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APPLICATION OF A SINCLE-PARTICLE IMPACT*
DAMPER TO AN ANTENNA STRUCTURE

R. D. Rocke
Hughes Aircraft Company
Fullerton, California

S. F. Masri
University of Southern California

A study in made of the apolication of a single-particle impact damper to a high-

A prototype damper unit was tegted with a
smaller structure, which was designed to dynamically simulate the fundamental
mode of the antenna, to verify the damper design aad response characteristice.
The correlation of empirical testirg and theoretical analysis is emohavized, Re-
sults show that the firat mode maximum amplitude of 3 1200 pound cantilever type
structure can ba reduced by a factor of 30 to 30 percent with the addition of 27
pound damper particle, Variations in governing parameters are shown to indicate
the range of performance characteristics obtainable. The noise level which ac-
companies an impact device of this type is also discussed.

ly resonant radar antenna structure,

NOMENCLATURE
A = Amplification factor of damped structure

Aa = Amplification factor of primary system in
the absence of the impact damper

¢ = damping constant

d = clearance in which the particle is free to
oscillate

e = coefficient of restitution
k = spring constant

M = mass of primary system
m = mass of particle

r = f{requency ratio, QJ/w

t = time

x = displacernent of M, double amplitude

Ll

base displacement, double amplitude

#This paper not presented at Symposium,

y = relative displacement of particle with
respect to M

§ = ratio of critical damping
M = maes ratio, m/M

w = natural frequency, /k/ M

o]
"

forcing frequency

velocity of M

Ke
"

relative velocity of particle

<o
"

INTRODUCTION

The concept of reducing the vibration am-
plitudes of a mechanical system by attaching
to it a container in which a solid particle is
constrained to oscillate is not a new one. Anal-
ytical studies of the steady-state response of
the impact damper to sinusoidal excitations
have been made by Lieber and Jensen (1],
G-ubin [2], Arnold (3] Warburton (4], and
Masri and Caughey [5]. In addition, the feas-
ibility of using impact damping to reduce the
vibration of diverse systems as ships hulla,




cantilever beams, sirgle-degree-of-freedom
systems, turbine buckets, and tall flexible
structures have been investigated empirically
by McColdrick [ 6], Lieker and Trippl?],
Sankey{8], Duckwald {9], and Reed {10], res-
pectively, :

Recently, an existing radar antenna {see
Fig. 1) which had previously been qualified to
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MIL-E-16400 for shock and vibration, was
changed substantially and scheduled to be re-
tested to verify its structural capability. Be-
cause this design change incorporated a large
intcrease in mass, but essertially no increase

in strength, great concern was expressed as

to the antenna's capability of sustaining a vi-
bration endurance test at resonance, To mi-
nimize the cost and time required to performa
substantial structural redesign and refurbish-
ment, the development of a separate single-
pa-ticle impact damper package was undertaken.
Previous work by the above-referenced inves-
tigators has shown the desirabdbility of such an
application, However, few act:al applications
are reported in the literature, i.e., other than
laboratory models, and the physical size of the
particle in this case was quite large. Therefore,
a prototype modsl was constructed and tested
on a resonant structure to verify the theoreti-
cal predictiona and investigate design problemas.

The antenna unit as shown in Fig. 1 weighs
approximately 3100 pounds and the design mo-
dification was anticipated to be additional 800
pounds locsted ca the upper part of the struc-
ture. Previoas sinusoidal vibration qualifi.
cation tests indicated a fundamental etructural
resonance at 13 Hz with the bearing {X roller
type) at the array-pedestal interface being the
predominant spring and the array structure ite
self oscillating as a rigid body. 1The mode
shapes varied slightly according to the direc-
tion of the base input, as would be expected.

In general, strong coupling existing among all
three orthogonal directions for the first mode
regardless of the input direction. For a base
input in the X direction, the array structure
rezponded with Point A {see Fig. 2) moving inan

Response in

X - Direction 4
A
6/\/ X
Response in
Y- Direction WINGS

1~
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elliptical path with the larger component of res-
ponge being in the X direction. With a Y direc-~
tion input the major portion of the response was
in the Y direction with the wincgs moving prima-
rily vertically and with a 180 phase difference
between them. A vertical base excitation pro-
duced a fundamental displacement mode simi-
lar to that resulting from the ¥ directionzl in-
put.

The application of the impact damper was
to reduce both the X and Y response compo-
nents of the fundamental mode, regardliess of
the ipput direction, by aligning two impact
‘damper units with the X and Y directionas, res-
pectively, at the top center portion of the struc-
ture, Point A. Maximum amplification {factore
{responae at Point A/base input) were between




16 and 20 during the structural vibration quali.
fication teats. The deeign goal set for the im.
pact dampers war to reduce theee maximum ame
plification factors by 2 factor of two. Dacauae
the antenna structure was not available fcr any
develonmental testing, a prototype damper unit
was tested on a simulation structure to verify
the performance characterintics, see Fig. 5.

" THEORETICAL CONSIDERATIONS

With the reasonable asaumptions that (a)
the auxiliary mass in an impact damper moves
frictionleasly in its container and (») the col-
lision between the particle and the primary sys-
tem is idealizsd to be a discontinucus procens
in which the displacements of the two masars
remain stationary while their velocities change
discontinuously in accordance with the momen.
tum equation, the motion of the highly nonlinesr
two-degree-cf-{freedom aystom can be treated
an a piece-wise linear process. 1f it is further
assumed that in steady-state motion two sym-

"metric impacts occur per cycle of the sinusoi-

dal excitation at equal time increments and at
opposite sides of the container, then an exact
steady-state solution can be abtained {5]. More-
over, this type of mction haa been shewn{11]

to be predominant in experimental atudiea.

Under the stated sassumptions, the motion
of the primary system {see Fig. 3) between
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impacts is given by an expression of the form
{4, 51:

x = e'“’t (2 sin Nwt + cos Mat)

OAn X sin ({2 + 7) M

where the origin of the tirne anja t comeiden with
the occurrence of any given impact ared constsnts
ab, and Tare functions of the pararreters of the
syotern and are given in Ref. 5],

The construction of 2 solution corrsannnling

to the motion of a typical avetem io iiluntrznind
in Fig. 4.

Forcia§
Function
N

: 2z
~I~Digplacamant
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Whenever steady-stats motion ia poesible, the
thecry furnishes two posiible solutiona. To
determine which of the two possibie salutiona
is stable, if any, & stability analysis of the
solution must be performed. >Maori ami
Caughey [5] have shown that asympototic sta-
bility of the motion deperndsa upon the modulue
of the rigenvalues of a matrix which relites to
the conditione of the system sfter two consece-
tive impacte. If the modulus of each of the
eigenvalues of this conditionel matrix in lens
than one, the system's motion will be stable:
otherwise, steady-state motion with two syma
metric impacts per cycle is not possibie.

The theoretical solutions used in the fol.
lowing section for comparison with experimen-
tal results were obtained using the theory as
described above and identical to that found in
refs. [5. 11) with a base excitation colacing
the force excitation,

EXPERIMENTAL RESULTS

Experiments with a prototype damper model
were conducted on a resonant structure simu-
lating the antenna to gain some knowledge about
the correlation of theoretical and empirical re-
sults and the design problerms to be encountered
in building and employing the actual unit during
qualification testing. Figure 5 shows the dam-
per unit mounted on the test structure. The
cantilever type test structure was designed
with a {irst mode natural frequency of 11.4 Ha




which matched that predicted for the medified
anienna structure. The active weight of the
structure, i.e., 33/140 of the vertical mema
ber's weight plus the weight of the top horizon-
tal member, was 950 pourndls. Provision was

FiG. 5

made for controlling the coupling motion st the
top center point of the structure by changing
the balance between the weights at the ends of
the top harizontal member, However, only uni-
lateral motion in the ford and aft direction with
a single damper unit was used during the study,
The structursl damping of the prirnary teat
structure, alone, was found to be about 0,57
percent by measuring the maximum amplifi-
cation factor obtainable with emall sinusoidal
base input excitationa. |

| ‘

Figure 6 showe the two damper particles
used in conjunction with a steel cylindrical
container. Three particle weighta (56, 40, and
27 pounds) were used to obiain performance
characteristics for magss ratios of 5.9, 4. 2,
and 2.85 percent, respectively., The majority
of the work was done with the 27 pound slug,
however, as it closely approximated the de-
sign goal for the antenna damper unit. To pro-
vide variation in the coe{ficient of reatitution,
the cylindrical damper particlee were used
with or without bonded rudbber pads on the end
surfaces. Shim plates {see Fig. 6) were used
between the container body and the end plates
to vary the clearance, d!

FIG. 6

The main performance characieristics
sought during testing were the amplitude at-
tenuation obtainable at the structure’s reso-
nant frequency, the region of stable two imn-«
pacte/cycle motion, amplitude response as a
function of frequency over a + 10% frequency
handwidth about the structures resonance, and
s quantitative measurement of the maximum
noige level during operation.

The coefficient of restitution wase not phys-
ically measured for a typical impact as the re-
quired {11]integrating electronica were not
readily available. However, the experimental
amplitude attenuation results were compared to
those analytically obtained for various coef-
ficients of restitution values. Figure 7 shows
the experimental results obtained at a frequency
ratio of one with and without the rubber bonded
pads on the particle end surfaces as compared
to the predicted values representative of
e=0.5and @ = 0.2, respectively. Of the var-
icus analytical curves uased, these two for the
specific coeificients given most closely matched
the experimental resulta. Figure 8 shows how
well the analytical predictions for these two
coefficients are matched by the experimental
results over a {requency range. Figure 7 and
8 depict the results for a mass ratio of 2. 84%,
i. 2., the 27 pound slug. Note that the solid
points in fiese figures represent stable two symn-
metric impact per cycle motion and the other
pointa the unstable motion.

Figures 9 and 10 indicate the comparison
of the frequency recponse characteristics foz
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the 40 and 56 pound particles. It can be seen in
Fig. 10 that with the 56 pound slug the results
are nearly independent of whether or not the rub-
ber pads were used. The probable reason for
this behavior is the fact that the 56 pound alug
had & solid rubber pad bonded over the entire
end surface, whereas the 27 and 40 pound alugs
used rubber pads in the shape of annular rings,
see Fig. 6. Because Possion’s ratio for rubber
is approximately 0.5, rubber is essentially irR
compressible; thus, {t cannot be deflected in
compression unless it is permitted to expard
laterally, Therefore, with the entire end sur-
face covered with rubber, one could expect the
impact characteristics to be nearly the same

as those for no rubber., Moreover, in the other
two cases, the rubber annular ring allows aub-
stantial edge bulging upon compression. Be-
cause rubber is not a large energy dissipater in
compression and tension, this condition provides
better impact conditions and provides a higher
coefficient of restitution. It is interesting to
note, therefore, that the thickness and shape of
the rubber pad can be utilized to obtain a vari-
ation in the coefficient of restitution.

To determine whether the performance char-

acteristics were invariant under changes of d
and X which gave constant /% ratios, different
clearance and excitation inputs were used.

Most of the points plotted in Figs. 7 through 10
sepresent average responses obtained for any
given d/X ratio by using three diiferent d and ¥
values which together provide the same ratio.
In general, these variations resulted in slightly
different response measurements with no notice-
able conaiatent trend for specific changes. The
difference in these response values in most cases
was less than 15%. Figure9 shows one particu-
lar case, however, which gave a large differ~
ence in results., For this case, a d/X ratio of
23 was investigated using clearance values of
.75, 1.0, and 1.25 inches for points (as shown)
a,b, and ¢, respectively. Note that this oc-
curred at a frequency ratio corresponding to
the point of maximum amplification while the
same three values gave equal results at a fre-
quency ratio of one. The difference in response
values was always the largest in this frequency
region where the amplitude of response peaks.

The behavior of the impact damper, in
general, followed that depicted in the figures,
The behavior for the larger coefficients of res-
titution under steady-atate sinusoidal excita-
tion shows an increase in the amplification fac-
tor at a frequency ratio less than cne and a de-
crease in level near one. To obtain more
nearly optimum system response character-
istics over the frequency band which includes

the primary structure's resonance, g lower
coefficient of restitution ig required 39 evi-
denced by the figures. This process also de-
creases the region, 1. e., the frequency band,
over which the stable two impact/cycle motion
exists, In general, a broadband of stable two
impact/cycle motion is not required, however,
as the damper is still very effective under what
is mathematically termed unstable behavior, In
fact, the amplitude in the unstable region is
never larger than that which would occur with-
out the impact damper.

Based upon the general agreement of the
experimental and theoretical regults for the
test atructure and prototype damper, the basic
damper parameters can be chosen for applica-
tion to the antenna structure. Figure 11shows
the predicted response characteristics for the
antenna based upon its inherent critical damp-
ing ratio of 2,5% and a mass ratio of 2%. These
curves represent the response of stable two im-
pact/cycle motion, :

Fxamination of the curves ia Fig, 11 in-
dicates that the most optimum aolution is that’
of d/X = 33 with a coefficient of restitution
equal to 0.4, These parameters provide a res-
ponse curve that is almost constant with fre-
quency and equal to an amplification factor of
9 which would decrease the structure's response
frorn that found previously by about two.

The noise level surrounding the structure
during testing was rmeasured to be about 102 48
at a ten foot radius {rom the unit on a General '
Radio broadband noise meter. The noise level
was also several dB lower when using the rubber
pads as compared to bare steel, Several at-
tempts wers made to lower the noise level, One
approach used was to enclose the damper unit
in an acoustic box which when completely sealed
attenuated a 100 dB enclosed speaker source to
68 dB. This same box was modified to enclose
the unit with only eight one-inch diametar studs
extending through its base for mounting the dam-
per to the beam structure. The noise lavel was
lowered only 5 dB through this approach. Use
of lead sheet and foam shroude around the unit
also provided amall attenuations in noise level.
From the experiments conducted it becomes ob-
vious that the majority of the impact energy {s
propagated though the damper attachments to
the support structure and radiated from this
larger surface area. It is apparent that any ap-
plication of the impact damper at low noise level
must provide good attenuation in the danmiper at-
tachment without deteriorating the over-all coef-
ficient of restitution. Recent experiments with
multiple particles replacing a single particle




have alro shown wignificant reduction in the
noiae level,

CONCLUSIONS

1. In general, the experimental results ob-
tained with the lightly damped test structure
and the impact damper particles compared fa-
vorabiy with those response charac. eristics
analytically drefined, The analytical solution
usually predictsd larger amplitudes than those
found empirically for {requency ratios less
than one.

2. The frequency range predicted analytically
for stable two impact per cycle damper motion
was always larger than that determined experi-
mentally. However, the reeponses terrmed uns-
table were still very effective and did not limit
the parameter relection for nearly optimum
damping.

3. The results indicated an 807 amplitude at-
tenuation of the test structure by a damper
whose mass ratio was 2.84%. A coefficient of
restitution of 0. 2 provided the best response at-
tenuation over a {requency band of + 107 about
the structures natural frcquency. Larger at-
tenuations can be achieved at resonance only,
i.e., at frequency ratio of one, with higher
coefficients of restitution.

4, Rubber pads bonded to the cylindrical dam-
per particles end surfaces provide means of
varying the coefficient of reastitution of impact.
Variation of this coefficient shown in the ex-
periments was 0.2 to 0.5

S. Predictions based upon the work herein in-
dicate that an application of a dan:per unit to
the radar antenna structure described will ful-
fill the design objectives. A unit giving a mass
ratio of 2% with a coefficient of resatitution of
0.4 and designed for a d/X ratio of 33 is shown
to limit the response amplitude for a primary
system with the characteristics of the antenna
structure to a value of 9.17 (see Fig. 11).

6. The broadtand noise level surrounding the
damper during operation was about 102 dB at a
10 foot radius with essentially no directionality
indicated, Attempts to lower these acoustic
levels by =nclosing the unit indicate future ap-
plications of large impact dampers must provide
attenuating damgper attachiuents.
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The concepts behind a test method for quickly deternining the
properties of viscoelastic materfals over a broad range of
frequercies {s developed, A single-degree-of-freedon model consisting
of the viscoelastic test materials and a mass suhjected to a sinusoidal
excitation force 1s examined for the best physical test condition for
2ccurately measuring the materfal properties, It was found that
resomance was the desirad condition since a ninety-degree phase shift
always occurs regardless of the smount of damping present, The corcept
of using a conmbined force-accalzration feedback on the vibration
shaker was added so that any desired rascnant frequency could be
oblained by electronically changing the mass of the criginal system,

. The resulting test systam gives the necessary flexidility to
quickly test for the material properties without heat tuild-up while
the same systen can a.so be used to determine the change in properties
due to heat build-up. Only four readily available quantities are
needed for each test in order to compute the material properties,

Tha error analysis shows that under the most severe conditions, an
error in measuring tha phase argle of 0.50 degreecs results in a
maximim error in the material pruperties of less than 1.0 per cent,
due to tha test technicue, This errer drops to abeut 0,2 per cent
when the phase angle i35 measurcd to within 0,10 deqaracs. The priposed
test merhod appears tn have a great degree of flexibility; the limits
of which need to be datermined fn the laboratory,

INTRODUCTION

Several methods have been used to measu=e

" the complex stiffress of viscoelastic

" materials when subjected to an enviromment
of sinusoidal oscilliations, Each method
appears tn be limited by either the usezble
frequency range or the materfal proserties,
rer example, the Sriel and Kjaer {1] canti-
Tever beam technique requires relatively
stiff materials to be effective while the
Fitzgerald techniqua 15 limited to low
frequencies,

A recent tunad damper tachnique [2] was
used which gave rasults comparable with the
Briel and Xja2er methed, Howaver, the tuned
damper methed has cartain inherent
disadvantages such as reguiring the acquisi-
tion of sufficient data to define a rasonant

11

peak during which the specimen proparties
can change due to heating as well az the
inedility to be used with highly dameed
materials where the resomant peak 1s not well
defined due to the flatness of the responsa
curve, ;

The pronosed method uses the force-
acceleration feedback concept to control the
inpuv forcas and accelerations to the tast
speciren thereby simulating any desired mass
to produce any desired test frequency within
the capabilfty of the equigment. A nirety-
deqgree phase shift 13 ysed to accurately
determire resonance of the test specimen,

The advantages of usirg this procosad
technique are: (a) the test data can be
obtainad quickly sirce only fsur observaticns
are reeded to calculate the material properties,
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{b) the test freausnry can he sastly chesged
by chamging the tnout frosusmow, {¢) the

i propariies of highly dwined esterials can b

Tweasured, (3) the peplitide of motion can be
eosily sdfusted, and finally, (e) ar
tndenendent chack on materiz) procerties can
be ohtatned by vpconding dineed pscillation
data, The major disodvantage of this
proncead test systam i3 the lare amount of

- test eaouirtent rescivad,  Thig paner {3
devotad to develcoing the corepts herind the
prososed test methad which follows directly
from 8 mxdificasion of the tuned dasner techs
“nique {2].

ANALYSTS

Tne analvsis 4s divided into two partg,
First, the hasic reiponse of a singlewdegreos
of fremfm system with 3 viscoeiastic spring
material subjected to 3 sinuseids) force
excitation will be studied, Second, the
rorvgeshaker system will be Fcre'-ulated which
gives many lest advantanes over pravicus
mthods. .

RESPONSE OF BASIC TEST SYSTEM « . schematic
of the pronosed test method s shoen in Fig
1{3) whare the material specimen is bondec! to

LLLL2LLLL /!1

VISCOELASTIC
TEST SPECIMEN —»

m X
IMPEDENCE b ¢
HEAD A et
SHAKE

1{a)- CRIGINAL SYSTEM

where F_ 4 tro maanitide of the excitation
force, J o ¥ol,w is the sxcitstion fracuerty,
erd £ 38 time,  The specimen ig of lermth )

and cross-sectional grea S, As equivalent
singlewdojree<of-frocdom system 1s showm In
Fig, 1{n).

For purmoses of analysis, the stress strain
relationanin for the viscoelastic maleria) 1s

assmed 20 be

o» E() + 3a)e (2}

_ where o 13 the normal stress, £ the sodulye of

elasticity, n the loss factor of the
visconlatlic matarial, and ¢ the longituding)
strain, Thus, the axial force developed in
the test material 15 glven by

Fa'cS'E-S-(!*jn)x {(3)
i

whare X i3 the digolacement of the mass o,
Fram £a, {3), 1t fs eastly seom that the
serieg constant k and the dawning coefficient
¢ are given by

N

‘L,Jc

X
2
~ 14

i F(t) = F,ol""

Hb)-EQUIVALENT SINGLE-DEGREE-OF -

FREZEDOM OF CRIGINAL SYSTEM

Figure 1‘- Schematic of proprosed test system

the rigid foundation A-A ard i3 subjectnd to a
sinusoidal ferce input of

F(e) = F, e’“ M)

K= 5-15- | (42)
caln (4n)
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he difforentie) anrsation of mation governe
ing the svitem shewn in Fig, 1(h) becomes
[ &5 53

e

nx+ R R otut (5)

which has the wali knowm steady state saluticn
of
Fol

._.__Z?W J(..-t-o) {6)

ot

whers
tan ¢ w —ee, ‘ (7)
1 -l
and
y 2
LT (8)
s

From Ea, 7, 12 4s spen that whea r » 1.0 the
phasa shift botween tha excitatinn force F(2)
and the resnondisg motion x fs niraty-deqrees
regardless of tha firnimg present and from

Eq. 6 that the zrplitude of moticn A bdecomas

F 'l
A {9)
ESn

fauation 9 contatirs both material procerties
of £ and n, A soecond Indenerndent enuation can
be obtainad from Eq. B for r » 1,0 which qfvas

2
g oo (10)
s

from which tha madylys of elasticity £ i
ecbtained directlv from knowing the mass m, the
the specinen lewiih 1 2nd 2rea S, and the
resengnt frecuemdy oisince r » 1.4 "un).

Substitution of €4, 10 into Eq, 9 gives
F

ne ;;35 (1

from which the loss facior n can be ohtained
by direct measurerment of the gquantities F A,
m, and w.

The key to being adle to use the simple
and direct measurscants of the various
exterral guantities m, 1, S, Fa' A, and w In

ordzr to determine the material procsrtiss €

and n from Ens. 10 2rd 11 {3 the ninety~deqres
phase shift at the resonant condition so that r
15 unity, This phase-shift measuramant can be

done accurately by =adern electronic instriments

whan the phase angle 15 in the range o7 ninety-
deqrees, Singe this {s tha case, it would be
dasirgble to develop means to easily change

the mass of the syetma, Th'g means 3
av3iladla by mEploying some of iha iCeas of
ts [3] oa farconcontroliod vihration testiag,

TRE SERVA-SHAXEIR SYSTEM o A sorvn contralled
stsker cystem 8S 3w in Fig, 2 is aralyred

in this section in orer 10 co2 wow the va3s of
the systian; and Nenca, tha test froesusrsy C29
be chanynd by ennlnying electronic mesng rether
than paysically chamalan the myss =,

The basfc schame 13 to fradback 8
crbination of the force trancnitied (F) to the
Rass m by the shaknr head and the resdondimy
aczeleration (X) of the massy, The voltage E,

resresenty tha feadbact siaral and s substracted
from the excitation voltaqs E(t) which {3
relatsd to the excitation force ;o by

E(t) = 6,5,F, et o g, ol (12)

where G‘, {s the gain on the forca foedback
sigral and S, 1s the sensitivity of the foree

transducer belween the shalor kead and the mase
n, The resylting error sinmal (Ee) is the

irput to the ncwer anplificr and shakar which
is rasreseniod by the traasfar functian G{s).
The force exerted by the ghakor on mass @
thrcugh the force transducer 15 given by

£ = 6ls) [EQt) - £, (13)

which {s reduced by the speciren force G‘a see

£n, 3) acting on the mass m (the dashed
foadhack). The net force (Fn) oroduces In
accrleration (X) which generites the feedback
signal

e, =6 5% {138)

wherse Gx 1s the acceleration feadback qain and
S)l 13 the sensitivity of the accelerometer,

Finally, the feedback signal voltage s seen
to be

Ef-e oe,-sssu S, F {15)

The force transmitted to mass & throgh the
force transducer can be obtained from £q. 13
with Egs, 12 and 15 substituled to obdtaln

F = 6(s) [5, S, F, et (15)
- Gx Sl 1]
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from which

als) 6, 8 a
;.[..(_"‘.’_.!_...f....g - an
1+ 6(s) 6, 5, »

s
[? e’ﬂt X X -: }
Gy sf

Eauatian 17 reduces to

where
Ko S ' “{(19)
GeSe - N

1f 1t is asswned that the transfar furction

6{s) G, S,

T——— 1.0 .+ ¢} ~ {20)
194 s(‘) "f sf ‘ :

for the \’?eqz;émy» renge of interest,
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Tha differential equation of sotion for the
gysten compoted of the test material and mass
™ can be obtaired from 2 froe-hody-diaqram of
m3$s | o give

(n;mxn-».féa ie By (21)
wt
e

which 13 exsclly the same as Fa. 5 2meopt that
the anzparent or effective mass M bacimes

Kem+K6 (22)

Henca, the test fresusncy which i3 also the
rescraat frecuerny can b varisd by chaming
the gain on the accelerstion feodback (G:)

since this term sppears 2% mass in lhe esuation
of moticn, This gaim can b efther positive or
recative 50 that the effentive ®233 may be
changed auickly by sieatronic means from near
2ero to miny times m 37 the shaker possesses
the required capability,

The sreviously determined expressfcas for
the material properticss t,e, €43, 108 11,

- may bo updated to work with the servo controlled

-tast situation by replecing the lowwr case wm by
H as wall as replacing Fo froa £9. 12, The




results are simdly

2 g
[-!’....H-.‘:‘.-(Q-)(G] (23)
s 5 *
ard
13
ne 2 .t {24)
Bp S¢ M AL [ne 1]
£
(-2
eo

girce A..,z {5 the peak acceleration 2and can be
represented by

" 2 -
€ * g Trax * S::'A“ ) . (25)

1 should ba pointad oyt thal Eo and e, may

be aither peak o rng valuas of tha excitation
viltagn resrecantisg the excitatisn force amd
cutnut voitage of the accelerometer,
resmactively, A1l 8f the auantities {a Ens,
23 amt 24 can bo edle easily deterainad by
standard measurorent technioues of knowm
aceuracy.,

ERROR ANALYSIS

The accuracy of Egs, 23 and 24 {5
deverdent on the system beirg In resorance at
re 1,0, The resceant cordition i3 mrasured
by the ninety.dzgrae nhase relationship
between the excitation force ard the resulting
motion as given by fas, 6 and 7, .

The tmount of error in the frosuescy ratio
r baing other tham unity can be odtainsd froa
fo. 7. Differentiation of £q. 7 vl solving
Tor the slona gives

Ar w -'zlao (25)

when v is unily whare Ar end 20 ara the
variations from the assizmad values, By
comparing Fos, 6, 8, 10 and 12 when r w1 4 ar,
tha error can B2 shown  to be the deviation

of

E
- 4 o _fctunl 27
8 TR (27)
(2 4 n2e) r=1.0

15

erd
g - ! o Jactyal (1)
LY r«.—-—-—-m
vn;a}?nc;-‘i)l "re1.0

fram unity Ix Eag, 23 avd 24 where £ AN

amp the proneety coerection factsry, Tho wnrsd
dayiaiion of error dus 15 ervors 44 neyioeing
& OCour when o fg mear unity, Toatle 1 grows
tre values of te &nd s" or no e V.0 over 3

raone of s, It f3 seen that errorg comgtieratly
1ess than one percent can bde eastly gohfowed

from the test tectminua 4F the phatae ecgypuaat
i3 batter than one-half degree, ‘uxlorn
electronic phasgmeters cor easily mogire pians
anqles to thig accuracy when the phase 1§ noar
ninety-deqrees,

POSSTRLE TEST TECHWIQUES

There are gaveryl nogsihle tegt fectainges
that can be uted with the servo-coatrolled {ast
arrameinat showm 1n Fig, 2 when tra phase
fradback idmas of Neso armd Keller [4] sve
factuded, These feedhack {dess cxn bo uzrd o
entance the test techninues by sutonating the
test process and thus save tiao,

DISCRETE FREVVENCY « The first and most chvyltus
tzst techniom s to uie discrote fraquercics
set on the excitation oscillator which gurarates
the excitation voltage E(L) fn Fin, 2, Tra
amplitude of this voltage, EO, will control tka

final ampl{tude of eotion while the frovuiarcy
of this voltage will be the rescmant freduency
when the accelerstion gain G‘ is adjustoed for

resonance, Once the gain Gx 1s set at tre

proper values, it IS racessary %o rocord 2nly
the frequency e, the axcitation waltage Ea'

the accelerstion voltage 8,0 &nd th2 gatn G 1o

order to obtala the matorial properties € and o
given in Eqs. 23 and 24,

The validity of these results can than be
checked by recording 3 dauved oscillaticn
trace, This trace can b» odtained by reiavi~)
the excitation voltage E{L) whonewer 1% passas
through zero, The resulting test gystam thea
becomes one of a singlo-degree-~of-freadon with
{nitial conditions of a displacament with no
velceity, The excitation voltane must ha 2ero
at redoval 5o that the transients due ¢ pulses
froma the shaker will be g minisum,

This test mathod can ba enharcad by
autcmating the gain G_. The scheme 13 shomn
in Fig, 3 where the plascmeter comnares tha
excitation signal £(t) and the accalsrunetor
signal L The resulting cutput woltzge of the

phascnater {3 then used to activata a servo
which adjusts Gx unti) resonzrnca s achiaved,
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Since acceleration 15 daing used as the signa)
represaating displacanent, the phase angle s
olus ninzty rather than minys ninety, but this
15 a minor censideration since the phse
relationship 13 sti11 ninety-degrees,

CONTIRUCUS FREGUENCY SWEEP TESTS - This tyza
of test is basically om2 where the spocimen
proparties would be obtaired at el) frecuencies
over 8 given range, There sare bastically two
methods of machanization which can be uwsed
hare,

The first method wsuld be to slowly chamge
the excitazion frecuency while the gain control
sarvo In Fig. 3 w2uld maintain tho phasa at
nirety-degreas, Tha second methed would be 2o
change the gain contro) at 3 slow rata while the
outout of the phasemoter would be used to
control a swoep osciliatsr so that the ninaty-
dagree relationship would de maintained.

This tast mothed 13 the most difficult in
that errors dus to sweeping at too high a rate
will seversly distort the results while
suzaning at an exiremely low rate will Jead to
hesting of the test specimen, In addition,
there 13 & possibility that 1ns2ability of the
e servos may result fron unforessen coupling,
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PROPERTY-TDIPERATURE TESTS = A third possibility
would be to odtain property variations due o
heat build-yp at a given frequency ard

amplitide of motion, By using the gain control
seryo in Fig, 3, 1t is possible to obtain a
continuous record of the material properties

at constant 1mput frequency as the temperature
changes, The amplitude of motian could also

be controlled by an additionl) servo control

or the input force could remain constant,

in this section several possidla tost
mathods were explored which indicate the
versatiiity of tha proposed test scheme, Of
these test methods, the discrate fregquency and
property-tenserature tasts wuld probably be
most usefyl,.

SUARY

This paper 13 devoted to develonirg the
concesls behind a proposed test tachniqua for
viscoalastic materfais which allows for a
cquick and accurate measurement of tha complex
modulus of the material under a dynamic
enviroment without significant hoating of the
test specimen, In additicn, the sime technique
can ba ysed to measure the change of thesa
material properties as a function of temperature,




While tha technizue renuires a large amount of
test equimment, this ecuiment 13 rmﬂy
avaflable and 35 found in many yitration
1ahoratories, The erros 2o8iysis has shown
the test techninue stovtlu te batier than one
per cent when the smase angle dovistes by less
than one-half deorse,
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DISCUSSION

Mr. Ruzicka (Barry Controls): Your entire
approach seems to b2 based upon the mass-
gpring~dashpot mathewatical model, especially
if you find a resonance by seeking out 90 d2gree
phase. If this is a good model, which it prob-
ably is for very low damping, I think this would
work. Bu? if you have any significant degree of
damping I think there {8 sufficient evidence
that this 18 not a vary geod model for visco-
elastic material.

Mr. McConnell: I realized that this ques-
tion would come up when I chose the simple
model, One of the limitations of the system {8
that the length of the specimen and the highest
frequency you can uze are limited when you
approach the reglon of wave propazation. To
gatisfy first the simple straln model you must
have a large 1 over d (length over diameter),
for as you start to chop the length down the
Poisson effects, the edze eflecta, certainly come
into play. Aa the damrping goes up then you get
into problems {f you want the Polsson effect,
the radial motion, Your guestionisa lezxtb
mate one and that 13 one of the problems of
proposing aomething, Ihave not done {t and 1
know that other people who have, and will raise
questions like this.
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Mr. Ruzicza: I have not worried about
wave effects yet., Even at a low frequency res-
onance if you have any significant degree of
damping, say a q less than eight, I think you
can readily ghow that the mass-apring—dashpot
system will not be a very accurate mode! for
rubber-1lke or viscoelastic material. Cne must
go to many more elements in the mathematical
modeling, and once you go to these additio
elements the phase angle i3 no longer §O de-
grees at resvnance,

Mr, McCannell: Even at resonanca?

Mr. Ruzicka: Yes sir, the phaze angle goes
all over the place,

Mr. ¥cConnell: This may be 2 ligitimate
point. For the others it may be worthwhile to
{nvestigate this as a quick metkod tor testing it.

Mr. Henderson (AF Materiala Lab): Per-
hapa I misundersteod part of your paper but did
1 understand you correctly when you said that

you thought that part of the experimental por-
tion could be conducted by cutting tho force off
and watching it decay? 1 wondared i you have
considered In your mocdel the fact that your




impedance hesd han a stiffoess, This i not the
same as having & mans suspended
because your impedunce hoad {a etill there,

the lmpeds herd hooked back to ground and
that might presen? some difficulties,

nrellr 1 eonaidered that when the

force was shal off, the shaker 15 actually stinl
in the picture, it haz to be to make gure that the

18

response of tha eysierm is oilll that of the sy3-
tem when it was cut off, Al you are saying is
that the excitaiion Eg o enddenly aet to gero.
But you till have the feediek of the By, 80
that the shaker o 803 actively working within
the 2ratem, The fact i3 that you are waing both
force and aceslerstion foedback, 8o that you
need the impedance head, Yow have not really
changed the syslem except thal you now take -
away ihe excitztion portion. You still have the
force and the acceleration feechack,
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by uszse of such dampars.

A resonant baam tuned damping device, corprising a flexible beam
joined via viscoelastic lirka at the enda, to a vibrating struc~
ture, is described. This device has the advantage of relyinqg on
the interaction between the beam stifiness and the link gtiffness
for tuning, rather than on the link stiffness alone as for the
conventicnal tuned damper, so that a weight saving possibility
exists, &n analysins is develcped and preliminary experimental
investigations are daescribed wnich support the analysis and show
that significant darping of a typilcal fan blade can be achieved

INTRODUCTION

Vibrational prcblems in ccmpressor,
fan and turbine blzdes and in helicopter
rotors appear to be receiving more at-
tention as engire performance continues
to increase. The vibrational character-
iatics of these long, thin, blade-1lika
stractures are such that a large number
of bending and torsional modes can occur
at freguencies low enough for excitation
to be poientially smignificant, These
vibrations are often undesirable, as in
fan blade flutier, and means are being
gought to eliminate or reduce them. Cne
of tha rost pronising techniques for ro-
ducing these unwanted resonances is
darping. However, a peculiar character-
iagtic of thage thin structures ia that
straina are usually amall even thcugh
amplitudes of vibration rmay be large, 8o
that moat layerad damping techniques are
likaly to be ineffective, 1In fact, one
of thae fow wall known damping techniguas
potentially uaable is the tuned visco-
@lastic damper, which depends on vibra-
tion amplitude rather than strain for
effective energy dissipation. Claarly,
the narrow dimznsiona and tha high cen-
trifugal loada involved will usually
praclude tha usa of bulky convantional
tuned dampars and more uzeiul geomatri-
cal configuraticnas ruist be sought. One
of thaese 1s shewn in Pigqurs 1. Shown
ia a rescnant kepn tuned damper cempri-
eing & flexible keam gupported by

vircoelastic links at the two ends which
will ba the subject of this paper.

In this paper, &n analysis ia de-
veloped for the energy disaipated per
cycle by a resonant beam tuned damper at
A point in a vibrating structura. A new
parareter is defined, namely the ratio
of the link stiffness to the sgtitfneaa
of the rasonant beam, and ia shown to
affact the performance of the darspar,
along with the better known paranniars
of damper mass, loss factor and razcnant
frequency. The effects of centrifugal
forces are also considered,

In the experimental investigaticn,
effects of centrifugal loading are
meaazured along with the effecta of the
danpers on the responsze of a typical fan
blade in the first torsional moda.

SYMBOLS

D Diameter cf experimental 1link

D, Energy dissipated per cycle in
damper

E' Real part of Young's Modulus of
link material

Observed real part of Young's

E.
ob3 Hodulus of link material
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ate)

'Young's Mbdqlus of resonant beam

material

Static shear modulus of link
ratarial

Length of link

Second moment of area of beam
cross section

Real part of link stiffnéss
{k/2 each end)

Length of beanm

Isolated mama at center of beam
{for tuning)

Net maasz on conventional tuned
damper

l/ns {Quality factor)
Radius of link
Time

Pisplacement amplitude at
station x of damper

Structure cisplacemant amplitude
at damper location

Distance along beam (measured
from center) or distance along
1ink in direction of ghear
deformation

Distance along link transverse
to shear deformation

x23/2 E1 - Stiffness parameter

See Equation (13)

Loss factor of link material

Composite loss factor
Centrifugal loadgng factor (g's)
wo2/En M4

Masg per unit length of beam

(u»zz*/EI)ll‘—Prequency parameter

(Quzl“/21)1/4-Va1uea of ¢ at
damper resonance f{requency

Censity of beam material
Density of link material

Weight per unit volume of link
material :
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o, Weight per unit volune of heanm
material

¢ Shear stress in link material

o, Maximum shear stress in link
material

' t> Thickness of besm

¢ Shear strain in link material
¢ HMaximum sghear strain

«w Preguency

uﬁ' Fundamental frequency of damper

ANALXSEIS
Analysis of Dampers

Congider the damper shown in
Figure 1.

WSCOELASTIC (it
| P o— 2

L /

EE oo FHoem
f ST TS )

Figure 1. 1Idealized Damper

/-nsovum ae

’Claarly, the conventional tuned damper

{1-3] will be a snecial case in which
the beam length L becomes zero and the
two viscomlastic links of stiffness
k{l+in) /2 combine in parallel to preduce
a single link k{i+in). Let W_ be the
response at a point x of the damper,
measured from the center, and let W be
the amplitude of vibration at the point
of attachment of the damper. The Euler-
Barnculili equation

a*w.

El —2 - wiW =0 ()

X

has the gensral solution
WD = A Cos{ix) + B Ch{ix) (2)

where 1% = yul/EX ' (3)




where the antisyrmetric termg have been
rejected. The bcundary conditicon at
# =+ L/2 are that

2 2 .
4 wp/dx 0
EX(d% /dx?) = % X (1+4n) (W W) (4)

and the golution subject to these con-
ditions is readily shown to bae:

Wylx) = {-T'W(l+in) [Ch(£/2)Cos(tx/L)
+ Cos(£/2)Ch(gx/2) )}
s {E3[Sin(£/2)Ch{L/2) +8h (g /2) Cos(£/2) ]
= 2r'(1+in)Cos(g/2)Ch{e/2))}  (5)

where £ = 3L and ' = k£3/2E1 (6)

For valuex of n lesz than 0.2 or so,
resonance occurs when:

33 [sinley/2)cnte /2y

+ sh(so/z)Coslcb/Z))
= 2[° COS(ED/Z)Ch(ED/2) (7)

Grapha of £2 versus T'/4-2, representing
the numericgl solution of the transcen-
dental equation (7), are shown in

Figure 2.
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Figure 2. Graph of Experimental
and Theoretical Values of Cé
Againat I'/4x2

when T'' is very large, Cos(&D/Z) = 0 RO
that ¢2 - »2 as I'' + @ and, “for ‘very
small “r':

:5 = 2r' = kL¥/E1

or
»5 - k/ul 3)

as would be expected in the limiting
case of a conventional tuned damzer.
Other interesting results from eguazion
(4) shcw that:

%vID(Ct)l_e8 = {{#/2) (1+in) /in)

Ch(ED/Z) + Cos(!D/Z) (g)

Cos(aoff)Ch(zn/ZJ
and s
1+in
Wt/ ag = “In F (10)

and graphs of Iwn(l/Z)zes/WI and
IWD(O)res/wl againast r''/4r?, are illum~
trated in Figures 3 and 4 respectively,.
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In order to determine the energy dissi-
pated per cycle in these links, we re-
quire the valuea of W {{/2)-W

W, (2/2) -0 = {=£3W {Sin{£/2,7h{1/2)

+ Shit/2)Cos{E/2) 111183 {Sin(e/2)ChE/)
+ Sh{&/2)Cos(8/2)]
- 2r*{1+in)Cos(£/2)Ch{£/2) )} {(11)

The energy dissipated per cycle in the
two lipks is:

D, -'yxn]wD(z/Z)-wiz

akw? -

n{a{g)+2r'Coe{s/2)Ch{£/2}]

(12)
1a(g) 124127 ' nCos (£/2)Ch{E/2) )2
where &{i) = £3(Sin(£/2)Ch(e/2)
.+ sn(t/2)c0s(e/D)]
- 2r*cos(£/2)Ch(£/2) {13)

Graphs of D_/+kW2 against (£/£.)2 or
{w/w ) are splotted in Figure g for two
valugs of I''/4x2, If r'* = 0, we have
to take the limiting case as T' = 0.

It is seen that the peak D, occurs near
w/w., = 1 and is the sams £8r all r' but
tha¥ tha bandwidth over which signifi-
cant amounts of energy is dissipated
bacomas narrover as ' increases. The
paramater T'/4w? has been used instead
of I'' for convenience and foir corre-
lation with the approximate analysis of

{sl.

Effects of Centrifugal Loading

Congider the forces acting on an
element of a viscoelastic link under a
centrifugal load of 9 g's as in Figure 6.
The equation of equilibrium of this ele-
mant is:

Go'uR2 ¢ = -owDﬂRZ Ay®

cooax | Pw® o (14)
dy? G,

since ¢ = dx/dy.
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Figure 6. Sketch of Link Under
Centrifugal Loading

The boundary conditions which the
solution of this equation must satisfy
are that x = 0 at y = 0 and the balance
of forces at y = 0 giveas:

2 - 1 2
*R Go(”y-o F o p1le + o wRZho (15)
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The only solution to meet all these con-
ditions ig:

o0 . o brln
X = {2yh-y%) » 7Y (16)
Go 2G°wR
ax _ ®wn® o, brto
e b m == m e (2h-2y) + — (17}
dy 26, 2GR
p._~0Gh p. brlo
RO b1 R _:L___; (18)
Go ZGovR
is the maximum shear strain. Also:
g = Goo = (waG/Z)(Zh—2y)
+ owbrle/2ﬂR2 (19}
s _bila
o = () ymg T Puplh 4 M (20)
27R?

is the maximum shear stress. The values
of 3_ anAd L should not exceed tha

lin ts relevant to the visgcoelastic ma-
terial being used. Equation (20) may be
rewritten:

[ bl [
. R —+ Dy (21)
Bow 27R Py

Dasign Considerations

In a gpecific damper design, one
would wish to select the coatrollable
parameters, namely k, £ and EI in such
a way a3 to obtain the desired frequency

up for as low a value of T'' as possible.

Now

uwllh

——e— W E“

EI D
and £* is a function of ' as in
Figure 2.

EZ
. - D /§ T .
<. wp — 5 7 (22)

Also:

It = k£3/2E1

[ 3
- 6r (B5 (BB [1 4 1R (23)
E  bhrd 2h?

since Xk = (E'#RI/h) (1+41R?/2h7) (24)

vhere E' i3 the real part of the Young's
Modulus of the viscoelasiic material at
the damper frequency wo and the toro
141R2/2h2 repreasnts tha shape effect as
discussed in the experimental investi-
gaticn.

Finally, the maximum stress o in
the viscoelastic material muat not be

- exceeded under the imposed centrifugal

field so that equation (21) must be
taken into account. We now write this
in the fornm:

°m/°w

= 3
brl/2sR +ovD£/ow

(25)

Equations (22), (23), (24) and (25) can
be used to dasign a damper to meet a3
specific set of conditions, WwWe shall
not attempt to develop a specific design
procedure here but will lock only at the
calculations for a specific grometry.

Example
Consider the damper for which
L = 2.5 ins.

-

= 0.0 ins.
= 0.20 insg.
0.15 ins.

o x>
)

= 0.30 ins.

E' = 650 1b/in?

o, = 253 1b/in?

b= 2R=pD = 0.30 ins.
p,, = 0.101 1b/in?

E = 107 1b/in?

0 0.€505 1b/in?

wD

From equations (23) and (24):

£3p? _ 15.5 (0.3)2  _ 36.2x10"
bhv?  0.3x0.2x(4) Ix10"¢

. r' = 266

From equation {22) and Figure 2

?
oy = 9.7 Ao 2386 0.040 _ ,¢.0
/17 0.101 (2.5)2

R WOy

o o T s B o Ao

B e )

o

P




rad/sec {.m», 562 cps.
Then, from eguation {(25):

o = 23370.101
Q. 3x0, 84x2.5 o 2.v2itx0.2

Qex{0.15)4 0.101

= 8200

Finally, the total weigh2 of the damper
ist

Wom oo Lib b 2aRTh o = 2.03 grame

and, if G = 175 1b/in?:
.m - '?N/GO

- 1.45

Thias is rather high in view of the
possibility of de-tuning the damper, as
discussed in the exporirmental investi-
gation. For thiz reeson, 2 will proba-
bly have o b2 restricted to 3000 g9's
or below, 20 that L .55,

EXPERIMENTAL INVESTIGATION

Materials Preperties ¥Meaasurements for
Various R/h Ratios and Static Shear
Straina

In order to determine the effects
of shear strain and spaciren shape on
the observed complex Young's Modulus,
specimens were made up as ehown in
Figure 7 using GE-RIV-630 made in a
1:10 catalyst to material ratio &t rom
temperature.

s ! ecH
v i
N ]

Pigure 7., Ixparimental Links
for Sirulated Centrifugal
Lozding

Specimens were made up with h = 0.32 ins

and D = 1/4 inch, 3/16 inch, 3/9 gnmh
and 7/16 inch and ¢ = 0, 7.3°, 18° and
32°.  The specimens were then bBonded to
a shaker tabls and the resonant freguen~
cy and srplification factor at resonance
meagured for various input levels and
tuning reszes M {which must include the
disc magdses, the rigid urper mass, the
added mass for tuning, the razs of the
acceleroneter and cne third (3/3) the
mass of the vianosizstic material in
acevordance with claselcal spring theoryl).
Typical measurcerments are ghewn in Table
L. The reaults show that there ia a
distinct variation of Eébs with the R/h
ratio, but little or no variationm of »
or E' with ¢. Reference {4] shows a
distinct shape effect i.e. relationship
between the obgerved B!,  and the actual
E* and ®R/h ratio. %This relationship is,
approximately:

tpe * B 11+ 3R (26)

X wo divide £l by 1 4 1 (D)2 and plot
E' versus «, we should eliminate the

shape effocts. Figures 8 to 10 ehow the
effects of ¢ on the values of E' and n.

It i3 zapn that the effects of § are so
asmnll as £o be unoeasurable and that the
shape fsctor given in egquation (26) does
indeed roduce tha data to a gzingle line,
within the limits of experimental ccatter.
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TARLE 1
Typlcal Measuresd Propsarties o
(input » 1 g, &

£ 5. B, Rev-620 at 15°P
e 0,32 ins)

P

L Y N Cutput Freq. " e’
dog ins 44 g'a cps psi
0 /18 14.1 5.8 473 123 6%2
33.0 5.4 273 L1088 5%
180.0 5.4 120 .153 535
5716 9.8 S.7 E) 178 652
24.2 $.7 222 .178 513
46.2 5.8 183 .175 515 3
18 /16 17.7 5.2 427 .97 £53 J
72.% 5.0 198 .204 583 i
104.6 5.2 163 197 $62
5/16 9.% 5.2 387 .197 642
33.4 5.6 199 182 873
72.3 5.4 129 .129 525
32 7/16 17.7 5.6 451 .181 741
45.4 5.4 267 1580 £67
120.1 5.3 158 .192 €22
5/16 $.9 5.8 400 .176 €39 .
25.1 5.8 231 .182 539
45.2 5.6 170 .182 570

N Ve ¥

Figure 10. Graghs 0f E' versus v

Maasuremant of Effect of Resonant Beanm
Dampers on Response of Typical Pan Blada

Tha fan blade illustrated in Figura
11 is typical of many designs., A fix-
ture was designed to rigidly clarmp the
blade at tha rcot and this fixture was
attachad to a shaker table (MB-Cl0
shaker). Response mpasuroments wers
takan at various points of the blada,
for 1 g 3 input level at the ahaker
teble, ueing a minlature accelercmater
(Endavesn 2222a). Saveral nmodes were
readily identified, including the firat
and zecond bending modes and the first
torsional moda.

Figure 11. Typical Fan Blade

In order to make a preliminary sur-
vey of the effect of tunaed darpers on
tha blade responsze, danpers of the ga-
onatries shown in Figure 12 were made,
vith the 0.31 in high by 1/4 4in dismater
links interchanced betweoen darpaxs so 2s




to elimirate possible variations in
wviscoelaztic material preperties.
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Pigure 12.
_Dampsars

Experimental Tunsd .

The dampers were first tuned by
varying the additional pass m and ob=-
serving the response al the center and
at the onds undear sghaker excitation.
Typical results are shown in Table 2 and
in Figure 13. It is seen that the pointy
relating Eé to iwb(£/z)/wlrn and
Wy toy/my o with T'/412 agree woll with
the snalysis, aas zhown in Figurez 3 and
4 respectively.
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Pigure 13.
Frequencies

Damper Resonant

Each damper in turn was then pleced

" -gn the fan blade and the tip rescrant
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BB TWEK AT YiP (g'sh

regponge meagured for varicus tuning
massen, and hence damper freguencies,
and darmper postticn., Figure 14 showa
typical responsa spectra for the danped
‘and undamped blada.

unsaesen 4ot
/q-mm
PREEY

Figure 14. Typicsl Response Spectra
for Undamped and Damped Cases (I'=8x2)
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!iqure 15. Grephas of Axplification
Pactor A, at Blade Tip, versus
Damper Frequency
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TARLE 2
Typical Measurements on Reschant Peam Darpers Undar Shaker Excitation
{input = 1 g, h @ $.32 in3, D = 1/4 in)
L Low ] Output Catpat reg. re tg g
ins 2-1/2 in gm (center) {erd) cps e H
gln ’,"B f
2.8 2.3 0 ——— 5.4 428 1.0 6.25
0.5 8.6 5.2 320
1.0 3.1 5.1 344 £
2.0 9.1 4.9 297 . :
4.5 9.8 4.3 z14 4
8.5 5.0 3.7 148 4
12.5 9.2 4.0 137 ‘
3.4 2.9 0 ——— 5.3 313 2.0 7.77 X
6.5 14.0 4.1 287 1
1.0 13.2 4.1 256 :
2.0 14.5 4.2 217 i
4.5 14,7 3.9 150
.5 16.5 3.9 125 3
M 0.6 0 5.0 - 512 ] 0
6.1 5.3 “——— 279
21.5 6.1 .- 174

Figqure 15 shkows the variation of ampli-~
fication factor A with damper freaquency,
wp, and for varioua darper poslitions for
IY » 0 end Flgure 16 shows the variaticn
of amplificaticn factor A with damper
frequency, w,, and with r' for a fixed
darmper positien.
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Figure 16, Typlical Graphs of
2mplificaticn Factor, at Blads
Tip, versus Damper Fregquency
for Various Values of r*
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CONTLUDING REMAAXS

An analvsis has baen developed, s2d
experirentally verified in part, fer the
responsa characteristica of a ressonant
beam - viszcelastic link tuned darper.
By prcoer cholce of the stiffnesz of the ¥
two viscoelastic links and of the beam 5
material and dimensions, this dawper i
configuration can ba tuned to any given x
fraquency of cpearation for a lcwer
weight penalty than in the case of the o
cenventional rigid masa/viscoalastic ;
link tuned damper. However, soTa aacri-
fica of fregquency bandwidth of effective .
operaticn is involved and the heam can- A
not be rade too light if this loss of
performance {3 not to be tco great,

The regonant beam tuned damper ia a
variation of the conventional tuned vis-
coalastic darper which appears to have
considerable potential for the reductien
of vibration prcblems in a wide wvariety
of structures, ranging from compressor b
blades in jet engines to multi~-span : o
skin-stringer panels. In each spzacific ;
problem area, new gechetrical configu-
rations and viscoelastic material choices
will dcubtless have to be made in order
to take full engineering advantage of
tha basic ccncept.

i
v
T b
1
o

For the future, work is needed to
batter define, peasure, and make avall-
2ble to engineers ccmplex modulusn data,
a3 a function of frequency and temzara-~
ture, for a wide variety of viscoelastic
ratarials possessing other useful engi-
neering properties such as high strength.
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Work is presently in hand at the AFML in
this area. Further work must alsc be
carried out to verify the effectiveneszs
of the resonant bean darper concept
under test conditions more closely ap-
proaching actual operational conditions,
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DISCTUSSION

Mr. Bouche (Endeveo Corp): 1 have the
{mpression that your tuned damper was tuned to
the fundamental resonance of the blade, What
about second mode resonance of the blade, doesn
the damper attenuate the vibration at that
regonance ?

Mr, Nashif: We did limit the tnvegtigation
to the first torsional mode, However this
damper can b2 made to operate at the second
berding mode and the first bending mode.,

Mr. Ungar (Bolt Berenek and Newman): Did
you consider damping of the beam iteelf? In
other words using a beam made of a damping
material?

Mr, Nashif: We did consider this point,
however no work has been done g0 far,

Mr. Ludwig (Pratt and Whitney Afrcraft)h:
Was there any consideration given to the tem-
perature of the structure for damping? Also,
1 would like to mow a little more about how the
beam i3 attached to this garticular blade or
specimen,

Mr, Nashif: The tempserature range do-
penda on the material property itself, Fora

given required temperature rengs you have to
eelect the proper viscoclastic material. The
one we used was a good waterial up to about
$00 degrees Fahrenheit, aimilar to most sill-
cone materials, For the second guestion, thoge

dammpers we built in the izboratory wers only an-

experimental kind, We have not yet started
working on practical dampers, dowever, we

shall be looking into them: soon. Those dampers -

were put on a lathe in 3 slot by means of epoxy,

Mr. DiTaranto {PMC Colleges): Could you
give 1 physical explanation of the effect of the
flexibility of the beam? Why did the flexibility
of the beam {mprove the damping over a rigid
muss ?

Mr. Nashif: Having the exira beam dimen-
sions and material properties {n the equation
for the natural frequency of this device, al}
these parameters enter inand will aid us In
selecting a wide range of flexibility as far as
tuning goes. Howerver, in the conventional

‘tened viscoslastic damper you h,av» oaly the’

wass and the length to wary.

Mr, Jones: (Air Force Materials Lab.): 1
just have a comrment on that 1ast guestion. The
damping was not inproved—we never clalmed




e e

thia. There in 2 Joes of frequency bandwidth of
etfective operation, which {3 the prive you pay
for the exira flzxibility,

-

Mr, DiTeron'or Roeoermn o3
are gotting effcctive mona ohir
flexibitity of the beam, As you voade the bonm
more {lexilie, in effect vou hnd iesn ereryy in
the beam for 2 glven deflocten, g thot you
should be getling a higher lors {nolor dn that
thers 13 lezs energy in the beam to b dasipaled.

- AN
Hothe

Mr, Na<hif: Actually when you make the

beam very flexble or seft, all the deformation
occurs in the oam and none In the visceclastic

29

material, Hence little ererpy fa diszimnlzd {hal
way because we are lonking far maxim o
drformation n the kigh damping mulerind, nat
In the bean,

1enicht Rleo mention 28 thare
3} damming trest E
which used essentinlly this princd
what YUndly, In other words undas!
materizl comes {netripform, ¢33
af viecoelintie materiz]l which Is ealf -2 e
The adbering porilon 18 about 1/ tach wida and
tre peonr coverad portion 18 ahbout 2 inchog lang
g0 that there i1 a series of bridges formad »hich
can resorate at an appropria‘e {requancy.
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JULTI-LAYER ALTERNATILY ANCHCRED TREATMEXRT

FOR DAMPING COF EWIN-STRINGER STRUCTCREIS

5 Canpt. D. R. Sirmmons
Afr Force Institute of Technolegy
wWright-Pattersen AF3, Chio

J. P. Henderson and D. I. G. Jeres
Air Forco Materials Laboratory
Wright-Fatterscn AFB, Chio

C. M. Cannon
Univeraity of Dayton
Daytoa, Ohie

An enerqgy analysia is developed for the prediction of the effect
of a rulti-layer altermately anchored darping traatmens on the
response and damping of a typlcal skin-stringer struciural ele-
ment. Experiments are described which support the analysia and
show that it is possible to obtain significant damping in this
class cf structure by proper use and ortimization of the multi- .
layver anchored treatment., More gpecifically, it is shown that
incrzass2s in the effactive structure losa factor of the order of
0.04 can be achieved by use of boren-reinforced aluminum con-
straining bands for a weaight penalty of only 1.5 percent of the

welight of tha skin.

INTRODUCTION

The use cof lavered viscoelastic
damping treatments has been the subject
of a great number of regorts in the last
drcade, and many pessible configurations
and materials have baen discussed., How-
ever, mogt of these analyses have been
confined to relatively simple structural
systems such as beams and single bay
plates and a need has arisen £ r exten-
sion of analysis to the prediction of
the effect of these damping treatments
on the regpense and damping of more com-
plex structures guch as the skin-stringer
class of structure used on aircraft and
spacecralt.

Tha alternately anchorad version of
the constrained layer treatment proposeed
by Lazan a fow years ago appears to
offer the hope of considerabls anrounta
of darping for mederate weight additiona
and, woreover, can be repregented under
certain conditions in terms of an equiva-
lent free-layer treatment, thereby
greatly simplifying analysis.

In the present paper, a normal mcde

31

analysis is used, alcng with strain
energy calculations, to predict the
effect of the Lazan treatnent, taken as
an equivalent free layer, on the rodal
damping of a typical skin-stringer
stxuctural element, The analysis shcwn
how optinun confiqurations may ba de-
aignad and an experimontal verification
is described.

ANALYSIS

Representation of Malti-Layer
a3 LiuAvAiant Froe Laver

Treatmong

as®

The darping treatment considared in
this paper is illustrated in Figure 1.
The detailed analvsis has been carried
out by Lazan, Methersll and Sckol {1]*
and only the main results will ba
utilized herein.

In cases where the surface strain
in the vibrating structure or nm2rber is
reazcnably uniform over the length of
the dampirg configuration (vibration

"ogquarg brackats indicate refexsnces
15ted at the end of this paper.
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wave length larger than treatment
length), the behavior of the configu-
ration may be represented with some
accuracy by an equivalent laver of homo-
genecus damping material having (i) the
same crogs sectional area and length L°
and {ii} attached to the gtructure over
the distance L' awm in Figure 1.

STwycTuRT

{8) STRAMED COMDITION

‘ STRUCTUNE ) }

{8} EQUIVALENT FREL LAYER

{oete sorticol 0coM se e1agye-uted doe tiomity)

Figure 1. Multi-layer alternately
anchored damping treatment

The effect of the treatment can then be
considered in terms of equivalent com-
plex Young's Modulus ED(1+1nD) and the
proplem of predicting "the ~effect of
the damping treatment on the reszponsze is
theredby greatly simplified. The ex-
pressions for Ey and ny given in {1] aze:

Ey = ks {L'/bla+t)]

= (REt L' 3 (MT + RV, (1)
{ l'llb(a+t)]{ri + vzl

. Y L'} {MT + RV
E a+e) e T + 2
"and
X® RT -~ MV
e R (3)
D Ky MT 4RV

where M, R, T and V are functions of two
paraseters a and b alone as defined in
the list of symbole. 2 and b in turn

2

are functions of the viscoelastic ma-
terial loss factor n and a psrameter B

defined by °

B e 614y /22027280y (4)

being a measure of the ratio of the vis-
coelastic layer stiffrness to the con-
straining band stiffness. The other
symbola are defined in the nomenclature.
It will be noled that in thiz analysis

and n_ do not depend on the number of
layers in the treatrent since they are
derived from a surmation of properties
of typical layers. It is recognized
that the first and last layers are not
typical elements cf the treatment and
this makes equations (2) and (3) sone-
what approximate for three layers or
less; however the accuracy improves as
the number of layers increases.

The problem has therefore teen re~
duced to that of systematically varying
the parameters £', t, E, G, a, b and n.
In order to make the problem more tracta-
ble the values of G and n were taken to
be those appropriate to the specific
viscoelastic material used in the tests,
namely 3M-428*% produced by Minnesota
Mining and Manufacturing Company, at
room temperature and over only a narrow
frequency range from about 200 to 300
cps.  For this case G = 52.2 psi and
n =0,59. -

A major question which arises is
how to determine the "effective length®
L' in terms of length of viscoelastic
material £' and the anchor length {® as
shown in Figqure 1. Involved in this
guestion is the relative stiffness of
the constraining layer and structural
adhesive used in the anchoring area.

The assumption made in the followirg
analysis corresponds to the case dig-
cussed by Lazan et al {1] in which the
constraining layers in the anchored ends
are considered to be rigid and the struc-—
tural adhesive is allowed to deform in
shear as the structure-is strained.

This assumption puts the point of ef-
fective anchoring (the plans section
which remains plane after deformation)
in the center of the anchored end, as
shown in Figure 2. Therefove,

L"_t'*‘l'

*3IM-423A, 428B, and 428C are commercially
available damping tapes consisting of an alumi-
num foil constraining layer and a pressure sen-
sitive adhesive damping layer, manufactured by
the Industrial Tape Division, Minnesota Mining
and Manufacturing Company. Some of the damp-
ing treatments used in this investigation had non-
standard boron-aluminum or steel constraining
layers and 3M-428 dampi- g layer.
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Figure 2. Shaar deformation of
structural alhesive with a rigid
anchox

Scme typical graphs of E. &and »

for £ » 1 inch are plottad againsgt ?
in Figures 3 to 5 and of ED“D' A measure

of the gross dawping capacity of the
tzeatmﬂnt in Figure 6.
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Figure 3.
properties for 3H-428°with various
backing materials (76 F)

Egquivalent free layer

It is seen that, for a pazrticular selec-
tion of damping and constraining layers,
an optimum length £’ exiats for which
Egn ‘i3 a maxirmum. In additiosn, it is

of interest to nots that boron-rein-
forced aluminum®* constraining layer
gives considerable increase in damping
with no increase in the weight of the

*#3orsicey -~ Aluminum Tape, Hamilton-
Standard, E = 3 x 107 psi
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troatment, and that berylliun given evan
higher darping.
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Figure 4. Eguivalert free laryer
properties for 3M-423 with varicun
thickresses ¢f aluminum backing
material (76°F)
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Fiqure 5. Eqguivalent free layer
properties for 34-428 at various

temperatures
Modal Characteria* sSLxuctnrs

This particular investigation is
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concerned wit™ the use of a molti-layer
alternatily anchored darping treatment
to damp resonant vibratione of a typical
elemant of a skin-stringer structure.

A wide varinty of such structural con-
figurations is utilized in the asercspace
industry. The atructure shown in Fig-
ures 7 and B8 ia representative of the
five bay test apecimenz used in this
investigation.. .

Femorta T T
tracitee
.
it 2ee

® 200000 LM
® €012 < g Warm anamoncey
o~ s 4y T

X0 o A

AN

[°Z S

y
//f

X
Y

"\
A

AENETn £ tamd

Figqure 6. Values of "DED for 34-428
wich various ba-king materials

Figure 7.

Overall geonatry of
structural spe~imen

It has been sahown {2, 3] that the normal
nodes of this type of structuvr2 fall in
frequency banda, each of which is bound-~
ed on the low side by a mods in whiceh
the stringers predominantly twisi, knowa
as the stringer twisting mode, and on
the high side by a mode in which the

34

'strinqérs mainly bend, known as the
stringer bending mode.
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Figqure 8. Detall geometry of
structural specimen

When the assumption is made that the

edge conditions along the frame rivet
lines are simple supports, then these
normal modes can be represented as:

W= on(x) sin E%I

In the particular geometry tested, the
ratio of the distance betwesen framesg to
the distance between stringers was about
2.2, so that the lowest band of modes
(m=1, n=1, 2, 3,4, 5),generally
characterized by the absence of ncdal
lines within any of the bays of the
structure, is reasonadbly well separated.
in frequency from the other bands (e.g.
the m= 2, n=1, 2, 3, 4, 5 band having
one nedal line down the structure center-
line grarallel to the frames and the
m=1l, n=26, 7, 8, 9, 10 band having
nodal lines parallel to the stringers
along the center of each bay). This is
not always the case, as it is possible
with higher ratiocs of frame spacing %o
stringer spacing to have frequency bands,
such as them = 1, n = 1-5 band and the
m= 2, n = 1-5 band, which overlap.

The subsequent analysis and experi-
mental invegtigation was confined to
danmping of the aymmetric modes in the
first frequency band and no attempt was
made to consider damping of the higher
nodal bands. It is certain, however,
that thesa higher modal bandz could also
be damped by proper placing of the damp-
ing treatment. :

The structure considered in the
analysis was idealized a3 one having end
conditions identical to the other string-
ers even though the actual structure was
soxevhat different. Them s 1, n = 1,

3, 5 modes and their partial derivatives,
23 <csalculated by the Transfeor Matrix
technique are shown in Pigures 9 to 11,




along with the calculated resonant

frequencies [4]).
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Figure 9.
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Figure 11. Theoretical values
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Elastic Strain Energy in Damped Skin-
Stringer Struciul?

Let the structura wvibrate in a mcde
W = ¢ _(a) Sin{+3) where 4 = x/L 2and
3 = y/¢ and trne function Sin(16) repre-
sents the mode shape in the y-direction
and is assumed not to vary with mode
number n. As a concrete example, let
the structure consist of five ldentical
bays with 8ix egqually spaced stringers,
which are all assumed to be of identical
gecmetry., The frames are assumad to be
rigid and the transversa displacements
at the frames are taken to be zero.
Pinned edge conditions are assumed at
the frameg, althcugh the experimental
end conditions appear to lie sorewhers
between the pinned and clamped end con-
ditions. Figures 7 and 8 show the panel
dimensions and structural details. The
total strain enargy in the daxped struc-
ture is:

6

Ysn * Ypn * jzl Ugng * Yrzg 1z )

where U is the strain enargy stored in
the panel skin, U n3 is the strain energy
stored in the 3 tg stringer and U 11

igs the strain energy stored in the dawp-
ing treatment, which occupies a part of
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the surface ¢f the panel.
anergy in the f{rame {p awzumed to be
terc. A viscoelastic damping treaimenst
i3 2dded to a central sreas of sach bay
(KI'G I1) and the remaindsy of the panel
iREG 1) is left uncoversd. Equation (%)
includes the elastic strain energy

The straie

totasd in the dawping treatrmemt . Fon
tho darping treatments considered in
Lthin paper, the ares refsyrrd to ax

PEG 1T will be rrall an corparienn with
the total surface ares of the panel and
¥ill ba located 8t the conter of each
bay. The location and size of BNG IX
in not essantial to the analygis of the
- satrain energies, provided that {t is
emall in relation to the tota]l psnel
area so that the anaiysiz will be appli-
cable. :

(a)

gtrain Energy ?yﬁ in Panal Skin

-An expreasi&a for the strain energy
atored in a panel has bte=n given by
Timoahanke [3]:

H {L
D a3
i { Mex * Hyy)

Upn - 4
o Je
-2(;-v){wxxw,y«wxy } axdy {6)
subgstituting x/L = 3 and /2 & & and
. simplifying:
| S |
1149 " 2 1
Upn 3 I ]{L~WAA METIRLT
o o
2v .
* 77T Yia Vs
+.-(.3:—"-?.w }dad' (N
!2Ll

Since W m oﬂ(A) Bin{s$) for the particu-
lar panel uhidex inveg~xgatzon, aquation
N yields- .

. ["
-.—% LY 2
U = o5 J SOATY
©
+ z~ (o ( 1121da

1

- 2¢212y
t2

]
1
# I

s laden(s)as

25217 (1-v) (3)

7 (o) 1a))2aap

o
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CFealuating the cane

"

esration of tha gecend tate in. rgJa-

inte
tion (8] by parte vields:
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4+ 112.008002)12) da] (163
A numerical evaluation of the Inteqrals
involved in Egquation (10} iz given ia
Appendix A.

(b} Strain Zrerdgy in t

The strain energy in a ét:inger han
been evaluated by Lin {%j:

v 24,
xyy! %Y

ot

+xﬂ] N )’dy]
]
z o

+ I Oy (11
]

where the suoscript J refers to the 3 th

string-~. Performing the indicated
cperations on W and simplifying yields:
. . 1 . .
'..ECVB 2 3 )
- ’ b
uﬂhj EiTZ§~J°(¢n(Aj?} sinf«»8ds
Dl )
rE, 261n?
+ 4,)1%8in?+64ds
YL ‘Jolon( 3 1,
1
2 L
.o & (oa(dj)lzcoszasdd»,
2212 0
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For the paral used in this investigaticn,
data was availadle (4] for the numerical
values: ‘

E = 107 1b/inl

L = 32.% in

£ « 13.5 in

now 05 in

v » 173

4

C = 1.42 x 1077 in®

C = 1.3825 x 1672 in®

wa
I = 3.953 x 1072 gnv
G = 3.76 x 10% 1b/in?

Evaluating the constanta, the eguaticn
for Uanj bocoman:

2
Umj - 1‘387‘°A(°j)]
2
+ 3912.5(on(5j)) (13)
in in-1b-sec units.
{c) Straln Energy U... 7 in the

Egquivaient Fros Lavar

Conpider a free layer damoing treat-
ment covering an area FIG II of the
panel. Any other type of carmping treat-
ment which can be xapresented in terms
of an equivalent frae layer traatment
¢an be analyzed in the same manner. The
actual treatment ccnsidered in this
paper is the alternataly anchored mul-
tiple~band troatment prerosed by Lazan
and discuss2d in the analysis. This
particular analysis assunaes that the
surface strain in the mexber is reason-
ably uniform over the treatnent arza and
that the treatment thickness is snall
corpared to the panel thickness. The
first assumption should be mat as long
a3 REG IX i3 sxall in comparison with
tha panel dimensions in the directicn
ot primary strain. The sacond assuxp-
tion is uaed for the paxae of simplicity
go that each layar of thae damping

treatrent may be considsred to Lo the
esme distance from the neutral exis end
is therelzre subjected ¢ the sava paxi~
rum total stzain. There will ke no
arprecishle chance In the diatance from
tho rentral axis for four layars cr leozn
cf thoe IM-4J3A tapae usged {n the touts,
Sarn eifect may be poticeakle {or five
or 2ix layers but it g¢hould grill ta
small. High eguivalent free layer moly-
luz valiueg are deave,~ved only in the
directicn of primary strain (perpendics
lar ¢t the stringers for the pressnt fn-
voatigation) and the med ilue veluss o
the cther direction, paraliel to the
strirnters, will be geveral orders of
rmagnitude less. Since the flcxure is
also gmall in the transverse Jdirscticn
for the medes in question, there iz
littla loss of accuracy in ignoring the
erorgy dissipated cr stored due to tuwn-

iresnsicral flexure in the deoping tonal-
went, Therefore:

Yarg 12 ° % Or2 ) ? ex ey
REG 12
- % D ] j (wxx)z dx ay  {14)
REG I

wvhera D’I is the flexural rigidity cf
the p;aée/dazpinq layer coabination
allowirg for the shift of the nsutral
axis and D is the flexural rigility of
the undarped panel about the center of
tha skxin thickneas.

{d) Total Strain Energy in the Damned

Scructur

If an equivalen? frae layer troat-
rmant i3 added to the structure, EZgusation
{5) rmay ncw ba written:

Dcnn 6
U _ - +
sn 4y} jzl Usnj

o)
; 1T 2
* 3 I I wxx dxdy
REG II

I I wxxzdxdy {15)

REC IX

o

where

(16)
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M. g {{o;(a))’ s B0
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. ""[5‘"“5‘*’”‘} as an

If W= ¢ {2) Sin(+§) as before: the ex-
pression for U . can be rewritten as:

Dtﬂn L4
Usn-- -——"-"La + jgl U‘nj

2 *(8)]2sin?
313 I ; [epta))isin?aedads

REG 11X
DII‘
ans

+ I j (0;(a)lzsin2wﬁdsd& (18)

REG 1

An expregsion for D,. which includesn the
- effect of the shift of the nsutral axls
of the panel due to the damping treat-

ment has been develeoped in Reference [7)]):

3 3n
b . Eh’A . EDh (19)
11 28 {1-v9) 24(1-v§)
where
em= ED/E {20)
and
-2 3 2 3
Am {1-N%e)? + {1+{2NsN2) el (213
{1+N )3
B = (2§+I+N2e)3 - (1".‘32&)3 (22)

{1+ )3

where N = ratio-of the equivalent damp~
ing layer thickness to panzl thickness
M.

8o that:
3 &
Eh tan

— v +
Ysn = 4813 (1-v2) 3=1 “snj

38

it { -
A e —— § T *(2¥1%ginTasdnads
48L’(1*v2)‘ ! l fop () 1isin®s
REG IX
3
BE ML

$ ——————— 7 {(aN%aind 84845 23
4813 (1-2) j 1 Lo (23] rodsds 2B

REG IZ

Ernergy Dissipated in the Touivalent
Free Laver Treatoent

Consider a2 boanm pection of un~-
stretched length iL/J (where J in the
rumber of spans and 1 is the ratio of
eguivalent free layer treatment length
to span length in the x direction) and
assume the radiua of curvature in the
x direction is constant over the treate
mant area {See Fig, 12). <Consider a
fiker within the vizcoelastic material
pome digtance z from the neutral axzis.

VISLOELAS Tl
HATERTIAL

by

e o
WE\:‘M“

AXIS

Figure 12. Deformation of elerment
of free layer treatment

The elongation of thia fiber is readily
shown by elementary bending theory to be:

X = =5 Wxx {24)
Ccnsidering the fiber as a stretched
spring, the spring stiffness is given
by

area {8l) &2
B

k=2

(25)

length AL/
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whrre &2 {5 an incremental valup of 2
and 8 is the ratio of the width of thra
treatment to the width of tre sr-an in
the y dirscticn. The extengional work
done per cycle which eguals the eneray
dissipated per ¢ycle in & spring of
atifinera k, lose factor "o’ and dis-~
placemont X 18 [7]:

&y, - -anzk (26)

vhera 5nDn in the portion of tha enarqgy

dipsipated per cycle for cne fiber.
Subatituting g (24) and (25) into Eq
(26) and further assuming that the
curvature varies slowly the treatment
length L' we have

)
)8 lrgyy 2
GDDn - wED {J }(Llnn)(x Gz)wxxi {27
wvhera

2 2
wxxi Yy ! J wxx dxdy
G
RE IIi
in the average wxxz in RZG II,, the por-
tion of REG I 4in gpan i. 1Integrating

both sides of the equation over the
thickness and letting J = 5 results 4in

3 [1s —, [n
Don ™ 121 vEp ls_] LlnD wxxi ] 224z (28)
Mh
]
where the symbol Il is used to indicate

that the valus of D qmust be determined

for each span and added to give the
total enexgy dissipated and Mh iz the
distance of the nwutral axis from the
common surface. Recognizing that

W= On(a)sinﬂG in the a th mode, Eq (28),
in the case of panels, reduces to

5 wEDlBLLnD
Dpn ™
im} JL“(I-VD)z

(M+N} h

1(0'(A)]281n215]] z2dz 129)
n ¥h

The integral in the above eguation has
been evaluated [7] 30 that:

5 !EDhslBlnDB[a;(A)]zsin2s6
Do, ™ i (30)
i=) 2413 (1—\:;)3

39

Sinca the curvature in the y dirsction
and the treatment width in the y 4irec~
tion are both small, the abovae ernalyzie
is valid for a psanel, particularly in
view of the low stifinags of tha treoat~
mont in the y direction ccapared with
that in the x direction.

ifective Svstem 183 Factors

A parameter generally cenaidere? in
da~oing analysis iz the nystem loss
factor n'“.éefined ag:

?

D
® S 1. (31)

‘sh
2'Utn

vhere D is the total energyy dissipated
within the structure per cycle ard U
is the total energy stored (8}, The

energy dissipated within the structure
can be represented as

an

Dan © Dcn * Don 32)
It is frequently difficult to determine
D_ ., the energy diszipated in the noni-
34
rally undamped structure, so it is ccn-

venient to define a new damrping parameter

n;n wvhere
D‘\
nt w0 (33)
sn
2'Usn
Rewriting Eq (31) as
T ¢ D
ngp * —on_ [ﬂj L T (34)
2vU°n Usn Z'Usn

It is now seen that n;niu related to n

oy 8n

n = n_ (U /Usn) + n!

8n on o cn 8n (35)

where fon €20 be determined using ex-
perimental data as described later.

The theoretical value of n;n can be

calculated by substituting Eq (30) and
Eq (23) into (Egq (33).

] - 2 2
S EDh AslnDB[on(A)] 2in?sg

i=l 4813 (1-v2) Jv

where Y is defined as:
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En?tn
L AR n »
48L3 {1~v?)

EnL {a-2)
4853 (1~v2) (Cn)

sz hit | g (36a)
PR N l: + 4] a
43L3(1¢Vg) n 3 end
whare
= - 2 2
L3 I } o7 (a)1?in?rsdsas 131
- REG 11

and H_ is given by Eq (17).  Dividing

numarator and dencminator by
EDh3e/aaL3(1-vé) and simplifying,

% [ (a))2{ein2+8) (18 »
(33 =1 N B J

v}

el oo - o,

1Hn 48L3(1-42) 6
U
e . EDh3L jul snj

+(3+X (A;Z)](cn§ | (38)

where x --(l-vg)/(l~v2) and e = E /E.
Now, recognizing that :

t BpY] §}>t 1 Tsiniee (39)
R AT S !

and dividing both numerator and denomi~-
nator by the numerator, Eq {38) reduces
to : g o

n

. . o :
_ﬂ;n‘ - 3 o . (40)
. 5a (Ti + A-2) + 1
whers 'f
. . 2 3 -l
c - JHnEh L + 48L33(1-v )j=l Usni

5 (41)
ER3L § lon(2)1%8inxs
B 51

The parameter C_ has been evaluated in

Apperdix. B. It is seen that C_ iz nearly
independent 6f the mode but does depend
on- the coverage as in Figure 20. n!
vill therefore be approximately the®"
"same for every mcde provided " and E,
are jindependent of fregquency. Minor
“variations will occur in practice as a
result of n. and changing with fre-
gquency. A “comput®r program was written

40

o evaluate Eq (42} for geveral config.
urations of damping tapes. Some rosulis
are plotted in Figures 13 « 14 for yel.
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Figure 14. Theoretical and experi-
mental variation of nin With 1 for
34-428 with Bo/Al backing (6 layers)

Th2 parameter n!_physically repre-
sents the actunal damping factor only if

“the structure has no inherent damping.

It could be used as a first order ap-
proximation to the damping factor in
structures where the inherent structural




darping was known to be low, for exarmple
in the vacuvm of outer space, or it
cculd be usaed in conjunction with Eg
(35} to determine the actual darmping
factor as <efired by Lazan., The ratioc
ol U on to U haa beoon evaluated in
A;rondxx ¢ a;d is fcund to ba very close
to unity, varying frem about 0,85 to
0.99,

EXPERIMENTAL INVVEISTIGATICN

The experimantal portion ¢f this
investjgation was cenlucted with the
eguipment shown in Figure 15.

evasrenrer
prpoenure

LECTPR T

i

B NPV SR N AP

Figure 15. Overall view of
experimental apparatus

A skin-stiringer-frame specinen, such as
shown in Figures 7 and 8, was attached
to a fixture which congisted of two
aluminum I-peams conne<ted at their
flanges with 1/2 inch aluminum plates.
Although the fixture was assured to be
rigid, it was carefully tested to in-
sure that no fixture resonances existed
in the frequency range of interest for
the panel (200-300 cps;. The specimen-~
fixture combination was meunted on the
table of a 1200 force pound electro-
magnetic shaker.

Input acceleration was controlled
with an acceleromecver mounted on top of
one of the frames. Control accelerom-
eter location was selected to minimize
variations in the input acceleration

[ R TR L ]

aleng the frames. FPanel response was
measured using a 8.5 gram micre-minia~
ture plezoelactric accelercmeter placed
in vario:x positicns on the vibrating
panel. The 0.5 gram accelarometer was
censidered to ke akcut the heaviest
vhich cculd be ussd on this panel ard
still have nregligible masa leoading
effects on the speciman rade r“~'»1 and
frequencies [4]. Signal canditioning
of the accelerumeter cutput zignal was
sccomplished by uvsing an accelarcreter
arplifier with a wmeterad outpul cali-
brated to read acceleration directly in
g's. The rasponse of the panel wasg
measured at variocus positicons, both un-
darped and with various damping configu=
rations consgisting of alterrate layers
of matallic backing material and viacn-
elastic damping material cone inch wide.
Configuratisons tested had half inch or
one inch anchored ends L" and 0.3, 0.75,
1.25, and 2.0 inches of viacoelastig
material &' and both aluninunm (E~10‘pai)
and boron-aluminum (Bo/Al) or strel
(E = 3 x 10/ psi) backing. Anzhering
at the ends wasg effected with Easztman
910 achesive. The treatrment was azplied
with the longer dimension parphndxcu‘ar
to the stringers.

Since most viacoelastic matericls
are temperature dependent and the damp-
ing mechanisn utilized was cne nf energy
dissipation as heat, a thermoccuple was
installed within the viscoelastic ma-
terial and the temperature monitored in
all three modes. Tenperature variations
with frequency were negligible with re-
spect to the room temperature variations
of 3-5"F. To all intents and purposes,
temperature was constant throughout this
investigation.

Initially, acceleration amplitude
measurements were taken in koth the
transverge {y) and longitudinal {(x) di-
rections and the mcde shapes so deter-
mined are shown in Figure 16 and 17.
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Figure 16. Measured transverse
mode shapes for undamped parnel
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It was determined that the rode ghape

in the transverse direction remained
constant within the limitas of experi-~
pental error, foy all five bays, and all
wode shapes, both damped and undarped.,
The transversze normal mode shape was
approxizmately a half sine wave as shown
in Figure 16. The transverse mode shaps
did tend to flatten ncar the frames (at
Y= 0and y=» (), but it did not depart
greatly from the assured sine form,
Messured longitudinal mode shapes of the
panel damped with three alternately
anchored layers of 3M-420A tape aras
shown in Figure 18, and mode shapes for
the panel damped with a similar configu-
ration of six layers of horon reinforced
sluminum constraining layers and 3M~428
adhesive are shown in Figure 13.
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Figure 17. Measured longitudinal
mode shapes for undamped panel

There was appreciable scatter, about
+10%, in the measurements for the un-~
damped panel and similar scatter in the
damped panel measurements. One source
of the cbserved scatter was probably
the micro-miniature accelerometer. Ob-
served acceleration values showed a de-~
pendence on the exact position of the
accelerometer on the panel and the lo-
cation of the accelercmeter lead.

A comparison of the theoretical

mode ghapes in Figure 9§ with the measured

mode shapes for the undamped and damped
panels in Figure 17-19 gives an indica-

tion of the accuracy of the analysis used

to predict a' from energy calculations
based on the theorstical mode shapes.

Figure 18. Typical measured mode
shapes for damped panel with 3u-
428A tape (3 layers), L' = 0.75"

It can be geen that the theoretical and
measured undamped mode shapes agree
reasonadbly well, the largest variation
occurring in the second and fourth spans
for mode 3. 1In addition, the measured
mode shapes for the panel damped with
three layers of 3M-428A tape are in
reasonable agreement with the undamped
measurementg.  However, the influence

of the heavier and stiffer six layer
{Bo/Al}) configuration on the mode shapes
can be seen in Figure 19.

Typical experimentally determined
values of n; are compared with the

theoretical predictions in Figure 13 and
14. These values of n! -are calculated

from the relationship, derived from
equations (35) and (D15),

a_ s _{a) U
n'n on
n;n = AnZAS T "on Usn (42)

whare ay and en(a) are calculated from

measured mode shapes of the undamped
structure based on the response measure-
ments presented in Figure 17 with the
assumption that the mode shape in the

s
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transvereso directicn {a a half sire
wave, An(A) ia tha okacrved amplifice~

tion factor for the damped panel as
plotted against 3 in Figures 13 and 19.
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Figura 19. Heasured mods shapes
for damped panel with 33-428
adhesive and Bo/Al backing (6
layexs)

It should be notad that diffarences in
the mode shapes caused by the damping
treatment were neglected and A (0.5) was
ugaed in each case, was ca?culated

from equation (D14) using the measured
values of A_,0.5) for the undamped
structure. Uon/usn wag taken to be

unity since the erxror {ntroduced by this
assumption (based on theoretical values
of U n/Us in Appendix C) is small com-
pareg to experimental scatter. Table 1
shows the values of parameters in Eg (42)

used for determination of ";n‘

DISCUSSION

Cenparison between th2 theoretical
predictions and the experimentally de-
termined values of n;  shows that the
theory was generally successful in pre-~
dicting the amount of damping that could
be expected frcm the application of a
multi-layer alternately anchored damping
treatnent on this type of structure., It
is noted that the thsoretical analysis
was more accurate for the cases in which
the measured mode shapes agreed fairly
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closzely with the theoretical mode ghopes.
In mowa 3, where the variation betweon

theory snd measurerment was the greateszt,
the theory conzistently predicted hilgher
values of n‘“ than were ol'gorved expari-

wentally. This seems reoaacnable, sinca
if the experimental aoda chape s rormal-
ized, the curvatura in tho first and
£ifth spans is lower than pradictadl.
Thus the darping treairent experisnces
lesa strsin than concidared in the
thaory. Peviation betwaren thicry ond
experiment for the six layer Bo/rl con-
figuration can be explained, in pars,

by tha fact that the mode shapes changed
due to the adaition of the damping :
treatnent.

43 previously discunsad, the theoory
in this paper is based on the sgsumption
that L' = L' + L%, or that the constrain-
ing layer ins rigid in the anchor srea
and that shear defcrmaticn occurs in the
g*ructural achesive, as shown in Pigure
2. RActually this is one of the limiting
cages congidered by Lazan et al [1].

The other limiting casze is when the
gstructural adhesive ig conpidered to ha
rigid in shear and the constraining lay-
exrs, in the anchor, strain the gare as
the structure. In this latar case

L' = L', Experimental smcasurements (1]
indicata that L* = L' + £L"/2 might b2 a
more valid assuxption (i.e. tha point of
effective anchering, or undistorted
norinal plane, is micdway batwzen the in-
Bide edge of the anchor and the center
of the anchor). The effect of making
this assumption on th2 six layer Bo/Al
data is shown by the dashed lire in
Figure 14, with a resulting increasze of
correlation between theory and experiment

SUMMARY AND CONCLUSIONS

It has been shown that effective
analysis of a multi-layexr alternately
anchored damping treatmant. applied to
a skin-stringer structural element, can
be accorplished using the concept of an
eguivalent free layer damping treatment
and energy calculations bazed on mode
shapes generated by a transfer matrix
analysis. Numerical results have been
presented demonstrating the effects ot
changes in constraining layer stiffneas,
adhesive thickness, temperature, and
iength for a damping treatment utilizing
a ccrmercially availadble damping adhesive,
Furthermiore, properly optimized and
appropriately located on the structure,
this type of damping treatment can give
significant damping for very small
addition of weight. 1In the case con-
sidered for the 8ix layer boron/aluminum
configquration, structural loss factors
were increased by about 0.04 with 3
grams of damping treatment per span or
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about 1.5% increase in the weight of
the skin. This means that resonant
anplification factors for the lightly
damped modes in the untreated structur
wera reduced by a factor of about five.
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Appendix A

NUMERICAL RESULTS

Consider the numerical evaluation of U

and U based on an assuned mode nor-

malized at the center of the panel (& = .5)?n Actua?nj energy values would havd to be
factored by the proper number to reflect true displacements. Curves of $_{a), 4'(s),

and " {a) are plotted in Figures 9 to 11 based on calculations using a Transfer

n

RatriR Technigque [4]., The data only includes five points for each bay so that 'the
curves are somewhat approximate, Specific integrals involved in the present analysis

are given in Table 2.

It would be pcssible to determine numerical values for U__ based on a one inch
displacement at the center of the panel if desired; however, PR\ vat figure is not a
particulerly useful parameter in this analysis, so only the ratios ol energies will
be congidered. The same curves are used to evaluate Uanj' and Table 3 shows the

values uszed in the evaluation of U8

nj.
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TABLE 1 )
Measured Data for Undamped Structure
Mode n 1 3 S
o 0.228 0.599% 2.08
An(.S) 37 69 30
"on 0.0061 0.0087 0.0693
TABLE 2
Data for Theoretical Modes
'Hédé n 1 3 5
T
o2 (2)da 0.280 0.258 0.245
[+]
]
M (a)12aa 67.9 $8.5 50.0
o]
1
log (a))2aa 36,500 39,430 45,888
‘o
UV (N = .16) .990 .990 .989
Uon/Upn (N = .32) .973 .973 571
UonVen (N = .48) .950 .950 .948
UV, (= .62) .923 .924 .920
U /Uy, (B = .80) .890 .893 .883
U o Vg (8= .96) .853 .855 .849
¢
Apoendix B
EVALUATION OF C_
‘ The equation for ¢, is
3 2 §
JH 48L3J(1-v2) 321 usnj
Cn " 5————— + 3 (B.1)
) lo7(2)12sin2s6  ER3L I [s2(a))2sin2as
i=1 i=1 %

where the summations shown in the denominators are over the central regions of the
panal only so the sin?ré terms can be dropped from the analyszis since they are
approximately 1 at the centers of each span. Using this approximation, the e»-
pression for Cn reduces to
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. . 6
- . 3 -yl )
SH 48133 (1-47) 321 Ugny-
C.-': " 3 ..._.........._._: + L (8.2)
7 *(a)}? En2 en (812
L len ()] | 121 ten(a))
Evaluating the constants 3%3 rubstituting Eg (13) gives:
51
T
T e
L [at(8))
121 P
6 .
+ 433 1 11.38706) (8012 + 3912.500,48,))2) {8.3)
I lenta))? 3=1

i=1

Recognizing that H_ {8 the value of the integral in Eg (10) and taking the valunes
from Table 3, it i possibla to determine tha values of ¢, as baiow for <<l ,8«<l.

* g {209.8) = 0.790

+ e {124.6) = 0,808

c. = 3145195) 434
1 ™ T400%50

c. = 3147386) 434
3 " TIVIETS

C. = 3152409) . 438
s ™ 320000 T ¥Z0500

For other valuss of 1, 8

(140)

a 0.767

i8.8)

{B.5)

(B.6)

S e
) [$2(2)}? has to be evaluated numerically. Results of

thesa evaluations ars yiven in Pigure 20.

TABLE 3

Numerical Values for the Sicain Energy in the Stringers
Based on Theoretical Mcdes

™ Strinager Number
- _ 1 2 3 4 5 6
8, (8) 0 0 0 0 0 0
21 (&) -2.4 5.14 -6.65 -6.65 5.14 -2.4
1.387(s;(0)12 7.99 35.6 '61.3 61.3 35.6 7.99
05 (8) .045 .052 .045 .045 .052 . .045
:912.5{93(4:;)1'2 7.93 10.58 7.93 7.93 30.58 7.93
o3ty 4.4 -3.42 ~4.05 ~4.05 -3.42 4.4
1.337{95(a)12 26.8 16.2 22.8 22.8 16.2 26.8
05 (2) .022 .069 .10 .10 069 .022
3912.5[44(8))2 1.89 18.8 39,12 39.12 18.6 - 1.89
o5 (8) -2.1 ~1.65 -0.61 -0.61 -1.65 -2.1
1.3870¢(2)12 6.12 3.78 6.517 0.517 3.78 6.12
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VALUATION OF Uon/Uan

Uon and U, 2¥e given by Eq (23) with and without REG II, respectively:

VALUES OF A/J
Figure 20. Variation of Cn with coverage

Awvendix C

Enden 6
PR ¢ S v
Yon - 4313 (1~-v2?) 47y enjd
Yen sh’tan 6 Eh3Z (a~2) BEDh3£
———T et 1 Uyt {z 1+ {c,)
4313 (1-v2) 3=

where

48L3(1~v2)

48;’(}~-5)

L ™ I [ ie;(a)l’sinzaadude

REG IX

(€.1)

(c.2)

Dividing numerator and dencminatoxr by Eh3£/4313(1-v2) and simplifying results in

B
v n Eh

|

¥4

3(1~y?
+ 4817 (1-v<)
j-l

€

snj

(=1

4813 (1-v2)
thit

Now, again recognizing that

A8
n

-

L
i=1

usnj

and dividing numerator and denominatcr by e

47

+ (A-2+Be/x) [¢ ]

S e
g = = [02(8))28in2x6
<SSV CHTSIERTE

{C.3)

(C.4)
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Uon Cl'l'/l 8

—
Ugn cn/Aa + A-2 + Be/x

{c.s)

Values of Uon/usn were calculated for several cases and are listed in Table 2.

Aprendix D
RESPONSE OF THE SKIN STRINGER STRUCTURE ON THE SHAKER

kil

Let the structure be made of a material of effective complex modulus E(l+in ).
Let X exp{iwt) be the input of the shaker at the frames where the frames are asiumed
to refain rigid and let W(x,y) exp{iuwt) be the response of the panel relative to the
frames so that a moving coordinate system is being coinsidered. Expanding W as a
series of normal modes results in

Wix,y) = g W_¢_ (x/L)sinny/¢ ‘(0.1)
The equation of motion beccmes

D{l+in ) V*W - pw? (W + X ] = 0 (D.2)
or \

D(1+in ) VW - pu?W = pu?X (D.3)
and, for the n th normal mode,

Dv“én(A)sinna = pw; ¢, (8)sinms iD.4)

Substituting Eq (D.1) into Eq {D.2) results in

[ s - 27 o 3 = .2
VVID(1+ing ) W o (A)sinwd - ow?] W ¢ (A)sinmd = pu?X {D.5)

where n is the value of "o appropriate to the n th mode. Expanding xo as a series
of norm3T modes also gives

X, =] X ¢, (x/L)sinny/L : (D.§6)

1 .1

J [ ¢n(A)sinw6dAd5
Q o

-,

®n ® X 1,1 {0.7) » !

Q
J ] [én(A)]zsinznsdAdé
. 0 Q

Now, substituting Eg¢ (D.6) into Eq (D.5) and using Eq (D.4),

1 (+in ) W oouZe (8)sinns - pw?]W ¢ (A)sinné =

= pwzixn¢n(A)sinn6 ’ (D.8)
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and performing a term by term comparison,
2 - 2 2
(l+inon)aunwn pw Hh - pu Xn {D.9)
therefore,
”
unxo(w/u")

W (D.10)
1+in° - (w/wn)2

n
and using Eq (D.1),
2 :
nn(u/wn) on(A)SInvﬁ

Wwe=x_ 1 - {D.11)
n 1+inon - (w/un)

The actual displacement at any point is U = W + xo, and

a_{w/u_)2s (2)sBinné
1+~"—] = x [14] =—2—F ] (D.12)

X 3 . 2
o) n l+-ﬁon (u/wn)

U=X
o

and since both U and X, ave hamonic functions of time, and U and ﬁo are the output
and input accelerations as would be measured by an accelerometer:

- a_(w/w )28 (a)sinrs
Yalagey-o n_n - (p.13)
Xo Xo n l+1non - (m/un)

If n is much less than 1, then resonance occurs at w = w_, the undamped resonant
frequency. The emplification factor for the undamped pane? at resonance can than
be expressed as

a_¢_ (A)Ysinn§ a ¢ _{a)sinr$
1+ -2 “i g 1+ (D.14)
"on Ton

= i—i—
An(A) :

4]

anon(A)slnne

"on

center of a panel is considered, the sine term in Eq (D.1l4) can be dropped since
it will be one. If additional damping is added to the structure, Eg (D.1l4) becomes

since is much greater than 1. When the amplification factor at the

an‘n (4)

n

A_(a) =
n 8nh

(D.15)

SIMBEOLS B Dimensionless parameter, see
equation (4)
A Dimensionless parameter, see
equation (21) b v 2 Bo sin §/2, where
& = tan~1 g
An(b) Resonant amplification factor,
see equation (D15) C Uniform torsion constant of
stringer cross section (in"%)
a Thickness of damping macerial
(in) C_. Dimensionless parameter, see

R equation (41)
a Y 2 Bo cos §/2, vhere
6 = tan"+ n cws Warping constant of stringer
cross section with resgpect to
B Dimensicnlezs parameter, sgee axig in outer surface of skin
equation {22) (in$)
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i

Dn

8n

on

Ll

Bending séiffness for skin
Eh?,’12 (1~vZ} (1b-in)

Bendingy stiffness of panel in
regizi II with damping treat-
me.t coplied

" Enery rdissipated per cycle in

dainping treatment {(1b/in)

Total enevgy diegsipated per
cycle in th.: damped structure
{1b/in)

Energy dissipataz in the un-
treated structur: (1lb/in)

Young'a mo.iulus of structural
material {psi)

Storage mcdulus of tlia equiva-
lent free layer damping treat-
ment (psi)

ED/E

Shear modulus of the stringer
material {psi)

Dimenzionless parameter, see
equation {(16)

Thicknass of the panel skin
(in)

Moment of inertia of equivalent
free layer damping treatment
about the neutral axis of the
panel {in"*)

Moment of inertia of stringey
about centroidal axis {in")

Number of spans

Stiffnens or spring constant
(1b/in)

Storage congtant for the j th
band-adhesive unit {ratio of
in-phase comnponent of force to

‘displacement) (1b/in)

Loss constant for the j th
band-adhesive unit (ratio of
out-of-phase force to dis-
placement} (1lb/in)

Length of skin-stringer speci-
men (in)

Distance between effective
fixed points on ends of multi-
layer damping treatment (in)

width of skin stringer speci~
men (in)

Z'
zw

B ow s

o

sn’
pn
snj

Vree 11

Length of vizcoelastic layer

Length of anchored end in the
damping treatment {in)

a sinha cosb - b cosha sinb
Mode number in the 7 direction
Ratio of thilckness of egquiva-
lent damging layer to thickness
of panel skin

Mode ni”;e: in the x direction

a cosha ginb + b siaha cosb

"2 cosha cogb + M + 2

Half the thickness of a con-
straining layer {(in)

Transverse displacement of
panel relative to fixed area
(in)

Total strain energy stored in
damped structure (in-1b)

Strain energy stored in panal
skin (in-1b)

Strain energy stored in j th
stringer (in-1b)

Strain energy stored in damp-
ing treatment (in-1b)

2 ginha sinb + R
Transverse displacement of the

panel relative to frames {(in)

Partial derivatives with re~
spect to indicated variable

22w, 32w
i'e. e .
( %2 axdy ete.)

Elongation (in), see egquation
(24)

Amplitude of shaker input
xoexp(imt)

Coordinate along frames

Coordinate along stringers

Coordinate normal to panel

surface

Dimensionless parameter, see
equation (D.7)

Ratio of width of damping
treatment to width of panel




x/L
y/¢
See equation (37)

Loss factor of damping
material

Loss factor of eguivalent free
layer damping treatment

Loss factor, in n th mode, of
untreated structure

System loss factor in n th
mode, gsee equation (31)

'Damped system loss factor in

n th mode assuming zero in-
itial damping, see equation
(33)
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JL'/L, fractional covarage of
damping treatment in x direc-
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Poisson's ratio of structural
material

Poisson's ratio of equivalent
free later damping treatmert

Norwz2l mode shape in x

direction
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AN ANALY'LICAL AND EXPERIMENTAL INVESTIGATION

OF A TVWO-LAYER DAMPING TREATMENT
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Wright-Patterson AF3, Ohio

The temperature range of an effective layered damping treatment
is extended through the use of two layers of viscoelastic ma-
terials having different glass transition temperatures with the
outer layer having the higher transition temperature.
manner, when the inner layer is within its transition'region,
the outer layer is still glassy and the treatment acts essen-
tially as a constrained layer treatment.
the outer layer is in its transition region and the system re-
sponda as an unconstrained layer traatment.
theoretical results are presented for tha vibrations of a beam
with a two layered damping treatment.
optimized with respect to thickness ratios to produce good
damping over a wide temperature range.

In this

At higher temperatures
Experimental and

The treatment is then

INTRODUCTION

Many damping treatments utilizing
high damping viscoelastic materials have
been developed for the reduction of vi-
brational amplitudes in structures. In
certain applications where plate or beam
like structural members are subjected to
a wide~band acoustical environment, the
layered surface tresatments are often
well suited. Of these, the unconstrain-
ed layer surface treatment has been one
of the most widely used because of its
effactiveness and simplicity of appli-
cation [1]. To intrxoduce high damping
into structures by this means, it is
necessary to use a viscoelastic material
that exhibits both a relatively high
Young's modulus and a high loss factor.
Unfortunately, most available viaccelas-
tic materials have a high medulus only
in the glagsy region, where the lozs
factor is very amall, and a high loas
factor in the transition region, where
the medulus falls rapidly with increas-
ing temperature. The effectiveness of
the unconstrained layer damping treat-
ment is thus generally restricted to a
narrow temperature range around the
transition temperature.

A variation of this damping treat-
ment is the constrained layer treatment
where an additional layer of a stiff
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material, usually metal, is used to con~
strain the viscoelastic material thereby
inducing largje shear strains and hence
high damping [2]. The effectiveness of
this treatment depends on having a high
loss factor and a relatively lcw gtiff-
ress for the constrained layer. As in
the cagse of the unconstrained layer,
this treatment is most effective over a
limited temperature range near the tran-
sition temperature.

To overcome some of these difficul-
ties and extend the temperature range of
an effective layered damping treatment
it has been proposed to apply a damping
treatment composed of two layers of vis-
coclastic materials having different
glass transition temperatures with the
outermost layer having the higher tran-
gition temperature. When the inner
layer is within its transition region,
the outer layer is still glassy and the
treatment acts essentially as a con-
strained layer treatment. At higher
temperatures the outer layar goes into
its transition region and the system re-~
spor:ids as if an unconstrained layer
treatment were applied. This technique
thus admits the possibility of inducing
damping in structures over a much wider
temperature range than that possible
with a single damping material treatment
in either constrained or unconstrained



layer configurations.

The analysis required for this
problem includes the two limiting cases
of a constrained layer and an uncon-
strained layer treatment as specific
cagses, The analysis is carried out con-
sidering the shear deformation, flexural
stiffness, axial gtiffnesz, and damping
of each of the two layers which are
treated as linear viscoelastic materials
and is an extension of the analysis of
Ross, Ungar, and XKerwin [3] to include
all of these effecta, The analysis then
allows the optimization of a treatment
of any two specific materials by varying
the thickness ratiosgs of the layers to
obtain the highest damping over a re-
quired temperature range and for a given
frequency range.

This paper presents a detailed
analysis of the vibrations of a beam
with a two layered damping treatment for
arbitrary material properties and geome-
txies, The results are then applied to
specific material treaiments and are
comparsd with experimental results for
several geometries. The given treatment
iz optimized with respect to thickness
ratios to preoduce good damping over a
wide temperature range.

SYMBOLS
E Young's modulus
G Shear modulus

h Thickness

X Moment of inertia

M Bending moment

N- Axial force

Q Transverse shear force
t Time

u Axial displacement

V Transverse shear force
w Transverse displacement

X Cartesian coordinate along
beam axis

§ Log decrement
n ‘Material loss factor
n_ Composite loss factor

A Wave length

% Rotation of cross section
p Mass density

o Normal stress

1 Shear stress

w Fregquency

2 PReference frequency

{ Wave number

* Superscript denoting dimension-
less quantity

ANALYSIS

The equxtions of motion for the
three layered team are derived by
writing the separate equations for each
layer and combining them while insuring
continuity of displacements and trac-
tions at the two interfaces. The base
beam isg denoted by subscript o, the two
additional layers by subscripts 1 and 2
as shown in Figure 1.
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Figure 1. Notation for three-
layered beam

The base beam is treated according
to the elementary Bernoulli-Euler beam
theory considering axial forces, the
two additional layers are analyzed
taking into account shear deformation
as well as axial forces and flexural




rigidity. Only transverse inertja of
each of the laverz is considered. For
the bottom layer or base beam, the
equations of motion are:

oV i
Tk T -/O‘h‘ 5S¢ (1)

anN. = 2
5% * T =0 o (2}

aM. hy
"‘5;"\4"7..“21"0 (3)

where V,, N,, and M, are tha shear force,

axial force, and bending moment respec-
tively and o, and 7, are the inter-
laminar normal and shearing stresses
acting on layer 0 due to layer 1. The
axial force and bending moment are re-
lated to the displacement components u,
and w, in the axial and transverse
directions respectively through

U,
N, = Eh 5% (8)
M, = -£ 1, 2% (s)

The equations for the middle layer are

+ T =T =0 (6)

qy‘U
|z

ENA .
3% * O -0, =ph G 7

v
2]

l

g -(m-TY -0 ®

where Q, is the transverse shearing
force. Denoting the rotation of tha
cross section by " the force-displace-
ment relations are

M, = -£1, 2 9)
N, = Eh, 3% (10)
Q, = Gh (% -+) (11)

In a gimilar manner the eguations for
the top layer are

e -, -0 (12)
2o i G s
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hoq-m 0 (14)
M, = -E,1I, %:'} {15)
Ne = Ehe 5% (16)
Q. = Gih, (35 - 1) (17)

To insure continuity of displacements at
the interfaces

v u -3 (h B +h) (18)

U, = U, +~.§<h,'}; +hy%,) (19)

Continuity of tractions at the interfaces
is insured by

Ty = T
Tie ® Tu
O = O
Tio = Ty

Finally, thickness changes of the layers
are neglected, thus

(20)

W, = W, =W, »w W ] (21)

The system of eg¢-ations (1) - (21)
can be reduced by successive elimination
of the variables to a set of four equa-
tions in the displacement components, w,
u,, ¥ and ¥,

- 3
“ELLE e Y o (B

b (B -) = (ouhe s ) B

EASI +Eh SR+ 55, 2R =0

1 Xt
(22)
L e b2 bh 220
£ = + G, '(Tx 'ﬁ)*EI =X
— g hohy 2'Us
s 0
¥ ! [N
EL 3t +eh(B-w+eh 3 -0

where the substitutions (18) and (1%)
are to be incorporated but have been
left out for convenilence in writing.



Several simple cases are derivable
from the general set of equations (22).
The equations for a single unconstrain-
ed layer vwhere shear deformation is con-
sidered are given in {4] and can we ob-
tained by setting hy = 0 in (22). The
equations for a symmetrical sandwich
"beam {5] are obtained by setting E, = E,
and h, = h,. To suppress the effect of
shear deformation in the top laver take
Y -) = 0 while insuring the product

Gy h {3 - %) , which represents the
shear force, be non-zero by taking G,

as infinite. The symmetrical sandwich
beam equations can be further simplified
by taking E_ I, ard E,I, = 0, i.e. by
neglecting the flexural rigidity of the
facings and furthermore by neglecting
the flexural rigidity of the core, §,I,,
which is a valid assumptlon for soft
core materials [6].

It i3 to be noted at this point
that the previous equations are for a
three layered beam of materials which
exhibit elastic behavior. Damping or
viscoelasticity in the two top layers
is to be incorporated later through the
use of the correspondence principle
once the solution for the elastic case
is obtained.

Equations {(22) are solved for the
case of a wave travelling in the x di-
rection with frequency w and wave number
§. The displacement components are
taken in the form

w o« W expli(sx-wi)]
u = U exp{iifﬂ'“fj}
¥, = ¥, explitan-wit)]
% =B, explilsn-wtl]

The wave number 3 is related to the wave
length of the vibration A through

{23)

3~ (24)

Subgtitution of the displacements
.(23) into the eguations of motion (22)
and cancelling the factor expli{3x-wt)]
leads to a set of four homogeneous egua-
tions in the variables W, U, ¥, and ¥, .
Por a non-zero solution, the determinant
of the cocefficients must be zero. Non-
dimensional quantities are introduced in
the form

£ = £/£

£ = £ /8

A= h.y (25)
PR RV /e

h* = b,/h.

' = by /he

where N is a reference frequency taken
for convenience as

o iy
£, (26)
RECEy ¥

For simplicity it is assumed that the

" two added layers are incompressible,

i.e. E = 3G in all the equations. The

-resulting frequency equation is reduced

to the form
=3 M R T,

4 {27)
(1 h*+h ) (54 p%" i)

where ﬁhe following terms have been de-
fined as‘-

C"';oa [455(n5)++&h(ugv+a@m
+EAD) ++ES T+ ER) + £ Echib (ah+ 5}

rbhby) # 12 B by (12h k)]

cy® 108 }:f,(h, +he) + 38 (14 Eh7+2847R)

+ E E bt (#3000, 352 4 7h%h) + 828, (94"

+ bbbt + R+ ahthS) + £ 00 (AT 2 5))

+aEEh ]
Cy LLANN (th +Eb) + EhH
3 fo8 : : Tias

<« E82R (15 s ah)

p= Gl hh, + 45 ehd) 425 b,

(e.h + Eh,) + E,(f,b,’,‘f,l;:)]

) -‘—’1{4’5 [35.5.’ $E Ehhy +4Eh M

+£,h.‘h,]

All quantities in the above definitions
{28) refer to .thé dimensionless para-
meter given by (25) with the -stars
omitted for simplicity.




The solution for the three layered
elastic beam given by (27) can be easily
extended to the case of two viscoelastic
layers through the introduction of the
complex moduli

E, — E (1+%)
(29)
£, — Ez("""?:)

and through the introduction of a com-
plex freguency in the form

w—=O(1+i d) C(30)

where § is the logarithmic decrement
and where frees vibrations heccome free
damped vibrations of the form

.- &b
exp (i0t) exp(- 77 t) (31)

Solutions tc the resulting complex
frequency equation are obtained by s2t-
ting the real and imaginary portions
equal to zero identically and sclving
the two resulting equatiens simultan-
eously.

The special case for zero wave
number or infinite wave length is deri-
vable from equation (27) by taking the
limiting case as x* approaches zero.
Neglecting x*? and x** terms compared
to unity leads to the solution

®? e x*?
W ow el 32
&(1+h*+h") (32)

which is the elementary besam solution
and is derivable independently by as-
suming plane section remain plane and
perpendicular to the deformasd cross-
section.

The equations were solved numeri-

cally with the aid of an IBM 7094 com-
puter using complex Fortran IV language.

EXPERIMENTAL INVESTIGATION

In order to demcastrate the effec-

- tiveness of this two layered damping

treatment, two viscoelastic materials
with different transition temperatures
were selected.

The first was a viscoelastic ma-
terial known as LD-400, manufactured by
the Lord Manufacturing Company, Erie,
Pennsylvania, which has a trans%tion
temperature of approximately 80 F. The
second was 3M-428 adhesive, supplied by
the 3M Company, St. Paul, Minnesota,
which has a transition temperature of
approximately -40°F. The mechanical
properties of these two materials are
presented as Figures 2 and 3. These
materials were applied as a two layered
damping treatment by coating them on a
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7.0 in long aluminum cantilever beam
with the LD-400 being the outer layer
and the 3M-428 being the inner layer.
The thickness of the aluminum beam ' a3
.064 in.
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Figure 2. Mechanical properties
of LD-400 [7]

For test purposes, the complex
modulus apparatus and its associated
electronic equipment were uvsed as jllus-
trated in the block diagram of Figure 4.
With the specimen clamped in the mount-
ing fixture, a harmonic force of con-
stant amplitude was applied to the
driving transducer by the osciliator.
The output signal was sensed by the
pickup transducer and then plotted on
the recorder after being amplified. A
frequency response spectrum such as that
in Figure 5 was obtained in this manner
at various temperatures. The frequen-
nies at which each of the modes of vi-
bration occurred were measured and the
compogite loss factor'Y in each mode
was measured by the ha ?—power bandwidth
method. The composite loss factor Mg

was then determined as a function of
temperature for a frequency of 100 cps.
Experimental results were obtained for
several different thicknesses of damping
treatments over a temperature range from
~30°F to +160°F.

DISCUSSION AND CONCLUSIONS

The problem of optimizing the



thickness ratios for best damping over
a broad temperature range and over a
given frequency range is not a simple

one.
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Figure 4. Block diagram of
experimental setup

A large number of calculations were
carried out with the aid of an IBM 7094
computer for various thickness ratios
and frequencies (or wave lengths) at a
number of different temperatures, i.e.
for different combinations of mechanical
properties. In all calculations it was
assumed that the moduli and loss factor
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did not vary with frequency at a given
temperature and the values taken were
those corresponding to 100 cps.
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Figure 5. Typical frequency
response spectrum

Figure 6 shows the sensitivity to wave
length (and hence, frequency) of the log
decrement or damping for two combinations
of thicknesses at several different
tenperatures.
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Figure 6. Frequency sensitivity of
two~layered damping treatments

It can be seen from these typical re-
sults that the choice of "optimum”
thickness ratios cannot be clearly de- .
fined. For simplicity, it was decided -
to choose thicknesses which would give




the best damping ovsr a wide termperature
range at a fixed frequency of 100 cps.
Results from a large number of calcula-
tiouns narrowed the possible ranga of
optimum thicknesses in which the total
thickness of the damping layers also

had to be considered. The darping at
100 cps is shown in Figure 7 for several
thickness ratios.
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Figure 7. Effect of thickness
ratioss on damping

It is immediately obvious that the damp-
ing due to two layers in the initial
arbitrarily chosen thicknesses as shown
by the solid line can be improved by
choosing other thicknesses. There is
little to choose between the two curves
for hy,* = 0.1 and h,* = 0.2 for the sane
h,*, i.e. the results are insensitive to
the thickness of the middle layer in
this range. The overall darping can be
increased by increasing h,* from 1 to 2,
bowevar, this increase of damping comes
at the cost of nearly doubling the com-
bined weight of the two damping layers.
It was decided fron the theoretical re-
sults shown in Figure 7 that the combi-

nations h,* = 0.1 h,* = 1.0 and hy* = 0.1

he* = 2.0 provided high damping over an
accaptable temperature range.

Two cantilever beams were coated
with the two layers of damping material
described above in the thicknesses
mentioned. The experimental values of
the composite loss factor were obhtained
over a wide temperature range at 100 cps

and are presented in Figures 8 and 9
along with the theoretical predictiona.
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Figure 8. Experimental results for
h;* = 0.1, h,* = 1.0
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It is seen that there is a=xcellent
agceement betwsen experimental and theo-
retical results.

The results of this analysis and
the associated experiments indicate that
the technigue of damping structural vi-
brations by applying a two-layered treat-
ment of viscoelastic materials having
different transition temperatures pro- -
vidaes a high degree of damping over a
wide temperature range. This is illus-
trated in Figure 10 where the results
at 100 cps are presenzad for a single
unconstrained layer of LD-400 and for
the same layer with an additional thin
layer of 3M-428 in the middle.
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Pigure 10. Cocmpariscon of uncon-
strained and two-layered damping
treatments i .
It is seen that gooé damping can be ob-
tained over a much wider temperature
range through the use of this two layer-
ed treatment with little sacrifice in
the amount of damping due to a single
unconstrained layer treatment.

The advantages of this technigque
are highly dependent upon the proper
choice cf thicknesses of the two layers.
In addition, the stiffnesses, damping,
and temperature dependence of the two
materials will affect the results. It
should be noted here that only limited
information is available to adequately
specify a desired range concerning the
separation of the two glass transition

] SR

temperatures. It can be stated though,
that if the difference is too great, the
damping in the intermediate range may
decrease to an undesirable level., Cal-
culaticns should thus be carried out to
determine the effectiveness of any spe-
cific damping treatment of the type
proposed in this paper. The analysis is
presented here to allow the calculation
of damping for any combinations of ge-
ometry and mechanical properties without
the necessity of making assumptions re-
garding relative magnitudes of damping
or stiffness and is thus broadly appli-
cable.
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DAMPING OF PLATE VIBRATIONS BY
MEANS OF ATTACHED VISCOELASTIC MATERIAL

1. W, Jones

Applied Technology Associates, Inc,
Ramsey, New Jersey

The purpose of the investigation reported herein was te establish
theory for examining the effectiveness of a viscoelastic coating for
damping shock response in an elastic plate. The developed theory
centers around » governing differential equation and boundary condi-
tions for a sirn.ply-supported rectangular plate with an attached vis-
ceelastic layer, The solution of this equation leads to response
formulas for determining the amplitude of lateral motion for a gen-

load applied at the center,

eral shock input and then for some specialized cases, namely; a
concentrated impulsive load at the center and a concentrated step
The formulas are applied to an illustra-
tive example which: (a) illustrates how they can be used on a practi-
cal problem, and (b) shows that damping of shock response by this
concept is feasible in a typical case,

INTRODUCTION

The attachment of viscoelastic material
to elastic beams, plates and other structural
components for the sake of damping vibratiens
or reducing noise has become a widespread
practice over the past decade, In these appli-
cations the input has been a steady-state force,
pressure or edge motion. The present invest-
igation has studigd the application of this con-
cept to problems of shock response reduction;
that is, where the input is a suddenly applied
force or edge motion and the response, natur-
ally, is transient,

The mechanism of layered plate shock and
vibration-damping is simpte, The structural
(elastic) and dissipative (viscoelastic) layers,
being bonded together, are forced to undergo
motion of the same amplitude in the transverse
direction. Therefore the motion of the total
plate is restricted by the viscoelastic layer,in
which energy dissipation occurs, The viscoe-
lastic layer is generally a rubbery cr plastic
material, Shear deformation in such materials
is usually accompanied by a substantial amount
of energy dissipation. On the other hand, these
materials have little or no dissipative capacity
in pure dilatational motion, Consequently, in
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the design of layered plates for vibration damp-
ing one essential objective is to arrange and
proportion the layers so that the deformation of
the viscoelastic layer will be shearing, or dis-
tortional, rather than dilatational, to as great
an extent as possible,

The foundation for the results reported
herein is a governing differential equation for
the flexural motion of an elastic plate with a
layer of viscoelastic material attached to one
face. The mathematical and physical details of
the derivation of this equation are withheld from
this paper since they are contained in a previous
publication by the author. The equation is pre-
sented herein with only it8 underlying assump-
tions and limitations given.

The results of the solution of the equation
are response formulas for calculating the trana-
ient response (specifically the deflection time-
history) for a plate struck at the center by a
sudden force, The transient solution to the pro-
blem was obtained by the use of Fourier series
and the so-called principle of elastic-viscoe-~
lastic analogy; the latter technique invnlving
Laplace transforms,



The equation is solved for a plate with
simply supported boundaries, Response ex-
pressions for step force loading and alsce for
impulsive loading are derived, and the effect-
iveness of some actual damping materials is
explored in a numerical example,

LIST OF SYMBOLS

Xy, z

VZ

overdot, (*)

*
asterisk, ( )
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wgt(x, y)

Wit)
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y lie in the reference plane and
z is normal to it

time
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derivative of ( ) with respect
to time

coefficient of Fourier expansion
of ()

plate linear dimensions
. th
thickness of i layer

distance from reference plane
to interface between layers

Young's modulus

retardation time, relaxation
time

stiffness constant, E/ 1-92
Poisson's ratio

shear modulus
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density

applied lateral load
space-dependent and time-
dependent parts of applied
lateral load

plate transverse displacement
transverse diaplacement of
perfectly elastic plate under
static load

ratio of dynamic to static

transverse displacement at
center of plate

Ay & coefficient of kth component

of response function
D{m,n,t) magnification factor .
ks . wave bparameter [72 = (E_ﬁ%{{ﬁ 2]
m,n mode numbers
Q ' undamped natural frequenéy
A damping coefficient
A root of characteristic’equation
&) damped natural frequency
PROCEDURE

The plate being considered is composed of
one layer of elastic material and a second layer
of viscoelastic material. The equation of motion
for the plate was derived by the use of the princ-
iple of elastic-viscoelastic analogy [3] . The
procedure employed for applying this principle
is as follows:

i)  First, derive the equation of motion
and boundary conditions for a perfectly
elastic two-layered plate,

ii) Next, obtain the Laplace transforms
of the differential operators in the con-
stitutive equation for the viscoelastic
material, ‘

iid) Finally, apply the Laplace transform
to both sides of the equation of motion
for the perfectly elastic plate, substitu-
ting the elastic constants of the layer
which is to be made viscoelastic, the
transformed viscoelastic operators.

The first step of this procedure, obtaining the
equation of motion and boundary conditions for

a two-layered perfectly elastic plate was accom-
plished by the author in 1] following previous
work by Ren and Yu {2 ., The main difference
between the theory derived by the author in ’g]
and the earlier theory of [ 2] is that the author’s
theory was developed specifically for the solu-
tion of practical damping problems, and thus
embodies several simplifying assumptions that
the more classical theory of [2] does not. As
a result of these assumptions the equation led

to formulas that are adaptable to engineering
problems,”




EQUATION OF MOTION AND BOUNDARY
CGNDITIONS

Th# plate cross-section is shown in Fig.
1. The thickness of the upper (structural) layer
is hy., The lower (damping) layer has thick-
ness h,, The reference plane i arbitrarily
located at a distance r above the interface
between the layers. The x and y axes lie
in the reference plane and the 2z axis is nor-
mal to it, as shown, The nomenclature used
in this part of the analysis is the same as in
f2]. The theory embodies the assumptions
that the structural material is thin, stiff and
elastic while the damping material may be re-
latively thick, soft and viscoelastic, The theory
neglects coupling of extensional and flexural
motion (an effect determined in [2] to be neg-
ligible)and shear deformation in the strugctural
layer, which is also negligible in practical
cases., Shear deformation is included in the
viscoelastic layer where it is of importance,
As the theory is intended for situations where
flexural motion predominates over in-plane
(thickness-shear, thickness-twist and exten-
sional) motion, rotatory and in-plane inertias
are also neglected. The assumptions stated
above, when applied to the plaie geometry, re-
sult in the following: (See Fig. 1).

i) Normals to the reference plane re-
main straight and unextended after
deformation.

i) Normals to the reference plane in
layer 1 remain norn.al to the refer-
ence plane after deformation, while
in layer 2 they need not.

iii) There exists a plane (the reference
plane, z=0) which is undeformed.

Statements (i) and (ii) imply that the transverse
siiear strains in layer 1 and the transverse nor-
mal strains in both layers are rero, While it is
known that in general a fixed neutral {undeformed)
plane does not exist in a vibrating two-layered
plate with layers made of different materials,

it has been shown that the coupling between ex-
tension and flexure is negligible in practical
cases, on the basis of this and some other assum-
ptions an approximate neutral plane location is
determined later,

The problem as outlined up to this point
leads to two coupled differential equations in
two variables: w, the lateral deflectinn and
Y, the rotation angle in the damping layer. A
sin'gle uncoupled equation in w, the lateral de-
flection, was obtainable by eliminating Jp, but
only for the case of a simply supj-orted plate,
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In deriving thie equation {t was assumed that
the material 0. layer 2, the damping material,
is incompressible, This is known to bz a reas-
onable assumption for actual damping materials,
and it simplifies the equation since_ it implies
that €3 = 4p,  where €is E/1-¥2 and g is
the shear modulus. Also, the shear ccefficient
in the damping layer, p,,i8 assumed to have
its "engineering'’ value of unity, The following
sixth order equation results from ali of the dis-
cussed assumptions:

4h3 h3 h 2 2 6
-2 1 4n (1-n7+ h}
(3[51[12 1(2 1 For Ty )V w

h3 h ‘2 h3 4
Hel L,y ! -ri4 h + 2 j
{ﬂ TRERN VApytr b, 2 Vo

2 " h2 _2
+ (1-41]_:?_)V )(F1h1+f2h2) w =(1-4__32_ V )q
{(n

Eq. (1) reduces to the equation for a single-
layered plate of thickness h, if we let hy,— 0,
In that case, r—h;/2 see Eq, (3) and w obtain
the famihar equation

3
Eﬂl_z_ww +p1h1»";_=q (2)
12(1-47) .

The stated assumntions are satisfied if the re-
ference plane is located according to the follow-
ing equation:

€ h 2
- 22
2
R T (3)
2 & h,
(1+ __2_1)
Clhl

The boundary condidons of simple support are
satisfied if: . :

at x=0, a: w=98% _9
a’xz
t OS | . _.Lz_;’_ 0
ay:" : .w: =
B 2y

VISCOELASTIC MATERIAL PRCPERTIES

It is shown in linear viscoelagticity theory
that the Laplace transform of the shear differ-
ential-operator (in the case of an incompress-
ible material) completely defines the material
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behavior, There are a number of tests from
which this function can be determined, guch as
stress relaxation tests, creon tests, constant
strain rate tests and sinusoi-dal input tes:s.
Mathematical functions {exponentials, ete.) can
be employed and their parameters adjusted

so that the functions agree to some approxima-
tion with experiments, The functions chosen
are often those describing the tehavior of dis-

crete element models composed of linear springs

and Newtonian dashpots, which are combined
into one-dimensional arrays., One of the simp-
lest models employed is the so-called standard

linear solid model, shown in Fig. (3). Its stress-

deformation characteristic for shear, as given
by the Laplace transform of its shear differen-
tial operator [7] is:

plpy=p 12T (5)
1+ Tp

where T is a retardation time; T is a relaxa-
tion time and the material properties u, T and
T are related to the model constants of Fig, (3)

by

1% _  r.nm  f._n ()

ne —
G+ G, G, G+ Gy

More complex models can be constructed
by combining more and more springs and dash-
pots, The theory presented in [1], of which
the present paper is a summary, implies the
use of any finite number of parameters (relax-
ation times and retardation times, for example)
to represent the viscoelastic behavior of a
material, However, when a large number are
attempted, even the simplest of problems can
lead to mathematical and numerical difficuliies,
For this reason most stress and vibration
analyses have been limited to two, three and
four element models,

The general expression for the trans-
formed shear operator can be written as

K
2 . x
L bge
ploy =p KO ™
Kl «
Lo’
k=0

It has been determined that for real
materials, the orders K., and K2 of the poly-
nomials of Eq. (7) must either be the same, or
K, must be greater by one [SJ . Itis also
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shown in [3] that the roots of tiie polynomials
of Eq. (7) must all be real and negative,

The accuracy and validity of viscoelastic
representation by discrete element models has
been studied by several authors, The common
approach has been to study how various models
respond to stresses which vary sinusoidally
with time, From a knowledge of their behavior
under sinusoidal stresses, their behavior under
any prescribed loading can be inferred by Four-~
ier synthesis, The major conclusions reached
in these studies, which are generally in agree-
ment, can be summarized as follows [5, GJ :

i)  Most real viscoelastic =solids do not
behave even approximately like Voigt
or Maxwel) bodies, Except for certain
compounds of iow molecular weight,
more complicated models are required.

ii)  The simplest models to possess most
of the general features of real viscoe-
lastic deformation are the three-elemeat
models; however, due to the fact that
there are only three material constants
with which to curve-fit the response of
an actual material, and there are usu-
ally not sufficient for wide time of
frequency ranges, the use of these
models is limited to a restricted range
of time or frequency. For wide ranges
of time or frequency the results are
qualitative, at best, Neverthelesgs, the
three-element models are a realistic
approximation to the observed results
over a frequency range of perhaps one
decade,

RESPONSE OF A SIMPLY-SUPPORTED ELASTIC
PLATE WITH AN ATTACHED VISCOELASTIC
LAYER

For a simply-supported, perfectly elastie,
two-layered plate, the response problem i8 com-

pletely defined by the equation of motion and the
boundary conditions, Egs. (1) and (4), respect-~
ively.

The existence of only even spacial de-
rivatives in Eq, (1) and its boundary conditions
makes it suitable for spacial solution by a
Fourier sire series. Application of the stand-
ard Fourier series technique reduces Eq. (1)
to an infinite number of uncoupled equations in
the Fourier coefficients. Denoting the m,n
coefficient by w™* (m, n,t), the solution can be
written as

e
wix,y,t) = 4 z w‘(m, n, t)sin ML sin D%y
ab a
m,n=1 (8)



To obtain a solution for w”(m, n,t) with layer 2
viscoelastic, the aforementioned principle of
elastic-viscoelastic analogy is used, Replace-

- ment of the elastic constant for layer 2, ng, with
the corresponding viscoelastic operator, ny{p},
yields the transformed equation for the plate
w;tha viscoelastic second layer, Then to obtain
w*(m,n,1), the inverse Laplace transform of
the equation is taken. For convenience the cca-
fficient w*
the m, nth component of deflection under static
load for a perfectly elastic plate, and D{m,n,t),
the m, n' dynamic magnification factor. After
application of the Laplace transform technique
and much algebraic manipulation, the two fact-
ors were obtained in the following form:

* - *
wartm,n) =[H/py 3+ §x]a*m,m (@)
where 12
P = f(."_‘a‘z‘z+ (M)Z]
L a b
h,2
H=1+3 . 72
3
4n,3 2.5 2 hy, 4
J=_.§_ r +4(rh2+_§...);~

h2 g 4
K2 _- ?](4,2. +
{ +hy (21 27 )
* th : s g
and q {m, n) is the m,n"" Fourier coefficient of
the applied load expansion,

The formula for the m, n"h magnification factor,

(m, n, t} was factored into wgy"(m, n),

RIREE N

equation:
K+2

Z Z([ak+ﬂ(bk-ak)]+ ak-Z‘ pk =0 12)
k=0 /

The complex conjugate roots of eq. {12) are
denoted {- A, + iw), Other definitions appli-
cable to Eq. (10) are ’ T

, . h.2
'ﬂ;{(}lzJ+ €1K)/M] Y2 \=1+4 _?‘Z._,fa)@lhx%hz)

(13)

where n is the m,nth undamped natural fre-
quency, that is, the m, nth natarai frequency
if the plate is perfectly elasiic, and

B = pyJl(pgyd +€,K) {14)

where ( is a damping coefficient, Formulas
for the magnification factors for some special
cases have been derived as follows:

If the load qix, y,t) is applied as an instan-
taneous shock, or impulse, then

Q2 A
sint
(Ao-A%+ Z:gi w

Di{m,n,t) = §: Ak

(15)

-A t
k) cos8

-At -
+ (Ag-Me i (1-e {2 wt)

Finally, assume that the load is a concen-

which is
2 2 -A (-
Dim,nt) = T &, f1 f q(T){ae b sin w(t- ) (10)
k=0 (- A)?y? S
A -TY (-3 (- 7)
+ (25~ Ayde k fl-e k cosgw (t- Z’)]}df

contains several quantities that require
explanation. The coefficients A, are given by

K

L

YIS (an

L (A,- A )
P A

2 k

where the X, 's are real roots of the polynomial

€8

trated force, P, striking the center of the plate,
{x=a/2, y = b/2). Then the response at the cen-
ter of the plate is given by

., [H/pp3+6K)] D(m, 0, 1)

NUMERICAL EXAMPLE

A numerical example is solved to demon-
strate the application of the theory, and also to




investigate the effective..ess of representative
damping materials applied in various thick-
nesses to a rectangular steel plate, The plate
is simply-supported and has the following geo-
metric and material properties:

a =40 in E, = 30x 10° psi
b = 40 in ¥, = 0.3

h, = 3/8 in /r = 71.40 x 10" sec?/in’
1 =7

In the example, the viscoelastic behavior
of the damping material in shear is represented
by the standard linear solid model described
previously, In accordance with the theory, the
material i3 assumed to be incompressible, Thus,
its viscoelastic behavior is completely defined
by its transformed viscoelastic operator for
shear, Eq. ( 5), or by the three parameters
1, the elastic shear modulus; T, a retardaticn
time; and ’f‘, a relaxation time, The elastic shear
moduli of actual! damping materials vary over an
extremely wide range, from about 50 psi for
some rubbery materials to 200, 090 psi or more
for stiff plastics. In the present example, re-
presentative values are taken as u=100 psi, then
10, 000 psi and finally 100, 000 psi,

Pairs of numerical values of T and T are
used which correspond to light damping, (T=
0.0041 sec, and T = 0,00334 sec.), and heavy
damping, (T=0,0090 sec. and T = 0.00152 sec.),
in the frequency range for this problem, The
density of the damping materials is assumed to
be 1.4 x 1074 1b sec?/in?, The damping mater-
ials are applied in thicknesses of one, two and
three times the thickness of the basic plate, The
various cases described above are summarized
in Table 1,

The static and dynamic characteristics of
the plates, (i,e,, static deflection influence
coefficients, natural frequencies and decay rates)
are given in Table 1 for the m=1, n=1 mode, As
the response series cnnverge fairly rapidly, the
first term, the (1, 1) mode, gives a fair approx-
imation to the total response and indicates trends
which hold t rue when the higher mode contribu-
tions are added,

Examination of the term W*St {1, 1) reveals
the reduction in static deflection due to the addi-
tion of damping material. The reduction is not
significant in the case of the flexible material
where u = 10,000 psi, Calculations (not shown)
were also made for materials with an elastic
shear modulus of 100 psi but these indicated no
noticeable effect of damping material on either
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static or dynamic resgonse,

The decay rates are observed 10 Increase
with the thickness, stiffness and damping capa-
city of the attached materials as expected.

The applicable equation for the driving
point response due to an impulsive loading is
Eq. (16) with D(m,n,t) given by Eq. (15). The
plate characteristics given in Table 1 were sub-
stituted into these equations and the respcase
time-histories calculated and plotted by com-
puter, A comparison of sample results for
m, n=1 with those for m,n=1,3;, m,n=1,3,5
and m,n = 1 to 7 indicated that the series con-
verge fairly rapidly and that the m,n=1, 3 solu-
tion gives a fairly good aporoximation, with the
m, n=1 terms giving the dominating coniribution,

The effects on response of the attached damping
materials were

i} a reduction in amplitude

ii) an exponential decay of amplitude
with ’ime
iii} introduction of an out-of-phase com-
ponent
iv) a change in natural frequency
The peak value of w/I for the case where a
heavy damping material was applied in three
times the plate thickness is 0, 0098 for the
plate with damping and 0, 0165 for the plate
without damping, indicating a reduction of
40, 6% due to damping, Fig. (0) shows time-
histories of the responses for this case and
two other cases where the same material is
applied in thicknesses of one und two times
the basic plate thickness, i.e,, h2/h1= 1 and2.

The response of the undamped plate hz/h1=0 is

shown for comparison, In calculating these
responses we let m and n equal 1 and 3.

This example has thus shown that a good
damping material, applied in a thickness three
times that of the basic plate, reduces the shock
response by a very sizeable amount,
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DISCUSSION

Mr, Ungar {Bolt Beranek and Newman):
I am struck by a problem. That is, that some
of the excitation that you have used has a very
broadband spectral character, whereas you said
that the model that represents your material
only applies to a very narrow band, How diffi-
cult would it be to generalize your analyais,
say, and {o use empirical data to represent
material properties, say, measured data for the
material since you eventuaily have to do nu-
merics anyhow-use actual material data in the
numerical calculations ?

Mr. Jones: Well I do not know if that could
be done ezsily with the formulation as it stands,
As far as [ know, numerical data are usually in
the form of shear modulus or logs factor as a
function of frequency. My analysis is really in
the time domain, 8o that there would have to be
some conversion, Of course, I could have done
an analogous type of analysis in the frequency
domain, Maybe that is what will have to be done
in that case,

Mr. Arenz (Loyola University of Los
Angelzs): With regard to incorporating time
depéndent viscoelsatic material properties, there
are theoretical relationships to convert from a
frequency dependency to a time dependency of,
asay, modulus of elasticity, and the loss factor
is also involved, I think it could be incorporated
as a time function which might be used in your
_equations,

Mr, Jones: Yes that i3 correct. U emperi-
cal datn were used, I think there would still have
to be some curve fitling to ascertain that the
variation of properties with frequency ia fairly
close to that of the model used.

Mr. Foster {University of Migsouri): Will
your equations be in your paper when it is
published?

Mr. Jones: Yes,

Mr. Foster: I8 the viscoslastic material
a plate that is aitached through the surface
tractions to the other plate, as the previous
speaker did?

Mr. Jones: Yes exactly the same as the
plate that has been called unconsirained layer
or free layer plate,

Mr, Nicholas (Alr Force Materials Lab.):
Would vou care to comment on the use of the
standard solid model? The reason I bring up
this question is that the model that you chose . *
exhibits lower damping at the higher frequencies,
and since this is a transient problem, I think you
might want to put in high damping at high fre-
quencies. You did seem to have high frequency
components in the response, or 13 this just an
arbitrary cholce?

Mr. Jones: It was fairly arbitrary. It was
chosen more {or simplicity than for realism,
The formulas that I derive in this paper permit
the use of any number of spring-dashpot ele-
ments, and therefore any number of independent
parameters to describe the damping behavior,

Mz, Nicholas: At the beginning I thought I
understood you to say that the energy was dis-
sipated in shear deformation of the viscoelastic
layer, did you not mean extensional deformation?

Mr, Joneg: Acthaally I think it is a combina-
Hon. There i3 some shear deformation in this
type of plate if the free layer is thick enough.

Mr, Nicholasg: Usually you get the most
ghear deformation { you constrain it. Unless
you go to a real high frequency or high thick-

--nesses it i mestly an extensional deformation.
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orthotropy.

The equations for stress and stress resultants (moments and
forces) are derived for a rectanguiar sandwich plate with
orthotropic core and faces through the extremization of the
complementary energy integral.
equilibrium equations are used to obtain the equation of
moticn for transverse vibrations including the rotatory and
shear effects. The panel consists of two membrane type
orthotropic and distinct faces and one soft orthotropic
core. The method of development can be used for any

number of faces and cores; only the constants will change
when considering additional layers. The frequency equation
for the free transverse vibrations of a simply supported
plate is obtained by assuming a double trigonometric

series solution. The natnural frequencies are tabulated

for a selected example to illustrate the effect of face

These and the dynamic

INTRODUCTION

Vibrations of sandwich plates
with isotropic faces and isotropic or
orthotropic cores have been considered
by many authors. Yu [1] considered
the one dimensional case, including
transverse shear deformation and
rotatory inertia, for faces and core
which are assumed to be isotropic.
Cheng [2] presented the flexure theory
for isotropic membrane type faces
and weak orthotropic core. Liaw and
Little [3] extended Cheng's theory
to a plate composed of any number cf
isotropic faces and orthotropic cores.
Falgout [4] used the method of super-
posing bending deflections and deflec-
tions due to transverse shear to
derive the differential equation of
free transverse vibrations of plates
for isotropic faces and cores.
Jacobson [5] used Cheng's assumptions

13

to study the effects of orthotropic
cores on the free vibrations of simply
supported plates. The present invest-
igation is also based on membrane
faces and weak core construction;
however, the faces and the core are
considered to be orthotropic.

The sandwich plate under dis-
cussion consists of homogeneous and
orthotropic membrane type faces of
different thicknesses and materials.
The transverse shear stress carried
ty the faces is negligible and the
normal stress is uniformly distributed
across its thickness, Thus, the
flexural rigidizy of an individual
face is neglected. The core is
considered homcgeneous, orthotropic
and thick relative to the faces,

The entire transverse shear stress
is carried by the core and is uniformly
distributed across its thickness., All



other stresses in the core are con-
sidered negligible. Thus, the plate
falls within the membrane face -

weak core category {2, 3, 6}. The
analysis is within the scope of small
deflection theory.

NOMENCLATURE

Ann

a,b

Q. Qy

amplitude of free vib-
rations with m and n
half waves

length and width of
plate

distance between face
centers (See Fig. 1)

£lexural rigidities of
the plate

torsional rigidity of
the plate

constant defined by
Eq. (25)

elastic constants for
the ith face

- "
lltexxexy ° 1)

. ef?
1/(e2xezy e 1)

shear moduli of the core

thickness of the corse

D* «+ 2Dxy

Dy + Dxy

*
Dy ny
mass moment of inertia
per unit area

plate constants defined
by Equations (27), (28),
and (29)

number of half wesves in
x and y directions,
respectively

bending moments per unit
width

twisting moment per
unit width

shear forces per unit
width

X,Y,2

ANALYSIS

The stress-strain relations for
the ith orthotropic face are defined

{7] as

C. -
ix

4

L €. + efg.
®ix€ix eisly M

transverse load per unit
area

3’" - P
P LY
core shear parameter
time
thickness of upper and
lower faces, respective-
1y
complementary energy

coordinate axes ({See
Fig. <y :
transverss deflection

generalized boundary
displacements

Lagrange multipliers,
rotations

strains in the ith face

Lagrange multipliers

mass per unit area

stresses in the ith face

natural freguency




L]
9iy = Ciyfiy * €ifjx (2)

Tixy = Givixy (3)

The stress resultants at any section
may be expressed in terms of the
stresses and plate dimensions, shown

in Fig. 1, as
My = ctxalx (4)
My = Ctlaly (5)
Mxy - CthXxy (8)
Qx = ht,, (7}
Q, = hry; (8)
txaxx ¥ tzozx =0 )
txoxy + t 2y = 0 (10)
txrxxy + tzrzxy = 0 (11)
where Eqs. (9) through (11) indicate

the absence of forces in the x-y
plane, The static equations of
equilibrium for a differential plate

element [7]) are

M M,
2o gm0 (12)
ax 3y

My« My g -0 (13)

0% ax

3 3

.35 + _BZ +P=0 (18)

ax 3y

t

-
“T' 1

h

3

Fo t
_‘f‘ 2

Fig. 1.

Plate cross section
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4

O e s,

Fig. 2. Plate geometry

The strain energy of the faces
and core may be written in terms of
the stresses in a manner similar to
that of Liaw and Little [3]. Egs. (4)
through (8) and (12) through (14) are
used as the constraint conditions in
conjunction with arbitrary Lagrange
multipliers. Thus, the modified
complementary energy can be written
as

- 2 a b + .Ej- 2
LALIRY é é [G‘fxely t, fze:)’)cxx

+

ti
t fe + __fe 2
( 171 1x 2 zx)cly

2
- 2t fet + 1l aemyg o
11 Tz 2 27 1X 1y

Tt t? 2
+ L. 5 T ] dxdy
G e, Y

H
s a2 fbh(lil » 22y dxdy
° © TGy, G
yz

a /b -
+ 1/2 é £ [X‘(Mx Ctxoxx)

* Az(MY-Ctxoxy) * A:(MX)'.Cthxxy)

+

l.(Qx'thz) + xs(Qy-hry:)

M aM

+ a (J + A Qx)
ax ay
3 oM

+ B (_EZ v Q,) +
3y ax 4



3 2
w (3—3—"”?;—210 P)] dxdy

b - 2
. évlw‘qx«ElM TN dy

Xy 1 x=0
a - 3 - b
- g lwzqy + 2Mxy + czMy|y’0dx
(15}
where

" . ew? )
fl ll(e”ely e l) (16)

£ - - N2
£ 1/(e2xe2y e 2) (17?

The first integral in Eq. (15)
is the strain energy of the faces
written in terms of the stresses in -
the upper face with the use of Eqgs.
{9) through (11). The second integral
is the strain energy of the core. The
third integral defines the constraint
conditions where A through A ,a,8,

and w are arbitrary Lagrange *multipli-

ers. The line integrals represent the
work done at the boundary due to the

generalized displacements W , W 2
al’ az, B, and-B' !

The complementaiy energy is
minimum when the first variation of

'V with respect to each stress and

stress rtesultant vanishes {[8]. The
minimization of Eq. (15)_y1e1d5 W, =
W o=W,a=apn=a, Bl 2 = B and

a set of equations that is reduced
by the use of Eqs. (4) through (11)
to the following equations:

Ja 38
M = D, =— + D* 2% 18
R A (18)
My = D, 28, pa 28 (19)
Iy  ax
- 38 day -
Mxy Dyy (3; + 3;) (20)
oW :
a = s5.Q -2 (21)
X x ax
B = 5,Q, -2 (22)
% ay
where
DX- c?tiL, (23)

ctir,
Dy R 24)
L\L;‘Lz
ctii,
D* = (z23)
LxLa’Li
. t‘tzc’Gle )
Dyy = ——2 (26)
t G+t G
11 22
t!
L =t fe + 1fe (27)
1 1 11y t 2 2Y
2
t,
L =t fe*+ — fe* (28)
2 - 11 t, 22
t? :
L =tfe +-Lfe (29)
3 111y t 2 2x
2
Sy * 1/hGy, (30)
Sy = 1/hGyz (31)

The constants Dy and D, are the
flexural rigidities in the 5r1nc1pal
directions of orthotropy, Dxy is the
twisting rigidity, 1/S, and {/ are
the shear rigidities o? the core, w is
the transverse deflection (positive
downward), and a and B are the
rotations of a cross section about the
y. and x axes, respectively.

THE EQUATION OF TRANSVERSE MOTION

The dynamic equations of
equilibrium of a differential plate
element including the effects of
transverse and rotatory inertia are

M M_ 32q
i el T (32)
LM M 1
B P A W S (33)
3y ax y at?
3q 3Q R »
X+ X = p—-P (34)
ax ay at?

5
gl

RS AL ABLE QOFY




where 1 is the mass moment of inertia
per unit area, p is mass per unit area
and P is the transverse forcing
function per unit area.

The stress resultants M., My, Mxy
given in Egs. (18) through 120) are
written ia terms of Qyx, Qy, ¥, and
their derivatives by the (se of

Eqs. (21) and (22). The resulting
equations are then used in Egs. (32)
and (33) to obtain the following:
3w 3w 3w
I~ =D — -l
atiax ax? 3y?ax
3%q 32Q
X X
- U
Q * U'xSx : Sxny ay?
SR 3%Qy
- 18 + S (H-D_.) ~ = 0 (33)
* 2 Y xy 3Ix3y
alw 3w 3w
I1— =D, —-H—— -Q
atray 7V ay? axtay 7
3%Q a2q
+ DS, —L +5 Dy, —
Yy ay? y 3x?
. 3Q 32Q
-1 s, =L 45 (HDyy) —= = 0 (36)
at? ax3dy
where
H=D* + 2D, (37)

Equations (34), (35}, and (36)
are three equations in three unknowns,
namely Qx, Qy, and w. These eguations
are solved to obtain a differential
equation for the transverse deflection
in terms of the forcing function P.
This is accomplished by considering
these equations as algebraic equations
with Qx, Qy, and w as three unknowns
[9]. Solving for w by means of
elimination or by deter-~inants one
cbtains the following equation of
transverse motion:

3? a?
[Dyy (Sy + Sy 5;7 ) - 1} V;w +
3%w 3w
SO0y W) (e v T

7

alviy B
t at? T (SyHy + SxHy)
a%w atw
- I8
at2ax?ay? YX atraxt
tw \ at :
-1 SgH, —— s+ 1
7 sty at®
3%w 3w S
(s, pr + 5 - )1 = (1 + 5,5,D., 7
3? o
T GyPy + SxPay) oo - (DySy ¢ SyDay)
a? 3?
+ 5.S_(DxDy - H?) e+
axt Y 3x?ay?
\ et 22
125.S + 1 (S, + Sy) —
R APYY * JASPYE
2? a2 a?
18,5, — (H, — + H_ —-)]R
Y arr % axr Y g2
(38)
where
Hy = D+ Dyy (39)
Hy = Dy + Dyy (40)
3w
Re=p——7"¢ 7P (41)
at?
22 a?
92 = —— (42)
ax?  ay?
2 3t 2t
7 =D + 2H + D —
o X oaxe axtay? Y ay*
‘ 43)

.Equation (38) is a general
equation that may be reduced for other
cases of simpler sandwich construction.
The effect of rotatory inertia can
be removed by setting I equal to zero,
I1f the faces are isotropic, then
Dx = Dy = H. Further if Poisson's

ratio v is the same for both faces,
then Dxy = H(1-v}/2. The core is



Aisotropic when Sy = Sy, and the effect

of shear on deformation is removed when -

Sy = = 0. .When the faces are
“isotropic and rotatory inertia is
neglected, Eq. (38) becomes similar

to that given by Jacobson [5}. When
considering ‘the-static flexure problenm,
all terms involving time must be
removed. Equation (38) then becomes
similar to that given by Cheng [2]
when the faces are chosen to be
isotropic and of identical materials.

- A different notation for the
elastic constants is used by Libov and

Batdorf {9], and Plantema [10}. These
constants are defined by the
following:
. S
L el CNER oy) (44)
Ex
1
57 - _E_ (oy - Vy Ty) {45)
b4
Y v
BE SN 4 - (46)
where Ex"Eg are elastic moduli and
vx, Vy are Poisson’s ratios in the
x, Y girections, respectively., The

above constants are related to those
used in this investigation in the
following manner:

E_ + v?
e, = —= (47)
I - wiy?
Xy
e E
B °y . _ (48)
. Ex
er = “yax = VxEy (49)

¥hen the face is isotropic, these
constants beconme

E
x " fy T 1-v?
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Pl

NATURAL FREQUENCIES OF A SIMPLY
SUPPORTED PLATE .

¥When -the forcing function P is
equal to zero, Eq. (38) represents the
equation of motion for free vibration.
The following assumed solution satis-
fies the boundary conditions and rep-
resents the free oscillations for a
simply supported plate.

sin E%Z
a

w o L b2 & _sin DIX
m=1 n=1 mn
sin ﬂmﬁt (50)

The substituiion of Eq. (50) in
Eq. (33), and neglecting rotatory
inertia, yeilds the frequency equation

paz «_(P1)(P2) + (P3)(P4)
NP+ 8,5,Dyy(P2) * SxSy(P3) + PS

(51)

where

v o2 2
DeySy (BE)  + DxySx(g) + 1

P2

& 2 2 >
D (D) + 2H(ED) (FR) ¢ D, (P

P3 e 0, - H) A7 (L
. & .

2 2
ps = s (BD) + s (BT
y( a) x{ -
ps = s p_(B% 2‘ S D (El)z
x"x a) yy'b

If the rotatory inertia effect is
not neglected, then the frequency

equation is a lengthy cubic equation o
in @ .

mn




As an example to illustrate the
effect of face orthotropy on 0., a
plate with the following dimen5ions
and properties was selected:

a b= 36 in.,
» 0.1 in.,

t =t
1 2

h = 0.4 in.,

G -

3 .
Xz 18 x 10° psi,

E] <
G),z 10 x 107 psi,

& = e
1X 2X

exy - ezy

e: - e: = 0,16 x 10° psi,

= 1.6 x 10° psi,
= 1.6 x 10° psi,

G, =G, = 0.55 x 10% psi.

These chosen constants yield a degree
of orthotropy Dy/D, =~ 1. The values
of e and e, werk then increased

to yield DX/D. = 2, and Dy /D = 3.
Resulting nathral frequencie§ computed

from Eq. (51) are given in Table 1,
where
% 2o = “pn -
TABLE 1
Effect of Face Orthotropy on Natural
Frequency
Dx/DX 1 2 3
wll 1.98 2.28 2.53
w 4.82 4.98 5.15
12
w 4,93 6.26 7.22
21
w 7.40 8.38 9.15
22

The values given in Table 1
indicate that as the face orthotropy
increases, the deviation of the
frequencies, from those obtained by
assuming isotropy, increases.
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CONCLUSIONS

The equation of transverse motion
of a sandwich plate subject to the
stated assumptions is derived. The
effects of shear and rotatory inertis
are included. This equation may be
reduced for plates of simpler con-
struction, i.e., for any combination
of isotropic or orthotropic faces and
a core. Further, the equation may be
used for the study of static flexure
by deleting all time dependent terns.

This analysis, by including face
orthotropy, may prove useful in view
of the ‘aicreased use of reinforced
plastics, fiberglass, etc., as facing
materials.
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THE NATURAL MODES OF VIBR#TION UF BORON-EPOXY PLATES

J. E. Ashkton
J. D. Apderson

Gereral Dyrnamlics
Fort Worth, Texas

An analytical and experimental study of ‘he natural frequencles and mode shapes
of square boron-epoxy composite plates is presested. The plates considered are
laminated plies of orthotropic boron-epoxy material. Since the laminations are
symmetric about the mid-plane, the plates are considered analytically =ss aniso-
tropic homogeneous plates. The analysis {s based on the Ritz method, using
Hamilton's pricciple. Fully fixed beourdary conditions are considered. The exper-
imental program utilized six plates each fabricated of eight plies of boron-epoxy
meterial, Natural frequencles and Chladni figureshave been determined for esach

served.

plate ard compared io the analytical predictions.

Excellent agreement was ob-

INTRODUCTION

The advent of the widespread use of flcer-rein-
forced composite materials has widered interest In
the natural incdes of vibration of composite plates.
This paper presents an experimental and analytical
study of the natural frequencies and mode shapes
of square, flat boron-epoxy composite plates.

The plates considered are laminsted of plies of
orthotropic boron-epoxy material. However, since
the principal axes of orthotropy of the plies that
make up the plates are not maintained parallel to
the plate edges, the plates are mathematically
equivalent to generally anisotropic plates. Dymamie
analyses for such generally anisotropic plates are
oot availsble in the literature, and an analytical
technique has thus been developed. Thls analytical
technique is based on the Ritz method, usivg Hamil-
ton's principle. The assumed deflection serles uses
& 49-term expansion of characteristic functions of
unit length beams. Fully fixed boundary cond{tions
are considered. The analytical solution ylelds both
natural frequencies and characteristiz shapes.

The experimental program utilized six 13— x
13-in. plates fabricated of 8 plles of boron-2poxy
composite material. The edges were tixed to pre-
vent translation and rotation. The natural frequen-
cles and mode shapes were determined by mechan-
fcally shaking the plate fixture at discrete frequen -
cles with activated aluminum graaules spread on
the surface. Frequencieswere recorded and photo-
graphs taken of the node lines st the resonsant fre-
quencles,
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The natural frequencles and mode shapes were
calculated for each of the plates testad, using lam~
ina properties as determined from sandwich beam
tests. The plate stiffness quantitles were calcu-
lated from the lamina properties and orlentations
using the theory of laminated plates. Excellent a-
greement between the analytical and experimental
results was observed. A minimum of six and a
maximum of eleven of the analytically determined
shapes were [dentified experimentally.

ANALYTICAL FORMULATION

The method of solution used heretin {8 Hamllton's
principle, withthe energy solution cbtained by means
of the Ritz method. Young 1] has used this tech-
nique, using beam characteristic shapes to approx-
imate the deflected shape, to cbinin soluilons for
clamped isotropic plates. Basically, the same
analysis procedure I8 used here, extended to in-
clude the effects of anisotropy.

The a3olution is obtained by equating the poten-
tial energy of the plate (shown in Fiz. 1)inbending
to the kinetic energy of the plate and requiring this
equivalence to be statlonary. That ls the solution
1s obtained from the requirement: )

V - T = statlonary —alue (3%}
where
V= pc;ten:lal energy due to bending

T = kinetic energy of the plate.

|
i
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Figura 1 Plate Geometry

The potentinl energy dus to bending, for ths

plate shown {n Flgure 1, can be writien ax fellowat

b .
g MK ey @
o :
20 = {My |= platc moment resultsnts
Myy .
X W,
[x] = x’; = plate curvetures = W.g
2X Wixy

" W = normal deflection

ard & comma denctes partlal dtﬂ‘erenﬁ'a,ticn.

For snisotropic materials:
] = [0 [¥ @)

where [D] is a fuly populated symmetric matrix.
¥ the plsfa in Flgure 1 1s fabricated of n plies of
an orthotrople material, the elements of the [D]
matrix can be written as follows [2] :°

n
1 = 3
Du=§*k=1 Cylx By - k1)
I%” N3G L
A S
] D ;
eSSl
o ~.
NS L I O S
IR
R PasMg My By
&3 L] L {
A

Figure 2 Layer Coordinsatss am‘l Orientation |
for Laminates S

€y for each layer sre given below in terms of
the orthotropic elsstic constants of the layer and
the orientation & (given with respactiosxes parsl-
lel to the plate edgns):
- 4
an =Cn cos 9 +2(C12. + 2Cge )°
k : 3 k

2 2 4
8in 6, cos'py * szk ain ‘}k

CIZ Cy G
k

11 2z T Hgg e
k K ®
o 2 4
sin Ok coz®a, + ka (sin"@k +cos Gk) ‘
Cyo =0y, stafe +2(Cyy +2Cg )+
22, Ty SR TTTIR T ohes,
sinzﬁk ccazak +Cqp cma‘ak
“%
Cig =(Cqy -Cio ~Cag ) 8ln ® coade
mk ( 1, - Cig ssk)  °0 3
3
+{C ~C + 2C sin cos
€z, - Con, g6, ) a8 cos &
Cog =(Cyy -Cya - 2C., )8la®9 cos @
26, = 1, "Gz, sak’ B cos &
+(Cya - Cpp +2Cg 3
i ( 12, = Caz 86,) oln 8y cos” 6y
Cég = (C1y *Cg2y - 201z ~ g 1 )e

Bmzek cos®s, + Cooy, (stnto, + coa‘iek)

where
E;
Cii=
-2 "1
c. =t B
12 - ¥
12 Y21
E
Cog = T
22 "12 721 ,
Cie = C12
Ey

whare Ey, Egy¥yg = ¥y, i‘; ». Gyg are the elastlc
conatants of tha orthotropic material. '

- Substituting expression (3) into expression {2),
the following rgsmlt i3 obtalinzd:
; W

2% % {Du xx T 2D1p Wit

W.yy + Doz W2,

vs=

+ 4w,xy Dy W,xx + Dog W'}'y

+ Dss W'Ky)} éx dy.




The kinetle eLargy is given by the follow'ng ex-
prcn?on: * e et by ' g

a
1 2 2
T=ywoph Wz dy o)
| j‘ii’"

where 2= masa deaslty
w= augular frecuesey of vibration.

In order to find a eolution for W that cbeys con-
dition {"} (appruximately), the deflecticn fusction
10 expunded in the followlng form:

7

7
w o= Z, {(x) Z, (v (@)
5-:1 ’2:31 Y 4 !

whare

ayy = parametere to b deterrired

% (y) =characteriatlc shape of o 9 patural
frequency of a clamsped-clamped beam

7 cosh (€ ¥} - cos (e y)
- ay(sinh(e (3) +a, sinle;y))

{tho congtanty € | ara tcbu-

la2od 1o Beferernce 3).

end .'xi

The eoriea (8) satisflas the lcurdary cordi-
Jane of zero deflectlon and zerou slepe along the

four ~Ig=8.

Wih the aszumed ascries (8) for the deflection,
tha covdition (1) bacorez sa oxilnary maxirmum-
minimum predism In the 49 variables ay- Sub-
gituting (8) in?o (8) and (T) nnd usisg condition (1),

the following ast of limear sircuitaneous ctustions
{s obtaiced:

7 1
OV . 20 2 Yhma fwa - 2L .
oHx m=1 Z‘; Foa 7 ¥
w2ph ad )
wiore
- RS
Yhemn ~ P11 Yaim Vi = * Dize
11
¥Ysim Yook * Yomt Yoan ) -25

, 3
* D2z ¥im Y31 §7 + 2Dy

‘ . 1
Wgmt Yo * YV 2Vl 7
+20ng (Woum Yook + Yamt Yia)e

1 1
5T + 03¢ Youn Yo 3

a

1 1 i-’
Vigy

] 7((" ZJ(X) dx “{

o ¥

[+

1

Vo = Ex ZiRha s

1
v '/ Z, x),__ Z{x), ., O
3 { xx §%)zx

(]

1
\ i [ 2,00, 2, () &
1 7 e ax
“"5!] 2 o zi(x)axxuj C‘:)

1
Yo j; Zy(x)yxx Zy(x). -

“he {ztegrals sbove bavabeon given in Reforence 3.

Rquations (9) define a dlacrete specinl elgznvalue
problem. The solution of this elgmavalus pr... -
yle'dsthe natural frequencles and ths correspe . .'g
ehapea.

The sbovt. analysis hes been programmed for an
IBM 380-65 digital computer. This program bhas
been used to prodict natural froquesciea  and
characteristic shapes for the plales investigated
experimentaily.

EXPERIMENTAL INVESTIGATION

8{x panels were tasted, each havizg a different
combiaation of lamina orfentstions, Tbe corfigura~
tions are givenin Teble | {n terms of the principal
exis of orthotropy of the laminzs. The pansly were
fabricated of NARMCO 5505 horea-epoxy preim-
pregeated tape (NARMCO Materials Division of ths
Whittaker Corporation).

Tsble 1 PANEL CONFIGURATIONS

Parsl Fiber Orientations
A 09/90°/30°/6°/0° /90°90°/0°
B 8 at o°
c 459/-45°/43°/-45°/-45°/45°/-45°/45°
D 09/ 45°/+45°/90°/90° /+45°/-45°/0°
E +22.59/-22.5°/+87.5°/-67.5%/-67.5%

+67.59/-22,5%/+22. 5°

F 8 at 45°



Each panel was in turn clamped into a relatively
stiff frame constructed of 3- x 3- x 3/8-1In. struc -
tural steel angles welded at each corner (Fig. 3) .
A 1-1n. wide, 1/2-in. thick steelclampingbar {ast-
ened on each side of the f{rame with 3/8-in. bolts
on} 1/4-in. centers gripped 1/2 la. of each edge
of the panels. This reduced the unsupported span
of the porels to 12 x 12 1n.

g VI 3

A e i i, By,
Figure 3 Mechanical Vibration Test Setup

The clamping frame was suapended above two
electromechanical ghakers on soft rubber cord.
The shaker hends were attached to opposing sldes
of the frame through mechanical fuses attached to
rigid angle brackets bolted to the sides of the frama.
The shaker attachment brackets w ere located in turn
on the major axes of the panel and at the vanel cor-
pers to prevent overlooking modes whose ncie lines
corresnonded with particular shaker attachment lo-
cations.

The shakarsuged were two 100~pound force elec-
tromechanical shakers driven by s common power
supply. Synchronization of the ehakers in phasge or
180degreea out of phase was accomplished by a se-
lector switch. Frequancyconirolwsas accomplished
witn a variable frequency oscillator.

When excited at a nstural resonance frequercy,
apanel will vibrate in a characteristic mode shape.
The shape 18 visualized by sprinkling a locse ma-
terial on the surfzce of the panel. This material
is bounced off the moving aress of the panel and
sccumulates on the node lineg where there is rela-
tively little motion. At frequencies between reso-
nances, there are no stationary node lines and the
locse msterial bounces randomly, forming no pat-
teran.

Activated aluminum granules were found to have
all of the properties required for the locose material
The granules used were much coarser than sand,
yet were light and resilient, Thelr light coloring
provided an excellent contrast, for photographic
purposes, against the black color of the panels.

With the granules on the surface of the panel,
the ioput frequency was slowly Increased until the
motior of the granules indicated a resonant condi~
tion. The {requency was then luned to produce the
most clearly defined mode!l pattern, the {renuency
recorded, the power cut off, and the patiern photo-
graphed. The upward frequency sweep was then
continued untilthe next resonacce was encountered,
tuned in, and recorded. 'This was continved through
the frequency range of interest. The same proca-
dure was repeated with the shakers oppositely .
phased, with the shakers attached on the other
major axis of the panel and at cppoaite corners of -
the frame during {n-phase acd out-of-phase opera-
tion. Other shaker conditicns, sfter the initial
sweep through the range, repeated most of the mo~
dalpatterns. lowever, some modes not previously
excitod became s0 because the node lines coir-
cided with the shaker attachment points.

DISCUSSION AND RESULTS

A setof natural modes from the fundamental fre-
quency mp through approximetely 1060 Hz wes de-
termined for each pagel configuration. The modes
demonsirated an Interplay of tvvo dominast charac-
teristics, geometry and stiffness. Conflgurations
A and B had the major stifinesses colncident with
the major geomstric axes {specially orthotrepic)
and the modeswere rectangular. The other config-
urations involved varying amounts of anisciropy,
with Pazsel F representingthe extreme of all 45-de~
gree layup. Generally, the loweat frequency modes
were found to be geometrically controlled. The ef-
fect of anisotropy, which caugcs a skewing and
bending of the modal patterna, became more pro-
nounced as the frequency was increased. :

The stx to twelve lowest natural {requencies and
characteristlc shapes of the pansis hive been cal-
culated with the an{zotropic plate analysis proce-
dure described sbove, The lamina properties,
based on General Dynamlics sandwich beam tests
[4] were taken as follows:

E, = 3.1x10"  Ey=2.7x10°
V19 =.28 G-= .75x106

The density was taken as ,192 x 1073 pound sec-
ond?/inch?®, )

Matched sets of experimentally phc&ographed
node lines and anslytically predicted ncde lines for
56 natural modes are preseoted in Figures 4 through
9. The cbgerved and calculated frequencies are
glven in the figures. The agreement betwesn pre-
dicted and cobsgerved ncdal lines 1s excellent., The
agreement belween observed and predicted fre~
quencies Is fair.

peST ATNILABLE COFY
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In addition to the matched natural modes, there
were several unldentifiable recenant modes within
the frequency range considered with the analyais
procedure. Thesze are assumzdtobe modes asseci-
sted with membrane or In-plane stress vhlch un -
doubtedly cxist In these panels. Some effecta can
also be expected from frame resocances which
are belleved to be above 500 Hz,

Toe experimentally determined frequencies ver-
sus the snalytically predicted frequerncies for the
fdentifled natural modes are gshown in Figure 10,
The predicted frequencles average approximately
10 percent higher than the cbaserved frequencles.
This effect Is probably due to the assumption of
full clamping at the boundaries for the analytical
predictiona, since the experimentally {mposed
boundary conditions provide less than rigid flxity.
Unfortunately, the specific contribution of this ef-
fect would vary from panel to panel, depending on
the tightening of the clamping bolts,and the panel
configuration.
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Figure 10 Experimental Vs Analytical
Frequencies
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CONCLUSIONS

Experimental Investigation confirms that this ln~
enr cnergy analyals procedurs ylelds poecurcle pre-
dicticns of the natural vibratlen mede shopes and
frequencles of laminated boron-epaxy plates, It also
demonstrates that the effects of anluotreopy en tandy-
namic response are often quite pronounced.
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NATURAL MODES OF FREE-FREE ANISOTROPIC PLATES *

J. E. Ashton

General Dynamics
Fort Worth, Texas

free plates s presented.
of orthotrople plies.
to the plate edges.

An analytical study of the natural frequencles and characteristic shapes of free-
The plates considered are rectangular and laminated
The principal axes of orthotropy are not maintained parallel
The analytical solutions are obtained with the Rilz method
using beain choracteristic shnpes to zpproximate the de lected shape.
are presented which ..lustrate the effect of varying (1) the orientation of the plies,
{2) the stocking gequence, and (3) the degree of orthotropy.

Solutions

INTRODUCTION

The sadvert cf the widespread use of {iber-
relnforred composite muterfsls has renewszd In-
terest Inne analysis of plates composed of lam-
Inated orthotropic materials, This paper presents
an anaiysis of the natural frequencies and charac-
teristic shapes of free-free rectangular plates,
Thae plates considered are laminated of crthotropic
material, but the principal axes of orthotrepy of
the laminas are not maintained parallel to the edges
of the plate. The Influerce cof anisotropy on the
dynamic frequencies and characteristic shapes is
investigated, asistheeffect of varying the stacking
sequence and orientations.

ANALYSIS TECHNIQUE

The rmiethod of solution used In this asalysia
is Hamilton's principlc, with the energy solutlon
obtained by means of the Ritz method. A 36-term
series of beam characteristic shapes is used te
approximate the deflected shapes.

The potential energy due to bending, for the

plate shown in Figure 1, canbe written as follows:

afb
T
vV =1/2 M] [X)ax ¢y (1)
where _
M
{M] = | 1, { plate moment resultants
j
—XX W, xx“
B3g- 2§y plate curvatures = | W,yy
2W,xy |

*This paper not presented at Symposgium,
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Figure 1 Plate Geometry

W = transverse deflection
and a comma denctes partial different{ation.

For anlsotrcpic materials

D=0 ] @

where D is In general a fully populated matrix
of stiffness coefficients which c¢n be defined in
terms of the elastic ccastants > outhitroplic
laminas and related orlentations of the principal
axes of orthotropy.

Substituting Equation {2) Into Equation (1) and
exprossing the curvatures in terma of deflection,
the pctential erergy can be expressed in terms of
an integral over the area {nvolviug the stiffness
term; and the deflection. o

The kinetic energy is given in terms of the de-

flection by the following expression:
2

l/szp
[+ e



where

p = mass density
h = plate thickness
w = angular frequency of vibration.

Anappréxlmaie solution can be obtained by
equating the potential energy to the kinetic energy
and requiring this energy balance to be (approxi-

mately) stationary. In the present analysis, the

deflecticn 9 assumed in a serles:

5, 8
w = 2 8y Z,(x) Zj(y) )]
=1 j=1
where
3y = parameters to be determined.

In this study, the functions Zyx) and Z)(y)

were taken as the characteristic shapesof free-free
vibrating beams il Although these functions only
approximately satisfy the boundary conditions of
zero moment and shear on the plate boundary, they
allow the edge to deflect and take any slope, and
thus provide a good approximation to the truefree
edge boundary conditionsa.

The condition

V -~ T = stationary value {5)

caa be approximately satisfied by substituting the
geries (4) into expressions (1) and (3) and differen-
tiating the energy balance V = T with regpect to
aU' ‘This results in the following systems of simul-

taneous equations which can be solved to glve the
natural frequencies and related mode shapes:

6 &

A 2:_1 };l Yikmn 2ma = 2L = w2 ph ab
g% Tl 98y ©
where

dpn=D ¥ ¥ Zo.p

kma  “3; 3im lkn ® 12
Fsim Yok *Yomt Yo L
b
*D, q’lim Yaim -a‘;:; +2D)g"
R . 1
(ﬁ’smx Yoo *Veim Yed 32
2Dos (Wyim Yok * Yamt Yorn'®
1 1
bt 21m ¥okn 2b
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and
Z‘(X) Zj{x) dx
Z: (x):x Z’(x),xz;tx
= 2 z dx
"’315 1‘(x).m j(x).xx
‘{'413 Z, (), zj x) dx
v = zi (x).xx zj x) &x
Zx) 2 (x)dx
H xx }

The integrals are tabulated in Reference 1.
RESULTS AND DISCUSSION

A wide variety of rerults has been caleulated
to illustrate the effects of anisotrowy on both the
natural frequencies and mode shapes. Thirty-six
terms have been used for all calculationa. The
comparisons presented below are restricted to
square plates (8 =b) so that the effects of 2niso-
tropy, and, In particular, the effects of lamination
angles and sequence, can be cbserved with a mini-
mum variation in geometry. The natural frequen~
cles are presgented In terms .of the parameter A de~
fined such that

2
Eoh
0 A )

oa

where E, is the smaller of the two principal elas-
tic modull, The major Poisson's ratio term {vy5)
for the orthotropic laminas considered here has
been taken to be .3,

Orthotropic Leyers With Varying Orientatioes
The first four natural frequercies and mode

ghapes of plates composed of a single layer of
orthotropic material with the principal axis of
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orthotropy at- angles of 0, 22.5, and 45 degrees
with respert to the plate edgee have been chtained
for tha following material property ratios:

E G

1 12 - .5
= 10 F exde

is’fz ‘1:".2 :

The [D] matrix for these plates le eaaily com-
puted with the following formulas {2}

PR

12 &

- 3
D” = Clj‘h

whare
- 4
Cn coa*@ #2(012

- ' 2 .
C11 + 2066) sin“9

cos?9 + Caa sinte

Cyg= (€1 * Cgg- 4Cgq) rin’0 cos’e
+Ci3 (sin'ie + cosée)

Cgg = Cp 8in%0 + 2(Cy 5+ 2Cgg) 8in?0
cos?g + Cos costo :

3
C16 = (Cll- C12 ch(-) 8in cs¥ 9 + (Clz
Cf,z + 2086) sln ] cos8

Eéé ={C11-Cyp - 2Cgq) 8in30 cosd + (Cy,

.= Cogp + 2Cqg) 8in9 009

Ggg = (C1* Cgp - 2C o~ 2Cgq) sin’s +
coaze + Css(ain49 +coa49)
v LB
G = - -
1-vip Y2
c Ey
2= 1~
22 i v12 v21
vi2_Ep
Cig= -t
712 viz Vai
Ces= C1g
- El
127 Y21 Ej

* @ = orientation of rincipal axis wﬂh respect

to the pls.»e

The nstural frequency parameter \ {s presented
for thege orientaticns in Table 1. Also presented
* in Table 1 ars the snalogous resulis neglecilng the
. anisotropie coupling terma Dig, Dog ( orthotropic

analysis) 28 has been frequently done in the past.
Clearly, these terms are quite significant except
&t 0 degrees (when they are alwayas zoro). Ths node
lines corrosponding to thess frequencies are pre-
gented {a Flgure 2. The effect of anisctropy on
thege shepes ia aleo quite significant.
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Tshle 3 EFFECT OF ORIENTATION FOR
A SINGLE ORTHOTEOPIKC LAYER

Ortentntion ¢ 22,57 '45°
A1 Antaotrople 22.1 28.9 30.4
Ay Orotropte | 22,1 45,0 65.1
Ay Aunfsotrople 41.8 45,5 54.9
Ao Orthotrople 41.8 65.8 103.8
A3 Anisotroplec | 134.7 148.3 158.5
A3 Opthotrogte | 134.7 218.6 203.4
%4 Anlsotroplc | 317.0 320.4 245.7
4 COrikotrople 317.0 324.2 5438, 4

Effect of Alternating Laminationg

To {llustrate the effects of laminzting muitiple
plies at sltermsting * n angles {(with respect to
the piate edges), several +45° laminations have
been consider~d. The material property ratios
used here are the zams 23 used for the results dis-
cuseed shove. The plate stiffness watrix {Dj for a
plate composed of n pliea »t + a constructed with
midplans symmetry 18 idend'cal to the matrix for a
plete composed of a singie iayer at + @, except
for the anisotropic coupling terms Dyg» D%..
These terms can be computed as follows:

1z NP
Dis,26 = T 2—:1 (Cy6,28)% Bk = B3
(10)

where the h, are described in Fig. 3 and the (Ei 3
are given, for ench lamina, in Eq. (9). For a +45°
laminate, D,p fod Dy —= 0 83 n becomes
large. The mﬁo% S/D La presented vs. n in
Fig. 4. The first four ‘dstural frequepclies have
been calculated for n=1, 4, §, acd the limiting
{orthotropic) cage, n~>«. The frequemcies are
listed in Table 2 arnd the mode shapes are showm in
Filg. &. 'Clearly, the plaie hecomas effectively
stiffer for alternsting plies.

e [
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Figure 3 layer Coordinates and Orlentation
‘for Laminsates
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Figure 4 Variation of D1 Vs N for + 45°
D11
Laminate
Table 2 EFFECT OF STACKING SEQUENCE
FOR A S PLATE
Laminate Al A2 i3 s
1@ 43 30.4 54.9 158.5 245, 7]
4@ 45 57.9 59.8 239.6 295. 4
8@ N5 63.9 92,7 254.4 463.2
=@ +45 65.1 108.8 203.4 548.4
(Orthotropice)

Varistions of Ey /Ey

The results previcusly presected conaldered
that the orthctropic !laminas were strongly ortho-
trople, l.e., E}/E, =10. In thls section, a +45°
one-ply plata is censidered for decreasing values
of the ratin EI/EZ‘ in particular for values of
E)/Ez =10, 7.5, 5, 2.5, and 1. I order to con-
verge In a censistent rsnner to the lsctropic case
when E1/E; = 1, the ratlo G,,/E, has bean varted
lipearly with Ej from .5 when E1/Eg = 10t0 .385
when EI/EQ =1,

Tha first four natural frequercies are wresented
for thase values of E,/E, In Table 3. Tbs associ-
sted mode shapss are drewn In Fig. 6. Both the
frequercies and mode shepss make a cemtlnuocua
transition from the highly snisctropic case to the
{sctropic cass.
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. Table 3 EFFECT OF VARATIONS LV E, /E,

/5, ! ) A3 Ay
10. 30.4 | se.0 | 1sas | 2:5.7
7.5 20.3 | s0.6 151.2 | 194.8
5.0 27.7 | 46.0 | 1406 | 142.4
2.5 24.4 | 40.7 84.4 | 129.0
1.0 16.7 | 35.9 54.7 | 112.4
CONCLUSIONS

The resultaof an analyeis of the natural medaa
of vibration of free-frse laminsted plutes irdicate
that the natural frecuencles and the charscteristic
shapes of such plates are strongly sfieetsd (1) by
the orfertation of the principal axea of orthotropy
of the lam!nas, (2) by the ratio of the principul
elastic mocull, and (3) by the siscking soquence.
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ACOUSTIC TEST GF BCRON FIZER REINFORCED COMPOSITE
PANELS CONDUCTED IN THE AIR FORCE FLIGHT DYMAMICS
LALORATCRY'S SONIC FATICGUE TEST FACILITY
Carl L. Rupert

Air Force Flight Dynamics Laboratory
Kright-Patterson Air Force Base, Chio

This experimental program was performed in support of research in
airframe application of advanced corsosite material. The srincipal
objectives were to determine the effacts of fiber orfentation on

the response characteristics of a series of boron-epoxy panels when
exposed to a high intensity sound envircnmant, and to evaluate their
sonic fatigue resistivity. The panel specimens were installed in
the Afir Force Flight Dynamics Laboratory's Small Scale Acoustic Test

Facility and subjected to grazing incidence impingement at sc
pressure levels in iacrements up to 150 ¢3 (re .CCQ2 dynes/cmz).
The pronounced nonlinear response of the panels is discussed.
resentative strain levels ar2 presented,
terns cbtained using the brittle coating technique are shown.

ynd

Rep-
Strain distribution pat-

INTRODUCTION

The demands of modern aercspace design
stress the need for naw materials with superior
elastic properties, better strength-to-weight
ratios, and extended high temperaturs 2gplica-
tions. An example is the recent 2rd rapid
development in advanced types of fiber re-
inforced composite material which has generated
considerable interest, Particular emphasis
has been directed to boron-epoxy systems and
their potential anplication in flight vehicle
structure.

This paper presents some of the results
of an experimental acoustic test program con-
ducted in the Air Force Flight Oynamics
Laboratory in support of research in airframe
application of advanced composite material.

The test program objectives were (1) to
determine the effects of fiber orfentation on
the responsa characteristics of a series of
boron-epoxy panel specimens when exposed to a
high intensity sound environment, (2) to obtain
fatique 1ife data, and {3) to photograph strain
distribution patterns from each panel config-
uration using the brittle coating technique.
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DESCRIPTION OF TEST SPECIMENS

The specimens wera 13 inch square flat
panels of .040 fnch nominal thicknezss, laminat-
ed of eight plies of boron fiber reinforced
composite material. In this type of conctruc-
tion, each ply is essentially orthotropic as
it is comprised of boron filaments aligned uni-
directionally and imbedded in an epoxy matrix.
The matrix material was Narmco 5505. The boron
content was 50% by volume.

However, the panels wer2 considered to be
anisotropic ac the angular orientation of the
orthotropic axis of each ply is varied in
sequence during the B8-ply lay-up. The ortho-
tropic axes are not necessarily maintatned
parallel to the edges.

The six test configurations ara listad in
Table I. Note that the sequence of ply lay-up
is symmetrical about the centar Tine. Two
configurations, the All 0° and All 45°, were
included for academic reasons and not to eval-
uate their potential strenqgth. A1l specimens
were installed fo- test with the 0° reference
axis oriented vertically.
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Fiber Orientation for 8-Ply Panel Specimens

TADLE 1

Outer Center ’0uter
Ply Line - Ply
ne 90° n° 90° 90° 0° 90° 0°
0° 0° g° 0° 0° 0° 0° 0°
150 -45° +45° -45° -45° +45° -850 +15°
0° +45° -45° 30° 90° -45° +45° 0°
+22.5° -22.5° +67.5° -67.5° ~67.5° +67.5° -22.5° +22.5°
+45° +45° +45° +45° 445° +45° +45° +45°
TEST INSTALLATION
The source of discrete frequency excita-
tion required for the program was providad by .

the Small Acoustic Test Facility (1) shown in
the cut-away of Fig. 1. It is esuipped with
two sirens that produce a maximum power output
of 50 kw over a fraouency ranga of S0 Hz to

10 k Hz in two overiapping increments. The
sirens are coupled to an 807 cubic ft termina-
tion charber by a 16 ft catenoidal horn.
Immediately downstream of the sirens is a one-
foot square test section in which sound pres-
sure levels (SPL) up to 174 dB* can be attained
and in which the pan2ls were installed singly
for exposure to qrazing incidance sound enerqgy.
The test set-up (Fig. 2) shows the panel {n-
stalled in a specially designed fixture which
in turn is clamwped to the side of the one-foot
section. .

Instrumentation was kept minimal. Strain
gages were locatzd perpendicularly to each pan-
el edge on centers, plus a rosetta in the geo-
metrical center of the punel., Scund pressure
levels were monitored ny a microphone sosfition-
ed near the test panel as shown in Fig., 3. A
pulsed frequency signal was recorded from the
siren to provide a frequency tracking reference
for response amplitude analysis.

During preliminary check runs made on a
"practice” panel it was discovered ihat an in-
crease in the siren air temperature of only 19
to 15 degrees Fahrenheit could cause the panel
to expand and buckle while clampad in the fix-
ture. This tendency to "oil-can" was resolved
by heating the panel while it remained loose
in the fixture and then torquing it while hot.
Upon removing the heat, the panel remained pre-
stressed in the fixture so long as the siren
air temperature did not exceed the pre-heat
temperature.

*A11 SPL's in this paper are referred to 0.0002
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Fig. 3 - Upstream view of test section
showing specimen installed for
grazing incidence exposure
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Comparison of
damped linear
and damped non-
Tinear systems

ARMPLITUDE

Fig. 4 -

v d

LINEAR RESPONSI

N

SYSTER WITH NONLINEAR
RESTORING FORCES

HARD SPRING

AMPLITUDE

Fa F2 [
FREQUENLY FREQUENCY
B0
§
x
~ - i.e., by sweeping the siren frequency from
] approximately 70 Hz to 550 Hz while holding
1 the sound pressure leval constant. Each sweep
0ok run was monitored by a recording oscillograph.
& In addition, all gage and microphone outputs,
] and the tracking signal were stored on magnetic
; sk tape for later aralysis.
& ; The most significant aspect of the response
. B i .data pertains to the matter of strain linearity
u with respect to increases in sound pressure
§ level. To make this phase of the test more
2 i meaningful, a comparison is made between the
PAREL COAFIGUAATION - OV 45%/ 30° classical damped linear and damped nonlinear
3 122 SICIBILS response curves. These are shown in Fig. 4.
3 ey
L 7 B . . . Typically, the damped linear system
§ o o5 F25) ER) r7%) [ resonates at a natural frequency which essen-
FREQUENCY - N2 tially remains constant regardless of any
increases in the magnitude of the exciting
force. i
Fig. 5 - Response of 0°/+45°/-45°/90° In a damped nonlinear system, the
panel during frequency sweep restoring forces are not proportional to the
at constant SPL displacement. The example shown typifies a
“hard spring" system. (A “soft" system would
: bend the othar way.) This swept-over appear-
RESPOMSE TESTING ance of the nonlinear response curve is
- explained thus: as the excitation frequency
. Sweep frequency data were required to is gradually increased, the vibratory amplitude
determine the linearity of strain response for also slowly increases from A through F and
increases in loading, and to select the max- continues to near B at which point a very
{mum responding mode of vibration for later slight increase in frequency causes the ampli-
tests-to-failure. Consequently, response runs tude, after a transitory hesitation, to suddenly
‘were accomplished for each panel configuration - "Jump-down” to C at which roint stability is
at SPL's of 140 ¢8, 146 d8, 152 d8, and 158 d8, regained and progress toward D 1s resumed.
104
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P

Fig. 6 - Family of response
curves for a damped
nonlinear system at
varying levels of
energy input

AMPLITUDE

HARD SPAUNG

EXCITATION FREQUENCY

800
PANEL COMFIGURATION

073 48/ 30°

2 PEAX STRAIN~ RICKOIHCHES / 1RCH

_../1,1 1 1 !

HARD 3FRIMG SYSTEM

o580

Fig. 7 - Data from the
0°/+45°/-45°/90°
panel showing
intrease in natural
frequency

130 180 [2ae] 180
FREQUEMCY ~ N2

Conversely, with a gradual decrease in frequency
the curve, starting at 0, is retraced through C
to nezr £ where the zamplitude begins to
hesitantly blossom and th2 "jump" phancmenon

i+ again encnuntered, this time from £ to ¥
where stability is echieved and the amplitude
retraces the curve toward A. Thus, for any
frequency falling between Fp and F; there are
two values of amplitude which exist while
amplitudes within *he shaded area are not
attainahle. (2, 3)

The pronounced nonlinearity of the boron-
epoxy composite panels is evident in the Strain
versus rreaquency response charts, one of which
is shown in Fig. 5. This {3 representative of
the strafn gage output from all nanel config-
urations and demonstrates the "jump” effact
that is peculiar to a hard-spring system during
incre2sing sweep frequency.
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This concept of ncnlinear response can be
expanded to include a family of curves, one for
each level of energy input, a5 shown in Fig. 6.
In general, the effect of {ncreasing the ex-
citing force is to increase the response
amplitude at all frequencies while extending
the resonant peak. A plot of the loci of
vertical tangents to the respense curves defines
the region of instability. The natural fre-
quency of the nonlinear hard-spring system
follows the Joper boundary of this area. This |
is exemplified by data recorded from the
0°/145°/90° panel for each increment of loading,
and shown in Fig. 7, demonsirating that the
natural frequency shifted upward by 33 Hz over
an 18 dB increase in sound pressure level. This
is a typical example applying to all panel
configurations.



. Fig. 8 - A1l

i

Fig. 9 - Ply separation in edge of
+45°/-45°/+45°/-45° panel

ENDURANCE TESTING

An additional objective, obtaining fatigue
life data, was achieved to an extent commensurate
with the limited number of specimens available,
{.e., a maximum of four each of three panel
configurations, and three each of the remaining
configurations.

panel faiiure

It was preferable to select a fatigue test -
loading that, for all panel configurations would
induce failure without accumulating an excess-
ively large number of test hours. Based on
strain levels cbserved during response testing,
it was estimated that 160 dB would be sufficient
to cause failure within a reasonable period of
test time. ‘

Subsequently, all specimens were tested to
failure as planned, at a sound pressure level
of 160 d8. - However, it is necessary to examine
and account for those test variables that may
have influenced the results before attempting
to evaluate fatigue 1ife.

For example, over-torgquing the test fixture
caused the panel specimen to distort. This,
when combined with the previously described
tendency to oil-can made panel installation a
time consuming and sensitive procedure, and
repeatable boundary conditions improbable.

It was first thought that failure could be
detected visualiy while the panel remained in- -
stalled in the test fixture. However, post-
failure examination of the first several
specimens revealed that damage in the outer
plies was propagating undetected from the points
of incipiency in the clamped area under the '
test fixture. Thereafter, all specimens were
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Fig 10 - Closc-up of broken
filaments 1n cla—rced
area of +22.5°/-22.5°/
+67.5°/-67.5° par2)

routinely removed from the fixture at reqular
inspection intervals and the suspected argzas
examinad by microscepe if failure was not
otherwise eyident.

By definition, if the resonant freguency
fell-of f by 105 during an endurance run, a
failure was suspected and generally fourd to
exist, though subsequent examination often
revealed the extent of damage to vary from
severe to nea~ly undetectable ply separation,
To the other extreme, detection of an incipien-
cy, scmetimes only several broken filaments,
by microscope during routine inspectica
intervals also was technically classified as a
failure. Consequently, “"time-to-failure" by
itself is ambigucus and a function of the type
of failure ard how far it had pregressed before
detection. "Time-to-detecticn® would be more
approoriate though less meaningful.

After establishing an SPL of 160 43 at
the start of rach run, it was considered good
practice to explore the reqion of maximum
response in order to search-out the knee of
the curve. This was done tc avoid tuning-in
the specimen too fine, experience having shown
that an upward drift of several Hertz ccu'd
cause the amplitude to wander off into the
critical "jump" area.

Specimen failures were predictable only
with regard to the two panel co.figurations °
(A11 0° and A1l 45°) {n which the orthotropic
axes of all plies were aligned in the same
direction. The failures in each occurred
parallel to filament alignment as anticipated.
As an example, Fig. 8 shows the A1l 0° config-
uration split cleanly in two places along the
zerd (vertical) direction,
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Fig. 11 - Exarple (. extensive damage
incurred befaore failure was
detected

The remaining specimen failures are
grouped into either of two classifications,
ply secaration as shawn in Fig. 9, or failures
in or near the clarmed area which usually
progressed through various stages of damage
before detection, An example of near-incipient
failure is evidenced by broken filaments in
Fig. 10 while in Fiqg. 11 the outer plies of the
specimen had chunked-out befo:e failure sas
detected.

Because of inconsictencies and difficulties
in detecting specimen failure, fatigue test
data are not presented. However, an estimate
of relative specimen strength can be derived
from a comparison of the response data.

Presented in Fig. 12 are load curves for
three of the configurations (422.3°/-22.5°/
+67.5°/-67.5°, +15°/.45°/+445°/-45°, and 0°/92°/
0°/90°) which fell within a spread of 200 micro-
inches strain, This spread, also represented
by the shaded area in Fig. 13, is bracketed by
the three remaining configurations. Above the
shaded area are two "no-1ife” configurations
(A1l 0° and A1l 45°) with strains approaching
2530 microinches at 160 ¢B, while the configu-
raticn that consistently exhibited the lowest
strain was the 0°/+45°/-45°/90° speci=en.

Comparative data were to have been obtainad
from an isotropic specimen. A singie aluminum
panel of identical geometry was available at
the time of test. This panel was inadvertently
failed while recording response data at a sound
pressure level estimated at 152 d8.
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STRAIN DISTRIBUTION PATTERNS

The brittle coating method of strain
analysis was successfully employed to obtain a
graphic record of the distribution, direction,
location, and pattern progression of tensile
strains induced by successively applied loads.{4)

Briefly, the procedures and techniques of
the brittle coating method are reviewed:

1. Clean the specimen surface thoroughly
until completely free of all dirt and grease.
~using recommended solvents that do not leave
deposits or other residue.

2. Spray the prepared area with a specially
furnished aluminum under coating to provide a
uniform background for the strain sensitive
coating. S :
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3. In accord with reccrmendations bared
on prevailing terperature and humidity conditions,
select a coating that will provide the required
strain threshold sensitivity.

4. Dry the coating according to specific
instructions for the type of coating used. An
overnight cure was typical.

5. Assuming the specimen to have been
successfully loaded in the planned manner, it
is necessary to "bring-out” the strain pattern
in the coating by some process of crack
detection. The process used in this program
was the electrolyte penetrant/electrified
particle method which has the advantage over
dye-etchant techniques in that the process can
be repeated for successive loadings without
damaging the coating. :
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6. If the resultant strain pattern
appears satisfactory, oblain photoaraphs.
Wash-0ff the pattern and repeat the locding
process.

The series of brittle coatings used in
this program had a nominal strain threshold
sensitivity of 500 microinches per inch when
dried and tested at recosrended te-neratures,

and a craze sensitivity of 15U microinches/inch.

Since the coating sensitivity 1s affected by
terparature change (30 microinches/inch per
degree F), a drop of only 12°F oftea ruined the
coating. (5)

This tendency to craze proved critical as
the soraying/drying area was subject to arafts
and normal day-night temperature fluctuations.
Consequently, the only effective curing
procedure evolved was to coat tie specimen at
the test si*e, provide a protective wrapoing,
and isolate the area during overnight cure.

Merely loading the specimen, a process
which entailed its exposure to siren air fiow
(relatively cool), often trigger=d the craze
tendenzy. This was resolved by ocerating the
siren air supply system for a sufficient time
to preheat the alr above room ardient before
installing the specimen in the test section.
The necessity of rigid control over coating
cure temperature and test temperature cannot
be over emphasized.

A set of well defined strain patterns is
dependent on resonating the panel at the
initia) load near tha strain threshold sensi-
tivity of the brittle coating and chonsing
succeeding load increments based on the degree
of pattern progression.
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The inftfal anproach, halding the SPL
constant while trying to search-out the
resonan® frequency, proved unsatisfactory as
it was difficult to echieve a pronourceu
resonance of brief duyration anu to predict a
load increment that wnuld develop the strain
pattern in well.spaced stages.

A more reliable technigue, shown graphical-
Iv in Fig. 14, was to select a frequency for
which unstable amnlitudes -ere kncwn to exist,
and while holding this frequercy constant,
slowly incraase the SPL, driving the ampli-
tude across the lowar boundary of the region
of instability at which poiat the panel) reson-
ates quite abruptly due to the "jurp”™ phenom-
encn.  This procedurs was successfully usad
to produce a saries of strain patterns in
progressive sta.2s fcr each of the s.x pane)
conf.gurations. Al1 patterns wers developad
for the fundamental response.

A representative selection of strain
pattern photographs is presented for comparison
in Figs. 15 through 20 shcwing the general
progress of pattern developrent for each con-
figuration,

Obtaining quantitative strain seasu-ements
by the brittle coating method was rot a part
of the program and consequently, the procedurss
involved dre not treated {in this paper,
However, the cracks in the coating occur
normal to the principal tensile strain, and
relative strain levels are indicated by crack
density.



{a) -~ 150 dB, 150 Hz ) {b) - 157 d8, 165 Hz

Fig. i5 - Strain distribution p.tterns for 0°/9G°/0°/30° panel

{a) - 152 dB, 155 Hz {b) - 157 48, 160 Hz.

Fig. 16 - Strain distribution patterns for All 0° panel
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Fig. 20 - Strain distribution patterns for A1l +45° panel
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CONCLUDING REMARKS

1. It was clearly demonstratad during
response tests that the boron-epoxy composite
specimens respond in a manner typical of a
"hard-spring”" nonlinear system. This behavior
was pronounced in 211 panel configurations and
is attributed to merbrane stresses resulting
from large panel deflections. In addition, a
comparison of strain data frem the rasponse
tests provided a basis for estimating relative
specimen strength. ]

2. Since it is not certain to what degree
the endurance data were influenced by in-
consistencies in detecting failure, specimen

1ife predictions are not undertaken. A single
aluminum specimen, intended to orovide compar-
ative data, failed during a response run of
brief duration at an estimated 8 d8 belcw the
fatigue test level selected for the composite
specimens.

3. Strain distribution patterns, from
satisfactory to excellent, wera photographed
for 211 specimen configurations. The patterns
were nbtained from dynamic loadings using the
brittle coating method., It was demonstrated
that this technique can be successfully applied
under adverse test conditions if appropriate
precautions and procedures are devised to meet
the requirements.
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STRENGTH CHARACTERISTICS OF
JODNTS INCORPORATING VISCOELASTIC MATZRIALS
V. L. La Barge and MI. D. Lamoree

Lockheed California Company
Burtank, California

This paper describes an analytical and experimental investigation of
the load carrying capabllity of structure incorporating a constralined
layer of viscoelastic material. Included in the study ave the effects of
the viscoelastic material on the buckling strength of panels under
compression loads; on the strength of joints urdar static tension loads;
and on the fatigue resistance of joints under axial and lateral loads.
The objective of the investigation 138 to develop proceduras for esti-
mating the very impcriant stress concentraticn factor of structures
incerporating viscoelastic materinl as 2 functicn of the local detall
design su that its influence may be properly evaluated in optimizing
the structural design. The work described herein is a portion of a
research and development program being conducted currently for the
Alr Force Materiais Laboratory at Wright-Patterson Air Force Base,
The purpase of the program is to develop metheds of fabrication and
evaluation of sonic faticee resistant aerospace structures incorporat-

ing viscoelastic materials,

INTRODUCTION

One of the major problems confronting the
designer of modern high performance jet air-
craft is that of sonic fatigue. The obvious
need to minimize structural weight of alrcraft
has reculted in highly efficient design concepts
from the standpoint of strength-to-weight ra-
tios. This type of structure is especially sus-
ceptible to iatigue failure when suvjected to the
high intensity acoustic fields of modern'jet en-
gines. It, therefore, becomes necessary to
optimize the design of the structure from the:
standpoint of strength and weight when the
acoustic loading is added to the other design
loads.

Cne of the mezns of reducing the vibratory
respunse level of structure due to acoustic ex-
citation is to increase the amount of damping
in the structure. The additional damping can
be obtained by an "add-on'" damping cevice;
{for example, damping tape) or it may be de-
signed into the structure. The most common
way of doing the latter is to use laminatea pan-
els with a constrained core of viscoelastic
material.
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The reduction in vibratory response level
is an indication of the potential increace in
sonic fatigue Iife of the structure that should
be attainable with viscoelastic damping., Ac-
tually, this potential is usually not reaiized
because the adcition of the viscoelastic mate-
rizl, ina "sandwich"”, for eramgle, changes
the load transfer mechanism locally (particu-
larly in the area of rivet or other attachments)
and modifies the local =ffective stress concen-
traton factor, Next to the response Jevel, the
stress concentration factor is the most potent
factor in determining the fatigue life of a panel
or structure. The analytical determination of

" the stress concentration factor Is very difficult

except for the simplest of geometries and re-
course must be had to experimental
determination,

This paper describes an analytical and ex-

'perimental investigation of the lead carrying
-capability of structure incorporating a con-

strained layer of viscoelastic material. In-
cluded in the study are the effects of the
viscoelastic material on the buckling strength

of panels under compression loads; on the

strength of joints under static tension loads;



and on the {atigue reatstance of joints under
axial and lateral Josds, The objective of the
inyostigation 18 o develop procedures for esti-

ing ihe very imporlant stress concentration
farior of structures incorporating viscoelastic
malerial as a function of the local detail design
g0 that itz influence may be properly evaluated
in optimizing the structural design., OpUimiza-
tion of the structural design can proceed only
when all of the degign loadings are known and
trelr effects on the structure can be estimated,
Inherent in the determination of the optimum
deslgn, of course, are the manufacturing con-
straints necessary o permit the {abrication of
flight quality hardware,

The work described herein is 2 portionof a
program beling conducted currently for the Alr
Force Malerials laboratery at Wright-Patlerson
Alr Force Basze. The purpose of the program
is to deveiop methods of fabrication and eval-
uation of sonic fatizue resiatant acrospace siruc-
tures incorporating viscoelastic materials.

LIST OF 5YMB0LS

D Dlameter of Fastener

]

Elastic Modulus -

i

Lateral Force

]

Shear Modulus

-y

Loment of Inertia

Stress Concentration Factor
Compression Load per Unit Width
Axial Load

Effectiveness Ratio

Strain Energy

Potentlal Energy

Beam wmm’

o o< & B w Z W

Core Thickness

"~

Beam Length
n MNumber of Fasteners
t Face Plate Thickness

u Face Plate Deflection along x-Axis
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v Béam Deflection along y-Axis
o Edge Fixity Coefficient '
o Siress

Subscripts
{ Face Plate

--¢ Core

s Solid Beam
v Viscoelastic Beam

STRUCTURAL ANALYSIS

In this section analytical expressions are
derived for an idealized viscoelastic boam sub-
jected to various loading conditlons, Applica-
tion of appropriale limits reduces the expres-
slons to forms applicable to aolld beams. The
exprescions are used In conjunction with test
data to assess the eifeciive edge flxdly cosffl-
clent and the eflective fatigue and plastic
siress concentration factora that exist at the
edges of the various viscoelasiic heam designe
studied. ’

Critical Buckling Inads

The idealized model of the sandwich heam
considered in this analysis consistis of tvo face
plates of equal thickness bonded o 2 viscoelas~
tic core. The internal loads produced in the
face plates by external forces are derived
using the principle of virtual dieplacemants
whereby the variation of the total energy aseo-
ciated with the beam must vanish, Thus

BU+V) = 0, Rt

where U i3 the total strain energy associzated
with the internal loads in the beamand V i
the total potential energy associated with the
applied external loads. o

The strain energy terms which are in-
cluded in the analysis are those assoclated
with (1) extension and compression of the face |
plates, (2) bending of the face plates, (3) bend- |
ing of the viscoelastic core, and (4) shear of
the viscoelastic core. In general, for most
viscoelastic damping materials (3) akove will
rot coniribute significantly to the tofal ener
of the beam, It is leit in the analysis, how-
ever, to facilitate checking., The toial siraln




hergy ascerciated with the viscoelastic beam
shown {n Fig. 1 can be written

U = 2U1#2U2+U3+U4. 2)

Fig. 1 - Idealized viscoelastic boam

The subscripted enercy terms on the right
hand side of Ba. (2) refer to the straln ener-
gles identifled atove. For a beam of uniform
cross section if can be shown that the strain
energy terms of £q. (2) are:

¢
il
U, ‘=—2-Eibtf (%f) dx, (3)
{ 9 2
1 [(dv>
Y =5 d‘v (4)
273 P:JO 2
1 R
21 a%vy
U3 _ZECIC_L( 7) & (5)
1 Laa B 2 av)?
S RPN + u o dvy
U4_2Gdo[(_d>(d_?t dx)(\. (6)

Implicit in the derivation of the atove
strain energy equations are the agsumpiions:

(1) loads are distributed uniformly
across the width of the beam,

(2) the extension and compression of the
face plates, due to bending of the
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beam, are small compared W the
distance between the conter of tre
core and the cernter of the face plates,

The potential enary associated with the
J
axial compression leads applisd at e ends of
the beam 13

.7 2
.1 (v
Va = . ijo '.‘ix) dx. (7)

~f

Through the use of Eqs, (1) through (7) and
the appropriate toundary conditions, it can te
shown that the critical tuckling load per unit
width Is:

Ncr = Na Na + Gd ’ @)
where
2 Ea%
N, = DV—Z—Z T2
”2
o = 7vn (50 B L)

Tte critical buckling load of a solid beam
of thickness (2t) Is determined from Eq. (8) by
allowiny the shear modulus of the core to go to
tnfinity (G -= =) and the cora thickness to g0 to
zero (d —~ 0). The btuckling load equation thus
reduces to the Euler equation

N, =ag —58EL. (9)

Comparing Eqa. (8) ard (3), it 1s noted
that the core material effects tha eritical
buckling load in two ways. First, tha core
material Introduces shear and adds bending
rigidity to the beam and sacond, it alters the
attachment charactaristics (edse fixity coaffi-
clent, o) of the beam. The shear modulus axd
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bending modalus of the core are properties of
the material and are assumed independent of
the beam design, The edge {ixitr coefficient,
on the other hand, is assumed a function of the
design configuration of the beam as well as the
attachment. Values of o may vary from unity
for pinned-pinned edge conditions to 4 for
clamped-clamped edge conditions,

Bending Fatigue Stresses

The maximum stress developed in the {ace
plate of a viscoelastic beam due to bending is
derived using the same idealized model and
analytical procedures as those used in the
derivation of the critical buckling loads. Iden-
tical strain energy terms are considered.

The potential energy considered is that due to
the lateral force (F) applied at the center of the
beam. The energy associated with this loading
condition is

Vb = .Fy . g (10)

Using Egs. (1) through (6) and Eu. {10)
and the appropriate boundary conditions, it can
be shown that the maximum stress at the out-
ermost {iber of the face plate is

B .

Ft £ d

o =K‘—;:‘——'——(t+—)
v v 8:.flb+EcIc 2

- (11)
t {4
(%)
where
10 = 2It + Ia,
1 = 3bt@sv?,

2 1/2
= |26, _GCpdst)
= 3 w7 .
B d{2E $* ECiCS

The maximum stress in a solid beam of
thickness {2t} is determined from Egq. {(11) by
allowing the shear modulus o go to infinity
(G —=) and the core thickness (o go {0 zero
{(d—0). The equation thus dstermined is

=g Kt
a, = Koz - (12)

e
2

Compsring Egs. {11) and (12), two effects
of the core material on the mazimum stresses
are noted: (1) the cors material introduces
shear and adds bending rigidily to the beam,
and (2) the stresa concentration factor associ-
ated with the attachment is altered. As pointed
out earlier, the shear modulus and bending
modulus of the core are properties of the ma-
terial and are assumed independent of ihe de-
sign configuration. The stress concentration
factor, like the edge f{ixity coefficient, i3
assumed & function of the beam and attachment
desizgn configuratio,

Tension-Compression Fatigue Strezses

In the derivation of the squation {or the
stress procduced by an axdal fatigue load, itis
aszumed that the axial load carrylng capability
of the core can ba neglected and the net area
of the face plate material {s fully effective in
transferring the load from the face plates to
the fasteners. Base on thess assumptons, it
can be shown that the axlal stress is given by

_ P
v = K B 13
where t' represents the total thickness of the
face plate material along the centerline of the
fasteners. (See Fig. 2 for the assumed load
distribution for the two basic viscoelastic
beam design configurations considered in this
study. )
For a solid beam, the axial stress i3
R . :
g = Ky (b - nD)t (14)
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Fig. 2 -~ Assumed axial load disteilution

Unlie previous cases diccuyszd, the core
materinl aflects only the stress conzentratlon
factors In Zqs, (13) and (14). To stinplify the
notaticn, the same symbol (i) has been usad
for the stress concentration {actors tn Bqs.
(11) taroush (14). They are, of course, not
equal., The stress concentraticn {aciora Ln
Eas. {11) arnd (12) apply only to berding fatizue
while those {n Sgs. (13) '-—v:i (14) are ap 7711w ble
to axial fatlzue,

Axial Static Stresses

The analysis for the stress preduced by
an 2axial static load is identlenl to the aml;:is
for the stress produced by an axinl fatique load
except the siresa concentraticn faciors arse
plastic stress concentration factors instend of
fatizue siresa concentration factors., Thus,
BEga. (13) and (14) are applicakle excert for
interpretation of the streas concentration
factors.
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TEST PROGRAM
Seoclmen Deglgn

The primary consideration wi
twsic spevimen deslzn configurs
test pregram was that the desinn
tvoical of feasible alreraft type steuicture which
could be used to carry represantative airoraft
lcads and at the same time talin maxtmum ad-
vaatage of the damping characteristics aflorded
by the visceelastic materia] under study, The
asic conflzuration chosen was a sardwich con-
fizuration wiia a constrained vizcoelasus core.
The specimen face riates were fabricated frow
2024-T3 clad sluminum sheat stock ard the
viscoelastic core from a prljurethane com-
peund. Two types of altachments used in alr-
craft structure are rapresentad. The flrst 18
where a continucus s :'n i3 at:achcd to euroort
structure and the second is whara the edyz 0
£hkin panel i3 atiachsd, Spacls -«r»r:x which rep-
reseut these at mc"\ vent locations are refarrad
to a3 coniimuous keam and tutt joint specimens,
respectively.

The test specimens were pizod cuch that
the test loads approxdmated the leading of a
1C inch flat plate which mizht be used on an
airplare as surface siructure in a hlzh notse
level environment. The varicus test speclimen
designs are shown {n Fig. 3. AD-5 rcound head
rivets were used to attach all test specimens,
except the static tenaion specimens, to the test
fixtures. Steel 1/4 Inch screws were used asg

fasteners for the static tension gpacimens

gince the shear strengih of the rivets was in-
suificiznt t0 inzure 3 {allure of toe baan gnec-
imen., All f2szners, {astener spaciags, and
ecze distances wers? c‘zoem to conlorm to
standard design practices applicable to aly-
c12ft structure,

A total of six different joint confizurations
were chosen as recresentalive dealgns for the
test specimens. They are shown in Fiz. 4.

Four of the confizurationsa incorporated
viscoelastic material in thelr desim. They
are subdivided into two groups., The first
Zroup consists of a continucus viscoelaste
layer which runs the leatth of the beam {Con-
flcuraons I and IV). In the seccend group
(Corzf_,, ations V 2ad VI) an alumimim inzert
raplaces the viscoelnstic core alor,g the edze
of the beam which I3 attached to tha test {ix-
ture. To simplify fabrication, tha Ln serts
were bonded to the face plates with the same
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Fatigue
Specimen Cora Compression
Configuraticn Thickness Static Bending
Tenalon Tenslon-
Compresslon Butt Continuous
Joint Beam

I ! - 3 3 7 7 6

I I - - - - 6 6

i 02" 3 3 7 7 1

o . 03" - - 6 6 -

v 027 - - 8 7 -

v o2 - 3 7 6 -

v .05" - - - 8 -

Vi 02" - - 8 8 -

bonding material uzed to tond the core
material to the plates, Two of the vizccelastic
beam designa (Condirmuraticons [ ard V) ware
attached to the tast ‘lxure volng only mechani-
cal fasten28 and two of the daoima {(Conflpu-
rations IV and Vi) were bonded 23 wall as
riveted to the test {xtire. For most of the
specimens the core thickness and face plals
thickness {a , 02 inch. However, some of the
fatigue test specimens wera {abricated using
.05 {nch core material o that the effect of
varying the core thizkness could he evaluated,
The remalning two design confiirations were
used 28 control specimens. Thay were fabri-
cated from .03 inch aluminum sheat, Tha
thickness of the control specimens was chosen
g0 that the strength characteristics of the
viscozlastic specimens without Inserts could be
compared to the strength of the control speci-
mens on an equal welzht basis, One of the
conflzurations {Corfizuration 1) was attachad to
tha test fixtire by menns of mechanicnl fasten-
ers only while the other (Condizuration I1) was
tonded 28 well as riveted to the test fitlurse,
For the sake of brevity, conflzurations I, IV
and V1 will oftan be referred to a3 bondad
specimens and configurations I, Il and V as
unbondad specimens.

123

A otal of 124 specimens 'was tested dur-
ing the test program. The allotment of speci-
mens {8 shown in Table 1.

Test Procedures and Regilts

Six test specimens were subjected to com-
preesion loads using a static test machine.
The lateral deflection of the centar of the spe-~
clen was measured at various lozd levels.
The resulls of the testa are presented in Flga.
5 and §in a {orm suggesied by R. V. Scuthwell.
In the Southwell method, the ratio of the later-
al deflection of the team to the compression
load {5/P) is plotied against the lateral deflec-
tion (s). The inverze ¢f the slope of tha curve
i{s the critical uckling load of the specimen.

In the static tension tes?, nine spacimens
were lested to failure in a fifty thouzand pound
statie test machine shown in Fig. 7. Each
sreclmen was loaded to {ollure at the rate of
60C0 1b/min. The fallure londs determined for
the specimens are lsted in Table 2.

Thirty-nine specimens were subjected to
tension-compression fatigue loads in the
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Fig. 7 - Static tension test specimen
installed in a 50K pound
static test machine
TABLE 2
Static Tension Test Data
: 1
Ultimate
Desc;}ption Specimen | Tenslon { Fallure
. Code Load Mode
Specimen (15)
Control C3ST-1 9480 Skin
(Type I) C38T-2 8620 Skin
C38T-3 9320 Skin
20 M V.E. Is-1 4980 Skin
without s-2 4940 Sidn
Inserts 1Es-3 4560 Skin
(Type I0)
20 Mil V.E. vs-1 84C0 Skin
with Inserts | V8-2 8140 Skin
(Types V) VS-3 8480 Skin

constant-amplitude, axial load fatigue test
machine shovm in Fig. 8. Locading was apnlled
at the rate of approxdmately 30 cycles per sec-
ond. The load consisted of a mean load and a
cyclic load. The mean lead was equivalent to
a net area stress of 5, 600 psi for all speci-
mens while the cyclic load, which was held
consiant for any one specimen, was varied be-
tween specimens to determine stressg-life
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e di Lk s s

Fig. 8 - Tension-compression fatizue test
specimen installed in a constant-
amplitude, axial load fatigua test

3 machine

information. Testing continued until the
specimen falled or until ten million cycles
were accuraulated, whichever occurred first.

During testing, difficulties were encoun-
tered in the application of high compression
loads which buckled some cf the specimens.
In order to eliminate this problem, clamps
were placed at the center of the specimens as
shown in Fig. 9. The clamps provided effec-
tive support to control buckling of most of the
specimens tut did not affect the axial fatigue
load carrying capability of the specimens, The
cyclic loads and cycles to fallure determined
for each of the specimnens tested are plotted in
Figs. 10 and 11,

Eeventy specimens were subjected to tend-
tng fatigue loads in the servo opsrated test flx-
ture shown in Fig. 12. Fatigue loads were ap-
plied at the rate of approximately 8 cps through
a loading bracket attached to the specimen,

The ends of the specimens were attached to the



Fig. 8 - Close-up view of tension-compression
fatigue test specimen showing support clamps

. joint.

test fixture by joints which were {ree to rotate
and allowed the beam to slide freely within the

Fig. 13 illustrates a typical tatt joint
specimen installed in the test fixture. The
photo is a double exposure showing the beam: at
two deflected positions. A constant-amplitude
cyclic load was applied to each specimen.

. Loading continued until failure occurred or un-

til the specimen was exposed to approximately
one million cycles, Plots of ¢yclic load vs

‘cycles to failure are presented in Figs. 14

through 17.

DISCUSSION OF TEST RESULTS

In this section the test results are dis-
cussed both in terms of applied loads and in
terms of the resulting stresses. The first
enables comparisons to be made of the load
carrying capabilities of the test specimens;
the second permits evaluations to be made of
the effective stress concentration factors
which are required for analysis, For the
purpose of comparing the load carrving capa-
bilities of the various configurations an "effec-
tiveness ratio”, Rjpaq, is defined as follows
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Load carried by the visco-
- elzatie snecimen
Rload i0ad carriad by the control
) gpocimen

The efiectivenves ratio for each configuration
wil depend upoa the type of loading and In the
caze of {atigue loading, will also depend upon
the levels of the mean and varying loads.

Compression Tes!s

The critical buckling ioad of the control
gpecimen can be caleulated from Eq. (9). ¥
the specimen I8 assumed to have clamped
edges go that the edye fixity coefflcient (») in
the ecuation iz equal to 4, a eritical buckling
load of 103 1ba. 15 ealculated, This value is
compared with the test data by constructing a
siralght Une through the teat data shown in
Figz. 5 with ana Inverse slope of 103 lbs. The
caleulzted value 18 seen to b2 in good agree-
ment with the test data.

The test dala for the vigcoelastic specl-
mens are plotted in Fig, 8. The {nverge of the
slope of the lne construnted through the data
detarminea a critieal buckling load of approxi-
mately €0 Ibs. Thus, for critical mekling
loads, the visceslastic beam has an effective-
nees ratio of approximately 60% compared to
the control beam of the same welght,

The aralytical \‘ez:pression for the critical
tuckling load assovlated with the viscoelastic
beam is glven by Eh. {8). The value of o i3
establizhed by the edye constraints of the beam.
I 1 is assumed that the shear modulus of the
polvurethane core is 800 pail and the critical
ruckling load per unit width 1s 24 1b/in. as de-
terminzd in the test, the value of o is fourd to
be 2.25. *‘

Two typical compression test fallures are
showm in Fig, 18. OCne of tha specimens shown
13 a buckled control specimen and the other is
a btuckled viscoslaste specimen.

State Tension T_est;«;

Three specimens of each of the jolat con-
figurations I, I, ard V were statically loaded
in tenalon to fatlure. Typleal fallures obtained
are shown In Fig. 13. Fallures of the conirol
spacimena were 2 combination of tearing of the
specimen botween the {asiener holes and tear-
ing batween the holes and the edges of the
plate. The fallures asgociated with the viaco-

Fig. 18 - Typical compression
test failures

elastic specimens were a combinaticn of 2
bearing fallure of the specimen behind the fas-
tener holes and tearing between the fastener
holes, In the case of the viscoelastic speci-
mens with inserts, the tearing extended
through the face plates and inserts along the
same line,

The effectiveness ratic for static tension
loads are computed from test data listed in
Table 2. For equal weight specimens (I, e.
those without inserts), the effectiveness ratio
is approximately 50%. The sddition of inzerts
to the viscoelastic specimen Increases the ef-
fetz%ﬂveneas ratio of the int o aporoximately
85%.

Using an ultimate allowakbie stress of
€3, 400 psi for the face plate r-aterinl, Egs.
{13) and (14), and the results of the atatic ten-
slon tests, the plastc stress concentration
factors associated with each design are deter-

. mined, They are 1.2 fnr the control
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speeimen, 1.7 for ¢he visccelastic specimen
without inzerts, and 1,5 for the viscoelastic
specimen with Ingerts. For equal weight spe-
cimzns it i3 evident that the viscoelasHe core
increazes the plastce streus concentration fac~
tor significantly. The addition of the inserta is
beneficial although it does not produce a strecs
concentration factor egual to that of the control
specimen.
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(a) Screw hezd side

IS-1 Control
I5-2  Viscoelastic without §

.

{b) Nut sid»

nserts

VS-3 Viscoelastic with inze1ts

Fig. 19 -Typical static tension failures

Tension~-Compression Fatigue Tests

Fallure modes a ated with the un-
bonded specimens under te sion-compression
fatigue loads were of two general types - rivet
failures and skin faflures. Typlcal examples
of these failures are shown in Figs. 20 through
22. Examination of the rivet {ailures revealed
that for the control sgecimens the primary
mode of rivet fallure was shearing of the rivet,
For the viscoelastic specimens, rivet bending
failures were the most common mode of {ad
ure for the specimens without inserts, s...JP
rivet fallures due to bending ard shea‘ were
both common modes of fallure for the specimen
with inserts. All rivet {atlures occurred at
the interiace batween the loading bar and the
specimen, All skin failures consis’2d of tear-
ing of the face sheets between the fastener
holes. In the cases where Inser's were used
in the joints, the Inserts tore along the same
line a3 the face sheets, Referring to Fig. 10
it i3 noted that at load levels for which the £
tigue life i3 less than arproximately caven
hundred thousand cycles, the rivets Iall, At
lower load levels all fallures are skin fallures.
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At these lower load levels the viscealastic
jolnt conflzuration apnpears to have lttle effoct
on the cyclc load level reguirad to produce
fatlure.

The effectiveness ratio of the untorndad
viscoelastic epecimena for tension-
compression {atigue loads {8 detern.dned by
comparing the allowable loads for the vigco-
elastic specimens with those for the control
specimens, For a life correspending to on9
million cycles, the effectiveness ratio is ap-
proximately 35%.

A1l of the bonded specimens exhibited the
same failure mode, i.e. fallure of the face
rlates. Examples of this {failure mede are
shown in Figs. 23 and 24. Most of the fnllures
occurred in the outer skin along the Inside edye
of the rivet heads. Cre of the spacimens,
falled in the face plates along the ed;e of the
insert.

Comparing the test results presanted In
Fig. 10 with the test results prezentsd In Fig.
11 for the bonded viscoelastic specimens, {t



ig. 20 - Typical tension-compression {atigue
failures of unbonded control specimens

{2) .02 inch viscoslastiic core

Fig. 21 - Typical tension-compression fatigve
fallures of untonded viscoelastic
specimens with inserts

appeare that bonding the specimen to sub-
structure

{1) makes the rivet lcads less critical

{2) tncreases the tension-compression
fatigue lcad resistance of the visco-
elastic design configurations,

{3) improves the load carrying capahility
of the viscoelasHc specimen with in-
gerts more than that of the specimen

without inserts.
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{b) . 05 inch viscoelstis cove

Fig. 22 - Typlcal tension-compression fatigue
failures of unbondad viscoelastic
spacimens without inserts

In the analysis of the tension-compression
fatigue specimens, it is assamed that existing
8-N fatlgue data applicable for conventional
structure can be used In the design of visco-
elastic specimens. The cycllc nominal fatigue
stross asscciated with each specimen was cal-
culated using £qs. (13) and {14) and the cyclic
lozd test data. The computed stresses asso-
ciated with the unborddad sperimens are piotied
in Fig. 25, In order to asz2ss the value of the
stress concentration factor associated with
specimen designs, axial §-N curves for 2024-
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133




T3 aluminum for various stress concentration
factors are Included in Fig, 25, The 8-N
curves ware obtained from MIL-HDBX 5.

RBazed on the data for which skin failures
oceurred, the stress concentration factors {or
the viscoolastic specimeng ars significantly
greater than for equal welght control speci-
mens. Moreover, the effective siress concen-
tration factors associated with the viscoelastic
gpecimens with inseris appear to be greater
than those {or the specimens without inserts,
This apparent anomaly is an indication that the
{nscrts are not completely effective in trans-
ferring the azial face plate loads to the
{astensars.

The calculated nominal fatigue stresges
associated with the bonded test specimens are
plotiad In Fiz, 28, Alzo included in the figure
are 8-N curves for stress concentration fac-
tora of 2 and 4. Comparing the test resulls
prezented in Figs. 25 and 28, it appears that
bonding the {est specimen {o the support struc-
tare decreasges the apparent stress concentra-
tion factors for each of the viacuelastic design
configurations. ‘ :

The effects of the viscoeiastic laver on the
load carrying capability of the rivetsare demon-
strated in Fig. 27. Specimen fatlures which
occurred at load levels corresponding 4o 2 life
of seven hundred thousand cycles ware typical-
ly rivet failures. The sandwich construction
used in the viscoelastic specimen deaign pro-
duces bending stresses in the rivets which,
along with the shear stresses, produces s
higher apparent stress concentration facter in
the rivet of the viscoelastic speclmens than in
those of the control specimen. The data are
inconclusive in determining the effects of in-
creased core thickness and the use of inserts -
on the fatigue characteristics of the rivets,

Bending Fatigue Tests

In the bending fatirue tests, a1l specimens
exhibited the same failure mode, failure of the
skin across the width of the beam away from .
tre fastener holes. Typical exampies of the
skin fallures are shown in Figs. 28 through 31.
The significant differences between the modes
of failure of the specimens are the locations

‘of the failures. The unbonded control speci-
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Fig. 28 - Cyclic net area axial fatigue stresses, bonded specimens
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{a) Continuous beam
.02 inch viscoelastic core

{b) Butt joint S
L1 B2-6 .02 inch viscoelastic core

I B5-2 ,05 inch viscoelastic core

Fig. 29 - Typical bending fatigue failures
of unbonded viscoelastic specimens
without inserts

V B2-2.02 Inch viscoelastic core
V B5-4 .05 inch viscoelastic core

Fig. 30 - Typleal bending fatigue fallures
of unbonded viscoelastic specimens
with inserts

v B¥6 without inserts
Vi B2-2 with inserta

" Fig. 31 - Typlcal bencing fatigue failures of

bonded viscoelastic speclimens -
.02 Inch core
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mens and viscoelastic gpocimens wilh
serts falled along a Hne Infrontofl &
the rivet heads. Tho unbonded s2oe
inserts fatled alorg the edzo of the Inzaris,
The bonded specimens all fatled at the edya of
the bord line.

From the standpoint of load carrying
capability several trends are {ndicated by the
test data shown in Figs. 14 through 16. First,
referring to Figs. 14 and 15, It 2ppears that
the resistance to bending fatigie loads of each
of the three bonded confiurations is less than
that of the unbonded specimens of the covre-
sponding configuration. Referring next to
Fig. 14,1t appears that for the unbonded tutt
joint specimens, the addition of the {nserts
improves the bending fatigue load resistance
of the viscoelastic specimens with core thick-
nesses of both . 02 {nch ard .o 1tnch.  Also for
the unbonded butt joint specimens with inserts,
the bending fatigue Inad resistance app2ars to
be significantly greater for th~ speciinens with
.02 inch core than for the spec.mans with a
.05 inco cove, The corresvonding slatement
for specimens without inz2rts apoears to be
true only for the higher load levels,

Nominal face plate stresses were calcu-
lated using Eqs. (11) and (12) and the bending
fatigue load data discussed above., Epecimen
deflection measurements were made during the
bending fatigue tests. The measured deflec-
tions were used to determine ecuivalent beam
lengths, which were then used in the stvess
calculations. The calculated stresses for tae
specimens vs cycles to fallure are plotted in
Figs. 32 through 35. Also shown in the {irmure
is a reverse btending S-N curve for 2024-T3
clad aluminum. The curve is for an unnotch
specimen and has been extended from one hun-
dred thousand cycles to ten thousand cycles.
The trends observed in evaluating the bendinx
fatigue load resistance of the specimens can
be restated in turns of stress concentration
factors by means of the data shown tn Figs. 32
through 35. The stress concenirntion factors
of the bonded tritt joint design confiqurations
shown in Flg. 35 are greater than those for the
corresponding unborded design confisuration
shown in Fig. 33. For the unbonded viscoe-
lastic specimens, the inserts appear to recuce
the stress concentration factors associated
with the .02 in:h core design and the .05 inch
core design. Also, the stress concentration
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factor aszociated with the viscoelastic specl-
mens with inserts and , 02 inch core s logs
than the stress concentration facior of the
speclmen with the , 05 inch coro.

Althcugh the data indicate the abowve
trends, {t1s noted that scatler does exist and
terds to obscure many of the diiferences which
may exist. It is of Interest to note that data
are more consistent for the continucus heam
srecimens than for the butt joint specimens,
Also, for the tu't joint specimens, there is
coasiderably less scatter for the tonded spe-
cimens than for the unbonded specimeons,

CONCLUSIONS

1. The critical tuckling load of the viscoe-
lastic beam tested ts approximately 8070
of that fer the control beam of the same
weight.

2. The use of inserts in the viscoelastic
specimens increases the ultimate teneile
strength of the joint from 50% to 85% of
that of the control speciimens,

3. The resistance of the joints containing
viscoelastic material to tension-
compression fatigue loads is, in general,
considerably less than that of the control
specimens. For the unbonded sp2cimens,
he inserts have little effect on the fadgue
life of the joint at the low load levels,
Bonding the specimen to the loading fix-
ture provides a significant improvement
in the tension-compression {aticue resis-
tance of the joints containing viscoelastic
material and at the same time increases
the effectiveness of the insert.

4. The scatter of test data makes it difficult
to evaluate the effectiveness ratios asso-
ciated with the various viscoelastic design
configurations for bending fatigue loads.
However, in general, they are significant-
ly higher than for tension-compression
fatigue loads. Bonding the specimens to
the loading fixtures changes the fallure
location and reduces thelr reslstance to
bending fatigue. The inserts, in general,
improve the bending fativue resistance of
the joints,




~ DISCUSSION

Mr, Ungar (Boit Beranek and Newman ):
You are telling us that viscoelastic inzerta are
not good even if you have a fatigue problem,
Some of the data that you have shown, of course,
showed that adding viscoelagtic material reduces
the fatigue resistance, What did you keep con-
stant? I know that you had a conatant Inad
amplitude during any given test, but did you
design your specimens fo have a constant stress
amplitude a8 well?

Mr, LaBarge: No we dld not. Iforgot to
menticn that we did design the specimens with-
out ingerts and the control spacimeng ware de-
signad guch that they both had equal weight, so
we hold that conatant. For the specin.ens with
inserts thiz was just an attempt to gee if we
could quickly incresse the fatizue resistance of
the spscimens without adding teo much weight,
When you add the inserts you have to accept thia
weight penalty. They &id not turn out quite 23
well as we had anticipated, and at the present
time we are looking into a chem mill proceas.
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As a matter of fact we kave already chers milled
some specimens to try to increase this fatigue
resistance and have had some guscess with it.
COf course there is the problem of fabrication.

Mr. Lajer (Barry Controls): Wers the
firat specimens which you shcwed in the slides
subjected to bending loada?

Mr. LaBarge: Yes—The flrst specimens
were bending specirmens.

Mr. Lajer: And thesa were not get up as
equals stiflness sectiona?

Mr, LaBarge: No, they were not equnl
etiffness. The control and the gpecimen with-
out inserts wore equal weight specimens. In
the paper we present analysis to predict the
stresses In the specimens and we also discuas
the effects of the viscoelastic matarials on the
KT associated with the stress concentration
factors associated with the joints.
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VIRFATION ISOLATIOY
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hopasaive iso{ation technigues have proven
tnadequate. The thaoretizal basis for the op ma'ion of the t1solation
system ts discussed, i“"iu(":": Cansrf.r?m::on of system stability.
Experimental data arn provided o unidirecional slngle—r‘ass isolation
systen configurations that crovide {imitad-»and {sclatton, broad-band
isolation, singlo-notch 1»ma'£"n, coarhninad notch and broad-band
isolation, multiple nntch 1s2lation, and no
frequency tracking. The rasuits e:f;:‘asx:‘o the unique performance

of uitra low-{requency vinraticn, zero state
deflections, rosponse substantially Indenen
{solated body,and the ability to tatlor the fregquency response character~
istizs to satisfy a wide range of speciiic requirements.

servnrachanism, which
zMuA:ion, has been reduced
sently being applied In the

ich isolation with automatic

on systems, including fsolation
c and st2ady-state relative
dent of the weight of the

INTRODUCTION

Vibration {solation systems may be cate-
gorized as active or passive, depanding cn
whether or not external power (s required f{or
the isolator to perform 1ts function. Active
{solation systems are servomechanisms com-
prised of excitation and/or response sensors,
sensor signal processors, and acwators. The
sensors provide signals proportional to dynamic
excitation or response quantities; the signal
processors modify and combine sensor signals
to create a command signal; and, the actuators
apply forces or induce motions in accordance
with the cemn.and signal,

Depending upon the nature of the feedback
and the actuation mechanisms, active tsolatler
systems can generally be classified as electro-
mechanical, pure fluldic (pneumatic orhydrau-
lic), mechanofluidic {mechanopneumatic or
mechanohydraulic), electrofiutdic {eleciro-
pneumatic or electrohydraulic), electric-flutd
{elentrically conductive or magnetic flutds),
and electrodynamic [11%., Although any of these
types of active {solation systems may ba
suitable for a specific problem, the electro-

*Numbers in brackets designate References
at end of pager,

141

hydraulic {solation system offers a number of
advantages that make it applicatle to a wide
range of vibration and shock isnlation
problems {1-9], The infcrmation presanted in
this paper represents some of the results of a
continuing corporate research and development
program o1 active isolation being conducted by
Barry Controls,

Schematic diagrams of the electrohydrau~
lic vibration tsolation systems constdered in
this paper are tllustrated In Fig. 1 for vibration
excitation a{t) of the foundatinn. The purpose
of the isolator is to reduce the level of vibra-
tion response x(1) of the isolated mass. The
mass m for the isolation system shown in
Fig. 1{a) is connected direciy to the hydrau-
lic actuator rod whereas, for he isolation
system shown in Fig. 1(b}, the mass m 1s

.connected indirectly to the actuater rod by a

flexitle machanical coupling (passive isolator).
For the purpose of this paper, it {s assumad
that the unidirectional single-mass isolation
systems are linear and expc.ience translational
vibration only. Furthermor:, both the {solated
mass and the foundation are assumed rigid.
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Fig. 1 - Schematic diagrams of
electrohydraulic isolation systems

{2) without and (b) with a flaxible
mechanical coupling {passive isolator)

The electrchydraulic isolation systems
considersd in this paper employ acceleration of
the isolated mass and relative displacement
between the mass and the foundation as the
primary faedback signals. These signals are
modified and comiined in the servoamplifier to
produce a command signal that operates a
sarvovalve to control the flow of a relatively
incompressible fluid to and from the hydraulic
actuator (double-acting cylinder). The servo-
amplifier consists of active slectronic networks
that perform amplification, attenuation, differen-
tiation, integration, addition, multiplication,
division, frequency response shaping, and
compensation functions. Consequently, the
flow through the servovalve can be mads a
function of a wide variety of parameters, such
asg jerk, acceleration, velocity, displacement,
time=-integral of displacement, etc., whern the
offect of each feedback parameter is controlled
independently by adjusting its gain,

Feodback control systems are suscepiible
to instabilities that occur in various forms,
such as stoady-siats limit cycle oscillations
(hunting) and transient oscillaticns with ampli~
tudes that incraase in time. Thersfore, a major
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considaration fundamental 1o the design of
electrohydraulic isclation systams s the
reguiremant {or system stability.

NOMINCLATURE

Shewn {n parenthesas are the units of the
paramatars in terms of {orce {F), langth (L), arnd
time {I). Capital letrers are used to dasignate
the Laplace transform of Ume-dapendent
variables denoted by low casa im'e*s 9. Q..

P =pls) = 2{pit)]. ‘

PRRAMETER SYMBOLS

A = average actuator area {L7)
v = nominal sctuator chamber volume {1°)
B = bulk modulus of hydraullc Huld (7/1%)
: 3
C‘ =  leakage coefficient for piston{l.;;- %)
w, = = natural frequency of mass
and actuator {1/7) '
Cluym
{, = ——2— = fraction of critical damping
a 2K of mass and actuator,
dimensionless

m = mass {FT/1)
k. = stiffness of flexible coupling (?/L)

Cy = acceleration feedback flow gai'xx‘ /~—-5)

C. = relatve velocity feedback
flow gain {\%i/%)
Cyq4 = relatlve displacement fesdback
flow ga:n(—';:/x.)
C1 = integral-displacemant feeéback
a
flow gain (%—/LT)
p = pressure (£/1%)
q = flow {1*/7
a = displacement of foundation (L}
y = displacement of actuator red {L}
x = displacemant of mass {1}

8 = (x-a) = ralative displacement of
mass (L)




z =
£ o
W -
We =
wh =
Wy =
&g ¥
Ne =

Gis) = transfer function of slectronic network,
dimensionlnss
H{s}= transfer function of fLiod element,
dimensionless
TA(S) = X{3}/a{s) = ahsolute system transfor
function, dimensionless
TR(S) = Als)/als) = relative system transfer
function, dimensionless
To(s)= open-looo system transfer function,
dimensionless
E{s) = Laplace transform of external excita-
tion signal —I.:- T)
v T
N = numbar of notches, dimensionless
s = Llarlace operator {1/7)
T = time constant (1)
t = tme (T)
L = constant value of jark /T
g = acceleration of gravity (/1*)
i = 's}'l
SUBSCRIPTS
v = upper actuator chambser
v = lower sctuater chamber
=  gccelerometer
d = displacement transducer
sy = gervovalve
c 2 flexible coupling
= fixed element

{y~a) = relative disc)icaront of ‘
actuator rod (1)

fregquency (1/7
29§ = angular frequency (1770

\‘kc/m o ratural freguaeroy of rmass
and flertbia coupiing (1/7T3

NP noseh froquency {1/7)
lowest notch {raguency (/1)

natural frequency of second-order
system (1/7)

ratural frequency of fixe? elerent (1D

fracztion of critlcal daroing of sacond-
order system, dimensiocniess

GINTIAL SEFVOVAILVE FLOW LQUATI NS

Kot
From tha principla of congeeuntioe of

~a13, the flow (st nr oyt sf the nY e i

Hrear co~uloation of the fiow AL et 73

v ke molion across the aotoatoe, o

II W v = e - .

Hiles TP resuiting from storaga Aue z come

prassibility, end the flow C {p -7} resuiting

from leakace acrasg 1 sctun*onr 11509, For

an assumad pozltive relativa valacity 2, the
flzw oyt of the uppar cha~ier v7i.~e 18

. V.
a,=Az-7p,-C oy = 7) 2%
and the flow Into the lowar crhambsr volure {1
..V
q = Az Ogb\-q (py = ¥) 2

For tha purpose of a linear analvats 1155, t™ha
valve flow is daterminad as the averags ot q,,
and g, 89 follows:

qsgjo‘}la(b‘—bu) + Cla - py) )

for the isolation system shown in
Fig. 1{a), the force genarated by the actuator
e3uals the inertia force mx, as follcws

Alp, - py) = mx {H

Similarly, for the 1solation system shown in
Fig. 1{v)

Mp = p)= - k(8 -2) =X (g

Substituting Eq. (4) or {3) in Lg. (3) and simpli-
fying terms, the following relations for averaga
valve flow for the two isolation systams shown

in Figs. l{a) and 1{}), respectively, ara

obtained
. Cm

Cm
- Am o, Nm ) Y %
q “’(kc*m)“.\ x {6Y)

These equations for averagae flow through the
valve may be written in Laplacae transform
notation, as follows
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3 2{ s
Q= 250 ¢ A\‘«(" > .;;..;_..}g,‘,{ (7’5)

!gs <? Z{as
P b 1
Qrhsie A\m—:—0;‘:§* = )5)( (7937}

2

where @, 13 the natural Irequency of the rigid
mass m suTDoried by the flexible coupling
stiffness ¥X., and w, and L, are the natural
frequency and efipctive fraction of criticel
damping, respeciively, of the rigld mass m
c:mxplv:d {0 the actuator, By expressing the
valve flow 9 as a function of the feedback
paramaters and the {eadback parameter gaing,
Eqs. {6) or {7} provide the eguation of motion
{or the isolation system,

SIMPLIVIED THEQRETICAL ANALYSES

‘Simplifted analyses of the electrohydrau-
ic jsolation sysiem may be performad by
assuming incompressible flow {8 =» and
Wy we), zero loskaga {C, =0 and {5=90),
and unity transfer functions for the servovalve
-and fegdhack trengducers. Theses assumptions
ere velid for vibration at frequencies consider-
ably less than the natural frequencies asso-
clated with the sctuator, servovalve and
feedback transducers. As discussed later, the
flexible coupling betwaen the actuator rod and
the isolated mass i3 employed to achieve
improved high-{requency vibration isolstion,
Ceonsaquently, for the present low-freguency
analyses, the flextble courling stiffness ko
. and, therefore, the natural frequency w,. are
assumad 10 be infinite, With thase assump-
ticns, the average valve flow ig given simply

by

Q= Asd (8

in addition to establighing the fundamental roles
of the feadback paramatars and the {eedback
parameter gains, the sirmplified low-frequency
analyses serve to demonstrate the capability of
achleving extremely low isolaticn system
natural fregquencies, 2ero static and steady-
state ralative deflections, and considerable
flexdbility in shaping the frequency response
characteristics.

BASIC SYSTEM RESPONSE

By appropriately processing the accelera-
tion and relative displacoment feadback signals
in tha servoamplifier, the {low through the
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valve con ba made propoctionsl 1o aheolute
poceleration X, relative velocity &, and
relative dignisce~ent §, expretsed sz !oé;:xag
i Lagiace tranzfum agtation

Q- _(cas’x G s+ C 0) {3

wherg €., C, and T, represent the
soce! mzim, ralative valocity and relative
gispiacenent fzedback gains, respectively.
Combining Lg. (8) and (3}, the Iollowing
secondeorder equstinn of motion is obtained:

CSX*{L Y 94‘3+cdb 9. {13

Solution »f this equatisn for the absolute
transfer function T,ls) and the relative ran

fer funciion Tn(s) is as follows:

<, + As +C_23
C,s * <, + s +C

(1

TA(s} = 2

‘C s*
C sTHC +A}3+Cd

Tpls) = (12)

The form of thase equations are identical to
thosa that apply for a passive {solation system
whare the {solator is a parailel combinatidn of
a linsar spring and a viscous damper, The
feedback gains for acceleration 'C, and |

!
relative displacement C, dotermine the |
natural frequency ws m a manner simiiarto
the mass and siifinass parameters tn the |
viscous damped passive {solation system, as
follows: i

|

1

C4/C, an

Furthermore, the effective fraction of cﬂtlcal
damping  is given by

C, +A o
¢ |
* {14
2vC gy .;( )
: r

The ability to select faedback gatns| C,
and Cy over a very wide ranga (compamd 1)
the limitad rangas for the mass and su‘fnsss
counterparts of thasse paramaters in a passive
1solation system) is the basis for baing able to

provida extremaly low natural frequencies of
electrohydraulic isolation systems. Further-
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mere, since the mars m dnng nat arrant {n the
eguations of metion, the fzelxtion system
porformiancs :tdmctr..: ics ara {rdoneedont of
trm wetant of the (salated brd KN
fndlestas that, {f no velx! ig
e ved, the offaciiva vis pany ratio
1z dotormingd golely by the actontnr plston
araa A end the feedbark gains Oy and Cg.
I this caze, a changs In either the ascrls a-
tian or disclacement {rodback gaing will afizst
both the natural frequoncy & and the fraciion
of critical dawring [, The additiza of raladve
veloacity feeditack, therefore, provides & means
of {increasing or Hr:rm‘mg damping without
affecting the natural froguency of tha fsolation
systam,

[N

b

S
ty
[adof

For the sprcial case where only a~celera-
ticn feadbork {5 emploved, the absolute trans~
fer function is a first-order 123 and the relative
transier function Is a tirst-crder lead,as {ollows

- 1

;A(s) ket (13)
Ty

Tplsd = 7531 (18)

where the time constant T = C,/A. The result
{8 a resonance-free {svlation system with
greater degrees of high-{requancy isclation
provided fcr Iincreasingly greatar values of
accaleration feedback gain C,. In pracice,
it 13 unlikely that purn acceleration fnedback

- can ba employed becausa of tha suscantibility

of the system to voltagn or currant drift that
may causa large undestirad disolacemants of the
isolated mass., This difficulty can be remrediad
by the additicn of a small amount of relative
displacement feedback to provide position
control without materially altering tha isclation
characteristics,

Applving Routh's stability criteria [11] to
the characteristic equation for the closed-lcop
respenses given by Egs. (11) and {12), the
isolation system Is stable for C,, Cq > 0

and Cv >« A, Therefora, high gain accelera-
tion feedback may ba employed to achieve a
natural frequency virtually as low as desired
while maintaining a stable isolation systam.
It should ba noted, howaver, that linear
electrohydraulic fsolation systems of the type
dascribed abova may exhibit large dynamic
deflections in respyonse to shock excitation
bacausa of the extremely low natural fre-
quencies that can be achieved, To avotd this
situatich, nonlinzar electronic compensation
can ba introduced into the accelaration and/or
relative disnlacement feedback loops to
substantially change tha lcop gain for relative
displacements exceeding an established linear
range of operation {4]. This has the effect of

5

providing a hardening stiffness charaztaristic
with groativ increased foodback coantral c;ﬂ:r—

N 1o it tha rolative di FANVATD-
lv ond to racidly roposition the J"rM orin its
linnsr ronge of cperation,

K0 STEARY-STATL
5

In designing low-frequancy s0lation
sM‘n’m. the static and steady-stata relative
du{inctizng resulting from gustained acoclarsy~

snditions ara of considerable {npsrtance.

solaton systemsdascribad by a saro~d-
rdar esuaticn of motion (pa%lva or activy),
2 statlz deflection 8g¢ = g/tn”, where g
13 tra acceleration of gravity and mm 15 ths
natural frequency, Extremely large static and
steadv-state relative deflections occur for low
values of resonant frequency, The static and
stoady-stala daflactions can be elimirated in
thae electrohydraullc isolaticn system b, {ntro
ducing feadback that 15 a function of tha time=-
int2gral of relative displacament, or by lnuor—
porzting a lead netwoik in the acceleration
feadiack loop.

Eq. {9) for valve flow can bs modified to
include inteqral-displacement feedback control,
as follcws

. -
Q=-(Cs"X+C s+ CdA+01A/a) 17

where the integral-displacement gain C, = Cy/7,

and T i3 tha time constant of an i{ntegrator iIn
the relative displacement feedback lonp.
Combining Egs. {8) and (17) results in ths
{ollowlag third-order equation of motion:

C,x |G, Ms*+Cy34C ] 4=0 )

Solution of this equation for the absolute ana
the relative transfer functicas is as follows:

c,+ Ne? + Cus +C,
Ty(s) = s+ [C,* N+ Cys+Cy

(19

-Casa
Tgls) = C=+ T, +Ns?+Cys+C {20}

Application of the final valus theorem [12] to
the solution for relative deflection given by

Eq. (20) for the case gf unit acceleration stap
excitation &{s) = 1/5° indicatas that tha static
and steady-state ralative deflections are zero,



as follows

limit mit Hmit, T ( )
6 =g Is(&)] = g-0 sd(s)]s 50

=0 (z1)

Applying Routh's stability criteria to the characteristic equation for the closed-loop responses given
by Eqs. {19) and (20}, the isolation systam {s stable for C;> 0, C,,> -~ A, and {C, + AJCq > CaCy &
Therefora, Incorporation of time-integral of relative dizplacement feedback provides a meszns of

. eliminaiing static and steady-state relative deﬁectlons while maintaining a stable isolation system.

Eq. {9) for valve flow can be modified to tnclude a ﬂrst-order lead co-‘rpensaticn network
Ts/(Ts + 1) in the acceleration fesdback loop, as follows

2 ,
IC ?s " l)s X +CvsA* CdA’ {22)

whera T is the time constant of the lead compensation network, Cor ..bining Egs. {8) and (22) results
in the following third-order equation of motion:

3 3 ‘
C,Ts x+[(cv+mr5 +(C,+A+CyM)s +cd].&=o 2%
Solution of this equation for the absolute and the relative transfer functions is as follows:

(c + AT +(c +A+C r)s+cca

Tpls) = ‘c“;”r,,ﬁ c,+ A)fs"'+ (C,+A+C,Tis+Cy 29
—Ca‘rsa
Tyls) = CFe 7 (G, TR Ts 3 (G, 7 A+ G + (29)

Application of the final value theorem to the solution for relative deflection once again indicates that
the static and steadv-state relative deflections are zero. Routh's gtability criteria applied o0 the
characteristic equation for tha closed-loop responses given by Eqs. (24) and {25) indicates that the
isolation system is stable for C,> 0, C,,> - A, and (Cy + A){Cy + A+ Cy" >CyCy. Therefore, use
of first~order lead compensation 1n tha accalerauon foedback 1oop serves to elimina e static and
stoady-state relative deflections while maintaining a stable isolation system,

The addition of integral-displacement feedback control or lead compensation in the acceleration
loop doaz not materially alter the vibration isolation characteristics, since relatively low values of
gain Cy4 or high valuss of the lead compensation time constant T are generally employed. However,
a radically altersd translent responsa charazcteristic results for stap accelecations and, to a lesser
extant, for other forms of translent excitation. In addition to eliminating the static and steady-stata
rolative deflections, the peak transient deflections of ths isolation systems are reduced, Itis
intaresting to note that, for ramp acceleration excitation a(s) = J,/s* whera Jo is the constant value
of jerk excitation, the isolauon system has a congtant value of steady-state relative deflection given
by -], Ca/Cy and ~],Ca7/Cq for integral-displacement feedback and accaleration lead compensation,
respactively.

BOTCH ISCLATION CHARACTERISTICS

There are instances where it is desired to obtain both resonant vibration control and a degree of
vibration isolation greater than that provided by the basic electrohydraulic isolation system, as
exprassed by Egs, {11), (19) and {24). For example, a high degree of isclation at a particular fre~
quancy may be preferred over broad-band isolation characteristics, Networks for shaping the
fraquency response characteristics of the electrohydraulic {solation system may be incorporated in the
acceleration loop, as the following discussion demonstratas ralative to achleving single-notch and
multipie-notch isolation characteristics, This type of electrohydraulic isclation system is particularly
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well suited to adaptive co*.':c!
employed to have the notch-

e a frodhack control signal propertional 1o finquarcy can bae
y automaticaily tratk the {requency of exaltation.

Single~-Notch Isolation

A very high degrea of vibraticn iselation may ba obisined at a discrete frequency by Incorpo-
rating a freq\.prr-y response shaping netwark having an und 3"1;:01 reson 1ce characteristic {n the aczal-
eration loop. Ons such network is represenied by the transfer functicn w,¥(s® + wy®), which epplies
for a simple undamped second-order osciitator. This r.Mwork providasz an ir.z'h:m gain in the azcol-
eration feedback loop at the frequency w = wp, thereby rasultlng In zero tranzmission of vibration as
demonstrated below.

UL

Modifying Eq. (9) to include the second-order osciliator network in the acceleraticn loop gives

3
()] a.
Q=- l(‘ ("’_——"w ) s X+ C b+ Cdbl B (26)

Combining Eqs. (8) and (26) results in the fsllowing third-order equation of motion:

cawn°s°x+l(cv+‘&) 53+Cdsa+(C,',+A)w:s+cdwnzlﬁ=0 (27)

Solution of this equation for the absolute and relative transfer functions is as follows:

I(C +A)s+cdl(s +w ?

(s) = n) (28) .
Ta c, +A)s® +(Cmf+cw +{C +A)@’5+de"
-C.w *s?
‘I‘(s) (C, +Als s> +(C ¥ ‘EC?)S‘MC +A)w 5+4C w <
n d v n d n (29)

Upon substituting s = jw, thesa sgquaticns indicate t 12t the absolute transmissibility i3 zero and thae
relative transmissibllity is unity for W=, Conss

'1 lv this form of the electrohydraulic isolation
system is ldeai for the isolation of vibraticn r-xc:tzv' n baving a single discrete frequency. An eddi-
tional advantage i8 the relatively small relative deflecticns that occur in responsa to sheck excitaticn

Routh's stability criteria applied to tha charactzristic equaticn of tha closed-lcop responses given by ’
Eqs. (28) and (29) indicates that the isolation sysiem is stable for C4, Cq > 0 and C,, > - A,

Multiple-Notch Isolation

Notch isolation charactaristics may be obtained at more than one frequency by using several
second-order oscillator networks arranged in parallel in the acceleration loop. The frequency

N
response shaping network s represented by the transfer function L {(un/up)
n=1
represents the summation of N single-notch networks having arbitrarily spaced natural frequencles,
and a gain relationship of wy/wp to provide equal percentage bandwidths of each notch. This net-

work providas infinite gain in the acceleration feecback loop at each notch natural frequency wm= wp,
thereby resulting in zero transmission of vibratlon a3 demonstrated below.

[gn,’(a + wy )] . which

Modifying Eq. (9) to include N parallel second-order oscillator networks in tha accelaeration
loop gives

;‘f(“‘;“n ) 2
Q=- Can:l *——T54+wn s°X+C sd+C b (30)
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Combining Egs. (9) and {30) results in the following (2N * 1\Peordar equation of

motion
N wh @n
Ca fl(s + @g ) X+ (C, +A)w”CAt : (31)

- Solution of this equation for the absolute and relative transfer function 13 as follows:

[(C + Alg #Cd] n (;a ’”.na)

Tals) = (32)
N . ’ N
;‘ﬁr\ 3 2 4 Y nd 4 ]
c, r?—-l GERN n' (2 +w M s {(Cvn\,s +Cd}n{§x (5% + w2
N w,wy \ N
Col e \FFon /ol (7 #n
n= n=
T, (s} = {33)

C o fE G e rer
[CH]
an=a13““’hn"1

J]q +!(G +A}s+cd} }"ua+mﬁ)

© . Upon substituting s = Ju, these equations indicate that the absolute transmissibility i3 2zero 2ad the
U rolative transmissibility 13 unity for each notch frequency wi = wp. Consequently, this form of the
" @lectrohydraulic isolation system is ideal for the isolation of periodic vibration excitaticn comprised

“of any number of discrete frequency components [7].

Routh's stability criteria applisd to tha char-

acteristic equation of the closed-loop responses given by Eqs. {32) and {33) indicates that the
- isolation system is stable for C4, C4g> 0 and Cy > - A,

’

'EFFECT OF FIXED ELEMENT DYNAMICS

The isolation system transfer function
and stability conditions examined thus far have
been for ideal system elements {actuator,

. sarvovalve, accelerometer, flexible coupling,
and displacement transducer) having unity
transfer functions, This simplification was
introduced to demonstrate clearly the basic low~
frequency response characteristics of the
electrohydraulic {solation system. As a

i ENDERIES oz acrnt
T
' e

ACELERONETER

" Fig. 2 - Block diagram of electrohydraulic
isolation system without a flexible
coupling (passive isolator)

practical matter, howsver, the effect of fixed
element dynamics on the 1solation system
performance must be considersd, as well as
the usa of compensation techniques to ansure
stability. Block diagrams are shown In Fig, 2

and 3 for the electrohydraulic 1solation systems
{llustrated {n Fig. 1{a) and 1(b}, respectively,
where H represents the transfer function for
isolation system fixed elements and G

Fig. 3 - Block diagram of the electro-
hydraulic isolation system with a
flexidle coupling (passive isolater)




reeresents t?)@ transiar function for co-

F4
tinn or frejuency rasponss shaning netvnrks

~

The cpe
the fzolaticn sy vn'rx'ﬁ bz
Fiy. 3 i3 obtained by sub
sinusoldel sianal T b
back siznal C G, H, 2%
oren- !oo-\ trans ‘nr {u'\ctkm. i ﬂ
follows:

~n T.{s) e

=1 in

s :
ned an

€ G H X
1, (8 =T A (24)

The flow from the servovalve for the cpen-lng;
condiiion is

QS.HSV(E‘Cdede) {23}

whare X = A since als) Is asda;m%:’ zera,
Combining Eqa. {33} and {7b). :
in terms of E. a'\d nlacing thlv resull In
{34) gives the {ollowing ganaral expression
) (or the open- .oop transfer furction:

2
-
CaGaHas H_,

7,(s) =

(38)

The opan-loop transfer function {or the Isola-
tion system block dlagram shown in Fig. 2,
which does not Include the flexible coupling,
Is obtatnaed by setting we ==,

Pelativa velocity feadback {3 not shown
in Figs. 2or3 ot in Eq. (35) sinca 1t 15 3 ~r11—
ly obtained by differentiation of tha ral: v
displacement signal by use of a netwnrk h vinq
the transfer function

Cvs/ 1
Gd"'”cd \1#75) (37)

where T s the time constant of a lag compan-~
sation network employed to wash cut tha

velocity feedback signal for f{requencies graater

than w= 1/7.

The dynamics of the accelerometar,
displacement transducer, and garvovalve can
be represented as & dampaed gecond-order
transfer function, as follows

H, =3 +ceues + we‘

a s Cq
As “”T—** 7 *‘";r":::f' afsy

w‘:era wg i3 e natural frequency and {,
the {raction of critical damring for the eleman
in qxncu an {zenerally epecified by tha
manufacturer). The dynamizs of tha s=

£
.
4

rroenlye
and actuater greatly influence the stability
state of the 1solaticn systam beltause the
natural frequenciers of thesa elrmants arn
relatively low, Tha natural frequancy of ha
servovalve 18 genarally between S0 gnd 220 Hz,
snd tha effective natural frequency ¢f the mass
supportad by the actuator without & flexitia
caupling {s also generally batwenn 39 and
200 Hz. The fraction of aritical damping for tha
mass and actuator system geonerally rangn2s
between 0.1 and 0.3, depending upcn whathsr
4o damoing 138 provided by the a2ztualtar s2918
alore or whatrer significant damping dun to
leakago exists, Acceleromaters and displace-
mant transducers can ganarally be selecte:]
that hava relatively high natural frequanclias
(e.g9., above 1600 Hz) and, tharafore, repra-
sent minor 1nfluences on stabllfty.

Referring to Eq. {35) with 8 = jw, the
opan-loop phase angle fnr the uncomyonszated
system (Ga = G4 = 1) at frequencies approach-
ing zero ts +180° . At intermedlats frogquanciasg
(w< wy, Wyy) where the value of thoe dizplacna-
nent feedback term becomas small comparad
t0 the other tarms, the onen-locp phase angla
appreaches 490 . For higher frequencies, the
phase angle 1s lagged strongly by the dynamics
of the servovalve and actuator {-183° phasa
lag for each element), tharaby resulting in a
phase angle less than -180° and a total gatn
far in excess of unity, which Indicates that the
system is grossly unstable. Tha system can ba
stabillzed by using low-froquarcy lag, lag-
laad quadratic or a combination of these

ompensaticn networks, as representad by Gy
ln the acceleration loop, to lowar tha aceel-
eration galn btelow unity at the f{requency whore
the open-loop phase angle i3 -1893 These
compensation networks can provida adequate
stabmry for the system, but at the sacriflce
of vibration i1solation at high frequencias (see
Experimental Pasults, Fig. 5 for example).
Lead-lag and pola-cancellation zompensation
networks cannot be used since thay require
excessive gain and the natural frequencies of
the system fixed elements vary with axcitation
emplituce and actuator position becausa of
nonlinearities,

A form of mechanical compensation may
be obtained by connecting the mass to the
actuater rod through a flexible coupling, as
shown by the schematic diagram in Flg. 1{b)
and the bleck diagram in Fig. 3. Since tha
stiffness of the flexible coupling is in serles
with the actuator stiifness, the effective
natural frequency of ths actuator and mass is
lowered to less than w.. Therefore, a low-~
stiffness flexibla coupling can be employad to
attenuate the acceleraticn !20p galn and 2t the
same time offer passive vibration isolation at
higher frequencies (see Experimental Nesults,
Figs. Sand 7, for example). Howewvsr,



electronic compensation networks generally are
still required to achieve satisfactory marginsg of
stability,

EXPLRIMENTAL RESULTS

A photograph of a single-mass laboratory
saperimantal mode! of the elestrohydraulic
vikbration {solation system attached to a vibra-
ticn shaker is shown in Flg. 4. The hydraulic
actuator, serveaccelerometer, direct current
differontial transformer displacemant trans-
ducer {(DCDT}, servovalve and flexible
coupling are standard commarcially available
comporants, whereas the servoamplifier {not
shown) s a custom assembly emzloying
operational amplifiers and various types of
frequency response shaping networks and
compensation networks.,

Fig. 4 - Photograph of the laboratory
axparimental model of the electro-
hydraulic vibration {solation system

The hydraulic actuator {5-inch stroke,
2-1/2 inch bore) is supported within a rigid
structural frame that houses four linear bearing
and shait assemblies for constraining the
motion of the rigid payload in vertical transla-
tion. The isolated weight was 150 or 250 lbs.,
depending on the isolation system configuration.
The overall height of the isolator {18 inches)
wasg selected for conveniance in conducting
experimental research.

The servoaccelerometer (force-balance
type) attached to tha payload mass provides
tha acceleration fnedback signal and the DCDT
connected between the mass and the structural
frame (representing a rigid foundation) provides
the relativa displacement feedback signal. The
sarvoamplifier processing these feedback
signals provides a flow command signal to
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drive the servovalve torgua motor, The sarvo-
valve connected to the actuator by a manifold
requlstes the flow of hydraulic fluid from a
hydraulic power supply {not shown) that has a
32 gpm {low capacity at 1500 ps! pressure,

The performance of tha vibration {zolation
system was measurad In terms of the absolute
transmissibility, which 15 defined as the ratlo
of the harmonic vibration response amplitude
of the isclated mass (o the amplitude of
narmonic vibration excitation imposed on the
foundation. Vibration excitation was Imposed
on the isolation system foundation {the struc~
tural frame} by use of a specially modified
mechanical shakar over the frequency range of
0.02 to 10 Hz, and a standard electrodynamic | .
shaker over the fraquency rangs of S to 530 Hz,

The vibraiion response of the isolated rigid
mass was measured by an external RCDT at
low frequencies and a plezealsctric accelerom-~
eter at high freguencies.

Open-~-ioop transfer funciions were mea-~
sured by disconneacting the acceleration feed-
back signal and, in its place, substituting an
external excitation signal ircm 2n oscillator,
The magaitude cf the open-~loop transfer ) !
function represents the ratio of the amplitude

of the disconnected acceleration feedback

signal to the amplitude of the extemal signal

substituted in iis place. Ths phass angls of

the open~loop transfer function represenis the

phase difference between the disconnected

acceleration signal and the externally apoliad

signal. The displacement icop remained

closed, thereby malintaining the actuator (n its

null position which was required for testing

purposes.

Experimental transmissibility curves are
presented in Figs. § to 15 with system param-~
eters selected to provide limited-band isolation,
broad-band isolation, single-notch {solation,
combined notch and broad-hand izclation,
multiple-notch isolation, and notch {solation
with automatic frequency tracking. For sach
system tested, open-~lcop transfer functions
{magnitude and phase} wers measured to deter-
mine the margin of stabiilty in terms of gain and
phase margins [13], The gain margin is defined
as the additonal gain that just makes the ‘
system unstable; that is, the magnitude {db) of
the opan-~loop transfer function when the ghase
angle {s -180°. The phase margin is defined as
the additional decraase in phase angle that just
makes the system unstabla for a unity gain
{0 db magnitude) of the ocpen-~lcop transfar r
function; that is, the phase margin equals 180°
plus the negative phase angls corraspending to
a magnitude of 0 db. '

LIMITED-BAND [SDAATION
Transmissibility curves for limitad~band

isclation are shown in Fig. $ for the electro-
hydraulic isolation system with no flexible
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fig. 5 ~ Exparimental transmissibiifty
curves for limited-band isclation systems
employing second-order lag and quadratic
compensation

coupling. The isolated welght was 150 lbs,,
and an electronic resonance was created at

0.5 Hz with a resonant transmissibility of 1.4,
Second~ordar lag and quadratic compensation
were employed in the acceleration loop to
stabilize the isolaticn system, The transmis-
sibility curve demonstrates the limitad band-
width of isolation that {s provided by the
electrohydraulic isolation system with no flex-
ible coupling. A transmissibilizy less than 0.5
was provided over the frequency range of
approximately 1 20 10 Hz, and tha systen with
quadratic compensation generally provided
better {solation than the system with second-
crder lag compensation. The hydraulic res-
onance {a the regien of 150 Hz is prinaarily due
to tha hydraulic fluid compressibilily effects.
The degree of amplification at the hydraulic
resonance s a function primartly of the
actuator damping characteristics, and passive
isolaticn of vibratien is provided for frequancies
greater than 200 Hz In accordance with the
passive isolation characteristics of the hydrau-
lic actuator.

The open-loor transfer function for the
tsolation system with quadratic cempeansation
is shown {n Fig. 6 In the form of Bode diagrams
(magnitude and pnase angle vursus frequenzy).
Daterminaticn of the gain and phase margins
from the Boda dlagrams {s as {ndicatad {n Fig. 6;
the gsain margin is £ db and the phase margin
is 45 .

8ROAD-BAND ISCLATICN

Transmissibility curves for broad-band
izolation are shown {n Fig. 7 for the electro-
hydraulic isolation system with flexible
couplings (passive Isolators) employed to
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Fig. 6 - Experimental Bode diajrams of
open-lonp tronsier function for limited-
bard {solation system with quadratic

compensation
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Fig. 7 - Experimental transmissibility
curves for broad-band isolation systems
with elastzmeric {fo = 19 H,) and helfcal
spriag (.‘C = 3 hz) flexible couplings.

provide high-frequency vibration tsolation. The
teolated weight was 250 lbs,,.and an electronic
rescnance was created at 0.5 Hz with a raso-
nant transmissibility of 1.5, An elastomeric
fsolator was employed to achieve f, =10 Ez
while a helical spring was usad to achieve

fc = 3 Hz. The transmisstbility curves demon-
strate that lowering the stiffness of the flexible




cupling trproves ~fah-froguency vibration
sniation, tase, isolation of vibration
aceurs for Lrw mecies greater than 2.8 Ha,
with gresler than 75 percent 1solat-on orovideg
1vrar than 2 Hr, and greater
rsclation proviued for fres
than 10 1z, ",‘*»,‘ Mizh-

) sation rate s arpioximaelely |
vetan e, Torotrme syster an which fa

PY He, tme 33im cargin was 5 dbh and the
phase marain wra 0F whareas, {or the svstem
inwhich o= 3 ¥z, the gain margin was 9.d¢b

“

card 1t phase margin was 90, The fselation

gy stem having the juwer value of flexibla
courling sitifness, thereiwe, exhibited better
iEn .s:.:m characteristics and hig ‘m' margins of
staoility. '

Tranz~issibility curves for broad-band
iscrlation are shown in Fig. 8 for tha eleciro-
hydraulic taolation systens with a flexibia
covpiing {f, = 3 Hal, an isolated wetzht of

250 ibs., and variouns ressnant frequencies
created electronicaily. Chancing the accelera~
tion {ee‘: ck gain crovided resonant fre-

guancies of 3,035, 0.1 and 0,5 Hz.respactxvaly,
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Fig. 8 - Experimental transmissibility
curves for broad-band isolation systems
with flexible coupling {fc = 3 Hz) and
resonant frequencies of 0.05, 0.1 and
0.5 H=z -

with resonant transmissibilities ranging between
1.5 and 2.0, For frequencles greater than

15 Hz, the transmissibilily is essentially the
same for all three systems. It s interesting to
rote that passive {solation systems with 0.05,
0.1 and 4,5 Hz resonant frequencies would
exhiblit static deflectinns of approximately

320 fect, 82 {:nt, and 3 feet, respectively,
whereas the electrohydraulic 13o0lation system
has a zero static deflection. The gain margins
for the 0.03, 0.} and 0.5 Hz resonant fre-
quency systems were 10 db, 9 db and 8 db,
respectivelvy, and the phase margins were 38"
30’ ., and 90, respectivaly,
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SINGLE-NOTLH IS\*’}L&?IQ?‘

A 1:‘3*5"5341 Bility curva for single-naich
tsolation 15 shown In Fiz. 9 for the ejecers
hydrauiic isclation svetem with no flexizd
coupling, The {solated weo,ght was 137 ibs,
and a single nerch (antirescnance) was created
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Fig. 9 - Exparimental transmissibility
curve for 2 siagle-no*zh tsolation system
with the notch antiresonance at 5 Hz

at 5 Hz. Approximately 39 percent 1solauon
was provided at the notch § frequancy and the
nominal bandwidth of the notch (measured at a
trznsmissibility of 0.5) was 100 percent. A

_ resonance condition existed at approximately

2 Hz, with a resonant transmissibility of 1.2,
The gain margin of the single-nolch {sclation
system was 10 db and tha shasa margin was 94,

Transmissibility curves for single-notch
isolation systems with varicus notch bandwidths
ara shown in Fig. 19 for a notch frequency cf
5 Hz, at which greater than 99 percent isolation
was provided, The low, medium and high gains
in the acceleration loop result in bandwidihs
{measured at a transmissibility of 0.5) of
nominaily 10, 50 and 100 percent, respectively,
The higher the acceleration loop galn, the
greater the bandwidth and the higher the res-
onant transmissibility, which had values of
1.05, 1.15 and 1.2, respectively, for the three
increasingly greater values of gain. Turthur-
more, for a given notch frequency, an Increcase
in accelerati .o loop gain decreases the reso- -
nant frequency of the isolation system, which
had values of 3.5, 2.0 and 1.75, respectively,
for tiie three increasingly greater values of gair.
The margins of s*ablility for the three single-
notch isolation systems were as follows: low
gain, 28 db gain margin and 109° phase margin;
medium gain, 14 db gain margin and 109° phase
margin; and high gain, 10 db gain margin and
94° phase margtn.
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Fig. 10 - Ixperimental transmi.sai. 00
curves for r-:rf-lr =notch Isclation rvstems
with various dejreens of a celerat! -
ferdback gain and the notch antires ynonce

at 5 hz

An Incresse in tha acreleration gatn for a
slnqln—rx N {solation system fncreases the
he notcoh, dearmagses e rasonan?

fncreases the rescenant transwissitil-

{ty, and 'Jr'cr ases the marzin of stabitlity. Tor
frequencies 5 gh ‘:‘ally artester than the notch
frequency, the tranzmissihilty is {ndepondant
of the notch characteristics, with a hydraulic
resonance occw\inq tn the region of 150 Hz.

(requon: 4

COMBINED NOTCH A%D BRDAD-PAMD ISGLATIAM

Transmissihility curves for broad-band
{solat{on, with and without a single astch at
5 Hz, are ahown in Fig. 11 fcr the electro-
hydraulic isolation system with elastomeric
flextble coupling {fc =10 Hz). The {solated
weight was 250 ibs,, and an nlouc.c"lc reso-
nance was created at 0,5 Hz with a2 resonant
transmissitility of 1.5, The t.a'\snn 1b:llty

characteristics of the broad-band {s50latio
system were previously discussed with
reference to Fig., 7. The transmiss:tbility
curve providing combined notch and broad-
band isolaticn characteristics {s essontially
the same as without the notch, except {n the
reqion of the notch frequency, at which

greater than 99 percent isolation {5 provided.
For the broad-nard {solation system without
the notch, the gain margin was S db and the
phase margin was SO° whereas, for the
isolaticn system providing combinad rotch and
broad-banrd isolation, the gain margin was 5 db
and the phase margin was 33 . Consequently,
a slight decrease in the margin of stability is
assoctated with the addition of the single-notch
isolatton characteristic
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Fig. 11 = Experimental transmisg sttty
curves for broxd-band and coriined
notch and broad-tand Isolation sysiams
with flexible coucling {({o = 12 Hz) ard
the notch antiresnnance at 5 iz

MULTIPLE-KOTCH ISTLETION

A transmissibil
isolaticn {8 shown
hydraalic isolation smtv'“. w
coupling. The Isnlated woight was 15) Ibs.,
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Fiz. 12 - Experimental transmissibt®ty
curve for a multipla-notch {solation system
with the nolch antiresonances at 5, 10

and 20 Hz

and the frequencies assoclated with the threa
notches a-e related harmonically. At S, 10 and
20 Hz, greater than 93 percent {solation is
provided and tha nominal bandw!dths of tha



notchas {messured at & transmissidility of 9. ]
was 8 percent, No arparent resonance condj-~
Hon exteted and the transrissinility was agual
W or legs than unity betwoon the noteh fra-
quencies, However, ‘or frequancies groater
than the Rghest noten frequancy, *he transmis-
sib{itly exceodrd urtlty with a hydraulic reso-
rance ovcufting in the reglon of 159 Mz, The
gain margin of the uea-ncteh {solation system
was ; db and the phase margin was 65,

The transmissibility curve shown in
Fig. 13 is for a three-notch tsolation system,
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Fig. 13 - Experimental transmissibility
curve for a muitipla~-notch isnlation
system with the notch antiresonances
at 5, 7.5 and 11,5 Hz

whera the notch frequencies ara not related
harmonically énd the notch bandwidths {mer-
gured at a transmissibility of 0.9) are

8 percent. At the notch frequencies of 5, 7.5
and 11.5 Hz, greater than 99 percent isolation
1s provided., A resonance condition existed for
thi3 isolation gystem, where the resonant
frequancy was 3.5 Hz and the resonant trans-
mizsibility was 1,05, For frequencles greater
than approximately 20 Hz, tha transmissibility
curve 1s essentially that shown in Fig. 12, The
gain margin of the three-notch {solation system
was 8 db and the phase margin was 74 .

¥OTCH ISOLATION WITH ALTHMATIC
FREQUERCY TRACKIXG

Transmissidility curves are shown in
Figs. 34 and 13 for single~notch electrohydraul’~
isolation sysizms with automatic notch-
frequency tracking capability. The automatic
fraquancy tracking is achieved by employing a
{eedback signal proportional to the frequency
of wibration eéxcitation to drive an adaptive
singlog-notch elactrontic shaping network to
continuousiy changs the notch frequency so
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that {t correszonds to the frequency of vibration
excitation, The inolated welght was 150 ibs.
and the bandwidih of the noton {measured at a
transmissibillly ¢t 0.5) was 8 percent.
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Fig. 14 - Experimental transmissibility
curve for a notch isolation system with
automatic frequency trazking using a
frequency-detastion network {n the
acceleration fsedback loop
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Fig. 15 - Experimental transmissibility
curve for a notch Isolation sysiem with
automatic frequency tracking using
tachometer faedback

The transmissibility ¢urve shown In
Fig. 14 was obtained by processing the accel-
eration feedback signal through a frequency-
detection network 5 cbtain tha control signal
required to adapt the notch frequency of the
frequency responsa shaping network 1o the
frequency of vibration excitation. The notch
autcmatically tracked the excitation frequency
ovar the frequency range of soproximately 1.0 -
to 25 Hz, with greater than 90 percent isolation -
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The trans*:sgibmty curve shown in
Flg. 15 was obtainad by using a tachomesdar
feedback siga3l 10 adant the notch frajuency to
the frequency of vibration exci{tation, Th2 notch
autocmatically tracked the excitation frazuency
over the faguency range of agomrimately 1,0 to
17 Hz, with 2raster than 92 parcent fsziallon
provided hetween 3 and 14 Hz, and graater than
95 peorzant isaiation provided betwoan aroroxi-
mately 4 and 13 Hz, In the high-iraguency
reqion {{requrnsies greater than the highest fre-
quency in tha automatic {requency tracking band),
the wransm'ssibility Is essentially “‘a gama ag
that shown in Fig. 14, The gain mamin for this
lvoia“m system was $ db, and the phlse margin
was 697,

MATGIN wa

CONCLUDING REMARK .

This paper has reported on tha rasults of
a theoretical and experimental investigation of
electrohvdraulic vibration {sclation systems.
Cnly single-mass fsolation system conitjura-
tions ware considered and, while the thecry
assumed a rigid isolated body and £ unda:icn.
coasidaration of flextbility of the 1z.ol:=tcd body
and foundation ware {nherent In tha excerimen al
studies, In prectice, the isolated body and
foundation structural reacnances must be con~
sidered because of their affect on stablitty.

With acceleration of the isolated mass
and relative displacement betwesn the mass and
the foundaticn as the primary feedback signals,
it has been damonstrated that 1solation of uit-a
low-frequancy vibraticn Is feasible, Razonant
fracuencizs substantially less than 0.1 Hz can
ba achleved while providing a zero static
defle~tion. Purely active systems can provida
{imited-band isolation, single-nstch tsalation,
multiple-notch isolation and notch-{solation
with autormatic freguency tracking., Broad-band
1solaticn and combinad broad-band and notch
isolation can ba providad by inserting a2 mech-
anical flexibla coupling {passive isolatar)
betwesn the isolated mass and the actuater rod.
The flexible coupling provides mechanical com-
pansation that attenuates tha acceieration locp
galn and offers passive vibration isolation at
high frequencies, TFor this active-passive
1solation system, isolation of vibration i3

provided by active means in the low-frequency
region whata the flexible coupling essent 1ally
has a unity transfer function, while the flaxible
coupling provides isoiation In the high- frequency

srion, whers tha exs{tation frag oy (2
tayoad tha o jorny Dard gune which e
A0y gy gta™ is Soerative,

Parsuge of tha poanieration fondhack,
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ress 13 bilateral; ‘hat 1z, the (saintnr pren
a very 1ow 3t if~eq3 to both the vilrs'!
rons ent and wy Iorces aciing on the is
mass. ldentical vibear'on fsolation o
jstics can ba achiaved with either £on
or {orcn faedback: however, tha 3yetaTm widl
azcalaration feedhack will ba ralativ o'y in~
serzitice to dyna=ics of thy Isalate? b
ca=oarazd to the system employing forte
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Elaciushydraulic 1solation ¢y stams are
cavin of providing parformanca chasacteriitle
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attcipated that this ectiive 153
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DIsCUS3ION

Mr. Bluntain (8¢ Dornell-Douzlas): We are
lock{ng wioisolating a rather large vehicle for
modal surveys and we are t {orced down to
the 1/2 eycle or betler iaolztion srolem. Wa
are looking 1 o alr &prings which your people
have been working on. How weoll advanced are
you on this sysiem to try to isolal2 such a big
structure?

3r. Ruzicka: At the prosent time most of
oar work has been wilh a single mass unidirecs
ticnal syatem., The logical #ieps would be as
follows:~ systems reguiring three degresa of
freedem which would be basieally pited, roll and
yaw; then the six degree of frzedom problem,
on which we are working theoratically., We have
g a computer program set up to apalyse, for
example, cross coupling effects in six degrees
of active control.

The second paper this morning will show
you a typical application which is 2 single dir-
ecticn application - the iecclation of a piict seat.
To date these have been primarily unidirectional
- applidations.

{The following statement wag made by Mr.
Roezicka later {n the program to amplify his re-
aponse to che question. Ed.)

!

The question had to do with what sort of
stifiness characteristics do you get out of
elactro-hydraulic isolation system. It is inter-
esting that you can bhave either bi-lateral or uni-
lateral stiflness characteristics, All passive
devices are unilateral, that is, you get the same
characteristic whether you push them in the plus
or in the minus direction. For example i you
load 3 spring in the plus direction and runaload-
deflection test, turn the spring over and run that
teat agaln you get the same identical character-
istics. With acceleration feedback one cbizins
what we are calling unilateral characteristics.

|
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Thet is, £ hes different s2iffaess characteristics
fn the plus and minus drecticns. This is appar-
ent when you think of 12 becasse ¥ you put a {orce
on top of this system with accelsration feedhack,
the force beging to create an acceleration of the
mass, the acceleration 13 sensed and {ed back;
and in thig zense the acceleration feadback acts
as a mass multiplier. Therefore the mass will
respend very Iittle {0 forces applisd to it, Now
an alternative to acceleration feedback would be
force feerhack, Le,, put a lozd cell in series
with the isclator and feedback force. When you
<o this you get a bilaterz! stiffness character-
igtics; that is, the characieristic i the same
whether it is in the plus or the minus direction.
There are gsome cases in which you would like
softness in two directions, and in cther cases
you would like gofiness in one direction and
stiffness in the other. 1 intended to make this
point in the second paper because this 18 an ex-
ample of the case in which you would like a
unilateral characteristic. In the pllot seat you
would like a very soft sti{iness pointing at the
environmant; that iz, one wanis 10 isclate the
pilot from the vibration coming from the fuss-
lage. But it must not be soft for the pilot look-
ing down. I it were, you could very easily
drive the system. If you push a half-cycle on
1/10th cycle system it is going to want to move.
This wag a hali-cyele system. For the pilct
pushing pedals and applying control forces -
these could very well drive the sysiem which
would be undesiradle. For this application with
the acceleration feedback, the syztem appeared
very stiff {o the pilot. To put numbers on this,
the stiffness needed to get a half cycle system
{or a 250 1b paylcad is about six Ibs per inch,
and that is the stiffness thal this isolator pre-
sented to the aircraft. The stiiiness pregented
to the pilct was 50,000 Ibs per inch. We are
approaching if you like, a machanical dicde that
is, it exhibits zero impedance in one direction
and infinite impedance in the other direction.
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human subjeact performance eﬂa.a.bt
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cation of stmilar acilve isclaticn te
alrcrafe.
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and displacement f(."C)"CK mechanisms
the tyce of compensation and leop ga“.s required to provice tne desired lsola=~
tlon, limit the dynamic d=flection, and maintain system stability, A laboratcry
model for experunental research was designad and tested, Tast resuits show
that the developed active hydraulic tsolation technicue provides the vertical
{solation and displacement control postulated to be required for pllot protection
during LAHS flight., In additicn, the system exhibits zero static deflection, and
i8 essentially 1nsensitive to fo cm au; {ed at the Isolated payload, and to

ct3, Recommendations are made regarding
tcst.,, consideration of multtaxial

*-3

An (nvestigation was conductad to evaluats the feasitility of protectt
I a“

L Il

45) flight ty me3ns of af‘txw (salah o technigues
s;ecifi;ati ns for cardidate i15oiation sy s;e. s were evelved ba
tion of tha expected d,""wx:: environme
clearance, anulred vikration 1so‘a:lo—x and maximum reiative displacement
postuiated. Analyses of extisting {solation *echnigues h dicated
that, for the selected dyramic environment typlcally experienced during LAHS
flights in the vertical direction {i.e., combined vitretion and susta x cd accal-
eraticn excitotiens), p2ssive systems cannot pfovld° the rejulred degree cf
vibration tsoiation whiie simultarecusiyv limiting the maximum relative
Various active isolaticn techaiques were
2m was gselected, amploying acceleration

Andlyses were cenducted to define

arch e

\.h..‘.ques in operational systems for a glven

. Perfconanca
ad on defini-
!.-

humen tolerance isvels, nd cockplt

{forts required pricr to the appli-

INTRODUCTION

Advances tn military aircraft performance
have given rise to dynamic environments which
can cause decrements in human sensorimotcr
and cognitive functions., Occurrence cf patn,
discomfort, fatigue and other subjective
responses to the environment tegether with the
task difficulty have a bearing on human perfcrn=
ance. Tae tactical necessity for low~altitude
high-sp:ed (LAHS) flight requires that pilots
perform precise terrain-following, navigation,
target identification and atrcraft control tafks
during exposure to levels of dynamic excliation
considered to b2 in excess of tolerable limits,
Successful generaticon of design criteria to
provide the necessary protection must then be
based on the r2sults of research in thres major

areas: {1) development of technigques for
protecting the pilot againat the complex accel-
erations enccunterad during UA:*S flight; (2)
evaluation of the ability of the pilet so protected
to perform the various tasks roguired by the
mission; and (3) considaration of ogerational
requirements, such as weight, applicable milt-
tary alrcraft standards and compatibtlity with
cockplt space, and pllot-control Interince, The
investigation reported hersin deals with the
first area of research.

A laboratcry ressarch medel utilizing an
active hydraulic {solation system was develogad,
bullt and tested, System sz2lection ard dosiga
were based on: (a) dynamic environment

* The results presented herein were obtained {n port during an tnvestigation conducted for the
Aerospace Mecdica! Rescarch Laboratories, Wright Patterson Air Force Basa, Ohlo, under contract

AT 33(615)-2955.
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charmacteristics typical of those encountered
during LAHS flight; (&) analysis and evaluation
of various shock and vibration isolaticn tech-
niques; {¢) ltnits of tolerable acceleration
levels for seated human subjects; and (d) maxi-
mum atlowable dynamic deflections of the
isclated mass, The {easibiilly of utilizing
active hydraulic {solation techniques is demon~
-gtrated on the basis of the response of @ rigid-
mass payload, so isolated, to combined
sinusoidal vibration and ramp-sustained accel~
eration excitations {n the vertical direction.

Further uses of the modsal in the
laboratory will allow evaluation of the pilot's
abllity to perform the tasks required by the
1AHS flight mission while being afforded the
degree of vertical accalermtion protection
dictated by human tolerance limits. Ewaluation
can also be made of the iffect of additional
protective devices such aa seat cushions and
bedy and head restraints, Resuits of such
human subject evaluation tests and consider-
ation of specific environmental and operotional
requirements will determing the direction to be
followed in adapting the active hydmulic isola-
tion system approach to a8 particular aircraft.

- DYNAMIC EXCITATION AND DESIGN CRITERIA

The dynamic environment assoclated with
low=-altitude high-speed flight is a complex
ona (1-13]J%%, It can be characlerized intermsof -
periodic and random vibrations and transient and = -
sustained accelerations occurring sepsrately or
simultaneocusly {n the vertical, horizontal and
angular directions, Although newer aircraft
have wing loadings such that the flight is
smoothed out during gust encounters, acceler-
ations perpendicular to the flight path of the
sircraft excite the normal bending modes of the
structure, Low frequency harmonic vibrations
are generated due to flexibility of the structure
and distribution of aerodynamic prassures over
large portions of the aircraft, Random vibration
excitations are experienced due to atmospheric
turbulence and buffeting., Terrain following
maneuvers result in relatively fast rates of
change of accelieration, followed by sustained
accelerations during ¢limb {or dascent) occurring
over & peried of several seconds, In order to
evaluate the feasibility cf applying activs isola-
tion techniques for protecting pilots during LAHS
flights, the dynamic environment was defined
by the Vibrations and Impact Branch, Blodynamics
Divisicn of the Asrospacs Medical Research
laboratories, WPAFD, in terms of vertical
sinusoldal vibration and ramp~susgtained accel-
eration, occurring both separatsly and simul-
tanecusly. Application of the techaiques in the
more realistic complex envirenment would follow
the successful solution to the simplified problem.

Fig. 1 shows the levals of vertical
sinusoldal vibration selected for the feasibility

** Numbers in bracksts designate references at
end of paper,
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study, In the region from 3.5 to 33 Hz, two
levels were chosen, The lower level (0.3¢g
vector) (s indicarive of the accelerstion expe-
rienced at the cockplt of existimg ajrorafe, It
13 anhictpated that foture generation arcrafl
will exhibit the high lewels of excitstion

{2g vector). Fig. & shows the character and
lavel of the ramp~gusiained accelerations
selected for the Investigation. These acceler-
ations were chosen based on typical alreraft
loadings experienced during terrain following
maneuvers {1, 5, 11]. '
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Fig. 1. Vertical sinuscidal vibmation
excitation leveis selscted for iow-
altitude high-speed flight
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Fig. 2. Lavel of ramp-sustained accel-
erstion excltation selected for low-saltitude
high-gpoed filght




he ability of man to tolerate a glven
environment must ke based not only on phvyaizal
{njury criterta, but 8lso on pain, discomifort,
and performance requircments asgoziazad witl
gpocific tasks which ha {3 1o carry cut while
being sutlected to that environment, For the
casa cf LAMS flight, limited subiactive aed
"~ performance data ig avotlable for actual {4-7),
and simulated [8-12] flights. More extensive
data {5 avallabia on the levels cf acceleration
which can be tolerated by human subjscis in
the lehoratery under sinusoidal vikration
(13-21,, sustained accelerations 713, 22-25],
shock and impact [26-28], and comkined
rectilinear and osclllatery accelerations {293,
~The toleronce level data, as reported by varlous
experimenters, show considemtle variabllity.
The type and duration of excitation, fra2quency
at which exciiation occurs, resiraint conditions,
physical condition cof the {ndividual, anticti-
pation cf the excitation, ard tha reiative degrae

of control of tha test environmant by th2 subjace,

influence the individual's abllity to sustaln &
glven level of excitation without pain cr
discemfort and/or e able to perform given
tasks, The data show, however, that tha
response cf the human body to unidirectional
sinusoidal vikration can be definad {n terms of
tha frequency of tha excitation,

Mechanical representation of the human
body by means of lumped parameater systems
composed of mass, spring and damping elements
helps in understanding ard describing the
response of the human body to dynam!ic exci-
tationz [30-35). Below approximataly 2 Hz,
the body acts as a rigld mass. [n the regions
from 4 to 15 H=, resonances occur, During
human subject testing, pain and discemicrt in
the back, atdoman 2nd chast cccur in the
{requency range from 4 to 10 Hz; and deqra-
dation of visual aculty and tracking capabilities
occur in the frequency range from 6 to 15 Hz
due to hzad motions, Taking Into consideration
(@) the frequency ranges where body rasonances
occur, {b) the sublective response tolerance
levels; {c) levels above which performance
deteriorates; and (d) existing specifications
(WADD ~Vibration Tolerance Curve for Mllitary
Alrcraft, "){13], the maximum acceleration
levels shown {n Figure 3 wers selectad for the
Investigation to correspond to approximately
one hour tolerance for a seated subject in the

- vertical direction (z-axis).

The maximum allowable relative
deflection batween the lsolated mass and the
source of the excitation was selected to be
# 2,5 inches under either vibratory, transient
or combined dynamic excitation conditions,
bazed on evaluation of expacted clearances
between a seated pllot and cockplt envelopa,

Fig. 4 shows the allowable {solation
system transmissibility based on the selected
sinusoldal vitration excitations and human
‘tolerance limits. In the reglon from 3.5 to
33 Hz, two levels of allowable transmissibility
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Fig. 3. 8elected values cf tolarakle accel-
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Flg. 4. Requtred values of transmissibtlity
based on selected vertical sinusoidal vibra-
tion excitation and human subject tolerance
levels

arc shown, for existing and futura aireraft,
respectively, which cecrrespond to the two
levels of excitation selected for the tnvesti-
gation. For frequencies below 1 Hz, & maxi-
mum transmissibility of 4 was selected based
on the maximum input level 0. 25 inches single
amplitude, and the portlon of allowable
deflection over which the system {s linear;
namely; 1 inch efther side of the null position,




“Critical dynamic environment during
LAHS flight occurs for conditions of combined
vibration and sustained accelerat:ons, The
values of transmissibility shown in Fig. 4 and
the maximum relative deflection of + 2.5 inches
serve to define the required isolation system
characteristics under separate sinusoidal vibra~
tions and ramp-sustained accelerations,
respectively. However, the essentlal require-
ment of the approach to be selected is the abil-
ity to provide vibmation isolation while simul-
taneoysly iimiting the relative deflection under
the combined excitation conditions.,

Feasibility evaluation of the approach
was based on analysis and performance of the
system with a rigid mass payload, A range from
210 to 270 1b was chosen to be representative
of the total expected pilot, personal equipment,
seat structure, and restraint mechanism
welights, A nominal rigid load of 245 ibs was
selected for the active system design and test,
Selection of system design, though based cn a
rigid mass payload, included consideration and
evaluation of the effect of human body mech-
anlical characteristics on the system performance.

SYSTEM ANALYSIS AND DEVELOPMENT

A variety of isclation system techniques
were evaluated di.ing the investigation in light
of the postulated design and performance
requirements, Linear and nonlinear standard
passive elements [37-39], and @ variety of
active isolation mechantsms (i.e., electrically
activated fluids, pneumatic and hydraulic)
{40-47] were considered.

Passive systems both linear and non~
linear, employing =ither conventional or relax-
ation damping mechanisms, cannot be designed
to satisfy the requirements of + 2.5 inches
maximum deflection under the combined levels
of sinusoidal vibration and sustalned acceler-
ation, while simultaneously providing, on the
average, B0 percent isolation from 5 to 20 Hz
for the duration of the combined excitation
conditions. The degree of vibration tsolation
shown in Fig, 4 can be attained by a passive
system having a resonant frequency of 1 Hz.
The static deflection of such a system is
approximately 10 inches. Even if the static
deflection were eliminated by use of an auxil-
{ary spring, 3 llnear passive 1 Hz resonant
frequency system will deflect 30 inches when
subjected to 2 3g sustained acceleration, Non-
linearities {n the spring element can be intro-
duced to {imil the deflections under sustained
accelerations, and the dynamic deflections
would thus be limited to the desired values,
However, the vibration tsolation requirements
would not be met, since during conditions of
sustained acceleration, the system would
exhibit the isolation characteristic assoclated
with a resonant frequency much greater than
1 Hz,

Active elements £an be tntroduced to
generate a {orce proportional to the integral of
the relative displacement, such that the static
deflection is elimineted and the mass is retyurned
to its neutral position during sustalned accei-
eration excitations, Thereizre, the vikbration
isolation characteristics of the system will te
those of 2 1 Hz resonant frequency system
during the greater portfon of the duration of
sustained accelerations, However, the perform-
ance of such a system with integral displace=
ment feedback is affacted by changes In
supported weight. In addition, for 2 non-rigid
payload such 3s @ human subject, coupling
effects between the human body and the seat
will affect the perfcrmance of the system.

The required protection and motion
limitation can be attained {ndependent of the’
dynamics of the isolated mass by means cf an
active system which generales forces to control
the motlons of an' actuater as a function of both
the relative displacement between the mass and
the source of excitation and the acceleration of
the mass. Of the active isciation mechanisms
considered, only those employing hydraulic
elements exhibit capabilities for fast speed of
response, are linear and relatively {ncom~-
pressible, and can be designed to respond over
the frequency range of interest. Although
hydraullc components are commonly used in
control systems, such systems provide primarily
accurate position and force-displacement
control [44-47]. What is required is position
control and simultaneous isclation of viktration
excitations. An active hydraulic system, incor-
porating acceleration ard relative displacement
feedback, was selected to provide the specified
vibration isolation and dicplacement control
under the combined excitation conditions,

Analyses were performed, using analeg
and digital computers, to define the required
type of feedback and compansation mechanisms,
and the associated gains to achleve the desired
performance while maintalning system stability,
Development of the system block diagram and
asscoclated open and closed lcop system transfer
functions 13 discussed ir Appendix 1. Transfer
functions were defined for the accelerometer,
servovalve, actuator, and flexible coupling,
based on the expected and/or known charac-
teristics of each component, The predicted
vibration transmissibility was calculated from
the absolute value of the system closed loop
transfer function jx{j w)/a(iw)|. The predicted
system stability was defined in terms of the
open loop transfer function Bw)/E0w).

A series of development tests were con-
ducted to define actual system stability margins,
develop feedback mechanisms, and evaluate the
final system destgn, These tests included low
and high frequency sinusoidal vibration using
mechanical and electrodynamic shakers, and
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(amp-sustainsd acceineation tosting by ~eans
ot 0 synthesized excitation techniase deveioped
to measure the respense of the system to tran-
sient excitations,

Firol systeom testing was conducted with
a 245-1b rigid mass pay.oad shown in g, 5.
The porformarnce of the system wath the rigid
mass served to verity the feasibility of empioy~
ing active isolation technigques to grovide
postulated degree of protection during LAHS
flight., Test resuirs were ohtarned for varicus
fevels of vitratic nput, variation in o
weight, and for conditions of comhined vik
tory and sustained accelerations,
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Fig. 5. Active hydraulic isolation
system with rigid payload

In order to arrive at successful genera-.
tion of protective design criterta for LAHS flight
misslons, the abllity of the pilot to perform the
required tasks while betng afforded the degree
of isolation provided by the active hydraulic
{solation system must be evaluated, To allow
use of the active isolation system anproach
with 8 human subject, a loboratory test mode!l .
was developed by replacing the rigid mass with
a seat structure. The model, shown in Fig. 6,
conststed of a 33, 5-1b metal seat ptus a 145-1ib
rigid welght, Modifications were made on the
rig'd mass system gains and feedhack compen-
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F:g. 6. I-Loratory test model; acCtive
nydraulic tsolation system with metal seat

satlons to provide dynamic performance and
stakility margins tor the laboratory mcde! equiv~
alent’to those attained with the rigid mass. It
{s anticipated that the latoratory test model
with the seat structur= will be used ty the
Aerospace Madical Research Latoratory to con~
duct stu2ies on human subject response and
performance, ond evaluate seat and body
restraint systems,

SYSTEM DESCRIPTION AND OPERATION

The active hydrzulic {solatton system is

" a multiple loop feedback control system destgned

to act as a very lew frequency vikration {solator
and position controller, Figs. 7, 8, and 9 show
the system with rigtd payload in plctortal,
schematic, signal flow and tlock dtagram form,
respectively. It consists of feetack trans-
ducers, a servoamplifier, a servovalve, and a
hydraulic actuator with flexible coupling,
Signals from the transducers proportional to the
acceleration of the mass and the relative
cisplacement between the mass and the exci~
tation are modified, summed, and compensated
in the servoamplifier to deliver a signal to the
servovalve, Fiow from a hydraulic power source

*is supplied to the hydraulic actuator as a

functicn of the signat delivered to the servovalve.
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Fig. 7. Schematic representation of the active
kydraulic isolation system with rigid payload

Actuator forces are th g rawd to‘ .

{a) limit the ’CCt,lE‘Tﬁ cn sxperienced by the .
mass; {&) limit the re.atx\u displacement.
between the mass and the excitation -source;
and {c) return the 135S to it8 neutral
position afte: the onsat of ‘a Sustained

acceleration. . I ) L

Two feedback transducers are used, A
servcacceierometer capatie &f responding from
DC to frequencies above those of interest,
generates the accelisraticn feediack signel. The
transier function of th~ acceierometer 15 recro~-
sented 2y 3,. A diffe.ential transfurmer gere-
rates the relative displacement signal. Over
the frequency range of interest, the transfer
functio.. of the displacement transducer 18 unity.

" The accelerat.on and displacement
signais are fed into a servoamplifier wherein
they are transformed and summad to generate
the fiow command signat suppli-d 1o the serve-~
valve, The servocamplifier consists of five
sections, The first secticn consists of two -
solid state operstional a'*wlhiora and cxr“uitry
to convert the current <mna froma the
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Fig. 8. Signal flow diagram of the active hydraulic isolation svstem
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Block diagram of the active hydraulic isolation

system
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accelerometer to a volioge signal of the
scale factor, A coempencator of transier
G; was designed to cparate on th2 a4
signal to ansure the required displace
control at tow frequencies, The se
consists ¢f cne sohid stote operiticonal amplifier
and cucuitry designed to attrngate the ey tive
displacement signal at hinh lreguencies, A
corpensator of tra. ~fer functicn G w38
designed to ~oerate on the relative dispiace-
ment signal and provide the preporticnsl and
differentia{ “'sploremrent control regur-d to
return the payload to its neutral gositicn duning
conditions of sustaincd acceleration, The third
secticn consizts of three gparational amehifters
and circultry designed to Jorm 3 deadiand
function generatcer to change the gain in the
displacement loop as a function of displacerment
A compensatar of transfer function Ga' aas
designed to operata ¢n the relative Yizplacement
signal and provide properticnal and cifferential
displacement control for relative disolazements
in evcess of 2 1 inch. The fourth section con~
sists of one aperational amphiier and curduitry
designed to sum the ~~7vpensated accelere.lon
and relative displocemne it signels. A compen-

tor of transfer finctica G- was dezigned to
o, Mrate on the summation (O attenuate the
combined sigaal at high fruquencies, The filth
and final section is a constant current differ-
ential aaplifier used to drive the servovalve.
This emplifier provides a current signatl propor-
tional to the voltage output of the fourth section
described arove. The amplifier acts as a current
source and thus compensates for the inductance
of the torque motor in the servovalve,

The servovalve is a two~stage flow
contro! valve whicn can deltver @ .iax-mum
flow of 30 in2/sec at a valve pressura arop of
1,000 psid. The transfer function of the
servovalve is represented by G,,. The
actuatce 12 @ 3,000 psi working pressurs,

2.5 in. bore, 5 in. streke, doubie acting,
single rod hydraulic cylinder witl, acjustable
needle valve cusntons. The actuator uses
spectal seals and packings for minimuni
fricticn under working pressure, The flexibie
coupling 1s an elastomeric element of dynamic
stiffness selected to yielu a4 resonant
frequency of 16 Hz for a system payload of
245 1b. The dynamic characteristics for the
actuator and coupiing are shown in Appendix I,

The systein hydraulic and electrical
power requirements are: (a) 30 in.%/sec at
3,000 psi maxamum: and (b) 115 volts AC,
250 ma, 50-400 Hz.

TEST PROCEDURES

During the investigation, {ndividual
component and system development tests served
to define the required loop gatns and compen-
sator characteristics, Final system perfcrmance
and stabllity characteristics for a rigid payload
were determined in terms of measured ¢pen lonp
transfer function, transmissibility v-lues for
sinusoida! vibration, variation of s© .em
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resorant frequency with (oad, ard gystem res-
ponse to sustained acceleration 3nd combired
exzitations, The perfon Lotainry
test model with @ metat seat wasdalined interms
of measured cpen losp transfer funsitcn and
ransmisstibility values for sinusoldal vibeations,

System Open Loco Transfer Furction

An approximation of the expected margin
of stabllity for the ective 1solation syslem was
determined by measaring the magattude and
phase of the open lcop transfer funation
B{lw)/Eliw). This measurement was parfcrmed
by disconnecting the accrlercmetar from the
servoamplifier {see Fig. §), Inlectirng @ command
signal cquivalent to E from an osc-ilater, and
otserving the phase and magnitude relaticnsnios
tetween the returned acce eration signal 3, ond
the command signal E. The mayrnitude cf the
signal levels used for the command signal was
maintained as near as possibie to the voltage
levels cbserved during norma. ciosed locp coer-
ation to ensure that any system nonlinearily
with actuating signal level would ke =rogerly
incorporated in the measured open loop transfer
function. Polar plots were made fiom the
measuyred vaiues of the system c¢oen loop transfer
functions.,

Vibration .

Two vibration testiag machlines were
used during development testing of the tsolatinn
system. A low frequency mechanical testing
machine capable of generating a maximumdoutle
amplitude excitation level of 0.'25 In. was used
over the frequency range of from 2,1 to 15 Hz.
An electrodyramic vitration mac .ne, cacacle
of generating the tnput levels shown tn Fig, 1
for frequencies above 10 Hz, and limited 10 3
maximum double amplitude displacenent [avel
of 0,4 tn. from 5 to 10 Hz, was used for high
fraquency development lesting., Final system
testing was performed on an electrohydraulic
vitration machine, capable of generating the
vitration levels of Fig. 1 over th2 entire
frequency range (0.1 to 100 Hz).

Tre excitation . ud syste., res .nnse
vibration levels at low frequencies b .ow 5 Hz)
were measured by utilizing a recttlinca- potenti-
ometer which yielded an output voltare proper-
tional to the relative disriacemnnt Dalween s
attachment points. Pleznelectric accelercmeters
were used for the measurement of the input and
r.sponse vibratton levels at frequencics atove
5 Hz. Vibration signals obtatned from the
piezoelectric accelerometers weie passed
through 8 sharp cutoff low-pass filter setto 3
c toff frequency four times the vibratery exci-
tation frequency. Transmissibility values were
calculated es the ratio of response to inpus
vibration level at each frequency.

Sustained Acceleration

To generate the ramp-sustained accel-
erations shown in Figure 2 would require use of
a centrifuge, Since no such test factlities were
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Combined Vitration and Scetained Acceleration

e
The method described for sythesizing the 120

ramp-sustained eoceleration excitation was ysed
in conjunciion with the mecnanical vitration
mactine 1o dotermune the equivaient system
response to comiined excitations,

DISCUSSION

It 1s shown that, on the basis of the
sunplified, umidirectional definition of the
dynamic environrent, the gerformance requie=
ments asscciated with the protecticn of piicis
from the acceleraticons expernianced dering LAHS
flight conditions cannot te mat with a passive
izplator. Having estatitshe d the need for
active 1solation technigues, the procedure used Fig. 10. Polar piot of predicted system ocen
to develop 3 frasibie approach followed the tcop transfer {unction Bliw)/E{jw) with rig:id
various typical steps required to design active pay.oad
control systems to a set of specifications.

Analysis were initially performed using
a simplified representation of an active system,
In order to achieve the degree of required iso-
lation ot low frequencies and not exceed the
maximum ailowatie dynamic deflections undsr
sustained acceiecration, both acceleration and
relative displacement {eedtack were required,
The characteristics of pasic components such
as accelerometer, displocement transducer,
hydrautic actuater, {lexitie coupling, and servo-
valve were sejected, Selection was based on
one or more of several crileria, among them
tinearity over the frequency and dynamic exci=-
tation ranges under considecation, speed of
response, fricticn, and reliakility, The charac~
teristics of the varicus besic elements were
expressz-.d in terms of transfer functions which
did not c.nsider any of the nonlinearities
exhibited by real comperents. Analyses were
then performed based on the setected transfer
functiors to determine the type of compensation
and gains required in the servoamplifier, which
would result in a stable system and meet the
specified perfcrninance requirements, Having
analytically defined the required compensation
networks, the basic components were designed
and constructed, and the cverall system tested.

Final adjustments in the compensction networks Fig. 11. Polar plot of measured system open
and gains were based on actual test results, loop transfer function Bljw)/Eljw} with rigid
Adjustment from the calculated values were payioad
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alges Of the anaiyiu
transm |ssxt1u.y for the syrtem aath tne nigd
4 oshoanin (g, 12 differ Trom the va ues
tased on resuts of viliation tosts, shown n
Figs, 1dand 14, Inthesegion iom 2 to 19 H2
the m ted trans: ihiiity s higher than the
wredisted one, e 10 to lJ Hz tne
cppoesite 18 tree. sos Tan be atintuted
10 previgusly discussed “«;r‘car.tms in the
VETTOUE Companenls, pr ‘a'n) those pxnibited
by the serveva'we, The predicted vaiues are
based on approximate finear represenmnon of
the dynamic characteristics of the various
compornents, The dynamic respounse of the
servovaive varies in proportion to the valve
{fiow. In the region from 5 to 10Hz the flow
requirements are a maxiurum and the predicted
system periormance in this region (s better than
the measured perisrmance, [n thke reglon akove
20 Hz the fion regquirements are mummized and
the servovaive performance is betler than
predicted, Cther component nonlinearities not
accounted fot by the transfer functions used in
the anaiysis, such as those exhibited by the
fiexitie couvling and actuator, also contritute
to the differences retween predicted and
measured values of transmissibility,

casly preicted

Resuits of vitration excitation tests
with 3 rigid payicad indicate .that the vitration
isolation charactenistics of the system are
independent of the level of vikration excitation,
Systrm perfcmarnce with different vitration
leveis is demonstrated by the transmissibility

_curves shown in Figs. 13 {a) and (b}, Fig. 14
shows
values shown in Figs, 13{2) and (b). Evaluating
the system vibration performance in terms of
this averaged transmissibility 1s justifiable
since the minor differences which exist betaeen
the curves shown tn Fig, 13 can be accounted
for, almost on the basis of experimental error
alone.’

The system average transmisstbility
shown n Fig. 14 is we.l within the required
values for existing aircraft vikration excitation
levels, 1n the region be'ow 30 Hz. For vibra-
tion 1inputs corresponding to future generation
aircraft, the requircd transmissibility in the
regilon-from 5 to 50 Hz 15 1ower thanthe attained
transmisstbilhity. Compensation networks in the
servoamplifier can be designed to result in
values which meet the levels requited kased on
the excitation correspending to future gener-
ation aircraft, However, the needed (oop gatns
would result 1n an unstatle system at frequen-
cies higher than 20 Hz. The final selection of
system paredmeters was based on attaining the
-required performance for existing aircraft vibra-
tion inputs. At the same time, the system was
designed to provide the best possible isolation

- for the higher inputs. The feasibility of the

" approach suggests that with further research
and development efforts, the transmissibility
requirements for future generation aircraft can
be attained, while maintatning safe margins of
stability, -

the average transmissibililv based on the
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ihterms of 3 say oad vanation,
vaiues of traremiasiiinty for frequencies in the

The system Lnednity was demonstrated

Fig. 13 shoas

regton cf systes resondnce, measurad alth
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THRANSEUSSIBILITY

ngid ;.‘-it)'i:ﬂds rarging in weight from 145 to
330 L
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Regwils indicate that the system
eguency 3ad raximem transmissitility
t resenance are wndepandant of payicad weight,
anr,vz of payicads consodered,

et
| 2
i
3
]
t
'
i
1
1

Y

\
4
L \

)
W EXETRG ARCRAFT
o /\ \‘. 7
\\ \
L
LY
\\&"’*Q‘h
3 LY
A \
-"‘*\—n.
o _ LN b Y4
N 7
rd
7N
/T
TN AIRCRAFT

oo Bemmihonobmadedods i Acboado b 2, PSS R WY T

2] 10 w3 0o
FREMENLY (W)

=TTt

TRARIMIZSBILITY

YY)

FUTURE BERERA

-

Fig. 14.
missibility for LAHS {light to measured
transmissibility with rigid payliced

20
o
: % %
1S3
ok o+
29y oa
ost
ort ®
osr o« 9% R Iae Sg) ﬁ.
FE I LR X K1)
osp & mauie of
0 90 W (199 16g)
0e I i 'S 1 S S U S 1
o4 o2 as 10 20
FREGUERCYIN Y
Fig. 15. Effect of rigid payload

weight transmissibility in the
neighborhood of system resonance

Comparison of required trans~ S e



mp

¥, O+t

-} i

al

l‘(”oﬂ A Y A

rmlﬁlo RESPONSE
PBE) a " . i

¥d
ME K—u:mmon
[] A 1 A vy A e d. A
#No——y ' B 3 . 3 ) 7 .
TIME (eacoads)
Frg. 16, Ixcerimertat respeonse of system with rigid

payload te .ar—,rns:“smw‘ﬁ acgeieration excltation

T [r——]-l?((')

r~
Ly a1 F:JLl

t——-—L—-—J—-ia(ﬂ

PELATIVE DISPLACEMENT

Ao N A. 2 a

~lin -

canl

T
OT] A

\/-nuono RESPONSE
—a

fvw»mmm\/ £ XCITATION
t!(!lO P >

? L]

leqnmn@m

Fig. 17,

Experimantal resconse of system with rigid payload to

combined sinuso:idal vikraticn and ramp-sustained acceleraticn excitation

The response of the active hydraulic
isolation system with a 245-1b rigid payload to
ramp—-sustained accelerations and ¢omtined
excitations is shown in Figs. 16 and 17,
respectively, The top trace in each figure
shows the relative displacement between the
payload and the sysiem attachment point. The
middle and fower traces show the payioad accel-
eration resp~nse and the acceleration excitation,
respectively. Fig. 16 indicates that the
maximum deflection under a 3 g peak, 4-second
duration sustained acceleration excitation with
8 rise time of 0.1 seconds does not exceed the
maximu.q equired value of 1.5 inches, In
addition, the ayload is autcmatically returned
towards the .utral position after onset of the
sustained acceleration excitation.
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Under combtined excitation conditions,
the maximum relative deflection 18 less than the
required 2.5 tnches. The ability of the active
isolaticn system to provide vitration {sclation
during conditions of combined excttaticon is
clearty shown in Fig. 17. The combined accel-
eration excitation shown in the bottom trace of
Fig. 17 consists of the 3g, 4-second duration
ramp-sustained acceleration generated by the
synthes!s technique, and a 0. 125-inch doukle
amplitude vibration at § Hz, generated by a
mechanical vitration machine. The maximum
deflection s & Z.1 inches and the maximum
payload response acceleration 18 approximately
Sg. However, as the 3g tevel of acceleration
{s maintained for 4 seconds, the active isola~-
tion system returns the payload to the null



position and provides 1solation from the simul-
taneocusly experienced vibration, The szrvo-
amplifier circuitry was designed 5o that when
the payload, after the onset of sustdined accel-
eraticn, 18 returned to within ¢ ) tnch of the
null position, vibeation tsolaticon (8 provided to
the payioad equal to that shown In Figs, 13 and
14. As indicated in the top trace of Fig, 17,
within approxtmately one second afler gnset of
the ramp-sustained acceleration excitatwon, the
relative deflection @8, {5 within 21 inch of
nuil, From this time on , and for the duration
of the combined excitation condition, the pay-
toad is 1s0lated frem the vitration excitation.
The degres of tsolation 15 indicated in the
middle trace of Iig. 17.

To aliow evatluation of the active isola-~
tion techniques developed for & rigid mass with
a human subject, a laboratory test medael as
constructed 35 shown 1n Fig. 6, by repiscing
the rigid payload with a3 melal seat structure.
Several changes were introduced in the cesign
of the system 1o insure that the same apgroxt-
mate degree of isolation would be provicded as
for the system with rigid payloads, while main-
taining equivalent stabiiity margins. The szeat
exhibits structurai rescnances not present in
the rigid mass for which the system wias
developed, To avold instabilities lower values
of loop gain had to be used to compansate for
the seat resonances at high frequencizs, A
rigid weight of 145 (b was added and changes
were made in the servoamplifier circuitry, to
achieve equivalent stabulity marging, The cal-
culated and measured open loop tronsfer
functions for the metal seat plus rigid weight,
gshown in Figs. 18 and 19, respectively, indi-
cate the approximate phase and gain maryins of

Flg. 18, Polar plot of predicted .ystem
loop transfer functlion B{Jw)/Eljw) with
metal seat :
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stabilsty, Fig, 20 showe 8 compnrison betaeen
the measyred transmisaibiity {or tha system
with a 7igid payioad and with the geat, At
frequencies lower than 10 Hz, the degree of
isolation atteined with either gystem {5 aporoR-
imately the 2ams, The higher values of trans~
mizsibilily measured with the seat for frequen-
cies above 10 Hz are due o the iower values of
toop gain which had 1o be used (n ordar to
freure the same siabiilly margins,

fig. 19.
cpen loop transfer function B{iw)/E{jw)
with metal seat

P~lar plot of measured system
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Fig. 20, Comparison of measured trans-
misaibility with rigid paylcad to measured
transmissiblitly with metal seat
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mobility for fcrces applied at the poyicad

Finally, the mos? sigm{ 3*’ araras-
teristic «¢ the ective hydrauhiz 0 sYysiem
developed during the investigat:

described 10 terms of the dizplace: wility,
8/F5, wversus frequency curve shcw' in P, 24
{for the sys:°~ with the rigid pryioad. The ratlo
8/Fo. calculated ns ehm-m n Aprerdix I,
defines the poinl displocemant maokilisy
payload, where Fs 15 tho amplitude ¢
)

otdal force F= F,ystn 2701, apnlied
payload, and § s tha relative
batween the payload and tha isclais
attacament point due to apgplicsticn ¢

For the pilot wat application tre results
shown (o Fig. 21 imply that the system perform-
ance s unalfected by slow!ly ap pnﬁd ro3ction
forces resuiting from apnllcation of {oct pres-
sure on pedals cr other control mersters, For
forces which are appliad to the paylead at
frequencties other than aprroxtmately zoro, the
efient on the system performance 1s neqgligthie.
Conslder, for example, the human-bedy couphng
effects, The dvnamics of the human bady can
be represented by a model having a 5 iZ reso-
nant frequency, Let the magnitude of f
acting on the system at the pavicad att
point due to human-~body coupling efizcis Fa
be 100 Ib., The ce’lection of the system 32
to such a force applied at a frequaency of 5 H
would be less than 0,002 inches. Theralcre, (2
can be stated that the dynamic performancze cf
the active hydraulic isolation system is
essentlally unaffected by human-body resonance
coupling effects and/or external forces applied
to the isolated mass,

CONCLUSIONS

Based on the analyses and results of
the investigat:on, the following conclusions
are made:

1. The active hydraulic tsclation system
represents a feasible appreach to pravids the

acceleration reducticn and displacement control - -

required to prctect pllots from the vertical
dynamic environment encounterad durine jow-~
oltitude high-speed {light
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2. Tests ¢n 2 laboratory medal devaioned
for excerunenial rasearch, show that the 30Uive
wdraulic isolaticn technigue can e yesd o
pr'*vx{!e 8t Irast £7 pergant vorrlral oihyaticn
LFoiation 1o 8 24510 rigd mases 22 frequentics
shove 3 H2 under cambined vitealory #nd 3ug-
za inad (3g) sconlerations and for tne duratios
{ the sustained acceieration (4 ~c:) wa::a
u.-n.nng the maxinum dynsmic dall 8 1o
l inches and autcratically im::aung return
c,. the mass to it3 nevtral positicn aiter onsot of
sstained acceleraticn, The modes r»:scm*:
frequency 18 0.5 Hz2, with maxtmum tratismnis-
s$ibility at rescnance less than 2, .

3, Static defiection of the maidnl {8 zero.

4. Dynamic performance of the radnl ¢
essentially indeperdent of lead, Ior the rarge
cf rigid mytoads sssoclated with human susnject

eights,

%
~
i)

S. Dymarmic performance of the modet t .
essentiaily uneffected by human body rnsomﬁr»
coupling efiects, and/cr externsi f:rcms applied
to the isolated mass,

6. Dynamic performance of the modal (3
sdependert of vibratory excitation level, for
the range of vertical vitraticn levels expected
durtng low-altitude high-sgaed {lignts.

7. Research efforts should b= direcied to
saveral areas cf investigation pricr to {inal defi-
nition cf design criteris for pllot protoctive
svystems employing active (aclaticn teckhnisues,
These include: (a}) human subject performarnce
evijuaticn tests with the laborateory model;

(&) evaluation of system responte to multiaxial
and rancdom excllations: (¢} efisct of adiitional
protective devices such as seat cushions ard
body and head restraints; {d) effects of load and
Input Impacance on the dynamic perisrrance of
the system; (2) technigues for varying system
parfcrmance by means of diflsront feecback and
compansation meckanismsg; (f) cockpit structural
tnterface considerations; and (g) weight, space
and cther operational system requirements fer
given aircralls,

NOMENCILATURE
a displacement excitation, {n.
A awverage actuatce cross sectional ares, in?

. voitn
B feedoack signal from accelerome:er, YL

in fliged
C, accaleration loop gain, Soc
3

Cs relative displacement loop galn, ln.m 32

Ce relative displacement loop gatin for

2
[ﬂ]>1 in., in~/sac
in,



in.? fenc v 8ctuator chamber valume, n?

> r vl o RALE I A5
Cs relative velodity loop goin, Y- ‘
x displacement of suppurted mass, v,
Ci - relalive velocity «0op gain for ‘ L
18151 in2/see z displacemeant of actustor rod, in.
> n./8ec . L
L s ) o _
Q; constant, dimensioniess
P ec [, Yelts o
aciualing error signai, mosTe oz constant, dimensioniess
f  frequency, Hz - : B buik modulus of hydraulic fluid, ib./in%
T force excitation, ib 8 relative displacement between
supported mass and actuator, in.
G, compensator transfer function, .
dimensionless : A 4 dxffemnnat.pmssaure 3CIOSS
actuator, 1b./in! .
G: compensator transfer function, . B o :
dimensioniess B damping ratio for accelerometer,
. dimensioniess
. £, i
) amp:ensa:;vr transfer function, {e damping ratio for flexible coupling,
uimension:iess dimensionless - .
£
[ ggmpensat}or transfer function, <, damping ratio for servovaive,
imengioniess dimensionless
Ga sz:z;‘t;rl:;:ie;:; transfer functicn, ~ time constant, sec
T time constant, sec
Gg flexible coupling transfer function, ® : LR
dimensionless , 7’ time constant, sec
Gy zf‘:‘;‘;“s“zéﬁe‘x”“e’ function, e time constant, sec
) represents *f:_l . Tes time constant, sec
o w frequency, radians/sec
M supported mass, b sec®/in. ¥ ‘ / i
1
s wa undamped natural frequency of
/s o
Qv flow from servovaive, in peors ge accelerometer, rad:,en.s/sy-:c
: |
forenc ¢ volts C g undamped natural frequenty of coupling
R reference wput, & /sec? and supported mass radxars/sec
s laplace operator, sec™? @y undamped natural frequency of
' servovalve, adians/sec ;

t time, sec '
| |
|
t

Apperndix |
ACTIVE SYSTEM OPEN AND CLOSED LOOP TRANSTER FUNCTIONS

This appendix deais with generaticn of the system block diagram and the associated transfer

functious. Figs. 8 and 9 show a schematic representation of the active hydraulic system and the

relationship between the various elements iIn the system, respectively., The servoamplifier modifles

and adds signais from the displacement transducer and the accelerometer, and delivers 8 fiow com

mand signal to the servovaive. The actuator, through the flexible coupling, generates forces as 2

function of the flow delivered by the seryovalve. These forces act on the isolated mass to attenuate

the effects of distrublng excitations. : . P ,
The flow {rom the servovalve Qy can be expressad {n terms of the relative actuator piston

displacement and the compressibility of the hydraultc fluid in the actuator 45, p. 373.

ov-a(a-a)‘%’ga‘ﬁ m

I
|
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The tymbois used throughout the appendices are delined 1n the nomenciature,

Besed on pertormancs data for the tv-e of {lexibie coupling used in the system, the dynamics of the
coupling can te rogresentied by

R»z{cwci*u;;(x-z)=0 )

The acceleration of the tsolated mass 15 dascribed in terms of the actuator force cutput by
Mz = APA 3)

Substitutiag Egs. (2) and {3) 1n Eq. (1), and rearranging terms,

Q, 1 vy M L.
— — b e K4 ——2 LA 4
A [ w; 3 A? ] wC +x-9 “)

Usting the Laplace operator notation, the acceieration of the 1solated mass is given by

. - Q, (s} -i* + aals)
s x{s) = £ {5)
1 VM a - S
PRl *+ ‘Cc +1
[0 FALTIY w
< c

The flow command signal to the serveveive Qy 15 the sum of the compensated acceleration
and displacement signals, The flow frcm the servovalve in terms of the accelercmeter transfer
function G,{s), the servovalve transfer furction G, (s), the toop gains C; and C,;, and the
compensater transfer functions Gi(s), Gi(s) and Ga(s), is given by Eq. (6), (minus sign implies
negative feechack)

Qu{5) =-{C1 Gy (s)G,{s)%{)+Co Ga (s)8(<) I Gy (s) Gy ) (6)
where.
s X Gufs) = 1+ & s |77y
T‘S(S—, Te s+1} 1

"

G ls) = e AT ' Salod = 7
Tl

1
&y Tea s i
Gls) = -—0o— Gy(s) =
Tea SH v S +2L, 2 4
wy, Vowy,

Fig. 9 shows the block diagram cf the systein bosed on Eqs. (5) and (6). For the system under

consideration -l—a— > > %:— (107* >>10"%). Therefore, from Fig. 9, tha open loon transfer
w
c

function,-—%%-‘:;—, {s given by

B(s) _ Tc‘ G (5)G; (5)Gals)Gy(s) s*

- @)
FE T Gts)s + 2 qals)Ga (s)Gy (o)

1m



where, from Eq. {2)

The system closed loop iransfer function relating the system acceleration respons X, to the disturb-

ance acceleration &, can be obtained from Eas. {5) and (6) and is gtven by

%ls s + 5~ Go (s)Gs (£)Gy (s) ®
ais
¢ c‘ e (s)Ga(s)Gv(s)s * Gelede + 22 G {5)Gs ()G f8)
Eqs. {7) end (B) were solved on a diglta!l computer for the system with a 245-1b, rigid payload,
using the fol!owing values of system constants:

= 1,58 sec

-1

&

A

G

X = 4,5 sec
G |

G 0,51 sec

71 = 0.315 sec

ra = 0,02863 sec

wy = 1100 sec”?

Resulis are presented in Figs. 10 and 11 which show polar plbts of the amplitude and phase angle of

the system open loop transfer function -%—%}f‘}. and Fig, 12, which shows 3 plot of the magnitude of

the closad loop trensfer function Xl w V»} a3 a function of frequency, respectively.
aljw
Fig. 18 shows a polar plot of the amplitude and phase angle of the system open locop transfer

function EU:: obtained from Eq. (7) for 2 33.5-10 metal seat plus a 145-1b rigid weight,

constants as shown above apply for this case except for the fcﬂowlnq;

The same

= .84 sec

e Fe

0.30 sec

0-'
i

2 = 0.05 sec
1

we 113 sec”

Appendix II
SYSTEM ERROR TRANSFER FUNCTION

In this appendix, it i8 shown how the reference {nput signai R{t) may be used to represent an
acceleration disturbance into the active hydraulic {solation system. The system error transfer

function —ﬁi—%- . ¢an be derived using the block diagram shown in Flg. 9 and Eq. (7) tn Appendix I,

and is given by:
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i

i Lt e 1 A e wgat  LD

5 G_{2)s + %\3 Ga (2)5,{8}G{s)
ey T : C v (3)
G (510 ()G, {s1Gy (s) 8T+ Gels)s 4 5T Ga (31Ga (3154 (5}

The system cloeed loop transfer function -:—;-(%;- is given by Eq. (8). From Egs. (8) ard (3) the ratio
Lis ) ’

(g). N
ms) 18 given by

Gol)s s B G ()G (515, (s)

e {10}
g+ :_;:_-__ G'(;)G'\ (S)G-,-(s)

If @ commend s:ignal R eguivalent to the disturbance &(t) is intreducad into the systam
shown in Fig. 3, the measured error signal E{t) wiil be equivalent to the system acceleration

Tile
response X{t) a6 long 33 the ratlo ;—‘—:g given by Eg. (10) is near untty. Values of the amplitude and
{5

Tt
phase angle of -;?}—"‘% waere caiculated on 2 digital comoputer 38 8 function of frequency and are
w
tabulated below,

AMPLITUDE &ND PHASE ANGLE oF —dal

K w)

FREQUENCY AMPLITUDE PHASE
Rad/sec Hz . Ratwo db degrees
0.063 0.01 0. 100002+ 01 -0.00 0,0
0.100 0.02 0, 99393£+ 00 -0.900 0.0
0.158 0.03 0.599932+00 -0.00 9.0
0.251 0. 04 0.3923%6E+00 -0.00 0.0
0.398 0,06 0.9933CE+ 00 -0.30 0.0

0.631 010 0.935882+ 00 -0.0¢ 0.0 -
1. 000 2.16 0,8683535+00 -0.00 0.0
1.585 0,28 0.959137+ 0G0 -0.01 0.0
2.512 0.40 0.9555224 09 -0.01 0.1
3.981 0.83 0.897322+0 -0.02 0.2
6.310 1.0 C, 3847¢%+ 00 -0.G5 0.3
10, 000 1.59 0.888112+09 -3.10 0.4
15. 849 2.52 0.97033T2+00 -0.26 0.6
25.119 4.00 0.821792+00 =-0.71 1.0
39.811 B. 34 0, 803065+ 00 -1.91 2.9
63,088 10.04 0.55093E+ 00 -5.18 1G6.6
190. 000 15.92 0.20581E+00 -~13.73 109.7

It can ba seen that the system acceleration response ¥ {Jw) 18 within 10 percent of the value of the
error signal E(Jw), for values of frequency lower thaa approxunately S Hz, Therefcre, if a reference
tnput sigrnal R{Jw). equivalent to a disturkance &(j ), s electiroalcally introduced Into the system
at the appropriate location (see Fig., 2), values of the measured error signal E(jw) will be equivalent
to the acceleration responide X(Jw), 8s long as tha frequency of the disturbance and ¢f the response
Is betow 5 Hz. Such a3 synthesizad excitation technique was used for evaiuating the system responee
to the ramp-sumainaed acceleration excitation, where nefther the frequency of the disturbance noc the
- frequency of the system was greater then § Hz, .
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Appendix I

DISPLACIMENT MOBILITY

. Referring to Fig. 7, the equations of motion governing the actuator and the flexiltie coupting
for a force disturtance F{t) applided at the isolated mass f.e., §(t) = 07 are given ty

Q =A(:z)+:‘,’§2ﬁ ’ (1)

v
and

He R wkefx2) ' | (12)

S

The acceleration of the 1solated mass is described in terms of the actuator {orce output and the
appited force ty

Mx = APA+T : ‘ {13)

Combining Eqs. (11), {12), and (13}, and solving for X using the Lapiace operator notation

(14)

Q.J(S) ¥is f‘ssf
As tuE M TN
x(s) = T <

M 3, ap S
:’{'bﬁ—r—’,\/vs +&cwc +1

As indicated 1n Appendix I, for the system under consideration ——l-; >> ZT‘SKM‘7— The expression
then becomes : '

Q,(s)  Fis)
As 4>u‘.:CM

x(s) = . {15)

2

S S
..r,zc — % ]
wc ch

Substituting the expression for valve flow Q, represented by Eq. (6) of Appendix 1, solving for -’;-(:-
and recognizing tnat since 8= x-~a, x = 8 fora = 0, the point displacement mobility -?—.— 18
given by Eq. (16)

s .
2

8(s) _ 'wa

F(s)

= = (16)
% Gi(5)Gz (s)G,(s)Gyls)s® + Gels)s + - Ga (5)Ga (s)Guls)

The magnitude of the -%- ratio was calculated as a function of frequency with the vatlues of censtants
shown in Appendix I for a 245-1b rigid payload, These results are shown in Fig. 21.
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Barry Ontrels

pivision Fansw wWr

icht Cotprnration

Burtynk, Califorda

R D eIy

'LC f,..uv-‘ ey

Sy a sheek atitonustoon
¢ and structure {rom shock 7
transreriation envinrrynts, &3 roouirnd by sieh syecifications as 121~
STo-810, MII~E-4370 and MIT-S-52050,

siidnt isolation sostrm was dovelored vhich echibits a decreasing
sTTIng rate offect. Thas cherattnrisiic edstantizlly in-

s enargy ebsorbing Saoability for a given foroe—<
ing 10 a lowrr hoight shidrount than ooidd be cbtained 1f a lirear
r rate characieristaic was used.

rehile v3tms peinted out the need

ciated with the transpertation

m wrch wold protect delicats

due to drxpring, towing ard

‘eflection poing,

INTRODUCTION

with the adwumt of scrhisticated wnapcrs
systors for field uwse, the concert of liche-
weight rmebile ghelters, housing coerlex and
delicate electronic systars, has >0 intoo-
duced.  khen theon shelters and their equipmont
are subjected to the dymamic enviroiIrnis asso-
ciated with the Lransportation and creraticen of
field ecuiprent, the intogrity, serviee lafe
and reliatility of oth shwelter ard electronic
ecuipmmt may be degradad, unless shock ard
vibraticn protection is provided. With this in
mird, a shock rownt desicn that weuid also enrve
as a skid for towing purpeses was initiated.

The following primary criteria were initi-
ally set vp as requiroments for an acceptable
skidmamt design:

1. Adocuate shock protection wder.
flat and rotational drops.

2. lerg term service life.

3. Capability cf being towed.
4. Usable for rany dveps.

S. Econcracally prohucible.

6. »Moptable to a wide variety of
suprorted weights in a given
length.

9

Cther desirable characteristica cof the de-
sicn were:

1. Capability of provision for iift-
ing bv a forklife.

2. Capability cf nct needing rigid
blocking out cther than sirrle tie
Cown ropes durirg a wide rance
transporzaticn envirorrents.

3. Light weicht.

The follewirr types materials were consid-
ered for the werking 2lement of the skid:

1. Rutber Foam
2. Elastomer
3. Steel Springs

Sinve cne recuirement for an acceptable
kil design was reusability, crushable honey-
ooy, brxkling motal and frangible rings woere
nct considerad. Foam and springs were discard-
el ‘n fawr of elastarers because of ¢reatar
erplgy storage copability per volue or pownd,
25 wll as packaging, strength &xdl cost aonsi
eratizns., The isolator cenfigquration, called
a siidoant and as shown in Figure 1, vas
ultirately dewelcoped.

[
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DESIGN CQUDITERATIONS

As Figure 1 shaws, the skidmount section
consists of two elastomer elerznts inclined at
an awle such thet at a predetermined donamic
load, e elastorer will continuee to deflect
without an grpreciable increase in load, This
results in a mab:r aroumt of ereryy storatm
capability for a given gverall height than oould
be cbtained if a linear load-deflection char-
acteristic was used,

Figure 1 :
kidmount Cross Section

Ither reascns for the particular configur-
ation shown was efficient usage of support
structural and horizemtal stability under side
loads. Also, sinre the skidnounts must be cap-
able of being towsd over varicus tervain, the

angled sides provide rares that woald allow the

skid to slide over the Qirt, rather than dig
into it as would be the case with vertical
sides.

T show that the skidmount is a more efficient
shock attenuaticn system than a linear system,

a coparison of the deflection required for keth
gystems is made in Teble 1. This exarple shows
that for a drp height of epproximately 10

inches, the linear spring would require arprodi~

mately 30% more deflection then the skidmount
configuraticn. As Tsble I points out, the skid-
mant was cptimized for a 10 inch drop height
but the same configuration can be optimized for
other drop heights.

In order to facilitate pradiction of re-
spense characteristics for various package
weichts znd irertias, the dynamic translaticeal
lcad-deflection data were obtained from a test
specimen and these data were used to develop
the spring rate equation for the rotaticnal
edge drop analysis. The data were conpared to
actual rotaticnal drop test values in order to
verify the accurasy for use in design evalu-
ations.
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TEST PROCZIUFES

the statie load~daflecticn properties were |
first deterinerd by slowly lowding a sochicn in
a Tinius Clsen Test Machine. This data was used
to w:'ify the non-linear cdharacteristics of the
design and determine the static lo.ad c.rrymg
limits of the rmunt. .

The Synamic load- ,flectim d'aaractw_rist-
ics were determined by dropping A mass with a
skidraamt section attached, «nto a rigid base
armd reasuring the deceleration of the mass and
the deflection of the smdrmmt.

A crystal mAemretar, 'crmrge amplifier
ardd oscilloscope were used to monitce deceler-
aticn, vhile a sliding fricticn device was used
o neasure deflection. Figure 2 shows the test

setup.

Flzure 2

Test Setup For Dete':zininr Dy'\er-ic
Lead-Peflection, Tata -




Tho resulting stetic rod dneric lowd-
doflection curvrn arn corraresd dn Fi~are 3. As
is novenl, the ymormic st »y arp slightly
hichcr than the siatic st CIRCR.

o

The zoonlertacn vorstia drok heicht
ave plotved on Fivire 4. 8 '
Aeciad fomm a full sing riaid
rounted on oskidominia &
tive loxd por anit length of elestors
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Figure 3

A 2518 poumd rockup was used an a sirula-
tod gheltor with dimxnsicns of 7 foet long by
4 fent widn by 3.5 feat hizh, The rorent of
irertia was calculatad a3 4300 irch-lrsec?
with the center ¢f gravicy 26 inches we. Fig-
ure 5 shows the configuration.
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Figurec 4

Two skidmamts wers bolted to the mockup.
re erd was raised and drogsesd from varicus
heights, Acceleraticns ware -masurcd at the
corner farthest frem the pivol peint and at
the center of gravily.
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Test Setup For Rotstlicnal Drep Iata
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b = icrizental distanca from c.n. W
elastic conder of elastomer

¢ = Vertical distance fiem c.9. to
elastic conter of elaztomer

F(z) = Spring Forece
h = Dxap Heicht

I, = Mxent of Inertia atout point of
rotaticn "0°

Il
]

o = Moent of Inertia about c.g.

L = Overall lergth of t.ost packoge

R = Radius Irum point of rotation to c.g.
V = Potential energy

v, = Velocity at impact

T = Kinetic energy

W = Woight of test package

¢ = Angle betwmen bottom of gkid and R

¢ = Angle between horizental ard R

1, = Rotaticnal Velocity at impact
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Figure 6

Mathematical Model for Rotaticnal Trop

Using the t*ar,lanaml dynamic load-
deflection data, a mathwratical rodel for the
vertical spring rate was c‘aerived. The predict-
ed resyense for the rotational drop wvas caloul-

- ated. The assurptions are as follows:

1. The ress pivets about the Point "o
withott ainear translation.

2. The mass is rigid amdd inert com
pared to the skidmounts.

3. The dzflection of the skidwunt is
mall compared to the drop height.

The initial retaticial irpoct velocity is
first corputed uvsing potential and kinstie
energy relationships:

ar = - av $}]
T, =T, - v, =V, 2
where,
T, =0 amd T, = I0% {3)
¢
v, =V, = § tecoce) ne “
)
Therefore,
10 =-wising, ~ sing) ) {s)
"E?" 4
Cz,
a =J Zor (sing, - sing, ) G)

Fram the googwetric relaticns botween the
argle 3, tw drop teight (hi ad peckage dires
sienis B, L ax? C are related as follosm:

st efl2e , mew wl-achd ™
b , 2 u? /

Sbstitting this fouation into Bouation
{6} and notis ; th:a* h = h, h = G, the anpalar

velocity rechens to,
B, = ih (1 - icj_) )
3 I{) 'Lz

Then the mecritade of the welocity at c.g9. is,

v, = R 1§32

with a direction perpendicuiar to the Padius R.

Then the welooity directsd along the principle
of the shelter is as follows:

vp =V E0ED = QR cosd {10}
v \ao,sinﬁ‘ = QR simd (11)

Substituting Equation (8) into the above
erations, yields

vzsL \& (1’_@_(:_2-) (12)
z ‘IO Lz

o (B (0E) w
NI T

Now that the initial wvelocities (o, v

have kesn defined, the Zcuations of ms;.mny
are written foxr the Idge Rotational Dwop. Due
to the syrzetry of rhe elastorar elements, the
Y and a modes will be the only coupled rodes,
therefora, these BEquations of Moticn describing
the resprmse to the Edge Potaticnal Drop are as
follows:

mz = -47(2) . (14)

m + 4 [1843.552% -1434.752)
(1s)
-6954.4822 + 13749.57z -227.67]

where F{z) was written in the form of a poly-
rominal in 2 as derived from the dvnamic load~
deflecticn data by a least suare a;nmmatxm
of test data. The resulting relatlomship is as
follows:
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F{z) = 1843.532"% ~1434.7527 -63%4.4527  (I6)

+ 13743 37z ~ 227.67

me o+ 4 [1833.592% ~1433.7327 -623d.4222

an
+ 13749.572 - 227.67]
= F Cam 40V
m +<:»yc. 4%, {18}
Yy o+ 4K = 4R Ca= 0 19
Lo =4 K, G - 4xyc3; + 4F(sbib (20)
1.5 *4Kyc?; ~45{1843,58h" " 1)

~1234.735h%27 -6354.47b7 52

+13749.58y ~227.67] --SKYC), =0

The aone Eqaticns of Moiion wore solved nume
erically using the Runce-Xutita Methad for
simltancous second crder differential ecua-
tiens. The resultz of this analysis are shown
gragzhically fcr the rospons? acceleraticons at
c.g. and at the ccmer Figwes 7 ard 8.

The actual test results show values which are
aroreximately 103 to 20% less than the thoo-
retical results. This is good agreereont when
instrurentation, assuptions and variances are
taken into accoount.
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Figure 8

The desicn apormach described horein will
rrovide low shock response levnls ordiiined
with a very efficient use of available rount
space.  Shack respense values can be colculated
with a hich degree of acruracy for both
straicht and rctaticral drops, thus providing
a reans of optimizing each applicatica.
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DISCUSSION

Mr. Denner (Hughes Atrcraft Co.): Do you
have any typical weights {or these skid systems
for common sizes of shellerg?

Mr, Doll: The skid averages out to about
7 lbg per foot, including the tow weights on the
end which are a little bt larger than the ex-
trusions. For a typizal 12 {oot shelter, it would

weigh less than 80 Ibs.

Mr. Gertel (Kinetic Systems): 1 was curious

about the statemernt you made on the non-linear
and linear equivalents. 1 believe you said the
non-lirear mount gave a lower deflection than
_the equivalert linear mount ?

Mr. Doll: Yes. If you draw & straight line
from the origin thru a point oa the load-deflec-
tion curve before it gtiffing up, both systems
would have the same {orce level, but the skid
mount would be more efficient. It weuld have
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more energy underneath the curve at that partic-
ular point.

Mr. Gertel: 1made a fairly short standard
package cushioning deflection caluulation which
would indicate that, the optimum linear mount
would have considerably lower deflection than
the equivalent situation which you described.

Mr, Doll: Cnce you got past the {lat portion
of the curve there is a cross over point where
the deflection of a linear spring would equal
that of the skid mount.

Mr. Gertel: The linear mount probably
would have a higher stiffness. Based on the
simple parkage cushioning equations, the defiec-
tion squals twice the drop height divided by the
acceleration, Looking at your table, in almost
every case the optimum linear mount would have
roughly the same deflection as your own nen-
litiear moant,
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COMPUTER-AIDED LISIGN OF CPTIMUM SHOCK-TSCLATION SYSTEMS

E. Sevin, W.D. Pilke;, A.J, Kaifncwski
11T Research Institute
Chicago, Illinois

A co-puter-aidad optimization method, termed Indivect svrthesis,
for the desion of 3 class of nultidegree~oi-rreedeon, multi-
isvlator shockelisolaticn systems is described. Such systems
ave characterized by (1} linear structural elements intercen-
nected by nonlinear {solator elements and (2) censtraints and
e porformsnce index that can be expressed as linear functicns
of the system state varizbles., Any nuaber of dezrees of frea-
dom can be considered and no restrictions are Irposed on the
nenlinearity of the isolator elements. The indirect synthesis
method also cam be 1sed to determine tradecff relaticnships
betwesn performance index and respcnse censtraints, thereby
providing a quantitative measure of the effectiveness of eny

{mprovenant wargin,

proposad isolator concept and the theoretical performsnce

INTRODUCTION

The design of an optimum shock-
fsgolation system requires synthesizing
portions of an otherwise-specified as-
semblape of structural elements so that
an index of over-all system parformarce
i1s optimized (i.e., minirized
mized) and specified conmstraints on the
system response are satisiied und e
action of an external shezlt exczit
This {s essentially a varisticnal
problem for which mest succse=, t

~has resulted from mathematicai progra-
ming formulations. Esen so, because of
computaticnal difficuities, thaese have
been limited to relatively small and
simple systems. The reasons for tnis
state of affairs can be understood by
considering the following characteristics
of what might ba termed the "conventicnel
direct-synthesis approach” to design op-
timization: ‘

-
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® The entire system dynamics must
‘be solved for each trial set of design
parameters considered.

[ £ vore than one Isolator {s
present in the system, all parameters
contalned in all isolators nust be
sought simultaneously.

® Nonlinear programming search
codes are required to execute the per-
formance minimization. The unknown pa-
ramaters Invariably appear implicirly
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and nonlinecarly in the mathematical rep-
resentaticns for both the performance in-
dex and response constraints. The non-
linearity aspect rules out the use of
efficient linear programming techniques:
The implicit appearance of the paramoters
rules out the use of high-speed "grwiient-
tvpe' nonlinear prozremning codes. The
only alternative {s that less efficient,
slower-converging mathematical program-
ming codes, such as the ''pattern-cearch"
type, be employed.

In this paper we will consider a
new cemputer-oricnted approach, called
indirect svnthesis. It treats the same
general class or problems, yet holds
rromise of avoiding many of the disad-
vantages of the diect approach. The
method 1s intended for many-degree-of-
freedom systems whose gtructural ele-
menvs are linearly elastic, The isola-
tor elements may be highly nonlinear,
thus the over-all system dynamics are
nonlinear. Further, both the perform-
ance index and constraints must be linear
functions of the state vartables (e.g.,
displacements, velocities, forces).

The method of indirect synthests
comprises two distinct phases, (1) Tize~
Optimal Synthesis, and (2) System Identi-
fication. Tre first phase involves the
determination of the force-time variation
in each of the isolator elements for
which the performance index is optimized
end the constraints satisfied. For the




class of systems desooi
optimum isolator foro.
iny a Mncar progra-oia iem whose
dimension depends on sy of fso-
lators and constraints ruther than on

the degrees of freedom ! the over-all
system., The linear procramming formula-
tion is possible sincw the {solator ele-

- ments, despite the pos-ibility of their
being nonlinear in their respective state
variables, enter the oo .atfons of motion
as unknown functions of time. While it
is possible to handle nonlincar struce
tural systems by other means {e.3., d¥-
namic programming), the practical appli-
cation of the method for truly larze
systems and present generation conputers
depends on the linear progzramming ap-
proach.

finding the
icts of solve

Repetitive solution of the time-
optimal synthesis phase for different
constraint levels results {n a perform-
ance index/constraints relationship that

.represcents the Lest performance possible
for the totality of admissible isolatnre
elements {(for the prescribed loading)
When the optimization proceeds by con-
ventional direct-search techniques this
information is generally unavailable
since specific isolation-element config-
urations must be specified {n advance.

The system identificaticn phase con-
sists of determining the open parameters
of some prescribed isolator element. This
is done by causing the response of iso-
lator elements to approximate the ideal
synthesized response, thereby avoiding
the necessity of solving a constrained
minimization problem. In a wmulti-isc-
lator problem, this can be accomplished
one isolator at a time. Knowledgzge of
the tradeoff relationship between opti-
mum performanc: and constraint serves to
terminate the i entification process.

TIME-OPTIMAL SYNTHESIS

The practicality of the indirect
synthesis method stems from the fact that
the time-optimal synthesis phase is eas-
ily accomplished for an important class
of large isolation systems. This is a
consequence of the linear form of the
deflining equations, even though the iso~
lator elements under consideration may
be nonlinear when expressed in terms of
the system state variables. The general
dynamic system under consideration will
consist of an arbitrary arrangement of
linearly elastic structural elements
interconnected by isolation elements.
The structural elements are assumed to
be the known {(and fixed) portions of the
system, and the isolator elements the
unknown portions. The most general ar-
rangement is shown in Fig. 1l:
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Fig. 1 = Multi-isolator, multidegree-
- of-freedom system

Less general configurations, which are
considered later, are shown in Fig. 2.

To establish a mathematical state-
ment of this yeneral shock isolation
problem we introduce the following nomen-
clature:

u,; j=1,...,J = forces in the J
{(unknown) isolator elements,

Ck(t,u£); k=1,...,K = response func-
t.ibnsg (relative motions or func-
tions of relative motions) at
pusitions in either a structural

or an isolator elemsnt, or a
combination of these, where time
is denoted by t. (According to
the design requirements, the Cxk
must lie within some prescribed
{(time-dependent or {nvaiiant)

b undingyvelueq. say, between

Ci and Cf. The Ck ave referred
to as the "coanstraint fuactions”
and there may be K such inequal-
ities specified.)

h({t,u3) = response function whose
mgximum or integrated value over
time represents the index of
performance to be cptimized
{minimized or maximized). De-
note this functional of h by Q,
the performance index. If tne
maximum absolute value in time
of h is of prime concern, then
Q=mgx h(t,uy) for all 0gt< Ces

if an integral of the response

BEST AVALABLE COPY

:
i
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fs the performance index, then
te

Q-f.h(t,uj)dc.

o]

t, = final value of the time inter-
val of interest.

£.(t);, /=1,2,...L = external shock
' excitations.

The optimum desivn problem for the
general shock isclation svstem consider-
ed thus amounts to determining the J
isolator elements {i.e., the uJ) such
that the K constraints

C...Ck(tu) cv.

G k=1,...,K (1)
are satisfied and the performance fndex,
Q, takes on a minimum (or maximum) value.

The choice of serformance index 1s
of utmost importance since {t establish-
es the sense In which the isclation sys-
tem desizn is optimized, The cholce of
coastraints, on the other hand, rvestricts
the range of candidate designs re‘a:xve

to which the optimum is selected. )

In zeneral, both the performance
index and constraints can consist of any
linear combination of response quanti=-
ties. Since we are limlting cconsidera-
tion to structurai elements that respond
linearly to either the external shock
excitation or to prescrited forces at
the attachment points of the isolator
elements, the method of superposition-
applies. Thus, any of the state vari-
ables, or a linear combination of the
state variahles, can be w,oitten in the
form of a convolution integral involving
the response of the (kﬁown) structural
elements to unit forces and the (unknown)
i{solator element forces. Tne response
function, therefore, can be written as

1 ¢t
h(t.uj)“ho(t)+ Zij(t—‘f)uJ(T)dT,
1 o )

wheie the Ri(t) are the values of.h due
to a unit impulse aDFlied at the attach-
ment point of the jiN {solator element,

and hg(t) is an analogous response due’
to the applied disturbances f,(t). Sim-
ilarly, linear constrain: functions can
be written as

c, (¢, uj)=cok(c)+§: [R g (E-Iu; (D)
(3)

Expressions (2) and (3)assure zero ini- .
tial conditions as Is nsually the case
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for shock problems, However, the appro-
priate solution to the homogencous equs-
ticns of motion can ke added to hotna
cquations to include situations wiere
nonrero Initfal conditions prevatl.

For corputational pucposes, {f may
be more convenlent to obtaln soluticns
to the o*iﬂinal system for unft step-
functions H4{t), ratrer than for unit
lnpulsns. s .he response of 2 system
to a unit impu.se {s the derivative of
the response o @ unit step-fungtion,

SO RJ(t) can be computed from d& (t)/dt

In particular circumstances, the
performance index and constralint func-
tions may be reduced to special cases of
these zeneral forms. For example, the
response funution h could be a linear
combination of J of the 1solator forces

J
h(t,u,) = :E: u,(t ’
CR Aguy(o), ()
. 1
where AJ are prescribed constants. Sim-
ilarly,”a constraint might be reduced to

a linear combination of the form

Co(£:4))~Caye(©) «uZAj uy(8) (5
j=1

where A;, 1re known constants. Still
ik

another”possible constraint form would

involve the terminal value of a response,

i.e., its value at time tg¢

t
R
Ck(tf,uj)=§ f-.d(:f-x)uj(:)dx. (6)
. ij~=l o

The time-optimal synthesis for sys-
tems with these types of performance {n-
dex and coastraints becomes a problem of
linear programming where, in discret:
form, we serk to establish the i-cc- n-
ents (i-1, 1) characteriziny eacn ot
the J isolator forces uji, such that Q

is minimized subi..ct t¢-~""- linear con-
straints :

kt S C (s. y ..,K).(?)

AS stat. © :lher the

form

Q- ?ax N Sty <t (8)
‘or i
Q=f h(-. = S “"(ti,uji).‘.t:i

o . (9)




Also, it is possible to have the inte-
gral of the absolute value of h as the
performance index and still retain the
linearitr in uj g required to formulate
the problem as“one of lirear programming.

The functions h and €y are arbitrary
in that ‘either can represent stresses,
displacement, forces, or practically any
other physical quantity of interest to-
the system,

Details of the linear prozramming
formulation and a code to implement it
are given in Ref. (17, Of importance
here is the observation that the size of
the linear programming problem does not
depend on the number of degrees of free-
dom characterizing the dynamic system.
Rather, the size of the prozram, from a
computational point o{ view, is propor-
tional to the quantity 1JK, where I is
the number of discrete time steps used
to characterize the isolator forces, X
is the number of response constraints
and J is the number of isolator elements.
Morecver, the dynamic analysis is con-
ducted only once to determine the influ-
ence-type functions which appear as the
coefficients of the uy in Eas. (2), (3),
and (6).

Time-optimal synthesis results in
isolator functions uj for the optimal
isolators and the migimum value of Q.

If the synthesis is executed for & range
of values of the constraints, a hyper-
surface showing the optimal performance
possible for various combinations of con-
straints can be coastructed. The isola-
tion system designer can use such infor-
mation to learn if proposed designs can
ever meet the required performance,
Also, a measure of his success at vari-
ous stages of his design efforts is now
available, since the performance of his
candidate system can be compared to that
of the best possible. - ‘

The time-optimal synthesis process
can be conveniently considered in terms
of three computational steps.

Step 1 - System Dynamics. Struc-
tural dynamic codes are used to obtain
the required response history of the
individual structural elements resulting
from both the external loadinz and the
unit impulses at the isolator element
attachment points, i.e., determine h,(t)
and C,1 {t) appearing in Eqs. (2), (33
and (%& and Ry and Ry3; appearing in
Eqs. (2), (3)7 and (6.

Step 2 -~ Linear Program Preprocessor

programming farm. The mechanics of ac-
cemplishing this for a single-degree-of-
freedom system ave given in Ref. 727,
For the general problem, this task can
be automated by a linear programming .
preprocessor (LPP). The standard linear
programming problem may be stated as:_ _
Find the vector Z that minimizes s _= C Z
subject to the linear constraints A Z=B,
where the components of 7 must be posi-
tive., ' In essence, the LPP code sets up
the &, B, T matrices using the response
output and other essential information.
Such an LPP code that accepts quite gen-
eral forms of constraints and perform-
ance indices is available. The formula-
tion and implementation, including the
FORTRAN IV listing and users manual,

are provided in Ref. [17.

Step 3 - Linear Prozram Solver.

This step employs existing large-scaleT
linear programminz codes that accept the
output of Step 2 (l.e., the coded A, B
C matrices) and compute the minimum 5
(say »") and corresponding minimizing
vector . The optimum isolator func-
tions uj, any desired response fungtions,
and alsé the optimum performance Q™ for
the specified constraints cen be subse-
quently determined from +* and Z~.

SYSTEM IDENTIFICATION

The second phase in the indirect
svnthesls process is termed svstem
identification. This phase Tesults in
the selection of design parameters asso-
ciated with the candidate isolator ele-
ment configuration that satisfy the
originally stated optimization problem,
This is accomplished by curve-matching
techniques that mold the candidate iso-
lator force-time characteristics to the|
ideal response ac determined from the |
time-optimal synthesis phase, ]

The ‘design parameters are determined
for each isolator separately, rather than
simultaneocusly as required by the directs
synthesis method. The optimuw isclator |
forces u¥(t), used as the reference for |
curve-matching, need be computed only
once. This is equivalenc to performing !
the system dynamics but once. |

Assume that the force in the jth
isolator element (u3) can be expressed
as an arbitrary algebraic or transcen-
dental function of the relative displace-
ment (xj) and relative velocity (ij) |

gLLPE. The response Information of Step 1,
the form of the performance index, and
the nature of the constraints to be met
must be converted to standard linear
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1'Available linear programming codes in-
clude CDC Allegro, IBM MPS 360, IBM LP |
90, and UNIVAC FMPS. :




between the isolator terminals” [e.g.,
Figz. 2/a)! and the M; unknown design
parameters 1 bl TR S SN . That
bar FERGEARRR RS

uj = u§(xj,gj,§5). (10)
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the optimal history of uy,uj (t) for the
J values of §J. The same dynamic sysfrim
equations EﬂPIOJed to cocmpute ui(t) are
used to obtain the correspondin% relative
motion t;ajectogieq x¥(t) and x¥(t).
Knowledge of (u x%) pernxts us to
compare the forée 11 the j¢ candidate

RIGID Ry

DEFLECTED sMELL

n

v

J
i {B) meofy 2
A

B TMF INPUT DI TUCSINCT
VT ?

{e} woopL 2 faamupe

NN e ™ THE ESFLATOR LLFUERT T g SYRTRESIZED

ORI

Fig. 2 - Example shock isolation systems

One such form is

Nj Nj
c n .1
Uy :E%’nj*j *‘ji%anjxj s
n= ne=

where the (Nj+Nj) values ynj,
refer to the iy values of aj.

(10a)

and enj

The optimum synthesis problem is to
select numerxcal values for the Mj design
parameters a4y for each of the J i{Solators
such that Q is minimized (or maximized)
and the constraints on Cj are satisfied.
Recall that we have already determined

¢Additiona1 considerations that arise
when derivatives of uj appear in the
expression relating fdrce and relative
motion (e.g., for a spring and dasﬁpot
in series) are discussed in Ref. 1
This is a situation not fundamentally
different from that considered here.
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isolator (under the assumption that it
can respond optimally) with u¥ and to
select the design parameters to minimize
the difference between the two. That
is, from the difference functior.,

a5(0) = ui(e) - u§JLELED, (D

we can select the Fj such that

o

- 2
H(uj) -f {AJ(T)] dt (12)
[o]

The relation (12) can be approxi-
mated with a finite sum so that che de-
sign parameters are determined by solving

is minimized.



. . %
past- are opg zation problem®
the least-square opiimi p TIME-OPTIMAL SYNTHESIS (Strps 1,2,3)

—% . .
H(_:j) = STEP 1 (SYSTEM DYNAMICS)

Determine system response functions

for unit i{mpulse loadings
“l-in L \‘ "“j(xj (&), x j( )’C‘j)] STEP 2 (LINEAR PROGRAM
LR PREFROCESSOR)
(13) . Yse the vesponse functions and the

specf ffcarion of the constraint

— ' P s furi~rions and perforu ancz indices
where 1 refer‘to the mirnimizing param- teccastruct the A,5 < satrices that
eters and Ats: is Cae fanagration time : deiine ..e rtandard limeir program-
interval. 1If the parsom:ters @; appear ming problen: Find 1o ;§§§§§c i‘o
linearly in Eq. (10} { .g., Eq. (l0a)l, ‘ T~ 5 i}

(13) becpmes a problem of ordiaary least- -

square curva-fit.ing: If they appear o STEP 3 (LINEAR *’Rfs’g?‘:;‘;q)
nonlinearly, the parameters rust be de- : .
ternined with & nonlinear scarch code’ Use a llnear programmiag code to
[31 s solve for the minimum ¢ = % and

corresponding P Next, decamlne
. PR the time-optimal performance Q* and
The determination of a3 is the step gtimum trajectories u*(t), of the

prgviously referred to as molding the h isolator j~1,2,...J from =% 2%
candidate isolator's force-time

characteristics to those of the time- ————————ed  SYSTEM IDENTIFICATION
optimal response. The suboptimization g
problem {13) involves each M; set of Select the configuration (l.e.,
parameters independent of thsse appear- : uJ(xJ,xj. }) of the }th {solator
ing elsewhere in the system, i.e., sys-
tem identification is performed an iso-
lator element at a time. ';;lf‘f;‘i ‘"'t i?i;i:io;‘:er(gf)Parﬂeéerf:
‘ n=1 corresponds to the 1 0
1f perfect curve-matchinz, Aj(t) = inftial estimate
0 for all 0< t < tgf and for all j iso-
lators, is realized, then a solution to fe AL e
the system equations contalring, the
candldate solators with aj = "zj (i.e., Compute the measure of curve-
) in place of o ()} will be matehing H(3y)
i = ‘2 The <:or:r:es\goncu.nr7 Q and T
?{(t) wil be the same as those obtained e
from time-optimal synthesis since both Lonte °°f!_ ehe °:';:g?;;‘t"§c‘;‘i"
are expressible as functions of X3 (1. programming cfode e,cabxigs,”
a new get of parameters {2 a*l
1f the curve-matching is performed i ;;‘nim‘lz;‘:’;gﬂ‘o"f"a"’(éd) the I
imperfectly, some degree of error will i
be introduced into the candidate iso- |
lator trajectories, and the extent to ' M 1s H(E,) mintmized? |
which the resulting performance and con- o
straints are satisfied will be affected. ; L Yes

Some indication of how the accumulation o] Are all J candidate isolators
of the individual curve-fitting errors No| synthesized?

will affect the final response of the | T
dynamic system designed by the indirect l Yes
synthesis method is given in subsequent

Substitute the optimized parameters,

examples. L.e., (&%) 3=1,...J, into the can-
didate” system equations and
A flow chart illustrating the over- :““g:::idate system performance
all indirect-synthesis computational ¢ Response coustraints
process is shown in Fig. 3. The first &
three steps constitute the time-optimal
synthesis phase and provide the optimal Are both the level of performance

and degree of satisfaction of the
response constraints acteotable?

> .

The minimax (or Chebychev) definition No { Yesi
of curve fitting, which minimizes the L .| Select other can-| [STOP: Satis-
maximum deviation being matchad, may didate isolators | |factory system
also be used in place of the least Ls achleved

square measure of curve-fitting error ;
[Eq. (12)1. Fig. 3 -Indirect svnthesis flow chart
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performance Q*,‘the optimum forces u#,
and trajectories x*,ij necessary for the
system-identlficatéon phase. The n-loop
refers to the iteration, for a fixed j, on
the 7; values in the process of minimiz-
ing H{? ) and the j-loop refers tuv the
determigation of the parameters in eac

of the J candidate isolators. The outer-
most loop refers to the process of re-
design. If a set of parameters a; thnt
results in a satisfactory curve satch
for the postulated jsolator configyra-
tion does not exist, then other candi-
date isolator elements nan be used. Tals
involves repeating part of the system
identification loop, but does not require
a fresh time-optimizatioa solution.

To illustrate the Important feat-
ures of the indirect synthesis method,
two representative shork isolation con-
figurations will be cecnridered. The
first of these is the rectilinear multi-
degree-of-freedom, multi-isolator system
shown in Fig. 2(a), referred to as
Model 1. The secord type of system
[Fig. 2(b)] consis%s of a single iso-
lator interposed between a rigid (iso-
lated) mass and an arbitrary linearly
elastic base structure which may be some
combination of continuous or lumped mass
members such as springs, beams, and
shells. This is referred to as
. Model 2. A specific example of this
latter system is shown in ¥ig. 2(cy,
where the base structure is r:presented
by a shell-type housing. .lihough more
complicated systems consis:iiny ol zombi-
nations of the types shown 1 Fipg. 2(2)
and ?2(b) can be concel/ca (2.5., the
general problem shown ir Fig. 1), the
essential features of multi-isolator,
multidegree-of~freedom isclatjon system
design can be sufficientiy explored with
the two problem types selected.

Model 1

The problem is to synthesize the J
shock isolators appearing in the system
shown in Fig. 2(a), such that the abso-
lute value of the peak acceleration of
mass my s minimi~ed, subject to prec-
scribed constraints on the relative dis-
placement between each neighboring mass.
In the time-optimal synthesis phase, the
J candidate isolator forces are expressed
as explicit functions of time; conse-
quently, the equations of motion for the
system represented in Figz. 2(a) can be
written as the following system of first-
order differential equations:

7. |
X543
.................. S C
1 1 , 1 1
E}:I°j+l(t)'(ﬁ—"z + Eg)uj(t)+ E}Uj-l(t)
j=1,2,..J
subject to initial conditions
xj(O) Eo
------- = |--- (14)
X505 v, :
j=1,2,...J

where the notation

. = Relative displacement
J across, the terminals of
the j*0 {solator

= x., = Relative velocity across
the terminals of the jth
igolatoriu,, uJ/mJ+1 are
both defined as zero, and
1/mJ+1 is defined as

UJ_§

-d%y/dt? (the rigid base -
input acceleration which
corresponds to £y in terms
of the general notation
given earlier)

is introduced.

The time-optimal synthesis response
~haracteristics ars obtained by perform-
ing the three steps outlined. Let the
performance index be the maximum absolute
acceleration of the mass my, i.e.,

h = uy/my [see Eq. (4)] where

ul(t)l
Q= mix m I 0 <t < te

We seek to determine the uj such that Q
is minimized, i.e.,

Q* - min[Q]
%3

and relative displacement constraints
for each isolator of the form

i=1,2,...73 ,

% ()] < ’ij for all Oststy, j=1,2,...J

[see Eq. (J)] are satisfied for prescribed
values of Xj. o



To i1llustrate the general notation
of Eq. (3), consider the special case
J=1." . The response quantity to be con-
stralned is the relative displacement

Xi{t) = Cy(t). The net contribution to
Eq. (J), %or k=l is made up of three
parts:

(1) The soluklon to Eq. (1l4) due to
conly ui(t) [i.e., with ¥(t)=0
. 'subject to honiogeneocus initia
“conditions XL(O) = X2(0) = 0;

: t
uéz.ggR(t—T>ul(T)dT

' whére R(t-w) = «(t-1).

" (2) The solution to Eq. (14) due to
; ‘only ¥(t) {i.e., u 1(£)=0] sub-
ject to homogeneous initial

conditions X1(0) = X,(0) = 0;

R(t ~ 1) ¥ (1) dr

(3) The homoygeneous solution to
. Eq. (ll‘) [i.e., both y(r), ul(t)
: taken as zerc] subject to the
- nonhomogeneous initial condi-
- tions;

(vo)yt + (d)

The net response Cj(t) is the sum of
these three terms:

Cy(ey = -Y(t)+y(0}+(d91+[(vo)1+ y(0) 1t
1- t
 :+ -E‘;{ {t- ’r)ul('r)dt

To obtain an explicit expressicn
for the constraint relation (7) in terms
of the variable u a discretization
scheme must be se ected For example,

2 plecewise constant representation of
uy is:

- 1
up (£) =z [upmuy gyl HCE-EL,
r=]

where H is the unit step-function. With
this expression the constraint Eq. (7}
now appears as

X, < -y(ci;+y(0>+<d°> Hvg) +3 (O

Z[ulr Yi(r- 1)]_[ H{t-t )[v-t,]dr< xI
for i=1,2,...1

vhere, since the bounds on the constrained
qdantity are the same for all t, Cgi X
and C& =¥ The linear form h1 which

‘the discre*i£ d components of uqyf{t) ap-

pear in both the expresslion frr the per=-
formance and constraints, provides the

basis for formulating the problsm of min-
imizing Q as one of linear progra—ming (2]

The solution to the time-optimal
synthesis problem providez both the op-
timum performance index Q” and the cor-
responding optimum force, dlgplaceient
ag; d velocity trajectories (ui(t), x3 {t),

(t)) This information comstituies
ge rasults of the time-optimal synthesis
phase, and is used as input for the sys-
tem identification phase. The values
for the system parameters are obtained
by evaluating relation (13) for each
isolator in the system.

Next we consider the consequence nf
imperfect curve-matching. An indication
of how the accumulation of the J individ-
ual curve-fitting errors will affect the
final respgnse of the system [l.e.

) in place of u: in Eqs {14)]
%neé b} the indirect synthesis method
can be obtained from analysis of a spec-
ially defined system composed of a col-
lection of isolators that satisfy the
linear property

u?(xj+v,kj+w,5j)-u§(xj,ﬁj,53)+u§(v,W,Ej)-
(13)

For example, a linear spring and dashpot
is parallel (Eq. (10a) with N, = N3 = ]
satisfies this criterion. 3

The relation

(v - %) (16)

defines ¥ as the difference betweea the
trajectory determined from the tima-
optimal synthesis problem and the tra-
jectory obtained by integrating the
equations of motion of the candidate
system, (i.e., Eq. (14) with uC(x *aj)
in place of u;ét)) The param tets %

T(t) = X

appearing in U§(xi,x3,a:) are the resélts
obtained from the se%ueﬁce of curve-
fitting problems defined by Eq. (13).

A relationship between tha J curve-
fitting errors Aj{t) and the trajectory
error ?(t) can b; obtained by first sub-
stituting ¥ = + % into the candidate,
system equations, then substituting X=X
and uy = u ¥(t) into the time-optimal sys-
tem equatigns [i.e., into Eqs. {14) with

= uj ¥(t)] and subtracting these two
differential equations and initial con-
ditions; and using (15) to cancel out
like terms. Thus, the error differential
equation




+ I
S54d
6j+J

1 [ 1 1 ] 1
—_—h t)- + 1A, ()4 N t
41 j+1 ) M4 m J( ) o 3-1( )
j=1,2,...3
(173
iy obtained subject to initlal condizicns
£.(0
5(0) T
R (il = fe---- (i72)
| 8,430
| +J v j=1,2 J
| where
1 c
| UJ+l 2J3+1
1 u - 0; AO = O, d Os oy O;
| J+1 J+1
c
u A
=L = 0; and - = 0.
J+1 J+1

Let the variable 59 (t) denote the solu-
tion to Egs. (17) éubject to a unit im-
pulse applied in the ntP row of the non-
homogeneous portion of Eq. (17), i.e.

the second column vector. (All other
terms in the nonhomogeneous vector taken
as zero. ﬁn the trajectory error
across the jt isolator that is due to
the expression

1 1 1
—_A (:) - [ +__.] A (t)
mo1 n+l m, m n

+1

1
g 8.1 ()
n

row of the non-
(17) is given

appearing 1in only the ath
homogeneous portion of Eq.
by

-
1

£ (0) = 2 (te1)|=— n ()
jn A in Tl n+l

(18)
1(1'):,d'x‘.
The total error across the nth isolator
is the contribution from all the n=1,2,

..J rows cof the lower partition of the
nonhomogeneous term in Eq. (17)

1 1 1
-[E;;I + 5;} a () + B ..

J
FOR :E: By () J=1,2,...20. (18a)

n=1

The expressions (18) illustrate the man-
ner in whigh the trajectory error &;(t)
for the jt0 isolator derends upon tg
accurmulated curve-fitting errors experi-
enced at each isolator in the system.

The form of the error solution given by
E4qs. (18) does not depend on the partic-
ular performance or constraint definitzion
(i.e., peak acceleration of mass m) and
constraints across each isolator) sclected
for illustration, but holds for the gen-
eral criteria definitions 3lven earlier.

In Eqs. (18), note that, as the
peak value of each A _(1) curve tends
toward zero (0 ¢ v ¢ t¢), the peak value
of the 4;(t) quantity tequ toward zero,
thus indicacing that the indirect syn-
thesis trajectory is approacihing the
time-optimal synthesis trajectory, Con-
sequently, any constraints imposed on
the state variables in the originally
defined optimization problem tend toward
being satisfied exactly as the curve
fitting errors get smaller.

Since the system perfoxrmance depends
upon the X(t) trajectories, it too will
be affected by the accumulated curve-
fitting error. The performance obtained
by indlrect synthesis will tend toward
the time-optimal synthesis performance
Q* as curve-fittinz errors tend toward
zero.

1f any of the Ap(t) functions are
substantially larze, the &; j(t) quantity
may lead to candidate sySCem trajector-
les x3(t) = x¥(t) + 8. (%) that exceed
the oéxainall imposed constraints.
Such a sitvatlon may be rectified by
selecting other candidate i{solator con-
figurations containing more open param-
eters that consequently may result in
closer curve fitting, hence smaller
trajectory errors.



Model 2

The system of Fig. 2(b) has been

" selected to illustrate some system iden-

tification techniques for situations in
which a single isolator is interposed be-
tween a mass and a general linear elastic
structure (e.g., a coanfiguration of inter-
connected beams, shells, springs). Two
different approaches to the system iden-
tification problem are discussed. The
first is essentially the same as that of
Model 1, wherein the determination of the

optimum system paramecters a- are found

through curve-matching on the isolator
force. The second approach differs in
that the curve-matching is performed on
the response trajectories rather than on
force. In addition to providing an alter-
nate method for performing the parameter
identification, this second approach
holds the promise of more closely satis-
fying the response constraints by empha-
sizing curve-matching to the response
trajectories instead of to the isolator
forces. Expressions relating the curve-
matching error to the trajectory error
is made for both approaches.

During the time-optimal phase the
isolator forces are expressed as explicit
functions of time. This leads to system
equations for Model 2 in the form

m(y + T +X] +u(t) =0

3 : (19)
r = g(y,t) +“/' R(t-T)u(7)dr
o -
subject to
x(0) = dg, x(0) = v, (192)

Since there is only one isolator in this
problem, the nonessential subscript one
oa m,x,R, and u have been omitted.

The term R{t-T) is tb~ elastic srruc-
ture relative displacement response [1i.e.,
the distance between the rigid base and
the isolator attachment point in Fig. 2{b)]
due to a unit impulse applied at the iso-
lator attachment point. The term z(y,t)
contains both the response contribution
of the base inputacceleration alone
and the homogeneous solution (i.e., the
response with y and u(t) both zero, sub-
ject to any nonhomogeneous initial con-
ditions or r and r).

There is nothing fundamentally new
in the determination of the time-optimal
synthesis characteristics for this model.
The only computational difference between
Models 1 and 2 is that, in the latter,
the calculations involving the unit im-
pulse responses are more invoived.
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We start the system identification
phase by assuming the time-optimal syn-
thesis phase is completed, i.e., the
ogtimum force u* and trajectories x*,%¥,
r* are known such that the performance
is optimum and the coastraints are satis-
fied.

First Approach. The candidate sys-
tem equations are defined by replacing
u(t) in Eq. (19) with u®(x,x,a). The
determinaticn of the optimum parameters
a* is essentially the same as the general
case, where } assumes the value 1l in
relations (10), (11), and (13). The
effect of imperfect curve-matching for

the class of isolators defimed by Eq. (15)
can be ascertained for Model 2 in the

same fashion as for Model 1. The error
differential equation relating the curve
fitting error A(t) and the trajectory
error 5(t) {(where x(t) = x™ + &) is

given by

2 t
m 3(:) + i:?./.uc(é(f),5(1),5*)R(t-1)d1
(o]
+uC(s(e),5(6),a) (20)

} 2 t
= At) + 6 EZYJ/. A{T)R(t-1)dT
[e]

subject to

5(0) = 5(0) = 0 (20a)

. This form is valid for time-varyinz a

coefficients, since Eq. (15) is the only
assumption made regarding the functional
form of u®. 1In the special, but impotr-
tant, case where the coefficients o are
constant, a solution to Eqs. {20) can be
expressed as

) £
&(t) =J/- A(T)Wl(c-f)dr, (21

o

where

1+s°mR(S)
ms2+[l+s2mR(s)]{uc(l,s,Sﬁ]
(22

-1
Wl(t) =g

The operator £ l.represents the inverse
Laplace transform, R(s) is the Laplace

transform of R(t), and s is the trans-

form variable on time.
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Equation (21) leads to the relation

t
5(t) gmﬁxl,«(r)]fwl(:-x),dr

° 9 {1t

which illustrates that the upper bound

on &(t) 1is reduced, according to the
peak magnitude of the curve-fitring error,
and in the limit as the peak A(71) ap-
proaches zero. It follows that the time-
optimal and candidate system trajectories
approach each other.

(23)

Second Appreach. In this approach,
curve-matcining 1s performed by fitting
the time-optimal synthesis trajectory
x¥(t) to a specially constructed version
of the candidate system, equations obtained
by replacing x,x with x*,x* in only the
expression for r

m [ F(E)HE (£)+R (1)) +uC (x'{t),x'(r),T)=0

r'(£)=g(¥(t),t) (25)
t
+f WS (8),xT(6) ,TR(E-T)dx
(o]
subject to

x'(0) = d,, x'(0) = v, (24a)

The notation x' and r' rather than x, r
is used to emphasize that the dependent
variables of this set differ from those
of the actual candidate equations. The
essential difference is that a solution
of Eqs. (24) requires solvinzg a simple
second-order (generally nonlinear) dif-
ferential equation. This is a conse-
quence of r' being a known function of
time (depending only upon a). Ia con-
trast, the soluti.n to tue actual candi-
date system equations requires anulysis
of the entire system including th. struc-
tural elements, because the unknowns,

Xx,X appear in the integral expressxons
for r.

For a candidate isolator configura-
tion, the desizgn parameters a~ are de-
termined such that

f
H'(a)=f [a'(n)]%de (25)
"o

is minimized, where

BU(E) = x (1) - x'(5,3),  (26)
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*

x is_the time optimal trajectory, and

x'(t,a) is a solution to the Eqs. (24).
Analovous to Eq. (12), Eq. (25) can be
approximated with a finite sum, and the
optimum design parameters are determined
.as the solution to

1 2
H'(ZT) = min[Z[ ()] ey f2D)

i=1

Because the determination of X (ci,a)
can be rapidly computed from Eqs. (24)
for an assumed set of trial parameters
ai, Eq. (27) can be minimized with a
mathematical search code without much
difficulty. This approach has an advan-
tage in that the curve matchin is per-
formed on the relatively smooth x*(t)
curve rather than on the less smooth
u*(t) curve required wicth the first ap-
proach.

A relation between the curve fitting-

“error A'(t) (for an isolator that satis-

fies Eq. (15) with constant ) and the
trajectory error (5(t) = x(t)-x"(t)) can
be obtained in a similar manner, and is
given by the expression

t
s(t) =.,. A'(1)w2(c-1)d1 (28)
()

where

C -k
wz(t)"f 1 5 2U (]USJCIC — (29)
ms“H ms“R{s)+1Ju"(1l,s,a )

Consxder another method for perform-
ing the curve-matching on x™(t). This
approach eliminates the repetitive inte-

ration of Eqs. (24) previously required
to attain the minimum value of H'(a). The
first step is to construct an integral
equation of the form

t
: f
x'(t) = xP(t) +f K(t,T)F(1)dT (30)
(o] .

from the equation X'(t) = F(t),

where
F(t)s = $()-u(x'(t),x'(t),a)~g(F(t),¢t)
- m

2 .
- g_y uc(x*(T),X*(T),E)R(t-T)dT
t
(31)

= F(e,x',x',3).



The kernal h(u 1) is constructed so as
to satisfy one of four possible types of
homozeneous conditions,

where
te
s

" ,‘-.':(r:)=xp(t)-[ [ yO)HE(y (1), K (£, 2)d>

(1) »'(0)=0, «x (tf)=0 and
x? meets xp(0)=x OR xp(tf) X (t )
(23 x'(0)=0, x (t )=0 and
xP meets P(0)=x (0),%xP(tp)=x (cf)
(3) x'(0)=0, x "(tg)=0 and
xF meets p(O)=~< (0),x (t )=x (tf)
(4) x'(0)=0, x'(0)=0 and o
P meets xP(0)=x"(0),xP(0) =x (o ),
and xP is constructed to satisfy the

actual corresponding nonhomogeneous
boundary condition, with F(t) = O.

function
for the

For example, the K{t,T)
and corresonnd*nb xP(t) term
first type are ziven by

T(%E -1) 0<T1<t
R(t,7) =
t(%—f—~1) tgTg t
and xp = t0x¥{£.)-x"(0)] /t, + x (0).
Other'kernals ate tabulated in Ref. m

Note that K(t,T) does not depend on the
functional form of the candidate iso-
lator hence does not have to be recon-
structed for other candidate isolator
configuracrions. For this method, the
curve-fitting deviation is obtained by
first subs*i:ucxng x'=x*{£) and x'=x¥(t)
into £q. (31), then Eq. {3l) into Eq (30)
and finally that result into Eq. (2 )

to give

A'(r) = x*(t)
{32)

£
o~ * .k -
-&g(ﬂf/ KL, DIF(T,% (71),% U)&)M]
0
Consider the particular case wherein u°
can be written so that its unknown de-
sign parameters, or functions Gp of the
unknown parameters, factor so that

C,EE) = D G @UL K (33)
n .
For e%ample, the isolator Eq. (10a)
is one of this type. When Eq. (33) is

substituted inte (32), A'(t) becomes

:'The quantities T(t), S (t) are

A'(E) =.'x*(t)--r(t)- Ei:gn(a)sn(t) (34).~,
n .
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(o]

and

(35)
te . '
sn(t>=f {vn-(x ORN)
[+]

%
N -
+ 2;7J[ Un(x*(T),x*(ThR(}-T)dT]d\.

functions
of time that do not have to be re-evalu-
ated for different values of &: Conse~
quently, when Eq. (34) is substituted
into Eq. (27), the computations for h'(a)
can be made without repetitive integra-
tion of Eqs. (24) as previously required.
Equation (27) is then minimized to obtain
the optimum design parameters. If assump-
tion (33) does uot apply, the more gen-
eral expression (32) can be used directly
in Eq. (27) The minimization computing
time of H'(a) will be increased since

‘re~evaluation of the integral appearing

ir Eq.
trial T.

_(32) will be required for each

The relatlon between the curve-
fitting error A'(t) (for an isolator
satisfying Eq. (15) with constant &) and
the trajectory error &(t)=x{t)-x"(t) is
given by’

At r .
é(t)j[ A'(})w3(t-k)dx+ﬁ'(0?/.W3())dk
[s} o}

' £ ‘
+A'(0)[ J[w3(1)dwdx
*0 o

(38)

where

2

-ms

-1 )
W = £ - p—
3(t), Lns2+[mszR(s)+l]uC(l,s 5*)]

.Note that, A'(0) = 0 if type 1, or type 2

boundary conditions are used; A'(D) = 0
if ty ype 3 is used; and both A’ (0) =0
and A'(0) = 0 if type 4 is used.

The 8(t) error differs, dependiug
on which of the four types is selected.
Once a computational scheme has been set
up to implement the formulation, it is a
simple matter to experimuent with any or




all of these four kernals. Our current
experience with the method, based on seav-
eral example problems, indicates that

the second and third types result in a
smaller trajectory error than the first
or fourth,. :

‘Other Svstem Identification Techninues

The literature contalns a variety
of system ideantification techniques other
than those treated here. Most of these
methods are concerned -1ith the problem
of matching a varjable that occurs as a
dependent variable in a differential
equation. Some of the earlier methods
for parameter identification are the so-
called equation-of-motion methods (e.g.,
the Laplace transform method, the Fourier
transform method and the derivative
method) which are discussed in Ref. [4].
These methodc are limited in that lin-
earity in the variable to be fitted is
required. A generalization of these
methods, Shinbrot's method function,

Ref. [5] overcomes this restriction and
has been successfully applied to an iso-
lation design (Ref. [1]) by the indirect-
synthesis method. A more recent tecn-
nique, termed quasilinearization, [6],
[7), [8], is also a general identifica-
tion method whica accepts nonlinearities
in the vaviable to be fitted,

CONCLUDING REMARKS

The compiete success of the indirect
synthesis method depends largely upon
the magnitudes of the curve-matching
deviations (A(t) or A'(t)) experlenced
during the system identification phase.
If a candidate isolator has a great de-
gree of flexibility, in that its re-
sponse characteristics can be made to
closely conform to those of the time-
optimal synthesis characteristics, the
method should work quite effectively.
Results with single isolators [ 1] have
been encouraging. The application of
the method to multi-isolator problems
has yet tc be demonstrated, although it
appears promising. Its success depends
on the accumulation 0f curve-fittingz
errors [e.g., as demonstrated with
Model 1, Eqs. (18)7.

If a candidate configuration is not
capable of responding in a near optimum
fashion regardless of the design param-~
eters selected, the trial configuration
can be rejected and replaced with one
possesgssing a greater potential for con-
forming to the time-optimal response
(e.g., a configuration with more open
parameters)., To a degree, thie rede-
sign step is vne of trial and error;
however, because the indirect synthesis
method allows evaluation of each of
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these candidates without reanalysis of
the entire system dynamics, a series of
candidate configurations can be rapidly
analyzed.

If excessive curve-fitting errors
result in a set of design parameters
that leads to an unacceptable candidate
system response (i.e., the constraints
imposed by the originally stated optimi-
zation -problem are violated), then In
such situations it may be desirable to
employ direct synthesis. The indirectly
synthesized parameters may already be in
the same neighborhood of an optimum solu-
tion and can be used as intelligent
starting values for the initlation ¢f a
direct search.
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DISCUSSION

Mr. Howard (Aerospace Corp.): Have you

gotten any resul's from more than a one degree
{reedom system?

Mr. Pilkey: Yes, we have results at the
moment irom only a smgle isclator, but we do
have results from multi-degree of {reedom sys-
tems. Also the paper deals with error analyses
for multi-degree-of-freedom multi- 1solator
systems.
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Mr, H0ward Do yeu feel you have the com-
putational facilities to handle multi-degree of
freedom multi-isolator problems?

Mr. Pilkey: Yes, the paper refers to a com-
puter code developed for the linear programming
problem which will accept any structural analysis
as input as long as it is linear, and it may have an
arbitrary number of isolators. The code is de-
veloped, running and debugged.




ANALYTIC INVISTIGATION OF BELOWGRCUND SHOCK-ISOLATING

SYSTEMS SUBJECTED TG DYNWAMIC DISTURBANCES

J. Neils Thompson, Ervin S. Perry, Suresh C. Arya
The University of Texas at Austin
Austin, Texas

This paper presents an analytical method used to determine a closed~
form solution of the response characteristics of belowsjround circular con-
crete liner packing systems when subjectad to dynamic disturbances. A
mathematical model consisting of a two-degrae-of~freedom system with
lumped masses and springs having distrisuted weight was used to regre~
sent the system. Plecewisa continuous linear equations of motion were
developed for the trilinear phases of crushing of the backpacking material
and solved by use of principal coordinates on a digital computer.

This study showed that low crushing strength and larje thicknesses
of backpacking are desirable characteristics of backpacking matertals.,
So long as crushing takes place in the backpacking layer, liner accele-
rations due to a dynamic input disturbance will stay below the maximum
input acceierations. An increase in the mass of the backpacking results
in tncreases to both the deformation of the backpacking layer and the
acceleration of the liner, but it acts also as a damping agent in decaying

vibrations in the liner.

INTRCDUCTICN

Shock-isolating systems for belowground-
protective-structures have been given more
attention during the past few years due to the
need for developing structures that are capable
of withstanding explesion-generated ground
motions and accelerations. The mottongene-
rated may be due to close-in nuclear bursts or
detonations of other high-powered explosions.

The types of belowground structures most
commonly built have been in the formofcircular
rings of reinforced concrete. They are mainly
used as calleries and passages to serve as
chambers to house equipment and personnel,
Recently protective structures normally con-
sisted of reinforced concrete placed in direct
contact with the surrounding rock or soll medium.
The design criteria genrerally used for such sys -
tems were that the primary structure must be
adequate to resist the external forces. Various
shock-isolating devices have been used to pro-
tect sensitive equipment.

The anticipated serious damage due to ex-
tremely high energy explosions requires that
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the strength of the primary structure be e.-
iremely high unless the structure is burled very
deep 1n rock and has complex shock-isolating
devices to protect the equipment. To avold
such expensive and complex solutions, more
auteution 1s being given to isolating the entire
structure {rom the \surrounding medium.

The purpose of shock-isolating systems is
to reduce the shockwave that reaches the struc-
ture by providing a mecdium of crushable,
energy-absorbing material ourside the structure.
The important features of such a system are
that:

1. With eery shockwave, the energy and
acceleration should be damped through the per-
manent deformation of the backpacking layer.

2. The permanent deformation of the back-
packing layer should rot exceed its bottoming
strain from either a single shockwave or from a
specified number of smaller successive shock-
waves.

3. The acceleration of the liner structure
should not'exceed certain specified limits or



the input acceleration.

4. For certain systems, required to with-
stand multiple shots, the backpacking layer
should retain as much as possible its oliginal
shape.

The broad objectives of the research study
beina reported here waore to determine analyt-
ically the response characteristics and struc-
tural behavior of the reinforced concrete
cylindrical liner, as well as the energy-
absorbing, backpacking layer. The designer of
‘protective structural systems can usn these
results to tormulate approximations for develop-
ing a design and to aid in determining the
effects of various parameters on the system.

Previous research on such systems con-
sisted of experimental work on laboratory
models and the testing of actual systems in the
field. {Refs. 1, 2 and 5.) A few analytical
investigations have also been conducted on
shock~isolating, energy-absorbing materials
and reporied in Refs. 3 and 4, and have pro-
vided guidance {or the conduction of this
research,

Structural System Investigated

The structural system investigated con-
sisted of a reinforced concrete liner of cylin-
drical shape encompassed by a low-strength,
lightweight concrete backpacking layer. The
parameters of the system were as follows:

(1) A structural concrete liner with radil vary-
ing from 3.5% to 8.0' and with a minimum per-
centage of reinforcement (total 1%) with ratio of
thickness to mean liner radius = 0,2, as shown
in Fig. 1, and (2} a backpacking layer with

thickness varying from 1.0’ t6 8.0' made of low-

strength conérete with density varying from 30
1050 lbs/cft}and compression yield strength
varying from 15 to 200 psi.

A disturbance function of ground displace-
ment with amplitudes verying from one to four
feet and a residual permanent displacement of
50% was used. The period of disturbance func-
tion was 400 msec. Corresponding velocity and
acceleration curves were obtained from the first
and second derivations of the displacement
curve, respéctively.

To investigate this structural system ana-
lytically, it was necessary ‘o establish an
equivalent mathematical model, which would
provide a similar response and state of stress.
In the field of structural dvnamics, a spring-
mass system has been found to be a convenient

representation of an actual structure. To
achieve that objective, dynamic equivalent
parareters were used in this sytem. The im-
portant parameters involved were the masses
and stiffness of the liner and of the backpack-
ing and the forcing functions. The equivalent
-system is shown in Fig. 2. :
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The stiffness of the liner was established
such that the deflection of the Iv aped masses
under concentrated lcads was the same as that
for the corresponding point on the liner undar
circular segmenti] distributed pressure {t.e.,
at poius of maximum deflection), The approxi-
mate value obtained is given by Fg. 1.

115K W
s l’3

This liner spring stiffness (kg) was as-
sumed to behave elastically and the same {a
both tension and compression.

The equivalent spring stiffness for the
backpacking laver was obtained by giving a
horizontal displacement Aj to the liner {this
caused deformation in the backpacking layer of
the same magaitude Al), which varied cosis-
oidal towards the vertical diameter. After
{ignoring the second order straln terms and mak-
ing the assumption that either the backpacking
layer was fully inthe elastic phase or fullv in
the plastic phase, the variable rtrains were
integrated and frem that expression the total
force acting on the liner was obtained as given
by Eq. 2.

P = "Alger (2)

th

The unit elastic spring stiffness was obtained
by dividing Eq. 2 by the ground displacement
amplitude Al and as given by Eq. 3.

Kk = ~Eq 1o (3)
th

For the range of plastic phase, the unit
plastic spring stiffness was obtained by using
the modulus of backpacking Ep instead of E, in

Eq. 4,

k = . P2 &)
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The structural behavior of the backpac¥ing
spring for unlcading and relcading was assumed
to have the same modulus @s the Initlal elastic
stiffness. The paths of loading and unloading
are shown in Fig. 3.

PATH (1)

-
= PATH (2), )
g K
o 1
N 7 *» /.
e, I 4
v UNLCADING t
» / !
w patHiN [
= 7 '
PATHIN X 1
a Hr . [P}
;" patHiO) ; el
/s Uy 1V}
PATHIO) U (DEFORMATION) ’
SERPARATION ; CONTPACTION

Fig. 3 - Assumed stiucturel behavior
of backpacking

The mass elements for the liner were ob-
tained by distributing the actual mass of the
liner, lumped 10% at each end of the spring ks
and the rest of the 20% uniformly distributed in
the spring ki. The dvnamic equivalence in
harmonic motion was 50% of the static mass but
the cctual mass of the liner was used with the
understanding that in most cases the tunnel
liner would be used for housing equipment and
instruments. The addi.jonal mass for these
fixtures, when moving in phase with the liner,
will add their masses to the liner mass.

The backpacking material used could be
cellvi2r or vermiculite concrete. Their strengths
and propertles are given in Table I. A typlcal
stress-strain curve is shown in Fig. J,

Ti:e mass of the backpacking layer was tn-
cluded in this analysis and was assumed to ke
distributed in the springs kl and k5. Only that

velume of the backpacking layer was included
in the mass which lies in the region a,b,c,2,
drawn on the exterior dimension of the liner as
shown in Fig. 1.

The forcing function employed was in the
form of a ground displacement disturbance
caused by the nuclear blast.  This function was
approximate and was based on a mixture of
theoretical studies made for ideal conditions



TABLE 1

PROPERTIES OF BACKFACKING CONCRETES

T
Bottoming Bottoming] Modulus Elastic Plastic
Type of Density| Yield Stress - Yield} Strain of Tangent Spring Spring
Concrete w) Stress 'Jb) Strain Elasticity | Modulus| Stiffness| Stiffness
Lb/}‘t (:'y) PSI PSI (= ) s {2 b % (Ee) PSI (Ep) PSI (ke)k/ft* (ko)k/f:* »
xk 10
Cellular| 20 | 20 40 2 to 1000 M| 222 7.7 2
80 i P P
L
!
* % r r,-
Vermiculite 50 | 200 330 2 40 10000 342 22602 177.3-2
‘ tp tp
* Per ft. of width of backpacking layer, See Eqs. 3 and 4 respectively,
** Ref, {9)
The effect of a time lag in the ground motion
experienced by the windward and leeward sides
was found to be negligible and hence was
ignored in the actual results but was {ncluded
= - in the mathematical formulation. The displace-
2 -ment on the leeward side is given by Eq. (Sb)
5 whicl: includes the effect of time lag. Instead of
deriving separate polynomials for the velocity
/ and accelerations of the ground, these were
respectively obtained by single and double
o ACTUAL\ ALE‘Z:;'CNNING differentiations of Eq. 4.
? DEALIZED Development of Solution
L gy ,
;v. thggglc ﬁhﬁg}’c : o, (BOTEOZ';MG The lumped mass system shown in Fig. 2
N /‘ was assumed t¢ represent the actual liner-
€22 €,:40-60 E(%) backpacking stricture as shewn in Fig. 1. Due

Fig. 4 - Stress-strain curve for
low-strength concretes

and actual field conditions. The displacement
curve is shown in Fig. §. To use this dis~

placement curve in this analytical solution, a
tenth order polynomial function was derived by
the method of least-square-fit and is given by

Eq. 5{a).
10
x;= 2 a0 (@
i=1
10 ={t-t) {5}
X.Z = Z ay (td)i (b)
1=1
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consideration was given to the use of the two-
degree-of-freedom system instead of the multi-
degree-of-freedom system. The investigations
reported in Refs. 3 and 4 showed that therigid
body response of the multi~-degree system
differs to the extent of about 5% f{rom the rigid

body response of the single -degree-of-freedom '

system., Excep: for very low amplitudes in the
two-degree-of~freedom system, rigid body
response was always greater than the body
deformation of the liner; therefore, the error in-
volved in the general solution would not be
significant.

The equations of motion for the spring-~
lumped-mass system for Fig. 2 are developed
in the Appendix. The effect of damping was
ignored due to the unknown nature of the damp-
ing coefficient. The mass of stiffness springs
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of the backpacking layers and tunnel liner were
taken into consideration. The general solutian
was obtained by the use «f principal coordi-
nates and is given by Eq. 11, in the Appendix.
The solution in x-coordinates can be obtained
by using the transformation relationship as
given by Eq. 6, in the Appendix.

In the solution vt Eq. 11, the parameters
,kl' kz, m, and m, change in value depending
upon the elasto-plastic conditions of springs
k] and k, ard the contact of the liner with the

backpacking layer. The elasto-plastic condi-
tions and the resulting natural frequencies of
the system during those phases are shown in
Fig. 6. Upon combining the change of soring
stiffnesses k1 and kz of the windward and lee-
ward sides respectively, it resulted in nine
sets of ptecewiso continucis equations of mo-
tions to provide a complete response.

The solution of these nine piecewise con-
tinuous equations of motion was made
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continuous in x~coordinates by the use of the
following boundary conditions:

Initial Conditions {at t = 0):

x (0) = o+ (a)
x (0) = 0+ (b)
x {0) = O+ (c)

Boundary Conditions {at t =t°):

(d)

xp (7)) =x (%)

(e) (6)

X, ©7) =x, )

The subscripts { and n refer to eqration
of mations, which provide for continuity be-
tween two phases of deformation of the back-
packinge material.
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Whenever the liner was not in contact with
either side of the backpacking layer, it was as~
sumed that the backpacking layer stayed in con-
tact with the rock cavity rather than with the
liner. The equation of motion (Eq. 9 in Appen~
dix) was modified for the rigid body as given by
Eq. 7 below:

¥ =0 (a)
{7
P+ by 1,20 (b)

The solution of these equations was simple
and the constant of integration was evaluated by
the in{tial and boundary conditions. :

The solutions for the responses of dis-
placement, velocity, acceleration of liner mas-
ses and the liner deformation were computed at
successive intervals of time using a Contro!
Data CDC 6600 digital computer.

Discussion of Results

The significant results obtained from ana-
Iytical work, as previously described, are
presented in this section. The main study was
directed towards showing the response charac-
teristics of the backpacking layer as a shock-
isolating agent. Parameters associated with
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the system that were varied included backpack-
ing thickness {t.}, radius of liner (r;), ampli-
tude of the input displacement pulse (Al) , mass
of the tunnel liner {31} and the mass of the
backpacking layer {r}. 1n this paper only the
most important paramaters connected with the
design criteria, such as backpacking layer
thickness (tp), inside racii of the tunnel liner
(ri) and the amplitude of the displacement pulse
(A)) are discussed. The other parameters, such
as yield strength (g ), density of backpacking
material, and liner stiffness (k;) = 5,000 kips
per ft per ft width were kept as common var~
iables. ) : )

Case 1, Variation of backpacking layer
thickness (tp).

tp= 1.0',2.0', 4.0 and 8.0°'
Al = 2.0
rp=3.5'

Case II. Variation of inside radius of
lner {ry).

tp=4.0'

Al =2.0
ry =3.5, 5.0', 6.0°, 7.0" and 8.0'

Case 11I. Variation of amplitude of input
displacement pulse (Al).

ty = 4.0

Al =1.0', 2.0' and 4.0

rp=3.5

In order to facllitate the explanation, the
side of the system which first encounters the
shockwave is called the "windward” side or
the loaded side, and the other side is referrad
to as the "leeward” side or the unloaded side.

For all the cases studied, the results with
respect to time are shown for the maximum
responses of acceleration (521) , of the liner
mass (M;), and backpacking layer deformation
(ul) of windward side nf the backpacking layer
for different values of yield strength of the
material (oy) . The reason that only the re-
sponse of the windward side of the system is
presented is that the leeward side of the sys-
tem was not directly put into motion by the
input pulse of the shockwave but by the mo-
mentum of the system generated by its inertial




forces. The influence of inertlal forces was
assumed to encounter appreciable damping, and
consequently the system would slow down or
would stop with time. The internal damping of
the system would also be appreciatle after the
shockwave had passed; therefore the system
was studied only for the duration of the shock-
wave.

Case I. InFig. 7 are shown the struc-
tural systems investigated, Their resulis are
presented in Fig., 8, which show the crushirg
of the windward side of the backpacking layer
and the acceleration response (5:1) for the wind -
ward mass (M) for different yielc strengths
(oy) of the material. It will be noticed that the

BACKPACKING LAYER
TUNNEL LINER

Fig. 7 - Case I - Structural systems with
vartation in backpacking thickness (tp)

backpacking layer undergoes three stages of
deformation as the shockwave passes through
the system. The first stage of the deformation
was up to the elastic limit, which was recover-
able with the passing of the shockwave. On
studying the acceleration of the mass My, in
this stage, it will be noted that {ts value ex-
ceeded the Input acceleration (%)), or in other
words, the resulting liner acceleration was
greater than the input acceleration. With the
increase of the yield strength of the material
and/or of the backpacking layer thickness, the
range of deformation in the elastic stage in-
creased, but this did not cause the reduction
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in the acceleration of the liner. Another func~
tion of the backpacking layer is to curb the
transmission of external forces to the liner.
This acticn does not iake place in the elastic
phase bacause the backpacking dces not crush
and thus doec not reduce the forces transmitted.
Also, this results in the liner moving essen-
tially with the ground displacemant. For the
elastic phase it can be concluded that theback~
packing layer serves a very limited purpose.

During the second stage of the deformation,
which lies between the elastic and bottoming
limit of the backpacking material and which is
larger than the elastic stage, significant reduc-
tion occurred in the acceleration of the liner,
As the yield strength of the material was de-
creased, the resulting acceleration of the liner
also decrezsed. Therefore, the use of a low
yield strength material for the backpacking
layer is an effective means of reducing accele~
ration of the liner.

The contribution of the backpacking layer
thickness in the second stage was found to be
twofold, First, the use of a larger thickness
reduced the llner acceleration. The second
effect was found to be that the larger thickness
permits a larger range of material yield
strength compared to the smaller thickness.
Therefore, for materials tlat change strength
with time, the greater thickness provides a
longer period of usable life.

The third stage which the backpacking
layer might undergo lies beyond the bottoming
limit. During this stage it was noted that the
acceleration of the liner stayed below the in-
put acceleration but the external forces were
transmitted to the liner which negated the
further usefulness of the backpacking.

Summarizing these stages of behavior of
the backpacking layers, wa find that {n the
elastic stage only the net force on the linnr
was reduced; in the plastic stage both 2z¢
ration and net force on the liner were 1
In the bottoming stage, only the acceler=ion
of the liner was reduced.

Case II. It was noted in this case that tha
systems with the larger radit had the same
effect on all three of the main characteristics,
namely, acceleration of the liner, defcrmation
of the backpacking layer and available range of
yield strangth of matertal were similar In nature
as discussed in Case I.



TI | ’ r
Lo t
i § '

I I T g 10 T I F, % %2, .
| MAXIMUM INPY SN E ' 3! LasTic LT ] l’$ L l— ?l ,
— ACCELERATION S\ 4+ SE— - B . 4 m m —
! | » 11 x p " : M s\fr‘ﬂ 2
; ! P - : M [WANAAE |
] :' :é.o.. ; 2 H L oo g'\'\ _@W.d.]- _é i
N 2 $oton = IOO:—-—A— —t— us f‘- X, Cou,i Xy X,
o N S iy { NP P
\h-_l"’ =40 : - ' \ ‘T e ; i 1,380 i | A
\ : 1 e - I . ; =l
; ; ‘ T N ; Q2 ] ~~__1.:40 !7\ T : ;
\\I 12207 ) ‘ +\‘ ‘A é o "’:2??\‘ | N ’ ' i
I e o e e & [ OO 50;,}-0\*;\_~ T ' - -
R ‘ : v > : D !
I N N N o N N N
F . i T. ” \T":"'“*A\E i N ) \s‘_\\;‘:\: . \
i S S 180T TOMING ! IR J
L i FUERS! ‘ | _ L 1 i =
400 360 200 200 100 0 2 a 6 8 10 12 14 18 18
X, (MAX. ACCELERATION OF LINER) FT./ SEC? U, (MAX. CRUSHING DEFORMATION OF BACKPACKING) FT.
PARAMETERS '
€y YIELDSTRAIN 2%
€y BOTTOMING STRAIN 40%
U, BOTTOMING STRESS 167 Oy
r; INSIDE RAD. OF LINER 35!
] THICKNESS OF LINER 0.2r
A, INPUT DISP PULSE AMP 20+
ts INPUT DISP PULSE PER. 400 m sec

Fig. 8 - Acceleration and deformation responses for
variation of backpacking thickness (tp)

Case III. One purpose of this case was to
determine the relationship of results when
different magnitudes of input displacement pul-
ses were applied to a single structural system.
Associated with these input pulses are veloc-
ities and accelerations. The magnitudes of
these quantities are shown in Fig. 3.

In Fig. 10 are présented the results for
these forcing quantities.

The effect of variation of the input pulse
on the acceleration of the liner was quali~
tatively different but was quantitatively in pro-
portion to their variation in certain ranges of
vleld strength of material. This proportionality
also existed in the peak crushing of the back-
packing layer. The other effect of this case
was that as long as the peak amplitude of the
pulse was less than the bott¢ming limit, the
backpacking layer never crossed into the
bottoming phase. The resulting effect on avail-
able range of yield strength was similar as in
Cases I and II. The higher magnitude pulses
caused larger ranges of yield strength to be
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effective. The magnitude of range of vield
strength was the same for all values of pulses,
thus indicating that the responses oa the sys-
tem were linearly proportional 16 the magritude
of the shockwave applied.

Conclusions

1. Low crushing strengths and large thick-
nesses are desirable characteristics of back-
packing materials for use in shock-isolating
systems.

2. For the imposed damaging accelerations,
it {s necessary to design the backpacking layer
such that permanent crushing will occur if the
external forces that are transmitted to the liner
are to be reduced. .

3. Crushing in the backpacking layer will
not exceed the bottoming limit as long as the
magnitude of the input displacement pulse is
less than the _rnduct of the bottoming strain
and the thickness of the backpacking layer.
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4. Liner acceleration from a dynamic
input disturbance will stay below the maximum
input acceleration as long as crushing in the
backpacking exceeds the elastic phase, It is
possible for the liner acceleration to exceed
slightly the input acceleration for short periods
of time {f the backpacking remains in the
elastic phase. ’

5. The maximum crushing deformation in
the backpackirg layer varies inversely linearly
with the yield stress of the backpacking
material for the same output.

6. The deformation of the liner is reason~-
ably small during the crushing phase of the
windward side of the backpacking. However,
if the bottoming phase is reached in the sub-
sequent phases, the deformation would be
sufficient to result in failure of the liner pro-~
vided damping resistance is negligible in the
system. |

7. With an increase in the thickness of
the backpacking only, the results indicate:

a. A decrease in the acceleration of
the liner.

b. An increase in the range of useful
vield strength of the backpacking material.

¢. Anincrease in the deformation of
the backpacking.

8. With an increase in the inner radius of
the liner only, the results indicate:

a. A decrease ir the acceleration of
the liner.

b. An increase i{n the range of useful
yield strength of the backpacking material.

¢. An increase in the deformation of
the backpacking.

9. With an increase in the amplitude of
the input displacement pulse only, the results
indicate: )

a. An increase in the range of useful -

yield strength of the backpacking material.

b. An increase in the acceleration of
the liner.

c. An increase in the rattling of the
liner.
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d. An increase in the deformation of
the backpacking.
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APPENDIX

The syrbels adopted for use in the follow-
ing formulation are given at the end of the )
Appendix. The equations of mciion for the sys -
tem as shown in Fig. 2, as well as their solu-
tions, are also presented in this section.

The kinetic and the potential energies of
the system measured at the equilibrium posi-
tion are given by Eq. 1, assuming that the
velocity varies linearly ~long the length of
springs.

R.E. = 1/2M) 32 = 1/2Mp %% + 1/2 = b
4 1

f X1+ {x] - %)) ef8, 24,
[«]

: L 5
+1/228 ) [xy = (% - x) e/1,7%e
15 ]
2
m2 I 2 . 2
+ 1/2-7..2-. ’ [ x, +{%z = x;) £/2;1%ae

P.E. = 1/2 k) {x) = %)% + 1/2 kg {xp-x))?

+1/2 % (%, - xp)8 (n

Fquation 1 when employed in Lagrange's
equation, assuming a conservative force field,
resulted in @ pair of equations of motion. The
effect of damping in Eq. 1 was ignored because
of the unknown nature of the magnitude.

Zquation 2 is a set of linear differential
equations of second order and it is evident that
coupling between them is due to ks and m,.
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' m N m .
(M1+__1_~;_“ls_)x‘+_ = Hp (g k) -
(kexp = ky X3 = my %)
('_“B_a) %+ (M2« m?-gms) %, - (kg) p*

(kg + kg) xp =k, %5 - my %, (2)

These equations can be solved by the use of
principal coordinates {normal cocrdinates) such
that the equations of motion will appear in a
diagonalized form and can be uncoupled. The
equations are arranged first in the matrix sym-
bolic form as shown by Eq. 3.

M)+ ¥ x)= {Cc} (3)

Equation 3 can be written as given by Eq.
4 by multiplying by M~1 and defining a dy-
namic matrix by H = M~1lk:

]+ H k}= M7l (c} e}

Introducing principal coordinatcs, Eg. 4
appears as given by Ea. 5.

#] + A )= Q) (s}

where A is a diagonal matrix with hij as its dia-
gonal elements,

Since {x }and {r } describe the same
physical system, these coordinates can be
transformed {nto each other. Assuming a linear
telationship, this transformation is represented
by Eq. 6.

(x}=[u] () (@)
Y=l () (b)
B )=(ul (¥} ) (6)

Substituting Eq. 6 into Eq. 4 and pre-
multiplying it by [u]-}, Eq. 7 is obtained.

(e} +0u) 2= )~ (e) ()

Comparing Equations 5 and 7, then u]-1

.

H (u] = & and{u] is a modal matrix.

In order to obtain the modal matrix {u],
and the natural frequencies of the sy tem, the
determinate of the homogenzous part of Eq. S
must be zero. Therefore, thz characteristic
function of the matrix H is given by Eq. 8.

A(r) = Al-H=0 (8

From eigenvaluer \y;, eigenvec.ors czn be
obtained which will § rm transformation mateix
{u] . The matrix [u J when employed in Eq. 7
will diagonalize the matrix H. Now Eq, 5 is
rewritten in erpanded forms with the dafinition

-\U =y 1)’2-

2 . - - - by - -
*r‘j+w“rj=c1jxl+czjx1+c3’x2+

cqy %, G=1,2 (9)
Wherein ’c“ are known constants made up
of the mass matrix. e
The gencral solution of Eq. 9 consists of
homogeneous and particular parms. The homo-~
geneous solution is simple and is given by %q.

10.

r =A’. smm,,wsj Cosw“t

2 .
= B owyny (=1,2(G=1,2 (0
j=1 - .

The particular solution of Eq. 8 can be
found by the use of Laplace transforms. The
resulting solution {s as follows:

T (t)=AjSinw”t+Bj Cosu.-“t
10 1+1 o
4»(’:“[12‘1&1 p=l(1-p+1)!

Coslp-1) =, (i-p-1) ]

. 1
2(4»”)9*

10 i=]
+ &y t'Ezm (D (impr ) !
1= ps
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(i-p-1) -
4

itl

te 3, (i-1+1) 1
p=l
Cos {p-1 (i-p+l)
t
2lai5)ptl d ]
i-1
- W -
tég [ o<vapgi-n (i-p-1) 1
. 1 : p=
Cos {p~1) ~ {i-p-1)
ty - 3
3(ljj) BT 1 d .
i-p-1 0 (j=1,2) (11

The first and second derivatives of Eq. 11
will give velocities and accelerations in r-
coordirates. The general response can be ob-
tained in x-coordinates by the use of Eq. 6 {a,

b, and c}.

Symbols and Notations

"

]

area of cross section.
maximum amplitude of input
displacement pulse.

constant of integration of
“ith® equation.

area of tensile and compres- .
sive steel reinforcement.

© unit length of cylindrical

tunnel liner.

- seismic veloctty of rock

media surrounding the cavity.
coefficients of particular

“solution obtained from "{th”

and "jth" equations.
effective depth to steel rein-
forcement.

concraete cover,

modulus of elasticity of

~structural concrete,

modulus of elasticity of back~-
packing material in compres-
sion.’ .

modulus of backpacking
material in compression in

.plastic phase.

modulus of elasticity of rein-
forcing steel.

- yield strength of reinforcing

steel in the liner.
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ke . K

it

P

k.

3

kl,kz =

is

llpiz

M=
MM, =

m =
m =

©
]

tp.tg

uy.up

XI'XZ =

il,)—(z =

X
|

6d =

" compressive strength of the siruc-

tural concrete in the liner.
thickness of cylindrical tunnel
iner.

ordinate of mass of liner on hori-
zontal diameter.

moment of inertia of liner thickness
for unit length.

general spring stiffness of back-
packing layer.

spring stiffness of backpacking
layer in compression in elastic
and plastic phases respectively.
liner elastic stiffness. ’

soring stiffness of windward and
leeward sides of backpacking layer.
length of equivalent spring of liner.

spring lengths of windward and lee~
ward sides of backpacking iayer.
mass of liner.

lumgred masses of liner.

mass of backpacking layer.

total disiributed mass of liner
spring ks .

total distributed masses of back-
packing layer springs Ky and Ky.

" tetal horizontal pressure of

backpacking layer on liner per unit
lergth.

radial pressure of backpacking laver
on lirer per unit length.

"ith" coordinate in principal axes.
mear, inside and outside radit
respectively cf liner.

inside radius of rock cavity.

time period of input displacement
pulse.

thickness of backpacking without
deformation and with deformation
at central angle 9 respectively.
transit time of shockwave iraver-
sing rock cavity diameter.
deformation of backpacking layer.
elastic deformations of crushing
deformations on windward and lee-
ward sides of backpacking layer.
displacements of lumped masses
M1 and M2 respectively.

input displacements on windward
and leeward faces of rock cavity
due to shockwave.

maximum input acceleration.
specific weight of structural con-
crete,

horizontal deformation of liner.




2., b = stiains of backpacking mate-
nal at elastic and bottonming
points respectively,

2 = cantral angle (polar co-
ordinates).

3\ - ecigenvalue of 1, j modal

columns.

7.0 = compression stresses of

backpacking material at yield

and bottoming points respec-
tively.

7 () = radial stress in backpacking
at angle.

L = natural circular frecuency of
dynamic system, radians per
second.

£ = natural frequency of "ith",
"jth" mode of system.

Q.‘a.

]

+‘
1]

slightly greater
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GAS DYNAMICS OF ANNULAR CONFIGURED SHOCK MOUNTS

‘W.F. Andersen
Westinghouse Electric Corp.
Sunnyvale, California

r—

A rigorous analytical solution of the gas dynamics phenomena of
annular configured shock mounts has been achieved. The results of
this study are of particulaz interest in shock isolation applications
where the rattle space thicknes.-to-diameter ratio is small, on the
order of 1:50. The specific case for which the solution was developed
and applied was in the lateral shocksupportportion of the Poseidon
Fleet Ballistics Missile System. The solutions for several shock
inputs have been oblained, and experimental verification of the
analytical results has been produced. It was found that loads on the
missile from the air effects were of the same magnitude of those
from the lateral support material. Otherimportant findings included
pressure distributions affecting missile buckling strength and hizh
frequency oscillations affecting missile components. In addition, a
simplified mathematical model is presented, consisting of linear
spring, mass, and damper elements, whichadequately duplicates the
forcing function response of the gas dynamic effects of the special

case considered.

INTRODUCTION

Recent trends in the shock hardeningoflarge
missiles have been toward the use of a shock
mitigating material such as flexible {oem or
elastomer structure in the annulus between the
missile and its container. The space efficiency
obtained with this kind of lateral shock isolator
makes it an attractive choice for retrofitting
larger diameter missiles into existing launch
tubes or silos, and for cases where costs are
sensitive to container diameters. There are two
primary design considerations relating to the
shock mitigation properties of such a system.
The first is the stiffness of the foam or elasto-
mer structure. This may be controlled by
changes in polymer formuiation and/or struc-
tural properties. The other considerationis that
of air compression and gas dynamics. Gas
dynamics effects are an important featureolany
shock 1solator employed in an annular space
envelope where the thickness-to-diameter ratio
is small.

In order to demonstrate the acceptable per-

formance of a complex spring-mass system, it .
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is often necessary to mocdel the system math-
ematically and show through analytical means
that the system will function adequately, To ac~
complish this, the system components mustfirst
be modeled and tested separately, then combined
and tested with the design input.

This paper deals with the modeling of the
gas dynamics effects inherent inanannularcon-
figured shock mount. The specific case analyzed
is the lateral support porticn of the Poseidon
Missile System. The Poseidon ( C-3 ) lateral sup-
port system as shown in Figure 1, consists of a
series of elastomer pads placed around the mis-~
sile in several annular rings. The basic internal
structure is that of a pre-buckled column as
shown in Figure 2. The pad is normally {ree
breathing, except during shock when the inertial
effects of air have to be considered.

During relative motion between the missile
and launch tube, the air trapped in the annulus
will be compressed on one side and will be ex-~
panded on the other side. ( Hereafter, the loca-
tions arcund the missile will be referred to as
indicated on Figure 3.) To relieve this pressure



Figure 1. Poseidon (C~3) Lateral Support System
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Figure 3. Location Terminology and Configuration Effects

differential, air will fow from th2 presaurized
regicn to the reqgion of lowar pressura. Ancacil-
lntion will ba created due to wave reflecticn, and
thus en cacillatory forcing function will b2 ap-
plied to the missila. As a resuliefthe condijur-
ation of the Bhock mitigation pads, the process
for squilibrium of air pressure is guits complex,

Dus to the ceonstructon of the missile, two
limitations are preaznt during shock. Tha first
is the acceslaration of the misaile, and the second
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i3 ths maxdmum akin preasura to whichthe mis-
sila can be subjectad. The dynamic effectnof air
have a large effect on bothof thesa Intaral shoek
constraints; therefore, tima and effort waa de-
voted to understanding and pradicting the elfacla
of air urder shock loading. Gasdymamica thuory
in conjuaction with confizuraticn parnmolors
was incorporated into an Alrflow Analyais which
was used topredictoressuraprefilas and foreas.
To check the validity of the Alrflow Analysis,
tests were run at the Partal Full-Zcals Tast



Machine (PFSTM) facility at Hunter's Point,

San Francisco, and then the Airflow Analysis
and the PFSTM tests were modified until satis-

{factory agreement was obtained, The next step.

was to use the Airflow Analysis to predict the
response to the design shock input, The analysis
is complex and time consuming even thoughitis
carried out on a high speed digital computer.
For this reason, a simplified mechanical model
was developed which accurately duplicated the
force-time history from the analytical gas dy-
namics solution. This simplified mechanical
model was then used for the total shock model

and allowed many different cases to be run -

economically,

AIRFLOW ANALYSIS

Gas dynamics theory and the configuration
parameters (diameter of missile, thickness of
annulus, elastomeric pad design and spacing,
etc.) were incorporated into an Airflow Analysis,
Qf the features included in the analysis, the
mass injection characteristics (see Figure 3),
where air from thas pad is forced into the hori-
zontal stream of flow, have the greatest effect
on the final results, as they directly control the
amount of mass transfer, the speed of wave
propagation, and the magnitude of pressure build
up. The effects of mass injectioncanbe increased
and decreased however, by proper vertical spac-
ing of the elastomeric pad segments. Thisis the
primary design parameter used to vary the total
force-time history of the dynamic air effects.

Because the pads have a free height whichis
less than the sum of the initial clearance and
the maximum missile excursion, a reservoiror
void is created on the trailing edge as illustrated
by Figure 3. Thiseffectis achieved mathematic~
ally by allowing the horizontal annulus to expand
when missile excursions create a void.,

A number of simplifying assumptions were ‘

made to allow the airflow analysis to become
manageable, These were:

1. The shear columns have no effecton the
vertical flow in the pads.

2. Th'e control volume has a constant
height, '

3. The flow is frictionless.

4, The effect of bending the flow into a
circular path is neglected,

5. Axial symmetry is assumed about the
80° - 270° axis.
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The constraints and assumptions mentioned
previously wers incorporated into a computer
program "AIRFLOW" topredictpressure distri-
butions and forces as a function of time, Fig-
ures 4 and 5 show an element of the annulus and
the vectorial equations used to derive the final
differential equations on Figure 8. The equations
are a modification of those proposed by Shapiro
in The Dvnamics and Theromodynamicsof Com-
pressible ¥luid Fiow for one~dimensional flow
with area change and mass injection.

To obtain the solution, the pad and the space
where considered as separate contrel volumes
and the equations of continuity, momentum, and
energy in conservation form f{or each were
written. An isothermal stite equation was as-
sumed for the pad-space combination, and an
empirical mass injection momentum loss equa-
tion was used for the pad..

Integration of the differential equations on
Figure 6§ was accomplished through the use of a
Runge-Kutta numerical integration technique.
The spatial derivatives were calculated by the
approximation Ar £ouy = Fyay

.é_f = cX

To assure numerical stability, the time steps
used for the Runge-Xutta routine always satis-
fied the Courant stability criterion,

(Ju] + c)%x-“- <1.0,

for one-dimensional flow, However, a rigorous
stability analysis involving the mass injection
and area change terms would probably show a
more stringent stabilily criterion, but by step-
ping time in smaller increments, this difficuity
was overcome. The Alrflow Analysis was then

ready to be checked with experimental data.

PARTIAL FULL-SCALE TEST
MACHINE-PFSTM

The experimental tool used to verify the Air-
flow Analysis was a shock test apparatus calied
the Partial Full-Scale Test Machine { PFSTM).
It is a drop test machine sealed to represent a
80" vertical section of the missile, elastomeric
liner, and launch tube { Figure 7). To conduct a
shock test, the missile-launch tube assembly,
supported by parallelogram linkages, is raised
to various heights and then released to impact
against a concrete and steel buttress, Atimpact,
an approximate step velocity isimpartedacross
the annulus, and the frame or launch tube is
latched into place. The missile segment is then
free to respond to the force from the elastomer
segments and the airflow effects. During the
tests, data is collected by displacement, accel-
eration, and pressure measuring transducers
and recorded on a high speed oscillograph.




«©
o
o

o

ndR
§
|

x

&
o ml‘g

[+

1

o
9% ¢l

o
ni

SPACE
ETWEEN

PADS

)
Pry pry Uy, A,

PAD

-

THE VECTOR EQUATIONS FOR THZ ELEMENT ABOVE CAN BE WRITTEN

IN CONSERVATION FOR2 AS:

or 0 e
I L DY L -a
St lou|* 3% {pu®+p) o]
pe I'p(e+§)u -hth,
FLUID EQUATIONS MASS
) INJECTIC

TERMS

OR, MORE CONVENTICNALLY

'Xj‘

Y -
+H = I

et )Y
i

N

1

F.vs

-0k,

~pul,
~(pe+P)A,
e —

PAD & SLOT
COMPRESSION

WwiERE U, ¥, § & T ARE THE FOUR DIMENSIONAL
VECTORS DESCRIBED ABOVE

Figure 4. Control Volume Element and
Vectorial Equations

RESULTS

Tha relative displacement-time resultsfrom
8 FFST21 teat were uzad as {nput o the Alrflow
Analysis in order to test the validity of the con-
fizuration phenomena ar gag dynamics theory.
The pressures at various: azimuths gznerated by
the Airflow Analysis are plottad with respect to
time and are compared with thoze obtained at
PFSTM. A typical croas section of the testcon-
figuration i3 skown on Figure 8.
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Figure 9 shows the pressure-time history of
various locations around the migsile fora
PFSTM test, Also plotted on Flgure 9 are the
curves generated by the airflow analysis.
Figure 10 shows the displacement time history.
Note particularly that the pressuresare not in
phase with the displacement, conzequently, an
integrated force-deflection curve of the alr-
flow characteristics iz very unusua! as illus-
trated by Figure 11. Thehysteresis lonp is very
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large, thus alarge amount of energy is dissipated
by the effects of the air flow.

The predieted pressures on the tralling edge
azimuths do notagree withthose recordad during
PFSTM testng. The reason for the apparent
anomaly is that during testing the seals on the
trailing edge avimuths did notfunction proverly,
and ventedair to the atmosphare. The correlation
for the other azimutbs however is good, thus

-leading to the conclusion that the Airflow Analy-

sis i3 able to reproduce test data, and should
therefore be able {0 be used for predictions with
other shock inputa, o

When the design input was used, similar re-
sults wers obtainad { Figure 12). Once againthe
peculiar phasing effects are prominent, Fig-
ure 13 shows a partewlarly significant pregsure
profile whick cceurred at 18 millizseconds after
impact., This preasure profile has an effect on
the missile analogous {0 slepping on a tin can,
The effect only lasts a few millisaconds, but
could aggravate the buckling strength capa-
bilities of the misslle, Thaintegrated pregaures
gave a force~time plot which had very nearly
a full cycle of force-tima history {Figure 14)
for only ahall cycle of dizplacement time history.

MATHEMATICAL MODEL

As mentioned previously, the gas dynarnics
approach to modeling the air pressure force
responsge, although accurate, would ke cumber-
some and time consuming in the total shock
model, To overcome this problem, a simplified
math model producing the force developed by the

. air pressurs was dasired,

THE REARRANGED SIMULTANIZOUS PARTIAL DIFFERENTIAL ZQUATIONS TO BE SOLVED ARE:

3h

1). 3 o (hemx,  SE )
' 3 5 C '
2) 3 _ _2u_ 3 b8 3 ou_ 3
I e R e o S
3) 3w . du _ 1 23P _ uh
3T B I Il vl
4y 3 _  a {3p 30 aP k-1) fu®
3 = ° (5% + u38) - uE+ e
P, -P
WHERE h = f£{=2:~
(pu7> As = hy + (h-hy )Ly for b,
Ay = hy for h<hy
hy = free height of the pad
L, = BN wmrRE e T 0,04

Figure ¢, Final Differential Equations
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Figure 7. Partial Full-8czle Test Machine ( PFSTM)

Figure 14 shows the intcgralted {orce {rom
the air pressure as obtained from the "AIR-
FLOW® program. it i3 interesting to note that
from a very non-linear process, a continuous
curve, approaching a sine wave for the f.rst
cycle, is generated, The smcoth share of the
curve i3 probably due to the integration of the
preszures around the missile, as integration
usually provides a smoothing effect. The shape
of the curve obtained strongly sugzestsasimple
spring-mass-damper system to produce forres
similar to the one shown. Classical vibration
theory provides direction by suggesting the hy-

draulic systemshovnon Figure 15 asaneffective
anclogy to the system in consideration. The
launch tube-missile configuration 18 a complex
pneumatic system where the compressibility of
air has distinct effects, but since theforce-time
curve is very near a sine wave {or the firat
cycle, the hydraulic analog is relatively good,

The forces developed by the dynamic etfecty
of air only occur as a function of relative dis-
placement, To include thig constraintinthe math
model, a linkage ( Figure 18) was used to insure



- AIR ENTRAPMENT SEALS //Z

ELASTOMER PAD

-4

Figure 8, Typical PFSTM
Test Assembly

that forces could only be developed during rela-
tive motion. Assuming an infinitesimal displace~
ment, the point connecting the spring to the
linksge has the same velocity as the relative
velocity bebween the miszsile and the launch tube,
Ones the mods] was developed, thenexttaskwas
to gpecily the constants o be used for the three

elements of the meodel, This was accomplishad
through the use of a parametric study with the
same time-displacement input used in TAIR-
FLOW® to produce the theoretical curve to be
matchad., The correlation between the force-
time outputs {rom "AIRFLOW® and the mechan-
ical model is very good as evidenced by Fig-
urs 17,

Note specifically the ability of the mechanical -
model to reproduce the characteristic fulleyele
of force-time history for the half cycle Hime-
displacement history, Dus to the good agraement
obtained, it is folt that the mechanical model is
adeguate for use in the compleie shock model,

CONCLUSIONS

The results of the Airflow Anzlysis developed
in this study sbow an important aspect of the

. lateral shock capabllities of any shock mitigation
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system where the thickneas-to-diameter ratots
small. The Airflow Analysis provides valuable
information 28 {0 the pressurs distributlous -
applied to ths missile and the forcing function
response of the alrflow characreristics, The
gimplified mathomatical medel adequately rep-
resenis the dynamic effects of air and repro-
duces all of the important basic phenomena, It
is uszful for the specific case involvad, howsever
when different shock prcfiles are used, when
different pad configurations ars considered, or
when the basic dimensions of the system change,
the constanis of the mathematical model will
no doubt have to be changed,
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3 1

WHERE Morm' %};)l
and m’ = MAS3 OF AIR IN
CLEARANCE ARTA

REF: W.T. THOMION, VIZRATION TAIORY
AYD ARPDLICATIONS, by 34, ¢43,
PRENTICE HALL, 19635,

TO OBTAIN FORCE ONLY AS A FUNCTION
OF RELATIVA DiZPLACEMENT, THE FOL~
LOWIHG LINKAGE WAS USED.
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Figure 18. Machanical Eguivalent of the
Hydraulic Avalogy
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Figure 17. Comparizon of Force-Time
Histories from "AIRFLOWY and the
Mathamatical Model
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DISSIPATIN

SCALE MODEL STUDY OF CRASH ENERGY
VEHICLE STRUCTURES

D.J. Bozich and G.C. Kao
Research Staff, Wyle Laboratories

Huntsville,

Alabama

35806

attached to the moadel structu

area barrier (SAB),

The objectives of this paper are to show that the energy
dissipation mechanjsms of motor vehicle structures can be
simulated by scale model experiments and that the experi-
mental resuits can be of significant value toward the for-
mulation cf an analytical model. The crash models were
designed to represent a one-~tenth scale passenger car using
gravitational scaling laws. The scale weight of the model

can be varied to represent actual vehicle weight from about
2,500 to about 5,000 pcunds. A scaled mannequin and seat-re-
straint system, and rest-ained cargo were added as options
for a few of the experiments to study the effect of the range
of energy dissipators on their responses. Acceleromaters were

re,

Tests were conducted on a ballistic pendulum at several
different drop heights to simulate impact speeds up to about
40 miles per hour. Three types Of barriers, namely, a small
a medium area barrier (MAB),
wedge barrier (WB) were used during the tests. Five basic
scaled energy dissipating materials were used to construct
several different types of energy absorbers to simulate
multiple structural zones of a vehicle.

This paper offers an approach to study the energy absorbing
characteristics of motcr vehicles as well as to set prelimi-
nary criteria for the design of more efficient structural
systems for absorxrbing collision forces.

the mannequin and the cargo.

and a

INTRODUCTION

The crashworthiness of a vehicle
structure is closely related tc, among
other things, the amount of 1impact energy
which can be dissipated through struc-
tural deformation. in order to ach.eve
this objective, vehicle structures should
be designed to deform effectively during
impact collisions so as to reduce g-loads
on occupants. Analytical models for ve-
hicles, as well asa component structures
are needed to predict responses and to
provide design information for vehicle
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systems and testing.

A recent study on structural re-
sponses of vehicle structures [1] has
revealed that the peaks and valleys of
deceleration response curves actually
represent the successgive collapse (or
failure) of structural components which
react to impact collisions. This find-
ing leads to a hypothesis that the re-
acting structural components act as
energy dissipating mechanisms (or energy
dissipators). The problem is reduced to
finding suitable analytical models to



represent multipie energy dissipators
rather than to deal with the more compli-~
cated motor vehicles.

The objectives of this paper are to
show that the energy dissipating mecha-
nisms of motor. vehicles can be simulated
by scale model experiments and that the
experimental results can be of signifi-
cant value toward the formulation of
analytical models. Since scale model
experiments can be conducted with a high
degree of accuracy and repeatability;
this advantage would greatly enhance the
reliability of analytical models. On
the other hand, scale model experiments
cannot be used to simulate all the struc-
tural characteristics and crash environ-
ments of impact collisions. Therefore,
cautions must be exercised in choosing
the desired crash parameters used in
crash testing.

In this investigation, scale models
were designed and fabricated to represent
one-tenth 3cale medium range passenger
cars using gravitational scaling laws.

Twe types of model vehicles were used
in the experimental tests. The first:
model was designed to simulate decelera-
tion response only, and had a scale
weight of 40 pounds. The second model
comprised a scaled vehicle, mannequin and
cargo; and had a scale weight of 43.6
pounds. Both mannequin and cargo were
equipped with restraining wires to repre-
sent respective restraint systems. The
objective here was to study the relative
effect of the range of energy dissipators
on the mannequin and cargo responses,
Accelerometers were used to measure and
acquire the impact response signals.

) Tests were conducted on a ballistic
pendulum at several different drop heights
to simulate full-scale impact speeds up
to 40 miles per hour. Three types of
barriers were used during the tests;
namely, a small area barrier (SAB), a
medium area barrier (MAB), and a wedge
barrier (WB). Five basic scaled energy
dissipating materials were used to con-
struct thirteen different types of energy
dissipators to simulate multiple struc-
tural zones of a vehicle. Over one hun-
dred and eighty tests were performed.

An analytical model was developed in
an attempt to predict model vehicle re-
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sponses. The analytical model uses the
elasto-plastic deformation characterxis-’
tics of energy dissipating materials to
obtain responses of medium area barrier
impact tests. Satisfactory comparisons
between analytical and experimental re-
sults were obtained,

This paper presents the feasibility
of using scale model experiments in for-
mulating analytical models, and in simu-
lating effects of barrier size, shape,
and impact velocity to the responses of
scaled elements {(i.e., vehicle, wmanne-
quin and cargo, etc.); it also illus-
trates the effectiveness of “programmed”
structural deformation techniques in
reducing deceleration response.

DYNAMIC MODELING AND SCALINC LAWS

The state-cf-the-art in dynamic
modeling has been well treated in many
text books and the literature, Ref. {2]
is particularly good and one of the
better sources for a complete treatment
on this particular subject. The theory
of dynamic modeling is, therefore, not
presented here, but rather moderately
reviewed. - ;

Th2 use of scale models for simula-
tion of complex or expensive engineering
problems has been found to be particu-
larly valuable in several respects:

{i) to obtain experimental data for
quantitative evaluation of a par-
ticular theoretical analysis,

(ii) to explore the fundamental behav-

ior involved in the occurrence of

little-understood and particular
types of phenomena,

{(iii) to obtain guantitative data for
use in prototype design problems,
particularly when mathematical
theory is overly complex, or non-
existent,

(iv) to obtain gualitative and quanti-

tative data with minimum 2xpense

and effort.

TWo general types of dynamic model-
ing techniques are recognized. Geo-
metrically similar modeling is widely
used and its technique is well developed
due to less complexity in relating the




model and the full-scale prototype,
wind-tunnel tests of aircraft and aero-
space vehicles are well-known applica-
tions of this technique. A skew mcdel

is a distorted model of the prototype
that gives a possible amplified response
of a portion of a structure, which is of
interest to the investigator. Skew model-
ing is generally less popular in mcdel
testing because of inharent complexi-
ties in the basic model-to-prototype
relationship, such as 1less accuracy

in predicting the prototype's dynamic
behavior from the model's. A geometri-
cally similar model was used lor this
experimental study.

Geometrically similar mocdeling
branches in several directions; each of
which has scaling laws which depend on
the items or quantities that are ot
interest to the investigator. The guan-
tities, to name a few, may be stress,
strain, frequency, forc2, acceleration,
etc. It has been found generally, how-
ever, that complete geometrical simi-
larity between the model and the proto-
type is unattainable and dissimilarity
between some less important quantities
must be accepted. The vehicle model for
studying crashworthiness must satisfy
laws of similitude dealing with acceler-
ation - and conseguently, the human
deceleration tolerance and structural
behavior as well as geometric similarity.
Gravity scaling laws {(also known as
Froude's law) therefore were applied
throughout this experimental study. These
scaling laws were used because the model
vehicle and a full-scale automcbile will
both experience the same deceleration
levels in g units (lg = 32.2 ft/sec?),
upon impact. Let the geometrical {length)
scale factor be A, then Table I summa-
rizes the essential ratio between model
and full-scale prototype parameters. It
can be shown that some less important
parameters, such as Young's Modulus,
stress, and others, are not scaled. How-
ever, they were of no significant impor-
tance to the experimental crashworthi-

ness model program.

DESCRIPTION OF TEST MODEL ELEMENTS

An automcbile model was fabricated
for the experimental crashworthiness
study. A geometrical scale factor A of

1/10 was selected. It was shown in the

previous section that the gravity scal-
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ing laws require the length and width
of the rodel to be 1/10th those of the
full size automobile. However, if the
vehicle model's weight is 1/100th that
of a full-scale autorobile, then the
material density of the model should be
ten times greater.

TABLE I

Table of Gravity Scaling Laws

Nurerical Ratic
Quantity Retio of Model for a 1/10 Scale
to Prototype (A) Modal
Acceleration 1 1
Area Az 0.01
Deflection A 0.10
Density /A 0.0
Energy A 0.01
Frequency 1/4,[7 3.16
Length A 0.1
Mass A? 0.01
Modn..uhfs of 1 Ie
Elasticity
Strain 1 "
Stress 1 i*
Time N 0.316
Velocity I 0.316
Volume A 0.001

* Unity only when density ratic is made to equal 1/A.
In meny practicol coses, density ratio can not be
controtled,

The average American automobile
weighs approximately 4000 pounds, and
occupies a volume of approximately 500
to 700 cubic feet. The material density
{made of steel and void) is approximately
5 1b/cu f£t. The vehicle model, weighing
37.7 pounds, is made of steel which has
a known density of 490 1lb/cu f£t. The
"density" of the model vehicle volume is
about 49 1lb/cu ft, or about ten times
that of an average full-gcale automobile,
thus satisfying the gravity scaling laws.



_Two types of crash simulation models
- were used in the experiments. The type
I model, as shown in Figure 1, was used
to simulate vehicle response only. The

type II model, as shown in Figure 2, was

used to simulate, respectively, the mo-
tions of the vehicle, the mannequin and
the cargo block. Statistics of these

two models are listed in Table II.

ACCELIRCIATER

MO VESCLE

5
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Figure 2. Type II Model
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TABLE 11

Statistics of Crash Simulation Models

{tem Type 1 Type 11
Width 5.9in. S5.9in.
Overall Length 20.25in. 18.81in.
Thickness 9.755nf7 1.3in?
Vehicle Weight 49.0 lbs 37.70 1bs
Mcnnexja'?n - 1.35 Ibs
Cargo - 4.51 lbs
Total Weight 40.0 Ibs 43.55 lbs

+ Boitom to top of channel

* Base plote only

The same gravity scaling law applies
to the mannequin. The material density
of the mannequin should be ten times
that of a human being. A human being
comprised of solid, liquid, air, and
visco-elastic components has a specific
gravity of approximately 1.0. A commer-
cial material, having a specific gravity
of 10.0 could not be found, therefore,

a compromise was made and the mannequin
was nade of brass which had a specific
gravity of 8.6. The material was also
chosen because it was easily machinable.

The design profile of the mannequin
and the construction of the joints
{specially designed for seated position)
were guided by the xesearch report of
Ref. [3]. The width of the body, the
extremities, head, and neck d4dre so pro-
portioned that the mannegquin has the
same weight distribution as that of an
actual human being. The mannequin weighs
1.35 pounds, which is 1/100th of an
average adult's weight (male and fe~
male). The legs and hands of the manne-
quin are free to move within the same
effective limitations that a human may
experience in a forward seating position.
Figure 3 is a photograph of the final
mannequin assembly.

The material elasticity is not pro-
portionally scaled in this mechanical
mannequin to that of a living body. The
entire body is known to be elastic in
nature. The internal organs, suspended




and inter-related within a bedy frame-
work can be considered as a multiple-
degree-of-freedom system in dynamic be-
havior. The natural vibration fraguen-
cies, the material elasticities, and the
material damping play important roles in
the study of human deceleraticon toler-
ance during an abrupt change of velocity.
Obviously the mechanical mannequin dces
not attempt to simulate the biochemical
nature of the human bedy under dynamic
loads; rather, it is primarily intended
to study only the flexing of the extremi-
ties, and the "jacknifing" of the upper
torso of a human body under abrupt de-
celeration.

[ERES .

P DB S

Figure 3. Actual Size of the 1/10
Scale Mannequin

A 2.5 inch cube, made of Brass,
weighing 4.51 pounds was fabricated to
simulate a cargo load of 450 pounds,
carried inside an automobile or in the
bed of a pickup truck, etc. This load,
when used, was restrained only in a
forward direction by & piano wire, which
breaks at a predetermined force of 320
pounds. ’

Most head-on collisions display de-
celeration time curves which are char-
acterized by the following: )

Several deceleration peaks occur
in the early half of the time-
history during collisions.

(1)

.Fiber.Glasi

(ii)

Time duration lasts from 0.1 to |
0.25 seconds.

(iii) 60 to 90 percent of the area under
the curve is contained in the
early half of the time duration.

(iv) Peak deceleration ranging from

20 g to 150 g are commonly found
depending on the vehicle's initial
impact velocity, type of vehicle,
and the struck object.

Therefore, it is important to be
able to simulate experimentally the de-
celeration-time curve, peak decelesation,
and energy distribution during an impact
collision of the vehicle mode; and later,
perhaps, to control and to improve the
deceleration-time history and the energy
absorption characteristics of an auto-
mobile design through the evaluation of
the model test data.

In order to achieve similarity of
the deceleration-time curves of the ve-
hicle model and of the full-scale proto-
type, several enerqgy absorbing materijals
and their comLinations were used to ab-
sorb crash energy of the vehicle model
upon collision with various types of
barriers. Five types of materials were
selected. They are as follows:

Materials

Symbol

Styrofoam .

Acoustic Tile

Paper Honeycomb, load parallel
to cell

Hwn'm

" Aluminum Honeycomb, 350 psi

strength, to
cell

Aluminum Honeycomb, 350 psi
strength, load vertical
cell

Aluminum Honeycomb, 150 psi
strength, load parallel

cell

load parallel
3p
to

A3V
to

Ap

. The elements were cut to give a nom-
inal size of 3" x 6" x 2". Three differ-

- ent elements were put together in series

to form an energy-dissipating block, of
size 3" x 6" X 6. The elements were
separated from each other by a 3" x 6"

- % 1/32" aluminum plate, to ensure that

231




each element would not intertere with C MR YRR
the others when the entire block was ’
being deformed. An extra aluminum plate
was also located in the front of the
energy absorbing block. The arrange-
ments of the elements in a block were
varied. Thirteen arrangemenus of the
energy absorbing blocks were formed and
tested. Their arrangement, signations,
and average weights are listed in Table
IIT. Figure 4 shows one of these energy
dissipators. :

“TABLE III

Description of Energy Dissipators

. Material Test Series Average
Combiniotions Designation Weight {Ib)
(Fron?to Bock)

Figure 4. Typical Material Arrangement

P-S-T 160 0.66 of an Energy Dissipator
P-S-F 200 0.40 :
PoF-T 300 0.86 These barriers simulate the colli-
: sion of a venhicle with a rigid utility

5-P-A 400 : 0.39 pole, a rigid corner of a heavy object
S-F-T 500 0.70 ~ such as a bridge abutment or a 45 degree

. " "head-on collisidn with another vehicle,
P-F-A 600 0.45 and a rigid flat barrier. Figures 5, 6,
P-T-A 700 . 0.75 and 7 show photographs of the three bar-

rier designs used in this study.

S-F-A 8Co 0.42 :
5-T-A $00 0.70
F-T-A 1,000 0.80
P-T'-A]P 700 A . 0.70
S'Asvm'\)P 800 A 0.37
S - T(-A3P 900 A 0.73

The deceleration response of an auto-
mobile in an accident varies significant-
ly upon impact with various struck cb-
jects., Three barrier designs were em-
ployed in the experimental study. They
consist of:

A Pole Barrier - Small Area Barrier
' (saB)
A Wedge Barrier (90° Angle) - (WB)
A Flat Barrier - Medium Area Barrier ‘ .
(MAB) . ) : ' Figure 5. Medium Area Barrier (MAB)
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Figure 7. Small Area Barrier (SAB)

DESCRIPTION OF EXPERIMENTS

open end of the wooden framewcrk, and
secured slightly by paper tape to the
teflon floo:s and to the sides of the
woorden framework to prevent any prema-
ture movement of the vehicle. Upon im-
pact the vehicle model is free to slide
backward or. the “"frictionless” teflon
floor. The p atform and the initial
location of the vehicle model with re-
spact to the platform are so designed
that the vehicle mcdel hits the designed
karrier at the platform’s lowest pesi-
tion, after its release from a predeter-
mined initial raised position. After

a time delay sufficient %o acguire thz
model impact response data, the platform
impacts the large reaction mass which is
made of reinforced concrete with a steel
covering and frame. The scaled barrier
is welded t - the reaction mass. Figure 2
is a photograph *f the experimental
facilaity.

¢ o
P U

Figure 8. General View of Shock Test
Facility

The actual impact velocity of the
model vehicle at the moment of impact
can be calculated from the conversion of
potential energy into kinetic energy,
namely:

A U-shape wooden framework is secured
on the top surface of the pendulum plat-
form. A 2' x 6' teflon sheet (1/16 inch
thick) forms the bottom floor inside this
wooden framework. The test vehicle
model is placed on the teflon sheet a
few inches from the leading edge of the

v=y2gn

where V = actual impact velocity, ft/sec
g = 32.2 ft/sec?
h = platform drop height, ft.
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The simulated impact velocity of the
model vehicle is related to the actual
velocity by the scaling laws, discussed
previously. 1t can be shown that

1
stmulated = VF{' v actual

The geometrical scale factor is 1/10
in this experiment. Figure 9 gives a
design chart of platform drop height vs.
simulated automobile impact velocity.
Three drop height values, 2.0 ft., 3.5
ft.. and 5.0 ft., were used in the ex-
periments to simulate a prototype vehicle
traveling at 24.4. 32, and 39 mph, re-

spectively.

4.0

5.0 ' z

a0
-
o
x
L 30
¥
&
<]
b-3
2.0

/

P /]
/

0. 10 2 30 & Ey

IMPACT SPEED, MFH

Figure 9. Drop Height vs. Simulated
Impact Speed

1wo laboratory test series were con-
ducted in this program. The first lab-
oratory tecst series was designed to give
more insight and knowledge about the
energy absorption problem, and to simu-
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late the decelerat:ion-time history of an
actual autsmcbile craszh. Type I rodel
was used in the tests. Ten arrangements
of energy dissiganing blocks, series 130
through 1000, the three drop heights,

and the three barriers formed o 10 x 3

X 3 lattice of experiments (that is, a
total cf 90 tests). Forward deceleration
of the vehicle model nd the platform
were recordad by a two-channel visi-
corder. The deceleration of the plat-
form was needed just to ensurs that
there was enough time delay between the
vehicle model iwmpacting the barrier,

and the platform impacting the large
barrier. The mechanical manneguin and
the simulated cargo load were not in-
stalled in the vehicle model in this
first test series.

After a careful study of the test
data corpiled from the first test series,
a second laboratory test series was con-
ducted a few days later on the 200, 7COA,
800A, and 900A saries of energy dissi-
pating blocks. The type II model was
used in the tests. Two drop heights
(2.0 £r. and 3.5 £t.}) and the three
barriers were used to give a tctal of
24 tests. A scaled seat mannegquin, re-
strained by a simulated seat belt only,
and the simulated cargo load, restrained
in a forward dire~tion by a piano wire
restraint, were added to the vehicle
model in this second t2st series. The
breaking forces of the simulated seat
belt wires and the cargo restraint piaro
wire were teszted and found to be 535 and
315 pounds, respectively. Selection of
these two load values was based on simi-
lating the dynamic failure of actual
full-scale seat helts and restraint belts
for heavy loads. The entimated failure
loads of the simulated seat belt and the
piano wire were 70 g and 140 g loads,
respectively.

The forward deceleration responses
were recorded by a four-channel direct
writing oscillograph {(visicorder) for
positions on the platform, the vehicle
model, head of the mannequin, and the
load. High speed movies were alsoc used
in this second series of tests. A
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Figure 1U. A Typical Mcael venicie
Impact Scene

typical model vehicle impact scene 1s

presented in Figure 10. The stress dis-
placement curves of the energy dissipa-
ting blccks, series 200, 700A, anc 900A
were similarly tested against three de-
signed barriers, namely, a pole barrier,

a wedge barrier, and a flat barrier. The

force displacement curves are shown in
Figures 11 threcugh 13.
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“Test results for the pendulum drop 1%
tests of the medel vehicles and static
compression tests of the energy dissipa-
tions have been reduced to graphical
form. They are presented as follows:

o]

a. Figures 14 through 23 represent
the Peak-g responses of Type I
model.,

DECELERATION - PEAK, o
]
A
N\
.
\
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b. Figures 24 through 26 reﬁteééﬁﬁW

‘deceleration responses of Type 1II
model. mannequin, and cargo sube 0
ject to a 32 mph impact velocity 24 32 39

with the three barriers. FULL SCALE IMPACT VELOCITY, MPH

Figure 16. Peak g Response - Series 300
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The conclusions on the test results
can be

a.

summarized as follows:

Energy dissipation is, in general,
dependent on impact velocity. This
phenomenon is demonstrated by the
peak g vs. impact velocity curves,
as shown in Figures 14 thrcugh 23.

Energy dissipation is dependent
upon barrier shape. The wedge
barrier would render lower peak
g responses than that of the me-
dium ard small area karriers.
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C.

Certain energy dissipators. such
as Series 100, 200 and 4090,
when interacting with the wedge
and pole barriers tead to main-
tain relatively lcw and yot con-
stant peak respenses of the model
vehicle, as shown in Figures 14,
15, and 17, respectively. Fur-
thermore, the respconses of the
manneguin and the saimulated car-
go to wedge barrier impact tests,
as shown in Figures 24 through
26, are comparatively lower than
that of other barrier impacts;
and the respcnses of the dunrmy,
in particular, are considered

as tolerable for humans to sur-
vive. This phenomenon may sug-
gest that the principal energy
dissipating mechanisms gzner-
ated between these dissipators
and the barriers could be uti-
lized to design astructural sys-
tems of prototype vohicle

which would respond in the same
manner as that of the experimen-
tal model.

The one-tenth scale mode i
in the tests have shown

factory results in

energy dissipatinu i

of barrier collisions. £
example, Figure 27 represe.cs a
comparison betwesn the barrier
collision responses of a 1937
Plymouth [4] and the type I
model with a series 200 enscg
dissipator. Figure 28 repre-
sents a comparison between the
responses of a 1949 Chevrolet
fS] and the type I model with
a Series 700 energy dissipator.
The similarity of the curves in
these examples are remarkable.
The discrepancy in the early
peaking of the mecdel venicle
can be eliminated by modifying
the material properties of the
energy dissipator.
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PREDICTION O‘I-‘ SCALE MCDEL VEHICLE RE-
SPONSES TO MEDIUM-AREA-BARRIER IMPACT

- The mathematical model used in this
analysis, as shown in Figure 29, con-
sista of a vehicle V of mass m, travel-
<ng at an initial velocity v, striking an
infinitely rigid barrier. The front of
the vehicle is protected by a series of
three crushakle energy dissipators of
‘thicknesses Ly, L. L3. The crxcss-
sectional area A is common to the front
of the vehicle, the three dissipators
and the barrier.

Vehicle Model
Barrier
o T |° Z

LI VIR | —-/
2 2 $
3 = T /Céga

| Lot [ L,,l

[ i

Figure 29. Analytical Model of the
Scale Vehicle

The stress-strain characteristics of
the three dissipating materials are
known: their idealized characteristics
are shown in Figure 30. For the pux-
pose of the present analysis, it is
agsumed that dissipator 1 reaches its
yield point (Gclec ). collapses to its

plastic state ({ ). and then reaches

o, €
LSRRt
the end of its plastic gtate (GP €. ).
11
after which it is crushed to its mini-
mum thickness and then becomes inert.
The stress begins to rise again, until
dissipator 2 reaches its yield point,
and so on. We assume that there is no
*stress overlap", i.e., that

O’c3 > Up3 > °'c2 > o’bz >o'cl > o'pl

We also assume that tp:>c and that the

o
gradient of the characteristcc becomes
infinite ate= €; .

1
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Figure 30. Idealized Stress-Strain
Characteristics of Energy
Dissipators

Having estimated the stress-strain
characteristics for the three materials
comprising the energy dissipator under
consideration, the analysis divides the
post-impact behavior into nine phases.
For the purposes of the analysis, it has
to be assumed that one material reaches
its yield point, passes through its
plastic mode and becomes compressed to
its maximum limit, (after which it 'is
energetically inert), before the stress
has reached the yield point of the next
material. The first material to yield
is denoted dissipator 1, the second as
2, and the third as 3. PFor a non-
collapsible material, it is assumed that

s




the plastic mode is very limited, i.e.,
that the maximum crushing limiting strain
is only very slightly greater than the
hypothetical "yield strain.”

The analysis of the vehicle model,
is divided into nine phases, each phase
being evaluated numerically in small
increments of eitheroor €. The princi-
pal assumption is that the stress is
constant throughout the system at any
given instant in time; that is, that the
same stress is applied to each disrcipator
in each increment. The nine phases of the
analysis outlined in Table IIX are:

The final stress at the end of the n-th
increment is nAc. If we dencte the gra-
dient of the elastic portion of the
strecs-strain curves at .. then the

corpression at the end of the n-th in-
crement for dissipator i is given by

L.
i

As' = nAo - — {(2)
. i m.

i
where Li is the initial length of the

dissipator. I we denote by ZAs the
i

compression at the beginning of the in-

crement, the compressicn which took
Phase 1 place cduring the increment is given by
The stress excursion during Phase 1 is . o Li
divided into a number (sav 23) of incre- "As. = nAo — - IAs. {3)
i m, 1
ments Qo, where i
Now, strain energy absorbed is given by
Ao = Ucl/zs (1 the general expression
AE = Fals {4)
TABLE IV
Nine Phases of the Analysis
Stress “1 Strain *2 Strgin 3 Strgin Mechanical Condition of Energy Trensfer of
Dissivation Disipation
Initiol | Finalllnitial] Fina! { lnitia!1Final | Initic!! Final 1] €2 9 ‘" 2 3
1| 0 L9, 0 . 0 N 0 * Elastic | Elastic | Elostic  {Absorb | Absorb | Absorb
1 )
2 ¢ o € € - ¢ * |Foiling | Elestic | Elastic  |Absorb | Emir Emit
al oAl s oP
3 o ) ¢ € - - - - {Plostic [Staticnary} Stationary|Absorb | Inert {nert
P, N P Ll :
4 op a fnert] lnertl * € M T lnert Elastic | Elostic {nart Absorb | Asord
<
I H 2
51 ¢ e : € . ' Failing | Elestic Absorb | Emit
<y P, <, P, :
[ € o - - Plostic | Stationary Absorb | Inert
? 2
7] o 3 Inert | lnert . ¢ Inert Elastic Inert Absorb
81 o o € € Failing Abscrb
€3 Py G P
91 o < ¢ & Plastic Absorb
P P Py 3

* Intermediate Stiain to be Computed
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where " & = mean stress acting,
A = cross-sectional area, and

As = stroke during the increment
Now we have, for the n-th

increment,
- 1
g = (n ---) Ac (5)
- . 2 .
and hence B
1
AE; = (n --3')AO‘A Asi {e)

‘where Asi is given by Equation {3).

The total energy absorbed during the
increment is given by

; .
AE_ = Z AE, m
l .

and this quantity is known. Now if the
initial velocity at the beginning of the
increment. is vi, and the final velocity
(vé ~ Av), we may calculate Av from the
equation of conservation of energy in

the form
m

1° v ,2 . 2
AEt =5 —g—— [vo - (vg =~ 4v) ](8)

Now the total distance traveled during
the increment ky the vehicle is given

by

3
Ast = Z Asi (%
: 1

and the mean speed of the vohicle during
the increment is-

1
v =3 (vé + \vé - AV)] {10)

Thus we may calculate the time occupied
by the increment as :

At = =~

{11)

the mean deceleration during the incre-
ment as

. Dissipator 1 has passed its yield point
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= — . (12)

and the rate of change of deceleration

as
. g \
= ——— 53
g At - : (3)
Phase 2

and is collapsing towards the plastic

state. As the stress falls, dissipators

2 and 3 elastically expand and give up .
energy to the system. Analogous to

Equation (1) we have

N ,
do=zrloc. -0
B\ A

If we denote the gradient of the
failing portion of the stress-strain
characteristics as m, . then, using

1

{14).

the same arguments as previously we have
for the n-th increment ‘

-
)Ll -~ ZAs  (15)
c l

Ds = € +
2 Cl m
1

where we have assigned a negative sign

ko mc . Thus the energy absorbed by 1 is
1

given by

1
AE = jo -~ (n --—)Acr AAsz {16}
1 C]. 2 1

Dissipators 2 and 3 have expanded again,
their strokes being given by

: nlAo »
As, = A3, - L (€ - 1n
X 1 1

b8 .
1

o3

where € = the strain of that dissipator

at the beginning of the phase. The
energy given up by 2 and 3 is

1 .
AE . ={o‘ - ( ———)AG]AAS, {18)
i Cl 2 1




Thus, noting that
Ast=Asl -ASZ —AsB
(19)
Aat=AEl —-[5’32 —[.\53

we may compute Av, Atl, g. and § as
before

Phase 3

Dissipateor 1 is abesorbing energy in its
plas’ic wcde at constant stress T
1
Digsipators 2 and 3 are inert and sta-
tivnary. We now consider the strain
excursion ¢ to « as being divided
Py Ly
into increments A¢ given by

-()
Ly

"For the n-th increment the compression
of 1 is given by

A(:—-—-—l/€

= (20)
25{'p,

Qs =

N (gpl + nAf) Ll- ZA@I (21)

and the energy absorbed is given by
(22)

i h E = B A
Noting that A N A 1 and Se

may compute Av, At. g, and § as before,
Phase 4

Dissipator 1 is totally collapsed and
henceforth is inert. Dissipators 2 and
3 are absorbing enexgy in their elastic
modes,
to those preseated for Phase 1.

Phase S

Dissipator 2 reaches its yield streas
and collapses towards its plastic state,
absorbing energy. Dissipator 3 expands
elastically as the stress falls, giving

= Asl,w

and the calculations are similar -

e
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up enerqgy. The calculations are similar
to those for Phase 2.

Phase §

Dissipator 2 is collapsing in its plas-
tic state, absorbing energy at constant
siress. Disaipator 3 is temporarily
stationary and inert. Calculations as
Phase 3.

Phase 7

Dissipator 2 is totally collapsed and
henceforth inert. Dissipator 3 is ab-
sorbing energy in its elastic moda
again. Calculations as Phase 1,

Prase 8

Dissipator 3 reaches its yield point and
collapses towards its plastic state, ab-
sorbing energy. Calculations as Phase 2,
axcept of course, no energy is given up
by other dissipators,

Phase 9

Disripator 3 absorbing energy in its
plastic mode at constant stress.

The analysis permits the calculation
of the complete displacement, velocity,
Qeceleration, and rate-of-change of de-
celeration histories, from the moment of
impact, through as many of the phases as
are utilized, until either all the inci-
dent kinetic energy has bean absorbed,
or until the dissipators are all totally
expended. Vehicle rebound is ignored
and only the case of impact against a
f£lat barrier of area equal to the cross-
sectional area of the dissipators is
considered.

In order to predict analytical re-~
sponses, numerical computations have
been perfcrmed to evaluate medium area
impact responses with Series 200, 700,
and 900 energy dissipators. The ideal-
ized stress-strain curves of the energy
dissipating materials are presented in
FPigures 31 through 33. The analvtical
results are compared with the following
test cases:
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Case

Case II:

Case III:

Series 200 dissipator (paper
honeycomb, fiberglass and styro-
foanm) at impact velocity of 32
mph. Comparison between analy-
tical and experimental results
for Test No. 206C is presented
in Figure 24. i

Series 700 dissipator (paper
honesycomb, aluminum honeycemb
and acocustic tile) at impact
velocity ¢£f 24 mph. Comparison
between analytical and experi-
mental results for Test Nos.
701B and 703G is presented in
Figure 35.

Series 900 dissipator {alumi-
num hcneycomb, acoustic tile
and styrofoam) at impact velo-
city of 39 mph. Comparison be-
tween analytical and experi-
mental results for Test No.
J0SF is presented in Figure 35.
|
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The comparison between experimental
and analytical response curves is quite
enccuraging. 'Although there exists
certain disagreements in response ampli~
tudes, the general shapes of analytical
curves are guite satisfactory. 1t is
believed that accuracy in analytical
prediction could be achieved with im--
proved stress-strain curves.
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'SUMMARY AND CONCLUSIGNS

_ The test data obtained through simu-
lated crash experiments have revealed

several interesting results, namely:

& Peak-g levels of wWedge Barrier
Impacts are usually lower than
those of Medium Area Barrier and
Small Area Barrier, and for some
cases, responses are not sensitive
to impact spesds;

® The models respoend severely %o
Medium Area and Small Area Bar-
rierg at high impact speeds. The
cargo restraining system broke
loose on series 700A, 800A and
900A dissipators at 32 mph impact
speeds. Series 200 dissipators
with softer composite material
properties performed well to pro-
tect both the occupant and the
cargo;

® Series 100, 200 and 400 dissipa-~
tors are relatively insgensitive
to Wedge Barrier impacts, and
peak-g levels are substantially
lower than those of the other
groups.

The objectives of this study were to
show that the energy dissipation mecha-
nisms of motor vehicle structures can be
simulated by scale model experiments,
and that the experimental results can be
of significant value toward the formu-
laticn of an analytical medel.

The results of the scale-model exper-
imental study have provided a significant
understanding of structural impact mech-
anisms; and have shown the effectiveness
of experimental wodels for simulating
vital crash param2ters which may be en-
countered during full-scale tests. 1In
particular, the followxng concluding re-
marks can be made:

® The crash model performed remark-
ably well in simulating collision
responses.

® The response prediction model de-
veloped in this rezport provides
satisfactory agreement in predic-
ting decelerating responses to
medium area barrier impacts.
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e Energy dissipaticn of the crash
models is depenidant upon impact
velocity, barriery shrepe and
cross~sectional area. Test re-
sults also indicate that the

model impacts with the wedge-type
barrier demonstrated ernergy dis-
sipation characteristics wh:ch
provided smcother and substan-
tially lower deceleration lecads
to the occupant and cargo than
did the other barriers.

® It is possible to design optimum
energy dissipators which are inde-
pendent of impact velocities for
each type of barrier.
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DISCUSSION

Mr. Hanks (NASA, Langley): What s the
purpcse for this study, do you plan to use this
to study the human efiects in a crash?

Mr. ¥ao: The purpose of this study is two-
fold. First we try to develop a technique to us2
the scale model vehicle to simulate the true or
equivalent collision environment. The scale
model testing program is relatively inexpensive
and you can try it out on a very small size and
can test vut all the pertinent test parameters
that you would like to test later on for the pro-
totype vehicle. We ran about 120 scate model
tests in a 10 day period, and collected much
good data. Then we can decide what would be
the most important parameter to lock for in the
prototype testing. Secondly, we try to establish

*The opinions, firdings, and con-
clusions expressed in this publication
are those of the authors and rot
necessarily those of the National High-
way Safety Bureau.
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an analytical model to predict the response of
the vehicle structure.

Mr. Hanks: I was more intrigued by the
small human model.

Mr. Kao: We did not intend to predict ana-
lytically the response of the human model.

Mr. Verga (Hazeltine Corp.): I am curious
as to who is budgeting this program? Is it an in-
house Wyle project or are thare auto incustries
loolang into this and should we lock forward to
seeing a crash proof compartment in addition to
the fire wall in passenger cars in the near
future?

Mr, Xs0: This program was sponsored by
the Department of Transportation. Currently we
are locking into the possibility of concucting sec-
ondary collision type of testing.

Mr. Renius: I would tike to add that to my
knowlecge all the automotive manufacturers are



locking into the same sort of materials applica-~
tion for future automobiles.,

Mr. Kapur {(Aerospace Corp.): What kind
of material propertics did you use - dynamic
material properties or static ones?

Mr. Kao: These are the static material
properiies, That may be the reason that ocur
analytical results do not quite agree w.th
experiment.

Mr, Eapur: I think you will get much better
correlation if you use dynamic material prop-
erties, :

Mr.Kao: Inthe futurelthink we will do vthat.

Mr. Westine (Southwest Research Institute):
1 have some comments. 1 have a iriend who de-
fines modeling as the art of skilial approxima-
tion. Among the things that you approximate is
the strength of the mannekin., How does one de-
cide what is the strength in the muscles in the
man’s arm, particularly when you know a real
individual tenses up. What are the load-deflec-
tion charactieristics of 2 mannekin when he i3
getting smasbed. This means of course that you
have made approximations. The other thingl
wouldnote is that the form of modeling which
you chose usad a true time scale and the model
which you used simulated lumpedinertial effects,
gravitational effects and constitutive effects, or
stress-strain effects of material, you did this by
distorting what 1 would call distributed inertial
effects. You approximated them with lump iner-
tial effects. Why did you pick this form ofa model
over wktat I would call a Cauchy model? Some
pzople might call it a mock one, others a replica
model. That form of model simulates distributed
inertial effects, lumped inertial effects, lcad de-
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flection or constitutive elfects and distorts grav-
itaticnal effects. It is a question of what one ap-
proximates. Why, for example, did you think that
gravitational effzcts mattered and had to be sim-
ulated {n making the model ?

Mr. Ko To 2nswer your Iirst question
about the usz of human veluntesrs. I think you
can get human volunteers. In fact we did contact
an association in Los Angeles and learned that
you can get 3 men for two weeks for $5,000.

To answer your second guestion - the true pa-
rameter that we tried to simulate was the decel-
eration versus time. That i5 why we chose the
gravitation gcaling law which gives 1 to 1 ratio
without any modification. If we do this we have
to sacrifice other parameters, Because this is
such simple modal we did not try to complicate
the other scaling parameters,

Mr. Westine: Tne replica model to which 1
referred which simulates distributed inertia,
lumped inertia and constitutive effects would )
use scale time as the l=ngth ratio and forces as
the square of the length ratio. which you did. It
would just be a questicn of how you interpret
time. For exampls, I noted that your peak for-
ces and accelerations seem to maich pretty well
but you seem to have a little trouble with your
time scalea, You simulated gravitational ef-
fects and I do not think they matter.

Mr, Xao: 1agree with you.” The reason we
have to take the time into consideration is be-
cause the human lmpact tolerance-limit is in-
versely proportional to the time duration. The
huraan can take a high g input for a very short
period of time. However; he cannot susiain a
low g inpet for 2 sustained peried of time and
that is why we lcok into the time factor as well.
Your comment is very worthwhile. ~
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DESIGN OF RECOIL ADAPTERS

FOR ARMAMINT SYSTEM

A. 8. Whitehill, T. L. Quinn
Loxrd Manufacturing Company
Erie, Pernsylvania

Placement of guns in aircraft has always presented interesting
engineering problema. At one tire, it was necessary to syn-
chreonize the firing rate with the rotation of the propeller to
prevent the pilot frem shooting himself down. Today's rapid
firing weapons producing high recoil forces demard adequate
protecticn for the aircraft structure.

The gun on its supports must be considered a six desree of frae-
dom system. Prorer evaluation of the problem of placing guns in
aircraft must consider the dynamics of the entire system includ-
ing the stiffnesses of the support points and the mzction of the
gun in response to the forces and torques resulting from recoil.
It is possible to make several valid assumptions, however, which
will simplify the analysis without sacrificing understanding of
the problem. The new approach in designing recoil adapters
views the gunfire as a forced vibration rather than 2 series of

shock pulses. The concepts presented reveal new avenues leading
to a significant reduction in recoil dither forces.

INTRODUCTION

Since the advent of supersonic tac-
tical fighters, there has bsen a con-
tinuing emphasis on the developTent of
a more versatile firing platform. The
Vietnam conflict has clearly demon-
strated the need for both missiles and
guns on fighter aircraft to eliminate
any performance gaps wnich one or the
other may possess.

Today, fighter aircraft carry both
missiles and guns. At a rangz of 1.5
to 5 miles, missiles using radar to
lock onto the target are available to
the pilot. However, he is often re-
luctant to use this weapon dte tq the
identification problem at this dis-~
tance. Vietnam is one warfare arena
where the chances that a blip on the
radar screen may be a cormercial air-
liner are as great as being a MiG.
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At distances lecs than 1.5 miles or
8,000 feet, the pilot will generally use
visual identification to determine
friend or foe. 1In this case, the infra-
red homing missile can be used against
the MiGC. Due to acceleration restric-
tions (the effectiveness of the missile
decreases with increasing lateral accel-
eration) the pilot must stay on the
MiG's tail to achieve any degree of suc-
cess. In addition, in the event of pilot
error, a heat-seeking missile is capable
of homing in on closer, friendly aircraft
rather than the more distant enemy.

Since the heat-seeking missile is in-
capable of tight, fast maneuvers, the
gun is still the most effective weapon
in close-in dogfighting. The chart on
the next page depicts the effective
range of the various weapons in the fir-
ing platform of the modern fighter.
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wWhile the gun has clearly demon-
strated its value, externally mounted
gun pods on aircraft have the digadvan-
tages of detracting from the aircraft's
ability to maneuver and of costing some
. Aircraft speed. While this may be un-
important during missions involving
support fire of ground troops, it could
prove deadly in dogfights with highly
maneuveratble MiGs. The vesolution of
this problem involves placement of the
gun within the ajircraft structure,
usually in the nose of the plane.

Recoil adapters are of prime impor-
tance in a project of this type. If a
20mm gun were hard mounted, the pzak
racoil force per round would be approxi-
mately 32,000 pounds occurring each time
the gun fires. Lord Manufacturing
Company became involved in one project
through efforts in developing an im-
proved reccil adapter to reducs this
recoil force.

DISCUSSION

In the past, the philosophy sur~-
rounding the design of reccoil adapters
has been to treat each firing pulse as
an individual shock problem. The ap-
proach used was to design sufficient
damping into the adapter to dissipate
the energy of the recoiling gun and
return the weapon to its original posi-
tion before the next round was fired.

This method ramains
low rate weapons, such
launchers. The recoil
designed with the same

legitimate for
as grenade
adapters are
principles in-~

volved in the designing of shock

mounts. The energy to

be stored and

dissipated is calculated from

where I = the impulse from the

round

m = the mass of the gun
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Generally, a principal system con-
straint is the allowable recoil deflec-
tion. If the energy is to be stored in
a spring, the linear spring rate can be
calculated from

K= 2E
a<
where K = spring rate of the
adapter
d = allcowable recoil
deflection

The corresponding peak recoil fores
is then calculated from

= 2
Fpyr=Ki = 28 = 1
PX ol _—mﬂ

A linear spring is considered a 50%
efficient energy storage device: that
is, the energy stored is egual to one-
half its peak force times the maximum
deflection, or . :

E = % FPK‘ d
The corresyonding locad~-deflection curve
is shown in Fig. 2. The energy storage
capability is proportional to the area
under the curve.

Fpx
F
K,z—éFLK_ |
LOAD
{ibs.)
~ : |

DEFLECTION (linches)

Fig. 2 - Load-Deflection Curve
For A Linear Energy Storage Device




By usiny a softer, prelcaded spring,
the efficiency of the device can he
greatly increased as shown in Tig. 3.

LOAD
{ibs)

(1-n} Fp,{

Kzn r.K[

DEFLECTION {inches)

Fig. 3 - Load-Deflection Curve
for A Preloaded Or Bi-Linear
Energy Storage Device

Thus, a bi-linear recoil adapter is
capable of storing the same amount of
erergy as a linear adapter with equal
deflection but with a much smaller re-
coil force. For example, if the pre-
load of the bi-linear system is 1/3
Fpg, then the maximum recoil force from
the bi-linear adapter will be only 2/3
the peck force from the linear system
assuning the spring in the bi-linear
device has 1,3 the stiffress as that in
the linear adaptecr.

To dissipate the stored energy before
the next round is fired, damping is re-
quired. The amount of damping needed
is devendent upon the firing rate of
the weapon. If the firing rate is low,
the natural frequency of the adapters
could be set sufficiently hic¢h such
that the system may oscillate through
several cycles between rounds. In this
case, the amount of 2amping required is
usually not too high.

As the firing rate is increased, how-
ever, the time available for dissipat-
ing the energy of the gun becomes
shorter. In this situation, the amount
of damping required increases which re-
sults in a higher p=zak recoil force.

Modern weapon technology has in-
creased the firing rate: of guns to the
point that some {ire at rates of up to
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6,000 rounds per minute or 100 rounds
p2r second. It was this develogment
which led to the treatment of cach
burst of gunfire as a high~freguency,
forced vibration rather than an indi-
vidual shock.

MULTI-DEGREE OF FREEDOM SYSTEM

A gun on its supports shculd be con-
sidered as a gix degree of freedom
system capable of translating along and
rotating about the three principal axes.
However, because the recoil force is
always in one direction, the gun will
tend to translate in that direction ard
rotate about the pitch and yaw axes
which are perpendicular to th2 recoil
axis. The rotation is a result of the
torques caused by the center of gravity
of the gun and the canter of elasticity
of its suppcrts not lying in the line
of action of the recoil forcing palse--
that is, the firing barrel.

Thils rotation is considered highly
undesirable because it could causa wide
dispersion of the shalls. To resolve
this problem, guns nave bzen placed in
very stiff structures to parmit trang-
lational recoil wotion conly. However,
if the eccentricities are significant,
the resulting torgues must be reacted
by equal and opposite torgues somewhere
in the system. To prevent the structure
from respsniing to the firing pulse
from each round, the pulse period must
be more than six times the natural
period of the structure. The period of
a gunfire pulse is usually low (on the
order of .002 seconds). Since the
natural pariod of a simple spring-mass

systen is
T =2~ / M
X

and if T is one-sixth the gunfire pulse
pariod:

.002 =
6 .

Then, the needed spring rate of the

structure can be calculated from

3.3 x 1074 seconds

K = &M = 4-2x

I T°g
For a qun weighing 386 pounds, the
structural stiffness needed to prevent
reaponse to the gunfire pulse is 3.6 X
10° ibs/in, a fantastic stiffness to

expect from practical structures.

TWO DEGREE OF FREEDOM ANALYSIS

A diagram of the system to be anal-
yzed is shown in Fig. 4.
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Fig. 4 - Typical Gun System

NOTATIONS

N

a

Pivot point

Distance betweeh‘"h" and the
center of gravity

Digtance between "A" and the
firing barrel .

Distance between "A" and the
rear support

Recoil forcing pulse as a
function of time

Axial spring rate of the
recoil adapters

Radial spring rate of the
rear support

Mass of the gun

Linear motion along the re-
coil axis as measured at the
recoil adapter

Acceleration along recoil axis

Angular motion about "A"

Angular acceleration abkout "A"

= Moment of inertia about "A"
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Xave
Ap1T

AVE

8
D17

Fave

m,

iAVE

H < lé

o
3

5"

Radius of gyration about “"A”"
Firing frequency in cps

Axial natural frequency

2~f = circuiar firing frequency

JK/M = 2-f = ecircular
natural frequency

Set back in the recoil direction
Dither motion about Xpyp
Angular windup about "A"

Angular dither motion about
Save

Time (seconds)
Time averaged recoil force

Time averaged wirdup torque
about ™A™

Free recoil kinetic energy
Free recoil velocity

Recoil impﬁlse

Energy stored in translation

Energy stored in rotation




The rasumptinng involved in the
analyeis a;o ng follows:

1. Tho fizing bar:al, the conter of
gravity of tha gun, tho eleatic
centar of theo raccdl eliniars,
ard tha roag ball supzozt lic
in thae gana plane.

2. The systen hua #vo dagrons of
froedom and ia cag&blu of txan
lntion along thg ra=oil zxis ana

.rotation nfkout thn attacning pin
through tha recoil 2daster inner
memnber.

3. Tha recoil adapiers are linear
spzings with l{ttlie or ro &amp~
ing.

4. The rear supr=wt has serma spzing

rata in the godial d'X@CtAOﬁ,
rogardleas how high.,

Tha differential m”u“tiuﬁﬁ of motien
involving two dependant variablaz X and
® and one indesendant varisble are
written:

IF = 0 = N(X + aB) + Ky X - AF(E) (1)
IHy = 0 = eM{X + &) - DAT(L) «
2
IA«’?S#(. K, 8 (2)

Tuera two oquations ¢2a be conbinnd,
ellidnating tha racoil foreing pulso

A7 (t) &nd resulting in a linear seccond
rdar diffarential equation with two
unknowns.

[zm(n-b)+z£] 5+CZI{RG -

-% (8 - b) X+ bk X (3)
Solutions wors ssauvmed of tha forn
X = Xz *+ xDIT sin at {4)
8 = Qg *+ ©Oppp sin ,¢ (5)

In thase equations, X.., 12 an average
racoil daflecticn and © sy s 2n avers
ago angular windup ﬁb@he - U S and
ent? ara the vibrauo:y or dithar’idzion
su :i* a2nd on tha &var2go rocoil de-
flac ton and the dithar ozsillaticn
ahout the averzgo windup respoecively.
This fcrm genarally agroas with tho
agpeasanca of the caclllograzh tracan
of gun motion.

The second derivativas are taken
with zaspect to time to obiain tha
linanr and angular &ccalersnticn of
tha aysten.

X = ~Xprp w? gin wt (8}
and
6 = -9 w? sin  ®t (7
DIT

Substitution into (3) yieldsm:

. 2 . 2T, "} 2 -
O rp Sin et {c Ry - o? Lt (e - b o 1d) et o0 (8)
2 -
Xoyp BER ot {b Ky + o? M (a b)} *DK X o
Since,
Xwp, © fﬁE&
v ey Ky (9)
o - o b?F .
AvE SR s L AYE 10
. C‘KR o? ¥
then,
> + ( 2\ {a =D
Opzr A o7 (11}

A sacond eqwatian centaining the
anra unknowns ©f X.., and 9 . ©An be
dozrived on the bas¥d’of tha zowaarva—
tion of energy in tha gyetsn., Tha
total frea zecoil enargy is equal to
the enargy storn3 in translation plus
the ensrgy stored in rotation.

- +
Ko ET ER (12)

Be i D O

et Kn/¥, (_iEDI la (a-1p + tJ

2, = % M2 - DXy Fppn (13
thersfore,
v = 4 Xp1p Favz (14)
"
E, = 1 1 éz 28 b (15)
R % A DIT



therefors,

8 = | 8 9%gp b Fuup (16)
I

A

Another sequation involving the con-
servation of momentum can aleo be writ~
ten: -

I = K av) + _I_@_gééz (a7
b
Or.
I o= 2 (v o+ %) (28)
b .

le Mf

substitution of equations (14) and
{16) into {18) eventually yielda«

LR

equations {11) and (192) can ba
8olvad in the conventional manner and
solutions for Koy and 9 can ba oOb-
tained in terma o¥ syatﬁﬂ georatry,
gun mass and radius of gyration, rescoil
adapter natural freguency, firing fre-
quancy, and the ratio of the rear sup-

rt spring rate to tﬁe recoil adapter
spring rate.

{ xR/x) (__?‘__) [a(a -‘ by + r J} {20)

% - (KR/KA) - TR

P (fi_)z (a - b}} ' | (21)

b1T 16 #f

(a (a-b) +xf]+ ;& Ju(—»«) (a-m}?

SAMPLE PROBLEM

A typical gun system might have the
following paramatars:

# + gac?
a = 4 inches M= .90 in.
b = 8 inches r = 20 inches

¢ = 20 inches fn = 13 cpa
K = 6250 #/in. I = 31.6 $-32¢

round

A computer program wag utilized to
calculate values of Xpyp &nd 8pyp versus
the firing rate for several valuss of
tha Kp/X; ratio. The resulting plots
of the data are shown in Fig. 5 and
Fig. 6. Note that the curves are for
2Xpyr @nd 28p3p which corresponds with
the peak-to~peak values of the trans-
lational and rotational dither motions.

Several ccnclusions may be drawn
from thase curves. ¥First, che motions
are more or legs independent of spring
rate except in a small frequency band
near the resonant frequencies. This
indicates that most of the recoil force
im reacted by the mass-acceleration
force rather than the spring de=flection
force. Therefore, the dither forces
transmitted to the supporting structure
at both the recoil adapters and the
third point of support are proportional
to the various spring rates except at
frequencies near a resonance.
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{f: KR/K ( ) la (a = b) + rz;+{-;= V)rb +(_§;>4 ™ -b}z

Secend, the natural frequencies must
be located as far asz possible from the
firing freguency in all casas. When
this iz accomplizhed, the dither mo-
tions ara then only freguency depend-
ent. It iz also obvious, then, that
the softer the gprings in all direc~
tions at 211 locations, the lower the
vibratory forces will ba whether they
ara caused by translation or rotation.

Third, the angle through which the
gun rotates iz quite 3ma2ll; and for
gsteady state conditions, the angular
pogsition in space should b2 the same
for each projectile leaving the weapon.
Thus, for the high firing rate guns,

~dispersion on the target becomes more

or less independent of the support’
rigidity. Therefore, when the firing
rates are high, the support spring
should ke made as soft as possible in
all directions to reduce the vibratory
forces trangmitted o the structure
while having little effect on target
dispersion. On the other hand, for
low firing rates, the angular motions
bacoma large; hence, there is a prac-
tical limitation for each systeon
which must be evaluated on an individual
basis.

SINGLE DEGREE OF FREEDOM AMALYSIS

Although the angular dither motions
of the weapon are quite small, this
rotation can be eliminatsd if there are
no eccentricities or offgets about the
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Firing Frequency For Various R2tios of Kp/Kp
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piteh and ysw axes between the center
of elasticity of tha recoil adapters,
the center of gravity cf the gun, and
the firing barrel. 7This is determined
from equation (21): to make €pyp = O,
it i3 necensary trat a = b = 0. When
this is accomplisghed, then eguation (2)
can be reduced to

%17 - 1

16 Mf

This equation, when considered in
conjunction with typical iocad-
deflection curves of reccoil adapters,
provides an indication of the improve-
ment in performance whnich can be achieved
by considering the adapter for a high
rate gun a vibration isolator. Fig. 7
depicts the load-deflection curve for a
typical recoil a-dapter system designed
to be an energy-dissipative device,

DEFLECTION {INCHES)

Fig. 7 - Load-Deflection Curve
Of Low Rate Adapter

If these adapters are used in a high
firing rate application, when steady
state firing is reached, the adapters
must react a force {Fpyp) equal to the
impulse times the firing rate.

Fbup = 1 /1lbs.*sec\ X f(gd_a_)
round \ sec

The gun will oscillate about Fave
through a deflection X = 2 Xpyp.  The
total recoil dither force transmitted
into the structure is given by
F‘FB"FA-

An adapter designed specifically for
high firing rate would have a load-
deflection curve as depicted in Fig. 8.

DEFLECTION (INCHES)

Flg. 8 - Load-Deflection Curve
of High Rate Adapter
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Again, the averzge fcrce will bL» as cal-
culatad avove. The dithar motion will
also be the gare as given abova. The
gun will recoll un%il £t reachaas ping
B. It will then move forw~ard i{n counter
recoil antil it reaches point A, at
which tima the rext round {3 fired,
causing th2 gun te return o B, Howe
ever, asg the cusvas insdicate, the
abasence of high darping in tha high rate
adapter results in a wmuch lower recoil
dither force teing transmitted l-ato the
structure as compared with that fronm the
adapters which were derigned fo: lower
firing rates.

SUMMARY AND CONCLUSICIIS

The design of suscvenslon gystens for
rapid-fire weapons nuat consider tha gun
and its supports as a multi-dzgrea of
freedom aystem. Spring rates in all
directions must be assiyred to each
point of support, and it muat dbe racoge-
nized that the gun will tzranslate and
rotats in response to the €forczs ard
torques resulting from recoil.

It has been demonstrated that the
stiffness of the supparting siructure
must be so great as to be impractical
in order to prevent gun rotation arising
from offsets between the elastic center,
the center of gravity, and the firing
barrel. 1If the eccantricities canrot
be eliminated, the analysis has shown
that provided the natural freguency of
the supports is not in the reaqgior of the
firing frequency, the dither angle is of
the same order of majnitude whether the
supporta be “soft"™ or "atiff.” Thus,
the designer may as wnll use "so0fi” nup~
ports to reduce the vibratory forces
transmitted into the atructure.

Finally, the enginecer munt dacide
whether the system loading may be
treated as a series of indepandent
shocks or a high frequency vibraticn.
This decision is based on such factors
as firing rate, the available weapon
travel, and the maximum acceptable force
transmitted. If the gunfire can be
treated as a vibratory inpat, then it
is possible to design a system including
recoil adapters which will rasult in low
vibratory forces being tranamitted to
the support structure and will utilize
parts having greater relisbility and
durability by eliminating friction damp-
ers which may tend to exhibit change in
performance characteristics ovar time
and have a shorter service life.
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INTRODUCTION AND PROBLEM FCRMULATION

The idea of eliminating detri-
mental vibrations of a machine, a
structurel part of a machine or any
mass, or to reduce the amplitude of
vibrations with a tuned dynamical
vibration absorber has been known
since 1005 and 1s extensively
discussed in the literature, However,
dynamic vidration absorbers generally
are only applied when the force causing
the vibrations is sinusoidal and wh
only the steady state is of inperest.

The following question 1is now
posed: Is the “ri'cip‘n of dynamic
vibration atsorption, namely, the
transmitting of the cnerav from the
vibrating main mass tc a secondary mass
on vhich the vibrations can be toler-

“ated, applicable to transients? As is

CUStomary in automatic control theory,
a steép input to the system for the
investlgation of transients is pre-
scribed.

A practical exaﬂole for which
the transient vibrations are of inter-
est, is the motion of a model in a
shock tunnel. Typlcal for & shock
tunnel 1is, first, the relatively short
running time and therefore short

~ #This paper not presented at Symposium.
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weasuring time, and, second, the step
funiction force input acting on the
model. Because of the first pclnt the
transisnt vibrations are of specific
interest, and because of the second
.point those transzients which are due
to a step input are of interest, The
obvicus solution, 2liminating the
transients or greatly reducing thelr
amplitude by Jnstalling 2 sutltable
damper between the vidraiing mass and
the lnertlal reference system, is, in
this case, not satisfactecry. Such =&
damper, between the model and the
tunnel wall, would influsnce the flow
around the model. In other przetlical
applications in which the amplitude of
the transient vidratlons is to be
reduced, the install ation of a damper
batween the vibrating msss and the
reference system may not be possidle
for design reascns. The pcssAblity
that some damping of the main mass may
already exlst shall not be excluded;
in this cese, however, the damping
ccefficient is considered to b=
constant

A pure damper converts the
vibration enerzy into heat, while an
undamped Jyramical vibraticn absorber
asswnes the energy frem the main mass
but does not reduce the totel energy



of the system, TITrerefore, wrhen tha2

bration energy ls large, the dynamni-
cal vitration aXzsrrer will influence

- the vibratien of the main mass sooner
‘than a dam This advantage, offered
by a Jdynanlc vibration adsorber, is
important when the early translients are
te be raduced (n magnitude.

o The. tuning of the vibration
absorver is to be carried out in view
of the following rejyuirements:

1., The ma‘n mass 1s to assume
that oosiuiﬂn which 1t would assumne at
~the time t = = if there were damping in
the s&steﬂ, and 1f the forelng functien

were & trua step Input.

2. At this position
the malin mass is to be

3. The requirements 1 and 2 are
to be apprecached simultaneously during
the time t*-at < & < t*+At where t*-t
i{s to te as small a¥ possible.

"4, The time duration 24t is to be
a maximunm.

the velozity

of zero.

- - Meaningful measuremeats can be
obtained at the vidrating aerodynamic
medel 1if these requirements are at
least angroximately satisfied. It then
may be of no importance if, and to
whatever dagree, the vibration damper
reeds th= energy back to the mainspring
mass systen.

BASIC EQUATICNS AND THEIR SOLUTIONS

. ‘The differential equations for the
- idealized system (see Fig. 1) are:

m XD S b X kX, - X~ XD - b (X, - X)) = F (1)

m X7 b (N - XDy R, (@)

-X)-n,

Fig. i.- Idealiz2d mechanical system
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‘ Eg.

where X,

1 and Xp are ths deflectlons
from the

positlion of ejullibrium of the
mgin ani absorber mass, respectively,
X" and X' are the seccnd and first
differentiaticn of X with respect to
time t, and F{t) 1s a step foreing

function having the ﬁav*‘*"da F, end
acting or =7 at t > 0. he damping

constants are desiv*abei by b and the
spring constants 2re designated by k.

The initial conditions are:

X, =X;=b

) 1 t=0.

for (3)

By introducing new variables thne

(1) to (3) are made dimensionless v

as follows: '
Xy = Xy mas - 740

Xy = Xteus " 13 > r=11,

where X 1s a function of v and A 1is an
arbitrary constant having the dimension -
(time)~ Let

=V§g

Equations (1) and (2) now become:

Hitenhtan—dnh—an=2g, (u)
Gben oy —di —en=0. (5?
_The initial conditlons are:
nE=n=0] ,
h:h=0}'" r=0, (6)

where ; and i are the second and first

derivatives of x with respect to v, and
8, ¢, &, e and g follow from the
transformation,

The Eq. (4) and (5) with the
initial conditions (6) yield the
solution in the form :

H06) = G, 1) (7)
where
.
b, 1k,
cw=¥+1%' By (= n)s—3)
! , () o~mo—wo—mu—m
(8)




ETAT 00 IS N, iy AN i

the transfer function equal %o

and sg 15 the laplace tranzforraticn
of g (7)), the Input Tunction. Tre
characterlstic equation. which is
chtalrned by setling the denomina
z

ol - ym

we! {ﬁ. ghle e m)) GV Th ke o) b,
” P

s 7™ ey

bobk kL kR,

»

0.

LN AN
(2)

For the case for whi<h four
different poles exlst and wone of those
poles colncldes wlth the zeros of the
transfer functlon, Eq. (7) is rewritten
as follows, [2

(1) = K° + Kyer? 4 Kyett o K,er' j\'.,"-'. (10)

where
X, - li': [I,r(!)]
and

K, =tim{(e— p)=(3)]. (i—K2aay
oop;

If a double pole is present which
does not coincide with the zeros,
Eq. (7) becomes:

nyft) = Ky b Kjpremt b Kppeh? L Kygteh! 1 Ky om, (11)

where

Ky = lim (s - p 2 5{0)], G-HMim-=i2)
P

and
. . d
Aﬁum[ﬁm.mymny (k= 2248, =12
s pu

If a pair of poles coincides with
the pair of zeros, (7) becomes an equa-
tion similar to (10}, however, without
the last two expressions. This case
may be regarded to be of no further
interest since two sinusocidal expres-
sions are necessary for beats, and
since the coefficients which belong to
the same pair of poles are complex
conjugates of each other. Also, the
case for which 2 double pole exists is
at this time of nc further interest
because of the factor t with K,; and
K33 1in Eq. (11).
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0 {10), with the glven
n :
, WAy now he wrotten in

3
!
nz cenvenient form:

BRI
L M

o
=
=
d
PO

A el b b

1370

i, e indr S e,;] (1z)

X nrasx
- ’

40 - il &

i tesa e e i §y)

P
" “lq-"s"m(m,lll-fn)‘.
"

i (13)

In the above two equations the Beran
numerals Indicate zerss and the Arablc
numerals indicate pole

functizng e.g., rypq sianilles
tance from tre zerd'Il
(see Filg. 2). Th2 ang

Fig. 2 - Ncmenclature for the zeros
and poles of the transfer functlon

dependent upon the position of the poles
and zeros; e.Z., %7 1s the sum of all 1
angles formed by the segmants ccnnecw- '
ting the pole 1 with all zeross and the

pesitive x-axis minus the sum of all

angles formed by the segments connec-

the pole 1 with all poles and the ‘
positive x-axis. It 1is interesting to

note that the expressicn r.; rgp, which

is the product of the segmdrits’pole 3-

pole 1 and pole 3-pole 2, can be fac-

tored 1n both eguations. The particular :
significance of this product, which )
beccmes apparent at this pcint, will be
discussed at length later.

A e e
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THEMATICAL FORMULATION OF THE
TUHING CRITERIA

The time-depzndent part of the
Eq. {(12),

.
v Ao aHenaidt o+ 3) 4 Bemniteomfendt b &), (1)

with
Mt '
4 alutthhy (15)
and
. Tt ,
NN (16)

1s now rewritten, [3]

. {omy 4 Ar+ &+ &

)a(m"( %): ! ’+97. (17)
where

PSR PR e Ly T L LY

Tha AR i cnu oy, — et + £ - £] (18)
and

Ra=mAt oo B g-mde {omy — o)At 4§~ ¢

y* - wreten .4:-"-‘“—!»8:—»,“ 1aa '™ 2 RaN . '} (19)
Then:

l fe ' . Be -,n‘ :: ‘:f_; ” et I B*"’“l . (20)

The pericd of the envelope C follows
from {19)}:

2
oy eyl (21)

The minima of this envelope occur when

Te

ax £ .
W IOP e=nssiy (22)

[ A
The same development for Eq. (13)
vieldn:

¥ o e S eom ey At Ey) 4 B e~ con ondt 4+ &),

(23)

R4 IN ]

Tepramm” | (2'4)

713Tus
L Poy P ony” (25)
P c‘m((ﬁl32,l;_ﬂ'i£” iy ") s (26)

C A e-talt . B gireai [T

TR A B e ooy, —en) 3T F B~ (27)

.

9

¢ = arrtan[“" Al B a-adt o — o} A4+ &y~ en]
2 »

A a-a 1 4 B g-e e tan

(28)
with

L emtt — Bl e s L O A om0 4 BremniL (20)

Both envelopes have the same pericd;
the minima of the envelope C' (see Eq.
(27)) occur when

‘_g'coz"_’f'(sn—fa)

PERNPRY A (n=1,3.5...). (30)

The ideal requirements for the
metlon of the main mass posed in the
first parsgraph may now be expressed
as conditions to be satisfied by the
geometry of the poles and zeros of the
transfer function. The requirement 1
becomes:

Aottt _ Be-alt - g, . (31)

with
< r<e® 4 ke

The requirement 2 becomes:

At B gmmit =0, (32)
with

1Pt - <<t e

The requirement 3 becomes:

l'—)l",. ] (33a)




g P o

-0 e w1 (33v)

"The requircrent 4 beccmes:

2
fmy - 1)) (24 )

¢ a maximws since this expres-
proportional to 4t.

0
el
I
(s}
0n s

1 values of the
and (32) may directly
2rien of the motlon of
the type of applica-
24, The partlcular
aonlluatlow of the dynarmic vibration
absorber will destermine the choice of n
for the de L»*MAnation of t* arg t**.
The period of tie envelope, expression
{(34), 1s a measure of the duration 24¢,
but not the duration itecelf. For any
specific applicaticon, a compromise rust
be found batween tre conditions (33b)
and (3%) which cannot be satisfled
sirultaneously. 1In the following deri-
vation of the eguations for the direct
detprtiuafion of the tuning parameters
Ko &n )} at first only conditions
5313 and % ares taken into account.
It is shown trat in this way the tuning
parameters are determined and that
witnin the given approximation, condi-
tien (34) is adequately aprroached.
Consideration of conditicen (33b) will
lezad to a less satisfactory aporoach to

‘the other conditicns.

DERIVATION O THEZ TUNING RULES AND
FEQUATIONS

A comparison of the coefficients
of the Eq. (8) ylelds the following
expressions for the real, imaginary and
ebsolute values of the zeros (I, {1 and
R) and for the real, imaginary and

clute values of the pnles (g, w and

r):
el (35)
23 Y fen) (36)
,‘l/h,

(37)

For two complex conjugate roots of
Eq. (9) one obtains:

B VT LN VU T O PR

PIb | b(my 1 o)
a, tay) 1[»‘.‘* G B (38a)

my oy

A {ov, 4 b b
HEERE LN —:1[:: L e "’)“_---’]. (3’}1)

Hayr - mry e e b (4ca)
'l f’ l . l i (ula)
R e,
T b, e, (42)
If two roots (cs and ¢y) become real,

then Iq. (38) td (41) Lecome:

Vs, oo, + =,
C2a iy b, A["l:‘ o ’y (381v)

P r 1{k k, LREJ B )
AR PR NI e A ) B % )
1 3 H
i
i
. . l bk iy b,
it o) v 2ama, - ,"l'n""g i (uOb)
2 1 k&, !
ooy Bk (t1v)
a4

If all roots become real, then Eq. (38)
to (41) bacome

. b, b(om, om
a8 )

(1 4 a) (o + @) b aya, Ay, = ll’lh . '~'_-(T~. cm) b ",»I.

-y Lomeym
; (39¢)
|
Ty {oy » a) 1 ma ey, b)) :) b : ""-": ( )
! 40c
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B0y 0, 0y =

Rule 1.
Trsnsfer function may only exist if the
relative damping constant bo of the
dyramic vibration absorbver Zconsidered'
as & system by Itself) is smaller than
its critical value. If the reiative
damping constant has a value equal to

the critical value, then the transfer
function has a doudle zerc. The posi-
‘tion of the z=ros s independent of the
absolute dampling constant by.

From Eq. {(3%), (38v) and (3S¢)
follows: . .

Rule 2. The sum of the real parts of
all poles is independent of the
relative spring constant Kj.
From Fq. (#la), {41v) and (4lc)
follows: .
The product of the absolute

Rule 3.
svalues of all poles is independent of
the damping constants of the system.

With the conditions (31) to (34)
given in the section, Mathematical
Formulation of the Tuning Criteria,
and with the above rules, the vibration
absorber could be tuned in a more direct
fashion than by trial and error. Since,
in general, none of the systems of Eq.
(38) to (1) can be explicitly solved,
formulae for the physical constants of
the dynamic vibratlon absorber result-
ing in the tuned moticn of m; according
to conditions (31) to (34) cannot be
cerived. . )

The procsss of approachling the
stated requirsments by tunirg the two
degree of freedom system so that beats
occur will mainly bde of interest when
the avsclute damping constant by 1s
small., Also, the mass of tne absorber
mp will be smaller for most technical
applications than the main mass m;, and
since beats are to occcur, bo will be
smaller than bp apyt. In tgis case,

&s shown below, %he product of the real’
parts of the complex poles is negligi-
ble when compared with the sum of the
squared magnitudes of these poles;
consequently, 5. (38a) to (4la) may
explicitly be solved. One obtains:

o[- FrEE e m), (43)

O34 = xlv["—- l;_ (& — W)} .. (’-M)

(&l;:);‘

Complex conjugate zeros of the.
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Ho= b8 - %), (45)

R TP
'il':'zp{h—”]' ) (L‘)S)
and with (42)

me g farmr e e w07

o) y;[E .w)..;4rh-g(n<-u7r, (48)

where the symbols are deflned as
follows:

W= NG, (49)
-
D= l’"[b, _‘_Q;(m,-km,)} (50)
2 |m, my o M
c ok ke e+ by
Ealphimi it (51)

boky o+ Kk by ¢
Foaptio, {52)

= ke .
CC= (53)

With the abeove expressions the metion
of the maln mass may now be expressed
explicitly as a functicn of time and
the parameters of the physical system
using Eq. (12) and (13). For the
general case, thils leads to a long sand
complex expression. '

For 2 glven problem, it is impor-
tant to estimate the error ¢, which is
introduced !n Eq. (3% ) by neglecting
L Cl 03. .

Let

RIS

8= o
3L o1
el cdna,

then from Eq. (38a) and (39a)




WS T

b, . boim, « mnt
. (”‘l oy omy )
e .
= ‘(h, R byfro, 4 m ) 4 6,[,)
jad}

-lﬂ' (c

(54)
The largest possible errcr € may
already be computed from the secona and
third coefficient of the characteristic
Eq. (9).

To express the maximum error € in
a more convenient manner the following
nomenclature is introduced: .

= ' . LA ™
" .t " b n= -
R & /&,
R Kl - 3
TN

Equation (54) may now be rewritten:

RPN LYY SO W N IR TE
ES a2 ay syna, (55)

If the abuve—descriged approxima~
tions are obtalned by o0;° << w;< and

2 2
03 << w3 and if r3; T3z * 0, then the

conditions (31) and (32) may be expanded
as follows:

1 . Wit ’u'm'
L] "yl

adt

- wh m
=21{r;~a) - e (rioy—rig,) Fr:'-:(lf-—rj). (55)

:’.'.’:’.!.'.e alr 130 o nlt
oy "y
I2i 2]
=d1{o, —0y) —~ - .-
o =) ity 0y = ) *.n s (- (57)

It {s now seen that conditions (31) and
(32) are satisfled within the given
approeximation 4if

alel (58)

or if

neory=§0 (5 )
or if

2817

B O A T

(AR
o (65)

From these three possitle solutlons
one may conclude as follows:

In ganeral, cornditlon (58) can
physically not be realized as the
follewing reasoning will demonstrate,
The cempatidbility cendition of Eg. (3%2)

~to (41la) for o] ejual to ¢; yields:

Ruls 4. 1If all the poles of the trans-
fer ifuncticn have equal real parts,
then

[Bym + {00 - P —dnfhn
+h{! 9’")””'1‘;‘\" RN ")T' - ‘1‘:!

+Bate (b ky 4 kB) -0

(61)

must hold true, where n is the ratio of
the mass of the damper to the main mass.

Setting the absolute damping con-
stant in Egq. (51) equal to zero, orne
obtains the simple expression

PR () I X Y
A ! ;nn,(l< gt ' * (62)

Letting

o ke,

in other words, O is egual to zero (see
(36)), then from Eq. (62)

L 1-w
‘:_‘ (t ay°

Rule 5. A system having only relative
damping and having an absorber mass to
maln mass ratio of equal to or less
than one, can only have complex poles
with equal real parts if the zeros of
the transfer function are complex roots.

Condition (59) also cannot be
physically realized, because, as in
condition (58), tnis would require
r.egative parameters. From the compat-
1bility condition of Eq. (38a) to (4la)
for ry equal to ry one obtains:

BEST AVAILABLE COPY
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the transfer
i» arounil the
plane, then

LRI -«r'] CKB 0

]
LI &,%za‘rh] by

.
As3in eetting

g € oy e
constant

the atsolute darpling
vy =1aal ta zero, Rl (03)

Paans ey

N ‘ (ALY

Lo rg, then It
jitinn Oo= r:

systom with only rela-
and zeros of the
iosn cannot 1li2 on the

.
1 LS
' X N

The condition {£0) is only to be
approached as indicated by the arrows,
as ntherwise a daubie pole would occur,

ni, in this cace, tne solutions (12)
and {13) and thelr subsequent develop=-
ment would not b» vallid. The gquestion
ncw posed la, in which way Is condition

> twe approaczhed. The actual task

3 elininrate the vibrations of the
~alin =3ss. To accomplish this by means
of heats of a two~mass system, It be-~
comes .mportant tha*t the vibrations are
iamped as much as possible in order for
the miniza of the envelope to approach
tre eventual final position of the main
™ a3 soon as possible. In order to
extract a maxlmum amount of energy from
the syster with varlable by or kp
during the time ty - %,

(65)

o »h*l by nPd

must be a maximum with respect to bp
or k. The integrand of Z3. [)5) is

BEST AVAILABLE COPY
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B e e
. ) 'n'm'
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”
‘l"!m(m,ll PV 33
-y H

+ e . .
‘ "I:.' ookt 1 B ¢ Do ekt f)

where
h ]
L 26»1 - 0n : ¢n 2
" v
o ‘—_@ﬂ "”n ‘ﬁm 2 .
& consldsraticn of the ront locus plot
of the characteristic ejuation shows
that for small values of by, a 2tang2 of
b5 or kp Influences the product ray ryp A
much more than the value J,, wher2 -
A*
5 nrr 7t

If M has 2 maximun with respect
=

>
to
ks or bp, then raqy vap wust have =
mInimum in respefl t3 'k, or by, The ..
fact that M does possess a maximun for
. .

a system which is only relatively
damp2d follews from physical considera-
tions; namely, if b, ejuals zero, then
M ejuals zero. If g approaches infin-
fty, x3 = %, becomes zero, and M again
equals cero. How, consilering k5 as a

variable, i K5 approaches infinlity,
X; = Xp-and therefore X equals czero.
It k, approaches zero, then the beat
phenomenon due to the motions of the
two masses is lost, l.=., the ¢narzy is )

one mass to the other, And the decrease
in energy du= to the coupling by
becomes smaller. :

From the second part of the condi-
tion [£2) follows, within the

y
approximation stated In this sectlion,

trat
Tafy 5, 7] . (56)
Employing Eq. [45) and (L&) to set’

Frorg

[
ok .

excluded since it waz alrea o¥ered”

{the exceptional case ror'r% = rg'lé
¥y coY
in Rule 6) ore obtains:




R, T P o e

al o mik, [

4 (v PRI <67)

The produrt ray ris 15 & minimum,
'Yy, (07) roldas Truel” Tho irmportance
S the praoduct Toy s was already
o 3~y

roseztzed in 977187 and (13): tie
smalley Tq) Tan becomes, tre darger the
nbn—stoad; parl of the mation of the
main mass Tre E3. {(£2) showe the
Influence o“ v raa upon the enersy
which 13 led a®ay from the system,

To s
ticn of th e 2
roots of trﬂ charasteris
which the vr~l:r~ rz, r
ninimun by varvin
erings constant,
relative inClusnce
rwza'*vn 1aﬁnuu
also, then the ¢

urther descrip-
positicn ¢f the

tic eouation at

- an‘c“",'\" a

the relative

1 be called the

.
nt
cf the ro2ts at

o
which ro r:, is mam ic called
the abadiuta®intluen position.

.

From E3. {867} follows:

Eule 8. If the product of the real
“parts of the roois of tre characteris-
ti2 eyuation is nesligivle when compared
to the sum of the szuared maynltudes orf
thesz roots, then the raiative influence
-position will be approached if

ntl - mk, [ X
b | IRy ™l

A corparison cf Vl. (67) with (£2)
and neting Rule 1 ylelds

Rule 3. If the praduct »f the real
parts of roots of the characteristic
ejusation 1s negligible wien co"oﬂrnd
to the sum of the syuaraed maqm itude

of thene roots, then tre rclative
influence position will be approached
for a system which has only relative
damping if the roots have ejual real
parts.

For the case for which the rela-
tive damping constant (the da*oinv
constant hetween mass 1 and mass 2) b,
is adjustable also, the damplng and °
spring constant values resulting In the
influence position (in this case, the

solute influence pnsition) may bde
cbtained by applying Rules L4 and 6.
The results are given in Rule 10,

Rule 19. If the product of the real
-parts ot the roots of the character-
istlec equaticn 1s negligible when
cmpared to the sum of the sjuared
magnltudes of these roots, and 1if the
real parts are of the same order of

ramnity iﬂ or
the ahssjute

a
arpre a"iei iv

4y .‘;.["’.ﬁ S Y ‘(: . 2)

where

() 2

For the investigated example the

kp 52

el
+ cm

= "S5 /N ZQ_
355.674 ==

’

-
and b, = $.12445 K2 S | The valu2s of

0.01633;
oson) and

o3 LU

Cc
by are 0.07163: €.00L2
0.04233 (arbitrarily ¢

5.1330 P25 fealoulated with E3. (57)).

Figures 3 to 5 show the displaca-
mant and velocity (dotted line) of mauss
my. For parts {(a) of these ai"*v“ﬂs

5 was tuned accordin; to Pule 8 and
Rile 10 (Fig. €a}, while for parts (b)
ko was ‘u"nd to glve exactly the infilu-
ence positicn. Fer part (c) of the
figures, ko was obtainod with Fule 4,
In this cale, the rcots of the charan-
teristic equation have equal real parts.
{The figures were obtained by simula-
ting the systems on a PFACE analog
co#puter v

Table 1 gives the numerical values
for the product rqy rqp and for the
four stated rejuifemeiits {the first
minitum for the conditienz 2 and 3) of
Fig. 3 through 63 Table 2 shows & com-
parison between the true values of the
characteristic squaticn (accurate to
five decliral places) ani the values
obtainad by rmeans of Fy. (43), (44),
(7)) and (&-).
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TABLE 1. Numerical Values of the Product ri3j rap ard of the
Requirenents 1 to 4 for the Vierstions Srawd {n"7ty. 3 to 6

Requirement Requircement Requirement Roquirement Requirement
1 2 3 3 '
Eq (31) B (32) ¢ toe Exp (33)
vibration r3) Ty n=1 n=1 n=1 no=1
3a 0,551%0 0,19185 0,39313 0,C6557 0,06562 0,13731
3b 0,55183 0,18505 0,29777 0,06593 0,0655)3 0,13757
3e 0,71335 0,35033 0,22233 0,05435 0,05444 0,11232
La 0,55080 0,14865 0,233%1 0,0723% 0,07230 0,13733
Ly 0, 35080 0,14€69 0,23257 0,07242 0,072232 0,13723
< 0,6693 0,60409 0,5H4047 0,05331 0,05357 0,074
Sa 0,52481 0,03488 0,14417 0,c8722 0,087584 C,143a3
5b 0,52429 0,07603 0,12637 o,og?ag 0,03752 0,1k413
5¢ 0,53242 0,18404 0,22342 0,0845 0,52512 0,13%221
6a 0,32537 0,0204h 0,0120 ¢,21522 0,21449 0,2L7¢3
ab 0,21276 0,00018 0,0C010 0,31235% 0,312¢4 0,35500
6¢ 0,21476 0,00017 0,00C23 0,30783 0,30500 0,34327
TABLE 2. Roots of the Characteristic Egquation fcr the
Vibrations Shewm ir Fig. 3 to 6
Ol alA 03 . °3A u:l "L\ "3 ""j,’\
Yidbration exact Eq (43) exact Egq (48) exact E3 (47) exact Eq (45)
3a 0,02363 0,02352 0,00833 0,00840 1,09157 1,09235 0,80025 0,79%3
3b 0,02357 0,02355 0,00£46 0,00847 1,09251 1,09330 0,20153 0,25005
3c 0,01607 0,01603 0,171 0,01539 1,22435 1,22533 0,5:623 0,53C%4
La 0,04372 0,04392 0,02870 0,02860 1,08227 1,03:73 0,7%84L ©,77303
4y 0,04375 0,043%5 0,002357 (,02557 1,33C20 1,03510 0,7353%5 0,735%3
4e 0,03621 0,03643 0,03621 ©0,03533 1,02%27 1,03327 O0,62417 0,02175
Sa 0,07584 0,07750 0,06321 0©,08225 1,07352 1,0%733 0,%0003 0.79403
5h 0,07713 ¢C,07863 0,06253 0,06112 1,0222% 1,16120 0,70335 (,7:10%
5¢ 0,06933 0,07218 0,06%%3 0,06753 1,06452 1,08328 0,77510 0O,7¢€157
6a 0,12141 0,16579 0,19473 0,15040 0,9359% 1,10012 0,83365 0,75695
6b 0,16335 0,18419 0,15234 0,13202 9,%%035 1,133 0,35328 0,73740
6e 0,15310 0,18251 0,153210 0,13367 0,9%437 1,11711 0,%50h5 0,73487
BEST AVAILABLE copY
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A comparisen of the glven
vibvration plots shows:

1. A difference batween the
vidbrations {a) and (d) is not notice-
able as long az b, i{s small. OCnly from
the re*pﬂctivo nuterical values given
in the tables does a difference in the
motions become apparent.

2. It is the relative influence
position (see (a) and (b} on fig urev)
and not the notl ;csition 9. = ¢4 which
results {n distinet beat s, 45 lofiz as
b> is smaller than the Y2 rejuired to
glve the absolute influence position.

3. The absolute Influence posi-
tion i» the best position of the roots
if rapld per"annnt damping of the vibtra-
tion of the main mass is desired. This
fact is supported dy Fig., 7: the
relative damplag constant by for this
system 1ls larzer than the damping con-
stant necessary to obtain the absolute
influence position.

4. The influence of the spring
stant ky upcn the motlon of my 1s
signiflcant if the relative da"ping
stant by 1s egqual to or larger than
constant b, necessary to obtain the
olute influénce position (zompare
& with Fig 7).

) 3 e 1Y b ()
oS R NS ]
"F«J»m_!n‘;s

o

Th2 values given in Tables 1 and 2
ck the statement 1, 2 and 4. Inter-
ing any of practical importance is

close agreement of tue values for
ﬁe roots of tre charaﬁtﬁrietic equation

tained with the Eq. (42), (4%), (47)
and {43) which are baced on the stated
approximation and the exact values for
these roots (see Table 2). As shown In
E3. (54}, the approximations will
increasingly deviate from the itrie
value with increasing bo.
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The application of the damper to
reduce transient vibraticns of a medel
in a shock tunnel, mentioned i{n sectlon
i, was eXﬂeriﬁentally tested [4]). Fig-
ure 3 shows the wodel and the lever
mechanism to simulate the 1lift. When
the hooks (shown telow the model) are
disengaged, the weight is suddenly
raleased and the model swings around
1 5 new position of ejuilibrium. The

ions are recorded with an oscillo-
graph from strain gages fixed to the
sting. The vibration absorder, which
fits in the detachadle front of the
model, censists of an elliptic lead
cylinder fixed by two leaf springs %o
an oil-tight houslng (see Fiz. 9). The
spring constant may be varied by
charging the length of the leaves,
wille the relat1v¢ damping constant
d2pends upon the viscosity of the oil,

272

(Only the disp

ar 23 se

Fig. 7 =~ = 0,16%24
%c

(a) x, - 20.6235¢

(b) kp = 27.33230

{e) kp = 22.78750

(4) x5 = 37.6%350

£3 s

zp s/cm
ment of m; 1s shownj

kp/cm
¥p/em
zp/en

Rp/om

Fig. 8 - Lever mechaniszm and model




eaden cylinder swings.
3 the vibrations of *he
and with, the presencs
ed damper. The tuning
¢t with the paraneters
5; the spring constant

of the damper was Ry = 25.2 %% . The

value {2 close to that given in Fig. Sh
The Jdistortion cf the first three
~axima of the vibration shewn in

Flg. 10a, and of the first maximum 4{n
Fig. 1Tb, 18 due to exceeding the
limitation of the recording device.

prit?
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Filz. 10 - Molel vidbraticns without {s),
2 \
and with, (d), adbsorber
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