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FOREWORD

In September 1966, the then Ad Hoc Guidance and Control Panel of AGARD (Advisory Group
for Aerospace Research and Development of the North Atlantic Treaty Organisation) held its
first symposium in Paris on the subject of man machine interactions in guidance and control
systems. In March 1967, the Panel held its second symposium, also in Paris, on the subject
of reliability aspects of guidance and control systems. By the end of the second symposium
the significance and growth potential of this new Panel activity of AGARD was rather clearly
established and this was amplified by the large attendance and great interest shown by
attendees at the next two Panel symposia. The first of these was heid in Oxford, England,
in September 1967, and its subject was “Inertial Navigation: Systems and Applications”.

The second was held in Braunschweig, Germany, in May 1968, and its subject was ‘“Inertial
Navigation: Components”. During this same time the Guidance and Control Panel was taken
off ad hoc status and given full fledged status as one of the AGARD Panels.

This volume of Symposia Proceedings of the Oxford and Braunschweig meetings represents
the first publication of the Guidance and Control Panel. The reader will find contained
herein coverage of the broad areas of inertial navigation: components, systems and applica-
tions. Fourteen papers were presented at the Oxford Symposium and all but two of these are
included here as indicated in the table of contents. Twenty-one papers were presented at
the Brauaschweig Symposium and all but three of these are included here, also as indicated
in the table of contents.

It is a pleasure to express gratitude to a number of people who made these Panel Symposia
Proceedings possible. First of all, a great deal of credit must be given to Profe;sor
W.Wrigley, who in his tireless efforts as the first Chairman of the Guidance and Control
Panel, was the person most responsible for establishing it as a full fledged AGARD Panel.
These published Proceedings are. of course, one of the fruits of his efforts.

Professor B.Fraeijs de Veubeke, as the first Panel Vice Chairman and Mr H.G.R.Robinson,
the present Panel Vice Chairman, deserve a great deal of credit aiso for the development of
the Panel’'s programs and activities. To Mr H.G.R.Robinson. Chairman of the Oxford Symposium,
and to Leonard Sugerman, Colonel USAF, Chairman of the Braunschweig Symposium, goes the
credit for developing the programs of these symposia. A great den! of credit must also be
given to Mr Frank Sulliven for his important contributions to Psnel activities and to the
development of these Proceedings. Appreciation is also expressed to Professor G.Whitfield
and to Monsieur 1°Ingénieur en Chef G.Bonnevale, who in their capscity as Panel Associate
BEditors. provided valued assistance in the developament of these Panel Proceedings. Finally.
gratitude is also expressed to the British Governaent for offering to serve as the host
country for the Oxford Symposium and to the Government of the Federal Republic of Gerwany
for hosting the Braunschweig Symposium. The facilities in both instances were excellent
and contributed significantly to the success of bu'h Symposia.

C.T. LEONDES
Editor
Guidance & Control Panel. AGARD




CONTENTS

FOREWORD

INTRODUCTION:
INERTIAL PRINCIPLES IN NAVIGATION AND GUIDANCE
by C.S.Draper

PART I: Systems and Applications

TECHNIQUES AND PHILOSOPHY OF MIXING OR AIDING INERTIAL
NAVIGATION WITH OTHER NAVIGATION AIDS
by G.E.Roberts

NAVIGATION PAR INMFRTIE SUR DE LONGUES DISTANCES
par B. de Crémiers

COST-OF -OWNNERSHIP PHILOSOPHY APPLIED TO INERTIAL
NAVIGATION SYSTEMS
by W.J. Laubendorfer, R.V.Plank and ¥.J.DeNezza

A STUDY OF STRAPDOWN INFRTIAL NAVIGATION AT THE
MARSHALL SPACE FLIGHT CENTER
by F.P.Daniel, G.B.Doane 1!l and R. R Kissel

DESCRIPTION OF A STRAPDOWN INERTIAL WMEASUREMENT UNIT
by Joseph Yamron

FIELD TEST, ALVGNWENT ANB TRINMING OF THE ELDPO-A PLATHORM

by Manfred Put2z

PREDICTION OF L' FRREUR O UNE CENTRALE INERTIBLLE
by Miguel da Stlveirs

FACTORS INFLLENCING THE CHOICE OF COMPUTER FOR AN
INERTIAL NAVIGATION SYSTEW
by P.%Wilnon

OPTINAL USE OF REDUNDANT DATA IN INERTIAL NAVIGATION SYNTHWN

by F.GC.Unger

THF IWPACT OF STATISTICAL ESTIWATION OV ISNFRTTAL NAVIGATION

by Larry D.Rrock

APPLICATION OF INERTIAL THCHNOLOGY TO AIRBORNE GRAVIWEIRY

by Vimer J Frey and Raysond B Harlan

PRESEST-DAY NORTH-FINDING SYSTEWS AND THEIR FUNDANENTAL
LINITATIONS
Oy B V. Trayarr

Page

vii

15

31

49

188

167




PART II: Components

SYSTEM PARAMETERS AS CONSIDERED IN THE DESIGN OF A
SMALL INERTIAL NAVIGATION COMPUTER
by J.Kydd

THE APPLICATION OF STATISTICAL ESTIMATION TECHNIQUES TO
INERTIAL COMPONENT CALIBRATION
by George T.Schmidt

FULER ANGLE STRAPPED-DOWN COMPUTER
by Alan van Bronkhorst

A CONCEPT OF DIGITAL AVIONICS
by J.F.Bussel!

MICROPLASTICITY IN METALS FOR PRECISION INSTRUMENTS
by 0.H.Wyatt

GYRO BALL BEARINGS - TECHNOLOGY TODAY
by Albhert P.Freeman

CONICAL GAS PFARINGS FOR GYROSCOPE SPIN AXIS SUPPORT
by D.Faddy and T.L.Ellis

STRAPDOWN Gt IDANCE COMPONENT RESFARCH
hy Richard J.Hayes

THE GYROFLFX GYROSCOPE
by Richard F.Cimera and Michae!l Napolitano

THE ROTOR-VIBRAGYRO
by E. Mihlenfeld

Hi OSCILLOGYRO
hy R.%halley and D. W Alford

THE PIPA (PULSED INTHEGRATING PENDULOUS ACCELEROMETER)
by George J. Rukow

1P ACCFLEROMETRE ONERA A GRANDE SENSIBILITE
par Wichel Delattre

THF VIARRATING STRING ACCFLEROWFTFR
hy Rohert 0O Rock

TECHNICAL REPORY ON THF QUARTZ RESONATOR DIGITAL ACCELERONETER
by Norman R. Serra

AN OPTICALLY PULNPED NUCLEAR WAGNETIC RESONANCE GYROSCOPE
by James H.Simpson and 1.A Greenwood

GYROWETRES LASER FT APPLICATIONS
par J. M. Catherin et B. Desnun

STATUS AND FUTURE OF FLUID CONPONENTS
by D.L. Wright and ¥9.C.Ving

vi

207

231

251

281

297

313

357

3718

401

a1

419

429

459

473

L)

317

323

337




INTRODUCTION

INERTIAL PRINCIPLES IN NAVIGATION AND GUIDANCE

by

C.S.Draper

Massachusetts Institute of Technology, Cambridge,
Massachusetts, USA

vii




INERTIAL PRINCIPLES IN NAVIGATION AND GUIDANCE

C.S.Draper

1. INTRODUCTION

Navigation is the process of purposefully determining motion so that desired objectives
are achieved. activity of this kind has been among the important endeavors of man for the
many thousands of years he has traveled on foot, with animals, with sledges, with wagons,
in canoes, in boats and in sailing vessels. Modern times have intensified the need for
always higher performance from navigation as the technology of transportation has expanded
to include power driven ships, subsonic and supersonic airplanes, helicopters, VTOLs,
orbiting capsules and soon-to-come craft for travel between the earth and the moon with
perhaps the planets ahead within a few decades.

Moving entities incorporating means for changing speed and direction are essential for
accomplishing desired results by reaching selected destinations. The function of navigatior
is to determine the modifications in motion needed to cause the entity involved to follow
a path that results in mission success. The action pattern that must be carried through
in order to realize these results may he considered in terms of five functions:

1. Selection of desired results and the generation of procedures for their achieve-
ment through plans and programs which give the necessary position, speed, direction,
etc., as functions of time in a convenient reference space.

!J

Determination of the actual situation at known instants of real time.

3 Comparison of actual situations as they develop in real time with desired situa-
tions at corresponding programmed instants to determine devistions of actual states
from desired states of the essential geometrical quantities

4. Computation from the deviation data of corrections: needed to bring the actual
states into agreecment with the desired states,

S. Application of these corrections as commands for the ~ontrol system of the moving
entity,

When the laxt four Junctions ar: carried out continuously and the control systes
operates effective]v. the result i~ a courne for the moving entity that carries it over
an actual path that conely appreaches the programsed path sith respect to the reference
space,  Unti] fairly recent vears all of the five component functions were catrried out
hy one or aore men. At first, a single man provided all the component functions from
riaaning to maktie proper changes in the directions in which he may have heen walking
when 1t hecamr obvious that corrections were needed. Much later developments led to
operators working levers and ateering ships in response to instructions from superior
offirers responsihle for navigation, while today many systes are sutomatic and only
require husan attention for monitoring purposex. The sec. - hird and fourth functions,
shich are determination of position, indication of deviations and computation »f correc-
tions belong to the method of traditional NAVIGATION. When the functfions of planning
and prograsming and of control to carry out corrections are added to navigation, the
resglting compliex of functions is GUIDANCE.
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Before either navigation or guidance can be effective, the .oving entity must be
STABILIZED so that it is capable of responding properly to control commands. In effect,
stabilization is the process of causing all the essential variables associated with the
moving entity to remain near desirable equilibrium states established either naturally or
by instrumental means. CONTROL acts hy changing these equilibrium states so that in
seeking the new stabilization conditions the moving entity makes corrections toward
desired positions and states of motion.

It is the purpose here to review the fundamentai functional requirements of
STABILIZATION, CONTROL, NAVIGATION and GUIDANCE with particular attention to the essential
services that are provided for modern equipments by devices based on inertial principles.
After some twenty-five years of practice and discussion, inertial systems are still some-
times regarded as basically rather low performance devices struggling in competition with
optical, radio and radar navigation equipments. This is an unfortunate opinion which has
retarded progress and substantially increased the cost of advancing modern navigation
technology. This technology will inevitably achieve performance and reliability in-
creased significantly beyond the levels now realized in practice. These improvements
will come from engineering developments of inertial oomponents and subsystems integrated
into overall systems incorporating radiation contacts of various kinds with computers to
couple all subsystems into complexes of always improving effectiveness. The technical
details involved provide subject matter for the presentations of this conference. This
particular paper is not concerned with particular equipments, rather its purpose is to
“set the stage” for later papers by reviewing the generalized requirements of navigation
and the contributions that can be provided by devices based on inertial principles.

2. GEOMETRICAL REQUIREMEN1S

Missions for moving entities must be defined in geometrical terms with time as the
basic “ fourth dimensfon” that ties all other variables together in a continuous sequence
of instants uniquely associated with the general progress of changes in the essential
physical qua..‘*ies. The formulation of plans and programs to specify the chain of events
needed to achieve a desired result from moticn of a controlled entity must be referred to
some geometrical reference space within which destinations and moving entities can be
described in position and orientation. For cxample, i{f the moving entity is an sirplane
and the destination ix a certain city, it is convenicnt to select a reference space deter-
sined by the ea:th coordinates of latitude, longitude, north and the vertical. The
position of a destination city is easily read {rom a map in terms of {ts position in this
reference space. It is the prublem of navigation to locate the airplane in this same
space and relate its position and motion to points on the path it must follow in reaching
its goal.

With known landasrks visible in goud weather, simple sightings make it possible to
pinpoint an airplane, te select a suitable path for rraching a sujected destination and
to determine the actual path and the necessary corrections.  When terrestrial landmarks
are not available bhut star sightings are possible, the traditional scthod of using
celestial space for an auxiliary geometrical reference, correcting for carth rotation
by chronometer time and applying known stellar positions, make it possible to determine
aircraft positions hy the traditicnal computations of celestial navigation. Ihen both
terrestrial and celestjal contacts by visual cbaervations are elisinated by unfavoradle
circumstances, man-generated radiatton sith known patterns determined by cooperative
ground stations make it posafhle to navigate by means of groiund and ajrborne receivers
and properly designed coaputing aids. With vicihility denied and cooperative radiation
stations lacking. self-contained on-hosrd methoda aust be used to measure or predict
changes in vehicle position as functions nf time. The tise honored method of dead-
reckoning based or estimates nf air speed, flight directions, wind speed, wind direction,
etc., is always 9 ailable for the computation of future positions. but cannot provide
high sccuracy.




Navigation and guidance subsystems operating without outside cooperation during
relativelv long periods of time and free of dependence on estimates of air speed, flight
direction or wind can give much better results than conventional dead reckonine. These
systems developed only during recent years depend upon computations using data sensed
by on-board instruments mechanically held in known orientations with respect to cartn
coordinates. Equipment of this kind is made possible by inertial principles which are
inherently ideal and free from saturation effects within the necessary operating ranges
for components and subsystems of navigation and guidance to operate for considerable
periods of time without external contacts for geometrical information.

Indications from inertial sensol- are not absolute, but represent changes from artifi-
cially introduced initial conditions that are rejated in known ways to time and the
selected geometrical reference space. Once initial conditiors are set, inertial equip-
ments operate by a modern form of dead reckoning that uses, not estimates of speed and
direction, but measurements of velocity changes along coordinate axes associated with
instrumentally maintained internal coordinates. Position changes with respect fo the
external reference space are computed from the indicated velocity change coaponents. It
is obvious that for systems of this kind the accuracv of results depends on the perfor-
mance of the inertial sensors, their associated computers ald OLher necessssy suhsystems.
Many theoretical, engineering and tec*nological problems are important for the technology
of inertial systems that are bevond tue scope of this paper, which 1~ covcerned only with
an introduction to general principles.

3. COMPLETE NAVIGATION AND GUIDANCE SYSTENN

Navigation must have accurate contacts with a geometrical reference space in which the
desired motions of the moving entity are completely defined. For paths tavolving terres-
trial problems. earth coordinates are particularly well saited for reference purposes snd
are used by direct visual contacts by artificial long wave radiation, bv use of {ntermediate
celestial objects and by instrumented inerr al reference members. The essential function
of the geometrical reference space is to provide an orthozonal coordinate system to shich
displacements of the moving vehicle may be related in tearms of components associated with
the space in which the vehicle path is descrioed.  When ground stations are available
these coaponents may be measured by optical, radio or radar meanx, so there ix 0 uestion
of coordinate relationships, the coordinates actually used in measyrement are identical
with those to shich vehicle sotions are referred. Radigtion recejvers, sither on the
ground or in the vehicie, produce signals suitable for procexsing by properly destgned
computing sudarstems which generate oytputx that Jead to jndicationx of pasifion, velecity,
off-courar deviations, velocity cvarreclion commandx ete., that are the useful ou'puts of
navigation systeas. To be #ffective thexe outputs nust Uo uxed as tie inputs {or a con-
trnl systes that actually causes the vehicle 3otion to chanse (n ways t.et {orce 1t tn
{oliow a path that leads to the desired Jestination,

When (he functions of supplving destination inforzatisn and prograasx {or operation, of
providing reference coordinates, xenajng molion components, computing control coasmanda
ani executing these commands are Integrated {agether, the resulting coaplen i @

CUIDANCE SYSTEX. If the prograz function and the cantroi function are cmitted the result
is & NAVIGATION SYSTEY,

CONTROL SYSTEMS serve to interface navigation svxtess sjth the vehiclea that thoy guide,
in the senxe that they receive information level carrection comsands ax inputs and providge
changes in vehicle sotion as their output=x. In order far this action to he effective, he
contro]l system must first provide STABILIZATI?N ahich, in effect. iw controi about equilt-
briua conditions corresponding to “ao-change  aput comaands.  For exasple, tf an
sirplane is to properly execute comeandx related to earth conrdinates {t aust have arjen-
tationa! inforaation supplied to its controls so tkat right-turn. left-turn, up-dosn and




roll-right, roil-left are related to the on-board geometrical reference in the same way
that these angular motions are related to the flight path defined in terms of the external
reference coordinates,

It has beer common pract‘ce fur almost forty years to provide aircraft with stabiliza-
tion and control reference coordinates by means of gyroscopic instruments. Thc bank and
climb indication, which in effect provides an instrumentally established horizontal plane
reference with accuracies in the runge of a few degrees, is as satisfactory today for
flight control purposes as it was when Geaeral Doolittle first used it for blind flight
in 1929. In a similar way the gyroscopic turn indicator has shown, and shows today, right
and left turns of aircraft with about the same level of accuracy.

The combination of these two gyroscupic instruments to form automatic pilots has been,
and still is, effective for the purposi:s of £.rcraft stabilization and control, but devices
for sensing changes in linea: i1.otion have in the past never been used in autopilots ta
provide indicetions of naviga.ional information. A fundamental limitation of conventional
gyroscopic aircraft instruments lies in their inherent indication inaccuracies of a few
degrees and their inherent drift rates of approximately ten degrees per hour. When it is
recalled that one degree angle betwecn local gravitational directions corresponds to sixty
miles distance on the earth’'s surface, it becomes obvious that ordinary aircraft instru-
ments can not provide suitable internal reference coordinates for navigation and guidance
systems with accuracy requirements of one mile error for each hour of operation after an
initial fix.

4. INERTIAL GUIDANCE

Inertial guidance is the term applied to the operatior of an equipment subsystem which
has three generali~.1 functions. The first function is that of establishing and maintain-
ing an internal geometrical reference space which has an associated set of coordinates
and means by wh..h their orientations may be accurately adjusted to the desired relation-
ships with the external reference space in which the destination to be reached and the
path to be rollowed are specified. The second function of inertial guidance is to receive
specific force, which is the vector resultant of gravity force and inertial reaction force,
in terms of components related to the internal coordinate system and te generate output
signals that accurately represent these components. The third subsystem function is com-
putation, i~ rz2cent times almost universaily carried out in digital terms, by equipment
which accepts these output signals for inputs and, as its own outputs, provides control
commands and the indications needed for effective vehicle operation. Control, a fourth
function which imp'ements contrsl ~ommands, has its low power level input side interfaced
with the computer and its output :ide driving a control subsystem that is usually closely
associated with the vehicle itself. Vhen men are involved, displays, input pushbuttons,
ar:! operating knobs to select and adjust modes of operation are included in guidance
systems for the purposes of communication and interaction between human operators and the
arrangements that cooperate with them as inanimate working partners,

The technology of computing equipment is now capable of meeting al) the requirements of
inertial guidance for storing data on plans and programs, for carrying out calculations
and Jor transmitting information to proper interface points. Similarly, the technology
of displays. and relay systems is 8o well developed that almost any desired arrangement
may be realized by which a man can bLe informed by systems as to actual states of affairs
and oe given the power to impose his will upon the machine as to its modes of operations,
its tasks and the disposition of its results. Control systems capable of forcing actual
vehicle motion into substantial agreement with programmed motion are well developed and
generally designed i:to operational vehicles,

With good desigr aud eff-ctive quality control, computing, display and control sub-

systems of inertial guidance equipment will not limit performance of overall systems.
Reliability is another matter, in that it is sometimes determined by these three functions
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but is more often set hy electronics, either associated with the reference member or with
the computer and the displays. This state of affairs means that currentiy the overail
syster performance levels are generally established by the inertial semsors. For this
reason these components become subjects for particular attention in any discussion of
inertial guidance systems.

3. INERTIAL SENSORS

Inertial sensors must provide functicns of two kinds. The first function of an in-
dividual unit is that of sensing small angular deviations with respect to inertial space
about a sharply defined input axis and producing an electrical output signal, with its
sense determined by the direction of the deviation and its magnitude proportional to the
size of the deviation. In practice three angular deviation sensors of this kind are used
in a triad configuration with their input axes held accurately at right angles on the
gemetrical reference member to which the instruments are rigidly mounted.

The reference member “as three degrees of angular freedom with respect to a base upon
which it is mounted and which in turn is instailed in the vehicle to be guided. The
three ases corresponding t: the degrees of freedom are each fitted with a tightly cper-
ating servo-drive that draws its input signals from the properly combined signals from
the angular deviation sensors. In oteration the overall servo-drive system keeps a set
of orthogonal axes fixed to the reference member accurately aligned with the orientations
of the three sensors for which their output signals have null (i.e. minimum magnitude)
levels. Current servo practice is developed to levels that allow the realization of
drives capable of keeping the referance member coordinate axes in substantially perfect
alignment with the signal-null orientations of the sensors. This is accomplished by
designing high torque capabilities into the servos and providing “noise frze’ output
signals from the angular deviation sensors. This state of affairs means that the refer-
ence member departs from ideal performance only because of sensor imperfections that
cause the orientations for which their output sigrals have their nulls to differ from
initial settings. Uncertainties as ociated with “drift* effects of this kind are the
liniting factors for anguiar ceviation sensor performance.

The second type of sensor required for inertial guidance system operation is the
receiver for specific force, which is the vector resultant of gravitational force and the
reaction forces that accompany accelerations of material particles with respect to inertial
space. If their operation is to be ideal these sensors must respond only to the specific
force component along a single sharply defined direction, which for any given instrument
is its input axis. In practice, three specific force sensors are mounted rigidly on the
inertial reference member wita their input axes mutually at right angles and carefully
fixed in knownr orientations with respect to the geometrical reference member, With this
arrangement the sensor output signals in the process of being generated are already
accurately resolved into components associated in a known way with the coordinates of the
geometrical reference member. Because of practical considerations, specific force sensors
are usually designed to generate output signals representing, not specific force directly,
but the first integral of specific force starting from initial conditions selected for
convenience in the operations currently in progress.

Performance for inertial sensors ranges over several orders of magnitude in terms of
inputs and the quality of the corresponding outputs. Details of construction belong to
the subject matter discussed in the technical papers which follow, not to this intro-
ductory paper.

6. PLACE OF INERTIAL PRINCI?LES IN NAVIGATION AND GUIDANCE

Navigation and guidance deal with problems of dynamic geometry with changes in
orientation and in position, as they change with time, as the elements of basic interest.
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To deal effectively with the situations of navigation it is necessary to establish refer-
ence for time, for orientation, and for position. With such reference available navigation
and guidance are matters of determining changes in time and correlating changes in orien-
tation and position with these time changes. Tha accuracy of navigational results depends
on the performance of the means for messuring the basic physical quantities. The effec-
tiveness of the means employed in navigation depends upon its ability to work under oper-
ating conditions ranging frow completely free and continuous interchange of information
with the environment to situations in which this interchange is not svailable for long
periods of time in which moving vehicles must be :iocated and guided.

It has been noted that, when visual, radio and radar contacts with the ground and the
sky can be used, so that the earth and the stars may serve directly as references, long
established methods are available for navigation. When continuous radiation contacts are
eliminated, self-contained equipment able to provide high quality navigation for extended
periods of time is required. Today navigation must deal with motion in three dimensions
over a very wide range of speeds, but the general situation is somewhat similar to that
whick existed for sailing ships before the day of John Harrison, 1735, who invented the
first operational chronometer, The problem was that of longitude, which could be solved
only by an accurate means for indicating time so that the rotation of the earth could be
properiy taken into account for the interpretation of celestial observations. Once the
marine chronometer was available navigation became a process of greatly improved accuracy
and reliability.

Harrison faced the need for a timekeeper to operate for several months, there being no
radio staticns to provide updating signals, within accuracy linits unheard of in the year
1713, when the British Government offered various rewards for sclutions to the problem of
longitude. He accepted the basic law of physics that s unique relationship exists every-
where between the ecceleration imparted to any massive particle and the force associated
with this acceleration. He understood that gravity interfered with this relationship in
a way that centuries later would be stated by Einstein in his PRINCIPLE OF EQUIVALENCE,
but he also realized that there were ways of eliminating this disturbing effect. Rela-
tively had not as yet been discovered and fortunately introduccd n2 significant effects
in Harrison’s time, or in ours of today, because as yet vehicle speeds are very small

compared to the velocity of light.

Realizing that inertial reaction forces were available everywhere without the need for
mechanical or visual contacts with outside spaces, Harrison made use of effects that were
being successfully used in clocks and watches after millennia of applying considerably
more awkward and less accurate methods. He refined the mechanism by which the elastic
action of a spring, working against the inertial force reaction of a miniature flywheel
carried by low friction bearings, produced an oscillatory mechanism with a period adjust-
able to a desired constant value which, with proper temperature control and leveling by
proper gimbals, produced the timekeeping accuracy required for good longitude measurements.

It is history that, after Harrison showed the way during the middle 1700’s, many
chronometers were built with performance that removed time measurements from the unenviable
position of limiting the accuracy of navigation. It is pertinent, but not basically im-
portant, that radio stations with crystal-controlled oscillators, atomic clocks and very
precise determinations of star transits now provide excellent monitoring for on-board
electronic clocks, which certainly eliminates inaccuracies in time as a limiting factor in
the overall processes of navigation and guidance.

The marine chronometer and the many devices that are its descendants have solved the
availability of accurate time indications on board moving vehicles. However, navigation,
which to be completely satisfactory must solve problems in dynamic geometry by self-con-
tained on-board equipment of high accuracy and reliability, requires that internal refer-
ence coordinates and internally generated indications of vehicle position, velocity and
acceleration be continuously available within moving vehicles. Monitoring by radiation
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contacts of any and all kinds is certainly desirable but not necessary during extended
time periods and is to be considered as a functional part of overall systems, not as an
arrangement competing with inertial principles.

Sensing of angular deviations with respect to inertial space with self-contained
instruments is accomplished with angular momentum provided by gyroscopic rotors., Forced
precession of such rotors away from an initial orientation requires torque, and that can
be used to drive a viscous integrator which produces an angular input to a signal gen-
erator, whose output represents the angular deviation of the gyro unit case with respect
to its reference crientation. The gyro output signal from a single gyro provides ~.e of
the three inputs needed to establish and hold an inertial reference member in its refer-
ence orientation and is maintained within limits dependent upon gyro drift rates which
are made as low as possible by design and manufacture.

Sensing of linear displacements of components of the reference member from an initial
position in inertial space depends upon an instrument that uses an unbalanced mass to
impose a torque on a calibrated restraint element. Signals dependent upon the output of
this calibrated element are proportional to the input specific force component along the
sensor input axis. Effective double integration of this acceleration signal and correc-
tion of the result for the effects of gravity produces indications of changes in position,

Inertial components have been in existence for some time to prove the feasibility of
inertial navigation and guidance. The future surely holds advances in technology that
will lead to ever-increasing usefulness of navigation and guidance equipment. Details of
these future developments are the basic subject matter of the papers that follow.

7. CONCLUSION,

Navigation and guidance are dependent on time, reference coordinates in which the
desired path of the guided vehicle is defined and a means for measuring vehicle displace-
ments with respect to these coordinates. Time is generally available everywhere from
watches, clocks, chronometers, vibrating crystals, tuning forks, molecular drivers,
earth’'s rotation against the stars etc., and certainly does not present more than routine
engineering problems today.

Geometrical orientation for reference coordinates may be taken from lines of sight to
stars of known location on the celestial sphere, from the earth, from instrumentally
driven inertial reference members, and from any other available space that may be con-
venient, Just as instruments for measuring time based on vibrations determined by the
dynamic halance between elastic forces and inertial reaction forces are used because of
their continuous operation with no more than infrequent monitoring contacts, inertia
reactton effects mechanized by gyro instruments are essential for the accurate sensing of
angular feviatfons from initially set orientations.

Once an initrumentally established inertial reference member is available with means
for close alig'ment to an external reference space, sensors for specific force along
well defined input axes can provide signals that accurately indicate the components of
specific force, the resultant of gravity and inertia reaction force, along the three
orthogonal inertial reference member axes. Proper computational processing of these
signals, to correct for gravitational effects and to transform results into a convenient
external reference space, gives navigational information on position, velocity, direction
and ground speed for the moving vehicle. This information can be displayed to human
operators and may also be used as signals in automatic control.

Inertial principles make it possible to have continuous outputs for navigation and

guidance from on-board equipment for significant periods of time without monitoring by
contacts with external space. Operation of this kind is essential when radiation contacts
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are not available and is very helpful when such contacts are intermittent. The useful-
ness of basic inertial equipment obviously depends upon the accuracy of its indications
as functions of time, its reliability in operation and its hours of satisfactory perfor-
mance per dollar of combined first price and total costs of maintenance. In any case,
inertial equipment is here to stay - it does not represent gadgetry that will disappear
after its novelty has worn off. The false claims of particular mechanisms will in time
be replaced by true engineering information and sound technology.

Many implementations of inertial sensors and all the other components of complete
inertial systems have been advertised and reduced to practice. It is not the purpose
of this paper to discuss these details or the sort of performance that has been achieved
in operational systems. However, one remark based on much personal experience may be
in order. This remark is that the quality and overall hours performance per dollar of
total cost will surely be much better for future systems than it is for present systems.
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SUNMNARY

A broad treatment is given of the requirement for the use of hybrid
Inertial Navigation systems in the light of continual development in the
capability of pure Inertial systems, and the availability of new navigation
aids and computing techniques. The main characteristics of the pure Inertial
systen are described, with particular emphasis on those aspects of performs-
ance and integrity which require the support of other aids, and the advantages
and limitations of some early examples of hybrid systems are discussed.

Puture trends in hybrid inertial navigation systems are discussed, empha-
sising the important role that modern digital computing techniques are going
to have in such systess for both military and civil airborne use.




NOTATION

local eurth’s redius of curvature

effective vertical gyro drift rate

aircraft’'s velocity component as measured by Inertia
aircraf*’s velocity component as measured by Doppler
error in measurement of aircraft’'s velocity component
earth’s angular rotation

aircraft latitude

angle between platform azimyth datue and true North
error in measurement of Ay

scaling factors in feedback loops

error in resolved Doppler speed component
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TECHNIQUES AND PHILOSOPHY OF MIXING OR AIDING
INERTIAL NAVIGATION WITH OTHER NAVIGATION AIDS

G.E. Roberts

1. INTRODUCTION

We may define a hybrid Inertial Navigation (I.N.) system as a system in which the
overall capability is based on the use of I.N. in conjunction with one or more other
navigation aids of a basically different type. The term overall capability is here used
in its broadest possible sense to include accuracy, operational flexibility, error dis-
tribution characteristics, reliability, and system credibility. System performance is
defined here as including the first two of these characteristics and system integrity the
last three, and the objective of hybrid systems can then be defined as optimising system
performance and integrity.

This paper examines the case for ‘hybrid” as opposed to “pure” I.N. systems in the air-
borne application in the light of continual development in I.N. performance, ard the
availability of new navigation aids and computing techniques. The term Mixed I.N. systea
is normally employed for a hybrid systes in which the accent is on accurscy of the com-
bined system. Since the required accuracy is only attsined with both sensors operative,
this type of hybrid system does not in general add such to system integrity. In “Aided"
systems the additional aid is used to isprove system integrity or operational flexibility.
The tendency towards ever increasing I.N. accuracy will obviously be accospanied by a
tendency towards the use of Aided I.N. rather than Wizxed ]I N. systems.

As far as the additional navigation aids sre concerned we shall be talking about two
sain types of aid, according to shether the prime information is defined in aircraft or
in ground axes. The first type are of the Dead Reckoning type, typified by Doppler Radar,
and in general they provide continuous information which has been very suitable for use
with sixed I.N. systems using analogue techniques. The second group are norsally called
“position-fizxing” aids and have tended in the past to be available only at discrote inter-
vals and have been used mainly in simple aided 1.N. syatems. The use of modern digital
computing techniquer har extended the potential use of discrete fixes and this. coupled
with the availability of continuous position inforsation from ground based radio aids snd
autosatic astro, say sean a considerable extension to the use of such alds in the future.

2. I.N. CHARACTERISTYICS

It would be pertinent at this stage to examine the perforsance and integrity charanter-
fstics of the pure 1. N. systes 80 as to 2ighlight those areas shere hydrid systess say bde
of vajue. For the sake of sisplicity the folloving trestaent of perforsance ighores the
very long term (nominally 2M-hour period) oscillstory effects which tend to doutd a large
proportion of the 1.N. errors for a slowly soving vehicle. These effects are in any case
drasticelly modified at sircraft speeds and tend to be of less importance for the rela-
tively short sortie duration of airctaft. It wili further be assumed that the lnertial
Platfors is nosinally aligned to local North and Fast azes in order tc simplify the
presentation. the general pattern of errors applies egually for other azisuth precession
configurations.




Fundamentally I.N. performance depends upon three basic assumptions, each of which can
be associated with a particular error source.

The first assumption is that the system continually defines the earth’s local vertical
axis. In a pure I.N. system the vertical defining system is an undamped Schuler tuned
system, and velocity and tilt errors introduced either during initial set up or during
take-off and flight are perpetuated in the system as oscillatory terms of approximately
84-minute period. The importance of this type of error ters is that it can have a signifi-
cant effect on the velocity or short term dead-reckoning capability of the system, which
in turn can be important in weapon aiming applications and possibly in terminal area
navigation for civil airlines.

Next, we have the assumption that the system rate of rotation of the inertial axes are
8 true measure of the rotation of local earth axes in inertial space. This gives rise to
a long term system velocity error of the form Rw , where R is the local earth’s radius
and w is the precession error term, which includes both the drift rates of the gyros snd
scale factor errors in the precession terms. While this term coatributes to the short
ters performance its most important effect is in the long ters accumulation of position
error in the aystem.

The third basic assumption is that the rate of rotation of the local vertical axis in
inertial space can be related to the motion of the aircraft over a rotating earth, which
brings in the important factor of azimuth alignment. There are two separate cases to
distinguish here:

(1) Waere the requirement is to determine the ajrcraft's velocity in sircraft axes as
in some weapon aiming applications, or in hybrid systems with Navigation aids
opersting in these axes. This gives rise to a long term velocity error term
RQ cos AAy in the nominslly North-orientated inertial axis. {1 is the anguler
velocity of the earth, A the latitude, and Oy the error in alignment of the
North axis.

(11) Por normal navigation purposes, or for hybrid aystems with navigation aids opera-
ting in earth axes, the I.N. must produce outputs defined relative to earth axes.
In this case ve have an additional long tere velocity error in the across-track
direction given by VA , where V is the velocity of the aircraft, and at very
high aircraft speeds this will obviously become an isportant factor.

In a pure 1.N. systes the normal sethod of aligning the system in azieuth is by the
techaique of gyro-compassing before take off, and relying on the azmimuth gyro to saintain
this alignment subsequently. Mexisum use is eade of the fact that the system is practically
stationary on the earth during ground gyro-compassing. to speed up the response of the
system and to damp cut oscillatory terms. Shen the aystes has settled dowm the welocity
error in the nosinally North channel is given bty

AV = pe + Rl cosd Ay .
The platfore can De precessed in sximuth wntil 3V is zero, or the value of AV can
be ueed as & measure of the correction to de applied 1o azisuth. In either case the final
error in aligneent is given by

Be * fean

Then opersting at lstitudes below NP this meens that the azisuth error is reduced by
oyro-compassing to & level consisteat vith other e¢rrors in the systes.

There 1s, hosever, some cooflict between the military requiremsat for rapid resctioca
tise mnd the aligneent time before take off required by gyro-compassing. and so far there




are operstional or technical reservations on asll the schemes designed to overcome this
difficulty. Wher this is taken in cenjunction with the fact that there will still b an
accumulated error dve to drift rate of the azimuth gyro in flight, it is clear that there
are great potential benefits to be gained from the possibility of air alignament of the
I.N

In susmary we can therefore say that the possible areas where I.N. performance may need
enhancement are as follows:

(1) Reducing the effect of the 84-minute oscillatory terms.

(ii) Improving the perfcrmance limitation imposed by the drift rate of the vertical
gyros.

(1ii) The possibility of air alignment.

In the early days of I.N. development the vertical drift rates were well below the
requirement for a self-contained navigation system and the sccent was on mixed I.N.
systees, particularly Doppler Inertia Mixing. At the present stage, with pure I.N. per-
formance capability of the order of one nautical mile per hour or better, the sccent is
more on Aided Hybrid I.N. systems, with the stress perhaps more on areas (i) and (iii),
depending upon the requirement. With the expected line of development in the future, and
garticulsrly through the use of the very promising cluster rotation technique in I.N.,
shich considerably reduces the effects in areas (i) and (ii), it could well be that air
alignwent will be the area in shich hybrid I.N. systeas will play the most important part
in the future from the performance aspect.

The integrity aspects of I.N. are receiving a considerable amcunt of sttention at
present because of its application to civil aircraft, both as an attitude refereace for
flight control and as a navigation aid. From the reliability standpoint the most string-at
requirement is set by the flight control application and there is little doubt thet thi
can be met by a duplex or triplex I.N. installstion. As far as navigation is concerned
the critical aspect iz meeting the lateral separation safety standards for civil sircraft,
in this context two areas are now highlighted.

The first is the phenosencn known as error distribution tail, a typical example of
which is shown in Pigure 1. The important feature here is thst the frequency of occurrence
of large errors is cobajderahly greater than ~ne would expect from a Oaussian distridution,
and it is therefore dangerous to predict the chance of s large error on the basis of the
standard deviation error. The particular aspect of I.N. ubich sakes it vuloerable fros
this point of vien is that partial sslfunctions which can lead to unscfe navigation errors
are Jdifficult to detect as such by the crew. Until 1.N. developsent leads to an adequate
relf-checking capability. there will be obvious advantages in using fizing aids as credi-
bility checks.

The second critical area is concerned with the possidility of comson bavigation errors
in sultiplex I.N. aystess. produced either by o cosmon aircraft systes fajiure, such s
electrical power supply. or by husan blunder. The sdvantage of a hydrid systes in this
context fs that the possidility of common error is fusdasentally resote., whereas ‘Yesigning
out™ this possibility io a suitiplex systes cen be a formidable task.

3. SXANPLES OF RYBRIP SYSTENS

The cowbination of I.N. with Doppler Radar provides an interesting eammple of hybdeid
3.N. aystems using amslogue computing techaigues. 1In the following examples the Doppler
fudar velocity output is first resolved through the platform heading sngle to provide the
conponests of Doppler derived velocity ia fncrtial azes. This is thea subtrected from the
fnertial velocity and the velocity differeace sigasl bas the ilsporteat property of separs-
ting the effects of platform tilt from those of vebicle accelerstion, 80 that it cas be
used either as s damping ters or for sodifying the systes oscillation freguency as desired.




The simplest form of Doppler-1.N. hybrid system is the Deppler damped svstem showa in
Figure 2. Here the only difference from the pure inertial configuretion is the fcedback
term K, (V, - Vg) ., in which the value of K, is adjusted to previde semi-criiical damp-
ing of the system Schuler tuned oscillations. The system characteristics are practically
idertical with those of the pure I.N. system, except for the fact that the Schuler tuned
oscillations are damped out, with a consequent improvement in the shert term velocity
performance. The system does, in fuct, have an in-flight alignment capability, but this
is too slow to be of practical importance, and the same ground aligrment techniques as
for pure I.N. are normally used with such systems,

FPigure 3 shows the configuration for the Doppler-Inertia mixed system in which the
objective is to combine the long term navigation accuracy of Doppler with the smocth
veloc1ty response of I.N. and have a system capability for in-flight alienment. The velo-
city difference signal (V; - V) is now fed back along two paths; K,(V; - V,) to the
input of the integrator and K,(V, - V;) as an additional vertical gyro precession term.
The value of (K, + 1/R) determines the overall system period and K. is chosen as &
compromise between system response time and total velocity error

Once the value of K, is fixed, K. is adjusted to provide the required damping and
is normally chosen to give approximately semi-critical damping. A much improved cverall
performance can be obtained if the values of K, and K, can be varied as the system
settles down, but this degree of complexity is probably better handled by the digital
computing techniques to be rentioned later.

Considered solely as a system for detining the aircraft’'s velocity in inertial or air-
craft axes, the requirement on inertial accuracy is not particularly severe and the system
characteristics can be summarised as follows:

‘a) It will settle down to a definition £ the vertical good to a few minutes of arc
in flight, in a period of the crder of ten minutes.

(b) Inertial errors and oscillatory terms in velocity will decay in the same time.

(¢) The white noise content of Doppler is considerably reduced by an cffactive filter
equivalent to the system period and damping. There is, however, no equivalent lug
in acceleration response which remains practically as good as a pure I.N. system.

(d) The long term accuracy is determined mainly by Doppler.

The steady-state value of VI - VD for the nominally North axis is given by the
expression

Ap , R(w * s cosn &)

) =
P'Ns T KRt KR+ 1

Vy -V

AD in this expression is the error in the resolved Doppler component and does not include
errors in azimuth alignment to true North. The value of (K,R + 1) is typically about
100 so thut the contribution of Doppler + Inertial errors to the right-hand side is very
small.

When we consider the Navigation requirement, however, there remains the important prob-
lem of alignment in azimuth, and here we have to distinguish between operation with low
quality or high quality Inertia. When the vertical gyro wander rate is too large for
gyro-compassing to be possible, air aligrment in azimuth is only possible by using an
additional aid such as astro or ground fixes, Note that the use of ground fixes in this
case 1s not a gyro-compassing mode but a comparison of Doppler Dead Reckoning with fix
information and is available world wide.




%ith high quality inertial components the system is capable of a self-contained azimuth
alignment mode in flight by gyro-compassing. This is obtained by using the velocity
difference signal in the nominally North channel to precess the azimuth gyro in the direc-
tion tu bring ., to & minimum.

The steady-state value of ... is then given by
S D + Rw
¢ R. cos~

Apart from the Doppler error term .0 , this is the same expression as is obtained for
ground gyro-compassing. and the effect of vertical gvro wander w and latitude A are
similar. The effect of the term [ is to give an additional error in azimuth which, for
subsonic speeds and at normal latitudes, is consistent with the remaining system performance.
For very high aircraft speeds or at high latitudes, better per formance can be obtained by
reverting to the Fix Monitored Azimuth techrique.

It will be noted that, if K. is reduced to zero and the value of K, correspondingly
adjusted, the Doppler VMixed system reverts to Doppler Damping and, once the system has
settled dow:. rom its initial errors, there would be some advantage, in terms of total
svstem errur, in making this change. However, it must be realised that, when the gyro-
compassing loop is included, the value of V1 - Vp for the North channel is reduced to
zero and the system output on the channel will therefore be controlled by the error in
Doppler rather than by Inertia, as in the simple damped system.

The performance enhancement obtained in hybrid Doppler-I.N. systems is to some extent
at the expense of system integrity. In a Doppler Mixed system using low quality inertial
components there is obviously very little capability if the Doppler or the Inertial ele-
ments fuil. With high quality inertia there is & system capability in t-e event of
Doppler failure, provided this failure is detected and the Doppler cut out early enough,
Since catastrophic errors can be introduced into the I.N. in the case of undetected
Doppler failure, the integrity of the overall svs:em rather hinges on the availability of
a reliable automatic cut-out for Doppler.

The use of ground fixes as a credibility aid for I.N. has already been mentioned, as
has the use of fixes in conjunction with Doppler in the Fix Monitored Azimuth technique.
The use of fixes for credibility can also be readily extended to the up-dating of I.N.
position and this form of hybrid I.N. system is almost invariably used in military air-
craft in the target area.

More extensive mixing of I.N. with intermittent ground fixing aids to improve the sys-
tem velocity performance are not in general amenable to analogue techniques. However, in
the particular case in which the I.N. system has been set up on the ground but there has
been no time for gyro-compassing, it can be assumed that azimuth alignment is the pre-

! dominant error and a form of in-flight gyro-compassing using ground fixes ~an be employed,
It is of interest to note that in this case the gyro-compassing is, in terms of the total
angular rotation rate, composed of the earth’s rotation and the aircraft’s motion around
the earth. This means that there is no specific latitude limitation to this form of gyro-
compassing, but the system is inoperative whenever the aircraft’s motion is equal and
opposite to the earth’'s speed at any particular latitude.

One other specialised form of hybrid I.N, system is perhaps worthy of mention at this
time. This is the combination of automatic star tracking with the Inertia Navigator in
the Astro-Inertial system. With a line of sight defined on two known stars the astro
component supplies all the information required to provide a continuous fixing aid and to
determine true North, if it 1s supplied with a knowledge of the local vertical. The role
of inertia in the system is to supply the definition of the local vertical and to provide
an inertial memory for the periods when the sters are obscured. Since s precise azimuth
datum is available when operating in the astro mode and information is also ave!lable for
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correcting the gyro wander rates, the inertial memory will be operating under optimum
conditions during the inertial memory mode. :

In the Astro-Inertial system the only basic inertial error remaining arises out of the
Schuler tuned oscillations of the inertial platform. With the addition ol Doppler to the
systeer these can be damped out in the manner indicated previously and the Doppler damped
Astro-Inertial system is capable of giving a bounded error of less than one nautical mile
for any flight duration and independent of position over the earth. At the same time the
system will provide accurate datum directions, both in the local vertical and in azimuth,
for flight control purposes.

The main disadvantages of astro in the past have been the fact that the stars can be
cbscured by clouds and the cost and complexity of achieving the capability of detecting
stars by day. However, the modern trend for flying faster and higher are in its favour
and it may well be that the cost can be justified in terms of its capability for future
afrcraft.

4. FUTURE TRENDS

The development of the airborne digital computer is now well advanced and there is
little doubt that it will find increasing use for dats processing tasks in future aircraft,
both military and civil. As applied to the integration of hybrid systems, the flexibility
and computing accuracy available with these techniques can muke 2 profound change to the
philosophy of mixing in several respects:

(a) The high computing accuracy inherent in digital computing enables error models of
the I.N. to be constructed without loss in nverall accuracy. This opens up the
possibility of mixing at the output of the I.N. in such a manner that three separate
nevigation outputs are available, Pure I.N., the Nav-Aid and Corrected I.N., and a
credibility check made between them. Operating in this manner considerably
increases overall system integrity and does away with the distinction between mixed
and aided systems.

(b) The flexibility of digital techniques allows the effective gain in the mixing loops
to be varied as required by system parameters so that it is operating in the optimum
manner at all stages.

(¢) Maximum use can be made of the knowa error characteristics cf the I.N. and the
Nav-Aids so as to get the best possible correction in a given time,

These advantages can be obtained by using Optimal Filter theory in which corrections
are applied at any time on the basis of maximum probability in terms of all the known sys-
tem charaucteristics. The Kalman filtering system is one that is particularly suitable for
use with digital computers because the information required to make the future best estim-
ate of the I.N. errors is stored in two sets of numbers, the current estimate of the I.N.
errors (called the State Vector) and the current estimate of the variances of thesc ervors,
and it is pot necessary to store the error values occurring each time the I.N. is up-dated.

Figure 4 shows, in block schematic form, the operation of a Kalman Filter network com-
bining I.N. with another Navigation Aid. In the top loop we see the way the current estimate
of the I.N. errors (the state vector) is processed by simulated Inertial Platform equations
so that they are continuously up-dated in the absence of external information and then
added on to the I.N. outputs to provide the current best estimate of the combined system.
When Nav-Aid information is avajlable the error between it and the corrected Inertial out-
puts, after adjustment by a suitable weighting factor, is used to correct the values of
these error estimates in the state vector. The weighting factor is computed frcm the known
noise-variance in the Nav-Aid and the variances and covariances of the various elements of
the state vector, which are continuously up-dated in the bottom loop from pre-set values.
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In this way the weighting factor logic apportions the measured error between the elements
of the state vector in the most probable manner on the assumption of normal error dis-
tribution,

The pre-set matrix of the variences of these elements are similarly up-dated by I.N.
equations with the additional provision for the addition of random changes coming in with
the passage of time. The gradual deterioration in the value of the variances is, however,
restored sach time externs) information is available, to an extent depending upon the nojise
variance of the Navigation Aid, thus taking into account the improved certainty with which
the errors are known after each correction. This process of continually up-dating the
variances used in determining the weighting factor for error correction is equivalent to
continuously variable feedback gain in analogue terms, and gives the filter its property
of making the best possible use of the information available.

The advantages of the Kalman Filter approach to hybrid I.N. systems can then be
summarised as follows:

(&) It will provide optimum correction with any Nav-Aid or combination of Nav-Aids
whether operating continuously or intermittently.

(b) The number of I.N. characteristics corrected depends solely on the choice of ele-
ments in the state vector. A full air-alignment capability is available with
either Doppler or Fixing types of aid.

(c) Besides providing the corrections to the I.N., the computer provides a measure of
the credibility of the correction which can be displayed to the operator. This
facility, coupled with the ability to preserve the uncorrected I.N. output, makes
the system very flexible as a man-machine interface that optimises the use of the
individual sensors from the overall integrity aspect.

Another interesting trend in the future will be the increased availability of continuous
fixing aids with a world-wide capability, which will probably replace Doppler as the back-
up to I.N. Apart from Automatic Astro, VLF navigation aids, such as Omegs, and the use of
satellite navigation may be mentioned as interesting possibilities for future integration
with I.N. which, apart from specislised military applications, may well be competitive on
a cost-effectiveness basis with multiplex I.N. installations in the civil fleld.

5. CONCLUSIONS

Despite the rapid progress which hes been wade in pure I.N. capability, it has still a
long way to go before the complete mission in civil or military terms can be completed with
I.N. as the only navigation aid. In terms of en-route navigation, hybrid I.N. systems are
likely to have an important role, both for long range civil aircraft and for military
maritime reconnaissance, In the terminal area and landing phase, and for weapon aiming
purposes, specialised aids will in any case be employed and there are many potential advan-
tages in closely integrating these aids with I.N. The ability of the digital computer,
usinrg techniques such as Kalman filtering, to make optimum use of the available sensors
at each stage of the mission would appear to make this approach the ideal means of mech-
anising hybrid I.N. systems in the future.
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NOTATIONS

(8) Coordonnées de position

L.G latitude et longitude geographiques

L*,G* latitude et longitude auxilisires dans le systeme ayant pour

équateur le grand cercle AB dont le pdle est le Nord® (Nord auxiliaire)
(b) Parametres angulaires
P angle que fait 1’ equateur auxiliaire avec 1’équateur géographique

V7 angle que fait 1’ axe de référence OX de la plateforme avec la direc-
tion du Nord geogrephique

a angle que fait 1'axe de reference CX de la plateforme avec la direc-

tion de 1'Est suxiliaire (Resarque: 1'angle a est une constante
@elle que soit la route suivie pour aller de A & B).

(¢c) Vitesses et accélérations lineaires

V. Yy composantes de la vitesse sol horizontale sur les axes OX et OY

Vig- Viy intégrales des mesures accélérométriques

C,.Cy accélérations de Coriolis

Vo Vg compoasntes de la vitesse sol horizontale sur les axes geographiques
v, vitesse verticale, comptée positivement vers le bas.

(d) Vitesses angulaires et taux de précession

L's.G' vitesses angulaires en latitude et longitude suxiliaires
@ vitesse de rotation de la terre

.Gy taux de douclege de Schuler

o taux de convergence des séridiens auztliatires

Doy Doy- Doy compensativns de la dérive des gyros

0.5.4 tmz de preécession comsandes

(e) Autres sysboles

P L R R

s

[ angle que fait la route suivie avec l¢ Nord geographique
I'. l‘ rayons de courbure priscipsuz (rapporteés suz azes geograghiques)
Ryo: Rao: € €4 constantes de 1'ellipeoide terrestre:

Ro = 63575000

R., = 8389008

% = 0,00%208

€ = 0.008%2




T

A it ¢

plT

rayon de courbure norsmale
inverse de la torsion géodésique
altitude au dessus de 1'ellipsoYde de réference

rayon de courbure normale et inverse de la torsion geéodésique
rapportés a 1'altitude h .
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NAVIGATION PAR INERTIE SUR DE LONGUES DISTANCES

B. de Cremiers

1. INTRODUCTION

On sait Que I'avion de transport supersonique “Concorde’’ sera equipé de systomes de
navigation par inertie. Les systemes destinés a equiper les avions prototypes sont
actuellement construits par la Société francaise SAGEM et la Sociéte britanpique Perranti.
C'est a cette occasion que la Societé SAGEM a eu la charge d’étudier 1’ application des
systemes & inertie & la navigation des avions sur de longues distances.

I1 etaii necessaire de rechercher les meilleures solutions compatibles avec certaines
caracteristiques de l'utilisation, et notamsent les suivantes:

- sutonomie de la recherche du Nord avant 1'envol, en évitant si possidble le recours &
des cospensations ou calibrations prealables

- navigation universelle, c’est-a-dire pouvant couvrir toutes les regions du globe., et
en particulier les sones polsires

- découpage des routes suivies er trongons en nombre quelconque, et possibilite de
diversion en dehors de ces trongons

' - economie souhaitable des capacités du calculateur de bord.

La necessite de la couverture des sones polaires a doodé & 1°'etude soo point de depart:
ed effet, un fodctionnewent correct de la plateforme inertielle lorsque l°'avion navigue
su voisinage du pble exige Que cette plateforse ne soit pas “asservie ag Nord'. cela est
di su fait que le taux de precession gue 1'on peut matériellement lui ieposer sutour de
1'aze 4" azisut est limitd.

~

. Dbs lors. la question s'est poses du choix de ]'orfentation initisle lors de )'aligne-

. sent de la plateforse avant 1'envol: 1la recherche du Nord peut Stre effectuce en effet -
soit par la méthode classique du gyrocompas soit par une séthode de calcul. C'est ocette
derniere nethode qui & éte choisie et developpée afin d'en tirer. comse on le verrs plus
loin, les deux avantages principeus suivants:

(8) Lo wode d'alignesent est unique.

{b) La correction de 1a dérive des gyros est sutretenue sans Qu'il soit adcessaire de
procéder & des calidrations périodigues.

£ ce Gui concerne la navigetion, om a choisi 4’ opérer tous les Calculs dens wa systime
de coordoonédes sphériques. 1) est spparu ea effet gue les esigatices de 1°uti}isetion du
systése de mavigation micessitaient 1a mise ed place d'un soyen de resolution de triemgles
spheriques.

Cette resolution eat operve per un sous-programme du calculateur qui comstituve en slne
teups une satrice de transforsation de coordonaées sphérigues queiconques. O» @ domc
consideré Que le passage d'un systése de coordoanves sphériques & ua sutre est ume opers-
tion banale effectuée sur sppel du sous-programae, et Que le nasbre de systomes de cout -
doanees spheriquee susiliaires utiliosés n'est pas limité. Des lors, les calculs de mavi-
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gation peuvent, en toutes circonstances, y compris dans les zones polaires, dtre effectues
dans un systeme de coordonnées shpériques auxiliaires convenablement choisi, et cela
toujours de la méme fagon. Ainsi o'y a-t-i1 qu’'un seul mode de calculs de navigation, et
1a meémoire d’ instructions du caiculateur s’en trouve allégée.

Fn résume, le systeme de navigation a inertie qui a été étudie en vue de son utilisation
sur de longues distances est caractérisé par le fait remarquable qu'il ne comporte, en ce
qui concerne les calculs, gue deux modes d'opération: un mode alignement et un mode navi-
gation.

La description de ces modes, ainsi que leurs avantages et leurs particularités font
1’objet des paragraphes qui suivent.

2. MODE ALIGNEMNENT

2.1 Description

1s plateforse, ou plus exactement le coeur de la plateforme, n'est pas ssservi au Nord;
er particulier, lors de la mise en route, soc orientation en azimut est quelconque, et
ost maintenve fixe & sa valeur initiale pendant 1'alignesent de lc plateforwe.

Oo sdeet que le calculateur connalt la latitude du lieu, et a conserve en mémoire les
valeurs des dérives propres des gyros mesurces antérieurement (d,,.d,,.d,.) .

A la mise en route de 1'equipesent. un calage preliminaire sur synchros est operé en
borisontalité, en prenant comme référence roulis et tangage nuls; d'sutre part le synchro
de cap de la plateforme est recopié par un répetiteur.

Apres chauffage convensble et wise eu route des gyros, le reépetiteur da cap platefcree
est immobiliseé, le calculateur fmpose sux gyros les taux de precession suivants;

- d;, sur le gyro de verticale Gz dont 1'axe d'entrée fait. svec le méridien, ua
axgle v,

yo SUr le gyro de verticale Qv dont 1'axe d'entrve fait, avec celui du gyro
Gx . un angie de 72,

< s sial -d, sur le gyro d'azisut Gz .

0’ autre part, les bouclages suivenis sont opetés:

) En horvacatelté

L'sccelérometre Az est boucle sur le gyro Gy , €t l'sccélérometre Ay sur le
gyro Gx . selon le disgremse de principe de la Pigure 1. Les parasetres de Ces
boncles sont choisis pour leur domner use Seriode asturelie de 1'ordre do § pinutes
et un amortissement de l'ordre de 0,7.

11 est facile de montrer qu'a )a position ¢' équilibre. 18 sortie de 1 2tcelerometre
Az est aulle et 1a sortie de 1'iotégratesr sesure la vitesse angulaire sentie par le
@ro Oy . c'est-a-dire la scame de )a composante de la rotation terresire sur som ane
d’entree et d'une derive propre residuelle d, (d1ftérence entlre 1a dérive propre
sctuelle et la dérive compenséc satériesremest d,, . c’est-a-dire “Dérive de jour @
Jour™).

La position ¢’ fqui libre des boucles ¢ horizomtalite est definie par les relstions
seivantes:




mmm.:aq',.~v;‘:;r,' wenee

0

Sicos L sin ¢ + dy

0
Q1cos L cos ¢ + d,

D' autre part le calculsteur effectue les opérations:

¥y = -arc tg (Uy/Ux)

d, = yx?+uy?) - GeoslL
d“ Z +d, cos y,

dy, = -d;siny .

Ces résultats ont la signification suivante: , est la valeur de 1'angle que
fait avec le meridien la direction OX de la plateforme, A une erreur pres ¢ , doot
le calcul eat indique dans )1’ snnexe, et dont 1s valeur prévisible est pratiquement
égale au rapport de la dérive de jour a jour des gyros de verticale a la composante
horizontale de la rotation terrestre. d, est la valeur de la dérive de jour a jour
des gyros de verticale, en projection sur ]'axe ON, et coastitue donc un test de
confiance dans les gyros.

d,, et d., sont les termes complémentaires de compensation qu'il faut ajouter

respectivesent & d,, et dy,, pour amuler ls compossnte Nord de la dérive des deux
gyros de verticale.

) En aziaut

La liaison synchro de cap plateforse sur le cépétiteur immobilise est bouclée sur
je gyro d’azisut selon le disgramee de principe ce la Pigure 2. las parmmdtres de
“cette boucie sont choisis pour lui donmner une periode naturelle de 1'ordie de 6 mimutes
et un asortissement de l'ordre de 0,7.

A le position d'equilitre. la sortie de 1°intcgrateur sesure la derive de jour a
jour d,, dugyro Gz .

2.1 Wode vpiratoire

fa sode operatotre ooteal. le sy~teme est place en "Alighement™ spris une sequence esio-
astique, realisent le chruffage de 1a plateforse, le calage p‘n‘ltluun_ sur aynchros, et
1a eise en route des mm. ‘ ‘ ‘

Apres § sinutes eaviron de loucumt st Jv pode alignewesat, le calcuiatear Mc
des resultats sur des affichages approgries:

- le cop de 1'avion C  (obtenu par difference v “Oap olnu(om" Cp . «uvn par
son synchro, et de I'angle calcule ¥y C20p v, ),

- les derives de jour & Jour des gyTos d. et 4., .

Le pilote eat slors en sesure de porter use apprecistioc ser le feectionmesent du sys-
teme. Fo effet. l» cap C peut dtre lumddistement compare am cap Sageétique, e teneat
cospte de 1a declinaison locale; d'astre part, les dérives affichées d, et q,,
doiveat dire iaferieures sux tolérances sdnises pour les derives de jour n Jour.




22

Lors du passage en mode ‘“Navigation' les valeurs des teraes d, . d’.l et d,, seront
automatiqueme~t prises en compte par le calcnlateur pour la mise a jour des termes dxo.

dyo . dy, conservés en mémoire.

Si le pilote dispose d'ur: temps suffisant, il pourra, au lieu de passer ¢n mode
“Navigetion”, “répéter” le mode alignement. L’'ordre de répétition declenche les opera-
tions sui,antes:

- les teimes d d, , et d

x1 ¢+ 9y sont pris ern compte par le calculateur,

Zi

- la plateforme est decalée de 90° en azimut (en imposant au gyro d’azimut une pre-
cession rapide),

- un nouvel alignement est opére.

L= calculateur élabore les nouteasux resultats:

¥, = -arc tg (UyAIX)

d, = vEx?+uy®) -QcosL
d12 = +d, cos y,

dyz = - d,siny,

Ces nouverux résultats ont la signification suivante: ¥, est la valeur de 1'augle que
fait avec le méridien la direction 0X de la plateforme; meis il n'v a plus d'erreur € ,
1a dc.:ve d, ayant €té corrigée d, est la valeur de la dérive de jour & jour des gyros
de verticale, en projection sur 1'axe ON, et, du fait de la rotation de 9¢°, on a

P

—y
1 2 d

y -

dy, et dy, sont les termes complémentaires qu'il faut ajcuter respectivement & d, et
dy, pour annuler totalement 'a dérive des deux gyros de verticale.

Ce mode peut, bien entendu, étre répété a nouveau, la plateforme étant placée en sligne-
ment aprés des oécalages successifs de 90°. L' observavion du cap -slculé et das mesures
successives des dérives d et d, qui, & partir du troisieme alignement doivent &tre
nulles, ou inférieures aux tolérances admises pour les cérives a court terme, constitue un
test de bon fonctionnement au sol, le délai nécessaire pour passer en rode navigation étant
toujours au plus égal a la durée minimum d’un alignement (10 minutes environ).

2.3 Avantages

La méthode d'alignement précédemment décrite possede un certain nombre d’ avantages
remarquables:

(a) I1 n’y a qu'un seul mode d’alignement, il en résulte une simplicité des commutations
et des programmes de calcul.

(b) L'orientation de la plateforme en azimut étant quelconque, la connaissance approxi-
mative de la direction du Nord n'est pas nécessaire pour favoriser les conditions
initisles de 1'alignement.

(c) Le mode alignement peut &tre répété a volonte - avec deécalage de la plateforme de
80° en azimut - pour parfaire la correction des dérives des gyros, sans qu'il soit
nécessaire de connaltre a priori le délai dont on dispose; le délai nécessaire pour
passer en mode nuvigation est toujours au plus égal & la durée minimum d’un aligne-
ment.
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(d) La répétition du mode alignement constitue le meilleur test de fonciionnement au
so1l.

(e) Bn mode opératoire ncrmal, comportant un seul mode alignement, la correction de la
derive des gyros est entretenue par le fait du caractere aleatoire de 1'orientation
de la plateforme en azimut, lors des mises en route successives. Il en résulte
qu'il n’y a pas lieu de faire une révision periodique de la compensation des gyros,
relle-ci étant entretenue par 1'utilisation opérationnuelle du systéme.

3. MODE NAVIGATION

3.1 Description

3.1.1

La méthode utilisée pour le mode navigation repose sur deux idées de base qui ont été
inspirees par les conditions normales ¢’utilisation:

(a) La premiere idée de base est gue }’avion & 1'intention d’aller d’um point origine
A & un point de Jdestination B, en suivent un arc de grand cercle, et qu’'il importe
gutant de connaitre a tout instant la position par rapport a ces points - c’est-a-
dire 1'écart latéral par rapport a la route & suivre, et la distance du point de
destination - que la position exprimée an latitude et longitude geéographiques.
Cette notion montre que le systeme est oriente vers la fonction ‘guidage” de 1'avion,
plutdt que vers la seule fonction de “navigation”, cette derniere pouvant se réduire
8 la connaissance de la position présente, de la route actuelle et de la vitesse
sol.

I1 faut ajouter gue les points A et B sont definis par leur latitude et longitude
geographiques, qu‘ils sont en nombre quelconque, le plan de vol pouvent comporter
un grand nombre de trongons successifs, et que leurs coordonnées sont soit conservées
en mémoire dans le calculateur, soit introduites manuellement a volonté; enfin, la

position presente peut ep outre étre choisie comme point origine pour une destination
queiconque.

(b) la deuxieme idée de base est que 1'arc de grand cercle AB étant choisi comme equa-
teur d’un systeme de coordonnées sphériques auxiliaires, les calculs de navigation
seront toujours effectués en totalité dans ce systeme, y compris les intégrations

' nécessaires i la connaissance de la position, la latitude et la longitude géographi-
ques étant obtenues finalement par transformation de coordonnées. Cependant, on
calcule les composantes Nord et Est de la vitesse sol afin d’en déduire la route

.

suivie, élement utilisé a titre d’information, et non comme parametre de guidage.

3.1.2

Pour mieux décrire les équations du mode navigation qui sont traitées par le calcula-
teur, il faut tout d’abord préciser ce que 1’'on attend des sorties du calculateur:

(a) Conduite de la plateforme
La calvulateur devra fournir les taux de précession a imposer aux gyroscopes de
la plateforme afin d’une part de mairtenir celle-ci horizontale et d’autre part de
: la faire précessionner en azimut & un teux égal a celui de la rotation du méridien
H auxjliaire (grand cercle joignant la position présente au pdle de 1'arc AB).

(b) Conduite de l'avion
Le calculateur devra fournir les coordonnees de position de 1’avion par rapport

£
& @ 1'arc AB a parcourir, ainsi que la transformation de ces coordonnées en latitude
i et longitude.

&
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Le celculateur devra fournir en outre divers facteurs, fonctions de la position
presente, necessaires a 1'élaboration des taux de précession de la plateforme,
ainsi que la route suivie.

3.4.3

Les équations treitées par le calculateur sont explicitées dans les Figures 2 et 4.
On remarquera que la charge de travail du calculateur a ete répartie en deux groupes:

(a) un groupe de calculs est opéré a fréquence rapide, soit 10 Hz; ces calculs sont
tous des calculs de vitesses : vitesse horizontale, taux de bouclage des boucles
de Schiler, vitesses angulaires en latitude et longitude auxiliaires, convergence
des meridiens suxiliaires, taux de précession A imposer aux gyros de la plateforme.

(b) 1'autre groupe de calculs est opéré a fréquence lente; une fréquence de C,25 Hz
serait suffisante, mais la capaciteé du calculateur autorise en fait une frequence
de 2 Hz. Ces calculs sont surtout des calculs de position présente et de facteurs
fonctions de la position présente (fonctions sinus et cosinus de la latitude auxi-
liaire, de la latitude geographique, de 1’'angle y de référence de la plateforme
par rappert au Nord, rayon de courbure et torsion de la trajectoire engendrée par
le vecteur vitesse horizontale). On ¥ ajoute le calcul des accélérations de
Coriolis, ainsi que celui des composantes Nord et Est de la vitesse afin seulement
d’en deduire la route suivie.

3.2 Remarques

3.2.1 Définition de la navigation sur un arc de grand cercle

Comne on 1'a dit plus haut, les calculs de navigation sont effectues dans un systeme de
coordonnées spheriques dont 1’équateur est le grand cercle de la route a suivre. Il est
intéressant, & ce sujet, de faire une remargue sur la signification des équations utilisees.

La loi de guidage de 1'avion sur le grand cercle a suivre peut s'écrire tres simplement
sous la forme

soit = -tga , o étant une constante caracterisant le grand cercle a suivre.

ELE

Si on se reporte aux équations du bouclage de Schiler qui font apparaitre que “i/“b
est différent de -Vy/Vy en raison de la présence du terme de torsion géodésique, on en

deduit que l’arc dont la tangente est ~vy/vx est non pas une constante, mais une variable,
c'est-a-dire que le “Cap plateforme” n’est pas constant.

11 s’ensuit que la loi de guidage adoptée,

est légerement différente de la loi, familiere aux navigateurs, selon laquelle la route
orthodromique est suivie en maintenant a une valeur constante le cap fourni par un systeme
conventionnel de référence gyroscopique directionnelle (corrigé de la rotation terrestre
et non de la convergence des méridiens).

On a calculé que la différence entre ces deux lois se traduit par un écart latéral de
6 nautiques environ sur le parcours Paris - New York, et un écart négligeable le long de
la route,
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3.2, Nevigation sans Destination

€1 a dit qu'une des idées de base qui ont servi & 1'établissment des equations de la
navigation est 1'intention d’aller d’un point A a un point B. Or, il est tres concevable
ega.ement de prendre 1’'air sans qu'une destination seit & priori imposee.

kn ce cas, on choisira comme destination arbitraire un point quelconque du méridien
origine, le pole Nord pour plus de simplicite, ce qui revient & sdopter un systeme de
coordonaees spheriques auxiliaires dont le méridien origine est 1’équateur.

Compte tenu du fait que la convergence des méridiens de ce systéme auxiliaire est
toujours entretenue, il sera possible de naviguer sans destination dans toute la zone
comprise entre les paralleles auxiliaires = 60° c’est-a-dire au moins jusqu’a 3600
nautiques du point de départ. Avant que cette distance soit atteinte, il est plus que
probable qu’une destination aura pu &tre choisie et qu'ainsi on aura pu adopter un autre
systéme suxiliaire ayant pour équateur le grand cercle joignant la position présente &
1’instant du choix, a la destination choisie.

3.3 Avantages

La méthode utilisee pour le mode navigation présente les avantages suivants:

(a) Le mode navigation est universel. Les calculs sont en effet toujours les mémes,
quelles que soient les destinations ou les régions survolées, y compris les zones
polaires.

(b) Du fait de 1'unicité du mode navigation, le programme d’instructions du calculateur
est allégé; il 1'est d’autant plus que le sous-programme de transformation de
coordonnées spheriques est en outre utilisé a d’autres fins.

4. CONCLUSION

On a montré briévement pourquoi et comment un systeme de navigation a inertie a ete
congu en vue de son utilisation sur de longues distances.

Les avantages du systeme décrit sont manifestes; les deux seuls modes d’ opération
sont

- le mode alignement, qui permet, outre sa fonction principale, d'entretenir la correc-
tion de la derive des gyroscopes, rendant ainsi inutiles les calibrations periodiques,

- le mode nuvigation, qui non seulement permet de couvrir de fagon universelle toutes
les régions du globe, mais aussi est particuliérement bien adapté & la fonction
“guidage” de 1'avion.

I1 faut ajouter qu’'un tel systeme n’'a pu étre congu qu'en faisant appel & 1'aide
puissante d'un calculateur numérique dont le réle est évidemment primordial, tant dans la
recherche du Nord, lors de l'alignement, que dans 1’ élaboration des signaux de guidage
lers de la navigation.




ANNEXE

CALCULS RELATIFS AUX DERIVES DES GYROS Gx ET Gy

La dérive dx du gyro Gx est équivalente & un vecteur rotation d, porté par OX ;
de méme la dérive du gyro Gy peut étre representée par le vecteur dy porté par OY .

Le résultante de d, et dy, . ajoutée au vecteur (cos L porté par ON donne la
direction du Nord apparent ON, avec lequel 1'axe O0X fait 1’angle ¥, defini par

¥, = -arc tg (Uy/Ux)
avec Uy = NcosLsiny+ dy
-Ux = (lcos Lcos ¥+ dy .

)

En projection sur 1'axe OW, perpendiculaire @ ON, , lsrésultante du vectuer Ty +y
a pour valeur

dx sin wl + dy co8 ¥, ,

L'angle € , angle que fait le Nord apparent avec le Nord vrai, est un petit angle, et on
peut écrire




d, sin Wy + dy cos ¥,
2 cos L

En projection sur 1’ axe ON, . la résultante du vecteur 5: +

d1 = dx cos Y, -dy sin wl

dont une autre expression est, pour ¢ petit,

d, = Vx? +uy?) - Qcos L .

£
£

—
d, & pour valeur
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SURMARY

The advent of inertial navigation systems is approachiug its twentieth
anniversary and during this period sajor esphasis has been placed on per-
forsance. This has required the design and manufacture of equipment in
which performance has been the dependent varisble to be maximized. In many
instances, state of the art desi;ns were needed on almost a continuous basis.
It is the contention of this paper that, while performance should be given
prime emphasis, the economics of using inertial navigation equipment sheuld
also be given serious consideration. The Air Force previously has “cvteisd
the joint coat-perforssnce spproach through the esteblishment of D:tachment
1 of the AF Avionics Laboratory at Holloman A"B, New Mexico, alorg sith cider
stisuli to the various potential conmtractors for inertial navizatinn systems.
Fose members of the industrial inertial comsunity now are consi’.ring the
use of their equipment from not only a perforsance but from alcy s cost
totality aspect. For sany years, over-simplified expressions were appiied
to deteruine system acceptability - scceptabls or non-acceptanlz - with little
regard to system relisbility. Consequently, what can cesily happen, and what
has happened in the past, is that equipsents which aprear varv . "tosctive
from an initial cost standpoint, can require significan. funding . support
of operational use. This paper supports the need for a iutal perforwance
(including reliability and saintainability) cost - f.omersiip approsch
toward inertial navigation system desiga and selection. 'u addition, a con-
cept entitled COPE - an acronys for Cost-of-Omership Perforssnce is pres-
ented, defined and applied to inertial navigstion system design and selection.




COST-OF-OUNERSHIP PHILOSOPHY
APPLIED TO INERTIAL NAVIGATION SYSTENS

¥.J.Laubendorfer, R.V.Plank and E.J.DeNezza

1. INTRODUCTION

Hom should a user procure inertial equipment to provide thL: best combination of economy
and performance? Without question the application of two disciplires is necessary, the
all too fami;iar state-of-the-art with regard to performsnce and the less familiar state-
of-the-economy wiih respect to cost. Por sany years these two disciplines were applied by
first determining technical acceptability and thes the low bidder with reapsct to acquisi-
tion cost. It is our contention that this procurement philosophy is an oversimplifiad
application of these two disciplines. All too often this procureseat philoscphy, when
applied, Yas resulted in the Air Porce buying equipment which appeared very sttractive
f:om an initial cost stsndpoint but required excessive funding for opersticmal support.

¥e 2opé to show that the Technical Acceptshility - Low Bidder philosophy should be
replaced by a mare coapredensive Performance - Cost-of -Ownership nhilcsophy. In esssnce,
ve Baintain that

{1) The state-of -the-art with regard to perforsance aust include not only accurscies,
reaction tines, powe”. weight, sipe, #tc, but reliability and msiotainability.

{11) The state-of-ths-economy with respect to cost sust imwlude not caly iaitial ccate
bt complets user cost or cort-of -Hwnershin

B¢ hope to develap and combiue thuse disciplise into & quantitative. ussble tool that,
{f applied at progtam start. will sot oub provide & semns Of selecting the hat systes,
but will be an instrusent for o(ﬂc.am and ﬂ‘-a::u duua

8. TECENICAL ACCEPTABILIYY - LOV BIBRFR PRILOSOPRY

Al tou ofisn, ooce a Ayntes is considered mmwu lcctunbh. 1t geveruily s pro.
cired from the lowss bidder.

To nluznu ehst say happes. let us cma«r m folloeing &nomuul #ituation:

imrtial Qystend A and B are considersd technionlly ummu -d characters ved
by Table 1 :

Systen h SGyaten B

Acguisition cost ($) 7. 300 100, 000
Inertinl Weasuring Uit (BNU) cost (3) 35,000 o8 000
IM) NTOP (hours) _ 120 400

-

(This doss mot iaclede aay proreted costs for toolinmg., traiming.
spares. adaialstrative support. fmveatory, otc.).
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Under the aforementiocned procurement philusophy, the user would probably procure
inertial System A. Cn the surface, this appears te he a reasonable choice. However, let
us analyze this decision with & very simple cost-of-ownership model using the IMU.

Assume:

(i) An aircraft utilization rate of 20 hours per week.

(ii) A depot repair cost of $8,0C0 per JMU (System A) and $9,000 per IMU (System B).
(1ii) A depot repair cycle for both IMUs of ten weeks.

(iv) A base repair cycle (pipeline time*) for both IMUs of two weeks.

(v) A depot/base repair ratio of 2:1 (i.e. for every three IMU failures, two are
repaiied at the depot and one on the base).

Table I1 summarizes the results of Figure 1.

TABLE 11
Systen A System B
-
No. of IMU's required for 1 aircraft 3 2
No. of cepot repeirs (1 yr) 5 2
(3 yr) 15 5

Computing cost of ownership in this model as

C.0. = (Cost per IMU x No. IMUs required) + (No. of Depot Repairs x Cost of
Depot Repairs) ,

the cost-of-ownership versus years of service is shown in Table III.

TABLE I11
Years/IMU A I
1 $145, 000 $114, 000
3 $225, 000 $141, 000

Thus, when translated into the meaningful terms of user costs, the selection of System
A indeed becomes the poorer economic selection, Further analysis of the IMU's utiliza-
tion, as presente! in Figure 2, shows the number of systems reqQuired increases with air-
craft use rate. It is of interest to note that if the depot/base repair ratio is chrnged
incrementally from 1:1 and then finally all depot, the net result is that the same number
of IMU's is required; however, the margin of avallability is significantly decreased.
The margin of availability is defined as the number of system weeks a spare IMU is avail-
able prior to an in-use IMU failure. For the all-depot case, the margin of availability

¢ Pipell?e time is defined as the elapsed time to repair defective equipment, including transporta-
tion time.




35

is approximately two system weeks. For the 2:1 case, the mergin varies from 8:5 system
veeks to two system weeks. The user must determine the acceptability of this margin.

The sbove analysis, while hypothetical, is based upon realistic data on repair cycles,
repair costs, depot/base repair ratios, etc. and we feel it clearly illustrates the
limitations of the technical acceptability-low bidder procurement philosophy.

¥e propose that technical acceptability be replaced by total performance (i.2. inciude
MTBF, maintainability, etc.) and that serious consideration be given to the elimination
of the low bidder philosophy in favor of a low cost-of-ownership philosophy. We advocate
this philesophy not only for selection but for the design of future inertial navigation
equipment. This approach would result in the identification, collection and analysis of
all costs from equipment design inception to obsolescence and phase out. The need for
selecting equipment on this basis is acute.

3. PERFORMANCE - COST-OF-OWNERSHIP PHILOSOPHY

It is now necessary to present in more specific terms what we feel should be considered
as part of performance and cost-of-ownership.

3.1 Performance

There are many specifications which can be applied to the procurement of equipment.
Probably these specifications increase in direct proportion to equipment complexity and
environmental use. Should it be required to procure & sphere of 7075 Té aluminum, measuring
three inches in diameter with a sphericity of 50 u” at 72°F having a 16 u” r.m.s. finish,
the possible specifications are few. The requirements have been specified fully and can
be demonstrated adequately by available measuring equipment. But notice that no require-
ments have been stipulated for any aspect of time or for use in any environment. A pro-
curement as simple as this one appears would become significantly complex should a time
and environmental aspect be included. When a user desires to procure equipment as complex
and expensive as an inertial navigation system, the specifications are many and equally
complex. The specifications are cither the complete responsibility of the supplier nor
the user. However, there must be a beginning. It must start with the user, whe must be
in a position to describe in intelligible terms his perfcrmance needs ahd economic require-
ments. It is here that realistic, achievable MBTF and maintainability requirements must
be specified. His performance needs should not be directed toward the best obtainable,
but rather toward that whict is sufficient for the task at hand when a reasonable growth
factor is applied. This requires personal judgment which must be based on experience and
judiciously applied. Furthermore, the method of demonstrating performance characteristics
must be included with performance models and mechanizations. Certainly this places a
significant technical burden on the user, but that is exactly where it belongs.

3.2 Cost-of-Ownership

The assignment of cost items is more complex and cne in which significant latitude can
be expected unless meticulously defined and continuously controlled. This area is prob-
ably more of a joint effort between user and supplier. While specific cost breakdowns may
vary, we believe you will agree that all costs can be included under four general cate-
gories: materials, people, facilities and transportation. This costing should follow a
‘cradle to the grave philosophy’’ as indicated below:

(1) Acquisition costs
(a) Research and development
(b) System procurement
(¢) Non-recurring equipment

(i1) Uperating custs
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(iii) Maintenanee costs

(a) Base
Materials - spares, aerospace ground equipment (AGE), etc.
People
Facilities
Training

(b) Depot
Materials - spares, AGE, AGE spares, etc.
People
Facilities
Training
Transportation,

The obvious question is where and how does the user secure these cost figures? The
answer is that the cost-of-ownership rationale, if used by the user and supplier from pro-
gram inception, will provide data and cost figures necessary for system selection. This
can best be illustrated by considering the use of cost-of-ownership in inertial system
design. We shall do this in part, by outlining our own history and experience and the
cost-of-ownership techniques we have developed.

4. COST-OF-OWNERSHIP - PERFORMANCE IN DESIGN

In 1963 the Air Force Systems Command expressed deep concern over the rising costs and
low reliability of Aircraft Inertial Navigation Systems. Those developing and delivering
inertial navigation equipment have had to increase perfcrmance, due in part to higher
performance aircraft and more severe operational requirements. The accomplishment of this,
actuslly or theoretically, has required designs to ve advanced to the very brink of the
state of the art. In some areas, this increased risk and complexity has resulted in
reduced reliability. The Air Force concern has had a multitude of results, one of which
was the establishment of Detachment #1, Air Force Avionics Laboratory, at Holloman Air
Force Base, New Mexico, in July 1963. This organization was established for two major
reasons:

(i) To accomplish the in-house design, development, fabrication and test ~f a low
cost inertial navigation system which utilizes the best components available
without being restricted by the walls of proprietary bias,

(1i) To increase substantially Air Force in-house capability in the inertial navigation
and guidance area?,

There are two main jideas in (i). #First, the equipments from different manufacturers
are used and integrated intec an operable system. Second, the approach is to low cost-of-
ownership, not merely low cost. Neither of the foregoing has been accomplished previously
for inertial navigation equipment used for military aircraft. In order to select the best
components, the Detachment embarked on a subsystem basis as the only reasonable approach
leading to a correct selection. Why subsystems? Consider the following:

Mr Magellan requires gyroscopes for his inertial navigation system. He listens to
various manufacturers extol the advantages of their particular approach and design. As a
result of discussions with many manufacturers, Mr Magellan selects three gyros whose
characteristics are summarized in Table IV. He quickly selects Gyro B by reasoning that
its cost per MTBF hour is $5.0/hr and the cost for two gyros is $8000, as opposed to
$10,000 for dyro A and $10,500 for three of Gyro C. Further investigation uncovers the
need in Gyros A and B for a redundant axis capture loop which Mr Magellan determines will
cost $700 with an MTBF of 6000 hours. Table V is a revised cost effective table showing
more of a total approach.
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TABLE 1V

Gyro
A B C
Type Two -degree- Two-degree- Single-degree-
of-freedom of -freedom of -freedom
Perfcrmance | 0.01°/hr 0.01%/hr 0. 01°/hr
Cost (%) 5000 4000 3500
MTBF (hours) | 1000 800 700
Cost /MTBF 5.0 5.0 5.0
TABLE V
MIBF (hours)
Gyro A GyroB Gyro C
Gyro #1 858 705 700
Gyro #2 1000 800 700
Gyro #3 ~--- .- 700
Gyro “subsystem” 460 375 254
COST ($)
Gyro A Gyro B Gyre C
Gyro sl 5000 4000 3500
Gyro #2 5000 4000 3500
Gyro #3 ---- —.-- 3500
Redundant axis 700 700 - .
Totsal 10, 700 8,700 10, 500
Cost/MTBF ($/hr) 23.1 23.1 45.0

Next he realizes that the output signsl from Gyro B contains high and undesirable signals
at particular frequencies, and that various filters must be added to his servo loops at an
estimated cost of $90/servo loop for a total of $270, exclusive of assembly time. The
basic servo loops for Gyros A and B are estimated to have an MTBF of 4500 hours which, with
the addition of the notch filters, becomes 3200 hours. The estimated costs for the servo
loops ere $3500 without filters and $3770 with filters. Similar values for Gyro C require-
ments were estimated to be a cost of $2750 with an MTBF of 5000 hours. Another revision
shows the values in Table VI.




38

TABLE VI

Gyro A GyroB GyroC

Cost/MTBF 33.9 37.3 59.3

Additional thought on Mr Magellan’'s part coupled with subsequent tests by manufacturers
A and B provides the data of Table VII.

TABLE VII

Gyro A Gyro B
Temperature sensitivity 0. 1°/hr°F 0. 01° /hr°F

In order to maintain adequate system performance using Gyro A, a temperature control of
better than 0.05°F is required in order to reduce this error source to 50% of the specifi-
cation value, This is translated into a cost differential of $1000 and a lower MTBF. The
cost/MTBF between Gyro A and Gyro B is reversed, and Mr Magellan reflects on his original
decision. This line of reasoning can be continued to the level of detail necessary to
determine which of several possible choices should be made., Naturally, the selection can
be only as good as the input data but, nonetheless, an analysis based on valid assumptions
is significantly better than none at all. Furthermore, it users apply essentially the same
reasoning to equipment selection, manufacturers will have no alternative but to determine
and supply the information as needed. Admittedly, the foregoing example is a simplifica-
tion of the real problem at hand. However, its main purpose is to provide the user with
the desire for a solution. All too often drift data, such as gyro rates, are questioned
without equally important emphasis being placed on equally important parameters. The
application of a subsystem philosophy precludes the inadvertant omission of these important
parameters, In addition, this philosophy provides a hase line by which components of
widely varying characteristics can be combined and optimally selected.

As a further example of the trade-offs to be made in subsystem design, consider Table
VIII, which is a partial listing of Unipolar Mechanization Errors? at the end of four hours
flight (Initial latitude 45°, Velocity 1000 ft,/sec, Northeast two hours, Southeast two
hours):

The example of Table VIII serves to illustrate that at the component level design trade-offs
can be similar in manner to a linear programming transportation probiem: maximize the
profit (performauce) and minimize the cost-of-ownership. By using the 0.05% scale factor,
the gyro performance cculd be adjusted to provide comparable system performance (0.01
noise, 0.1% scale factor) which, in reality, probably is the more proper approach. Ob-
viously, the next step is to ascertain the cost and reliability differential between using
a 0.01°/hr gyro as compared to 0.015°/hr and a 0. 1% scale factor as opposed to & 0.05%
design. With the inherent stability of magnetic materials, the 0.05% design is considered
to exhibit a relatively minor impact on design difficulty, cost and reliability, as com-
pared to the 0.1% design. However, since gyro assemblies represent & complex assembly of
interconnected and inter-related precisinon parts, the 0.015°/hr component probably will
represent a component of lower cost and greater reliability. Obviously, this process can
and should be analyzed more adequately for the entire ansemble of errors within each sub-
system, All too often, equipment has been procured on the basis of what is available
rather than what can be manufactured on the basis of sound technical and cost-of-ownership
trade-offs.




TABLE VIII

Error Source Position Error
) Ry Ry

X gyro noise (°/hr) 0.01 2200 8700
(Tb = 1 hour) 0.015 3300 13050
Y gyro noise (°/hr) 0.01 18000 4400
(Th = 1 hour) 0.015 27000 6600
X gyro scale factor (%) 0. 05 3250 14000
0.1 6500 28000

Y gyro scale factor (%) 0.05 6500 6000
0.1 13000 12000

Z gyro scale factor (%) 0.05 8000 500
0.1 1600C 1000

RSS error after four hours using components having
0.01%/hr noise and 0. 1% scale factor is 42,600 ft.
RSS error after four hours using components having
l_p.cls°/hr noise and 0.05% scale factor is 36,100 ft.

The preceding examples show how, by using a technical and cost-of-ownership trade-off
rationale, the system designer can select and design the best components for each sub-
system. Further, the system designer is accumulating cost-of-ownership data for ~=ach and
every component and subsystem. In order to design 8 low cost-of-ownership system, quan-
titative data describing each component is necessary. Such detailed data, concerning cost,
performance, reliability, maintenance, etc. can be gathered only if cost-of-ownership is
considered in each step of the design process. The Detachment, in order to accomplish
this, divided into four major subsystems as follows:

1. Gyro Subsystem

(a) Gyros

y (b) Signal conditioning electronics

(c) Stabilization and compensation electronics
(d) Gyro torquing electronics

(e) Redundant axis electronics

2, Accelerometer Subsystem

(&) Accelerometers

(b) Signal conditioning electronics
(¢) Rebalance loop electronics

(d) A/D conversion electronics

3. Gimbal Subsystem

(a) Gimbals

(b) Platform torquers and resolvers

(c) Resolver A/D conversion electronics
(d) Wiring interconnections

(e) Platform vibration isolators
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4. Computer Subsystems

(a) Computer

(b) Display

(c) Control Panel

(d) Altimeter encoder

Each subsystem has three additional items which are common. These are

(i) Subsystem AGE
(ii) Subsystem non-recurring equipment
(iii) Ancillary equipment.

Once the subsystems listed previously are defined, the total cost-of-ownership of the
system (COsys) is the summation of the cost-of-ownerships of each subsystems (CO_g) plus
miscellaneous costs associated with their integration. Therefore,

Totel COpyy = COgg *+ COpg + COgpg + COqg + Cy

where COsys is the cost-of-ownership of total system
COgs is cost-of-ownership of gyro subsystem
C0,s 1is cost-of-ownership of accelerometer subsystem
COgys is cost-of-ownership of gimbal subsystem
COpg is cost-of-ownership of computer subsystem
Cy miscellaneous costs required by integration.

Each of the foregoing subsystems has associated costs as shown on Figure 3. A detailed
discussion of the subsystems developed by the Detachment is included in the Appendix.

5. COST-OF-OWNERSHIP - PERFORMANCE IN SYSTEM SELECTION

We now have indicated how a user can secure the basic selection data from suppliers by
directing the use of performance and cost-of-ownership trade-offs during the design phase
of the initial! system. But it must be emphasized that this {s only the basic data. The
user must consider at least the following additional factors:

A. Use Rate, Pipeline Time and Repair Costs

Considering again our previous example of Systems A and B in Section 2, it is obvious
that total costs are extremely sensitive to use rate ind pipeline time, This sensitivity
is 8o great that the user should concentrate his effori on increasing the effectiveness
of the pipeline in addition to the hardware at this stage of the procurement cycle. This
sensitivity and its importance is illustrated in Figures 1 and 5.

After reassessing the use rate, pipeline tim~ and repair costs with the aid of appro-
priate Air Force repair facilities, the user can amplify or modify the contractor's cosat-
of -omership data. Specifically, this will include the requirements for additionsl sys-
tems, and/or spare parts, which will have an end effect on cost-of -cwnership.

B. Operating and Maintenance Procedures

Aviation Week states that ‘“New data on avionics equipment failure rates indicate that
the user and his maintenance procedures may have as great an effect on reliability as the
equipment manufacturer*.

Further, Aviation Keek found that the same equipment which is subjected to different
user operating and maintenance procedures can have variations in MTHF by a factor of as
auch as 10:). It is imperstive that acceptable procedures be defined st the outset (or
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at some milestone date) and attendant costs be assigned. With such information, the user
will be able to assess his operating costs per hour and to identify those cost items in

the contractor’s proposal that require modification. In addition, some repair philosophy
has to be established so that an economical break-even point is determined. This, in
effect, stipulates an acceptable cost to be incurred in the repair of a piece of equipment.
Newark Air Force Station has determined this to be 607 of the original system procurement
cost for any one repair. Therefore, in the total cost history one must account for this
funding requirement,

C. Inventory Control

The cost-of-ownership should include those items previously outlined in addition to
inventory management as defined by the Logistics Management Institute®. LMI states that
“estimates of the annual cost of holding an item in inventory range from 15 - 25% of the
average inventory value”. While this statement is significant in itself, one readily
can see that now the basic maintenance concept must be defined with regard to a repair or
throw-away concept.

We have already accumulated the data on pipeline time, use rate and repair costs. Using
these, the user can generate more specific cost factors and draw a comparison between two
basic approaches: repairable and throw-away.

Using the repairable approach the user must of course consider all costs: acquisition,
operating and maintenance, both base and depot. Using the throw-away concept, the user
considers all costs except depot maintenance but he must add further costs for spares,

The consideration f these two basic approaches is considered significant from two
standpoints:

1. Will the throw-away concept have less effect on system MTBF as a function of the
number of repuir cycles?

2. Will the reduction in pipeline equipment requirements offset the additional base
inventory required?

Now that the contractor’s or suppliers’' cost-of-ownership data has been amplified and
modified, & comparative tool is necessary to complete the selection process. Since the
parameters of greatest concern are cost-of -ownership and performance, these parameters
can he considered to be factors of a product and are defined as follows:

COPE - Cost-of-Ownership x Performance (Ref.4) .

CO now is defined as the total cost of the system in dollars per hour of operational life.
System PE is defined as ‘he accuracy of position indication in nautical miles per hour
(3 radial) for a selected flight path and duration. That system which exhibits the lowest
COPE number for a given performance or for a given cost-of -ownership represents the best
selection. Unless applied to 8 specific requirement, either performance or cost, the
lowest overall COPE number would provide a system probably either too expensive to operate
or performance much hetter than needed, Regardless of how the cost categories are grouped,
they must include all cost items such that their total is the total cost-of-ownership of
the system. The user could:

(1) For a given cort, select the system that maximizes performance.
(1i) For a given performance, select the system that minimizes the cost-of -ownership.
But why not select the development concept that will minimize the COPE product which is

suitably weighted with cost-of-ownership and performance factors? These weighting factors
may be considered, for example, as
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COPE = COpg(W,(Pragso o) * WalPragio 2) * -+ + Wy (Pratyo J)] '

where CO;g is the cost-of-ownership of the total system Pp,¢:s, is 8 ratio of desired

performance (P desired) to contractor proposed performance (Pj) which is always equal
to or greater than 1.

i.e. if desired performance is better than that proposed by contractor

Pratio § = Pj/Pj gesired

and if contractor performance is better than that desired then

Pratio § = Py destred’Py

j =1 to total number of performance factors considered, for example, 1 = position
error, = velocity error and 3 = azimuth error, etc.

% = weighting factors determined by mission requirements.

The cost-of-ownership performance product, as applied to an inertial navigation system,
provides the rather unusual units of dollars mi/hr? or, for the weighted case (normalized),
dollars per hour. The units of fiscal acceleration while unusual, should not preseat any
insurmountable problem. These units would apply also to the various subsystems, since
their particular errors would be related to equivalent mi/hr. We recognize that, in all
probability, the information required to generate veighted COPE numbers is extremely
limited. Perhaps it is not available. Nonetheless, this should not deter us from providing
means for future data accumulation so that the most effective product selection can be made
by the user.

6. CONCLUSIONS AND RECOMMENDATIONS

We have discussed the need for the application of a cost-of-ownership approach to iner-
tial navigation system procurement and future desvelopment. A great deal of the information
necessary to generate cost-of-ownership criteria is not available; hcwever, the user,
better than any other, can and should provide manufacturer motivation. It is not important
that the approach discussed herein be adopted; however, some approach should be focused
on navigation equipsent from a total cost standpoint. This undoubtedly is necessury and
action, perhaps through the medium of a government-industry committee or an organization
such a8 AGARD, should be taken immediately to establish acceptable definitions, approaches
and criteria.
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APPENDIX

The Locating System

The histcry of our Detachment and detailed descriptions of Low Cost Aircraft Inertial
Navigation System (LOCATING) development have been the subject of previous papers®:®.
Therefore this appendix is included for completeness only, in order to provide the reader
with a brief description of our system develcpment efforts.

As a result of varicus laboratory tests, industrial surveys, proposal evaluations, and
in-house design efforts, the Detachment has completed the design definition of two inertis]
navigation systems. These LOCATING Systems,un acronye for Low Cost AircrafT Imertisl
NaviGation Syste~.s, have been designated Gyroflex/Sperry (G/S) and Gyroflex/Kearfott (G/K).
The G/S System is in the final stages of fabrication and test and wiil commence develop-

mental flight test during late August 1967. The G/K System will enter this phase 8 - 10
months later.

The goals of each system are essentially the same, to minimize the cost-of-ownership
for a given performance. The cost-of-ownership goal is $10/hour over the life of the
equipment with a performance characteristic of 3 n mi/hr (3 o radial).

The G/S System designation srises froz the use of Gyroflex gyro with a Sperry gisbal

set. A listing of the components and their suppliers included in each of the four major
subsystems is as follows:

1. Gyro Subsystex

Gyro - Gyroflex

Signa) conditioning electronics - General Precision, Detachment s}
Redundant axis electronics - General Precision

Gyro torquing electronics - Nortronics

Stabilization electronics - Detachsent o]

£. Ancillary equipment (temp controller, power suppliers, etc.) Detachment s}

PRrO0Oopm

2. Accelerometer Subsystem

a. Accelerometers
(1) Horizontal - Geners] Precision, Mod 2414
{2) Vertical - Autonetics, Mod A-40

b, Capture electronics and AD
(1) Horizontal - Autonetics, Detschment sl
(2) Vertical - included in A-40 case

c. Ancillary equipment - Detachment o]

2. Gimbal Subsystem

a. Gimbals - Sperry, Detachment s}

b. Platform A/D - Ditran, Diviston of Clifton Precision Products Company, Detach-
ment o}

c. Ancillary equipment - Detachsent s}




V. Computer Subsystem

a. Computer - Nortronics
b. Control - Nortronics
c¢. Display - Nortronics

The interface engineering required to integrate the foregoing cquipments has been com-
pleted in-house. In addition, other in-house accomplishments of significance are

(1) Design and manufacture of azimuth cluster.
(i1) Complete re-wiring of gisbal set to system requirements.
(111) Prograsmming of system mechanization equations,
(iv) Design and fabricaticn of sll power supplies, various ancillary electronic
equipment, pover interrupt circuitry and system AGE.

The G/X System designation arises [rom the use of the Gyroflex gyro and the Kearfott
ASN 58 (modified) gimbal set. In addition to the gimbal subsystem change, other major
differences are

(i) All electronic oards have been redesigned to improve perforsance and reliability.
(1i) vertical sccelerometer - General Precision 2401

This spproach was taken since it appesred obvious that, with the Gyroflex and 2414. 8
new gimbsl set would either have to be procured or designed in-house and manufactured on
contract. Since a large portion of the developmental funding had already been applied by
the government to the basic ASN 37/58 equipment, the decision was made to procure &
modified version of the ASN 58 to Detachment s) specifications. This approach provides a
more effective utilization of in-house manpower and availsble funding.

The results of the laboratory and flight tests will be the subject of a tachnical paper
when sappropriate.
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SUMMARY

The history of inertial navigation contains a trend in which the hard-
ware is becoming progressively more simple mechanically and at the same time
more complex electrically. This trend is examined with particular emphasis
on large rocket boosters. Attention is given to the generation of meaning-
ful performance specifications. The system chosen at the Marshall Space
Flight Center for detailed study and the reasons for its choice are dis-
cussed. Methods of statistical data reduction and some comparisons between
testing components for a platform and for a strapdown system are presented.
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NOTATION

8 rectilinear acceleration of the float elong the i'P axis, referred to the
float

D drift (deg/hr)

H angular momentum of wheel

IAF input axis of float

Iisp moment of inertia of float about i} float axis

Lijp product of inertia of float between i*® and j*P axes

Ipa-RAW moment of inertia of wheel about its spin axis

Jat polar moment of inertia of float about its input axis

Ja‘ polar moment of inertia of cradle sbout its input axis

Ky anisoelastic drift coefficient

Ky c=quivalent torsional spring rate of gas suspension bearing (cradle to
float)

Kbias g-independent drift rate coefficient

Ky 2,s drift coefficient (deg/hr)/(deg/s)

K s drift coefficient (deg/hr)/(deg/s)?

Lia projection of the distance from the float mass center to the flotation axis

along the input axis of the float

Laa projection of the distance from the float mass center to the flotation axis
along the epin axis of the float

® mass of complete float assembly

X constant drift term (dex/hr)

N, g-sensitive drift coefficient (deg/hr)/g

OAF output axis of float

RAF spin 1eference axis of float

Ts net torque applied to the cradle input axis

T3 torque applied to float about its output axis (usually aiound zero in servo
stability analysis)

“y inertial rate to gyro (table rate t earth’s rate (deg/s))

gy natural frequencies of systea

“g angular velocity of the wheel with reapect to the float
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Wyp angular velocity of the float about its 1B axis, referred to the float
w time differential of w
a cradle input axis angle about the input sxis
A added term in drift equation, second harmonic
‘ A float output axis angle (assumed signal generator input angle)
Y added term in drift equation, second harmonic
2 float input axis angle




A STUDY OF STRAPDOWN INERTIAL NAVIGATION
AT THE MARSHALL SPACE FLIGHT CENTER

F.P.Daniel, G.B.Doane III, and R.R.Kissel

1. INTRODUCTION

1.1 General

As time has progressed, the application of gyroscopic navigation systems to vehicles
has become more and more complex, both mechanically and electrically. Today, however, the
new trend is that the mechanical features appear to be relatively simpler, even though
systems are becoming more complex overall.

In this trend, which reduces the number of mechanical parts, it is helpful to examine
the roles in which gyros have been applied. In doing this, one point becomes clear;
i.e. gyroscopes have been applied in both a crude and a precision sense.

By way of illustration, one may cite many vehicles which used two-degree-of-freedom
gyroscopes for basic attitude measurement and spring-restrained single-degree-of-freedom
gyroscopes for attitude rate measurement. This application may be considered crude in the
sense that the quality of the data derived from the gyroscopic instruments was not suitable
for use in & self-contained inertial navigation system. In the past two or three decades,
pany systems have used gyroscopic attitude references to determine and control acceleroseter
orientation with respect to space on & stabilized, gimbaled platform. Trpically, in this
service, the attitude drift rate required for the precision navigation function is on the
order of 0.5 deg/hr (2.4 x 10°° mrad/s) dowmn to such small claimed values as 0.001 deg/hr
(4.8 x 10°° mrad/s). By contrast, the rate gyrc. c.utivued previously have accuracies on
the order of 10 deg/hr (48 x 10™° mrad/s).

The foregoing illustrates how equipment has become more sophisticated in its functions
and thus complex in the oversl]l sense. Most of the resulting systems use several gimbals
carrying & stabilized inertial base on which, in turn, are msounted gyroscopes and accel- .
eroseters. Barly systems had five gimbals; subsequent full inertial systems have used
both three and four gimbal configurations. In general, the systems that do not have the
extreme attitude requirements of wircraft have tended to use three gimbals. In the con-
ventional platform inertial system, the stable element is either fixzed in attitude with
respect to inertial space or is slowly varying in atiitude with respect to inertial space
and fixed with respect to & moving navigational coordinate frase, such as an earth local
vertical system. ‘The gyroscopes used in this application are not required to sustsin
angular rates on the order of those experienced by the vehicle frame. Likewise, the
accelerometers are not experiencing the severe angular motion environment of the vehicle
frame. Indeed, there is still a rather large number of inertial systes experts who
believe that the gimbaled platfors environment results in sufficiently improved sensor
performance to justify the use of gimbals in any precisicn systes.

Strapdown guidance is defined here as & system which consists of measuring jnstrusents
msounted to the vehicle frame; i.e. gyroscopes and accelerometers that provide ianforsstion
suitable for inertial navigation and the associated computer for interpreting this
information!. In a strapdown systex, the instruments are subjected to the total dynasic
environment of the vehicle attitude. Additionally, the gyroscopes must provide inforea-
tion from which vehicle attitude will be detervined. bscause single-degree -of-freedos
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gyroscopes measure onlv angular rate, they must be followed by some form of integration
procedure to determine attitude, The attitude data, when suitablv combined with the
acce lerometer outputs, provide all the necessary navigation information. The mechanza-
tion concepts treated here are related to the inertial sensors and their operation. In
particular for the attitude meesurement, single-degree-of-freedom gyro sensors may he
applied in two fundamentally different ways.

The first category is one in which a single-degree-of-freedom gyroscope is used to
stabilize a “single axis platform” (SAP). A measurement of angular rate between the plut-
form and the vehicle will provide the necessary measurement discussed previously. The
second concept consists of single-degree-of -freedom gyroscopes, hody-fixed to the vehicle.
In this concept, a measurement of gyro output axis angle is used to hold the output axis
angle at a very small value by applying a known torque to the output axis of the gyroscope.
The value of torque is used as a measurement of vehicle angular rate.

1.2 Application

The application considered here is for the navigation of a large boost vehicle during
mission phases including liftoff, ascent to earth orbit, earth orbit, and injection into
a translunar or interplanetary trajectory. There are applications in which much time must
be spent in earth orbit, perhaps as much as several weeks or even months. For this case,
no known inertial systems are capable of achieving the low drift rates required. Therefore,
realignment of all inertial systems is required after long duration in earth orbit or else-
where. Thus, this discussion is restricted to ascent from the earth and injection into an
earth orbit, coast in earth orbit for several orbits (e.g. four to ten), and subsequent
injection into a transfer trajectory. For this case, it is feasible to use full jnertial
systems, unaided by realignment, for navigation to final injection. Such systems, aug-
mented by a sujtable realignment scheme, would be appropriate for the longer durstion
missions. The mission used to generate performance specifications is typical of many
current and projected boost missions.

The figure of merit used to characterize the quality of an inertial system in the fore-
going application is the accuracy with which & low circular orbit is achieved. The under-
lying reasons for choosing thiscriterion are as follows: From s propellant efficiency
point of view, a nominally low sltitudc parking orbit is desirable; whereas from orbit
lifetime considerations, a high orbit altitude is desirable. In general, therefore, we
desire the lowest nominal altitude which has sufficient life for mission accomplishment
when allowances are made for orbit uncertainties.

A sisplifying assumption may be made to eliminate the absolute noainal altitude from
further consideration. Briefly stated, the percentage loss in orbit lifetime caused by a
perigee altitude error is proportional to this ajtitude error. For a typicnl configura-
tion studied recently, this ratio is 10% loss in lif-tise for 3500 seters altitude error
at perigee. A safety factor of 1% is used to accounst for additional uncertainties in orbit
lifetime prediction and unaccountable ttems. The result is an allowadle perigee altitude
error of S ke, which suat be added to the idesl circular ordit altitude to obtain the
nominal design altitude. When characterized t2 toto by just an angular drift rate, the
required inertial syates sccuracy for a launch to a 185 ks altitude parking orbit i» 0.25
deg/hr (1 2+ 10”7 mrad/s). This value 18 a composite consisting of the equivalent
average value of drift rate when all causes of error are considered. Por a typicel aix
of error sources, this quality ia adequate for final injection into the translunar or
interplanetary orbit. Such sccuincies are consistant with tracking accuracies and oid-
course saneuver fuel requireaents, i1.e. the use of this criterion results in an incrtial
systes that is sdeguate, but not averly sno, for the entire mission. Table ] gives the
error aens..ivities relating various inertial semsor errors t., perigee sltitude error,
Pigures | and 3 show perigee altitude error resulting from degradation of certain types of
error sources,
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In the strapdowr application, 1t has heer stated that one - f the criti al design para-
meters 15 angular rate of the vehicle bodv to which the 1nertisl sepsors are subjected
The total angular rate results from manv causes. however, the following three categories
provide a sufficient description: (1) The nominal slow, steacy sttitude rates commanded
by the guidance system, (ii) rates caused by at.itude maneuvers (resulting fro® changes
in desired thrust direction, serodynamically cavsed moticns, bending, and sloshing), and
(iii) random angular vibration. The characteristic values ¢f these motions for a given
system must be determined by analytic simulations and flight test measurements. Flight
measurements are particularly important in this regard because none of the known vehicle
simulations contain complete vehicle vibration wmndels and littl. or no appiicable, detajled
flight dsta are availahle from the past. The most useful information currently available
appears to be the telemetered signals from control rate gyros. These instruments seem
most often to have a range of 110 deg/s (0.17 rad/s) and respord to inputs of frequencies
up to 30 or 40 Hz.

A frequency spectrum of some actual arguler rates has been e¢xamined; typical results
are shown in Figure 3. These analyses were run on worst case i0-second time slices. In
general, they show a level of 0.0005 (deg/s)/Hz 15.2 x 10~° (rad/s)?/Mz] with super-
imposed spikes between 1 and 6 Hz and between 35 and 40 Hz. The low frequency components
correspond to the natural vibrational modes of the particular vehicle froe which this
information was obtained. It hus been suggested that the high frequency components are
caused by local mechanical conditions within the instrument itself, and that these could
be brought down to 0.0005 (deg/s)2/Mz (15.2 x 10°° (rad/s)?Mz] by suitable design of the
control rate gyro mounting.

It is recognized that the upper limit of 40 Hz in the instrusentation may be restrictive,
and instrumentation with wider bandwidth capabjlities is being planned for some of the
future flights. Other than to note that the strapdown instruments experience both trans-
laticnal and rotational vibrations, whereas a platform wounted component only experiences
the translational, this nominal acceleration and velocity environment will not be discussed
further because it is typical of large liquid-propellant rocket boosters.

Severa] flight texts have been made using single-degree-of -freedos gyroscopes in a strep-
dosn configuration. Notably, the Ford Instrument Company's SAP and pendulous integrating
g¥ro accelerometer (PIGA) concept was flight tested in an ajirpiane in 1962.

Also, single-degree-of-freedom gyroscopes are being used in the precision rebalanced
strapdown sode in the lunar sodule (LM) abort guidance system and the USAF PRIME/ASSET
series of maneuverable reentry body tests, It is more reasonable to consider for the near
future the use of single-degree-of-‘reedom gyroscopes as exemplified in these 2 apples
rather than other, more unusual types (such an laser gyros and ssgnetohydrodynasic gyros).
Single-degree-of -freedos ayroacopes have been in use for a long tise and such is knosn
about thes. Although this is a pew application, sany of the problems have been sclved or
are known to have solutions. Therefory, the mechanical and electrical probless associsted
with the application of single-degrer of-freedom gyroscopes are anslyzed in some detail.

A mathemsatical snalysin of the secha icn sid the servo of the single axis platfore. s well

a8 the mechanica of the precinfon r:balanced gyro, ts included. Much of the analysis is

the same for the tec g¥romcopes, aveever, the differences are indicated.

1.3 SAMLOSIC [n-Nowse tneriial seaner Piloria

During the early 1n-hotss ntudies (about 1984), it wss determined that MSFC could and
should fill a gap which <2isted in the development of strapdisn inertial hardeare. the
next step sus to formuiete an appropriate program. One of tae ground rules decided upon
wma to make maxisus use I applicable equipsent stemming froe Zurreat prograss. . Another
ground rule requited that the resulting uysten be competitive iu performance with the
beat gisbaled platforms. Accordingly, the ABY (3-cm wheel dismeter) PIGA and the sheel
and float of the ABS gyro were postuluted as components of an eventuoa!l inertial seasuring
unit (IW). Thus, little change was necesssry in a bighly auccesaful and availabie PIGA
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design; the only new design required was for the angular rate sensing device (SAP). To
make a breadboard SAP available for laboratory testing in the shortest possible time, a
cradle, with trunnion bearings, from a previous test program (Fig.4) was used. Its mount-
ing surfaces were lapped to a tolerance of %5 arc seconds.

The first system tests will only be of the IMU. The raw data from the sensors will be
recovered for comparison with various known position time-line data, Later, however, full
system tests will include a digital differential analvzer (DDA) type of computer which will
cperate on-line, processing each bit of data as it is generated by the SAP's or PIGA's and
producing attitude and navigation (position and velocity) information. This computer is
being designed and fabricated ir-house at MSFC (as well as the IM! and the SAP's and PIGA's)
and is reported upon in detail elsewhere?.

2. ANALYTICAL CONSIDERATIONS

2.1 General

Although the gross theory of the single axis platform used for angular rate measurement
is well known®, the salient points will be reviewed. The desired information from the
instrument is the rate at which the instrument base is rotating, with respect to inertial
space, about cne axis, which is usually designated the ‘“‘instrument input axis”. Rotations
about the output and spin axes of the instrument should, ideally, not affect its indication.
Considering an ideal instrument, it is readily seen that rates about the spin axis of the
instrument will not be sensed because a gyroscope does not respond to rates about ite spin
axis. Rates about the instrument's output axis will, ideally, not be sensed either because,
to keep the sighal generator nulled, the input axis torquer will supply just enough torque
to precess the gyro at the exact rate that the instrument is rotating about the flcat's
output axis. The output from the instrument is obtained by measuring the angular rate
between the instrument base and the gyro case. Unfortunately, errors can creep into any
mechanization of this ideal operation.

2.2 Analog-to-Digital Conversion Considerations

The instrument’s errors fall into several categories, one of which depends upon the
choice of angular rate transducers, From a purely theoretical standpoint, an analog rate
sensor (tachometer) would be ideal because the exact desired information would be con-
tinuously available. However, practical tachometers do not meet the accuracy requirements
necessary for inertial navigation, and recourse must be made to measuring time and angular
distance because these quantities may be most accurately measured. Since many transforma-
tion computer programs are available that can accept properly conditioned angular inputs,
no fundamental limitation is imposed on the overall system if such a program is designed
into the system from the outset. As a further practical matter, most modern guidance
systems employ digital data processing, and one notes that the transformation computer will
probably be amenable to operating on the discrete data resulting from the use of digital
shaft angle encoders.

The remaining question then is what angular resolution is required. The answer depends
on the accuracy sought from the overall system and hence is a figure distilled from many
trade-off studies combined with knowledge of the technology of encoders, inertial sensors,
and data processing equipment. (It would not be reascnable to install a 10 kg encoder on
a 1 kg SAP, for example.) In this case, considering required system accuracy to be com-
petitive (but not necessarily equal, in all respects) with a platform specifically designed
for & high accuracy boost mission (roughly a 10-minute boost into a 185 km circular orbit),
the required resolution, as determined by engineering simulations, is about 17 or 18 binary
bits referred to 360 degrees (27 radians). FPFurther refining will be done in future studies.
Unfortunately, there currently appears to be a change in the class of shaft angle encoders
available to achieve 18 bits (or more) es compared to 17 bits (or less); the dollar pro-
curement cost is much greater for an 18-bit device. In addition, the requirements of the
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various trunnion bearings along the instrument's input axis become more stringent as more
resolution is required. MSFC’s first breadboard was built with a 16-bit resolution
encoder, ahjch happened to be available ir-house from a previcus encoder test progran.
Initial rate table testing soon showed the 16-bit resolution to be too low for determining
the necessary performance data in a reasonahle length of time (a duy). Shortly thereafter
a 19-bit encoder hecame available in-house for this program and was installed on the
breadboard. The performance of this encoder was very satisfactory; the results, presen-
ted in Table II, were distilled from raw data obtained from the 19-bit encoder. A merket
survey of encoders suitable for a flight model of the SAP was conducted, and an 18-bit binary
bit (resclution of 27 radians) incremental encoder is now being procured. These encoders
must provide accurate information to calculate the rate data with tolerances on the order
of the basic gyro drift rate, over a slew rate rarge of from 0 to 1 rad/s. (Platform
gimbal angle encoders only provide infurmation for guidance command resolution.) The

slew rate range, although somewhat arbitrary, sipce it must encompass rigid-body vehicle
motions as well as local angular vibraticn rates, will inciude most practical large launch
vehicle applications. Each of these twe scurces has been allotted approximately half of
the total range. Other trade-offs are possible, depending principally upon the mission,
vehicle, and vibration mount (if any).

2.3 Basic Dynamical Error Model

Basic instrument system errors may be ireuced in a fundamental, steady-state fashion by
writing Euler’'s equations ir which the angular :ates are referenced to the gyro float. A
rigid float in which an angular momentum vector is embedded provides a good model if none
of the oscillatory modes associated with the contents of the float are excited. The IMU
mounts must be designed to rreclude this possibility, since large unpredictable drift rates
would otherwise ensie. The torque summation equation about the float output axis is of
particular interest herc sice it defines the gyrc drift rate. This summation is &s
follows (see Notation):

Applied torque = inertial reaction torque
Mlpatiar T PLiafaar T Kafrar®ear * Kojas = “barfoa - oAF ?
T orarRaF (T1a - 1aF ~ TRa - RAFP) * Toa - AR C0AF“DAF = “RaP)

L : 2 .2
“Iia - oar “oar“Rar t AaR) t I1a - maF “Oar T “Rar) t

* “oarlonoaw ~ “IaFTRA - RAR “5 Tt “Rar) * “Rar“IaFlIaTaw -

Although well known, this equation still projects a rather formidable image. It may
first be simplified by dropping all terms containing angular acceleration factors. Ome
nay also define, in the usual way, a quantity H which is called the wheel momentum
(tacitly meking the excellent assumption that o« >>> CraR):

H Ipa - RAW %5

The remaining inertial reaction terms are transferred to the left side of the equation.
This procedure allows each “drift producing source” to be considered separately. Note

that no viscous torque term is included in the equation; one might have been included

for generality, but it is negligible for gas output axis suspension instruments such as
the AB3 PIGA and the AB5 SAP.

From these analyses, one immediately notices that, if & gyrv float were to be designed
specifically for the strapdown application, the ideal moment of inertia tensor of the
float would correspond to that of a sphere (all cross-products of inertia zero and all
moments of inertia with respect to the OA-JA-RA triad equal). If this were accomplished,
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icur terms would immediately drep out of the inertial reaction description. #hile some
attention is given to “end-to-end” float balance in the course of designing gyros for use
in three-sxis stabilized platforms, there is no universally recognized requirement fer
dynemic (as opposed to the usual very careful static) balance. Some float designs have
been proposed by others to achieve the spherical inertia tensor characteristic, but to our
knowledge few have been built,

All the simplifications inherent in the output axis torqued case have been explored;
kowever, in the SAP epproach, all terms containing wy, automatically become negligitle
since the drift rate of the gyro about its JA will be very low (typically 0.5 deg/hr
[0.25 x 10°° mrad/s!). Thus, for the SAP, attention becomes focused on the terms
'IXAOAF“bAF and 'IIAaAﬁlﬁAF as error sources in addition to those normally associated
with inertial grade gyros for platform use. The only way to decrease these terms in a
given environment is to reduce IIAOAP and Iyapar by redesign of the float or by
sophisticated balance procedures, or both. Another phenomenon, which may or may not be
immediately apparent from this equation, is the so-called output axis torque problem.

It may be made visible by assuming that the servo, so far only tacitly a part of the
instrument, has no long-term memory, i.e. the electronics transfer function is a constant
at d.c. (the idea of using servos with memories in connection with gyros is an interesting
separate research area which we have studied and designed into our latest SAP and PIGA
servos). The terms of interest, which must balance. are

Yoa0AF “baF = ~“nap H -
If a constant angular ecceleration about the output axis of the float orcur.ed, the g ro
would “drift” with respect to inertial space about its input axis at a rate given by

_ Toaoar -
“ap n oar

This particular phenomenon has been reported”,

2.4 Instrument Servo Design

Many servos for gas output axis suspension gyro instruments have beer cdesigned at
MSFC; however, the problem was still of interest because, in designing such a large amount
of angular momentum (approximately 2.5 x 10° g cm“/s) into so small a package, the ratios
of the various parameters are very different from those in eny rrevious design. The ana-
lytical model actually used in-house for numerical design purposes Is discussed here for
the first time to the best of cur knowledge; however, meny more simplified versions are
commonly known. Not nearly as detailed as the error model, the mathematical model used
for servo and synthesis is developed from the following set of linearized (small angular
motion) equations (see Notation):

(a) Torque equation assuming a torque applied to the cradle input axis:

d%a .
T, = Ja3m+l(b(a -0,

(b) Torque equation about the float input axis:

K 7] 4%
L - = — H —
b ) = Jae gt R

(c) Torque equation about the cutput axis of the float:

T _Jd’ﬁ Hde
A Bt " gt
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The usual techniques of servo analysis yield the following transfer function for the mech-
anical portions of the loop.

1/’“ ol
T, o

/s? s?
R E et d R Sl g | —
w“x “hz

The cutput axis angle S 1is sensed by a signal generator, which produces an amplitude
modulated voltage. A detector is used to convert the signal generator cutput to d.c. and
to lower its impedance level. This signal, filtered to remove most of the ripple, is then
used to drive a compensation network, which is mechanized by the use of operational ampli-
fiers. The output from the compensation network is used as the input signal to a pulse-
width power modulator which has low equivalent output impedance, reasc-ably linear input-
output voltage characteristics, and small threshold values. A block diagram of this sys-
tem is shown in Figure 5. A time constant is included in the description of the d.c.
torquer because of the low output impedance of the pulse-width power modulator aud the
rather high natural frequencies of the SAP.

It is of interest to note that, if the torsional stiffness of the gas suspension bearing
had been assumed infinite, as has been done in previously published accounts, only one
natural frequency would appear in the SAP description; for this case, thet frequency is
on the order of 520 rad/s (83 Hz). This contrasts to the two natural frequencies in the
description previously given (assuming a finite torsional stiffness), the lowest of which
is 431 rad/s (68.5 Hz).

The compensation design must assure loop stebility (all real parts of the roots of the
characteristic polynomial corresponding to the system must have negative real parts) and
achieve a rationally-based minimum loop stiffness (to assure physical maintenance of the
instrument’s float to case alignment). The actual form of the system’s transient response
is not too important as long as the settling time is short. A lower bound on the d.c. loop
stiffness was established by assuming a cradle unbalance torque of 45 g cm in & 1g field
and, hence, 450 g cm in a 10g field, which is the maximum design value of rectilinear
acceleration used for Saturn. This requires a d.c. loop gain of 7 x 10° per second.
Because the breadboard SAP had a much higher friction level than anticipated, both servo
redesign and trunnion bearing preload adjustment were necessary. At this point, an active
integrator was incorporated in the servo-loop electronics by using integrated operational
amplifiers and a loop gain of 1.55 x 10" s"? was achieved.

These overall requirements, combined with the necessity to avoid s conditionally stable
loop in the linear mode, because conditional stability in the linear mode easily leads to
1imit cycle behavior during the initial nonlinear synchronizing mode, are sufficient to
initjate a design cycle based on the classical root locus and Nyquist/Bode methods. Since
these thoroughly practical methods require insight and intuition, tempered by as much
experience as possible, we will merely exhibit the pole-zero plot (Fig.8) which resulted
from the design iterations. This design results in a bandwidth around the loop of approx-
imately 100 Hz. This bandwidth is required because of the high naturel frequencies of the
gyro. The eleccronic mechanization of the compensation used with the breadboard (which it
is felt would probably be typical of flight systems) employs two commercially available
operational amplifiers, although one of these is used to provide a telemetry pickoff point
and therefore could, in principle, be eliminated. This design works well and yields a
loop settling time of approximately 80 ms to a pulse disturbance (Fig.7). Further refining
could always be done in designing future systems.
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3. LABORATORY INVESTIGATIONS WITH BREADBOARD SAP

Upon completion of the breadboard, it was necessary to design an experiment to verify
the SAP's inertial sensing behavior. The central piece of laboratory equipment used was
a heavy duty, precision drive, rate table. The table is accurately oriented with respect
to the earth’'s polar axis so that its precision rate driven axis is adjustable (by hand)
in the north-vertical plane. As supplied by the manufacturer, this table was accurately
instrumented only up to 200 earth’s rate; however, instrumentation was added to make it
accurate up to a table rate of 10 deg/s. This value, while still short of the design
maximum of 1 rad/s. was at least only half an order of magnitude low. The next step in
this type of testing is to assume some form of regression expression and then to determine
if this expression adequately accounts for the gyro behavior. The expression chosen is
(see Notation)

2
D = Mg+ Mep goy + Muby gy, + Mubz g, + Kyapy + Ky + Koy + Kupppy + Kolpp™ -

The first four terms are those most often used in describing gyros intended for platform
use (perhaps one should add the anisoelastic temm, Eog“gRA , 88 we will probably do in
future SAP testing). The fifth, sixth, and seventh terms were included to account for and
evaluate the overall alignment of the test set-up. The effects of these terms should not
be charged against the intrinsic gyro or instrument accuracy because they may be made
negligible by either mechanical or computational realignment, or both. The last two terms
are those predicted for the SAP from the original look at Euler’s equation applied to the
gyro float,

Since MSFC's normal method of determining the M coefficients is to place the basic gyro
in a planetary stand, isolated from earth’'s rate, no effort was made to design into the
test set-up a really significant determination of these coefficients. Rather, attention
was focused on determining the K coefficients, which evaluate phenomena unique to the
SAP application. For these tests, the rate table rotation axis was permanently aligned
parallel to the earth’'s polar axis. After some experimentation, 34 combinations of angular
rate and gravity vectors, referred to the float, were chosen to yield the data for coeffi-
cient evaluation. These positions are tabulated in Table III; note that only i{n positions
33 and 34 does 84 enter into the drift measurement (which is why these two p .itiona
appear). The other positions give combinations of values to the remaining tersa. The high
resolution (19-bit) encoder worked very well compared to a 16-bit encoder which was tried
in the first test series. Test time in each position was only 7.2 minutes,

Typical results of the regression fits are tabulated in Table II. In general, the
experimental accuracy improved with time. The most {mportant error-causing factor was
temperature. It was discovered that the first tests of this series had been atarted
before the gimbal had temperature-stabilized in its thermal cover. When the cover was
removed and the gimbal was exposed to room temperature only, the error was reduced by a
factor of about four. Gas pressure was controlled to s nominal 103 N/m? (and readjusted
each day on the same highly accurate gage to 103 N/m?). Bome g terms became aignificant
and the misalignments were usually highly significant. The last two terms, however, were
never significant at the 85% confidence level. The statistically significant values were
usually very repeatable.

Tests were made in the given sequence most of the time; however, ohe set was run back-
wards and one was randomized, but the results were not much different from the other tests.
The best tests have correlation coefficients of over (.99 and standard errors of estimate
less than C.1 deg/hr. As is our standard practice, gyros were not recalibrated between
runs nor was Any output axis torquer used at any time during the tests.

These data represent very literally the first runs sade on a new instrument being tested
by new procedures for new phenomena. There has not yet been time for a long hard look at
these data that are so necessary and productive in the long run. The program is progressing
as expected and considerably more data will become avajlable as additional SAP’s finish the
fabrication cycle and are tested in our inertial laboratory.




4. FUTURE PLANS

Future plans call for a two-phase experimental program backed by a continuing analytical
effort. The first phase of the experimental program calls for the assembly and sled test
of a complete IMU, without the transformation computer. Mock-ups of the IMU are shown in
Figures 8 and 9. The outcome of this test series will provide both flight qualification
testing of the IMU and raw instrument output data, which are desired for the computer
development.

After completion of the sled program, it is planned that the IMU will be mated to its
companion coordinate transformation computer and further rigorous testing will be pursued.

Some improvements in the instrument design details are anticipated but no major re-
designs within the present experimental program are expected. Continuing development of
engineering simulation, data recovery, and reduction software are programmed.

As an exercise in determining the growth potential of this concept with second genera-
tion instruments designed from the beginning for this application, a layout was made of an
advanced IMU. The resulting mock-up is shown in Figure 10.

3. CONCLUSIONS

The work accomplished under MSFC’'s direction since 1964 has established that there are
no analytical reasons barring booster navigation utilizing SAP's and PIGA's as strapdown
inertial instruments. Simulations have demonstrated that, for injection into a 185 km
circular orbit, accuracies competitive with platform derived navigation dats are attain-
able.

It has also been realized that actual flight tests are needed to completely validate
the assumptions used in the analysis. One of the most jmportant areas in which it is
necessary to gather flight dats is that of the rotational vibration environment. These
data are needed for further investigations into its effect on the instruments.

MSFC's choice of instruments has been shown to be & good choice for booster navigation.
The results obtained from the MSFC developed methods of testing the SAP's and PIGA's, the
accompanying error models, and the numerical results of the reduction do not, to date,
exhibit any anomalies,
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TABLE I

Error Sensitivities Relating Various Inertial Sensor Errors to Perigee Altitude Error.
Mission Profile: Two Stage Ascent to Nominal Circular Orbit of 183 km Altitude

Error Source
Name

Error Source
Unit Value

Perigee Altitude
Error (meters)

Roll axis accelerometer bias

Yaw axis accelerometer bias

pitch axis

Roll axis accelerometer scale factor
Yaw axis accelerometer misalignment

Initial system misalignment around

Constant drift rate around pitch axis

g-dependent drift of the pitch axis gyro

10°° ¢
10°° ¢
10”° parts/part
1 arc sec

1 arc sec

1 deg/hr

1 deg/hr g

180
96
295
7

T

20, 000
31,000

TABLE II1

SAP Test Input Conditions
(Test No. versus Acteleration and Angular Rate Input)

D= Mc + Mep 8oa * Muby KA + Mubz R, . KI‘OA + Kz"'RA + Ka..-l +
1 0 0 0,5686 0 -0.831 -0.83%
2 0 0 0.5686 [} 0.840 0.840
3 0 0 0.5686 U -9, 988 -9, 988
L] 0 0 0.5686 0 9.982 9.982
5 0.4021 0 0.4021 -0, 588 -0.588  -0.83%
6 0.4024 v 0.4021 0.594 0.59%4 0,840
? 0.4021 0 0.4024 -7.063 -7.063 -9.98%
8 0.4028 4] 0.4021 7.058 7.058 9,982
9 0.5686 0 0 -0,831 0 -0,831

10 0.5656 0 U} 0.840 0 0,840
1 0. 5688 0 0 =9, 48R 0 -9,988
12 0,3686 0 0 0, 982 0 9,982
13 0.4024 0 -0,4024 -0.588 0.588 -0.831
i4 0.4021 0 -0.4021 0.5M4 -0.5%4 0.4%40
15 0.4021 0 <0.4021 -7.083 7.063 -9 688
16 0.4021 0 -0,4024 T.058 -7.058 9, 982
1?7 0 0 -0, 5686 0 0.831 -0,53%
18 0 0 -0.56888 0 -0.840 0,840
19 0 0 =0, 5686 0 9.988 -9, 988
20 0 0 -0, 5648 0 -9.982 9.982
4 -0.4021 0 -0.4024 0,584 0.588  -0.831
22 -0.4021 0 -0.4021 -0.394 -0.5%4 0.840
23 -0.4021 0 -0.4021 7.063 7.063 -9,988
24 -0.4021 0 -0.4021 -7.088 -7.058 9.982
25 -0. 3688 0 o 0.831 0 ~0.831
26 =0.5086 o 0 ~0.840 0 0.840
n -0, 5688 0 0 9.988 ] -9, 988
28 -0.56806 0 0 -9. 982 0 9.982
29 -0.4028 0 0.4021 0.588 ~0.588  -0.831
30 -0.4021 0 0.4021 «0.594 0.5%4 0.840
i -0.4021 0 0.4021 1.083 -71.063 -9.980
32 -0.4021 ¢ c.402 -7.058 7.088 9.982
3 0 0.8227 0.568¢8 0 0 0

M 0 -0.021? -0.5686 0 0 0

| 2
Ki“0a*ra * K5%Ra

0 0.69
0 0.71
0 99,76
0 99.64
0.35 0.35
0.35 0.3
19.89 49.89
49.8¢ 48.81

0 0

0 ]

0 0

0 0
-0.33 0.35
~0.35 0.35
-49.89 49.89
-49,8% 48.84
0 0.69
] o.n
0 89. 76
0 59.64
0.35 0.35
0.35 0.35
49.89 49.59
49.81 49.8

] o

0 0

0 [

0 0
-0.35 0.33
-0.38 0.35
«49.989 49.69
-49.81 9.8

0 0

] 0
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4 (SEE LEGEND)
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Fig.1 Perigee altitude error resulting from degradation of gyroscope and initial align-
ment accuracies. .(Based cn typical state-of-the-art high perforanice systems)
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Fig.2 Perigee altitude error resulting from degradation of accelerometer accuracies.
(Based on typical state-of-the-art high performance systems)
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SUMMARY

A strapdown inertial reference package has been developed for space
vehicles based on single-degree-of-freedom instrumentation. A number of
these packages have been built for the Lunar Module’'s Abort Guidance Sys-
tem. Production-acceptance test data, which include both periodic calibra-
tion sequences and environmental tests and data acquired in connection with
sled testing at Holloman Air Force Base, are reviewed. Error sources are
exarined for boost operations. Development problems encountered to date
are highlighted and an assessment is made of strapdown applications.
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DESCRIPTION OF A STRAPDOWN INERTIAL MEASUREMENT UNIT

Joseph Yamron

1. INTRODUCTION

For many years, gimballed platforms have been synonymois with inertial navigation.
Although strapdown components have been used from the earliest days of aviation in control
systems, the problem of continuously measuring high rates and electronically performi.g
t base motion isolation has been a formidable one indeed. The development of small, high
speed digital computers reopened the possibility of producing a strapdown system. In 1959,
! United Aircraft Corporation undertook to examine the feasibility of building a high per-
formance inertial guidance system using strapdown single-degree-of -freedom instruments.

In 1963, under Air Force sponsorship, a system aimed at boost applications was successfully
demonstrated in the laborator~ and, in 1964, the development of the Abort Sensor Asseably
for NASA's Lunar Module was begun by United Aircraft Corporation.

Nt b s e e T

During the zourse of these efforts, s new test sethodology and test equipment had to be
developed. Analysis and simulation techniques were given extensive early attention, and
these test and analytical tools were then brought to bear on the design of instruments and
electronics to evolve the current system. Much of this work has been reported in the
literature. Four complete generatjons of hardware have been produced and enough data
accumulated so that this art can now be assessed. The long-held view that strapdown xys-
tems were impractical because of hidden dynamic effects on the one hand and impossible
computation problems on the other was dispelled. The effects of temperature were found to
be predictably critical, and long-term stability had to be traded off against the prodlems
of calibration and alignment. The computer interfaces, in s vehicle system where the strap-
down computsation was only one of many tasks, had to De evaluated as part of this development
program. This paper is concerned primarily with recent performance data on strapdowm
fnertial packages which have resulted from this effort.

3. DISCUSSION OF THE PACKAGE PESIGN

2.1 Pachage Deacription

The strapdown inertial seasurement unit (SDIMU) is a self-contained assesbly designed
to sense incresental displacements sbout the vehicle axes and velocity fncresents along the
vehicle axes. and transmit these signals in the fore of discrete pulses to a digital flight
computer in order to perfors the functions of: '

{1) Calibration and/or alignment.

(11) Attitude determination (base motion isolation transformation satrix).
(111) Navigation.

(iv) Vehicle control.

(v) Ouidance.

The SOIN sust accurately measure angular and linear wotion shile subjected to powered
lisit cycle and free fall enviromments during the course of its sission. Por the Luare
Sodule Adort Semsor Assasbly (LM/ASA). it has the followiag characteristics:




74

8ize: 623 cubic inches (with mounting feet).
Weight: 20.7 pounds.
Steady-State Power (vacuum environment): 74 watts,

Operating Life: 5000 hours with maintenance
1000 hours without maintenance.

B TR DRI

Reliability Goal: 0.9991.
L Dynamic Range: 28 degrees/second angular rate
:f# 100 feet/second® linear acceleration.
; Resclution: 2°!¢ radians/pulse (> 3 arc seconds) angular displacement
; ~ 0.003 feet/second velocity increment per pulse.
The assembly as shown in Pigure 1 consists of three UACSC RI-1139 floated, rate integ-
rating, single-degree-of-freedom gyros; three Bell VIIB pendulous accelerometers and
their associated pulse torquing electronics; & frequency count-down subasseably, a
temperature controller unit; computer interface electronics; and an integral power supply.
i

Both the gyro and the accelerometer selected for the SDIMU operate on a torque balance

principle. In the gyros, electromagnetic torquers are used to balance gyroscopic input

: torque. The average current in the torquers is equivalent to angular rate, and pulses (or

: time-modulated increments) of current are equivalent to, and used to indicate, angular
increments. Similarly in the accelerometer, current is used to generate a torque that

; opposes pendulous torquers caused by acceleration (or gravitation). The average current

: level is proportionsl to scceleration, and pulses of current are counted to measure incre-
sents of velocity. All of the sensors contain torquers with persanent magnet stators for
use with the pulse torque servo amplifiers (PISA's).

The frequency countdown subassembly provides precise timing and reference signals for
both the PTSA's and the gyro wheels. The temperature controller provides warmup and fine
control; po instrusent heaters are employed. The fine tcmpersture controller utilizes
two tesperature sensors sechanically located in optimus sensing locations, electrically
in diagonal legs of a bridge, to detect temperature variations within the ASA housing, snd
stabilizes its temperatury by applying power to two heaters on the housing. The housiug
thersal conduction and gradient patterns are analyzed and synthesized in the mechanical
design process to creste for the sensors an optimum thersal enviromment with minimum
complexity,

All electronics are microminiaturized, utilizing fully qualified integrated circuitry
for sinisum seight and saxisum reliability. The packaging density that has been achieved
is quite high for this type of squipwent, The pulse torquing smplifiers provide seusor
readout with an accuracy that approaches the sensor itself. These amplifiers furnish
» : constant pover to the sensor torquer to give the best possible sensor stability. The net
‘ : current dolivered to the sensor is a function of the input, shile the pover is independent
of the input; equal negative and pesitive currents are delivered to the torguer shean the
inertial input §s zero. Tte redbalance electronics include mn output switching circuit
that approaches the capability of sechanica) switches (e.g. the ratio of open-circuit
resistance to closed-circuit resistance is 1o the order of 10’). The error caused by the
circuit is related to the full scale torquing rate by this ratio. A system with a 26-degree’/
second (100, 000 degree/hour) maxisun faput rate thus can esxpect to have an electromic
circuit equivalent gyro drift rate of 0.01 degree/hour.

A festure of this design is that although the switching rate is held at | ke, an
information rate oi 64 kc 18 achieved. In the case of the accelerveeter. focressing the

switching rate will minivise vidropeadulous errors. A switching rate of 1 kc wus selected
for both iastrumeats, however. for simplicity.
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The sensor loop implemented in the strapdown package is shown in Figure 2. It utilizes
a form of time modulation to provide the rebalancing current for the sensor.

2.2 Key Development Problems

About 30, 000 hours of testing were accomplished on several programs prior to the release
of the production design for the LM/ASA. Since then an additional 70,000 hours have been
sccumulated on the production hardware. Early in 1867 a modified version of the ASA was
tested on the rocket sled at Holloman Air Force Base.

The development of the gyro and its rebalance electronics had first priority. This
mechanization has been treated by Scoville and Yasron'! and further by Scoville?. The gyro
design was intended for pulse torqued, high rate operation from its inception, and the
principal requirement for this design was to provide excellent torquer stability in con-
junction with high sensitivity.

The torquer stability was obtsined by minimization of the sensitivities of torquer scale
factor to axial, radial, and rotational motions of the float. Figure 3 depicts scale
factor atability obtained on & group of 20 production gyros. A X value of 2 ppm is
evident. Figure 4 plots gyro/PTSA scale factor stability versus time for the three gyros
in the slide-tested unit. The average 3 value for a 5% month period is 72.8 ppm.

One interesting problem was & nonlinearity caused by the magnetic time constant of the
torquer, that is, a lag between the rise of current in the torquer and the rise of flux in
the air gsp retarded by eddy currents in the torquer frame. In the first model of the
gyro the value of this time constant was over 230 milliseconds, which seriocusly compromised
the linearity of the scale factor at rates over 0.33 radians/secopd. This was minimized
by designing a slotted low resistsnce torquer freme which afforded a factor-of-three
reduction. Pigure $ illustrates the excellent linearity achieved on an early gyro/PTSA
channel.

A strapdowmn gyro sust have a high damping coefficient in order to restrict float motiom.
Initiaily, this proved quite troublesome in the LM/ASBA Program. A fluid with teo components
of different density had been chosen to meet certain low temperature sspects of the spec-
ification. To achieve bigh viscosity, & fluorocarbon was blended with a viscosity improver.
Thersogravitational diffusion separstion of the two componsats into discrete density layers
resulted in sass unbalance torques. The drift rate associated with this effect is inversely
proportional to vizctosity. The major effect, however, takes place once separation has
occurred and a given orientation of the fnstrument is estadlished. A drift will be experi-
enced shenever the gyro's orientation with respect to gravity is changed. e tiee re-
quired for this drift to settle out will be a function of viscosity and the difference in
density of the fluid components. It may vary from several hours to & few weeks.  When
calibration 1s not practical for days or weeks before flight, hosever, the prodles can
become severe. B8y storing the gyros at high temperature (to accelerate the diffusion)
prior to sass uabalance tris, and by using s preferred package orientation in the storsge
container, this prodles i ninimized. Incorporation of a narroe cut, single component
fluid eliminates the difficuity altogetber. To complete the argunent, an experiment was
cobducted with a gyro using a viecosity improver of the same density as the fluorocarbom,
and 8o such effect was observed.

A vexing problies pecsliar to strapdows operatios was wacoversd duriag the early develop-
sent testing of a conpiete aystes on a centrifuge. /An dpparest drift rete in the base
sotion matriz calculations duriag the dysamic rate caviromaeat occurred dus to dissisilar
bandeidth charscteristics of the gyro chamnel loope. This effect was enalysed as &
pseudo-coning drift rate in ome chasme] a8 a result of phase sissatch 1n the other two
chamnels shen the latter experiesced sinusoidal iaputs. Pigure ¢ illustrates the relatioa-
ship of the pseudo-coaing drift as a fusction of chermdl phase airmatch and sinssoida)
rate amplitedes. Because of this error source, all gyro chaasels are triemed during ia-
line testing to be withia & aarrow basd at lov freguencies.
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The RI-1139 gyro was optimized to control input axis stability by the use of 25-
microinch clearance, pivot-jewel output axis bearings. Also, the equalization of the
inertia of the gyro float for axes in the plane normal to the output axis was incorporated.

The accelerometer u’.lized in the SDIMU is the Bell Aerospace Corporation Model VIIB
single-axis, pendulov. permanent-magnet, pulse-rebslanced unit. In pulse torquing opera-
tion, the torquer is operated at a voltage above ground which creates a difference of
potential between the pendulus and the sensing capacitor pick-off plates. The torquer
coil is wound on the pendulum. This results in a torce of sttraction which disturds the
initial trimmed ‘®lectrostatic null position” away from the sechanical null. The bias
is perturbed until the charge is bled off each time the unit is energized. This probles
was initially corrected through the use of trim capacitors. A superior method uses bleed
resistors placed in the capacitance bridge circuit. These resistors decrease the bias
sensitivity to a negligible value and improve turn-on time to reach staady-state outputs.

2.3 Ercor Sources

The performance of a strapdown inertial reference package is contingent upon the magni-
tude of errors from these principal sources:

(1) Initial alignment procedure.
(1) Sensor messurements.

(ii1) Computational algorithms.

The errors in the alignment procedure are associated with local, unknown anomsalies and
noise at the launch site, end seasurement errors in optical and other launch site instru-
sentation, as well as the sensor errors.

The errors in the sensor measurements are functions of time, temperature, voltage, and
environment. The sensor errors can be categorized as quasi-steady linear accelerations
and angular rates of the vehicle. The gyro error model which hes been used® includea
non-g-sebsitive drift (bias), g-sensitive drifts (mass unbalance), scale factor errors.
and gyro input sxis sisalignwents. The accelerometer error model includes bias, scale
factor errors, and accelerometer input axis sisalignment. The object of the calibration
procedurs is to determine the sensor error model coefficients in order to make possible
in-flight compensation of the errors. A quasi-steady error budget for s bdoost-type
aission must describe not only the basic accuracy of the sensors (or of the compensation)
but also the time stability of the particular terss,

Once the sensor package bus been mounted in the vebicle, most calibration coefficients
cansot be found, since the strapdown calibration procedure requires the placing of the
sensor package ia & sumber of prescribed orientations relative to s refersnce rate vector
and the local gravity vector. Good long-term staM lity of the sensor perforwance coeffict-
ents 13 essential.

A partial calidration of the strapdown system can be accomplisbed on the vebicle in
conjunction with the aligment of the computaticnal frame to the loca! earth coordinste
frame of the lsunch polat. Various procedures for sechanising ou-the-pad alignment of a
strapdown inertial referssce package caz be used. These include pure optical aligasest,
sccelerometer leveling plus optical asiusuth sligneent. and self-coatained (gyrocompessing)
aligadeat schemss. The torms that are calibrated are the biases of the two gyros Igen-
erally pitch and yan) vhose input axes ot leunch are nominally vertical, and the bisses
of the two level accelerameters. In the opticelly aided aligamest schemes the ©To bisses
are mtomsatically obtained, shereas in the self-ccatained aligamest they are byproducts
of the leveling loops. 1o Doth cases. the scceleromster biases cam be obtajned by filter-
ing the aystes velocity outputs duriag & short periof of savigatioa on the ped.

Table I lists the dymamic error sources, the equations, asd the coefficlests.
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Evaluation of these dynamic error sources requires knowledge of the mission v.bration
environment and the specific sensor channel electronic loop characteristics. In the
design of a strapdown inertial reference package, many of the requirements with regard to
total system performance can be related directly to the requirements of the individual
sensor loop dynumic response characteristics. A qualitative summary of the major factors
which iafluence the overall design of a particular strapdown sensor loop configurstion in
light of mission requirements can be made as follows:

(i) The requirement on dynamic rectification errors due to vibratory inputs imposes a
limitation on the compensation network and electrical gain at the frequencies of
the expected vibrations. This implies that the closed loop float (pendulum)
motions be kept to a minimum at these expected frequencies. In the ASA, the 11398
float motion is held to about 20 arc seconds; the pendulum in the Bell VIIB
accelerometer moves only about 60 arc seconds.

(ii) The requirements for the tracking error, both steady-state and transient, imply a
relatively high electrical gain to yield fast responding loops.

Besides the individual sensor loop dynamic errors, total system dmamic errors can exist
due to the simultaneous processing of sensor outputs cduring vibrationa] inputs, and due to
the noncoincidence of the sensor package with the center of mass of the vehicle, The
functional forms of these type errors are also included in Table I.

The computational errors associated with a strapdown package present no hesic limitation
in navigation accuracy. Both the present and projected state of the art for digital com-
puters perait repetition rates (of high order integration schemes) that exceed the band-
width of the gyro sensors. This cosbination, in conjunction with sufficient word length,
saintains the computational error belov any required level. The other systes computational
error to be considered is that of sensor quantization which, in easence, places o time lag
in the data stream (for angular data below the guantization level). Using tise-modulsted
torquing. this pulse quantization can be made as fine ss required, end this does not then
constitute a significant system comp''tational error.

The cosputation error types, round-off, quantization, and truncation, cap be controlled
by computer word length. pulse quantization sagnitude, integration approach, and a prac-
tical cutof? point for high frequency inputs that are related to computer integration cycle
time¢. The codtrol of cosputational error is illustrated in Pigure 7. Note that there is
& trade-off available for any given set of system requiresents between s possitle shock
sount design and the computer integration sethod and speed®.

3. ACCEPTANCE YESTING

The productics scceptance test program consists of operstiona), vibration, and thermal
vacuun tests. During exposure to the test enviroosents, perforwmance parapeters are soni -
tored in sach instrusent channel.

™he said recuirenents of the acceptance test are as folloss:

{1) Verifly the foertial perforeance characteristics of the SDIMU.

{11) Bvalua’e the effects of vibration acd thersa)-vacuus envirossents by performing
tests defore, during, and after the eavironsental conditios.

(111) Observe the critical characteriatics of the SDIN ia a sufficiently detailed *
ssaper so that the projected reliability end perforsance characteristics cas be
evaluated from a limited semple of data.
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Operational testing is concerned primarily with calibrations. The parameters thst must
be determined are the scale factor, bias, imput and spin axis, mass unbalance, and input
axis alignaent for each of the three gyro/PTSA channels, and scale factor, bias, and input
axis alignment for each of the three accelerometer/FTSA channels.

The calibration procedure developed consisted of six static tests snd six dynamic tests,
In the static case, the package is held stationary, and datsa are gathered over & fixed
time interval. The package is accurately aligned with respect to gravity and earth rate,
peraitting the evaluation of all performance parameters except gyro/PTSA scale factor and
input axis alignments. Each input axis is aligned hoth vertically up and vertically dowm.
The accelerometer/PTSA scale factor is obtained from the difference of the dats accumulated
with the input axis up and down, and the bias is determined from the sum of these data.
The input axis alignment for each accelerometer/PTSA channel is obtained froo the differ-
ence in outputs when the accelerometer input axis is horizontal. The gyro/PTSA biass is
obtained from the sum o/ the data with the gyro oriented with its input axis up snd down,
and the spin axis mass unbalance for each gyro channel is determined from the difference
in the data when each gyrv is oriented with its spin axis vertically up and down.

8ix dynsmic tests are required for the evaluation of gyro/PTSA scale factor and the
direction cosines. These tests consist of rotating the IMU about each gyro vertically
oriented input axis at s constant rate over a precisely knoen angle, first in a clockwise
and then in a counter-clockwise direction. For most applications, rates in excess of 1}
degree/second must be sensed. Each gyro/PTBA scale factor is obtained from the difference
in the data obtained from the clockwise and counter-clockwise directions. The input axis
alignment is obtained from rotational data when the gyro is oriented with its input axis
horizontal. A production test set for cslibration is shoen in Pigure 8.

The vibration tests that are performed as part of “he acceptance testing are designed
to verify the functionsl nperation of the SDIMU during a sisulated mission level random
vibration envirooment (see Pigure §). The SDIMU is attached to & vidbration fixture in
such a manner that the linear vibration input can be applied along any one of ita prieary
axes., During vidration, critical perforsance parsmeters are monitored. Cryatal accelero-
seters are positioned with their sensitive axes along the vidration input and located next
to each SDIMU mounting point. Dets from these instruments are recorded during the randos
vibration test to provide power spectral density spectra. The change in performance across
the vibration test is deterwined both by observing the change in the meads value of the
SDIM) calidbration coefficients. obtained from calidbrationa performed before and after the
test, and by observing the change in the “static” outputs of the sensor channels fros
jumediately before to immediately after the test.

The objective of the thersal vacunm test is to verify the operation of the SDIW shen
subjected to sioulated aission temperature and vacuus environments. The BDIMU is insta)led
on an adapter oh & thermal shroud within a thersal vecuus chamber. After the chasber
pressure is reduced to | + 10°° torr or lower, the SDINU is subjected to high (130°F) and
loe (30°F) tesperature conditions for one hour at each test level. Teo 200-second pulse
coudls are accumulated fros the awtisor chamnels every 15 sinutes during and at the ead of
the cne-bour pericd. The pulse counts accusulated at each tiwe specified sre compered
against & pre-environsent reference sessuremsent ip order to provide & seasure of perfore-
ance during the sisclated aission enviroasental extreses. The change in performsnce acrvss
the thermal vacuus test is also detersined by cbserving the change in the sean value of
the calibration coefficients obtained from sets of crlibratioss perforwed defore end after
the test.

Acceptance test data for several production SDIM"s are presented in Tables 11, 111
and 1IV. Table 11 presunts a sumsary of SDINU perforwance for mission-level vidration axd
thermal vacuun eavironseots. These data show the total difference in the seen value of the
calibration coefficients from before to after the eavirvaments]l test. ia terms of mn sver-
age of the three chmudels per SDINU. Improveseat in gyrv errors during thersal vacuus
testing bas been obtained receatly by a cheage in the setdod of processiag the surfece of
the gy10 souating seat to permit better temperature coatrol.
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Table 111 summarizes SDIMU stability data over the four-day scceptance test period.
These stability data, expressed as 3o values, include the effects of vibration and
thermal] vacuum testing. A technique has been developed to separate accelerometer bias
from the bias of the rebalance amplifier. Analysis of the data shows that most of the
bias shift is associated with the instrusent, and that scale factor data for both gyros
and accelerometers can be parkedly improved by better control of noise in the power supply.

The short-term repeatsbility of EDIM} performance coefficients is defined as the root-
wean -squar2 of the standard deviations for each day's calibration test data. Six calibm-
tion tests sre performed during each day.

Table IV susmarizes the short-tere data, which are principally of laboratory interest
but are useful for comparative rurposes.

4. SLED TESTING

4.1 Description of Test anmd Test Article

Recently a series of lsboratory tests and rocket sled runs were conducted st Hollaman
Air Force Base, New Mexico. The test item was an early wodel of the LM/SDIMU with the
accelerometer loops rescaled to s dynamic range of 18g without altering the bandwidth of
the closed loop. 1In addition, an optical reference cube and mounting structure were
attached to the package.

The objectives of the teat program can be susmarized as follows:

(i) Verify the ability of the LM strapdown systes to ssintain its functional integrity
and to operale in the simulated missile enivircoment of the APMDC high speed test
track.

{ii) EBvaluate the operation of the strapdown inertial seasurement unit and compare the
output date »ith space/time reference data to determine the arstes accuracy.

t111) Determine, if possible, crror sources of the systes with respect to gyros., accel-
erometers. and sssociated electronics.

(1v) Evaluate the computer algorithes plamned for the aystem.

In all, a total of 14 sled tests divided into three phases (three Phaase | runs, five
Pagse 11 runs. and six Misse 111 runs) sere conducted. In addition, the SOIMU wes ladora-
tory tested and evalunted for static operstional perforsance prior to sled tests to provide
s base to shich the sled test results could be cospered. :

The purpose of the Phase 1 runs sas to esteblish & rotations] and trens)ational vibra-
tion profile. The objective of the Mase Il rune was to check out and optisize the final
systee configuration for s qualitative perforsance evaluation. The Phase 111 runs were
then perforeed with a detalled quantitative malysis of system perforssace ss the objective.

The folloving is the general sequence Gf events in the Mase 111 sled test:

(i) Pre-run labotatory celibrstion of SDIN amd electromics.
{11) Controlled transfer of SDINU from laboratory to sled..
{111) Pre.rub optical aligament of ASA o2 sled.

(iv) Sled rwa end data gathering.

{(v) Post-rua optical aligameat check of DIW on sled.
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(vi) Controlled transfe¢r of SDIMU from sled to laboratory.

(vii) Post-run laboratory calibration of SDIMU and electronics.

4.2 Environment

The Phase II1 sled tes? profile had a maximum linear acceleratiuvn of approximately 8g
and a maximum velceity of 1500 ft/sec, occurring in the first 8 seconds of boost. Booster
engine cutoff is followed by a decelerating coast of the sled toward a water brake approx-
imately 27,000 ft down treck. The water brake slows the sled velocity tc approximately
200 ft/sec anG the sled continues to coast to a stop at approximately 36,000 ft. A typicel
sled run profile is shown in Figure 10.

Power spectral density characteristics of the guidance pallet vibrations indicated that
the most severe vibration levels occurred at the time of booster cutoff, with the highest
level appearii;g as pitch vibrations of almost 10 degrees per second (RMS). Typical roll
angular rate vibration spectra at various times during a sled run are shown in Figure 11.
Linear acceleration vibration levels at booster cutoff are on the order of 1g (RMS).

4.3 Preliminary Results

The SDIMU sensor channel data were recorded on twn test vehicle tape recorders during
the sled runs, Simultaneously, signals from the track space/time reference displacement
measuring svstem were recorded. The space/time system measures the times the sled passes
the accurately surveyed light beam interrupters spaced along the 7T-mile track. The
recorded sensor data, the space/time reference, as well as all treck survey data, are used
to generate velocity error functions to indicate SDIMU performance.

Velocity error plots are usually obtained in either one of the following coordinate
systems:

Track Coordinates - Velocity error functions are computed using the SDIMU accelerometer
outputs only ‘o obtain a quick-look indication of performance, by assuming that the
paillet follows the track rails and has no high frequency oscillations due to sled
esngular motions and vibration isolator characteristics. Corrections are made for
initial accelerometer alignment with respect to the track rails.

Astronomic Tangent Plane Coordinates - In this case, the ASA gyro channel data are used
to transform the accelerometer channel data into astronomic tangent plane coordinates.
The computed system velocity is compared to the space/time reference, resulting in
error functions representing total SDIMU velocity error.

coamputer which was programmed to incorporate the strapdown algorithm. The system errors,
therefore, include those of the computational scheme, Deterministic SDIMU sensor error
coefficients of bias, scale factor, and input axis misalignment are compensated for in the
computational scheme, using values obtained from pretest calibrations.

i The data reduction used to obtain the velocity error functions utilized a CDC-3600

Preliminary results from the first of the Phase III sled runs are presented in
Figures 12-14, The computed velocity error functions in track coordinates are shown
in Pigure 12, 'These error functions computed by subtracting the space/time reference from
the compensated accelerometer outputs, exhibit two main effects: the curveture of the
earth in the space/time reference along X (down track), and a tipping back (pitch rotation)
of the ASA Z-axis (vertical) during boost. The space-time data are compensated to account
for earth curvature, whereas the accelerometer outputs (in the abseiice of the gyro-dependent
transfornation function) are not. The tipping back of the Z-axis can be obrerved in the
plot of Figure 13, which displays the angular displacement about the pitch axis as sensed
by the ASA Y-gyro. The ASA appears to tip backward during boost, forward past its starting
orientation (approximately 2 degrees elevation of X) during booster cutoff and coast, and
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then forward again upon entering the water brakes. Again, in the absence of the gyro-
dependent coordinate transfcrmation function, the tipping motions are not trecked by the
system, and components of earth gravity and the sled thrust sacceleration are erroneously
reflected as velocity errors in the track coordinates.

The velocity errors computed in astronomic tangent plane coordinates in conjunction
with the space/time reference are shown in Figure 14. Several significant error sources
are displayed. The crosstrack (Y) velccity error is most sensitive to yaw (Z) gyro
misalignment in tracking the direction of the thrust acceleration in the level plane. A
misalignment of the yaw gyvro allows the thrust velocity profile to be reflected in the
crosstrack velocity error. The vertical (Z) velocity error is similarly sensitive to the
pitch (Y) gyro performance in tracking the direction of the thrust acceleration in the
vertical plane. The downtrack (X) velocity error is sensitive to the pitch gyro perform-
ance in resolving the directing of gravity.

It should be noted that the computational algorithms that were used to reduce the data
of-Figure 14 do not include gyro mass unbalance compensation. Since the output axis of
the roll (X) gyro is perpendicular to the thrust acceleration, and sirce the crosstrack
velocity error is also sensitive to the roll gyro drift, the magnitude of the X-gyro spin
axis mass unbalance gains added importance. In additicn, the output axes of the pitch (Y1)
and yaw (Z) gyros are perpendicular to gravity, thereby inducing a drift in pitch and yaw
due to uncompensated Y-gyro input axis mass unbalance and Z-gyro spin axis mass unbalance,
respectively. ‘

Complete results of these tests will be described in a forthcoming Air Force technical
report.

3. APPLICATIONS

The SDIMU which has been described in this paper lends itself admirably to spacecraft
operations. Accelerometer bias can be updated in free flight if necessary; gyro drift is
adequate for many existing missions. The rclative esse of combining a strapdown package
with an optical sensor to update bias adds to its usefulness. In an orbital transfer, the
strapdown system shows scme advantage over a platform. The vehicle roll axis is maintained
perpendicular to the radius vector so that the sensor package will rotate at a constant
rate witb reapect to inertial space. This condition serves to introduce a modulated drift
rate (at an angular frequency equal to the pitch rate) which contributes to the attenuation
nf system burn velocity error due to sensor biases, and also reduces the divergence of the
velocity error. This effect is illustrated in Figure 15 which displays the idealized

functional behavior cf system velocity error due to gyro bias for both a strapdown and a
rimballed navigator.

In general, techniques for filtering and schemes for sensor error attenuation which are
implemented in navigation systems using gimballed inertial measurement units may also be
employed with the SDJMU system. Digital or pulse filters as processed in the flight com-
puter will yield characteristics similar to those provided by analog filters employed in
gimbal systems.

The preliminary rled test results indicate that, for boust wnd injection applications,
the SDIMU is competitive with platforms. Pad alignment prior to launch is best handled
optically for high performance, although gyrocompassing can be readily accomplished.
Figure 16 shows injection errors as a function of coast angles based on 30-day sensor
stability’. ‘The ability to align the packeage in a preferred orientation with respect to
the thrust vector tends to minimize gravity-sensitive errors. Platform errors tend to be
compounded, since the angle between the thrust vector and the triad is changing. This
advantage can only be realized, however, if the float motion in a strapdown gyro is held

to very small velues. Also, as previously noted the rebalance loops must have equal phase
shift.
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Considerable thought has gone into aircraft uses of an SDIMU. The high rates encountered
in fighter aircraft produce an error which needs twore engineering attention, however,
there seem to be no inherent problems in minimizing this effect up to 200 degrees/second.
For transport aircraft, inflight alignment of a Schuler-tuned system shovs considerable
promise., The use of electromagnetic position fixing makes the SDIMU very attractive. In
addition, such a system makes possible the combining of both flight control and navigation
sensory functions.

6. CONCLUSIONS

The following conclusions are drawn as a result of this strapdown system work which has
been accomplished:

(i) High quality inertial system data, particularly suited for boost applications,
" can be obtained with a single-degree-of-freedom strapdown reference packu.ge.

(1i) The dynamics problem can be treated on a rigorous basis and, at this time, poses
no barriers to further developmeat.

(11i) Long-term stability and its relation to calibration and aligumeat is of paramount
importance.
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TABLE 1

Summary of Bynamic Error Sources (continued)
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TABLE 111

SDINU 4-Day 39 Acceptance Test Perforsamce

AVERAGE CF THREE CHANNELS
ERROR SOURCES CSC-2 CSC-3 005 006 007
GYRO CHANNEL
Bias("/hr) 0.18 0.10 0.17 0.36 0.25
Scale Factor (ppm) 38 51 22 60 68
IA Unbalance(’/hr) 0.19 0.11 0.32 0.09 0.12
SA Unbalance(’/hr) 0.32 0.21 0. 32 0.18 0.17
IA Alignment(arc sec) 25 22 15 25 23
ACCEL CHANNEL
Bias(ug's) 44 28 36 58 36
Scale Factor(ppm) 5 15 2 14 29
IA Alignment(arc sec) 12 26 12 ¢ 16
TABLE 1V
SSIM Short Ters Perfermance
RMS OF
PERFORMANCE PARAMETER FOUR DAILY 1 c'e
GYRO/PTSA BIAS (‘/HR) 0.08
GYRO/PTSA SCALE FACTOR (PPM) 12.0
GYRO IA MASS UNBALANCE ("/HR/G) 0.01
GYRO SA MASS UNBALANCE (*/HR/G) 0.02
GYRO 1A ALIGNMENT (ARC SEC) 3.0
ACCELEROMETER/PTSA BIAS (MICRO-G) 2.8
ACCELEROMETER/PTSA SCALE FACTOR (PPM) 2.0
ACCELEROMETER IA ALIGNMENT (ARC 8EC) 2.0
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SUNNARY

The inertial platfors used in the ELDO-A Program has to be tested ana
aligued prior to launch. This will be done by means of a Field Test and
Alignment Unit, described in the paper. The Field Test Unit performs all the
necessary switching between the platform system and the measuring and record-
ing instruments. Por easier cperation and for the purpose of documentation
sll dats are delivered digitally and printed. The applied method of the
platfors slignment starts with coarse alignment by synchro caging. Then the
platfora is leveled to the local vertical and subsequently aligned to North
by closing the gyrocompassing loops. In this mode the calibration of the
torquer acale-factors will be performed by aligning the platform in different
positions. As a last step of the procedure the two vertical gyros will be
trimmed, to achieve a higher alignment accuracy.
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FIELD TEST, ALIGNMENT AND TRIMMING
OF THE ELDO-A PLATFORM

Manfred Ppiitz

1. INTRODUCTION

i In the ELDO-A Program, an inertisl platform is used as a reference system for the

\ attitude control of the vehicle. In a subsequent program this platfors will be completed,
as a full inertial navigation system, by the addition of a computer and the necessary

| interface equipment. In doth cases, whether used for attitude reference only or as a part
: of an inertial navigation system, the platform has tc be tested and aligned before launch.
This can be done by means of a Field Test and Alignment Equipment, which allows a compre-
i hensive testing of the platform, calibration of the torquer scale factors, trimming of the
gyro drift and gyrocompassing alignment.

The platfore testing is not part of the count-down. It will be undertaken, when the
platform system is in the Preparation Building, to ensure that the system is working
properly before it is installed in the vehicle. 1If a fault occurs, it can be localised to
s certain extent by the test equipment, to determine whether the system can be repaired
in the launching area or must be sent back to the manufacturer.

The alignment of the platfors by gyrocompassing and the gyro drift-trim will also be
done in the Preparation Building, at present. This alignyent can be regarded as part of
the test procedure, because the essential components of the platform, such as gyros and
sccelerometers, will be used for this purpose, and their accuracy can be checked. The
actua] alignment, of course, will be dune when the platform is mounted in the vehicle,

2. PLATFORN TESTING

The Pield Test Uuit (Fig.1) is rack-mounted in a console and consists nf the following
parts:

Punction test unit
Recording and measuring unit
Three angle repeater unit,

In addition there is the alignment unit and the switch-on-unit; the latter, being deliv-
ered by the platform manufacturer, can also be built into the racks.

By sean3 of the field test unit the following tests can be perforsed:

g T

Insulation and continuity testing

Testing of platform slectronics
?; Teupersture seasurements
Testing of gyro sotors

Testing of gimbal servo motors and mervo loops
Testing of gyros md accelerometers.

g 4

These tests will be done with the aystem operating at the nominal voltage, with under-
voltage and overvoltage corresponding to the range given by the specifications.
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The function test unit represents the central switching eqipment, by means of which the
complete field test is effected semi-automatically in relation to a specified program.
After the cables of the platform, the electronics, and the switch-on-unit have been coupled
to the test-equipment, the approximately 170 monitoring points of these systems are
connected to the corresponding measuring and recording devices according to the sequence
selected. This sequence is given by the test program. The appropriate connections are
provided automatically by operating push-buttons. In addition, the operating voltage
necessary for the tests is switched to the system to be tested.

The measured values of the resistances, voltages, currents, and frequencies are deliv-
ered digitally. For the purpose of documentation, and for proper identification of each
measurement, the test point number, measured value, and dimension are printed out. The
measured transient responses are recorded. These are the transient responses of the
gimbal servo loops and the accelerometer servo loops, the output signal of the accelero-
meters when rotating the cluster about the different axes, and the platform temperature.

Switching is done in the relay-unit, which contains 2 relay matrices of 200 Hercon
relays, 2 diode matrices, and an electrical dummy of the platform. This dummy is used to
test the platform electronics before connecting it to the platform. By this means platform
damage due to faults in the platform electronics is evoided. Whereas the platform elec-
tronics can be repaired in the launching area at Woomera, the platforn has to be sent
back to the manufacturer in Europe if a fault occurs,

In the relay-unit of the Field Test Equipment, as well as the 200 Hercon relays, there
are additional relays belonging to safety circuits which will protect the platforn system
in the event of incorrect operation. Toe 2 diode matrices deliver the test nuamber and
dimension of the measured value to the printer in BCD code.

As experience during the operations in Woomers has shown, the Field Test Equipment
allows comprehensive testing of the platform system in a relatively short tire.

3. GYROCOMPASSING ALIGNMENT

As already mentioned, the alignment of the platform before launch is done by gyro-
compassing. The platform used in the ELDO-A Program for attitude reference is a four
gisbal SF 600 made by Ferranti Ltd., of Edinburgh. The relations given in Table I exist
between the axes of the platform, the axes of the vehicle, and those of the earth-fixed
coordinate system in the position of the initial vehicle, the platfuorm axes being numbered
from inaide to outxide.

TABLE 1
Platfora axis Vehicle axis E‘f'h‘,"’d
coordinate systea
No.1 (innermost Pitch E-¥
axis)
No.2 Redundant il Vertical
axis
No.3 (inter- Taw N-8
sediate
axis)
No. 4 (outer axis) foll Vertical
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The platform contains 3 single-axis floated gyros. Type SAGBM 10 675 A, and 3 single-
axis accelerometers, Type SAGEM 10 625 A. As the natural frequency of the servo loops is
several orders of magnitude higher than that of the alignment loops and the stiffness is
very high, the function of the servo loops can be neglected for the present, i.e. it is
assumed that the platform is exactly aligned at any tise with respect to the gyro axes.
The inertial components have the accuracy given in Table II.

TABLE I1I

Gyro SAGEM 10 675 A

Mass unbalance drift 1°/h/g (max)
Fixed restraint drift 1°h  (max)
Anisoelastic drift 0.04°/h/g? (max)
Random drift 0.A. vertical 0.03°M ()
Random drift O.A. horizontal 0.05°/m (10)
Torquer scale factor 2 /h/mA?

Accelerometer SAGEM 10 623 A

Range 1 208
Linearity 10°" for t 1g
Bias 2x100%g
Bias discrepancy 0.4 > i0""g
Zero stability (day to day) 2x10""

The configuration of all the elements for the essential slignment is illustrated in
Pigure 2, where the 3 gyros are showmn with their relationship of axes and the 2 hori-
zontsl accelerometers are represented by pendulums. The x and Yy axes of the coordin-
ate system used are horizontal, the y axis points to the North, snd the 2 axis is
vertical. The earth’s rotation o, is resolved into its two components along the y
and z axes, o, cos A and «, sin A . A further resolution of the w, cos A cosponent
relative to the axes of a cocrdinate systes rotated sbout the = axis by an angle ¢>‘
yields the components .  cos A cos & (alonk the input axis of the NS gyro) and
wy €OS A sin &, (along the input axis of the E¥ gyro).

Vertical alignsent of the platfors {a achieved by connecting the outputs of the KW
and/or the NS accelerometer across filters and smplifiers with the torqQuers of the N8 end/
or I¥ gyros, Two simple control loops are thus created, in shich the effect of the dis-

turbances sust be kept sufficiently low by means of suitable filters and proper selection
of the parameters.

The horizontal component of the earth’s rotation, uy, ©08 A cos —'3, . represents the
predominant disturbance factor., and should therefore be compensated. An in the sligned
condition (¥, = 0) its value ts constent and varies only slightly in the viciaity of
this point («, cos A cos &) , such a compensation can be effected by a constaat dias
signel on the torguer of the NS gyro. ‘Mis rzinires, hosever, that the scale factor of
the torquer is known and constant. A furilier possidility of compensating this disturbance
factor is the use of an additional integrator in the loop. Mhis elisivates oot ocaly the
effect of the earth's rotation dut also thet of the constant asount of gyro drift on the
sccuracy of the vertical alignment. A disadvantage of using an integrstor is the Righer
sensitivity to acceleiations caused by vehicle motion.

To achieve slignment to North, a consection between the NS sccelerometer mnd the azi-
suth gyro is aade., as before, by means of & suitable electromic unit. 1If there is s
devistion of the cluster-fized coordinate systes £.7.z , from the earth-fixed coordioate
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system x,y,z by the angle £, , the component «, cos A sin P; of the earth’s rotation
appears as & disturbance factor for the vertics] slignmeut loop, monitored by the NS
accelerometer. This results in a vertical devirtion proportiunal to W, COS A sin ﬁ

A corresponding signal is thus applied to the azimutk gyro which disappears when # o
and the platform is thus aligned to North. Inverting the sign in the lncp results 1n a
state at ﬁz 180° . which corresponds to an alignment of the platfore to South. The
vertical coamponcit of the earth's rotation represents a disturbance factor for the
azimuth loop. which can again bLe ejther compensated by a constant bias signal or made
ineffective by using an integrator in the azimuth loop. Pigure 3 shows the root ioci
of a system with first-order filter with and without integrator. It can be clearly
seen that, using an integrator, a certain damping level of vhe system cannot be
exceeded by reducing the gain factor RO , a8 can be done in the systeam without
integrator.

The block diagrass of the gyrocompassing loops (Fig.4) can be derived from the systea
equations. They show that the mode ¢f operation of the systes can be represented by ar
independent vertical alignment loop sad a coupled vertical and azisuth alignzent icog.
From the 3 components of the earth's rotation the first two components, v, e A ooy z,
ad o, sin A | are disturbance factors, whereas the component W COS A 8in 7, iu thae
control input producing alignment of the aysiem to North.

4. ALIGNNENT AND TRINMING PROCEDLRE

The gyros used in the platform SF 600 were originally develovec :or s application not
requiring an accurate torquer. For this reason, both the linearity and the long-term
stability are not very good with respect to the gyrocompsssing roquiresents. In order to
obtain saximum sccuracy fros the components, the gyro torquer »ill be calibrated immedistely
before the actusl alignment and trimming procedure.

The fundsmental idea i as follows. When the platiors lics withiz the sliziment ioop
and a steady state has been attained, i.e. when the alisumeni perstion is cospleted. &
current corresponding to the horimontel component of the eaiih's rotsation, Wy CO8 X cos 2,
sust almays be frd into the NS gyro torquer. As the vajue 4, COS A Cus 9. tor ﬁ T 0
is known exactly for the given latitude, the scale fector representing the propornonﬂtty
conatant between the current and the resulting rotatior coul: tw Cetersined by sresuring
the current in the torguer.

The special probles is now that the drif:, which is still unknown. also scts upon the
gyro, in addition to the earth's rotation. Two messurmments are therefore necessary to
separete these teo quantities. Por the atationary cas:. the current in the torquer ;s

ITI,‘ 2 m.eol&mﬁ.t:.tc3:#”'!(“):&'“!! A,

when the syates i3 aligned to North. The tem 2. tyghy Bin L results froe cwpling

induced by the vertical sligneent error %30 8nd thi miaaligoment betweet the ioertial
components €, .

If the ayaten is then aligned to South, the aign of the borisontal rolponsat of the
earth’s rotstion bhas changed. Provided that the drift rewains constam® durisg rotation
of the platfore, the currest ia the torguer is

‘Y'h = -a,mkcat,*ibo(3,,06")“‘.'!!-\-

The drift and the coupling errors cen therefore be eiininated from these two equatinx ta
deteraine the scale Malor.
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The accuracy limits of this measurement depend an the value of the randow drift. More-
over, errors can occur when the trimming state of the gyros changes during rotation from
North to South. This may occur particularly when summing networks are used. The gyro
should be pre-trimmed before measurement, in order to avoid excessive deviation errors
from North.

Por small angles 2, , the ters cos £, can be ne,lected. The error thus caused is
spproximately 1%/00 for 3, = 2.5° .

For scale factor calibration of both vertical gyros, the platfors has to be aligned
successively in the pasitions #, = ¢° , 90°, 180° and 270°, and tk> current flowing
through the torquer of the gyro whose input axis is actually positioned in the NS directiom,
sust be determined. Elimination of the still unknowmn gyro drift is possible from the four
seasured values, using the given relations, permitting the calculation of the two torquer
scale factors.

The next step is the trimming of the two vertical gyros. The gyro drift conaists of
different components, which are accelerstion-independent, accelerstion-dependent and
random. Por the NS gyro and the EW gyro, vhich are positioned with their output axes
vertical, the acceleration-dependent drift is zero and only the two other components are
present.

A great advantage of gyrocompassing alignment is that the constant asount of the drift,
whizh say change from switch-on to switch-on, can be trimmed before the actual application
of the platfore. This trissing is done during the aligmmtnt of the gyro, whose izput axis
is pusitioned in the NS directior. For this purpose, the equations for the torguer currenst
in the stesdy state are again used.

Kely = o, €08 A COB Dy v upy v (B * ) &g 8lD A,
i.e., the current generaltes & gyro precession correzpinding . the sup of the horisontal
coapaneot of the earth’'s rotetion, the drift and the frection of the vertical component

of the earth's rotatioh induced by coupling errors. The gyro trisming can now de done $o
thiat the sppropriate tris rotentioseter of the X8 gyro *= +ijusted unti] the torguer curreat
of the NS xyro is ~

o : : :
Iy = —Cs, OB A COB 2, * (2, » eyg) uy 81D 1)

®d the active gyto drift oy = ¢ . Toe trissing sill'be done by neglecting the terws
cor £, amd (2, ¢ Gy} 3 310 A . The resuiting errors in drift trimming are, for
A 48°

% = 2.9 (® gyro oaly pre-trismed). duy 3 0.01°%

(Bgo ¢ €ug) = 1 red, Ly X 0.01°0

Mor trieming the second vertical gyro, the cluster kas to be rotated through 90°.

3. SFFECT OF TRE CONPONKNT fRRORs

e different compomsut #rrors css affect both the dytamic resposse sad the static
sccuracy of the systes.

The first Jroup Lacisdes the errors due to sissligtment of the inertis) components od
the platfore. They lead to couplings Detween the individcal loope, ss wrll as to addi-
tionel cross-coupling of the varisbles within these loops. Pigure 5 illustrates all the
resulting cowplings of this kind.
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The foliowing definitions of misalignment errors are used:

xS NS gyro and NS accelerometer

EW EW gyrc and F¥ accelerometer
€az AZ gyro and AZ accelerometer
BNS NS gyro and AZ axis of platform

gy EW gyro and AZ axis of platform.

A closer examination of these effects shows, however, that a misalignment between the
input axis of the EW gyro and the AZ axis of the platform has the greatest effect on the
dynamic response of the system. This causes the EW-gyro to sense a component of the
cluster rotation about the azimuth axis which resuits in a component additional to the
control signal w, Cos A sin P, as a function of the speed 52 . Ip the steady state we
have ¢3 =0, i.e., the static accuracy of the system is not affected. Because of this
effect between the cutput and input value of the control loop there is a proportionally
acting element Hw, cos A, and parallel to it a damping elemant with the transfer function
HOpys . Depending on whether the alignment is made to North (0° position) or to South
{180° position), the sign of this element changes, whereas that of the proportiocnal ele-
ment remains unchanged and the demping will be higher or lower compared to & system without
coupling.

It should be noted thei similar effects can also be caused by electrical couplings of
circuits.

The dominant quantities on which the accuracy of the system depends in the steady state
are

gyro drift, the earth’s rotation, zero stability of electronics, and accelerometer
bias.

The resulting errors are listed in Table III

TABLE 111
Vertical Alignment
Accelerometer bias 2 x 107 %g 40"
Amplifier drift 0.3 uv/°C 3 x 107%"/%

Earth rotation W, cos A .-

Constant amount of gyro drift
(EW and NS) -

Azimuth Alignment

Accelerometer bias 2 x 10~ ‘g 1
Amplifier drift 0.3 wv/°C
Random drift of EW gyro 0.03°/ 10
Torquer linearity of EW gyro 0.5% 15

Constant amount of gyro drift (AZ) ----

Earth rotation @, sin A ———-

Misalignment of inertial components
1 mrad 3
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It can be seen from Table III that the vertical alignment accuracy mainly depends on the

accelerometer bias. The accuracy of the azimuth alignment is determined by two dominant
error sources, the randos drift and the torquer linearity of the EW gyro.
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Fig.1 Platform check-out and alignment equipment

x,y,2  earth-tixed coordinate system

2 En.z  cluster-fixed system

WycosA

“"P, '0

Fig.2 Simplified gyrocompassing systex
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PREDICTION DE L’ ERREUR D’ UNE
CENTRALE INERTIELLE

Miguel da Silveira

1. MODELES D' ERREUR

Les modéles d'erreur des centrales de navigation inertielle (CNI) interviennent aussi
bien dans 1'analyse des erreurs des CNI que dans les études d’optimisation de systimes
dont fait partie une CNI. Le choix du modéle est fondamental et de nombreux travaux ont
été publiés ol plusieurs modeles sont étudiés.

En aualysant les divers modeles proposés, on s'apercoit qu’'ils font toujours intervenir
des processus stochastiques réguliers. Les modeles basés sur des processus singuliers
(Doob‘') dits encore déterministe: (Middleton®), ne semblent pas avoir retenu 1'attention
ces chercheurs.

Au cours de plusieurs études effectuées depuis 1961 pour le Service Technique des Téle-
communications de 1'Air, et plus tard, pour la Direction des Recherches et Moyens d’'Kssais
ainsi que pour le Service Technique Aéronautique, nous avons etudié un modele d’erreur de
CNI base sur un processus singulier. Ce modele a 4té progressivement perfectionné a mesure
que des resultats experimentaux devenaient disponibles.

2. MODELE “SINGULIER"

Rappelon: que 1’évolution d'un processus stochastique singulier (Doob) ou déterministe
(Middleton) es* defini par les valeurs d’'un nombre fini de psramétres. Dans le cas des
(NI, cette circonstenrr c3l & peu pres veérifide, car l'erreur de position obéit a un
systeme d’'équations différentielles; mais elle n’est pas exactement vérifiée car dans ce
systeme, interviennent er parametre des processus reguliers (bruits). Il se trouve que
1'influence de ces bruits, au moins a court terme, ast faible et on peut en profiter de la
facon suivante. Si on integre le systeme d'équations différentielles par la méthode de
Lagrange, en le remplagant d'abord par un systdme auxilisire ne comportant pas de source
de bruit, on trouve une =~'ution générale du systeme auxilisire du type

-t

C o= 2 o) M

ou { est le vecteur erreur, & le vecteur pcsition, t le temps courant et CpoereCy s
des constantes d'intégration. Alors la solution du systeme donné, comprenant les sources
de bruit, est de la forme

Loz Z Bt .oyt 3}

O ¥, (t),....¥,(t) sont des fonctions convensblesent déterminées, qui tiennent comptc
des bruits. ce seront donc des processus. Le fait que les bruits, en tant que processus
réguliers, n'ont que peu d'influence, se traduit par le fait que les , (t) ne s'écartent
pas notablement des valeurs des constantes €y qu'ils remplacent,

L'expression (1) de E peut étre considéree comme obtenuc en negligeant dans (2) la
varistion des fonctions v,(t) . C'est 1'expression (1) qui constitue le modele singulie-.
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La forme de Z est connue, mais les valeurs des constantes cy sont inconnues. Par la
suite, on ne s’ occupera plus des fonctions Y , c¢'est 8 dire qu'on ne s’occupera pas des
bruits internes en tant que processus.

3. FORME EXPLICITE

En simplifiant convenablement les equations d’une CNI, on trouve 1'expression approchee
suivante pour le systeme différentiel dont 4 est solution:

p*m? + [P = [elp% (3)

Les simplifications sont valables pour des durées et des parcours correspondant aux
applications aériennes, mais pas pour des applications de grande duree. La Figure 1
indique 1'erreur sur le modele qui résulte de ces simplifications.

Dans (3), (02 et [e] sont des (2 x 2) - matrices disgonales, la premiere étant
scalaire. Les éléments de [fgl ont pour valeur le carré de la fréquence angulaire ()
de Schiiler, et ceux de le] définissent les désaccords relatifs des deux voies par
rapport a () .

4. ESTIMATION DES COEFFICIENTS

La solution de (3) est constituee par deux fonctions du temps, une pour chaque voie de
la centrale. Nous allons nous occuper uniquement d’une voie. La forme de la composante
correspondante, { , est la somme de la solution générale {, de 1’équation sans second
membre et d’une solution particuliere {, de 1’équation complete, { = {, + {, . Soit
une suite de releves aux instants t L,(ti) (t=o0, 1,...,N) ; alors Lo correspond
a la propagation dans le temps des erreurs existant al'instant t; et {, & l'influence
des accelérations du vehicule pendant 1'intervalle (t,t) .

L'estimation de {; et {, a partir de la suite ., se fait par la methode des
moindres carrés, pour minimiser ls variance d’'estimation. En effet, le relevé de (.

est affecte de deux erreurs, celle du systeme de reférence, par rapp.rt auguel on evalue
les erveurs de la centrale, et encore 1'erreur de lecture de cette derniere.

L'expression de {, s'obtient comme une combinaison linesire de cinq solutions
linéairement indépendantes de 1'equation sans second membre:

D0+ 0l = 0. @)
Par exemple, on pourrait prendre comme systeme fondwsental le suivant,
cos t, sin(t, 1, t, t?, (%)
lnts‘II présente, du point de vue de 1'estimation, le défaut d'8tre oblique. Il est
preferable de prendre cinqg fonctions orthogonales, que nous prenons autsi normees, soit
£.8) S5t .
Donc < fh.f. > = shl . (8)

Le produit scalaire est défini, & un facteur constant pres, par la matrice inverse de
la matrice de covariances des erreurs qui affectent (, . (Ref.2). En admettant que 1' échantillon-

nage de Cr est suffisamment lent pour Que les erreurs deviennent décorrelées, et que
leur variance est constante, on peut poser

<Hda > G i: Enct) Spet) . M
)
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En partant du systeme fondamental (5) et en lui appliquant la méthcde d’orthonormsliss-
tion de Schmidt, avec le produit scalaire (7), on trouve une base orthonormée {£) .

les avantages statistiques de 1'emplci des bases orthonormées sont bien connus : non
corrélation des valeurs estimées, facilité de 1’ analyse de variance, remplacement de la
distribution de Fisher-Snedcor par celle de Student, qui est robuste, etc. Du point de
vue numérique, on évite les inversions de matrices, et un méme systeme de coefficients
permet de trouver tous les sjustements partiels?,

Nous avons encore profité de la soupiesse (ui résulte des bases orthonormales pour
compléter {£} par un terme d’alsrme £, . Ce terme est choisi de fagon a ne pas 8tre
solution du systeme (4). Si 1'analyse de variance conduit & lui attribuer un coefficient
significatif, cela indique que 1’intervalle (to ty) est trop long.

Les coefficients c, des ¢, s’obtiemnent & partir de 1a composante (.. de { (qui
correspond 8 {, dans () par les formules classiques :

¢ = Spe Lo (8)
leurs variances etant egales entre elles et égales a celle des erreurs de mesure.

L'estimation des coefficients de ([, présuppose que 1'on 8 pu préalablement décomposer
{ en {g et {,. . Pour ce faire, nous employons la méthode des “fonctions modu lantes"”,
En effet, de 1'équation qui définit ., on peut dedujre € , en appliquant sux deux
membres une fonctionnelle linésire continue convensble, que nous representons au moyen de
la formule de Riesz. (n obtient sinsi 1'expressior suivante pour l'estimateur de ¢ :

o <0’ + Oha, (> ®
T <Da, &> '

ou a est une fonction qui satisfait certaines conditions anx limites. C'est a qui
constitue la “fonction modulante®d:*,

On choisit a par la condition de minimiser la varjance de F . ce qui conduit a
1"équation differentielle du 10eme ordre sur a ,

‘! + Rla = pY, (10)

avec les conditions aux limites suivantes:

[

a(ty) = a'(t,)

aqty)

Connaissant 1'estisstion ¢ du déreglage. on obtient 1'estisation E" de ;xr ¢n

intégrant 1'équation avec second membre qui définit [ . En iptroduisant les conditions
aux limites convenables, on trouve

s ¢ ) i ,
b F l.-;-Em-to) sin .E.u-to)]. l-mt.-t.,,)ﬂ(t',-t)t'(t)] an .
Dy
ou H désigne 1'schelon unite et , ls convoluiion. Daps ces conditions. 1'estimation
de | . s'obtient par soustrsction:

' (t,) 0

an

u
M
1]
H

a’(ty) a'*'ty) = 0f.

bop(t) = Lpet) - Lty . (13)
Cest cette fonction {,. qui perwet de calculer les coefficients c, per (8).

On obtient finalesen: la représentation ruivante de 1'erreur { :
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S
Sty = Y HA M+ Lt (14)
h=1

On demontre Que la variance d’'estimation de L (t) est donnée par

o2 s <p*(D? + i'g):z, p*p? «+ ‘.")-1.>

RO I 2o, (35)
5, .52

o’rz h=1 <p®a,:>

0’,2. etant la variance des erreurs de mesure.

$. RESULTATS

les idées genérales qui viennent d*étre rapidement exposéesont été dégagees peu a peu
au fur et a mesure que ies Juahees cxperimentales devenaicnt disponibles en France. C'est
grice sux remarquables campagnes d'essais entreprises par le Service Technique Aéronautique
que nous avoLs pu eprouver la validite des concevtions theoriques.

3.1

Ainsi, un essai preliminaire effectue en 1964 A permis une premiere vérification d'un
modéle singulier ne coaprensnt pas la partie ., due sux accélerations du véhicule. La
Pigure 2 montre le resultat obtenu. L'ajustement s'etendsit sur une durée de 2000 3,
1"échantillonnage s» faisant a la cadence d'un point toutes les 100 s. Les points employes
pour 1'estimation des coefficients portent les nueeéros 0 a 20, e les points suivauts
correspondent s 1'extrapolation. Pour chaque point & partir du 2leme, la croix indique la
valeur mesuree et les cercles les valeurs extrapolees. Lle chiffre indique au-dessus doane
le rang du dernier terme du développement vsploye. L'analyse de variance indique que les
termes de rang 1. 2. 3 et & sont significatifs »ais celui di rang 5 et le terme d'slarme
(range 6) ne le sont pas. On voit que I'extrapolation est nettement ame lioree quand on
ajoute le terve de rang 4. Le terse de rang 5 (non wignificetif) n'ajoute rien. Wais le
fait resarguable, c'est Que 8i on introduit le terme de rang 6, (‘eatrgpolution derrent
aberrante. Ce phénomene est di & ce que la fonction {, n’'est pus selution de 1°Equation
(4).

Cet exemple est interessant, car la fonction {, a ete obtenue en ajoutant & 18 auite
($) ua terwe cubique t¥ . Or. on peut considérer que les terses 1, t, t¥ et t? conatity-
ent le debut d'un developpement de Tavlor gui perscttrait de serrer la realite de plus prea
2 mesure que des termes sont rajoutes. Ce serait le cas xi l'errevr ., correspondait a
un modele ~égulier, car 1] ne saurait pas $tre défini par une equation differentielir a
coefficierts certaina. Or, of voit que |'augmentaiion du degre du developpesent o' agpporte
aucune e+ lioration, et que si on le pousse au degre 3 (I.) , 1] devient aberrant. Donc,
le terme 10 t? (apporte per 54 ) ' eat pas incorrect, main celul en 10 et compleie-
pent faux, Cette circonstance & montre que 1'évoluticn de l'erreur | obeit bien su
modele sinyulier propose.

3.2

Depuis, @' sutres essais ont ete reéalisea, qui ont sontre le besoin de toair cowote de
1'accéleration du vehicule. Cest ce qui a conduit & ittroduire le terme [, . “¢ modéle
plus complet n'a pas encore éte essaye®. (es ensais realines sontrent gQue lérsme le
msouvesent est & peu pres rectiligne et uaiforme, 1'extrapolation est excellente. W¥ain
lorsque des acceélerations sont presentes, 1'extrapolation devient iamediatement fausse.

. vssals teriours ua AGARD oat ete effectue Now
5‘; om-f":m 1 q" . “ AN . 8 doboons €8 additif les resultats
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Les courbes de 1a Figure 3 montrent des exemples d'ajustement sur des segments cu le
mouvement du vehicule etait a peu pres uniforme, suivis de virages. On voit que l'extra-
polation est correcte jusqu’'su mobent des virages, msis qu’apres 1'erreur devient con-
siderable,

Les courbes de la Figure 4 montrent ce qui arrive uand 1’intervalle d' ejustement
contient des sccélérations. L’'estimation conclut s l'existence de termes en t?
(coefficient de £, significatif), alors que ce terme est pratiquesent absent. Ceci
est du aux accelerations qui, & travers le terwe $, dont il n'a pas 2te tenu compte,
déforeent la courbe {(t) .

On voit ainsi qu’il est necessaire de tenir compte de 1'infiuence de 1'accelération.

les résultats experimentsux analyses jusqu'a présent, bien que ne faisant pas usage du
modele complet (14)*, .nt montre que )a plus grande partie des erreurs praviest du
desaccord de la centrale et non de 1'eloignement injtisl. C'est en mnalysant ces reésuliats
Que nous avons éte conduits & compléter . par le terme 3, .

6. ADDITIF

Des essais recents ont é1té eftectues apres 1’ introduction du terme ';-x de dereglage de
periode. Un exemple csrectariziique est fourni a la Pigure 5 : on peut ¥y constater une
variation repide de l: pente des erreurs a I'instant d'un virage brutal cffectue par
I"avion, un phssouene du genre ne peut evidemment pas étre decrit per les termes du modele
s« . #1 31 correspond 2 un dereglage de periode de ],2%. Les veleurs prises par »; Gpres
ve virage attelgaent § ks, #t =zontrent ]’ importance de ce termc.

L' ensesble des resultats obtenus avec le modele (14! crmplet & toutefois mis en evidence
ia presence d'un residy d'erreur fonctivn de l'acceleration du véhjcyle, ce qui conduit 8
envisager 1'influence de termes tels que lex balourds des gyroaccpes de verticale et la
derive du gyroscope d'azisut. Cect confires 1'opinica caprimee par 1# Dr Frey que le
sodele (14 etait incomplet et qu'il - drait temir compte des dajourds.
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SUMMARY

The paper deals exclusively with digital computing techniques. The
dominance of digital computing techniques in the inertial field is now

almost complete and a resumé is made of the reasons leading to this situa-
tion.

However, there is a very wide range of digital computing techniques avail-
able and for the purpose of discussion these are divided into three broad
classifications:

(1) General purpose computers
(ii) Digital differential analysers
(ii1) Special purpose computers

Fach of the classifications is taken in turn and the merits and disadvan-
tages are discussed. The technical merits of the computing system itself,

however, are not the only consideration, and many other influences may affect
the final choice.

Finally, a survey is made of some typical systems and the probable reasons
leading to their particular configuration. An attempt is made to forecast
the future trend in the light of present day inertial system requirements.
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FACTORS INFLUENCING THE CHOICE OF
COMPUTER FOR AN INERTIAL NAVIGATION SYSTEM

P.Wilson

1. INTRODUCTION

The dominance of digital computing techniques in the inertial field is now virtually
complete and this paper deals exclusively with the various digital techniques available.

The overwhelming advantage of the digital computer is, of course, the achievement of
consistently high computing accuracy over extended periods of time without the inherent
errors which necessarily occur in analogue computing such as variations in scale factor,
calibration drifts and similar instrumentsl errors. It is significant that, whereas the
first inertial navigation systems used in missile applications having relatively short
flight times could satisfactorily rely upon analogue computing techniques, as these systems
have become more widely applied to cruise vehicles, digital computing has steadily
replaced the analogue approach. Indeed it is probable that without the inherent and con-
stant computing accuracy available with digital techniques, it would nnt have heen possihle
to mechanise inertial navigators for modern day long-range aircraft without excessive
penalties in weight and cost.

From a practical point of view, in the wide-scale application of inertial systems, the
relative freedom from maintenance problems and the improved reliability given by the
digital approach is a factor of great importance.

Of nearly equal importance is the ability to use the digital computer to mechanise
complex mathematical relationships. The moat obvious example is the use of the digital
computer to provide a trans-polar flight capability by one of several different means, one
of the most widely used being the wander azimuth mechanisstion. Another example is the
compound navigation system in which the DR position derived by the inertial systems is

continuously compared with, and sometimes corrected by, the position outputs of other
navigational aids.

In considering the various digital techniques available it is convenient to divide them
into three broad classifications:

(1) General purpose computers.
(ii) Digital differential analysers.
(1i1) Special purpose computers.

2. DIGITAL COMPUTING TECHNIQUES

2.1 The General Purpose Computer

In this context “general’ {mplies a generalised method of handling the IN calculations,
rather than the use of a computer sujtable for instant application to other problems.

This type of computer makes use of a central processing section capable of arithmetic
operations and certain decision functions, and under the control of a stored inatruction

il
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sequence, A simplified hlock diagram is shown in Figure 1. In this type of camputer,
calculations are performed an whole numbers, usually represented in binary notation,

and calculations are performed sequentially according to the instruction sequence. Where
calculations are performed on basicaglly analogue or incremental data and smoothly varying
outputs are required, the input data must first be calculated to whole number form, and
the calculations must be repeated at a sufficienily frequent interval to give the output
resolution required.

There are three main variables in the design of a general purpose computer which are
relevant to its choice for an IN system. Firstly, the number of digits in the computer
word has a direct effect on the calculation accuracy. For most IN applications a word-
length of 18 binary digits is adequate but various expedients can be used to extend the
accuracy of calculation, thus allowing a shorter basic wordlength to be used. Secondly,
the capacity of the computer memory governs the length of the prozramme (instruction
sequence) which can be stored and the quantity of present data available to the programme.
Additional capacity can usually be provided quite cheaply and may tempt the designer to
extend the use of the computer to functions other than navigation; however, other con-
siderations, such as integrity, usually rule against this. A memory capacity of 2000 to
3000 instructions is usually sufficient for a typical navigation problem. Thirdly, the
speed of the computer is related to the repetition frequency of the instruction sequence
and to the number of instructions which may be obeyed in that sequence in a given time.
Unless other functions are to be performed by the computer, the speed requirements for
inertial navigation are usually quite low and seldom present a major probiem.

From the inertial system designer’'s viewpoint one of the main advantages of the GP
approach is that he will probably have available to him an existing design of computer
with a known performance and reliability record and will thus be able to avoid the heavy
financial burden associated with the design and development oi a computer speciel to his
requirements. This advantage may, however, be offset by the fact that as a rule most GP
computers have a store capacity of 8000 words or more, which is significantly in excess
of the 2000 to 3000 words required for the basic navigation functions. There is naturally
a higher manufacturing cost associated with this size of computer and it is therefore a
matter for careful judgement as to which is the most economical solution overall. In
recent years the tendency has been for the requirements of the IN system to increase
(storage of waypoints, computation of great circle course and distance to go, steering
outputs to autopilot) which favours the GP machine. Indeed, this ability to cope with
changes and additions to the original requirement specification is perhaps the second
wost important advantage of this class of computer,

A disadvantage often encouritered is the sometimes extensive conversaion circuits neces-
sary to convert output signals to the required electrical forw: (usually analogue). This
problem can often be avoided if the computer is tailor.made .or the application, as is the
case with the special purpose type of computer. It is expected that, with the wider
application of digital techniques to other avionic equipment, this particular problem will
disappear.

2.2 The Digital Differential Analyser

Unlike the general purpose computer, the digital differential analyser grows with the
size of the problem. In operation, its aajor difference is that {t computes incremental
changes to quantities rather than changes to the whole values of the quantities thesselves.
Its use, therefore, is limited almost exclusively to sums on continuous varisbles and,
because of the method of mechanisation, to time-dependent variables.

The basic computing process of a DDA is one of counting, or of incremental integration.
as shomi {n the block disgram (Fig.2). In sathesatical terms, s problem is broken down
into equations of the form dz = ydx , shere x,y, and 2z are all time-dependent vari-
ables, and incremsental quantities are represented by pulse trains synchronised with the
operating cycle of the computer. Addition and subtraction of pulse trains are posaible;
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miitiplicaticn and division can be e foreed by mathematical sanipulation. Soae simple
decision functions are uysually avallable bhut thev are much more clumsy in operation than
the equivalent functions 1n & general purpose computer,

There are two main types of DDA, the parallel and the serial. The¢ parallel DDA has
separate hardware for each incremental integration performed, and is therefore very nearly
the digital equivalent of the conventional analogue comjuter. Its logic is fixed by means
of physical interconnection of integrators and it is rather rigid in its operation., The
serial DDA is more closely related to the general purpose machine. The parts of the serial
DDA conceraed with arithmetic and control are time-shared in s sequential series of
operations on stored data. In one cycle, one complete iteration would be performed. The
sequence of instructions is usually stored along with the dsta, and in some machines the
interconnection of the integrators may be stored likewise. This makes its operation more
flexible than that of the parallel DDA, but nevertheless it is more clumsy than the gen-
eral purpose computer and is strictly limited in the type of problem it can solve.

The word length and speed of operation of a DDA are related to the accuracy and smooth-
ness of output in much the same way as the general purpose computer. However, besides
smoothness, one must consider the rate of change of variables and ensure that the maximum
rate of change expected is within the speed capability of the DDA. This is because
transitions from one value to another must be based on incremental changes of limited step
size and frequency, as compared with the GP computer which recalculstes on the basis of
the whole number value of new data each cycle.

The main value of a DDA is its ability to tackle small problems efficiently and its
convenience when used as an extrapolation device where simplified functions within the
capability of the DDA can be used over very limited periods. Its disadvantages are the
difficulty in programming large problems except on a very sophisticated machine, its
inflexibility, and drift problems arising from the impossitility of representing exsctly
many commonly used fuictions by incremental equations.

In sumpary, therefore, the DDA type of computer is suitable only for those applications
where the system requirements in terms of facilities and outputs are small in number and
not likely to change. In view of earlier comments on the tendency for requirements to
increase and the desire of the system designer to retain flexibility to cope with additions
to the initial requirements, the DDA approach is losing most of its formser popularity.

2.3 The Special Purpoae Computer

Any computer designed to perform a particular function can be considered to be a special
purpose computer. However, here the term is used to describe computers that are neither
purely genera]l purpnse nor purely digital differential analysers, but say include some of
these techniques and others, including counting and pulse modulation.

It is not proposed to des ribe any particular special purpose computer, since each
design {8 likely to employ different principles.

The advantagea of the special purpose computer are the fact that it can be optimised
both overall and in local areas of calculation to esploy the most suitable computing
techniques, sccuracy and speed for that particular part of the problem. This can take
into account the form of fnput data and types of output concerned and will minimise
specialised interface circuitry required.

However, the adoption of a speciasl purpose solution results in a non-standard device,
both at unit and at computing element level. This brings with it economic disadvantages
compared with an equivalent size standard sachine and inherent difficulties in saintenance
and testing.




The spicial purpose computer thersfore presents a good sojution to the preblem from a
cost-effective viewpoint 1n ceses where the cosputaticnal problem is not too ceuplex. A
good example of this is a system which requires only outputs of latitude snd longitude.
As the req iresent for addi:ional outputs and facilities is increased, this advantage
rapidly diminishes. The summary applied to the DDA class of compu’er is theretfore appro-
priate here also, and the lack of flexibility of the special purpose mschine is probably
more restrictive than that of the DDA.

3. FUTURE TRENDS

It already seems clear that the size of the IN computing problem (ARINC 561 being a good
example) has reached the point where the DDA and specisl purpoge computer approach can
show little or no cost advantage over the GP machine (see Figure 3). From its very nature
the general purpose computer can be expected to find wider epplication in evionics as well
as in other fields and this will do much to reduce both manufacturing costs and amortised
development charges. With the growing use of digital techniques within other avionic
systems, the general purpose computer offers an increasingly useful method of distributing,
combining, and comparing information between different parts of the aircraft in a common
signal format, The advantages of this rationalisation of signal transmission have already
been recognised and valuable work is going on within ARINC to sttempt to establish a
common digital signal transmission format for an increasing number of types of information
within civil aircraft. Application of this technique will permit very significant simplifi-
cations and weight reductions in aircraft cabling.

In addition, the greatly superior flexibility provided by the general purpose cowputer
is of inestimable value. It provides the ability to accommcdate changes to the require-
ment specification, it enables the designer to supply basically the same hardware to
applications having different requirements and, from the overall systems aspect, it makes
possible the engineering of redundancy modes in a very practical way.

For the reasons already cutlined, it meems likely that future inertial navigaticn
systems will concentrate cn general purpose computers. For reasuns of integrity, it does
not seem likely that these computers will be large single unite, with an extensive amemory
capable of carrying out many other functions additional to the navigation systes. Such a
system concept poses many organisaticnal problems, even if the safety requiremsnt is met
by s duplicate computer installaticn. Furtherwore, with laras coxputers of 16,000 words
or more capacity, the system capabllity is no lorger limited by the storage capacity of
the computer but tends to be reatricted by the time taxen up in the computing cycle.
Programming techniques have been developed to alleviste this problem, byt they involve a
sore coaplicated progremme which {s difficult to change in the light of operationsl
experience,

In the past, the high cost of general purpose computers has necesijtated thefr use Jor
a nusber of different tasks in order to "justify” their cost. However, the rapid reduc-
tion in computer costs, arising from their wider appliication and from the introduction of
sicroelectronics now sakes it possidble to mabufacturce “single task™ OF coaputers at costs
competitive with the “large™ cosputer ayatus.

Such single task "minimal” computers will have & relatively ssall storage cspacity of
around 4000 words, and will have a short word length arcund 12 bits, eaplcying doudble
length working shere higher accurecics are required. fe.suse the computer will be res-
tricted to » single task, the speed limitation: of the larger computer should aot intrude
and & %8 parallel store will probadbly be gquite sdequate.

The future envisaged (s that s standard generai purpose computer in this “sinimsl” fors
will be the dasis of most inertial navigation systets. I i3 expected that tde seme
vachine wil]l then find wider spplication to other single task functicas such as air data
systess, aulopilots, engine control and gerers! flight sanagesent prodlems.
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SUMNMARY

The performance of inertial navigation systems can be improved by using
additional or redundant data from various sensors. Several methods are
evailable to update the inertial navigator, reaching from pure resetting
to optimal filtering. These methods, their possible implementations, their
different influences on the behaviour of the system, and the resulting errors
are described.
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OPTIMAL USE OF REDUNDANT DATA IN INERTIAL
NAVIGATION SYSTEMS

F.G.Unger

1. INTRORUCTION

Accurate and reliable navigation is a very stringent requirement for military aircraft,
The required outputs from a navigation system are position, velocity and orientation of
the sensors and the vehicle with respect to a navigational coordinate system. A pure
inertial navigation system can provide all this required information, but the errors of an
inertial system are not bounded, i.e. they increase with time. Therefore, with large
mission times, the errors can become intolerably large. Other methods of ravigation, like
Doppler dead reckoning, radio, stellar etc. can provide only part of the information
reguired, but with bounded errors in velocity or position. A navigation system that ful-
fils a wide variety of requirements for relatively long mission times will, therefore, be
a combination of an inertial system with other navigational aids.

This paper presents the different methods of aiding a pure inertial system with addi-
tional or redundant navigation information. The available sensor outputs are categorised
and a general block diagram for navigation systems is derived. The pure inertial system
in a Schiiler-tuned mode is included in this block diagram as a special case, The use of
redundant information in a conventional way, by proportional or integral feedback, is
then discussed. The last section describes the use of a Kalman or minimum variance filter
to update the navigation loops.

2. GENERALISED BLOCK DIAGRAM OF NAVIGATION SYSTEMS

The central element of a navigation system is the navigation computer. Its inputs are
data from sensors, such as inertial acceleration, ground speed, air speed, heading, posi-
tion information, stellar angles, etc. These data may be continuous, in analogue or
digital form, or intermittent, like ground fix points. The computer has to calculate the
requirsd navigation outputs: position, velocity and orientation of the sensors and the
vehicle with respect to a navigational coordinate system. In addition the computer must
alsc compensate for sensor biases and calculate torquing commands for platform gyros or
positional servos for stellar or radar equipment.

Figure 1 shows the possible inputs and required outputs of a navigation system.

The sensor information available, as well as the computed output dats, can be classified
into threc levels. They are:

Level 1: Acceleration
Level 2: Velocity
Level 3: Position and Orientation.

Orientation belongs to the same level as position, because angular measurements lead to
position information and both dsta complement each other. Furthermore, in a rotating
coordinate frame, orientation angles can be derived by integration of the angular rate
vecor @, just as position is derived by integration of the velocity vector Vv .
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Figure 2 shows the three levels and the equivalent inputs.

Information for a higher level can be derived from a lower level by integration; bat
it is generally not possible, to derive lower level information from higher levels by
differentiation.

The information in each level is a vector in the navigation coordinate frame except
for orientation, where the informatfon is in the form of three angles or the direction
cosine matrix (M) for possible coordinate transformations.

If the navigation frame is rotating with respect to inertial space, corrections for
acceleration must be included. This can be done by writing the basic equations as

dR) . .
5;; A = at gy (N
o = v+ wx R
dt I
dei. _ dv 2 —_ — — - - -
E;? i = E;-N +Wx R+2wxV+wx (wxR),: 3)

where = position vector

= time derivative of R with respect to inertial space

—
S =

NN

2|8

| ]

=
i

V = time derivative of R with respect to the navigational coordinate

frame
A = rate of change of navigational coordinate system with respect to inertial
space
@ = thrust acceleration vector
3; = vector of mass attraction
- dv
b S| - = total acceleration in navigation coordinates.
N

dt

Substitutiorn of Equation (3) into Equation (1) yields

- £ - -

B = g -oxR-20xV-20x @«®. (4)

Equation (4) shows that the following corrections are required on the acceleration level
in addition to the thrust acceleration:

1. Acceleration due to mass attraction: §,

2. Coriolis acceleration )
3. Tangentiul acceleration B |
4. Centripetsl accelerstion v wx @x By .

If the sensitive axes of the sensors do not coincide with the axes of the navigational
coordinate asystem, the sensor outputs must be transformed, using the orientation matriz
on.
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Figure 3 shows a general block diagram of navigation systems including the corrections
for 2 rotating frame. Redundant data may enter the system at levels 2, 3a and 3b. The
problem of how the redundant data are used within the level blocks is discussed in Section
4 and 5

3. ERROR BEHAVIOUR OF PURE INERTIAL SYSTEMS

In a pure inertial system thrust acceleration represents the only input informaticn
measured at the first level. In most cases the input axes of the sensors are direct~d
paralle]l to the axes of the navigatioral coordinate frame. If this is not the case, 8
coordinate transformation is necessary.

Figure 4 shows the block diagram of a pure inertial system used for navigation over
the surface of the earth. In this case the velocity V of a vehicle is defined as the
rate of change of the vector R with respect to the earth. (V = dﬁ/dtls) . Therefore,
instead of Equation (4), the following is now the relation for acceleration corrections:

. fdv o - == -
b = (-—) S 8t gy - OQx xRy - (20 +0) x v, (5)
dt N

where earth rate vector

vy Dl
|

@ - 5 = rate vector of the navigational coordinate frame with respect to
an earth-fixed frame.

As can be seen from Figure 4, a feedback loop exists, owing to the gravity vector g .
i.e. the system is capable of oscillating. The oscillation occurs with the Schiiler period

ool

The error behaviour of a pure inertial system in a Schiiler-tuned mode is now discussed.

Figure 5 shows the error block diagram for one horizontal channel of such a systes.
The errors considered are accelerometer biss, gyro drift, and azisuth misalignsent.

The following notation is used in Figure §:

143

Ax computed ve,ocity error in x-direction
Ox T computed posi'ion error in x-direction
x-accelerometer blas

fixed drift of the y-gyro

y-component of the error angle vector betiven the navigational and platfors
coordinate frare

¥y = z-component of the error angle vector between the platforr and computer
coordinate frame (azimuth misaligneent).

o

~
L4
i

<&
3]

The velocity and position errors, as derived from Figure 5, are

pp = OBt 86t avy) ®
sl + o

s(s? + of)

m
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The characteristic equation (denominator of Equation (6)) is that of an undamped oscilla-
tion with Schiiler frequency. For constant sensor errors, the mean value of the velocity
error is

. 7,
S - S(ey * wdy) (8)
S

The position error constantly increases with time,
Axl - D, (9)

The unbounded position error is due to gyro drift and azimuth misalignment; accelerometer
bias does not cause an unbounded position erroi.

4. UPDATING METHODS AND RELATED ERROR BEHAVIOUR

Although Schiiler-tuning is of great importance in navigation over the surface of the
earth, it has been shown that for longer mission times the position errors can become
intolerably large, especially because of gyro drift and azimuth error. To avoid this, the
pure inertial system can be aided with additional or redundant navigation information
from other scurces. Continuous or discrete data available for the navigation computer may
be of level 2, 3a and 3b. No additional information on lerel 1 is available, because we
do not know any other method of measuring acceleration except by inertial means.

Accordingly, we distinguish different kinds of aided systems:

1. Velocity aided systems (redundant dats at level 2).

2. Position aided systems (redundant data at level 3a).

3. Stellar monitored systems (redundant data at level 3b).

4. Stellar monitored and velocity damped systems (redundant data at level 2 and 3b).

The additional or redundant data can be of intermittent nature and used to replace the
computed data at certain time periods. If it is always available, it can he continuously
compared with the computed information; the difference signal, multiplied by various gains
K, . can be added to the accelerometer output signals or the gyro torquing commands either
directly or over additional integrators. If the difference or error signal is introduced
at the next lower level, it is used to damp the oscillations of the aystem. If it is
introduced at the same level inside the Schiiler loop, then the frequency and amplitude can
be changed. If sdditional integrators are used, sensor biases can be compensated.

Pigure 8 shows the x-channe] of a Schiiler-tuned systea and the sechanisation of the
different updating sethods.

These sethods ere now discussed in more detail, if Doppler velucity is availadble as
redundant information. The Doppler velocity signal cannot very sel] be used to reset the
inertia] velocity signal directly, because of its high noise level. The direct resetting
method 18 not very useful and ix only feasible 1f angular seasuremsents or position fixes
are available.

As Pigure 6 {ndicates, the difference sixnal can be used to provide three different
correction signals, C,. C, and C,. into the Schiler loop.

The first signal C, . the difference signal multiplied by the gain factor X, , is
added to the accelerometer cutput. This provides damping of the Schiiler oscillation. The
second signal C, , the difference signal multiplied by the gain factor K,/R, has an
influence upon the oscillation frequency dy adding it to the gyro input. The third inmput

C, bprovides compensation for some steady-state errors of velocity by tatroducing s
additional integrator with gain K,/R .
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Assuming that both sources of velocity information - the computed inertial and the
measured reference velocity - are subjected to errors, the three corrections corresponding
to the x-channel error block diagram can be written as follows:

Ciy = Ky(ex - Vrg) = -Kj(x - 3v)) (103
K K .

Cy = ‘z(vcx < Vpx) S ~ox - ovy) an
R R
K, K, .

Cy = r (Vex = Vpy) dt = T (@x - ovy) dt , (12)

where Ax and Ov, represent the errors of the computed inertial and the measured
Doppler reference velocity, respectively.

Figure 7 shows the x-channel error block diagram of the Doppler inertial system des-
cribed.

The transfer functions of the velocity and position errors can be derived from Figure
7 as follows:

Ay < MBr - su(ey +eydy) + [WfKps + Ky) 4 87K 1By,

(13)
B
s+ K87+ (14Kl + Ky
A = 8B, - 8g(€y + aydy) + [WI(K,8 + Ky) + 87K, )b, .
sls + K87 + (1 + Kals + K]
Bily,, = bvy. )

Equations (13) and (14) can be used to evaluate the velocity and position errocs for
different values of K,, X, snd K, ., or to obtain optimal values of these three gain
factors. The steady-state velocity error now contains the reference velocity error ov

only (EQ.(15)). The fixed gyro drift and azisuth error are compensated by the additional
integrator.

Figure 8 shows, as an example, the time functions of the velocity error due to gyro
drift for the pure inertial systes (K, = X, = K, = 0' and for the differeat sethods of
updating (K, # 0, X, and K, £ O and K,, K, K, £ 0) .

So far constan® errors (biases) have been discussed, but in sany cases the errors are
aot constant, but rather stochastic processes characterised dy their sutocorreiation
functions €,(7) and their spectral density functions &, (w) . Por linesr, non-time-
varying systems, the statistics of the output signel y(t) follow directly from the
time-independent statistics of the input signel x(t) . The sean value of the output
signa] is zero {f the mean value of the faput signal is sero. The aversge value of the

square of the output signal, the time-dependent varisnce oly(t) , cem be camputed by the
following expression?:

t
%ty = jj s 8T e (7, T ) arier, (16)
9ve
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c+jm
where g(7) = — G(s)e®"ds = system fmpulse response
2 c-jo
G(s) = system transfer function
Py (IT1) = 1input signal autocorrelation function.

If the input signal is white nocise, the autocorrelation function is given by

P T =Ty = Ad(lT -7 0y . amn

Equation (17) substituted into Equation (16) yields

~N
]

tpt
yuy T ff (T E(T A8 (I7 -7 |y 7 d7,
odo

it

t t
Af 8(T,) def g(T8(IT 7,0y d7, .
0 0
The inner integral can be evaluated by using the distribution property of the &-function

g(rd(T Ty dr, = (18)

j't g(r,) for 7, in [0, t]
0 0 for 7, not in lo.t]].

Using Equation (18), the expression ‘or U;(t) becomes

t
gy = Aj $°(T) dT . (19)
0

If the input signal is bandwidth limited white noise with autocorrelation function

, =lslss
stlrhy = ole ', (20)

Equation (19) can also be used if 7, is small compared with the systes time constants.
Equation (20) can then be approxisated by

. - ?
sty x 2r ol (m) 21

and the output variance yields, in this case,

t
Iy ° 3":":] iy ar . (22
(]
Another method of determining the steady-state value of the variance ¢l . It it ts
:. y(t)
coavergent, is given by the following expression®:
l *p
t -
peit o - z';?f 3, (W) dw . (23)
.
‘The output spectral density function is given by
e = legwl? fw . (24)
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For bandwidth limited white noise, ¢x can be evaluated from the approximated auto-
correlation function px(l'rl) ¢f Equation (21):
+@
d@ = [ g(drhedemdar = 270 (25)
-
Equations (24) and (25), when substituted into Equation (23), yield
1 %
pinit Uyz(t) = (27,9)) Py J |G(jw)|? dew . (26)
-0

It should be noted that Equations (75) and (26) can only be used if G(s) has no poles
on the imaginary axis or in the right half-plane. A pure inertial system in a Schiiler-
tuned mode is undamped, .... . .a6 pcles on the imaginary axis. 1This means that the
effect of noise i1nputs must be calculated according to Equations /16) or (22).

AS an example, the varisnce of the velocity and position errors due to a white noise
Doppler input error v, for a demped system are now calculated.

The transfer funct'ons for X, = K, = 0 are

K.8
:

F] 2
8 #Kls+w.

C.3(8) (27
G _(8) = . 28
ox sl + K8+ ] i (28)
Firat, Equation (26) is used:

1 °f
o, = ‘72 — Iy »
R TR N 2rr-[ log uwl? g
‘o

1

xf° ot
= 21’&" Qi" —;L m o

Ky { arctan 'r““\"l{)

H cos
b T ad - Kl

® Tay aiv, K, (29)

, ] g
(<4 T 27 fed s ———————
a vy "I ndy fwh)? o gl

"

757. ”‘v, Kk,

)

(30)

Now Eguation (22) is used to determine the tise-dependeat variances.
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The system impulse responses become

X,

B5t) = K KU/Dt cos it - o stn ot = By (1) (31)
0
Ky -kt
By(t) = — e K/ gin wit , (32)
“o
where w, = } /(4 - K9 . (33)

The desired time-dependent variances are vbtained as follows:

t

ol (t) = 275y, :r:g",‘ g% (my d7
do
2y 2 .
of(ty = 27 svy ci" Kg "wo“wg - Kg) . e"Kat ngl(l v 167, ¢ K:
o wy(4af + KD | X, 8uyK,
gu] + K} LS 1 & \
- —— sin 2wt - €08 2wyt ! (34>
4 8wk, /
t
Tty = 2Ty, o‘,,xf g 7y d¢7
0
T4y, Ody, Kif2a, /4l + K}
oty = Ty T MB e R g,
“'o““": + K} K, 2K,

‘l
-2-;5 o8 2unt )] . (39

I K, 1s suall compared with uy . the following approimstions for 2, (t} snd
ol (t) remilt:

Tty = Ty oy K, 0 - ehih (38)
? Tieg Tivg K Kt
Tty ¥ B2 __.ehth, an

“

Equations (36) and (37) show that the “f!ltaring” of the Doppler noise through the
inertisl systes depends largely on the gais factor K, . Also, the tise constsat for the
varisace of the valocity and the position error erv imversely proportiocal to K, . Tese
facts give additional criteris for K, . 1If K, and R, are also 70, it is difficult
to obtaia & cloeed-fore solution of Equation (22). 1a this case & cosputer Progremse Bay
bs necessary to evaluate the lategral and to obtaia criteria for the values of K, and K, .
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3. LINEAR OPTIMAL FILTERING OF REDUNDANT DATA

The updating mechanism described in Section 4 used a deterministic approack. The
advent of very powerful navigation computers made it possible to retrieve more of the
information contajned in the navigation measurements by applying statisticel filtering
techniques.

In this sectior the optimum estimation problem of the siate varisbles of aided inertial
systems is discussed. For the optimum estimation & so-called Kalman or minimum variance
filter is used to derive a “best’’ estimate of the system state, that is, optimuw use is
rade of all availsble information in the least-square cznse. The properties of such
filters can be summarised as follows:

The filter estimates the errors of the system state variestles.
The estimate is based upon statistica) data cf error messurements and state variables.
The filter formulae sat)sfy minimum variance criteria for all problem parameters.

The formulae implemented wre recursive, This means that the optimum estimate for the
time being can be computed froe the previcus estimate and the current ohbservation
without recourse to earlier estimates or odservations.

The recursive forsulae are wel. suitable for computatica on digital computers.
The basic method of using a linear optimum estimation filter i. shown in Figure §.

The two upper blocks in Pigure § represent s pure inertia! aystem. The navigation
equations are sechanised in the nuvxuuon_‘ colnut_’er in the conventional way. Compensation
for sensor bias may be included iu the uuﬁ»ut.mﬂ emat‘i'eng.‘ -

The information available in the navigat:on *n&puter' is c&yued with recundant extarnsl
data. The difference ia the measurement dats used 1n the futar 1a improve the sstimete
of the errors of the systea. » .

These error estimates of the filter may be used ~ither for updating of the navigation
inforwation and thus for correction of Inertial Messuring Unit (IMJ) errora (closed-)oop
operstion), or for lsprovesent of the error sodel (open-lonp opersation) or both. The
block ‘controller” regulates this operstion.

Because some of the errors of an inertial system are unbounded, closed-loop operation is
necessary in all cases shere inertial systems are used for longer misy on duration.

The derivatior of the Kalsan filter equationr is omitted, because 1t ta ¢ ven in the
literstcre?®. Their basic elements are now discussed. The aystes can be described by o

set of liarar, first.order differential equations, shich may be eritten in matrix satation
as follows:

[1]

ARIX(E) « N(L) (38

"

Y L [{8) * vty (39

Sguation (38) describes the error propagatios of »: i1nertisl savigator with N(t)
being the forciag function, representing ¢ shite noise process. This set of <qustions
cah be odtaloed by expansion of the error egquations sbout the indicated position, velocity
and orieststion of the navigstor. Equation (39) is tbe weasurveent eguation. It relates
the values of the error stake vector to the measuremest data. v(t) represents the
seasuresent noise.
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Since coutinuous equations are not suitable for computation on digital computers, it
is necessary o transform Equations (38 and (39) into the discrete form

Xgoy = Pier,x Xx * B (40
YK =’ McXk + vy (41)
where xK = syster errvor state vector at time t, , containing velocity, position and
platform angle cirors, error contributing parameters like gyro drifts, mis-
alignment angles, accelerometer bias, and measurement veriables like
Doppler btias etc. The state vector usually consists of 7 or 9 navigation
stata~, 7 or more IMJ states, and 2 or mor? measurement states.
¢k,1.x = state trassition matrir. releting Xg,, to Xy in the noise-free case.
hK = additive whit- noise sequence in the dynamical system at time tx .
Yy = observation vector of measurement data at time ty linearly related to
XK .
MK = measurement matrix at time tK relating Yy to Xg in the noise-free
case,
vk = additive white noise sequence corrupting measurement data at time LS

The followirg five equation: represent the basic filter:

Xgor = Benx K (42)
Xe = X+ B (¥g-T) (43)
By = PRMEMgPRME + V]! (44)
PRer = Bgenk Pe Fek * By (45)
PK = (I-BgM)Pg if By of Eqiation (44) is used , (46)

where YK T MKy

A = apriori estimate of the syst:m state predicted at time ty before using
measured data.

ix = a posteriori estimate of the system state at time t, after using measured
data.

Py = covariance matrix of the error state vector x-ix .

Pt = covarisnce matrix of the error state vector X-Xg .

b = E[hkhgl = coveriance matrix of the system noise.

Y% = E[vxvg] = covariance matrix of measurewent noise.

3¢ = weighting matrix at time ty .

These equlfiann are processed on an iterative basis to determine consecutively the optimum
egtimate Xy of the syste. state at time ty .
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Figure 10 is a block diagram of the Kalman filter computations occurring during the
pertod ty_, to t,,, . Block () is a mathematical model of the system described by
Equations (40) and (41). The state of this system is to be estimated by block (:).

In this estimation block, the measurements Yk corresponding to the a priori estimate,

!i . &re compared with the real measurements Yy . The difference multiplied by thg
weighting matrix By 1is then used to determine the desired a posteriori estimate Xy ,

as given by Equations (42) and (43). The weighting matrix computed in block (3) depends
on the statistical data of the plant noise hK and the measurement noise vy . The error
covariance matrices Fy and P; ere also computed in block (® by the use of the
recursive formulae {4%), (45) and (46).

Some remarks are now made in conjunction with the problems of filter mechanisation and
initial conditions. 1I{ is not possible to cover this area exhaustively.

The system state vector should include all the system variableas to be estimated. Since
the size of computation grows excessively (approximately by the third power) with the
rumber of variables, appropriate choice is of great importance. In very accurate or
complicated systems, the number of the state variab‘es may be too large to be processed
on the computer used. In such cases, a sub-optimal system may be used, where some of the
variables are omitted. Another method is the pertitioning of the system state vector by
placing the varisbles to be eliminated in one sub-system and the remaining variables in
an ?9litional sub-system®. 1In every case of designing & sub-optimal filter, the perform-
ance deterioration due to elimination or psrtitioning of some state variables should be
predetermined by digital computer simulation and compared with optimal results.

The state transition matrix ¢E.t0 is derived from the state matrix A(t) by the
di fferential equation

B, t,

e AP ¢ (47)

with the initial condition ¢Qo.to = 1 (the identity matrix). An explicit solution of
this equation is not possible.

However, if A(t) is slowly varying, that means all coefficients can be assumed con-

stant within une computation cycle, various expressions for ¢ can be obtained. In
particular the solution for 3 in the time interval t; tot, for constant A = A(t,) is

$t2.tl = e(tZ'tl)A(tl) . (48)

If the time interval t,-t, is very small compared to the system dynamics, then
¢%z.t1 = L+ (ty-ty)Aty) , (49)
where higher order elements are neglected.

If the Kalman computation cycle At = t +; ~ tx 18 too large to satisfy the coudition
(49), it can be partitioned by computing tya by over smaller time intervals

Aty = ty,, - t, , where At =pAt, . Since
F(tyty) = Pyt )D(Ety)

we obtain, for %, y .,

Hagx = I By 101 (59)

1=
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The driving functions in Equations (40) and (41) are restricted to white noise. If
some of the state variables are sffected by correlated noise, this can also be included
by the addition of shaping filters. These filters are then considered to be excited by
white noise and their outputs have the same correlations as the correlated random variables
in the original system.

As a simple example, Markov noise processes have & spectral density function of the
form

o
Gw) = 277 (51)
w2 + w2
0
and can be described by the differential equation
1) + o f(t) = /(@) , (52)

where u(t) is unity white noise. This equation can be incorporated in Equation (38),
and f(t) is one of the state variables. It may be emphasised that extension to correl-
ated noise is not compromised by the increase in the number of state variables.

For the initial conditions, the variances and covariances to be arrayed in the co-
variance matrix P should be known. Since, in many cases, the cross-correlations will
not be known, the initial system may be obtained by replacing the symmetric matrix P*
by a diagonal matrix with only self-correlations, as in Equation (53):

Covariance Matrix of X

o2
le 0
2
0 gxz
P; = [0 0 oZ, . . . (53)

2
UXH _

During the Kalman filtering operation, the P, and P, matrices will converge to the
optimal case as a result of the updating.

It has already been proved, by extensive system simulations and actual tests, that the
optimum filtering method is a powerful tuol to make maximum use of all available sensor
information. But there is no theoretical or closed-form solution to find the “best”
optimum filter for a particular system. Extensive computer simulations and, if possible,
actuai hardware tests are required to optimise the filter parameters and to determine the
number of variables that should be estimated.
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SURNARY

The application of statistical estimation techniues is one of the more
important new developments in inertial navigation. These techniques make
posnible significant improvement in the perforsance of & navigation system,
even with no change in the quality of the instruments, by allowing the sys-
tem to contiauously calibrate itself. The purpose of this paper is to des-
cribe the operation of an onboard statistical filter and discuss some of
the practical consequences and probless.

First, the basic fors of the Kalman recursi e filter is reviewed. The
basic operation of the filter is then explsined using a simplified example.
Next, sisulation results are shown for a typical air tramsport navigatiua
probles with an jnertial systes aided by Doppler radar and position fixes.
Severa] applications and consequences of statistical estimation are then
described, and two of the more important practical problems in spplying
statistical estimation procedures are discussed.
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THE IMPACT OF STATISTICAL ESTINATION ON INERTIAL NAVIGATION

larry D.Brock

1. INTRODUCTION

Cne of the most important aew developments in inertial navigation systems !5 the use
of statistical estimation techniques during flight. These techniques are programmed into
a fiight cosputer and provide for the optisum use of all navigation inforsation. The
computer program is normally called a filter because of its cloze association with a
conventional filter circuit. The computer prograa separates the mavigation information
{sigasl) from the errors in the navigation equipment (noisa). The statistical filtering
technique in most common use, which was deveioped by R.E.Kalsan!+?, s closely related
to the statistical filter work of N.Wiener®.

The primary applications of these techniques are in the incorporstion of external
inforsation, such as Doppler velocity and position fixes, into an inertial system and in
the initial alignment and calibration of the inertisl platform. Statistical filtering
will, in sost cases, give significant improvewent in the parforsance of a navigation
system, evan with no change in the quality of the instruments. This improvement is mede
possible through the use of a computer technique which not only combines the output of
the varicus systems (inertisl, Doppler, etc.) in an optimus way, but also provides a
mseans by shich the aystems continuously calibrate each other. The purpose of this paper
is to describe the operstion of an onboard atatistical filter and to discuss some of the
practical consequences and probless resulting fros its use.

FPirst, o brief intuitive explanation 1s given of how the filter works. then the
equations for the Kalsas formulation of a statistical filter are summarized. The filter
{3 further explained by the application of the equations to a simple example. Next,
simulation results are given for a typical New York to loodon flight using an imertial
systes with Doppler radar and position lizes. Pinally. some of the sore significant
results,. consequences, and prouleas are discussed,

2. DESCRIPTION OF STAVISTICAL FILTER

As it js cosmotly used in & aavigation system o statistical filter is & recuraive
technigue progremmed 1oto a flight computer whish uses si} aveiiable fnforsatios to
estimate the errors and error sources in the aystes. At each tise npew inforsation {s
obtained, o new estinate is sade of the errors and errur scurces. The estisated error is
subtracted from the cetput of the systes and the estimsted error souices (gyro drift,
sccelerometer scale factor, etc.} are compensated for. The inforeation used by the fiiter
is the difference bDetween the bDasic asvigation oulputs as produced by the different ays-
tens. Exumples are the differesce dDetween the velocity as seasured by the imertial systes
sad that indicated by the Doppler rader or the differsace Detween the positics as isdicated
by the isertial systes and that indicated by LORAN. The sssential ingredient of the
filter i3 & siatistical error sodel for all the systess lavolved (imertisl, Doppler, etc.)
The conputer costains s curreat estimste for each term in the error sodel. TMiis estimate,
based on all previons sessurveents, is periodically updated. At the tioe of each nes
stasureseat, the 4ifference in the outputs of the systems is predicted, bdased on the
current estisate of the ertors in the swystems. If there is a differvace between the pre-
dicted difference in the systeas and the masured difference. then the esiimates of the
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errors are hot as good as they could be. This difference between the predicted and actual
messurements is used through a set of weighting coefficients to update each of the esti-
mates of the errors. The weighting coefficients are variables which are computed period-
ically in the flight computer and are based on the assumed statistical model for the
errors, This computation takes into account the past history of the system, including the
effecls of previously applied information and of vehicle motions which affect the system
errors.

The basic operation of & filter can be illustrated by the following hypothetical situa-
tion: Suppose a human navigator is monitoring the cperation of an inertial system on a long
flight. Also, suppose that periodically he gets position fixes from other sources -- such
as LORAN, TACAN, or celestial sightings -- and plots the diffcrence between the output of
ti.e inertial system and the fixes, Now if the human navigator has had considerable
experience with inertial systems, he will recognize that the relatively smooth trend in
this difference plot (usually with an £4-minute period) is primarily the inertial system
error and that the random errora are primarily the fix uncertainties. He can also probably
tell by the shape of the inertial error curve what the probable causes of the errors are.
For exemple, he will know that if there is an azimuth misalignment, the error curve wiil
change in a certain way just after a turn. ‘The navigator can then compensate for the
errors. It would be very impractical for even a highly trained human operator to do this
much work during an actual flight, but this is essentially what the filter does automatic-
ally.

3. THE KALMAN STATISTICAL FILTER

The entire process discussed in the preceding section can be described mathematically
with a relatively concise set of equations developed by R.E.Kalman':?, These equations
specify the ortimum statistical filter if certain assumptions can be made about the system.
These assumptions are that the uncertainty in the estimates of the svstem variables can
be described by a set of linear equations that are driven by uncorrzlatea (white) noise,
These assumptions imply that the uncertainties can be descrided by Gaussian distributions.
The assumptions are not very restrictive and in almost all navigation problems they can
be made with little loss in the efficiency of the filter,

The Kalman {ilter has become relatively familiar; thus no detailed derivation is given
here. The equations for the Kelman filter are given as a reference and to define notation.

The basic filtering problem is to produce the optimum estimate of the fundamental
variables (state variables) of a physical system from a set of measurements. The entire
system is asgumed to be described by equations of the form:

X = Fx+n (1)

where the dot indicates differentiation with respect to time. The vector X is the state
vector end {ncludes all the variables of a1l the systems involved in the measurement pro-
cess. The matrix F is made up of the coefficients of the linear set of differential
equations. (It is not necessary that the basic equations be linear. If they are not
linear, the natrix F is then made up of the partiasl derivatives of the basic equations
with respect to changes in the state variables about & nominal. For this discussion it
is assumed that the basic equations are linear.) The vector n represents the white
noise which drives the system. True white noise does not exist in the physical world
since it implies infinite power., The white noise used in Equation (1) is the input into
an analytical system (shaping filter) which produces the noise that is encountered in the
real system, For example, if it is assumed that gyro drift rate iz a stationary random
process with an exponential autocorrelation function, then the shaping filter would be as
shown in Figure ], whore w is white noise, d, is the random drift rate, and 7 is
the correlation time of the drift. If it is assumed that gyro drift rate is described
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by a random walk (Brownian moticn) process, then the shaping fiiter would be just the
integral of white noise without the feedback. 1In order to fit the total system into tge
framework for a Kalman filter, it is necessary to include the basic variables of all the
shaping filters into the state vector X .

It is assumed that measurements are made &t discrete times and are given by

—

B = Hx+u, (2)

where the matrix H gives the relationship between the measurements and the state vari-
ables and U represents uncorrelated errors in the measurements. The optimum linear
filter developed by Kalman for obtaining the optimum estimete, X , of the state variubles

X . from a series of measurements, m , is given by the set of equations:

X = X +wWm-Hx") ] ]
at
E = E' - WHE' measurement
times
W = ENT HE HT + R)'IJ ,
( (3)
X = R
. between measurements
E = FE+BFT+Q, J

In these equations the prime indicates conditions that exist just prior to the measurement,
The superscript T indicates the transpose. The matrix E is the covariance matrix of
the estimation errors and is defined by

E = &x oxT
where % = x-Xx,

The bar represents the expecied or mean value. The matrices R and Q are defined
by

u(t) u(m) ROt -7)

nit) n(t) = &t -7y,

where O 1is the unit impulse function (de’ta function). A diagram of a system with a
Kalman filter is shown in Figure 2. A system with a Kalman filter can be mechanized in
two almost equivalent ways. One way is to compensate for the estimated errors by simu-
lating their effect in the flight computer end correcting the displays accordingly. The
other method is to actually correct the error source in the physical system. Kor example,
if an estimate is made of a gyro drift, then the gyro is torqued to remove this drift,
Mathematically the two methods are equivalent, but in an actual system there may he some
advantage in using one or the other.

4. EXAMPLE

A simple example will help illustrate the basic operation of a stutistical filter,
Suppose an inertial navigation system is built to navigate only along s meridian of a
spherical non-rotating earth. The only sources of error are assumed to be an initial
tilt error and gyro drift. The gyro drift has an initial bias value and varies randomly
during the flight as a random walk (Brownian motion). The inertial system is to be swided
by a Doppler radar with a scale factor error and uncorrelated errors at sample times, The
scale factor error is ulso described by random walk. The inertial velocity and Doppler
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velocity are to be compared and the difference is to be used in a Kalman filter to produce
corrections to the inertial and Doppler systems. A block diagram showing the operation of
the system is given in Figure 3.

In the figure v, is the Doppler velocity, €, is the uncorrelated error in the
Doppler measurement, & is measured acceleration, vy is inertial velocity, p is posi-
tion, and R, 1is the radius of the earth. The small circled numbers indicate where
corrections from the filter go back into the system.,

Thie equations which describe the errors in the inertial systems are

Op = Avy
Avy = ghAa
4)
S
N = -A—vi +Ad
e
Ad = ng . J

where Aa is the tilt of the platform relative to the vertical, g is the acceleration
of gravity, &d 1is the uncompensated gyro drift, and ny is the white noise which gives
gyro drift the proper random walk characteristics. The error in the Doppler velocity is

Avd

vASF + €,

. (5)
AsF = ng ,
where v 1is the total velocity, ASF is the scale factor error, and n, is white noise.
The basic measurement is the difference in velocity,

Av = vl - Vd = Av1 - Avd . (6)
The most convenient set of state variables for this problem is position error Op ,

inertial velocity error Av, , platform tilt Aa , gyro drift Ad , and scale factor error
ASF ., Written in matrix form, the differential equations for the siate varisbles are

ap ] o 1 o o o][ap] [o]
Ao [ =10 -1R, 0 1 o0f |8a [+ ]0]. (N
Ad 0 o o o of [&d ng
OSF 0 o 0 o of [AsF| |ng
- - - o L o be J
The measurement equation is
&v = [0 1 0 0o -vl [ap]-¢ . (8
bv,
Aa
Ad
-Aspd
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The filter for this probelm is now completely specified by Equation (3) where the X
vector, F matrix, n vector, H ratrix, and u vector are defined by Equations (7)
and (8). The matrices R and Q are defined by

R = [eZ]

[0 0o o 0o o

0 0 0 o0 N

L a
where
ng(t) ng(m) = Ny 8¢t - 7)
Ng(t) N (T) = Ng &(t - 7).

The initial estimates for the state variables are assumed to be zero. It is also assumed
that there is no initial cross-correlation between state variables, The initial co-
variance matrix E is then a diagonal matrix made up of the expected mean squared value
of each of the variables themselves, since the initial estimates are zero. With numbers
specified for all the constants invoived, all the informatjon is now available to progras
the filter for this problem into a flight computer.

The results for the simulated operation of this system are given for the following
typical values:

initial position error =0

initial velocity errur = 0

initial tilt = 0.2 minutes
initial gyro drift = 0.015°/br
initial scale factor error = 05

random walk gyro drift (Ny) = (0.0018°/hr) */or
randos scale factor (N,) = (0.05%)/mr
uncorrelated velocity error ('R) = 0.5 knots.

It is assume? that the vehicle accelerates to 500 knots, holds this velocity for one bour,
accelerates to 1200 knots, and then stops after 4 hours. Figure 4 shows the position,
velocity, and tilt error in the inertia)l system without the filter. Figure 5 shows the
same variables with the filter. Figure 6 shows the estimates of gyro drift and scale
factor error that are made by the filter. Figure 7 shows the expected uncertainty in
each of the state variables. These uncertainties are given by the square root of the
diagonal elements of the covariance matrix. It can be seen that there is a drop in msost
of the uncertainties at one hour when the velocity changed. This is because the change
in velocity helps the filter distinguish between inertial errors and Doppier errors,
because the Doppler errors depend on velocity shile the inertial errors do not.
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3. SIMULATIONS

The next set of figures shows the results of a much more realistic example. The simu-
lation is of a supersonic transport flying on a great circle flight from New York to
London. The plane flies at 500 knots over land and 1200 knots over the Atlant.c. The
aircraft carries an inertial system and a Doppler radar system which are combined by a
statistical filter which also processes check point information. The inertial system has
a variety of errors, including 0.015 deg/hour gyro drift rate and 0.1% scale factor errors
in the gyros and accelerometers. The system begins navigation 15 minutes before the sir-
plane begins moving, with 1 degree errors in vertical alignment and azimuth. Thus the
navigation program alsc performs the initial alignment and gyrocompassing operation. The
Doppler radar has a random walk scale factor error with a 0.3% initial value. When the
gircraft is over water, there is & Doppler velocity error due to surface motion and due to
ocean currents. The Kalman filter is not optimum, in that the scale factor errors and
Doppler errors caused by operation over water are not included in the filter. These errors
are absorbed by other terss. Tnis is not the ideal situation but is realistic considering
the limitations on computer size. Figure 8 shows the pure inertial error. The error which
results when the inertial systee is augmented by Doppler radar and filtering is shown in
Figure 9. The same conditions exis: in Figure 10, except that conventioral filtering is
used. Figure 11 shows the results when four position fixes that have a root-mean-square
uncertainty of 1000 ft are incorporated into the systes.

6. APPLICATIGONS AND CONSEQUENCES JF FILTERING

The most important application of filtering techniques is essentially the one illus-
trated in the previous sxample, that of combining various sources of information during
navigation. The Kalman filter gives a unified method of combining information fros any
source: inertial, Doppler, stellar, LORAN, TACAN, Decca. cosmunications satellite, mul-
tiple inertial systeme, etc. When a statistical filter is used with an external velocity
source, two of the classica)l problems in inertial navigation - damping and gyrocompassing
- are automatically solved in an optimum way. The 84-minute and 24-hour period oscilla-
tions of the inertial system errors are described by the error equations which are written
into the filter. In fact, these characteristics are one of the prisary seans by which the
filter distinguishes inertial errors from other errors. Thus, theso error oscillations
are sutosatically “damped”. Also, the filter uses all available information to estimate
the position and velocity of the vehicle. This includes obtaining an indication of the
direction of North by measurizg the rotation of the gravity vector that is due to the
rotation of the earth. Thus, a system with a filter is continuously “gyrocospassing™.
Kalman filtering can be used for optimum damping and gyrocompassing even with no external
reference. (See Reference 4). However, even optisum dasping is probably not very effec-
tive for an aircraft inertial navigation systes.

Another classical problem which is greatly aided by statistical filtering techaiques is
the initial alignment and calibration of an inertia]l systes. A filter of the same form
as that used for navigation can be used, during pre-flight, to process extermal inforsstion
in order to estimate the misalignaents end miscalibrations of the avetes. The external
information say be just the fact that the aircraft is not moving. 20 that any bias velocity
is velocity error. The state varisbles that are used in the pre-flight filter noreally
include platfors sisaligoments, gyro drifts, and any other terms shich sight bde subject
to day to day variations, such as gyro and accelercaeter scale factora. In addition, the
calibration program might be run with the platfors in several different attitudes to help
the filter separate error sources.

The calibration prodles and the oavigation prodles are 50 sisilar that in sany cases
the same coaputer program can de used. It is necessary to faclude in the savigation filter
most of the major inertial system error sources, such as aisalignments and gyro drifts.
These paraneters are the same ooes that sust be estimated during the pre-flight calidratiom
progran. Thus, with only guantitative changes in sowe cf the statistical values descriding
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the system, the navigation filter will also handle the cali.bration oroblem. For example,
8 filter which is designed to use Doppler radar messurements can he used for calibration
by making the Doppler measurement zero and by greatly reduciag thc as:umed error in the
measurement.

In most cases, filtering techniques will both improve :he accuracy of the calibration
process and shorten the time required. A filter can easily handle the problem of motion
during the alignment, such as wind buffeting, and can aluo be mechanized to account for the
changing characteristics of comsponents during warm-ur. The seme type of filter can be
used to transfer alignment from s master system to anocher inertial systems, such as in
aircraft carrier operations.

Filtering techniques are also useful for post-flight analysis of navigation systems
during a test program. In this application, all recessary system data is recorded during
flight, along with all available reference data. The reference data is used in the sase
way as it is used in flight; but reference data is usually much more accurate and the
error model for the navigation system can be much more complete. In post-flight analysis
even better use of the information can be zide by extending the filter to include optimum
smoothing techniques, which means that reference data is used from both sides of the point
in question.

One of the most important consequences of the use of statistical filtering for naviga-
tion is that it changes the basic figure of merit for the component parts of the navigation
system. The dynamic and statistical mature of ths error becomes very important in addition
to its absolute accuracy. What is ul imately important is the total accuracy of the
overall cgystem after the meacurements have bean processed by the filter. Thus, what is
important is the ability of :he filter to detect and compensate for the errors. Por
example, if s component has poor day-to-day stabiliily but the error is nearly constant
once warmed up, the total :ystem sccurucy might be oetter than with a component with better
absolute accuracy but wita less stability during the flight. The parameters that give a
measure of this lack of stability during fl.ght sre the white noise inputs which drive the
ﬂ error equations. These are given oy the Q and R astrices in the filter cquations (see

Equation (3)). Thus, ove of the important parameters of a component is the size of tl.s
white noise ters that is a part Jf the error sodel for that component. PFor exemple, if
grro drift can truly be described by a random walk sodel st used in the exsmple in Section
4. then an important figure of serit for & gyro is the increase in sean squared gyro drift
per unit time. The units for this parameter would be (deg/hour)?/hour. When a filter is
used, this nusber might be sore iwportant than the drift rate itseif.

An even more important consideration is the dynamic characteristics of the errvors. If
o filter is used to cosbine the information from two aystems which have errors with the
sape dynsmic characteristics. then the filter can do 1ittle sore thap produce a atatistical
average vhich sight reduce the error around 20 to 30%. On the other hand, if the errors
bave unique dynasic charscteristics, then the filter »ill be able to distinguish the errors
and obtein & possible 70 to 80% icprovement. As was sentioned in the examples, this situs-
tion is an advantage when an inertia] systea and Doppler radar are combined. Wost fpertial
errors are related to some inertial direction while Doppier errors are related to aircraft
azes. Thus, shen a turn is made, the filter is to sone degree able to distinguich and
calidrate the errors.

A very valusble dy-product of the use of statistical filtering is that an a priors
estimate is available ot all times for the accuracy of the navigation systes. This feature
has at lesst three possibile uses. Pirst, the inforsetion could be displayed directly.

The navigation systea sould then give the vehicle operator sot only the iadicated position
and velocity, but the estisated accuracy of these ammbers. In some situations this faforsa-
tion could be invaluable. Secondly, s record could be kept of the actusl and estimated
error in the systes, for example, at terninal points. 1f there were, uh an average, too
such discrepancy between how well the systes was doing and how it thought it was doing,

this would indicate that tbe systes sas oot operating properly. The probles could bLe due

; [ ] ’ ' : R
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either to some component which was exceeding specifications or to improper modeling of the
system. A third use of this statistical data would be the automatic editing of the input
data. The filter already has an estimate of the expected error in the measurements. Thus,
12 a wmeasurement is in error by more than three or four standard deviations, it can be
autoastically rejected and indication can be given to the operator that something might be

wrong.

7. PROBLENS

Two of the most important problems in the use of statistical filtering are the require-
ments for a large flight computer and the need for adequate statistical models of the
component parts of the system.

The computational problem is due to the necessity of computing, in real time, the
optimum statistical weighing factors. The weighing factors involve the integration of a
matrix differential equation for the covariance matrix (see Equation (3)). This matrix has
dimensions n x n, where n is the number of variables being estimated by the filter.
The amount of computation required is roughly proportional to n’ . Thus, the more con-
plete the model, the worse the computational probles. For a particular navigation systea
there will be a trade-off between accuracy and computer capability something like the
hypothetical curve shown in Pigure 12. For any system there will be s point beycad which
e larger computer gives very little improvesent. Considerable knowledge of the svstem is
needed to actually determine the trade-off between accuracy and cosputer size. This fact
leads into the other major problea.

The other major problem is the need for statistical models for all the instruments
involved in the navigation systes. Computer simulations of typical navigation problems
using supposedly realistic statistical sodels produce outstanding performance when Kalman
filtering is used. But the resuits in the real world are not necessarily this good,
because of unsuspected errors with which the filter is not capable of coping. A detailed
ctatistical error sodel for an inertial system has not really been essential in the past,
but now that the wmodel is actuslly a part of the systes, its determinaticn is such more
iaportant. To be confident of having a cosplete model, it is neceasary to test the systea
in an operational environment as near as possible to the one in which the aystes is
actually going to be used. This flight test program is necessary to assure that the stat.
{stical filter can bandle any pecuilarity io the system. It is very helpfu! in this flight
test program to record all inforsation that is necessary to “re-fly” the flight on a ground-
bused computer. With this recording it is possidle to change the filter and determine
what the results would have been without having to re-fly the aircraft. It is thus possible
to optimice the filter with greet savings in Zlight test expenses.

8. CONCLUSIONS

It is very likely that a large percentage of the afrcraft in the future will use inertial
savigation equipmeat and that the mechanizati : of these systems will De greatly influenced
by statistical filtering technigues. These techniques are {n an early stage of development
and such experience is needed to determior just how they should be used. In sany cases,
it is likely that s simplified filter wil] produce results which are mearly optiaun. On
the other band, nev developments in very highly capable, but less expensive. flight com-
puters aay bake desirsble eves more sophisticated filtering techaigues. In either case,
the Kalasn filter equations give a unified foundation from shich practical sechenizatioas
cab be developed.
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SUMMARY

Under sponsorship of the United States Air Force Cambridge Research Lab-
oratories the Massachusetts Institute of Technology undertook to apply the
techniques of inertial guidance to airvorne gravimetry. Tests of & missile
accelerometer used as s graviseter on a stabilized platform aboard a KC135
aircraft ensued.

The results of an error analysis of the stabilization and navigation
requirements are presented. Navigation requirements are divided into hori-
zontal and vertical coordinates, in the horizontal coordinates accurate
velocity is shown to be the most demanding requirement. In the vertical
coordinate, filtering is required to distinguish between gravitational and
inertial reaction forces.

The design of the experimental gravimetric system is then discussed, with
emphasis on the pendulous gyro gravimeter and on the stabilization system.

Some results of the flight tests, which started in November 1966, are
presented in the form of raw dats and reduced observations. Incidental data
involving air turbulence and sircraft motion are also presented.
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NOTATION

seni-major axis of reference ellipsoid
acceleration along the local vertical
EOtvos correction

earth’s flattening (1/298.3)

specific force along North, East

specific force along y aircraft coordinate
altitude of aircraft above reference ellipsoid
aircraft groundspeed

gravity at sea level

longitude

geographic latitude

earth rotation rate (7.29 x 10°%)

ground track angle measured fros north

used as prefix to denote incresent or error in
& quantity
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cm
2
cm/sec

cm/sec?

cm/sec’
ca/sec?
cn
ca/sec
ca/sec?
rad

rad
rad/sec

rad
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APPLICATION OF INERTIAL TECHNOLOGY TO
AIRBORNE GRAVINETRY

Elmer J.Frey and Raymond B.Harlan

1. INTRODUCTION

Gravimetry is the measurement of the force of gravity and was first done in static
conditions on the surface of the earth. The instruments used for this purpose have prin-
cipally involved measurement either of the period of a pendulum or of the distortion of an
elnstic spring'. During the 1920s Vening Mainesz? used pendulum apparatus to seasure
gravity at sea aboard a submerged submerine, and in the following decade spring-type
gravimeters were designed for use in relatively static conditions at the sea bottom at
modest depths!. In 1957 Worzel® measured gravity at sea on board s surface ship using the
spring-type meter of Graf, and not too much later the elastic spring meters of laCoste-
Romberg were also successfully used on surface ships at sea. Finally, in 1959, the first
experiments in airborne gravimetry were conducted by Thompsor and LaCnste‘. These mere
soon followed by other experiments in airborne gravimeiry, nctsbly those of Nettleton,
LaCoste, Glicken, and Harrison®:®, slways using elastic spring gravimeters. Thus, the
seasurements have progressed from static conditions to increasing levels of velocities and
accelerations.

A gravimeter measures specific force, and is thus identical in function to an accelero-
meter, except for the anticipated environment. A seisometer may also be considered to have
sn identical function, and in fact several of the current graviseters, such as the LaCoste-
Romberg, are adsptations of the laluate seismograph suspension systes. The standard unit
of the geodesist is the illigul, with a value of 0 ODlca sec’ or sppronimately 10°°
gravity; a land gravisster is sxpected to have an accuracy of at least 0.1 milligal, or
approximately 10"’ gravity, and instrumenta mith considerabl* higher resclution have been
used for sany years. However, such units sust be clemped .uring transportation, end
usually have a very limited range of static seasurssent typically & few thousand silligals,
and sometimes less than 50 milligals. Kaposure of an unceged instrusent to conditions
beyond this range necessitates recalibration and me: produce persapent dasage. Therefore,
the instruments designed for a dynasic environmer. have sacrificed mome of the resolution
and accurscy of the atatic inatruments in order to survive and seanure in the dymaaic
environment. Neveribeless, the surface ship and airplane vessuresetits aentioned tius far
all csployed instruments shich sere banically sdaptations of static land graviseter desiguns.

The sessurement of gravity on a moving vehicle introduces other problens besides those
of the gravimeter: for exanmple. it becones necessary to provide angular atadilizatioa or
indication in order to point the seasitive axis of the gravieeter in the proper directioa,
f.e.., along the gravity vector. In addition, it becomes Recessary to distinguish between
the accelerations of gravity and ver’izg: ancelerations with respect to the earth. both of
which affect the instrusent equally. by scee appropriste filtering process. Fimally, it
is also necessary to distingu!sh the vertical Coriolis sccelerations due to horizoatal
velocities, shich jmplies that these velocities suast also be known. These requirements
further lisit the sccuracy and the resolution of gravieetry on board a moving vehicle,
particularly on an sircraft where altiseter accuracy limits the knovwledge of the vertical
accelerations as vell as of *he altitude itself. Coasequently, even a perfect gravimeter
with {nfinite resolution can provide only results consistent with the other sources of
fnsccuracy.
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Since the measurement of specific force, angular stabilization, and indication of
position and velocity are all the subject metter of inertial navigation, the application
of the techniques and equipment of this fiecld to sirborue gravisetry is logical. In 1965
the Experimental Astronomy Laborutory started s study ¢f the possitility of using inertial
equipment for airborne gravimetry. The study led to the selection of &2 accelerometer
for test as a potential gravimeter, and the assembly of a stabilizacion platfors for the
gravimeter for a flight test program. B8y late 1966 experimental gravimeiric flights were
being conducted in & United States Air Porce KC-135 aircraft, using this equipment and
the navigation systea which alreadr existed in the aircraft.

2. STABILIZATION AND NAVIGATION SYSTEN ANALYSIS

2.1 Stabilization

A specific force aloig any divection can be computed from force measurements made iun
three arbitrary, but known, orthogonal directions. Thus in principie a “'strapiowa®™
seasurement aystem of three instruments could be used for gravity ati:urewent. Such mn
arrangement requires three accurate instrusents rather than one, std in mddition reguires
very bigh accuracy in the determination of the direction of the iunut ax»s of the trsiru-
ments and stability in these directions with respect to each other. A typical erior
coefficient for alignment uncertainty ia three milligals per arc second. (onsequently,
it is preferable to use one instrument aligned along the desire. direction, btecause the
courses flown can be rather smooth, and accelerstions normsl to rhe desired direciiocn may
be kept amall. This reduces alignment errors 0 & second-orde’ wifect.

If s« pendulous gyro accelercmeter is used for & gravimeter, an siditional requirement
is made; since the cutput of the instrument is a rotatics sbout the input sxis, it sust
either be stabilized about the vertical axis or the aeimith motion of the case sust be
known.

Sxamine first the alignment error for & static gravity seasuresent on land or at the -
##a bottom. In this cese the instrument is to Ge aligned along the gravity vector, and
there i3 0o Yorizontal acceleration. Thus aligreent may De done by levels, and an error
& in verticality produces an error f8¢:T)° in ihe serruresent, so that & one mi.li-
radian errov la leveling produces about one haif milligal 2vror, and 3 .ne wre atnute
error produces sbout 0.04 milligel. Land snd ses dottom graviuetors are usyelly leveled
by static sethods.

Barly sudsarine and shipboard graviseters were :»¢yied By use of pendiious glabal
systems. with periods of the order of one or teo ainuter. Since the pendulous gimdals
followed the apparent vertical, i.e. the specific force voctor, the resulting seasurspents
had to be cocrected for the horizontel sccelerstions shich weie densed atid for he second-
order reduction in the gravity veclor sensed. This latter computstion, cailed the Browne
correction’. is sbout 50 milligals for a Dorizo:tsi acceleration of 0.01% end incresses
with the square of the accelerstion. The ammlox cosprutation commoniv used to compute
this correction wis also used to sske partial curiection for the dynasiz response cf the
gisbals? *:*  Srisequently gyro-stadilized platfcras were used tc repisce the pendulous
ginbal syatems, reducing consideradly the eflect of horizontal sccelerations'®™i%,

In analyzing the stabilization requiresent, the [irst step is to eapress the horizoatal
specific force of the vehicle in a suitable coordinale syntee. It Bortisontal fiight,
seglecting ail terss in the earth's flstten:ng reduces the expressions for North and Eas:
specific force to'?

t,, S - SYANE I S0 S S § R T P ) 1)
l' T .gh CO8 4 28R v Ly win D )
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Note that the centripetal ters au? 8in 2 cos P is part of the gravity vector and thus
does nct appear in the horizontal acceleration expression.

Since gravimetric survey flights are likely to fcllow simple patterns, it is convenient
to look at cosponents of horizontal specific force for great-circle and rhumb-line flights
at constant speed. Along the flight direction, t“e specific force is zero; noreal to
the flight direction, for great-circle flights, i' is

fy, = 2w sin 2, 3)
and for rhumb-line flights it is
v2
f, = vannz*-‘-tm‘bsinﬁ. (%)

For grest-circle courses at 400 knots, the Coriolis scceleration of 2Wu sin ¥ can be
s much as 3000 milligalx, and is the dominant sustained horizontal acceleration. At 400
knots and 90° or 270° heading, the sdditional rbumb-line acceleration reaches the same
value at latitudes above 75°. Thus a reasonable estimate for sustained mean horizontal
acceleration for all flights is 3000 milligals; this is the cross-acceleration ters shich
prosuces slignment errors if the graviveter is to be oriented along the gravity vector.
The error sensitivity in this case is approximately one milligal per arc minute of tilt
in the roll direction.

Several posasibilities for stabiiliza‘*ion coordinates sppear. Ore is the usual North,
East, snd verticsl avstes comwunly useu in navigation platforms, Another is s saoothed
or aversged apparent verti sl such a8 is provided by an sircraft vertical gyro reference;
this has the disgdvantage of bLeing sensitive to hovi__.utal sccelerstions of short duratiom,
shich means that both & Brosne correction szl & cross-acceleration correction aust be
sppiied. The crosa-acceleration courrection say e coerv | from navigation inforsation
and knowicdee of the drnasic resrouse of the stsble elenent, but imvolves insccuracies
arising froe these sources™.’!

Anothe? coordinate syxtee which {clices th= gpparent vertizal for flight paths unsccel-
erated with respect to the rotating earth is poasidle, and would present the adventages
of making the cross-accelerations for such flights approsisately zero. Such a coordinate
systen 16 that shich a locs] vertical inertial savigstion platfore would tolloe ({ tie
Coriolis acceleration compensations were omitted. The Rrowne correction would again be
reguired, dut the platfore attitude could be aore canily detersined and the Browne correc-
tior could be computed rather ¢.:i.y and accurately. The error seasitivity for such a
configuration sould depend prisarily cn rhumb-1ine accelerstions, and & valse of 0.3
silligal par arc sioute sight de appropriate as en average error coefficient.

Stabilization iastrusent reguireseatls depend is pirl upon the course flown. Table §
bows the pesk error sensitivities odtatoed 18 & simuletion of & three azis local vertical
pistform floem over the courses show fa Figure j. The able shows sngulsr errcrs in
tilt of the vertical sbout W' th and East, &id sngulsr velocity errors sbout the azisuth
aais. The latter are shows Decsuse the output of & gyro sccelerveeter in an angular
velocity, sbout the Input axis, propurtional to the specific force japut. Heoce the
azimuth angular velocity errors ate critical when such aa {mstrument is vsed as & gravity
seter. Plgure 2 illustrates the bedavior of the sagular errors dwe to a coastant gyro
drift rate. for em eadlerly flight along the 79° parallel of latitude. The high latitude
cuphesises aziauth drift. Lhe -gpinute period oscillation is also ¢learly evident for
sll taree snguler errors shown.

Pigur.s 3 and 4 show aximwth error doe to a constant drift rate in the azimuth gyro,
for great-circle courses passing withii 15° of the pole. The effect of high latitude is
clearly evident. the simulation also shosed that the tise of passage mearest tde poles
is also importaat. Tese error coefficieats are faportant Lo the cane shen the pendulous
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gyro accelerometer is used as a gravimeter; w.th a typical accelerometer scale factor of
about one redian per second per gravity, an azimuth gyro drift rate of one minute uf arc
per hour can produce a gravimeter output error of 0.8 milligal for parts of the course
shown in Figure 5.

The eryor sensitivities for platform levelling which are shown in Table I are not
especially demanding as far as the current state of the art is corcerned, if one adorts a
one minute of arc specification, which corresponds to one milligal gravimeter error.
However, it should be noted that reasonable velocity signals are necessary to keep the
levelling this accurate, since four knots of velocity produces almost one arc minute of
tilt.

The preceding analysis covered the case of the platform normally sligned to local North,
East, and vertical. Tike did not permit carrying out a similar, complete analysis for the
case of & pla*form aligneC to the differ~nce between the gravity vector and the aircraft
Coriolis acceleraticn vector, i.e. to the apparent vertical for flight with no horizortal
accelerations with respect to the rotating ear.h. However, since the two coordinate
systems are fairly close to coincidence, within 20 arc minutes of each other, and since the
platform dynamics do not diff.r markedly, the error cceificients should be approximately
the same,

2.2 Navigation Requirements

The navigational requirements may conveniently he separated into those relating to the
horizontal coordinates, or latitude and longitude, and those relating to altitude, since
the way in which the two different coordinates affect airborne gravimetry is drastically
different. Since the flight test program was based on use of an existing navigation sys-
tem, the analysis of navigation errors was more limited in scope then that for stabiliza-
ticn errors.

2.2.1 Navigation-llerizintal Coordinates

Mapping the gravity anomalies requires knuwledge of the lccation of each observation,
i.e. navigation information. The gravity anomaly is the difference between the actual and
the nominal gravity value at each point, and the nominal value is a function of both lati-
tude and altitude. The standard sea level gravity value as a function of latitude is
given by Heiskanen as

Y, = 978.049(1 + 0.0052884 sin’p - 0.0000059 sin’® 29) . (5)

The change w.th latitude is not significantly different at aircraft altitudes and for
purposes of error analysis the sea level formula is adequate. The rate of change of
standard gravity with latiiude is

oA

P = 978.049(0.0052884 sin 2P - 0.0000118 sin 4) , (6)
which takes on its maximum value near 45° latitude, where the change is approximately 1.5
milligal per arc minute. This ratio provides one error criterion for latitude indication.
The error criterion for longitude indication depends on the resolution desired for the
map. The resolvtion attainable for airborne gravimetry is limited for other reasons which
are discussed i. more detail below; these limitations are such that the horizontal! posi-
tion errors will not be discussed further at this point.

Horizontal velocity is required as well as position, since the gravimeter is sensitive
to the vertical Coriolis and centripetal accelerations. A sufficiently accurate expression
for the component of acceleration of a body along the normal to the earth ellipsoid is!®
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W2 h L2 : 2 2 h ) °
a, = apf|1+ ; + (3 sin‘P - 23] + a(A + )€ cos“Pl + ; + f sin“2| - h . (7

One part of this expression is the centripetal acceleration of a body fixed with respect
to the rotating earth; this is the term

I h
aw? cosz$!.1 + -+ f sinz;fE] . (8)
a8

which is included in normal gravity and has just been discussed. The remaining terms
involve vehicle motion with respect to the earth, and must be removed from the gravimeter
reading to leave the gravity observation. Since this portion of the discussion is devoted

to horizontal motion, the term i will be ignored and it will be assumed the altitude is
constant. The remaining terms are known to the geophysicists as the “Eptvos correction”,

For the purposes of an error analysis, the small terms with coefficients of h/a and
f which appear within the brackets in Equation (7) may be ignored. The resulting simpli-
fied expression takes the form

E = 8% + aA? + 2\w) cos% . (9)
The corresponding error expression is
AE = 28p AP + 2alh + ) cos’P AN - aA(\ + ) sin 2P O . (10)

The effect of latitude error P may be evaluated by comparison with the size of the
centripetal term appearing in normal gravity, it obviously varies with longitude rate.
At 459 latitude and 400 knot speed, the error is approximately 2.6 milligals per arc
minute of latitude for eastbound flight, and 1.3 milligals per arc minute for westbound
flight.

The term due to error in latitude rate contributes an error proportional to the latitude
rate; at 400 knots a one knot error in velocity contributes about 3.2 milligals. The
term due to error in longitude rate depends both on latitude and on longitude rate; the
error coefficient increases for eastbound flight and de.reases for westbound flight. At
45° latitude and 400 knot speed, the approximate error coefficients are 8.5 milligals per
knot of error eastbound and 1.8 milligals per knot westbound.

Since the experimental program was based on the use of an existing navigation system
coupled with the use of aerial photography, there was no need for a detailed error analysis
for design purposes. The error coefficients just develcped provide an adequate description
for estimation purposes in data reduction.

2.2.2 Navigation-Vertical Coordinates

A first requirement for altitude indication arises from the fact that the gravity field
is a function of altitude. Near the surface of the earth, the field attenuates by one
milligal in approximately three meters., This provides the error sensitivity for the
static effect.

In addition, there is a dynamic effect due to the response of the gravity meter to
specific force, which includes vertical accelerations as well as gravitational accelera-
tions. If the altitude is known with adequate precision vertical acceleration can be
obtained from it by differentiating twice, and the instrument readings corrected for the
acceleration term (h in Eq.(7)). However, since differentiation of observed data intro-
duces noise into the computed acceleration, care must be exercised in the use of the
altitude data, or the: data must be eatremely precise.
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In gravimetric flights vertical motion constitutes a disturbance whose spectrum must
be examined if it is to be measured and its effects eliminated. The sources of the
vertical accelerations include, among other things, atmospheric turbulence, aircraft
dynamics such as phugoid motion, and variations in aircraft weight, engine performance,
trim, and control surfece motion. The order of the problem can be illustrated by an
example of phugoid motion, which for a KC-135 aircraft has a period of about 90 seconds.

A phugoid of one centimeter in amplitude creates an acceleration of five milligals in
amplitude for this case. Higher frequency motions with the same amplitude in displacement
create even larger accelerations.

In typical Quiet air conditions, the one sigma value of observed accelerations is
generally of the order of two or three thousand milligals. In turbulent air, this figure
rises to values of ten or twenty thousand milligals or even more. Using the altitude
hold system of the KC-135 aircraft, the vertical accelerations have a spectrum which, in
conditions of turbulence, peaks in tke range from 0.03 to G.06 ¢/s. In quiet air the
spectrum is much broader, with a relatively flat shape from about 0.01 to 0.12 ¢/s.

It is instructive to examine what altitude variations correspond to the observed
accelerations. Choosing 0.05 ¢/s as the center of the spectrum, and 5000 milligals as a
peak amplitude for a sinusoid, yields a peak amplitude of motion of 50 centimeters. Thus
to be able to remove such an oscillation with an accuracy of ten per cent requires
measuring altitude changes to an accuracy of five centimeters. Since no existing altimeter
provides altitude with accuracy anywhere near this level, the readings must be averaged
over a long enough time to yield suitable results. This limits the spatial resolution of
airborne gravimetry since during an averaging period the aircraft moves a considerable
distance.

The preceding example emphasizes the importance both of altimetry and of the filtering
methods used to eliminate the vertical accelerations from the observed data. If, for
example, the observed altitude variation of 50 centimeters is indeed measured to ten per-
cent accuracy, and a corresponding velocity is also desired to ten percent accuracy, the
velocity error of 1.6 centimeters per second combined with a five minute averaging period
yields an error of just over five milligals. One study of the filtering problem has been
made by Moritz!’., A study of the manner in which both altimeter and gravimeter readings
can be used to obtain optimum results in the determination of vertical motion, as well as
of the gravity reading, would also be useful.

The vertical navigation system used in the KC-135 aircraft consisted of an APR-5 profile
recorder or radar altimeter, plus a hypsometer and a barometric altitude hold for the
aircr~ft. The radar altimeter was used over surfaces of known altitude to provide a
reference point for the hypsometer, which was then used as an altitude indication system
for normal flight. The changes in altitude due to variations in isobaric surface height
are compensated by means of Henry's correction?®,

3. THE GRAVIMETRIC SYSTEM

3.1 The Gravimeter

Inertial navigation has been used in continuous or “cruise” navigation of aircraft and
ships and in launch guidance of rocket vehicles. The long periods of operation in cruise
navigation make high demands on gyro accuracy, while requirements for accelerometer
accuracy are relatively modest. In rocket vehicles the wide range of acceleration to be
measured makes severe demands on accelerometer performance while, at the same time, long
term stability is required if frequent calibrations are to be avoided. Consequently, the
accelerometers used in rocket vehicles are logical candidates for gravimetric use.

The different types of accelerometers available include the pendulous gyro type used in
both the SATURN and the TITAN III space boosters. The instruwent used in the latter,
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known as the 25 PIGA (pendulous integrating gyro accelerometer) was the model selected
for the gravimetry project.

The instrument has the general form cf an octagonal aluminum cylinder approximately
11 centimeters in diameter and 15 centimeters long, with a weight of about 4 kilograms,
The pendulous gyro within the instrument is a floated integrating gyro of beryllium
construction, with a pendulosity of 22.5 gram-centimeters, and in normal use, an angular
momentum of 30,000 dyne-centimeter-seconds. The floatation is aided by magnetic suspension
produced by the microsyns at each end of the gyro. The pendulosity and angular momentum
values give the device a scale factor of about 0.75 radian per second per gravity, in its
normal manner of use. The servo system used to drive the accelerometer makes use of a
direct drive d.c. torquer, and has a natural frequency of about 150 radians per second.
The carrier frequency for the microsyn signals is 1000 hertz, The angular motion of the
gyro turntable within the PIGA is measured by an optisyn®, an incremental discrete read-
out device with an output of 2048 pulses per revolution.

In order to minimize the effort, cost, and time required to achieve an operating
gravimeter from an existing accelerometer, whenever possible, use was made of existing
electronic circuitry associated with the mechanical instrument. 1In the case of a gyro
sccelerometer, this circuitry involves the electronics necessary to operate the gyro, the
servo emplifier used to drive the accelerometer torque motor, and the means of detecting
the accelerometer output. The output had to be recorded in & form suitable for gravimetry.

The housing which was designed to provide thermal control for the instrument, whose
operating temperature is about 63°C, also incorporated a mumctal layer for magnetic
shielding. Two versions of the housing were designed; the second one differed by being
symmetrical, so that the PIGA input axis could be pointed either up or down. This made
it possible to use the instrument in whichever of the two directions incorporated the
winimum thermal sensitivity.

One major change was made in the use of the instrument. The accelerometer was origin-
ally designed for the broad range of accelerations encountered by a rocket vehicle; in
the gravimetric application a total range of two gravities is more than adequate. Conse-
quently the scale factor of the instrument was increased by reducing the angular momentum
stored in the gyro wheel. This was accomplished by design of & 50 hertz square wave supply
to drive the gyro rotor. This reduced the angular momentum to 3750 Jyne-centimeter-sec-
onds, and increased the scale factor to 6 radians per second per gravity. Thus one PIGA
revolution took place in about 1.05 seconds at one gravity.

The increased angular motion of the rotating PIGA element correspondingly reduces the
sensitivity both to angular motion of the PIGA base and to uncertainties in measurement
of the relative motion of the base and the rotating member, The net effect includes
reduction of the time necessary to resolve a measurement to a given level of accuracy.

The 1000 hertz microsyn supply and the complete PIGA servo loop were left unchanged
in form, although the gain of the servo loop was adjusted somewhat to correspond to the
new gyro values, by resetting the potentiometer. The resdout circuitry involved in the
optisyn was also left unchanged,

The instrument output wes recorded in the form of elapsed time per revolution of the
PIGA. A Beckman preset counter, operating in a mode in which it is possible to count
continuously without data loss, was used to count one megahertz pulses. Flight data were
generally recorded as the elapsed time for one or two PIGA revolutions, corresponding to
sampling intervals of approximately 1.05 or 2.1 seconds., The preset counter was connected
through an intercoupler to a punched tape unit recording both the elapsed time for the
PIGA revolution and the time from the Astrodata master clock in the aircraft, both in
binary coded decimal form. A printed paper tape also recorded the elapsed time; the visual
readout is convenient both during calibration and for checks during flight. Figure 5 is
a photograph of the airborne electronics console containing the accelerometer electronics
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and readout equipment and the electronics used to operate the stabilization platform on
which the PIGA was mounted.

At a later date a higher degree of system integration and simplification was obtained
by using the frequency reference of the Beckman counter as the frequency source of the
PIGA electronics as well; this increased the frequency stability of the latter and
reduced the complexity of the overall system.

The accelerometer in the mechanical housing which included magnetic shielding, thermal
regulation, and gyro and optisyn preamplifiers weighed approximately seven kilograms,
The second version of the housing was a cylinder approximately 15 centimeters in diameter
and 19 centimeters long.

3.2 Stabilization System

With the selection of a gyro accelerometer for use as a gravimeter, the stabilization
requirement included either azimuth stabilization for the instrument or heading indication,
as well as the vertical stabilization required for any instrument. If the instrument were
to be used with its original scale factor, an azimuth error rate of approximately 0.135
degrees per hour corresponded to one milligal error in gravimeter indication. If the
accelerometer scale factor were to be increased, the error sensitivity would be corres-
pondingly reduced. The requirement for vertical stabiljzation was described earlier.

Since the goal was gravimetry rather than the design of stable vertical elements, it
was hoped to find an existing platform that would meet the requirements. The azimuth
stabilization requirements would place performance in the range of inertial navigation
systems rather than of aircraft heading references, unless the accelerometer scale factor
were drastically increased. A review of existing systems showed no available inertial
navigation system or heading reference which had enough room on the stable member for the
gravimeter. This is to be expected, since such systems are normally built as compactly
as possible.

Previous tests using stabilized gravimeters had employed camera stabilization mounts,
in particular Aeroflex Laboratories model ART-25, a two-axis stable element, and a later
version, the ART-57. These platforms were equipped with a vertical gyro and two pendulums
for levelling and employed direct-drive torque motors. The platforms tracked the apparent
vertical rather than the true vertical, since there was no Coriolis compensation. In
addition, the platform showed a limit cycle oscillation of about five arc minutes amplitude,
probably due to non-linearities in the perdulums, and affected by the high erection rates
required to overcome gyro drift. This performance was unacceptable; however, the ART-57
platform itself was phsyically large enough tc hold the gravimeter and was available. In
addition, the direct drive torquers could permit satisfactory stabilization to the vertical
if adequate gyros, accelerometers, and servo electronics were used. The gyro accelerometer
could thus be stabilized to the vertical and, if heading were indicated to sufficient
accuracy, the stabilization requirements could be met.

A review of three-axis stable platforms was made in the hope that the azimuth axis and
stable member of such a platform could provide the necessary attitude reference for the
ART-57 gimbals. One suitable platform was the AN/AJN-10, an inertial reference platform
built by AC Electronics Division, General Motors Corporation, for use in a Doppler-
inertiel aircraft navigation system. This platform, together with the associated AN/ASN-
32 navigation computer and control indicator was avajilable, and the aircraft was already
equipped with a Doppler radar. Furthermore, the complete three-axis platform could fit
on the stable member of the ART-57 platform, and the AN/AJN-10 platform also used direct-
drive d.c. torquers, This suggested that integration of the two platforms might be fairly
simple.
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The AN/AJN-10 platform uses three single-degree-of-freedom floated integrating gyros
and two floated restrained pendulums. The North and azimuth gyros are Honeywell GG49 MIG
units; the East gyro, used for azimuth alignment in ground erection and for gyrocompassing
in flight, is a 2FBG-2C model manufactured by AC Electronics. The pendulums are Honeywell
GG59 units. The electronics are completely solid state, and the modes of operation are
designed for convenient use. The platform weighs about 32 kilograms without electronics.

The compiete AN/AJN-10 platform was placed on the ART-57 stable member, and the two
outer axes, roll and piich, of the AN/AJN-10 platform were locked. The servo signals
which normally drove the torque motors on these axes were used instead to drive the torque
motors of the ART-57 platform. The changes in the stabilization servo performance function
needed to obtain satisfactory operation with the new moments of inertia and new torquers
were achieved by the insertion of one resistor and one capacitor for each axis; even the
power stage electronics of the AN/AJN-10 system was found adequate to drive the ART-57
torques. - .th this configuration, the internal changes in the AN/AJN-10 were limited to
the addition of the two resistor-capacitor networks, and all other changes were accom-
plished in the external cabling. This permitted procedures of maintenance and calibration
to remain largely unchanged.

The clamping mechanism used to lock the pitch and roll axes of the AN/AJN-10 platform
was made adjustable, so that it could be used to align the stable element of the platform
perpendicular to the input axis of the PIGA. The net result was a PIGA stabilized to the
true vertical rather than the apparent vertical. The synchro signal on the azimuth axis
of the AN/AIN-10 platform was available to indicate the heading changes of the PIGA base.

Laboratory operation of the combined platform indicated that the heading measurement
| errors would be too large if the scale factor of the PIGA were left unchanged. This was
( due in part to the fact that the AN/AJN-10 is a gyrocompassing system in normal sirborne
! operation, and the high gain of a gyrocompassing loop leads to oscillations which take
some time to damp out. Accordingly, the PIGA scale factor was changed as indicated
earlier,

Finally, modification of the circuitry used to indicate the output of the a&zimuth
synchro of the AN/AJN-10 was necessary to meet the desired resolution. This modification
included an improved excitation to the synchro, and the use of a synchro control trans-
former, reset to null with the control transmitter on the gimbal at the start of each run,
This arrangement made use of the fact that the anticipated gravimetric flights were all
East-West or North-South rhumb-line courses, with anticipated heading changes within plus
or minus ten degrees. Over this range the linearity of the synchro permitted an accuracy
of ten arc minutes in heading indication.

Figure 6 is a photograph of the ART-57 gimbals with both the 25 PIGA and the AN/AJN-10
platform mounted on them. .

4. TEST RESULTS

The flight test program was approved in April 1966, and the design and procurement of
the necessary equipment started. The integration and modification of the stabilization
system and of the gravity meter was accomplished by the end of September 1966, and air-
craft installation followed, By late October the sircraft installation was undergoing the
first flight checks, and in late November the aircraft proceeded to Carawell Air Force .
Base, Fort Worth, Texas, for initial flight tests over the designated gravity range area.
The flight patterns followed parallels of latitude and meridians in the general area
between 34° and 40°N latitude and 95° and 105°W longitude.

The AN/AIN-10 platform and AN/ASN-32 navigation computer had been designed for use with
a velocity saturation level of 400 knots ground speed. It had been agreed to maintain the
KC-135 aircraft speed below this level, but the November flights proved it impossible to
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keep aircraft speed within the specified limits at the designated altitude of about 7600
meters. Consequently, the aircraft returned to its hase at Hanscom Field, Bedford,
Massachusetts, and the AN/AIN-10 system was modified to raise the saturation level to
500 knots. The modification was essential because exceeding the saturation level caused
error in platform verticality to accumulate at the rate of one degree in less than five
minutes,

The aircraft then returned to Carswell, and seven days of gravimetric flights were
conducted between December 11 and December 21, 1966, after which it returned once again
to Hanscom.

In mid-January 1967 the aircraft had to be released for use in another project, but
the schedule permitted one more return to Carswell and a few days of flight were possible
before the aircraft was released. Since that time no aircraft has been available, but a
C-130 aircraft was expected tc be available in September 1967 for another series of
flight tests.

Attempts were made to monitor the quality of stabilization system performance during
these tests, both by comparison of the platform heading indication with that of the
Astrotracker, and by observing the platform motion in levelling and in azimuth when it
was restored to the ground erect mode after landing. Unfortunately, the power transfer
from aircraft to ground power usually was sufficiently erratic to cause the AN/AJN-10
platform to downmode and lose the coordinate system it heid. Figure 7 is the plot of the
heading indication shown by the system on the one occasion when successful uninterrupted
transfer to ground power was achieved; it indicates a change in azimuth of 20 arc minutes.
Some of the comparisons of the astrocompass heading with the AN/AJN-10 heading indicated
the possibility of azimuth performance problems in airborne operation.

After the December flight tests a switch was installed which permitted airborne opera-
tion using the Doppler system to damp the platform off-level oscillations, while the gyro-
compass loop was open, so that the azimuth reference was held by the azimuth gyro rlone.
This switch permitted detection of cabling problems which introduced an azimuth error rate
of about 1.5 degrees per hour, corresponding to about 1.2 milligals, during turns when the
system was in pure inertial operation. The accumulated error was then cffset by the gyro-
compass loop which came into operation when the system returned to Doppler mode after
completing the turn.

For the C-130 aircraft installation, it will be possible also to observe and record
the AN/AJN-10 accelerometer signals, thus permitting some observation of in-flight plat-
form verticality. In addition, switches have been included to permit removing Coriolis
acceleration compensation, so that, if desired, the platform can operate in the “locai
vertical mirus Coriolis acceleration” coordinate system described earlier.

Aircraft heading, as indicated by the azimuth synchro of the AN/AJN-10 platform, is
shown in Figure 8, which represents typical flight conditions. The first half of the
anslog recording shows a period of moderate turbulence, with peak-to-peak oscillations of
the order of one half degree. The second half shows quiet flight with peak-to-peak
oscillations of the order of five arc minutes, The Dutch roll motion is evident through-
out the recording, with a period of slightly over four seconds; the amplitude varies
from about one arc minute peak-to-peak in quiet periods to about eight arc minutes in
turbulence,

Some of the accelerometer results are presented in the next group of figures. Figure
9 is & record of the PIGA elapsed time, recorded for two- and ten- turns intervals, during
ground calibration in the aircraft. Ground calibration was conducted before each flight,
end the PIGA was then left in continuous operation until the end of the flight. Post-
flight calibrations were also intended, but the power tranafer problems discussed earlier
ususlly interrupted PIGA cperation. The scale of the recordings, in acceleration units,
is the same, and the ten-turn records are approximately one fifth the amplitude of the
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two-turn recordings. Thus the variations apparently decrease in.ersely with the averaging
interval in this region; a similar observation hoids true for one-turn recordings. If
the observations were considered as velocity readings obtained by integration over the
appropriate period, the one-sigma value of the velocity readings would be the same for
two- and ten-turn intervals. This indicates that most of the velocity power occurs at
frequencies higher than the sampling rate of approximately one reading every 2.1 seconds.

Figure 10 represents an approximate spectrum of the ground test data obtained from the
PIGA during an overnight run in which elapsed time for ten turns was recorded, using an
approximaie method of estimating spectra described by Blackman and Tukey?°. The spectrum
shows a peak in the vicinity of 0.0015 c/s, which represents the oscillation of the
thermal control system of the instrument. In this particular case, inverting the instru-
ment would have led teo eliminatinn of the peak, since the thermal sensitivity in the
inverted direction was ccnsiderably lower.

Some flight records of PIGA output are presented in Figure 11, both for periods of
turbulence ard for quiet conditions. In quiet conditions, the one-sigma acceleration
averaged over one minute of time with a two-second sampling interval, was generelly about
2000 milligals. Only twice in all the flights did a value as low as 1000 milligals appear.
This illustrates the level of vertical acceleration to be expected in KC-:35 flight in the
smoothest conditions obtainable.

The trace for intervals of turbulence shows peak-to-peak oscillations up to 140, 000
milligals in amplitude, again with each reading representing a two-second average.
Corresponding one-sigma values, averaged over one minute of time, showed a maximum value
of 40,000 milligals. In more modest turbulence, frequently encountered, one-sigma values
of 5000 milligals were common. The smallest observed one-sigma for a one-hour flight was
about 3000 milligals; for a rough flight, about 10,000 milligals was observed.

Figure 12 shows an autocorrection function of the PIGA data obtained from & one-hour
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