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FOREWORD 

This report was prepared by the Hypersonic Research Laboratory 

of the Aerospace Research Laboratories , Office of Aerospace Research, 

United States Air Force, under Project 7064, entitled II High Velocity 

Fluid Mechanics. 11 
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ABSTRACT 

The development of governing equations and tabulation of similar 

r.olutions to the two-dimensional, laminar, compressible boundary layer 

with heat transfer are presented. Similar velocity and temperature 

profiles and global quantities such as displacement thickness, momentum 

thicknes , form factor, etc., are presented for 116 pressure gradient­

heat transfer combinations. Surface tempera.tures for these cases range 

from absolute zero (5(0) = - 1) to twice the free stream stagnation 

temperature (5(0) = + 1 ), while the streamwise pressure gradient varies 

from values corresponding to maximum reversed flow (P =- 0. 36) to those 

of extremely accelerated flows (~ = 20). Results are presented at regular 

intervals of the parameters 5(0) and ~, allowing for straight-forward 

comparisons between cases. Five decimal place accuracy is maintained 

for all results. 
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I. INTRODUCTION 

This report presents the development of governing equations and 

tabulation of solutions to the two-dimensional, laminar, compressible 

boundary layer with heat transfer . The as sumptions and conditions of 

the problem are as follows: (a) Prandtl number is assumed to be unity, 

(b) wall temperature is arbitrary but constant, (c) the Chapman-Rubesin 

linear viscosity law is assumed throughout the boundary layer , (d) 

Stewartson I s transformation is applied to the basic equations of motion 

and energy to yield nonlinear ordinary differential equations, and (e) the 

formulation of these transformed equations requires the restrictive 

11 s !milarity condition" Me = cxm . 

Since the similar solutions are a restricted set of boundary la.yer 

solutions based upon a condition of streamwise Mach number development 

infrequently found in real flows, some justification for this comprehensive 

presentation of solutions should be made. Cohen and Reshotko (Ref 4) 

stated four useful applications of similar solutions: (1) The solutions may 

be used as a basis for predicting trends and effects in real flows as Mach 

number, pressure gradient , and wall temperature are varied ; (Z) they 

may be used as a standard of comparison against which approximate 

methods for nonsimilar flows (such as the Karman-Pohlhausen ( Ref 1) or 

Multiple Moment Integral (Ref 3) methods) can be measured; (3) the under­

standing of flow trends gained from similar solutions can aid in the devel­

opment of new simple approximate techniques for s olving similar and 

nonsimilar flows; and (4) similar solutions to segments of a real flow may 

be matched to form an approximate solution to the total flow. (This is the 

concept of local similarity derived from the assumption that flow is insensi-

tive to its previous history). In addition, there are a few solutions which 

can be used to exactly describe corresponding real flows in the similarity 

plane, leading to exact physical plane solutions. These solutions are 

described further in the discussion section of this paper. 
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The contents of this report can be grouped into three types of 

information: (1) the working results necessary to the solution of numerical 

problems; (2) the methods of solution, of h 1terest to those seeking solutions 

not presented; and (3) the analysis and derivations -- useful in the further 

study of the problem. 

The working results consist of tabulated velocity- and temperature­

related profiles, (Tab. III); the summary of global integral quantities, 

(Tab. IV); and the summarized transformation relations (F(77) - G(x, y)), 

(Tab. II). The sections related to methods of solution include the 

descriptions of the explicit and implicit iterative methods, the curves 

f 11 (0) and S' (0) versus f3 used to predict boundary conditions needed in 

the explicit method (Figs 1, 2, 3, and 4), and the discussion of solution 

accuracy. The sections pertairtjng to analysis and derivation include the 

derivation and complete summary of ( 1) the governing differential 

equations for similarity, (2) the integral quantity definitions, and (3) 

development and discussion of a power-law pressure variation for hyper­

sonic similar flows. 

Since mud1 that is found in this report was adequately presented 

in the work of Cohen and Reshotko (Ref 4), some discussion of the goals 

of the report_and the motivation behind it is in order. The report is 

designed to serve as a II working paper, 11 hence, emphasis is placed upon 

presenting information in the most useable form. Information has been 

regularized and solutions have been systematically presented at even 

intervals of the independent variable and parameters to allow easier 

comparisons. Additionally, some new similarity solutions have been 

presented for regions of interest not previously considered. The following 

features of the report should enhance its v.t1 efulness. (1) An integrated 

temperature parameter, ~: Sd77 , is tabulated for all 77 - values in the 

profiles of Tab. ill. This parameter was not presented in Ref 4, and 

previously could only be obtained by an auxiliary numerical integration. 

The parameter is required for all transformations back to the physical 
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plane. With this additional tabulation, all quantities generally of interest 

in similarity work can be calculated from simple algebraic relations 

(i.e., no numerical integrations are required). (Z) The II kinetic thick­

ness" a global paraineter not previously presented, is tabulated in the 

summary, Tab. N. This quantity, Bt1- N = ~= (1 - f ")f'<hJ , is 

required in the Lees and Reeves method of solving separated boundary 

layers (Ref 6). (3) A significant extension of the work in Ref 4 is the 

presentation of numerous reversed flow solutions ( i.e., f >o,~,:o). 
Although the assumptions of the Prandtl boundary layer equations are 

questionable in reverse flows (e.g. the transverse velocity component 

is no longer small compared to the longitudinal component), the solutions 

obtained in this flow regime are not physically unreasonable, and appear 

to be of value in the study of separated flows. While few solutions have 

been presented for similar flows with P > 2. (since they had previously 

been felt to have no physical significance), there are definite applications 

for these solutions. Flow accelerating around the shoulder of a blunt 

body at hypersonic speed or flow accelerating at the throat of a super­

sonic nozzle each undergoes an extreme favorable pressure gradient, 

exceeding I} of two by an order of magnitude. (5) Solutiona f - a 

complete range of pressure gradients have been presented for several 

new values of the heat transfer parameter, S(O) - T(O)/T8 e • For those 

who want approximate solutions not presented here, the additional heat 

transfer cases should make interpolation easier and more accurate. 

(6) Another feature of the presented solutions i• impro,.,ed accuracy. 

Due to the sophistication of some of the current so-called" apprasimate 11 

techniques of boundary layer solution (such as the multiple moment 

integral and finite difference methods). there is a need for highly accurate 

exact solutions againat which these techniques may be checked.. The 

solutions presented in tilis report are accurate to five decimal places. 

The solutions of Ref 4, previously the only source al similarity solutions 

for a broad range of conditions, are reliably accurate to three decilnal 
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placea (four are presented) . Fifteen years of advancement in compute r 

technology has made this improvement in accuracy an easy task. (7) An 

attempt has been made to regularize the results, presenting solutions 

Lor the various heat transfer cases at matching, regular intervals of ~, 

the pressure gradient parameter, to enable easy comparison between 

solutions of differing S(O). (8) Finally, much of the analysis and deri­

vation connected with the formulation of the problem has been presented, 

so that the report represents the most complete package available on the 

similarity solutions to the two-dimensional, laminar, compressible 

boundary layer with heat transfer. 

4 
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II. GOVERNING EQUATIONS 

In this section the governing boundary layer equations are presented 

as they appear in the physical (x, y) plane, the transformed or II pseudo­

incompressible" (X, Y) plane, and the similarity ((,71) plane, with all 

necessary transformation variables defined. Conditions for similar flow 

also are discussed. Integral quantities are defined for the physical and 

similarity planes and presented in Tab. I. Finally, a table of useful 

equations for physical quantities (properties, boundary layer thickness, 

heat transfer, and skin friction, etc. ) is presented. 

A. DIFFERENTIAL EQUATIONS 

-Problem Assumptions­

Pr = l 

Isothermal surface 

-Equations in the Physical Plane­

Continuity 

a a 
ax (pu) + 8y (pv) = 

Momentum 

0 

pa:: + pv:; = p 0ue ::• + :y (µ :; ) 
Energy 

pu::• + pv:~• = :Y G:~•) 
Boundary Conditions 

u(x, 0) = 0 u(x,CD) = ue 

(1) 

(Z) 

(3) 

v(x, 0) = 0 (4) 

hs(x, 0) = h 8 (0) b 8 (x, co) = hse 

Viscosity 

J!_ = A .I. (Ch:.pman and Rubes in, see Ref 4) (5) 
µr Tr 

5 
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-Equations in the Transformed Plane­

Transformation Variables 

1/ly = IL u 
Po 

X - ~x Apeae 
o Poao 

dx 

y ae 
~y .E.... dy -

ac 
0 Po 

u ao 
1/ly - u 

ae 

V= - I/Ix 

s 
ha 

- l - hae 

Co.nae rvation Equations 

Continuity 

Momentum . 

Energy 

Boundary Conditions 

U(X,O) = 0 

V(X,O) = 0 

S(X,O) = Sw 

6 

U(X,co) a 

S(X,co) = 0 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(1 Z) 

(13) 

(14) 

(15) 

(16) 



-Equations in the Similarity Plane­

Transformation Variables 

t = X 

77 = N (E) Y 

u 
f' (TJ) - . u 

e 

Conservation Equations 

Momentum 

f 11 1 t {f 11 = f3 ( f 1 2 
- S - l ) 

Energy 

S'' + fS' = 0 

Boundary Conditions 

f(0) = 0 

f' (0) = 0 

S(0) = Sw 

B. CONDITIONS OF SIMILARITY 

f' (a>) = 

S(ai) = 

For the compressible boundary layer, the condition of similarity 

is expressed in the transformed plane as 

M = C~ e 

This relation corresponds to ue = cxm, the similarity condition for 

incompressible flow problems. It should be stressed that Eq (23) i a 

purely mathematical condition of similarity, and can be misleading when 

used as a basis for physical arguments. Unlike the simple incompress­

ible similarity condition, Eq (23) does not allow easy comparison with 

real flows. 

By making an assumption applicable to hypersonic flow, that 

Tse -= 
Te 

l + i:..:..! M 2 !' z.:.! M 2 
2 e 2 e 

7 

( l 7) 

(18) 

( 19) 

(20) 

(21) 

(22) 

(23) 

(24) 



the more physically meaningful similarity condition of Eq (25) can be 

developed (see App. C) 

Pe 

Po 

n 
: Cl X where n = - 1 

l + .!..:.l m+ l) 
2y j \ m . 

The advantage of this pressure similarity condition is that, being 

expressed completely in terms of physical quantities, it provides 

easy comparison with real flows. Eq (25), when expressed loga­

rithmically becomes a simple linear relation with slope, n. Therefore, 

a log-log plot of p versus x for a hypersonic flow will immediately 
e 

show regions in which similarity can be approximately applied. 

C. INTEGRAL DEFINITIONS OF GLOBAL QUANTITIES 

The following integral definitions derive naturally from the 

integrated continuity, momentum, and energy equations. They are 

useful in the manipulation of either exact or approximate forms of 

the boundary layer equations. The development which leads to these 

definitions is presented in Ref 2, Ball and Hankey. 

8 
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TABLE I INTEGRAL DEFINITIONS FOR GLOBAL QUANTITIES 

displacement thickness 

'° I ) I ico 
( l + S - f 1) d71 O* = ~o \ 1 -i:e dy O* N = tr 

0 

momentum thickness 

<O ( J ~co 
9 a: \ l ~ ~ dy I 9trN • ( 1 - f' ) f I d1J 

o ue Peue 0 

energy thickness 

9 = \co ( h•)~ dy 8h, trN = - \co Sf' d1J = S' (0) h 1 .. hse Peue 
0 0 

kinetic thickness 

9* = ~co (1 ~~ dy I 9* N = )co 
( 1 - f' 2

) f' d7] 
\ u Peue tr 

0 0 

form factor 

H = 0*/ 9 I Htr • 0*tr I 9tr 

H = Htr + L:..!. M z ( Htr + 1) 2 e 

9 

(26) 

(27) 

.. 

(28) 

(29) 

(30) 

(31) 



D. TRANSFORMATIONS: SIMILARITY PLANE TO PHYSICAL PLANE 

TABLE II 

Physical 
Plane 

N 

X 

y 

u 

Ue 

T 
Te 

.JL 
Pe 

I 

Similarity Plane 

Definitions Used Below 

= 1 + l:'. - 1 M 2 
l e 

[m ! l a M 1¼ 
0 e 

j = - -
"o X 

Coordinates 

~ (1 = 4((/) - 1) 6((/) - 1)2 4(cp - lf (cp-1)•) 
+ lm + 1 + 4m + l + 6m + 1 + 8m+ 1 

= .L[(1 _L !.:..!.) \'77 
(S + r) dfl --1- !.:.!_ (£"+ ff' -f"(O)J 

N fS + 1 q, ) ., fS+ 1 (/f ~ 
0 . 

Properties 

= f' 

= q, (S + 1) - ( (/, - 1 )f' 2 

Te 
= T 

-continued-

10 

(3l) 

(33) 

(34) 

(35) 

(36) 

(37) 

( 38) 
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Physical 
Plane 

....E.... 
Pe 

hs 

hse 

8 

O* -8 

8* 
8 

Bh -
8 

2 

St 

TABLE II ( continued) 

Similarity Plane 

= 1 

= S + l 

Boundar1 Laier Thicknesses 

= 
(BtrN} (/, 3 

N 

= H = Htr + 

B*trN) 

= ,BtrN) 

= ~ 
Wall Conditions 

= 

= 
_qw 

P. u (hs,e-hw) e e 

11 

(ff, - 1) (Htr + 1) 

= -
Cf 
2 

(:: 1 
£11 w 

(39) 

(40) 
4 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 



III. DISCUSSION 

The purpose of this report is to provide, in a single source, the 

development of governing equations and tabulation of solutions to the two 

diJnensional, laminar, compressible boundary layer with heat transfer. 

The solutions are presented without discussion of their physical implica­

tions, since all iJnportant flow trends are well presented in the work of 

Cohen and Reshotko (Ref 4). 

While one cannot expect these solutions, under the severe constraint 

of siJnilarity, to correspond to a large number of real physical flows, 

there are five such flows for which siJnilar solutions do apply directly; 

( l) the Blasius solution for flow over a flat plate ( '3 = 0), (2) the Chapman 

solution for flow over a rearward facing step ('3 = 0, f"(O) = 0), (3) the 

transformed stagnation point solution for an axisymmetric body ('3 = O. 5), 

(4) the two-diJnensional stagnation point solution ('3 = l), and (5) the 

strong interaction solution with induced hypersonic pressure gradient 

('3 = ('Y -1) / 'Y ). In addition, many approximate solutions to real flows 

may be found by using similar solutions in conjunction with .1.ocal siJnilar­

ity (see Refs 4 and 5). 

The priJnary results oi this report are (a) the graphs of the wall 

shear and heat transfer parameters, f" (0) and S' (0) , as a function of 

the pres .! ..ire gradient parameter J3 (Fig, l - 4), (b) the tables of 

temperature- and velocity-related profiles for the l l 6 cases of pressure 

gradient and wall temperature considered (Tab. III), and (c) a summary 

table of useful global quantities (wall shear and heat transfer parameters, 

displacement thickness, etc.) for each case considered (Tab. IV). 

The curves of Figs l - 4 (pages 13-16) provide a broad understanding 

of the combined effects of pressure gradient a.nd wall temperature upon 

skin friction and heat transfer over the complete range of solutions. 

Also, these curves predict the first-guess values of f"(O) and 51 (0) 

needed to solve, by the explicit iterative method, cases not presented 

here. 

12 
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One feature of T11.b. ill is the addition of the 5-integral profile, not 

presented with previously published similarity solutions. One can compute 

all quantities of interest at a given TJ with simple algebraic expressions- -

nwnerical integration is no longer required. Another feature, the profile 

tables for all cases of fS ~ 2 are presented with a concentration of the 

data in the low TJ region where change is most rapid, and maximum 

definition is desirable. 

In tabulating the global quantities of Tab. IV, the criterion used 

was that only quantities which could not be algebraically obtained would 

be presented. Hence, 0*trN can be computed from BtrN and Htr , 

and the useful heat transfer parameter, - 5 1 (0)/5(0) , can be computed 

from its constituents. Note that for the adiabatic case this parameter 

appears indeterminant. It can however be calculated, and while having 

no physical meaning, does retain some usefulness for correlation. 

Becaun of the linearity of the energy equation when 5 is absent from 

the momentum equation, the solution for ••5 1 (0)/5(0) is a function only 

of f -- independent of 5 • Hence, for any convenient choice of 

5(0) , where f is determined from the Falkner-5kan equation for the 

fS of interest, -51(0)/ 5(0) is found which applies to all cases of 5(0) 

including the adiabatic-case. These values appear with the adiabatic 

results of Tab. IV in place of 5 1 (0) , the normally tabulated quantity. 

Finally, the transformation of the globa.. quantities of Tab. IV into 

useful parameters in the physical plane can be accomplished with the 

aid of Tab.II. While such transformations are time consuming, the 

results of this report are presented in a form designed to minimi&e this 

task. 
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APPENDIX A: COMPRESSIBLE FLOW SIMILARITY EQUATION 
DERIVATIONS 

The compressible forms of the boundary layer equations appear as 

follows: 

a 
(pu) + a 

(p v) = 0 
ax 8y 

au &u - u..!!!e..+..!. / eu) pu- + pv-
- Pe e ax 8y \ 11ay ax ay 

~ = 0 
8y 

ah1 + 8h a I 8b ) 
pu ax pv~ :: 

ay V'~ 8y 

where Pr = 1 and the viscosity variation is described by a linear 

relationship 

= 

The momentum and energy equations (Eq• (47) and (4eta.re second 

order. nonlinear partial differential equations with variable coefficients. 

As such, they can be solved in closed form only for the moat specialized 

cases. It has been shown by Falkner and Skan (Ref 4) that for the 

incompressibl~ caae Eqa (47) and (48) can be reduced to ordinary differ­

ential equations l:y choosing similarity variables which allow a. product 

solution for the atream function. 1/1 = f('l(x, y))g(( (x)). Thia simplifi­

cation can also be applied to the compressible case with beat tranafer, 

although with more difficulty. 

Since there is strong temperature dependence of the de.naity al!ld 

viscosity in compressible flow, the marnentUDl a.nd energy equatiOIUJ are 

coupled and must be solved simultaneoualy. But the basic problem 

remains unchanged. As in the incompressible case, we are trying to 

tranaform the momentum and energy equations into ODEf a properly 

set for solution. To do this, we will first attempt to tranaform these 
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equations into some II pseudo-incompressible" plane such that they have 

the same appearance as the incompressible equations in the physical 

plane. If this form is obtained, it is certain that the equations can then 

be transfol'lmed into ODE' s in the similarity plane since this has been 

previously accomplished for the incompressible case. 

K. Stewartson (Ref 8) is responsible for having found the transformation 

variables which make the compressible equations appear as the incom­

pressible. Below, the general form of these transformation variables 

will be guessed; the continuity, momentum, and energy equations will 

be transformed by them, and the chosen variable forms will be justified. 

The transformation ((x, y) _. (X, Y)) will be made with the following 

variables 

X 

X 

J P(x)dx, 
0 

y O(x) 
0 

e_ dy 
Pr 

For th~a compressible case the stream function is defined to account for 

density variation as follows 

~ = £.. ay - Pru 
.!YL 
ax 

- _p_ 
Pr 

V 

where the compressible stream function, 1/1, is clefined by the trans­

formed velocity as 

U =li!.. - ay . V = !Jl!._ - ax 

By chain rule the partial differe.ntial operators become 

.lli = ax 
~ + ay lli 

ax 8x ay .lli = Jl. Q .lli 
, ay Pr ay 

1. CONTINUITY EQUATION 

The continuity equation to be transformed is 

.!... ( .P... u) + .!... ( _p_ v) = 0 ax Pr ay Pr 
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We will first apply the differential operators to the u and v terms 

in parenthe1es above and substitute the transformed velocities wherever 

po88ible, leaving all remaining differentials expressed in the physical 

plane variables (x, y). Having performed all pouible cancellations in 

this form, we will carry out the remaining transformation to the X, Y­

plane and obtain the transformed continuity equation. 

J!.. V = (Pv-#) ..2..u = ..2... QU Pr ax ' Pr Pr 

80 

.!.. ( i!.._ au) + .!.. · PV-uay) = o ax Pr ay ax 

and carrying out the operation of Eq (57) with cancellation, (noting that 

(
.IL · OY 

)
\ Q = -a ) , we obtain 

Pr Y 

au ay + Pav 
ax ay ay 

au ay 
ay ax = 0 

Now transforming completely to the X, Y plane 

.IL O (P au + au ay} + J!... OP ay _ J!... 0 au ay • 0 
Pr ax ay ax Pr ay Pr 8Y ax 

which becomes, after combining terms and dividing by I!. QP , 
Pr 

au 
ax 

+ av 
ay = 0 

Thus, the form of the incompressible continuity equation has been 

achieved. 

Z. MOMENTUM EQUATION 

Next, the compreHible momentum equation will be tranaformed to 

appear like the incompressible equation, expressed below in terms of 

the stream function 

Zl 

(57) 

(58) 

(59) 



First, the substantial derivative (needed in both the momentum 

and energy equations) will be developed using the differential operators 

of Eq (55). 

pu:~) +pv:~) = pO,j,YH~>+:: :v) -po \Pl/x+ ::"'v} :v 
and with cancellation 

(60) 

(61) 

Using the relation u = 0/ly = QU and applying the substantial derivativ~ 

of Eq (61), the left-hand side of the momentum equation is obtained as 

,' , a · a , · 
POP \ l/lyax (0/IY) - 1":xaY '· .°"Y ; = 

pQZP \ Illy~- ~y~ + pQQ'PII{. 

Coneidering the right-band side of the momentum equation, the preseure 

gradient can be written in terD1S of external velocity by applying Euler's 

equation. Thie term can then be transformed into the X, Y plane, 

Next, the ahear • trees derivative term ie transformed, making use of the 

linear viacoaity law, µ = 'AµeTITe, and the perfect gas law 

~ f,lu) = 1?.... a.!.. (Aµ..!.. JL ozl/Jyy) = pQZP O'AµJ>e ') fl/yyy 
8y ~ 8y Pi, 8Y eTePr ., Ppri 

Grouping all of the traaaformed terms of the momentum equation and 

dividing~ pOzP, 

= ( Pe UeU~ a' 
•y+n - •x•YY \ p ~ - -a 

I 

z I I QA~) tfJ 
'1iy j + \ PA, "YYY 

.._____..-/ 

Fa Fz 
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We see that if terms F 1 and F 2 can be modified appropriately by the 

proper choice of Q and P a form similar in appearance to the incom­

pressible form, Eq (60) can be obtained. First, Q must be chosen such 

that F 1 - ( l/lyl/lyx\ , then, Q being fixed, P must be chosen such that 

F 2 ~ llr . Equality for these terms is most desirable, but a product 

solution in the similarity plane may be possible even if the terms 

differ in minor ways. First, let us consider the t e rm, F 1 • 

now define 

Pe ueu; Q' 
F1 = pa1""""" -0 ~ 

Pe 
p 

T =- = 
Ts 
Te Zc Te 

r, 
= 

Ts Tse u 2 -- -Tse Te Zc Te 
p 

S E - l (63) 

and assume cp constant, implying S + l = T.s / T sc so 

Pe -= 
p ( 

\ ' Ue2 
S+ 1 _;( 1+ z T 

, \ Cp e 

Using the identity 
u, o' 

! 1/k_tlk- '. = ~ - u 2 ·, .,..Y.,..YX,·e - 0• - 03 e , F 1 is written 

in terms of physical velocity except for the term desired in the final 

form of the equation 

(S + 1) 

Multiplying and grouping, F 1 can be written in a form 

where 0 is 

e o' 
(S + 1) u/ ~ + 

+ e 

(S + l )ue 3Ue 

2cpTeQ2 

I 

Q uz -::3 
Q 

(64) 

(65) 

(66) 

• 



Since the first term of F 1 is very nearly of the incompressible form, it 

is desired that all other terms combine to equal zero. So we will attempt 

to fird a Q such that 0 = 0. Regrouping 0, 

0 • i ( (S + I) ue' -u•) \, I + ::::. %; 
8(0, ct) 

Since Q' 1 0, 8 (0, 0) must be zero. To find Q corresponding to 

8 = 0, we consider the differentiated external total temperature which 

is known to equal zero, and which can be made to resemble 0 (0, ct) in 

form 

Tse' 
TI e 

= 

.F;quating 8 to zero by combining Eq (68) and the definition of 8 , we 

have 
, 

ueue' 
1 + 

ueue 
1 + a -, = o' cpTe ZcpTe 

or 

1 a 1 f!1 f o' -, = rl - = z -
Te ZTe Te Q 

leading to 

(CT )¼ Q = e 

Having specified Q and forced the pressure gradient-x- inertia 

term to assume nearly the incompressible form, we next consider the 

shear stress derivative term, Fa 1/lyyy' 

Fa = 

where P is now defined such that Fa = Vr , which gives 
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Finally, substituting in the values of F 1 and Fz (for the specified 

Q and P), the momentum equation in the II pseudo-incompressible" 

(X, Y) plane becomes 

= 

Eq (71) is now nearly in the incompressible form (see Eq (60)). The 

(70) 

( 71 ) 

task remains to see if a product solution ca n 1:ttill be obtained when the 

equation is transformed into the ( ~ , 71) similarity plane. The transform­

ation variables are 

~ = X, 11 = N(X)Y 

The differential operators become 

fil _ ill N" ill 
ax - a ~ + 11 N a71 ' lli = ay 

(72) 

(73) 

Applying the operators of Eq (73) to the transformed momentum equation 

(Eq (71)), and making cancellations 

- Nzl/l 1/1 = U ddUXe (S+ 1) + II N~ 
~ ~ e r ~71 

where Nin Eq (74) is N = N(~ ). Now, assuming a product solution 

of the form 1/1 = g(Uf(71), and making this substitution into Eq (74), 

(NN
1 

gz + Nzgi)r'z - Nzgg'ff" = (5 + 1) UeUe' + 11 rN 3gt .. 

By dividing out Nzgg' and defining coefficients, 

____ _cu1 '--'--±-ff!.' - --~ --JCf 1=2- - -. (5 + 1) 

where 
11 N 

(1 ( ~ ) = 7 ' ~( ~ ) = N' a l+-..A.. 
N g' ' 

U O I 
e e 

= Nzgg' 

(74) 

(75) 

(76) 



Now, considering the boundary conditions (noting again that 

U = 1/ly • Nl/,'
71 

c Nf' (7] )g( ()), 

ua, 0) • Nf'(0)g(U • 0 -f'(0) • 0 

V((, 0) • -f(0)g'(O - 17 ~ f' (0)g(O • 0 - f(0) • 0 

U(~,co) • Nf'(co)g(() • U , f 1(co) • 1 (arbitrary) 
e 

Ue • Ng 

Considering (/)(U and using Eq (7 8) 

U U I 

e e • (Ng)(Ng)' = 
Nz gg' (Ng) Ng' 

N' & 
l + • ~ 

N g' 

(77) 

(7 8) 

(79) 

We may also set Q arbitrar ily at Q • 1, further simplifying the momentum 

~quation in the similarity plane. (Differing Q's give different results i n 

the similarity plane, but due to the inclusion of Q in the transformation 

variables the results in the physical plane are unaffected by Q. Compare 

the flat plate similarity plane momentum equations of H. Schlichting 

(Q • 2) with those of Falkner and Skan (Q = 1) to see the arbitrary 

nature of Q). Eq (75) now becomes 

f" I + ff" = ~ (f' z - s - l) 

Thus, we have transformed the compressible momentum equation into 

( 80) 

an ordinary differential equation. Howeve r , we cannot now independently 

solve Eq (80) because of its dependence upon S . The energy equation 

must be developed in terms of S and functions of 7J and solved simulta­

neously with the momentum equation. 

· - ------J.-- -ENE1tGY-EQ-UATION- --· 

To develop the energy equation in the (~. 71) similarity plane, we 

must first transform it from the physical plane, ((x, y)-(X, Y)-(~. 71)). 

Applying the substantial derivative (Eq (6l))to the stagnation enthalpy 

(h8 ) and transforming the heat conduction term by the differential operator 

(Eq (55)), we get 
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I 

.. 

( 8h 8h ) 
POP l/ly a; - ill x a/ = 

Dividing by p QP the equation becomes 

8h 
_!. 
ay = 

( T 8h ) Aµ - _e_ Q-s 
e Te Pr ay 

where the coefficient of (8 2 h 8 / 8Y2 ), it is recalled from Eq (70) of the 

momentum equation derivation, is equal to "r . Therefore, the final 

form of the transformed compressible energy equation is seen to 

correspond exactly to the incompressible form (sP.e Eq (49)), 

8h 8h 8 2h 

U 8X
8 

+ V 8; = V r 8Yz8 ( 81) 

Now, rewriting Eq ( 81) in terms of stream function ill , and substituting 

hse<S+ 1) for h 8 , we obtain 

Using the differential operators of Eq (73), Eq (82) becomes 

Cancelling terms and dividing by N gives 

V NS' ' + ill S' = 0 
r ~ 

Now, substituting the product solution for the stream function, 

ill = g(E}f(TJ), and dividing by g' , 

( v;~ ) S" + fS'= aS" + fS' = O 

So, for a. arbitrarily set at a. = 1, the compressible energy equation 

in the similarity plane becomes 

S' 1 + fS' = 0 
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In summary, the compressible boundary layer equations in the 

similarity plane are 

f" I + ff" = 13 (£'2 
- s - l) 

S 11 + fS' = O 

where the boundary conditions are 

f(O) = f'(O) = 0, £'(co)= l; S(O) = S , S(co) = 0 w 

This system of equations is now properly set to be solved by 

numerical methods. 
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APPENDIX B: TRANSFORMATION TO THE PHYSICAL PLANE 

The primary purpose of this report is to present solutions to the 

compressible, non-adiabatic, laminar boundary layer equations in the 

similarity plane. Also of importance is the task of demonstrating how 

the problem can be formulated in similarity plane parameters, and, 

after solution, be expressed in the physical plane. Transformation to 

and from the similarity plane will, in many cases, constitute the majority 

of the effort required to solve a problem. 

The longitudinal coordinate in the transformed plane is defined by 

the following integral: 

Jx pa 
x · = A ....!....!:. dx 

o poao 

Using isentropic relations to express pressure and sonic velocity ratios 

( 86) 

in terms of free streani Mach number, the differentiated relation becomes 

1-3}' 

( 
1 

) 

Z(y-1) 

dX = A 1 +TM/ dx (87) 

Further, by using ')' = 1. 4 for air and the governing similarity eqt:.R.tion 

in the form, Me= cxm, Eq (86) can be integrated and manipulated to 

the following form: 

X = 4(Me2/5) + 6(Me2/5) 2 

Zm+l 4m+ 1 ) 

Xz 
+ 4(Me2/5)3 + (Md/5)

4 

6m + l Sm+ 1 
X1 

Typically, one might need to know a value for X to be used in finding a 

value of the tranverse coordinate, y, in the physcial plane (see Eq (89)). 

In this case one would know (a) how free stream Mach numbers vary 

along the body (Me v11x), and (b) the value of the similarity parameter, m. 

Eq. ( 87) could then be evaluated between O and X. 
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To describe temperature and velocity profiles in the physical plane, 

the transverse coordinate in that plane must be obtained by combining the 

following defined transformation- and similarity-plane variables; 

y = 
a 
...Jt 
a 

0 r 
0 

e_ dy p , 
0 

u = 
e 

a 
0 

-u, 
a e 

e 

- I rrr+- i 
11 = y \ -2-

a 
0 

V 
0 

By combining the relations of Eq (89), y becomes 

_ poao 7 /_2_ Vo 

Y - p a l m+ l a 
e e o 

X 
M 

e r T T d77, (see Ref 4) 
0 

0 

M 
e 

X 

To evaluate y corresponding to a given 77 at the desired longitudinal 

distance, x = x1 , Eq (90) is written as 

( 89) 

(90) 

YL. 
4 

( (1 _.L.. t:1) f' {5+ l)d1) - ...!__ t:..!_ {f" + ff' -f'{O))) = L 
N 13 + 1 

"' 13+1 "' 0 

where 
T 

1 + 1:'...:.! M 2 N = 7/m~ I a M 

"' 
se 

and 
0 e 

(92) = = T 2 e Vo X 
e 

Since the problem will have been previously solved in the similarity plane , 

m will be known. Further, the kinematic viscosity, v
0

, can be found 

for known stagnation temperature and pressure; and X can be determined 

from Eq (88) as was explained above. The necessary similarity plane 

variables are found in Tab Ill. Thus, there is sufficient information to 

solve for the real transverse position, y, corresponding to a given 77 and 

x. 

We have discussed how one can transform results out of the 

similarity plane and into the physical plane, but how does one express a 

problem in the similarity plane initially? A value for m and 5(0) and 

knowledge of whether the flow is attached or separated is sufficient to 

define a unique solution in the similarity plane. Since 5(0) is virtually 
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always known for a real or constructed problem, determination of m is 

the main task to be accomplished. For the case in which one wants to use 

a tabulated similarity solution to check the validity of an approximate 

method for solving the boundary layer equations, m can be arbitrarily 

stipulated and therefore poses no problem. In such a case the Mach 

number distribution described by the similarity relation Me = cx111 
need not correspond to a particular physical flow. 

There are ph'~•scial flow cases for which a particular similarity 

solution is an exact or satisfactorily approximate solution. Two examples 

of such real flows are stagnation flow (m = 1), and flat plate flow (m= 0). 

For Mach number distributions which appear to follow some exponential 

law, one can attempt to approximate the distribution with the similarity 

exponential form, obtaining optimum values of C and m by trial and 

error. Each trial m will predict a unique Mach number distribution 

which can then be compared with the knm.1.'n distribution. Following is a 

description of how this similarity parameter may be found. 

To begin, . let us account for all unknowns and available equations. 

In the similarity relation, Me = CXm, C, X, and m are unknown. If 

Eq (88) is evaluated between O and X, it appears as below. (Note that 

no new unknowns have been added.) 

= X, ( l + 4(Me2/5) + 6(Me2/5f 4(Me2/ 5)
3 

x A 2.m 1 4m + 1 + 6m + 1 
(93) 

Thus, with Eq (93) and the similarity relation, we have two equations 

and three unknowns. Now assume that the Mach number at two positions, 

x1 and x 2 is known. By forming a ratio of the similarity relations evaluated 

at these two points and solving for m, we obtain 

m = Ln (~) 

Ln ( ~~ ) 
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The unknown, C, has been eliminated, but an X has been added; the 

three unknowns are m, X1 , X2 • We now have three equations (Eq (93) 

evaluated at two positions, and Eq (9 4) ) i\nd thre" unknowns, and can 

solve the system for m. Since Eqs (93) and (94) are implicit, a trial­

and-error method of solution is required. 

The single value of m which is found corresponds to a tabulated 

similarity solution which should now apply exactly at the two points, x 1 

and x 2 • One way of checking the validity of the approximation is to 

c,>mpare the x at wh'ch the similarity relation predicts a given Mach 

number to the x at which that Mach unmber is known to occur from the 

initial data. By incorporating the similarity relation into Eq (93), this 

check can easily be made. 

It will most often be found that a particular external flow field 

will not lend itself to description by a single value of m. In such a 

case the technique of local similarity might be advantageously applied. 

This technique is briefly discussed in Ref 4. 
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APPENDIX C: STREAMWISE PRESSURE VARIATION FOR 
HYPERSONIC FLOW 

In this appendix, the aiJnilarity pre91ure gradient parameter, I', 
and the related parameter, m, are derived in terms of quantitie1 

obtainable from phyaical flows. Theee parameten are then studied for 

hypersonic flows to determine the conatraints needed for conatant values 

of both parameters m and fS. Finally, a method is described for u1e­

fully applying the results to real data. 

By log differentiation of the defining similarity relation; 

Me= cxm the parameter m can be found as 

m=(:• /:) 
The numerator can be alternately expressed by log differentiation of a 

pressure-Mach number relation, and the denominator can be found from 

isentropic relation• and the definition of X : m then become• 

m = -CW) 
where , E Pe/p 0 and a: (3-y-1)/ Zy. The task is then to ahow the 

bracketed term to be constant, proving m to be constant. 

Using g and its derivatives (g' = {.a) t represent the bracketed 

term, and letting that term equal the constant, c 0 , we obtain 

gg" - aco8'2 = 0 

11a 
This differential equation is then solved (dividing by gg' ), and ,(=, ) 

is of the form 

{. = where n= 
co 

1 - ac 
0 

Solving for c in terms of n and a(y ), and substituting into Eq (97) 
0 

m _becomes 
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m = n(y-1) 
-n( 3y - 1 )- Zy 

which leads to the parameter 13, 

l:'...:.!' ( n , 
l3 = - y ) n+ 1 } 

We have now related the streamwise pressure variation to a 

similarity parameter such that the complete streamwise pressure 

distribution is easily calculated for any hypersonic similar flow. 

Conversely, if test pressure data varies according to the exponential 

law of Eq (98), a corresponding similar flow can be identified and the 

boundary layer can be completely described. Such a flow can be most 

easily identified by a log-log plot of pressure versus axial position. 

34 

(99) 

( 100) 



.. 

\ 

APPENDIX D: METHOD OF SOLUTION 

Two methods of solution were applied to the boundary layer equations 

under study. These will be nanied the II explicit iterative" and II implicit 

iterative" methods. These methods correspond closely to the forward 

integration (explicit) and successive approximation (implicit) methods 

referred to by Cohen and Reshotko (Ref 4). A description of the basic 

features of each of these methods and a discussion of solution accuracy 

follow. 

1. EXPLICIT ITERATIVE METHOD 

The set of boundary layer equations being considered haa split 

boundary conditions. Hence, there are too few known initial conditions to 

allow a simple forward integration to the correct solution (i. e. the 

solution which satisfies both wall and free str~azn boundary conditions). 

Two additional initial boundary conditions, f" (0) and S'(O), must be 

guessed at the wall. From these prescribed conditions a trial solution 

is found which is then checked against the required free stream cOIMlitions, 

f' (co) = l and S(co) = O.. An iteration scheme is now described which 

modifies the guessed initial conditions in a systematic way auch that each 

successive trial solution will move toward the final problem solution. 

Difficulty arises in placing a boundary condition at infinity. Baaed 

on some intuition as to the boundary layer thickness of the problem, a 

check point is established at some large f/ = T/k where T/Jr. is generally 

at least fifty percent larger than the estimated boundary layer thickneaa 

(e.g. T/ at f'(f/) = O. 99). At .this check point, if f'(k) and S(k) diff.er 

by no more than the amount of a predetermined tolerance* from the 

ideal free streani values, a problem solution has been found. More 

probably, the first guess will result in a trial solution which fails to meet 

*This tolerance was 10-
6 

or smaller for the solutions presented m. 
Tabs m and IV. 
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the prescribed tolerance. When this occurs, some scheme is desired 

by which thP guessed boundary conditions can be changed in a systematic 

way, hopefully always moving closer to the problem solution. Such a 

systematic scheme of iteration was devised for this problem. The difficulty 

in finding such a scheme arises from the fact that two parameters are 

being simultaneously varied, and the effects of varying the one parameter 

are quite often masked by variation of the other. 

One can write a partial differential equation for both f'(k) and S(k), 

expressing their variation with succes~ively different guess conditions 

f" (0) and S' (0) (denoted by subscript n). Those equations appear as 

follows: 

f1(k)n+ l = f'(k)n 

S(k)n+ 1 = S(k) 
n 

+ ( 8f'(k} \ I df" (0) 
8f" (01/n,S'(O) 

+(8f' (k}' dS' (0) 
8S'(O)/n f" (0) 

( ~ 
/ \ 

+ 8S(k} df" (0) +\· 8S(k} ) dS' (0) 
Sf" (O > as• (O > 

n S' (0) n f'' (0) 

(101) 

(102) 

By assun'!ing that f1 (k) and S(k) both vary linearly with f" (0) and S' (0), 

Eqs (101) and (102) can be expressed in a simple finite difference form. 

In this form, f 1 (k) and S(k) for the n + 1st iteration are set equal to the 

free stream boundary conditions, f'~) = 1 and S(co) = 0. In order to 

form the differ E.nces required, thP. effects upon f1 (k) and S(k) of a step 

in f" (0) (at constant S1(0)) must be determined. The finite difference 

equations can then be w:dtten a.s follows: 

(
Af'(k}\ ~f''(0) +ft\f'(k}) AS'(0) = 
t\f''(O)/n,n-1 S'(0) \t\S'(O) n-1,n-Z f"(0) 

(
t\S(k} \ t\f"(0) + (t\S(k}' t\51(0) = 
/!;i '(01/n,n-l S1(0) t\S'(O)/n-1,n-Z f"(0) 

l - f 1 (k) 
n 

- S(k) 
n 

(103) 

(104) 

To form the differences and slopes required in Eqs {103) and (104), three 

trial solutions must be found for different sets of gueased wall conditions --
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(a) f" (0)(~st) and S'(0)(lst), (b) f" (0)(Znd) and S'(0)(lst), and (c) 

f" (0)(Znd) and S'(0)(Znd). Once the slopes have been calculated, the 

two remaining unknowns are the differences .6£1' (0) and AS' (0) which, 

when added to f" (0) and S' (0) for a new trial solution, will bring 
n n 

f'(k) and S(k) nearer to the correct boundary values, f'(k)n+l• 1 and 

S(k)n+l= 0. Kramer's rule may now be applied to Eqs (103) and (104) 

and ~" (0) and ~S1 (0) may be found. Assuming that the initial guesses 

for f" (0) and S' (0) were reasonable, the trial solution will have moved 

closer to the desired solution. If the guessed conditions are not within a 

reasonable neighborhood of the correct values, then the assumption that 

f' (k) and S(k) vary linearly with the guessed conditions was invalid. The 

subsequent trial solution will then diverge from the desired problem 

solution. 

What is the next step if the first iteration approached the solution, 

but failed to meet the prescribed tolerance? One possibility would be to 

completely repeat the procedure, recalculating the slopes of Eqs (103) 

and (104) after each iteration. In this way, the equation would need to be 

solved for each of thre"! sets of guesses for every iteration. However, 

since guess conditi ons are assumed to be in the neighborhood of the final 

solution conditi-:>ns, reasonable accuracy and some economy of computer 

time can be achieved by using the initially computed slopes for all iter-

ons. In this way, every run after the three initial runs is a complete 

iteration. Such an iteration scheme was used to obtain the results for 

cases of ~ ~ 0 in Tabs m and IV. 

This iteration scheme was found to be quite effective when a reasonable 

guess (i.e. within fifty per cent of the correct values) could be made for 

the two initial boundary conditions. Tolerance was met within seven 

iterations (ten runs) for almost all cases. It was found that errors in 

the initial guesses were an order of magnitude more important than 

error incurred by neglecting to recalculate slopes for the later iterations. 

The nature of the scheme is such that one either obtains the desired 
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solution or, in the case of bad initial guesses, abs.olutely no information. 

For this reason, some care is required in guessing boundary conditions. 
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Fig 5 Explicit Iteradve Solution Scheme 
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2. IMPLICIT ITERATIVE METHOD 

It was found that the explicit iterative method of solution began to 

break down and become unstable for values of '3 greater than two. For 

this reason, it was necessary to develop the implicit program for solution 

of high f3 cases corresponding to flows with extreme favorable pressure 

gradients. 

This method of solution employed the technique of linearization in 

which the nonlinear, ordinary differential equations of momentum and 

energy (in the similar plane) were made to appear linear by guessing 

values for several of the variables. In the governing equation'3 

g" + Tg' - f3gg = - '3 (S + 1) (g: f') 

S" + TS' = O 

the barred quantities are the quantities which are guessed, resulting 

in the linearization of the equations. These linear ordinary differential 

equations are then expressed as n. simultaneous finite difference equa­

tions, n corresponding to the nwnber of steps in 77. These finite 

difference equations were written in the form of combined operators to 

be applied to the vectors g(77) (Eq (105)) and S(77) (Eq (106)). They 

appear as follows: 

+ = - f3 (S + 1) 

+ 

All derivatives were expressed as fourth order central differences 

(with some variatior.1 in the differencing schemes applied at boundaries 

and other singular points). Integrations were performed by a modified 

Simpson's rule expressed in finite difference form to fourth order 

(105) 

( 106) 

(107) 

( 108) 

accuracy. To conserve computer storage space the step size was increased 

over the portion of the 77 range in which changes occur slowly. Thus, for 

a given number of steps, much more detail can be obtained in the region 

40 



' , I 

.. 

of rapid change with variable step size than with constant step size. 

The scheme used for changing step size was th e Fibonucci sequence ( ... . • 

1, 1, 2, 3, 5, 5 .... ) in which the initial step size was one fifth as large as 

that used over the majority 01 the T/ range. 

Consider the general flow chart of Fig 6 describing the pr .,gram 

logic of this implicit method of solution. The solution is an iterative one 

in which the barred quantities ~ and "f are obtained from some kth solu­

tion of the governing equations (Eqs (104) and (105) ) and are used to . 

linearize these equations for the k+ 1st solution. The solution attempt is 

started by guessing an exponential profile for the vector g , and inte-o 
grating ~o to form f

0
• These two vectors are then used as the barred 

quantities £
0 

and g
0 

in the combined operators of Eqs (107) and (108) 

to solve the n s imultaneous equations for the new vectors, f1 , g1 , and 

S1 . If the numerical scheme is stable, these vectors should converge 

monotonically or by diminishing oscillations to the desired solution. 

The rate of convergence was found to be rapid for f3 near zero, and 

extremely slow for high f3, (ten and twenty). Hence, weighted averages 

of the kth and k+ 1st values of f and g were calculated (according to the 

equation x = (xk+ 1 + wxk) /( 1 +w), where x is a quantity of interest 

and w is the weight factor) and used to determine f 2 , g 2 , and S2 • The 

weight factor ranged from w = 0 (kth value not considered, as in cases 

of f3 ; 0) to w= 1 (kth and k+ 1st values equally weighted, as in high f3 

cases), yielding the best rate of convergence for each case, given a proper 

choice of w. 

Next, a global defect (related to RMS error) between 81 and ga is 

formed as a measure of the degree of convergence of the solution. This 

defect is compared to some specified tolerance. If tolerance is not met, 

g 2 becomes g
0 

for a new iteration: if tolerance i s met, all further desired 

quantities are calculated and printed, completing the problem. 

The implicit and explicit methods of solution require comparable 

amounts of computation time (the order of one m inute per solution, IBM 

7094 computer). The implicit method has the advantage that no refined 
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guesses are required to obtain a solution. Indeed, it was found that 

convergence to a solution could be obtaine d by using a linear relation for 

the guessed velocity profile, f' (TJ) . Although the implicit method can 

solve virtually all attached flow problems, it cannot, in its present form , 

solve reversed flow problems . In this pressure gradient regime , the 

explicit method works quite well . The two programs used together 

allow one to solve the general two-dimensional boundary layer equations 

over the complete range normally of interest. 

A Note On the Solution of Simultaneous Equations by 
Matrix Methods 

In a normal matrix solution of multiple simultaneous equations, 

the complexity of computer programmiug multiplies rapidly as the number 

of equations increases. The FORTRAN IV programming language has no 

special features which enable it to handle matrix operations easily: 

programs must be written to handle operations between matrices element 

by element, using complex arrangements of nested DO-loops. 

One of the authors has dev _aed a modified FORTRAN language 

(Ref 7) designed to aid in the manipulation of vectors and band matrices . 

The language, FORTRAN M, was conceived as a tool for use in the 

numerical solution of boundary value problems in one space dimension. 

It handles vectors and matrices symbolically in a manner similar to 

ordinary matrix algebra . 

The FORTRAN M language was used to program the problem of 

this report and was quite successful. · The number of lines in the source 

program was reduced by more than one half. This simplification of 

programming was found to be a great advantage. 
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I Read data I 

Form operator matrices for 
1st and 2nd derivatives, 
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( Iteration Loopl 

' 
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81 , f 1· , and S1 

• 
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(END l 
Fig 6 hnplicit Iterative Solution Scheme 
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3. SOLUTION ACCURACY 

There are two ways to evaluate the accuracy of a solution. Accuracy 

is most easily checked by comparing the solution values of the free stream 

boundary conditions with the prescribed values. Another effective method 

for checking the solution is to use the following two relationships resulting 

from integration of the momentum and energy sim ilarity equations: 

S'(O) = Oh N ,tr 

In the explicit program the initial guesses of f" (0) and S1 (0) can be 

compared with those values predicted from Eqs (109) and (110) above. 

( 109) 

(110) 

The difference between the guessed values and those of the check calcul­

ation is a measure of the extent to which the solution is in error. In the 

implicit program f" (0) and S' (0) are not guessed, but are calculated 

from the f and S profiles of the final iteration. Again, any discrepency 

between solution and check calculation values indicates the error. The 

solutions contained in this report were checked both by the agreement of 

free stream boundary conditions and by the check calculations of Eqs (109) 

and (110) and were found to be accurate in the fifth decimal place. 
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TABLE III VELOCITY- AND TEMPERATURE-RELATED PROFILES 
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0.1 o. U505 o.u .. 1 0.,1,sz o •• , .. 6 o ... ,., -O.O'KI 

l . l' O.ZJZfl 0.4.00 0.4)4)1 o. ···• 101 o.,nn - 0.001 
1.z O.)JJH O.'K5l5 0.410n o.HU4 o.o4n -0.41051 
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z., I.H)ZI 0.9'ZII O.OHII 1.1 .. n 0.0.llZ -0.09511 
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• f .. (" , ... • •• ., f f' ,. , .. ., s •• 
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o.4 0.00111 o.ozon .0.1000• o.n, .. o., .. 44 -0,JHIJ 
o.• O,OCff• o.04101 0,141)1 o.,noo o., .. ,o ·0,JHO 
o.• 0,0llM 0,0190) 0,191)1 O, .. IH 0,11910 -0,UJO 

o. o.ocooo o.oocoo -0,11'11 0.00000 l,OOOOil -0,lHOt 
o.z -o.oozzo -o.oz04z -o.ornz 0,1'411 0.94111 - O,Z'91 I 
o.• -0.001'4 - 0.0)149 - o.ouo 0,)HZJ 0.1 .. n -O,ZS9ll' 
o •• -0,01419 -O,OU41 0,0IZ• O o.nu, 0.14441 -o.z,994 
o., - 0.0,0)4 -0.0, .. 1 0.0,114 o. n 101 0.1.,,. -0,ZHl4 

1.0 0,04111 O,UUI o.,,. •• o.no .. 0 ... 11, -O.)H41 
1., o.no.o c.111•1 o.,nu o.n•n o.SH04 -o.n1n 
1,4 0, IIOl4 o.no11 o.,o,u l,OH14 O,Sl914 -o.u,n , .. o.1oi. o.nnz O,HHl 1., ... , o.4 .. 90 -0.)1709 
1.1 0.11919 0,)6410 .. , .. ,. l.1'414 o •• o,.. -0,JO• H 
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