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Part I The Methodology of Operations Analysls

1. The obJject of this report is to discuss the techniques ?7
of Naval Operations Analysis and apply them to & hypothetical
tactical situation. (Particular emphasis willl be placed on the .
application of these techniques to weapon system development. ) ;“
Ordnance laboratories are faced with the problem of selecting
the best possible weapon system or set of systems from a varlety
of proposals. The unprecedented cogt of modern ordnance precludes
the development of more than a few major weapon systems at any
given time. In additlon, the tactical conditlons under which
the chosen weapons must perform can only be projected because
of the long lead time from concept formulation to the deployment
of operational weapons. Because of these condltions, a secvere
burden is imposed upon the decislon-maker who nmust select the
weapon systems most likely to assure the continulng security
of the nation. Operations Analysis (OA) 1s an attempt to aid
the decisicn-maker by using sclentific methods to gquantitatively
compare cempeting weapon system proposals.,

2. The role of the operations analyst 1s not to make the
decision, but rather to supplythe decislon-maker with a tanglble
basis for comparison. The analyst must deal with things that

can be measured, or estimated from statistical data, or computed

not only the aspects of the problem which are quantifiable,
but also those which are not. Some examples of the latter are

experience, political limitations, diplomatic agreements, and

human factors such as morale, training, and possible lossg of life,
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3. An analyst must not only draw upon past experience; he
alsc anticipate tactical situations that are without precedent.
The weapons being developed today cannot be produced and deployed
for many years. It is true that withoul a thorough understanding
of present day fleet tactical experiences an analyst could not
make a realistic projection, But a inere extrapolatio.n of todays
technology is not sufficilent to assure an adequate weapon system
effectliveness model. The possibllity of technological break-
throughs must be anticipated. Experience is a valuable teacher,
but it can be expensive. It could be sald that in 1940 the
French Army learned valuable lessons concerning the effectiveness
of highly mobile armored divisions, The tuition for their education,
however, was rather more than they could afford. An analyst's
model must conslider not only past experience, but possible
tactlcal innovations as weil,

4, The basic steps in formulating an (OA) problem are
as follows:

(a) Determine the true objectlves or mission of the operation
under consideration.

(b) Try to determine all possible methods for friendly forces
to accomplish the mission.

{c) Try to determine all possible enemy countermeasures to
thwart the mission.

(a) E
entall:d by each alternative.

(¢) Decide on a measure of effectiveness (MOE) to use as

2
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a basls for quantitatively comparing competing systens,

(f) Construct a mathematical model that can describe the
physical situation,.

5« The basic techniques that can be used elther singly
or in combination for solving an (OA) problem are as follows:

(a) Theoretical analyses, such as a probabilistic description
of the tactical sltuation,

(b) Statistical analysis of data obtained from zast tactical
experlence, Thigs is a valuable 3upplement to theoretical analyses
when 1t 18 possible.

(¢) Field trials at sea under clrcumstances which simulate
the expected tactical sltuation: This method is usually very
effective, but extremely costly. in the case of weapon proposals
that are still in the feasibllity stage, it ig not possible.

(d) Computer simulation of the tactical situvation using
Monte Carlo or game theory techniques: This method may hold
great promise for the future but conslderable care must be
exerclsed to ensure that the model accurately simulates physical
reality.

€. Determining the true objective or mission of a particular
operation 1s a crucial first step 1n any analysis. A hasty reader
might conclude that this phase of the (OA) problem 1s rather
trivial. But the problem 1s far more subtle and complex
than it first appears. For exanple, consider the naval conflict
between the United Kingdom and Germany during the early years
of World War II., The British had to import many commodities

by sea in crder tc contlnue thelr war effort. The Germans deployed

>
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submarines in an attempt to halt this maritime traffic. What
then was the British objective in this conflict” It could have
been defilned as a need to minimize merchant shipr ing losses. This
could have been done by keeping all their ships in port and
allowing themselves to be starved into submisslon. The solution
is absurd because the stated objective 1is absurd. The real
obJective was concerned with maintaining the flow of vital
supplles and assuring thelr continucd flow into the indefinite
future, This more complex obJective, which 1s difficult to
define in precisc mathematical terms, 1s certainly not consistuent
with minimizing shlpping losses, although of course therc was
sore maximum tolerable rate of shipping losses assoclated with
the problem.

7. In the example cited above, the loglcal fallacy in the
stated obJective was blatantly obvious. Unfortunately in many
tactical situations the true objectives may be Aifficult to
determine and define., The e¢rrors in their definition may be
subtle and deceptlve ev:n to experienced analysts and decision-
makers. Accurate determination of the true objectives can only
be achleved by carefully considering the missions of the tactilcal
forces involved., If the essentlal objectives are not recognized,
the (OA) results will be deceptlve or useless no matter how
skillfully the balance of the analysis is conducted.

8, Once the true objectives of an operation have been
determincd, a weapon systom or systems propcsal may be suggested
to accompllish the mission. The analyst should then list all
competing proposals whlch could be used to accompllish the same

n




NOLTR 69~154

purpose. Also, any exlstlng flect capability for performing the
mission should be Included. The analyst must then generate a
comparative analysis of each possible alternative. Consideratl:
care must be exercised when conparing & proposcd system with an
already existing capability, Capabllity estimates for a proposed
weapon eystem are usually based on theoretical projections,
whereas an existing capability may be measured or estimated from
statlistlcal data acqulred in operational use, The latter infor-
matlion 1s usually more dependable, and a very clear cut theoreticul
advantage 1s required to Justify the high cost ol developing a
new capabllity.

9. When the list of competing alternatives has been
compiled, the possibllity of enemy countermeasures should be
considered. A llist of concelvable countermeasures for each weapon
system proposal should be preparad. The vulnerability of a
system to existing or possible enemy capabllitles may become
a determining factor 1n estimating 1ts worth.

10. An estimate of the relative costs and risks to friendly

h oY | ]
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hen be nade, These
costs should include development, evaluation, procurement,
training of personnel, exercilse, and malntenance. Also, the
risks 1nvolved when friendly forces use the system must also

be consldered. These would involve the safety provisicns for

handling, loading, and carrying the weapon on becard ship or
alrcraft, as well as the assurance that the weapon once launched
would not circle ana attack the launcher. 1In addition, the
tactical limitations imposed on the launchlng vehicle when
. .
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delivering the weapon must be considered. Would these restrictions
make the launchcer vulnerable to enemy counterattack? All these
1tems must be congidered in evaluating each competing proposal.

11, When the assorted alternatives have been defilned, the
system variables that might affect the tactical outcome of an
encounter should be listed. Thegse might include the friendly
ship's speed; the target's speed; the range and destructlve
capablllty of the weapon to be used; the rellabllity and
avallabllity of ali necessary equipment, such as the weapon,
ships SONAR, flre control, and communicatlon equipment; and
the probable hydrothermal or meteorological conditions. This
list should provide a gulde to the complexity of the mathematical
model that must be prepared, It will also indicate the basic
data that must either be computed or measured. The outcome
of' a particular operation can be viewed as a function of all the
pertinent variables,

12, If a meaningful quantitatlive comparison is to be made
between competing systems a measure-of-effectiveness (MOE) must
ished. There must be some criteria by means of which
fundamentally different alternatives can be measured and compared,
The eruclal consideration is that the (MOE) accurately reflect
ths true obJectlives of the operation. Recall the scenario of
paragraph 6 above. If merchant ships were grouped in convoys
and protected by destroyer escorts, cne (MOE) of the destroyers
might be the number of submarines sunk per month. But of course
we can easily see the fallacy in this (MOE). A high kill -ate
would have been a poor consolation to the Britlish 1f 1t were

6
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accomnlished only while the submarines were succesdine in destrovine
npilanhe 11y whlle The sunmarineg were gucceedln g in QeEIroving

the vital merchant fleet. Perhaps a better (MOE) would have been
the percentage of merchant ship transits sccomplizhed without
sinking. But even this (MOE) has pitfalls. A convoy can move
only as fast as the slowest ship. If a ship capable of 16 knots
is forced to travel at 8 knots, the amocunt of cargo it can deliver
per unit time 1s cut in half. Its eflfectiveness l1ls reduced even
though it 1s never damaged. In addition, the destroyer escort
represents an investment of national resources that could have
been used to increase the slze of the merchant fleet., It 1is
concelvable that a strategy of using all resources to bulld
merchant ships and letting them sall indlvidually with higher

risk could have been the most effectlive possible., Even though
this strategy was probably not the best, the percentage of
successful ship translts was not an adeqguate (MOE) for this
complex scenaric. If valid comparisons are to be made the

(MOE) must be selected with extreme care to ensure that it
accurately reflects the true objectlve of .the operation.

13, A (MOE) frequently used in weapons system development
is the cost-effectiveness, It 1s necessary here to deflne the
term cost-effectiveness precisely., In recent years some people
have given tne expression an emotional impllication which is not
scilentifieally appropriate. It has come to be associated with
economlzing; tnat 1s, chocsing the cheapest alternative,

This is nct the definition used here. Rather, cost-effectiveness

is an attempt to assure the most efficient possible use of

resources, even 1f this means choosing the most expensive

7




NOLTR 69-154

alternative. Therefore, cost-effectiveness is defined as an
attempt to maximize the attalnment of an obJective for a glven
cost. Or {0 say the same thing in another way; it 18 an attempt
to accomplish the objective for the smallest possible cost,

14, In weapon system development the circumstances of
eventual tactlcal use cannot be fully anticipated. Therefore a
(MOE) which tries to assure minimum cost-per-kill of an expected
target seems the most sultable one to use, and thls 1s the cost-
effectlveness. An analysls in these terms 1s necessary because
in perspective military development decislions are primarily
economic ones, The major milltary services are provided with a
limited fraction of the nations resources and must accomplish
thelr missions to the best of thelr abillty by maximizing the
efficlent use of thelr share, Each service must declde between
misslles or alrplanes; alrcraft carriers or submarines, tanks
or artillery, and so on ad infinitum.

15, When the above steps have been satisfactorlly completed
a mathematlical model that accurately describes the physical
situation must be prepared for each competing alternative.

A solution to the (OA) problem consists then of computing the
(MOE) for each alternztive. The results may be a complex
function of many varlables and tactical situations. If so,

he information in a graphical

or tabular form that will communlicate the essential informatilon
to the decision-maker clearly, accurately, and succlnctly,.

16. It is worth emphasizing that once the true objective
has been determin.d, the alternatives llsted, the MOE selected

8
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and the appropriate mathematical model generated, the actual
computations may seem rather trivial. Sometimes only a few
carefully selected calculations will suffice as a meaningful
solution. In more complicated sltuatlons, the model can be
programmed for a computer and solutions can be obtained for a

wide range of the significant variables. The baslc point to

keep in mind however, 1s that an elaborately programmed mathematical
model can be vary impressive and provide a wealth of solutions,

but these gsolutions are worthless i1f the objectlve, alternatives,
and (MOE) have not been realistically determined.

17. There is an ¢ld story akout a factory that bought a
fine new but very complex machine. The machine was installed and
functioned beautifully. It increased the volume of production
many fold for lower cost. But one day the machlne broke down,
The factory maintenance men worked for ¢ays, btut they were unable
to repalr it, Finally the factory manage:r was Jorced to cvgll
in an outslde consultant. The next morning tihne consultant
arrived and spoke briefly with the maintenancs wen, Then he
asked for a hammer, With hammer in hand he crewled undor the
machine and gave it one hard rap. He crawled bycik out,
turned on the machine, and it worked perfectly. He then drove
off without another word. All was well until the end of the
month when the blll axrived, It was for one thousand dollars.
The factory manager was stunned, so he sent tack a letter

asking that the bill be itemized., A few days later the ltemized

bill arrived. It read:

3
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For striking the bl it
For knowirg wher: tc stri
ninty nine dollara

DL tar
hod ] L3

In operations analysis, solving the mathematical model 1is .
striking the blow with the hammer; finding the true objective
of the mission, determiniry alt the alternatives, choosing an

appropriate (MOE), and developirng the correct mathematical model

for each alternative 1s krowing where to strike the blow.




NOLTR 69-154

II -- An Example of Operational Analysls Applied to Weapon
m e

mes Development for g2 Submarine Barrler Patrol

-~ S A RINE S WEAW SR G e WE S W Ve e

18, It is deslred to apply the techniques suggested 1n
Part I to a hypothetical operational situation of practical
interest, Because of the limited scope of this study many
8implifying assumptions will be made., But hopefully, some
aspects of an (O&4) study will be illustrated.

19. The assumed mission will be tc establish a barrler
that will prevent enemy submarines irom transitling some narrow
water passageway, such as the sea betwegn lceland and the United
Kingdom, Such a bgrrier could be established by many alteraative
systems, for example: patrol sircraft using sonobuoys for
detection, surface ships using active SONAR systems, or minefields
using passive acousiic detection. This study however, will
consider only a barrier mailntalned by attack submarines, and
specifically a portion of a barrier maintalned by a silngle
submarine.

20. The patrdlng submarine 1s assumed to be of the attack

typc, idca.ly eguipped to dectect and fight a ducl with an enemy
submarine, Its mizsion is to find the enemy and force him to
fight. The target submarine is assumed to be equipped primarily
with strategic weapons., Its misslon 1s to assume a tactical
positlon from which it can launch its weapons against the Continental
United States (CONUS). It is less well equipped to fight a duel
with an attack submarine, but 1t does have some defenslve
capability. The terget submarine wlll, therefore, attempt to
cross the barrler without belng detected., If 1t 1s detected

11
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it will try to escape rather than

1 ght,

2l. A mathematical model will be prepared to quantitatively

descrlbe this physical operatiin.

Included will bhe:

(a) The following probabilities

(1) Pd the probability
trles to cross the

(2) Pa the probability
position that will
a different Pa for

(3) Pc the probability

of detecting a target as it
barrier.

of achleving a tactical
permit an attack, There will be
each type of weapon considered.

that the weapon wlll be capable

of destroying the target given that it functions

reliably.
(4) Pr the reliability

(~nd availability) of the

weapon (1.e., the probability that 1t willl operate
as the deslgner intended throughout the attack.

(b) The average cost of making a succeasful attack.

(c) The risk to the friendly submarine incurred during the

attack.

22, The (MOE) used in this study will be the cost-effectiveness

(L.e., average cost per kill). Although a monetary value will be

rlaced on the attacking unit, no attempt wlll be made to quantilze

the value of human life. The risk to the friendly submarine

wi1ll be separately computed and tabulated. 1In a real strategic

situation, the decision-maker would have to weigh the estlimated

cost-effectiveness, the possiblz loss of human life, and other

intangible factors against the significance of the strategic

threat posed by the intended target.

23. The basic technique used for the solutlon of thls problem

will be a hypothetical theoretical analysis. Statistlical analysis

of past data would require effort

beyond the scope of this study

and might necessitate 1its belng classified. Computer simulation

12
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of this tactical situation would be possible, but probably
would not increase its usefulneas. The model used therefore,

will be probabilistic, with kill probability (Py) computed as

follows:
’;( = PJ'PQ.',Z.PA—

The average cost per attack (@) will be computed by estimating
vhe costs of the varlous weapons expended and of malntalning

a cubmarine on patrol. The average cost per killl (Ck) can then

be computed as:

it

C
Gt

Where Cp 1s the cost of risking the friendly submarine in combat.
24, Reference (a) describes a mathematical model for
computing the Pd of linear patrol when the observer submarine's
speed 13 close to the speed of the target. A brief description
of this model follows. The geographic situation 1s illustrated
in flgure 1. The width of the barrier ¢o bYe m
The observer submarine is assumed to have a passlve detection

range of %.a constant which 1s independent cf both target and

observer submarine speed. The observers sweep width is, therefore,

W, The observer malntcins the patrol by moving continuously

o
i

rom point A ©o B and back again, The target is assumed to try

to cross the barrier on a path perpendlcular to d at any point

on path D. Any other path would increase his detection probability

since he would spend more time in the danger zone., The targets

13
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TARGET
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D barrier width 2 passive detection range
d observer track u target spesd
W sweep width v observer speed

Fig. 1 LINEAR BARRILR: GEOGRAPHIC CONFIGURATION

14
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unknown location 1s assumed to be uniformly random with respect
to both time and the crossing point of D, The targets speed
1s u and the observers speed 1is v.

25. An understanding of the relative motions of the target
and the observer can be obtalned by considering the following
example: Visuallze a Brush recorder with a paper tape and a
broad line pen. The observer submarine represents the broad
1ine pen with the sweep width proportional to the width of the
pen line. The uniform probability distributlon of the target
1s represented by the paper tape of the recorder, The paper
tape moves past the pen with a speed relatively proporticnal to
the target speed. The pen cscillates with a freguency proporticnal
to the speed of the observer submarine., If the tape moves
slowly enough the broad line pen will completely darken the
paper tepe. Thls would correspond to the case where the detection
probablility of Pd was one, But 1if the tape moves more quickly
the pen will darken only a portion of it. Since the target is

uniformly distributed the detection probability would simply

i

P T I P LT I TV T NPT 5 PO SEE o an -
Ualncliicu glcd Wividcud Uy ulic Lo

~ 1 - ~ = -~ e L .y —
aL al'ca Vi Uil Ldpe .

)

be th
An example of relative observer and target movements when P (d)
is less than one 1s shown in figure 2., The relative trace is
¢learly cyclical and symnietrical so that the ratio of areas

of one half cycle are identical with the ratio of areas of the
total trace. 1t 1s posslible to express this ratio and therefore
Pd in terms of the basic tactical parameters. First let us
define two new symbols:

15
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Fig. 2 Linear Barrler: Relative Tracks
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/N = L ] L = AL

then by both references (a) and

| - \EEEEI::i_

Fu = "”

= W L aVN(NFD)

= A 72V N(NFD
— Pe =1

26. Both references (a) and (b) present this eqguation
without precof. Since the derivaticon may be of interest to some
readers the author has generated a prcof based on the geometry
of the tactical situation, Because of the symmetry noted in
figure 2 the proof can be based on a single half cycle., Consider
the diagram of figure 3. Since the target location probability
is assumed to be uniform over the entire area of the half
cycle rectangle, the detection probability is simply the ratio
of the swept area (shaded) to the total area. For ccnvenlence
of manipulation it 1s desirable to let

Pqg = 1 - Ppg
where P, 1s the probabllity of not detecting the target. Pno
1s equal to the area of the two unswept triangles divided by
7
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e AT

'///3/ A (D-W) tan p

PQ = SHALED ARBA
TSOTAL AREA

Flg. 3 DETCGLIUN PROBaBILITY

18
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the total area, The total area (Ta) 18 as follows:

= D(b-W) _ PWA
T =& = i

D-W
where D 13 the iength of the barrier and r 1s the distance

the terget moves whlle the barrier submarine is traveling the i
distance d-D-W. This latter 1s the dlstance the patrol submarine

must travel to sweep the full length of the barrier., Note that

1 1s equal vo the tangent of B The two triangles are congruent

3hich is evident from the symmetry of the situation. The area

of one triangle % LA; the area of hoth then is 1A and

Pu = 1= ok

DWW\
but | = D—-%*Z
where %=3—§;—P_
A=LTavp =(D"% B asmp)T““P

Recalling thet ten B =

]

AT
e 12

The area of the triangles 1s then

LA =( D-!&/_-;:mp)a"ft

. .4
since nan/a... Y

[_ﬂ_qﬂaay
. P8 2 AL

Fo=1-
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by letting +JL J .u"+' = QI&H

-V W k-

and dividing both numerator and denominator by we we obtain

oo -t 4y
oD

but A= Q;al-‘l'-l-
80 L =2+

and ()\__ VA4 - )’-

— 2
f =1 ANON+)

QED

of course the equatlion has physical significance only when

A< a\} ANN+]) since a probability can never exceed one.

It AP 2UNOD TheN PL=|

But 1t 1is true that the time of detection 1s less as A increases.
27. The above excellent model l1ls entirely adequate for

many purposes. Since this report 1s concerned with the relaztive

performance of weapon systems and related SONAR and fire control

systems however, the mcdel seems inadequate. It assumes that

passlve detection range %and therefore sweep width (W) is

independent of both the target's and the observer's speed. In

practice this is certainly not true. In general, the faster

the target moves, the more noilse it generates, and the further

1t can be detected, Conversely, the faster the observer moves,

20
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the more its self nolse is increased, and the more its detection
range is limited., These effects are described in detall in

reference (¢), Thug sweep width can be more accuralely represcnted

W = flr) + i)

where/(v')is a decreasing function of A%

and §&) 1s an increasing functlon of 4L,

28, For generality both/éf) and ﬁ‘“') could be represenfted

by power sexrles, For example:

7{@,-) = &, + o<, N +-<3n.l'3 + eos

G = Bt B R Al 4Bl e

where the o’aand 3% could be determined

from the nolse characteristics of the two submarirnes and from
the detection capabllities of the observers passive SONAR,

It will be assumed when v=0 and u=0 the submarine nolse levels

would be zero,

o.v "<a =ﬁo=o

In actual practice excellent results could probably be obtained

by assuming that

21
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Fe =BT fp

However, even these simplifled expressions lead to a very complex
mathematical model for P (d). Since the scope of this study

is severly limited and concerned primarily with weapon system
models & further simplification will be made. It willl be

assumed that the speed ranges of both the obgerver and the

target will be limited to © to 20 lmots. Over this vestricted

speed range an 1lnteresting anslysis can still be made assuming

linearity such that

fo) = <
and 3;éu9 y-pr2

thus W =< +Bu,

29. The new expression for W now permits a new expression

for detection probability

d=D-W, =% y AN 2;'7\»\./

then

22
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p--—zrr-,',‘,-\ I A7 A
( -(nr+pxb) 2

[ . .n?.ﬂr’.,r

Fi,==l - (ty—‘"ﬂﬁﬁﬂ')(iD"‘“behL;*.I)“

<V pav

and we now have detection probability expressed as a function
of target and observer speeds u and v and of barrier length D
with v and u varlable,

30, Agn described previously, e« and p are constants
determined by the nolse levels of both the target and the observer
and also by the capabllity of the observers passive SONAR.
Hypothetical values have been assumed for these parameters.,

These values are not necessarily representative of actual
fleet capabilities; they have been selected for purposes of

1llustration only. The values selected are:

KL=—0,588
p=+2a.176

fe e

Table 1 reveals some of the implicatins of this selectilon for é

various extreme combinations of v and u.

e>
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Table 1. P (d) as a function ofe€and P

v u W b r P (d)
6 6 9,53 4,25 1,00 0.268
6 10 18,23 1.74 0.60 0.424
6 20 40.00 0.25 0.30 0.834

10 6 7.18 5.97 1.67 0.274

H 10 15,88 2.15 1,00 0443

10 20 37.64 0.33 0.50 0.834

20 6 1.29 37,76 3,33 0.089

20 10 10,00 4,0c 2,00 0.428

20 .0 31,76 0,57 1.00 0.851

v = obs=2rver speed in knots

u = target speed in knots
w = Vv + Bu
N =D-w
w
r- Xy
u
D = 50 nautical miles
o = -0,588
P =+ 2.176

31. The expression P (d) has been programmed in Basilc

language and computations have been made for various vslues

Qf the pertinent parameters. The program and a set of calculations

for a barrier length (D) of 50 nautical miles have been included

as enclosure (1), Sets of calculations for barrier lengths

of 100 alxd 200 nautical miles have also been prepared and all

detectlon probabillities are presented in matrix form in enclosure

(2). It can be readily seen that for some situations an optimum

observer speed lles between the limits of 6 and 20 knots. For

example, with a D of 50 nautical miles and a target speed of

10 knots; the detection probability 1s a maximum when the observer
24
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speed 1s near 14 knots.

: ammv"’

32. The question naturally arises: for s given target
speed what 1s the precise optimum observer speed and how should
it be computed. Depending on the values of « and p it could be
the minimum (6 knots) or the maximum (20 knots) for the model.
However, the optimum could be between these limits as in the
previous example. In this case the derivative of P (d) with

respect to v would be of interest, It is as follows:

d-Pd. - 2 -wwuy‘ (‘ﬁm&u J L( *'Y Xﬁ_‘ "'IZ ot )‘)

dr

(eoep = o)

[&”%F" ) 'LQM) ’ [?:'7953‘ (du-:‘ T‘

n \*
kkm“+pddk Cdﬂr+pa4/

setting this expresslon equal to zero and solving for v would
be a trowiatic experience, but 1t is not necessary. It 1is a
comparatively simple matter to program 1t for the computer and
solve for the zero crossings in any particular case., A copy
of the progran in Basic language is included as enclosure (3).
In the example previously clted, the detection probabllity is

51
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found to be a maximum for an observer speed between 14 and 15
knots. When the target speed lncreases to 12 knots, the optimum
observer speed 1s found to be between 16 and 17 lnots. These
calculations suggest a possilble theory of games conflict between
the target and the observer,

33, However, an examination of the enclosure (2) matrices
Indicates that the games aspect of the present example i1s trivial,
If the target 1s aware of the location of the barrier patrol
its optimum strategy 1s always to transit at the minimum speed
of 6 knots. This trivliality is a direct result of letting w

be a linear function of u and v, If, for example,
= o,V VLR w48,
= 4 2 ) A + By

a non-trivial game situation could arlse between the target

and the observer. A model of thls type would probably reflect
actual tactical situations with greater precision and would be
of considerable lnterest to the Naval Operations Analyst. Such
an effort is, however, beyond the limited scope of the present
study.

34, A non trivial game theory situation may still arise
from the present model 1f the target submarine 1s uncertain of
the location or existence of the barrier patrol. If the target
is to perfcrm a long distance mission a speed of © knots, could
be an untenable restriction. The target would then be forced
to trade-off ocean transit time value against the risk of detection
by a possible barrier patrol, In this situation the target may
decide to transit at a speed well above 6 knots., Thus, the

26
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observers detectlon rrobability would be a function of hi:
estimate of probable target speed, and a worthwhlle game
sltuation would exist.

35, DBut detectlon of the target 1s only part of the problem.
To use some weapons such as torpedoes the friendly submarine may
have to attain a favorable position relative to the target before
an attack is possible. Consider the diagram of figure 4: The
friendly submarine located at point F is patrollirg from west
to east slong the axls AB, The clrcle centered about F represents
the areg of passive detectlon cgmbllity wlith a maximum range of
W As before, W 1s the total sweep width of the barriler submarine.
A'target submarine 1is assumed to transit the barrier from north
to south along the line CDE. Conslder the point in time whca:
the patrolling submarine's circle of detection is just tangent
with CDE as shown 1in the dlagram. Dependling on the relative
speeds of the two submarines there exists a point E such that
1f the target is on the south side 1t wlll cross out of the
barrier zone before the advancing frlendly submarine can detect
it. Converselv, if 1t is north of E, it will be detected
before it can escape from the barrler zone. In a simllar manner
there exlists a point C such that 1f the target 1s on the north
side it will not enter the barrier rone until after the friendly
submarine has passed, If it is sovt:i1 of C it will unwittingly
sall into the detectlion area of the patrolling submarlne.

36, Let us assume that the patrolling submarine is
equipped with two types of torpedoes. Also, let us assume that
an ordnance development laboratory 1is considering the value of
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Fig. L

ATTACK POSITION DIAGRAM
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developing a new weapon to increase the patroller's capability.
The new weapon 1s to be a sub-to-sub missile, Each of these
weapons imposes a dlfferent attack-positioning 1. iltation on
the patroller., Of course, the limltations suggested are purely
hypothetlical. They are intended to 1ilustrate the general
approach to the problem, not to represent the limitations of

real weapons. It is assumed that i1f the patroller 1s using

torpedoes, it cannot obtain an attack position unless the initlal

detection i1s made whille the target 1s still north of the patrol
axis (1.e., the targe. must originally have been located on the
line segment CD), If the target were originally on DE he would
be able to avold the attack. Using the misslle, however,
the patroller could attack no matter where the target was

detected, Let the line segments CD equal T, and DE equal L.

Thus the total line segment CDE equals T+L. Then the probability

of making a torpedo attack, given a detection, will simply be
the ratlo of the line segments:

Pa =T
41

The probability of maklng a missile attack will be one
(1.e., Pa=l). It 13 necessary therefore to determine the length
of the line segments L and T.

37. Consider figure 5 below taken from the relative tracks

o)
=
-
‘J-
3
3
®
w
0
'3

It can be easily secn that

, _ W
Cos B = 3T

29
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7ig. 5 TARGET TRANSIT-LINF INTERCEPT SEGMENT
30
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W
THL = s g
AL i
but TAN B = 3F = 5T
therefore I
rl —
Cos B = = -
P (,u.‘z-&—n'"’)"s- (—}!’-1 +|)'/3-

38, With the total line segment T+L determined 1t now
remains to determine either T or L. L seems to be the easiest
to obtain, Consider the diagram of flgure &: Consider the
intersection of the patrol ax.. AB and the target transit path
CDE (i.e. the point D) as the origin for all measurements,
Then as the patroller at point F in figure 4 advances to F!
its detectlon circle crosses the transit path by a alstance
X as noted on figure 6, Simvltaneously it sweeps a distance
y along the southern portion of the transit axls. The quantities

X and y can be related by the Pythagorean Theorem:

a

LY 4

(%)

]

‘._ S / \.{ _/J\a"
= 1? + {:z /E/
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4o

—

Pig. 6 ATTACK POSXTACR AFTER AN OBSERVER ADVANCE OF x
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3 = ()= (¢ -)*
64"‘ = Wi —%
o= Vweg-2*

The negatlive oot has no physical meaning.

While the patroller moves a distance x the target noves & distance

ux = x
v r.

If the target 1s to avoid detection then
L+E = =Vwz=2
must hold for all values of x. Suppose
A
+——: L
L+Z =Vwa -2

then 4¢”'+4L¢ 4_1_“':\/&-%”'

(JEH),;U’“-:—(—%L— -w)m+x_“=o

Depending on the value of L this equation could have (1) two
real but different roots, (2) two real identical roots, or
(3) no real roots., If case (1) occurred it would mean that the

target had intersscted the circular area of detection twice

(1.e., L+%(Yat some point on x) once entering i1t and the other

33
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leaving it. Case (2) would imply that the target had been tangent
with the detection area at one point (1.e.,L"'f¢"}"at one point
and in‘kat all other points) bat never intersected it.
Case (3) would mean that the target avoided the detectlon area
entirely (i.e. L+-f}fy‘ for all values of x). Obviously case
(2} 18 the one of interest; it ylelds the northernmost position
of a target that can escape to the south ahead of the obsgerver
submarine. If Case (2) is to occur then by the quadratic
formula:

axtvbn te=o0 4% = Hee

(85 - w)* = 4L (2 %)

HL* Ywil a_ Y a

L;La + il't_‘d’l' - h/a' =0

_w AL - .L)
L“‘ a ‘ f ik + A
Agein the negative root has no physical significance since it

would make L negative.

39. We can now find T since {T%L) =L = 7
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and the possibillity of making a torpedo attack, given a dectection is

L4

P"“‘L
a = L

€

L W
Rl + A

R = Z3
* WYL+

- \r“_”_“* L a
Notice that Pa 1s independent of W. This 1s to be expected
since the line CDE 1s proportional to W. A3 a simple example

let us assume that the patrolling and target submarines are

moving at the same speed;then r=1 and

!
Po=4+ SEE = ©- 854

4C. Of particular intcrest arc the limiting cases when

r approaches infinity and zero. lotice that when

SR Py
o

since § I — _/,
E;- _;l-+ oo T a

This corresponds to the case where the target submarlne is
stationery within the patrol area, Then as the patroller sweeps
by, the probabllity that the target 1s north of the axils is
equal to the probabllity that it is to be scuth. and both are

equal to one-~half, When
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/L—--bo fz_-—-#- /

since

__..L — _/- L-
=+ gnsgg =ztE !

This corresponds to the case where the patrolling submarine 1is
stationary within range of the target axle. Of course the target
would always first be detected north of the patrol axis. The

table below shows how Pa varles as a function er A

r Pa
0.0 1,000
0.3 0.979
0.5 0.947
1.C 0.854
2.0 0.724
3.3 O.644
oo 0.500

41, The real physical slgnificance of Pa is that 1t is
the probablllty that the patroller will filrst detect the target
while 1t 1s still to the north of the patrol axis. In this
ical example Pa has also been taken to be the probabllity
of being able to make a torpedo attack. This latter 1s a
purely arbitrary assumption for illustrative purposes and does
not reflect the limitatlions of real torpedc systems. Real
torpedoes do present the attacker with tha necessity of
maneuvering to a position compatible with thelr offensive

capabilities, however,

¥
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42, Let Pc be the probabllity that the weapon will be
capable of destroylng the target, glven that 1t functions
reliably. For each of the three weapon systems belng consldered,
an arbitrary expression wlll be assumed for Pc, The purpose
here will not be to describe the capabllities of real weapons,
but only to indicate the type of tradeoffs with which an analyst
may be confronted. Torpedo type I 1s assumed to be blg,
powerful, fast, and nolsy. For this weapon Pc 1s assumned to be:

B(I) = cos 2= O=a&T

Recall that T 1s the vulnerable portion of the target transilt

path which 1lles to the north of the patrol axls. Thus the

farther north the target lies on line segment T the more effective
the torpedo is, The taclt assumpticon 1s being made here that

the patrollers speed 1s nearly equal to or greater than the
targets speed to assure the reasonableness of the expression

for P (I). Since the analyst will eventually want to compute

the average cost per i1ll and since the target is assumed %o

lie at any polnt on T with equal probability, the average

value of P, (I} will be of interest.
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a———
—

= 0.637

Al

43, Torpedo type II is assumed to be small, less powerful,

and slow, but 1t 1s extremely quiet. For thls weapon assume
= |- ra o =<
R = | sm(a'r) o & T

The average value of PC (I1) can be found as follows:
; T
= Ta
&W)-Tf(l-sm a‘r'))’d“‘
o
2T T
- -5
+|o + 2T cos(22)]
o

= ],000 ~2 = 0.363

44, The proposed missile 1s expected to be capable of
attack not only over the length T but over L alsoc, For both

line segments assume this weapon has

)1
“

[71]
o
Q
th
2,
[
ct
b
[Y
jal

2
4

ot

N

*

the methodology of the weapon reliabllity Pr, his methodology
has been exhaustively discussed in such works as references (d-g).
For the two torpedoes of this analysis Pr will be assumed to
be known as:

Pr = 0.9

For the yet undeveloped mlssile, Pr is a parameter whicu will
depend upon the price the declsion-maker is willinz to pay for

38
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the weapon. A range of Pr from 0.5 to 0.9 will be conaidered in

relation to coast.

k6, The average costs for making a successful attack will
now be considered for each weapon and for mixes of the weapons.
Of course the costs assligned will be hypothetical and for
illustrative purposes only. In this inflationary world any
prejected costs would soon seem archalc no matter how large
the numbers assumed, but the basic mathematical techniques will
remain unchanged.
Let:
(a) Kp - be the average cost of operating a submarine
on a thirty-day barrler patrol. This figure includes
all maintenance, training, depreclstion, and other costs,
(b) Kt - be the value of a torpedo-equipped submarine,
(c) Ks - be the valuc of a submarine equipped with both
torpedoes and a missile system,
(d) Kb - be the cost of torpedo type one, This price

Includes &all development, tralning, malntenance, and

exerclise costs on a pro rata basis
(e) Ke - be the similar cost for torpedo type two,
(f) Km - he the similar cost estimate for the proposed misslle.
In the case of the missile it will be assumed that the decision-
maker can choose between three possible designs with reliability

cost tradeofis as follows:

Pr m

0.5 $ 1 000 000
0.7 1 500 000
0.5 3 000 000
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A major concern of the declision maker will be to decide whether
or not a missile system should be developed and if so which

alternative, The other costs will be assumed as follows:

Kp = $ 1 000 000
Xt = $ 25 000 000
Ks = $ 30 000 000
Kb = 200 000
Kc m 100 COO

L7. As noted in paragraph 23 the cost-effectiveness (Ck)
can be computed as
Ck = Ca + Cp
Pk
Ck is the average cost-per-kill which 1is proportional to the
cost-effectiveness, Strictly speaking perhaps, cost-effectiveness

should be defined as 1 but this subtlety will be ignored in this
Ck
report. The analysts object 1s to minimize Ck which is

synonymous with maximizing cost-effectiveness. Assume that the
speed of & transiting submarine has been estimated to be 16
knots and a patrol submarine speed of 16 knots has been selected
to counter the threat. Then:

v =16, u=16, r =1, and Pd = 0,696

for the torpedoes, Pa = 0,854

for the missile, Pa = 1,000
It 1s assumed that 1f the patroller elther doesn't detect the
target or detects it but cannot make an attack, the target
will not detect the patrolling submarine. If the patroller
makes an attack and falls to destroy the target, there will
be no opportunlty rfor a second attack, but the target will be able

40
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to maxe one counterattack.,. Let Pe be the probability that the
counterattack will be successful., Pe will depend on the weapon
used in the first attack. Torpedo type (I) 1s noisy and
immedlately betrays the position of the friendly submarine,
Type (II) 18 extremely and allows the target little opportunity
to determine the patroller's location. The missile will be
less certain. It may betray the patroller's position, but not

necessarlly. Therefore the following ls assumed for:

torpedo type {I) Pe (I) = 0.1
torpedo type (II)  Pe (II) = 0.0l
missile Pe (III) = 0.05

It 1s also assumed that the average number of chemy transits

per thirty-day patrel 1s one.

L8. As noted in paragraph 23
Pk = Pd , P& . Pc , Pr
Ca can be foui.d simply as

Ca = K, + K1 !

where Ki 1s cost of the patricular weapon used (i.e., Kp, Ke, or Km) s

and Cr can be found as follows: !

for torpedoes Cp = (ﬁ:&‘ﬁ)(/‘&'&)(&)l‘t

for the missile ¢=(P¢'B,)(!“fz'&)(e%) Ka

R VY

wheve {(Fd . Pa) is the probability that the patroller commits
1tself to an attaclc; (1 - Pc . Pr) 1s the probability that the
attack falls; Pc 1s the probabllity that the enemy succeeds in
destroying the patroller in the counterattack; and (K¢ or Ks)
41




NOLTR 69-154

18 the c¢ost of lesing the patrol submarine.
49, The cost~effectlveness Cj can now be computed for each

weapon and for mixcs of the weapons, First for torpedo type (I)
P = £ + (R (1-R-BXR) )

where BB = 0,437

fenee: oM = § 4230 coo

The average cosi per kill using torpedo type (I) alone,
For torpedv type (II)

o) = -Kﬂ——&—- + PeRY(1- 2R )(R)(KD bk

E;E =§7270 000

For the three migslle alternatives:

= Hed K L
ot = R p YRR BRI R)

c,gvz‘) = §f { 270 600

Ezmw) = #5440 oo ;

Gy (III) = $5 430 000

Clearly if a missile 1s to be developed 1t should be the alternative

vith Pr = 0,7. Unless, of course, there are non~-quantifisble

42




NOLTR 69-154

factors which the decision maker must consider along witn Cp.
Notlce that for the torpedoes Ck is an average value. For
any particular situation the value of Ck depends on the positicn
of the target when [irst detected on the line T™+L, But for
the migsile this 1s not the case, Ck ls the same ro matter
where the target 1s flrst detected.

51, As was noted in paragraph 4G, torpedo type (I) hes
a much lower cost-per-kill than type (II) on the zverage,
But this 1s not true for all values o a., For exarple, when
a=o0 (1.e., the target 1s located at poilnt C of figure 4):
Ck (I) = &% 2 390 000
and
Cy (11) = 2 070 000
In this situation, torpedo type (II) offers a si.all advan.age
over type (7). There exists a polnt such that Ck (I) = Ck (II).
For all values of (a) less than this point torpede tyre (II)
should be used, Beyond it ucrpedo type (I) should be used,
Thus a mix of vsrpedoes should yicld ¢ slightly lower Cx
than EEP(I). The wrossover p>int can be found most easl.y
by simple brute force cut-and-try methods wlth or withouat tne
uge ¢ a computer. The crossover in this case oceurs when
a = 0,08T

Therefore the appropriate FcTs must be recalculated,

-
L@ = o7 | cos(TE)da
0,097

L3
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'égt_) = C.60I

and the new Cnl!I) = # 4 370 600
similarly ) c.09T
Flr) = o.orrf [l—- sm({.%}] da
o
Eﬁ = 0,920
and Cil) = $2 /a0 600

52. The cogt-effectiveness Ck for the torpedo mix is then:

T, = 0.9/Cf + 0,09 Cx)

c, = # 4 /50 ooo
and a small advantage over the use of torpedo type (I) is
realized when this result is compared with that 1n paragraph
45, it first glance the improvement may seem so small that
the existence of type (II) seems unjustified. But notice that
the use ol type 11 greatly reduces the risk to the friendly
submarine, and thls means that fewer llves are lost, Thus
torpedo type (II) has a major benefit which 1s not quantifiable
and 80 1t mav freguently be used in situations where 1ts cost-
etfectiveness 1s less favorable than that of torpedo type (I).
53, 1If the misslle with Pr = 047 were developed and added

to the mly would it create a more favorable Tk? Certainly at

values of (a) greater thar (7) 1t would contribute to the patrollers

Ll
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effectivencas 3ince the patroller !

Txa=T+L

1f only torpedoes are used, Again a erogsover po

© point exlsts
between torpedo type (I) and the missile. Once more, by
cut-and-try methods, the following zrossover is found:

s = 0,087,

54, Notice thav since

Pa =T = 0.654
T+L
L =0,171T
and the total length of thc detection line segment is

T+L = 1.171T

Therefore, Ck for a torpedo plus missile mix can be expressed as
— _ (og8-0.09" 0.0 0.5\ ~ G
Cye ( /.77 ) D) +(/./7/)C @ + //7/)C'f(m>

T = 5oy + 0.077 Gf) + 04195

wherea 0.637"
L) = o.59'r Cos () da
c.09T

i

EE) 0. 794
)= § 3 250 000
Clz) = #2160 000

Cdm) = #5 440 e00
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for the total mix

Tk = $ 4 080 000 .
which is a disappeointingly smull improvement over the value

coemputed in paragraph 52. Other factors being equal, a decision
maker would be reiuctant to develcp a weapon that of fered such
a small advantage.

55. The major drawback to the missile system is that
1ts cort 18 Bo unusually hlgh when compared with the worth of
the patrol submarine, In real 1life, the submarine worth 1is
probably mugh higher and this would favor the development of the
missile, But thls example in Part II was meant only to i1llustrate
the general methods that an analyst must use in solving an
(OA) problem, The values used were hypothetical, but the
1llustration does serve to indlicate the complexity that can
arlse from a relatively simple tactical sltuation. The need

for a systematic spplication of the methods outlined in Paxrt I

should now be obvious.

L6
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P= +702547
= «778704
P. +850867

TIME:

&k QFF AT

£-2

S SECsS.

14318

16
16
16
16
16
16
1é

16

1]
18
18
18
1R
13
13
18

20
20
20
20
20
20
20
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U=

*9

10
12
14
16
18
20

10
12
14
16
18
20
20

10
12
14
16
15
0

=53

3. 648

12.352
16704
21.056
25« 408
29.76
J4.112
2¢472
6+824
11176
15528
19.8%
246232
28 .53 4
32936
6

Se 648
10
14352
18704
23056
27+ 408
31.76

W=

1295

o




v(OPSERVER SPEED)

10 0.27% 0.363
12 0.262 C.3635
14 0.239 0,358
16 0.203 0,36
16 0.153 0.325

20 0,089 0.2k

Enclosure (2)

Pd Matrix for a 50 Nautical Mile Tavrier

10

0.2k
0.433
0.uk43
0.450
0.h57
0.L50
O 4k

0.2l

NOLTR 69-154

u (target speed)

1

50

L

~

0o
0.606
0,51
0,013
0.52:

0.621

0,534
0,832
0.334
0,236
0.341
2,048
0,34

0,851




v (own sub speed)

0,134
0.138
C.13¢
0.133
0.101
0.103
0.C77

0.0k45

NOLTR 69~-154

PdA Matrix for a 100 Nauticel Mile Barrier

0,173
0.179
0,183
0.135
0.1703
5,176
0.165

0.150

v

10
0,212
O .2].8

0,223

0,230

0.230

(terget speed)

12 14 16
0.252  0.293  0.33k
0.257  0.296  0.336
0.262 0.301 0,340
0.263  0.307  0.345
0.272  0.312 0,351
0.275  0.316  0.356
0.275  0.319 0,380

0.27h 0.320 0.363

5/

16
0.376
0.377
0.380
0,334
0.339
0.3%

0.399
0.403

2C
0.h17
0.410
0.420
0.h23
0.42%
Cc.l33
0.b435
0.3




NOLTR 69~154

Pd Matrix for a 200 Nautical Mlle Earrier

u (target speed)

6 ) 10 1» 14 15 15 20

6 0.087  0.067 0.125 0.126 0,146 0.167 0.18  0.200

= 6 0.0539 0.090 0.10° C.129 0.1k 0,150  0.130  0.20¢
g. 10 0.069 0.092 C.112 0.131 M.151 0,170 2,10 2.0
% 12 0,057 0.093  2.11% 0,134 0.15h 0,173 0,193 0.212
g 1k 0.051 0,022 (0,115 7.137 0.157 0.156 0,195 02.015
:: 16 0,052  0.029 0,118 2.13 0.159 0.172 0.1%.  0.C13
13 0,039 ¢,0J3  0.1l1k: C.132¢ 0.101 0.121L 0.201 0,201

20 0.02¢ 0,075 0.111 0.130 0.152 0.1.3 0.204 0.2.3
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LIST
JAIT.

RZNJT76 15:24 CRIR Dizr22/749

10 LET D=50

A LET As<0.oKH

30 LET ==2.174

40 LET U=a4q

50 LET H=0+2

60 LET v=S

70 LET vVavs+l

75 LET E=A%wV+dxi]

80 LET F=D/E

90 LET G=SQRCC(V/1])t2+1)

100 LET D1a(F=-1)xF*2%(Fal=(G3=~1)/2)
131 LET El==-(FxA/E)=(V/1t2/(2kR))
102 LET Hi=sDIx£t

110 LET H22((F=1)~((B=-1)/2))1t2%x(((F=1):(=FkA/TIV+(F*k{(=F4A/L)))
120 LET H3=((F=-1)*F)t2

130 LET P1=(HI-H2)/H3

140 PRINT "U="i),"y="ry,"F1="P]

150 IF V<20 THEN 730

160 IF U<20 THFNSO

170 FEND

xxx COFF AT 15125,

ENCLOSURE 3
53



€D,

(b)

(d)

(e)

(f)
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