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Fiate 1.

A solid propeilant booster motor launches the experimental

misgile STATALTEX on a high-altitude, hypersonic { > Mact.
5) test flignt, courtesy of ONERA.



Plate 2. The manufacture of two first stage rocket motor chambers for

the submarine-launched Polaris A-3 ballistic missile. The
whirling arm of the machine in the rear is applying circum-
ferential wraps of glass filaments over the mandrel while the
mackhine in tne foreground is applying the final hoop wraps.
Following wrapping, the chamber is placed in an oven where

the resin impregnated filaments become a homogeneous
structure. The mandrel is then withdrawn prior to casting the
chamber with propellany; courtesy Aerojet General Corporation.
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Preface

For ten vears there has been an acute need for a textbook in the English language
on solid propellant rockets. Books have been published on propuision in general
and on rocket propulsion specifically, but these sometimes tend to de-emphasize
propulsion by means of solid propellants, in order to devote more space to topics
such as liquid-propellant or nuclear propulsion, which have occasionally been
deemed more exciting or more exotic in some respects. The most recent book
in English which is devoted exclusively to solid propellant rockets is the short
monograph by Wimpress, entitled 'Internal Ballistics of Solid Propellant Rockets’
and published in 1950. There are two recently published books in Russian on
solid propellant rockets, one by Kurov and Doljanski (1961) and one by Zeldovich
and Rivin (1963), but these have not been translated into English yet. The need
for an English-language text on solid propellant rockets providzd the underlying
motivation for writing the present volume.

The objective of this book is twofold, first to present basic material on solid pro-
pellant rcckets which can be used for classroom instruction and second to carry
the reader to the frontiers of research in a number oi specific areas of solid pro-
pellant rocketry. Although there is some material (e.g., Chapters 1, 2 and 12)
which might appropriateily be used in undergraduate courses, the instructional
value of the book lies primarily at the graduate level. An attempt has been made
to enhance the educational utility of the monograph by presenting the more ele-
mentary aspects of the subject first (Chapters 1 to :), before proceeding to de-
tailed and more advanced treatment of specific areas of research (Chapters 5 to
11). An attempt has also been made to present the research topics in a peda-
gogic manner, to aid the graduate student or the practising engineer who is not
familiar with the subject material.

Research workers in the field of solid propellant rocketry should find this present-
ation useful, both as a reference to previcus research endeavors and as a guide to
desirable avenues for future research. The book delves more deeply into a number
of areas of research than any previous volumes on the subiect have done. Indeed.
progress in the field has been continuing so rapidly that it has not beer possible

for earlier bocks to at‘ain the depth of the present monograph in the specific areas
of research chosen for emphasis herein.

It seems appropriate tc record here the parts of the book for which each author
assumed primary responsibility. Huang wrote all of Chapter 11, except for Sec-
tion 4 on Failure Analysis which was prepared by Barrére and Section 1.1 which
was prepared by Willizms. The rest of the book was written jointly by Barrére
and Williams, with Barrére preparing the first drafts for Chapters 3,4.5, 7 and
for most of Chapter 8, and with Williams preparing the first drafts for Chapters
2,6. 9and 10. Chapters 1 and 12 were written jointly by Barrére and Williams,
who alsu jointly revised successive versions of the entire monograph in an effort
to make 1t into a coherent work. Williams is responsible for the final English-
language editing of the manuscript.

We wish to thank many of our colleagues, especially those at the University of
California, San Diego, at the Office National d'Etudes et de Recherches Aero-
spatiales and at the Direction des Poudres for numerous stimulating discussions
relating to many aspects of this work, The list of names of those to whom we are
indebted is too long to be presented here. However, we must explicitly thank
Professor S.S. Penner for hig interest and for his aid in initiating this work,

Dr. W.R. Maxwell for his constructive review of ithe monograph and Mr, E. W.
Price for his welcomed review of Chapter 9. The many hours spent by Simone
Barrére and especially by Paulette Thompson in proofreading and typing successive
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versions of the manuscript were essential to the successful completion of the book,
One of us, F.A. Williams, wishes to thank the Propulsion Division of the Air Force
Office of Scientific Research for continued support of research (Crant No. AF-
AFOSR-927-67 and also Project THEMIS) on related subjects during the writing of

L

this material. Another author, M. Barrere thanks the Direction des Poudres for
granting permission to publish some results which were obtained under contract.
Wu also extead our thanks to AGARD for supporting this writing under a contract
supervised helpfully by Colonel Ch. Lupold.

M. Barrdre Paris, France
N.C. Huang

La Jolla, California
F.A. Williams
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constant {sce Eq. 1-5)
initial vehicle acceleration

thrust

average acccleration of gravity experienced by vehicle over its flight

path

gravitational conversion factoy

specific impulse

constant of propo-tionality between Ay, andarea
constant of proportionality, dependept on techrology
coustant of proportionality, dependent on techiiology
payload weight

propellant weight

structure weight

structure weight proportional to thrust

structure weight proportional {o initial propellant volume
launch weight

mass ratio of rocket vehicle

burning time

= M, /MU ratio of payload mass tc launch mass
=DM, /Mp , ratio of payload mass to propellant volume
constant (see Eq. 1-5)

velocity change imparted to a given payload

loss in velocity increment due to drag

propellant density

cnsine of angle between vehicle trajectory and vertical



An Introduction to Solid Propellant Rocket
Motors- Generalities

1. Introduction

In general a vehicle is propelled by forces, termed thrusts, which provide a desired
component of acceleration. 7These forces can be produced in a variety of ways.
Solid propellant rockets are examples of a pure reaction system in which the pro-
pulsive forces are produced by the ejection of mass (propeliants) initially contained
in the system. Self-contained systems of this type are called rocket motors and
can operate in space as well as in atmospheres, siice ey do not require an ex-

ternal propulsive fluid.

Fcur categories of rocket motors may be defined, according to the physical state of
the propellant materials carried within the rocket. These are solid propellant
motors, liquid propellant motors, gaseous propeilant motors and hybrid motors
(which contain propellants stored in at least two of the three physical states of
matter}. The solid and liquid propellant motors and the hybrid motors employing
solid-liguid combinations are of greatest practical interest because of the heavy
tanks needed to store large masses of gas. This book is concerned only with the
first of the four categories, solid propellant rocket motors. Additionally, attention
ie restricted to chemical propulsion, for which energy that ig necessary for pro-
ducing large thrusts is stored in the form of chemical energy ol the propellants,

A solid propellant rocket is the simplest form of chemical propulsion. The fuel
and oxidizer are both incorporated in a single solid, called the propellant grain,
located inside a container called the combustionchamber. This chamber ig large
in comparison with the combustion chamber of a liquid propellant rocket motor.

A schematic illustration of this type of motor is shown in Fig. 1-1(a). The grain
shown here is tubular with a star-shaped cross section. A device called an igniter,
which is designed to initiate the burning, is placed inside the central cavity of the
combustion chamber. After ignition .Je hot gases, which are produced when the
solid burns, flow through the central cavity and are accelerated to a high velocity
by 1n2ans of a nozzle. It will be seen in Chapter 2 that the resulting ejecticn of
gases at high velocity greatly enhances the production of a propulsive thrust on the

motor.

During combustion, gases evolve from the solid propellant grain only at its surface.
Thus, the surface of the solid regresses normal to itself during burning, a: the
""linear regression rate' of the propellant grain. The combustion ge~es come
into contact with the outer shell or case of the chamber only at the end of a firing.
The purpose of the case is tc contain the propellant and to withstand the high cham-
ber pressures that are produced during combustion. Figure 1-1(a) emphasises the
simplicity that arises from storing the propeilant inside the chamber.

I is apparent from Fig. 1-1(a) that the principal parts of a solid propeiiant rocket
motor are the grain, the case, the nozzle and the igniter. For comparison,
schematic diagrams of liquid and hybrid rocket motors are shown in Fig. 1-1(b)
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and 1-1(c}. In a typical liquid propeilant motor, fuel and sxidizer are stored in
separate tanks, They are conveyed to the combustion chamber by means of a1 feed
syster, and are injected into the chamber and partially mixed by means of aa injec-
tion system. The principal parts of the liquid propellant motor are thus the tinks,
the teed (and control) system, the combustion chamber and the nozzle.  The hybrid
moto: illustrated in Fig. 1-1{c} contains a soiid fuel and z liquid oxidizer. Its
main components are an oxidizer tank, a feed (and control) system, an injection
system, a combustion chamber, a solid fuel grain and a nozzle,

It will be seen in Chapters 2 and 3 that the propuision systems illustrated in Fig. 1-1
rely on exottermic chemical reactions for their effectiveness. There are numerous
applications (such as space propulsion) for whick these chemical rockets are cur-
rently the most impcrtant prgpulsive ‘'work horses''. The role und current standing
of solid propellant rockets among these work horses will be discussed on page 19

ter we have described soiid propellant rockets in somewhat greater detail (page 4 )
and classified them according tc their use (page 8 ). A brief history of solid pro-
peliant rocketry is given on page 4 and an outline of the development of the rest of
this AGARDograph is p-~sented on page 31 . Additional material relevant to solid
propellani reckets may .~ found in the bibliography listed as Ref. 1-16.

2 Desc-iption and Brief History
2.1, Descripticn of Current Solid Propellant Rockets

We shall now discuss {he sclid propellant rocket system more deeply in ordev to
accustom the reader to some specific terms used in solid rocket technology. The
system is composed of four basic parts:

-~ the propellant grain
- the case

- the nozzle

- the igniter

The propellant generally consists cf an oxidizer and a fuel, and the most common
type today consists of crysialline ammeoenium perchlorate dispersed in a plastic
fuel binder. The performance of this propellant is increased by the addition of
finely ground light metals, such as aluinainum. The basic propellant defined here
is an exampls of a composite propellanrt, and the addition of metals is referred to
as metalization, The mean size of the ammonium perchlorate crystals is of the
order of 504, and that of aluminum powder is typically 5 to 30x. The utilisation of
a plastic binder enables one to construct large-size grains with good mechanical
properties. These grains may ve fabri.ated outside the casing or poured into it.
In addition to composite propellants, double-base solid propellants are also uscd;
these were the principal solid propellants twenty years age. They consist of a
mixture of nitrocellulose and nitroglycerin, each ol which possesses both fuel and
oxidizer characteristics. The periormance of this aouble-base propellant is
lower than that of the composite sropellants just described.

The grain geometry provides 2 basis for a prelim’rary classification of solid rockel
propulsion systems. The grain configuration wil .ssentially depend upon the
mission, i.e. upon the thrust and burning time, or more preciseiy upon the thrus.-
time history. Once the grain is ignited, burning generally progresses until the
propellant is completely consumed.  The biining surface geometry and its (ime
evolution will then impese the thrust-time history. The grain is calied neutral if
the thrust remains constant duriag the entire burning history. This occurs when
the total burning surface area Jdoes not vary with time. There also exist pro-
oregsive grains for which the thrust increzses with time and regressive graing
which the thrust decreases with fime. Internally burning cylinders or tubes
. 2 progressive, while rod-shaped grains are regressive. The mest common
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current configurations are star-shaped cylindrical grains which previde a relatively
Iarge pronellant surface area {or burni gas emission while maintaining approxi-
mately neutral burning. The motor burning time depends upon the propellant
thickness and generally increases with increasing rocket size.

The star-shaped cross-section is not the only grain geometry used; more complex
cross-sectionzal shapes are also employed. Complex geometries correspond to
special appli—ations, e.g. a high gas flow rale may be obtained by increasing the
surface area of the propellant. These different configurations will be studied in
detail in Chapter 4. However, we note here that neutral burning is also achievable
with coaxial cylinders, although this geometry poses problems associated with the
necessity of exposing grain supports to the hot gaseous combustion products. The
simplest grain configuration is a cylinder burning at its end (cigarette burring},

but this configuration has a low ratio of burning area to nozzle throat area, and is
applicnble only for long burning times and low values of the tnrust per unit cross-
sectional area of the rocket. Besides cylindric2! grains, spherical grains are
useful for some applications. Grain neutrality is difficult to obtain in spherical
configurations, but it can be produced by employing grains with two compositions
having different burning rates. Grain configuration controls the thrust-time pro-
gram of solid rockets and has to be adapted to each mission.

The geometry of the motor case is related to that of the grain. Case degign also
depends on the application. Two principal types of casing materials are currently
employed, metalic materials and glassy materials. Engineering problems arise

in connection with the selection of case materials, case manufacturing proces<es

and the tradeoff between :onflicting requirements of light weight and reliability. Three
important elements mus!. be considercd in motor case design:-

a) the mechanical load (during motor oper:.ion the case is subjected to high
pressure, several tens of atmospheres):

b) the thermal load (some parts of the case which are: in contact with burnt
gases must be thermally protected);

¢) the auxiliary means of thrust-vector control (devices for controlling the
direction of the force vector acting on the rocket are structurally
supported by the case).

Many metalic materials, such as steel, are useful for motor cases because they
tend to have a high modulus of elasticity and a high yield strength, and also
because the associated dynamic problems (vibration of the structure) are less
difficult to solve. Expansion of the propellant grain is a less severe problem

with metalic cases than with glassy cases. Of the many glassy composite mater-
ials that have recently been considered for motor cases, the one that currently is
adopted most often consists of wrapped fiberglass filaments impregnated with geli-
fied epoxy resin. Many rnachines have been developed for fiberglass case
winding. A machine designed by Aerojet-General Corporation for manufacturing
I’»laris rocket motors is shown in Plate 2; more than one and a half million miles
of glass filament go into ¢ach chamber measuring more than 14 feet long and 4%
feet in diameter. The acdvantage of glassy cases is that they often provide
lighter-weight structures than metalic cases.

The propellant grain-case bonding must te accomplished with care. A plastic
liner is generally inserted between grain and case. The liner has a manifold
purpose: it acts as a com»pustion inhibitor, it prevents the burnt gases from
coming into contact with the case, it protects the wall thermaliy when the burning
surface reaches it ara it actr as a mechanical bonding between grain and casing.
A careful choice of liner is lmpc-tant because its weight and volume are not
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negligible compared with that of the empty rocket. Thermal protection of the for-
ward and rearward portions of the case that are exposed to hot gases during the en-
re firing is achieved by using high-temperature, often silica-reinforced plasiics.

The nozzle attached to the downstream end of the rocket motor consists of a con-
vergent section, a narrow-diameter throat and a divergent secticnn. It wiil be
seen in Chapter 2 that thege three elemcnts are ieeded in order to accelerate the
hot combustion gases to the high velocities required for efficient production of
thrust. Since solid propellant rocket nozzles are generally uncooled, it is neces-
sary to use nozzle materials capable of withstanding a high thermal load. The
manner of thermal protection of the convergent section will depend upon the aft-end
geometry (single or multiple nozzles). Thermal protection of the throat is the
greatest nozzle problem because the maximum heat transfer occurs there. 7hethroat
must generally be constructed from layers of different materials. The layer that
sees the hot gas is composed of a high-temperature, refractory or metal material
that exhibits a good resistance to erosion (e.g. tungsten, or graphite covered with
tungsten); for large rockets it is sometimes possible to permit some erosion of
the throat, so that uncoated graphite throat inserts can be employed. A material
with a higher specific heat and a lower thermal conductivity is usually placed
underneath the throat insert in order to absorb the heat load and to prevent it from
being transmitted to the rest of the structure. Finally, a inaterial having good
mechanical properties is placed outside in order to resist the transmitted
pressures. The divergent section is often composed of an ablative material (such
as reinforced plastic).

Rapid thrust termination is required in certain applications, e.g. at staging times
for satellite launchers. This is often achieved by means of openings located at the
head end of the motor (the opposite end from the nozzle) and initially blocked by
diaphragms. These diaphragms burst on command, thereby exposing the chamber
to the ambient atmosphere. Most of the chamber gases then begin to exhaust
through the head end, causing first thrust direction reversal and then extinction due
to the rapid gas expansion. The presence of such openings in the case raises
some structural problems, especially for fiberglass cases; it would be necessary
either to cut some of the glass filaments or to wind the fibers around the holes
during fabrication.

Solid propellant rocket motor igniters often consist of electrically initiated, con-
rentional pyrotechnic compositions. The combustion of an auxiliary propellant con-
tained in the igniter generates hot gases which come into contact with the grain
surface and induce ignition of the grain. These pyrotechnic rompositions generally
consist of oxidizer-metal mixtures (e.g. potassium perchlorate-aluminum). The
igniter combustion often produces hot condensed particles (e.g. solid or liquid
alumina) which impinge on the grain surface, causing high local heat transport and
local ignition of part of the surface area, followed by propagation of the flame to
the rest of the grain. Mechanical properties of pyrotechnic compositions are
usually such that for safety they must be shaped into pellets, which are placed in-
side a perforated enclosure, positioned so that the burnt gases will come into con-
tact with the grain surface. For long rocket motors, sometimes small auxiliary
rocket engines are used as igniters in order to provide more nearly simultaneous
ignition of the entire grain surface than could be achieved with conventional tech-
niques that rely on flame spread.

2.2 History

Although the origin of rocketry is obscure, undoubtedly the first rockets used solid
propellants. Rockets are believed to have originated either in China or in Greece.
The idea of employing rockets as weapons reached Eurcpe in about 1250; their

invention is mentioned by Arabic scientists in a book called "Liber Ignum" (Book of
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+ 1 rom thig date onward, many solid propellant rocket weapons have been
b 1d used in battles. Around 1800, rockets varying in weight from 8 to
«re onstructed in England (William Congreve) (Fig.1-2) and the

‘0 lseun oo projectile was improved by William Hale.  That such weapons
Jere put o use is demonstrated, for example, by the fact that the British attacked
Copenhajyen in 07 with some 38, 000 rockets.  Froiu the military poini of view,

rocket weapons have continually progressed to their current state of sophistication.

It is curious to note that astronautics pioneers like Ziolkowsky in Russia. Oberth in
Germany, Soddard ir e United States and Esnault Pelterie in France, whose
studies were carried ouf between 1900 and 1930, considered only liquid propellants
for epace missions because they believed that liquids were essential fcr providing
eufficient energy for such operations. This opinion rested on the fact that until
1900 black powder, consisting of charcoal, sulphur and saltpeter, was tiie material
used as a solid propeilant. Even in 1932, after changes in the propellant com-
position that resulted in sizokeless powder (double-base composition) no grounds
existed for forecasting performance improvements that could lead to the possibility
of using solid propellants for space flights. Later, double-base solid propellants
were considered for such applications hecause of their improved mechanical prop-
erties and higher performance. The mechanicai properties of double-base pro-
pellants enabled one tc envisage grain geometrics with large combustion areas and
consequently high thrusts.

But the most important step in the progress of solid propellant rocketry was taken
in 1944 by the Jet Propulsion Laboratory research workers, who developed the
GALCIT propellant, consisting of approximately 75% potassium perchlorate and 25%
asphalt-oil mixture. The development of this composite solid propellant was to
open a vast field of research on high-energy solid propellants. This GALCIT pro-
pellant had some d2fects such as poor temperat.re zensitivity which led to bad be-
havior at low temperatures. However, hundr=ds of thousands of JATO-type

rocket engines for assisting aircraft take-offs werc constructed using this pro-
pellant and the working safety of solid prope:iant rockets was thus demonstrated.

Solid propellant rocket techniques have been widely improved since 1955, princi-
pally in two directions:

a) development of propellants with higher performance (specific impulse
and volumetric specific impulse - see page 19 for preliminary definitions of these
two terms) and with better mechanical and combustion properties;

b) development of light-weight structures for cases and for other motor
components.

These improvements have led to the construction of high performance engines that
can compete well with liquid or hybrid systems. One end result is the use of
large solid-propellant motors as powerful boosters, such as in the "zerc stage"”

of the TITAN III C, which achieves a total thrust of 2.4 million pounds from two
large solid-propellant, segmented motors strapped on either side of a first-stage,
liquid-precpellant, core motor (parallei stagitg). Another result is the completely
successful static test firing of a 260 in. diameter solid-propellant rocket motor
containing 1,673, 000 lb. of propellant and producing more than 3 million lb. threst.
A third consequence is the use of very light solid-propellant engines for upper
stages of satellite launchers, having a ratio of propellant weight to total weight
exceeding 90%.

3. Classification

Trere are several possible basee for categorizing current types of rocket propul-
sion systems. For solid propellant rockets, we use here a very elementary
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Fig. 1-3 Joining technique for segments of 120 inch solid-propellant
motor. A crane lowers the 50 ton segm. .. Photo, courtesy
of United Technology Center

Fig. 1-4 Static test firiug of 120 inch diameter s<¢_ aented rocket motor.
Photo, courtesy of United Technology Center.
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classification scheme based on the field of application. The principal applic- ‘ions
of solid propellant rocket systems can be listed under the following headings:

Rocket motors for lower stages (boosters)

Rocket motors fur upper stages of bellistic misaeileg and for space vehicles
Satellite launchers (complete vehicles)

Sounding rockets

Auxiliary rocket motors designed to perform specialized functions in the
guidance and control of vehicles

Assisted take-off rocket motors for aircrait

Military applications, e.g. guided weapons, unguided bombardment and
air-to-air rockets

Diverse applications

3.1 Rocket Molors for Lower Stages (Boosters) - Solid propellant systems are of
interest for use a3 boosters because their high propellant density leads to improved
overall performance which in some instances excceds that of ccmpetitive liquid
propellant systems (see page 19 ). After the February 23 1966 successful test of
a 260 in. diameter rocket motor, it is now possible to consider very powerful

first stages using solid propellants. The era of solid propellant boosters is in its
infancy; in some such applications they are already beginning to replace liquid
propellants.

The 260 in. motor provides onc example of a large solid propellant booster rocket.

It employs a composite propellant consisting of polybutadiene, ammonium perchlo-
rate and aluminum. Some data that we have not already menticned is that the
pressure incasured in the chamber during the full-scale test was very close to the
calculated ore; it reached its maimum value of 601 psia after 40.5 seconds. The
effective burning time was 114 seconds and the peak thrust was 3. 51 million pounds.
The ignition period lasted 335 milliseconds. The nozzle throat ablated at a rate of
4.8 x 1073 in. per second.

Another example of a large solid-propellant booster rocket is the strap-on motor
developed by United Technology Corporation for the TITAN III C, which is an im-
proved version of the TITAN Il miissile.  This application illustrates the "zero-
stage” concept for improving capabilities of existing boosters; viz., an operational
launch vehicle can effectively be launched from a high altitude by providing the
entire vehicle with a (zero-stage) booster. Often this approach affords a less
expensive solution to the problem of achieving higher weights in orbit than is
afforded by the development of a new launch vehicle. The TITAN IIIC strapon
zero-stage motors are each 120 in. in diameter and develop more than one million
nounds thrust each. The complete vehicle was successfully fired on December 21,
.965.

Each strap-on motor for the TITAN III C consists of 5 semments, weighs about 250

tons and burns for about 120 seconds. The direction of the thrust vecto:y is con-
trolled by injecting nitrogen tetroxide through the wall of the divergent section of
the nozzle. In so large a rocket motor, the thicknesses of the walls and of the
liner are small in compar®son with the grain thickness, and the question of wall
thermal proiection can be solved relatively easily by using a protective coating
about 1 inch thick. Three 6 mm-thick layers of liner are attached to the case by
centrifugal coating, the last layer being put in just before loading. The case is made of
LADISH D6AC steel. The propellant grain is attached to each segment. The cen-
tral core through which burnt gases flow is a circular cylinder, the lateral faces of
which are not inhibited from burning. Adjacent segments are held together by
Clevis pin joints. Tbe gegment-joining technique is shown in Fig.1-3, and Fig. 1-4
presents a view of the rocket motor during firing. The operating balance of a
matched pair of motors is studied carefully for the TITAN III C application.
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Another example nf the use of solid propeliant boosters is to accelerate a ramjet to
1t3 operating speed. 'The experimeniz]l missile STATALTEX, intended for studying
high-altitude, high-speed ramjst propuision {flight Mach number greater than 5) is
shown on Plate 1. This ramijet is launched by a solid propellant booster.

There are, of course, a varietv of other large =cale and small-scale booster appli-
cations of golut propel'nuy. rockets.

3.2. Rochet Motors for Upper Stages and for Space Yehicles - Solid propellant rockets
are also used as injection stages for sateilites and as slow-down stages to initiate
atmospheric re-entry. The change in vehicle spe2d (Av) required in these applica-
tious is obtained most easily by using very light rocket motorg rather than pro-
peilants with high <pecific impulse. Reinforcesd plastic cazes can lead o propell-
ant mass fractions (ratios of propellant mass to total vehicle mass) higher than
0.9. An example of a 30lid propellant rocket used in such space applications is
showrn in Fig.1-5; this motor has been developed by Hercules Powder Company for
orbiting 2 spacecraft whose purpose is tc detect high-altitude nuclear explosions.

The third stage of SERER Diamant launcher i8 shown on Fig.1-6; its characteris-
tics are as foillows :

Length 2.66m

Diameter 0.55 m

Case wound fiberglass (impregnated with
phenolic resin)

Empty weight without igniter 67.9 kg

Propellant Isoiane (polyurethane composite),
weight 641 kg

Turning time 45 =seconds

Thrust varying between 2, 700 and 5, 300 kg

Nozzle throat diameter 9.6 cm

Divergent nozzle section material orthostrasyl (ablative plasticj

Solid propellant systems are ill-adapted to the propulsion of space vehicles that re-
quire rocket motors with long burning times and low thrusts. However, certain
space missions are well-suited to solid rocket propulsion, narticularly when the
trajectory or orbit of the vehicle is to be modified impulsively (large thrust for
short duration). Solid propellant motors are often used as the primary means of
transmitling a specified Av to a space vehicle. Guidance gas rockets are also
needed in such systems {o provide {ine orbit adjustments after the solid rocket fir-
ings.

Many orbiling communications sateilites, (for example the SYNCOM telecommuni-
cations satellites) use solid propellant apogee rockets that are usually spherical in
shape and ‘hat place the satellite in a desired position with respect to the earth, in
order for the satellite to be able to receive and emit signals in correct directions.
The mission oi these apogee injection motors is o increase the payload speed.

Slow-down solid propellant rocket mctors of similer design are present on the
GEMINI capsules and also on soft-landing lunar vehicies of the SURVEYOR type.
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Fig. 1-5 Solid propellant motor, about Fig. 1-6 Motor for upper stage of Dia-
1ft. in diameter, used to inject satellite mant launcher, courtesy of ONERA
from orbiting vehici2 into higher-altitude

orbit, courtesy of Hercules Powder Com-

pany.

Fig. 1-7 Nike-Cajun rocket, courtesy of NASA
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3.3 Satellite Launchers - Since solid propellant systems are attractive as boosters
because of their high propellant density, and since they have become competitive as
injection motors because of the achievement of light structures, they possess most
of the qualities that are necessary for a complete satellite launcher. Advantages
of such sys*ems stem from their low manufactyring costs and from their reliability.

One of the earliest examples of a vehicle propelled solely by solid propellants and
capable of orb:ting a satellite is the SCOUT, which contairs four solid propellant
stages. The characteristics of the system are the following :

Total length : 70.98 ft

Initial weight g 36240 1b

First stage (ALGOL) Second stage (CASTOR)

Length : 30.83 ft Length : 20.70ft
Diametes : 40 in Diameter : 31in

Total weight : 23524 1b Total weight : 9471
Empty weight 8 9 600 1b Empty we’ _ht : 27001b
Thrust : 203 000 1b Thrust : 62000 1b
Specific impulse 214 seconds Specific impuise : 224 seconds
Burning time : 40 seconds Burning time : 27 seconds
Third stage (ANTARES X 254) Fourth stage (ALTAIR X 248)
Length : 11,17 ft Length : 8.28ft
Diameter : 31 in Diameter : 20 in

Total weight : 2592 1b Total weight : 6491b
Empty weight : 525 1b Thrust : 28001b
Thrust : 13 600 1b Specific impulse : 255 seconds
Specific imoulse : 255 seconds Burning time : 38 seconds
Burning time : 39 seconds

With this vehicle it is possible to piace 300 Ib in a (low) 300 n.mi. orbit. The
principal purpose of the SCOUT is to orbit scientific payloads for international
uses,

3.4 Sounding Rockets - Scunding rockets are used for the exploration of the upper at
mosphere and space in order to gather scientific data. There exist many types of

such vehicles, not less than 60 in the United States alone. They are characterized
by their payload and by the maximum altitude that they can reach. One of the ear-
liest meteorological rockets is the one-stage ARCAS rocket which weighs 65 1b and
lifts a 12-1b payload to an altitude of 40 mi. The two-stage ARCAS rocket weighs
100 1b and .an lift 12 lb to an altitude of 50 mi. As an example of a larger sounding
rocket, we describe the NIKE-CAJUN used by NASA. The characteristics of this
rocket, which is shown in Fig.1-7, are the following :

L.ength g 26 ft
Diameter : 16.5 in
Initiai weight : 1550 1b
Payload : 50 to 100 Ib
Altitude : 100 mi
Speed : 4 200 mi/h

The vehicle consists of two solid propellant siages, the first (HERCULES) haviag a
thrust of 48 700 1b and the second having a thrust of 9 620 ib. The second stage
weighs 257 lb.

il o
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3.5. Auxiliary Rocket Motors to perform Guidance and Control Functions - Few solid
propellant rocket motors are specficaliy designed for the purpose of controliing

the thrust vector of a main engine or of otherwise proviaing the attitude control
forces nee led for steering a vehicle under thrust. In one exception, forces for
the control of attitude and hence the direction of main engine thrust are obtained

by means of four small solid rocket motors located at the aft end of the vekicie.
Their nozzles are s~t at an adjustable angle with respect to the axis of the main
rocket motor. Toraues to change attitude, and hence thrust direction modifications,
are achieved hv varving the orientations of the nozzles of these rockel motors.
This kind of vehicle a‘titude control is employed in the four-stage solid propellant
rocket BERENICE, wtich is designed for studying in flight the kinetic heating of
hypersonic vehicles during atmospheric re-entry. In the photogranh of the
BERENICE that is shown in Fig. 1-8, one can see the fcar control rocket motors
at the aft end of the vehicle. The burning time of these control motors is of the
same order of magnitude as that of the first stage. The propellant grain geometry
of each is cylindrical with cigarette buruning. The vurning rate is increased by
placing silver wires in tho propellant perpendicular to the burning surface.

Solid propellant rocket motors are rirely used to supp'’y the attitude control forces
for satellite guifance because of their short burning wmnes. Compressed gases or
subliming solid substances can perform this function better.

Solid propellant impulse rockets have been constructed for spinning up certain miss-
ile stages (PET rocket) and also for accomplishing stage separation.

3.6. Assisted Take-off Rocket Motors for Aircraft - Few rockets are now ugedfcr in-
creasing the take-off power of aircraft because of improvements in the peak power

output of turbojets. The mosi famous take-off rocket is the Aerojet JATO, the
propellant of which is an extruded composite. The JATO moior has the following
characteristics:

Thrust 3 450 kg
Burning time : 16 seconds
Chamber pressure : 70 kg em~2
Propellant weight 5 45 kg
Rocket motor weight : 72.5 kg

3.7. Military Applications - The most important weapons composing the arsenals of
armies nowadays use solid propellant systems as a propulsion mode. Such systems
have indisputable superiori’'ies: per:ianent readiness of the engine, good reliability,
low maintainance, easy preparati~n of a firing. Military rockets are distinguished
according to their mission, i.e. surface-to-surface, surface-to-air, air-to-surface,
air-to-air and anti-submarine.

For surface-to-surface missions, threc types of missiles are distinguished.

a) Tiere are intercontinentzl bz ilistic missiles (ICBM), such as the MIN-
UTEw.. N which consists of three solid propeilant stages. The missile range
is about 6000 to 7000n. mi. The MINUTEMAN can be prepared for firing in
about 32 seconds and requires about 10 seconds for the selection of an objec-
tive. The overall length of the three slages for differe.t missiles in this
series is A-53.17ft, B-55.91t, F-59.8ft. The inissilc is about 55000 lb.

A MINUTEMAN is shown in fiight in Fig. 1-9. The principal contractors fer
MINUTEMAN propulsion are: THIOKOL for the first stage: AEROJET f{or tae
second and HERCULES for the third. The first stage has ¢ diameter of
1.65m and a propellant weight of about 20 tons. The case is made of LADISH
D6AC steel. Four nozzles with axes aligned with the vehicle are used for the
first stage; their divergent sections employ pherolic refrasil for heat protec-
tion. It has been difficult to solve pruislems associaterd with the thermal pro-
tectionof the interior chamber walls. The single-compo=ition, solid propellant
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Four -stage, BERUNICE, solid-propellant rocket vehicle, for
testing re-entry vehicies at Mach 12, courtesy of ONERA.



Fig. 1-9 MINUTEMAN ir, flirht
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(Thiokol Chemical Corp).
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grain haa a star-shaped configuration (6 arms). The propellant consists of
PBAA (polybutadiene acryl*c acid) and ammonium perchlorate. A press-
ure peak ohserved at the beginning of a firing has been decreased by a part-
ial inhibition of the grain.

b) There are surface-to-surface missiles of intermediate range (IRBM) such
as the POLARIS series of strategic missiles which are fired from submerged
submarines. The three variations A, A, A cach consist of two solid

propellant stages. These engines have the foﬁowing characteristics:

A, Length : 28 ft
Diameter : 4.5 1t
Weight : 28 000 1b

Ay, A, Length : 30.5 ft
Diameter : 4.5 1t
Weight 3 30 000 1b

The range of the A, type is about 1 200 n. mi., that of the A, is 1 500 n. mi.
and that of the A; is 2 500 n.mi.

c) There are shorl-range missiles, such as the PERSHING rocket (range
frem 100 to 400 n. mi. ) with two solid propellant stages, or the SERGENT
(range 25 to 75 n.mi. ) consisting of only one solid propellant stage. The
smaller HONEST JOHN (range 12 n.mi.), consisting of one solid propellant
stage, also falls into this category; it has the following characteristics:

Length : 24.8 ft
Diameter : 30 in
Weight 2 4 500 1b

Orie - the smallest surface-to-surface rockets is the antitank ENTAC
rocket which has the following characteristics: weight 27 b, range of
6 609 {t, guidance by a wire.

The spectrum of surface-to-surtace missiles, from MINUTEMAN to ENTAC, is
impressive. This wide variety also exists for each of th: other military mission
categories. It would take too much space for us to presen! a comprehensive dis-
cussion, therefore we shall give only a few examples for each category.

Surface-to-air HAWK rocket : It has two propulsion regizes, a boost regime and
a cruising flight regime. Its length is 16.9 ft., diameter 14 in., weight

1275 1b and can engage targ~ts a'  ights between 1'\! and 45 GO0 ft.

Surface-to-air NIKE HERCULES rocket : This grourd-launched antimissile missile
has a length of 41 ft, diameter 31.5 in., weight 10 050 1b. The rocket is
composed of two solid propellant stages. Ceiling: 100 000 ft, spced: Mach 3.
The newer and larger NIKE ZEUS rocket has an initial weight of 22 800 lb.

Surface-to-1ir SPRINT A rocket : This antimissile rocket is used for protection
against ICBM/SLBM. It has a conical rccket motor, employs two stages
and develops a very high initial acceleration.

Air-to-air FALCON rocket : This i® a onc-stage rocket motor with thruzt of 6 000
Ib; length 6.5ft, diameter 0. 54 ft, weight 100 lb ars range 5 n.mi.
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Air-to-surface rocket, anti-tank missile S§i1 : This missile has a length of 46 in.,
diameter 3 in., weight 63 1b.

Anti-submarine SUBROC r cket : This missile for submarine attack has a length of
21 fi, diameter 21 in., weight 4 000 b,

These few examples show the importam place taken by solid propellant propulsion
in the field of modern weapons. The esdential quality that dictates the choice of
this propulsion system is readiness.

3.8. Diverse Applications - Solid propellant rocket motors are useful in many special-
ized applications that do not fit well into any of the preceding categories. One such
application is to generate gases that are needed o drive the feed systems of liquid
propellant rockets. Gas generator rockets can pressurize a high-pressure feed
system or can drive the turbine of a turbopump feed systen..

Another specialized type of application arises in the propulsion unit required for
safety systemns in some missions. For example, in the Apollo manned lunar flight,
if the astronauts have to evacuate the launch vehicle during liftoff, then a solid pro-
pellant rocket motor on a tower atop the command module is fired in order to pro-
pell the three astronauts to a safe distance from the primary vehicle. This sepa-
ration rocket motor, which is to be mounted tail-down on the tower, is shown under-
going a test firing in Fig. 1-10. Four nozzles, carted outboard, split the exhaust

of the solid rocket motor into four equal tails to prevent it from impinging on the
command module.

Solid-propellant rocket motors arc also often used to propel target vehicles during
weapons tests. Another appiication is as the propulsion unit for high-speed test
sleds or carriages. Numerous other special uses can be cited.

4. Interest in Solid Propulsion

In an introductory chapter, it is necessary to ask what place solid propellant rcckets
occupy in relationship to other types of rocket propulsion and to attempt to define as
precisely as possible the boundaries of the field of application of solid propellant
sockets. Having discussed currert annlinationg af anlid aransllony » SR aivtors,
%o %1'€ NOW in a2 position to begin to make the necessary comparisons. In these
comparisons, we rhall censider cniy rhemical propeilants and principaily only sotid
and liquid systems. Before proceeding with specific qualitative comparisons, it is
necessary for us to discuss quantitative aspects of mission performance evaluation
at scinewbat greater depth.

A mission may be defined approximaziely by stating the value of the velocitly change
Av that must be impartzd io a given payload. The ability of a propulsion systewn: to
deliver a A= uepends not only on its chemical energy content but also on the phvsi-
Zai and mechanical properties of the propellant, such as its density, which influence the
ratio of the burnout to 'iftcff weights of the propulsion unit. It is true that valid
comparisons of prupulsion svstems must be based on precisely defined missions

and that it is not possible to find rules of ccmparison that are both general and corr-
ect. However, we shall try by r=~ans of a highly simplified development to expose
certain advantay. . and disadvantages of solid propellant rocket systems.

The launch weight M. of a solid or liquid propellant rccket stage ia the sum of man:
parts, each representing a different element of the systein. We shal. use the
forraula:

M, =M +M, + M,

(o]
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Fig. 1-1u Tesi firing ot the APOLLO liunch escape maotos, (Lockheed
I'ropuision Co).
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where M, is the weight of th.- pavioad, M, is the weight of the propellant and M
is the weight of the structure.

We shall further break up the structural weight into two parts,
Ms = Msf v Msv’

where M is assum~d to be proportional to the thrust and independent of the initial
volume of the propellant, whiie M_, is assumed to be proporticnal to ithe initial
volume of the propellant and indepcndent of the thrust. Thus,

M. =K¢F =Kra, M,

where F is thvnst, a is the initial vehicle acceleration and K, is a constant of
proportionality. Similarly,

MSV =K,, Mp/[) ’

where p is the density of the propellant and K, is another constant of proportionality.
The values of K; and K will depend on a multitude of technological aspects of the
design of the vehicle and of its propulsion system. The only important peint for
our present purposes is that these quantities are constants whose values are inde-
pendent of the choice of propellants. Although it is clearly a gross oversimplifi-
cation to break up the structural weight as we bave done, nevertheless it is true

that some structural items (e.g. propellant tanks) tend to increase in weight as the
propellant volume increases, while others(e.g. the nozzle) tend to increase inweight
as the thrust increases. This breakup could further be justified (approximately)

by examining statistics on existing rockets.

Two different criteria of excellence can be defined for a propulsion system. One

which might be called an engineering criterion, is the ratio of the payload mass to
the launch mass,

u EML/M(,'

The other which might be calle? a financial criterion, is the ratio of the payload
mass to the propellant volume,

vV = n ML 'Mp.

A maximum u is desirable, for a specific payload, if the minimum take-off weight
is required and roughly, a maximum v is a desirable for minimum vehicle cost.
This follows from a comparicon of existing rocket systems which shows that vehicle
cost is approximately proportional to the total volume of the propellants with pre-
dominantly liquid or solid systems having approximately the same constant o( pro-
portionality. The conclusi.n is true for liquid propellant motors because the
structure is the principal contribuator to the cost and size of the structure is appro-
ximately proportional to propellant volume; it is true for solid propellant motors
because the propellant is the principal contributor to the cost and the amount of
propellant is of course proportional to the propellant volume. Nevertheless the
conclusion is only approximate and might well change with time.

The mass rativ o. a rocket vehicle, the ratio of its launch weight to 1ts weight at
burnout, is :

R =M, M, - M)

By making use of preceding definitions, we find that :

R=(1+K, 0) u+K, P +Kfa,) (Eq.1-D
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and that :

R=(1+X,/p +v/p) /wp +K,/0 + K;a,). {Eq.1-2)

These formulas express R in terms of the parameters of interest.  The guantity R
1s of importance because it is directly related to the velocity increment Av impar-
ted to the system; for rect.linear flight of a rocket vehicle, in the absence of grav-
ity and of atmospheric drag, and with a constant ratio of (hrust to time rate of
ejection of propellant mass during the entire burning duration, one can . sily show
from mechanics that :

AV = Ispgo In R, (Eq. 1-3)

where g, is the gravitational conversion factor and I, is the specific impulse of the
rocket motor. The quantity I_ g is the effective exhaust velocity of the propellant
fases with respect to the rocke{ vehicle; it is also the ratio of the tkrust to the rate
(mass per secc:d) at which propellant is ¢jected, and its value, which is generaily
larger for liquid propellant rockets (han for sotid propellant rockets, depends prim-
arily on what propeliants are used ia the motor (see Chapters 2 and 3). Values of
Av, K,, K, a,, and either u or v are all specified, then by using either Eq.1-1 or
Eq. 1-Zin Eq. 1-3, it is clear that a relationship between I, and p is obtained.
This relationship defines a locus of propellant systems (in the I, - p plane) with
the same figure cf merit {u or v), that can achieve the specified mission av, with
specified technological coefficients K, and K, and a specified initial acceleration a,.
Such curves of specific impulse versus propeilant density are useful for comparing
the relative excellence of various chemical rocket propulsion systems.

The approach that we have just described is, of course, quite approximate, and is
subject to improvement in many ways. For example, the effects of yravity and
drag can be included in an approximate way; under a suitable set of restrictive
assumptions, one can show that Eq.1-3 is replaced by :

AV‘_‘Ihp gnlnR’w éth - AV[)

where ¥ 1§ the chsine of the ancle ot oon tlie “Slitic Lrajeciury and the vertical
direction, g is an average acceleration cf gravity experienced by the vehicle over its
flight path, t,, is the burning time and A w is the luss in velocity increment caused
by utrnospheric drag. We note that t, is expressible in terms of the specific im-
pulse, the initial acceleration and the mass ratio,

t, = 1, 3,)R-1)R
The quantity A v,, can be assigned the approximate propellant-density dependence:
av, =K, p 2/3

¥,, = constant), since the atmeepheric drag on the vehicle is roughly proportional
o the 2 3 power of its volume (which, in turn, is roughly inversely proportional to
propellant density).  The improved formula for the approximaie dependenre of Lo
on propellant density, obtained by substituting these last two formulas into the gen-
eralized 5 v equation and then solving for [ is:

[

I,,(0) {aveav,tw))/ig, InR ‘p)-(¥ ge,/a, )[R () - 1]/R ()} (Eq. 1-4)

U av, ¢ . g, a,, K, K. K; and either u or v are all given, then this relationship
(along with Eq. 1 ! or 1-2 and the formula for aAv), ) determines a curve of I, as a

function of p
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In addition to improvements of this type, the cquations that we have given can form
the basis of an optimization analysis; i.e., a criterion of excellence is chosen, the
corresponding quantity (u or v) is maximized {>r a given Av subject to variation of

a parameter such as a,, and a relationship between R and a, for the optimum sys-
tems is derived. This relationship removes the necessity of specifying a, in draw-
in,, the I, (p) curves and therefore may be used as a basis for comparing the opti-
mized (with respect to launch acceleration) peiformance of various propellant sys-
tems. It turns out that results of comparisouns based on this optimization technique
are approximately the same as results of comparisons based on constant a_ and
therefore we shall not pursue the optimization discussion further.

Some curves of specific impulse vs. propellant density, obtained from Eq. 1-4, are
shown in Fig. 1-11 for the values u = 0.2 and v = 0.2, for two accelerations (a, =
2g, and a, = 10g ), and for Av = 1500 m/sec and 2500 m/sec. One can see, for
example, that for a mission with Av = 2500 m/sec and a, = 2g,, a rocket with p =
1.5gm/em3 and I_ =240 sec. has the same financial excellence (v = 0.2) as a
rocket with p =0.5 gm/cm3 and I, =500sec. Itis for this reason that solid
propellants, which typically have low I, but high p , can compete favorably with
liquid propellants, which typically have high I,p and low p .

The values of specific impulse and propellant density for some solid propellants are
shown in Fig.1-12 on an Isp - p diagram. One sees that generally speaking, the
specific impulse tends to decrease as the propellant density increases. If Fig.1-12
is superposea on a graph like Fig. 1-11 that has been censtructed for a particular
application, then it becomes easy to see which of the various possible propellant
combinations would be likely to perform the mission with the highest figure of mer-
it. Because of the general shapes of the curves in Fig. 1-11, there are many appli-
cations for which various solid propellant combinations shown in Fig. 1-12 are better
suited than, for example, the hydrogen-oxygen liquid system, which has I, =390
sec. and p ~ 0.3 gm/cm3,

The shapes of the curves shown in Fig. 1-11 can all be approximated by the formula :

1. p% =aA, (Eq. 1-5)

=p

where a and A are constants, and «a genera'lv lies between 0 and 1 Theo value of
a . which dote-mireg the cailivily ot overall performance to density. depends on
the miission, the technolocical vvefficients ¥, and K, the choice of . riteriun of #x
cellence  and the initial aceeleratici {or the buining time).

The product I, 2, which emerges inthe limit @ - 1 of relatwely strong propeli-
ai' -density dependence, is cal'vs the voiumetric specific impulse; whether the
specific impulse o1 the voiumetric specific impulse is 4 bctier measure of the over-
41! performance p1nduced by a part.cular propellant system, depends on the mission,
the criterion of excellence, ¢tc. If we “housc the engineering criterion u, then we
find that fcr booster type of applications wit's A v ~ 200C i =ec, < is of the ¢ ler
ot 0.8, and the vnlumetric «pecific in.pulse would be the better indicator, while ior
tre larger calves of & v thit correspond te upper stages. « is abou 0.2, and tre
specific impulse is the betier measure of excellence. Thue valu? of @ increases as
K, increascs, and it is usuvally smalier »hen the encineer1:n (u) < riteriun of excell-
ence 1s used than when the financial «v) criterion is »mployed.

The value of the exponent (. cau be discussed with some assumptions; {or instance
we have

g k-1
AVERC V=R [lnR- ye ——~] .

a, R
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and if we assume a constant missile velume for a single stage with d(Av + Avy) = 0,
we get

pove 1

dly, , 9R o R -0

i R mR-YE R-1 -

l_ ul 1 ‘10 I{
and QRR = B;{—l d—p, in this ca<. the exponent a = a, is equal to

TN

o - R-1 a,2 R

Y R InR-YE R_I;l.

It will be scen that, withmass ratio R high as in a long range ballistic missile
(R ~¥10)and ¢ = 0, o, is small (@, = 0.39) and when R is small (R = 1. 5),
a, is close to one (a, = 0.83).

If we assume a constant missile weight, we get

dR K, R-1 dp K, d

: R-1)

Do oo 2 TR p
R S K, +p

'B" ’

and the exponent a = ay, is equalto :

vg 1
K R®-1 "1, R
™MK mR. VEE-1
a, R
When = 0

ag-a, (o B2y oK R-1
M \Y Kv+p' R v o R

K, is a function of the tcchno)}oary: the range of K, is (6 - 600 kg m~3) and the
range of p (200 - 2000 kg m™").

It is concluded that in a ballistic missile where R is high an improvement in pro-
pellant specific impulse is much more valuable than a similar improveinent in
density. When R is small an improvement in propellant density is almost as
valuable as a similar improvement in propellent specific impulse.

A useful way of obtaining a more detailed comparison of propellant systems than
can Le achieved by using only specific impulse and volumetric specific impulse is
to plot I, ,p versus a for the propellant systems under consideration. When
such curves are available, one need only obtain the value of a that corresponds

to a particular application in ovder to see what propellants are likely to perform
the application best. A plot of I, n® versus a for a few solid and liquid propellant
combinations is shown in Fig. 1-13. Representative solid propellant curves refer
to a polyurethane-ammonium perchlorate-aluminum mixture (PU-AP-Al) and a
plastic hydrocarben-nitronium perchlorate-aluminum mixture (HC-NP-Al). Some
liquid systems shown are the nonstorable hydrogen-oxygen (H,-0,) system and the
storable unsymmetrical dimethyl hydrazine-nitrogen tetroxide (UDMH-N,0,)
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system. We see in general that if the exponent o exceeds 0.6, then the solid pro-
pellant systems have a sizeatle advantage, while if o becomes less than 0.2, then
the liquid propellant systems shown become superior. Generally, solids tend to
become the most attractive propellants when ¢ exceeds about 0.3 or 0.4.  This
condition 15 usually satisficd for booster applications, and also for upper stages
when the financial criteiac. ur excellence is used. Ve must emphasize that speci-
tic engineermg design tradeo!l studies would not use the foregoing techniques.  In
specific engineering studies much more detailed calculations would be made for a
number of definite systems that appear to be promising for the mission. The best
potential system would ke selected on the basis of these calculations and many
small variations in the design of components of the system would be studied in an
effort to arrive at an optimum system for the particular mission.

As a furthcr comparisor. of solid and liquid propulsion systems, i Table 1-1 we
give properties ui » pair of solid and liquid systems having the same launch weight,
the same payload and ui2 same rocket engine weight.  Although the specific im-
pulse of the liquid system is higher, it is seen that the sviid system imparts con-
siderably greater energy to the payload in this example. The solid propellant sys-
tem (here and also in general) has a sivaller volume anda highinitialacceleration a,

Let us next consider qualitative advantages and disadvantages of solid propellant
rockets. We shall first discuss advantages and then disadvantages. An advantage
that we have already discussed in the introduction is the simplicity of the solid pro-
pellant system. Another advantage is the ease with which large motors can be con-
structed, due tothe development of segmented solids. The segmentation technique
described on page 11 facilitates fabrication, transport, mission operation, safety in
use and ease in casting. There is a weight penalty of perhaps 44, due to segmenta-
tion, and the best chamber pressures for segmented motors are somewhat lower
than those of unsegmented design. Nevertheless, i a practical sense segmentation
makes it possible to envisage very large solid propellant boosters.

It is well known that small solid propellant rockets are generally less expensive than
liquid propellant systems of comparable thrust. Although large solid propellint
boosters arc ~urrently more expensive than comparable liquid propellant systems,
there are prospcets for reducing solid booster costs to make them financially more
cormpetitive (17). To elaborate on this point, let us examine representative weight
and cost breakdowns for the 260-in. diameter engine, which has an optimal chamber
pressure of about 550 1b/in2, This motor weighs (in mitlions of pounds) :

Miscellaneous 0.05% 1. 6%
Nozzle 0.02 0.65
Heat Protection 0.015 0.5%
Structure 0.13 4,25
Propellant 2.83 93.
Total 3.045

Miscellaneous 1 21,7,
Nozzle 0.4 8.74%
Heat Protection 0.1 2.2%
Structures 0.4 8.74%
Propeliant 2.1 58.7¢,
Total 4.6

The costs shown here, particularly in structu, °s, ¢ in be reduced appreciably by
using high-strength, (highsr-priced) propellant materials to effect a large reduction
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Solid Liquid
Thrust (1061b) 3.7 1.6
Curning time (sec ) 45 125
Fotal impulse (10°1 sec) 168 200
L, 249 266
Attitude at burnout (deg ) 40 40
Velocity at burnout (ft sec~1) 6500 5320
Altitude at Lurnout (1071t) 11l 166
a, 3.13 ¢, 1.31 g,
Burnout acceleration .87 ¢, 4.02 ¢,
Payload energy (1070t 10) 228 180

Table 1-1 Somparisos of Solid and Liguid Propellant Systems

Froo: 7. Buchanan {18)
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in nert structural weight.  For very large buoster applications, solid propellant
me* 3 with increased chamber pressures (made possible by higher strength mat-
«rialsy are conside-2bly smaller than liquid propellant motors {which are inherent-
iy restricted to low chamber pressures and low propellant dengities). On-site fab-
ricaton and loading of solid nropellant boosters thereforz affcrds the possibility oi
conﬁ.ﬁr\vncting larger boosters than are feasible with liquid propellant systems.

\a
Ancahel vrice advantage of solid propellant systems is their geaeral tendency to
require Wiuch lower development costs than comparable liquid propeliant systems.
One of many factors contributing to this is the ease with which accurate calcula-
tions of thrust-time histories can be made n the preliminary design phase. Ex-
perience has shown that caiculated thrust-time curves are very close ‘o those
measured in tests, and therefore the amount of developmental testing that is re-
quired is greatly reduced.

The reliability of solid propeliant rocket motors is generally higher than that for
liquids when one takes sufficient care in propellant fabrication, in thermal protect-
ion. and in motor construciion. This advantage arises from simplicity; solid
propellant systems have fewer elements in series and are therefore less suscept-
ible to aborts caused by failure of a minor element. Furthermore, many solid
propellant problems associated with reliability are alleviated in the larger motors;
for example, th2rmal protection is a delicate probiem for small motors (say, pro-
pellant weights of the order of a ton) when performance {olerances are narrow, but
for large motors (containing, say 100 or 1009 tons of prcpellant), the weight of the
protection material is a very small percentage of the total weight, and much wider
margins of safety can then be used.

Unlike many liquid propellants, solid propellants are inherently storable. Solid
propeilants have been stored for many years without appreciable deterioration or
changes in performance. Questions abcut storability may, however, arise for the
newer, higher energy sol’d propellants, and limits on the storage time may have to
be establishead.

Much research effort has been spent in improving the safety of solid propellants.
The greatest safety hazards arise in various solid propellant manufacturing pro-
cesses; solid propellant fabrication is more dangerous than liquid propellant
fabrication. However, after the propellant has been 1abricated, subsequent pro-
cesses such as casting and firing are generally less dangerovs than comparable
liquid propellant operations.

Solid propellart motors can be spin-stabilized much more easily than liquid pro-
pellani motors  Spin often interferes with the in.ernal operation of liquid rockets.
The capability of spin stabilization alleviates guidance problems in some applications.

The major disadvaniuge .. solid propellant rockets is their relativel ; low specific
impulse.  Although their volumetric speciiic impulse is high, liquids and hybrids
have a much higher mass-based speeifi~ 1mpulse. The necessity of inclading both
fuel and oxidizer in the same matrix prevents one from using the high-energy,
highly reactive propellants that can be used in liquid and hybrid systems. The nec-
essity of achieving good mechanical properties of the grain sets additional restrict-
ions on solid propellant compositicns and often prevents cne from using fuel-oxidizer
mixture ratios that would produce optiinum periormance. It seems safe to say that
solid propellants will be limited to values of the specific impulse below 300 sec.,
which is nearly a factor of 2 below the marimum specific impulse that can be en-
visaged for other chemical propulsion systems.

Another disadvantage of solid propellant motors in many applications, such as space
vehicle propulsion, is their short firing time. In some other applications, short
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firing time is, of course, an advantage. In applications requirirg z iov “hamber
pressure (e.g., again, many space applications) »olid propellants are at a disad-
vantage, because they genzrally operate poorly (and with ;0w efficiency of cor . bns-
tion in small motors) for chamber pressures below, very roughly, 15 atmospheres.

Small solid propellant motors experience probleme. in thernuil protectivi, 28 we
have already empl."sised. Thermal protection di‘ficulties arise in the nozzic ar
well as in the chamber. Liquid propellants are weil-suited to liquid conling tech-
nigues for sviving thermal protection problems, twt fwolids are nct. These diffi-
cultieg can limit the use of high-enrergy solid propellaats that produce high chamber
temperatures. In fact, the chamber temperature is an important prepellant para -
meter (which we have not yet discussed) that affects the choice of solid propellants
for use in many applications. Thermal protectic’: problems have been partially
circumvented by the development of new ablative n:aterials.

Solid propellant engine systems are basically less flexible in operation than liquid
or hybrid propellant systems. In early solid proyellant systems, after the motcr
was ignited no changes in its thrust-time history could b2 made. However, great
advances in our ability to control solid mctor gperation have now been made. Vent-
ing or water injection produces controlled thrust termination; thrust vector control
has been achieved by fluid injection into the nozzle as well as by other tecimiques;
thrust modulation is achievablc by liquid injection or by v« mplex chamber designs,
restart capabilities have been provided, e.g. by ir’ection of a hynergolic liquid, etc.
Thus, present-day solid propellant motors are prac:tically as flexible as Sther
systems. However, all of these improvements ar: obtained at the expense of
greater complexity of the engine system. It is trie in general that the gystera com-
plications entailed in achieving control of the operztion of solid propellant ergines
are much greater than those nceded to provide comparable control of liquid or hy-
brid engines.

Mechanical properties of solid propellant grainc ,ometimes produce problems in
large motors and under operating conditicas of high acceleration. Effort is requir-
ed to elimninate grain deformation withcat increasirg structural weight, in order to
improve the suitability of solid propeilants in these applications for which they are
already superior to lignid systems.

Combustion instabilities sometimes appear in both liquid and s 1 propellant notors
These instabilities manifest themselves in irregular combustion and i1 pressure 0sc
illations. Instabilities must be eliminated <uring motor development and therefore
they increase development time. It is diff’cult to say whether instabilities pose
greater problems in solid or liquid propel’ant motor- -ut we note here that irore
research is currently devoted to liquid propellant ins. _.Jities and that the la:'ge,
segmente solid propellant 11..urs did nct experience instabilities during develop-
ment.

In view of these advartages of solid propellant rocket systems, it is understandable
why they are employed in the many ~priications discussed on page 8 .  The prac-
tical value of solid propellant rocket« can nevertheless be enhanced by improvementt
in the following areas :

a) augmentatior: of specific impuise,

b) simplification of stepe in propellant manufacturing and casring,

c) reduction in siructural weiyhi of ti.e case and nozzle,

d) increaging the flexibility of t5e 1not - r during operation,
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e) reduction in cost of the vverall system,

f) developing greaer unaerstanding of miechanisms of solid propellant com-
bustion.

5. Outypne of the Presentation

This bcok 18 divided into 12 chapters which probe various problems that are posed
by current attemis to enl.ance the progress of solid propellant rocket propuision.
The peav-ler-e considered lie in the fields of fluid flow in nozzles, of performance,
of steady -staie raotor oferation, ot solid propellant combuciion fundamenta' s {ex-
periraents and ¢ eary), of special erosive effects (due to flow of gases along tubular
grains), of un-tendy phenomena such as igrition, extinction and instability, and
fenally 2f mechanical properties of propellant grains. Except for the last of these
topics, the 2.ohl»ms Listed here fail in the dumzin which is cormmonly referred to
as intovnal ballistics.  Thus, although they are important, we shall not discuss
processes {or 1narufacturing propellant grains, sorme problems associated with tne
manuwiacturiag . nozzles, cases and other structures, topics in guidance and con-
ti), magine and its optimization, overall vehicle design and construction, and
missicn andalysis. In spite of these and other omissions, it is hoped that th fun-
damental importance of intersal ballistics to 8o d propellant rocketry will enzble
thia £k to serve as 2 texthock on solid propeliant rockets. Ic is with this aim in
minag chat space ig aloited ‘c the development (from first principles) of the material
that is covered and thai s pedagoec view of presenting first the simpler material
(e.g. Chagter 2) and then the more complex material (e.g. Chapter 6 or 10) is
adoptec. In thesa respects, the present vork differs from most .2y .\GARD-
ographs I the presert < ctiorn. we wish to highlight some of Yhs special topics
that are treated l2%er.

We analyze perfermaae first -.m the viewpoint of flow in the nozzle, where the
thermal energy liberated by ¢ 3=-ustion is transform<d into or iered kinetic energy.
The study of this flcw permits s to define chr  ~icristic par . meters of rocket
performance. The analysig g first made (. "> wasie o a. idealized model and
wen is extended to include va: -«55 reitl effecis. Althouen he basic anslzsis will
be applicable to all propulsion syatem.s in which gas s 4" ceieryiad o+ ozele, the
specific problems f solid prope .ant rocket svstems a:.l -« - . as18ed 1n our
appreach.

Since current scha prope! 1.ts generally contain aiag , condersed aluminum
oxide particles are otten present 'n the gaseous co on products. The con-
sequent two-phase noze = flcw affects motor ope -‘% ind perfermance. il yac-
ticular, the specific imp . se depends on particle s .1 on nozzle geometry.
Special attention is paid i» thus problum in Chapte- @ Another special problem
area of soli > propellant rovkets whick is consider~2  »ome detand here is thrust
vector control.  While the w.ugnitude and directic- ‘ne thrugt vector of liquid
rockets ¢an be controllvd retsiwvely easily, solid ;- <<llant systems posSgess in-
herent control difficulti2s whiut are often best son e2 oy externally injectang a fluid
into the aiverging seclion of tiie rozzie.

Specific impulse gainc of a few s2cuads are appreciane for solid propellants be-
cauge the m. "imum ichievable specific impuvie 15 r».advely low for solids. There-
fore ii is important .o carry out solid prop :'4unt performance cslculations accur-
ctely. For thig r. w3c¢n, we discuss in Chapter 3 the techniques by which these
careful calculatioys can be made whon e sumber and pocperties of the chemical
species composing the propellant ary known. Tiovetical performance results are
given. thus illustrating the effect of the natus 2 oz the propellant on the specific im-
sulse.  The choice of propellant conmposittens is limited by many factors, such as
the ease with whick the chemical heat release can be made to occur, the stability



32

oi the propellant, the chemical and phvsical changes that cccur during nozzie flow
and special mission requirements. The results given here are intended to indicate
possible ways of improving propellant performance, coagistent with these limits-
tions The experimental determination of performance by measurements on small
sampieg 1 discucc © ad coninarisons of these results with those obiained ir motor
firine =~ qiven,

Motor operation is governad by the 2uii oo 1 yression rate ci the propellant, the
reometry of the zrain  aud the relationship between chamber conditions and the
mass fiov rate through the nozzle. The suitace regression rate is itself affocted
Ly various chamber operating conditions, such as champer pressure, grain temper-
al ve and iie gas velocity paraliel to the burning surface. it is necessar. to dev-
clop m: "hods for determining propellant regression rates of samples in constant -
pressure bombs, and it is particularly important to compure these results with
measuren.ents obtained from n:otor firings. Such cemparisons demonstrate that
the flow ficlds inside motors affect the bu: .:ing rute. Regression rate curves ob-
tuined in bomb experiments often have the same shape 28 motor -(iring curves but
are displaced irv magnitude.

Grain geometriss will differ according to whether the internai motor geomdry s
cylindricai, spherical, etc. O, ouitably shaping the grain and by suitabiy poss-
tioning propellariz with differing burning rates, 1t i« posagdl~ to destgn motlors so
iha! burnout occurs simultanecusly over the entire internal surfice, thercdy ol
immating undesirabiy o7 thrust tailof{ times at the “nd of m:tor speration, Grain
and motor geometries drpend strongly on the minfion 2 .d axoud be cpgimized [or
ach application, We 83t 2iaborate on these points in Chapter 4

Combustion processes of g2ii/iu=opellants are (nmpiex and depend ftroagiy oa the
nature of the solid propeliant  In Chapters 5 and £, we classuy solid proposlants
into two principal categorics. homogeneous and helerogensous.  For homogennmus
propellants, we briefly ex:».:ue the experimental techniques used in studyning the
combustion process, and av 7ive the principal experimental remsits concerrang
flame structure The exsvrimental analysia of nterogenems propeiiants is cover -
ed in inuch greater detai'. Ar entire section 1s devoted to the decompsition and
pyrolysis of the oxidize: smnionium perchiorate. The combustion «f ammemism
perchlorate prupellants is also discussed. These cxperiments have resui'edar 2
classification or possibic mechanisms of combustion < f heterogencous pr o eiiants
under various conditions of prope'lant formulation and matur uperatiir

Microcinematographic terhrg.os reveal {ine details of the combusticn s nes of
heterogeneous propeilants. Yio: also shed light on the corplea formatio e and
combustion mechanisms of smal. Liauid aluminum spheres which 1sgqe frow the
surface of aluminized propellants. Q2x.7< of these photographic stadies arc &z
cussed.  The pyrolygig of plastic binder aia.o. *als is also studiead.

Treorie s of homogeneous and hetercieneous propellds: « ~=mbustion are discussed
on the br 5is of the fundamental conservauon equations vi ¢v. .o/ *rmochemistry
Thenries of homogeneous combustion are considered first ir +. «fempt to discover
the important stages which accompany the transformation of the yi.” * a gas.
Particular attention is paid to the various types of reactions that mar ¢ cur at the
solid-gas interface. Since bomb cxperiments often involve nonadiabatic vonditions,
the nonadiabatic theory with radiative and convective heat losses is examineu.
Flaminability limits for solids are also discussed.

Cumbustion mechanisms of heterogeneous soli.’ »ropellants are so much more com-
piex th~t there are no satisfactory theories giving the burning mechanism or the
burning rate. A few models have been proposed on the basis of some experimental
observations, but their theoretical foundations are questionnbie. Therefore we
ireat theories of heterogeneous prapeilant combustion more briefly thar theories of
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homogeneous propellant combustion. We consides '« decomposition of some oxi1d1-
zers (ammonium nitrate and ammonium perchl -21¢; that are used in composite
propellantg. The sandwich model of composite g opellant comoustion and the mod:
els of Summerfield ard of Penner are describted. Theories o/ the combustion af
metal particles in oxidizing atmospheres are also 1 x¥is yed briefly; the formiiun
of condensed products complicates the combustion maCaz..r6m, 2nd the theo+. 23
emphasise the importance of diffusion phenomena.

Current propellant grains usually burn laterally ard therefore experience erosive
gas velocities, parallel to the g.ain, which iucrease in magnitude from zero at the
head end of the motor to a maximum value at the nozzle end of the port. This
erosive velocity modifies the burning rate and thereby affects the time development
of the grain geometry. Inthe first part of Chapter 7 we discuss the experimental
techniques which permit one to observe the effect of gas mass flow rate on the pre-
pellant regression rate. Novel techniques such as ionization probes, which can be
used to measure erosive phenomena during motor firings, are also described.
Existing experimental results on erosive burning are reviewed.

Satisfactory theoretical analyses of erosive burning phenomena are difficult to dev-
elop because of the complexity of the fluid dynamical and combhustion processes.
Part of the difficulty arises from the fact that the boundary layer approximation is
usually valid over part but not all of the grain because he Reynolds rumber of the
gas fiow in the central cavicy varies from 0 to 105, Essentials of the approximate,
semi-empirical theories that currently exist will be described, and possibilities of
developing more basic theories will be discussed.

Unsteady regimes of ignition, extinction and combustion instability are as important
~# «rady regimes in motor operation. Conditions for propellant ignition generally
are first aecertained in wne laboratory by studying samples of the propellant. Rad-
tative heating, convective heating and contact with reactive fluids have beei’ employ-
ed 1n these gtucies. ThWe experimental methods will be discussed and compared
(Chapter 8). These tecnniques enable one to deternine necessary conditiors for
ignition and the time reauired for the development of a flame.

The various theories of ignition postulate the occurence of a chemical ignition re-
actionan *he snlid, ut the solid-gas interface, or in the gas phase. The site of the
igmtion reactivn (-erefore affords a convenieat means of categorizing ignition
theories. Vari>us possible ignition theories are discussed and existing detailed
theories are coropared. It appears that each of the three basic types of theories
should be applivable for the right propellant under appropriate ignition stimuli.

In ial~ ratory jgrition experiments and in igration theories, conditions are approxi-
mately uniforn: vver the propellant surface. But with practica! moctor ignition
devices, oftea a small portion of the propellant surface is first ignited, and then the
flame propagates alorg the suriace to the rest of the propellant. The flame pro-
paation during motor ignitior. and the buildup of chamber pressure due to gas evo-
iution by the solid during ignition will be discussed. Practical igniticn devices
ieiectrical. explosive charge, hypergolic ligquid) are also revier-ed.

The tasic simplicity of solid propellant motors i3 offset by severe compiexities v/
someving thrust modulation, command extinction and reignition, for applicatie /*
12 which control of these processes is required. We have already stated that #8
througn o considerable amount of effort, practical realizations of ail of thesrs /
»raticas have been attained. Two methods of achieving extinction are by v+ 'P~
the chomber or by injecting water into it. The mechanisms of these 'wo ¢ 1 -+ &
technipies are discussed in Chapter 8. Conditions for which the intermiites « 200
tingon phenemenon of chuffing occurs are discussed in Chapters 9 and 10 -

4
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Experimental observations of undesirable periodic variations in combustion cham-
ber pressure and in thrust date back to the earlv days of solid propellant rocketry.
Much effort has been spent in attempts to eliminate these moior oscillations and
many empirical "fixes" were discovered baf~=- *~* ~ature of the phenomenon was

understood. The prevalent use of ~* 08 . leviated these

o TR o .ailum in propellants .2
combustion ir:?:)t!;';?i?tsomg‘"b’: vecause aluminum Lends to suppINg; 3 SOme types of

st i (e .aperimental agpects of combustion ingtar \’ties are dis-
ét;"\ilities an!:i' - nere the classifications into acoustic and nonac: “8t'C in- ‘
i » 4N ear and nonlinear instabilities are employed in an effc "t to clarify
15 complex 7 o0t Laborator iments on instabilities und mlled
conditions  *olect: L y experiments on instabilities under com
Of th and ohservations of instabilities in motor firings, are both desc: “ed.
er . . .
pres’ .4ny measurement _techmques that we discuss, instantaneous chamber -
ur  ure measurements with fast-response transducers have proven to be most \
<tul and most universally applicable, particularly for studies of acoustic in-
stabilities. Pressure transducer measurements in T-burners (small, cylindrical,
laboratory burners vented on the side instead of at the end) have now provided much
experimcntal data on the acoustic admittance of burning sclid propellants;, these
admittances are the most important parameters for deter.ining whether linear
acoustic instability will occur in 2 motor. Relatively recent observations of the
occurrence of vortices in motors and of the amplification of shcck-induced oscilla-
tions in otherwise stably burning motors demonstrate clearly thal nonacoustic and
ronlinear instabilities car also be of importance. We briefly discuss the experi-
mental studies of these more complex phenomena, studies which are ir their
infancy.

A thorough theoretical understanding of the nature of combustion instability phen-
omena exists today only for linear, acoustic instabilities. Most of Chapter 10 is
devoted to a presentation of the theory of linear, acoustic instability and to ¢ review
o1 the existing theoretical work in this field. Since these instabilities always in-
volve acoustic oscillations of the gas in the chamber of the motor, w2 first develop
the theory of acoustics ana ‘erive conditions for amplification and damping of
acoustic waves.  Acoustic oscillations can oceur only if the amplification rate is
greater than or equal to the damping rate. We discuss in detail first w.._oustic
damping mechanisms and then theories of acoustic amplification mechanisms. There
are numerous damping mechanisms; some of them are (roughly in the probable
order of decreasing importance) damping of waves by reflection from the choked
nozzle, damping of waves by small solid or liquid particles in the gas, viscuus
damping of waves at the boundaries of the chamber cavity, homogeneous gas-y.":se
domping by chemical relaxation effects and viscoelastic damping in the ~ohd.
There is only one primar amplification mechanism, the acoustic response of the
combustion zone at the surtace of the burning solid. It is much more difficult to
carry out accurate theoretical analyses of this amplification mechanism that to
analyse the damping mechamsms mentiuned above. We review the early time-lag
theories of combustion zone anplification, later mechanistic models, attempts
based on the full equations of aerothermochemistry, and models designed particu-
larly to account for the heterogeneities of composite propellants. Predictions of
many of these models are in qualitative agreement with trends observed experi-
mentaily.,

Only a few theoretical concepts c¢.ist concerning possible mechanisms for nonlinear
or nonacoustic instabilities. We review the ideas that have been advanced for ex-
plaining observed changes in mean burnirg rates of propellarts during combustion
instability, for ascertaining conditions of inherent instability of thie combustior pro-
cesses of solid propellants, for explaining nonacoustic astabilities which are ob-
served to occur 2t low chamber pressures (and particularly for aluminized pro-
pellants), and for describing mndes of instability that invelve shock-like wave dis-
turbances in the motor. The practical significance of these concents of nonlinear
and nonacoustic instapility phenomena is unknown.
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The bases {or describing mechanical properties of viscoelastic solids are presented
in Chapter 11. Methods for stress analysis of solid propellant grains are covered,
and ecuiixr mechanical effects that may occur in solid prepellants are described.
Solid propellant materials present the solid mechanician wiih truly complicated pro-
blems because of their complex siricture and time-dependent properties. Con-
sequently, only limitea progress toward obtaining a satisfactory descripricn of the
mechanical properties ot soitd propellants has been made. We present the various
techniques that are useful for linear viscce'asti~ systems and formulate th: com-
plicated anderlying theory from which future valid ana useful approaches to the
ana.iysis of nonlinear viscoelasticity must em.erge.

Failure analyses of solid propellant motors provide « posteriors iniormation on
mechanical properties that is useful for improving design. Techniques and results
of failure analyses are discussed in Chapter 11.

Finaily, in Chapter 12 we spe:uiaie con the future of solid prcopellaat rocketry.
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Nozzle Flow and Characteristic Parameters
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Nomenclature
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cross-sectional area oi duct or channel
velocity of sound

nozzle exit area

port exit area

wall area

throat area

characteristic velocity

drag coefficient

thrust coefficient

optimum thrust coefficient

specific heat at constant pressure

= dHi/dT, the molar heat capacity of i gpecies

specific heat of wall material or of condensed particles

characteristic length; lccal diameter
total drag force exerted on fluid
value of D at nozzle entrance

axial thrusf

friction factor; also a representative flow variable

thrust at design =xit pressure

side force, (Eq.2-94)

enthalpy per unit mass

heat transfer coefficient

enthalpy at nozzle exit

molar enthalpy of pure i species

tctal stagnation enthalpy per unit mass
total impulse

specific impulse

optimum sj ccific impulse
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aves wg o wall roughness

equilibrium constant for partial pressures, for k-th reaction

characteristic length of nozzle
Mach namber

total mas:. flow rate (mas/sec)
mags injection rate

reciprocal of the average molecular weigit of mixture

1]
o1 =

ny

.
il
[

unit vector normal to surface

number of moles of i species per unit mass of mixture
number of condensed particles per unit volume
Nusselt number

duct perimeter

pressure; average free stream static pressure
ambie " pressure

chambver pressure

pressure just inside exit plane

injection pressure

Prandt! number, pc 2

stagnation pressure

heat flux from gas to wall

total heat added per second

gas constant per unit mass

particle radius; radial cc-rdinate

universal gas constant

Reynolds numoer based on pipe diameter, p vD/pu
nozzle exit radius

throat radius
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radius of curvature of the nozzle at throat

entropy per unif mass §
Schmidt number

molar entropy of pure i species at 1 atm nregsure
absolute temperature

time

mean temperature in boundary layer

burping time

chamber temperature

jet temperature

surface temperature

stagnation (total) temperature

internal energy per unit mass

velocity

axial compenent of velocity at exit plane; exhaust velocity
gas velocity at nozzle exit

velocity of injectant normal to wall at port exit
asymptotic flow velocity of injectant
condensed-phase velocity at nozzle exit

total work done per second

axial position

mole fraction of i species

expansion cone half angle of nozzle divergent section

dimensionless proportionality factor between side force and
momentum flow rate (Eq.2-94)

ratio of specific heats, c,/c,
heat transfer potential
gradient operator (vector)
divergence

displacement thickness

i
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Subscripts

C
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thickness of iusulating material
mass flow fraction of condensed phase
surface emissivity

divergence angle

thermal conductivity of wall material
viscosity coefficient of gas
chemical potential of species i

stoichiometric coefficient for species 1 appearing as a reactant
in reaction k

stoichiometric coefficient for species i appearing as a product
in reaction k

number of atoms of kind k in molecule of type i

density

specific gravily of wall material or of condensed particles
stagnation densi‘y

Stefan-Boltzmann constant

dimensionless lag paraueter (Eq.2-78)

shear stress per unit area on wall

shock angle

flow deflection angle

symbol for 2 chemical compound
combusticn chamber length

mo!_cular weight of reaction products

chamber condition
exit condition; also chemical equilibrium

gas property; free stream conditions
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stagnation conditions
condensed-phase property
throzt condivions

conditions of gas at wall

e —
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Nozzle Flow and Characteristic Parameters

1 Quasi-One-Dimensional Theory - Isentropic Expansion

1.1. Introduction

The quasi-one-dimensional theory of compressible fluid flow provides the basis for
evaluatirg and comparing the performance of rocket motors of all kinds. Applica-
tion of the theory to the process of conversion of heat to ordered kinetic energy of
the propulsive fluid, which occurs in the rocket nozzle, produces relationships be-
tween motor performance and properties of the propellants and of the motor design.
These relationships are conveniently expressed in terms of formulas for a number
of characteristic parameters that rocketl engineers traditionally use in the selection
and design of rocket systems. The formulas for the characteristic parameters
are derived in this section.

To understand the finer details of the following development, the reader must have
knowledge of thermodynamics and of some of the elements of fluid mechanics, (1),
(2), (3), (4). However, a thorough knowledge of the material contained in these
references is not an essential prerequisite for gleaning the principal points of the
following discussion.

The quasi-one-dimensional theory is an idealization of the full equations of aero-
thermochemistry. The idealization is useful in that it provides a sufficient basis
for an approximate discussion of rocket motor performance. For more accurate
and more detailed analyses of rocket and nozzle performance, it is necessary to
consider phenomena that cannot be described within the frame work of the idealizeda
theory. The non-ideal phenomend that are important in the nozzle flow for solid-
propellant rockets are considered in the later sections of this chapter. The full
equations of aerothermochemistry, that are needed for accurate analyses of the
combustion and flow processes in solid-prupellant rockets, are developed in Chap-
ter 8.

The quasi-one-dimensional theory describes flow in a duct or channel and is based
on the assumptions that the flow is steady in time and that flow properties are uni-
form across every cross section of the duct. Neither of these basic assumptions
is exactly true; for examp'e, viscous phenomena force the flow velocity to approach
zero at the solid wall of » duct, regardless of how large the velocity in the center of
the duct is. Therefore, at best the quasi-one-dimensional theory is applicable only
to average flow variables, space averages (over a cross section) in all cases and
time averages as well if the flow is unsteady or turbulent. Exactly how these aver-
ages are to be computed from local, instantaneous flow variables is a subjzct that
has received a considerable amount of study but has not been resolved completely.
An approach to one aspect of this problem may be found in Ref. (3), pp. 87-89 and
pp. 157-159; a ditferent approach to another aspect of the problem is given in Ref.



44

(5).  In spite of these imprecisions associated with the basis of the quasi-one-
dimenscional conservation equations, the equations are often quite useful in practical
problems and even in basie problems in fluid dynamics, yielding reasonably good
agreement with experiment and reproducing most of the essential results of much
nore sophisticated analyses that are based on considerably more complex equations.
Furthermore, the equations can often be improved by introducing correction facters
to aceount in an approximate way for nor-quasi-one-dimensionality. We proceed
now {¢ develop and use Lite quasi-one-dimensional flow equation,

1.2. Derivation of Quasi-One-Dimensional Equations

It is convenient to adopt the control volume illustrated in Fig. 2-1i. At the axial
position x, the cross-sectional area of the duct or channel is A, the density is p
the pressure ic p, the velocity is v, the internal energy per unit mass is u, and the
enthalpy per unit mass is h. At position x + dx, these quantities will have changed
toA +dA,p +dp, p+dp, v +dv, u +duandh + dh. All quantities represent
averages. Body forces, radiative transport, and axial components of transport
vectors are neglected in the development.

1.2.1. Mass Conservation - The mass of fluid per second flowing into the ele-
ment shown in Fig. 2-1, across the surface located at position x, is pvA. The mass
of fluid per second flowing out of the element, across the surface located at x + dx,
is (p +dp) (v + dv)(A + dA). In steady flow, these two quantities must be equal
since no mass can accumulate inside the control volume. Expanding to first order
in the differential quantities, we therefore find that :

d(pvA) =0,
the integral of which is :
pvA = m = constant , (Eq.2-1)

where m is the total mass flow rate (mass/scc), which is independent of x. Equat-
ion 2-1 is.a statement of the law of conservation of mass.

1.2.2. Momentum Conservation - The law of conservation of momentum states
that the time rate of increase of the x component of momentum of tue fluid within
the control volume equals the x component of the sum of the forces acting on the
fluid in the control volume.

Wh-n fluid can flow across the surface of the control volume, the "time rate of
change"” of a quantity is composed of two parts, the change of the quantity at points
within the control volume and the change aue to the fact that material possessing
different values of the quantity may be transported into and out of the control vol-
ume. In steady flow, the change of the quantity at points within the control volume
is zero. Therefore, in the present development, by tiine rate of charge of a
quantity within the control volume, we mean the change incidental to the fact that
material is transported across the surface of the control volume. This timc rate of
change equals the mass flow rate multiplied by the difference between the value of
the quantity per unit mass of fluid at x + dx and the value of the quantity per unit mass
of fluid at x, in Fig.2-1.

The x component of momentum of the fluid entering at x in time dt is mvdt, while the
X component of momentum of the fluid leaving at x + dx in time dt is m(v + dv)dt.
Hence, in a steady state the time rate of increase of the x component of momentum
of the fluid within the control volume is :

m dv .



dimecnsional conservation equations.
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i

The forees that we shall consider are nressure forces, drag forees of objects loca-
ted within the control volume and friction forces on the wall.

The x component of the pressure force on the surface located at position x is pA.
The x component of the pressure force on the surface at x + dx is - (p + dp) (A + dA).
The X cumponent of the pressure torce on the wall is pdA, t» first order in differen-
tial quantities.  Hence, to first order in differential quantities, the total pressure
force on the fluid within the controi volume is :

-Adp.

We denote the x component of the total drag force exerted on the fluid within the
control volume by objects such as orifices, screens, vanes, corners, etc., by :

A

-dbh .

These drags, which are a consequence of separation and skin friction effects, are
difficult to calculate and therefore ave generally measured empirically.  The con-
ventional formula for the integral of dD for an object is :

D=1/2~ v2A Cp , (Eq. 2-2)

where p, v and A refer to conditions upstream from the object, and Cp is a dim-

ensionless drag coefficient. For many objects, values of Cp ave tabulated in hand-
books {6), (7).

The x component of the frictional force on the wall is - r,dA cos(#/2) where T, is
thie shear stress per unit area on the wall, dA is the wall arei of the controi volume
and /2 is the divergence angle, illustrated in Fig.2-1, A dimensionless friction
factor f is usually defined in such a way that :

Te = pvzf 8, (Eq.2-3)
and a hydraulic diameter is defined as
D =4A/P,

where P is the perimeter of the duct. (Note that the hydraulic diameter reduces to
the true diameter for a duct of circular cross section.) Then, dA, cos (9/2) =
P dx = (4A/D) dx, and the x component of the wall friction becomes

-(1 2) pv2 Af dx/D

The friction factor which appears in this formula has been studied both theoretically
and experimentzily. For fully-developed laminar Poiseuille flow in a circular pipe,
f = 64 Re. where Re = pvD‘u is the Reynolds number based on the diameter of the
pipe (u = coefficieunt of viscosity); friction factors applicable to other conditions
have been tabulated in handbooks and textbooks, (8), (7), see also Section 5. 2.

Collecting the pressure, drag and friction forces and equat.ng them to the rate of

increase of momentum, we find thal the equation for conservrtion of momentum
becomes

. d d db 2
ma—§+Aa—§+E+(1/2)pva,D=0. (Eq.2-4)

Unlike the equation for conservation of mass, Eq.2-4 is a differential equation for
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which the integral cannot be written down imniediately.

1.2.3. Enerpy Conservation - The equation for congeivation of energy is a state-
ment of the first law cf thermodynamics; the heat added to tho fluid in the control
volume is the sum of the increase in the energy of the fluid in the contrel volume
and he work done by the fluid in the control volume.

in time at, the internal energy m udt enters the control volume across the surface
located at position x in Fig. 2-1, while the internal energy m {u + du)dt leaves th
control volume acress the surface located at position x + dx.  This contributes a
term

m du
to the time rate of increase of energy. Similarly, in time dt the kingtic energy
m(v? 2)dt enters at x, and the kineti- energy m|(v + dv) /2] dt = mv" ‘2)dt + m vdvdt
leaves at x + dx, thereby contributing

m vdv
to the time rate of increase of energy. The sum of these two terms appears as the
time rate of increase of total energy in the statement of the first law of thermodyn-
amics for a steady-state, open system.
The main contribution to the work done by the fiuid in the control volunie is the so-
called "displacement work". Intime dt, particles at the upstream edge of the
control volume move a distance vdt against the pressure force pA, thus doing an
amount of work p Avdt on the element. In the same time interval, particles at the
downstream edge of the control volume move a distance (v + dv)dt while experienc-
ing the force (p + dp) (A + dA), thereby receiving the work (p + dp)(A + dA) (v + dv)
dt = pAvdt + d(pAv)dt {from the element. The displacement work done per unit
time by the fluid in the control volume is therefore

d @pAv).

The fluid in the control volumie may also do external work (e.g., driving a turbine);
we let

dw
denote the external work done by the fluid in the control volume per unit time.
We also let

dd

denote the heat added to the fluid in the control volume per unit time (e.g., by heat
conduction across the walls of the duct).

Then the equation for conservation of energy becomes
dq =1 du + m vdv + d(p Av) + dw ,
the integral of which is
q + constant = mu + r‘nvz/z +p Av + W (Eq.2-5)

since vdv = d(v_ '2). Here § and W denote the total heat added per second and the
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total work done per second between some definite upstream reference station and
the locat station along the duct.

It is convenient {o introduce the cnthalpv per nnit mass,
h=urp p, (Eq. 2-6)

in order to combine ihe displacement work term and the internal energy term; it
can be seen from Eq.2-1 that:

mu +p Av = mh
Thus, Eq.2-5 can be written as:
h+v2/2 = ho+ @-w)/m (Eq.2-7)

where h_q is a constant, equal to the stagnation enthalpy (h + v /2) at the upstream
reference station. The last term in Eq. 2-7 obviously represents the heat added to
the fluid per unit mass, less the external work done by the fluid per unit mass, dur-
ing its history of migration from the upstream reference station to the local station
(x). Inthe absence of heat transfer and external work, Eq.2-7 reduces to the
statement that the stagnation enthalpy is a consifant of the motion.

1.3. Isentropic Flow

1.3.1. Simplified Conservation Equations - In order to obtain an idealized theory
for nczzle flow, we may assume that no external work is done by the system (w = 0),
that the system is adiabatic (§ = 0) and that the system is reversible in a thermo-
dynamic sense. The assumption of reversibility implies that the last two terms in
Eq. 2-4 vanish, since the viscous phenomena leading to drag and skin friction are
necessarily irreversible. The conservation equations (Eqs.2-1, 2-4 and 2-7) then
become

PVA =1h = constant | : (Eq. 2-8)
dv dp _ ' )
pVa—‘{ + a—)-{- = ’ (EQ-Z 9)

v2
h + o = hsg = constant . (Eq. 2-10)

It is known frora thermodynamics that the assumptions of adiabaticity and reversi-
bility cogether imly that the flow is isentropic. Equations 2-8, 2-9 and 2-10 must
therefore imply that entropy is constant. Indeed, by employing the general thermo-
dynamic relationship:

Tds = du + pd (1) = dh - 1/pdp (Eq.2-11)

(T = absolute temperature, s = entropy per unit mass) along with Eq.2-9 and the
differential form of Eq. 2-10, on» can show that ds = 0, i.e.,

s = constant . (Ly.2-12)

[Equation 2-11, which is a familiar result for one-component systems, rests on the
hypothesis that the flow is either chemically frozer - in chemical equilibrium when
it is applied to multicomponent, reacting gases; see Section 2.2]. Equations 2-8,
2-10 and 2-12 constitute a set of algebraic conservation equations governing isen-
tropic flow.
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Now, it should be emphasized that 1f the thermodynamic properties of the fluid are
known, then Eqgs.2-8, 2-10 and 2-12 are sufficient for determining all flow variables
as functions of x, provided that tl.e area variation A(x) is siven. This cornclusion

is i consequence of the fact that inermodynamic relationships (including the equat-
ion of state and the caloric equation of state) enable one to express all thermodyna-
mic properties in terms of two independent thermodynaunic properties.  Equaticns
2-2, 2-10 and 2-12 thus coustitute three independent relationships among two in-
dependent thermodynamic variables 1nd th dynamical variable v. It is possivle to
discuss isentropic flows on the basis of Eqs. 2-8, 2-10 and 2-12 without invoking
any further assumptions c¢oucerning the thermodenamic proverties of the fluid, How-
ever, because it often provides a reasonably good approximation to the true flow, we
shall first introduce the additional assumptions that the fluid is a one-component
ideal gas with coastant heat capacities.

1.3.2. One-cZomponent Ideal Gases with Constan: Heat C.pacities - An ideal gas
obeys the equation of state :

p = pRT , ’ (Eq. 2-13)

where R is the gas constant per unit mass (the universal gas constant divided by the
molecular weight). For a one-cor: onent ideal gas, it can be showr from Eq.2-13
by thermodynamical reasoning tha the <nthalpy h is a function of temperature alone.
If, further, the specific heat at constant pressure, ¢, = 0 h/aT)p, is assumed to be
constant, then :

h = ¢ T + constant . (Eq.2-14)

We assume that the notation of thermodynamics concerning partial differentiation is
iknown to the reader (2).

From Egs. 2-11, 2-13 anu 2-14, it can be shown that the entropy is given by
s=R{[y/{y-1)] i T-Inp} + constant
= t{{{l/(y -)]InT- Inp ] + constant
=R{[1/iy-1)]Inp-[y/(y-1)]Inp} + constant , (Eq. 2-15)

where ¥y = cp/cv is the ratio of specific heats [The specific heat at constant vol -
ume is definedas ov = (2u/2T), =cp - R, in which the last equality is a conseq-
uence of Eqs.2-6, 2-13 and 2- 14(1

The equations for quasi-one-dimensional, isentropic flow of = one-component, ideal
gas with constant heat capacities are conveniently studied by employing the Mach
number as a parameter. The Mach number is defined as

M = v/a

where a is the veiocity of sound. Tle velocity of sound is the speed at which a
small-amplitude, longitudinal wave propagates in the fluid; it can be shown to be
givenbya = [(3p/9p) ]a‘ , which is a thermodynamic property of the system.
From Eqs.2-13 and 2-15 it can be seei that

a = JYRT (Eq. 2-16)

for a one-component, ideal gas with constant heat capacities. Equations 2-8, 2-10
and 2-13, 2-16 can be used to express flow variables in terms of Marh number,
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By using Eq.2-16 Eq.2-10 can be written as :

h + (y/2) RT M® = hy

As a corvention, we may set the constant in Eq. 2-14 equal to zero.

Then, from
Eq. 2-14 and the preceding relationship, we obtain :

1. R -
(;pT\l+2cpM) hgo

which, in view of the definition of y, can be written as :

T=Tyo0+ XL M),

where TSO = hso/cp is the stagnation or total temperature, which is constant in
adiabatic flow.

(Eq.2-17)

I"quations 2-12 and 2-1% imply that
p/TY/(r = 1) = constant

and that :

p/p? = constant

’

which are wvell-known relationships for isentropic vrocesses. In view of Eq.2-17
the first of these expressions implies that

-1 - -1
p=pg (L 1)/ (Eq.2-18)
Finally, a relationship between the Mach number and the cross-sectional area can

be obtained from Eq. 2-8 by emyrioying Eqs. 2-19 and 2-20. Thus, we find :

(1 + }'2' 1‘ ."(12)- 1/()" 1)

P =Pgg (Eq.2-19)

In Eq. 2-18, the symbol p.g h2s been introduced for the constant obtained in the
derivation; from Eq.2-18 it is obvious that p.g is the pressure at a point where
M = 0 (stagnation conditions) in the isentropic flow, and therefore p.g represents
the stagnation pressure, which is constant for isentropic flow. Similarly, the
constantp_ o = p.o/RT.g, which appears in Eq.2-19, is the stagnation density.
{An expansion of Eq.2-18 for small values of M shows that psg =p + { p v2/2) {1+
M2/4+ 0 (M4)} , thus implying that at low Mach numbers the stagnation pressure
approaches p + 6 v?/2, which is a familiar formula for incompressible flow. ]

The velocity canx be expressed in terms of the Mach number by using Eqs. 2-16 and
2-17, The result is :

*

v = yRT.o M1+ lz—l M2) -2, (Eq. 2-20)

Finally, a relationship bet'wceon the Mach number and the area cun be sutained from
Eq.2-8 by employing Eqs. 2-19 and 2-20. Thus, we find :

\
.

A Gt ot T — “




51

m Mt +_y2_-} M?) or+1/20-1] (Eq. 2-21)

A.—- .
Pso WTRTSO

Since the leading coefficient on the right-hand side is a constant in each of the Eqgs.
2-17 to 2-21 ead.l. equation relates a property to the Mach number, at every point’in
the flow, provided that this property iz known at any one vaiue of the Mach number.
For graphs or tapulations, it is therefore convenient to select a reference Mach
number and to plot or list the ratio of the local value of the property to the value of
the property at the reference Mach number, as a function of the local Mach number,
for various values of the one remaining parameter y. For T,pandp , the refer-
ence Mach number is chosen to be zero. However, according to Egs. 2-20 and 2-
21, v vanishes and A approaches infinity as M goes to zero. Therefore M =0 is
not an acceptable reference condition for velocity or area. For reasons that will
appear below {Section 1.4.3), the value M = 1 is chosen as the reference con:lition
for velocity and area, and values of properties at M = 1 are identified by the sub-
script t. Equations 2-17 - 2-21 thus enable us to plot or list T/T o, p/Ps0, P/Ps0
v/vt and A/A¢as functions of M for various values of y. One such graph, for y =
1.4, is shown in Fig.2-2. Tables which cover values of y ranging from 1.0 to

1. 67 and which are useful in performing accurate calculations for 1sentropic flow
problems, may be found in Ref. (8) as well as in a number of other sources.

1.4. Nozzle Flow

1.4.1. Choking in Isentropic Flow - From Fig.2-2 it is seen that the area ratio
A/A, decreases with increasing M for M < 1, passes through a minimum at M = 1,
and increases with increasing M for M > 1. Since the velocity is seen to be a
monotonically increasing function of M in Fig.2-2, we may conclude that in order
to accelerate the flow, one must cause A to decrease if M < 1 and to increase if

M > 1. The purpose of a nozzle is to accelerate the flow. Therefore, in order
to construct an isentropic nozzle in which the Mach number passes from an up-
stream value less than unity to a downstream value greater than unity, it is nec-
essary to contour the nozzle so that the flow converges for M < 1 and diverges for
M >1. Such a convergent-divergent nozzle is called a deLaval nozzle. The Mach
number is unity at the minimum area, or throat, of a deLaval nozzle. Thus, the
subscript t in Fig.2-2 identifies conditions at the nozzle throat. Figure 2-2 also
shows that the temperature, pressure and density decrease monotonically as M in-
creases in a deLaval nozzle. As M approaches infinity, A must approach infinity,
and T, p and papproach zerg, but v approaches a finjte non-zero limiting value
{equal to [2y RT /(¥ - 1)}z , according to Eq.2-20} which represents the maxi-
mum velocity that can be achieved in an isentropic expansion.

Although Fig.2-2 is valid only for a one-component, ideal gas with constant heat
capacities (and, moreover, only for y = 1.4), nevertheless all of the results that
we have just stated (except, of course, the formula for v in the limit of infinite M)
remain valid for an arbitrary working fluid. Theyv can be derived from Eqs.2-8 -

2.-12 and the result a® = (dp /9p ).alone. Thus, for example, the differential
form of Eq.2-8 can be written as :

which can be expressed as

dv dp . 4A
Y “pa-' A <0

»

in view of Eq.2-12. Substituting Eq. 2-9 for dp inte this expression yields :
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=0, (Eq. 2-22)

which proves quite generally the assertion that was made in the second sentence of
the preceding paragraph. Similar arguments may be employed to derive the other
results.

'Choking' is said to occur in an isentropic deLaval nozzle, whenever the Mach num-
ber at the throat is unity. Since small disturbances propagate at the sonic velocity
(M = 1), a small disturbance generated downstream from a sonic throal. cannot pro-
pagate upstream past the throat in the fluid to inform the oncoming flow of its pres-
ence. Therefore changes in downstream conditions will not affect the upstream
stagnation conditions, the upstream property oreofiles or the mass flow rate. This
is one reason for the terininology choked flow. We might also remark that if one
adds an additional contraction section onto the downstream end of a convergent
nozzle in which the exit Mach number is unity, then the upstream conditions rnust
necessarily change for a steady-flow solution to exist.

1.4.2. Flow in deLaval Nozzles - It isinstructive to consider what happens in a
deLaval nozzle of fixed geometry and fixed upstream stagnation conditions as the
exit pressure of the nozzle is gradually decreased. The reslting pressure pro-
files, on the basis of quasi-one-dimensional theory, are iliustrated in Fig.2-3.
Initially, with the exit pressure equal to the stagnation pressure, the pressure is
uniform and there is no flow. As the exit pressure is decreased, flow begins and
velocities remain subsonic throughout the nozzle. Eventually, at the first critical
exit pressure (curve C in Fig. 2-3), the velocity becomes sonic at the throat. As
argued above and illustrated in Fig.2-3, at all lower exit pressures the flow in the
upstream portion of the nozzle remains unchanged. However, on the basis of our
isentropic flow equations, there is no flow solution for exit pressures below the
{irst critical value, except for the solution in which the flow is entirely supersonic
in the downstream portion of the nozzle, which occurs at the third critical exit
pressure (curve H of Fig.2-3). The third critical exit pressure is the 'design' exit
pressure of a deLaval nozzle. Supersonic nozzles wit!: exit pressures above the
third critical value are termed 'overexpanded', those with exit pressures below the
third critical value are termed 'underexpanded'. At exit pressures between the
first and third critical values and also below the third critical value, our isentropic
quasi-one-dimensional theory yields no solution. The nature of the nozzle flow
under these conditions requires further consideration. We now nroceed to intro-
duce the concepts that are required.

1.4.3. Shock Waves - As the exit pressure is reduced from the first critical
pressure to a value slightly below this pressure, sound signals can move upstream
only as far as the nozzle throat. This results in acceleration of the fluid just down-
stream from the throat, The flow ‘ust downstream from the throat therefore be-
comes supersvnic, while the flow in most of the downstream part of the nozzle is
subsonic. Supersoconic flow cannot become subsonic isentropically in a diverging
section. However, if we permit a nonisentropic discontinuity to occur in flow
properties (e.g., curve D in Fig. 2-3) then we 2an match the supersonic and sub-
sonic flows. Such a discontinuity, which is called a normal shock wave, must of
course satisfy the conservation equations even though the requirement of isentropic
flow is removed. The equations relating properties onthe upstream and downstream
sides of a shock ave are developed below.

Since a normal shock is assumed to occur at a plane normal to the flow direction,
there is no change in area in passing through the shock wave. When A = constant,
the conservation equations are simplified. Equation 2-1 becomes :

pv = m/A = constant . (Eq. 2-23)
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Momentumn conservation, Eq.2-4, may be integrated forually to yield :

pv2 + D+ D/A + '; pvzfdx/D = constant . (Eq. 2-24)

Energy conservation, in adiabatic systems with w = 0, again reduces to Eq.2-10.

According to Eq.2-23, properties on the uw:stream (subscript 1) and downstream
(subscript 2) sides of a normal shock w~ve must obey the condition :

PV, = PV, . (Eq.2:25)
Now, since the flow is igsentropic upstream and downstream of the shock wave, D is
zero at stations 1 and 2 (even though it differs from zero in the interior of the wave).

Also, since the shock wave has negligible thickness, the integral of the wall frxction
term is negligible. Therefore Eq. 2-24 yields :

P
PL%% + Py =pyVy Py - (Eq.2-26)
Finally, Eq.2-10 provides the condition :
h, + v12/2 = hy + v22/2 . (Eq. 2-27)

Equations 2-25, 2-26 and 2-27, together with thermodynamic properties of the
system, will determine properties on one side of a normal shock wave from the
properties on the other side.

For a one-component ideal gas with constant heat capacities, one can show from
Eq.2-25, 2-26 and 2-27 that :

M2 = 2+ (v-1M?)/[2y My? - (v - 1) (Eq. 2-28)
T, /Ty = (29 My? - (v - Dll(r - DM, + 2)/(r + 1 My (Eq. 2-29)
Pa/Py=[2YyM? - (- 1]/ (v+ 1), (Eq.2-30)
and Py /py =V /va= (v + DM /[y - DMy +2] . (Eq.2-31)

Stagnation properties (other than Tgo) also change across a normal shock; approp-
riate expressions for the changes can be obtained by substituting Eqs.2-18 and 2-19
into Eqs.2-30 and 2-31. As an aid in computation, the preceding quantities are
tabulated as functions of M, for various values of y in Ref.(8) and elsewhere,

We might mention that in constant-area flow, the equation :
h + L (m/A)?/p? = constant (Eq.2-32)

defines a curve in the h - p plane when (m/A) is specified. Thermodynamic re-
lationships may be used to transform this curve info a curve in a plane whose co-
ordinates are given by any pair of thermodynamic properties (provided that restric-
tions such as chemical equilibrium or chemically frozen flow are employed to re-
duce the total number of thermodynamic variables to two). When transformed to
the h-s plane, Eq.2-32 is useful for studying constant-area, adiabatic flow with
friction {(and with no external work). The curve in the l-s plane represented by
Eq. 2-32 is called the Fanno line. In a similar manner, the re:ationship between
therinodynamic properties defined by the equation

p + (m/A¥/p = constant , (Eq.2-33)

when (1h/A) is specified, is termed the Rayleigh line and is useful for studying con-
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stant -area, frictionless flows with heat addition. By comparing Eqs.2-32 and
2 33 with Egs. 2-2J and 2-27, it can be seen that conditions on the upstream and
do. nstream sides of a normal shock wave are represented by the intersection of

the Rayleigh line with the Fanno line. This is illustrated schematically in Fig. 2-4.

Of course, the discontinuity represeated by the normal shock wave cannot be of
exactly zero thickness. The viscous terms in the momentum equation become
large as dv/dx increases and approach infinity as dv/dx—% . The interior struc-
ture of a shock wave can be calculated from the full equations of fluid dynamics
describing steady-state, constant-area, one-dimensional flows in which all proper-
ties become uniform at x = + ® . The solutions to these equations show that shock
wave thicknesses are of the order of a few molecular mean free paths, a result
which has been borne out experimentally. Therefore shock thicknesses are indeed
negligible compared with characteristic dimensions of practical nozzies. However,
the flow in real nozzles is not exactly quasi-one-dimensional and inviscid outside of
the shock wave, and therefore a somewhat more gradual increase in pressure is

observed experimentally in a real nozzle instead of the sharp increase illustrated in
Fig.2-3.

Squation 2-28 shows that if the Mach numbcr on one side of a normal shock wave is
subsonic, then the Mach number on the other side is supersonic, and vice versa.
Solutions to the full equations of fluid dynamics for the structure of a shock wave
show that the Mach number upstream is always supersonic and the Mach number
downstream is always subsonic (as implied by the notation on Fig.2-4). Thermo-
dynamical arguments alone imply that this must be so, since Eqs.2-25 - 2-27 can
be employed to show that were it not so then the entropy upstream would exceed

the entropy downstream, a condition which the adept thermodynamicist could readily
exploit to construct a machine that would vioiate the second law of thermodynamics.
Supersonic upstream conditions and subsonic downstream conditions are consistent
with the requirements of the nozzle flow problein (Fig.2-3).

Shock waves are so thin that the equations of fluid dynamics are of questionable
validity in the interior of a shock wave. Analyses of shock structure based on the
kinetic theory of gases have been completed. They indicate that fluid dynamics
provide an accurate description of shock structure only for weak shocks (shocks in-
volving a sinall pressure jump). However, the results that we have just cited con-
cerning the order of magnitude of the shock thickness and the entropy and Mach
number changes across the shock are supported by the kinetic theory studies.

Returning now to Fig.2-3, we remark that when the exit pressure is assigned a
value slightly below the first critical pressure, then the isentropic fiow equations
and shock wave equations yield a unique solution for the location of the normal shock
and for the property profiles. For exit pressures near the first critical pressure,
the normal shock is weak and is located near the throat. 'As the exist pressure is
decreased.-more, the shock becomes stronger and moves farther downstream {ciirves
E and F of Fig.2-3). Eventually, at a second -ritical exit pressure, the normal
shock sits right at the exit of the nozzle. Thus, introducing ncrmal shocks enables
us to construc’ flow fields for all exit pressures except those lying between the sec-
ond and third critical pressures and below the third critical pressure. Non-one-
dimensional phenomena must be considered in di~cussing nozzle flows in the two
remaining regimes of exit pressure.

1.4.4. Non-one-dimensional Flows in Nozzles - Knowledge of oblique shock waves
and of Prandtl-Meyer expansion fans is needed for understanding exit flows in the

e Mo Dbt B A s
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two remaining regimes of exit pressure.

A shock wave may sit at any angle ¢ relative to the velocity vector of a uniform
strean (see lower part of Fig.2-5). Across any such 'oblique' shock wave, the
equation for mass conservation and the equation for conservation of the component
of momentum normal to the shock wave imply that Egs. 2-25 and 2-26 remain valid
provided that each velocity appearing therein is replaced by the corresponding nor-
mal component of velocity. On the other hand, stagnation enthalpy conservation
applies along a streamline, and therefore the magnitude of the velocity appears in
Eq.2-27. In addition to these equations, momentum tangential to the shock wave
must also be conserved; this condition implies that the tangential component of
velocity is continurus across the shock wave. The normal component of velocity
on the downstream side of the wave is less than that on the upstream side and
therefore the flow turns toward the oblique shock in passing through the wave. For-
mulas analogous to Eqs. 2-28 - 2-31, can be derived; in particular, one finds
that

M: _ 2 +£'y -21) M,2 N 2M,2 cos? q,z i ’ (Eq. 2-34)
2y M, “sin“ ¢ - (y - 1) 24 (y-1) M,%sin" ¢
/P, = 2y M2 sinfo-(y-1]/ (v +1), (Eq. 2-35)
and :
2
+1) M,

, (Eq. 2-36)

— -1

cot x = tar ¢
2(M,2 sin2 ¢ -1)

where ¢ is the shock angle and x is the deflection angle of the flow. The velocity
upstream from an oblique shock is always supersonic, while the velocity downstream
may be either subsonic or supersonic, depending on the values of M; and ¢ . Vel-
ocities downstream from oblique shocks are often supersonic. The downstream
pressure always exceeds the upstream pressure, and the entropy of the fluid in-
creases in passing through the wave.

Expansions through which the pressure d~rreases occur continuously instead of at
discontinuities in steady non-one-dimensional flows. These rarefactions can be
isentropic. A particular example of a steady, two-dimensional, isentropic rare-
faction is the Prandtl-Meyer expansion of a supersonic flow about a sharp corner,
illustrated in the upper part of Fig. 2-5. For a one-component ideal gas with con-
stant heat capacities, the Prandtl-Meyer expansion is described by the equation :

X = /—i— tan [ el M2 - 1] -tan~* vMZ -1+ constant,
- 1
4 v . (Eq. 2-37)

where x is the local flow deflection angle ard M is the local Mach number. Other
flow variables are related to M by tlie isentropic conditions (Eqs.2-17 - 2-20).
Given M,, one can use Eq.2-37 to calculate M, for a given deflection angle (Xo -

X 1), and then the isentropic equations can be used to calculate the other flow var-
iables at station 2. {Tables are available to facilitaie the use of Eq.2- 37 and also
of Eqs.2-34 - 2-36.) The value of M must exceed unity everywhere in the Prandtl-
Meyer expansion, and M and v always increase while p, T and p decrease as x
increases. There is a maximum turning angle X (the value of which depends on
y) at which p goes to zern, M goes to infinity, and Marh lines become parallel to
streamlines.
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For exit pressures lying between the second and third critical values, the flow at
the exit must be compressed to a pressure greater than the design pressure but
less than the pressure behind a normal shock wave. Equation 2-35 implies that
this can be accomplished non-one-dimensionally by means of an obi que shock wave
with an angle ¢ < 90° determined by the value of the exit pressure. After cal-
culating ¢ from kEq.2-35, one can compute the flow deflection angle from Eq. 2-36.
The resuiting exit flow pattern, which can be mapped out by considering equations
governing oblique shock waves, two-dimensional, isentropic expansiors and com-
pressions and their interactions, is illustrated in Fig.2-6a.

For exit pressures lying below the third critical value, the flow at the exit :an ex-
pand non-one-dimensionally through an isentropic rarefaction fan until it reaches
the prescribed exit pressure. (Thus, whenever the exit pressure is below its sec-
ond critical value, the pressure at the exit plane in the nozzle equals the design
exit pressure.) Inan ideal-gas, two-dimensional flow approximation, the Mach
number after the external expansion can be calculated from Eq.2-18 (with p equal to
the exit pressure), and then the defloction angle is given by Eq.2-37. The com-
plete exit fiow pattern is illustrated in Fig.2-6b. A photograph of the beautiful
pattern is shown in Fig.2-7; the compressions heat the flow and cause it to be-
come luminous. Thus, solutions for the flow through a delLaval nozzle (Fig.2-3)
have been obtained for all values of the exit pressure.

More detailed descriptions and more »ccurate calculation procedures for idealized
non-one-dimensional flows in supersonic nozzles can be based on the theory of
characteristics of axially symmetrical flows [see, for example, Chapter 17 of Ref.
(4)]. Some results derived from this view will be discussed later (Section 5. 1),
However, the greatest drawback to the preceding discussion is that non-ideal
phenomena, such as flow separation in overexpanded nozzles, are not considered.
These real effects, which modify some of our statements concerning the qualitative
nature of the flow, also will be covered in Section 5.

1.4.5. Nozzle Flow Formulas - Since the upstream flow profiles in a nozzle are
independent of the exit pressure so long as the Mach number at the throat is unity,
it is convenient to calculate the mass flow rate through a nozzle with sonic throat
cond‘tions by using the throat area. For a one-component ideal gas with constant
heat capacities, the appropriate expression for the mass flow rate can be obtained
by setting M = 1 and A = A¢ in Eq. 2-21 and then solving for m. The result is :

i = Ap. V7TRT[@/r + 1) AR R (Eq. 2-38)

tps()

Equation 2-58 gives the mass flow rate in terms of the throat area and stagnation
conditions. If the fluid is not an ideal gas, then Eqs. 2-8, 2-10 and 2-12 must be
employed in obtaining the mass flow rate {rom the throat area and stagnation con-
ditions.

A general formula for the exhaust velocity of a nozzle in terms of the stagnation en-
thalpy and tae enthalpy at the exit of the nozzle follows from Eq.2-10, It is :

v, = ZEE,,O - hei . (Eq. 2-39)
If the nozzle flow is isentropic, then the value of h, appearing in Eq.2-39 can be
related to the pressure at the exit station of the nozzle and to stagnation conditions
through Eqs.2-8, 2-10 and 2-12. It is desirable to exprers v, in terms of exit
pressure because this is one of the experimentally adjuctable parameters. For
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Schematic diagram of exit flow when the value of the exit
pressure lies between the second and third critical pressures
overexpanded, diagram (a) and when the value of the exit
pressure lies below the third critical (design) exit pressure
underexpanded, diagram (b). Single liues are oblique
shocks, multiple lines are expansion or compression fans,

dashed lines are jet boundaries and arrows are flow stream-
lines.

Fig. 2-7 Photograph of an underexpanded jet; the successicn of
wedge-shaped expansions and contractions is clearly shown.
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Fig. 2-8 Schematic diagram of measurement of thrust of a solid-pro-
pellant rackct on a test stand.
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isentropic flow of a cne-component ideal gas with constant heat capacities, we find
from Eq.2-39 [using h = RTy/(y - 1) and p/T'Y/(?' - 1) = constant] :

Yo F _7?17 RT,, [l ) (P:;o )(Y o ] %1/2 ’ (Fa. 2407

which is useful for calculating the exit velocity at design conditions.
The exit to throat area ratio at design conditions for isentropic fiow of a one-com-

porent 1deal gas with constant heat capacities can be shown from Eqs.2-18 and 2-21
to be expressible as

::‘j‘" =j72_;"‘1 (7_3_1> \’y+1)/[2(v-1)]( P, ) -1/y [1 _(i“'_ )y-l)/?’ ]

Poo Poo (Eq. 2-41)

-1/2

For convenient use, functions appearing in this section are plotted versus p /pe
for various values of y in textbooks, e.g., pp.60-69 of Ref. (9).

1.5. Thrust and Rocket Performance Parameters

1.5.1. Derivation of Thrust Formula - The thrust of a solid-propellant rocket is
the total force exerted on the motor case by the propellant gases. Static thrust can
be measured by firing the rocket on a test stand equipped with instrumentation for
recording tne reaction force required to keep the rocket stationary, as shown sche-
matically in Fig, 2-8, Thrust can be calculated from flow variables bty integrating
pressure and shear forces over the interior of the motor case. However, a simp-
ler method for calculating the static thrust is to employ a force balance for the
control volume illustrated in Fig. 2-8.

According to Newton's law, the axial component of the force acting on the control
volume must equal the time rate of change of the axial component of momentum. The
force is composed of pressure forces and the reaction force, while the momentum
change is associated only with the flow of propellant gases across the exit plane
(since the velocity of the motor, solid propellant and other equipment is identically
zero and the flow inside the rocket motor is assumed to be steady). Hence,

F o+ pWA‘ = m v, ! pA (Eq. 2-42)

where F is the axial thrust, mis the total mass flow rate across the exit plane, v,
is the axial component of the velocity at the exit plane averaged over the exit area,
Pe is the pressure just inside the exit plane, also averaged over the exit area, pa is
the ambient pressure, and A _is the exit area of the nozzle. The area A appears
on the left-hand side of Eq. 2-42 because pressure forces over the rest of the area
of the control volume cancel.

Although it was derived for static systems, clearly Eq.2-42 can be used also under
dynamical conditions. For example if at some instant of time the system is at rest
but the thrust bearing support in Fig.2-8 is removed, then at that instant F equals
the time rate of change of momentum of the rocket system (everything contaired in
the control volume of Fig.2-8), which again is what we would call tke thrust of the
rocket motor. Alternatively, if the rocket is in steady flight at a constant altitude,
then the acceleration is zero and F equals the sum of the aerodynamijc drag forces
on the rocket vehicle (including those arising from the interaction of the external
exhaust jet with the external flow field). In accelerating flight at nonzero velocity,
F is the sum of the axial drag forces and the time rate of change of axial mome¢ntum

A -
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of the vehicle.

In all cases, F is obviously to be interpreted as the axial thrust of
the rocket motor

1.5.2. Theoretical Thrust Formula; Maximum Thrust - By assuming that the
nozzle flow is isentropic and quasi-one-dimensional, that properties are uniform
across the exit plane and that the exit velocity vector lies in the axial direction, we
can write down a formula for the thrust F in terms of motor #nd flow conditions,
provided that the working fluid is a one-component ideal gas with constant heat
capacities. Thus, by substituting Eqs. 2-38 and 2-40 intc B

8 intc Bq.2-42, we ovtain

TTM r-l
¥ \ 2y2\; _1) Yo, - pe _) é*Ae Fe _‘ii.“
P \J 1) G " \p A \p
1 sQ ’ & sQ pso

(Eq. 2-53)
If the ratio of chamber area to throat area is sufficiently large, then chamber con-

ditions are approximately equal to the stagnation conditions at the throat, and p
can be replaced by the chamber pressure p, in Eq.2-43.

At the design exit p1 essure, p, =p d only the first teru: in Eq. 2-43 contributes
to F. The second term in Eq. 2-43 produces a positive contribution to F for over-
expanded nozzles and a negative contribution for underexpanded nozzles.

Equation 2-41 may be substituted for the ratio A /A in Eq.2-43. The result is

=1 x OV s oy WV YV )} g, 2-49)

where f = (F/p oA ) {(v -1)/2¥ 2]% [(y+1y/2) (v +1)/R2(y -] x =p_/pganda =
p,/pso- Differentiating Eq.2-44 twice with respect to x shows that df /dx = 0 and
daf/dx2 < 0at x=a. This indicates that, for given stagnation conditions and a
given throat area (implving also a given m, see Eq.2-38), the thrust is maximum
when the value of the exit area is such that p, =p,, i.e., at design conditions.

The same result applies for isentropic flow with an arbitrary working fluid, since
differentiating Eq.2-42 and employing Egs.2-8 and 2-9 shows that dF = mdve +
Aedpe v (pe - pa) dAe = (pe - pa) sze_—*O at p. = pa,and that d2F = (pe - pﬂ) d2Ac +
dp dA —dp dA, = - (h/v, )(dve)“(Me2-1) <O at pe = pa.

1.5.3. Thrust Coefficient - The thrust coefficient is a dims sicnless measure of
the thrust of a rocket motor. It is defined as :

Cy = F/p.A , (Fq.2-45)
where F is thrust, A, is throat area, and pcis chamber pressure. A test-ctiiu
meacurement of F, combined with a pressure-gage measurement of p. and a geom-
etrical measurement of A,, yieids a value of Cr directly from experiments.

Equation 2-43 implies that Cr depends largely on the nature of the expansion nro-
cess that occurs in the nozzle. Subject to the restrictions imposed in obtaining Eq.
2-43 and also to the restriction that p, g = p;, Eq.2-43 obviously provides an explicit
formula for C; which we need not reproduce here. For coavenience of use, curves
of C; vs. A,/A for various values of p,/pc, as obtained irom Eq. 2-43 under the
above restrictions, are given in textbooks, (9), (10). One such curve is given in
Fig.2-9a. It canbe seenfrom these graphs or from the formulas that the thrust co-
efficient and the thrust achieve their largest values as p,/p,. and p,/p. approach zero.

Cleariy, the thrust coefficient achieves a maximum value under the same conditions

that the thrust achieves a maximum value (design conditions). The maximum value
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of the thrust coefficient. is termed the optimum thrust coefficient and is denoted by >
Cy. If Eq.2-43 is valid with psg = pe, then Cy is given by the first tecm in Lhe

brackets in Eq.2-43.  The optimum thrust coefficient determined in this manner

is plotted as a function of p_p_ {~r various values of ¥ in Fig.2-9b, (9), (10).

Eifects of losses and of nenideai behavior an (’F are considered iater.

1.5.4. Characteristic Velocity - The characteristic elecity is related te the rate
at which mass flows through the nozzle. It is defined as

Ct

p A/, (Eq. 2-46)
where p_1s chamber pressure, A, is throat area and n is mass {low rate. 1t can
be seen from Eq.2-46 that the units of ¢ * are always those of a velocity. As with
. ¢* can be measured experimentally; in order to obtain ¢* one must measure
the mass of the propellant and the burning time in addition to p_ and A ..
The value of ¢* is independent of processes occurring downstream from the throat
of tlie nozzle. Primarily, it is characteristic ¢f conditions in the combustion cham- 1
ber. If we assume that the stagnation pressure and temperature at the throat equal
ihe chamber pressure and the chamber temperature, and that the flow from the
chamber to the throat corresponds to an isentropic process in a one-component ideal
gas with constant specific heats, then we may use Eq.2-38 to obtain an explicit ex-
pression for ¢* in terms of the chamber temperature. The result is

o - m[(}’*l)/zl(}’+l)/[2(y—l)] , (Eq.2-47)

where T, is the chamber temperature and where it stould be remembered that the
1S constant per unit mass, R, is inversely proportional to the molecular weight of
the gas that flows from the chamber to the throat.

Frsm Eq.2-47, it can be seen that the value of ¢* depends on the ammount of heat re- J
leased in the combustion chamber and on the molecular weight of the product gas.
Large values of ¢* are desirable (see discussion of specific impuise), and thus large 1
heat release and low molecular weight are desirable. Typical values of ¢* for

solid-propellant rockets range from 4600 to 6000 ft/sec.

In tha design of solid-prnpellant rockets, often the reciprocal of ¢* is used instead
of ¢* . The reciprocal is termed the mass flow factor. It is given either in units
of a reciprocal velocity or, through multiplication by a gravitational-constant con-
version factor, in units of reciprocal seconds. We shall use ¢* instead of the mass
low facter.

1.5.5. Specific Impulse - The performance parameter that is used most of all is
the specific impulse. It is defined as the ratio of the thrust to the mass flow rate,

I, = F/i . (Eq. 2-48)

However, a gravitational conversion factor is always included in the definition (the
mass {low rate is expressed as weight per second), so that the units of I g, are sec-
onds, Wc consistently omit all conversion factors from our formulas, it being
understood that conventional vnits are used. Obviously, I, can be measured on a
125l stand.

The terminology 'specific impulse’ can be justified as follows. The total impulse
delivered by the rocket motor is
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Fig. 2-9(a) Thrust coefficient as a function of area ratio for various
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where { i< the burning time. If F is censtant over the burning time, thenI = Ft, .
if the mass flow rate of propellant is constant over the burning time, then the total

mass of propellant consumed is m = mt,. Thercfore tiie ratio of the impulse to the
mass of propellant is I/m = F/m =

sp* Thus, with constant thrust and constant
mass flow raie, the specmc impulse is the 1mpulse per unit mass. By our definit-
ion (Eq. 2-48), s an instantaneous quantity that can differ from I/m for nonzero
burn.ag times 1f¥‘ and/or m vary durmg a firing. Particularly for solid propellant
rockets, it is I/m rather than I_ that is generally measured on a test stand. Never-
theless, we prefer to define I as an instantaneous quantity because it then has
greater relevance to nozzle flnw and also to vehicle performance [e.g., the I p that
appears in generalizations of Eq. 1-3 of Chapter 1 is a weighted time average of the
present I _ and differs in general from I/m], and because fewer details of motor
design need to be specified in discussing the value that 1, assumes at ne instant

of time. Since a solid-propellant rocket carries all of 1t'5 propeliant in the chamber,

the impulse itseli, as well as the specific impulse, is of importance in chamber des-
ign.

It should be clear from this discussion that large values of the specific impulse are
desirable. Since the purpose of a rocke. motor is to deliver an impulse (in order
tc increase altitude of a vehicle, acceleralc 2 missile, change or%it of a spacecraft,
etc.), the maximum value of I is desired. However, if a large propellant mass m
is required to produce this I, then much of the impulse is wasted in accelerating the
propellants. The efficiency with which a rocket motor can deliver an impuise to a
vehicle (or 'pavload') is therefore I/m. Detailed mission calculations usually show
that for optimum performance of the mission, this ratio, which equals the average

1 p should be 2 maximum (see Chapter 1).

A formula can be written for I, which is valid if the nozzle flow is isentropic and
quasi-one-dimensional, if properties are unifor:n across the exit plane, if the exit
velocity vector is parallel to the axis of the motor, if the working {luid is a one-
component ideal gas with constant heat capacities and if chamber conditions are
the same as stagnation conditions in the nozzie. The formula is the ratio of Eq.2-
43 to Eq.2-38. Of greatest interest is the form taken by this formula at design

conditions,
1/2
2y R . [l’pe (7-1)/7] Eq. 2.49)
y-1 = c P » 4q.

y

I° =
sp

where the dependence of R on the molecular weight has been exhibited explicitly (R =
R°»», R° = universal gas constant).

Equation 2-49 implies that I‘;‘, increases as p,/p. decreases, at first rapidly but

then more slowly, approaching a finite maximum value as p,./pc —90. It is seen
that this maximum value of 1°_ _ is independent of nozzle design in that it depends
only on properties of the prope\lant gases. Its dependence on T and » can be
seen to be the same as that of ¢ (Compare Eq.2-47.) This innltmg value, the
ideal specific impulse for design expansion to zero pressure, is often quoted rs a
figure of merit of propellant combinations. It is seen from Eq. 2-49 that this limi-
ting value is proportional to vy (-,/—li, proportional to T, and proportional to
1//= . Although the first of these proportionalities implies that a low value of v

is desirable and that in fact the limiting value of I°, ,—o as v —» 1, nevertheless

in the actual I"Sn this tendency is counteracted and often reversed at reasonable
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pressure ratios by the pressure-dependent factor in Eq. 2-49. The value of ¥ for
most proncllant gases lies between 1.2 and 1.3 so that changes in ¥ do not have a
very large influence on 1°;,. Propellants are chosen to produce a high chamber
temperature T (a high heat release) and a low molecular weight = of reaction
products in nr<§er to obtain the highest specific impuise. (Increasing the chamber
pressure p_ reduces dissociation thereby increasing T, and », but usually the
effect on T is greater so that 'I‘C/'m increases and I°5 ,is improved to a some-
what greater extent than the exnlicit dependence in £q. 2-49 would indicate. )

For solid propeliant rockets, specific impulses (theoretical and measured) gener-
ally lie between 170 and 320 sec.

(32

Effects of nonideality on I, will be considered later.

A performance parameter that is entireiy equivalent to the specific impulse is the
effective exhaust velocity, which is defined in the same way as the specific impulse
but without the gravitational conversion constant, so that its units are those of a
velocity. Since Eqg.2-42 shows that F/m = v, when p_ =p_, it follows that the eff-
ective exhaust velocity equals the actual exhaust velocity at design conditions.
Hence, the entire preceding discussion about I"glD is really a discussion of the ex-
haust velocity v, .  Furthermore, if chamber conditions are known then isentropic
flow tables may be used to obtain ideal values of v, and therefore of I°, /. The im-

poriance of Eqs.2-39 and 2-40 follows principally from their close connection with
the specific impulse.

Occasionally the reciprecal of the specific impulse, which i8 termed the specific
fuel consunmiption, will be mentioned in rocket design. Another parameter that is
sometimes considered is the volumetric specific impulse, which is defined as the
product of the specific impulse and the propellant density. One reason for the im-
portance of this parameter in solid-propellant rocket design is that the propellant is
carried inside the chamber, so that a lower propellant density {or a lower volumet-
ric specific impulse) would necessitate a larger high-pressure chamber and there-

fore a heavier motor case. Increasing volumetric specific :mpulse can significant -
ly decrease the chamber weight penalty.

1.5.5. Other Performance and Design Parameters - Many other parameters are
used in design and performance calculations for solid-propellant rocket vehicles.
For example, mass fractions involving the ratio of the propellant mass tc the total
vehicle mass, will appear. The L* of a motor is often discussed; this is the
ratio of the chamber volume to the throat area and is a measure of the residence
time of the propellant gases in the chamber. The ratio of port arca to throat area

for cylindrical grains often arises. All of these additior.al parzmeters will be in-
troduced later as they are needed.

2. Effects of Multicomponent, Reacting Gas Flow

2.1. Introduction

We now begin to discuss various ways in which real solid-propellant rocket systems
deviate from the ideal behavior analyzed above. Effects of the fact that the prop-
ellant gases contain more than one chemical species and can react chemically are
considered here. OGther effects are treated in subsequent sections.

2.2. Frozen or Equilibrium Isentropic Flow

A general result of thermodynamics for an N-componc~t, homogeneous system (2),
(5) is
N
Tds = dh - dp/p - ), ki, dny (Eq. 2-50)
1=1
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where n represents the number of moles of species per unit mass of the mixture,
u, denotes the chemical potential of species i, and all other symbols have L-en de-
fined previously. This implies that the derivation of Eq. 2-12 is valid only 1f :

N
Y, m,dn;=0 . (Eq. 2-51)
=1

There are two ways in which Eq. 2-51 can be satisfied. If the composition of the
system is fixed, then dn ;= 0 for all species i; under these conditions the flow is
said to be chemically frozen. On the other hand, the general x;equirement for

chemical equilibrium in a multicomponent mixture (2), (5) is Z pdng =0,

i=1
which implies that Eq. 2-51 is also satisfied for flows in chemical equilibrium.
If chemical processes occur at finite, nonzero rates in the flow, then Eq. 2-51 is
not satisfied and Eq. 2-12 is invalid. In this section we consider the two limiting
cases of frozen and equilibrium flow.

Our ultimate objective is to develop methods for calculating the exhaust velocity
v, 8ince this is directly related to the specific impulse. However, the velocity
and temperature at the nozzle throat are also of interest. The maximum wall
heat transfer rates generally occur at the throat, and therefore throat conditions
influence the proper design of the throat and the selection of throat wall materials.
We have also seen that throat conditions determine the mass flow rate, which is
an additional design parameter that must be computed.

We restrict our attention to multicomponent, reacting mixtures of ideal gases. At
the high temperatures representative of rocket exhausts, it is a very accurate app-
roximation to assume that all gases behave ideally. (However, especially for
metalized solid propellants, some liquid or solid reaction products are often pre-
sent; these require special consideration, see Section 3).

For ideal gas mixtures, the entropy per unit mass can be shown to be given (2), (5),
(9) by:

s=n$

N

where n = ; n, equals the reciprocal of the average molecular weight of the
=1

mixture, X is the mole fraction of species i, S'i is the molar entropy of pure species

i at the standard pressure of 1 atm (and is therefore a function of temperature alone,

see Eq. 2-15), R°is the universal gas constant, and the units of the pressure p

must be atmospheres. The term involving 1n X; in Eq. 2-52 is the so-called en-

tropy of mixing. The enthalpy of an ideal gas mixture (2), (5), (9) is simply:

X, - R°InX)-R°lnp{ , (Eq. 2-52)
1

o=

N
h=n ) X H, , (Eq. 2-53)

i=1

where H, is the molir enthalpy of pure species i and therefore depends only on T.
Each molar enthalpy appearing in Eq. 2-53 must inciude the enthalpy of formation
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of the specics. The equation of state of an ideal gas mixture can be written as:

p=p/nR’T. (Eq. 2-54)

a o

2.2.i. Frozen Flow - Let us consider first the case of frozen composition.. For
frozen flow, n and X, take on known constant values cerrespondingto chamber con-
ditions. When the tﬁermodynamic properties of the species are knnwn, S} ~nd H;
are known functions of the temperature, and therefore the only unknowns appearing
in Eqs. 2-52 2-54 are T and p. These three equations may therefore be substi-
tuted into Eqs. 2-8, 2-10 and 2-12, yielding three equations in three unknowns,
provided that chamber consiitions and m are known. In rocket nozzle flow calcu-
lations, generally m is no¢ known in advance; instead, the throat area A.is speci-
fied. To relate m to A and chamber conditions, we may proceed as follows.

Since we have shown that M = 1 at the throat (see Eq. 2-22), it follows that vy =

[(Gp/3p)s Jt2= The partial derivative appearing here can be evaluated by observing
that under the present conditions, Egs. 2-50 and 2-53 imply that:

N
dp/p=dh=n E X,CpydT
i=1

where C_ = dH 1/dT is the molar heat capacity of species i at temperature T, while
Eq. 2-5§ ’lmplles that :

dT/T = dp/p - do/p

Eliminating dT from these two formulas and employing Eq. 2-54 yields :

it N
(ap/ap)s = nR°T 2, X‘Cpi/(z XC - R°) ,
1=1 i=

and therefore the velocity at the throat is :

=

N o 1/2
s e D oxc, @y [ xc,m)- rY)} (Eq. 2-55)
i= i

The unknown constant m is then expressed in terms of the temperature and pres-
sure at the throat, according to the formuia :

m= (pA/0R°T) v, , (Eq. 2-56)

where use has been made of Egs. 2-8 and 2-54 and v, is given by Eq. 2-55.

Equation 2-56 relates m to A; and throat conditions. In order to relate throat con-
ditions explicitly to chamber conditions, we may note that Eqs. 2-12 and 2-52 imply:
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N
}11X1[81° (TC) -8, (T)] = R, In (p_/p) (Eq. 2-57)
1=
and that Eqs. 2-10 and 2-53 imply :
bl 2 1/2
ve{wm ¥ X[H@)-HmM]+v? | (Eq. 2-58)
i=1

It should be recognized here that heat capacity data alone are sufficient for evaluat-
ing the entropy andTenthalpy functions appearing in Egs. .?1_—57 and 2-58, since
(5

$/(T) -8,°(T)= J.* (Cp/T)AT and Hy(T ) - H(T) = [~ CdT. Evaluating

Eq. 2-58 at the throat and equating the result to Eq. 2-55 produces an equation in
which the only unknown is T;. The first step in calculating the frozen nozzle flow
is to obtain T, (by trial and error) from this equation. Then v, may be computed

from Eq.2-55, p, may be computed from Eq.2-57, and m may be computed from
Eq. 2-56.

After m has been computed, conditions at other points in the nozzle are most easily
calculated by assuming a value for the local temperature, calculating p from Eq. 2-
57, v from Eq.2-58 and A from the formula A = mnR°T/vp, implied by Eqs. 2-8 and
2-54. In particular, the exit velocity v, may be obtained for various exit pressures
P, in this manner. Thus, after calculating the throat temperature by trial and
error, all required nozzle flow parameters can be computed directly from straight-
forward algebraic formulas for chemically frozen nozzle flow.

If thermodynamic data concerning the temperature dependence of Cpjare not avail-
able for the reaction products, then for frozen flow a constant average specific heat

x

'c-:p =n) X‘Em may be introduced, and all of the simplified (one-component,
1

-
il

ideal-gas, constant-property) formulas for the pruceding section become valid. In-
deed, the restriction to constant composition rcaders the ideal gas mixture equiva-
lent to a one-component ideal gas, and effectively the only innovation that we have
introduced here is to permit the specific heat at constant pressure to be a function of

temperature. Additional complications arise for systems that maintain equilibrium
composition.

2.2.2. Equilibrium Flow - When chemical equilibrium is maintained in the mix-

ture, then it can be shown from Eq.2-51 that some number M of independent chemi-
cal equilibrium equations must be satisfied. For ideal gas mixtures, these equat-

ions (2), (5), (9) take the form

N
W -v ) - i - v
1k ik i=1
)(1 = kap

, k=1, ..., M, (Eq. 2-59)

==

i=1

where K K which is the equilibrium constant for partial pressures for the k'th re-
action, i%'a function only of temperature. The exponents v {,and v’; in Eq.2-59

.[_‘_-__-.-

b e
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represent stoichiometri< coefficients for species i appearing as a reactant and as a
product, respectively, in the k'th reaction, which can be written symbolically as :

N N
Yovik &t e) vk ot , k=1, ..., M. (Eq. 2-60)
i=1 i=

in addition to Eq.2-59, a certain number L of atom conservation equations must be
satisfied; these are linear and can be written as :

, k=1 ..., L (Eq. 2-61)

k Ay b
where v; are constants representing the number of atoms of type k in chemical
species i and Ay are constants of integration determined by the chemical composi-
tion of the reaction products in the combustion chamber. Space does not permit us
to derive and discuss the origin of these equaticns or to give specific illustrations
of their meaning; the reader is referred to standard texts for this background mat-
erial, (2), (5), (9), (11). It suffices to state that there are always exactly the
correct number of independent relationships of the type given in Egs.2-59 and 2-61
to relate each of the mole fractions X to p and T. In general, Egs.2-59 and 2-61
are difficult to solve for X.. Methods of solution are discussed in detail in Chapter 3
and also in Refs. (9) and (11); the calculations are usually done by iteration and
employ electronic computers.

After Eqs.2-59 and 2-61 are solved for X, as functions of p and T, Egs.2-52 - 2-54
may be used to obtain s, h and p as functions of p and T. In the computation, it
must be remembered that n is also a variable now; it is given by :

N

n =('Z_ X, m; )'1 , (Eq. 2-62)

i=1

where m, denotes the molecular weight of species i. A solution procedure utilizing
Egs. 2-8, 2-10and2-12in a manner analogous to that described inthe preceding secticn
can be established after the functions X;(p, T) and n(p, T) are obtained (9). For the
reason indicated below, equilibrium nozzle flow calculations are not as important

for solid-propellant rockets as they are for liquid-propeilant rockets.

2.2.3. Comparison of Performance with Equilibrium and Frozen Nozzle Flow -
The temperature of the gases entering the nozzle is usually high enough to cause a
certain amount of dissociation. If the gases remain dissociated in the nozzle flow
(frozen composition), then no additional thermal energy is released in the expansion.
However, if recombination can occur as the temperature drops in the exparsion pro-
cess (equilibrium composition), then additional ‘hermal energy is released ix: the
nozzle and is available for conversion into ordered kinetic energy. This effect
generally outweighs the derogatory influerce of recombination arising from the
associat ~d increase in the average molecular weight, so that the performance (e.g.,
I,,°) is greater for equilibrium nozzle flow than for frozen nozzle flow.

For solid-propellant rockets, values computed for I, ° with frozen and equilibrium
nozzle flow usually differ little (i.e., not by more than a few sec.). For example,
for a composite propellant employing ammonium perchlorate as an oxidizer and
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containing metalic alummum the difference between the frozen and equilibrium I,
lies between 3 and 4% for condmons under which Isp, = 250 sec.(12). (In contrast
high-performance liquid-gropellant systems can exhibit differences exceeding 10%. )
Most of the 3 to 4% difference can be traced to effects of the recombination of gas-
eous aluminum, aluminum oxides and oxygen to form solid or liquid Al O3 and thus
is related to the two-phase flow phenomena that will be considered in Section 3.
Purely gas-phase recombination processes in solid-propellant rocket nozzles pro-
duce very little difference between the frozen and equilibrium I_ °, and therefore
the difference is usually negligible for nonmetalized propellants. A consequence of
this observation is that the choice of whether to assume frozen or equilibrium nozzle
flow in motor design and performance calculations is often based on the availability
of suitable computer calculation programs.

2.3. Relaxing Flows

In general, the nozzle flow is neither chemically frozen nor in chemical equilibrium.
Under these intermediate conditions, the derivatioi. »f Eq.2-12 is invalid, see Eq.
2-50, s is not constant, and rigorous calculation of nozzle flow variables entails
solving at least one differential equation. Fortunntely, these calculations generally
are unnecessary for solid-propellant rockets because the equilibrium and frozen
flow results lie so close together. However, we shall discuss the subject briefly
because it has experienced a number of advances in recent years.

First, we remarx that when thermal energy is released in the nczzle, e.g., by re-
combmahon then throat conditions no longer correspond exactly to a Mach number
of unity with the Mach number based on the frozen sound speed a=[(@p/3p), ,

X, 171, ..., N )z .0ur previous analysis in fact implies that this "frozen Mach
numbér " 1s not unity at the throat for equilibrium flow either. For equilibrium
flow the derivation of Eq 2-22 involves the equilibrium sound speed .= (@p/3p),

X =X (®#) 1=1, .. x|, implying that the Mach number based on a,
is umty at t?:e throat, and it can be proven from thermodynamics that a_ =a; (5). If
heat release occurs at a finite rate in the nozzle (e.g., due to finite recombination
rates), then no simple Mach number criterion can be employed to define throat con-
ditions. The Mach number based on 2, is found tc pass through unity at a point
determined by the relative rates of he2® c¢lease and of area change. The geomet-
rical nozzle throat position lies upstream from the plane at which the M based on a;
is unity. A qualitative picture of the effect of finite heat release rates in nozzle
flow can be obtained by studying a one-component, constant-heat-capacity, ideal gas
that is subjected to a specified rate of heat addition (4). For very high rates of
heat addition (such as those which might occur in the nozzle of a motor whose cham-
ber is too short for the combustion reactions to reach equilibrivm) the condition M=
1 can be attained in a constant-area duct (thermal choking) or in a nozzle whcse con-
verging scction is removed (a diverging reactor). The first of these flows (con-
stant-area, diabatic flow) can be studied by utilizing the Rayleigh line (Fig.2-4) and
has been discussed in rocket texts, e.g., pp.83-86 of Ref. (9). Thermal choking
and diverging reactors can be produced experimentally with liquid-propellant rocket
motoers, but the effects of heat release in the nozzle are generally negligible for
solid-propeliant systems,

Even if conditions at the plane M = 1 are known, difficulties are encountered in
attempting to calculate the flow of a relaxing gas in the supersonic portion of the
nozzle. One might guess that a stepwise forward numerical integration of the gov-
crning differential equations would be straightforward even though laborious. How-
ever, mathematical difficuities make ordinary integration techniques inapplicable.
The problem stems from the fact that as a reaction approaches chemical equilib-
rium its forward rate becomes equal to its backward rate. In integration proced-
ures the difference between the forward and backward rates must be computed, and
the accuracy of conventional electronic cdmputers is too low to obtain a meaningful
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number for the difference. Through a great deal of effort, this proble 1 has been
solved recently by linearization techniques. Therefore, numerical calculations of
1 »laxing supersonic nozzle flows can now be performed. Pertinent literature is
cited in Ref. (13) - (24).

For most purposes, the accurate numerical calculations are not needed. The ear-
liest studies of relaxing flows aimcd only at developing criteria for equiltbrium or
frozen flow. One or the other limiting flow calculations would then be selected,
depending on which criterion was most nearly satisfied. The first studies were
rather heuristic, while later ones were somewhat more rigorous (5) (25-36).

Later, it was noticed from numerical solutions of relaxing nozzle flow problems
that often the upstream flow was nearly in equilibrium, there was a short region of
transition from equilibrium to frozen flow in the nozzle, and the downstream flow
was nearly frozen. This effect is produced by the density dependence of the rates
of reactions. Its disccvery engendered the "sudden freezing" approxima.ion for
relaxing nozzle flows, in which it is assumed that equilibrium conditions exist up-
stream from a transition plane and frozen conditions exist downstream from this
plane. The location of the sudden freezing plane in the nozzle is estimated in terms
of the forward and backward reaction rates (16), (19), (37). Although the sudden
freezing approximation provides an improvement over the approximations of entire-
ly equilibrium or entirely frozen flow, it does not permit any increase in entropy in
the flow and therefcre may be amenable to further improvem:nt. However, even
the refinement represented by sudden freezing is unnecessary in most solid-prop-
ellant rocket nozzle flow calculations.

3. Two-Phase Flow Effects

3.1. Introduction

Unlike relaxing flow effects, the influence oi two-phase flow on solid-propellant
rocket motor performance is often appreciable. Two-phase flow will occur in the
nozzle if the products of combustion contain liquid or solid materials at nozzle con-
ditions of temperature and pressure. Propellants whose constituents are compcsed
only of molecules constructed from the elements C, H, O, N, F and Cl usually have
purely gaseous combustion products, although fuel-rich solid propellants sometimes
produce solid carbon. However, if appreciable amounts of Li, Be, B, Na, Mg, Al,
Si, or K, etc., are contained in the propellant, then combustion products in con-
densed phases usually appear. The most common examples of solid propellants
producing two-phase nozzle flow are metalized systems for which the solid or liquid
metal ox‘de is an important product of combustion.

One of the principal reasons for adding metals to solid propellants is to improve
their performance by increasing the total amount of chemical heat release. Much
more energy per unit mass is liberated when typical metals combine with oxygen to
form metal oxides that when the most energetic nonmetalized solid propellants burn,
However, the heats of vaporization of the metal oxides are so high that increased
encrgy release and improved performance are achievable only if the metal oxides in
the exhaust goses exist predominantly in a condensed phase. Therefore, two-phase
nozzle flow must occur with metalized solid propellant systems for the associated
improvement in performance to be realized.

In the following section we present simplified theories of two-phase nozzle flow and
then discuss the more complex theories. The effects of two-phase flow on nozzle
design ana the few available experimental results are considered subsequently.

3.2. Theories; Effects on Performance

3.2.1. Two-Phase Flow Without Particle Lag - As the first step toward gaining

el ottt Dl
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an understanding of two-phase nozzle flow, let us treat a one-component ideal gas
with constant heat capacities containing solid or liquid particles (alco with constant
heat capacities) that flow at the same velocity as the gas (no velocity lag), maintain
the same temperature as the gas (no temperature lag), and do not exchange mass
with the gas (no condensation or vaporization). Qur objective is to genceralize the
quasi-one-dimensional, isentropic flow theory of Section 1.3.2 and to develop for -
mulas for the performance parameters.

In neglecting condensation we are treating frozen flow, an approximation the validity
of which depends on the chemical composition of the system. Lags in the tempera-
ture and velocity histories of the condensed phase behind the temperature and veloci-
ty histories of the gas ara negligible provided that the condensed particles are small
enough. However, we shall also neglect any contribution of the Brownian motion of
the particles to the pressure of the system, thereby requiring that the particles be
sufficiently large. Typically, condensed particle diameters lie in the . 1to 10-mic-
ron range, so that botn of these ~onditions are reasonably well satisfied as a first
approximation.

Overall mass, momentum and energy balances for the system are given by Egs.2-8,
2-9 and 2-10, where p must now denote the total mass per unit volume of the gas-
particle mixture and h is the total enthalpy per unit mass of the mixture. There-
fore, the results of 5ection 1 that do not depend on the use of an equation of state or
on the specification of thermodynamic properties remain valid in the two-phase
system. However, in Eq.2-13 the gas density alone must appear instead of p.

We shall let the subscript g identify properties of the gas and the ~ubscript s identify
properties of the condensed phase and we shall denote the muss flow fraction of the
condensed phase by €, so that the mass flow fraction of the gas is (1 - ¢). Since €
is a constant in the flow,

h=(01-¢€) ¢pT + € ¢, T + ceustant . (Eq.2-63)

In writing the appropriate form of Eq.2-13, it must be realized that in multiphase
{flow each component excludes the other components from the volume it occupics,
and therefore there is a difference between the mass of a component per unit total
volume of space and the mass of a component per unit volume of space available to
the component. Here we assign the subscripts g and s lo the latter definition of
density, obtaining :

e, +(1-€)p, =1/p ,

with p_ representing simply the specific gravity of the condensed material. The
equation of state for the gas, Eq.2-13, then becomes :

p=p, R,T = p(l-€)R,T (1-€pfp ;)1 , (Eq. 2-64)
in which the last factor is the ratio of the total volume to the volume occupied by the
gas. Since the value of ¢ seldom exceeds 0.3 in rocket nozzles and ps/’pg is typi-

cally of the order of 103, the last factor in Eq.2-64 seldom differs from unity by
more than 0.03% and therefore can be set equal to unity with excellent accuracy.

It will be noted from Eqs. 2-63 and 2-64, with the last factor omitted, that if we de-
fine an average specific heat at constant pressu: e ard gas constant per unit mass
for the mixture by :

Cp =(1-€)cy, + €y (Eq. 2-65)

and:




R-(1-¢)R, , (Eq. 2-66)

then we retriceve entirely the equations governing isentropic flow ¢f a one-compon-
ent ideal gas with constant heat capacities (Eqs.2-8 - 2-10, 2-13 and 2-14). There-
fore the mixture behaves in exactly the same manner as an ideal gas with the pron-
erties ¢, and R instead of ¢, and R.  All of the preceding results for ideal gases
therefore remain applicable, with this change in notation. Iu formulas invclving

the specific heat ratio, the quantity

v o [0-e)ey+ec JA[L-€)e,+ec,]- - )R]}

Eq. 2-67
=[(1-€)e,+ecs /[ -¢€)e, +€cg] i )

will appear for the mixture. Obviously, ¥ is less than the value of y for the gus-
eous constituent; as € increases, the nozzle flow tends to become more nearly
isothermal.

We need not rewrite the formulas for the performance paraineters. It is sufficient
to note that in Eqs.2-47 and 2-49 vy is to be replaced by ¥ and R and R°/m: are to be
replaced by R. The R replacement merely int.oduces a factor v1 - € in c¢* and
Isp°. The ¥ replacement introduces more complicated changes, but the overall
effect is qualitatively the same as the effoct of the R replacement for all conditions
of practical interest. Thus, ¢* andI,,° decrease as € increases at constant T. .
This implies, for example, that adding a metal to a solid propellant will increase
its performance only if the associated additional heat release can produce an in-
crease in T, that more than offsets the decrease in I,° due to the necessary in-
crease ine€ . What we have shown in this section s that the mere presence of con-
densed materials in the exhaust tends ‘o reduce performance. (In certain cases,
addition of suitable metals also increases the propellant density and decreases the
molecular weight of the gaseous products, thereby offering a few advantages in
addition to the increase in T,.. However, adding metals also increases the ioniza-
tion level in the external exhaust, which is generally undesirable.)

Another implication of the isentropic flow equations is that for € > 0 the velocity at
the nozzle throat is slightly below the velocity of sound of the gaseous constituent.
The magnitude of this effect and also of the performance decrease are not excess-
ively large; at a constant chamber temperature and pressure ratio, 1.,°, ¢* and
the throat velocity decrease by roughly 8% as € increases from 0 to 0.2,

Analyses of the type given in this section may be found in Refs. (9) and (38-42).

3.2.2. Equations of Two-Phase Flow with Particle Lags - Let us now generalize

the preceding analysis only to the extent that lags in the temperature and velocity of
the particles are allowed to occur. We retain the approximation that the condensed
phase occupies a negligible fraction of the total volume and focus our attention first
on the conservation equations for the gas phase.

According to Eq. 2-1, mags conservation for the gas phase can be expressed under
the present assumptions as

PgVgA =1y = (1 - € = constant , (Eq.2-68)

where the mass flux fraction € now differs from the mass fraction, so that formu-
las such as the last equlity in Eq. 2-64 of the previous section are no longer valid.

Equation 2-4 must now be used for momentum conservation of the ga= since a non-
zero drag term dD/dx will he produced by the drag forces that the solid narticles
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exert on the gas. The presence of this term causes the flow to be nonisentropic.
The value of dD/dx can be estimated by approximating the condensed phasec as a
collection of solid qphereb each of radius r, for which fokes' law of drag of
sphere, szu(v -v.), is applicable. We assume further that each condensed par-
ticie hs the mme velouty and temperature. These approximations are reascnable
for obtaining rough estimates of performance penalties and may Qe improved at the
expense of comrlicating the algebra. Clearly, the quantity of dD is the product of
the Stokes force per particle, the number of particles per unit veiume n_ and the
volume elemient of the flow Adx, Hence, Eq.2-4 fcr the gas phase is

m, dv, /dx + Adp/dc+ Ao, 6arp (v, - v.) = 0 . (Fa.2-69)

The equation for ¢. ~rgy conservation of the gas can be obtained from the differential

form of Eq.2-5. The rate at which the gas does work on the particles in the ele-
ment Ix is

dv - [(Ad)n | [6rru (v - v)lve) , N

which is the product of the number of particles in the element, the force per parti-
cle, and the distance per seccond over which this force acts. The rate at which heat
is added to the gas, by heat conduction from the particles, in the element dx is

di = [(Ad)n.|4re2x (T, - T,)/r] ,

where X is the thermal conductivity of the gas. For brevity of development, the
sccond factor in this equation, which is the fcrmuia for the rate of heat flow from a
~phere inan infinite stagnant atmosphere, does not contain a correction for velocity

of the gms relative to the particle.  In view of the expressions for dw and dq, the
differential form of Eq. 2-5 becomes

dT,

v
Fz—)] +a(17< A v ) + An, Brrp (v -v v, -An 47 rA (T, -T,)=0

(Eq.2-70)

In the present notation and under the present assumptions, the equation of state of
the gas is

p-n, R.T, (Cq.2-T1)

Turning now to the condensed phase, we see that its momentum and energy conser-
vation equations can be written as

Gurp {v, - v.)= (—g rrdp.) (v, dv./dx) (Eq.2-72)
and:
47 v\ (T, -’g):[(—;—lr3 rde.] (v, dT /4x) (Eq.2-73)

where p. is the specific gravity f the condensed material (so that —n r3p s i the
mass of a porticle) and ¢, is its heat capacity per unit mass. Fqua?xms 2-12 and
2-73 are merely momentum and energy balances for a single particle, as can be

seen by noting that d/dt = v.. Jx for a particle. The equation for conservation of
mass of the condensed phase is
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[ns(g 7rd,)] viA=nm =€m = constant, (Eq. 2-74)

since the quantity in square brackets onviously ecguals the mass of the condensed
phase per unit volume of the flow field.

Equations 2-68 - 2-74 comprise seven equations for the seven unknowns T, , T,,
v,, V., p,, N, and either p or A. For a given nozzle shape, A(x) is specified and
p?x) is unknown, but analyses can often be simplified while yielding the required
information by treating A(x) as an unknown and specifying p(x).

Equations 2-72 - 2-74 can be substituted into Eq.2-70 in order to obtain an overall
energy conservation equation that can be expressed in ar integrated form, viz.,

m, (¢, T, +v2/2) +m, (c,T, +vs%/2) = constant (Eq. 2-175)

This integrated energy equation would have been obtained directiy had we chosen to
derive conservation equations for the two-phase mixture instead of for the gas. Thus
there are essentially three first-order ordinary differential equations and four alge-
braic equations in the governing set. In general, numerical integration of the three
differential equations is necessary in obtaining solutions, but for the limits of either
smail or large lags most of the analysis can be done analytically. Criteria for
small particle lags and large particle lags are discussed next. Theories for large

lag and small lag limits are then considered and finally, calculations for intermed-
iate values of T are reviewed.

3.2.3. Dimensionless Lag Parameter 7 - It can be seen from Eq.2-72, for ex-

ample, that the characteristic time required for velocity equilibration is approxi-
mately :

fon = Gg nrd3p)/(6mrp). (Eq. 2-76)

In order to estimate the extent of the velocity lag, this time can be compared with
a representative residence time of a particle in the nozzle,

tres = Lfa, (Eq.2-77)

where L is a characteristic length of the nozzle and the representative speed has
been set equal to the sound velocity a for the gas (Eq. 2-16). As a rough approxi-
mation, L might be set equal to the nozzle length; a better approximation would be
L = A/dA/dx, since it is the rate of change of conditions in the nozzle that produces
the lag. The dimensionless lag parameter :

T = tye1/thos = 2rep, a/9ulL (Eq. 2-78)

provides an indication of the magnitude of the velocity lag in the nozzie. U 7<<

I
the iag will be small, (v,-v, )/v. << 1. I T >> 1, the lag will be large, (v, - v.)/
v, >>1

An analogous lag parameter for temperature can be defined by introducing a charac-
teristic time for temperature equilibration,obtained {rom Eq.2-73 in the same man-
ner that Eq.2-75 is obtained from Eq.2-72. With the heat transfer formula that we
have employed, the only change in Eq.2-78 is that o is replaced by 2X /3c,. Since
the ratio 3c i ,2) is generally of the order of unity, we may conclude that the para-
meter T defined in Eq.2-78 provides a reasonable indication of the magnitude of
both veloeity [(v,-v.)/v, ] and temperature ((r, - T,)/T,] lags.
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In many respects, the small lag and large lag limits are analogous to near -equilib-
rium and near-frozen flows of a chemically reacting gas. For example, we saw in
Section 3.2.1 that whern lags are negligible the flow is isentropic. Occasionally we

shall refer to the small-lag and large-lag limits as 'equilibrium' and 'frozen’ con-
ditions, respectively.

The manner in which the lag is influenced by properties of the particles and the gas
may be inferred from Eq.2-78. Thus, it is apparent that a small particle radius r,
low specific gravity p, of the condensed material, a high ratio of the coefficient of
viscosity to the sound speed (u /a) for the gas, and a large characteristic nozzle di-
mension L, all favor small lags. The condition 7 = 1 may be taken as a vei y rough
indication of where lag effects begin to become significant. With the representative
values p, = 1 gm/cm3and 4.5u/a = 10-8 gm/cm2, we obtain 12 = L x 10-8 c¢m as
the critical condition, which at the typical length L = 1 ft, yieldsr = 6 x 10-4cm as
the critical particle radius. Thus, lags are expected to be large if r exceeds about
10 microns and small if r is less than about 1 micron.

3.2.4. Large Lag Limit 7 >>1 - The first approximation to the solution of the
flow equations in the small lag limit, 7 <1, was given in Section 3.2.1. The
cerresponding approximation for the large lag limit may be obtained by assuming
that v, and T are both known constants throughout the nozzle.

We may first note that the substitution of Eqs.2-72 and 2-74 into Eq. 2-69 yields
i, dv, /dx + A dp/dx + 1 dv, /dx = 0 (Eq.2-179)

as a general result. It then follows from Eqs.2-68, 2-71, 2-75 and 2-79 that when
v, and T are constants, the gas obeys a set of equat ons whlch are identical to
those that describe 1sent10p1c nozzle flow of an ideil gas with constant heat capaci-
ties. Well-known algebraic equations may therefore be used to calculate the x
dependence of gas pr operties in this extreme case. In particular, the velocity of
the gas at the nozzle exit, v,., is given directly by Eq. 2-40 {with (¥/Y-1)R T, =

fconstant - ', (¢, T, + v, 2’ )]/m,, in which the constant is the same one that
appears in Eq.2- 75}

The specific impulse with two-phase flow for expansion to the design exit pressure
ii given in general by the formula

S(1-€)v,. + €v, , (Eq. 2-80)

v,.and v are the gas and condensed-phase velocities at the nozzle exit.

9. In the limiting case currently under discussion (v, = constant), the value
is the same as the value of the p'lrth]C velocity at the nozzle entrance, and
there, .re v SR It follows tha* I ~ (1-¢€)v o in this case. Smce we
have found that unaor present condltlon“ v o is the exhaust velocity for isentropic
nozzlg flow of a purely gaseous workmg flmd, we may conclude that the presence

of condensed materials causes I° , to decrease approximately in proportior to

- =i the large lag limit. This performance penalty is an:reciably greater
than the penalty (~ v 1 - ¢) that is paid in the absencc of lag phnomena (e. g. , there
is now 1 207 reduction in I_L,, tor € =0.2). Propellant combinations producing
two-phase nozzle flow are therefore unlikely to lead to improved performance un-

less the pariicle sizes of the condensed phases in the exhaust gases can be kept be-
low abeut 10 microns.

Analyses permitting large temperature lag but no velocity iag, and vice versa, show
that the degradation in performance is due primarily to the velocity lag. U T, =
but v, = corstant, then 1%, is still approximately proportional to (1 - € ), while on
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the other hand if T, = constant but vy = v, then I‘;p is approximately proportional
to v1 -€, which is a relatively small penalty. We shall nct give details of the
reasoning by which these conclucinns are drawn, becausc for realistic values of the

physical parameters temperature and velocity lags are generally of the same order
of magnitude.

Techniques can be devised for perturbing about the limit in which v, = constant and
T = constant. One approach is to substitute the large lag limiting results lidenti-
ficd by superscripi (0)] into the left-hand sides of Eqs.2-72 and 2-73, to calcuilate

improved [superscript (1)] approximations for v, and T, by integrating these two
equations, i.e.,

vV w-v, @ {ay, Qw-v, Qv @y avr Ea.28)

and

7, V-1, f (4T, Q) - 7. OYrv, O} @0 /3uc ax/L

(Eq. 2-82)
and then to use these results in Eqs.2-68, 2-T71, 2-75 and 2-79 for calculating im-
proved approximations for gas flow variables such as v, ()(x). Other '1pproaches
can also be used. Resulis of the perturbations often show that the value of I3, is
smaller for "near-frozen” conditions than it is in the limit of frozen flow, because
the decrease of v,,, produced by purticle drag outweighs the correspondmg increase
of v, in Eq.2-80. Wc shal! not discuss these perturbation techniques further be-

cause performance in the near-frozen limit is too poor for the analyses to be of
much practical importance.

3.2.5. Small Lag Limit 7 <~ 1 - Since the two-phase nozzle flows of practical
utility must always lie near the small 7 limit, it is of interest to attempt to expand
the equations about the equilibrium solution of Section 3.2.1. Such an expansion
can be made formally by expressing each variable as a power seriesin 7. If f de-
notes any flow variable, we would write f = £0) + 1(V 74 . , where £(0) is the sol-
ution given in Section 3.2.1. This type of expansion, through the term f(l), has
been carried out by Rannie (43) and Marble (44), (45). Treating p(x) as a specified
function and 7 as constant throughout the nozzle, these authors have derived a for-
mula for [, that requires only the evaluation of an integral from nozzle entrance to
exit conditions cf.a function of p(x) and its first derivative (dp/dx). The develop-
ment is a little too lengthy to present here; the final formula is

’

(0)
L, -1, W—W— 3uc ] .
: © ; (60)2 fpc (;-1)M(°>”J [j’m(r’,‘—z-] dp

2
o 2T

(Eq. 2-83)
where L is the length of the nozzle,

@-175

37 )

M0

is the Mach number in equlllbnum flow (Section 2.3.2.1), I (©) is the value of I;

as obtain.d fur equilib. i'm flow, and c,, y and Tare defmecrm Eqs. 2-65, 2-67 and
2-18 respectively. The subscnpls ¢ and ¢ refer to exit and chamber condmons the
latter assumed to be a stagnation state. Equation 2-83 gives a correction factor for
IZ“ that is proportional to the product € 7.

a
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3.2.6. Numerical Calculations for Intermediate Values of T - The two-phase flow
equations for arbitrar, values of 7 have been programmed for electronic computer
solutici by authors who report their work in Refs. (46-51), (102). Numerical diffi-
cvlties arise in the vicinity of the throat when A(x) is specified instead of p(x); each
group of authors developed their own procedures for circumventing the difficulties.
Typical results show substantial performance losses for particle diameters above 2
microns, as illustrated in Fig.2-10, (52).

We note here that the results of many numerical calculations can be correlated by
the formula :

15, =Vee ©{1-¢€a /1 +a2(r1r2)1/4/r] },
where r, is the throat radius, r, is the radius of curvature of the nozzle at the thr-
oat, r is again the particle radius, and a; and a, are constants whose values are in-
dependent of the values of r, r;, r, and €. Previously unmentioned dependences
emphasized by this formula are that I;p increases when either r, or r, is decreas-
ed. The dimensional group r/(r,r,) ¥% appears here and is relate& to the result
that for many nozzle geometries most of the loss is determined by conditions in the
vicinity of the throat.

3.2.7. Influence of Phenomena neglected in the Theary of Section 3.2.2. - If the
differential equations are to be solved numerically, then little additional work is in-
volved in permitting the properties of the gas and condensed phase to depend on tem-
perature. Some of the computer programs referenced above do permit tempera-
ture-dependent properties and also variable gas composition to a limited extent. No
new general trends are uncovered in this manner. To be accurate, a distribution in
particle sizes should also be inciuded. The formalism for this is also easy to in-
corporate in computer programs (48), but seldom is size distribution data available.
Equations that include losses by heat transfer and viscous dissipation in the gas and
buoyancy forces on the particles have also been presentea (53).

Two-dimensicnal flow effects may be of importance in gas-particle systems because
particles can slip across the gas streamlines. Calculation of these effecis is diffi-
cult. Characteristic methods have been developed for two-“imensional supersonic
gas-particle flows, but starting data downstream from the sonic plane are difficult
to obtain and introduce uncertainties in the results (48). Darticle trajectories can
be calculated in prescribed two-dimensional gas flows, but this entails neglecting
the effects of the particles on the gas flow (51). This last study indicates that par-
ticles often tend to accumulate near the axis of the nozzle.

Sonie particles may impinge on the wall of the nozzle. The effects of impingement
are largely a topic of speculation. Impingement may cause nozzle erosion or may
cause deposits to form on the nozzle. A substantial amount of deposition is usually
observed with aluminized solid propellants. The consequent changes in geometry
modify nozzle performance, and properties of deposited materials as well as the
impingement process itself influence the wall friction and wall heat transfer losses,
usually increasing both (52), see Section 4. 4.

The presence of particles in the flow may also introduce significant radiative heat
transfer effects (52).

The assumption of no particle growth by condensation or agglomeration in the nozzle
is open to some question. Apparently, two-phase nozzle flow theories accounting
for these phenomena have not been developed. To account for condensation on par-
ticles formed in the combustion chamber would be relatively straightforward, but
the basic physical understanding necessary in accounting for nucleation and agglom-
eration is not available yet (54). The difference between equilibrium and frozen
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Fig. 2-10 Effect of particle lag on specific impulse, from Ref. (52).

Fig. 2-11 Comparison of optimum nozzle contour with that of conventional
nozzle*> (p./pe = 59.6).
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gas-condensed phase reactions in rozzle flow typically amounts to 3 tc 4%in I °
for metalized propellants (12), so estimates of conditions under which each limiting
chemical behavior prevails are worth obtaining. The interactions of these pheno-
mena with the loss mechanisms analyzed in Sections 3.2.1 to 3. 2.6 may be negli-
gibly small.

Collisions between particles irn the gas may conceivably introduce additional effects
on :_ ° by giving rise to interparticle heat and momentum transier and perhaps by
producing agglomeration. These effects are expected to be significant at relatively
high particle concentrations. Recent work has increased our understanding of the
dynamics of particie-particle collisions in gases (55-64). It does not appear that
this work has been applied to two-phase nozzle flow performance calculations.

3.3. Effects on Nozzle Design

Since impingement of particles on nozzle walls often degrades performance, the
designer of nozzles for two-phase flow is motivated to attempt to minimize the
amount of impingement. This dictates that curvature of the walls toward the axis
should be avoided. It also implies that large curvatures away from the axis should
be avoided, because such curvatures can give the particles radial velocities that
enibie them to reach the wall farther downstream. In general, wall curvature
should be small except near the exit plane, where large curvatures away from the
axis are permissible. These observat.ons imply that conical nozzles are better
adapted to small rates of deposition in two-phase flow than are the bell-shaped
nozzles (see Section 5) contoured for optimum ideal-gas performance.

The theory of Section 3.2.5 has been extended to obtain predictions of optimum nozz-
le contours for minimum particle lag losses in nozzles. of prescribed mass flow,
length, and exit pressure or exit area (45). The optimum contours tend to have a
very long throat and an outward flare at the exit, (see Fig.2-11). Both of these
characteristics are undesirable from the viewpoint of heat transfer and flow diver-
gence losses. Furthermore, although the velocity and temperature lags in the
throat region were reduced to about 1/3 of those for a conventioial nozzle, the spe-
cific impulse loss due to particle laz for the optimum nozzle was only about 30% less
than that of a conventional nozzle (45). Therefore, contouring nozzles to reduce
particle lag losses does not appear to be appealing. Since the particle lag losse.
for conical nozzles do not differ much from those for bell-shaped nozzles (see Fig.
2-10), lag losses alone are not influenced significantly by reasonable variations in
nczzle design. Deposition and erosion phenomena are the primary two-phase flow
effects that should be considered in nozzle design.

It may be worthwhile to state here explicitly that lag losses as weil as deposition
and erosior~ depend appreciably on the shape of the subsonic, converging porticn of
the nozzle. It has also been implied by the preceeding development that two-phase
flow losses are more severe for small nozzles than for large nozzles.

3. 4. Experimental Results
Relatively few experimental results have been published on two-phase nozzle flow. !

Aluminum oxide particle sizes and some size distributions have been measured for

various aluminized propellants (65) - (68). Most of the measurements, including a '
detailed study of the dependence of particle size on chamber pressure, (67), have

been made on strand burners and presumably correspond to conditions existing in

the combustion chamber. Some measurements of sizes of narticles collected from

rocket exhausts alse have been reported, (65), (66), (68). Tnere is Ssome indication

that particles ir the exhaust are larger than in the chamber, (65, (68). Mean (num-

ber-weighted averuge) particle diameters appear to lie between 1 and 2 microns in
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the chamber, (65), (67), and between 1 and 4 microns after passing through the
nozzle, (65), (66), (68). There are some uncertainties and disagreements in the
published data.

Experimental measurements of velocity and temperature lags are much more ait{i-
cult to obtain. Velocity lags in rough agreement with theory were inferred from
particle number density measurements by Carlson, (103). A traming carnera

was used to measure particle velocities in order to obtain velocity lags i:. Ref. (69).
Spectroscopic techniques were employed in measuring particle and gas temperatures
in Ref. (70); the sodium D line was used for the gas temperature and prticle emis-
sion for the particle temperature. The experimental velocity and temrperature lags
obtained in Refs. (69) and (70) are in agreement with theoretical calculations, within
experimental accuracy. The accuracies of both experiments were quite low. The
temperature lag measurements are somewhat simpler to perform than direct veloc-
ity lag measurements. New photographic techniques for velocity lag measurements
are under development; see Fulmer and Wirtz, (104), who obtained indications

on the basis of streak photography that the hypothesis of a constant ratio of lag
velocity to gas velocity overestimates the velocity lag.

Results of thrust meacurements for many rocket firings are, of course, available.
Effects of two-phase flow on performance can be extracted from some of these
measurements by carefully accounting for all loss mechanisms. A number of re-
sults of this type are shown, for example, in Ref. {48), where theoretical and ex-
perimental specific impulses are found to agree, within experimental uncertainty
Also, examination of nozzles aft >~ firing yields information on the extent of de-
position or erosion.

Finally, we note that the presence of particles in the gas modifies the structure of
the external exhaust flow (considered in Section 5. 4) downstream from the nozzle

exit. Experimental measurements and theoretical correlations are available for
those effects (71).

4. Nozzle Heat Transfer

4.1. Introduction

Since the temperature of the gases passing through the nozzle generally exceeds the
melting point of the nozzle wall material, it is evident that heat must be transferred
from the hot gases to the cooler walls. The nozzle walls therefore cause the flow
to be nonadiahatic (as well as nonisentropic due to wall friction, see Section 5). The

nonadiabaticity affects the nozzle performance, and the heat transfer profoundly in-
fluences nozzle design.

The way that performance is affected by heat transfer to the wall can be inferred
from Eq.2-7. If the total heat energy per second absorbed by the walls is , then
Eq.2-7 implies that the stagnation enthalpy per unit mass of the gas at the exit plane
will be reduced by an amount q /m. Since the specific impulse I,,° is proportional
to v, which, inturn is the square root of twice the kinetic energy per unit mass at
the exit plane, it follows that Isp° is reduced approximately by the fractional amount:
(Al /1,7 = 1= (1= /il 02 ) 2
where Igp" is the specific impulse in the absence of wall heat transfer. Typically,
wall heat transfer reduces I_QP° by 2%, s0 the effect on performance is not large.

However, the effect on nozzle design is important and is the principal topic that we
shall consider in the rest of this section.

The basis of neat transfer theory is covered in textbooks (72), (73), and introduct-
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jons to its application to rocket nozzle design are presented in Refs. (9) and (10). A
recent comprehensive review of heat transfer in rocket nozzles is presented in Ref.
(74). In view of the existence of this wealth of material, we shall . eat the subject
only briefly and shall recommend Ref. (74) to the reader who is interested in a thor-
ough development.

Must of the gas flowing past any tiven cross section of the nozzle has relatively uni-
form temperature and velocity. However, in a thin region adjacent to the wall, the
gas temperature drops appreciably and its velocity also decreases, approaching
zero at the wall. The processes occurring in this thin region, termed the boundary
layer, govern the skin friction losses (see Section 5. 2) and the rate of heat transfer
to the wall. The velocity and temperature profiles in the boundary layer usually
correspond to steady-state, turbulent motion, so that steac'-state, turbulent bound-
ary layer relations can be cmployed to calculate the skin friction and heat transfer
rate. On the other hand, the heat conduction processes occurring in the wall of the
nozzle of a solid-propellant rocket are almost always unsteady, because nozzles of
solid-propellant rockets are generally uncooled. (Liquid-propellant rocket motors
usually have a ready source of liquid coolant in one or both of the liquid propellants,
so that the nozzle wall can be made relatively thin, conducive to establishing steady
temperature profiles. But for solid rockets, coolants are seldom available, and
the running times are usually short enough for nozzlestobe made of uncooled heat-
sink materials that are capable of maintaining their strength as their & erage tem-
perature increases during the entire auration of a firing.) Unsteady heat conduct-
ion n the wall is discusseu in the following section, Next, steady-state boundary-
layer heat transfer in the gas is considered. Finally, a few special heat transfer

phenomena and design concepts that are peculiar to solid-propellant rockets wili be
mentioned.

4.2. Unsteady Heat Conduction in Uncooled Nozzle Walls
The equation describing unsteady hcal conduction in a solid is :
ps ¢, aT/at = v. (, VT) , (Eq. 2-84)

where p ., c_ and\ ; are the specific gravity, specific heat and thermal conductivity,
respectively, for the solid material, T is temperature, t is time, V denctes the
{vector) gradient operator and V- is the divergence. Equation 2-84 is valid even if
the properties\. and c, are functions of temperature. Initial conditions and bound-
ary conditions must be specified before one can attempt to obtain the solution to Eq.
2-84. The initial condition is T = Tg = constant at t = 0, where Ty is the initial
temperature of the noz:le material. The boundary condition at the internal surface
of thewallis -Ax n* V T =q fort> 0, where p is a unit vector normal to the sur-
face, pointing into the wall, and q is the heat flux from the gas to the wall (see¢ Sect-
ion 4.3 for formulas for q). A boundary condition must also be specified at the ex-
ternal surface ol ihe nozzie wall material; this boundary cendition depends on what
is adjacent to the external surface. Sometimes the insulated wall conditionpn * vV T
= 0 is applicable there, but frequently the firing time is short enough for the external
surface to be heated to a negligible extent, so that the temperature distribution dur-
ing firing is insensitive to the boundary condition at the external surface (and the
nozzle wall can be approximated as a seiui-infinite sclid).

The three-dimensioral form of Eq.2-84 is difficu't to solve. Usually symmetry
about the axis of the nozzle enables us to conclude that the solution will be independ-
ent of the azimuthal coordinate in a cylindrical coordinate system, and Eq. 2-84 re-
duces to

p.c. AT/2t = 3/3x(A 2T/ax) + (1/r)2/3s (e, AT/3r) (Eq. 2-85)
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where x and r are the axial and radial coordinates, respectively. Trouble is cven
encountered in solving Eq. 2-85, but finite-difference approximations to the equat-
ions have been programmed for computer solution. Essentially, the nozzle wall
can be thought of as being broken into a finite number of isothermal elements that
trangfer heat among each other at rates dependent upon the sizes and relative tem-
peratures of adjacent elements. Nowadays, unsteady heat conduction calcula..ons
for real nozzles are practically always carried out by means of one-dimensiocnal
time-dependent or two-dimensional time-dependent computer programs. The basis
of one such program is described Ref.{9). Accurate calculations of this type, for
values of q and material properties corresponding to nozzle design, are importan.t
because they cefermine the weight of nozzle material needed for protection against
nozzle failure. We might note that a short firing time, cool propellant gases, a
high specific heat of the wall material, good high-temperature strength properties
of the wall material, a low thermal conductivity of the nozzle material near thc hot
gas surface (to reduce the rate of heat influx), and 2 high thermal conductivity of the
nozzle material elsewhere (to reduce thermal stresses and to distribute the he.t
through a larger volume, improving the overall capacity to absorb heat) all tend to
reduce the weight of an uncooled nozzle.

’

PSRV VR

4.3. Steady-State, Turbulent Heat Transfer Through the Boundary Layer 1

In the theory of convective heat .ransfer, the energy per unit wall area per second

tzansferred to the wall is always expressed as : r
~
q=hah , (Eq. 2-86)
where h is a heat transfer coefficient (or conductance) and Ah is a driving force or ‘r

potential for heat transfer. For low-speed flow of a one-component ideal g»s with
constant heat capacities and thermal conductivity, Ah is set equal to the difierence
between the temperature of the gas outside the boundary layer (the "free-stream™
static temperature) and the temperature of the surface of the wall. For high-speed
flow of a one-component ideal gas with constant properties, Ah may be set equnl to
the differernce between the free stream stagnation temperature and the wall tempera-
ture; however, as a refinement in this case, Ah is often set equal to the difference
between the adiabatic wall temperature and the wall surface temperature, where the
adiabatic wall temperature equals the free stream static temperature plus the pro-
duct of a 'recovery factor' with the difference between the stagnation and static free
stream temperatures. The recovery factor can be obtained experimentally by
measuring lhe surface temperature of an adiapatic (insulated) wall, or it can be
calculated by means of a fluid dynamical analysis of boundary-layer flow; its value
is fhund to depend on the Prandtl number Pr (Pr =pn cp/)\ ; W =viscosity, A =

the mal conductivity) of the gas. For one-component gases with variable proper-
ties there is some question as to the proper choice of Ah, and a2 number of addition-
al questions arise for multicomponent, reacting gas mixtures witn variable proper-
ties. It has been found that one reasonable definition of Ah in the latter case is the
difference between the values of the total stagnation enthalpy per unit mass of the
gas mixture (the sum of the thermal and chemical enthalpies per unit mass and the
kinetic energy per unit mass) in the free stream and in the gas immediately adjac-
ent to the surface of the wall. However, sometimes a recovery factor for kinetic
energy and also a recovery factor for chemical enthalpy are inserted into the defi-
nition of Ak, but these factors have not been determined very well either experimen-
tally or theoretically. As a relatively simple and convenient definition for general
use, we recommend here :

Ah = hsOg -ho. , (Eq.2-87)

where hgq is the total (thermal plus chemical) stagnation enthalpy, the subscript g
identifies free-stream conditiors, and the subscript w identifies conditions of the
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gas at the surface of the wall., Estimates indicate that for solid-propellant rocket
nozzles, heat transfer rates computed on the basis of this definition will differ by
less than 30% from those com: ited on the basis of more complex definitions.

Having chosen At we allow Eq.2-86 to define the heat transfer coefficient,:l;, and
we employ theoretical and experimental heat transfer resuits fo calculate h from the
cquation. in nozzle design, one then employs thege da.a for h in Eq.2-86 in order
to calculate the heat t. 1sfer rate. The data for h are conveniently represented in
nondimensional form by introducing the Nusselt number, defined as :

N
Nu =h ¢, D/x (Eq.2-88)

where ¢, and \ correspond to free-stream gas properties, and D is a characteris-
tic length. The value of D is taken to be the local diameter of thc nozzle, some
other characteristic length of the nozzle, or a thickness of the boundary layer, de-
pending on the geometry of the system. Theory and experiment yield expressions
for the Nusselt number as a function of the Reynolds number, Mach number, Prandtl
number, Schmidt numbers Sc (ratios of kinematic viscosity to diffusion coefficients)
and other dimensionless parameters characterizing the thermochemical aid trans-
port properties of the gas. At present, the best expression to uge for Nu in rocket
nozzle heat transfer calcuiations for conventional nozzles appears to be, (74),

Nu = 0.0346 Re®-8Pr 7/15 (2f /1)0)-1/\“”(1)0/1))-1/20("?/'1*)-0-6 , (Eq.2-89)

where the Nusselt number Nu and the Reynolds number Re are based on the local
diameter D, the quantity Dy is the value of D at the entrance to the nozzle, 1 is the
length of the combustion chamber, and T is 2 mean temperature in the boundary
layer, which is usually taken to be the arithmetic mean of the free stream and wall
temperatures, T = (T + T, )/2. The density, viscosity, specific heat and thermal
conductivity that appear in Nu, Re and Pr are to be evaluated for a gas at the same
pressure and chemical composition as the free stream but at the mean temperature
T. Equation 2-89 differs from earlier formulas in the presence of the terms in-
volving £ and Dg, which are intended to account in an approximate way for the non-
zero thickness _f the boundary layer at the entrance to the nozzle. The local rate
of heat transier to the wall of a rocket nozzle is calculated by using first Eq.2-89,
then Eq.2-88, next Eq.2-87, and finally Eq.2-86. The reader may infer from
these equations the manner in which the heat transfer coefficient depends on various
design parameters.

In order to carry out the calculation of q, values of the thermodynamic and trans-
port properties of the gas must be found (9), (74).

Somet’ 1es property data are difficult to evaluate, especially at the mean tempera-
ture T. In such cases, the simplified formula :

Nu = 0.023 Re?.8 (Eq. 2-90)

is recommended in place of Eq.2-89, where now the properties appearing in both
Nu and Re are to be evaluated at local free stream conditions. Equation 2-930 is
especially suitable for uncooled solid-propellant rocket nozzles since it represents
a correlation of measurements made on such a solid-propellant system (75).

We should perhaps emphasize that the theoretical basis of Eq.2-89 (and, of course,
also Eq.2-90) is tenuous. The boundary layer in a rocket nozzle is very difficult
to understand theoretically. Some of the complicating factors are secondary flows
and oscillations in the chamber, a variable-area duct, an accelerating free siream
wi*h a rapid axial rate of decrease of pressure, a chemically reacting boundary-
layer flow that possibly attains neither chemical equilibriam nor frozen conditicas
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and instead is influenced by the rates of chemical reactions, diffusion of chemical
species to the wall where additional exothermic chemical rate processes may occur,
and, of course, turbulence. Equations 2-8% - 2-89 represent an attempt to account
for all of these effects us well as possible. In view of the difficulties involved, the
attempt has been rather successful, as judged from agreement between calculations
and most experiments. At present, the primary justification for Egs.2-86 - 2-90
is empirical.

A comparison of theoretical calculations of the wall heat flux with cxperiment for a
liquid-propellant rocket inotor burning nitrogen tetroxide and hydrazine is shown in
Fig.2-12. The work was done by Welsh and Witte and the figure is taken from Ref.
(74). Theory and experiment are best compared for liquid-propellant rocvets be-
cause the experimental daia available for liquid propellant svstems are much more
extensive than for solid-propellant rocket nozzles. The analytical curve shown was
calculated on the basis of aa older equation for Nu than Eq.2-89. (although more
comglete than Fq. 2-90), bu’ the differences in the values of Nu given by Eq. 2-89
and the older equarion are qiite small. Theory and experiment are seen to agree
quite well in. Fig. 2-12. However, the case shown represents about the closest
agreement obtainable between predictions and measurements; discrepancies of the
order of 507) in q are not uncommon.

Figure 2-12 shows that the wall heat flux attains a rather sharp n.aximum either at
the throat or just upstream frcm the throat. This is a characteristic of all rocket
nozzles. The boundary layer Hecones very thin and the heat transfer coefficient
becomes very high in the vicinity of the throat. A consequence is that the prcblem
of nozzle wall muterial design for withstanding the heat load is cruciul in the vicinity
of the throat.

4.4. Additional Heat Transfer Considerations

A number of ideas have been used for solving tne problem of heat protection of the
converging and throat sections of the nozzle. One suggestion is to make the down-
stream end of the propellant grain out of 1 material that gasifies at a low tempera-
ture and cai “nthe the nozzle wall in & cool gas. Another is to make the nozzle wall
itself of an ablative material, gcnerally composed of glassy and organic substances
(e.g., pherolic nylon), which gasifies and carries away the heat primarily in the gas
phase instead of transferring it to the solid. This last method is useful upstream
from the throat, but were it to be used at the throat it would cause the throat area to
increase with time, leading to undesirable variations in perf¢rmance. If either of
these methods are employed, the problem of calculating the rate of heat transfer in-
to the wall is modified, since the formulas given earlier wiil not be valid. Instcad,
the heat transfer rate is obtained from an ablation temperature, a heat of ablation,
and an ablation rate which can be calculated by using a formalism resembling that
for heat transfer (5).

An alternative to a gasifying material is an insulating liner fer the nozzle wall. Cer-
amic throat inserts such as graphite, silicon carbide, silicon nitride, and refract-
ory metal oxides (e.g., zirconia and .nagnesia) have been employed. Pyrolytic
graphite, which has a high thermal conductivity in one direction but a very low
thermal conductivity (an order of magnitude lower) normal to this direction, is an
appealing material for distributing the heat load in an acceptable fashion. Re-
fractory metals such as molybdeaum and tungsten have also been used successfully
in uncooled nozzle throats. If a thin insulating solid material is used on the inner
surface of the nozzle wall, ther the overall heat transfer coefficient h'T for transfer
of heat from the gas to the main nozzle materiai, defined with a driving potential
equa! to the difference between the free-stream gas temperature and the surface
temperature of the main nozzle material, is given approximatcly by :
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Vhe = /e i+ 50 /0y (Eq.2-91)
where b is the thickness of the insulating material and A, is its thermal conducti-
vity. Equation 2-91 can be used to calculate the reduction in heat transfer rate
caused by a thin ins.latinz liner. An example of a multilayer nozzle design is
b v Tirw 9 192

Additional complications ariso in heat transfer calculations for propellanis (cuch as
metalized systems) that produce condensed materials in their combustion products.
At present, we do not know how to modify Egqs.2-26 - 2-90 to account for two-phase
fiow, so the two-phase system is treated as a gao 1n calculating heat transfer co-
efficients. However, if deposilion of the condensed material occurs on the nozzle
surface, then it is essential that the presence of the deposits be considered in com-
puting the heat transfer rate. 1f the thickness of the -eposit loyer and its thermal
conductivity can be estimated, then Eq.2-91 can be u. dto calculate the effective
(overall) heat transfer coefficient. It has been shown evrerimentally that alumini-
zed propeliants can deposit a layer of liquid alumina on .. entire surface of a
nozzle wall, (75). The alurnina acts as an insulator, substantially reducing the rate
of heat transfer. Agreement between measured anc caicula.  (using Eq.2-90 for
Nu) heat transfer rates was obtained only after Eq.2-91 was used to account for the
thermal resistance of the alumina. Incidentally, in the teats of Ref. (75), experi-
mental heac transfer rates were much higher than th.oretical rates tor both alumin-
1zed and nonaluminized propeliants in the converging section of the nczzle, but Eq.
2-91 still brought the experimental results for aluminized and nonaluminized sys-
tems into agreement with each other (but nol with theory) in this section.

For two-phase nozzle flows in sufficient] r large motors, heat transfer from the
propellant gases to the nozzle wall by means of radiation may begin to become an
impertant mechanism. Methods for calculating radiative heat transfer rates are
available (9), (72), but the calculations are diffic: 't to perform. Fer uncooled
nozzles of large expans.on ratios, radiative heat icss from the inner surface of the
nozzle may become an impertant cooling mechanism. The rate of this type of
radiative heat trarsfer is relatively easy to calculate; the energy loss per unit area
per second isf «_ o T, where [ is a geometrical factor, € ; is the surface cmiss-
ivity, T _ is the surface temperature and ¢ is the Stephan-Boltzmann constant [0.57
x 16711 walts,/cm2 °K1).

5. Discussions of Other Deviations from IGeality

5.1. Influence or Non-Cne-Dimensional Flow on Noz=le Performance and Design

Two-dimensional flow phenomena were considered in Sectior: 1. 4.4, We shall now
discuss the effcct of isentropic non-cne-dimensional flow inside the nozzle on per-
formuance and design. If we cxclude the possibility of sc me swirl at the nozzle en-
trance, then the steady, isentrovic flow will be axially s,mmetrical, and the meth-
od of characteristies can be 'myloyed to cnlculate the su; -conic flow field in a
nozzle of specified geormetry (4). The transonic flow field in the vicinmty of the
throat must, of course, be known in order to begin characteristics calculations. In
addition to providing the supersonic starting conditions for the method of character-
istics, axialiy symimetrical, transonic fiow calculations give the shape of the sonic
li;zie and a non-one-dimensional flow correction (a éccrease, generally of less than
1) in the nozzle mass flow rate.  We do not cover this material herc. For a
very recent presentation, the ~eader may consult (106). This reference thoroughly
covers supersoaic characteristics calealatinns as well as the transonic regime. It
also treats {wo-phase flow and thrust-vector control at length.  For conical nozzles
with moderate or large expansion ratios, the calculations show that the streamlines
at the oxit diverce approximately radially . s if they had originated at a point source
in three dimensions.  This divergence reduces the axial component of the thrust,
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as we shall now demonstrate, (9), (10).

As a conlrol surface, we adopt a segment of the surface of a sphere whose center is
located at the effective origin of the puint source. The radius of the sphere is

chosen so that its surface intersccts the expansion cone of the nozzle at the nozzle
exit.

The thrust F° for the design exit pressure can be calculated by integrating
the axial compenent of the momentum flux over the segment of the spherical surface
buunded by the circle proscribed by the exit of the nozzle cone. If a is the angle
between the nozzle axis and a line from the center of the sphere to an arbitrary

point on the surface of the sphere, then the mass flow rate through a ring about the
axis of angular extent d a at angle « is

dm = n.v. @m R, sin o) (R da) ,

where R, is the radius of the sphere. Interms of the half-angle of the expansion
cone «,, the total mass flow ratc across the control surface is :

a
. " ® R
m =21 R “p, V, f sin ada ,

and the exit area of the nozzle (in a plane perpendicular to the nozzle axis) is A, =
7 R2 sin®@,. The axial component of momentum flux through the ring at angle a
is (v, cos a)dm, and therefore the axial thrust (the integral of the axial momentum
flux over the control surface) is

a
e
F'=21R2p.v2 | i
= 21 R po Vo i cos a sin a da

Evaluating the integrals appearing in the expressions for m and F°, we find that :

’

F° =m v, (1 +cos a,)/2 (Fq.2-92)
Hence, the specific impulse I, ° is reduced by a factor (1 + cos a_),2 because of
the divergence of the nozzle expansion cone. For the representative expansion
angle @, = 15°) the correcction factor is 0,983, which is near unity.

If a high expansion ratio (exit area over throat ai :a) is required, a 15° conical noz-
zle becomes very long and excessively heavy. Increasing the nozzle cone angle
would decrease the length and weight of the nozzle, but the divergence loss begins to
become appreciable as a, is increased above 15°. A solution to this dilemma is
provided by contoured nozzles. A nozzle shaped like a bell, with a divergence half-
angle that varies continuously from about 35° at the throat to perhaps 10° al the exit,
can be designed by thc method uf characteristics to give very low divergence losses
at the exit and also be shorter and lighter than a conical nozzle. In principle, con-
touring can eliminate divergence losses entirely, but this usually requires a long
nozzle for which weight and wall friction (Section 5.2) losses are large.

It is pcssible to formulate variational problems for optimizing nozzle thrust, within
the framework of the theory of characteristics. Rao developed such an analysis for
de.ermining the nozzle contour that produces maximum nozzle thrust, for prescribed
values of the ambient pressure, the length of the nozzle divergent section, and the
curvature of the nozzle at the thrcat, (76), (77). The optimum contour often leads
to flows whose properties are quite nonuniform across the exit plane. However, an
optimized nozzle can produce the same thrust as a conical nozzle 10%to 25% longer

(9).
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We might mention that contoured nozzles are more rifficult to manufacture than
simple conical nozzles. Representative simple nozzle designs employ a conical
convergent section with a half-angle of 30° to 45°, 2 toroidal throat section with
torous radius about twice the throat radius, and a conical divergent section with a

half -angle of about 15°. Nozzle performance is not ereatly scasitive to nozzle
design, (9).

5.2. Boundary Layer Growth

In addition to controlling the heat transfer rate, the boundary layer on the wall of
the nozzle affects performance directly by exerting a frictional drag on the flow.
The effect of the wall drag on the flow can be included in the poverning equations by
introducing a friction factor f, as shown in the derivation of Eq.2-4. Wall friction,
per se does not affect the approximation of adiabaticity, but it does cause the flow
to become nonisentropic. However, the effect is quite small for most nozzles (so
long as detachment does not occur, see Section 5. 3); it becomes important only for
rockets requiring large area ratios (and therefore relatively long nozzles).

In accounting for frictional effects, local wall friction coefficients must be estima-
ted. Since the boundary layer flow is generally turbulent, one inight zmnloy the
empirical fully-developed turbulent pipe flow formvla :

£=5.5x10"3[1+ (2 x 10! k/D + 106 /Re) /3]

locally as a first rough approuximation if data for a better estimatc arc nef aviilable.
Here Re is based ou the local diameter D and on free-stream gas pruperties, and k
(which has the same units as D) is the average roughness (protrusion height) of the
wall. If the displacement thickness 0 of the boundnry layer can be estimated, then
it is better to use a flat-plate formula, such as :

f=0.18Rey /",
which is valid for a smooth wall, and in which the Reynolds number Reg is based on
free stream properties and on the local thickness of the boundary layer. Improve-
ments of this result (e.g., curves accounting for roughness) may be found in Ref.
(78). In all of these results, effects of free stream Mach number and of the strong
accelerating pressure gradient are neglected; too few cxperimert ' ~nd theoretica’
results on turbulent boundary layers are available yot to enable one to account for
these additional effccts with a reasonable degree of assurance. In using a {o. mula
involving &, one may be guided by the general observation that 6 decreases in the

contraction section, reaches a minimum in the vicinity of the threcat, and then begins
to increase in the divergent section (74).

One rough approxi.aation for the downstream part of the nozzle is & =0.004 times
the axial distance to the throat. There is some indication that the thin throat boun-
dary layer, combined with the favorable pressure gradient and the bigh cooling rate
{dp/dx -Z 0 and heat transfer from the gas to the wall tend o delay transition from
laminar to turbulent flow) may tend to “damp out” much of the turbuience in the vic-
inity of the throat, producin:a small region where the boundary layer exhibits some

features of a lamirar boundary layer, (74). 1If so, the friction factor there may be
smaller than predicted by the preceding formulas.

Refined designs of contoured nozzles involve caiculating the displacement thickness
of the boundary layeir and adjusting the wall contour accordingly. The r¢ - ‘ting
correction; for the nozzle throat area (and therefore for the nozz!le mass ilow rate)
are usually negligibly small. The area correction is largest at the nozzi#» exit,
where it may be of the order of 3%.
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In order to calculate the effect of wall friction on nozzle performance parameters on
the basis of quasi-one-dimension... theory we may note that friction produces an in-
crease in entropy given by the formula

X

As = ‘Io (f v2 /2DT) dx

’

which can be derived from Eqgs.2-4, 2-8, 2-10 and 2-11. For a one-component,
ideal gas with constant heat capacities, t*s change in entropy causes the stagnation
pressure to decrease according to the formula :

. - A8/R
Ps/Peg = € :

but it does not affect the stagnation temperature. The derivations of Eqs. 2-43 and
2-45 indicate that the thrust coefficient for the design exit pressure will be decreas-
ed by roughly this same factor. The consequent penalty in Cg is typically of the
order of 1%, increases with increasing area ratio, and seldom ever exceeds 5%

5.3. Jet Detachment

When quasi-one-dimensional nozzle flow calculaticn implies that a normal shock
should sit somewhere in the diverging section of the nozzle, the reai nozzle flow
seldom exhibits a single normal shock. The pressure rises very steeply through a
shock wave, and this strong, unfavorable (dp/dx > 0) pressure gradient tends to de-
stabilize the boundary-layer flow, causing it to separate frora the wall of the nozzle.
The ambient pressure can "leak up" the separated boundary layer, causing the pre-
ssure just downstream from the shock wave to be approximately ambient. This
converts the normal shock wave into an oblique shock wave. The overall result is
that the nozzle operates in almost the same way as a nozzle of a smaller area ratio,
still slightly overexpanded but not overexpanded to the extent implied by the quasi-
one -dimensional theory for the original nozzle. This jet-detachment phenomenon
is illusirated in Fig.2-14 and is also discussed (9), (79-82).

The incation of the separation point in the nozzle can be estimated from the experi-
menta! observations that the ambient pressure is about 2.5 to 3.5 times the press-
ure un the wall just upstream from the origin of the oblique shock that triggers the
separation.  The presence of solid particles in the flow has been observed to re-
duce this pressure ratio to perhaps 1.7. For a nozzle of fixed geometry, as the
ambient pressure increases the separation point moves farther upstream Jeaving
irore of the downstream part of the nozzle as useless excess weight. The location
of the separaticn point is a smooth function of ambiert pressure for conical nozzles
< 1 easonable divergence angles, but for bell-shaped nozzles the separation point
depends strongly on ambient pressure when conditions are such that separatien
occurs near the exit of the nozzle. This strong dependence has been observed to
lead to oscillations in the location of the separation point, thus implying that a div-
ergence hall-angle exceeding about 10° is desirable for maintaining steady over-
expanded flow patterns. The nature of the flow pattern that develops as the separa-
tion point upproaches the throat of the nozzle is still in question.

Jet detachment influences the off -design performance of the nozzle and the rate of
heat transfer to the nozzle wall. The modification in performance parameters is
easily obtained by employing the appropriate formulas of Section 1.3 - 1.5 to cal-
culate the performance parameters of the given nozzle, 2nd then employing the
appropriate formulas of the same sections to calculate the pe rmance parameters
of a truncated nozzle (truncated at a point where the pressure 15 roughly 1/3 of am-
bient pressure). The truacated nozzle is found to have a higher thrust, so jet de-
tachment improves performance. Usually, it also causes the wall heat transfer
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rate (o decrecase somewhat in the region downstream from the point of separation.
In contoured nozzles, the onset of detachment is usually found to occur at higher
ambient pressures than in conical nuzzles, so that conical nozzles tend to exhibit
better low-altitude, off-design performance than contoured nozzles.

The efiects of et detachment must be kept in ™ind in deciding whether to use a
nozzle with & contour optimized for a particular aititude or a simple conical nozzle.

4. talerzetion of the External Exhaust Jet with its Surroundings

A number of nonideal effects of the external exhaust jet flow deserve to be men-
tionexd,

First, we note that flow of the ambient atmosphere around a moving vehicle may
interact with the ealaust jet. This may influence both drag and thrust through sep-
aration effects. (Appreciably underexpanded exhaust jets tend to cause the boun-

dary layer on the exierns! surface of the vehicle to separate, thereby reducing skin
fricfion drag.)

Secondly we note that when the jet bocomes appreciably underexpanded (as all jets do
a° sufficiently high altitudes}, the ideal jet pattern shown in Fig.2-6b is no longer
attained. Instead, the jet bouandaiy blooms neariy radially outward from the lip of
ihe nozzle exit (il can move forward on the exterior side of the nozzle at sufficiently
ivw ambient pressures), an obligue shock wave develops inside the jet boundary, and
sme distance downsizeam this shock wave intersects an oblique shock that extends
o ihe tel boundary and a near!y sormal shock that crosses the jet axis at right ang-

This pattern, which is illustrated schematically in Fig.2-15, may be repeated
with semo modifications) turther downstream. Cur present rather detailed know-

{ the character of this {low pattern was obtained in studies reported in Refs.

. 83-RE;, slitoagh general featuves of the pattern were known much earlier (9).

¢red pattern is governed alniost entirely by inviscid phenomena and is in-
omewhat by ambient flow past the jet (resulting from movement of the

«h ihe atmnospbere).  Thecretical caiculadcns Cusploying the method of
tics huve reproduced the pattern shown, and simple analytical approxi-
ist {or gross parametecs such as the axial distance from the exit plane to
the act ol shock.,  The fluid dynamics of single exhaust plumes are therefore
reascnably weil vnderstood. On the other hand, for multi-engine vehicles, the
fiuld 1w in the exhaust region is poorly understood, and even for single plumes the
chemicsl Kinetic crocesses that produce regions of luminosity, ionization, and app-
reciable radian! enevgy emission are not well understood.

fluenceg
mcior i3
characte;
mations

i o

Solid -progcilest rockets usualiy have highly luminous exhaust plumes that prevent
one fromn

1 obsorving the detaijed wave patterns (such as those: shown in Fig.2-7).
This is prriicidarly ivee for metalized systems, which exhibit high rates of emission
of radizri vneryy. Melalized solid propellants also produce greatly increasi:delectron
densities 1w the exhaust plume (becanuze exhaust temperatures are higher and metals
ionize cas=ilyi. These special characieristics have pras tical consequences, see below,

One «of ihe grimary proctical etfects of the external exhaust flow is to produce heat
transfer to thoe externzi surfaces of the rocket vehicle and to its surroundings. Con-
vective, sonductive and radiative heat transfer processes each play a role here.
Which mechunizm is deminant in transferring heat to the base of the vehicle and to
other surfaces depends on base geometry, ambient pressure, and other conditions.
It is therefure Dropractical to allempt to present general results for rates of heat
transfer to exicrual surfaces; each case must be considered individually.

Extermii exhaust plume structure 1lso determines where the combustion products

’
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will be deposited. This infermation is of practical interest if any of the products
of combustion are toxic.

Ionization in rocket exhausts can block radio communications with the vehicle by
reflecing and abscrbing electromagnetic waves. These interference phenomena
can be calculated relatively easily if the spatial and temporal distributions of elec-
tron dersity in the piume, including the statistics of turbulent electron density fluc-
tuations, are known. The aim of research on communications interference is
therefore to obtain electron density distributions.

Finally, the ionization and spectral light °mission characteristics of rocket plumes

may cnable an observer to identify properties of the rocket vehicle, prcpuisien

system, or propellant composition. It is therefore of interest to attenipt to reduce 1
these observables.

6. Thrust Vector Control
6.1. Introduction

The term 'thrust vector conirol' refers to methods for varying the direction of the
thrust vector of a rocket mator for purposes of controlling the flight path of a rock-
ct-propelled vehicle. Thr:e separate classes of methods (aside from the use of
multiple rocket motors) are available for varying {primarily) the direction of the
thrust vector of a rocket motor. These are mounting the motor on gimbals so that
the motor as a whole can turn, employing mechanical control surfaces <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>