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THERMAL CONDUCTIVITY OF SUPERCONDUCTORS
INTRODUCT i ON

The discovery of electrical superconductivity in 1911 triggered
experiments designed to determine whether the phenomenon occurs in heat
transport, The first results! showed that instead of thermal super-
conductivity, the heat conduction in the superconducting state was lower
than in the normal state, Slince, in metals, in the normal state, ‘the
conductivity is composed of the electronic component plus the lattice
component, it may be written as

+ : - N
"n = ue!,n *oh,n ° B (M 7 -

In the superconductive state, we may write

Mg & ”e!,s & "ph,s * o : (2)

Here the subscript n stands for the normal state, s for the superconducting
state, e/ for the electronic contribution to the thermal conductivity, and ph
the lattice contribution, Since the ''suoerelectrons' which carry the re-
sistanceless current in a superconductor cannot be expected to carry the
thermal current, n would be expected to be smaller than n % Likewise,
since the supereleE{POns move without friction against the lag€l2e, they pre-
sumably do not contribute to the scattering of the lattice waves, hence » o
might be expected to be larger than x Therefore, since the heat isP
carried only by that fraction of the E?égtrons which are still normal and by
the lattice component, Mg would be expected to be smaller than x_, because
the lattice contribution™is small in both states, Qualitatively, thic ex-
plains the results, . '

A complete understanding of the thermal conductivity in superconductors
can only be achieved as a consequence of a detailed microscopic theory of
superconductivity, The thermodynanmic and electrodynamic behavior of super-
conductors has led to a working hypothesis which has been remarkably success-
ful in a rough interpretation of the observed effects, although, in its crude
form, It cannot have any physical significance, This is the two=fluid model
in which the electron fluid is regarded as a completely interpenetrating mix=
ture of a normal and a superconductive constituent,

The Two-Fluid Model

The two-fluid model does not explain the phenomena of superconductivity
but is a convenient scheme for their description, It ‘assumes® that a frac-
tion (1=X) of ti2 Fermi surface is modified; the electrons on the surface
condense into & lower state, |t also assumes that the electrons in those
modi fied regions cannot be thermally excited, though the fraction of .the Fermi
surface thus affected is & function of temperature and increases with decreas=
ing temperature, .The superconductive regions can be oriented so as to yield
a supercurrent, it has been shown experimentally thst the decrease in total
entropy is & result of the growth of the superconductive concentration and
that, in fact, the entropy of this constituent is zero at all temperatures

1
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below the critical temperature T.. Since the superconductive regions con-
tribute zero to the entropy, there being no thermai excitation, the Thomson
coefficient for supercurrents is zero, and the entropy is less than it would
be In the normal state, Similarly, the electronic thermai conductivity is
reduced, since only the normal fraction of the Fermi surface contributes
toward it, Such conclusions led to the postulate that there Is an energy gap
in the electrun spectrum of the metal® which is roughly coincident with the
Fermi energy, The Bardeen, Cooper, Schrieffer (BCS) theory® and some experi-
mental data’ seem to favor such & model, On the other hand, the lattice
component of thermal conductivity is enhanced, since the fattice waves can
only be scattered by the ejectrons on the normal fraction of the Fermi surface,
Another explanation is that in the superconducting state the jattice thermai
conductivity is increased rejative to that in the normal state because the i
anergy gap in the ejactroric spectrum ieads to an increase in the reiaxation
time for phonons, The energy gap confers on the metai an aspect which is not
too different from that of a dielectric crystal,® Owing to the smail size of
the gap, this behavior can not be seen except at very iow temperatures, This
feature of superconductivity (dielectric-1ike behavior) becomes very convince
ing In the heat conduction, However, because of the smaiiness of the lattice
term, the electronic contribution (though rapl!dly falling) will dominate the
thermal conductivity just below Tc.

Assume*,® that the modification of the superconducting fraction of the

Fermi surface has associated with it a latent heat; thus the Helmboltz free
energy, usuaily of the form

Fumaei/2yT3, (3)
is now modified to
Fuoe1/2y1yT2 - (1-4y8 , (4)

The first term Is the contribution from the normel region, the second term
Is the contribution from the superconducting region, y and 8 are constants
characteristic of their respective regions, The latter term Is due to the
latent heat since there is no continuum of states avallabie for thermal ex-
citation, The condition

gives x as a function of T, it is not possibie to assume simply A = 1,

as it would be in the absence of interaction between the n- and s- regions,
since this wouid not generaily satisfy(5).1f one takes A = 1/2, the observed
thermodynamic properties zre approximately reproduced, i,e,

x = (y2/48)7 = (T/T )¢, (6)

where Tc s the transition temperature, for which y = 1, The specific
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heat per unit volume is
c = T (_sz/de:) = 3‘_/(T3/Tca)o (7)

but the specific heat due to the thermal excitaticn of the electrons in the
normal reglon is

Cn = - T(d”F/de)x = Y(Ta/Tca), (8?

is ascribed to the change of energy as electrons
f.e. from being in an s-region to being In an n-reglon,

The difference C -~ C
change thelr phase,

The thermal conductlvity of normal metals can be written
n=1/3Cv "’ (9)

where

(]
L}

vT (10)

is the electronic specific heat, v is the velocity of electrons of Fermi
energy (assumed isotropic) and

()

= vy

is the effective electron mean-free-path, The two-fluid model has been
applied!® to the thermal conductivity: the electronic thermal conductivity
in the superconducting state differs from that in the normal state because C
and possibly / are altered., For C we should now use C_, because we are con-
cerned with the transport of energy by electrons which Pemain normal when
passing along a temperature gradient, rather than with a change of energy

due to a change of phase, Thus,
2(» a
Mer s/ %eq,n = (/T /2 ). (12)

It should be noted that if we had used the C defined by (7) instead of C
defined by (8) to calculate w_, , there would have been a discontinuity

at the transition temperatureeihsthe curve of v , vs T, similar to that ob-
served for the specific heat, because is(Tc) mug% equal fn(Tc).

The behavior of °_requires some assumption; ° could differ from 2
because, when an electfon is scattered from a state’in the n=region, thefle
are fewer final states available to it, since the states in the s-region
are modified, The ratio *_/” should depend on the mechanism of scattering,
It was suggested’® that fof s@attering by static imperfections

‘s-2 ’,n/(|+x) (13)

o
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so that £_ > £,, This form wouid be appropriate if scattering were Isotropic
and If a Fraction x/2 of the possibie finai states were biocked by eiectrons
in the s-states, Thus, if the thermal resistance Is mainly due to static im-
perfections, the fractional change of the conductivlity, on passing from the
normal to the superconducting state is

fu wo,nNo,s - "o,s/"o,n - Z(T/TC)B/; + (T/Tc) e, (14)

Conslder now the case where the thermai resistance is mainiy due to
lattice waves: at iow temperatures an electron, interacting with a phonon,
does not change its '"horizontal" position on the Fermi surface (from a po-
sitlon or region of large concentration to that of a lower one) by a jarge
amount (see reference 1l p,9 and Fig, 1), It thus appears that an ejectron
in the n-region wiil, in the majority of cases, remain in the n-region after

an interaction, so that ‘s = £ , Hence the change in the ideai (intrinsic)
thermal resistance 4

9= W Moo=y Iy = (TT)2 (15)

It would hardiy be expected that (14) and (i5) would give the temperature
dependence of the ratlos f and g exactly, aithough one wouid expect these
equations to glve at least a quaiitative description of their variation, We
shaii see iater that this is so for (14) but not for (iS).

The two-fluid model, in the expiicit form given above, reproduces the
thermodynamic properties oniy at temperatures above about T _/2; at jower
temperatures, the specific heat decreases exponentiaiiy with decreasing tem-
perature, and In view of (9) one would expect to behave simiiarly, it
should be noted that at T , the superconductiveeﬁégt conductivity x_ breaks
away from x_, The changecmay be sudden or gradual, Fig, i, but no>discon~
tinuity in % is observed at T_ even though this effect has been carefully
investigated,® However, at TS there is a discontinuity in the specific heat,
Fig., 2.12 This jump is of ma§nitude

Cez's w i,b3y Tc (16)

[compare with equation (10)], Measurement of y provides direct information
about N(E_), the density of states at the Fermi levei, At lower temperatures

the energy gap A(T) tends to dominate the specific heat, but a simple formula
fike

ce"s ~ exp(=a(T)/T) (7
is not adequate, until A reaches its limiting value Ao’ which is expressed
Aozsi.765Tc (18)

where A is the value of the energy gap at T = 0 and k is the Boitzmann
constant,
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Since the electrons In the superconductlve region of the Ferml surface
cannot be thermally excited Into a continuum of states, it follows that
fattice waves can be scattered only by the electrons of the normal region,
and not by those of the superconductive regions of the Ferml surface, Thus,

W, /W

g,/ 0 0= (WT)° (19)

E,n

where W_ is the thermal reslstance due to the conduction electrons, and if
. " h Is §Imited by the interactlon with conductlon electrons

”ph,s

Mo n = VX (20)

However, the lattice resistance due to phonon-phonon interactlons should be

unchanged by the transition from the normal to the superconducting state, It

can thus be seen that x < i but » >y so that, depending on
¢ ) » ’ ’

the circumstances, L mSy'Be ei%‘ép smalle?hég Iarggfnthan oo

— el

The ratio of electronic thermal conductivities in the superconducting and
normal states u_, /i has been difficult for superconductive theory to
explain, When fmparlﬁé'QCattering is dominant, the BCS theory® predlcts®®
that this ratio should be a universal function of T/T_, Independent of the
particular element measured, The expresslon is complfcated but 1t 1s a very H
similar functlon to, and its values are close to, those of the Helsenberg~

o ot et i .

Koppe formulal®»!* i
¥ 2 4 7 H
“ez,s/"ez,n - 2(T/Tc) /I + (T/Tc) Fcf equation (14)1, (21)
§ Both expressions agree with experiment, and they have zero slope at T =T , 4 '
f The temperature dependence of "s/“n is shown in Fig, 3, However, a radicglly A
i different behavior is observed in metais like iead, mercury, and indium, !
I where T_occurs in the phonon scattering region of Fig, 4a,!® In these

Ry

element§ previous workers have found that x p /n_, falls from T as rapidly
f as (T/T).1® The BCS prediction for this r&4t8n Ts*Bompletely at Yariance
with th& observatlons,!?

i

As can be seen from Fig, 3, #_ should become extremely small at suf-
ficlently low temperatures, However, only the electronic component of thermal
conductlvity has been considered in these calculations,” This Is by far the
dominant mechanism for a pure metal in the normal state, But, it should be
remembered that thls Is oniy the case because phonon conductlon In metals is
inhlbited owing to the extremely effective scattering of phonons by the free
electrons,'?,:7,*® The removal, on cooling, of a progressively Increasing
fraction of the electron lluid from the thermal distribution in the super-
conductive state not only decreases the heat conduction by electrons but also
decreases the scattering of phonons by them, Accordingly, phonon conductlon !
in the metal will become the domlnant process at sufficlently low temperatures, ;
Its behavior, then, will be closely analogous to that of a dielectric crystal, .

|
r
:




Thus, at some temperature below T_, x_/x_must become larger than the
functlon of Fig., 3, So far, no theorefical aQtempt has been made to determline
this temperature; however, experimental data suggest that it will be below
0.4 T_ in the case of a pure metal, At sufficiently low temperatures, phonon

¢ mean-free-gaths are limited by the size of the crystal’®:2° and by its surface
roughness,¥°:3! resulting in a mean-free-path independent of temperature, Al-
so, below the Debye temperature, 8., phonon velocities are roughly constant
and the lattice specific heat varlgs as T%, Thus, the thermal conductivity
should become proportional to T2, In the case of good single crystals, the
factor of proportionality depending on the diameter!® of the specimen since
the only relevant process wlll be scatter of phonons on the walls of the
specimen, Thus a size effect in the heat conductlvity of a superconductor
is expected, Moreover, n_, which is chiefly 1Imited by scatter of electrons .
on point-imperfections at higher values of T/T_ must become less sensitlve to
these at lower temperatures, since their scattﬁring cross sectlon is smell
for phonons, Instead, " must be strongly influenced by extended lattice
faults,

WA T R TR T

| g The relative importance of conduction by phonons will be shifted to high=
er reduced temperatures as the impurity content of the specimen rises, For

i | very impure specimens which have a low electronic conduction in the normal

state, one can expect values of »_ which approach or even exceed those of x_,

The explanation of the inversion 3f the u_/x_ ratio in the case of alloys

is thus provided by a combination of deprgssgd electron and enhanced phonon

conduction. The correctness of this model is borne out, at least qualita-

tively, by experiments,® Even so, it must be regarded as surprising that,

in some cases, for example in & lead alloy with 10% bismuth, a rapid rise of

ng occurs already at Tc.

The opposite case is given by a pure metal with an intrinsically high

electrical conductivity, such as aluminum, in which the residual heat con-

+ duction due to the normal electrons will remain the dominant factor in x

i even at the lowest temperatures in spite of an enhanced phonon conductivity,

In such cases one should expect a close adherence to the semi-empirical

formula (f-function), particularly when, as in aluminum, T_ is well below the

maximum in the thermal conductivity, €

The Electronic Thermal Conductivity of Superconductors with
Strong Electron-Phonon Coupling

Experiments on thc strong elemental superconductors lead and mercury
indicate that the efectronic thermal conductivity of these materials differs
markedly from that of typical weak superconductors like tin or indium, For
| lead and mercury®,?? the ratio, us/u , of the thermal conductivity in the
| superconducting and normal states wh8n plotted against the reduced temperature
| T/T_ shows a steep positive slope of about 5 near T = T, For tin?* and

ingfum,as on the other hand, the experiments yieid a sm&ller slope of about
1.6,

——

A theory of the electronic thermal conductivity of superconductors, based
on the quasiparticie approximation and the Boltzmann equation approach of
Bardeen, Rickayzen, and Tewordt,!® has been carried through previously,2®

SR v : a : ' : - L
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The results ohtalned are in substantial agreement with the data on tin and
indium, The lack of agreement of this theory and the data on iead is not
surprising since, as shown In the work of Schrieffer et 21,?” the strong
electron-phonon coupling causes the quasiparticie picture to be quite meaning-
less over much of the energy spectrum,

It therefore seemed reasonabie to apply Schrieffer's theory, which was
used in explaining tunneling characteristics, to dlscuss the ejectronic
thermal conductivity of strong superconductors wlthout recourse to the quasi-
particie approximation,?® The starting point for thls theory is the Kubo
form:la in which the thermal conductlvity 1s expressed In terms of the cor-
relation functlon of two heat current operators,?® This Is first examined in
the Hartree-Fock approximation in the Nambu®® space, It Is shown that in the
Eliashberg®! approximatlon of neglecting the momentum dependence of the elec-
tronic self=-energy, the calculation of the thermal conductivity is reduced to
a quadrature, involving however the complex energy gap and renormalization
functions which are solutions of the Eliashberg gap equations at finite tem-
peratures, These expressions are too compilcated to be reproduced here but
the reader is referred to the original paper (reference 28) for more details,
The problem was also consldered in the ladder approximation in the Mambu
space, A generalized Boltzmann equation was derived which Includes corrections
to the Hartree-Fock approximation corresponding to the replacement of the scat=
tering by the transport cross-section, This treatment shows that the standard
Boltzmann equation for superconducting quasi-particies is obtained In the weak-
coupling limit,

The thermal conductivity of pure superconducting lead has been considered
to be anomalous for many years,”® The experimental results are summarized in
Fig, 5. As was mentioned above, the curve of i /i _vs T/T_for typical weak=
coupling superconductors tin and indium has a smalf limitiﬁg siope of about
1.5, 1In the case of the strong=coupling superconductors, lead and mercury,
the decrease in the thermai conductivity is steeper, i,e, the iimiting siope
for lead is about 9,2?

The strong-coupling superconductors are characterized by large ejectron-
phonon matrix elements, and by peaks at low energies in the density of phonon
states in which the electrons are coupled, These distingulshing character-
istics have unambiguously been shown to be responsible for the anomaigusly
large values in lead and mercury of the ratio of the energy gap at 0 K to the
critical temperature, and for the anomalous thermodvnamic propertles of these
metals,? |t has often been speculated that the smaller thermal conductivity
of these strong=-coupling superconductors is another consequence of their un-
usual electron-phonon interactions, It was not clear, heretofore, how this
explains the great reduction in thermal conductivity,

The calculation is based on the foregoing theory,”® and the general
theory is supplemented by a specific model™' for the phonon spectrum and the
electron-phonon coupling constants in lead, The phonon spectrum used is
shown in Fig, 6, it is found that even near the critical temperature, long-
lived, particle-like excitations exist for the energies important in thermal
conduction, in this quasiparticle limit, the general formuia obtained in
referenc; 28 (equation 2,17) reduces to (neglecting the effect of scattering-
in terms

e T .
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ng = A/ ! dw wlo® A, T) J%/Z,rs(w.T). (22)
a, (a,,7)
where
A = N(0) Vi/24m Kk (23)

with N(0) the density of states at the Fermi surface for one spin, Ve
the Fermi velocity, w the anguiar frequency of the phonons, A, (w,T)

the real part of the Eilashberg gap function®®+31 7 the renormaiization
function, T (w,T) the quasiparticle lifetime which is related to the
parameters 8f the Ellashberg theory according to2"b.®"

wZ,T(w) = 2Z3(w? - 3,%) - 24,822, , (24)

k Is Boltzmann's constant, and T the absolute temperature, Equation (22)

has the same general form as is obtained from a phenomenoiogical Boltzmann
equation,!?»282@8 Byt , there is an Important difference because the virtua}
effects of phonons in causing the superconducting transition have not been
approximated by a model potential, but have been treated in the same way

as the real transitions which scatter quasiparticles, As a8 result, the farge

value of the energy gap (in units of k Tc), is in principle and practice
contained in (22),

In order to bring out the physical origins of the large iimiting slope
of the reduced thermal conductivity of iead (x_/x vs T/T ), it is helpful
to have a formai expression for this slope, Stch"an exprgsslon foliows at
once from (22), The thermal conductivity in the normal state Is obtained
from this equation by setting A equai to zero. Forming the ratio » /% and
taking the derivative at the critical temperature, one obtains 5

d/dt(x /n ) = - 1/23 * (24,7 /3t)!
t=1

&
.-" dw 7""(m,Tc) sech? |/23cw/ f dw(f—:cw)" -T-""(m,Tc)
(o] (o]

sech? 1/28 w+ [dw o T (w,T ) sech? 1/23 w/>¢
o

!nr?; (w,T)/ ?S(w'T)]t-I/ g dw o T2 (a7 )
sech?® 1728 w (25)

where 3 = 1/kT, t = T/T_, T= Z,T, and the temperature derivative of A,a is
taken outside the integ?atIOn because it is essentially constant in the
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relevant region of w, The following three factors appear to be responsible
for the large slope in lead as cointrasted with weak-coupling materials:

1. Tne larger value of the ratio 24(0)/k T_ (4,3 for lead as opposed to 3.5
for materials well described by the BCS thedry) has as its corollary a larger
value of the slope = 3/3t(" :7)! (14,1 for lead, 9.1 for mcterials follow=
ing BCS), The more rapid ogeningfup of the enerqy gap in lead means physical-
Iy that the heat carrvin; quasiparticles are more rapidly frozen out, This is
the most obvious cause o tne rediced thermal conductivity, but, talen by jt-
self, it does not suffice ‘o explain the large effect, 2, The quasiparticle
lifetime == decreases more rapidly with frequency in lead than in weak=coup-
ling materials, This effect has its origln in the small density of low-fre-
quency phonons in lead, The ratio of integrals multiplying 3/3t(5,)” in (25)
is the larger the more rapidly r~! decreases with frequency, In loose physi=
cal terms one can say that in all materials, the advent of the energy gap
suppresses the carriers that are most weakly damped, and are thus most ef-
ficient in carrying energy, This theory indicates that in lead this supres=
sion is particularly effective, For the ratio of integrals mentloned, a value
of about 1,1 is found, For the model of Debye phonons and ''jellium' matrix
elements worked out by 'l'e\»tordt,""’b the ratio is about 0,5, 3, The ratio

=~ (x,T)/ " (w,T) decreases for lead when T decreases below T_ so that the

13st ratio’of integrals in (25) is positive, The sign of thfs term appears

to be connected with the coierence faciors which go into a calculation of the
relaxation rate for a auasiparticle in a superconductor, In this model, the
dominant relaxation process is one in which two quasiparticle excitations
annihilate, emitting a phonon, Tihis is labeled process 2 in Fig, 7, This
gives a positive sign, The othier two kinds of processes, labeled | and 2

in Fig, 7, scattering of cuasiparticles with phonon emission and absorption,
give the opposite sign, The value for this term "the last ratio of inteqrals
in (25)] is calculated to be 3,5. ‘lorking backwards from the final slope
obtained in reference 26b, it can be concluded that for the model used in this
reference, the ratio is negative and apnroximately -0,9,

Although no one of the three factors discussed is large enough to account
for the effect, talken together ti oy change the slope 1,6 obtained in Te-
wordt's”"? model to the large value Il, In Towordt's model the virtual pro=-
cesses are accounted for by the BCS rode!l and the real processes by a Debye
spectrum of longitudinal phonons coupled to the electrons hy ''ielljum' matrix
elements,

The modei, although containing the effects discussed above, has certain
weaknesses, The absolute value of the therrmal conductivitv at the critical
temperature has approximately the correct value, At lower temperatures, how=
ever, the complete absence oi low-requency phonons will result in the thermal
conductivity in the normal state rot approaching the T™® increase of the Bloch
theory, but instead, increasing exponentially, In spite of such weaknesses,
the basic conclusions of this thecory appear sound,

This theory is based on a previous theory " which was motivated by a

“Note in Fig. 6 that there are no longitudinal phonons below 7 meV and no
phonons whatever below 2,15 meV(milli=-electron volts),
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feeling that the quasiparticle approximation, in the sense of lifetimes being
smal] compared to excitation energies, might break down for thermai conduc-
tlvity in lead, The present theory indicates that no such breakdown occurs,
However, the virtual effects of high energy phonons are important for thermal
conductivity, These are consistently treated by the previous theory?® and not
by a phenomenological Boltzmann equation, The results are in falr agreement
with experiment,

The difference in behavior between the strong-coupling and the weak-
coupling superconductors is clearly apparent from Fig, 1; the x_ curve depart-
ing from »_ abruptly in the case of lead and gradually in the case of tin,
It can als8 be seen that the transition temperature T _, for lead, is above the
maximum In x_ and for tin, it is below it, This mean§ that the scatter of the
normal elect?ons, at the onset of superconductivity, is mainly by phonons in .
lead and by impurities in tin, In both cases, however, " is lower than L
for the whole range of superconductivity,

Thermal Conductivity in the Superconductive State

The usual procedure is to measure the thermai conductivity of super-
conductors both in the normal and the superconductive states, The former
measurements are made in a magnetic field larger than that needed to quench
superconductivity, and, if necessary, are reduced to zero field strength by

extrapolation,® g

Observations on the tharmal conductivity in the superconducting state
can be classified® into (a) cases where x . ( x , and W, ) W, (b) cases where
%, (n,andW_ )W, (c) cases where x P"is n€Gligiblé in The normal state
bBR appFeciable®in the superconducting sRBte, and (d) cases where x , is ap~
preciable both in the normal and in the superconducting states, Thg?e are,
of course, cases intermediate between any of the above classes, and their in-
terpretation is correspondingly uncertain, W and W, are the residual and
ideal (intrinsic) thermal resistivities, reSpgctivel{. Thus, as In the case
of thermal conductivity in normal metals, the thermal conductivity of super-
conductors can be discussed in terms of the scattering of electrons by fattice
waves, i.,e, the ideai thermal resistance W,, the elastic scattering of elec~
trons by impurities, i,e, the residual thermal resistance, W , and the lattice
component of thermal conductivity, :

The ideal Resistance in the Superconducting State

To realize the condition W, ) W below T_, the specimen must be very
pure and the transition temperature ?easonab|$ high, This condition has, so
far, been fulfilled only in iead and mercury, The thermai conductivity of
lead is shown in Fig, 1b; Figs, 5 and 8 show us/un vs T/Tc for both lead and
mercury,

From the reasoning used to develop (15), x_ should be independent of T
just below T_, until scattering by imperfection§ becomes important,* in gen-
eral, x_ sholild be of the form

|/us = NS - wi.s + wo’s (26)
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W, =W (T) (27)

is independent of temperature and wo ¢ is related to wo n by (1b4), while

NO o & ™, ' (28)

For this discussion, it is important to note that W should increase
monotonically with decreasing temperature, and so sRad1d ws,

The observed behavior of X does not conform to these predictions,
Immediately below Tc,

LS T—'o (29)

s
so that
5= (T/T ", (30)

in contrast to {(15). At lower temperatures x_ does not decrease steadily
vith decreasing temperature, but increases again and then decreases at a
temperature such that W is comparable to W, .*
o,n i,n

There are at least three interpretations of the observed behavior of
% .“ The one considered most likely by Klemens”® is that W, is approxi=
mgtely described by (15), but for some unknown reasons whith®are presumably
outside the scope of the two-fluid treatment, (15) does not describe g ime
mediately below T_, Just below T _, the actual g-function is smaller than
(15), but not by § very large amouint "the observed values of x_ are not less
than 3/4 » (T ) at the minimum?); at lower temperatures x incréases again to
its theoreticdl value » (T ), then, at still lower tempe?atures, decreases

monotonically, due to W £

0,s

Then there is the interpretation that (30) holds over a wide range of
temperatures, but that the ideal and imperfectior resistances do not combine
additively as in (26), so that W_ is not a monotonic function, even though
W and W, are, This viewpoint raises two questions: (1) Why should
1015 pe so'Mich smaller than . 7 and (2) Why should (26) break down so
vfd?ently at intermediate tempéfgtures that W_ decreases with decreasing

temperatures, even though both wi P and wo 5 Tncrease?

The third interpretation ascribes the maximum in »_ to an enhanced
lattice thermal conductivity in the superconductive sta?e. but the difflculty
is that a rather large amount of lattice conductivity is needed, i.e, u
(h %K) ~ 1 watt/cm-deg,'™ Bv direct evaluation of a theoretical formusP
1a*4, an estimate for lead was obtained which implies that :» . (4 °K) 2 102
watt/cm-deg, Also, measurements™™ on lead showed that x waghl|mlted only by
boundary scattering at the lowest temperatures, An upper limit of, say 5%,
can be put on the resistance of all other phonon mechanisms at 1 °K, If this
5/ were all due to the scattering of phonons by electrons, and the assumption®

o
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made that the ratio of this scattering in the superconducting and normai
states is (T/T )* lcf equation (i9) ], the measurements wouid require that

() -2
x (& “K) at jeast i0"? watt/cm-deg,, or extra resistance wouid be
v?glgle at | "K as a deviation from the pure T3 behavior observed, Hence,
since x h has been observed, at lowest temperatures, to be jimited by
boundlre Qzattering, this gives an upper iimit to » hos 2t higher temperatures
which is too iow to account for the peak in the g Ritve at about 3 °K,

Some experimentai evidence®® has been reported which seems to support the
second interpretation, Measurements on high purity tin and thaiiium, Figs, 9
and 10 show, first, a behavior of the eiectronic thermai conductivity at the
transition from the normai to the superconducting state which is simiiar to
that found in lead and mercury,?*® and second, an anisotropy of

Yo " 1 -0 % (31)

which, in the case of thaiiium does not exceed ~ i0%, but for tin, o aiong
the f001] axis is i.4 times greater than o aiong the [ii0] axis, see Table i,

At sufficientiy iow temperatures, the eiectronic thermai conductivity
in the normai state can be expressed

T/, = p /L + T W (T) (32)

Here the first term is determined by the scattering of eiectrons by iattice
defects and the specimen boundaries (p is the residuai eiectricai resistivity
and L is the Lorenz number) and the seZond by scattering by iattice vibrations
(phonons), According to Makinson®”

™, (1) =0Tt (33)
There is aiso a change in the quantity
o’ = dlT WI(T)Jldt“ . (34)

which cn the simpiest theory®” shouid be a constant, The change in T W, (T)
(or ina’), see Fig, il, iies outside aii possibie experimentai errors and,
can, evidentiy oniy be expiained by a iack of additivity in the scattering of
eiectrons,®® Tabie | shows the ratio, at T = T _, of the scattering by
lattice imperfections to the scattering by phongns, which is determined by
the value of p /L <« T¥, it can be seen from the tabie that for the purest
specimens measured, the conductivity at temperatures near Tc is iimited by

" scattering of eiectrons by phonons,

The data of Fig, 12 and Table | show that for a reiative increase in
phonon scattering (a reduction ino /L « Tca). us/nn decreases near Tc.
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w_/u_is then close for specimens of thallium and tin with the same

r3tids p /L =T * (specimens T{=3, Sn-1 and Sn-2), For the thallium and
tin, thefefore,Cas was found earlier™»” in the experiments on mercury and
lead, the reduction in the electronic thermal conductivity at the transition
from the normal to the superconducting state is sharper when the electrons
are scattered by phonons than when the scattering is by lattice defects,

A jualitative explanation of the different form of the dependence of
n /v_on T/T_for scattering by imperfections and by phonons is: In the
former case, the electron mean free-path is the same in both the normal and
superconducting states of the metal, In the latter case it is rather the
mean collision time, 7, between electrons and phonons which should stay con-
stant, assuming an unchanged interaction between them, A5 a result of the
change in the electron energy spectrum in the superconducting state, this
leads to a reduction in the electron mean-free=path and therefore in the value
of w /u_. A calculation of the heat conductivity for the case v = constant
lead? t§ the following result :

a«® /) - o -
" ~ /T e ;2 (;%) d= ~ ¢/T [ T4 cosh 2e/exp{AT"! cosh =! + 1]de (35)
o

n/n = 325 T sean®(1/2./ ¢ & (T v, (36)
' (o]

where € = ./ 77 + A7 is the excitation energy in the superconductor,
n=(e/T+ 1)1, and A is the superconducting energy gap, assumed to be

of vajue 1,7 T_, The curve R of Fig, 12 is calculated from (35) and (36),

it can be seenCthat (35) and (36) only describe the variation of x_ /x_ with
T/T_ qualitatively, This may possibly be due to the electron-phonan Tnter-
actfon being different in the normal and superconducting states (by electrons,
is meant the so-called normal electrons of the superconductor), Another pos~
sibility is that the different dependences of the x_/x_on T/T_ for thallium,
tin, mercury and lead (Fig, 12) are produced by the>di%ference§ in A/Tc for

these metals,*?
The Residual Resistance in the Superconducting State

in the case of tin, indium, tantalum, thallium, vanadium, and nioblum,
the normal ¢tate electronic thermal conductivity, for those specimens which
have been studied, is determined at T and below by imperfection scatterling,
and the same applies to the various aTloys and io impure specimens of lead
and mercury, These specimens can be used to test (14) for x_, _, except
where h.s is appreciable and complicates the picture, As ToAg as lattice

*There appears to be some anisotropy in xs/n vs T/T_ in tin, The change
of u_/u_with T/T_ for specimens along the r?IO'!axiscFollows a steeper law
than® fo? specimeng along the r001) axis, This is similar in form to the
anisotropy in ultrasonic absorption near Tc.‘°

13

A g

.
o b s

s ik i Z




L g
e ol s 1 e,

- «-‘vaL—m At e Sia B~

S BT A, N i i

RO

conductlon s unimportant, the ratlo x_/»_ should agree with (14); if
x /n_ 18 larger than expected, the difter8nce is ascribed to "ph s’ though
14

1t 18 usually not possible to prove that thls is so,

x_ has been measured for tin down to about T /3, 3+4% Fig, 13 shows
values®of n_/u_;" the specimens are numbered in iﬁcreaslng order of W , Note
that the cubvel for Sn2 and Sn3 are practically colncldent, even though thelr
vatues of W _ differ by a factor of about 2, The high values of x_/x _ are
ascribed to®%”, ., Since these specimens have appreciable lattice Zonfuction
even in the nBPﬁSI state, this seems a plausible interpretation,

Similar results were obtalned for indlum,**%° However, in all cases
it Is found that the observed f-functlon decreases more rapidly with tem=- ,
perature just below T_ than the functlon (14) (semiempirical function), It
could be that this deSarture from the conclusions of the two=fluld theory
just below T_ Is related to the simliar departure already noted for the g-
function, Sfadek. on the other hand, suggested the followlng form for

"ez.s/”el,n:

fm3(T/T)?24 (1), (37)

which he based on an assumption about L which seems no more artificial
than (13).*

Substantially similar results for x ¢ have been obtained for tantatum®,
tin, Indium, thallium, tantalum and vanaalum;4‘ the case of niobium was com=
pllicated by frozen-in magnetic flux,

Not much data are available on x /n,, . below about T /2, partly i
because not many measurements have bei"%&dg”aQ sufficiently Tow tem- ¥
peratures and partly because of the increasing importance of x hog 2 the
temperature is decreased, DR

Measurements of »_ below about | °K have been made.»*~*7 For tin
and tantalum indications have been found“S that x_/u_ decreased faster with
temperature than It should according to equations®(13) and (14), This was
confirmed by the extensive work on tin“®, where an exponential decrease with 4
temperature was found in x_ for two pure spec. . ., changing at lower tem- '
peratures to a T* dependenée. The latter variation is ascribed to lattice
conductlon, while at higher temperatures u is important (1t is x
which varles exponentlally),*® A Speclmeneéfslead which had prevlougfys
been measured at helium temperatures*®® was measured down to 0.4 °K,%% Below
1% 1t was found that x_ « T° (presumably lattice conduction), but just at
the upper limit of the masured temperature range, Indications were found of
a faster varlatlon, which Is confirmed if one joins up these measurements
wlith those at higher temperatures, Probably this is a case of x decreas-
Ing exponentlally with temperature, Measurements of tin, indium?itﬁalllum,
atumlnum, tantalum, and nioblum from 0.4 © to 1° K disclosed an exponentlal
varlation of n_ In the case of thalllum; in the other cases, the effect
appeared to be masked by lattlce conduction,




i\

Presumably, the exponential behavior of x_, s at low temperatures is re-
lated to a similar variation in the specific hE€&t] In some cases, indications
of such a variation of the specific heat of superconductors well below the
transition temperature have been observed, It appears likely, therefore, that
the Gorter=Casimir two-{luid theory breaks down at very low temperatures,

The Lattice Component of Thermal Conductivity in
the Superconducting State

In superconductors one should expect heat to be carried by phonons
rather than by electrons at low temperatures, where the concentration of
normal electrons must become vanishingly small, This phonon conductlion
will be enhanced by the reduction of the scattering which the phonons ex-
perience by encounters with normal electrons, Evidence for this effect car
be obtained either by observing the temperature dependence of x_at suf-
ficiently low temperatures, or by introducing agents into the ssecimens
which will scatter phonons selectively, Both types of experiments have been
carried out, and have shown beyond doubt that a superconductive metal exhibits
behavior identical with that of a dielectric crystal, as far as thermal con-
ductlvity is concerned, when sufficiently near to absolute zero, Even if u
is too small to be observed in the normal state, in the superconductive sta?g
Wg decreases very rapidly with temperature, so that at very low temperatures
" is only limited by the scattering of phonons by static imperfections or

h " . o . . .
bBuhaarnes. Thus, experiments below | “K usually give clear indications of
lattice conduction,

In the dimensional equation,
n=hC2iv, (38)

where C is the specific heat per unit volume of the heat carrlers, v is their
velocity and 7 is their mean=-free-path; A is a constant which is usually equal
to 1/3, v is temperature-independent and C is proportional to T',® Hence x
will vary with 77 since ° is conutant, As was pointed out by Casimirl®,
scatter of phonons only occurs at the geometric surface of the specimen in a
perfect dielectric crystal at low enough temperatures, This means that

is constant and is determired by the specimen dimensions, Thus the magnitude
of » is dependent on size alone, This type of bziavior has indeed been ob-
sgrved“° in dielectric crystals, the reat conductivity being proportional to
T and of the predicted magnitude,

Clear evidence for a similar hehavior in suoerconductors has been found
in measurements of thermal corductivity in lead -, particularly x_ down below
1 "K, It was pointed out”~ that phonons and electrons each have one scatter-
ing mechanism for which theory and exnerimert agree, and one for which there
is much confusion. The heat conduction hy phonons at the lowest temperatures
is expected to te limited by boundary scattering and to vary as T", This is
well substantiated experimentally; Fig, 14 shows results for lead and thal-
lium, Similar results have been obtained for tin, indium, and niobium, How=
evcr, when one extrapolates this to higher temperatures and attempts to obtain
that part of the pnonon conduc*ivity which is limited by electronic scatter=
ing, confusion arises because the electronic scatterers are themselves car-
riers of heat, As a result, estimates of this part of the phonon conductivity
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are very unreliable and disagreement with theoretical predictions not sur-
prising; similarly with electronic conductivity limited by phonon scattering,

Although the curve of Fig, 14 shows a definite variation of x_ with T3,
the numerical value of u_ was found to be rather smaller, in this case, than
would be expected on thebasis of Casimirts treatment which, for a cylindrica)
speclmen, predicts 7 = d(d is the specimen diameter), Similar deviations are
found In other cases, At the lowest temperatures, u_ has been found to vary
as T2 in lead®®, tin and indium®”, and tin.* *®*" It was found that generally
the group at Oxford™®»*7.%" deduced values for W, which were five to ten times
higher than values expected from the external dimensions of their specimens,
whlle the group at Cambridge“®»®! found values of W, in rough agreement with
the external dimenslons,* Two possible explanations have been given® for the
findings of the Oxford group: (1) their specimens contained considerably more
graln boundarles and (2) xph is reduced by frozen-in magnetic flux,

A study of the effect of strain on x_ shows clearly that even a very
small degree of cold work, such as is proauced by a slight vibration of the
cryostat, can raise the numerical value of y_ substantially, This difficulty
was not fully understood in most of the resedrches quoted in the foreqgoing,
More careful work®2? has shown that, at least in the case of tin, values for x
can be obtained which are sufficiently close to the value predicted by Casimi?
to make scattering by the specimen boundaries the dominant process,

Even so, however, the tendency of x_ to fall short of the predicted value
deserves attention,” The situation can Be represented, conveniently, by in-
troducing several thermal resistances which are characterized by different
mean=free-paths, and which are combined additively, Thus, denoting the mean-
free-path derived from observation as 2,0 we write®

15 = (1/d) + (l/fb) (39)

inwhlch 2 is a mean-free-path characteristic of an additional resistance in
the bulk mgterial. The circumstance tnat, as yet, ro metal specimen has been
found in which this additional internal resistance is zero, whereas it is of
considerable magnitude in most, may be due to the fact that the metals are
much more plastic than the dielectric crystals investigated. This is a field
where further research is Indicated, particularly because the features associ-
ated with the internal scattering appear to be complex, Although the tem-
perature dependence of g is cubic in many cases, both higher and lower powers
of T have been observed,” Moreover, it has been found that even at the lowest
temperatures, a single crystal of the glven material will exhibit a thermal
conductivity proportional to T7, even though a polycrystalline sample may show
a T? dependence, This suggests that the Internal scatterling centers, which
are most probably dislocations, may have a more profound effect than the

“crystal boundarles,

In the case of impure tin specimens* y varies more slowly than T except
at the lower end of the temperature range, At higher temperatures s ,_ < T°
Goodman*® presumed the dominant scattering mechanism In the T? regioR to be
scattering by the free electrons, Klemens® pointed out that thls war unlike=
ly, since from (19), W. _ should vary as T?, not as T->, However, it has been
shown* that dislocationd can play an important part in determining x even

ph’
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in normal metals where W, is not quenched, |t seems quite possible, there-
fore, that in the T region x s is limited mainly by dislocations, This
interpretation can also be ap $12d to a tantalum specimen®” where x oS
was found to vary as T* below 1 °K, ph,

A more convincing proof of the phonon nature of x_ at low temperatures
is provided by work in which selected scattering mechanisms are introduced
into the specimen,” Observation of the different effects of changes on
and »_ allows a more unambiguous assessment of the nature of the energy
transsort in each case, Assuming that the heat is entirely carried by phonons
in the superconductor, at low enough temperatures, we may expect the following
behavior of x_ and »_ in the same specimen:
(1) % should be inSensitive to point imperfections, i.e., to the amount or
nature>of the impurity, whereas x_ should be much reduced by small amounts of
impurity and should be sensitive Yo its nature, (2) x_should be reduced by
large-scale imperfections, e.g,, grain boundaries, such as are introduced by
plastic deformation and recrystallization, vhereas »x_ should not be greatly
influenced by them, Providing that the specimen is Bure enough, dislocations
should reduce both y_ and » , In many cases, however, »_isS so small already
because of impuritieg, that"the only observable effect i@ the reduction in » o
(3) x_ should be reduced when the specimen diameter becomes small compared
to thephonon mean-free-path in the bulk material, whereas ® should not,

Experiments designed to test these predictions have been performed on
lead,”* The results unequivocally show the phonon nature of the heat trans-
port, Fig, 15a shows x_ and x_ for two single crystals, one of pure lead and
one of an alloy containing 0.7% bismuth,” The conductivities in the normal
state at | °K differ by a factor of 100 and (even in the superconducting state
at 4 °K) there is still a large difference, The conductivity at this tem=
perature evidently is still mainly electronic, but the two x_ curves merge
below 2 °K, Very similar numerical values of % were obtalned at 1 K with
specimens of lead containing the same amount of>tin or thallium, On the other
hand, measurements on a lead specimen containing 0,67 thallium (PbT.0.6%) be-
fore and after severe strain due to bending showed »_ reduced to 1/6 its
original value, whereas , was completely unchanged, ?ig. 15b,% Probably,
the dislocations, introduced into the sample by the strain, are very effectlve
scatterers of phonons, but the electronic conductivity is unaffected by them
because of the tnallium impurity,

The effect of sample size on »_ is more difficult to demonstrate clearly,
Simply to compere measurements made’on a thick rod and a thin wire of the same
material can not be conclusive since it is almost impossible to avoid strain-
ing the tatter, Thus, it would be di"ficult to distinguish with certainty
between reduction in ", due to linitaiion of the phonon mean-free-path result-
ing from geometrical boundaries or from dislocations, However, an experiment
has Leen performed™* on a lead foil 0,07 mm thick which was stahbilized me=
chanically by being rolled into a scroll, Since the phonon mean-free-path of
the material was of the order of 0,5 rm, a size effcct should have been no-
ticeable in the foil, Indeed the heat conduction of the foil at 1 °K was
found to be five tires smaller than that of a bulk specimen of the same ma-
terial, whereas »_ is essentially the same in both cases, Moreover, the tem-

perature dependen?e of " for the scroll approaches T", which is to be expect=
ed for boundary scattering,
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Metals, such as the transitlon metails, which have low intrinsic electrical
conductivity should exkibit the most pronounced effect of enhanced phonon con-
ductlon, The most strlking example of this kind has, indeed, been observed in
tantalum®® whlch was measured down to 0,2 K, The result of these investl-
gatlons Indlcates that »_/x_ls even larger than one in the neighborhood of
1 8K. {f the data are p?ot?ed in a form which permits comparison with the
semlemplrical function (f-function), see Fig, 16, it can be seen that the
latter represents the data remarkably well down to about 0.4 T_, Below this
temperature, there is an enormous rise in the phonon conduction which at 0,2 T
assumes a value about a hundred times larger than the electronic contribution,
Data on nloblum, Included In Fig, 16, and on vanadium present a similar pat-
tern, The results for tantalum have been used to separate the phonon contri-
butlon » from the electronic part x s .7 This analysis shows that at a
temperatﬂpesT /4, the phonon conductivi?i’?s siill increasing with decreasing
temperature eVen though the ratlo u h /n approaches 107, indicating the
strong scatter of phonons by the noPnat cgﬁdactlon electrons, Comparing the
numbers clearly indicates that the maximum in x_ will be less pronounced or
wlll dissppear for metals with better intrinsic electronic conductivity,

Aluminum is a typical example of the latter behavior,”"»"" Here the data
agree well with the semiempirical function (f-function) over the entire range,
Including the lowest temperatures, Fig, 17 shows the observations~® of
plotted for pure aluminum and an alloy with 1,7 atomic % copper, The purg
metal follows the B,C.S. function with an energy gap slightly smaller than
that predicted by the theory, At temperatures below T_/3, however, the alloy
shows a deviation to higher values, indicative of a phsnon component,

Tne thermal conductivity has been measured on two indium-lead alloy
samples contalning 4,05 and 7,31 atomic % lead, respectively, down to 0.4 °K,%®
The results were interpreted in the light of the Bardeen, Rickayzen, and Te-
wordt (BRT)!* theory, This theory assumes that the dominant electron scatter-
ing 1s due to impurlties and the dominant phonon scattering is caused by e-
lectrons, The normal-state data were fitted with

% = AT + BT (40)

where the first term represents x and the second, x . This determlned
the two parameters A and B, It w§é*%ound that the phongn'EOntribution was
very small in both the normal and the superconducting cases, Similarly the
supercondurting data were expressed by

g = ATRez + Moh,s * (Ly)
Here Rel Is the BRT ratlo of electronic thermal conductivity ~ the two
states, and » the lattlce component, included the effects of boundary

h,s
and polnt-defgct Scattering as well as the electronic scattering considered
by BRT, Hence, the addlitlve resistance approximatlon

'/”ph,s = 1/ngp + 1/ngpq (42)

was used, Here
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#gpy = BT Rph (43)

is the BRT value assuning phoncn scattering by electrors alone, xyp, IS the
phonon thermal conductivity linited by boundary and poini-defect scattering
according to Slac!.,”" i, invnlves two additional adjustable parameters, the
mean=-frce-pathh dve to boundary scattering L and a temperature T. which is a
measure o/ tke point-defect scattering, In evaluating L, the velocity of
sound was taken as 1,5x10° cm/sec, The accepted value of the energy gap for
indiun, 2{0(0)[£ T, = 2.7 was used,

As shown in Figs, 17 and 19 the agreement between theory and experiment
is quite good, The fit to thc superconducting data obtained in this manner
is particularly good at the lower tempersatures, |Ir this region boundsry and
point-defect scattering predominate, Tie slight disagreement near 1 K is
attrib:ted to the limitations of the additive resistance approximation,"® The
small phonon contribution (ihe linearity of the normal-state data rules out the
strong possibility o” a larger phionon term) probably accounts for the poor fit
at higher temperatures, where the BRT result predominates, However, it is
quite apparent that »_ is largelyv lattice conductivity over almost the entire
range showr, The maxirum or plateau region near | % for the superconducting
case is caused by the iLransition i{rom the scatlering of the phonons by elec-
tronz, Y, ‘o a comsination of boundary and point-derect scattering, JBP'SZ
Onc cernot ahiain a value Jor V. from the very low temperature ob=
servations (except an npper limit, wﬁ!éh is probakbly very mucih larger than
W. _), decause of ine inportance o” plhonon-phonon interactions, which are not
influenced hy the supercorducting behavior, 1t is only possible to observe
VW over a limited temperature range “elow T, |t has been determined in
tﬁtg way for Sn96-He !, lead-Hismuth alloys™* which had been previously

measured” ", and for indiua=thalliunm alloys,”

A conflicting pictire ¢ tie ratio h =V E,s results from these
observatiors, Hulr™ sugaested n o (T /T)7, Oﬁsgnm"h ~ (T _/T)%, and Sladek”",
whose measurements seen most suitable“ror the evaluation o h, did not cbtain
a simple power 'aw, nor the sane curve of » versus T/T_ for all his samples,
but rather a series of curves for o, all in the vicinify of h= (T /T)", but
too hiah jus* helow T &#nd ending to becowe tov lov at lower températures,

The interpreiation contains uncertaisties, hence Y could easily
have components ot'er thap /. (Lhis is certainly so at Roviest temperaturas
and vay ‘e so even i{ ' e T™}, wnich would tend to decrease h, The sep-
aration of »_ into u A PYand . . irtolves the assumption that the ratio f =
" Iy issindcperQbﬁ? o ale?Scomposition. Nevertheless there arc pro-
b35?y P81 discrepancies “ron kb= (T /T) ", particularly iust below T_, just as
thern are Jdiscrepancies in & e jusa"below Tc' €

4

Lo wos weationet clove iar the ‘=Tunction fcoriempirical Jormula)
brea.s doum i 0se cascs in o unich scattoring 37 electrons in tie npormal
siaie it no chused o drsurities ut v pnonons, In “ect, tle ohserved
values o "r/"p for a metal-like lead, which has a low characteristic tem-
perature and a relativel, iz trarsiiion temperature (7,2 OK), do not follow
the =" rction Yor any terperature regior, 1* can be seen "rom Fig, |
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however, that ug exhibits a maximum at 0,5 T_ which is similar to those shown
by tantalum and niobium at rwuch lower reduced temperatures, The question
therefore arises whether the maximum in «_ of lead is different in nature
from the enhanced phonon conduction found®in the »_of the transition metals,
Fortunately, the sensitivity of the phonon conduction to dislocations allows
this problem to be decided experimental'y,®> When the pure single crystal

of lead of Flg, 1 was strained at helium temperature, it was observed that »
was indeed reduced, However, this reductlon occurred only at temperatures
well below the maximum in » _, i.e,, in the reduced temperature region found
in tantalum and niobium.® The maximum in lead was quite unaffected, whereas
It was drastically reduced in the transition metals by similar treatment,

A clearer picture of the behavior in the case of lead can be obtained
from the curves In Fig, 20, This shows that at tempcratures above ~ 0.4 T
the experimental values are lower than those given by the f-function ¢
(semiempirical function), whereas they are higher below that temperature,
Introduc’ng dislocations into the specimen by strain does not affect the
higher temperature region of x_at all, However, x_ now follows the semi=
emplr:~al function remarkably well below ~ 0,44 T , “Thus, it seems that the
failure (o obey the f=function arises from two qﬁite different reasons, At
high temperatures, where the predominant process is the scatter of electrons
by phonons, the theoretical understanding is not yet sufficient, whereas
phonon conduction becomes predomirant below 0,4 T_, Once phonon conduction
Is drastlcally reduced by scattering on dislocations, the semiempirical
formula holds quite well, Hence the maximum in »_ in lead is entirely
electronic in nature and is clearly connected with the maximum in oo

Klemens* points out that the interpretation™ " of the thermal conductivity
of lead=bismuth alloys contains difficulties, Fig, 21 shows plots of »_ and
% versus T for these alloys, It is easily seen that i/ the increase of x
f8r the alloys 0,2% Bi and 0.5% Bi over the values of n_ for alloys of Tow®
bismuth content Is to be explained in terms of enhanced”lattice conduction,
then x for these two alloys is higher than yx for the alloys 0.1% Bi
and O.BQZSBI. and possibly even higher than x h Phedr pure lead, Of course,
it is possible to explain this by assuming soﬂe’?mperfections to be present
in the more dilute alloys and not in the more concentrated alloys, though
this disagrees with the usual observations,

Thermal Conductivity in the Intermediate State

A superconducting pure element, in the shape of a long cylinder, under=-
goes a sharp transition from the superconductive to the normal state upon the
application of a longitudinal magnetic field, In other cases the transition
is gradual; increasing the magnetic fieid causes a gradual increase of flux
in the specimen, until all the material is in the normal state, Upon removing
the field, the material does not return to the original superconductive state,
but some magnetic flux remains frozen in,

The Intermediate state of the material is not homogeneous, rather it con-
sists of a mixture of normal and superconducting regions in the material, the
former having high flux density (above the critical fieid) and the latter, zero
flux, Since the lines of flu: are continuous, the structure of the intermediate
state Is dominantly one of filaments or layers, alternately normal and super-
conducting, lying in the direction of the fieid,

20

SR AR AR Mo RS e e




e A 8

L

A number of measurements have been made of the thermal conductivity of
superconductors in the intermediate state, with the specimens as long cylin-
ders, With longitudinal fields there will usualiy not be a marked mixing of
‘ne two states, except in the case of alloys, when the normal state inclusions
will he mainly filaments running the length of the specimen, With transverse
‘ields, however, the specimen wiil readily break up into a mixture of two
states, and the norma! state inclusions would then be, nredominantly, layers
nerpendicular to the cylinder aris, and thus to the direction of nrest flow,
The thickness of the individual regions may be of the order of 0,01 cm,

With a cylindrical specimen in a longitudinal field, with normal and
superconducting filaments along the direction of heat flow! the overall thermal
ronductivity would be expected to be given by the average,”

=

N.n + (1 - '-;ﬂ) us (""l")

Yn
wthere is the fraction of normal material and can be deduced from flux meas-
uremenxg. Similarly, for transverse fields, the thermal resistance averages

are given by .
Wy Woe (1e s W, | (45)

As a consequence of either () or (45), the thermal conductivity in the
intermediate state (either with subcritical fields or with frozen=In (trapped)
flux) should be intermediate between the normal conductivity x_and x_ as
measured in the virgin superconducting state, Within the bounds of this re-
striction, hysteresis effects are possible,

Sucih behavior was indeed observed in many early measurements in transverse
fields”»®® and in longitudinal fields,® Later measurements showed variations
of » with magnetic field strength, however, which could not be reconciled with
either (Lb) or (45), In the case of some lead-bismuth.alloys and of niobium,
it has been found®® that the thermal resistance passed through a maximum value,
on applying a field, which was higher than the resistance in either the normal
or the superconductive state, Fig, 22, Also, on removal of the fleld, x did
not return to the original value x»_, but to & value again lower than either x
or x_(a hysteresis effect), Thesé anomaiies seem more likely to occur the
lowef the temperature and the larger the impurity content, but this is not a
general rule, This effect has been ascribed®™ to a heat flow mechanism which
occurs in the superconductive state in addition to electronic conduction; in
the intermediate state this mechanism would be inhibited, A two-fluid circu=-
lation was suggested for this additional mechanism,” A more likely expian-
ation seems to be lattice conduction,”*

Further instances of anomalies in transverse fields were found jater for
pure lead®” *"”, pure tin and indium (but not for tin containing 0,134% Bi)"®,
and for mercury,""+7°

The anomalously high thermai resistance in the intermediate state has

been attributed to various scattering mechanisms acting at the boundaries of
the filaments, The situation has been greatly clarified by a systematic
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investigation of ine alloy series Snln,”  The induced magnetic moment and rhe
dependence of the electrical and thermal resistance on the maanetic field
strength were measured on these specimens, A typical set of results for an
almost perfect single crystal containing 2,8% indium is given in Fig, 23 for
two temperatures, Whereas the fraction of frozen-in flux is largely tem-
perature independent, the maximum in the thermaé resistance is pronounced

at 2,03 "K and practically nonexistent at 2,65 K, From this it can be de-
duced that the structure of the intermediate state is much the same at dif-
ferent temperatures and that the relevant scattering mechanisms may be dif-
ferent, More detailed analysis does indeed suggest that the filament boundar-
ies scatter both electrons and phonons but that the temperature dependence is
different for the two mechanisms,

Theory of the Therma! Conductivity of Superconducting
Alloys with Paramagnetic Impurities

The prediction of ''gapless' superconductivity in paramagnetic alloys™
and the confirmation of this prediction’ are significant recent develop-~
ments,”* Although the theory is based op zn approximetc treatment nf a3 simple
model and more detailed experiments are needed, the prediction 15 unambiguous
and the confirmation convincing, The assumption is that the static magnetic
impurities are randomly distributed and that their spins are uncorrelated,

The theory makes it clear that the key feature of the Superconducting state

is the condensation phenomenon, A gap in the single particle excitation
spectrum is evidently not a necessary requirement for either the infinite
conductivity or the perfect diamagnetism of the condensed state, The experi-
mental investigation of this phenomenon of superconductivity without an energy
gap promises to improve our understanding both of superconductivity and of the
effects of magnetic impurities in metals in general,

Based upon this theory, the electronic thermal conductivity x_ of a weak-
ly coupled, isotropic superconductor, doped with a small concentration of
paramagnetic impurities, is calculated, starting from a Kubo formula, by con-
sidering the electron-impurity interaction in the ladder approximation.

A considerable simplification of the final expression occurs if it is
assumed that the total single particle lifetime is much smaller than the ex-
change lifetime v, With this assumption, an expression is obtained for u /x
of the form s s n

”s/"n = (3/2r°)33 f dw «f sech” (F2w) h{w/p,a) (46)
. o -

o ('rsA)'1 . (47)

A is the average order parameter, and

o -
i1}

(vxr) . (48)
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. is the Eoltzmann constent, and T absolule temperature, The units are chosen
so that4S = 1, For non-magnetic irpurilies, the usual result is found tnat

w(w/a <) =0 (40)
and
h(w/a>1) =1 (50)

the average order parameter A(T,t ) being the energy gap in tnis case, For a
paramagnetic alloy, the lowar iimit of integration is the physicai energy gap
w (A,) and not the average order parameter A(T,t )., Moreover, the function
h{w) Increases smoothiy toward unity for « > W e s

The ratio us/un is evaluated numerically as a function of the reduced
temperature (T/T’) = t for different impurity concentrations, including non-

magnetic impurities, The resuits are shown in Fig, 24,

Abrikosov and Gor'kov have shown that the energy gap function «_ (T) Is
quite different than the Gor'kov order parameter A(T) in such aiioys, It is
found that »_/x_ is [ess than unity in the ‘'gapless'' region Ar_ < i, This
theory prediztsnthat even in the gapless region the thermai coaductivlty in
the superconducting state is lower thar that in the normal state, because al-
though the energy spectrum has no gap, it is stili distorted, {n addition,
the onset of gapiessness does not fead to »n abrupt change in the thermal con-
ductivity, Long before the gap actualiy vanistes, the BCS singuiarity in the
density of states is smoothed out by the impurity scattering, Finaily, it is
found that x_/n_as a functlon of t, has a characteristic concentration de-
pendence, For ¢ £~ 0,9, n /% decreases for smaii n, while for t 0.75, it

Increases with nl(ni is the Baramagnetic impurity concentration)e

For non-magnetic Impurities in systems with weak eiectron-phonon inter-
actions (to which this theory is restricted), a simple caicuiatioas of the
thermai conductivity, using a Boltzmann equation, is possible, To justlfy
the elaborate formalism used, it is pointed out that in the gapiess region
(aiways ciose to T ), it is not possibie to associate a narrow band of en-
ergies with a stat& of momentum near the Fermi momentum, i,e,, the quasi=
particie approximation breaks down, 1Ir addition, the effects of the para-
magnetic impurities in renormalizing the energy spectrum are cruciai, Both
these effects would cause difficulties in conventional transport theory, but
they are easily talien into account in the Kubo forruiation,

Tre Thermal Conductivity as a Defect Detector
in Superconductors

It has been demonstrated ahove that rhonon corduction prcdominates in
at fow temperatures, that it is sensitive to strain, and independent of
point imperfections, Clearlv tnis can provide a dis*inction hetween these
two different types of lattice defects, Investigations of this nature have
the added advantage that, in the same specimen, the scattcrling of phonons
and, by simply appiving a magnetic field, that of 2lectrons can be studled
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without even warri, . ‘ne sampie "o room temperature, In most cases the mag-
netic fields required to destroy suoperconductivity are less than 1000 oersteds,
The accompanying magneto-resistive cffects in the normal state are small,
Those whict: exist can usually be taken into account bv running comparison ex-

periments above T _.°

Systematic experiments i:ave been per’ormed on the effect of strain and
impurity,®s?®  The clearest results wcre obtained by Rowell”", who subjected
pure lead and a lead alloy to controlled bending at helium temperatures and
measured the thermal conductivity in the normal and superconducting states
before and after Introducing the strain, Another feature was the study of
annealing effects at different temperatures between that of liquid helium and
room temperature, Order of magnitude agreement was obtained between the
density of dislocations derived from the measurements of heat conductivity and
those predicted on the basis of the strain introduced, More spectacular re-
sults than were obtained on lead are those on a niobium rod which was origin-
ally single crystal and which was subsequently stretched in steps until it
ruptured, x_showed no effect except at the highest strain, Even after
fracture x Ehanged only by a few per cent, On the other hand, the effect
on x_Is er-reaching. In its undisturbed condition, the niobium specimen
s a very pronounced max!mum in x_ at temperatures below 0,4 T , With
successive stretching, this maximum was largely removed, Point imperfections,
which scatter eiectrons, will reduce both »_ and »_at high reduced temper-
atures, where the heat transport is still bQ elect?ons. The maximum in »_ at
low temperatures because of phonon conduction is unaffected, However, sifce
x_Is drasticaily reduced, x_ may now excced »_ in this temperature region,

AY still lower temperatures, this relation is 3gain reversed and x_/x_ becomes
smaller than unity, Extended fattice defects, such as dislocationg, Tntro-
duced by straln, appear to have littie or no effect on the electronic part of
the conduction mechanism, Therefore, » , as well as the high temperature part
of x_, wiil not change materiaiiy, In Phe low temperature region, on the
othef hand, where heat is carried by phonons, »_ is decreased, The phonons
are scattered by the disfocations; with increasing strain the ratio »_/u
becomes progressively smaller,? = I

This method can also be applied to the study of nuclear radiation damage,
The thermal conductivity of a single crystal rod of niobium was measured first
in the undamaged state then after neutron irradiation at room temperature,
Both x_ and x_ are reduced by irradiation, Fig, 25, If it is assumed that
both iRterstitials and vacancies have been produced by irradiation, it is be-
iieved® that, although the former may have migrated at the temperature of ir-
radiation, the temperature was never high enough to cause migration of va-
cancies in niobium, Hence the decrease in x_ is ascribed to the vacancies
produced directly by the radiation and assumé a more-complicated process to be
responsibie for the decrease in »_, A calculation based on the condensation
of interstitials due to irradiatidn yields an increase of about 10° disloca-
tions/em® in niobium, Using”"

D = (h3vy?b3/28 I )N (51)

for a random array of dislocations, where h is Planck!s constant, v the
velocity of phonons, v is Gruneisent's constant, b the magritude of the
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Burger®s vectar, k tae Boltzmann constant, and N |s the density of dislocatlons
per unlt area, to determine the change In » wlth the number of dlsgpcatlon
lines, analysis of the observed change In g yleids 3x10° llnes/em”, which Is
In surprisingly good lgreoment. , N :
P : = i !

A r 0 - .., Concluslons te., - Ao

The thermal conductivity of superconductors is dlscussed from the view-
point of the two-fluld model and the Bardeen-Cooper~Schrieffer theory, Thne
slgnificance of the ratlo » /u is discussed and its dependence on T/T_Is
shown to be a unlversal fundtlon independent of the particular element “meas-
ured, The electronic thermal conductivity of superconductors with strong
electron-phonon coupling differs markedly from typically weak superconductors
llke tin or indlum, A theory is discussed to explaln this phenomenon, The
thermal conductlvity in the superconductive state Is discussed from the stand-
point of: (a) the ideal re-istance, (b) the residual resistance, (c) the
lattice component, and (d) in the Intermedlate state, The existence of
""qapless' superconductlvity is shown in the theory of the thermal conductlvity
of superconducting alloys with paramagnetic Impurities, Flinally, the use of
thermal conductivity to detect defects in superconductors |s dlscussed, ' .
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Fiq. 24, The ratio of the electronic thermal
conductivity in the superconducting and normal
states, Mg/, V3 t = T/T_for various parsmag-

netic impurity concentrations, T. is the tran-
sition temperaturs for the re) svént impurl ty
concentration, the lstter belng expressed in

terms of ng,,the concentration required to
complataly destroy superconductivity, The

curve for nunmegnetic impurities alone is de-
noted by n - D.OOnCN. The n = 0.70nc4 curve !

is aimost Identical to the 0.85 curve for

t 0,7 and Is not shown explicitiy In this ]
region, These are based on equation (46),74
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