature are presented. The first
method allows parsmetey estimation when the parameter can assume
a continuum of values; however, the methed is npot time opitmal.
The second method examinad is time optimal, however, it is con-
gtrained to problems where the parsmeter csn assure only & finite
number of possible values. The second method is then exiended
to permit time optimal parareter estimation where the parameter
can assume a continuwm of values,

The parmmeter estimation method developed utiiizes an array

of minimun variance filtezrs. Bach filter (referred to as an
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elementsl filter) is initialized with an estimste of tha unknown
paraseter, One elemmnt of the fiiter state vector is relamted to
the paraseter such that feedback can be used tz continually wpdate
the estimate of the perameter. The elemental filtera’ p.araneter
values are then combined to form the overxsll parameter extimate.

A simple weighting scheme is used in the combining procedure. A
varience texm for the parsieter estimate ia alac computed sc that
the initisliizstion procedure can be terninated when a predeterminsd
varience ig achisved, )

The squations for a discrete minimus varianca £ilter with
internal faedback are then presented. A computer algorithm ie
developed for the elemsntal filter of ths paremeter astimutor.

A methed of spplying the parmmeter estimation technique to
deternine the initial azimuth wender wngle is ther formulatad.
The pieatform controlier is dauslcped and the oversll mm
described.

A computer gimulation of the rapid ianitialization cf an
azinuth wander system: through the use of the parapeter astimation
tachnique i discussed. Results of Zhe sizulation are pressated
showing reduciion of an initial wender augle erxor variance from
{1.% degrees)? to {5 minutes of arc)? aftes appreximately three
mivutes of real time,

Cenclusions of the investigatiorn are then presented.
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; : ‘ I1. The System Brror Model

A's stated in the introcduction, the distinguishing ?huracter-
istic between the conventicnal Schuler-tuned gimballed inertial
system and sn azimuth wandar system is the absence of a torquer
on the vert;.cal or azimuth gyro. Both systems normally operate
by keeping their platforms locally level and use the rotating
navigation coordinate frame ac a geographic referenca. Due tc
the absenca of the azimuth gyro tarquar in the azimuth wander
mechanization, the arbitrary azimuthh engle must be precisely
known. The azimuth wander angie is used in a rotation ?atrix to
transform platform measurements from the inertial measursment
unit axas (Xp, Yo, Zp} to the lacal Jevel navigation axss (X,
Yas Zo)- |

Due to the earth’s rotation the n.gvigati,on rqfa.mca frme
rotates about’: the fixed inertial freme. This rate cf rotation is
refaxred to as the earth’s zate und will De represented by & .
Por a pcint on the navigetion axes, the level and vertical com-
ponents of 1 can be computed by

ny = fl*ces A 2-~1

n
Qx, = O
Qz = fsin A 2-2

where A ig¢ the latitude of the point and the subscripts Y,, X,
and Z, reprcsent directions along the local level tried. Figure
2-1 3llustrates the resciution of the earth’s rate into horizontal

and vertical ccmporents at a peint, P, on the sarth’s surface.
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Figure 2-1. Resolution of the Earth’s Rate into Horizontal and

T .
A S A R

Vertical Ccmponents at a Foint on the Earth’s

The platform axes (X., Yp, end Zp) tend toc rexain fixed with
respect to the fixed inertial frame. To maintain the piatform
axes fixed in ﬁte navigaticn frawe it is nacessary to apply a
signal to the gyro torquers which will cause the platform to
precess at the anguler rates computed in 2-1 end 2-2. If the
platform is initially level and Yp pointirg nortk, the applicaticn
of these angular torquing rates will maintain the platferm level
and qnorth pointing,

Por an azimuth wender mochanization the orthogonel platform
level axes (xp, Yp) will be oriented srbitrarily with respect to
the local level navigation sxes. The azimuth wander angie, &,, .
is defined us the angle which the iccal level axes must be rotated
through; in a Sounter-cluckwise directicn, tc bescoze coincident

with the platform level eoxes. Pigqure 2-2 illustrates sn azimuth
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wander angle.

Yn

'}
Yp Xp
w \,{‘ //’
N\ /
N\ /
N\ /
Nl 7
My X0

v
.*..

Pigure 2-2. Azimuth Wander Angle.

In order to maintain the platform level it is nece'aury to
apply the level earth’s rate, which is directed along Y,, to the
level platform gyros. Therefore, it is necessary to resclve ay a
into components along the platform axas in accordance with

ﬂyp = Qy,rcos & 2-3
8z, = Qypeeing, 2-4
BExpressing 2-3 and 2-4 in the form of a rotation matrix yielda -

[ﬂ vp = | cos ?52 - ain ¢;‘ nya]z-s
Lﬁ x:p sin ¢2 cos ng o E ) . .

-y

If the vertical component of earth’s rate {Q z, were applied

to the aziiuth gyro torquer the initial arbitrary a&.. ‘e, @

x? would

be maintained. The absence of the azimuth gyro torquer, however,

makes it necessary to continuously change the value of @, by
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g, (t) =ft Qz, d: + &, (0) 2-6

©

Henca, the va}ue of ¢z in the rotation matrix must be continuously
updated.

The rotation matrix in equation 2-5 is extrenmely important
in an azimuth wandar mechanization. Aside from resolving level
earth’s rate into components along the platform axes, the inverse
of this matrix is the transformation from the level platform
axes to the level navigation axes. Therefore, the platform
acceleration measurements w«nd platform velocities must be operated
on by this transformation matrix prior to use in the navigaticn
node.

After platform leveling, an initial estimate of @ is used
in the rotation matrix. This estimate is designated @, and the
difference between ¢, and 8; is

ad, = 8, -8, 2-7
where A @, is the azimuth wander error angle.

Platform level axes torquing retes are then computed using
equation 2-5 with @, replaced by 6;. The computed torquing
signals are then applied to the level gyro’s torquers. The error
in torquing for each level gyro due to the difference between

A
¢z and ¢z is
B

y

By

i

Qyn-cos 82 - Qlypecos &, 2-8

A N L »
Qy +sing, - Sy -sin’'@, 2-9
where Ey is the error in earth rate’s torquing to the Y gyro, and

Ex is the error in torquing to the X gyro.

B
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Using equation 2-7 to substitute for 3‘2 in equations 2-8
and 2~9 results in

By = Qyecos (4, ~ BF;) - Ryyecosd, 2-10

By = flyy,sin (&, - Ad;) - Qyyesing, - 2-11
Using simple trigonometric identities for ‘the expressions with
sngle difference yields

B, = (¢} y,; [:coa @, cos L&, + sin @, sin AF, -~ cos ¢z:] 2-12

Bx = Ry, Esin @, coc Ad, - cos &, sin AP, - sin ¢;]2-13

An initial coarse estimate of ¢, can be obtained from a -
magnetic compass. After correction for magnetic variation, thas
azimuth wander erxor angie, A¢z, is of the order of 1.8 degrees
(standard deviation). At the conclusion of the initiatiocn process
an error of 0.1 degrees (standard devciation) is desirable to
ninimize the navigational error due to incorrect initial azimuth
information,? ‘

The azimuth wander error angle, A @, will therefore range
in value from an initial worst case value of approximately 4.5
degrees (thre; standard deviations) to approximately O.l1 degreas
at the conclusion of the initiation process. Under these cir-

cumstances the following small angle approximations can be usged

cos G, = 1
2-14
sin Ad, = Ad,
Equations 2-12 and 2-13 can now be rewritten as
By = fly, * sind, + A4, 2-15

B, - Ry, *cos@, - Ad, 2-16
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These torquing errors cause the pletform to tilt in the navigation
frame. Let AQfx and A ¢y represent the angles between the
locally level plane and the platform’s Yp and X, axes. That is,
A 7, is the angle between Y, and the locally level plane
measured by a right-handed rotation about X, and P\ ¢y is the
angle betwsen xp and the locally level plane measured by a right-
handed rotation about Yb. After the initial leveling; these
angles can be considered zero; however, the application of the
earth’s rate torquing signals with an error of A ﬁz causes a

tilt which can be computed from

adg, =ft B, dt =f" Ry ° sin 8,048, dt 2-17

o o

Ad () =ft Bxdt="ftﬂ'yn * cos @, * Agdt 2-18

[ (o]

These tilts will cause the level axes’ accelerometers to

sense gravity components. The values of these gravity components

will be

g'sin A ¢x

1

-19

Ay

Ay = -g-sin Aﬁy -20

[\

where.Ay and A, are the platform level axes’ accelerometer measure-
menés. The minus sign in 2-20 results from agssuming a right-
handed convention for the platform axes and a gravity vector (g)

in the positive vertical direction. Therefore, a positive error
torque to the platform Xp gyro will cause the Y gyro axis to lift.
A positive g component will then be sensed by the Yb accelerometer.
Similarly, a positive error torque to the Yb gyro will cauvse the

xp gyro to dip, thereby ceusing a negative g component to be
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sensed by the X5 accelerometer. For smell t (say 1 to 5 minutes)
at mid-latitudes the values of A @, and A ¢y will be on the
order of 1 minute of arc. At these small values sin A @&, and
sin A ¢y cen be replaced by A&, and A @y, respectively, with
negligible loss of accuracy. Therefore, 2-19 and 2-20 <an be

rewritten as

A,
Ay

During the process of establishing the initial azimuth

g* D&y : 2-21

~-g ¢ A dy 2-22

wander angle of a stationary system, accelersmeter output maasure-~
ments occur only as a result of the system errors and measurement
noise. Therefore, the accelerometer outputs Ay and A, are a
measure of the system errors. Pigure 2-3 is a block diagram
illustrating equations 2-17, 18, 21, 22, This figure is a mtjﬂ'
error model without the effects of cross-coupling considered.
Cross-coupling effects between the level axes and betwaen
the level and vertical axes occur due to platform tilt, The level
axes cross-coupling is caused by the level gyros sensing a
component of the vertical earth’s rate. This sansing is viewed
from the navigetion frame, For example, a small vaiue of & dx
causes the Yp gyrc to 1ift. This causes the gyrc tc sense &
component of vertical earth’s rate of magnitude zy, 8in Ad,.
In the navigation frame the precession about the Yp gyro sensitive
axis will be in the direction of a left handed screw. This cross-

coupiing term will therefore have a negative sign. Por a small

value of A @y the cross-coupling to the X, gyro is {l zp-sinAg,.
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Pigure 2-3. Block Diagram of System Error Model

without Cross-Coupling Effects.

Since A @, and A ¢y will always be of swall value, a smell angle
approximation can be used in lieu of sin A @, end sin A ﬁy‘

The level axes cross-coupling is therefore

By = - 9 2, Ad, 2-23

B = . -

Xco Q Zy Aﬁy 2-24
where El’cc represents the rate error to the ¥ gyro due to cross-

coupling and Excc represents the Xp gyroc cross-coupling rste
error., Taking into account these level axes cross-coupling temms,

equaticns 2-17 and 2-18 can be modified to

t .

Aﬁy(t) = fo[nyn-s;n g, * Adz - n% . qux]dt 2-25
° .

A4 (%) =f [ﬂzn- Ad, - 'Q'Yn ccs &, ° Aﬁz]dt: 2-26

o
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The remmining significant cross-ccupling arrors cccur as a
result of the azimuth gyrc senszing the horizontal component of
earth’s rate, as viewed in the navigation frame. If the azimuth

wander angle were zero, that is, the gyro pointing noith in

P
the navigation frame, & small tilt about the Xp gyro, A4,
would cause the azimuth gyro to sense a component of level earth’s
rate in the amcunt {ly,sin A @ . Por an arbitrary azimuth
wander angle, tha error rate to tha azimuth gyro due to level
axes tilt can te expressed as

By, = (1] Yn (cos @zosin A d, - sin &,°sin A ¢y) 2-27

Using the small angle approximation 2-27 cen be written

By, = & Vo {cos @, - AP, ~sind, * A ¢y) 2-28
Taking into account this azimuth gyro error rate, the azimuth

wander angle error, A &,, as a function of time is

t
Ag (t) = f Dy (wsd, A, - sin ;" AB,) ardd, (0}
o 2-29
Equations 2-25, 26, 29 are used to construct e sysfem erroxr

block diagram which includes cross-coupling. This block diagran
is illustrated in figure 2-4.

To complete the system error model the effects of inertial
component drifts and measurement ncise must be considered. Both
the inertial componeat drifts and the measurement noise can be
described as random processes.®
The simpiest wm::del for random gyro drift rate assumes the

drift to be a xardcm constent. For mcst applications & modal

such ac this is not adequate, since, from empirically obtained
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E Bigqure 2-4, Biock Diagram cf System Br-or Mcdel with

Cross-Coupling Bffects.

g gyrc drift runs, auto-ccrrelation functions of the exponential

g form have been obtained.®

If Gaussian white ncise® is passed through a linear first

- order shaping filter, as illustrated in figure 2~5, the cutput

willi be characterized by an autocorrelation function of the

Pt

exponential form. 1In the figure U represents zerc mean Gaussisn

white noise and € is the exponentially correlated gvro drifc¢ rate.

Caantilan

The . :lationship between the output autocorrelation function,

WO R

IR

Weg (T), and the input autocorrelation function, (ﬁ!u(ﬂ' can

N
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Biqure 2-5, éhapig& Riltar,

be estsblished using the foliowing relationship in tha frequency

domain®

¢“ (W) H (W) a(w)fbw(w) © 2+80
where ¢w (W) and ¢€€ (W) &are the Fourier transforms of the
input and cutput aviccorrelation functions. @w(w) andbee(w)
ares froquently referred to as the input and onlput power denalty
spactrums. The texm H(W) is the transform of the filiter hpnll;o
rasponse or filter transfer function, and the bar over H denvtes

the conjuga{:e. The transfer function for the firat order chaping

filter is

3 N
H(W = — a_
(w) 5@+ 1/ A 8-31
snd the input autccorrelation function for Gaussian whits noise is

2
pr {r) *0'0 (1) 2-32

wvhere 0‘3 i the variance of the white noise amd $ (T ) is the

Dirnc dalta function. The input power density spactrum is

@ -
) 2 5; 19T 2
@, () -JI: o Sit)e dT= 0

@ U 234

which represents a cengtant pawer spectral denaitvy. Using squation

2~30, the output powar density spectrum <sn be writtan as

Pftiiarst 2o O A

7
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—_ ! 2
-jwn?k” ;w+|/}\)% 2-34

%{w)-i

or in *he time doimein
@ jwT

:-L- -1 ! e 2-35
Pee'™ 2#]_;, SaoikiGmry) Cve v

Bvaluating the above integral® yields

-T/
(p“(r). A ole A T>0 2-36

e

or
; Cpee(ﬂ' 2 Tut 2-37

" where T is the 2ifference between two points in time, i.e. { t; -

) -ta)e
The variance cf the output random process is
A g2
0] 02 : LD o 2-38
Pec'0% = 2
From empirical data the standard error, 0.6 , for an ax-

ponentially correlatad random drift can be determined. In
addition, if an autncorrelation function is plotted, the time
intervwal for the function to decrease from O'ez tc a value of
O‘Gall& can also be determined, This quantity, designated X
is sometimes referred to as the correlation time.”

if €y, &y, and €, are used to represent the various

random gyro drift rates, the plastform tilt angles and errvr in

the azimuth wender angle due to these random drifts ( A €,

. A € 4, and A¥g,) can be computed from
- ft
. b (%) -J €, dt 2-39
. >
g > - ft
4 h(»} = € dt 2-40
. J s
P s
; LBe (] ==j €, dc 2~4&1
z )

A
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By combiui{ng these three equations with 2-25, 26, and 29 total

expressions for Aﬁy, Ad, and Ad, cen be written as

- tF » .
£4,0¢) -fc R sind, A8~ B, AZ - E}Jdt 2-42

-

g

Aﬁz(t) =ftL ﬁyn (cos @,° AG ~sin &,° Aﬁy)Q» e’}luAﬁz(O)
G .

Aﬁx(t) =ft ﬂzn- A¢Y - Qyﬂ cos B,°A &, + € x]d‘i: 2-43
o

12

244

The actalercmetars’ cutputa due to rapdom drift effects

" can be repressntsd, as 3n ths case of the gyrss’ random drift
rates, by linear first crder shaping filterzs driven by Geussien
white noise. Those acoslerometer drifts will be reprasented by &
and @ y# for tha Xp and Yp sccmlercuetars respectively. Bmpiricelly
derived valuassz for the standard eryor, G'a . and for the so-talled
cofrelstion time, A ., can theu be usad in equacic;a 2~38 te £ind
the variance of the input white noise.

Rexdon disturbances mgasur;d by tha accelercmeters {such as
vibrations, wind gusts, etc.; und sccelerometer cutputs due to
circuit roiss {o.g., seplifier roise in a force rebaiance iloop)
can ba approximated iy edditive white goise to tha accelerometers’
outputs. The sctuel specizal dansity <f this noise will be &
function of thé envizcnment sf the inertinl plstform, hewaver,
for convenience an additive whits noise distusbence ufll be
assumed. This ncizse will be denoted by V, snd Vy for the Xp and
Yp acceletoreters Taspactively,

Including the effects ¢f the accsisoarater®s rsnders drifes

ad the additive ncise, egustionyg £-21 and 2-32 ¢an be yewritten as

Mehadio e dhenn e s i D e
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g~A¢x+a + Vv 2-45

b 4
~g* A Q)y + ax + v 2.46

Ir

Ay

A

<

X

A conplete system errsr model can ncew be constructed froam
equations 2-42 through 2-46. A block diagram »>f this model is

illustrated in figure 2-5,

=
B

,,
(720

ol
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JII. Formulation of State Space Equations
The system error model illustrated in figure 2-5 is a multiple
input-multiple cutput linear system. In recent years matrix
equations have been applied extensively in the analysis and syn-~
thesis of multivariable systems.!?* In this chapter the system
error model developed in chapter II will be described by two

ratrix equations. These equations are

+ U 3-1

§54.
12 |

Y= M + ¥ 3-2

In equation 3-1, A is the system dynamics matrix, X is the erroxr
state vector (bar under letter denctes vector), and U is the input
forcing function. A dot over the vector indicates differentiation
of the vector with respect to time. In equation 3-2, Y is the
measuremant vectof, M is the measurunen:t matrix, and _‘{ is the
additive measurement noise. Equation 3-1 is frequently referred
to es the System dynamics equation and equation 3-2 as the system
mneasurenent equation.

Equations 2-42 through 2~44 describe the dynamics of the
system error model. Differentiating these equations with respect

to time yields the following first order differential equations

5 Aax=«ﬂ'2h'Aﬁy-nya'cosdz‘Aﬁz-r €, 3-4
BB, =0, (058, A0, -sind, Lg)+ €, 35

:
74
4
A
H

i

Por the moment, letting the state vector X be composed of
the slements Ady, A, and A @_; then equations 3-3, 4, and 5

can be combined to form the following first order matrix differential

palhd 52 o ARSI ¢ Telle e 2 aC TR R it L EP R A AL SN Nl R SRt e Phadie SRS N
Tt P -
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equetion
”A é’y-l o - QZn gyonsin g, A ¢y- r-ey"
Ad, |- Q.zn 0 - Ryecos G| |AB,(HE
|88, | |- R, =08, & cosd, 0 XARCH
3-6

The forcing function ve>tor in equation 3-6 is composed of
the various gyro random drifts. In chapter II these drifts were
modeled by & first order linear filter excited by zero mean
Gaussian white noise (see figure 2-5), Therafore, first order

differential equations describing the dynamical behavior of € _,

y
€., and Gz are
éy = -1/Ay €, + Uy 3-7
éx = --1/)\x €, + U, 3-8
€, = ~UX € + U 3-9

where the y, x, and 2z subscripts are usad to identify the \and U
associated with each gyro random drift. Equations 3-7, 8, and 9

can be combined to form the matrix differential equation

fe 1 [-: . o 1le U]
y ;/)\y J ey Uy
€ =1 o° -\, O €. U,
. + 3-10
€ o) o) -1/A € U
oo z- hae z -l b z-l b zd

Similarly, the random drift of the accelerometerse can be

described by

a, = -u, ay + oW, 3-11
@, = -Vp,  a_ + W 3-12

where [ is analogous to the A in the gyro drift model and W is

R )
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analogous to U. In matrix fom the dynsnics of the random drift

of the accelerometers can be written as

a.y - 1/;4.y 0 ay Wy s
L) = + -
ax 0 'l/#x ax x

The dynamics of the system errox modal (inclusiva of tha
inertial drift models) are described by aquations 3-6, 3-10, and
3-13., If the system error state vector iz defined as
ag, |
A,
Ad,

a-14

L
L]
m

| ®x
then an eguation in the form of equation 3-1 can be furmulated for
the total system error model. This first orcder matrix differential

equation is
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The accelercmeter measursments due to gystem arrors are

(from chapter .)

A, = g8, +ay, + v, .3-16
A, = -g-A ¢y Qe + Vy 3-17
If the measurement vector is now defined as
A )
y =|7 3-18

A

the measurement equation can be written in the form of equation

3-2 as
Ay © g 00001 0jfAd, vy .
= : + 3-19

Al |9 0 0 0 0 0 0 1{|Ag, v

o,

oo i

Bquations 3-15 and 3-19 are the state space equations for
the error model illiustrated in figure 2-5. RExamining the state-
space dynamical equation (3-15) reveels that the A natrix, some-
times veferred to as the system’s dynamics matrix, ccntains
elements which are functions of ¢z, the unknown azimuth wander
angle. Therefore, the angle to be determined is a parameter of
the system. Problems of this nature are frequem;ly referrec¢ to

as paranmeter estimation problems.
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IV. Paraneter Batimation
The system eryor model has been dastribed (in chepter XI1I)

by the following matrix equations

X = A{8)% + U 41
X = X +V 4.2
vhers
X 1is an 8x1 state vector of ths systen arrors,
U 1s an 8x1 Gaussisn white noise vector that is‘zha input
o the system error nwdel,
Y is a 2xl1 vector that contains the sutputs Ox Jscavrenent:

of the syatem error mudel,

A (#,) 4s an 8x8 matrix reprasenting the dynamics of ihs wyntes
and conteining elements which ars functions of &, thw
acimuth waander angle, _

M is o 2x8 matrix which iinearly relatss X t© ¥ (vamselly

refasrred to as the messurement matyix), and

<

is u 2x1 Geuszian white noise vector reprssanting the
additive noiss on the measurement.

A matrix block diagrem of the systam srror model is prewentsd
in figure 4-1. Ths wide iines indicate vector-signal flow, and
the tosasfer function 1/S represents 8 intagrazors azvangesd sc
the cutput of each is a state varisblie. The dynemics matrix
A {@,) indicates how the outputs of the integratcrs xre fad back
te tha inputs of the integrators. Hor exanpie, tha Aj4 element
reprasents the transfer function betwesed the wutput of the jgb

integrator and the input to the ith integratyr.
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The goal of this invawxigation ie to formvlate a technique
%0 detersine the azimuth wander sagla, #,, in minimus tine., In
addition, 2f the gyws drifzs {€., € ¥ €,) and the accelerometey
drifts (&, ay) aan be eatimated, Ther suitable compensation caxn
be Impiemsnsed (0 the platfors centrclliar. Therefore, sstingtes

cf the atate of ths system e¢rars, X, snd an upknown parageter,

#

gt %S racded.

The mﬁcou for estinating tha state of & system daveloped
by Kainer;! using the minimim varimnce criterion, cen be applied
to linoar atochastic ayscToms vith Sgugsian stutietice‘ whinre the
velues of the dynamical paramerers are specified. In this
favestigation one 2f the porsmeters of the dynanic modal is kiown
imprecigaly, and furtherxcre, precice knowledge of the parsweter
is nocessary for zatublizhing 2o inftiel cooditiunc of the
inextial pletfora.

One methed for tresting this type of problem Iz digcusued
Ty Povenscn.* Sorenwpn’s sppisach considers the initial sstinated
waive Of the peroavetes 55 & kuows zonstEpr. & copveaticnal

Ralman filter is thew uynthesizy whers one element of the

;
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astinated state wecter is related 4o this pavareter {ox is tha
parametar). The parumeter valus is than uvpdated in acvordancs
with the state estimat&,. This ¥olaen filcar provides an sstiuate
cf the perametar ms well as the variance of the wrror in the
sstimate. When the variance rsaches sn a grioxd datermined
value ths procass can be tammineted and = velue for tha perameter
estedlished. This paremeter estimtﬁn poocedure nay otnvarge
ty the true value of the psrameter, hidwever, the convergence mzy
nct ke optimsi in tixe. Yor the problex under consideration
rapi? convergence is of prine importance, therofors; s tima
optinal procedurs mus? be wtiiized. '

Hagtllds® nae treated the problem of tine optimsl paremetar
astizption vhera the parauatar s coest?ai;xed to & finite Mx‘
of poasivle veluea. Biemental lineat estinatora {or Falwen -
éi-lui-z} a8 constractrd Lor euch of the possible pax“a‘nﬁe:tfec values,
and the mt&';uta sf tess eaiiinsvors weighted ¢ foawm &En ppﬁia:il
asatimste of the ntete vectr. Magill theo shiws has give&x the
syeten outputs tha cptimel permneter esiimate iv the sum of the
elswantel peravelers sack aweighted by a conditionel prabebility.
These scaditional probodilisies are calvuiated on a vecuveive
bacis until vos &;vezges to & ¥8IGe 1 ;‘rhile e Test convargs
toc zaro. Pigiwe 4~2 iliudtrates Maegill's s wptinal estizacor
a9 X% could he appiied v this problag of sepid detarminstica of
the azisush @nﬁ«er smale. The wmparscorip¥s on the @, vafer to the
varives valuns of the peremeter, wiile vhe ooperacripts on X dav

divare tue astinated state vsutor secisted with £ periisalar
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paranetsr valus.
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Pigurs 4-2. Time Optimal Parsmeter Estimaticn (x_eﬁll}.

-

Magill’s mathod is useful only if one of the di (i=1,2, ..
n) chosen for the eleutntel filters is the trpe vaiue of the param-
etxy. To psertically realize this condition far tnne problex uncex
cenglideration, where g, asy assume o continuum of valuer beiwesn
‘; O and 2r; a lurge nuxbsr of elemental Filters would be regquired.
. Por oxempls, qiver. an initiel estizate aof ¢, with a gtanderd

esier of 1.5 deyrees, it will be GEC2ESaTy tG Construct an

alenental £ilter fur every six minutes of arc in the range & ~ 4.5°

s o @z + 4.5%, azswsing that the desired acourecy is of the order

of € minutes of ax¢. Thersfore, {t can be sean that the applica-

tion of Mugiil’s parawetesr estimstor to the problem at hend would

T"’t‘l’\%&!ﬁ'ﬂm!‘t A2 IR ANTARL DL VAN S 20 ) AP TR R bk o T B oy
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lead to computational difficulties, since about 90 elemental
filters would be neasded.

Por the problem under consideration a time optimal parameter
estimator which allows the parameter to assumes any of a continuum
of well defined values is needed. An estimator cf this type can
be synthesized by combining the method of Magill with Sorsnson’s
approach. As in Magill’s method, this parameter estiﬁator will
utilize a bank of elemental linear filters each initialized with
a value for the parameter., However, instead of fixing the param-
ater value for each elzmental filter, this value will be allowed
to converge to ths truz parameter value by continuously updeting
¢: baged on g (¢i), as in Sorenson’s method. Therafore, the new
method combines the time optimal feature inherent in Magill’s
reproach, with the continuwous value feature of Scranson’s method.
A limited amounz of filters .an be used since the filters have
the flexibility to change the parameter value,

The next step involves the determination of a weighting
function for each of the elemental fil+.rs so sn oversll error
state vector estimate and parameter estimate can be formed. As
will be shown in chapter V, the measurement vector, ¥, is differ-
enced with the expected measurement,.g, at the input of the
elenental filter. This expected measuremeni is obtained simply
by pre-multiplying the propagated error state vector by the

”~e

measurement matrix. This vector difference will be denoted by Y

and defined ag

<>
b

]

w

Y:z..
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Réferring to the bank of elemental filters it is evident
that the filters with parameter values close to the true value
w..l generate expected measurement vectors,‘g, closer in value
to the actual measurement vector, Y, than those whose parameter
value is lass accurate. Therefore, the outputs of the elemental
filters where‘z'is relatively smaller should receive the greater
weight. A simple method for generating weighting functions in
accordance with the above criteris first requires the definition
of the norm or length of 3}: as

~ ~ o~ ~ T~
¥ = g, 3)1/2 = (X X)l/z 4ud

Next, an expression must be generated which weights the
elamental filter outputs inversely proportional to the nomrm of
the filter’s _";’:. In addition, the sum of all the weig;xting
functions generated must equal 1., An expression which conforms

to both of the above stipulations is

w(ﬁi) = n_:_-'i' j=12,:j#i E(q!zj)‘ 4-5
s |26
3=1

whera OJ(¢21) is the weighting function for the 1™ elemental
filter and ” z (¢zj)l| is the norm of the difference between the
expected measurement vector as generated by the jth elemental
fiiter and the actual measurement vector.

"As the various parameter values approach the true value

A ' ~ s
(¢zi - dz; + =1, 2---n), the vectors Y (ﬁzl) will all approach

the ssme value. Inspection of equati.: 4-5 shows that under these

e
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cricumstences the weighting functions will also all approach the
seme value resulting in a uniform distribution of the weighting
functions.

Finally, a measure of the performance of the parameter estima-
tor can be obtained from a weighted sum of the variance temms
contained in each of the elemental filters. The same weighting
functions generated by equation 4-5 will be used. .

Pigure 4-3 illustrates the continuous time optimal parameter
egtimator described in this chapter. The word continuous is used
in the sense that the parameter can assume any of a continuum of

values.
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Pigure 4-3., Continuous Time Optimal Parameter Estimator.
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V. The Elemental Rilter

The slemental filter for the parameter estimatiocn technique
presented in the previous chapter can be synthesized quite reedily
using the methods of Kalman and Buey.!’# The error model dynamics
equation (equation 4-15 and the measurement equation (equation
4-2) are the basis for synthasizing an elemental filter for a
specific ¢z' The system error nodel is linear, continuwous, and
has a white noise forcing function. The measurement goise is
also white and is additive. Due to the nature of the problem and
airborne computer limitations the filter must necessarily be
discrete performing error state estimates on a continucus system.
The system measurements {that is, the accelerometer outputs) will
be cbserved for a finite pariod (for example, SO seconds) and then
these nmeasurements smoothed in some manﬁer and {ed to the elemental
filters. The filters will then estimate the state vector, g,

The varicus estimates of the state vector will then be weighted
in accordance with equation 4-5 to form the overall estimate.

The parameter estimate will then he formeé by a weighted sum of
the individual parame‘er values. The only difference between

the ordinary Kalman filter form and the elemental yilter used in
this parameter estimator iy feedbeck of a component of the cutput
of the filter to the elemental filter dynamics matrix. Specifi-
cally, the filter estimate of the error in @, is used to update
the velue of @, in the systen dynamics matrix of each filter.

The elémental filtex has as its objective the generation of

A
an estimate of the state vector, X, sv:h that tha mean square error
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of the estimate is minimized.

A matrix, P, cslled the covariance matrix is defined as

P = E [(;& - (x - ﬁ)T] 5-1

where E is the expectation operator. The P matrix contains the
second crder statisticyg of the system errors. That is, the
diagonal elements are the variances of the components of the
estination error and the off-diagonal alements are th;s covariances
of tha estimation errors taken two at a time., Therefore, the
filter generates an _Q_ which minimizes ths variances on the
diagonal of P.

The basic recursive equations for a discrete Kalman filter
are adequately treated in many publications.” The fcllowing
paragraphs present in summary form the equations which will be
utilized to form the discrete elenenta;l filter in the parameter
astimator of this investigation.

The error model dynamics equation

X = a(B)X + U 5-2

has a scluticn which can be written as

x(t) = @ (T1,0) X(0) + (T) 5-3
where
®(T,0) = state transition matrix over the interval O to
78,6
c(T) = the response of the syatem to the white noise
vector, U, over the interval O tc; T.
X(T) = state at time T

X(0) state at time O
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If the elewmenin of tha wnite ucize forcing functicon, U, are
uncorrelatad, a diagonal matrix can be obtalned from B {Q'Q T]c
If thio matrix is dencted by the latter Q an spproxinete expresgion
for the covariance matrix, P, at time T is?

P(T) =@(T,0)-p(0)- 7 (£,0) + -:'. [cr@"('r,o)m's’,o) «Q] Sok

where
P{C) = cevariancs matrix at time O
P(T) = covsrianca matzix &t time T
QT(T,O) = transpose of the transition matrix

At this point it becomes necessgary to diztinguish betwees the
best eatimate of ﬁ just prior to filtering, 2{?’“}, end juet after
running the discrete filter 2(1"-‘) T will be used %5 indicats
valuas just prior to rumaning the filter and T to indicate valuecs
just after the fiiter ie run. This terminoclogy will alsc epply tc
the covariance matrix, P.

At time O the filter is initialized with an estimate cf the
atate vector 2(0) and & coveriance matrix P(0). 2{'0) and P(O) &re
then propagated to the Kalman update time T using

£r) = @ .1,0)-80) 5-3
for'ﬁ('l"') and equation 5-4 for the computaticn of P{T").

Now substituting g(?.“) for X in the measurement equation

(4-2) yimlds :
f('r) = N ﬁ('r') . 5-6

where _Q('r) is referred to as the expected measurement. The

measurerent additive noise wector, V, does not appear in 5-6 since

the best estimste of white Gaussian noise is 2ero. The difference
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betwoen the axpected measursment, _{l\_(’l’), and the actual maagsurenent,
¥{T), will b= demcted by ’;’("’) That is,
¥ery = w{m - ¥ | 5.7
A new estimate of the state vector csn now be formed using
the equation
BT = BT+ Y 5-8
whers K iz tha commonly 2eferred to Kalman gain ma¢rix. This K
wnetrix is computed o0 a2 to minimize the diagonal or variance
rerms of the poopagated covariance matrix. An equation which
accomplishes this winimization is”
*P!T)MTBP(T)MT+QJ 5-9 -
where R = [V V{}
Afcer the new state estimate is formed the covariance matrix is
updated by®
P(TY) = (I - KM)-P(T™) 5-10
Bquations 5-5 through 5-10 contain the nrecessary recursive
operations to construct a Kalman filter which operates at discrete
times on a cortirucus system. To further gan=ralize these equations
replace O by t and Thy t + A+« where A% is tha time interval
between filter runs. The mumber ~f filter iterations can be
cantrolled by checking the vsrxiznce terms cf the P matrcix.
When e desired variance for an errcr state 3s reached the problem
can be terminated.
Por the parameter estiration technique gresented in this

investigation it is necessery that the velue of ¢z (the azinut

wandex angle) in the A matrix be updated by the estimate of A ﬁz
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the esvimate of tie ssror in ¥, {thet 45 A&, (v + & 7)) with
the surrent valos of ¢, Thexefors, if &, {t + A 17} fs used
to Aencte the vpdeted vaive of &, end &, (v + A t7) <he velue
hafore wpdating

#, (e v ATy = g, (1+8¢7) < &d (2 Aty saz

This updated valua of the azimuth wender angls will then ba waed

in the Formation nf s new A matrix for the simscontal f£iliar.

A block Giagram of the elemantal filter is praeusnted 3In

figure S~1 and an equation flow chart for the filcer elgixislm

presented in figure 5-2.

A
X

X(r+4a1)
A
Y(i+at)
3 & K= Si+at |
-

Block Dimgram of Elementel Filter.

Figure 5-1.
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— > P(x+le, t)

!

PROPAGATE COVARIANCE MATRIX TC teft™ -
P+l )= t+Ac,£) P(t) § Tf%Aﬂ;,t)i—%E{Q# {erfir, 1)K el t}Q}

PROPAGATA ERROR STATE BSTIMATS 10 t+As”
X(t+8™) = @ (esdde, €)- R{x)

COMPUTE KALMAN GAIN, K .
X = P(teAt™ )T {up(um') u' + r] -1
4

1

;0561 EXPRCTED) MBASURBMENT

¥(teht) = 4 R (tsAt7)

DIFFERENCE SYSTEM MSASUREMENT WITH o
EXPBCTED MEASUREMENT X(t"‘ )
F(eelr) = Y(voise) ~ Yleetre) ' — MBASURBMENT

PORM UPDATED ERAOR STATE ESTIMATE o
2(:#&*) = X{t+At7) + K Y(rslt) = X(t+At*}

I ELBMENT 4L
PILTER ERROR
STATR OUTPUT

UPDATE COVARIANCE MATRIX

P(t+Ar?) = iz - 104)-p(t+le™)
UPDATE AL, PILTER PARAMETER
BSTIMATE

g, (vvde*) = ¢

g LtdtT) +A¢z { e+l

FPigure S5-2. Blemental Milter Computer Algorithm.
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Vi. The System

The prime function of the platform controller during the
initialization process is to apply earth rata torqueing signals
to the platform gyros. The level axes tonwquing rates sra ocom-
puted using equation 2-5 with ¢z’ the azimuth wander anglse,
replaced by its estimace, 6:' The desired equilibrium condition
is cbtained when the correct azimuth wander angle is determined
(within a specié‘ ied accuracy) and the gyro and accalerometer
random drifts compensated.

Using an external reference or from cobservation of the
platform without earth rate torquing, the initial asimuth wander
angle can be estimated with an accuracy of 1.5 degrees (10°). A
nuwber of values are then selected in the vicinity of this initial
estimate and an initial weighting distribution for these valuu_
assumed. The most intuitive approach to selection of these
initial vaiues is to assume a symmetrical distribution with sym-
motrical weighting. For sxemple, if @, is the initial estinste,
valuas of ¢: for the elemental filters could be @,, &, ¢ 19,
ds * 2° , etc,, and an initial triangular weighting centered on
@#g: The initial or a priori weighting diatr:lbut.:lgn fa utiliked
only for the first run of the parameter estimator. Subsequent
rwns use the weighting factors given by equation 4-5.

The error state vector, 2(_, for each of the elemental filters
is initialized with all elements equal to zero. The covariance
matrix for each of the elemental filters is initialized with

estimated variences for each error along the diagonal and all
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& off-diagonal terms zerc. After the first run of the parameter

; ‘ astinator sach of the elemental filters contains an estimate of

P, . .
' the parsmeter, dz, estimates of the angle misalignments ( A (dx, 4

RN e

A ¢y’ A @), estimates of the inertial component drifts ( €,,

-‘y’ €., Q, ay), and an updated covarisnce matrix. A new elemental

filter paraneter estimate is formed using ecuation 5-12. An

iy TR TNy e

overall parameter estimate can then be formed using the a priori
waighting factors in accordance with _
n at Al
: 8, = 3 w®) 5 6-1
i=1

B2 AN Pt T

EMESE L= b

wheras n is the number of elemental filters. This value of az'is
then uwsed in the computeation of the earth rate torquing signals
genarated by the controller.

9 | Compensation for the inertial c;::mponents’ drif.ts is accom-
plished by weighting and summing each of the elemental filter
T drift estimates, and then applying the results directly to the

E inertial components. The inertial components’ drift corrections
| are then subtracted from the inertial component drift estimates
in aach of the elemerntal filters. This leaves a residual value
in the fourth through eighth positions of the error state vector,
; Thisz residual value will be propegated to the next update time

: in accordance with the propagation equation contained in the
elemental filter algorithm. The A @, and Aﬁy angle misalignments
are torqued to zero by the leve;ling loops ‘and the corresponding
errcr states in each of the elemental filters set to zero. The

J A @, termm in each of the elemental filters is set equal to the

AL T
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difference betwaen the overall estimate of #, and the value of
#y in the particular elemental filter.

On the second and subsequent psrameter estimator runs
weaighting factors are computed in accordance with equation 4~5.
These weighting factors ara then used in the compukation of the
overall paramater estimate and the inertial components’ compensa-
tion., .

The primary result is to obtain a value for the azimuth
wander angle within a spacified statistical variance. A variance
for the parametor estimator is formed by multiplying the weighting
factor for each elemental filter by the variance of A §, in
the elemental filter covariance matrix. When this variance falls
balow a specified value the initialization procedure is terminated.

The currsnt value of ﬁz is maintained in the controller earth

rats camputation and the current inertial components’ compensaticn
maintained, If in the navigation mcdé an augmented system with

a Xelman filter is utilized, the azimuth wander anglx and the

PR T e T ORI R I E v e

inertial components’ compensation will continue toc be corracted

during flight.

T T e

Pigure 6-1 is a block diagram of the rapid initialization

technique described in this investigeation. -
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VII. Repid Initialization Simulation

7o verify that the parametzr estimetion techniqua described
in this investigation will converge tc the true value of the -
parameter (to a statiatical accuracy), a computer simulation of
the entire system was programmed for use on a Burroughs - 3500
computer using Extende¢ ALGOL. The inertial platform was simu-
lated by firet order difference equationz which were itersted
every second to.approach a continuous syster. The ocutputs of the
platform acceierometers were smoothed using straight averaging
and fed toc the filters. The recursive elemental filter equaticns
wers conteined in an ALGOL Procedure nawed Xalman which, when
called up, ran through ths equations dslineatad in figure 5-2
using the appropriate 32,‘2, and P for the particular elemental
filtax. The norm of :‘fwas also computed in each filter to
facilizate computation of the weighting factors. The filter wa;
run every 60 seconds. The covarianse propagation eq&ntian and
state vector propagation equation were run every 10 saconds.
This was necessary due tv the error introduced by truncation of
the series spproximation for the transition matrix at the second
term. During the time the filter was running, the platform was
releveled (approximately 5 seconds real time to relevel).

To compare this rapid initialization technique with present
rtate-of-the-art gyrocompassing, a thermally compensated experi-
mental platform was gyrocompassed from an azimuth error of 1.5°
and the dynamic azimuth error recorded on a strip chart. Pigure

7-1 {llustrates the emount of time necessary to achiave an

A 118 O o2
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aligment accuracy of approxinmately § minutes of arc for this
system (8 minutes resl time). Statistical data on the performance
of the inertial componsnts was then cbtaived from the manufacturer
md uveed in the repid initializetion cuaputar simulation. The
data ohtained wvas as follows:
Gyrc Random Drift (Corralated): o= ,02°/HR

Correlation time = 8,500 mc
Acceleromatar Random Drift (Correlatad): 10°= S x 10™%

Correletion time = 30,000
. &ac

A messursmdnt noise vector was aasumsed which consistod of an wa~
currelated sequence which changed viivs svery eceond. omputer
runs ware then made for azimuth wender angln of Q, ao, eand 48
degotes. Five rums were msde for sesh of these asimuth ma
sat: with a d:lffuru:t random uquce. The vavisus m
segunces were obtained by changing the 8 digit key In t!it“nauipl
Proctodure "Independent Gaussian Random Varisbles" (IGRV).
parsmeter estinator contaizned S ﬁluantai filtars which werw
initislised et valuex of il end {2 dogrees about an indtial
astinate which was in error by 1.5 degrews. M initial sriguler
weighting distribution centered on the initizl estimats wme -
assumed., ,

- The computed veriance of the paremeter estimator indicated
that en accuracy of € minutes of arc ( 1G°)y could be reached in
3 minutes of running time (pins approximately 2 times 3 seconds

for the filter runs}. The actual average error of thx £ifteen
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s aftexr 3 ainutes of running time was 5,9 minutas of arc.
Tabls 7-1 1ists the final azimuth wander angle erzors for each

of the rums. PRigura 7-2 is a plot of the average error for the

fiftoen runs versus time. Typical computed arror variances of
the paramater estimator as a function of time ara illustreted in
2 ’ figura 7-3, and figure 7-4 shows the initial weighting distribu-
tion and a typi;-,ql distribtution after the third iteration.

The simulation prcgram is contained in appendix A apd the

T TR T Y

. printout for thzee of the fiftesn runz is contained in appendix B.
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TABLE 7-1

Pinal Azimuth Wander Angle Brror in Minutes of Arc

| Random Generator Xey o° 30° 45°

23232323 7.8 c.2 5.4
34343434 11,58 2.0 1.7
12121212 1.2 5.0 8.0
43593395 15.4 11.8 10.2
273756389 2.1 2.7 3.4
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Bigure 7-2, #versge Aeimuth Error for the Darmatar

| Bauiustor vereus Aligrment Tima (15 runsj.
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Cerrespouds to 6 minutes of Arc (107)
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Pigure 7-3.
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VIII. Conclusions

The problem of rapid determination of the angular oriente-
tion of an inertial platform with respact to the rutating earth
refarence frame has bean investigated and a new method for
initialization presentsed. A linear erxor model foix an inertial
platiform in an azimuth wander mech;nization woe darived smd the
equations expressed in state space fomm. The ex»i¢ problem in
infitialisation was identified as a parameter estimation problem.

The two methods of solving parameter estination preblens
currently available in tha litersture were then ﬁrd-antod. The
£first methnd allowed parameter estimation for a psrameter which
can assume a continuum of values; however, the method was not
time optimal. The second method examined was tim. optimals how:
ever, it was constrained to_problen-.yhe:n the p.:!l.fltiil.
limited to a finite number of possible values. '

By combining fsatures of  both ;.thoda and uliné a -ilp;o
weighting scheme, the time optimal method wvas extended to. pexmit
persmeter estimation for a parametar that can assime a continum
of valuas. In addition, the new paramater estimator étmvidc- a
variance term for the parameter estimate. This ;llaws the .
initialization procedure to be terminated when a predetermined
variance is achieved.

‘The necessary algorithms for the parameter estimator were
develop:d and a computer simulation of the system perfornmed.

Reeults of the pimulation show g twofcld improvement in
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‘THIS PROGRAM 15 RAPL |

A SIMULATION OF A RAPID INITIALIZATION TECHNIGUE

TRUE' AZIMUTH ANGLE(PHIZ) = 0.01}\1

AN ESTIMATE OF PHIZ 13 MAI?E EVERY 60 SECONDS.

THE I&ITIAL RANDOM NUMBER SENERATOR KEY ‘= 23232323 A

- - - R e

TIME IN MINUTES = D00 N L ’
c l\ T ) . S ) ¢ ..

‘THE ELEMENTAL FILTER PHIZ ESTIMATES APE

_ PHIZHATI = ‘-n T 1} R .
PHIZHAT2 2“0 . _ . -
PHIZEAT3 = 13500 . ST
PRIZHATA = 20500 & A

. CPHIZEATS & 3RO . . L.

. THE VEIGHTING FAC;ORS sms K L e -

Wi'= el ° "7 SRR N .
, W2 .= 052000 T T = .
W3 = 074000 . e : _
4 = 072000 . O - s .
¥5 = 01000 ) o, : '
« " e - ’ - ! . *
THE DASARO PARAMETER ESTIMATE 1S ' 1.5000 .o
THE ERRCR VARIAKCE IS 680000004 S ST

THE ERROR IN INUTES OF ARC IS =90 00000
TIME IH MINUTES = 1.00 '

-

THE ELLMENTAL “ILT:.R PHIZ Fbl‘II‘iALh "ARE

PHIZIATI = =0¢6967 o
PHIZHATZ = =0.095 :
PHIZHAT3 = “0-307 .

PHIZHATA & 10100

PHIZBAYS = 1'.‘.73}
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THE WEIGHTING mc*roas ABE B ‘ S b

Wi = Q1000 . e

¥2 =0 2000

W3 & 0VZ000

wa f- QeS000 :
S =o%tonn,

THE DASARO PARAMETER ESTIMATE 1S 8.5072

o asesw @

THE E mun VARIANCE Iq .2 706810-04

. . o o
— .'.\‘, . o
| THE EWROR IN MINUTES OF ARC 15 -30:43397
.. . ..- . - .. N ¢ .. J . -
- TIME ;iz'n'_mun-_:s = .'_a_._qo _ " el s

»

.T!EE ELEMENTAL FIL.TER PHIZ ESTIM-:T’"S ARE
PHIZRATI = ' -0:480° , :
PHIZHATZ = 03071 ° : . ai

L PHIZHATS = 00338 - .
. PHIZHATA '

0748 . ' o
nrm~§ T 1158 . S
I A - . -

- . THE wnIGHTING FAC;QBS ARI'.

0-1189 -t . .t /

Ui's=

Ua 5'11-2180

3 & 072391

¥4 = 002016

W5 = 0.1623

THE MSARO PAEAMETER E.STIi'IATE IS 0 .3}83
THE thR VAAIA'\FCE IS § §f18060-06

TH.E I‘?LRC_)R ;N M?i‘JUT):".S_ OF {{RC 83 ',-§9o09694
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" THE ELEMFNT&L FILTER PHIJ‘K ESTIMA"‘Ea RRE«

PRIZAATL = "=0:6527 .
© PHIZHATZ &. #0366 ‘ k
© PHIZHATI 3 =0W0&0 , . teoo-
, PBIZHATA & T0Y208 T
PRIZHATS & " GO¥297 .

. THE KEIGHTING FACTORS uBE R A (P .
WiTe 2069 T . Co .

62 & 032423 - A
© w3 aQverss L . .. o SR
. WA aovissa. . - o S
‘\ “‘—5. ? .;14'52 ] - W e LT e ". . -,
THE DASARO PARAMETER ESTIMATE IS -0.1 :_gus |

'FHE ERRCR VARIANGE IS 23583108-06-

" ¢ . T, "".:" oo -’,'_-.“-‘..."_ e
-1THE ZRROR IN KINUTES OF ARC i$ 783056
- - - - - - Ll - " - -~ - - \w - e .o -
w.ammca ‘BELOV VALUE cmcmrne ‘T0 4 s -
'A’i SIGHA ERROR OF & mmﬂ-:s’or'aac -
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THIS PROGRAMN IS5 RAPL

2

T
AR,

A SIMULATICKH OF A RAPID IRITIALIZATIUN TECENIGUE

»

[
A, o .
Yon s, mup i

TRUE AZIUTH ANGL:.(""IZ) = 300

Ry e
Caw

AN ESTIMATE OF PHIZ is ADE EVERY 63 SECONDS

THE INITIAL RANDCH NUMBER GENERATOR KEY = 23232323

o
o

1]

o

TIME IN MINUTES = (.00

o~ -

THE ELEMENTAL FILTER PRHIZ ESTI;‘EA E‘

PHIZBATS: 29..500°

PHIZHAT2 30503

PHIZBATS3 217500

PHIZHATS 32+500 -
33500 . - .

- wes

U I CIR T R L -

TRHE UEI(:HTIN»G FACTORS ARE
Wl = (J.1000

W2 =-Den

w3 Qe 400

W4 = Q2000 -

¥s = 0% 1000 .

o

v Wt

THE DASARD PARAMETER ESTIHATE IS  31.5M0
THE ERROR VARIARCE 1S 6+ BAVVL =14

~

THE EHROR IN MINUTES OF ARC IS -90.00500
XIKE IN MINUTES = 1.00 -

THE ELEMENTAL FILTER PHIZ ESTIMATES ARE

PHIZEATI 294297

29899

PHIZHATA 3G 501

FHIZEATS 316104

FHIZBATS - 3177 . .

oo u'
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THE NEIthING F@CTORS ARE . N h N

W= Q1000 -
W2 = 0W2000 ’
« WS 2 0Q9a000 _ ‘ . o .
‘W4 & QY2000 . R, _ "L :
S ussodiaoe o
THE DASARO PAEAMETER EbTIMA;L 15 3Q.§914 T
TBE ERROR VARIAV9§ ;S ? ]OéBi@-Oﬁ _ ?
. ) N ’ . . P IRE | Y ‘:,_i
‘T}_ig.‘ ERHOR IN MINUTES OF' ARC IS -§0..0_8430 g
: '.": - " ' .‘“' BN '4'1 .' N o -"\~.-‘ ".,}‘ , :/.‘ ‘ ’3"',' )

LTI m mmurss = ?.-90 o e
S N

*" THE ELEMENI‘AL FILTER FHIZ ESTIMATES ARE

T URHIZHEATI = "29¢8200 T T et T T T
" PHIZHAT2 & 303030 T

U I PHIZHAT3 2 S0Va4e e g
. PHI2BATA £ 307853 S
PHIZHATS £ 317285 ' - :
THE WEIGHTING FACTORS ARE
¥i= §.1737 ' , )

veloe _ .
0;2393 4 \ . \.. . .
02067 _ : y
0l 681 i \ . . ) . < N

e mym s . . : e -

=
w
U0 N LI T H ll

THE DASARO PARAMETER ESTIMATE 1S 304551

THL ERROR VARIANCE I35 §.}§8069~06 Vo

THE ERROR IN MINUTES OF ARC IS ~2610787
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TIME IN MINUTES = 3400

THE ELEMENTAL FILTER PHIZ ESTIMATES ARE
PHIZRATL "= 294468°
PHIZHAT2 29755
PHIZHATS 30.042
PHIZHAT4 30330
307é20

- anoua

\

[0 1L ¢ “-nlﬁ

THE WEIGHTING FACTORS ARE

LWL T (JeB046 T 7

02379 . N
0s2213 ’

01880

0 {502

~ans o

W3
V4

"'!!' ne lil'l!'ll

\

. THE DASARO PARAMETER ESTIMATE 1S 2959967

’HE ERROR VARIANGE Is 2. 983179*06 .

o o sa
v

THE ERAOR IN MINUTES OF ARC IS 0019943

cso

.

VARIANCE BELOW VALUE CCRRESPONDING TO
A’L SIGHA ERROR OF & MINUTES'OF ARG

INITIALIZATION LOMPLETE vueco's
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THIS PROGRAM 1S RAP! N '

A SIMULATION OF A RAPID IN;T;ALIZQTIQN TECENIQUE

TRUE AZIWUTH ANGLE(PHIZ) = 45000
AN ESTIMATE, OF PHIZ 1S MADE EVERY 60 SECONDS
THE INITIAL RANDOM NUMBER GENERATOR KEY = 23232323

TIME IN MINUTES = Q.00

\

THE ELEMENTAL FILTER PHIZ ESTIMATES ARE

PHIZHAT] "= 444500

PHIZHAT2 = 457500

PHIZHAT3 = 46v500 : .
PHIZHATA = 477500, . N -
PHIZHATS = &BWS500 - .

THE WEIGHTING FACTORS ARE

WiT= Q.d000 7 "0 . .
w2 = 0+2000

W3 = Q4000 . -

Wa = ava2om ' . AR -
W5 £ 0W1000 . - T e

THE DASARO PARAMETER ESTIMATE IS 46+5000

-~ - -

THE ERROR VARIANCE IS  6:800008-04 ..

~

1

4

THE ERROR IM MINUTES OF ARC ;S ~90 «QQOO0
TIME IN MINUTES = 100

THE ELEMENTAL FILTER PHIZ ESTIMATES ARE
PHIZHATI 444301 : SRS AT

PHIZHATZ = 447904 . .
PHIZHAT3 = 45+507 -
PHIZHATY = 46¢110

PHIZHATS = 4657713

AN
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THE WEIGHTING FACTORS ARE
Wi = Q000 © 77 7 o R K
we & 052000
Ty W3 = QT4

V4 = 02000
. U§ 0% 1000

“ ema 4

1 , THE DASARO PARAMETER ESTIMATE IS 45.5068
: THE ERROR VARIANCE IS 2.7068i6-04 '
F, : ¥ e 3

THE ERROR IN MINUTES OF ARG IS =30.:40692

e -

TINE IN MINOTES < 2400

HE MR pe e

-,

: THE ELEMENTAL FILTER PHIZ ESTIMATES ARE

: PHIZHATI = 44:688"

-PHIZHATZ & 45v099 -

PHIZHAT3 = 457511 IR

PHIZHAT4 & 457923 o ' o
PHIZHATS = 467336 T :

P e v s i i

. 7
THE' WEIGHTING FACTORS ARE
Wi = Q0706
va 0v2090 ’
W3 =232 )
5 W4 0.0'2098 !
W5 = 0v1714

PO NA WAL S e Dy § 10 N i

\
' THE DASARO PARAMETER ESTIMATE IS5 45.5123

f . THE gRROﬁ VARIANCE IS 3.14806@-06

; ' THE ERROR [IN MINUTES OF ARC IS =30.74099

e
[N
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, ‘ ‘1 - teee 0 e v e e -,
TIME m MINUTES = 300 C e
THE ELEMENTAL FILTER PHIZ ESTIMATES ARE )
PHIZHAT1 = 44:557° |
- PHIZHATS & 44844 L
PHIZHAT3 & - 453131 -~ = ST PR
. PHIZHAT4 & 2457419 I ST
‘o PHIZHATS & 453709 . =07t 0 R
L. o EE N ko 5 - .
. ) -‘. . ) “‘ ' ‘ ;-/l‘.‘."‘- :" -- 5:- .‘ -\ ':':.
“THE VEIGHTING: FACTORS ARF AR U
S W1T= 002027 T ' BT N I
- W8 = 0 &34 Mooz Tl Wheng ey
V3 = 0w2822 T P S AL P (O
‘WA & 051878 I S e
w5 2 uglses, RN e A
t ' ) ' - RTINS ‘-'::. R
4 , msano pammmm ESTIMATE IS 9:5.9394 T ‘:l -
mz mnoa 'VARIAWNCE zs g_9_831§_e-05 s
; | THE ERROR IN MINUTES OF ARG'IS  -5:3467
é -

3 _ VARIANCE BELOW VALUE CORRESPONDING TO -
: ‘A g s;r_sn'rA ERHOR OF g‘n;nurgs’gr:“eng

INITIALIZATI O COMPL’_‘_‘TI:. se0ce

BN

. o
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Glosaary

X Yns 2y local level right handed tried. X, is lavel

n

and pointing east, Yn ig level =nd north, and

2, is wp.
) Yp, Zp mnutually orthoagrnal platizomm axes,
2 earth’s rotation rate with respect to the

inertial or fixed frame.

Qyn level component of earth’s rate along Y.
ﬂxn level component of earth’s rate along X,.
ﬂzn vertical component of earth’s rate along 2.
A latitude.

ﬁz azimuth wander angle.

%z estimate of d,. .

A g, difference between. ¢, and 8;;'

A d.,A dy angles between the locally level plane and the
platform’s Yp and XP axes, i.e,Q &, is the
angle between Yp end the locally level plane
measured by a right handed rotation about Xp,
sirilarly for A dy'

By, B, errors in eerth’s rate torquing to the Y and
X gyros respectively due to error in azimuth
wander angle.

Eycc’ Excc’ Bzee errors in torquing to the Y, X, Z gyros due
to cross-coupling effects.

g the gravity vector; defined to be positive

in the vertical vpward direction.

- @




Ay, Ax
U
€ €y €,

I -

<

G0

platform level axes accelerometer measurenents.
zerc mean Gaussian white noise,

exponentially correlated random gyro drifts.
autocorrelation function of random gyro drift.
mutocorrelation function of Gaussian wﬁite noise,
Dirac dslta function.

pover density spectrum of random gyro drift.
power density spectrum of Gauvsaian white noise.
stardard deviation of a random process.

variance of a random prccess.

“"correlation times" for the random gyrc drifts;
values of for which the oxponential autocorreis-
tion functions decrease to 1/e 02,

natural logorithm base.

"correlation times" for the random accelerometer
drifts,

accelerometer’s random drifta.

error state vector.

system dynamics matrix.

zero mean Gaussian white noise vector,
measurement vector.

messurement matrix.

additive measurement noise.

elemental filter with ¢zi paremeter estinate.
estimate of X

estimate of Y.
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differsnce between actual measurement Y, end estima-

A 73

ted measurement, Y. »

. .
norm of Y.
weightaing factor fex outpuss cof alemenral filter

con Al R
with ¥, purometer astikate,
=

covarianca matrix of erscrs in stste vector estimeta,
expectation operator,
state traasition matrix over the interval ¢ to t +
(’ﬁto
mairix of variasnces of input fercing function, il.

Ralmsr gein mutrix,

wstrix of additive noise variances.
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Index

Accuracy of self-contained alignmen: schenes. 6
Additive noise; 32
Approximations,

smoll sngle, 14, 17
Auto~correlation functions, 19
Azimuth, alignnment, 3

gyre, 3

refarences, 3

wander angle, 5, 12
Controller,

platform, 48
Correlation time, 21
Covariance matrix, 42

propagated, 42
Cresa-coupling errors, 16
Dirac delta functicn, 20
Earth’s rate, 10
Rlamental filter, 41

block diagram, 45

computer algorithm, 46
Erxcr model,

blotk diagram, 24
Brror vector, 28
Peedback,

in elemental fiiter, 42
Gaussian wvhite noise, 1%
Gyroconpassing, 3

in polar mgicas, S
Gravity, 15
inertial Component, warm-up

behavior, 6

random drifte, 6, 18
Inertial frame, 2
Inertisl measurement uni¥, 1
Inertial navigetion system, 1
Insrtial pilatfoeim, 2
Initial conditions, 1
Kelman, R.BE., 33

gain matrix, 44
Lstituwe, 10
Leveling, plaiform, 3
iucal level trisd, 2
Uaygiil, D.T., 34

Magrnietic, compass, §, 14

variation, 14

#sesurenent, vector, 28
matsix, 32
sxpected, 43

Yovigstion refarence fxame, 2
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g Nciga, mzasuzement, 22, 6
k Noise vector, 32
3 Norm, of a vector, 37
& Paraneter estimaticn, 29, 32
;| Power density spectrum, 20 :
3 Random, sccelerometexz drifts, 22 -
3 gyro drifts, 21
E - Raxdor processes, 18
"I Rotaticn matrix, 12
' Schuler~tuned, 2
3 Shaping filter, 20
Simulation,

3 computar, 52
| Sorenson, H.W., 33
Standard error, 21
State space ecquatious, 26
A Siute vector, 23
3 Stationary systen, 3
Theodclitesn, slectronic, 3
] Thernal compensation, 6
E Tine optimal parsxeier estinator, 36
g Torquing, erxcr, 13
E Transition wetrix, 42
g Variance,
E: of white sicise, 20
E of parumetsr Qstimate error, 23
A Wighting facwr, 37
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