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Given a finite set E of n symbols (n > 2), a family §

of subsets of E (called vertices) form an abstract polytope (E,S) if

the following three axioms are satisfied.

[1] Each vertex is a subset of m symbols of E
(m < n).
[11) Every subset of m+ 1 symbols contains either

zero or two vertices.

Before stating the third axiom let us introduce two definitions.

* .
Adjacency - Two vertices V0 and V are said to be adjacent (or

*
neighbors) if VolJ V has cardinality m + 1.

Path - A sequence of vertices Vl""’vk is called a path if V

1* Vi
are adjacent for i = 1,...,k-1.

*
[11i] Every pair of vertices V0 and V can be joined by
* — *
a path V0 - Vl”"’vk = V  such that ViL__VolJ \'
i- 1’...’k.

The dimension of (E,S) is defined as n - m, and the Graph of
(E,S) is defined as the graph which is formed from the vertices of S

and the arcs which join adjacent vertices.

Note that by axioms [i] and [ii] every vertex in (E,S) has

exactly n - m neighbors. v




*
Theorem Given an abstract polytope (E,S) if two vertices V0 and V
in S each contain the same symbol (say x) there is an x-path
joining them, i.e., there exists a path such that every vertex along

the path contains x.

Abstract polytopes include as special cases simple convex
polytopes. The latter can be represented as non-degenerate bounded
feasible linear programs. The analoguous theorem states: If two
feasible bases have a column in common, then it is possible to pass
from one to the other via a seduénce of adjacent feasible basis changes
all of which have *fHe column in common. The usual proof is to assign
as linear objective the maximization of the variable of the common
column. Then two paths exist one fArom- each of the initial feasible
bases to an optimal basis. All bases along each path have the colum
in common. Hence if there is a unique optimal basis, the paths may be
joined tdgether to form a simple connecting path. It is not hard to extend
the result to the non-unique case as well. For abstract polytopes, how-
ever, there are no basic variables nor an objective function, hence a
different proof is required.

If T is any subset of E, we denote by card (I'), the cardinaltiy of I .

*
Proof Case 1 - card (VOUV ) =m+ 1,

* *
In this case VO and V are adjacent so Vo, V 1is an

*
x-path joining Vo and V .~

*
Case 2 - card (VOUV ) =m + 2.

*
Let El = VOU V and Sl = {V ¢ S|VCE1}. By axioms {i] -

,,,,,




[111], (El.sl) 18 a 2-dimensional abstract polytope. Hence the graph
G of (El,sl) forms a simple cycle. Thus there are two separate paths

*
joining Vo to V. Suppose the theorem is false, i.e., in each of

1

the two paths there exists a vertex (say V  and Vll) such that

x ¢ V1 and x ¢ Vll. But then card (VILJ Vll) <m+1, so either
V1 - V11 or V1 is adjacent to Vll. Both cases contradict the

cycle structure of G.

*
Therefore, at least one of the two paths joining V0 and V

is an x-path.

Case 3 - card (VOUV*)z_m-i- 3.

Let F=E-x and R={Ve s|v (CF}. If R=@ then
obviously there exists an x-path joining Vo and V* (by axiom [1ii]).
If R + ¢ then (F,R) is n-m-1 dimensional abstract polytope. By axiom
[111] there exists a path VW - ViserosVy = v\ in s, If v, ¢ R
for all 1i=1,...,k then Vl"“’vk is an x-path joining Vo and
V*. If not, let £ and & be respectively, the first and last index i
~ such that V1 € R. Since (F,R) 1s an abstract polytope there exists
~a path Vf - Rl""’Rp = VL such that' Ri eR i=1,.,.,p. Let
sl,...,sp be respectively, the neighbors of Rl""’Rp in S-R. (Note
that every vertex in R has a unique neighbor in S-R, while a vertex
in S-R can be a neighbor of zero or several vertices in R.)

Since Ri’ R1+1 (1=1,...,p~1) differ by exactly one symbol
it follows that the adjacent Si and Si+1 (formed by adjoining the
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common symbol x to l:l. and l1+1) differ by at most two symbols.

Thus by cases 1 and 2, 8, mnd 8,,, (1= 1,...,p-1) can bé Joined

by an x-path. 8o there is an x-path joining 81 . and 8’; let us denote

thi. x—plth by 81 - '§1.000.§q --SP.

]
It -follows that vo - v10'°'0v£_20 gl"”’gql Vz+2..,..vk =V is

an x-path joining Vo and V*.

Q-!-Do



Unclassified

Security Classification
DOCUMENT CONTROL DATA - R&D
llnumy slsseification ol title, body of abetrest and indening ennslation musl be entered when the sverali sepert le slsssiliod)
1. ORIGINATIN G ACTIVITY (Corperale suthes) . 28. REPOAY SECURITY C LASSIFICATION
Department of Operations Research Unclassified
Stanford University 26. enous
~ STANFORD, California

3. REPORT TITLE

Existence of.X-Paths in Abstract Polytopes

T OERPTVE WOTES e of o ot oot 2o
Technical Report

8. AUTHOR(S) (Last name, firet neme, Initiel)

Adler, I1an; Dantzig, George; Murty, Katta

6. REPORT DATE 7a8. FOTAL NO. OF PASES 75. NO. OF REFS
March 1970 4 -
88, CONTRACT OR SRANT NO. 0e. ORIGINATOR'S REPORT NUMSEN(D)
N-00014-67-A-0112-0011 R
A PROJECT NO. - Technical Report No. 70-1

. NR-047-064

5. az'.u'l'u n,lour NO(S) (Any ether numbere that may be assigned

d.

10. AVAILABILITY/LIMITATION NOTICES
This document has been approved for public release and sale.
Distribution of this document is unlimited.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Operations Research Program (code 434)
. Office of Naval Research .
WASHINGTON, D.C. 20306

13. ABSTRACT

—> Given a finite set E of n symbols a family S of subsets of E (called
vertices) form an abstract polytope 1f i

1) Each vertex is a subset of m symbols of E.

2) Every subset of m+l synbols of E contains either zero or two vertices
(called adjacent). AV o D 208 Ve x

3) Every pair of .vert1ces (V andmvz can be_jo: by a path V v =V )
such that {V,l 'V1+1) are adjacent-and ;vi vdb“ﬁi 1=1,..0% J{ 2k

It is shown that if two vertices of a giveh abstract polytope contain the same
synttm} {say x) then there exists a path such that every vertex along the path
contains x. ¢,

/ |

™ Voaw @ Vad o Votb 2 Ve
9\/ o:LQ :,, V\,L:«Q" LL*") "‘y‘ "“P V z '-1 'V;. l V .

avd)

| N
,y(\/,@,&o-— 4_) vc:‘in 1 rﬂ (\/ k. A (// aq,“c &R T (\/«_ ‘ﬁ )F/ ‘l;
.DD 1473 -

: Security Classification




Unclassified

AS KEY WORDS

“Socurhy Classification i '
- " ‘

LINK A

ROLE wy

Abstract Polytopes
Linear Programming

Polytope§

1. ORIGINATING ACTIVITY: Eater the aame and address
of the contractor, subcontractor, grantes, Department of De-
fense activity or other organization (corporate author) jssulng
the report. ’

2a. REPORT SECURTY CLASSIFICATION: Eater the ever
all security classification of the report. Indicate whether
“Restricted Data” is included Marking is to be in accord-
ance with appropriate security regulations.

2b. GROUP: Automatic do

rective 3200, 10 and Armed Forces Industrial Manual. Enter

the group number. Also, when applicable, show that optional
‘mn:dunp have been used for Group 3 end Group 4 as author-
zed. :

3. REPORT TITLE: Enter the compiste report title in all

capital letters, Titles in all cases should be uaclassified.

1f a meaningful title cannot be selected without classifice-

tion, show title classification in all capitals in parenthesis
immediately following the title. .

4. DESCRIPTIVE NOTES: If eppropriste, enter the type of
report, e.g:, interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is -
covered, '

S. AUTHOR(S: Enter the name(s) of suthor(s) as shown on
or in the report. Enter 1ast name, first name, middle initial,
If military, show rank and branch of service. The name of
the principal author is an absolute minimum requirement.

6, REPORT DATE: Eater thu dste of the report as day,
month, year; or month, yean If more than one date appears
on the report, use date of publication

7a. TOTAL NUMBER OF PAGES: The total page count
should follow normal pagination procedures, Le., enter the
number of pages containing information )

75. NUMBER OF REFERENCES Eater the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If spproprinte, enter
the spplicable number of the contract or grant under which
the report was written. :

8b, 8¢, & 84. PROJECT NUMBER: Eater the appropriate
military department identification, such as project number,
subproject number, system numbers, task number, ete,

. 9a. ORIGINATOR'S REPORT NUMBER(S): Entee the offl-
clal report number by which the document will be identified
and controlied by the originating ectivity. This aumber must
be ualque to this report.

95, OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (elther by the originetor
or by the sponsor), also enter this nusiber(s).

itations oa further dissemination of the report, other than

10, AVAILABILITY/LIMITATION NOTICE® Ester any lim-

INSTRUCTIONS

m»mhydummmm
(1) *“Qualified requesiers may ehtain cepies of this

repert from DDC.*’
() “Foreign and dissemination of this

senowncement
report by DDC 16 not authorised. *’

® gk 8ormmns sy e pnil
| sy Seeitl

[ 4
.
(9 *U. 8 military agencies may ebt.la this
mam&'mnn'& Other gutt .z. |
shall request through -
”

(8) “Al distribution of this !
)descnmlwrmw.‘“

If the report has been furnished to the Office of T
Services, Department of Commerce, for sale te the pidlie, ladi
cate this fact and enter the price, if known

1L SUPPLEMENTARY NOTES: Use for additionsl explene-

tory motes. .

.1‘2; ‘I;omomo l.l’ll..l'l‘A‘lg.AC}'Wl‘l'Y: Eoterthe name of
artme! project o or Mfz sponesring (pay~

ing for) the research and development. Include address, .

13. ABSTRACT: Enter sn abstruct giving a brief end factual

summary of the document indicative of the report, oven though

it may also appear elsewhere ia the body of the techaicsl re-
::n. If additions] space is required, s centinustion sheet shail
. .

It s highly desirable that the sbetract of cle '
be unclassified. Each paragraph of the .hm:t :::l‘:“ o.l: m.
an indication of the military security classification of the in-
formation ia the peragraph, represeated as (T3), (8), (C), o¢ (V).

There is no limitation en the length of the abstract, -
ever, the suggested length la from 153 to 225 wonds, W

14. KEY WORDS: Key words are techaically mesalagiul toms
or short phrases that characterize a report .‘:d'-q be waed as
h’u ‘::Mumler uulogrh‘u Ih'o re words sust be
selected a0 that no security classification s required. Jdeati-
fas, ik 12 saloment model doppasion.
nsme, (] on
words but will be followed by aa iadicetion of wetmer] o).
text. The assignment of links, reles, and weights is

DD .52 1473 (BACK)

Security Classificetion

tion, trade neme, military

s . ey e,

B T IR




