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PREFACE

Meteorological studies suggest that technologically feasible oper-
ations might trigger substantial changes in the climate over broad re-
gions of the globe. Depending on their character, location, and scale,
these changes might be both deleterious and irreversible. If a foreign
pover were to bring about such perturbations either overtly or covertly,
either maliciously or heedlessly, the results might be seriously detri-
mental to the security and welfare of this country. So that the United
States may react rationally and effectively to any such actions, it is
essential that we have the capability to: (1) evaluate all consequen-
ces of a variety of possible actions that might modify the climate,

(2) detect trends in the global circulation that presage changes in
the climate, either natural or artificial, and (3) determine, if pos-
sible, means to counter potentially deleterious climatic changes. Our
possession of this capability would make incautious experimentation
unnecessary., and would tend to deter malicious manipulation. To this
end, the Advanced Research Projects Agency initiated a study of the
dynamics of climate to evaluate the effect on climate of environmsatal
perturbations. The present Memorandum is a technical contribution to
this larger study.

Rand's position on climate and weather modification studies was
asserted in its publications RM-3205-NSF and RM-5835-NSF. The approach
to understarding the consequences of climate change must consist of
many converging paths; and for reasons of safety and economy this ap-
proach must take sdvantage of the growing versatility of computers.

This Memorandum is the third in a series reporting investigations
of the wind-driven oceanic circulation, an understanding of which is
essential to broadening our knowledge of the ocean/atmosphere inter-
actions that so powerfully influence weather and climate. The work is
based on models for solution on high-speed computers. Rand's prior
publications on this particular topic are RM-6110-RC and RM-6210-ARPA.
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SUMMARY

The time-dependent primitive equations for e shallow homogeneous
oceen with e free surfzce ere solved for e bounded basin on the sphere,
driven by e steedy zonal wind stress and subject to leteral viscous
dissipation. These are the vertically integreted equations for a free-
surfece model, and ere integreted to 60 days from an initial state of
rest by en explicit centered-difference method with zero-slip leterel
boundery conditions. In e series of comperative numericel solutions
it 4s shown that at least a 2-deg resolution is needed to resolve the
western boundary currents edequately end to evoid undue distortion of
the trensient Rossby weves. The B8-plane formuletion is shown to ba
an edequate approximation for the mean circulation in the lower and
middle latitudes, but noticeably intensifies the transports poleward
of ebout 50 deg and both slows end distorts the transients in the cen-
trel basin. The influence of the (southern) zonal boundary on the
transport solutions is confined to the southernmost gyre, except in
the region of the western boundery currents where its influence spreads
to the northern edge of the basin by 30 days. The total boundary cur-
rent transport is shown to be approximately proportionsl to the zousl
width of the basin and independent of the basin's (uniform) depth,
while the elevation of the free water surface is inversely proportional
to the basin depth, in accordance with lineer theory. The introduction
of bottom friction has a marked damping effect on the trensient Rossby
wvaves, and also reduces the maximum boundary-current trensport. The
solutions throughout are epproximately geostrophic and are only slight-
ly affected by the nonlinear inertial terms for simple assumed vertical
profiles of the horizontal current.

The root-mean-square (rms) transport veriability during the period
30 to 60 days is concentrated in the southwest portion of the basin
through the reflection of the trensient Rossby weves from the western
shore and has a maximum corresponding to en rms current variebility of
about 3 cm aec-l. The transport variabilities are about 10 percent of
the mean zonal t-ensport end more than 100 percent of the mean meridi-

onal transport over a considerable region of the western basin (outside
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the western boundary current regime). Some 99 percent of the total ki~
netic energy is associated with the zonal mean and standing zonal waves,
which are also responsible for the bulk of the meridional transport of
zonal angular momentum. Although the transient Rossby waves systemat-
ically produce a momentum flux convergence at the latitude of the maxi~
mum eastward current, much in the manner of their atmospheric counter-
parts, this is only a relatively small contribution to the zonal oceanic
momentum balance; the bulk of the mean zonal stress is here balanced by
a nearly stationary net pressure torque exerted against the meridional
boundaries by the wind-raised water. In an ocean without such boun-
daries the role of the transient circulations may be somewhat more im-

portart.
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I. INTRODUCTION

In previous studies (Gates, 1968, 1969) the transverse Rossby wave
was shown to be the principal mode of response of a homogeneous ocean
to an imposed large-scale wind stress, and the development of the steady
circulations was examined with emphasis on the reflection of thesa
transients from the basin's walls. These integrations were mada for
an ocean of uniform depth on the B8-plane, with a modest degree of non-
linearity and a prescribad lateral eddy viscosity. The role of tha
nonlinear inertial terms and the effects of changes in the viscous dis-
sipation in such a model hav: baen examined by Bryan (1963), whila tha
corresponding effects in a 8-plane model with bottom friction hava baen
examined by Veronis (1966c). It is the purpose of the preizent paper
to extend these investigations to the case of a bnunded ocean basin on
the spherical earth, with particular attention being given to the role
of the transient planetary circuletions. In addition to examining the
frictional and nonlinear affects in the spherical case, a series of
comparative numerical integrations will be presented tc show the effects
of resolution (grid mesh size) changes, and of changes of the basin's
dimensions. The present studies of a homogeneous ocean may be viewad
as part of a continuing series of experiments which will culminate in
the (barotropic) simulation of the circulation of an ocean basin with
realistic lateral and bottom geometry. Although there may be important
baroclinic effects in the large-scale ocean circulation, the barotropic
model may be able to account for most of the variability of large-scale
currents (Phillips, 1966a), at least in the open sea of middle lati-

tudes.
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11. THE DYNAMICAL MODEL

The dynamical bases of the barotropic model are the horizontal
equations of motion and the equation of continuity for an incompres-
sible homogeneous ocean. In the spherical coordinates A (longitude),

¢ (latitude), and z (upward) these may be written

Ju u 3u , v du du uv
at + a cos ¢ 3\ a 3¢ tv 3z a tan ¢
T
- ——21___ 3 1 _ 2
a5, cosoax"'f""'ooaz*“v" (1)
Vv u v . v v av
ot a cos ¢ I 30 + ¥ + tan ’$
1 3p 1 %%
! --3 oy 3¢ fu + — o 5 + A V o’ (2)
H
" where the velocity components are given by
d)
I u=acos ¢ (3)
- -3¢
; veag (4)
- dz ‘
v " at )

with a the earth's radius, P the ocean's (uniform) density, p the
pressure, f = 20 sin ¢ the Coriolis parameter (with Q the earth's angu-
lar speed of rotation), LY and 1. the eastvard and northward components
of the tangential stress, A the coefficient of lateral eddy viscosity,

and Vi the spherical Laplacian. Here we have neglected the terms

\m/a.1 and 200w cos ¢ in (1) and the term \m/a-1 in (2) 1in order to

maintain energetic consistency when the hydrostatic equation
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1s used as the remnant of tha vertical aquation of motion. Thease ap-
proximations, togathsr with ths use of (a) rethar than (s + s) ss & co-
sfficient in tha tarms of (1) and (2), have been shown to de comsistent
wvith ths prasarvation of angular momentum (Phillips, 1966b). The equa-
tion of continuity accompanying (1) snd (2) msy be written

1 du | ) n
acooobl*acmozo('c“.)*f;.o M

vhich axprasses tha nondivergenca of tha three-dimensional velocity.
Hara ths axtremely small tarm zvo-l has been neglactad. Using thise
aquation, the edvective tarms (the seccnd, third, snd fourth oa the
laft-liand sides) of (1) and (2) may be revritten in tha "flux forme"

u u v Ju du !‘wl
acoooﬁ ;a_o";.ocooo[ L(“‘:“”] "

()]

u v v .2 3(ww)
acooon’alo": ocooo[ 0(' c“”]’ 1]

(9)

We nov integrata the systes (1), (2), end (7) over the totel
vertical depth of tha hydrostatic ocesn, i.s., from the assumed rigid
bottom at & = -h(1,4), ot which the boundary condition s

v_h--v_h'v.h (10)

to the free upper surface ot s = {(),4,t), ot which the doundary com-
dition 1e

X .
ve "ot t Ve o %t (11)




Here Yo den.ces v at z = -h, V.'n ie the horizontal velocity at z = -h
(vith cor-sepondirg interpretetions et the surface z = (), and v. ie
the spherical gradient operator. Using these conditions, the hydro-
static equation, (6), snd the assumption of s untforms surface (etmoe-
pheric) pressure et z = ([, and paying particular attention to the vari-
adility of the 1limits of the vertical integration operator, defined es

C(2,0,t)
(«» -I () dz (12)
=h(l,e)

the reeults of the integretion of the “flux forms™ of (1) snd (2) ere

Mo—-—‘-—- :—‘(uz)O:—.(wcoo 0))--‘%—1“')

n & cos ¢

e cos ¢ ) A

.-uﬂ; '(')4.::(':-'.)

2
s3G5+ (e e D) a»

e Ccos ¢

lé-?- + _l—(:_l' (uv) + :—. (v? coe ) ¢ -‘-!.—" (wd)

e coe ¢
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Here ¥ ond ¢
on the oceen dottom, resnectively. A similer integration of the con-

denote the swurfece-wind stress and the tengentie] stress

tinuity enuatica, (7), gives




P13 1 u) . v cos 9\ _
3t ' 2 cos . ( YR % ) Y (15)

The furthar reduction of the system (13) to (15) hinges upon the
introduction of ths sssumption that the integrals of the quadratic pro-
ducts uz. uv and '2 occurring in ths inartial terms on the left-hand
sides of (1)) and (14) may be axprassad in terms of the products of thas
integrals (u) end (v); this assumption amounts to a specificstion of
ths vartical structure of the horizontal current. Specifically, we

shall aseume

(wh) = 2 (w?
(uv) = 2 ()

('2) - _'S; (')2 (16)

vhere S {s a "shepe factor,” assumed to be s dimensionlass constent
charscteristic of the ocesn, and h {s tha (undisturbad) locsl ocsan
depth. The ralations (16) ars equivalsat to assuming that the vsloc-
ity components vary with z in a eimilar fashion in every vertical, but

st s rats imversely proportional to ths local weter depth, {.s.,

uﬂ%(u) . v-%(v) (17)

whare C {s a dimensionless function of g with (C) = h. Ths shapa fac-

tor S may therafore be written

2
Se Sﬁ—z = constant (18)




If a current is assumed to decrease linearly towvard zero at the ocean
bottom, for example, we have C = 2(1 + 2/h) and S = 4/3, wvhich may be
compared with the case of a current uniform over depth for which
Ce S = 1., For a parabolic decrease of speed with depth, with a pos-
sible reversal of direction in the deeper wster (C < 0), values of S
from around 2 to 5 may be inferred.

With the approximations (16) and (18) we may write the integrated
equations of motion, (13) and (14), in the forms

g_:"ﬁ?-_?[ax(h)" _51.1)]

_L__L...!"..._ﬁu‘. ('-‘b)
0 A A

a cos ¢ I

o
PR DU g S 3—29- + (coo o )] (19)
.2 cos ¢ -C°° ) axz ¢ ¢

a' -

-l by d ) -37("2—%"'-‘)]

2
ll’--i-m Su.:aa!+_1_(tv_tb)
o

a 3¢ ¢ ¢
+ A 1l (cos ¢ )] (20) |
.2 eos ¢ cos ¢ nz F1) ¢

Here we have dropped the brackets snd written u and v for (u) gnd (v)
ia the iaterest of eimplicity, end we have introduced the approximation
€ << h 1in the coefficient of the eecond (pressure-force) terms on the
right-hand sides. WUWe have aleo assumed that the last (lateral cddy
viscosity) terms may be writtem with sufficient accuracy by freely com-
msutiag the 3/3), 3/3¢, and ( ) operators. Together with the continuity
equation, (15), now writtea as




& . _ 1 du  3(v cos ¢)
ot a cos ¢ \ 3 + ¢ ) (21)

thase equations nov constitute a dynamical systea in the volume trans-
port components u and v (vertically-integrated speeds) and in the dis-
placement of the free ocean surface {. This system is the dynamical
basis of the present barotropic model, although it has been simplified
in the integrations presented belov by the assumption of a uniform
ocsan dspth, by the neglect of the bottom stress (1: - T: = 0), and by
the prsscription of a purely zonal surface wind stress. At the rigid
(and assumed vertical) lateral walls of the basin a zero-slip bcundary
condition u = v = 0 is required, from wvhich the tendency of the water
height at the boundary may be determined from the continuity equaticn,

(21), in wvhich that part of the transport divergence involving a der-

ivative tangential to the boundary will now vanish.




III. THE NUMERICAL MODEL

The equations (19) to (21) are approximated on a finite-difference
grid scheme in the surface spherical coordinates A and ¢ as sketched
in Fig. 1. Of the many possible ways to assign the variables on the
grid points, the method selected here involves the determination of the
transport u and v at points for which (i + j) is odd, with the water
elevation { determined at the interlocking network of points for which
(1 + j) is even. Here i and j are integer indices for the longitude
A and latitude ¢ relative to the origin, such that X = (1 - 1)A)r/2,
4= (J -1)a¢/2, with 1, = 1,2,..., and 82/2 and A¢/2 the separations
between adjacent grid points. Such a scheme has proven useful in pre-
vious studies (Cates, 1968), and is particularly convenient with the
zero-slip boundary condition.

Using centered differences in both gpace and time, and neglecting
the bottom stresses, the difference equations for the system (19) to
(21) are:

2 2
o+l _ _ _2spt (1 (.0 a 1 (m
Uiy * cos o, [ux ("1+1j+1 + "1+1j-1) ¥y ("1-1j+1 + ”:-15-1)

cos ¢
j+1 /. n n n
+ ("1+1j+1 + ui-lj+1)(v1+1j+1 + V:-1j+1)

boe
cos ¢
- ___tl. n n n
hae (u“li'l * ui-lj-l) (v1+lj-1 * ":-11-1)]
2gh,, at
= _1;. n - ¢ n
as) cos ¢, (£1+15 gi-lj) + 4QAtvij sin ‘
nyval e (w"
+ ZSAtuij g4  tam 2 + 3 (Tx)ij
+ 2 (u1+1j+1 + u1+1j-1 + u1-1j+1 +

a” cos ¢, (M)2 cos ¢,

[ )




e T p—

rg. 1.

“ T T v L] T
r = ot gttt [ ]
'“” “-'H.L!L!ry_ X
zeof J.!’LE.IM-'_.LSH ;
.EQZP F’_M—“ -
<
g"f o Tronport W) point |
o} o Elevetion (L) point g
268 | E
% 20 % % 0

A portion of the spherical finite-difference grid in the
reference case A¢ = AL = 2°, ghowing the density of grid
points on the same scale as subsequent figures. Here the
longitude (1) and latitude (¢) of a grid point (relative

to the origin A = 0, ¢ = ¢ ) is given by . = (1 - 1)ar/2
and ¢ = ¢ + (J - 1)8¢/2, ¥th 1 = 1,2,..., 61, § = 1,2,...,
49. The fnset shows the structure of the interlocking
transport (u,v) and elevation (£) points.
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-1 a-1 cos 01 + cos °1+1 -1 -1
+uiyyey " ugy )t +(— o’ (O 1+15+1 i e T 29 )
cos ¢, + cos ¢ 3 - =
+( ‘}A“ A= 1)(u1+1j 1 + u:-ij-l u 1)] +u n 1 (22)

”:;1 "~ a iiﬁt [6AA (Vierger * U:+15-1)(V:+13+1 + V:+1j-1)
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n+l 24t 1 ¢(n - .n
S = e cos ’ (& (“1+13 Yy 1y)
1 n n n-1
+ 2 (v“_'_1 cos ’_1+1 = V34— 08 03_1)] + 613 (24)
Here, for example, the verticelly integreted speed “:_1 = u(1a)/2, jA¢/2,

nAt), end similerly for v:j and E:j’ vhere n = 1,2,... and At is the

time step size. At the initial time (corresponding to n = 0), a single
forwverd time step ovsr At/2 is taken, end ell variables referenced et
(n - 1) 1in (22) to (24) ere repleced by the corresponding variables et
n (= 0). In the nonlinear terms of (22) and (23) the notetion

“:3 - “11‘3(“13)* ’ v:; - ":3“‘13)* (25)
has been introduced for convenience, since the weter depth is needed
only et those points for which the (verticelly integreted) speede u
and v ere known. The frictional terms in A heve been evaluated from
the four corner or diagonal points with respect to 1j and et the "beck-
vard" time step (n - 1) in order to achieve linear computational stebil-
ity with the leapfrog differencing scheme, and the advective terms in
S heve been epproximated in such ¢ way to evoid nonlinear computational
instebility (Arekawa, 1966). We may note thet in this scheme no expli-
cit smoothing or interpoletion is introduced.

Since (22) and (23) ere to be epplied only et points for which
(1 + J) 1is odd, vhile (24) epplies only to points for which (1 + j) 1s
even, the neceseary variebles ere eutomatically provided et the required
grid points. A schese in wvhich all three variables ere determined et
each grid point would provide solutions no more eccurete than those from
the present procedure (for the same A\, 4¢, and At). On the other hend,
e scheme in vhich u is determined only et points for which i is odd and
j 1is even, cnd v determined et points for which i is even and j 1is odd,
would be ¢ more economical scheme of comperable eccurecy. There is some
tendency, in fect, for the present solutions to split into two such par-
tial solutions, although in generel it makee little difference which set
is selected.




In all of the present solutions the ocean basin is rectangular and
of uniforam depth, but in order to accommodate later studies of variable
depth (and irregular shape) the system (22) to (24) has not been rewrit-
ten. A further assumptien in the present work (with one exception not-

ed later) is the prescription of a purely zonal wind stress
v _ o Is(4 - 1)
'tx T 1:00(2(J 1) )

‘l’: -0 (26)

vhere T = 2 dynes c-—z and vhere j = J denotes the northern wall of the
basin.

The computational boundary conditions on the basin's edges may be
written as

u:-v a0 (27)

for all n and for all boundaries (vhere B denotes boundary points fer
vhich { = 1,I or j = 1,J), and

otl n-1 4at n
&9 °© 13 " 222 cos ¢ Y23 (28a)
]
I

otl n-1 4at n

‘15 " b1y * T con 8, VI-1y (26b)

44t cos ¢
o+l - n-1 e — J+1 n
Cil Cil ad¢ cos ’j '12 (28¢)

4At cos ¢
o+l _ n-l i-1 .o
C1J + ald¢ cos QJ Vi3-1 (284)

R
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for n = 1,2,¢+°, Here (28a) to (28d) apply to the western, eastern,
southern, and northern boundaries, respectively, and represent the ap-
plication of the continuity equation, (24), at the boundary, with the
centered space difference replaced by a one-sided difference between
the boundary and the next interior point, together with the condition
(27). At n = 0 these relations are replaced by the corresponding for-
vard time-difference expressions.

The fixed constants have been taken as a = 6371 km, g = 980 cm noc-z.
Q= 7.292 x 10™ gec”!, and P, =18 ca™2, while the remaining constante,
fixed for any particular integratior, are varied in a series of compara-
tive eolutions. A set of typical values (wvhich specify a reference
case) are A = 108 cnz ncc-l, S = 4/3, ‘% (southern boundary) = 18 N,
A\ = A¢p = 2 deg, At = 10 min, and the basin's zonal and meridional widths
(I - 1)AA/2 and (J - 1)4¢/2 given with I = 61, J = 49. The integra-
tions have proved stable when carried out for as long as 60 days of
oceanic (simulated) time starting from an initially undisturbed ocean
(u® = v° = (% = 0), and require approximately 1 min of machine time per

day of eimulated time on the CDC 6600 computer.

o,
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IV. COMPARATIVE NUMERICAL SOLUTIONS—NUMERICAL
AND GEOMETRICAL EFFECTS

RESOLUTION TESTS

In a program of comparative numerical integration, one of the
first questions to be examined should be the level of truncation error
in the solutions. This is particularly important in the present prob-
lem in view of the nsrrowness of the western boundary currents and
the characteristic presence of short planetary transient waves. Ve
thus first examine the solutions' behavior es the resolution of the
finite-difference grid is systematically changed, vhile all other para-
meters are held constant. For this purpose it is sufficeint to examine
only the solutions for meridionsl transport, generated in the basin of
fixed dimensions and subject to the steady wind stress, (26). This
configuration will constitute e reference case, for vhich we select
AA(I ~ 1)/2 = 60 deg end A$(J - 1)/2 = 48 deg as the zonal and meri-
dional dimensions of the basin, h = 400 m, S = 4/3, T = 2 dynee CI-z.

00 @ 18 N, and A = 2 x 108 clz .cc-l. Under these conditions the solu-

— =

tions of (22) to (24) for the meridional tremsport v at 30 daye are
shown in Fig. 2 for A¢(=A)) = 3° and 2°, and eech is compared with
the higher-resolution case A¢(=A)) = 3/2°,

Although the generel cheracter of the (meridional) circulation is
similar in the 3° and 3/2° cases (Pig 2a), the 3° solution shows a
systematic eastward displacement (relative to the 3/2° case) of the

-

e e s

wvestern countercurrents and the mid-ocean transients. Since these fea-

tures evolve ae weetward-propagating Rossby waves, we may interpret this

om————

difference ae a phase truncation error. In the western boundary currents
themselves, the 3° solution has overestimated the maximum of the north-
wvard current and similarly underestimated the southward curreant, as
susmmarised in Table 1, end in addition has positioned the flow too close
to the boundary. 1In the southeasterm portion of the basin a spurious

4 southward "boundary' current ie alao present in the 3° solution, and

i persiets throughout the calculation. Thia feature is apparently rela-
ted to the eolution's overestimate of the northward flow in the westera
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(a)

(d)

The solutions for meridionsl transport v ia Sv (100 km) !
in a spherical bdasin at 30 days for A¢(~ A)) = 3° (a)

and 8¢(= 8)) = 2° (b), compered with the solutiom for

A¢(= 8)) = 3/2° by dashed 1ines in bdoth (a) and (b).
Here A = 2 = 108 sec~l, h = 400 u; the basin 1s 60 deg
vide and sxtends from 18 N to 66 N. The (vertically-ever-
aged) current v/h may be found in ca eec~l by multiplying
ths isolines by the factor 5/2.
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parc ot the ecuthern gyre (see Tedle 1), end comtridutes to the rela-
tively high total basin kimetic esergy of 6.8 x 1023 ergs, compared
vith 4.0 » 19” ergs for the halved (3/2°) grid. 1la overall perform-
snce the 3° grid therefore does noc provide sufficiest resolutioa.

The comparison of the 2° and 3/2° solutioes in Pig. 20, on the
other haad, shows somswvhat better correspondence. There {s little eys-
temstic phase difference evideat, and the msganitudee of the stroamger
tressports ia the weet are in much clescr sgreemsnt thsa fia Pig 2a (see
also Tadle 1). The truscstioce-isduced ancmalous current aloang the esst-
era shore is aleo sbeent with the 2° (and 3/2°) grid, and the basia's
total kinetic emergy of 4.1 » 1022 args 1a 1n good agreement with that
for the 3/2° case. On this evidence we may conclude that the 2° grid
gives sdequate resolution throughout the basia aad represente sa eco-
souic selection as e refereace resolution ia further comparetive iamte-
gretions. Use of e fimer grid ia the vesters part of the bdasin, how-
ever, would result in e slightly better resclutica of the iatense bouwnd-
ary curreats (as recognised esrlier by Brysa (1963)), although the bulk
of the truacation errur has been removed ia paseing from the 3° to the
2° grid.

Ve may use the dats of Table 1 te estimste the asdeclute eise of
the solutions’ truvacatics errer on the assumptioa thet it varies as the
oquare of the spetial mech aise. Siance the maximm curreats ia the west
geasrelly do mot occur et cofncidest pointe of the several grids, the
total or ast tramspert is the westerm bowndary curreat servee as a com-
parable measure of trvacatiom error. The met sorthwerd boundary curreat
treasports ia the socuthern and northern gyres frea Table 1 ere thue
20 sv (sv = 10° o’ secl), 13 Sv, and 14 Sv for the 3°, 2°, and 3/2°
srid soluticas. If theee tremsports comtaia a trwacstioa error pro-
perticmal to (“)2 superposed wpon the tree or truacatiom-free valus,
thes the ratie (W, - M,)(W, - njn)". for example, should equal 20/27,
vhere !l“ fe the set sorthwerd bowndary curreat treasport is the 4¢ grid
solution. With the above values thia ratio ia 5/6, which may be takea
a8 resscnsdle counfirmation of the trumcation hypothesis. If "o denotes
the trwacation-free solution, thea a percentage trumcatice error may be

expresoed by 0l“ - !l.)!l:‘. for example, giviag ¢ 25 perceat error for

AL oS
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the 2° solutfion for the western boundary curreat (vhen the velue "o -
12 Sv se determined by the 3° end 3/2° grids is used). This is e max-
isum error for the 2° grid, as the transport of the longer reflected
transient vaves in the interior (see Fig. 2) ere determined vith some-
vhat greater accurecy.

SPHERICAL VERSUS 8-PLANE COORDINATES

In viev of the videspread use of the 8-plen~ epproximation in
ocesnic modeling, it is of interest to compare such solutions with
those from the present spherical formulation. The 8-plane dynesi:»l
equations may be obtained from the system (19) to (21) by replecing
cos ¢ by unity throughout, neglecting the terms in ten ¢, and vriting
dx = ad), dy = ad¢. The resulting equations are:

2
TR (I R A1 2N S ] 4
it s[h (h ) + 9y (h )] sh X
+!v+-;—o-(t:-1:)+ szu (29)
R M W ) P 1
at x 'h Wy 'h " 3y
)| v b 2
-fu*-o—o-(‘l”-t’)#AVv (30)

N, _3u _ v

3" x "y (31)

vhere u and v continue to ba the vertically integrated volume treneports
(wW end (v), and v fe the Laplacisn in the rectangular coordinates x and
y. Here the Coriolie parsmetar ie¢ nov given by f = fo + 8y, with ‘o end

8 taken as constante. PFor a uniform-depth basin (and with S = 1) thie

eystem ie the eams as that used {n a previous etudy (Catee, 1968) when
tha meridional vind etrese component and dboth componente of the bottom




stress are neglected. Thia B8-plana system may also be found by a for-
mel transformation of tha spherical equations, as shown, for example,
by Varonia (1963), and ia velid for the quasi-horizontal motions in a
shallow ocean. The diffarenca equations for tha B8-plana case may be
readily written by appropriate simplification of tha spherical aqua-
tions, (22) to (24), and tha {-doundary condition (28). S

In tha present application we continue to ignora the bottom stress,
and selact tha comstents A = 10° ca? sec’l, ned00On, Se4/3, 1=61,
and J = 49 for both the B-plena and spherical cases, vith tha wind
stress given by (26). Por a rafarence solution en tha sphers we selsct
A\ = Ap = 2° end %" 18 N; for the comparetive u:;uuon; on the 8-
plane we select Ax = Ay » 222 km, £ = 4.307 x 10 , and 8 =
1.701 » 10713 ea”? l. the htto: corresponding to the basin's aver-
age latituda, 42 N. Thesa comparative solutions are showm in Pigs. 3
and 4, and serva at the same time to document the time-dependent behav-
ior ia the epherical case.

The evolution of the meridional trensport, v, shown in Pig. 3 (eolid
lines) consists of a series of transient Roesdy waves reflected from
the western shore, with these waves undergoing progressive slowing,
shortening, and amplitude decay as they merge with ths quasi-eteady
boundary currents. Thase transients are particularly promineat ia the
southern gyre, where they display a characteristic wvavelength of some
15 to 20 deg (longituda), and move westward at speeds of approximately
1.2 deg longitude day'l (adout 1.3 = uc'l at the gyre’s center, 34 N).
While tha western boundary current ia in spparent equilidrium before
the 2lst day, the countercurreant offshore in the southern gyre responds
to the periodic arrivel and adbsorption of ths transients; the south-
wverd transport in the west-central basin at 21 days, for example, may

sec

sec

be seen merging with the southarn gyra's countercurrent at 30 days,
wvhile a succeeding transient now occupies the former's offshore posi-
tion. It aleo appears that by 48 days these transients have undargone
reflaction from the southern boundary of the basin (Cates, 1969). In
the northern gyre the (nmorthward) ceuatsrcurremt is in poeition after
about 30 days, and shows little subsequent chenge. The trensient Ross- 3
by waves in thia gyra ara also seen to move slowly to the west (avereging
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Fig. 3.

The solutions for meridional transport v in Sv (100 lm)“1
in a spherical basin with A) = A9 = 2° (solid lines) and in
a 8-plane with Ax = Ay = 212 km (dashed lines). Here A =
108 ca? gec~l, h = 400 m and the basin extends from 18 N to
66 N. The same isoline spacing (uneven) has been used for
both the spherical and 8-plane solutions, with only the
gero isoline labeled (in parentheses) in the latter case.
The 8-plane solutions have been spaced eastwsrd from the
western boundary according to sec ¢ to approximate the
geometry of the spherical solutions. The mean current v/h
in cm sec~l 1s given by multiplying the transport isolines
by factor $/2.
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about 0.4 deg longitude dny-l), and are less well developed than their
counterparts in the southern gyre. These same general features are
also reflected in the solutions for the zonal transport, u, and surface
elevation, £, shown in Fig. 4 at 30 days, although the role of the
transients is less conspicuous in these variables.

Of particular interest are the comparative solutions for the 8-
plane also shown in Figs. 3 and 4 (dashed lines). Here the northward
finite-difference mesh size is the name in the spherical and 8-plane
solutions (2°), while the eastwsrd mesh size is different at each lat-
titude over the basin (2° longitude compared with 222 km). Starting
with points coincident with the spherical grid on the western boundary,
the solutions on the 8-plane have here been plotted with the points at
each latitude, ¢, displaced eastvard according to 2° sec ¢, in order to
remove the zonal scale distortion of the spherical geometry. The east-
ern portion of the 8-plane grid is therefore not seen in these figures,
and the two solutions should not be compared in the eastern third or
so of the (60-deg) grid shown.

In the western and central portions of the basin, we see a close
correspondence in the general petterns of the two solutions, although
there are tvo significant differences. In the southern gyre the trans-
ients of the B-plane solution lie systemetically to the east of their
spherical counterparts. This displacement, moreover, is cumulative with
time, and indicates that the westward phase speed of the 8-plaue trans-
ients is approximately 90 percent of that in the spherical solutioms.
This effect is ovidently not due to the differences in zonal truncation
error in the two solutions, as the phase differences are smaller in the
northern gyre wvhere the solutions' zonal mesh discrepancy is the great-
est. A second systemetic difference is a northward displacement of the
8-plane solutions of about 2 deg relative to the spherical case. This
effect is present over most of the basin and persists throughout the
calculation, and may be re'ated to the choice of the constants fo and 8.

Even a cursory examinstion of Figs. 3 and 4, however, shows that
the greatest difference between the spherical and 8-plane solutions is
the somevhat larger amplitude of the transports (and water elevation)

in the 8-plane case: 1in general this excess amounts to about 50 percent




| (a)

(b) ;

Fig. 4. Tha solutions for zonal transport u in Sv (100 h)'l (a)
and for water elevation { in cm (b), accompanying the
solutions of Pig. 3 at 30 days. The dashed linas are the )
solutions on the B8-plana (see Fig. 3).
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of the spherical case's amplitudes. More detailed data on these dif-
ferences are given in Table 2 for the important western boundary cur-
rent, vhich we note to be generally stronger and slightly narrower in
the B8-plane case. Since the boundary conditions, basin depth, lateral
viscosity, meridional grid size, and the imposed wind stress are the
same in both solutions, the source of this difference is to be found
in the geometry of the 8-plane approximation itself; namely, the pro-
gressive narrowing with latitude of the basin's zonal width in the
spherical formulation with meridional boundaries. Although the merid-
ional dimensions of the two basins are the same, the zonal dimensions
differ by more than a factor of two at the northern boundary. With a
Sverdrup equilibrium over the interioy of the basin, the integral of
the wind-stress curl is proportional to the total interior meridional
flow, and hence, through continuity, is a measure of the net flow in
the western boundary currents. In the present cases, the ratio of the
area integral of the curl of the wind stress for the spherical and 8-
plane basins is 0.42, and the ratio of the net northward transport in
the vestern boundary currents in the two cases is 0.48 from the data
of Table 2. This agreement would be even closer were the western
countercurrents' transport also considered. The megnitude differences
in the solutlons of Figs. 3 and 4 are thus believed to be due to this
areal effect, and close qusntitative agreement could be expected if
the eastern boundary in the 8-plane basin were moved progressively
westward with latitude in order to approximete the zonal dimension of
the spherical basin.

In theoretical studies of the adequacy of the 8-plane approxims-
tion in a nonviscous model, Longuet-RHiggins (1964, 1965) has shown that
the periods of at least the lower-order modes (of free oscillations) in
simple enclosed basins of modest size should agree to within sbout 10
percent in the spherical and 8-plare solutions. This conclusion is
supported by the transiant behavior discussed above in connection with
Fig. 3. From analytical solutions for a linear, nondivergent model
with bottom friction, Takano (1966) has also shown that the principal
difference between (steady) spherical and 8-plane solutions is the in-
creased boundary current transport of the latter at higher latitudes,
due to the increased basin width of the 8-plane formulation. This is

- - —mims B R e Do7 BN IRORy WA WY GUps _u TRty
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Tedble 2

CHARACTERISTICS OF WESTERN BOUNDARY CURRENT IN SPHERICAL AND B-PLANE SOLUTIONS

Maximm Current | Latitude (N) |Zonal Width et | Total Traneport®

e | (em sech of Maximm | Maximm (km) |(Sv = 10° wleec”))

Cyre (days) | Sphere B-plane |Sphere B-plene | Sphere B-plene | Sphere B-plane

|

L 21 =35 47 56 8 430 485 -38 &b
f 30 %2 -67 56 58 390 365 41 46
Northern 39 -4 =73 56 s8 363 45 38 -49
. 48 -40 76 6 60 370 330 <37 -50
s® -40 -78 6 60 370 328 -37 -s1
‘ 21 68 105 32 32 400 320 49 67
30 72 120 32 34 390 340 50 80
Southern 39 69 117 32 34 405 320 s0 75
| . 48 70 118 32 3 400 330 s1 78

l s7° n 120 32 34 400 330 51 80

*2ased upon linear interpolation bestween grid pointe ecross the stream from the
weetern boundery et the letitude of maximum current,

{ bloluuono not shown in Fig. 3,
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confirmed by the present solutions, wvhich may therefore be taken as a
demonstration of the adequacy of the 8-plane approximation for the
time-dependent motions in the lower and middle latitudea. In the num-
erical simulation of realistic oceanic motions, however, there seems
to be no reason not to employ the more general apherical system, and
it will be used in the further comparative solutions discussed below.

EFFECTS OF THE BOUNDARY AND BASIK SI1ZE

In a vind-driven oceanic model the location of the regions of
zonal inflow and outflow to the western boundary current is determined
both by the spatial variation of the imposed wind stress and by the
location of the zonal boundaries of the basin. In an effort to docu-
ment this latter, geometrical effect as distinguished from the former,
dynamical one, a comparative integration was made in which the southern
boundary was moved farther south, as well as a second integration in
vhich the basin's zonal width was reduced. The same zonal wind-stress
pattern wvas used in each case, with the aolutions of a (spherical) case
of intermediate basin sisze serving as a reference.

With the constants A = 2 x 108 cnz oec-l. A\ = 3¢ = 2°, h=400m
and S = 4/3, the solutions for the transports at 30 days are showm ia
Fig. 5 for the comparative basins of 48 deg and 64 deg latitudinal ex-
tent. The wind stress ia given by (26) for the 48-deg case, and by
T: = -T gin [2%(} - 1)(J - 1)-1]. T: = 0 for the 64-deg case (with j = 1
now at 2 N) to ensure coincidence of the stress in the region common to
both basins. (In all cases T = 2 dyunes CI-Z.) The imposition of the
southern boundary at 18 N results in a decrease of the westward end.
northward transports near the southern and western boundaries, respec-
tively, as shown by the dashed lines in Fig. 5. Beyond this boundary
zone of some 2 to 4 deg width, the presence of the southern boundary at
18 N produces an increased wsstvard transport relative to the 2 N case
in a broad zonal band extending approximately half way across the basin.

The differences in the meridional transport, also shown in Pig. 3,
are similarly confined to the southern and western regions of the basin.
Imposition of the southern boundary at 18 N (rather than at 2 X) has

generally limited the southward transport in the interior of the basin,




rg. 3.

(b)

The solutions for sonal transport (e) and meridional
transport (b) in Sv(100 km)~1 et 30 daye with the
eouthern boundary removed to 2 N, Here A) = A¢ = 2°,

Ae 2 x 108 ca? gec™l, and h = 400 m. The differences
wvith respect to corresponding eolutions with the southern
boundary at 18 N are shown by the dashed lines (2 N case
minus 18 N case). The (vertically-sveraged) curreats
u/h and v/h 1n ca esc~l are given by multiplying the
transport ieolines by the factor 5/2.
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end limited the northward transport in nearly all of the weetern bound-
ery current system. The largest boundary effecte on bdoth the senal end
meridional transport are thus found where the flow is the moet intemse,
vhich indicates that the effect of s particular bouadary is very much
dependent upon ite location with respect to circulstion {nferred from
the driving strees pattern. The 18 N boundary im Fig. 5 1e st @ lati-
tude of small meridional trensport but large sonal tranrvort im the

2 N golution; were the boundery at 34 N, for example, less sffect oca
the zonsl flow dut more effect on the meridional flow could be expected.
In the southeran interior of the 18 N basin the boundary-induced trame-
port chengee ere of the order of 25 to 50 perceat of the solutions with
s more distent southern boundsry, and this effect should be kept in
aind vhen interpreting near-boundary circulations. A similer sensitiv-
ity to relocation of the northern bouandary could eleo be expected {a
the present cases.

In e subsequent experimant the locatior of the eastern boundary
vas changed from that ia Fig. 3 to s positiom in the ceater of thie
basin. The transport changee produced st 30 days by this alteretiom
sre shown in Fig. 6, asgein referenced to the larger (60-deg long)
basin's solutions. The comtridution of the eastern half-basin fe sees
to be responsidle for epproximately half of the msximum transports ia
the vestern ocesa. In perticular, the meridional weetera bowndary cer-
rents are preseat on the same scale ia both eolutinrus, end ere very
neerly halved in speed by the halving of the besin'e sest-weet dimem-
sion, vhile the maximum sons]l tremsport ie reduced by approximately 60
percent. Since the eame gtonal vind-stress dietridution wes impoeed ia
both cases, these transport changes ere the direct result of the hasia'e
changed vidth. The interior meridiensl flow e 1little affected by the
vidch chenges, and the net seridionsl treasport accumulatee with dis-
tance from the eastern bouandary as shown by Sverdrup (1947). The ia-
tensity (but met the ecale) of the weetern boundary current ie thea
deteruined by the ceatisuity requirement to balence this flow. The
total kinetic emergy in the 30- sad $0-deg lengitude tasiss st )0 days
10 1.0 » 102’ cige ond 5.6 » xo” ergs, respectively, and ie ¢ further
reflectiocn of the appreximate halviag ef the larger tremsporte. This

=




rig. 6.

(a)

(v)

The solutioms for somal tmt (e) end meridicsal trans-
port () ia Sv (100 km)~* et 30 days, vith the dashed lines
indicating the differeare ia tramsport vith the ssstern
Mﬂ.t”“l@h‘.u&u&.uwmytm
(30 deg case misus 60 deg case). Nere A = 2 = } sec-1
hed00On, and ) = 8¢ = 2° oo 10 Pig. 5. The average cur-
reats ia ca sec~! are given by multiplying the traasport
1isolinse by the factor S$/2.




sams sffect was previcusly identified as the likely ceuse of the eys-
tematic magnitude differences between the otherwise cempareble solutions
on the sphere and 8-plane in Pigs. 3 and 4.

The boundary-induced circulstion changes discussed asbove should
sot be regarded as "errore” im say semse, but rether as indicatioms
of the semsitivity of the solutioss to the actual placemsnt of the
besin'es leteral boundariee. As applied to the world's oceans, these
results wvould suggest thet the vertically-iategreted tremsport of the
vestera boundary curreate in the Pacific ocesa, for example, should
be epproximately double those in the Atlaatic, im view of the two ecesms’
spproximate 2 to 1 sosal dimension retio snd their generslly comparsdle
stress fields. The fact thet the Kuroshio's tremsport is geserally
1esp thaa thet of the Gulf Stream may be due to the presence of ¢ large
berocliaic componest in the latter's trsusport, or te other factors mot
considered ia the preseat wind-driven homogeneous model.
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V. COMPARATIVE NUMERICAL SOLUTIONS —PHYSICAL EFFECTS

FRICTIONAL EFFECTS

Although the wind-driven circulation in the interior of an ocean
basin ia generally characterized by a Sverdrup equilibrium (approxi-
mate balance between the local wind-stress curl and the planetary vor-
ticity (8) tendency), the western boundary currents are known to be
critically 4influenced by frictional forces. While the boundary cur-
rents may not owe their existence in a fundamental sense to the fric-
tion (vhen we view such currents as the result of the trapping of west-
ward propagating Rossby waves), their width snd intensity are prin-
cipally determined by viscous effects {f we assume that the nonlinear
inertial effects are not dominant.

Since the work of Munk (1950) a lateral eddy viscosity A of the
order 107 to 10. cnz .oc-l in wind-driven modsls has provided reason-
able values for the width and transport of ths western boundary cur-
rent, although actual boundary currents sppesr to be systematically
aarrower and more intense. The variation of such solutions to changss
in the lateral viscosity has been documented by Bryan (1963) on the
8-plane: a relatively large value of A will produce a smoothed and
"sluggish’ circulation, wvhile a relatively small value will produce
an intense and narrov boundary current vhich may become unstable. Pre-
eumably a similar behavior would occur in the present (spherical) for-
mulation, and some dsta are given in Tsble 3; here solutions have not
been accomplished for values of A less than 6 x 107 c-z .ec-l with ths
present 2-deg resolution. These data, as well ss a comparison of Figs.
2 and 3, show that the intensity of the meridional current at 30 days
1s multiplied by a factor of approximately 0.7 by the doudbling of A
from 10% ca? sec”) to 2 x 10® ca? sec™). A closer inspection shovs
that the western boundary curreat in both the northern and southern
gyres ie approximately 10 percent wider in ths cass of the larger A.
Theas results may be compared with the factors 2713 4nd 2173 o be
appliad to the intensity and width, respectively, accompanying a doub-
ling of A according to the theory of a (linear) viscous boundary laysr




Tadls 3
trmnormcnaloummmmuamnn‘

Lateral Priction, A | Bottom Friction, k| Time |Meximm Current, v/h | Zonal Width | Toetal ‘h.nlportb 4
(10° caleec)) (108 sec”l) | (dayo) (em sec”h) (W) (v = 10° a’sec"l)
30 72 390 48
1.0 0 48 69 400 49
60 70 393 48
30 S0 440 &2
1.0 1.0 I 49 443 &2
60 Iy 443 &2
30 51 423 48 X
2,0 0 4 49 440 48 .
60 0 440 48 ;
30 43 460 vy
2,0° 0.5¢ 4 42 470 vy
60 42 470 vy

SAt 32N, with h = 400 m, 8 = 4/3,
bhud upon linesar {ntarpolation between grid points acrose tha stream from the western boundery.
solutions not shown.




(tunk, 1950), vhereas the current's totel tremsport is independent

of A. There is also a small (2-deg longitude) but systematic eastward
displacement of the transients in tha central ocean for the case of the
larger A, as well as ¢ slight amplitude reduction. In this respect the
effect of incraasing the leteral viscosity is similar to that produced
by an increase in the grid-mesh sigze noted earlier in connection with
Pig. 2.

The viscous dissipation in a wind-driven homogeneous model may
also be formulatad in terms of an Ekman (or bottom) friction in the
manner of Stommel (1948). Some evidence on the response of the neer-
equilibrium circuletion of such an ocean to veriations of the bottom
friction coefficient has been given by Veronis (1966b, 1966c), but
only for systems in which the nonlinear inertial terms were reletively
more important. Since this model provides for no countercurrents and
characteristically places the maximum meridional current at the western
boundary itself, integrations have not been made with the replacement
of lateral friction by bottom friction in the present formulation.
Rather, the sensitivity of the prasent model with leteral viscosity
to the addition of a bottom frictional dissipation has been considered.
The reeults of such e comparative integretion ere ehowm in FPig. 7 for
A= 108 cnz .oc-l end with the coefficient k = 10-6 coc-l in the added
bottom frictional terms -ku and -kv on the right-hand sides of (19)
and (20), respectively. (These terms were evaluated at the backward
time level n - 1 in the finite-difference equations (22) and (23) to
promote computational etability.) Also shown as dashed linee in PFig.

7 are the comperetive or reference solutions for the case of a leterel
viecosity A = 10e cnz .oc-l alone.

The maximum gonal flow in the western part of the basin is seen
to be raduced by the bottom friction to ebout 2/3 of ite value with lat-
aral friction alone, although the location and ehape of the circulation
patterns are similar. In the remainder of the baein the zonal flow
(vhich is very nearly geostrophic) 1is affected very little by the intro-
duction of bottom friction. This indicates that the north/south pro-
file of the free water surface ie maintained primerily by the meridio-

nal transport in the eurface Ekman layer induced by the zomal wind

& :
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rig. 7.

(b)

Tha solutions for zonal transport (a) and maridional trans-
port (b) in Sv (100 km)~l at 30 days with a bottom fric-
tion coefficiant k = 10~6 gac™! and lateral viscosity

A= 108 sac-l (solid 1lines). The corrasponding solu-
tions with lataral viscosity alona are shown by dashed
lines. The mean currants u/h and v/h in cm sac™ ara given
by multinlying the transport isolinas by tha factor 5/2

for tha presant 400 m basin.
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stress distribution. The maximum meridional current in Fig. 7 near
the western boundary is also reduced to approximately two-thirds its
value with lateral viscosiiy alone, while the current's width is in-
creased by the introduction of bottom friction. From these solutions
(and the dsta of Table 3) we deduce that the value k = 10-6 lec"1 has
approximately the same effect on the maximum meridional current as does

e velue of A of about 108 cnz lec'l.

Bottom friction, however, reduces
the total transport of the western boundary current, in contrast to
the transport's independence of the lateral viscosity (with no bottom
friction).

This dynamical equivalence applies only to the quasi-stationary
boundery currents, however. We note from Fig. 7 that the transients
prominent in the west-central ocean with only lateral viscosity have
been elmost completely damped out by the introduction of bottom fric-
tien. This illustrates the sensitivity of trensient Rossby waves to,
this form of dissipation. If we interpret the magnitude of the lat-
eral vigcous term szv for these transients in terms of a charscteris-
tic decay time t, - v-(szv)-l, vhere Va is a typical transient's am-
plitude, we find L, - 46 days for the typical wave of 1600 km length
vhen A = 108 Clz .ec-l. Since the period of these weves (about 14 days;
see Fig. 3) is somewhat lesa then this decay time, we may expect a suc-
cession of (reflectnd) waves to appear in the west-central basin, with
eech wave less intense than its predecessor and gradually merging into
the western boundary current aystem. The corresponding decay time with
bottom friction is - k-l, or about 12 days with k = 10-6 lec-l. In
this case the transient waves wouid be almost completely damped in a
time less than their own period, and would effectively disappesr from
the solution. The relative prominence (or absence) of transient Rossby
waves in the meridional flow in the western part of the eceans may
therefore be indicative of the reletive role of lateral and bottom

friction, eltheugh a nonlinear viscosity may also be operative. A
similar damping of trensient motions by the introductiem of bottom
friction inte e baroclinic oceenic model has been noted by Bryan and
Cox (1968).
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NONLINEAR EFFECTS

It is of interest to document the role of nonlinear momentum ad-
vection in the present spherical model, and to this end a comparative
integration was made with the omission of the inertial terms in (19)
and (20) by the selection S = 0. The resulting solutions for the trans-
port at 30 days are shown in Fig. 8, with the parameters A\ = A¢ = 2°,
A= 108 cm2 sec—l, h = 400 m, and with the zonal stress (26) over the
60-deg longitude, 48-deg latitude basin as before. We see at once that
the transport is similsr in the linear and nonlinear solutions. The
maximum eastwvard flow in mid-latitudes is slightly weaker in the linear
version, but elsewhere the zonal transport solutions are almost indis-
tinguishable. The maximum meridional boundary-current transports are
likewise very nearly the same in both solutions, as is the interior
transport pattern. Only the meridional countercurrents in the west
are noticeably weaker in the linear version, and this effect is in
accord with the results of Veronis (1966¢c) for the corresponding non-
divergent B-plane model. The meridional transient motions seaward of
these countercurrents are likewise weakened by the deletion of the
nonlinear terms, and in general display less meridional tilt than their
nonlinear counterparts. This effect was previously noted in the 8-
plane solutions discussed by Gates (1968), although it is apparently
less marked in the present spherical formulationm.

We note that the nonlinear solutions in Fig. 8 are for the value
S = 4/3, which corresponds to a linear decrease of speed with depth
toward zero at the ocean bottom. The solutions with this value do not
differ significantly from those with S = 1 (not shown), corresponding
to a current uniform over depth, nor from those with S = 4 (not showmn),
corresponding to a more nearly exponential (and possible more realistic)
current profile. For the S = 4 case the interior transient motions are
slightly less intense than those shown in Fig. 8, although the overall
similarity of the selutions is testimony to the relatively minor role
played by the nonlinearity introduced by S of the erder unity. This
is in accord with the three-dimensional solutions of Bryan and Cox
(1967) for a similarly modest degree of nonlinearity. The more highly
nonlinear solutions reported by Bryan and Cox (1968) would appear to
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(b)

The linear solutions for zonal trafnport (a) and meridi-
onsl transport (b) in Sv (100 km) ™" at 30 days with

S = 0 (solid lines), compared with the corresponding non-
linear_solutions with S = 4/3 (dashed lines). Here A =

108 cn® sec”l gnd h = 400 m. The mean currents u/h and
v/h in cm sec™ are given by multiplying the transport iso-
lines by the factor 5/2.




——

AT S TRESTI I N  T R R S e ——

-37-

correspond to values of S of the order of 10 to 100, and represent a
marked confinement of the (wind-driven) transport to the surface layers.

Integrations for this range of S have not been performed with the pre-

sent model.

DEPTH EFFECTS

Since the ocean depth has been assumed constant in the present
solutions, its value has been selected as representing in some way the
upper oceanic region, wherein the wind-driven barotropic mode might be
expected to be most evident. These solutions cannot be considered ade-
quate simulations of the oceanic surface layer, however, in view of
their neglect of the substantial variations of thermocline depth.
Strictly speaking, we have here studied the behavior of only a shallow
homogeneous sea, and it may therefore be of interest to examine the ef-
fect of the (uniform) depth selected for such a basin.

The comparative solutions for zonal and meridional transport showm
in Fig. 9 display the effects of increasing the depth h from 400 m to
1200 m, with the values S = 4/3 and A = 2 x 108 cnz .ec‘l common to
both integrations. The solutions for zonal transport are only slightly
altered by the depth increase, and the maximum meridional transports
along the western boundary are also nearly the same in both solutioms.
This 18 in agreement with the numerical solutions of Bryan and Cox
(1967), which show the mean wind-driven transport to be relatively in-
sensitive to the basin's (uniform) depth provided it exceeds a charac-
teristic scale depth. There are, however, noticeable differences in
the position and strength of the transients, which are most clearly
seen in the west-central basin in the meridional transport solutions
of Fig. 9. These transients are Rossby waves reflected from the west-
ern boundary, and are prepagating westward relative te the zonal cur-
rent. The behavior of such waves is essentially described by the linear
inviscid theory for the basin's free oscillations, as shewn fer example,
by the numerical studies of Gates (1969). The primary effect of a depth
increase on these waves would therefore be an increased (reflected)
transient wvavelength and an increased westward phase speed, both induced
through the divergence permitted by the free-surface variations. The
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(o) (b)

(¢)

The solutions for sonsl transport (a) and meridional
transport (b) in Sv (100 km)~1 at 30 days with the depth

h = 1200 = (#014d lines) and h = 400 a (dashed lines).

The corresponding solutions for water elevation in cm are
also shown (c), with the contours drawn 20 ca in

both cases. Here S = 4/3 and A = 2 x 1 sec-l, The
mean currents u/h and v/h in ca sec~l are given by multiply-
ing the solid transport isolines by the factor 5/6 and the
dashed isolines by the factor 5/2.




phase differences betwveen the transients ian the south-central basin in
Pig. 9 at 30 days, for example, are coansistent with the phase speed {n-
crease (from 1.} m» uc.l tol.5e uc-l) to be expected from the depth
change from 400 & to 1200 m. The apparent increase in transient wvave-
length may also be accounted for by reflection from the western shore
in the deepened basin.

We may speculate that changes in the transieat's behavior eimiler
to those in Fig. 9 would be produced if che basin's depth wvere increas-
ed by a further factor of three (from 1200 @ to 3600 m), in ordsr to
approximate the averag> depth of the world's ocesns. Om the basis of
the present evidence, however, no sigunificant change would be expected
in the traansport or structure of the importent weatern boundary cur-
reats. The present solutions thus provide justificatiem for the comn-
tinued use of & relatively shaliov basin in studiee of a berotropic
ocu.n. at least in a program of comparetive intagrations for ths viad-
driven traansport.

In terms of the vertically intagreted dynamical system, (19) to
(21), the sppearance of the depth h in the nonlinear inertial tarms is
a relatively unimportant dependence (et least for the case of uniforms
h and with S of the order uvaity). If thaee terms ars omitted, we nots
that the only remaining explicit sppearance of tha basin depth 1as as o
coefficient of the horizontal pressure-force terme. Since the (verti-
cally-integrated) transports u and v are esentially unaltared by depth
changes in the present solutions (and sre quasi-steady in ths isporteat
western boundery ragion), wve may conclude that the magnitude of the
free-surface elopes 3L/3) and (/3¢ will vary iaversely with changes
of the (uniform) dspth h. This fia confirmed by the comparstive solu-
tions for { also eshown in Fig. 9 (lower), vhare comntours diffariag by
a factor of thres nearly coincide in the 400 m end 1200 = cases, while
the zero contour remains in appreximately the ssme position. VUe may
further note that the water elevation aloang ths boundary s slaeo re-
duced by an spproximate factor of three. In an oceen & km deep we
might therefore saxpect a water elevation of sbout 10 cm across the maia

western boundary currenta with the preseat vind-etreas pattaru.
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VI. STATISTICAL PROPERTIES OF THE SOLUTIONS

MEAN AND VARIABILITY FIELDS

While the present integrations have been compared on a synoptic
basis only at selected times, the comparisons are generally representa-
tive after an initial spin-up period of about 25 d.yo.. Since in most
cases the integrations have been carried out to 60 days, the transport
and elevation solutions have been averaged over the period 30 to 60
days, and the corresponding rms (root-mean-square) variabilities deter-
mined. In general these fields portray the differences among the solu-
tions' structure and intensity as revealed by the synoptic comparisons
discussed above, and need not be presented in detail. It is of inter-
eat, however, to shov these statistice for at least a refereace (spher-
ical) case.

1 S a4/3andh = 400 m, the distri-

butions of the 30- to 60-day average transport and vater elevation and

For the case A » 108 cnz sec

the associeted rms variadbilities are showmn in Fig. 10, determined from
the solutions every 12 hours during this period. Here the vind stress
ie given by (26), and the 60°-longitude basin extends from 18 N to 66 N
vith e 2° (= A¢ = &)) separation between adjacent transport (or ealeva-
tion) grid points. The general similarity between the average fields
snd the instentaneous solutions for this case shown previously im Pigs.
3, 4,7, and 8 18 testimony to the near-steadiness of the major fee-
tures of the solutions (and to the stedility of the calculations).
Seaward from the weatern boundary sone the average transporty are the
result of the passage of the successive trensient Rossdy weves which
dominate ths solutions, end in general ere in an approximate geostrophic
balance with the average surfece elevation.

The asximum res trensport (and elevation) variability {n the south-
vestern portion of the dasin ie bdelieved to be caused by the reflection

.Thto spia-up 1is defined as the time required for the basin's
tetal kimetic emergy te firet decrease after the major western bound-
ery curreats hore resched seximun streagth from en initial stete of
rest (see Pig. 11).
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rig. 10.

(e)

The dietridutions of everage sonal transport ia Sv (100 k) -1
(e), meridional treasport ia Sv (100 km)~1 (b), end surfeace
elevetion in 28 (¢) for the period 30 to 60 days, showa by
the eolid ieolines for a reference (spherical) case. The
30-day average currents in ca sec~l are given by mmitiplying
the traasport isolimes by the factor $/2. The

res (root-mean-equare) variabilities during the period 30 to
wuy‘m-z‘by-ihm 1ines in the came wmite.
Here A = 10% caf sec™', S « 4/3, and h = 400 u.
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from the western (and southern) shore of the transient wave energy of
the major mid-latitude gyre. The role of the orientation of the west-
ern shore in such e reflection process has recently been examined by
Gates (1969), who shows that the transient variability may be localized
in different regions of the (wvestern) basin by an oblique western bound-
ery. In general the rms variability of the meridional flow is approxi-
mately tvice that of the zonal motion, and is comparable with the aver-
age meridional motion itself over much of thc basin outside the western
countercurrents. The rms veriebility of the surface elevation given in
Fig. 10 1s compatible with the variebility of the (geostrophic) merid-
ional treansport end the cheracteristic (reflected) transient wevelength
of ebout 1600 km noted earlier for this cese.

In the diecussion of frictional effacts (see Fig. 7), it wss noted
that the addition of bottom friction to the leteral viscous model sig-
nificantly damped the amplitude of the transient Rossby waves, end re-
duced the magnitude of the western boundary trensports. The rms vari-
abilities in this case are some 10 to 20 perceat of the velues showvn in
Fig. 10. In the comparative 8-plane integrations (Figs. 3} and 4) the
s variebilities ere systematically larger than those shown here in
the northern part of the basin, an effect ceused by the 8-plene geo-
msetry. The veriebilities in the remaining comparative integrations
discussed earlier (for the same basin dimensions) ere all compereble
to those shown for the reference case in Pig. 10.

ENERCY PARTITIONING

The total kinetic energy of the horisontal flow is e useful mee-
sure of the behavior of a wind-drivean ocean, particularly to depict
the approach of the dominant boundary currents towerd ¢ steedy state
(see, for example, Bryasn (1963), or Veronie (1966d, 1966¢c). In Pig.
11 the total kinetic and potential energies ere shown as ¢ function
of time for the reference (spherical) case; they were computed from
the expressions
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N I 5‘475 1 ' ] |
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Time in doys —
The variation of the total kinmetic and potentisl emergy for

the reference case of A = ]

cn? sec-l, S = 4/3, h = 400 u,

snd A) = 8¢ = 2°. The inset shows the typical fime-scale
behavior in which the kinetic emergy is plotted every 2 hr.
The dashed curve is the kinetic energy for the case of A =

2 » 108

sec-1,




2

a p_A)
total kinetic energy = ‘: Z(sin °j+1 - sin Oj-l)(uij + vij) (32)
1)

2

- sin ‘5-1) €1, (33)

a gpo AX
total potential energy = 4° }E:(lln ¢
13

j+l

vhere the summations extend over all transport (u,v) and elevation (&)
points respectively. Here a spin-up or initial energy growth period
of some 24 to 26 days occurs, after vhich the energy shows damped oscil-
lations vith free period of the basin (approximately 13 days). Both
the kinetic and potential energy characteristically fail to achieve
their maximum until the second (free) period. This behavior is in con-
trast to that of the 6-plane solutioans, which typically reach maximum
energy during the first period (see, for example, Cates (1968]). This
deferred spin-up also occurs in the case of incressed lateral viscosity.
Superposed on these curves is a fine-scale oscillation illustrated dy
the inset in Pig. 11, vhere a period of approximately 1) hr say dbe iden-
tified vith the passage of (long) surface gravity waves across the
basin. The rms currents associated with these waves are evidently of
the order of 0.02 ca occ-l. and are msuch lees than the typical currents
of sbout 1 ca uc.l associated with the transient Rossby waves.

We may also note that the potential energy is here approxisately
half the kinetic energy, by virtue of the relatively shallowv basin
depth selected. Recalling that the tresnsporte u snd v are nearly in-
dependent of variations of the basin's (uniform) depth while the surface
elevation varies invereely with h (see FPig. 9), the total kinetic energy
(32) will vary as h.l
a9 h-z, other factors being the eame. FPor a basin of depth h = & kmn we

and the total potentisl energy (33) will vary

could therefore expect the potential and kinetic energies to be in the
ratio of about 1/20, rather than the ratio of 1/2 in the present model.
Although the bulk of the kinetic energy ie evidently associated
vith the western boundary currente, it is of interest to make a more
quantitative assessment and to examine the energy of the transient
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vaves in particulsr. In Table 4 the partitioning of the kinetic energy
of both zonal and meridional motions among a zonal mean, standing zonal
eddies, and transient zonal eddiee is shown for the reference solution
(see Figs. 10 and 11). Here the zonal average is denoted by the oper-
etor [( )], the departure from the zonal average by ( )‘, the time av-
erage (determined from the solutions every 12 hr during the period

30 to 60 days) by ( ), and the departure from the time sverage by ( )'.
In the basin as a wvhole spproximately 71 percent of the total kinetic
energy is seen to reside in the meridional motion of the standing weves,
principally the western boundery current. The mean zonsl motion and
the zonal motion of the standing waves (vhich complete the major gyral
circulation of the basin) account for ebout 28 percent of the total ki-
netic energy. The transiert waves (here the zonslly moving Rossby
wveves) represent only ebout 1 percent of the total kinetic energy,
vhich 1is itself epportioned between meridional sand sonal motion in ap-
proximetely the retio 3:1. In spite of this dominance of the totsal
energy by the steady modee (the potential energy is similarly aspper-
tioned), the relstively weask transients nevertheless coantrol the meri-
dional transport over most of the ares of the basin, as seen, for ex-
ample, in Fig. 3. The dets of Tadble & also show that the transiemt
vaves’ contribution to the kinetic energy is greatest ia the southeran
portion of the basin, a festure which was also noted previously.

ANGULAR MOMENTUM FLUX

Purther ineight into the role of trensient planetary wavee in a
vind-drivea circulation is sfforded by the processes wvhich are respon-
sible for the flux of sngulsr socmentum in the dasin. Table 3 showe
the poleverd flux of sonal engular sosentum during the period 30 to 60
dsye for the reference cese of Pigs. 10 snd 11 and Tedle &4, partitioned
smong the fluxes due to the zsonal mesn motiens, the stending sonal waves,
aad the trenmaient sonal waves. The standiang eddies are seen te accouat
for ebout 95 perceat of the tetal momsntum tramspert, sad have & msximm
flux convergeance nesr the latitudes of the maxims of the westera dound-
ary curreats (see Pig. 10); the dulk of this stationary-eddy flux coa-

vergence mey therefore de associsted with the western dboundary curreat
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system. The flux of the mean zonally averaged motions (ul[v] is rela-
tively small because of the smallness of [;], which is in turn a reflec-
tion of the near steadiness of the 30- to 60-day mean flow. The tran-
sient (Rossby) waves produce a northward (positive) momentum flux over
the latitudes occupied by the southern or principal gyre, with a negative
flux in the northern gyre. This flux distribution is a reflection of
the systematic meridional tilt of the transient waves during this per-
iod, which is characteristic of all the present solutions for basins
with a meridional western boundary (see, for example, Fig. 3). The
convergence of this transient-eddy flux is a maximum near the gyral
boundary, vhere the mean zonal stress [;;] is a maximum and wvhere the
mean zonal transport [u] is strongest.

On the basis of these (and eimilar) calculations, the transient
vaves may be said to contribute in a small but systematic way to the
maintensnce of ths mean zonal circulation in the basin, in the same
sense that the atmospheric Rossby waves contribute to the maintenance
of the mean zonal winds. In the atmospheric case, however, the tran-
sient eddy flux is somevhat larger than the flux of the zonal mean and
standing eddies, and the flux divergence is a good measure of the mean
gonal stress of the atmosphere on the earth (sse, for example, Starr
[{1968]) or Holopainen [1967]). In the ocean (or more precisely, in the
present ocean modsl), on the other hand, the standing eddy flux {s
much larger than the flux of the other modss. Ths present oceanic
case ia further distinguished from the atmospheric regime by the fact
that the total oceenic flux convergence by all modes (see Tadle 5) is
apparently not an imsportant process in the maintenance of the szonai
somentum balance. Here the applied zonal wind stress 1: (or [;:] 1s
approximetely balanced by a net pressure torque exsrted against the
eastern and western wvalls of the basin by ths wind-raised water, with
the effecte of latsral friction, mean meridionel motion, end meridional
flux convergence all smaller by several orders of magnitude.

Although a complets study of the kinetic-energy belance has not
been made, the eddy momentus flux discussed asbove is associated with

the trensformation between the kinetic cnergy of the treneient eddies
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and that of the mean zonal motion. If we essume that this energy trena-
formation 1s proportional to [u'v'] 2[u]/3y, by epplying the enalysis
of Webster (1961), for example, to the present vertically integrated
model, we note from the data of Table 5 that this product is positive
across virtually the entire letitudinal width of the basin. At leest
on the zonal average, therefore, the transient Rossby waves may be re-
garded as systematically supplying energy to the mean zonal motion.

As was the case in the momentum belance, however, this eddy coatribu-
tion is only a small part of the kinetic energy budget of the meen
flow; here the dominant effects are the direct generetion of the kinet-
ic energy of the mean (zonel) motion by the zonal wind stress and its
dissipation by the lateral viscosity, which occurs principelly in the
stending eddy which is the western boundery curreant itself. The pre-
sence of meridional bounderies thus makes the charecter of the wind-
driven oceanic circulation quite different from the corresponding cir-
culation in a leterelly unbounded (globel) ocean, or from the enalegous
barotropic etmospheric circulation regime. The large zonal boundary
torque and the prominent stending (westerm) boundary curreats, with
their dominance of both the kinetic energy end momentum budgets, would
presumably be asbsent in e zonal (circumpoler) ocean chaamnel. The role
of the trensient plenetary weves in the maintensnce of the Antarctic
circumpoler circulation, for example, might therefore be expected to

be more prominent than it ie in the zonally bounded major oceam basinms.
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VII. CONCLUSIONS

The comparative numerical integrations presented here serve as a
preliminary documentation of the behavior of a wind-driven homogeneous
ocean in a dasin of uniform depth on the sphere. The examination of
the model’s sensitivity to changes of the finite-difference grid reso-
lution, to the use of B-plane geometry, and to the basin size serve to
illustrate the character of the purely numerical or geometrical effects
inherent in such a model. From these tests we msay conclude that at
least & 2-deg-latitude grid-mesh resolution is required to portray satis-
factorily the sajor current features; that the 8-plane approximation
is adequate for the middle and lower latitudes; and that the western )
boundary curreat transport is approximately proportional to the sonal |
width of the basin. The model's response to changes of its physical
parameters representing the effects of friction, nonlinearity, and
weter depth has slso been examined. PFrom these tests we say conclude
that an incresae in the sagnitude of the lateral eddy viscosity gener-
ally reduces the streagth of the western boundary curreats; that the
introduction of bottom friction reduces the intensity of both the west-
ern boundary curreats and the transients; that the vertically iategrated
transport is only slightly affected by the inertiasl nonlinearity repre-
seuted by simple sasumed current profiles; and thst sn increase in the
basin's (uniferm) depth has little effect upon the total transport, but
produces an approximately proportional decrease of the free surface
wvater elevation and slope.

These conclusions apply to the quasi-steady circulation produced
by a large-ecale sonsl wind stress in s basin vwith purely meridional
end zsonal boundariea. The transieant plsrotary circulations excited bdy
this stress are the low-order Rossby wave modes and the transients proa-
inent in the west-central tasin after adbout 20 deys say be identified
as the reflections of these waves from the western shore (Cates, 1968).
Theae waves are reaponsidble for s trsmeport variation ian which the ras
veriability of the meridicnal curreat is systematically largsr thaa

the ssan meridional flow over a considerable portion of the western
basin, and {s usually larger than the rme variability of the sonal
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current es well. Chenges of the basin size or depth, or modest increases
in the amount of leterel friction or inertisl nonlineerity, have rela-
tively little effect upon the transient waves in tha ceantrel basin.

This 1s in eccordance with the identificetion of theae motions with

free Rossby waves, vhose structure and behavior are described with good
epproximation by the lineer inviscid equationa. The smplitude of the
trensients, howvever, is markadly reduced by tha introduction of bottoa
(Ekman) friction.

In ell of the present integretions the basin has been assumed to
be of uniform depth, end the wind stress hea been sasumed steady (as
well as zonal). The introduction of tima-dependent stress may be ax-
pected to enhence the role of the transient wavee in the maintenance
of the masn circulation through resonance snd nonlinear effects (Ped-
losky, 1965, 1967; Veronia, 1966a), snd tha presenca of bottom topo-
graphy may likewige exert sn important influance on both the mean and
trensiant motion in a homogeneous ocean (Holland, 1967). The results
of numericel investigationa of these effects will be reported sepa-
rately.
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