AD 691830

DEVELOPMENT OF A MATHEMATICAL ¥ODEL
FOR THE CLAES V FLEXTENSIONAL
UNDERWATER ACCUSTIC TRANSDUCER SHELL

Ralph A. Nelson, Jr.
v Department of Mechanical and Aerospace Engineering
Center for Acoustical Studies
North Carclina State University
Raleigh, North Carolina

Larry H. Royster
Department of Mechanical and Aerospace ingineering
Center for Acousticcl 3tud:es
North Carolina State University
Raleigh, North Carclina

Cffire cf Naval Kesearch
Contract No. NONR L86(11)
Techanical Report No. 8
June 1969
‘chza}fﬁﬂmpysa

gy D
[N M

» - e A
PP PR N




Best
Available
Copy




MR )

TABLE OF CONTENTS

ABSTRACT. . . « « v « « « &
ACKNOWLEDGMENT. . . . .« .
INTRCGDUCTION. . « » v v & &

STRAIN ENERGY IN A SPHERE .

Static Potential Energy of a Sphere. . . .

Exact Sclution in Circumferential Direction.

.

Physical Interpretation of Assumed Displacements

Loads

APPROXIMATIONS FOR THE DERIVATIVES IN THE BOUNDARY SEGMENTS .

STRESS ERESULTANTS . . . . .

DEVELOPMENT CF THE EQUATIONS OF MOTION.

Energy Expressions for a General Interior Point.

Energy Expressions for the Dome Point. .

Equation of Motion for the Dome Point.

Equations of Motion for J=1 Point.

Equations of Motion for j=2 Point. . .

Equations of Motion fer the General j=k Intericr

Energy Expressions for the Lower Edge Half

Equation of Motion for the j=N Point . .

Equations of Motion for the j=N-1 Point.

Equations of Motion for the j=N-2 Point.

PRCBLEM FORMULATION . . . .

REFEKENCES. « « « v v & v

Points.

Segment .

Page

9-20
9-14
14-17
17-20

21-27

28-32

33-6k4
33-37
38-39
39-k2
42-L5
L6-LT
47-50
51-53
53-58
59-62
63-64

6517
78

IO Y Aras RSN




ABSTRACT
A mathematical model is developed for the Class V Flextensional

Underwater Acoustic Transducer Shell.
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INTRODUCTION

The flextensional underwater acoustic transducer concept is pres-
ently undergoing extensive analytical evaluations. In general, the
various flextensional designs can be placed in one cf five different
classes [1]. This report describes an analytical model develcped for
the Class V fiextensional undervater acoustic transducershell. A picture of
this concept Is shown in Figure 1 and a detailed sketch of a typical
design is given in Figure 2.

Flextensional transducer designs of the general type shown in Pigure
1 was originally proposed as having possible applications as a sonol .y
transducer. As shown in Figure 2 this type of design consists of two
shallow spherical shells bonded at a boundary and a thin piezoelectric
disk jJoined at this boundary by utilizing an epoxy cement. The piezo-
electric disk is isolated electrically fram the two shells by removing
the silver electrodes beyond the region of contact between the shells
and the ceramic disk. Sufficient epoxy is spplied so as to firmly at-
tach the disk to the inside shell boundary. Two small holes are drilled
through the shells and serve as eutrance for the electrical leads to the
electrodes platec onto the ceramic disk.

Although this class of flextensional designs is designed primari.y
to be used as a sonobuoy transducer there are special enviromments vhere
this type of transducer could be used mainly as & source of scoustic
energy. In this instance an additional clexmping load would have to de
applied around the boundary.

If the Class V type of flextensional design is to function satis-
factory as a sensor then the flat portion of the response curve needs

to be as broad as possible. Associsted vith most attempts to increase




FIG. 1. PICTURE OF FLEXTENSIONAL SHALLOW SHELL SONOBUOY
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the sensitivity of the shallow shell concept is a reduction in the sys-
tems fundamental resonant frequency. Of course, a reduction in the
fundamental resonant frequency reduces the usable frequency raage of
the concept. An empirical equation has been derived that effectively
predicts the sensitivity of this concept belov the fundamental resonant
frequency.

If the totel performance capacity for this type of transducer design
is to be fully reslized then it is necessary that a detailed mathematical
model be developed. The purpose for this report is to present an anal-
ytical model that can predict the dynamic characteristics for this type
of sonobuoy shell design. Of course once s dynanic model of the shell
exists, then conbining such a model with the solution developed for e
thin piezoelectric disk with an arbitrary impendance on the boundary [3]
vill result in a math model for the complete system in air. If in ad-
dition the external acoustic loads are determined by utilizing a numeri-
cal technique such as has been develcped by Hess |i], then & comnlete
math model sil] exist.

The math model describded by the main body of this roport cssumes
that the adges of the shells are horitcntally guided-pinned. In at-
tempting to jetertine an empirical equation that would consistently predict
the receiving sensitivity of he shallov shel. concept comsideradle dif-
ficulty vas encountered. One resson for this difficulty wvas the inadility
to establish the degree Of clamping betveen the surrounding shells and
the ceramic disk. Possible causes of this var.ation are the site of the
shell-ceramic contact area, the variation in the stiffness of the dond

Joint wvhich holds the ceramic ¢ .4 the tvo shelit together and the




variation in the thermal expansions between the shells and piezoelectric
disk during the curing stage. It has been initially assumed that the
bond joint acts more as a pinned boundary than as a clamped one. Also
from a practical standpoint it has been necessery to taper the edges

of the shell as is shown in Figure 2.
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STRAIN ENERGY IN A SPHERE

tatic Potential Energy of a Sphere

Using the results obtained by Langhaar [5], one can specialize them
to obtain the strain energy of a sphere or spherical section. Noting
Fig. 3 which is the same as McDonald's [ 6 ], one can write the parametric

eqs. of & sphere. These are
=2 = O (,49/;_9)
= oo ,{l;\/v\.Ea (£><>£:2, (1)
and q:- o. M@MQ.

ln eqs. {l), the parameters are choosen

X..r-e and u‘:@.)

-
rn
N

and the radius of the sphere has been denoted as "a". Using Langhaar's

approach along with (2) above, one finds

L x B o a_y @ 2 2
Eex 2+ 1% r2 2=k +1 7427,

nd from (1)
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1= & s B Lin & (3)
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Figure 3

Coordinate System
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sO thet Sk , 2
C:' = O DA 9 (5)

Now, neglecting the quadratic terms, and the terms (¢ - 2&2/E)x

w and (& - 232/6) v one obtains
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By looking at (6) and (7) it is seen that e 1 g are needed so that

specializing his ellipsoid of revolution's results (a=b), one obtains

- , -V .
oz o B2 A O ws&)$=&5 :;cesooﬂp, (8)

Y=O\.E-'/9' o B
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i
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)
hence
R V4
ez -o. E T
N y (9)
%5 = = 0o £E- = _J~/¢\a‘\tj .

On using (3) and (5) equations (8) and (9) become

Az Bl Q ) Pa PRV BAAM.Q ‘ 10)

X:C_.&QB)
and

e = -
(11)

Eg = "Ck—-_jaJuﬁf\_:l EB .
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Kence using (3), (5, and (11) in (g) gives
A\: o g™ wr )/ (12a)
8= o -tr&+ U cans T+ man.B) an e,
C'z__g__Lu, *V&A;WB-‘U- MB) '
a Q
Likewise (7) gives

pa‘ -wee ) (12b)

@ "'"LU' POy Bwﬁ-‘lL&Q )
Q %ﬂ‘uﬁ - &—WQV‘K,B -w-e&
C—; = Q Q&e—’l})—e& )

Eqs. (12a) and (12b) gree with (21) and (2?) obtained by Langhaar [5]

on pg. 187.

Therefore the energy due to stretching

for a sphere is as follows:

‘U"a. .tt. 2 S-e {(u.e-r w)‘-\» c_.':.c.;a(‘lfQﬁ'u-b&ee
l"U o) -

+ U e e)"’%(l-‘l)) it 8L(&Q+V6JM )

“V cac 8)9"‘\'\ Jurrne. © QB IQQ . (13)

It should be noted that (13) agrees with eq. (2.1.1) of McDoneld's (€ )
paper. (McDonald uses u, v, and ¥ meaning u, v, w).

The bending energy , V5y can be similarily obtained, it

13
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Eqs. (14 is also seen to agree with McDonald's [6 ] egs. (2.1.2).

The pctential energy of the external forces, i, denoted in Fig. 1 by

;.y,zreadily give
. T B - - .
s -2 § Se (X i~a+ T+ 2 W) e BT A, |
(6] 0

(15)

Kence, using (13), (1L) and (15), the total potential energyv

of the system is

V=V|*VA*‘JL— . (16)

Exact Solution In Circumferential Direction

The fcllowing middle surface displacement fields are assumed:
oo

\A_(g‘&): gzo,\,a,... U\._ML&(M'-‘Y\ Q 3
1)-(9)Q“): s ar (B on ™ R ) (17)
™m0l a... ™
and e
w(6,Q)= = w_ (B)eon O .
~30,1,8, .
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These expressions can then be substituted into equations (13) and (iu).
To use (17)in (13, and (14), one should note the derviatives with respect
to 8,6 of (17). To differentiate the series in (1T) one assumes all the

necessary conditions as noted in Widder's [ T] Advanced Calculus, pg. 305,

extended to two variables,

Hence, O
u. (Q,Q)zé w LB)css - Q
e W\:D,\‘... N )

b @ Q-2 mu D) aia mQ,
& ‘ ™M=O\, RS

1 LB, Q) Z 4r (8) s M Q (16)
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w@LeJQ) = 2w B e mQ

and ‘UJ-(QLBJ &) =" 2 ‘W\wmte>_M M. Q y j

where

U~..| LB\:.MLSB 5 e,
" &-9

Consider the first term of (13) and using (:7)and (18),

Y
(U\_e+ '10)2\ = [ %Lu_ﬁm-f‘wm\)rmm QJ .




Teking the integral w. r. t. ¢ inside the . sign and utilizing

orthogonality gives

SM (\&.B-r ’W')a &@ = § % +W“)T"-
B0, 00

(19)

Similarily one can work with the remaining term of equation (13).

Therefore the strain energy due to membrane becomes

VLTS "= E( u\:'m-\-wm)ﬁ v D(ng

,"b J ™M= Dl‘)a|'.

: 2 l&‘
‘ +
+'\M’W\>(’W\_’U’ +u_m\be¢8+*u)' Jujn.e)

+~£Q-U) e B UszC v:ﬂ\&m B+ U'%QmB)'j
h 2w D& D, (20)

Similarly the straln energy due to bending is

1)--1"%‘('_1)_5> 2 [(w" +cal B('w' Mema

Fvv\:()lla
=l wur Ve a0t ced el Nar! Ao Bmaa
-2 wmha()-ﬂ) c,oc.aﬁ(m%wt &M )_]
.b;s. Are. B . (21)
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Censider the Iollow1ng substitutions for the load terms:

\
-X x(e) %‘aw?wcm ~8
“4:4(8) %momﬁ--. 33‘"\ L e B2 (22)
2 =alp) %\;O,l)a..-?m\w "”m. ‘Q y
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where Bm = Fourier coefficient depending on the circumferential dis-

tribution of the load. Using (17)and (23)gives using orthogonality

“m.
/O JM:D‘\‘&‘OIl (23)

& o - = -
N=-T o2 \) 2 B.( X w1 +zv£\)_mea,te,

Physical Interpretation of Assumed Displacements and Loads

Consider the case m=0 of eqs. (: ) and {23). For {17)

WLB)&\= w(8)
v(6,&) =0 ,
and'\Af(.B,& s /W'(B) . (2]

From (24) the displacements are independent of ¢ and are thus rotionally
symmetrical about the axis of revolution. In this case the displacement
of any point is the same as every other point on the same latitude.
Thus one can show a w-displacement on a cross-section of the spherical
cap to be something similar to Fig. - which could be rotated about z to
give the shell configuration.
Likewise, the load, (¢3) reduces to

X = R.x(0),
) (25)
= BGE(B) ,

vhere ¥.6) toPi8) are forces per unit area. Hence from {17' in the

e <

and

case of rotational symmetry, there is zero load in the y-direction. And
in a cross-section view which again could be rotated about z, one notes
that the loading is similar to that shown in Fig.$% .

One can next observe the msl term and its effect on displacements.

Eq. (i!) gives
17
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WlB,R)= w (8) con
“U'(.QJQ)’- ‘U",(B)MQ, (26)
W (.659, 6;2‘) - '11f) (.£>) 5D 6;> ’

Thus if one assumes some el. vhere 0<6,<§, to be the latitude to be

observed, and observing only the w-displacement, then the w-displacement

as a function of ¢ on the e-el latitude is as shown in Fig.6.

It should also be noted that eqs.(26) relates the stretching type of

motion in some manner. Thus when u and w are taking on their maximum

and minimum values, the v-displacements (circumferential) is zero;

however, v is maximum when u and v are zerc so a4s to allcw u and w

to take on their maximum and minimum values by stretching at this point.
One can likewise carry on this analysis and look at other values of

m, howvever, it is felt that a good physical grasp should have already

been obtained.

19




Figure 6

Typical w-displacement for m=l and some Ozél




APPROXIMATIONS FOR THE DERIVATIVES IN THE BOUNDARY SEGMENTS

The crown point of the dome, the point of zero meridian (co-latitude),
is considered a boundary. Hence a statement must be made about the dis-
placement at this node.

Two cases are distinguished. The first is that in which the vi-
bretions are rotationally symmetrical about the axis of revolution. In
this case the displacement cof any point is the same as every other point
on the seme meridian. This case arises vhen e = 0. Therefore, the only
possible motion at the crown is one in which the crown node is dispiaced
in a radial direction only, with no accompanying tangential movemernt, and

the slope remains zero. This is expressed mathematically as

w(0): v(d): C

. (21)

McDonald [ €] chooses to use the finite difference expression for
the firast derivative having an order of error of hz vhile the second
derivative expression is the one vith an order of errcr of b. Since
he starts ot 9 @ O and proceeds positive along the segaents then the
forvard difference {s thus the one used. Hence for the gerersl dis-

plecement, the Jirst and second derivatives are

r




‘bo‘ -Lj_l— >~ ('3%0'* ch“' %a) y (28)

~H =
O~ (‘bo' 3.t ), | (29)

vhere h = 246 = 2/a. Hence using the B. C. given by (27%in connection

and

vith (28)end (29),

(30)

sO that lL‘ =] e (“‘l W = W,
>4

w' =) <>~Fk(-€1tx. + LA.,_))
0o \ A
v' o= > -
X _‘i_ (4 v, ),

a) )

(31)

n U2 S e—,:k (-av + '1{;? .

b ‘Z;‘ |

Alsn since vo' = J,

Wz Huws -3 (32)

o | (7

s0 thet

15" e~ : )
J 2zl ~(wwS/=aw=+ W),
6 o G ! a

2 o . 1321 i o
How using ! w‘ 3_1_3\“ (- W -+ "U;"\ . {33)
6 & 0 !
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In the second cese, since the displacements are in gereral a function of
', the longitudinal angle, then they must bte zero at thne crown or the

displacement at the crown would Le different for each value of ¢. Hence

~

ulo): v(0) = w0 =0, (3

so that eqs. (2} and (3) become

i N
Do =)
and (35)

ODD:_}_T_O& (— aqb-‘f-%o\) .

The boundary conditions at the lower edge, 5} depend on the type of
support. In the case of the clamped-edge dome studied by McDonald [6 ],
the 3 displacement components and the derivative of the radial displace~

ment must vanish, i.e.

L (B): v (B)= w(8):0,

and —\\ (:)




Using the seme order of errors as in the crown boundary condition,

the tackward finite difference expressions are

By = By 1 )

(37)
"] =2 ( - -+ Y.
Ob/v q %N ODN—\ %N-a
Eence
W‘(B)ELO&((A -Hu )) \
4 N=-23, N-|
Ug“(é)-'al_ma(u_ -3 ))
4 N-2 N-|
. ) (38)
V(8L (v -gv )
= N- 5 Nej !
VBt N -z - ). }
N-a. N-|
Also
W Bzl oley wr =+ w Y= 0O ,
-1 N-&
so that
W' (®)=] o0 “r .
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One possible boundary condition for our problem is that of a radial
guided boundary with the pinned condition{there might be some torsional
spring like effect but for now it is neglected). This arises from the
physical fact that two of the srhericel ceps are placed back-to-back so

that it is assumred that motion in one is the same as motion in the other.

The B. C. is shown more clearly in Figure 7 which denotes & cross-section.
Thus from the physical prcblem, the case of rotational symmetry is the only

one of interest, hence it is assumed that m = 0. In this case the boundary

conditions on the lower edge are

moment at (B=- .é\ = me =D) (Lo)

and
displacement in z-direction = D . (L1)
8= 9
There is no boundery condition on v because v(8, ¢) = 0.
The B. C. given by (L0, will be discussed later on; when ex-
pressions for moments are written; however, the B. C. given by (41) can be

considered here.

With respect to Figure 8

displacement in z-direction | = W~ COQ P-w on B

and

displacement parallel to Xy plane = w an B+ . Co g.




ki

Figure 7

Cross-section view of guided-pinned boundary condition

Figure 8

Displacemerts at guided-pinned edge
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Using (41) with (42) results in one mathematical boundary condition,

WA U zjﬁ/ft 65

N N (Lk)

or

Another possible boundary condition is that of the radislly guided

clamped end. This condition requires that
displacement in z-direction - (> )

and

52 WS =0 .

90 lp.5

The first condition agein gives rise to either (LL4) or (L5). The second
condition by use of (37) gives

W o= AW - '
NN T s ()

Physically, the boundary condition is somewhere between the clamped
and pinned cases of the guided ends; however, how much between is unknown
since the exact effects of the epoxy in terms of an equivalent torsional

spring effect is unknown.
27
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STRESS RESULTANTS

The stress resultants and hence the stresses in the shell can be
determined from the displacements. This is done by the fact that dis-
placements in the shell are known and have been shown to Le linear in 2.
From displacements one can determine strains, and then by use of Hook's
law for an isotropic media, one can determine strosses as a function of
displacenent. The stress resultants are then found by integrating the
stresses across the thickness. McDonald [ 6], who references Vlasov [8 ],

gives the following egs. for the stress resultants:
- R
N\a- D [mrae+0(w&ac.;c, 9-[-14@(,@7(.9)],
= ¢ B+w .ok B
N, DE'OW&@"-LwQ@“’QC W )_],

N o = Y\[u..e-‘l-if-f\)(u.la&ﬂ"?f&me‘\’wj)
N o K [_o(u_e+w3+(u.c,e‘t9+ 1f&ce¢9+wﬂ,

(48)

vhere M9=moment rer unit length acting in the plane of a latitude, i.e,
in the direction ¢~direction,
M®=moment per unit length acting in ¢-direction,
Ke=mid-plane force per unit length acting in @-direction,

N®=mid-plane force per unit length acting in ¢-direction,

3
D=—=e | and ke —2Ro
12(1-v") a{l-v}

“he positive direction of the siress resultants is shown in Fig. 9.
liow substitirion of displacements in their assumed series form,

eqs. (17) inte {(u8), gives




Figure 9

Sign convention of stress resultants
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N DS D (E) S, (B)ese?B
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e G,
Nk 2 T (B g e, (8) ok
v mz0

+m v (8 cae(B)+w (B))]cwm&

Ng=K % J[Plu, B mé@))*(u; ML

+ M '!.)"m(.E)u,c_ e+ Wm\(.a)) 80 "’L& .

“or a spherical cap experiencing symmetry deformation, one considers on

the m=C term so that from (49)
M g O (8)r v w'le) et ], )
M 2O pur (84 w'(®)est ©] (50)

N e:.hY_u.'(ehwte)*ﬁ(w(93be’ce+”(97).]4

wiN g =& [Sl(e)M1s(8)s wis) st wrls)]

where >
D= -En " K =
- IAL"‘ 8 '.\V"-) o
ihe stress resultunt of tne dume point can be written from («8)while
roting egs. .7, the lcundary conditiins at the dcme. "o that
- "
'V\e - D " ( 9) J 3
©=0
M =DV w"(e)
Xle:=0 /




N ou O=\S Y.ud Le)+L\+’U)w-(9)],

©
(52)
w N =K [0 LeWlro)u(6)).
] ©=0
Using the finite differences apprcximutions and boundary conditions,
eqs. (51) and (52) tecome
(N \ —K K_‘—'(uu. w 3+L1+U)w-]
53)
(N = —1}:‘(&, ~uw W LY w'_]
2y )
LMQ&%O = "i
Dt);ia (54)

and (MQ d’ D ‘1 (Wo\ aw"f ‘Ufa) Pl

For an interior pcint, the stress resultants on the kth segment are

given by (48)ind 10 te

(N\)., =2 [... W, 'aoiawﬁt& )‘l«fk

Od's
+,\(Q+30¢.A.é.k.\ K+| )

{cc)

---EZ. ! - o Jod __E.
(N\O)J:.k. m [)-\ Wy (et st = )‘uf

(Dt 2S5 ) wr, ]
waj{




e

o
(N 33*—_72-[00@-0—: - =) w g,
‘*’(.' i‘i)) 14)')‘:] ) (56)

and (N ;-K a[(aﬂw}‘ 1)“\)%];*1)0&0.*
+ U+ w ]

Iiow tor the Lower edge tcunaary corditicn the fclloving finite

difference appreximatiuns are utlijzed,

ON Qb'V-\ /

(4
(cbf\l-o-l ) O\QDN J"ob'\l-l ) -

) >
%N ==
(57)

—-7'

and C%)‘* -

This procedure yields final.y “he IClicowing set oI equations:

N\ z 2 .3&(53\“ ¥ Lisl. E}) .\
( &)6 -q—‘_ ’ wN-I
-aafa s&P\‘wN-f-O» %H]
::E;L AT ) w
( N\ = [ (v 2 (X B N- n _
'm(‘}x'\,&é‘)w ‘f\)c" w- 1
N Nel_
" i - (58}
B g | o= DA ‘f enl)(‘ﬁst. Eb
(Ne\.d;h o\[ V\.N."P(O\ )WN \
'1"«»(\ i ?’.}\)1\/’,‘] ) (s9)

2l N-)

~
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DEVELOPMENT OF THE EQUATIONS OF MOTION

Energy Expressions for a General Interior Point

Lagrange's equation may be written as

&+(a'L;- oL=0
o S oy oy

where L = T = V is the Lagrangian equal to the difference tetween the

(60)

kinite and potential energy and qjdenotes one of the generalized co-
ordinates Qys Qpseveves ENE Hence for a stutionary syetem, 1=0 and V=V

(ql,...,qn,x,y,z) so that ({)) reduces to

Oy =0 (61)
~ p)
C Qj
where ay denotes q,, ql,..‘.’,qN or (N+1) quantities and q is the general
displacement denoting u,v and wor 3(N+¢1l) iisplacements in general. The

potential energy denoted in ((l)1s the total potential energy, and thus

is the sum of the potential energy of each segment of the dome. Thus,
‘V = E%E \Q \ ]
" 62
dr:C) g (62)
Noting the types of segments formed in Figure 3 one can write () as
N
V= = GO I &7 S0 U IR ¢7Y
| a\a.
dﬁb g J
The potential ~nergy in each segment is formed by integrating egs.(20),
(2¢i), and (c3) for the interval of each segment and using the appropriate
difference approximations for the derivatives as outlined.
Since we are interested in rotational symmetry only, then one can

simplify the above equations. Hence considering only m=0 and ¥=0, then

\ 7 C{
aahe®”
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-arling with the durme polrnt and werking tovard the second boundary,

the Tirward and central difference spproximations of O(h) wi I be utilized,
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In (€8)there are three types of integrals., They are defined as the following:

Ezéﬁ-i’
I|= \ AV PN 8/&9 )
/e
+
Y
90’——'/c>k

I ) (\oé""l/& ; ' )e&&
b, - Yeq

ard ¢

Evaluating the integrals of (69) yields
T = A DA AN EBZ}JAVn }é( )

d‘ Vot
and 1 "QMBG-M‘/CJ\“}‘ Q/y\_,'tm g%i__
-t —K;JL-—

Using (70) .n connection with (68),sne can thus obtain the membrane

(70)

energy in the Jjth segment to ve

- Nonw, W
(‘Lf‘\)é@%l{a[% (w. Lt 29k g

- Sl W ‘I'&W&)]A:\/y\, B. Aun ‘b&a{a()ﬂ))u,.»w.
g & J g

o g

+ D == LA2¥+!|A_2{‘1) S Lkz;ﬁ]C15¥0 EZé ,Dkzvx_|/4*~ﬁ-1*—}%&Gl/Qi/“€25f°l/Nj<;L

(71)

&l 5.~
* Tt 8 o 26

.~

In a similar manner the bending energy for the jth segment was determined

and is as follows:
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H 1AJZj’LAJ:9__"+'1AJZj_’ :]d/}k4~“\— Fbé} Z;A/w../4=k4-‘if;€§E; [E?f-'f|

_ _ U N
2 —L%Hw&ﬁt wa+la!}_ A ugv)(}_ﬂoeo %M ) /o
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+M‘Q%_&ﬁ{;-_|_é - oo 2¥—> -
(12)

Otserve that the membrane and bending energy expressions give
the stiffress matrix coefficients while the external load energy gives
the mass matrix by use of D'Alembert's principle. - Hence one can now obtain
the stiffness matrix coefficients of all peints, except the § edge points
and those next to them, by use of egs. (71), and (72).

Now apply D'Alembert's principle to obtain the equations of motion.

Since by D'Alembtert's principle .

o J )
4= -ph1r
]

é (13)
= -9 k_w)
and assuming steady state conditions,
gives - ' “)i;
X = oh w3 e ,
= b=\ ywt
Ly:)okur el ) (1)
J

Substitution of (74) into (15) gives for rotationally symmetrical vibrations,

Mz %&w[g:w»f 1) s £.8]0 9
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Now substitution of u=uejwt, etc. into the membrane and bending energies

drops the 3" from all expressions. Hence (75) can be written now for

the jth segment as

UU&-.- moh o w? \._wfafwcr‘]madw‘/a«. (76
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Energy Expressions for the Dome Point

One can observe that the two equations of motion for the dome point

%Y_=O (77)
“‘o

d
= @‘/ - D * (78)

WD
First, one considers eq. (78) where the only energies containing u

can be found by evaluating

0

are (V&) + (2) so that
J=0 J=0

V( LA_()-‘-(‘U‘ .\ Cagp + ( J?\L )5': o) {19

e

In equation (78) observe that

V(w)=(U Dyeo (_'U';Dd__o+ (A\éa o+U’L;Dé= )

Therefore substitution of (81) into (78) yields the remaining eqs. of

(81)

motion for the dome point given by

_%:;J: 'U'._\) =0 +L}d._0+ %L_W_&){.S:D (82)
+ B .p

The boundary conditions to be utilized at the dome point are as follows:

ulo)=1(p)=0
and (83)

9 AT n)
= -

ce Ip.p madl (03-0 .

McDonald [ ¢] adds to this set the following boundary condition,

Do
-
- ni (84)
De? lp.0=w (D)= D

This is adopted in order to obtain a finite solution at the pole.
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Now rewrite the membrane energy of the dome point segment for the in-

terval 0<8<l/a so that L/
: a 2
= ‘ = - e .
(U Dé’-o- hr-&'b T ) OIE E_(u.' M..o)+‘W;] + o [L«,o(e
+ WUMBJQ“' Q\.,\( Vel B’[% (.U\_l— tAO)‘f%—J‘[\AOWJB

*’1)f}3‘£Lk/V\€ﬂ-} e D Ao R (85)
Using the boundary condition for rotationally symmetric vibratiors, i.e.

uO=O, one obtains the membrane energy for the dome segment in this problem

to be

(_‘u'l): = hpemed w *+ a4 O)ﬂf
o=vY 1=

+ (14 O)ﬂfaw,)} |- can :/O\g . 188

Likewise for the bending energy,

v .). =/kd Lc" (w2 -L/'u.r.w,+;2mw_‘+qw“
» o0 D)o

Y W Wt Wy )]["W //Q:) (67)

In & similar manner the inertial energy for the dome point results to

s Tped B[ )

(88)
Equation of Motion for the Dome Point
To find the eqs. of motion of the dome point w.r.t. wo, one uses
82), i i U i in (U
(62). To do this the expression for d)J=l is needed. To obtain (U 3)J=l’

it is now possible to make use of the general energy expressions for a Jth
segment and specialize it for the J=1 point. Before doing this, it seems
best to note now that a meridian line is one starting

at the dome point and with increasing 6 arrives at 3, while a longitude is

for constant 6 and varying ¢. In Fig. (10) one notes that
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Cross-section view showing segment divisions and their nodes




Og= apht (89)

Thus using 91-2/0., one obtains

(VD). = prhd | AT awrB-dy wiatll w tYw

. ; e a
-H w‘ w, t W’f],mm, /o Ao [+ T X [-“"'3

A

CRYS S WU b QW e W W o A N | St
& ) o O / | o

q; -~
+_‘-7 L’Uf;\a - ‘1}./;-1,\,/-' -+ W"*:] E'QA.VY\- ;/OK M //é‘

*Q/V\.'thw\- V2= - Lnitan \/-QOQ)S v

(90)

Hence vy the eq.of motion of the dome point is as follows:

i_&_l‘_« (m))] [I-Ceél/aL]} eyt { > 20 V15) (RESSYN
+'§[I'ﬂ¢?~[—n— Ali=cos AR A L 2 At )/a]}

+%%7za[%—(-q)(/- oo W)+ ) %
- %3 DR R Sm e \/.gj}‘w‘,

+—{ =) a.-‘[ﬁ- (- con T (@) s K Aondfn
+ ..'J.iﬁ?. Loy é RV %‘J}

- )ryh *au)a("‘-'&"/"‘)zwo‘ D. (91)

The final stiffness cverficients are defined similar to McConald's (9]

i.e., Su vhere t refer tc the displacement component by vhich the coefficient

i) J

is multiplied and k designates the particular eqs. from which the coefficient

i

comes. Hence (9. ) can be written as

bl




(Y )+ (5% s (5% 37) 2w,

+(Sff)w -(m 5 )%-0

J

were e Rl l‘_o«(w-ﬁ)] {_"Cm ’/d‘] )

<o Aﬁ—h»zﬁb sty BTy [# (<eold)

+3— /‘M.. .,&‘ A
4 % Wj ’ (92)
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% I 27200 )02 [%(I—Cmbé()f% M%M%&
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= cor 2 o i/cx] >
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Equation of Motion for J}=l Point

The eqs. of motion for the point next to the dome point vwill nov be
obtained since the eqs. v.r.t. the oY and Vi displscements cannot be
obtained from a general expressed. This is due to the fact that the
energy expressions for j=C contain v, and v,

The eqs. v.r.t. u, will be considered 1irst. Iue suergy vhich is a

1
function of v, is

V(u.,\: (wr D&:D"‘Ufb&su + (J\)(},, ) (93)

L2

|



so that the eqs. of motion is given by

ATTRY U.) .- I\ ya)
:Qi_._-_\JAW}g.a&_,_rDU’L')V" 4.31—"15 =0,
Ow, Ou, &w, wo

Substitution of U

(94)

12051 and QJ=1 into equation (94 ) and evaluating

the partial derivatives yields,
(S‘f’%) u i+ (5%2'>u.d_+ﬁ%‘,"' :’) 2,
*<5TI u/;-(m‘?‘r’) A~y =0 )

where

S T [F (- e SV +oPdin. 3 dim Ui
—HDX o AR A Vo= b S S I
+aLne o 33 =- 3 Q/«\Tm)(“:])

ST 3 - P [- <Pt Sknin it 20 002t 1o,
ST = T = U= cmeds) ]
STV 2 T acli+ ) aon 3on

+4(1+ ) can I /Mya«j y

(95)

and Vo U a ‘ R
-, = é?]” ?»\_Ck- aAJ;; YL, Damne ot o

Equation { * ) is the u, eq . of motion of the point j=1.
To obtain the 2nd eq. of motion for the point J=l1, one obtains the

energy expressions which are functions of vy Hence

V(w,).-.(lf ’)é= l-r-OJ' Qa',_o-rLU 333.,1-(11' A\)d';a'r( -LB&”

(96)
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80 that

2y = QU= +_Eﬂ!azdm+mc'\)=u— -3
e ‘1&)-'

Cwy oo Qs D, sy
t QLQ-)-'@" = . (97)
dw,

In a similar manner the equation of motion of the j=1 point with respect

to v, wes determined to be,

(o “‘)u 1-(5*7-::)&--1-( )‘W'-'-(DI ! )7»"

W'w>_w r(u: ‘Lu,,"(_‘"\n W)""};=0)
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Equations of Motion fcr j=2 Point

N-w to obtain the Y, €qe of motion, one forms the energies containing

the factor v2. Therefore,

v(wQ:LU\\é_ +U D5 U D5+ U Q) y=a

+ v a)d- =3*—(.ﬁ.>a=.3\ o (99)

Thus the w_ eas. <f moticn is given by

g(ll.)c- A+ gig_’ﬂd-o + B(llﬁa-wma-a«-gﬂad;sfgf)(‘razﬂ

Again substituting for the urious energy expressions yiela the 2 (100)

folliowing ¥, eqe of moticn for the )s2 point.

(55 Zu, + (SF D) wyt (87 5 ) (S V) v,
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It shcuil te noted that tne dy equation of roticn can te cbtained from

the general intericr egua.ices sincs -+t is not afrfected by the tcundary point.

Fouaticns of !otion for the Geners! =Kk Intericr °rints

Now the egs. of motion for a general intericr poiut are needed. These will

be obtained by considering the partial derivatives

"O (1c2)

,g)_v_ O (133)

For (102" the energies ccr *alrlrg the factor u, are the only ones of interest;

and

hence,
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Thus, substituting | 10Gw. TC iz, yrie.iz,
Q_L_g el T m{]!ﬂd-iﬂﬁ- ClANi=k =0
UW ‘-)UL

A <

“hLe energies ccontaining the factior W, are &s follows:
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sl . (166)
O(U’_) K+ U a) kit ,QQUAC}-K *&_Uald Rl
BWK MJ& ‘s (107)

-+ '—QLJ\ '-K:. D.
D g Wi
< 2 LI the gernersl eguatlons " mction for the j=k peint,

Tre varicus snergles defineld in ecuaticrn (106 are sutstituted into egaution

.o wislls tre U osguation of noticn for the ;=K peint as fcilows:
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Energy Expression for the Lower Edge Half-Segment

The energy expressions for the j=N half-segment are

oA T = '
(U").zS:N:T{%IS.D {LU\_'N* wN)amMQB(LLNng) (110)

W, bimB)a-r aVc e B Lu—‘u*' 7""NXU‘N 0B+ wy MQ)]M &LQ’

3
N\d N ,aT.r 3<e [(w—" + cal e(w' Mec)e’s8>
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+220% cae B(w")(w e BCM@)] MNB&B
- - > '
(J\..\-azN-— aTT(o\r\ C -/ L&iﬂ-wN]W:E)&ﬁ.

For the lower edge,the finite difference approximations to be used are
) ?_‘_( 3
ODN-‘Q DN D=1
2
A
I (
- \ -a _" \ [
DN A D 2DV B

Substituting the finite difference approximations and evaluating yields,

B
W), hpm ( &[t; CLL - AW Wy, F

and (112)
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(114)
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bas./i.3jarnd/ll8 are the energies cf the lower edge half-segment before
“ie tcundery conditions are applied. The integrals ir(113)and (11k)can be
evaluatel as was dcre previously. Evaluating the integrals yields the following

ernergy expressions:
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Up to this poin*%, all work on the (j=N) lower edge half-segment has
been general and can be used for any edge condition. In order to obtain the
egs. of motion for a particular b. ¢., one must, now specialize (115) and
(11¢)by use of the appropriate boundary condition.
The inertial energy term for the j=N point is now
(jL‘)éﬁN‘- ﬁyha. wQY_LL +wN][(l-osoyak\ca>5+M9 A:)

(117)
Eguation of Moticn for the Jj=N Point

The b. ¢. for the guided-pinned case are given by (LO) and (1i6) will

bte used 1n eqs. (l15)and (1i6)while (L0) will be saved, Fgs. (11%) is
=N = | -
wr = E;:(j:*‘z)CJﬁal E;)'b~n“"/4>< LC’*"311)C1§*1 E§)'Z&5V_l 0

N |
(118)

Therefore, the btending energy for the pinred boundary edge half-segment

is given by equation (116) i.e.
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Now noting eq. Lo to be
+ -
Wy U. 9) (120)

and substituting into the energy expressions tc obtain the energy of the lowver

edge half-segment with a guided-pinned boundary, the memcrane energy tecouzes
h 27,8 a R

w'\éw - “,f:)—'m{ [ﬁ (U.N -l u"“*bLN-l )+otb+7)¥U.N
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Using () in (117)&ives | A 3
(.ﬂ)&_ N Tohod W rest® é)[/im@.&.m\/a«—(l- wa\/as\cmé)llwo
i - A (122)

To obtain the single eq. of motion for the lower edge node, one

considers conly

gl =0 (123)

There is only cne eq. of :rot.:.on tor the N-node since VON + vy are not in-
dependernt as shown ty ( “C/. Thus, one finds

(Mw\"w\)}y:ml +LV;73= N *Uu‘a:'“ ' LU‘\& =N-|

¥ QI;)&,N_\ (124)

Thus using (12k) in (123, the eq. of motion for the lower edge node is

given by

).
Do D T“
Cupy O“‘N
+ z(ﬁ') "2\ <0 ) (125)

Yy

Sutstitution of *he varicus energies intc (l1,)yields the equaticn cf
roticr for the lcwver edge node of a guided-pinned tourndary as follows:
" e \ ( ) (
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Equations of Motion for the Jj=N-1 Point

The eqs. of motion for the j=N-1 segment can be found from
Su
N-\

Q Y =0 . (128)
oW,

(127)
)

and

For (127) one notes that

V(U\,N_‘) =LUD - + Ufa \\8 SN_"\-'CU'- ‘X&,N+(ﬂ\)-N—I

=N~

and for (128, §= (129)

NEENAN R TR U TSRS INE AL B
(130)

Thus using (127) and (130) in {128)and(127) respectively,the eqs. of

motion become

DLV.\ 'l 3(\“ N o U\-\ MNop
&A.N_‘ V*-N
and (131;
DAL Nl o DCU'A BCV.\\ el (Va) @) N .
wn. N I
(132)
Substitution of the various energies yields the Uyel equation of motion
as follows:
(SN | N a + LSN_\ ')U-N-| ""' LS N=! WS U—N
+ (S N-\ N-‘A\ WN-at+ (Sn-\ N—\)WN-: 'Lmut;ﬂ n:l) et D,
(133)
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The Vo1 equation of motion is determined in a similar manner end is

given by equation (134)
o I\

(SW - ) e '+LS NI N)M-N + (SN N3/ Wiy

(134)
W s

+(-5N| N~ )W/v-a‘*‘ (S N-'>w'~ -l (’“N-lN* =0,
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Equations of Motion for the j=N-2 Point

At first, it appears that the 2nd point off the boundary of the shell
would be a general point. However, as in the case of the dome point, this
is not true of the J=N-2 node. The egs. of motion of the lower edge node
except for the coefficient S; ;_2, since all coefficients except this one
check out as symmetric, are given by the general egs. of motion, i.e. ey..

(108). Thus the only eq. to be formulated in this section is

gv =0 (135)
Wi-2
For (135) one can note that
. w
Nwr = QJ}.)b A- a+(Uaaé \ ,;-LU;Z N-ah 3\
+HO, (136)
Thus using (136)in (137)gives the equation of motion as
V), OWa). AW a), OtV) o) _p
2 X ) + =N é—ﬂ-] ‘N
-a‘—d-w TN S Py A B "3 N
wN'a\ N S N-a N" wN_a (137)
Evaluation of the various coefficients defined yields,

A W
(SN a N-af W a“"LSN a N- h“"N \*(SN aN) +(S’NANH)

X Wiyt (5’&’-} N—3) Wy 3'*(3/\4 > N- ﬂw',v st (5 N-3 N-| )WN-

CMN QN\\\wN a D (138)
where
w N-a (
S‘Kﬁw-; 1=V [_a\ex(m))j_x.ma‘"&_ oeA)é(w(m))ceoa‘M
Jow e -
%.‘N-aN-: ='7‘::3'[_;>.o«(l+1)5,&,~ Qg?a) (e \/.4:)
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PROBLEM FORMULATION

Summary of Equations of Motion

L e s i

[ il

Since all the required equations of motion have now been derived it is
possible to gather all the eqs. of motion for the guided-pinned spherical

cap for easier reference. They are as follows:

: 0: eq of motion w.r.t. w_ (dome point):

&) e 1S “7) W+ o )w, 1-(542’?)«@-(%;’)%-.0,

(139)
J=1: eq. of motion w.r.t. u

(544) W,JS )u.3+ (S“’“')W%CW**’\)MJM“T‘T)/A =0

(1k0)
eqs of motion w.r.t. vy
ANS " AN A pp
N e W g DI S ey DR Cyat- B2
*57":“)«’3‘““”’“?’) =0, (1k1)

J=2: eq. of motion w.r.t. u,(with k=2):

S5 ) w, FOOE S (S8 ) wat (SE Y)W (855 ),

-LM?“{)W;:O ) (142)
egs. of motion w.r.t. w,:

(S5 5 Doy (65 Dt (8% & )wt( S5 4w 1e3)

+(_Sg-g-)"w._,‘+ L":‘Sf-e )we'f’(._s A M~ )M,'ng;\r 2=/))

3=k: (k = 3,4,...,N=bs, N=3):

eqs of motion w.r.t.
Sy, T wp + (% W) upr Ok k) wp +(SK k-,\wnﬂ
+L5kw3“fk‘(mkt)‘“k‘o) (1kk)
eqs. of motion w.r.t. Ve

(S &) M@(S“ﬁ' kdug -\-(Sk )‘*’k ;\-1-(%9. Sk-)‘*’k |

+-(S,R = W) wi +(SK Kﬁ)urkﬂﬁ-ﬁﬁ_m\ Woalw ni o:)w- =0,
J=N-2: (1ks)

eqs. of motion w.r.t. Yoo with k=N-2:
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A W wr
+(-'ND\N’ \uN **(SNQ\N i l&.N ‘1' N-3 )K

dupnazC ) e

. u\" \'A

N-3
W -
WN-'S" (SN > N- a)w (mN‘ﬂ N = o

eqs. of motion w.r.t. w

). aN’)“N ,,\+(5N-= N- l\“'N \"'CSN ~a N\“‘ "'(SN aN 2 NY

{=N- 1 (147)
egs. of moticn w.r.t. u
U g
,’ ( N- 1 N-a LA N~ A+(SN-\ N- I) LA'N'+(5N < N )lA-N *'(SN I N~ wﬂ-
| S0 v Tnei T M=) vene = O, (148)

eqgs. of mction w.r.t. w”

(SN-1 W \MAN~I+(SN VW HS R N-‘-*)WN 1 SK 'V'a)wN -3

(S0 W~ My Wiy =0 (149)

J=ll (lower edge tcundary node):

Yo

egs. of moticr w.r.t. Uy "
AL

(Sy no ey + (SN N\V\ +(5N \e a)WN-?\
+($ N th-p(mN }\'})WN’-'- O * {150)

Matrix Representation

It 1s evident that most of ..e¢ _*:%f.e.3 coefficients have a symmetric
property. Hence the eqs. of motior can te arranged in such an order that they
will have a symmetric stitfness matrix. From McDonald's paper (Y] one
observes that there appears to be two methods of arrangement for the dis-

placement vectcr. hey are for cur case

al b
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i et
N e
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The first type looks the most promising since to obtain the second type
vector)one would have to put the 3 eqs. of J-0 and )=l in some symmetrical
form and this seems to be impossible. Therefore, consider all the u eqs.

and then all the w equations. Hence, one ob*ains the followirg stiffness

matrix:
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The resulting mass matrix is a digonal matrix so that the notation

can be shortened as follows: m? ;= m;, m; ;= mg, etc. The matrix can

be written as
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Therefore, the system of 2(N+1)-2 eqs. of motion can be written as
{[S] - [mj} [%] = O . (151)

licw, cne can group into dimensionless quantities and rearrange terms

in egs. (181l bty multiplying them by

(1-2J)
KT

so that the group coefficients of the energy expressiocn are as follows:

U"%ﬁljg{ f ) (152)
T R ESTC S s R

Eence egs. (1, cax be written as

[T 1- ]} [10 5 o

where [z is now the stiffness matrix,
A 1
and lz = (ID.?: )Ub -2( \*D)(I—D‘)J (15k)
=

where

/LA' > lﬁ/ﬁi ( l?’i>) °

Therefore the rew mass matrix is of the form:
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o |

Sin ?'/o( Sin '/«
2sin Y sin A O
ZSIV\Z::SH\ ‘/0(
26n 2(%'_')5.,\‘4
(‘* D’”Ié)ﬁ S“’\éSH‘ Z(‘("(‘os '/.(,."05é_]
("'(’Ob l/“/)
QSM"/o( sin
O °
25 L s Y
2 szl%‘z) Sin Uy
ANy
< st Kgmé

Ti
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Now define

2L1-9°)

a E .
L) = Coer [ £ ] (156)
po>

Now the stiffness coefficients of the stiffness matrix from the egs. of

Then

motion will be redefined to coincide with egs. (153) Thus the coefficients

are listed as follows:

(157)

Cur ul\. = 3~ l[- -M* D AJ\MZ\]—LINDCQAAAA#\Z\
-\-SZEB\AMA. % M\/o(‘]‘gjf\m%-fld\m\/aos])

A AL 2. » . '
Cla == ain %K A Yo R P on Mt ase)
(l wws

|0 o< (1+0) b—myo(\j (159)

o ] .
CU: )] = = 29<(.)+ z)> A;'A,m’l/ok N y“'\"“(“Q%MZM‘\é"
(160)

The coefficients of the u egs. are given by the general expressions for k=2,3...,

N-3, N-2, so that

C.jf P o4 YM "k-!- M;%Eiﬂ]_/l:\m.\/ok

“HxDemBE Lo Mt a\[-amaé o Yot Uit 28
= Lt o ?,\k:_'.'] ) (162)

- . .kk

Qg‘g\ﬂ-_-'\ Noarre = M/A*Ad?)cbdakm)/ok ) (162)

C‘k g.\_': QAQHQ)M%}') Alx\}/ag) (153)
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Lo T TR T T S N S e ey . T

CRR 2 2l laln TE aln Jat sl Dhes2Eulnl)

(164)
and for N-l and N

Q_Nu.l Nu\'_. 1[‘}*&2‘&_\_&“_&&&}%)/%
5 %M B A S =(I- ce»s)é(\zmm}%vwﬂ—l "

+ A -QM%—)M%H-L\W?;—E‘;L LICTM\A

(165)

w w . (A=) 2@_)
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+E"§ + OL(H-?)) lan %][(I-Q%éboeﬁa— ME’ L /O‘J

-aﬂ[oea@»;m Yokt (U=con ‘A«)Mé]  (466)
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C::' 7\:’- = -QO<(l+ﬂ\MQL—NJ)MA+LI([+ﬁ)@A@wMA

(168)

C_:' ;\T - of/;m_ — AL«\,//+[5 +3014+2 ) otra G D) Zam D] (169)
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C‘_";Jj . ala(nz))mma"‘gr"/um ,é&ha(a-> { f-/a&:n é[(“
— Vet B )= =2 st 57—-&(.710\-373cé9ve>+ ofjgl (171)
- Oec,&)om YUY PV m‘éﬂ-n)?xa//. oaa)kféeaé.aiﬂ\/a*
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20 2
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+Q~\,M%EJL- Tone cS'lotji )

and the coefficients of the w eqs. are

-‘I(m)\(n oefs/)ha( ) { [(l- Y ) are)
"“QM Y 7NN /a«j}
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Y <75 (2) 5“ [ U eoo o)t Asen Zn Va]
+"’; D one o ot Y ) (173)
e 3{2" [(; COUp ) DB T ‘/a]
+ %\"E oo T A \/akz ) (174)
Th

ta




C_.M,rw- R0+ D) ahme %4 A \/akﬁ-f;(%.)a[%j A(-cen V)
+(‘M.W2/,< + A~ /A)/.um-/ok]-i-;??) oo 2 oin Ya (179)
+2 ) [_ B A Vo Moo VA + Ontom o M‘Twm\/g;;,;)

s a2 { [_(/-oeay«%« 3 sem it 2 ) i ]
FET3 on %+ con e ol Yor #2 Firaln Tasinli
+Q/h-ta/{\ Yam-Dataa- \/.;ux]; (176)

a4z /3\( 31 {‘I e % M\/owigrm i /fx}
C": 2 20D) aln /\;,N)é«ha(cp) {‘s’_z‘[(:-cm/,a) -

+Q(A‘«Am.aé* + 4 /.waq/aﬂ M@/A)M %ﬂ]

+ 2 0(3[(‘% +9\ceaq/o<]/mw)é< (178)
4-2[9(.-4&/‘(\. A 'P/A.uvx.‘z()umydf Mh%q
= lnllam, )ﬁc“] l

S AC g IS VRS RV 2 PP A
YL o % + oo ”/{]mm%al}a&m‘%»‘/d
-&ﬂmm%q—ﬁ,mm%a]; , 19)

C,ww = o,)a[#;'/;,m%ﬂé“%om %«]M /d)

(180)

and from general expressions where k=3, L,.., N-th -3
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k lava (183)
and for N-2 and N-1,
Q(N—DQ

‘1“/3(0&{ [g',m;Ns.'.q ' Q-Lyxi?

R 3 .}LN-B)
a2 L Ty = |® e a

+aamg‘§2:fméx+a [a( 2(N 2
MM““‘“)M Yt i tan R umag;j}

Q‘N-QN . 7 (&) [L[M';m&"* ML_]AM\V
+’>—f<- E w&%—m o) L

+:;.Ea' L V*T'Q//\Bmg—}
- ntoon aa]l

16

J (185)

e s g - et G TN, g IR o S e T A ———— g O




W‘W

N=| Nai

- A«W\_ BAAN\.L'T-QN\D/V\% - iﬂmac;

D) PSOE—-a i WA

-2) \ N
1’%85{.%—5 { [A—W\Q(N ¥ “/M.a-i(—‘l A«vx J/x

7 [<-adc B - acx(a-20 £ B[ B
(1~ con Vo Yo %} 7)243[094 H2) -:—Qm;‘%‘»&%
-7)3‘—.«&(»*,5&4@/; B 2t Yot (remnlk) A (E)J

+°f:a[-a,gm_ D) i S+ o A O, LS

0 000)\'-.;M AND i Y UnTom B

a
- Inton 23 Jﬁ-;fpm “)ess B

(186)




5)

FEFERENCES

Brighem, J. and L. Koyster, Present Status in the Design of Flex-
tensional lUnderwater Acoustic Transducers. Paper presented at the
TTth Meeting of the Acoustical Society of America, Philadelphisa,
Pennsylvania, April 19€9.

Foyster, L. H. and H. E. Lahike. Shallow Shell Transducer (Semsitivity).
Unputlisked notes.

Nelson, k. A., Jr., and L. l. Foyster. Cn the Vibration of & Thin Fiezo-
electric Lisk with an Artitrary Impedence cn the Boundary. Accepted

ror putlicanion Ino the O, Atcun. Cool Ao
liess, J. L. Calculation of Accustic Fields About Arbitrary Three-
Cimensicnal Bodues by a Methcd ¢f Surface lZcurce Distribut.ons Bused
vn Certain Wave !umter Expansicns. Pepcrt No. DAC €€9€1, McDonnel
Louglas, March !9€8,

Langhaar , K. L. A Strzin Energy Expression for Thin Elastic Shells.
Transactions o1 the american Scclety of Mechanical Engineers. Vo..
1€, No. 2, 1649, pp. 183-189.

McDonald, Denald. A liurerical Analysis ¢! the Dynamic Response of Thin
Clastic Spherical Shells. Ph.D. Thesis University of Illinecis, 1%59.

Widder, D, V. Advanced Calculus. Prentice~Hall, Inc.. Engiewood Cliffs,
N. J., 19€1.

Vlascv, V. 5. PBasic Lifferential Equations in General Theory of Eiastic
Shells. N. A. C. A. Technical Merorandum 124, Fetruary 1931.

McDonald, Donaid. Vitration Characteristics of Thin Shells of Re-
volution. Technica. Memcrandum TV Su/C20-14, LMSC/EEEC AT1CTES.




Unclassified
" Security Classification
DOCUMENT CONTROL DATA - RAD
* (Security classilication of title, body of abstract and indexing annctetion must be entered when the overall report ia claeailted)
1. ORIGINATING ACTIVITY (Corporate suthor) 26 REPOMT SECURITY C LASSIFICATION
Center for Acoustical Studies Unclassified
Department of Mechanical & Aerospace Engineering 2t cmoup

LN, C, State University, Raleigh, N, C. 27607

3. REPORT TITLE
Development of a Mathematical Model for the Class V Flextensional Underwater
Acoustic Transducer

4 DESCRIPTIVE NOTES (Type of report and inclusive dates)

Technical Report, 1968-1969

. AUTKOR(S) (Laeot name. tirst name, initial)
§ Nelson, Ralph A., Jr. ard loyster, Larry H.

6 REPORT DATE 70 TOTAL NO. OF PAGES 76 NO OF REFY
June 1969 78 9
Bo. CONTRACT OR GRANT NO 9o ONIGINATOR'S AEPOAT NUMBENS)
Nonr 486(11) Technical Report No, 8
& PROJECTY NO.
«. NR 185‘551 90 OTHER :JDOIY NO(S) (Any othes numbers hat may be sssigned
#(e repo
< CAS=-45

10. AVAILABILITY/LIMITATION NOTICES
Distribution of this document is unlimited.

11. SUPPL EMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY
Office of Naval Research, Acoustic
Programs and the Naval Underwater
Sound Laboratory

13 ABSTRACT
A Mathematical Model is Developed for the Class V Flextensional
Underwater Acoustic Transducer Shell

D ? A+ 14r73 Unclassified

Security Classification

S " AR - e M . AT N T N S o s L - - -

. am s




Unclassified
. curity Classification
e

14
KEY WORDS

LINK A LINK 8 LiNK C

moLEK roLE ROLE |, WwT

Flextensional Transducer Class V

Shallow Guided Spherical Shell Eigenr-

values and Eigenvectors

INSTRUCTIONS

1. ORIGINATING ACTIVITY: Enter the name and address
of the contractor, subcontractor, grantee, Department of De-
fense activity or other organization (corporate author) issuing
the report.

2s. REPORT SECURITY CLASSIFICATION: Enter the over
all security clsssilication of the report. Indicate whether
‘‘Restricted Dats’’ is included Marking is to be in sccord
ance with appropriste security regulations.

2b. GROUP: Automatic downgrading is specified in DoD Di-
rective $200. 10 and Armed Forces Industrisl Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used f{or Group 3 and Group 4 as author-
ized.

3. REPORT TITLE: Enter the complete repont title in ell
capital letters. Titles in sll canes should be unclassified.
i & meeningful title cannot be selected without classifice-
tion, show tile classification in all capitals in parenthesis
immediately following the utle,

4. DESCRIPTIVE NOTES: If appropriste, enter the type of
report, ¢.g., interim, progress, summary, annual, or {inal.
Give the inclusive dates when s specific reporting period is
covered,

S. AUTHOR(Sx Enter the name(s) of suthor(s) as shown on
or in the report. Emer 1ast name, [irst name, middle initial.
If xalitary, show rank »nd branch of seevice. The name of
the principsl o thor ix an edsolute minimum requirement.

6. REPORT DATZI Enter the date of the report as day,
month, yesr. or month, year [f more than one daic appears
on the report, use date of puhlication

7s. TOTAL NUMBER OF PAGES: The iotal page count
shou.d foliow normel pagination procedwes, i.e., enter the
aumber of pages conlauning inflormstion

7. NUMBER OF REFERENCES Enter the total number of
references Citei wn the report.

8o CONTRACT OR GRANT NUMBER: If sppropriste, enter
the spplicedle mumber of the rontract - gront under which
the report was wiitten

8, &, A 84. PROJECT NUMBER: [Fanter the spproptiste
militery department identificstion, such ss project number,
subproject number, aystem bers, tesk number, elc.

9s. ORIGINATOR': REPORT NUMBER(S): Emer the offi-
clal report pumber by which the docume * will be idemified
snd controllied by the onginstang sctivit,. This number must
be unique to this report.

96. OTHER REPORT RUMBER(S): Il the report nes been
sssigned any other report numbers (erther by the orfginstor

or by the aponscr), also enter this number(s).

10. AVAILABILITY/LIMITATION NOTICES Eater say lim
nations on (wiher drsseminstion of the repcrt, othe: then those

imposed by security classification, using stendard statements
euch as:

() *Qualified requesters may obtain copies of this

report from DDC."’
““Foreign announcement and disssmination of this
report by DDC is not authorized.’’

“U. 8. Government sgencies may obtain copies of
this report directly from DDC. Other qualified DDC
users shall request through

)

(©)

*‘U. S. military sgencies nay ottain copies of this
report directly from DDC. Other qualified users
shall request through

(0]

Al distribution of this report is controlled Qual-
ified DDC uncrs shall requext through

(5)

If the repost has been furnished tc the Office of Techmical
Services, Department of Commerce, for sale to the public, indi-
cate this fect snd enter the price, il known

1L SUPPLEMENTARY NOTES: Usae for additioaal explens-
tory notes.

12 SPONSORIKG MILITARY ACTIVITY: Emer the name of
the departmental project office or Lehorstory sponsoring (pey
ing for) the ressesch and development. Include sddress

1. ABSTRACT: Enter an abstrect giving ¢ briel snd (actual
summary of the document indicative of the report, even though

i7 ~ay also appear elscewhere in the body of the techaics) re-
port. If additionsl spece & requited, a continuation sheet shall’
Se stteched.

Tt is highly desirable that the sbatrect of classified reponts
be unclessified. Each peregraph of the abstract shall end with
on indication of the military security clessilicetion of the ia-
(ormation in the peregraph, rcpresented as (T3). (5). (C). er (V).

There is no himitetion cna the leagth of the abatrect. How-
ever, the suggrsted length is (rom 150 t2 72§ wonds.

14. KEY WORDS: Kcy words ere technicelly mesningiol terme
of short phreses thet cheracterize o report snd may be veed a8
inder entnen for cotaloging the report. Key words must be
selected 50 hat no accunty clerificetion 13 required. ldeati-
fiers, swch a3 equipment mode! derignstion, trede neme, militery
project code name. geoyrephic locotion, mey be used as key
words but will be followed by an indicetion of techaicsl com-
text. The sesignment of hinks. rules. snd weights is eptionsl.

@O 286- 81

Unclassified

Securtity Classificetion




