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FOREWORD

The results of a study conducted under DA Project 1P014501B14A05,
AMCMS Code 5011.11.85300.04 are presented in thie report.

The design of a weapon system provides 2 natural setting for an
optimization problem. The design requirements stipulate that the system
is to perform some task at some index of performance. The optimizer then
is to search for the design parameters such that the weapon system not
only performs its task, but also maximizes its performance. The objective
of this study is to appiy a relatively new steepe.t-descent numnerical pro-
cedure to an artiliery design problem which involves the dyn.mic behavior
of a 105mm howitzer which is fized while resting on rubber tires. The
tires act like a spring during che firing cycl. whicl causes the weapon
to leave the ground so that the likelihood of 1t being zeroed in for the
next round has been reduced considerably. The purpose, then, will be to
minimize the pitch motion of the weapon by obtaining a set of design para-
meters which are subject to equality as well as inequality constraints

rrescribed by design requirements.
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SUMMARY
An artillery weapon mounted on tire: or tracks has some undesirable
features at high angle fire. Unlike the hard mount (weapon rests on a
base plate) the flexible mount will have a pitch motion., That is, during
the recoil stroke, the tires load up or compress and act like a spring,
and just before counterrecoll begins, the tires begin to unload sending

the weapon off the gzound. Such a phenomenon is known as 2 secondary

recoll effect, The contrcl rod design becomes much more difficult with
this secondary recoil effect because an additional acceleration term
enters into the zecsil equations. Also, it i1s obvious that when the
weapon comes to rest the likelihood ot it being zeroed in for the next
round has been reduced considerably. The purpose of this study is to
reduce the pitch motion of the weapon and at the same time determine the
orifice areas for the control rod design.

This study was periocrmed on the XM164, a light weight, 105mm howitzer.
The presen. contzol zod design for short recoil (75 degrees eievation)
yrelds approximately six incaes of "hop'". Results from this study show
that between 45 and 86 per cent reducticn in the picch motion is rossibie
{deperding upon which design option 1s used) by decermining the optimal
shape rod force. Oncc <his rod force has been found, the orifice areas
can be determined.

A steepest-descent numerical procedure will be used to minimize the
pitch motion of the weapon along with sactisfying certain design constraints

imposed upon the system. This technique starts with an estimated design,
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analyzes it, and then improves on the desiga. It 1s an iterative process
and at each iteration an improvement is made until no significant gains
can be achieved.

The results of this study clearly indicate char weapon performance

can be improved by using methods of optimal design.

1
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I. Introduction

Weapon systems of today and of the future are becoming more complex
and, as a result of this complexity, the engineer's intuition and expari-
ence become increasingly more difficult to apply because of the possible
trade-offs in the design parameters. Because the task of the engineer
becomes more difficult in meeting requested design requirements as weapon
systems become more complex, it 1s important that the design procedure
be represented by mathematical modeling, i.e., a translation of the physi-
cal description of the problem into mathematical terms. Although a
mathematical model may be formulated, the solution may still be difficult
to obtain for several reasons The model itself may beccme very complex
and that which is even more difficult to cope with is the fact that some
of the parameters may only be engineering estimates based on past experi-
ence or perhaps very little 15 known about the dynamic behavior of a
parameter. Also, the solution must be a physical realization of the
mathematical design. In short, the conversion of mathematical theory
into an engineering accomplishment may not be an easy task.

The design of a weapon system provides a natural setting for an
optimization problem assuming a knowledge of all environmental factors
which influence the design process. The design requirements specify
that the system 1s %o perform some task at some index of performance.

To determine the optimum solution, the concept of index of performance
is incroduced and will be defined as the functional relatiou.ship among

the system characteristics. The optimizer then is to search for the

Raliet ]
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admissible parameters such that the weapon system aot only performs its
task, but alsc maximizes 1its performance. As design specifications tend
to tighten, it becomes increasingly important to design optimum systems
relative to some perfcrmance criterion, and, in fact, specify that per-
formance be optimized.

It is only natural then that the methods used in the design of
optimum systems be of interest for these are the analytical tools which
will determine the results for the optimal design problem. Because of
the computer, many different discipiines have provided revolutionary aids
with respect to analytical tcois for the solution to problems that were
seemingly hopeless cnly several years agc. The objective of this study
is to apply the relatively new technology to an artillery design problem
and to develop a method which will aid the engineer in obtaining design
parameters subject to certain constraints and require that the perform-

ance of the weapcn be coptimal in some sense.
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II. Statement of the Problem

An artillery weapon mounted on tires or tracks has some undesirable
features. Unlike the hard mount (weapon rests on a base plate), the
flexible mount will have a pitch motion. During the recoil stroke, when
the weapon is fired at 75 degrees elevation, the tires load up or com-
press; and when counterrecoil begins, the tires act like a spring and
unload sending the tires off che ground. It is quite obvious that, when
the weapon comes to rest, the likelihood of it being zeroced in for the
next round has been reduiced considerably, especially for high rate of
fire weapons. This phenomenon 1s known as a secondary recoil effect
because an additional acceleration term enters into the recoil equations.
Because of this secondary recoil effect, the contrel rod design becomes
much more difficult. For shcrt recoill, the orifice areas in the control
rod are designed at maximum elevation (75 degrees); therefore, when ele-
vation is menticned throughout the remainder of this reporc, it refers
to maximum elevation. The weapon positioned for high-angle fire is
shown in Figure 1.

The purpose of this study will be to develop a systematic control
rod degign procedure characterized by mathematical modeling for the high-
speed digital computer. Concentually, it will be one phase of a study
that will give the optimal weaponr which meets the given design require-
ments, To do this, a steepest-descent numerical procedure will be used
to minimize the hop or pitch motion of the weapon and, at the same time,

to determine the necessary control rod design which will minimize hop.




T 3YNS/S

. . o Co
- . .
e el .-
\ LEARRAN . P .
-~ ...v- - N .
- e .
ot e ~ ‘
- LY. 4 -
. * LI ,.(. - v..v
. .
P O A
. r Ve N ) y ' .
. Aa0 .mmwv.a. ERIE AN P L
. " ", L ’
S Ao{t it P - . : A
N Ty et s Ca e ’ . -
FEER werry - ﬂ o PR - N ¢
. . »Linbf_ e - e “n *
B > SN B K N
P R i:.«f- ¥ . R o] Coni iy .
' 104
...:, ., o “w N R Lk
. ) . » R R
o, -t oy N D
- S ‘ i U .
S "t NS PN LT
A A LIRSS g, e -
8
4\ .. m 2 i x
. Lt MY
.\: N ﬁw\\ Ed ) A N <
- Rl & Rl
L yn , 35 W e .an..,u i
At o ) d
-
.
a e )

PREW .
[ . Lo
- . e @,

i - : T _ -
d } Y . L e .
. ,A-n., ,%t;.w:r.:\u T
P SORAF ey &Vd - -
B vt et T g
-l A PPUER: ; : . s
FVEN ;ﬁn.& Sy w3 S
L. A a4 . L :
. - »..?‘ # o N\ e
.. » PANTIES . AN
v . '
. 1
. . . -
g2 . * T : )
A W &
. a0 g T . R
. ».%45%3 3 Cae -
. ) 3 . :
W ; X v ) . uﬂ. et -~ . >
. . ot *
B .
- e
> S
ﬁ@rr) ~ % i WROP 2 e
A2 o3 d )
.2 R SR St i \
; ﬂ.(ﬁ.‘. £ u;y,., . ‘e «
v ‘ N
Few s ™ >
it
e wor
afl.tlﬂ,mcﬁr., S e e
4} R e Gy e T
ROV 1L e N RO SR
R e T -
vt e - . . '

o T T S T Y R G T T L e O e L et N T

POV




AR

N R Al an it

b d Y
P ARG SRS

A second phase will be to incorporate geometrical effects xnto the optimal
design problem in order to establish optimal geometries for certain com-
figurations.

The recoil equation is of the form of Equation (1)

x + £(x)%% + g(x) = h(t) (1)
for a rigid mrunt. In the second term of this equation, the expression
for the effect of the control rod orifice area is defined; however, with-
out any loss of generality, the control rod orifice areas can also be
obtained from a predetermined rod-pull force R(r). For the flexible
mount, the above equation 1is coupled with the equation describing the
pitch motion of the weapon and thus yielding two second-order nonlinear
ordinary differential equations with prescribed initial conditions. The
orifice areas are a function of the state of the system, To eliminate
state variable inequality constraints,.R(t) will be taken as the control
variable which is to be determined to minimize hop (the pitch motion of
the weapon) subject to other design constraints.

This study was performed on an existing weapon, namely, the XM164,
The XM164 1s a lightweight, split-trailed towed 105mm howitzer with the
XM44 hydropneumatic recoil mechanism. Unlike a rigid mount, the XM164
13 a flexible mount and 1s fired while resting on rubber tires. Fcr a
rigid mount weapon, the resisting force R(t) on the recoiling parts is
designed with a trapezoidal shape as shown in Figure 2. With the proper
design of the control rod orifice area, the flow of o1l in the recoil

mechanism 1s controlled and such a torce, as shown in Figure 2, can be
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Figure 2. Rod Ferze During Recoil for a Rigid Mount

3 obtained. However, when a for:e ishapea as an Figuie 2) 15 designed for

3 the flexible mount, the question is asked, "Can this force be applied
with some other 'best' shape such that it will reduce the pitch of the
weapon?” This is the basic guestion with which this study 1s concerned.
E In this reporc, the spiimum rod izrie 235 defined as that curve
which, according to some 2easure (Lhe nep matson), sacisfies all of che

requirements ampcsed upsiy the system
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I7I. Formulation of the Problem
During the recoil, counterrecoil cycle there axe four diffecrent
times which are of concern. These are shown in Pigure 3. At thege

four times

1 f % > 7tue
z, t, t, A
Figure 3
t0 ~ initial conditions
tl - end of the recoil stroke
t2 - time at which maximum hop occurs
te - end of counterrecoil

certain conditions must be satisfied from the design requirements. At

time to the initial conditions for the state of the system are given.

At time t, the displacement of the recoiling parts is required to be

equal to some specified value and the velocity of the recoiling parts
must be equal to zero. At time t, the velocity of the pitch motion must
be zero and the displacement of the pitch motion is t» be a minimum.

Note that it will be vpossible for t_ to vary between t and t.. Therefore,

£

the hop or pitch motion will be minimized for the entice counterrecoil

Z

stroke. At the final time tf, which i1s the end of counterrecoil, the
recoiling parts must come back to its original position and the velocity
of the recoiling parts will be some specified value Vf. This is to insure
that the recciling parts come back to the latchk position. It will also be

demanded that the total cycle time be equal to c., seconds,

T
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Formulating the above pevagraph into mathematical notation yilelds

I~
[S
N

L e I

Minimize J = x (t }
4 <

subject to the equality conztraints

(2)

<
-
3
»
—
~
(24
r
]
o

]
o

2
Qe ™ x?(tz)'
3
{u"tf"c,i“"o
with the full set of inirial conditions

x.j(O) - x3(0) = xq(O) = 0, x2(0) = n (3)

0
where wi, i = 1,2,3 are intermediate and terminal constraint functions to
te gatlsfied; 0, 02, and Qf define the times at which the intermediate
and terminal constraint functions occur; X, and x, are the velocities of
the recoiling parts and pltch motion respectively; X, and x, are the dis-
placements of the recoiling parts and pitch motion respectively; w‘ = 0
is the constraint on the displacement of the recoiling parts such that at
the end of the recoll stroke the displacement will be exactly equal to
Mnax inches. wz = 0 is the constraint demanding that the recoiling parts
return to the latch position at the end of counterrecoil. . wa = 0 1s the

congtraint which requires that the velocity of the recoiling parts come

~1

into the latch position at a velocity Vf in./sec. §° = O defines the time

ot gl

PR ?
o roimminnt
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at which the end of the recoil occurs; Q2 = 0 defines the times at which
the pitch velocity is zero and the one with the largest displacement 1s
selacted, thus defining the time at which maximum hop occurs; Qf n 0
defines the total cycle time to be exactly equal to Cr seconds.

It was previously mentioned that in order to eliminate state variable
constraints the rod force was taken as the design (control; variable in-
stead of the orifice areas. Using the rod force as the design variable
gimplifies the problem and it also gives the engineer more insight in the
design process since he has an intuitive feel for the force levels the
veapon system he -s designing can tolerate, Thus, immediately the engineer
can specify an admissible upper limit for the rod force say Rmax’ for
his design, and this value may be varied by the engineer for any redesign.
The following inequality constraint must hold fo. all time t.

¢=R(t)-R__<0 0<t~t (4)

Since the mathematical model must represent a physical re .lization,
to specify one value for Rmax 1s not enough, This result was made avail-
able from the first set of computer runs and can be seen in Figure 4.
Because it was not known how the optimal shape rod force would behave,
the design varilable R(t) was allowed to take on any shape just as long as
it did not exceed Rmax' It can be seen from Figure 4 that the rod force
attained its maximum value at time to. The mathematical model says that
the best way to reduce the "hop" is to let the recoiling parts move for-—

ward first as in the firing-ouc-of-battery concept. This, of course, is

a physical impossibility for the weapon under sctudy since the recoiling

............. o
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parts cannot travel forward beyond the latch position. Additional con-
straints were subsequently put on the design variable during the {irst

few milliseconds of the recoil stroke.

R(t)

> TIME

‘ Figure 4. ‘Rod Force With No Ris. Constraint
c . For First Few Milliseconds

The optimization problem has now been formulated. The objective

W PN T ART TR

function (see Equation III-1) has been defined for the prccess (see

Equations IV-1,2) taat is to be optimized subject to the constraints

(see Equations III-2,4) that are to be satisfied.
All that must be done now is to put the problem into the steepest-
descent formulation. The next section simplifies the equations of mottion

for the XM164 howitzer.
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IV. Translation and Rotational Equaticns of Motion for the XM164 Howitzer
[Ref. 1]
The differential equations to be solved are given below .
Equations (1) and (2) are the translationai and rotational equations of

motion for the XM164 howitzer. Equations (3) and (4) determine the guide

friction.

.o o -
Ma[n (¢ Yt siny + Zt ¢ccsy)¢ - (n + Yt cosy + Zt siny)¢<]

(1)
= R(t) - B(t) - M_ g sin(yFe) - u(|S | + [S,]) sgn(h)

- 2 ' v - 2
{Ma(n + Yt cosy + 2 sing)? ¥ Mb[(nb cosy + Y, - ¢ siny)

2 2 2 3
+ (nb siny + Zt + & cosy)¢] + Md(Yd + Zd) + Ia + Ib + Id}¢

.o - 2

+ 2Man¢(n Y, cosy + 2, sin,) Ma$ (n + Y, cosy + Z, siny).

(¢ - ¥_ siny + 2 cosy) = B(t) + (g - ¢) + (2)
(R(t) = u(IS | + S,1) sgn(n)] (4 - Y, siny + 2, o8y}

- ; - - )
g {Ma[n + Yt cosy + Zt siny] cos{(y+¢) + Md(Yd cos¢ -~ Z, sing)

d

+ Mb[Yt cos¢ - Z_ sing + n cos(y+9) - & sin.(y+4)]} - k(¢*¢st) - co

Ma[Zﬁé + (n + Yt cosy + Zt sinY)$ - (¢ + Zt cosy - Yt siny)&zl

(3)
=S +8, -4 g cos(yrd)

Ia$ =8 (q - n) +8, (g, - n) - B(t) - (5 -¢)

. (4)
+R(E) + (6 -2) - wliS 106 - a) +[S,1(5 - B)] sgn(n)
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For small ¢ the following &pproximations are made.
sing = ¢

2
cosp = 1 -~ %—

The cos(y+¢) and the sin(y+¢) then become

cos(y+¢) = cosy - ¢ 22%1 - ¢ siny

sin(y+¢) = siny - ¢¢ siny/2 + ¢ cosy.

From the above approximations and the following definitions, equations
(1) and (2) can be simplified.

CON1 = M
a

CON2 = - Ma(c - Yt siny + Zt cosy)

CON3

[}

- u(is, i+ 15,1 sgn(n)

CONy = Yt cosy + Zt siny

= ) K - < . 2
CON5 Mb[(rb cosy + fc % siny)¢ + (nb siny + Zt 4 % cosy)*]
2 2y 4 T
+ Md(Yd + Zd) + Ia T I + Id
CON6 = ¢ ~- Yc siny + Zt cosy

CON7 = ¢, - ¢
CON8 = SINy
CON9 = COSy

CONL0 = - M_-g-CON8

CON11 = M_-g+CON8/2
CON12 = M_-CON4
CON13 = - 2M

a

CONls = - 2M_-CON4
a
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CON15

CON16

CON17

CON18

CON19

CON20

CON21

CON22

CON23

CON24

CON25 -

CON26

CON27

CON28

CONZ9

CON30

CON31

CON32

CON33

CON34

- k-¢

~13-

st

M_<CON6
a

Ma°CON6°CON4

g~Ma°CON9

5]

*M_<CON9/2
a

g*M_+CON4+CON9
g M_+CON4-CON9/2

- gonoYd

'Md'Yd/Z

(18]

- e Y,
gM Y /2
g, 2,

- g°Mb°nb-CON9
g*M, *n, +CON9/2
&M, +( <CON8

- g+M, +g, +CON8/2
g*M_+CON8
g*M_+CON4+CONS

Mb-g°nb-CON8

-
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CON35 = Mb'g'CD'CON9

CON36 = CON2C + CON22 + CON25 + CON28 + CON30
CON37 = CON21 + CON23 + CON26 + CON29 + CON3l
CON38 = CON24 + CON27 + CON33 + CON34 + CON35 - k
CON39 = CON15 + CON36

CON4Q =

- Ma-g'CON9

With the above definitions Equations (1) and (2) may now be written

as
CONL'n + CON2+¢ = R(t) - B(c) + CON3 + CON1O + CON1l-¢?
i, . (5)
. +M_eneof 4 CON12+¢2 + ¢+CON4O.
(M_(n + CON4)Z + CONS}§ = CON13+n+¢en + CONl4+n¢
+ CON38+¢ + CON32+né + CON39 - th + CON16*¢°n
(6)
+ CON17+$2 + B(t)+CON7 + [R(t) + CON3]+CON6 + CON18+n
+ CON19-+n+¢2 + CON37+42
Equations (5) and (6) can be put :nto the foilowing form
Vin Ve v,
“ @3]
Vo =V,
where
v = CON1

11
V., ™ CON2
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Vi, R(t) - B(t) + CON3 + CON10 + CON1le¢2 + Man£2

+ CON12+$2 + CON4O«¢

21

<
|

2
22 Ma(n + CON4)< + CONS

<
[ ]

’3 CON13+nén + CONl4en¢ + CON38+¢ + CON32+né

+ CON39 - c¢ + CON16+42n + CON17+42 + B(t)-CON7
+ [R(t) + CON3]-CON6 + CON18+n + CON19.n+p2 + CON37-¢2
Equations (7) can be written as

"- v ¢ -V .V v v
L AP PP PP PR TP

. (8)
¢ = v,y3/v,,

By making the following definitions Equations (8) can be put into

first order form., The definitions (9) must also be made in the v, ,.

EN

(9

When this is accomplished, Equations (10) vield the proper formulation

which will be used in the steepest-descent scheme.

X o= v gy, = v vy vy, B 1

. (10)
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V. Steepest-Descent Formulation
The optimal design problem can be stated as follows: Determine the

design (control) variable R(t) in the interval 0 < t < t_ so as to

£

minimize J = x (t,) ()
subject to the constramits

+ n = ()

v, = xz(tl) 0 max

i

1
3

!
Pin

n
o

y = xz(tf)

<
[
i

<3
'}

[

x (tg) -V,
(2)

o = R(t) - Roag &0 (3)

and satisfying
x =t (Eguatzons 1V-10) (4)
with initial condirions

x.(0) = x {0) =% (0) =0, x (0) =n.
i 3 - Z 0

A. Determinaticn oi the Adjoint Eguations

The minimization probiem stated here starts with an estimated design
for R(t), analyzes 1it, and then improves on the design. This steepest-
descent method is aa iterative process and at each iteration an improve-
ment 1s made uprril no significant gains can be achieved. For a complete

[Ref. 2 and 3]

deveicpment of what 18 to foilcw, see . Oniy the results

of those derivations will be used here.
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The adjoint equations are

- TT T
e |2 |2

where the vectors f and x are defined in Equations IV-10 and

T
A= [Al, Aoy A3, A,] where T denotes trangpose. It can be seen from

z

Equations (3) that %% = 0.

of v v v v
12
ax] = { [v) v, 10vy 3x22 Va2 3x13 " V2 8x23 = Va3 3x, )
i i i 1
av v 3
- - —22 1t 2,2
[vuv22 12v23][v11 axi Y, axi ].J /v“v22 i=1,2,3,4

afl
3;: s - v12x3[C0N13‘x2 + CONlA]/v”v22
* ,

= - D
8x2 {v“vzz[ZMav”(x2 + CON4) + Mavzzx3 vlz(C0h_3 X X,

+ CON32:x_ + c0N16-x§ + CON18 + comg-xz-)]

- - 2 .2

[vlsv22 v12v23] [2Mav“(x2 + CONA)]}/vtlvzz

of
—_—i o= . - 70T e .
3x; [vzz(ZMaxzxj + 2 CON12x3) vl:(, .3 X X, + CON14 X,

-~ C + 2°CON16%x x + 2°CON17-x )}/v v

3 2 3 11 22
8fl
ol {v__(2+CON1l+x + CON40Q) - v (CON38 + CON32-x
X 22 4 12 2

4+ 2:CON19+:x x + 2:CON37:x )}/v. . v
2 4 u 1l 22
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of of of of
2. 2, 2. 2 .
X 1, 9x 0, 3xX 0, ox 0
i 2 3 o
3f3 3v23 3v22 )
3;; = g\vzz axi =V, axi /v22, i=1,2,3,4,

of
3
— L] [
3 Xj(CONl3 x2 + CONlO)/sz

—3=z . P Ny R .2
{vzz(CONl3 X X, + CON32 X, + CON16 X3

2} - 2
+ CON18 + CONL9+x?) - 24 v, (x, + CON&)}/v2,
—2 = (CON13+x x. + CONl4+x - C + 2+CON16+x x + 2+CON17+x_}/v
172 1 32 3 22

—3 = (CON38 + COM32+x._+ 2:CON19+x x + 2:CON37:x }/v
2 2 y 22

of of of If
o 4

— =0, E""Oa = =1,
2

o 0.

The adjoint equations ncw become

[ of 2 T
w L+ 3w 0
1 1
I of
) ox 0 3;4 0
A = - 2 2 A (5)
of of
ax 0 X 1
3 3
af of
X 0 3x“ 0

where the partial derivatives are defined above.

Dectermination of the Boundary Conditions for the Adjoint Equations

Because of the intermediate constraint functions, we must evaluate A

at t,_, and t to allow for any discontinuities which may occur across tz
- -
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and £, Since the initial counditions for the adjoint equations are given

at t_, these equations are integrated backwards. Integration 1s carried

f)

out by integrating from te to t Using new initial conditions at t2_

2+°

integration is then performed from t, tot And .finally, using new

i+’

initial conditions at L. integration is then performed to t

[ St 1 L
1 T I 1 l'l | L gnd
TI/ME
% : f, 4
Figure 5

It is the object of this section to determine the inicial conditions

at e t, , and tl_ for the four different integrations perto:imad on the

2
adjoint equations, that is, tor y , wz, w3 and J.
To get the boundary conditions on the adjoint equations at ey we
choose
AT - / 9z _ z_
(tf) k ax of

.

—

f o f an

X

S,

f

where £ super and subscripts refer to the time at which the partial

derivatives are evaluated.

For an arbitrary function Q, we compute
f
3z Q9

(ei)..a_q_
9x ax._ °’ at ot
£ £ / ¢ £

N 'l IS P
£ 9% f it i

and
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- T o & faiak o L ROT RSN e 4 ke

or . 3Q
xg ¥ ( acf\

Q ( anf)
(eg)  dxg  [30f) . aat 9%
o xf + 3_t:_ £
f

From Equations (2) of this section it can be seen that Qf does not
f
depend upon the state explicitly and therefore, (-%%—) = 0. Thus
f

Qf  _aq

A
(cf) 8xf

and it follows from Equations (1) and (2) that

JT
)‘(tf) = [0 0 0 0}

T
]

I
A(tf) [000 0]

(%)

T

WZ
= 1

A(tf) {0 0 0]

T
wJ
A(tt) = {100 0]}

BOUNDARY CONDITIONS AT tz—
We choose

N (322 _z2 an’-)
(t,) Ix g2 9%

where the superscript 2 refers to the time t2.

2=

() Lo, 1 & o)
\oxl ) oX or \Q dei £

tal)

i
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94 £-1 dt

where a refers to a vector of control paramezers and f for this problem
is equal to 3, 1.e., we have to, tx, t‘, and tj. In this problem there
are no control parameters, however, the additional term is written for
completeness of the expression for bg_. The derivatives appearing in
the summation are zero since ¢ does not depend upon the times to or tl'

The rest of the terms which are zero can be seen immediately by eval-

uating tle derivatives in Equatrions (2). We how have that

rag T]‘ Te
+ A x, = (A"x)
2= 2 g2
ox

X 2+
AT - %%— AT - Eez

(t2") 2 2t —aL_?Z— }.{
Ix 2 2=

Boundary Conditions for J = x‘(td) at t._ (k§+ = 0)

2

5T (000 1), _
k(t y ™ (0001} - —— {0 010]
2- (001 0]x2_
£ (t,)
3[0001]-2—(—:;-—)- {c 010]

T t (¢ )

J L e
)y « [ 00~ —""—1] (7)
(t2_) fs\tl_)




il L T i B A ra e s A tiaacic Sk o Ao g S aliuhe i e e il i -

-22~

BOUNDARY CONDITIONS AT e -

(8)

(9)

(10)

T
Boundary Conditions for wl a xz(tl)-—n0 + Nax = 0 at t,_ (A2+ = 0)
T
1
A(tz_) (0 00 0]
Boundary Conditions for y, = x (t.) - n, =0 at ¢t
2 ;2 £ 0 2~
T T
T T sz X, - (A¢' x)
v, Y, 24 %o X 2
Me. ) " Aae T - [0 010]
2= [0 010] X,
T T
v v
T T L] L]
¥, W? AZi ¥a- ~ (4 : x)2+
A(t ) = A(é y ~ ) [0010]
2- 2+ 37, )
Boundary Conditions for y, = xl(tf) - Vf = (0 at t,_
T T
v, o, v, .
y T vl Atk - n
3 -
"y - & 2 —2* 1001 0]
2- ‘ [0010)x,_
T T
Y v
T T 3 ° 3 .
b, " A x,_ = (x " x)
Moy " ey 2+(;) 2T 001 0]
2- 2+ 37 (e, )

-

We choose
I . [azt 2t e
(tl_) ax i ax
l—
fa21) Lo v _f:faal #7 att
( X 9x 1+ of dx +f-1 9x
N 1 Q 1 £ Q ! 9=
of f Lf=-1 f-1
1} .
(g.z._) S0 Ty o fzoaa) i s
t ot 1+ Af ot c af—l at
\ 1 Vo ] .o 4> iy 2
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In general

3L [ agd . ]
o . (.%1_ P 1! )

3= 7 o \B3x 1T B

3. 3
+(an +an)
i i

Ll22')  da
ax X7 3 da dt
J- i- 3-
For j = 1 we have

- _ (39 . . 20! . leal -
Ql— (3x *+ 3 - x  ° |-

rg_?? * AT{I X - 0 1+
- 1
T _89+>\T+_Ll tgn)
aal - ) x
1—~

(t ) 3x1
('a'x—x 1

Boundary Conditions for J = x“(tz) at t,_

T T
J7e Joe
JT JT Al+xJ_ - (A x)‘+
e, ) ™ Me T - (1 000]
1= [L00 0]x1_
T T
J L] J L]
Ai: ) ™ *ff - Aﬁxég ) 22 g00)
1- (e )
" T
= - - l -
Bounilary Conditions for wl xz(tl) n, * Mnax 0 at t:l__()\1+ 0)
v’ [0100]x _
A(t y ™ (0100 +———— [1000]
1- (LooO 0]xl_
(fz)(tl_)
= [0100] - ) {100 0]
t7(t )

]~

(
¥ ("2)\tl_)
-——fl—-———loO]

(t)
(tx-)

(11)

(12)
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Boundary Conditions fox v, = xz(tf) - n, = 0 at t,_

v T AT X - (ATQ)
1- [100O 0]x1_
v T v T
2 M 2
¢2T sz A(t1+)x1— - (A x)1+
x(t ) = A(t y ~ W) {100 0] (13)
1~ 1+ 1'(t. )

| =

Boundary Conditions for w3 = xl(tf) - Vf = 0 at L,

T T

T T Y3 . L
W3 ws kl+ xi~ - (4 X) +

I- i+ fr00 0]x1_
v ot

PR S S (Y I [100 0] )

A = A - ‘ 1 (14
(c,) (¢ ) (fl)(tl_)

C. Determination of the Variation of the Design Variable

The variation or change in the design variable R(t) which makes the
greatest reduction in J, the hop, is given by the following expression

(see[Ref' 2 and 3]) where the desired chauge in the constraint function
is given ty dy. The p constraincs of Equations (2) will in general not

be satisfied with the nominal choice of R(t). Since the idea is to

. _— J dp? - dwTI;ldw 12
SR(t) = W (e)[AY(e)I I . - A {t)] 4
u vy 1., -1517'
337 tpdtew’ wa (15)
-1,y -1
AT
+ W, (t) W ]

drive the ¥ constraints to be identically equal to zero along with mini-
mizing J, 1in the selection of perturbations the choice of the desired dy

will be - ay. That 1is
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dy = -ay 0<ac<l,

If a reasonably good estimate is made for R(t), the value of a may
be set equal to 1. Wu is a matrix of weighting functions whose elemeuts
are functions of time which permits 8R(t) to be suppressed in sensitive
regions or amplified in less sensitive regions. In this problem R(t)
waz given equal weilght throughout the entire recoil and counterrecoil
cycle and wu was set equal to the identity matrix. A few terms and
definitions will now be given in order tc evaluate the expression of SR(t).

T t T

R U B R S AR S
1= 4% W'y +;'0 AT W ATde (16)
T (t T_ .
AR A I AR T (17)
w B ‘o u
T ¢, T
IR B A AN .
i‘ IwJ 4 wsz T‘IO AT W CATdE (18)

, Adce) = (g_f) s l-g—g-) o7 (19)
k \
T T
A"”(t) = <g—f€) L (%%’, L‘" (20)
4
@ wo(t,x,Ryb) =0 O <t - r.f (21)

TAE T3¢ .
) aR-rp 3R 0 (22)
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W8 is another weighting matrix and will be set equal to the identity
matrix. b is a vector of design parameters and since this problem does
not contain any, lJ = ¥ = 0. Taking variations of the last equation

yields the linearized version

Tﬁ. Y_al' Ta—¢ =
L 8x + 5K SR + u P &b 0.

Since %% = Q, %% = 0 we obtain the following

T 239 sp o
u R R = O

which says that wherever %R # 0, u = 0 since %% = 1, From (21) it is

seen that for ¢ < 0, .(t) = 0. However, if ¢ is zero over an interval
an additional test must be satisfied.

It must be verified that violating a constraint boundary in such
an interval would allow an improvement in J. Since ¢ and R(t) are each
scalars from (22) we have that

T o

A
dR
p= - 5% (23)

—

dr

and it can be argued that when ¢ = 0, J will be minimum 1f u is a non-
negative functior.. Thus, Equations (21) and (22) provide the equations

which determine R(t) and u(t). One more veccor, %%, must be evaluated

now before 6R(t) 1s determined.

of 3
. v v vy, .y 8v13 . av23 .y aviz ]
3R EAPPAMEIT 22 3R 122R 233R
av22 v, .
_ _ . 1 i ¢ 42
(vis¥e, = vivosllvy s v vy, g I ViiVaz
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2f

— — N 0

® - [V, vy, C N6]/V|1v22

3, L of =0

3R * 3R

of v v

3 = —23 _ 22 2

5 - V22 3R Vo3 38 /Y2,

3f3

3R = CON6/V22 '
J vy

A" and A © where 1 = 1,2,3 may now be evaluated by replacing Q with

J, L2 wz, and vy

v _ +CON6
{/<v1 Y ,Q . CON6 Q

v Ty Va2 f 0 Va2 3
v <CON6
1 . CON6&
a9(e) = e AL LS
11 1, 22 22
0
IwJ’ IW and IJJ now become
t T
2! £f v J.
I¢J Jo AT AT de
it T
1= A At
ooy
it T
£ ,J°,3J
I }0 A n°de

¢ <0

¢=0,u>0 (24)

¢ =0, u<0O

(25)

JJ

where 1 is a (3x1) column vector, Iww is a (3x3) matrix and I is of

VN
order (1x1).




VI. Results and Conclusions

Figure (5) represents the optimal rod force to minimize hop at 75
degrees quadranc elevation with the following constraints

R(t) < 22000 1bs.

(1)
recoll length = 28 ip.

The resulting hop for the above case is 1.53 inches, 1.e., the tires

leave the ground 1.53 1inches, for a 115 per cent maximum rated pressure
breech iorce. Computer results irdicate that the present rod design for
short recoil yilelds 6.26 inches cf hop which agrees with firing data. To
obtain the 1.53 inches of hop would require a redesign of the orifice areas
for short recoil and for counterrecoil. One might question whether the
resuiting curve in Figure {5) is obtainable with the XM44 recoil mechanism;
1f it 1is not, a very simple solution 1s to alter the curve so that a nearly
optimal solution results. If the constraints were such that

R{t) < 23500 1lbs.

(2)
reccil length = 29 in.

the resulting hop 1s 0.88 1nches.

If one uses the present counterrecoil groove design and requires the
conscraints in (1) tc hold so that it 1s necessary to redesign the orifice
areas for short recoil only, the resultiag hop 1s 3.42 inches or a 45 per
cent reduction. For zonstrainc set (1) a 75 per cent reduction is achieved
and for constrainc set (2) an 86 per cent reduction results.

The accelerarion of the recoiling parts during the first portion of

counterrecoil is an important factor in reducing the hop. That is, the
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faster the recoiling parts a2:celerate during this perivd, the greater the

reduction in hop. As one would expect, an increase in recoil length also

_reduces hop significantly. An increase in the maximum rod force will also

reduce hop, for example, 1t the rod force is allowed to obtain the value
24160 1lbs. in constraint set (1), the hop can be reduced an additional
0.32 inches. Figure (6) shows a possible control rod design for short
recoil. The orifice areas were obtained from the rod force in Figure (5).
The resulting force levels from the new groove design is indicated by the
dotted lines from .110 sec to .13 sec. The rod force is the same as the
optimal shaped force curve from O to .110 sec. The increase in hop is
approximately 0.1 inches. The recoil length changed a very small amount.

An interesting side point 1s that of the speed of convergence. The
nominal design variable, R(t), used for the first iteration was such that
at the end of counterrecoil the recoiiing arts were 250 inches away from
the latch position and the required final velocity of 6 inches/sec. was
96 inches/sec. In approximziely l4 i1terations, convergence vas obtained
which seems to be very fast if one considers the complexity of the
equations involved.

A computational algorithm 1s given below.

Step 1. Make an engineering estimate for R(t) and call it RO(t).

Step 2. Integrate the state Equations (IV-10) with initial conditions

(I1I-3) and determine t and e,

1

St2p 3., Integrate the adjoint Equations (V-5) from t_ to t2+ with

f
initial conditions (V-6).




Step 4. Evaluate 1initial conditions (V-7, 8, 9, 10) for adjoint

equations at t, and integrate (V-5) fromt _to t

2-

ir

Step 5. Evaluate initial conditicns (V-11, 12, 13, 14) for adjcint

equations at t _ and integrate (V-5) from t _ to ty

Step 6. Evaluate AQ from (V-24) for v wz, w: and J.

1.

Step 7. Perform the definite integration of {V-25) for I¢J, v

and IJJ.

Step 8. Choose dy and dP in (V-15) where dy 1s the desired change
my (V-2),

Step 9. Compute (aP)? - dwTI;;dw. If this quanticy 1s negative,
P
compute ¢ = {(dP)‘,dwTIw;dwj and repiace dy by 5duw.

Step 10. Evaluate 6R(t) from (V-15).

Step 1l. Compute new estimate R-(t) = R“(t) + oR(t).

T _-.
I 1°1
VR ANIVNN |

1f near zero, stop; 1f not, go to Step 2.

Step 12. Evaluate gradient squared (IJJ - ) for convergence.
Results from firing tests shcw a significant ceduction (507% sr more)
in hop can be achieved simply by 1increasing the tire p:iessure., Because
tire performance informaticn 15 not presently avallable, i1t was assumed
throughout this analysis thar che spring rate or the tires was constant,
Therefore it 1s not known what results would be obtained under a dynamic
tire response model. Tire manufactuzes are locking ar how they can opti-
mize tire characteriscics tor the final configuraticn in the tire itself,
In order to obtain sprimum weapon pezformance for friexible mount systems

such info:mation as tire perfsrmance could be incorporated into the
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mathematical model and perhaps tire characteristics could also be opti-
mized in cthe environment for which they are being used.

The technique used in this zeport has the capability to optimize
many design parameters simultaneously. 1I1f chere exist other sensitive
parameters, consideration should be given to optimize them along with

the design variable R(t).

This study clearly indicates that weapon performance can be improved

by using mechods of oprimal design.
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