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ABSTRACT

A theoretical study of metal-semiconductor (N-type)
rectifying contacts is developed. This study begins by
Ffirst analyzing prev:Lous models for this type of junction.
Partlcu]ar attentiion is given to the Schottky model and
to the appmx:matlons it contains.~ This model is then
Jmprovea upon by taking into account nonuniform Jmplmlty
ionjzation and the free electron conceritration in the
de.p;etlon region. Using this more exact model a
theoretical expression for the differential junction
capacitance 1s calculated. The results indicate that
the junction capacitance as a function of reverse bias
can .be used to accurately predict the doping concentra-
tion in the semiconductor material, but does not yield
a correct measurément of the equlllbmmn diffusion
potential or barrier height.

The current voltage characteristic for ‘ch:.s type

-of contact is also discussed. An exp“essmn for the

I-V characteristic of this junction is derived based
upon a diffusion model: This expression is then
improved upon by accounting for tunneling and quantum-
mechanical reflection of carviers at the junction.
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CHAPTER I

INTRODUCTION

1.1 Outline of this Study.

The purpcse of this study is to examine the Schottky
model for a metal-{N-T,pe)-semiconductor contact, paying
particular attention to the approximations made which limit
its accuracy. The assumptions made which 1limit accuracy are

removed and a more exact model proposed, slthough with great

sacrifice in simplicity. Polsson's equation based on the more

exact expression for space charge becomes nonlinear, but with
the aid of numerical techniques ssciutions are obtained. These
solutions result in more exact expressions for the usual
contact parameters than those predicted by the Schottky

model and comparlisons between the two theories are made,
Finally, the current-voltage relations for the contact are
discussed and an expression derived for the I-V characteristic

of the junctlion based on a diffusion model.

1.2 Historical Survey,

The earllest systematlic studles deallng with rectifying

systems are generally attributed to Braun.1 Beginning in

1874, Braun used a variety of natural crystals to which he

appiled base electrodes of various forms and a pecint contact,
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He then studied the dependence of the total resistance of
the device cn the polarity of the applied voltage and on the
detailed surface condltions in the region of the point con=-
tacte It was also Braun who flrst noted that the rectifica=-
tion process was located at the contact itselif, but he was
unable to offer a general theory which could predict his
findingse.

Possibly the first studies deaiing with the current-
voltage character of rectifying systems were done by Pierce2
in 1910. He too used natural crystals and studled the nature
of the rectification process by an osclllographic technique.
However, he was also unable to offer a general explanation
for what he had observed.

Point contact rectifiers similar to those studied by
3raun and Pierce found wide application in the early days
of radlo telegraphy as detectors, but were not generally
understood and satisfactory devices could not be consistently
produced, Although a wide varlety of rectifying systems
were known and the general nroperties of each categorized,
thelr application always necessitated an ad justment of the
point contact ("whisker" as it was popularly known) to find
a sensitive spot and frequent read justment in order to
maintain useful rectification.

The development of a successful theory for rectifying
systems was the natural result of Hilson's3 interpretation

of semiconduction based on the band theory cf solids, which
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was first presented in 1231. As a first attempt at a general
explanation for rectificaticn, it was believed that tunnel-
ing was responsible for the principal character. wilsonu
was the first to offer a quantitative expression for the
current-voltaze relation at the contact based on tunnel
theory. His results produced reasonable numerl:al agree-
ment with rectifilcation ratlos observed on cuprous oxide
rectifiers; however, it was later pointed out by Davydav5
that tunnel theories predict 2 peclarity of rectification
which 1s opposite to the direction actually observed, This
alone was sufficlent cause to atandon the tunnel effect as
an explanation for rectification, althouzgh other discreren-
cies also becape apparent.

In 1932, Waibel and Schottky6 suggested that 2 blocking
layer of nearly stoichiometric composition at the rectifying
contact on a cuprous oxide rectifier was responsible for the
rectifying character. In 1938, rott’ incorporated a form of
blocking layer along with the effects of electronic diffusion
and an eisctric fiesld to develop a theoreticel model which
could explain rectiflication. The Fott barrier (See Appendix
A), as 1t became known, extended throughout the semi-
conducting crystal and was to be a special case of a more
general theory developed by Schottky. In 1939, Schottky8
sugzested that the barrier assoclilated with the rectificatlion
phenomena could arise from stavle space charges in the semi-

ccnductor and the presence of a chemically distinct layer
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was not necessary to explain its existence. Furthermore,
these charges arose from the presence of the metal. Con-
slstent with the concept of stable space charges, Schottky
devised a medel which could predict a voltage dependent
rectifier capacitance and barrier thlckmess and could give
reasonable agreement with experimental results. In 1942,

Schottky9

presented a final quantitative versicn of his
theory and also assessed some of 1ts apparent limitations.
To date, the Schottky model 1is generally accepted as the
approximate model for rectifying contacts. Also in 1942, a

10 hich was sipilar to the

model was presented by Bethe,
Schotthky version, but differed in that it incorporated a
thin interfaclal layer of insulating material and a slightly
different mechanism for charge transport. (See Apperdix B
for a comrlete analysis of the Bethe model.)

The cormon characteristic of all —cfels developed thus
far was the strong édependence on the difference of the
thermionic work function of the metal and semiconductor,
dowever, experiments conducted on rectifyling systems of
silicon and germanium had falled to show this dependence,
The apparent inconsistency was not explained until 1547,

1 proposed a different mechanism of barrier

when Eardeen;
forrpation, which was dependent on an electrical double layer
at the free-surface of the semiconductor. Bardeen'!s theory
was able to show that the presence of such a layer tends

to make the properties of the contact independent of the work
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functions of the two materials. However, Bardeen's theory
does not appreciably alter the propertlies of the Schottky
mocdel and the exact effects of Bardeents theory will be

deferr=sd to a later sectione.
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CHAPTER II

THEORY RELATING TO
METAL-SEMICONDUCTOR SYSTENS

2.1 Energy Band Diagram of a N-Type Semiconductor.

In order to establish a common framework in which a
discussion of the Schottky mndel wlil be meaningfuli, this
chapter will deal with the more gerieral theory relating to
metal=-semiconductor systems. Also, it 1is of importance to
note that in this chapter, as well as those which follow,
all discussions will be limited to metal~(N=Type)-
seniconductor systems and any reference to 'semiconductor
is meant to imply N«Type unless specifically stated otherwise.

First, consider the energy band dlagram of an infinitely
long semiconductor as shown in Fig. 2.1. This dlagram shows
the relative positions of energy levels which will be of
interest in future dliscussions. Here ds represents the
energy required to transfer an electron at the Fermli level
of the semiconductor (EfS) Into free space., The quantity
ds is generally referred to as the theruionic work function
and will be a function of the position of the Fermi level,
Since Efs 1s a function of other properties of the semi-
conductor and will, in general, not remein a constant,

another energy will be defined to represent the energy
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FIGURE 2.1: Energy Diagram of an Inflinitely Long

N-Type Semiconductor.
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regnized To transfer smn el=circn Ifros the botbonm cf tre

conducticn band {Ec) o free spece. This grantity is

R A L
[rIu— l

calisd the electren affinity ard %111 be dencied by ..

Noxt, cansicer the modificaticn irposed on the Dend
structare daz To an abrupt terxinecticn of the senmicexdrcior
crystai. Fizurz 2,2 shous ke tan siructure of = fres
se=iconductor swriace. The distorticn noted, cor tand berd-

nz, is dus To the prezenmce of sirfsce states ox =iigwad
lev=ls of occupancy ¥alch extend into the exerzy zap (ES);
the leyels being lccallized at ithe surface. 3incs the cemi-
conductor is N-Type, the distortion in temd structe at
the surfacz has created an effective F-Type 1leyer, i.e.,
the same effcsct could have brsen produced if eccepicor
impurities had been indiffused fronm the free suxface. Thus,
a2 P-3 jucction kas been formed, ard due to the polaxriiy of
ths surface potentiai (V) the conduction band hes somehex
bezen deplieted of electroms.

What causes the surface potential? If oxe examines the
physical sitwvation at an atruptly terminated crystal surfacs
the explanation bscorces apparani,. Here the valence structuse
of the crystal is disturbed since the norzal tording pattern
can no ionger be ==intained and ®dangiirzz bonds® or unmused
valences are present at the surface. Schockleylz has rpie
a detailed study of how these surfzce states arise froz
atopic levels and under what conditions they zay be expsctied

to appzar, Tis generzl conclusion is that ore discrete
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Surfzce States Denoted by 3.S.
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surfecz stats, or wxuscd vrlercse, can e expecisd for each
sasTece aton if k= istiice spacing of the original crystsd
siroePore Ais sufficieniliy smaii, These siztes formw a guegi-
coanltinusn over enn ensTxy renzme Wilkin The bondges znd sce
Eajf F£333eR when the sm=face is ckargoes reuiTas,

Tharz are efditicral feetors wkich can contrituis to
Gistorticn inm th2 Tands at {(he free so=face, (== cox34
imazire {hat sgme of the mrfsce alons conld indeed be those
of domor Ampurliiies snid could thus Jdomete eiecirgns to emcty
sarface states. Stiil srothes contzitution couif ke Juwe &o
any lattice distuctence at ithe frez smxfzcs, and possibly
the rresence of Tacarcles or othsr izitice imperfections.

The izporismt point to bz pade with rezexd to surfece
states is thet they parmit aiditicrmsd levsls of occupency
within the bendssp and give Tiset to 2 potenti=d barrier 2t
the free surlfoce. Under equilibriun confiticns sozme of the
electrcns of the sexiconducior will occupy the empty suxface
states at the free surface, resniting In 2 loc=iized rnegative
charze., Since scne electrons ure nox missing Trom the
cenduction bangd in the viclnity of the free surfece, thes
szmicornductor must assune 2 net positive gharze and because
of the dimensions imvolved, this cherge zay be ccmsidered
as locaiized and continuous within the region O0<axdd. The
rezlion 0<x<¥ rTepresents an inversien layer erd is usu=2ily
referred to as & deplietion reglon since the eleciron con-

centration in this rezion is 2ssentisliy depleted. In

[P

i

o

Xhiaced,




a88diticn, the positive chargs sssgeliated with this region
cz2usas the band structme o becexe distorted as shouxn in
Fiz, 2:2. The potential dercied by Ty is commonly refexred
to es the diffasicn rotentlald or egniiibriun tasrier Leighi
ard £3(x) %131 be oe=d to rerresent the nazative potentiasl
of an clectrcn &% any point within the depileticn regicn
reiptive %o the iV sexiconducior.

lext, consider the scuxrces of the positive crarze
assoclet=zd €Atz the depieticom rezien:

{i) Tre donor emergy levels, dencted by Za, withim the
depieticn rexicn e 2bove the Fermli lavel axnd are elither
ccarletely icnlzed or at least more igmized than those
located im the budk semicomduclic. Within the depletion
regieon there wil2 22 a nmet pesitive charge contribtutzsd by
esch wmconpznsated, lonized snd immoblie® dovor site.

{2) 3Sirce the electron demsity iz the conduction
bexd decays rapldly with increasing enerzy, there will be

a denixiching munber of free elecirons es x decreases.

i[,

urtkeroore, i eva>>£T then the regicn O<x<y %1311 be almopst

g

niforoily depleted of electrons, excapt in the vicinity of

1

o Thus, one must conclude tket near x=0 {({ree surface)

*impurities are decidedly irr-oblle in semiconductor
crystals below a temperature of 200-300 40;13 thus ionized
@onor sites can be rezarded as immcbile below these temper-

atures.
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The positive spece cherze is essentially eN; “hile near

x=i the avallabiiity cf corduction electrons would offer a

|

>, X .
compensating sffect, FPor x=N the 2t sosltive charge rust

of course b= zerpo, since in the Lulk semicorductor no net

v

cherge is obssarved.

{3) 2 finel contritution of prositive space charge can

P Y AL o St

N

-~ 2 agtirituited o the fact that in the region near the free

hilas b N

surface thers can 2= an additionel ccncentration of wkinerity

carTiers, since ths velence band edge is reigtivaly near the

b {1 e Bty

Fernt l=vel, Zoxever, Af one considers e relatlively wide
texndgap semiconductor and/or sufficient doping levels, then

-

Eh>>£T gnd this edditicnel contribution of positive charge

[ 2

by mimority cerrisrs zan be neglected,
The ebove considerations are sumcarized in Fiz. Z.3.

Tne distrivutions shown are only epproxizate relationships

&

szd on the 2teve discussion, but the concepts Involved
wiil o2 very uvs=ful In developing a rore exact ratherstical
zodel wnich wilil be undertaken in a later chapter.

In Fig, 2,3c end Flz, 2,34 the depletlon region has
teen divided into two approxicate reglions to emphasize the
nature of charze distribution in these areas. Region 2 :
includes the area near the surface and in this region the
jonized donor atoms are the primary contributor to space ;
charze, 2Region 4 1s an ares in which the lonized donor
atons are partlally compensated by electrons of the conduction

band. 1In this region the net charge density is a function y

- e wTe . L
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FIGURE 2.3: Summary of Depletion Region Conditions for a

Barrier Formed at the Free Surface of a N-Type

Semiconductor,
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of the distance x. Furthermore, the barrier potential will
influence this distribufion since Region B may disappear
entirely unless the barrier is sufficlientliy high. By
sufficiently high it is meant that the barrier must be high
enough to act effectively as a harrier to conduction

electrons, l.e., V3>>KT/e.

2.2 Formation of a Potential Barrier at an Idealized
letal«~Semiconductor Contact.

When a metal is brought into intimate contact with a
semiconductor, a simple rectifyling contact may be formed.
The condition necessary for rectifying character 1s that the
work function of the metal (dﬁ), defined in the same manner
as for a semiconductor, exceeds that of the semiconductor
(ds). This situation insures the existence of a potential
barrier to electrons which in turn is responsible for the
rectifying nature of the contact. Also, the contact formed
may be considered 1dealized, since the unnecessary complica-
tions introduced because of nonuniform contact, surface
defects and the presence of surface contaminants will be
neglected. Furthermore, for the present, the effects of
surface states will also be neglected.

The formation of such a simplified, rectifying contact
1s shown in Fig, 2.4, In Fig, 2,4a the energy band dliagrams
of the two materials are shown as they would exist if both

materials were freshly cut and the distance of separation (4)
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Formation »f a Simple, Rectifying Metal-

Semiconductor Contact.
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is large erough so that any interaction between the rcetal and
semiconductor is inhibited. In Pig, 2,8b the netal apnd semi-
conductor are allowed to establish therzal eguilibrium with
a third medium which 1s not shown, but would te located
between the Tv#o surfaces. Cnce & continuun is forzed and
theresal equiliorivo is established, the fact that no net
currant can flow requires that the probability of occupency
at eny given e2nergy level must be the saze throughout the
continuuz; thus, the Ferml levels of the tuo paterials nust
align.* PFurtherecore, if the Ferml 1=vel of the semi-
conductor is assucmed to remain constant (an arbitrary
reference pgint), then the Ferml level of the metal must
rise relative to that of the semiconductoer by an arount
equal to the difference of the two work functions, i.e.,
PR

In Pig, 2,4c the surfaces are brought closer together.
As d is decreased there will be an increasing negetive
cnarze bullt up or the surface of the metal, This buildup

of 2lectrons is the result of the conduction band of the

*From the thermodynamic point of view, the Ferml level
represents the chemical potential of an electron in the solid,
Thus, when a continruum is formed, the chemical potential of
the mobile electrons, and hence the Ferml level of the

materials involved, must be the same.
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seniconductcr bteing at a higher energy level than the Fermi
level of the metal, causing soxe electrens of the semi-
conductOr to diffuse into the metal, Furthermore, the
electrons which leave the semiconductor will be forced to
reside on the surface of the metal since the metal is
already saturated with free electrons and is an equi~
potential medium. Thus, the electron supply of the con-
duction band 1s depleted near the semiconductor surface,
wnich in turn produces uncompensated donor sites and a net
positive space charge to form. Also, as the difference in
charge between the two materials is formed an electric field
is produced which opposes further electron transfer to the
metal.

As d is diminished further, Fig, 2,l4c, the depletion
region widens (W increases) and the potential barrier is
increased., Cne should note that E, will remain small as
long as 4 is fairly large, since most of the potential
drop is across the gap between the two materiais, Finally,
as d approaches zero and intimate contact is made, Fig. 2.4d,
an equilibrium state will be reached as soon as the electric
field at the contact prevents any further electron diffusion
from the semiconductor.

Cnce equilibrium is established, a limiting value of
the barrier potential (Vy), diffuslon potential (Vy), and
depletion region width (W) will be reached; clearly, the
limiting value of the barrler potential will be
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Vb=(6ﬁ'xe)/e (2.241)
and for the diffusion potential,
Va=(dy=b5) /e (2.2.2)

Thus, in the absence of surface states, the equilibrium
value of the pctentlal barrier for electrons in the metzl
willl be the differemnce of the metal work function and the
electron affinity of the semiconductor, whereas the height
of the potential barrier to electrons in the semiconductor
will be the difference of the two work functions. The
quantity dm-ds 1s sometimes called the contact potential

difference,

2,3 Effect of Charged Surface States on the Contact

Barrier,

The equilibrium model for a metal-semiconductor contact
discussed in the previous section has neglected the presence
of surface states at the free surface of the semiconductor.
Clearly, 1f these surface states are present in sufficient
quantity and charged to a substantlal degree, one must expect
some alteration in the nature of the contact, at least to
the extent of altering the equilibrium barrier height at

the contact,
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#hen the barrier is fcrmed in the same manner as dis-
cussed earlier (Flg, 2:;4) an electric fleld will exist at
the junction of the two surfaces., The establishment of this
electric field requires electric chargs in the two materisals,
whkich must increase as the distance of separation dscreases,
However, in the presence of surface states there is an
additional mechanism by which thlis charge may be accomaodated
within the semiconductor. In addition to the positive charge
caused by uncompensated donor sites, there may also be a
charge assoclated with the surface charge induced in surfacs
states present at thz free surface of the semiconductor,

The density of these surface states and the amount of charge
they are able to accommecdate will determine the amount of
space charge due to donor sites and thus influence the
depletion width. In addition, one can no longer expect the
barrier height to be glven by a simple difference of the
work function and electron affinity of the semiconductor;
instead, it may well be iundependent of these quantities

and depend solely on the barrier resulting from charged
surface states,

The influence of charged surface states on the potential
barrier at a metalegemiconductor contact is summarized best
by glving the conclusions of Bardeen11 in a classic paper
presented in 1947, His conclusions will be presented .n the

discussion which follows,

If the density of surface levels with energlies which

e
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rail in the tendgep is sufficlently high {grsater than

Y

1812 /émz, approximateiy), there will te an clectrical

[ “'ﬂ“

doudle layer formed at the free surface of a senicorductor. ;
Thnis double layer is forzed frcm thes nsgative charze associated

B with the charged surface ststes ano the positive space

At 1.

charge asscciatsd wlth the uncompensated doncor sites within

the s2miccnductor. This dcuble laver tends to pake the work

S RTTYIE ] PRSI

Tuneclion of the ssmiconducisr indeperndent of the height of
the Fermi lavel in the bul¥ region, snd thas independent ;
of the lmpurity econceniretion.

The total strangth of the doulle layer at a8 cetel-

- sexiconductor nm.ction will be fixed by the difference in

BAW ARV TS/ S

chenical potentials, and thus éependent on the bulXk prop-

'
4
RS 1 PNV

arties of the metal and seciconductor. ASs & conseguence,
the strenzth of the double layer 1s independent of the wWork 4
functions of the =material surfaces ba2fore contact is rade.

The double layer conslsts of the Tollowing parts:

PPN, PORN I

(1) A double layer of atonic dimensions at the metal

surface.

P &RV VNI SR SN

{2) 4 double layer of atomic dimensions at the semi-

conductor surface,

SR LS e

(3) 24 doudle iayer formed from the surface charges

on the nmetzl) and semiconductor, botn of atemic dimensions.

o Fates Fan TR vas 4% v

{4) A double layer formed from the surface charge cf

RS 20 37 TORRREER

atomic dimensions and a space charge extending to a depth

of 10"6 to 10’4 ca into the semiconductore.
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The strengths of the double iayers may bs estimeted as
folious:

(a) If the density of surface energy levels 1s suf-
ficlently high {greater than 1013 Jen2, anproxicately), the
Gouble layer of {&) above will k2 the sare as that for the
free surface of the semiconductor, The rectifization
oroperties will then be largely independent of the work
function of the rcetal, since the difference In contact
potentlals is comp~nsated by the double layer of {3) above,

(b) 1If the density of surface enerzy levels is szmall
(less than 1013 /bmz, approxizately), then the double layer
of (3) above will be seail, anrd the double layer of (4) above
#1il pe determined by the difference in material work
functions.

(c) iIf the contact between the metal and semiconductor
is very intimate, 1t may not be possible to distingulsh
between the doubls layers of (1), (2), and (3) above. The
metal will then tend to broaden the surface energy levels,
but if this broadening is small compared to the energy geap
of the semiconductor, then conclusisn (a) above will still
be valid.

{a) If the broadening of the surface energy levels by
the metal 1s large, then no conclusions about the space
charge of the semiconductor can be drawn from measurements
of contact potential differences. Furthermore, it is posrible

fer all the conditions of (a), (b), (c¢c), and (d) above to be
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Physically realizable.

Since 2ardeen®s paper, thers has been extensive research
done in the area of surface states, totk from an experizental
and theoretical apprcach, in an effort to be able to predict
thelxr influence on an erbitrary zetal-senmiconductor systene

.1
Meau“u

nas cceplled a great deal of the work done on surface
states and concludesg thet an arbitrary metal-semiccnductor
systen may e classified into &two broad classes: (1) a
surface state contrclled system, and (2) a system in which
the influence of surface states may be neglected. Further-
more, his preliminary conclusions indicate that the nature
of surface state control for an arbitrary metal on an
arbitrary semiconductor may be predicted from the nature

of the bonding mechanism in the semiconductor.

When a metal=semiconductor system 1s surface state
controlled, a reasonable approximaetion for the barrier height
(Ep) would be Egg» where Ess is the highest filled energy
level of the surface states when the free surface of the semi-
conductor is charge neutral. Fcr the Group IV and IIi-V

semiconductors the values of Egg can be shown to agree quite

closely to the relation15
Egs=Be=(2/3)E, (2.3.1)

or the value of the barrier height 1s approximately two-
thirds of the bandgap energy (Eg). (See Fig, 2,2)
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wnen the retal-seniconductor syster behaves as if no
surface states were present then the value of 2y would b2
deternined by the difference of the retal work function ani
the electron affinity of the semiconductor. In th cases
1% has bzen assured that the retei<senironductor contact
represernts sn intizate contact bestween two clean snd uniforz

planar surfaces.

2.8 Influence of an Externally Applied Bias Voltage

on a Contact Zarrier,

The discussion presented thus far has dealt entirely
with equilibrium conditions. I an external voltage is
applied to the device this equllibrium is upset and cne would
expect the potential difference between the two sides of the
Junction to be influenced by the external voltage. Further-
more, one would expect the depletion reglon to comtract if
the potentlal has been decreased and to expand if the
potential difference has been increased., Clearly then, the
equijibrium model is no longer applicable in the presence
of an externally applied voltage and must be modified to
inciude this influence.

When an external voltage 1s applied to the device a
current will flow and the total voltage must be the sum of
the contact potential and the voltages assoclated with the
bulk resistance and ohmic contact of the semiconductor. In

most cases, at least for reverse blas and low values of

R ETIeen

JRS IR

2% N AR 2T

PR TN A PPN

peer® and by Thas sy 7

AR AN

Mede Dol ponansdved e ¥ Tad




T T rmran

24
forward biag, the electric fleld assoclated with the bulk
semiconductor is small and msy be neglected alorig with the
voltage drop associated with the ohmic contact.

The following notation wil: be adopted in discussions
concerning bias and contact voltages:

(1) v, %11l be used to refer to a2 bias voltage of
aroltrary polarity.

(2) Vf will be used for V, when Va corresponds to &
forward blased condition of the device.

(3) -V, will be used for v, when V, corresponds to a
reverse bilased condition of the device,

(&) V::l willl be used to refer to that part of the bias
voltage which appears across the contact barrier, Under
reverse bias conditions ngvr and under forward bias condi-
ticns V3=Vf-(the voltage drops associated with the bulk
resistance and ohmic contact of the sericonductor, when
these are not negligible).

Figure 2,5 shows the influence of V, on the energy
diagram of a metal-semiconductor contact. If the Fermi
level of the metal is taken as a reference and assunmed to
remain constant, then eVa corresponds to the displacement
between the Fermi levels of the respective materials. It
should also be noted that the helight of the barrier, as seen
by conduction electrons of the semiconductor, increases when
V, is positive (relative to the metal) and decreases when

Vg 1s negative. Since opposition to current flow increases
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FIGURE 2.5a: Energy Diagram for a Metal-Semlconductor

Barrier under Forward Bias Conditions;

Image Force Neglected.
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FIGURE 2,5b: Energy Diagram for a Metal-Semiconductor

Barrier under Reverse Bias Conditions;

Image Force Neglected.
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when the barrier increases, & positive Va (with respect to
the metal) will correspornd to a reverse blas and a negative
Vg, to a forward blas. The height of the barrier (E;) as seen
from the metal is assumed to remain constant since the
influence of any image force (discussed in the next section)
has been neglected in the diagram.

The two basic assumptions on which Fig. 2.5 ls based 1is
that the charge within the depletion region is not appreciadly
disturbed by the current flowing and equilibrium conditions
are maintained within the bulk region of the semiconductor
and in the metal, If this last assumption is valid then the
Fermi levels in the bulk =zemiconductor and 1n the metal are
uniquely defined., Within the depletion reglon the Fermil
level cannot be uniquely defined, since when a current is
flowing injection of free carrliers prevents equllibrium
from being established. The Fermi lavel can, however, be
represented in the form of a gvasi-Fermi level which repre-
sents the electrochemical potential for holes and electrons
separately as a function of the distance into the depletion
region, These quasi~Fermi levels can then be used to indicate
a reference foxr holes and electrons within the depletion
region; however, since the quasi-levels are not reguired
for the anslysis herein they wlll be omitted from Fig. 2,5
and no position for the Fermi level 1is indicated within
the depletion region (0<x<W).
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2 &%

2.5 Influence of an Image Force on & Contact Barrier.

A

vy,

In order to demonstrate the influence of an image force,
consider an electron approaching a metal~semiconductor con-
tact and on the semiconductor side of the junction. This
electron will be under the influence of a potential which

exists inslide the depletion region as well as the influence

N TR ATt ATIILY , U TR SN

of a Coulomb attractive force as it approaches the metal
surfaece, This attractive force arises from the presence of
an electren An close proximity to the metal surface, It is
a well known fact that an electron of charge -e at a
distance x from the metal surface will induce an imege
charge of +4e at a dlistance -X, inside the surface16 and
these equal but opposite charges are then responsible for
the attractive force which pulls the electron toward the
netal surface. This force is called, quite appropriately,
an image force and is responsible for lowering the potential
energy of a conduction electron in the vicinity of the metal
surface., This use of the conventional image force is based
on the assumption that the semiconductor is acting as a
polarizable medium without free charge carriers,17 and seems
a valid assumption since the eiectron concentration near the
junction is almost exhausted of electrons for reasons
previously dlscussed.

The reduced potential of an electron in the vicinity
of the potentlial barrler near a metal surface requires an

alteration of the potential barrier near a metal=seml-
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conductor junction. Since the potential energy is effectively
reduced; The band edges must bend down in the vicinity of
the metal surface and eventually the potential of the
electron must remain some finlte and constant value within
the metal surface., It is important to note that this
reduction in barrier height (evd) w1lll be independent of

the way in which the ultimate barrier height (without imsge
effects) was determined, l.e., whether it was determined by
the differencs ¢ -f., by surface states, or a combinetion of
both. Furthermore, the presence of image effects explains
the apparent discontinuity of electron potentlal at the
metal surface, since with the presence of an image force the
electron potentlial is no longer discontinuous but must decay
over scme finite distance near the junction.

The potential due to image effects can be calculated
from the laws of electrostatics, 1f one assumes that the
semiconducteor acts as a polarizable medium free of charge
carriers within close proximity of the metal surface, If
an electron of charge =e is at a distance x from the metal

surface, then by Coulomb's law the force of attraction (F,)

is

2
F = ea = € (20”’.1)
© umel(2x)® 16émelx?
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where 6; denotes the high frequency value of CB.“ The

potential energy [ep*(x)] associated with this force is the
integral of the force from the point X, (the point at which
the particle 1s located) to infinity, so that

o
a3
ee"(xo)il;c(x)dx = —j::——— (2.4.2)
% 1 onss;xc

One immediately notes that Eq. 2.4.2 cannot be walid as
x,=»0, since it predicts an infinite potential when xo=0

(see Figs 2,6) and the potential of an electron at. or inside
the metal surface must have some finite value. This apparent
inconsistency arises from the approximation inherent in
Eg. 244.,1, i.e., that the distance of separation (xo) is
large compared to the atomlc spacing of the metal ilons. For
distances of separation on the order of, or less than a

few atomic dlameters the electron is most strongly influenced
by metal ions closest to it. The total effective induced
image charge 1s still +e; however, the force of attraction

caused by this induced charge is due to many couponents,

each of which 1s derived from the nelghboring metal ions.,

#The high frequency dielectric constant must be used
when dealing with image effects since electrons are moving
so fast in the reglon near the metal surface that dipole and

ionlc polarization of the lattice does not occur,
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FIGURE 2.6: The Potential of an Electron Due to the

Image Force at a Metal~-Semiconductor Junction,

x=0
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Therafore, a more accurate model for the force (Eqe. 2.4,1)
is needed when x becomes small and in order to medel such a
force the lattice structure of the metal must be knowm.

In order to demonstrate model dependence, consider =
simple cubic structures and an electron approaching the four
lons forming one face along & line passing through the mid-
point of the face (see Fig. 2,7). Since the total effective
charge 1s +e, each lonlc charge component will be taken to
be one=fourth of the electron charge. The total force
(Fc) will then be the vector sum of the force of attraction

resulting from each ion, or

o - e’x (2.4.3)
‘ 4n€é(>:"’+ga/2)3/2

where g 1s the interatomic spacing as shown in Fig, 2,7.

The potentlal energy of an electron due to image effects

F is again found by integration, or

! " A

: e {x t=fF (x)dx = - < 1 (2.4.4)
: v e unel(x“.*.ge/z)

- j{o 3 (o]

Cne should note that for xo>>g/2, eg"(xo) will reduce to

fE % ) - ——S— (x >>8/2) (244.5)
bneéxo

which agrees with Eq. 2.!'.2 except for a fastor of 4. This
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factor of % arises from the approximation that orly the four
nzarest-neighbor lons exert an influence on the approaching

electron. Also of importance is the fact that Eq. 2.4.%4 is

finite at x°=o, le€o,

—e®

83"(0) = e———
(2)3/an€ég

(2.4.6)
squation Z2.4.5 states that the cagnitude of the surface
potential should be inversely broportional to the inter-
atoemic spacing in the mpetal. This point is borne cut by
experinental findings for the surface potential at a free
surface of the alkali netals'® (Cs, Rb, X, Na, and Li) ard
would indicate that Zq. 2.4.6 would be the approrriate,
althousgh approxipate, expression for the potential of an
electron very neer (zo<<g/2) a metale-gsemiconductor contact.

Cf pripary interest is the point at which the total
potential of the electron is maxipum ard this maximum will
occur where the image force on the electron exactly baiances
the force on it due tc the electric field which exists in
the depletion region. PFurthermore, this maximum should
occur at a distance wnich is greater than g, since the majoz
decrease in electron potential, as predicted by Eq. 2.b.4,
#3511 cccur within a2 very few interatomic distances of the
p2tal surface. Thus, one can conciude that Eq. 2.4.2 should
be used to approxircate the upper lirit for the correction

actually reqguired for irage effects and the corrected barrier
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potentlal should appear as indiceted in Fig., 2.8. The total
electron potential §(x), as shown in Fig. 2.8 results from
the addition of g'(x) as shown in Fig. 2.3 and g"(x) as
predicted by Eq. 2.4.2 for xgxm, or by Eq. 2.4.4 as x-pg,

The quantity Eé 1s used to denote the approximate correction

needed for image effects and X 1s used to denote the point
at which the maximvm value of B(x) occurs. Appropriate
expressions for these parameters will be deferred to a later

sectlion untlli an expression for B!'{x) hes been calculated,

2.6 Inflvence of Tunneling and Quentum-k.echanical

Reflection on a Contact Barrier.

T2 "tunnel effect® arlises fromn a quantum-mechanical
analysis of the situsticn in which a particle is incident
upon an erergy barrier whose helght exceeds the Kinetic
energy of %the particle. Classically, the particle would be
reflected; however, quantva-mechanically the particle has
2 finite probability of passing through the barrier,
Quantum~mechanical reflection (QER) arises f'rom a similar
analysis of the situation in which a particle 1is incident
upon an energy barrier whose height 1s less than the kinetic
energy of the particle. Classicalily, the parcicle would
pass over the barrier; howsver, quantum~mechanical analysis
predicts that there is a finite probability that the particle
#1111l be reflected.

Both of these quantum~-mecranical effects rcust be
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FIGURZ 2.8: Lowering of the Potential Barrier Due to the

Presence of an Image Force.
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considered in the analysis of the carrier transport properties
of a metal-semiconductor contact. The conditions which
govern the behavior of an incident electron on the potentisl
barrier assoclated with the contact can be determined from
the =solutions of Schroedinger!s wave equation. These
solutions would be functions exhlblting wave character and
would depend on the electric potential in which the electrons
are moving. The amplitudes of the transmitted and reflected
waves cculd be inferred from the continuous nature of the
wave function and its instantanecus spatial derivative and
a comparison of these amplitudes would in turn rrovide a
nmeans of measuring tunneling ané QIR.

The usual procedure when considering the influence of
quantum-mechanical effects on an energy barrier is to
introduce the concept of a quantum-mechanicalil transmlssion
coefficient (QrTC), The QMIC for &# potential berrier is
defined as the ratio of the number of electrons crossing a
unit area per w..t time in the incident and transmitted
waves., Similarly, one could define a quantum-mechanical

reflection coefficient (QFRC) such that

QI'ERC = 1"' QI’:’IC (2.6.1)

and would thus represent the ratlo between the number of

electrons in the incident and reflected waves on a per unit

basis.
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Kemble19 has outlined a method for approximating the

QHTC of a parabolic potential barrier in terns of the
momentum of a particle incident from the side corresponding
to the bulk semiconductor. The assumed form of the barrier
(parabolic) could be used to account for the presence of
electron image effects and would make this methcd directly
applicable to estimating the QNIC of a metalesemiconductor
contact. The results c¢f KXemble's approximation technigue
are given in Appendix C.

Crowell and Sze20 have conslidered the probiem of
calculating the QTC of the potential barrier at a metal-

semiconductor contact directly by using numerical technijues

to solve 3chroedingert!s wave equation. The QMIC is calculated

as g function of the carrier energy and effective mass, the
high frequency dielectric constant of the semiconductor and
the shape of the potential barrier in the vicinity of the
point wiiere the conduction band edge in the semicornductor
nerges into the conduction band edge in the wetal, The
mathemetical treatment involves numerically soiving the

one-dimensional, time independent wave equatlon of the form

%;g + .?:Eé [Ee(x)'eﬁ(x)]% 0 (2.6,2)

where Ee(x) is the electron kinetic energy, mg is the
effective mass and ep(x) Ls the potential energy perturba-

tion introduced by the barrier. 1In addition to assuming that
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the electrons are incldent normal to the barrier (one-
dimensional form of Eq. 2.6.2) it 1s assumed that m: can
be approximated as an average effective mass with different
isotropic effective masses in the metal and semiconductor.
Furthermore, the image potential (g") is assumed to have
the form as given by Eq. 2.4.2 so that the potential tarrier

can be approximated by

B({x)=p"(x)+8"(x) (2.6.3)

for sufficliently largs x.

A typical result using the method of Crowell and Sze
is shown in [ig, 2,9. Thelr general conclusion is that a
QﬁTCzO.S can be erxpected for an electron incident on the
barrier with energy greater than 0,05 ev with respect to the
barrier maximum,* Furthermore, the QNTIC increasses slowly
#with lncreasing energy and is a rather strong functicn of
the electric fleld at the metalesemiconductor Iinterface,
Figure 2,9 also shows that tunneling for this particular
barrier can be appreciable for electric flelds exceeding

10%

v/cm.
Tunneling and QMR will be considered again ir Chapter VI
when carrier transport across the barrier is discussed in

greater detail.

*Kemble's method19 predicts a QMIC of approximately 0.5

for electrong with the same energy as the top of the barrier,
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FIGURE 2.9:

// é .02 .0l .06 .08 .10
Electron Kinetic Energy in Excess of
the Barrier Maximum (ev)
Quantum-Mechanical Transmission Coefficient for
a Au-GaAs (N-Type) Contact as a Function of Electron
Kinetic Energy Relative to the Barrier Height for

Selected Eliectric Field Strengths at the Contact.20
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CHAPTER 1III

THE SCHOTTKY MNODEL FOR A METAL~(N-TYFE)-
SEMICONDUCTOR RECTIFYING CONTACT

Thls chapter willl deal primarily with a mathematical
treatment of the Schottky model9 for a metal-semiconductor
contact., Basically, the mcdel consists of assuming a
constant charge density in the depletion region of the
semiconductor and by using Poissont!s rquation an estimate of
the electric fleld and potential can be obtained, The
assumptions on whlch the model 1s based will receive
particular attention as & prelimlinary step to the develop-
ment of a more exact model which will follow in the next
chapter. In addition, image effects will be introduced and
an expression derived for the junction capacitance predicted
by the Schottky modcl,

The energy band diagram for a metal=-semiconductor
contact 1s shown in Fig. 3.12. It 1s baslically the same as
Fig, 2,5b and is repeated here for convenience, It should
be noted that the influence of an image force has been
neglected and also that the Junction should be considered
an ldealized contact since the effects of lattice imperfec-
tions, nonuniform contact and the presence of surface

contaminants will be neglected.
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FIGURE 3.1a: Energy Diagram for a Metal-Semiconductor
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FIGURE 3.1b: Energy Diagram for a Metal-Semiconductor

Contact under Reverse Bias with Image Force.
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4ith reference to Fig, 3.1a, the following six state-
ments describe the Schottky model for an ldealilzed contact:
(1) The equilibrium diffusion potential (V4) is large
compared with KT/e, i.e.,

v d>>K‘1‘/e (3e1)

This conditlon essentially Insures that sn effective barrier
exists to conduction electrons of the semiconductor. If the
energy barrler (eVd) is on the order of , or less than the
thermal energy of an electron (KT), then the barrier is
easily surmounted by conduction electrons and it does not
act as an "effective” barrier. Here "effectiveness" 1is
meant to imply a measure of the barrier?s ability to prevent
electrons of the conduction band from crossing the junctlon,
The calculations which follow will be based on the condition
that an effectlve barrier 1is present, which necessarily
limits application of the model to cases of small forward
bias, moderate reverse bias, and the equilibrium condition
stated in Eqe. 3.1,

(2) The width of the barrier (W} is large compared to
the wavelength of a conduction electron. Thls condition
insures an effective varrier against tunneling, although
it does not completely ellminate tunneling from taking place,
Tunneling must always be considered as a contributing

factor to electron transfer at a metal-semiconductor contact,
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since by the very shape of the barrier its effective width
becomes greatly reduced nzar the top.

However, if discusslion is limited to barriers whose
wldth exceeds several thousand angstroms, then tunneling
may be neglected as a major contributor to electron transfer.
(3) The electron concentration on the semiconductor
side of the barrier is so large compared to the hole con=

centration that it may be considered a constant, i.z.,
n(W)= N§ (3.2)

This allows Efs to be uniquely specified and remain constant
for the region xiw.
(4) The concentration of uncompensated, ionized, and
immoblile donor sites within the semiconductor is given by
N, for O«x<W

N3 (x)=( @ (3.3)
0 for W<x<L

and NZ(W):no, where ng is the equilibriuvm concentration of

electrons in the semiconductor.

(5) The hole concentration at the metal-semiconductor
junction [p(O)] 1oes not exceed N;, le.es,

p(0)S03 (3.4)

(6) The space charge asscclated with the depletion
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Folsson’s eguatien for a planer contact hes The form

a*v{z) _ -pl{z} {3.5)
&= T el

in ¥hich ¥(x) is the voltage drop associated with the contact

and 2(x) is the space charge density assoclated with the
depletion region. It is conventent to transform Eae. 3.6 f
into an expression involving the negative potential cf an

electron by the relation which follows:

V(z) = -g*(x) (3.7)
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were g¥(x) Tercesents tke regeilve potential of en electrom
in itxe depletion reziox withont fmaze effects. (See Fiz. 3,is)
Since pl{x) reccesents trz specs cherge dencilty, it msy

e writisn in gerxe=gl as

piz} = =¥ (xd-n(x)+elx)] (3.9}

Eowever, for the Schottky model (statement £3) the slecizen
and kols densities are meslected wiinim the depletion rezion,

so tnatl Polsson®s eguztion becoxss

= (o=x=w) (3.10)

The approrriate poundary conrditions zay be easily seen fronm

Fiz. 3>12. Thase are

o o )
(1) éiéﬁii =0 au x=W (3.11)
(2) B'(x) =0 at x=¥ (3.12)

Integration o' Eq., 3.10 once with respect to x yields

e et T T B 5 T T

¥4
RIS T

]
;
§
E

Nty

BAT 68

BT L ST TR SN

P IR

P DT NN

Y]

e

tald Slars 2 AR S A L ALt DR Y
o — .,
4

m&_‘g o e one san €



s

LR B TAEX .o Py v Ut Lo g iy

PihinALEE L
g PR TIRZE

o] sy g

M

R i

5 =
éerix) _ T, e,
Gx s

3n which C, mmy b2 evainated by appiying the first beumdery

o 3tign: thaus

2%

4 -
dﬁ (I) = dq'_z'w]

ax €
s

The szcond Integzraticn with respect to x yields
en
gt {x) = +§ie x*/2-4x] + C,
s

Using the sescond boundsry condition

el W
Q

C2=

288
so that the final expression for g?*(x) is

el
d(y_y)2

g1{x) =
2€_

&8

{3,13)

(5.16)

(3.17)

(3.18)

Egquation 3.18 can be used to obtain an expression for

W in terms of the barrier height. Since
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S0y =V, # ¥ (3.29)

J—=_4 = (3.26)
S

Yext, the eleciric field [B{x)] ic determined in the

Sepleticn regicn ty nmoting that

s {x) _
== = -2(x)

o
(YY)
»
1

-

Tnus, 2(x) is given by Ege 3.15, or

en
2(x) = 2HH9-x) (055%) (3.22)

Al=o -of intersst is the electric field at the contact Eo

and fron Eg. 3,22

EO = 3 (3023)

l However, W can also be expressed in terms of the barrier

height (Eq. 3.20) so that

el

S

J v %
2eN (7.+V
E, =[e d‘(, a 1‘)] (3.24)
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The resnits of the abovze caiculations are surmarized in
Piz, 32.

Xext, cnz c2xn detlesrnmine the charge peT 5T sres
contained in thz depletion regicn by Inlegrating ths smace

charze densitiy over the depleticn width &8s follows:

4
Q, = fp(:)&z = eN ¥ (3.25)
(1]

ernd substitution of ¥ Y¥rom Eg. F.29 yieids
3, =|2e0,E (VY] (3.26)

The deplaticn reglon evidently acts as a parallel plate
carecitor since for a somll voltage Increase additional
charze will oe added near the boundary at x=4. Fhus, @&

Junctior cepacitance (CJ) per tnit area can be defined as

(]
.‘4
i
2 | mm

{3.27)

Using =g. 3.20, or Eqe. 3.26, CJ may be expressed as

follous:*

*For forward biased conditions (V&+Vr) becomes

(Vd'vj) and as vj-¢>va the junction capacitance appears te
increase indefinitely. This 1is
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FIGUZS 3.2b: Electric Field for the Schotiky Model of a

Mztal-Semiconductor Contact.
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FIGURE 3.2c: Electron Potential for the Schottky Model of

a Metal-Semiconductor Contact; Image Force

Neglected,
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e [ EsTa ] (3.28)
3 2{7 v )

{n Cpapter II the effect of an imege force was introduced
and the electron potential 2ue to the imsge effect calculate2a,
Fizure 3.1b shows this infiuence and the &rue zlectron
potential within the depletion fegién. Using 2g.'s 2.4.2
and 3.18 the total electror potentlal, including imsge

effzcts, =ay be expressed ac

exd e
g{x) = 5z~(=-¥)°2 -~ (x>0} {3.29)
“~s 16elx
s
Also, Eé {as shown in Piz, 3,ib) may be calculated since
= . 2+ - .0‘
2! = e[V -8(x )] (3.30j

where B(zﬁ) 1s the maximum value of the electron potential
Wwlthin tThe depletion region when image effects are included.
An expression for x; can be found from the fact that B(xm)

will occur at the point where the image force on the electron

prevented by the fact that for a small forward bias suf-
ficlent current flows to prevent VJ from becoming comparable

with Vd due to the voltage drop associated with the bulk

semiconductor.
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talances the force on it dus to the electric field, or by
us’.!!g Eq.'s 2.‘1}01 and 3.22

2 38 _{d-x_)

e _ d x| (3.31)
[

——— =
167!681!:

L]

Assuning that H>>x§ and =oiving for X ¥lelds

1
o= {16;:6;1\"1}?}“5 (3.32)

]

where e; is the ratio of 6; to €S. Using Eqets 3.29, 3.30,

and 3.32, Eé car: be approxircated as

E! ~ o —2 (3.33)
= ’-&n"'€°
or in terms of potential as
23 (Ve7 )%
E! e[s 2‘1 d )f:l (3.34)
o190
T (“s“s 6s

by eliminating E, using Eqo 3.2k, Under normal applications
of bias the lowering of the potential barrier to electrons
In the semlconductor due to image effects is quite small and
1s usually neglected. This will be discussed in greater detail
in the next chapter and a s%?ple calculation will reveal an
estimate cf the magnitude of lowering due to image effects.

The potential barrier as seen by an electron on the

semiconductor side of the junction (Vds) may be expressed as
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A ] - S b4 - = 2
Voo = T4 + V. - El/e (2.35)
or
3 . o i
ey (V47 ) =
Vis = Vd + Vr -[8 d_d r _l i3.36)
- 2 [YaT- R Y]
w (eses) E:s—!
by using Eq. 3.34. The potential barricx from the metal
side of the junction becomes
E. -E!
b 5
1 -
.’bm = s (3.37)
and i1f surface states are neglected
17 = - R | 'Y
Tom (ém X -Ef)/e (3.38)

The resuits of this chapter can bz stated in the form

of the following equations:

eN

(1) g'(x) = -?;é—‘im-w)z (volts)
(2) p(x) = B'(x) -~ —S—0 (volts)
16m€tx
S
€ (V4v ) 2
(3) W=[E—§—;i~—£f] (meters)
eJd
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2eti (V+V, ) z
(#) = = (volts/meter)
0 €
s
.- 2
(5) Q= [2e€i,(V4+V )]% {Coulombs/meter<)
e€ Nd 'l'% o
(8) c. ={; (farads/meter™)
i lavgr) ]
3 e3xd(v_+v ) 1
3 (7) 81 = e 2 a 2r -I (electron volts)
;‘ 41 (C;Sg) CS
f
EE (8) Vg = Vg * V. - El/e (volts)
(9) Vo = (By-X~EL)/e {volts)

Corparisons between the Schottky theory presented here

and a more exact analysis will be presented in Chapter V.

3
2
2
i
;
3
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CHAFTER IV

A MORE ACCURATE MODEYL FOR THE IDEALIZED
FETAL-{N-TYPE)-SENICOXDUCTCR
RECTIFYING COWTACT

The Schottky model, as discussed in the last chapter,
is iimited 1ln exzaciness by the assumption that all impurity
atoms within the devletion region are ionized and uniformly
distributed. Furthermore, the model assumes that all free
charee carriers are missing from the depletion region. These
3imciifyirns assumptions imply that the total space charge
density within the depletion region is a constant and
outside tnis reglon it is zero,

These restrictions on the space charge model #ill now
be removed and a more accurate model which includes both
incomplete and nonuniform ionization of donor atoms and the
presence of free carriers within the depletion region will
be substitvted. The energy diagram for the metal-semi-
conductor junction is shown in Fig, 4,1 and is the same as
that used for the Schottky mode. However, more gquantities
are defined since they are necessary for this more complete
derivation which will follow. One should also note that the
diagram is for reverse bilas conditions, just as that for the
Schottky mecdel and one can agala assume that the expressions

which result wlll be equally valid for small forward blas.
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In additicn, it is assumed that any free carriers present in
the depletion region are due to the electrons furaished by
ionized donor stoms rather than injected from the metal.
Then from the standpoint of an ldealized junction the model
should be exact, although exactness must be relative since
tunneling, surface effects, and lattice imperfections will
again be neglected.

When one considers incomplete donor ionlzation and the
presence of free charge carriers within the depletion
region, the total space charge density can no longer be
considered a constant. Instead, one must return to the

general expression for space charge density given by
p(x) = e[N3(x)-n(x)+p(x)] (4.1)

in which Ng(x) is the density of lonized donor sites and
n(x) and p(x) are the free electron and hole denslties,
respectively.

Equation 4.1 can be immediately simplified by assuming
that the positive space charge contributed by the minority

carrlers 1s negligible. This assumption is valid, since

p(x) o« exp[-(EfS-Evd)/KT] (4.2)

and for N-Type semiconductors Efs'Evd>>KT’

The electron concentration at the donor level (nd),

T TR SRR e T T
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which will be used to calculate NY, may be obtained by

forming the product of the number of avallable energy levels
and the prcbability of occupancy. The donor level (Ed)
ectually consists of Nd narro%ly spaced levels; however,
since the energy l1ls almost single valued, the electron
concentration at the donor level can be expressed as

N
nd = d (b'jj

%exp[(Ed-Efs)/KT] +1

where the term in the denominator results from multiplica-
tion by the Fermi probability factor.* Since the electron
concentration at the donor level 1s also the density of
unionized impurity atoms, the density of free electrons

contributed by ionized impurities must be

or by using Eq. 4.3,

#The conventional form of the Ferml probablility factor

~1
for electrons is fg(E ) = [exp | E,~Epg] + 1] ~: however,
n L
K

the Ferml probability factor for electrons of the donor
level has an additional factor of % to account for spin degen=-
eracy. For a rigorous proof of this form see S. Wang, Solid

State Electronics (New York: lMcGraw=H11l Book Company, 1956),
PPe 11"’3"50
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i
n, = N¥N{1 - - (4.5)
¢ d aexp[(Ed-Efs)/KT] + 1
¥hich may be written as
N
_ “d
nc - (1‘1"06)

Zexp[-(Ed~Efs)/KT] + 1

Equation 4,6 may be expressed in a more useful form by the
following manipulations:

(1) The ionizatlon energy (Ei) is defin2d as

{2}
i
3
]
£

1= Feo ™ Bq (%7

(2) By adding and subtracting E,, in the numerator

term of the exponential in Eq. 4.6, 1t may te written as

- E (4.8)

m .w = (R B
(“. Erg) (nco “d) + Efs co

(3) The ionization energy can be incorporated into

Eq. 4.8 ylelding

-E.)=E + E. =~ E (4.9)

so that an equivalent expression for Eq. 4.6 1is

N
n = d (4010)
1 + 2exp(E,/KT)exp[ (E,_~E_ )/KT]
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Arother valid expression for n, is
n, = N exp[ (E, ~E, )/KT] (k.11)

in which N, represents the effective density of states for
the conduction band. Upon substitution of Eq. 4.11 into
2q. 4.10, 1o may be expressed as

N

n, = d (ke12)
1+ 2(nc/Nc)exp(Ei/KT)

and solution of this expression for exp(E;/KT) ylelds

N (N,~n_)
exp(E, /KT) = ~<_d ¢ _

23
fe (4.13)
(N /N ) (1-n_/N,)

[ /X 2
2\nC,Jd)

Next, a new parameter will be introduced and defined

as
Y = nC/Nd (4.1@)

which nay be interpreted as the degree of lonization, since
1t represents the fraction of donor impurities lonized in
the bulk semiconductor. The degree of lonization represents
an important parameter for & semiconductor and is discussed

in greater detail in Appendix D. Using y, Eq. 4.13 may be

ke aneea' o
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expressed as
(W /N ) {1-y)

exp(E, /KT) = "> (4.15)
Y

Next, one can use the Boltzmann relation* to express
the actual free electron density as a function of the
quasi-Fermi level for electrons within the depletion region

as follows:

n(x) = n_exp[-eB'(x)/KT] (4e16)

This equation represents the rearrangement of free carriers

in the conduction band which occurs to establish equilibrium,
Finally, an expression for the free electron density of

the conduction band valid in the depletion region must be

found. Clearly, this expression will be a function of

distance (x), since the potential of an electron varies

with distance as shown in Fig. 4.1. Eq.'s 4,6 and 4.15

can be manipulated to show this dependence and give the

desired result by making the following substitutions:

*The Boltzmann relation states that the free carrier
denslity varies exponentially with carrier electrochemical

potential.
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(1) PFirst, one can wrlte

-(Ed—Efs) = -Ed <+ Eeg (4‘91?)

(2) By using Eq. 4.7, evaluated in the depletion

region, the above expression may be rewritten as

(3) Adding and subtracting E,, yields

~(247Epg) = By + (Epg~E ) = (E4-E,.) (4.19)

(4) Woting that (E_4~E.,) is by definition eg'(x), :

and making the above substitution into Eq. 4.6 yields %
= 1

1 + Zexp(E,/KT)exp[ (E,-E_ )/KT]exp[ -eB ' /KT] :

(5) Now if Eqe.'s 4.11 and 4.13 are substituted into %

Eq. 4.20, the desired result is obtained, i.e., 8

Nd

n,q(x) = (0SxSw) (4.21)

1 + (1/y-1)exp[ -2B'(x)/KT]

The above expression represents the free electron density
duve to ilonized impurity atoms as a function of distance,

valid for the depletion region before any rearrangement

“a e s e e SN ae e sty S
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occurs due to electrochemical potential. Furthermore,
since 2ach ionized donor site will have contributed one
free electron

N; = n_4(x) (4.22)
e S

which yields the needed result for the space charge density
expression (Eqe 4.1).

Using Eqe.®s 4.16, 4.21, and 4,22, the space charge
density within the depletlon region becomes

1
1 + (1/y-1)expf -e8'(x)/KT]

(4,23)

yexp[ ~eB ' (x)/KT]

This expression represents the space charge density assuming
incomplete donor ionization and the presence of free charge
ca.riers within the depletion region. One should note that
if B8'(x) is large enough the term corresponding to the

free carrier concentration may be neglected. This would
correspond to the Schottky approximation that the depletion
region is uniformly depleted of electrons. This appears to
be a good approximation for the region near x=0, but
siznificant error is introduced in the region near x=W.
Furthermore, 1f complete donor lonization ls assumed, i.e.,

y=1, then Ng(x) reduces to Ng and ylelds the "abrupt! model
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which was the assumed form for the Schottky expression for
space charge density.

Poisson'!s equation will now be used to relate the space
charge density [p(x)] to the negative potential of an
electron ['(x)], just as was done in the previous chaptér.
However, The relation will be considerably more complicated
since both terms contributing to the space charge density
are functions of distance. Polsson'!s equation, assuming
a one~dimensional application, becomes

a2 () al 1 )

ax® es[} + (1/y-1)exp[ ~e8*(x)/KT]

(4.24)

vexp[ ~ep ! (x)/KT]

This expression may be simplified by an appropriate change

of variables, namely

y(x) = ep'(x)/KT (4.25)

and

3N, 1%
u(x) =[%T§§] X = le (4,26)

which upon substitution into Eq. 4.24 yields,

ay _ 1
1 + (1/y-1)exp(-y)

ans = - yexp(-y) (4.27)
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which 1s a second order, nonlinear differential equation,

The appropriate boundary conditions are

(1) 1iim i?—(;—}c-?-‘l =0 (4.28)
Y =Doo
(2) B'(0) = V_ + V, (4.29)

which can be easily justified by Fig. 4.1. These boundary

conditions must now be transformed to the new variables.

They are
(1) dy/du = 0 for y = 0 (4.30)
e(V +V_ )
(2) y(0) = y, = —fz— (4.31)

It is worth noting that Yo ils a function of the applied
bias (Vf). Since vy is fixed for a particular junction,
Yo will in general be specified by the applied bias plus

an additive constant.
The result of the first integration of Eq. 4.27 may be

written as follows:

dy/du = ¥ 2 z% (4.32)

where

z = In[yeV+l-y] + ye™ -y (4.33)
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This expression is verified in Appendix E.

In order to complete the solution, one must perform a
numerical integration of Eq. %.32, since the solution in
closed form is not apparent, 1f one exists., The numerical
technique to be used here is the Runge-Kutts method of
order four for finding a point by point solution; utilizing
e digital computer to perform the actual caleuwlations. A
discussion of the Runge~Kutta method 1s presented in
Appendix F along with the computer program used to integrate
Eqe 4,33 and plot the results. A typical computer run is
contained in Appendix G.

The computer solutions are shown in Fig, 4,2 and
Fiz, 4¢3, In Fig., 4,22 the normalized electron potential
Yy is plotted against the normalized distance u, It has been
assumed here that the normallized barrier helght is yo=609
Thils would correspond to a combined equilibrium diffusion
potentlal and reverse bias of approximately 1.56 volts,
i,e., Vd+Vrz1.56 voltse The degree of lonization was
varied from 0,05 to 1.0 to reflect its influence on the
normalized electron potentlial and each curve corresponding
to a particular y is shown. The curves would seem to
indicate that the effect of y is quite small, since the
general shape of the curves 1s maintained as y is varied.

In Fig, 4,2b the normalized space charge density (normalized
to unity at the contact) is plotted against the normailzed

distance u., For comparison purposes the equivalent Schottky
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FIGURE L.2a:

Computer Solutions for the Normaiized Electron
Potential versus the XNormaiilzed Distasnce into
the Depletion Region. Solution is fcz the

Initial Condition of yo=60.
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1 FIGURE L.2b: Computer Solutions for the Narmzlized Space Charge

g Density versus the Normalized Distance into the

1 Depletion Region. Soluticn is for the Initial

1; Condition of yo=69.
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representation for space charge density (normalized to unity
at the contact) i3 also plotted. The abrupt representation
for space charge density remains constant tc a point where
us¥ and ¥ in termg of the new varlablss y and u 1is H:(Zyo)é.
It new becormes apprarent why the Schottky model gives useful
ana fairly accurate results., First, it can be ncted that
the Schottky and =ocre exact model agree tc a point near
u:ﬁ:(Zyo)%. After this point however, the norcelized space
charge density of the rore exact rodel decays over a finite
distance due to the increasing conpensation offered by the
increasing concentration of electrons as x—»¥., Furtherrore,
W {the valve of u at which 7=0) as predicted by the ore
exact codel 1s greater than that predicted by the Schottky
rodel., Houever, iA{ one cozmpares the aresas of disagreexent
betueen the txoc modelis, the additlional space charge density
predicted by the rore exact zodel for E>(25°)% has a

ceepensating effect on the reduced s-ace charge density for

ﬁ<(2yo)%. Thus, the Schottky rodel bescores a failrly accurate

rodel Tfor an effectlive spacz charge density and depletion
width,

Similar plots are shown In Fig. $.3. Here the value of
Y, #as chosen as 20, to correspond to a combineéd diffusion
potentizl and reverse blss of aprroxirately 0.52 voits.

The Schottky model predicts a voltaze dependent
capacitancs as given by Eq. 3.28. Thls junction capacitance

arises from the fact that the depletion region acts as a
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Schottky Approximaticn
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FIGURE Lk.3b: Computer Solutions for the Normalized Space Charge
Density versus the Normalized Distance into the
Depietlon Region., Solution is feor the Initial
Cenditlion of yo=20.
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parallel plate capacitor since for a small voltage changa
a net charge is either added or substracted frcm the region
near x=W. By Gauss?s law the total space charge per unit
area (3,) contained within the depletion reglion is related
to the electric field at the contact (E,) by

Q. = -€ E (1}031‘;)

Phe electric field at the contact is in turn related to the

slop2 of the potential functlon evaluated at the contact, or

+ 351
s, - - 8Ux| (4.35)
where
' e°N %
é.eﬁ.’.:}l = (KT/e)(z'ﬁq) (dy/du)'uco (4.36)
s

in terns of the new variahles y and u. Thus, by substitue

tion =G. 4.34% becomes
g, = - (e KT, )¥(ay/an)|,_, (4.37)

in which
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(dy/an)f, 4 = -fZ-{ln[yeyo +1 -y] +

Giawj nmlg NS

(4.38)
ye Vo - Y}%

nntt Bt

by using Eq. #.32. Finally, the junctiocn capacitance cen be

o calculated as follows:

i 1 - Ye-:;o
c dQ, — 1 + (1/y-1)e¥o

(%.39)

)
- h ] av 2 _
{ln[yeyoﬂ.ﬂ + ye Vo - Y}%l
Py

3 where
'. 826 S;{d‘ %
3 X, = Tﬁ,_) (4.50)
- \
E‘ e(v d-e-Vr)
Vo = THT (4.51)
3
:5
3 The calculations made in this chapter thus far have

neglected image force effects, 1f one wWere to include imege
effects, Poissont!s equation (Eq. 4.24) wouid have to be

modified by replacing p'(x) by g{x) where

B(x) = 8%(x) + g"(x) (h.42)
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Since the discussion of Chapter II indicates that a single
expression for g"(x), valid for the entire depletion regilon,
is not possitle because of model dependence near the metal
surface, then Eq. 4.42, at best, would have to be approximated
by assuming two expressions, one valid for X, and the other
valid as x => 0, In additicn, a simple transformation of
variables could no longer b»e used to make the solutions of
Foisson'z equation independent of the particular materials
used to form the contact, and no general results could be
obtained. 1In short, the addition of image effects would
hopelessly complicate Eq. .24,

Fortunately, there is an alternate approach which can
give a reasonzbly accurate approximation to the maximum
correction of barrier helight needed because of ipage effects,
It has already been established that the Schottky model is
quite accurate in the region near the Jurction and that the
influence of imege effects predominates in this region.

thermore, if one agsumes that By ocecurs in this region
and that x, is large enough to permit g"{x) to be approximated

by

u( )= - (4-1‘"3)
Prix lsnegx

then one can use the results obtained in Chapter IiI to

estimate the maximum correction needed for image effects by
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Ei. In crder to show the influerce of image effects on the
result obtained for the normalized electron potentlal as
shown in Fig, 4,2a, Eé will be nermalized to yé. This can
be done by using the approximate expression for Eé based on

the Schottky model, or

eE0 %
Eé =~ C > (’4.4’4')
109
4n€s€s

where Eo is given by

2eN ,81(0) £ ’
5 = [——E——-—] (tab5)

S

In terms of the normalizing variable y, £t(0) may be

expressed as
B*(0) =(§§)yo (4.46)

Combining Eqe.'s 4.44, 4,45, and 4.46, the normalized correc-

tion for image effects may be written as

82N KT t 1
yé ~ (e/KT)f = d 3 ](yo)‘ (%.47)
1
L,81T ‘€S€s ) €S
which represents a "worst case! estimate to the modification
imposed on the normalized elsctron potential near the contact
due to image effects., The reduction in the barrier height

Yo is usually quite small under normal applications of bias
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voltage end for the purpose of illustrating this reduction
the following situation will be assumed:

The contact is a metal=(N-Type)=Si contact with

16 cm.3, and

o)
V&+Vr=1.56 volts, y=1.0, T=300 K, Nd=10
€laf =126  farad/m.* Under the assumption that Vy4V,.=1.56
volts Fige 4,2a 1s applicable and one may proceed to

calculate the reduction factor yé as follows:

eamdx’r 4 1
VANES (e/KT)[ P—— (y,)*
8 (€Sbs) €

i
vt~ 38'6[}2.56)(1.38)13)(10'37)] (6013
8(9.87)(1.2)(10°39)

vl ~ (3.86)(1.03)(2.78) (107}

y.[’) << yo = 60

The result of this calculation is shown in Fig, 4,4,

The quantity yé seems qulite negligible in comparison to
yo=60 and would be even smaller for a lower doping concen-
tration, il.2., Nd<1016 cm-3. Although thls secems sufficient

Justisricatlion for neglecting lmage effects, one must be

*For silicon Gggl since lattice polarization is purely

electronic.21
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cautious in doing so. Since yé is a function of the reverse
blas voltage image effects can be expected to become more
important at higher voltages. In addition, it has been
shown in Section 2.6 that a small chenge in the barrier
height would significently alter the transport properties
of the btarrier due to quantum-mechanical effects. As it
turns out, image effects can usually be neglected except
under reasonebly large reverse biases, when the reduction
in the barrler potential accounts for the voltage dependence
of the reverse saturation current. Image effects will be
discussed again in relation tec the I-V characteristic of

the contact in Chapter VI,
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CERPZER V

¥ETAODS OF DETEREIAING THE ZQUILIBRIUY BZRAi=R
EEICHTS OF YERAL~{XN-TYPZ)-SEXICCNDUCTOR
CCHNTACTS: A COXFARISCN CF T== KOIDELS
CF CHAPTZER 11X AND CEAPIER IV

Thz rost cozzmonly used experimental cetReds fo detarnine
the energy btarrier neights Eb anc eva are by the phsto-
response method and by 2n exirapolaticn of data cbtained
from a capacitance versus volteage plot. 1In this chapter
toth cethods %3111 be discussed; houever, rsafor atiantion
w11l be focused on the cavecltance m=2thod sirce the resultis
obtalned are dependent on the pnr@lcular rcodel used for the
cetal-seniconductor contact. XFurtherrcore, since thes photo-
response methed provides 2 direct ressure of the tarrier
height, & comparison of the results predicted by the two
methods will provide a means of comparing the aceuracy of
the contact models discussed In CThapters III and IV.

The photoresponse method uses a monochromatic light
source to induce a photocurrent in: the device under investi-
gation. The source may be incldent upon elther the seni-
conductor or metal side of the contact. To provide a direct
ceasurement of eV the source aust be incident upon the
semiconductor and to measure Eb the scurce must be incident

upon the metal; in either case, the material upon which the
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23igzht source is incident m=mst t2 as thin as rossibi= %o
enable sufficient light for electron exciiatiocn in the
irmediate wicinily of the contastcs Generaily, the light
source is incidant cr the rmeltsl since The mest comxon method
of preparing metslescpiconduetor contacts is by vacwen
evaroration of the zat~l onto a dopzd, singie crystal
substrate. This method allous va2ry sccurate conlrol of the
metel thiciness and evaperation of & matal has the gddi-
tiornali advanteges of iokeT evararation tepreratures whiie
avoiding the probiems ¢f oplng ard orystal strueture,
Assuning that the 2izht source is incident on the metal,
Fiz, 3:1 defines the relevant terameters involved in
mezsuring Eb oy the protoresrcnse metncd.

¥hen light is directed onte the m2tal surface the free
eiectrens In the metal are excited and 1f sufficient encrgy
is acquired, they wilil overcoze the energy barrier (Eb)
and produce & current in the senmiconductor. If the thotce-
eiectric current rer incident vhoton is éefined as the
photoresponse (R), then the spectzal distribution of R
%111 reveal the barrier height (Eb) as ssen by an electron
leaving the metal, A typical spectral response is shown
in Pig, 5.,2. PRigure 5,2 also shows that there are twc
distinct reglions of the photoexcitation process:

(1) The photoerission of excited electrons in the
metal over the barrier Eb.

(2) The band to band excltatlion of electron-hcle peirs

'ithin a diffusion length of the semiconductor depletion region.
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The Fowler theoryzB cf ths phrotoelectric effect predicts
that thz depsndence of the rhotocurrent (JD) on rhoton
erergy, for vhoton energies a2xceeding 3b+33-1‘, =8y be

exprescei as2¥

- f - - ‘2 -
Jp o (h- ﬂfc. (5 1)
whare
Eb — "fo (5.2)

as shoxn ir Fis, S:1. Thus, if cne plots B% (¥hich is
defined to b2 promorticnral to Jp} versus the incident

thotcn erergy (h).,* a straizht 1ine would result, which in
turn yleids an extrapolatved vaiue for £y, l.e.; thz intercept
value on the hf exis. A plct of B% versus hf for an

Au-CdSe contact is shown in PigZ. 3.3. Figure 5.3 alse

1ilustrates quite clearly why 1t is necessary tc have a very
thin ==tal contact, since an accurate extrapolation for Eb
becomes difficult for metal widths exceeding 900 2.

The capacitance versus voltage techniaue for determining

*The values of R are taken from the longer wavelengths
of £ to insure data corresponding to the proci:ss of photo-

emission from the retal and not band te band excitation.
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gk
!l the eguilibrivn diffusicn potential (V,), assuming an
T‘ jdealized coatact, car sxlso rrovide am indirect meesurs-
rent of Eb, since Eb is relasted to v& as foilows:
T =e¥. + E (5.3)

Ri
o
b
o

- which is evident Trom Pisg, 2,5 with va;o. The quantity
Vs 1s experizentally cdeterz=ined by rlotting tke sguare of
the reciprocal of the Jjunction capaclitarnice per unit area
(cj) versus the reverse bisas voltage {(Vi.). A plot of this
forn »ill allow cne to extrapolate a value of Ya {tne
intercept value on the V. axis) and once Vq is Xmowm, E
ray be ecalculated dy using Zge 5.3 The pajor difficulty
encounterad when using this methed is that the theoretical
expression for the junction capacitance (Eg.'s 3,28 and 4.39)
i1s "rpodel dependent® and the reiation of the experimentally
deternined intercept voltage to Va ¥11ll reflect this
derendence. This will becomes apparent in the discussion
#hich follgws.

First, consider the capacitance expression tased cn
the Schottky model (Eq. 3.28). If this expression is squered

and the reciprocal taken of the result, one obtains

2(v. +Vv_)
;’:173 = .—8??—:'31—1.- = Elg(yo) (5'4) ?

I' where
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2
Clearly, if {1/C,) versus y, is plotted, a straight line

w11l resuit and at the polint where
Vo= V.=V, {5.7)
Yo 1s zero, or (1/@?):0. also of interest is the slope,

sirce it provides a pcans of determining the doping density

(83)o The slope can be calculated as follous:

d(z/cﬁ) 2
= - =

e (5.8)
dVr ,SsNd

The doping concentration may then be expressed as

. 2
N, =
é em€S

(5.9)

A typical experimental plot of (1/@%) versus Vv, is
shown in Fig, S5,4a, 1llustrating the experimentally
determined values of V, and Ng. For the purpose of compar=
ison, Fig, 5.4b shows the photoresponse method used to

deterrine By for the same diodes
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Next, consider the capacitance expression derived on the

basis of the more exact model of Chapter IV. Squaring

Eq. 4#.39 and taking the reciprocal ylelds

” 1 1nfye¥O+1—y] + ye™Vo - y

“:, ” \;J - i‘{? 1 _ Ye_yo =4 (5010)
- ‘ 1+ (1/y-1)e™Jo

; in which

» 1

; eZCSNd 2

F Ky = KT (5011)

TR At

This expression is considerably more compllicated than the

Lo

equivalent expression (Eq. 5.4) based on the Schottky model,

g s

Kowever, for sufficient values of reverse bias y°>>1,

s fmras

Eq. 5.10 may be approximated by

C32 5 k;z{in[yey°¢1-y] - f} (5.12)

PR

Expanding the logrithmic term by the power serles

2a+x 3|2a+x

il 5+...
512a+x x>0

a turther approximation may be made for yo>>1,

[ veesTant aloty

n(a+x) = In(a) + 2{=%— + l-l: X }3 +
(5.13)
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yielding¥*

g ey

07w x37y, + Inly) - v] (5.14)

o

One may now recognize the equation of a straight line 1if

H AT T RN~ WLl W

(k3/'CJ)2 is plotted against Yo* The approximations leading
to Eqe 5.14 can be easily justified by observing a plot

of Eqe 510 for arbltrary values of Yo @nd y. Such a plot

ls shown in Pig, 5,5 For values of yo>h (approximately),
Zge 5.10 becomes a straight line and an extrapolation of
th~se lines for each y may be used to determine the intercept
value of VO. This intercept value of Vo is of primary
lmportance since it will result in an expression for Vge

The quantity V3 can be obtained by noting that when
(k3/C3)2=0, the straight line approximation to Eqe. 5.10

can be written as

*Dewald27 has obtained the same limiting result for
C32; however, hls original expression for 032 is not the
seme a8 Zqe. 5.10 although both expressions produce the same
limiting result as reverse bias becomes large. Further-
rore, hls derlvatlion of a voltage dependent capacitance
follows from an investigation of the distributions of
charge and potentlial at & zinc oxide~electrolyte inter-

face,
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\—Y=1.0
y=0.8
N\ y=0.5

\\“‘Y=O.2

{More Exact Model)
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FIGURE 5.5:+ DNormalized Junction Capacltance versus Normalized
Bias Voltage (Eq. 5.19),
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Fo¥Inly) -y =20 (5:15)
or

e(V;-7.) .

—-T(',l-.—"- =~ v - 1nly) (5.15)

Rearranging ylelds

v, =V, + (5%/ej[y-1n(y}] (5.17)

It should be noted that the above expression for the
eguilibriuvm diffusicn potentiel (Vg) has neglected the
influence of ipage effects. If image effects were includeg,
then Yo in Ea« 5.15 would be repiaced by the effective
barrier height near the ccatact, l.e-, yo-yg. However,
since y°>>yg one wculd seem Justifled ia negiecting yé.

Por this particular aprlication the error introduced by
neglecting yf§ is qulte small and it will become even smaller
as the blas voltage 1is increased. This may not be the case
when considering the carrier traasport prorertles of the
contact since the magnitude of yg increases as the bilas
voltage is increased and quantume-mechanical effects are
critically dependent on the barrier height and the electric
field strength at tne contact, which alsc increases with
bias. Thus, one can safely negiect image effects for this

particular application and Egq. 5,17 should glve a reasonably
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accurate relation betueen the intercept voltage and the
eguilibriun diffusior petential; however, when one con-
siders ths current-voltage properties of the coatact image
effects may becoxe fairly important at higher reverse bias,

Tne slore of the stralght line approxircation for
£6, 5.10 r=2duces to the same slope as obtalned using the
Schottky expression for junction capacitance. This can be
easily verified by taking the derivative of Eq. 5.14 with
respect to voltage. In other words, the value for Nz
predicted by the two models is exactly the same (Eg. 5.9)
since the slopes agree for y°>>1. This is shoun quite
clearly in Pizc 5,9

By comparison of Ege.?’s 5.7 and 5.1i7 one can see that
there wili be a significant difference between the diffusion
potential predicted by the Schottky and more accurate model
when using the capacitance versus voltage method to
determine Voo The exact disagreement between the two models
will be the difference between the intercept values (V,)
as shown in PFig, 5,5, and Will be influenced by the degree
of ionization. Thus, one can expect the value of Vd
predicted by the Schottky model tc be in error by at least
KT/e (from Eq. 5.17 with y=1) and this error would increase
as the degree of lonizatlon decreases, Furthermore, the
value of the doping concentration (Nd) obtained by the
capacitance method wlll be 1lndependent of the model used,

since the slope predicted by the Schottky model and the
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straigh® line approximation to Zq. 5,10 are the same for

sufficient values of reverse bias.,

i e DS
0
N

The conclusions drawn thus far are for an idealized

B

coentact and one will find that an application of the

. capacltance method to determine Vq for a "real" contact

will invelve many complicatlons. GoedmanZ® has made a
comprehensive study of the complications involved in the
measurement cf barrier heights by the capacitance method for
"real® metal~semiconductor contacts, and outiines a
procedure to minimize many of these compllications. He

also examinzs the model dependence of the capacitance
expression and concludes that "the true value of the barrier

height is greater than the !intercept value! by KT/e."

However, there can be significant error in this conclusion
1 for incomplete ionization, i.e., y<l, as can be seen from

3 EQe Sel7e.

TRATTL WX

Having determined the diffuslion potential by experimental-
ly determining V,, one can calculate the barrier height as

seen by electrons of the metal (E,) by using Eg. 5.3. 1In

RSN A7 e Ta b a ol

order to use Eq. 5.3 the position of the Ferml level must

be known for the bulk semiconductor and this may be calculated

o Sl 2l

by using the following relation:<?

o S 3N

R ¢ i 44

o]

(5018)
! [Nd Zni 2 %
i KTlnl-z'HI 1+ l-l +(T>]

3 KT
Efs = %(Ec_+Evo) + 1n(mﬁ/mg) +
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Equatior 5.18 is an exact expression and all of the :
] aquantities are either known or rmaterlal constaants, with the
possible exception of Ny which can be determined by i
2 £q. 5.9- Thus, using Eq.fs 5.3, 5.17 and 5.18 (V3 by the
A nore exact model) orF 5.7 (Vﬁ by the Schottky model) & wvalue
1 of Ey can be determined and & comparison can be made :
% between Eb as measured bv the photoresponse method and ;
E indirectly measured by the capaclitance method. This %
3 comparison would be an lnalicaetion of the degree of accuracy %
s E:
3 associated with the Schottky and more exact models; :
1 however, any comparison should be made witn reservation §
1 since Goodman28 has indicated that ther2 may be many %
3 experimental errors assoclated with experimentally determin- %
2 g
ing V. %
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CHAPTER VI

CURRFNT-YOLTAGE CHARACTERISTICS OF A METAL-
SEHICONDUCTOR RECTIFYING CCHTACT

5,1 Current-Voltage Equation.

Sefore und=rtaking the development of the current-
voltage equation of a metal-semiconductor contact it would
be nelpful to understand more clearly the basic mechanism
by which rectification takes place. In the absgence of an
external voltage (Fig. 2,4d) the electrons of the metal are
in dynamic equlilibrium with the conducticn electrons of the
seniconductor. Under this condition the rates at which
carriers transverse the barrier are equal {from either
direction and the probability of such a crossing taking
place will depend on the number of e.ectrons having thermal
energles greater than Ey and moving in the right direction.
Furthermore, this rate of carrier transfer will be an
exponential functlion o the barrier height and would thus
decrease rapidly as the barrler height is ilncreased. Since
the probability for electron transfer is the same for eilther
direction, one would expect noc net electron current to flow
across the junction.

Next, consider the situation In which an external bias

is introduced in such a way as to make the serniconductor

B [
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positive with respect to the metal (Fix. 2.9b). This would

correspond to a reverse bias, since the effective barrier
height to electron flow from the semicorductor into the metal
has been increased. On & probabiiity basls, the probability
of electron transfer from the metal is still governed by
exp(-E,/KT) and must therefore remain unchanged with respect
to the equilibrium condition. On the other hand, the
probability of electron transfer from the conduction band of
the semiconductor into the metal will be proportional to
exp[-e{V,4+V,.)/KT] and must therefore be greatly reduced even
for a small amount of reverse blas (Vr). The equilibrium
condition of equal electron transfer can no longer be main-
tained and a small net current will cress the junction. This
®¥1ll be called the reverse saturation current (Io) and
represents an electron leakage currernt from the metal into
the semiconductor under reverse blas. Here the term
"leakage! 1s used to emphasize the fact that it 1ls an
unwantea current, since ideally Io should be zero for perfect
rectification.

Finalily, consider the situation in which the polarity
of the blas voltage 1s reversed, l.e., the metal is now made
positive with respect to the semiconductor. This will
correspond to a forward biased condition and is shown in
Eig, 295%a. Agaln equillibrium conditions cannot be maintained,
since the probability of electron transfer from the conduce

tion band of the semiconductor to the metel is greatly
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increased, l.e., it must nou be proportional to
exp[-e(Va-VJ)/KT]. Furtherrcore, the rate at which electrons
flow in the oprosite direction remeains unchanged since this

transfer is still proportional to =xp(-E, /XT) and Ey

b
remains constant (neglecting image effects). The result of
this unbalance is a large net electron current flowing into
the metal vnder the influence of a forward blas,

Thus, the character of rectifilcaticn is exhibilted
through the unbalanced flow of electron current under forward
and reverse blas conditions. In additlon, one should note
that for a metel-(N-~Tyrpe)-semiconductor contact positive
values of Vy correspond to a reverse bias and negative
values of V, to a forward blias. Furthermore, the current
flowing under forward hias will be of much greater magnitude
than under reverse blas condltions.

In order to calculate an expression which can predict
the current=voltage relationship of a metal-semiconductor
contact it is necessary to assume that the actual number of
electrons constituting current flow across the contact is
only a small fraction of the total free electron population
of the semiconductor. This seems to be a reasonable assump=-
tion for effective barriers, l.e., Ep>>KT, and allows one
to assume that the electron concentration of the bulk
semiconductor is constant and independent of the current
flowing in the device. Furthermore, it 1s possible to

distinguish two types of models for rectification on the

3




b rderpeemr awt b bmOlni L AT,

97
basis of barrier wldth. The most general case is to consider ;

the width of the barrier within an energy increment of XT s

near the top as being large compared with the mean free
path* (A,) of an electron in the semiconductor. This
distance near the top of the barrier 1is used becsuse it is :

2 necessary to compare the probabllity of an electron being

ol e s e

stopped by a normal collision process and tne probability
of its reflection by the potential barrier itself. When the

width within KT of the top of the barrier is large compared

i el e Sl TNl A o)

to the mean free path of an electron, the electrons crossing

the barrier can be expected to suffer many collisions before

Ca3 L5 a4 LAt ot ]

reaching the other side and as a consequence current flow

P TR U L T s e vt er oy s T L

across the barrier must be by a diffusion process. When

; this width 1s small compared to Ag, the probability of many

Ak f SR aHIbE

collisions taxing place is small and current flow can be
thought of as an emission of electrons over the barrier.30
The emission model is somewnat simpler than the diffusion

model, but the diffuslion model must be regarded as the most

T ST

general since A\, 1s on the order of 10°7 to 10"°6 cm?1

SN W PO T s R

: causing the model to be applicable to all but the thinnest
‘ barriers. A possible example of a thin barrier might bes a

2 point contact device, in which case Ae could exceed the

Rk o

B gl oy N I RNt W G TIETE

*Ae is deflined as the average dlstance between two

"

successive collisions of an electron with the lattice struce

a2 W Bl w I AL

ture of the sewiconductor.
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width of the barrier near the top.

Under the assumption that diffusion theory 1s epplicable

IM-'

and that the potential within the barrier 1ls known from the

M

moGel developed in Chapter IV, one may calculate the

- current-voltage relationship for the contact. Quantum-

| mechanical effects and image force wlll be neglected
initially so that the current flow will be assumed to be
strictly by a diffusion process. Furthermore, since the
current in the barrier rezion depends on the local field as
well as the local concentration gradient, & calculation of
the current-voltage relation for a N-Type material must

begin from the general diffusion equation of the form32

I = eADnl:dQ}%X) + eE(;%n(x’] (64141)
The diffusion of carriers against a retarding electric
field will occur across the barrier if a difference in
electron density occurs, and with the aid of Fig, 6.1 this
difference in respective densitlies can be easily shown. The
minimum value of electron concentration will ocur at the

junction, i.e., :

n{C) = yN

dexp(-eVd/KT) (661.2)

One should note that this density will be independent of

I the applled voltage since the electron concentration in the

Boasssnsins 0%
*
Tt 1agasy
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FIGURE"§;1: Energy Diagram for a Metal-Semiconductor

Barrier Under Forward Bias Conditlons;

3 Image Force Neglected.
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metal and the barrier helght E, have constant values
(neglecting image effects). Furthermore, n(x) will increase

as x increases until 1t reaches a maximum at x=W where

n(W) = n_ = yNg (641,3)
and may also be regarded as ccnstant since it was origlinally
assumed that the equilibrium concentration of electrons
in the bulk semiconductor is not appreciably disturbed by
current flow in the device., Thus, a difference in electron
densitles between opposite sides of the barrler is apparent
and one can expect a diffusion of electrons in the direction
of the metal through the potential barrier. Electron
diffusion constitutes an electron current (In) and if one
adopts the convention that positive current flows in the
negative x direction the calculation of I, may proceei. as
follows:

(1) Equation 6.1.1 is multiplied by exp[-ep'(x)/KT]
and upon substitution of E(x)==dp?(x)/dx yields

I, exp[-e2'(x)/KT] = eADn[%gézl -

(6e1ek)
é%' Qgéizl ' n(X{]exp[—eﬁ'(x)/KT]

(2) Noting that
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é% exp[ -e8'(x)/KT] =
(6.1.5)
- é% y -Eéézl * exp[ -eB'(x)/KT]

the right side of Eq. 6.1.4 may be expressed in terms of a

derivative, or

Inexp[-es'(x)/KT] =
(6.1.6)

nldx

eAD JL{%(x)exp[-eB'(x)/KTj}

(3) Multiplying both sides of Eq, 5.1.6 by dx and

integrating over the depletlon width ylelds

"1
jInexp[-eB '(x)/KT] =
° (6.1.7)

eADﬁ(n(x)exp[-eB'(x)/KTi}

W
G

(L) The right side of Eq. 6.1.7 may be evaluated by

noting the following boundary conditions:

(a) n(W)exp[-eB'(w)/KT] = yNdexp[-e(Vd-Vj)/KT] (6.1.8)
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{t) n(0)expf-e8f{0)}/kT] = yN exp[-eV,/KT] (6.1.9)

{5) PFinazlly, in may be regarded as a constant if
recozbination is neglected in the depletion region. Thus,

I may e expressed as

eADnyKaexp{-eVd/JI][exp(eVJ/KT) - 1]

I, = g (6.1.10)
expf ~ef (<)} /KT]dx
3]
Equation 6.1.10 takes the form of the familiar diode
equition a2nd may be rewritten in a shortened form as
follnus:
I = Y -
I Io[vxp(eVJ/KT) 1] (6.1,11)
wnere
= o ‘z —"/: .
Io ,ADn( d[%xp( eld,kTi]
(6.1.12)

4 -1
{ Iexp[—es "(x )/KT]}
0

Iipon closer examination of the integral which appears in
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Ege 6¢1.1i2, one finds that after the variable transformation

used in Chapter IV (Eq.’s 4.25 and 4.26) Io may be expressed

as

I =e3ADny"-3’2(KT€S_)-% .

o "q
W -1
l;xp( ~-eV d/KT )(f e™ du) ]
L C

and the integral could pe evaluated by using numerical

(5,1.13)

techniques similar to those used to evaluate y, This is
vointed out because & numerical evaluation of Jéydu would
be a simple matter of inserting several] statements into the
computer program which has al>eady been used to calculate
the normalized electron potential and space charge density
(Appendix F). However, since each evaluation of fevdu would
depend on the initial value of y (a function of bias) and
the degree of ionization {Eq. D.7), one must conclude that
2a. 6.1.13, and thus £q. 5.1.12 already appear in their
moSt general form.

Thus, if one neglects quantuzm-mechanical and image
effects, the I~V characteristic may be stated in its mest

general form as follows:

=1f KT) - 17 6elol
I, =T fexp(ev /KT) - 1]} (6e1c1k)

where I, is given by either Eq. 6.1,13 (in normalized form)
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or by Eqe 6.1.12, Inherent in Eq. 6.1.14 1s the assumption

e L I

that the magnitude and polarity of Vo is consistent with the

assumptions on which the diffusion mcdel is based.

B

B 6.2 Influence of Tunneling and Quantum-¥echanical

TR

Reflection on the I-V Characteristic.

3RV

In the previous section quantum-nechanical effects
were neglected in forming the diffuslon model for current

transport at a metal-semiconducter contact. Clearly, the

LG A ALY RS LS M HE YA S

discussion as presented in Section 2.5 would indicate that

o

QR L

the effects of tunneling and QMR may exert considerabie
influence on the overall I-V characteristic of the contact,
The effects of tunneling and QMR can be inccrporated
into the diffusior model by introducing a factor fq wnich
represents the ratio of total current flow (It) predicted
considering quantum-mechanical effects to the diffusive

current flow neglecting these effects (In)' Stated

rathematically,

It = f I (60201)

Furthermore, a numerical value for fq may be calculeied by
averaging the QMTC over the complete kinetic energy spectrum
assocliated with the electrons incldent on the potential
barrier (corrected for image effects). If the kinetic

energy asscciated with &n incident electron is denoted by
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Ee and it is assumed that Ee is governed by a Maxwelllan

distrivution, then fq may be computed as follows:

£y ™ o5 :(ch)exp(-ge/x'r)di‘e (642.2)
Crowell g&nd 82333 have ussed numerical techniques %o

compute fq for Au-GaAs, Au~Ge, and Au=Si N-Type contacts

as a function of the electric field at the contact (Eo)

for selected temperatures.* A plot of fq versus Eo is

shown in Pig. 6.2 using the curves of the QMIC shown in

Fig, 2.9 for an Au-GaAs (N-Type) contact for selected

temperatures. For this particular contact quantum-~

mechanical effects may be seen to exert considerable

influence on the total current flow as predicted by the

diffusion model since tunneling beccmes excessive for

electric fields exceeding 105 v/cme. Similar results are

found for the Au-~Si contact over the same range of EO;

however, for the Au~Ge contact fq approaches a very low

value at Eo>105 v/cm (fqz0.01). This would indicate that

reflection predominates in the germanium contact at relatively

Ligh electric fields.,

An alternate approach to calculating fq for a contact

#They kave assumed the approximate form of Eg as

— e:'.c’ 3
r —~— ry)
-
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6.2: Quantum-Mechanlical Transmission Coefficient, fq,
Averaged over a Maxwellian Distribution of Electrons
Incident on the Potential Energy lMaximum of an Au-Gals
(N-Type) Contact as a Function of the Electric Field
(Eo) for Selected Temperatures, Assuming a Smooth

¥Merging of the Conduction BRand EZdge in the Semicon-

ductor into the Conduction Band Edge of the Metal.Bu
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barrie: would be to adopt the approximate expri:ssions given
by Kemble19 (Appendix C) for the QMTC and average these
approximate expressions assuming a Maxwellian distribution
in electron energy. However, a calculation c¢f this type
would also require numerical techniques because of the
complexity of the expressions for the QMIC.

Still anotber approach is available if one is willling
to approximate a QMIC plot by simple analytic expressions
in order to allow the average value cof fq to appear in
closed form. In order to tllustrate this technigue the
QMTC will be approximated by a single straight line whose
slope has been adjusted to obtain the best agreement possible.
A plot of thls form is shown in Pige. 5.3. This would
certainly represent a crude approximation, but increased
accuracy would be obtained by using additional streight
lines, higher order analytic expressions, or a combination
of both. Using the single straight line approximetion the

calculation of fq would proceed as follows:

(1) fq = -Kl;[ (Q}ETC)exp(-Ee/KT)dEe (6.2.3)

-

(2) In terms of the straight line approximation for

the QfIC, fq may be expressed as

b
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-Ey Er
1 1 [R Y Be
fq = KT (O)GXp(wEe/KT)dEe + X7 -E-;T-E'-;exp
o - B (5.2.4)
1
-—Ee/KT)dE:e + K,I,I(l)exp(-Ee/K'I')dEe

Er

(3) Integra*ion with resvect to E, and substitution of

the limits ylelds

e T EZKE-E;[?XP(El/KT) - exp(-Er/KT{] (6.2.5)

(4) Since plots of the QMTC reveal that Er>El’ a

reasonable approximation would be

¢ = KTexp(E,/KT) (€.2.6)
E E, * E

Thus, using this form of approximation for the QMTC, fq

nay be expressed in Terms of the end-point energies E

and El' One should aiso note that these end-point energles
ave ratrer stroag functlons of Eo' and thus a function of

the applied blas., In addition, if more accurate approximations

are used for the QUTC then ?q would become a more complicated

expression involving more characteristic energiles,

6.7 1Influcnce of Image Effects on the I-V Characteristic.
The sample calculation presented at the end of Chapter

IV indiczted that the normalized correction to the barrier

B KAy

e PR KV 12w RV p AR

e o e




L posiioes

ey Sty Ry vonrng . ]

s.md

110

height due to image effects (yé) was quite smalil in come
parison to the uncorrected, normalized barrier height at
the contact (yo). However, the importance of iwmage effects

should not be overlcoked since a small change in the barrier

helght has significant influence on the QMTC., This can be

b
i
P

seen from Fig, 2,9 in which the QMIC changed significantly

for small changes in the kinetic energy associated with an

S e I it o b

incident electron when the kinetic energy is referenced to

the top of the barrier corrected for image effects,

T

Furthermore, yg is voltage dependent so that greater influ-
ence may be expected at higher blas voltages. As it turns 4
out y! exerts greater influence at higher reverse bhias, 3

but due to large currents flowing under forward bias
(eer/KT

NP COR TIPSR TR TS )

>>1) the influence of yy, may go completely un-

noticeds ;

In order to include the influence of image effects in

4 e fohaien,

the I~V characteristic predicted by the diffusion model

the original assumption that n(0) was independent of bias ;

Skl e ATl

(assuming Eb was Independent of bias, Eq, 6.1.12) must be
medified to include the influence of image effects. This
can be done by replacing Vg by an effective diffusion
potential (Vdso) which includes image effects. Stated
mathematically,

et Kotnr S ir g

"l'dso = Vd - ab(Va) (60301)
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in which ub(Va)=E'(Vé)/e and represents the voltage dependent
reduction in the diffusion potential due to imsge effects,

S B S B AL M b

1 ‘ Furthermore, ab(Va) may be written in the form

ab(Va) = aboaé (60302)

Y™

in which Uyo ls independent of bias voltage and aé contains

: the voltage dependence. Expressions for %o and aé may be

3 [ found by writing Eqe. 3.3.4 in the form¥

i . )

x Rl | 1

a, (V) = [ P —— I(Vd - v )* (623.3)
3 8 (€S€S) €

3 so that a,, may be expressed as

g by

3 e N .V

; ay, = [ —34 J (6.3.4)
. 1¢o

: 8n(€l€2)%€

: and

; W) = (1 -V /V)R (643.5)
;:, a‘b a == \1 - a d o )e

It should also be noted that the inclusion of image
effects will alter the integral expression in Eq. 6.1.12

since B'{x) must now be replaced by the total electron

*Recalling that Vg=~Vp for reverse blas and V Ve :

for small forward blas,. 5
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potential g(x) where g(x) is given by ¥
B(x) = 8'(x) - ey (x>0) (643.6)

FRGULS FRYTIIS

6.4 Complete I~V Characteristic for a Metal-

Semiconductor Contact,.

The complete expression for the I-V characteristic for
an idealized metal-semiconductor contact, assuming the

diffusion model is applicable, may be summarized as

EIRR RIS S URIEY TR T o DT ENC TR Y AWNE O PO SIS LN 2 R STV ANUINT » § AP 75, FYSF PRE L SV

follows:
I, = Ilexp(-eV,/KT)[exp(eV, /KT) - 1] (6e4e1)
where
. eADn;Ndfqexp(-aboaé/KT) ’ (6.5.2) 4
o :
expl ~e8(x)]dx ‘
0 ]
- 7 e ex
fq = KTI (QIﬁTu)exp(-Ee/KT)dEe , (6sl443) ;
:
2NV 1 ;
®vo = z 43 3 ’ (6ok k) :
8n (€1€3)°€ ;
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1
al = (1 =V /V)* (6.405)
B(x) = B'(X) - ypgTy (6.14.6)
s
and
B'(x) Ls the solution to Eq. 4.24 (6.4.7)

6.5 Breakdown Mechanisms for a Metal=Semiconductor

Contacte

At large applications of reverse bias, junction
breakdown may occur by anyone of the following mechanisms:

{1) The barrier becomes so thin and the electric
field so large that current flow due to tunneling may become
gxcessive, '

(2) Electrons can travel to the conduction band by
tunneling from deep lying traps or directly from the valence
band (Zener breakdown).

(3) The electron velocity becomes so large fhat
electron~hole pairs can be generated through collisions. These
in turn are again accelerated by the electric field so that

additional electron~hole palrs are created. As a consequence
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8 sinzie carrier can produce sn &vAlsnche of elsctron-
Zole pairs (avalanche trea¥icun),

Jopctian btoealicowxn Dy ftrmellng csn be expecied €o o2
cnz of the chlef Toeslicwn mechanisrs in the Teverss biasged
metai-geniceniuctor dicde, This factl besceoxes apperent by
ex=rining Fiz, 3,2 for isrge ciaciric flelds at the comtsct,
ip s gr==23iy izcreesad dus Eo fé and breal@cxn of th=
Jonction may OCCTT.

Jection treskiocxn by the Zener effect is less 1ikedy
to ccocur in melel-semiconductor devices thsm inm RN fmmctisms.
This is dues to the fact that curzent flow in the metale
semicenductor device is chiefly, Af rot exciusively, bty
majority carriers. Simce £ -X, is typleslly much less than
33 (th2 originzl assunption ox which: thne sprroximetion that
D0 is hased) tunnelinsg by the Zener rechanlism is greatly
reduced for a majority carrier device.

Junction breakdown by the avalanche rechanism is also
of prirce importance for a metal-semicoanductor contact under
large reverse blas, At very large reverse bilases it rcey
happen that an electron emitted over the barrier from the
metal into the semiconductor pay gain more energy due to
the high electric field during collislons that it loses
becaus¢ cf a coiilsion. Thus, the kinetic energy of the
electron will continue to increase until it exceeds E .

A&t this point & collision can generate electron-hole pairs,

which in turn may produce additional electron-~hole pairs
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snd the 2valzmcke proecess hes begmm. Trder thls corditien :

A Lobahalt MAn 2L Bt sy

ke reverse cwmTent Iso (z2verse current rrior ¥s LreatScxn) 3

is greatiy increased by the 8dditicn of Zree carriers, l.e., :

I = WX (55.2)

ARV A S Al LR D E AL 2 4
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In xhich ¥ is th= avalisnchs Tiplication factor. 4&AT =

LS ALkt

AL addy v

FINL

F cerizin fi=sid strencth, whick is constant for a given semi-

conducting metexini, M becones Inmfinifte an? breal¥icun cccurse.

P A L ik}

Zzpeliricalliy it is found tnat X mey be expressed s8s

4

o XKW I AL AR it

. 1 . (6.5.2)
1 - [ /Y T

Lo TR TR

in which ?br is the reverse volizaze 2% ¥hkich breaidcxn

occurs ard N is e relatively large (5 to 5) constant dependent
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K
on the verticuiar ssmiconducting ;aterial.’5

2 5.8 Auaiitative Conparisons Retween the Theoretical
I-¥ Characteristic and Zxperirental keasurerents,

The complete theoretical expression for the I-V character-

VRLOLTAE 0 A1, e YN W IR I T L IR LD Ju el

istic was summarized in Section 5.4 for an idealized metal-

PR

semiconductor contact. Although the complete expression
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would be qulite difficult to evaluate, 1t could conceivably

be done and result in a theorestical plot of the I-V

4r han 2 22 anbednter, v

characteristic by assuming the necessary constants and H

evaluating the various expressions bty aprropriate numerical
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tecrniguss. Dowsver, witzont making g direct cozperisen
batucen 2 thocoretical piot of This Type and 3M experinenteily
determipsd chamacteristic, 1f is rossible te mke cerieln
cexalitative corpariscns betwesn eypexrimentel meesaraments
ard the generad form of 9. S.%.1. This type of cocxmariscn
%3317 bo wmdertaksn ixn This szciior in hopes of fustiiying at
least the form of ths Thaozetical expressich.

It Pizy 6.8 2n experimenielly deternimed I~V character-
istic is shoun for 2 Pi~-31 (H-Typ=) contact. For tkis
carticaiar zppliczticn At is coxvenient {o piot ln(lt)

versas V,. Using EZg. 6.5,1, ln(It) bacores

in(5,) = In Ilexr(-e¥ /KT}] = Ixlevple¥ /HT)-13{5.5.1)

1n(I) = In Ilexp{-e¥,/KT)] + V. /KT (5.6.2)

since exp(er/KT)>>1. Thus, if ln(It) is plotted against

Vf a stralght line should result with slope

:::'J = e/KT (60603)

Experimentally it is found that for this particular contact
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that

“,‘:- = _:.K".: (6.60!})

in xhich 3=1.02, This szal]l deviaticn frox tke slope as
predictzd by 3q. 5.6.3 can be attribsted to the ncrnideal
natere of the contact, or more spa2cifically tc the presence
of a tkin interZacial layer of foreign zaterial enifor
nonuniforw contxct betusen The metal and se!icanductor.37
In genexral, & is usually incloded in YThe expressicn for the
I-V charactaristic to accomnt faor the nonide2al nature of the
contact and can be =xpected to be slightiy dffferent for
each dsrice, If § is included, 1t mey be determined by
the following relation:

2 d"’f

n(l

& == FErY 6T (V,. sucficliently larcs) (6.6.5)

e r s

-

ne

The deviation from the constant slope (m,) a% higher

current [ln(It)>10'u

amps| can be attributed to the series
resistance assoclated with the bulk semiconductor. Also,
by examining Eqe. 6.5.2 a means of determining Iéexp{-eva/KT)
becomes apparent., This parameter may be determined by an
extrapolation of the ln(It) versus Ve curve untll inter-
section occurs at the In(I.) axis (Vf=0) a8 shown in

Fige 64k,

The exponentlal dependence of Iéexp(-evd/KT) on the
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eguilibriun diffusion potential (V,) can bt shoxn by a plot
of tnme type shoun in Figs 6;3. EZere 1,,(15.3’3"’&/ Ty 3s
plotted against V; for seversl smetsl-Si (x¥~Typ2) contacts,
showing a constant slore of aprroximately e/¥T. Aithouzh
exact agreerent is not shomn, tre deviation can be atiribtuted
to tnaccuraclies in the rmeasurerent of va.jg

The tenperature depzrdence of Iéexp(-eva!KT) can be

shosn by a plot of the type shown in Fig, 6.6, Here
1n(E;e°evﬂ/kT) versus 1/T 3is plotted under forward biles
for a Au-Si (M=-Type) contact with eVd:0.0B. The slope is

constant ané ecual to
Eﬁ = - e(vd - 1«?) = 00799 ev (6.606)

2, is usually referred to as the thermal activation energy

for the contact.
The voltage dependence of the I-V characteristic at

high reverse bias is shown by Fig. 6.7. Here ln(Ir) versus

Vr is plotted, where

I, = Iorexp(yé (6.647)

. and yé is given by Eqe. 4,47, I, 1s interpreted as the

effective reverse current flowing in this region (large
reverse blas) of operation and Ior is the effective satura=
tion value of I.,.. For silicon €é=11.7€0u2, and good agreement
is shown between the theoreticel value predicted by image
effects and the date shown in Fig. 6.7.
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3 l CHAPTER VII
E i
! SUEFARY, CONCLUSIONS AND RECCMNHENLATIONS
!
r FOR FURTEER STUDY

This study originated as an effort to answer the
question of why the experimental methed of measuring capaci-

tance as a function of reverse bilas cculd be used to

eIt

accurately predict the doping concentration and yet could
not be expected to give a Teliable measure of the eq* ' librium
diffusion potential, even though both quantities resulted
from an interpretation of the same data. Since the capaci-
? tince technigque is based on the Schottky model for the

‘ contact, the most logical approach to explaining this
apparent inconsistency was to examine more closely the
theoretical expression for junction capactiance, or more
basically the Schottky model itself, while paying particular
attention to any approximations which could 1limit accuracy.
3 The Schottky model is based on the assumption that the

. space charge assoclated with the depletion region formed

at a metal-semiconducter contact is constant and due

{ entirely to the unifoim and complete lonizastlon of dcnor

3 impuritlies within the depletion region. Outside the

E depletion region charge compensation due to the presence of

free electrons is complete so that the net space charge 1ls
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zero., A core accurzte model for space charse in the
depletion reglon is developed in Chapter IV which considers
the possitbility of incomplete and nonuniform donor ioniza-
tion and the partial compensation to positive space charge
due tc the presence of free electrons in the immedlate
vicinity of the depletion region edge. Once the space
charge density is Imown as a function of distance in the
depietion rsgion, Poissonts egquation (this study assumes a
on=~dimensional application) can be used to solve for
expressions for the electric field and potential varlation
within this region. A comparison between the soiutions
based on both models shows that the Schottky model is quite
accurate in the region near the contact; however, there may
be siznificant error in the region near the depletion region
edze., Furthermore, this error increases as the degree of
ionizatlion decreases.

Sven though there may be large differences between the
electric field and potential plots for the two models on a
point by point basis, a comparison between the two space
charge density plots reveals quite clearly why the Schottky
model can give accurate results for certaln applications. A
comparison of this type shows that the Schottky model
represents a failrly accurate estimate for the effective
space charge density since the error predlicted by the more
exact model on a point by point basis is compensating and the

overall difference between the two models can be quite small,
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if the degree of lonization is fairly close to unity. This

is equivalent to saying that the areas under the two space

charge density plots (Flge's 4.2b and 4.3b) are approximately

the same.,

In Chapter V the differential capacitance technique for
measuring the equilibrium diffusion potential was examined
in detall. Using the expressions for Junction capacitance
(C3'2) based on both mcdels the diffusion potential and
intercept voltage are related as follows:

(A o (Schottky Model) (7.1)

1§
<

V=V, + %g(y-lny) (More Exact Model) (7.2)

Comparing these two expressions one can expect the diffusion
potential predicted by Eq. 7.1 to be in error by at least
KT/e (using Eq. 7.2 with y=1) and thls error will increase
as the degree of ionizatlion decreases. For y=0.05 the
error 1s approximately 3(KT/e); however, this is not a true
representation of the actual error since the temperature must
also‘decrease as y decreases.

Another interpretation of the data from a capacitance
(CJ'Z) versus reverse bias voltage plot results in an

expression for the doping concentration. In Chapter V
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Ng was shown to be proportional to the slcpe and the
predicted siopes from botin models were ldentical fecr suf-
ficlent reverse bias (yo>#). The theoretical expression for

Nd for both models is given by

2
N, = (y >U4) (73)
¢ e a(cT2) °c
s ___J -
av

Tr
and is known to agree quite well with results obtained by

other means of measuring Nd' Why the apparent inconsistency
between ﬁd and Va using the differential capacitance method
based on the Schottky model? The inaccurate measurement of
V4 by interpreting Vd as equal to V, 1is not the fault of the
model, but resulls from a false interpretation of Vo’ The
experimental method of determining Vo is by extrapolating a
CJ“Z versus V., plot, which is linear as shown in Eqe 7.3,

to a point where it intersects the Vr axis, l.e., Vo. This
stralght line passes through a region of small reverse

blas and the eventual value of Vo falls in the region of
negative V. {see Fig. 5.4a8). The apparent assumption is that

the capacitance (C ’2) remalins linear in this region and

J
this is contrary to fact as shown 1n Fig. 5,9. The non-
linear variation in capacitance (83-2) at small values of
reverse blas can be explained qulte easily by examining the
term corresponding to the free electron concentration in

Eq. 4.23, or
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n(x) = ncexp(-y) { O<x<W) (7.4)

TETT

Under a fairly large reverse bias ¥ is large and y is

CRIH

increased so that n(x)a0, which is consistent with the

A tE

assumption on which the Schottky model is based; however,

as Vr is decreased, Yo becomes smaller and eventually a

TYTTTIW I

point is reached at which one may no longer neglect the

Lyt ¥y
N asvemmek

free electron population at the depletion region edge.

This value of Y, cen be Anterpreted from the capacitance

v

=2
(CJ ) versus voltage plot as shown in Fig. 5.5. Since the

capacitance (Cj’z) becomes nenlinear for all values of Yo

TR YT

less than four (Vd+Vran10@ volts) and all values of vy,
3 then one may interpret this as the point at which the

Schottky mcael assumption that the depletion region 1s free

O

of electrons is no longer valid. There is a small variation

in this point due to y, which 1is conslstent with this line

fasd

of reasoning since n, in Eq. 7.4 is a function of y, i.e.,

c
n,=yNje Thus, 1if y decreases the free electron population

T R

at the depletion region edge will also decrease and the
cut off value of ¥y, can be expected to increase. This is
shoun quite clearly in Fige 5+9.

Since the interpretstion of Vo is based on the intercept
r value of a linear plot, the value of Vo may be in error and
é. the plot can still predict the correct slope. This 1s
. pointed out by Fig. 5.5 in which the Schottky and more exact
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moidels predizt *he same slope for yo>h, but there is signif- %
s g‘ icant difference in the values predicted for Vo‘ Furthnermore, i
E - the slope is independent of vy (yo>ﬂ) and the intercept value ;
g of V0 is not. The reason is again due to the correct inter- g
§- B pretation of the components of space charge for different é
é degrees of lon*zation., If all donor atoms are assumed to be ;
%. jonized and y0>h, thern the slopes of the Schottky and more :
g' — zxzct model are in coamplete agreement; however, if y<l then 1
3 : 4
% } the positive space charge furnished by positive donor sites »
N N
? i is reduced and cne would expect an increasing disagreement :
% hatxaan the twn models for space charge density as y decreases. é
2 Thic is shown in Pig.'s 4,2b and 4.3b. Furthermore, since ;
E the 2ffective depletiorn width is reduced for smaller values i
of v one would expect larger values of capacitance {assuming %
3 a constant value of bias) for lower values of y (see Fig. 5.5). ;
3
E Sirce a lower value of y implies a larger value of capacitance :
é for the same bilas voltage, one would alse expect the intercept ]
E , valne of V0 (based on a linear estrapolation) to be y depen- z
g i dert, with Vq increasing as y decreases. This is also evident ;
g from Fig. 5.5. w
E The agreement between the two models in predicting Nd :
% E Tor yo>h stems from the fact that the two models are com- %
% rletely equivalent in this range of bilas with regard to i
i ‘ cavazitvance, The voltage dependence of the junction capaci- ?
] 3
z tarce arises Trom the change in stored charge within the 4
é derlation region with and incremental change (Cj=dQ/dV) in the 5
;

2]
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3 applied bias and this addltion and subtraction of charge

i will be independent of the initial stored charge (pro-
portional tc y) as long as the despletion reglon ls free of
charge compensating electronse For the reglior of bilas
voltage in which the free electrcn population at the

depletion region edge can no longer be neglected (yo<4), the

e GRRNER o

T PTTITRTSINTVY

change in capacitance (Cj"z) associated with a change in
3 ) blas 1s no longer constant since the density of compensate
? I ing electrons varies exponentlally (Eqe. 7+3)s Furtherrmore,
E the electron population is dependent on y so that the slope
] czn be expected to be altered by an additive constant dve to
; the influence of y. In addition, the change in capacitance
; (CJ-Z) caused by a change in y will eventually reverse
; itself in this region, l.e., higher values of y will

produce lower values of capacitance (assuming the same value
of bias) since the electron population at low values of y
] is more strongly influenced by y than by y (y approaches a
minimum value which 1s proportional to Vd)' The above
conclusions are 1llustrated quite well in Fige. 5,9

In conclusion, the lnaccuracy introduced by using

Eq. 7.1 to interpret the diffusion potential from a

RAL AL S

capacitance (Cj-z) versus voltage plot 1s due to the mis-
representation of the Schottky model. The Schottky model
assumes that the depletion region is free of electrons and
¥, has a minimum value for compliance with this assumption.

Since capacitance (CJ'Z) 1s a nonlinear function of bias
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below this minimum, a linear extrapclation for Vo, produces
significant error in Vd’ However, Af Eqe 7.2 1s used to
interpret Vo, then one may expect an accurate value for the
equilibrium diffusion potential.

The influence of image effects on the accuracy of
Eq. 7.2 Was also considered in Chapter V and the conclusion
drawn that image effects may be safely neglected for this
particular application. This is due to the fact that the
reduction in barrlier helght caused by image effects is quite
small in comparison to the barrier height (neglecting image
effects) at the contact, i.e., yoayézyo at all values of
bias even though yé increases with bias.

This study has alsc considered a theoretical develop=-
ment of the current-voltage characteristic of an idealized
contact based on a diffusion model. Although justification
for the accuracy of the I-V model developed on a quantitative
basls has not been attempted, a qualitative comparison
between the model and experimental measurements have
produced favorable results. The model is able to predict
the correct slope for the forward characteristic within a
small multiplicative constant and this deviation can be
attributed to the nonideal nature of the contact. Further-
more, the forward characteristic shows the correct temperature
dependence and the reverse saturation current agrees well
with the experimentally observed exponential dependence on

the equillibrium diffusion potential. Also, the model 1is
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able to predict a voltage dependence of the reverse
characteristic which agrees well with experiment., This
dependence arises from the increasing importance of image
effects at large reverse blases. The theoretlcal model
‘\‘predicts a high probability of breskdown due to tunneling
which is also consistent wlth experimental results. In
short, although the theoretical I-V model would require
failrly sophisticated nvmerical techniques for evaluation,
it should agree quite well with experimental results on a
quantitative basis.

Since the results bf this study are quite conclusive
with resvect to the use of the differential capacitance
technique for determining the diffusion potential and
doping concentration, this method should compare favorably
wlth values of Vd measured by the photoresponse technique,
Thus, an experimental study or this *ype would warrant
consideration. Also, it would be interesting, although
the practicality may be guestioned, to pursue a complete
numerical evaluation of the theoretical current=voltage
characteristic for the purpose of comparing the results with

experimental measurements.
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APFENDIX A

TEE YOTT EODEL OF A KETAT~-SENICONDUCTOR

RECTIFYING CCRTACT

T2 ¥ott Eodel7 for a metale(X<Pype)-gemiconductor
contact #113 not b2 discussed in 2s rmuch detall as tha
Schottky and Zethe rodels sinece its application is ijnifed

to oy 2 very thin barrier. rurtherzore, it repressnts =

]

reclal case of the Schottky zcdel which is discussed in
Chapter Iii. Tne nodel and eguations bassd on the codel
are inciuded only for compleieness, although its irportance
shouiha not be overlooked since AT u=2s cne of the first
successful rodels which couid predict and matheraticelily
agcount for ths rectificetion pheroxenz obsacved at 2 refal-
serniconguctor confact. ‘

Tne rotentiai distribution for the Kottt berrier is
shoun in Fic, 4,i. The parrier is defined as a2 barrier
wnich extends throughout the N-Type semiconductor, or in

other words joins both zetal contzctis of the device. The

left-hand contact is regerded as cohmic since the barrier

at =M offers very iilttle copesition to currsnt flow. The
baslc assvuzmption of the kott codel is that due to the neture
of the tarrier too few impuritiss of the semiconiuctor are

lonized to disturd the eiectric field in the semiconductor.
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Since the charge associated with the system must be assumed

by the metal surfaces, the electric field is constant in the
seniconductor and the potential function 1z thus linear.

Stated rmathematically, Polisson's equation takes the form

d3v _ < <psn 1
s = 4] {5=x=%) {a.1)

since thers is no sgace charze assoclated with the senie
cornductor. Upon integraticn and evaluaticn at the boundaries

one obtains an expression for the electric field, or

av _ Ya — ¥
& = - E(=) = 7 (4.2)

4 second integraticon yields an expression for tThe potential

Géistribvution of the szmiconduczor, or

gd - Y
¥ilx) = =7+ C 2,3}

in which C =2y be evalvated hHy noting that
¥{0) = -E. /e = -~V (B.t)

D b

Thus, the potential is linear and ray be sxpressed as

=-S—2 -y (4.5)
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One could also develop an expression Tor capaclitance

and the current-voitage characteristic based on this model,

tm'

tut becausz2 of its limited 2pplicebility this will not be

l*‘

undexrtaken.
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APFPENDIX B

THZ BETHE KODZL OF A FETAL-SEFICONDUCTOR
RECTIFYING CONTACT

The Bethe modelio

for a petal-semiccnductor
contact is shown in Pig. B.i. The assumptions used to model
the contact are identical to those of the Schottky model
with the additlonal assumpticn that the interface is an
insvlating layer of thickmess r, sererating the metal from
the semiconducter. The model 1s particularly applicable to
a semiconducting oxide leyer, which may have bteen deliberately
applied to the seniconductor before forming the metal contact,
or may have resulted from the process of apnlying the petal
contact. In either case the semiconducting oxide forms a
thin insulating layer &nd the model assumes the *ransition
from the oxide to the pure semiconduvctor 1s abrupt.

Under the above assumptiors Poisson’s equation takes
the following form for a planar contact:

2y ) ,
ga%%é‘ =0 { Ociter) (B.1)

for the region of the insulator, and
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2 eN
Qazézl = - —EQ (r<x<w) (Bo2)

* s

for the region of the pure semiconductor with completely
ionized donor concentration Nd' The potential within the
barrier may be found by solution of Poisson'!s equation,

subject to tne following boundary conditions:

(1) V(W) = Vd + Vr f{Be3)
(2 v(0) =0 (Belt)
(3) Qg%zl =90 at x=V

with the potential and electric fleld continuous at x=r.

The solution may be written as

h

V(x) = —g‘i(w-r)x (0<x<r) (B.6)
S
eNd

V{x) = T,E-[w%rz-(w-x)"] (r<x<i) (B.7)

The Bethe model gives the fullowlng result for the barrier
width W:

s A ST o S o e o T - . - — - .

B Tl e e T

(Be5)

RIS

PN RARIIE o PA )




N T

FOIRINTS VAL T T AT TR o

140

=y ey

2€
W2 = 12 + —2({V_+V ) (B.8)
eNd d r

Since the Bethe model neglects electrons and holes as pert

of the spate charge of the barrier, the charge per unit area

e

is given by

3 Q(W4T) = eN,(W-r) (B.9)

13 24
lm«uwi
IR VLSNPS LSV ¢ 7 VLA Y AT 2 L CIE RPN SN & S

giving the following result for barrier capacitance:

RAER MRS ».;-‘ SR AT A Pl
L

€ €
C = -S - S - (B.10) “

3w % 3 :
o ] |

one should note that the conditions of the problem as stated ]

B ity

: E
% in Poissont's equation make the solutions physically valid .

v
A
Bmwind

only for values of the barrier width equal to, or greater

TV
aranwadi ey 28

than the thiclkness of the insulating layer,

As a means of comparing the Bethe and Schottky models

K% &GN Y Ml d 114 I AP DA
I

the Jjuncticn capacitance versus reverse bias voitage is

§ o Gl

TR L1 SRR PN

shown in Fig, B,2. The extrapolation indicated in Fig, B.2

PR

iilustrates how one may theoretically estimate the thicimess

of the insulating layer through the intercept on the voltage

Y 050 4 Y nﬁ“,\,"i"ml.%’wt,nq“ T

LA A A 3

axis. For an applied forward bias voltage exceeding the

equilibrium diffusion potential (Vd)’ the barrier should 3

PR GAR SR L gL ¢

behave as an ordinary capacitance with a dielectric layer

Sttt e

3 of thickness r. Thls would correspond toc the region of the
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horizontal dashed line in Fig, B,2. However, the diffusion
of charge carriers into and beyond the barrier does not
attain a steady stste condition until a certain time has
elapsed and this time may be on the order of time needed to
charge the barrier. This would have the effect of either
causing the measured capacitance to fall below or above the

constant value indicated in Fig, B,2.
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APPENDIX C

AN APPROXIMATION FCR THE QNMTIC OF A

PARABOLIC POTENTIAL BARRIER

Kemblei9 has approximated the transmission coefficient
(QMTC) for electrons of momentum s incident on a parabolic
potential barrier with the presence of an image forece and

with reference to Fig. C.1 h;s results are as follows:

1 ¢
Case I: QMTC = 7% Sxp(2H) (En<em) (C.1)
Case II: QMIC = 73 eip(nzu) (E;>Bm) (Ce2)

Case III: @NTC = 3 (Ei:sm) (Ce3)
where

u=-30 ,sl ldEnl (Cb)

L &

"1

%
s(x) = {Zmﬁ[E;-s(x)i} (Ce5)
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3 and :

i

g_ = e(¥ 7)) - Ef {C.5)
0 whdd - O
F |
y); i Cas= 1, 3;<sz, is shoun in Fix, C.i1; for Cese II, 23 and
: 12 are the cozpisex roots of

-

. Z -2z} =0 (c.7) R

- .

1 For Casz III, 1,;=1, and §(x)=5_ sc that the Q¥EC becomes

: egual to 2. Cne should rote that for this application Ep

3 is zeasured fror the top of the barrier without correction :

: for irzze fores emd £iso that Bix) comtains the correctize
3

2 terz for irase force lowerinzg, .e.,

{

3

3 glx; = 2%x) + 8"(=x} (C.8)
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In view of the caiculations of Chapter IV, the
imporiance of The degres of ionization of donor impurities
Fas bacoxe apparent in deferminins the normelized electrycn
potential and space charge density as presdicted by the =ors
exact medel for the metal-semiconducter contset {Fiz.'s
4.2 and 4.3). In addition the resulis of Chapter ¥
(Fig. Se% and Sg. 5.17) would indicate that y is of price
inportance in defermining the equiliibrium diffusicn potentisl
(V&) by the capacitance method. In light of these results,
the degree of lonizetiosn becormes an icportent carareter for
The rcztal-sanlconductor corntsct and would xarrant further
éiscussicn,

Zquation &4.14 defines y as the ratio of the numkter of
free electrons furnished by lonized donor impurities (nc)
to the total impurity density (Hd) in the bulk seniconductor.
in order to gain a btetter perspective of the dependence of
Yy with rzspect to temperature and material oroperties one

can reexampine Eg. 4.i5, or
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(Hclﬂd}(l-y) .
exn(E,/27) = {D.1)

Scustion D.1 can be arranged to form a guadratic ecuation

in y, o

&y + 5y -c =0 {D.2)
wnere

2 = 2exp(E,/ET) (0.3)
angé

b=c=X/% {D.L)

Using the standaréd quadratic formula, the princiral value

of y m2ay bz expressed as follows:

) + = 9 4 3 Y Vo = UR
_ n (-1 + (1 + 8(u /8,)exp(E, /kD)])
4§dexp(31/KT)

(2.5)

Y

The effective density of states for the conducition band

(Nc) ey be expressed ast3

3/2
L [2 (im*KT)
¢ h
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ard upon substitutlion inte Z¢. D.5, y becomss
SZ{==%x7)3
3 o - e
.d-xp(uisz) L (5.7)

[(eofar) ¥ + J2% nexn(Z, /57)

L (mg_a'r)m A

Aithough Eg. D.7 is a fairly cozplicated expressicn, it
2l110%s one tc calculate y for 2 particulsar device if Ng»

s 5;, and 31 ars Imoxn, It snould be noted thet, in
gen=ral, “Whzn £ particular semiccenductor =material is
specifiegd 31, ﬁd' and o} are Imoun so that y is essentially
e functlion cf temperaiure.

Since a quantitative evaluation of y would maxe it
necessary for one to assurce a particuler msterial, dopant,
doping density and tempsrature, no general conclusions couid
be gade froz takins thils apprcach. However, as an alternstie
approach, one could make the following qualitative chserva-
tions by examining Eq. D.7:

(1) Since (El/KT) appears as the arsument of an
exponential, it should be rezgarded as the most influencial
factor in determining y. In addition, since Ey 1s a constant
for a specific material, one would expect y to be a strong
function of Temperature. If one assumes a specific tenpera-~
ture, then y will be strongly influenced by the ioniza-
tion energy E,- As an 1llustrative example, 1t could be

shown that at room temperature using the normal dopants
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{P, A&s, and Sb} To prcduce XN-Type siliicon and zgerzanium,
essentially all icpurities will be icnized. ¥his is due %o
the relatively low lonization enerzglies assoclated »ith these
doranis, ranging from 0.001 to 0.035 ev.aa Eowever, Af qne
considers F-Type SIC using A3 doping, Ele.ZS evkE and
jonization of ippuritles is relatively inconplete at rsom
tenperature.

£2) Tne doping density (ﬁd) and the effgggive electron
cass (o) 21so influence the character of y, a2lthough this
infiuence may gc umnoticed because of the impertance of El
and T. However, one 2y draw the generai conclusion that

Yy is proportional to the effectlive rass and inversely

preportional to tne doping concentratione.
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APPENDIX E

VERIFICATION OF EQUATICH 4.32 AS TES

SOLUTION OF EQUATICN 4.27

In order to show that Zg. 4.32 is & solution of Z2q¢

L, 27 1%t must be shown that

l’J

s %.32 sztisfles the differ-
ential equation (ZSq. 4.27) and meets the boundery condition
of Za. #.30. Thls resnlt can be shown guite easily by

perforping the fcellowing differentiations:

1 £ -3 - - E3HH)(E) (2.1)

az oY -
2) = 3,‘* - ye ¥ (£.2)
ye' + 1 -y
1 b
(3) i}g = 722 (2.3)

~Z{in[yeY + 1 - y] + ye¥ - y\%

z

J

Upon substitution of E.2 and E.3 into E.1 one obtains
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) 2 _
N g'u‘g = 1 - Y€ 5 (Eo#)

i+ (I/Y-l)e_y

a
S
%
b
<
£l
=
3
Y
5
=
si
e
X
T

%hich is identical to Eq. 4.27. Thus, Ea. 4.32 satisfies
the gifferential equation.

HNext, considering the boundary condition:

-Qﬁ';;wﬂ-\hfwvtmruwwwm e
et sy fventt 1510w Histyani

g% =0 at y=0 {(2.5)
E’ and 2
]
% -
1 .
Co ?L_=-ﬁumn%1-ﬂ+yf-yﬁ (2.6)
i 1 2 {y=90
!
.
j ! or
.gl — - - %-: EO
_ A |y=o = ~2[In(1) + vy - v]==0 7)
23
so that £q. 4.32 satisfies the boundary condition of Eq.
4,30, Thus, since Eq. 4,32 meets both requirements as ?
:
stated above it must be considered a wvalld solutlion to 3
‘ Zq. 4.27 subject to the boundary condition of Eq. 4.30. f
:
‘ g.e:dg §
; ;
i3 E:
%
: 4

i ians
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APPENDIX F

TEE RUNGE-KUTTA METHOD FOR
NUMERICAL INTEGRATION

The sclution c¢f Eqe. #.32 is accomplished by a numerical
integration employing the Runge-Kutte technique. In general,
this technique takes the interval (en'9n+1) and breaks it
into two or pore subintervals. The integral of the funetion
£(0,2) over the whole interval is then ~slculated as the
sum of the integrals over the subintervals. The function is
taken to be constant over each subinierval and by judiciocus
choice of the points at which the function is evalueted a
low truncation error can be obtained. In addition, when
using the Runge-XKutta method only one initial point (GO,AO)
is needed for the iterastion process to begin. The chierf
disadvantage of this method 1is that it requires several
evaluations of 7{(6,a) for each point of iIntegration which
makes it somewhat slower than other methods,.

The specific Runge~Kutta method used for the solution
of this problem is of order four, or the interval (n) 1is
divided into four subintervals., The integration is then

given by the following system of equations:
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I, = af(e ,a ) (Fo1)

I, = Qf(en * a8, + BygI,) (Fa2)
I, =r(e + a,ha, + BynEy + BoyEy) (Fe3)
x,} = nf(en + QBQ,An + B}OzO + 53111 + 33222) (Folt)
Aqp =4, * (aXy + B 4 oL, + dz3) (Fe5)

Although a large number of parameters appear in Eg.'s F.1
through F.5 they may be determined, at least in part, by
equating Eq. F.5 to the Taylor~series expansion of ApH
about the point (on,An). This can be done so as to achieve
agreement through terms in 04’ yielding solutions that have
an error of approximately (QS).

One possible sclutlon 1is

A bk

S AR b S S




Ay

a‘. X e e e

™

20 = nf(on,g’.\ ) (F06)

R RTRN NI AW A WS 6 TS VAP~ PRI R R e T WAt

i
' ‘ 158
I

=y
AN RN §

img
™M
—
1

-ar(e + /2,4 +a/2) {F.7)

N it

e AL

I, = Qf(an + ﬂ/2,An + 2/2) (Fo8)
1 |
{. Iy =af(e, + 0,8 +I,) (F9)
, <
A4 = A, t 1/6(X, + 28, + 21, + X) (Fo10) «

where da/de=f(e,a) with the initlal starting point specified
as (oo,Ao). Here the interval N is divided into sub-
intervals of Q/6, 0/3, 0/3, and 0/6, The function 1is
evaluated at the left~hand side first, then twice at

extrapolated center points, and finally at the extrapolated

right=hand side. 4

The complete computer program used to integrate Eg. 4.32
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by the Runge-Kutta method of order four follows. In
addition to calculating the normalized electron potential,
the program lis designed to calculate the space charge
density based on both mcdels and present the results in a
normalized form for comparison purposes., Also incorporated
into the program is a plot subroutine which allows the data
generated to appear in a more useful form. The program is
written in Fortran-IV for use in the GE=225 computer and

takes approximately three minutes running time for each

parameter changee.
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160

!: SUSROUTINE PLOTT (,%P,X,Y1,72,Y3) j
, DIMENSION X{100},Y1(100),72(1297,Y3(100; %
1 DIMENSION 4(100),P1.07{100) E
7 COXMOY G,BLNX,PED,STAR,EQ, PLUS,COM,EXE
: 7 FOREAT(1Y,2E210.3,5X,9531) _ %
] 8 FORAAT(1Y,3E10.3,4%,8581) :
- 9 PORMAT(1X,5E10.3,kX,7521 :
i 300 FORMAT(1E1,45X,16EPLOT SUBROUTINE ) é
T 310 FORMAT(1E ,22¥,13,53F VALUES OF DY/DU(*), V{=), ¥{+) ARE g
1 PLOTTED,85 AGAINST,I3,3iH VALUES OF 5(.) SCALE PaCTOR :

i 2 =,210.3) 1
. EP=NP :
i B6 5 I=1,95 ]
3— 5 PLOT(I)=BLiX %
- X¥=0.90 é
i XHG=0.0 ;
:_ DO 10 I=1,HP f
i 10 A{I)=Y1(3) :
- #S¥=2 :3
f GO TG 60 :
Lo DO 50 I=1,NP é

50 A(I)=Y2(1) g

MSW=3 ;

PENPPLEL NS JOL 1A

60 DO 90 I=1,NP
IP(A(I)-XM] 70,75,75
{ 706 IP(A(X)-XMI) 80,90,90
80 XMI=A(I)
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161
GO TO 90

75 ¥¥%=a(1)
90 CONTINUE
IP(HSW-{N-1)} 20,4C,100
100 NRA=94-(%-1)¥1G
Ra=NEA
SP=(X¥-X¥I)/Ra
REP=ARSP(XMI/(XM-XMI))*BA+1.0
¥R=REF
PRINT 300
PRINT 310,NP,NF,SF
GO TO (320,330,340),N
320 PRINT 325
325 PORMAT(7X,4HX(.),5%,5BY1{*))
GO TO &
330 PRINT 335
335 FORMAT(7X,4HX{.),5X,5HY1(*),5X,58Y2(=))
GO TO &
340 PRINT 345
345 FORMAT(?7X,4HX(.),5X,5HY1(*),5X,58Y2(=),5X,5HY3(+))
4 PRINT 350

350 FORMAT(lX’lléH..C'.'.'....'.....'..".J...O‘C‘....C..'

1..‘....'.......0.0'..........G....'.00’0......’0.0..0'

2..'.....‘.’9....0.9...)

DO 290 I=1,NP
PLOT(NR)=PRD
L=Y1(I)/SF+REF
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)
o
-
el
~d
*a

PLOT(L)=STzR :
GO TO (140,110,110),N 4
110 X=Y2(I)/SF+REF

s I B

SRR 5 ¥

PLOT(K)=EQ

i

IF(N-2) 156,150,120

(PF 5 ¥ AUIITL\ A

&M‘

120 J=Y3(I)/SF+REF

dadedan 125

PLOT(J)=PLUS
GO TO 160

140 PRINT 7,X(1),Y1(1),(PLOT(J),J=1,95)
PLOT(L)=BLNK

ok 'y

PP AN T

GO TC 290

150 PRINT 8,X(I),Y1(I),Y2(I),(PLOT(J},J=1,85) 3
PLOT(L)=ELNK

e T S B PR Ry

Sianndl ki

PLOT(K )=BLNK ]

L -
s

GO TO 290

cx e

160 PRINT 9,X{1},Y1(1),Y2(1),¥3(1),(PLOT(J),J=1,75)
DO 165 NO=1,95

NI

165 PLOT(NO)=BLNK

3
bt

290 CONTINUE .
RETURN 3
END §
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SUBROUTINE FNCT (X,Y,F) 163 ‘;

COMMON G,BLNK,PRD,STAR,EQ, PLUS,COM, EXE
AA=SQRTF{2.0)
BB=LOGF(G*EXPF{Y)+1,0-G)+G*EXPF(-Y)~G
CC=SQRTF(BB) .
P=-AA%*CC
RETURN

END
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164
z C *¥¥x¥%%%%¥*% RUHGE-KUTTA METHOD FOR SOLUTICN OF D.E. USING GE415 ;
C #wx¥xx¥¥%* H, ALLEN LINDSEY, NOVEMBER 1968 %
g C #x¥uxuvxx® THE POLLOWING VARIABLES ARE USED: :

#e#% A AND B ARE THE INTERVAL LINMITS !

b

*&%% 1 IS THE STEP SIZE

i *%¥% Y IS THE INITYAL VALUE OF THE SOLUTION

CRRUUR ~ 3 ¢ JENCY 5 F DRSS 4 RO §

*%¥%% DELTA IS THE INCREMENT AT WHICH THE SCLUTION IS

DIMENSION NEQ(80),P(1)

3- IS TO BE PRINTED OUT ?
*%¥%¥% G IS THE DEGREE OF IONIZATION E

DIMENSION X1(200),Y1(200),Y2(200),Y3(200) ?
DIMENSION X11(70),Y11(70),Y22(70},¥33(70)
COMMON G,BLNK, PRD,STAR,EQ, PLUS,COM,EXE

990 FORMAT (80A1)

s

e g

: 998 FORMAT (//5X,19H ON THE INTERVAL U=,F8.4,6H TO U=,F8.4, 3

K328 X

e 1 17H WITH STEP SIZE =, F9.7/)

997 FORMAT (5X,51H THE TOTAL NUMBER OF INTERVALS FOR THIS
1' PROBLEM IS ,

1 16/)

PREICAUIS WY STV

996 FORMAT (5X,48H THE DEGREE OF IONIZATION FOR THIS

1}
FPPTSIRATE & PSR

PROBLEM IS G=, 5
1 F8.4/)
i 995 FORMAT (5X,48H THE EXPECTED ERROR FOR THIS PROBLEM
IS E=(+OR-),
1 E16.8/)

994 FORMAT (8X,2H U,13X,2H Y,15X,2H V//)

e e s L T

993 FORMAT (5X,F12,7,3X,F13.8)

-

< o,
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§
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wun

§ 992 FORMAT {5X,F12.7,3X,F13.8,3X,F13.8)

991 FORMAT (6F10.3}

990 PORMAT (//////)

989 FORMAT (2¥,1A1,2X,1A1,2X,1A41,2X,1A1,2X,141)

e i b d Xu 2 24 Sl

Febt i xadd i

988 FORMAT (5X,37H U=NORMALIZED DISTANCE FROM JUNCTION /
1  5X,33H Y=NORMALIZED ELECTRCN POTENTIAL /

s
3
3
i
2

2 5X,35H V=NORMALIZED SFACE CHARGE DENSITY /
3 5X,32H W=SCHOTTKY APPROXIMATION FOR V ////)
READ 989,PRD,STAR,EQ, PLUS, BLNK
N1=3
C **#xxuxxx% MATN PROGRAM
1 READ 991,A,B,DELTA,H,Y,G
C ¥*%%xxx¥¥¥% CHECK FOR EOF

IF (H) 2,100,2
2 NH=(B-A)/H

PRINT 990
2 READ 999, (NEQ(I),I=1,80)
i E<H*¥5,0

P(1)=SQRTF(2.0%Y)

C *¥R¥kx¥¥xx PRINT HEADINGS
PRINT 999,NEQ
PRINT 998,A,B,H

PRINT 996,G %
: PRINT 995,E :
' PRINT 988
PRINT 99l

PRINT 993,A,Y

e S i 2y PR ki
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C *#xxassxsx INITIALIZATION 166 ;
, 10 X=A
? J=0 ;
1 C w*s#eaxx%¥* COMPUTATION OF THE NUMBER OF PRINT INTERVALS %
§ ] N=DELTA/H %
E ) NN=N+1 %
Fg ] 15 Yo=Y (
% C ¥*¥%&x¥xx% EVALUATION OF THE FUNCTION FOR RUNGE-KUITA FORMULA 5
F% I 30 CALL FNCT (X,YO,F) ;
T ZK1=F ;
;‘ ] XH=X+H/2.0
Ai I YO=Y+H*ZK1/2.0 |
? , CALL FNCT (XH,YO,F) ;
! } ZK2=F :

YO=Y+H*ZK2/2.0

RN by e
AN
¥

bt

CALL FNCT (XH,YO,F)

| ZK3=F 3
XH=X+H
YO=Y+H*ZK3
CALL FNCT (XH,YO,F)
ZK4=F 4
50 Y=Y+H*(ZK1+2,0%(ZK2+2ZK3)+2ZK4)/6.0
D=1.0+(1.0/G=1,0)*EXPF(~Y)

i V= 1,0/D-G*EXPF(-Y) ;
i C *#rsxsnxsx TNCREMENT ARGUMENT AND COUNTERS
] Z=1

§ maskaln
x

TROTRY
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X=A+2*H
I=I+1
C *%x%¥u%¥x#x TEST FOR PRINT INCREMENT
IF (I-8N) 30,70,70
70 PRINT 992,X,Y,V

B SR o e
e

Y

J=J+1
Y1{J)=Y
Y2(J)=v*Y1(1)
IF (X-P(1)) 76,76,78
76 Y3(J)=Y1(1)
: | GO TO 79
78 ¥3(J)=0.0
79 X1(J)=X

MR
Creyonn TR T oo

Yy

C #¥¥x%%%%%% TEST FOR FINAL COMPUTATION
iF (NN-(NH+1)) 80’90190
80 NN=N+NN

CARSMRG Y ) o /1

GO TO 15

90 S=(1,0/DELTA)*B
MN=S
IF (S-58,0) 96,96,92

92 SCALE=S/58,0+1.0

; NM=SCALE

; L=MN/NM

: =-2%NN

§§ DO 94 JJ=1,L,1

; K=K+NM

Y11(JJ)=Y1 (K+NM+1)




165
Y22(JJ)=Y2(X+NM+1)

Y33(JJT)=Y3(K+NM+1)
94 X11(JJ)=X1(K+NM+1)

-
.- X
IOV PVOY TICTRCTUNINNEL. S § ETU N WP eI TRt

s i WOE

NP=L

ey

GO TO 98
96 CONTINUE

m}

DO 97 Ji=1,MN,1
Y11(J1)=Y1(J1)
Y22(J1)=Y2(J1)

FSVRRRETY « ST STINE I ANPN 1 UMY Rk N U0 MUY 3L SR NP Y NSNS SO Y P & T S ATR PN

ﬁw«u..{ W&

< ¥33(J1)=Y3(J1)

? }' 97 X11(J1)=X1(J1) 3
- NP=MN
3

98 CALL PLOTT (N1,NP,X11,Y11,Y22,Y33) :
GO TO 1 é

S

100 CALL EXIT X

i o) e\ it queis itz s i
SAPEONS TR .

END 5
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APPENDIX G

A TYPICAL COMPUTER SOLUTION
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170

xng NES

SURROUTINE PLOTY{N,NP,X,Y1,Y2:Y3)
DIMENSION X[100},Y1[100),Y2(100),Y3(100)
DIMENSION A{200}, PLOTI100]
COMMON G,BLNK,PRD,STAR,EG,PLUS,COM,EXE
7 FORMATI1X,2E10.3,4X,95A11
8 FORMAT(1X,3E10.3,4X,8541)
9 FORMATI1X,4E10.3,4X,75A1)
300 FORMATI1H1,45X,16HPLIT SUBROUTINE )
310 FORMATIiH ,22X, 13,434 VALUES OF DY/DUl#), VIs), W{+) ARE PLOTTED
1,84 AGAINST,13,34H VALUES OF Ul,) SCALE FACTOR ®=,FE10.3]}
NPeNp
D0 5 1=1,95 3
5 PLOT({1)=2BLNK 1
XMz, {
XMUZ0,
DO 17 I=1,NP :
10 A{1l=Y1{I] %
MSWz1
GO To 6. 3
20 DO 39 I=z1,NP ;
30 A[T)=Y3(1) ‘
M3W=2
G0 Tn 64 4
40 PO 50 I=1,NP :
50 A{11=zY2{1) j
MSW=3
60 DO 91 I=1,NP '
IF(ALI)=XM) 76,75,75 E
70 IF(A[L])=XM1)80,90,90 :
8 XMI=a(1]
GO To 9u
75 XM=A[l] 3

Al LA bl s

many  Sae

omu1 “uﬂ nww‘ “ﬁﬁﬂ
FIRIY T Vs 3 PRI R AR

o

A i aan &

[

91 CONTINUE
IFMSW-(N=1)120,40,100
NRAZQ4-[N~1])+10
. RA=NRA
! SFz [ XM=XMI]/RA
: REF=ABSF{XMI/[XM=-XM]))*RA+1,0
MR=REF
i PRINT 30
} PRINT 31.,NP,nNP,SF
GO T0(32u,330,340]1,N
320 PRINT 325
A 325 FORMATI7X,4HX{,]1,5X,5HYLL*))
E: GO Tn 4

10

e ar e ot ks

330 PRINT 335
335 FORMAT[7X,4HX[,]1,5X,8HY11%]),5X,5HY2(=])
GO Tn 4
340 PRINT 345
345 FORMATI[7X,44U(.1,2X,8HDY/DUL+],4X,4HV(=),4X,4HUW[+]])
4 PRINT 35
35“ FOqMAT(lx'iléH.O0'.'.'.00.0.(.00.'0.'.0.'0000.0'..0‘0'000'..0!0.
1.0-0;0‘00'130.0.0.0000“'00'00'..0000.0.0&0.0.0lolo.aotlo.o.oo'.
Do 2¢0 J=zi,nP
PLNT {NR)zPR)
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% LaYl{])/SFeREF

PLOT:L)=5TAR
GO To (14v,110,110),N 171

110 KsY2(11/SF+REF
PLOT(K]=EW
IF[N=2) 150,150,120

120 JaY3t11/SF+REF
PLNT(JI=PLUS
GO Tn 16V _

146 PRINT 7,X[{1),Y1tl1),tPLOTEJI),,Ux1,95])
PLOTIL)=BLNK
GO To 299

150 PRINTY 8,X{1l,Y1(l)sy2[1),(PLOT(J),JUB1,85]
PLOT L) =BLNK
PLOT K] =BLNK
GO To 294

16y PRINT 9,X[1),Y1(1),Y2(1},Y3{1),(PLOTLJ],J=1,75)
DO 185 N0=1,95

165 PLOTINO)=8BLNK

290 CONTINUE
RETURN
END
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PLOTT 0000012

N 1000012

NP 1000013

X 1000014 C.20144
Y1 1000015 9520144
. Y2 160p0l1s 0020244
! Y3 100p617 0020144
‘ ' A 00006036 0520144
3 PLOT 0050346 0026144
- G 0017764

r BLNK 0Gg17762

] PRD 0817760

STAR V017756

EQ 0017754

, PLUS 9017752

4 COM BU1775y

i EXE 0017744
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+538094 {01017
+20C10 §QI162.
RA 00E1022

SF *19012%z
RcF . 3gizo»
L85F 1431262
1.3 191264
NR ¢£0127-
/779328 wpe13s
F"337 3he1s7
/775345 Qpeesid
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SUBROUTINE FNCT (X,Y,.F) 5
COMMNN G,3LNK,PRD,STAR,EQ,PLUS,COM.EXE %
AA=SGRTFI12.)) 173 :
BBxLOGF (G*EXPF(Y}+1,0-G]+C*EXPF[~Y)eG z
CC3SNRTF (3B}

Fa=AAxCS

RETURN

END

60113, 17745

FNCT 0000012
b4 1600012
Y 1000013
F 1000014
G 0917764
RLKNK 0017762
PRD 0317759
STAR 0017756
EQ ufr17754

pevw 35 AYTRGRER . Wb RRh LB I

M

e

£ PLUS 0C17752

] CoM 117759

] EXE 0017744

£ AR (D000 14

i SORTF 0144020 EXT PROG

- 2.0 ¢929L03n
B (¢%04032
LOGF §149034 EXT PROS
EXPF H140030 EXT PROG
1.0 £300C42

’ CC 0500046
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sexrseaests RUNGE-KYTTA METHOD FOR SOLUTICN OF 0,D.E. USING BE225
veteesrexr H, ALLEN LINDSEY, NOVEMBER 1968
sesawnrert THE FOLLOWING VYARIABLES ARE USED

«
«x
o®
V'S 3

PR ¢
DIMENS
DI1H4ENS
D IMENS
COMMON

999 FORMAT
998 FURMAT

.

]
-~

997 FORMAT

1

*+ A AND B ARE THE [NTERVAL LIMITS
« H IS THE STep SI2E
« Y IS THE INITIAL VALUE OF THE SOLUTICN
« DELTA IS THE INCREMENT AT WHICH THE SOLLTION
1S 70 BRE PRINTED ouT
« G 1S THE DEGREE OF JONIZATION
ION NEQ(8D).,P[L}
TON x4t2003.Y1(200),Y21200),Y312001)
ION X11(79),Y11(7061,Y22£70),Y33(70)
.G:BLNK:PQD,STAR; g0, PLUS.COH,EXE
(6041)
{//5X,194 ON THE INTERVAL Us.FB.4,6K TO Us,rF8.4,

174 ®WITH STEP SIZ2E 7,¥9.7/]

{5X,51H THE TOTAL NUMRER OF INTERVALS FOR TH]S PROBLEM™ IS

14/7)

966 FORMAT [5X,48H THE DEGREE OF IONIZATION FOR THIS PROBLEM IS G=.
1 Fa.
995 FORMAT (5X,48+H TRE EXPECTED FRROR FOR THIS PROBLEM IS Ex[+0R=},

994
993
992
991
990
989
988

1

1
2
3

FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAY
FORMAT
5%,
5%,
5%,
READ ¢
Ni=

471

t£16.87)

[8X,2H U,13X,2H Y:-15X,2H v//}

{5%,F12.7,3X,F13,8]

{5X,F12,7,3X,513,8,3%X,F13.8]

{6F19,31

$//1777)

[2X,1A%,2Xs14A3,2X,141,2X,1A1,2X,14A11]

[{5Y,37H UsHORMALIZED DISTANCE FROM JUNCTION /
33H YzNORMALIZED ELECTRON POTENTIAL /
35K VaxNORMALIZED SPACE CHARGE DENSITY /
32H WaSCHOTTKY APPROXIMATIOM FOR Y S//71
89,PRD,STAR,EQ,PLUS,BLNK

rerasengr* MAIN PROGRAM
1 READ 991,A,B8,DFLTA,H,Y,G
sarererexre CHECK FOR EOQOF

IF (W)

2,169,2

2 HHz([8-A}/H

PRINT
ReAD 9
Fzlweb
Pl1)=S

o9y

99, ({NEQ[]),1=1,80)
.b

QRTF{2,3°Y]

ryvatexceot PRINT HEADINGS

PRINT
PRINTY
PRINT
PRINT
PRINT
PRINT
PRINT
PRINT

999, NEQ
998,4A,B,H
967, NK
996,0G
993, E

988

994
993,A,Y

tocatvrarn [NITYALIZATION
10 %=4A

I=1
Jz

exraceratr COMPUTATION OF THE NUMBRER CF PRINT INTZRVALS
ManNE| TA/H

Wl\nx_m 3ol
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NN=Nel 175
15 Y0=Y
C wswetrtexv EVALUATION OF THE FUNCTION FOR RUNGE«KUTTA FORMULA
3G CALL FNCT (X,Y0,F]

A LA

<2 X ¥is

ZK1=F 3
XH=X«H/2.0 2
YO=zY+H*ZK1/2,0 i
CALL FNCT [XH,YQ,F]} 4
ZK2=F 3
YO=Y+H*ZK2/2,0 %
CALL FKCT IXH,YQ,F]) 3
ZK3=F :
XHzX+H g
YO=Y+H*ZK3 :
CALL FNCT ([XH,YQ,F) ]
ZX4=F %
S Y=YeHr*[ZK142,0+[2K242F3)eZK&1/6,.0 v

D=1.0+[1.0/G=-1,01~EXPFl~Y]
vz1,)/N=-G*EXPF{~Y])
C terevereer INCREMENT ARGUMENT AND COUHTERS
7=1
Xzh+7*H
1=+
C =avf{ewss== TEST FOR PRINT [MCREMENT
IF {1-fN) 39,70,70
7¢ PRIMT 992,X,Y,Y
a J=Jd-1
L YiiJy=Y
Y2{Ji=svaYi{i]
1F {¥=-Pl1)]) 76,76+78
76 Y3{Ji=V1iil})
3 50 Tn 79
F 78 Y3{uji=C.
; 79 XitJy=Xx
C tevaewzesr TEST FOR FINAL COMPUTAT]ION
1F [uN~{NH+1}] 20,90,90
3 8" MNzN+NN
E 580 Tn 15
E C +*arewesrax+s STORAGE / SCALE FOR PLOT SUBROUTINE

90 S=(1,C/DELTA)#R
MN=S

1
&
2
R
k-
ks

IF {5-58.3
92 SCALF=S/58
NM=SCALE
LMN/NM
K==2¢NM
N0 94 Jd=1,L,1 E
KeK+NM 3
Yi1(uJ1=Y1[{K+AMaq)
¥221JJd13Y2{KelNMe] )
] 1330Jd)=YS[K+NMe1)
94 X11([JJ)=X1{K+NM+1)
NP=L
GO Tn 94
96 COMTINhIE
nJ 97 Jiz=i,MN,1
Yiii(J1)=Y1{J1]
Y22¢41)=Y20J1)
v33(J11sY3(41)
97 x1ilJil=x11J1]

i 96,956,92
L] 00
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seeseaesss RUNGE~XKUTTA METHOD FOR SOLUTION OF G,D.E, USING GE225
wersrimrant H, ELLEN LINDSEY: NOVEMBER 1968
waxwenxrewx THE FOLLOWING VARIABLES ARE USED :
«*x A AND B ARE THE INTERVAL LIMITS ‘
«*« H IS THE STEP SIZE
v+ Y [S THE INITIAL VALUE OF THE SOLUTION
se« DEL.TA IS THE INCREMENT AT WRICK THE SOLUTION
IS 7o BE PRINTED 0OUT
«xx G 1S THE DEGREE OF I[ONIZATION
DIMENSION NEQ(BO}.P(1]
DiMENSION X1(2003,Y1125¢3,Y20200),Y31200)
DIYENSION %11(70),Y14(701,Y22(703,Y33(70)
COMMON G,BLNK,PRD,STARSEQ,PLUS,COM,EXE
999 FORMAT (80841}
908 FORMAT (//5X,19H ON THE [NTERVAL Us.F8.4.6H T0O Us,F8.4,
1 174 HITH STEP SIZE =,¢9.7/1
997 FORMAT [5X,51H THE TOTAL NUHRER CF INTERVALS FOR THIS PROBLEM [S
1 16471
906 FORMAT {5X,48H THE DEGREE OF IONIZATION FOR THIS PROBLEM IS G=.
1 Faed/]
995 poRMAT [5X,48+ THE EXPECTED ERROR FOR THIS PROBLEM [S Ex[+0R=j,
1 £15.871
994 FORMAT [8Xs2H U,313X,2H Y,15X,2H v//)
993 FORMAT {5X,F12.7,3X,713.,8]
992 FORPMAT (5X,F12.7,3X,F13,8,3X,F13.8)
9941 FORMAT [6F19,3)
990 FORMAY (/////7)
989 FORMAY (2X,1A1,2%,1A1,2X,1A1,2X,1A1,2X,1A1}
988 FORMAT (5X,37H UsNORYALIZED DISTANCE FROM JUNCTION /
i 5%,33H YzNORMALIZED ELECTRCN POTENTIAL 7/
2 5%X,35H VaNORMALIZED SPACE CHARGE DENSITY /
3 5Xs32H WzSCHOTTKY APPROXIMATION FOR Y ////7]
READ ©89,PRD,STARLEQR,PLUS,BLNK
Mi=3
torevatntr MAIN PROGRAH
1 READ 991’A)8)DFLTA)H1YJG
revaeerexr CHECK FOR EOF
IF (W4} 2,169,2
2 NH=z([R=~A]/H
PRINT 990
READ 999, [NEG!1},1=1,80)
EsHeed, b
P{1)=SORTF[2,0+Y]
rsewncwsars PRINT HEADINGS
PRINT 969,NEQ
PRINT 998,4,B,H
PRINT 997,NH
PRINT 996,6 :
PRINT 995,E
PRINT 988
PRINT 994
PRINT 993:4,Y
tezaevrsre [NITIALIZAT]ON
10 X=4
1=1 :
Jz :
seasvwvensr COMPUTATION OF THE NUMRER OF PRINT INTERVALS ’
MaDELTA/H
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NN=Ne+1 175 i
15 YO=Y e
C *eweearese EVALUATION OF THE FUNCTION FOR RUNGE~KUTTA FORMULA ;
36 CALL FNCT (X,Y0,¥%) s
ZKi=F
XH=XeH/2.0
YO=V+H*IK1/2,0
CALL FNCT (XH,Y0,F)
ZK2=F 2
YO=Y+H*ZK2/2,0 ' §
CALL -‘.NCT IXH)YOnF] < ;
ZK3=F :
YXH=zX+H :
YO=Y+keZK3 i
CALL FNCT [XH,Y0,F) '
IK4=F
S0 Y=sY+H*[ZK1+42,0%({2K2+ZK3JeZ2K41/6,0 ;
D=1.9+(1.0/G=1,01*ExPFl~y] i
Vx1,)/D=G*EXPF(~Y]) :
C #everwxoexr INCREMENT ARGUMENT AND COUMTERS 5
2z}
XzA+72vH
Is]+1
C *av{swra=x TEST FOR PRINT [NCREMENT
IF {1-NNY 30,70,70
: 7u PRINT 992,X,Y,V
J=J=1
YiiJy=y
Y2[Jy1=VeYi(1}
IF {¥-Pl1}} 76,76,78
76 Y3{Jy=Y1[1)

rASai G daa v el)

60 Tn 79
78 Y31Jy1=06.¢
-4 79 XifJy=X
. C +*soaesewrr TEST FNR FINAL COMPUTAT]ION
“E IF [uN-{kH+1)] 30,90,90
i B MN=sNN
‘ GO Tn 15

C *ereovevess STORASE / SCALE FOR PLOT SUBROUTINE
3 90 S={1,0/DELTA)*R
E MN=S
: IF (5-58.J) 95,946,992
3 92 SCALF=S/58.r«1.0
NM=SCALE
L=MN/NM
] Ks=2«NM
| D0 94 Ju=1,L,1
KeK+NM
YI1{JJdI=Y1({K+NMa1])
Y22 [JJ)3Y2(KeNMy1 ]
13 Y3303Jd1sYSKeNMe1 )
3 94 X131[JJT=X1[K+nMe1)
NP=L
GO Tn 94
96 COMT{NlE
NI 97 Ji=1,HMN,1
YitlJil=Y1{J1])
¢ Y22(J1i=Y2tJ1}
Y330311=Y8¢U1)
97 x11(J1i=X11J4i

Ll 2l )

bty A
Y Py




FABILY

B2 b1 i Ry & D igbs

LAY

LRy

NP =M

98 CTALL PLOTT

GO Tn 1
106 CALL EXIT

£ND

5616, 17745

»KP 000, 1)
MEQ 00O 93
P n00 124
X1 00p 126
YL 000 744
Y2 Q0#ni565
Y3 0692436
X11 09032246
Yii 0n344>
¥22 0310352%
Y33 rgad :72
G 60177564

0329120
9.20001
0020316
332131
029316
ne25310
215201948
0.2%174
20115
01201¢6

RLLNK 17762

PRD £C017760

STAR 17755

ED ¢117754

PLUS 17752

CoM 1 81775
EXE n"11774%
/70609

-1.4321

/70908 4324

/10907
/50906
/12905
/16694
/7-0903
/ 9962
/0094613
/199990
/309&9
/uR9RE
Ni ©0nd3%§
+J00803
/100061
A 6004310
R 0cpe31>
DELTA
H LT 4314
Y +( 0445

‘.4356
L4404
© 4431
J4457
a4471
1457
<4512
ras15s
yas? :
74535

.aa3n?
34644

;4314

/70962 1472

/50831¢0
DH p374662
I aANJ446nA

,5614

avprog LART
gnl 1467

[ GUNe4R72
5.(.' Urd4.‘l7d

-, IR 1.144K74
14470

SQRTF
Z.N "TH4T7 2
+AY 11904704
/fCoL
X dEDS 34

EXT PRUG
EXT PR06

=EXT 206G
's0352

(N1,NP»H11,Y115Y22,Y33)

‘.,
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7 Eaca &8 faaH e

o)

L

Lk i A1) [aidaind

b 23

e a

TOLE

[

L] L) EXam i v a5l

J puo5 135
+503900 15037
N Gu05. 49

NN 005 .41
/793015 1510,
YO 0005 42

/00630 "5162
FNCT 115044
F £N051456
ZK1 9605159
XH 0005-.52
ZK2 605 54
ZK3 3005 56
ZK4 n6pgs5 60
/00050 35165
6.0 0005261
D uredS2a2
1.0 0905244
EXPF 145206
v 03021
Z 005214
/00072 5304
/00076 533/
/03078 15346
790079 15354
0,0 0%g522n
/30080 16373
/30690 153877

S 0005222
MN 9005224
58.0 ys410

/900696 15551
/90092 .uyS44o
SCALFE 275412
NM uQGs5414
L ¢G0S 41s
K 905416
-3006v2 18417
JJ 4005420
/00394 105524
NP 1p0ip5422
/10398 ‘56064
J1 0np5423
/N95097 75565
PLOTT 115424
EXIT 115420

EXT PRODG

EXT PROG

EXT PROu
FXT PRNOG

177

- s Y

3
&
5
3
3
i
kS

k-
3
E
3
3
4
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[FEIPRAY- PR o T,

PLOTTY ©430J
FNCT 66371 -
2 KP 16504 178 ;
EXIT 14329 E

B e

SQRTF 14349 3
» IR 1444 3
! ABSF 14476 :
LOGF 14516 1
EXPF 14604 ]
I s AY 14762 ?
g » ST 15169 k

+LOAD LIMITS 15145, 17745
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; ON THE INTERVAL Uz 0.,0000 TO Uz 20,0000 WITH STEP S1ZE =06.200000
3 THE TCTAL NUMGER OF INTERVALS FOR THIS PROBLEM 18 i00 2
g é THE DEGREE OF JONIZATION FOR THIS PROBLEM IS G= 0.0%00 3
- THE FXPECTED ERROR FOR THIS PROBLEM IS EZf+QR-) 0.31999996E~03 g
¥ 3
g § UsNORMALIZED OISTANGE FROM JUNCTIGN 5
F Y=NORMALIZED ELECTROY POTENTIAL :
g, VENORMALTZED SPACE CYARGE DENSITY 3
% § W=SCHOTTKY APPROXIMATION FOR V i
é‘ U Y v ‘é
= % ;
% c106i LG 60.00009000 :
L4 206700 57.88544110 1.00000000
1 § L 400 1. 09 55,81088220 1,00000000
3 16007 .06 53.77632340 1.00000000
§ «BOC. DU 51.78176450 1.00060000
3 § 1.200..Cy 49.82720570 "1.00000000
& 1.200. ue 47.91264680 1.00000000
! 14000l 46,03808800 1.00000000
; 160G GG 44,20352910 1.00000000
: i 1.,800% Q¢ 42,40897030 1.00060000
3 2:.000 U9 40.65441140 1.00000000
: 2,200 9a 38.,93985260 1.00000000
= ! 2.4033. 0¢ 37.26529380 1.000600600
4 2,600 QG 35.63073500 1.00000000
2,800, 500 34,03617610 1.00000000
i 3,000-00 32.48161730 1.60000000
: l 3.2C0U0i Gy 36.96705850 1.,00000000
- 3,4004L 0y 29.49249970 1.00060000
' ) 3,6000.0y 28.05794090 1.000C0000 :
{ 3,800 (4 26,66338200 1.00000000 R
‘ 4,004,709 25.30882320 1.00000090 3
4,200 00 23.99426440 1.00000000 E
4,400 .0y 22.71970560 1.00000000 4
4,600 400 ?1.48514680 0.99999999 3
4,800 .0 20.290588N00 0.99999597 5
5,900 40y 19.13602920 099999991 ;
ﬁ 5.209° §6 16.02147040 0.99999972 ;
! 5,400 .00 16.94691150 0.99699917 3
3 5.60004500 15.91235270 0.99999766 ;
: 5.800¢000 14,91779280 0.99999368 j
: Aa000uudC 15.96323460 0.99998357 2
3 b,2007430¢ 14.,04867470 6.99995899 3
. 6,400, Ot 12.17411300 9.99990167 ;
: Ay60D *yu 11.33954720 0.99977349 3
3 64800100 10.54497190 0.99949¢75 3
3 7,300 3 9.79037253 0.99893456 ;
3 74200 0y 9.07573494 0.99782523 :
¥ 744000 O 8,40100406 0.99573872 ;
' 7.600..00 7.76609726 0.99198973 :
7.R050:00 7.17086121 0.98556724 ;
Ry200 wOC 6.09819286 6.95894403 3
Rea0%y,00 5.61968424 0.93536674 3
( Ra&60JuGL 5.17856088 0.90299029 3
ReR00 110 4,77352563 0.86123036 4
it
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9.2003:900
9.4001600
006005“00
9.8000u00
1..20023509
12000000
1 .4040000
1 .5009%000
i cﬂO“dUJO
114900200
11,2009000
i1.4000500
11,A00u.00

11,8004500y
12.209) 89
12.200:.00
12+400:.09
12,600:.90
12,8005 .0y -
13400 3y

1342004000
13.400vu0D
13.,A007u00
13080UJU00
14:0003405
14.200%40¢
14,400 04
14.6060 w0
140300‘JOU

15.,000040%
15.200.. 0%
15,400 100§
15:.4C00:.90
150800‘)“3
14,407 00
16,200 10§
16,400.Gn
1646600

164800 1tu00
14,9999999
17.,200.00
17,462, .00
17060“”!03
17.8060710017
18,000J)u00
18,200 v0¢
1R,3999999
18,6001500
18.R000 400
18,9999990
19,2007900
19,400, .00
19,600.i0n
19,800. .09
19,99999%9

4,40291005
4.06469852
3.,75659978
3.47615281
3.22084401
2.98821345
2.77593549
2:.58186948
2.40408354
2.24085804
2.09067504
1,95220643
1.82428385
1.70588840
1.59612629
1.49421241
1.39945500
1.31124229
1.22903122
1.15233777
1.08072879
1.01381513
0.95124584
0.89270322
0.83789873
0.78656939
0.73847484
0.69339474
0.65112660
0.61148387
0.57429433
0.53939867
0.50664927
0.47590910
0.44705078
0.41995577
0,39451362
0,37062127
0.34818255
0.32710756
0.30731226
0.28871801
0.27125119
0.25484284
0.23942836
0.,22494717
0.21134246
0.19856097
0.18655271
0.17527077
G.16467312
0,18471242
0.,14535586
0.13656501
0.12830563
0.,12054558

0,.81068663
0.75317845
0.,69140161
0.62833644
0.56666858
0.50842300
0.4548589¢
0.40655608
0.36358749
0.32570041
0.292463972
0.26337331
0.23791585
0.21560783
0.19601236
0.17874544
0.16347535
0.149918066
0.13785483
0.12702043
0.11736378
0.10853994
0.10060648
0.09339975
0.08683184
0.08082791
0.07532408
0.07026562
0.06560544
0.0613p290
0.05732273
0.05363422
0.05021051
0.04702801
0.04406591
0.04130575
0.03873111
0.03632733
0.03408124
0.03198099
0.03001585
0.02817619p
0.02645299
0.02483615
0,02332445
0.02190502
0.02057358
0.01932438
0.01815206
0.01705179¢
0.01601669
0.015n04879
0.01413602
0.01328268
0.01247934
0.01172476
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Pamlaad

A theoretical study of metal-semiconductor (li-type) rectifying contacts
{' is developed. This study degias by first analyzing previous codels for

this type of junctican. Particular attention is given to the Schotrky
=odel 3ad to the spproximations it contzins. This codel is then ioproved t
. gpon Dy taking into a2ccount nonuniform imprrity icaizaticn azd the free :
[ electron ccaceatration in tne depletion region. Using this core exact

—odel a thecretical expression for the differential junction capacitance is
calculated., The results indicate that the junction capacitance as a functicn
i of reverse bias caam be used to accurately predict the doping concentratiom in
i the semiconductor material, but does nct yleld a correct measurement of the
equilibrium diffusion potential or barrier height.

LY

The current voltage characteristic for this type of coatact is also discussad.
An expression for the I-V characteristic of this junction is derived based

. upon a diffusion model. ‘This expression is ther improved upon by accounting
for tunneling and quantum-mcchanical refiection of carriers at the junction.
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