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ABSTRACT 

The wave equation In prolate spheroidal coordinates was 
separated into radial and angle functions. The differential equa- 
tion satisfied by the angle functions was written in the form of an 
eigenvalue problem, that is, as a linear operator operating on 
eigenfunctions to yield the same eigenfunctions multiplied by cor- 
responding eigenvalues. The eigenvalues were numerically cal- 
culated by use of Galerkin's method. This method reduces to the 
evaluation of the characteristic roots of a large matrix. An 
80 by 80 matrix is chosen and a detailed calculation on a high- 
speed computer leads to a tabulation. The table of prolate eigen- 
values published here has the range m = 0, 1, 2; i' = m (1) m + 49; 
b = 0.1 (0.1) 0.9, 1.0 (0.2) 8.0, 10.0, 20.0 (20.0) 100.0. The pre- 
cision is 21 significant figures. 

PROBLEM STATUS 

This is an interim report on one phase of the problem; work 
on other phases continues. 

AUTHORIZATION 

NRL Problem S01-28 
Project RR 102-08-41-5225 
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TABLES OF EIGENVALUES OF THE WAVE EQUATION 
IN PROLATE SPHEROIDAL COORDINATES 

INTRODUCTION 

In the solution of Helmhoitz's wave equation  (' 2 < k) ^ = o by separation of variables 
in spheroidal coordinates (fr/.o)) the following equations occur: 

a'-uf, A-hH2 < 
-   1 J 

(1) 

d dS 
V-n')  Ti 

(/2<i' 

4- h2,,2 - 
m * 

i - ,, 

♦   ni21)   -   0   .      0  _   i 

S        0   ,      -1   _ >;   _ 1    , (2) 

(3) 

Here 4 is a separation constant, h kd 2, k ,, c, d is the interfocal distance of the 
spheroid, /? is a radial function, S is an angle function, and * is a rotational function. 
Equations (1) and (2) have the form of the Liouville equation 

with the identities 

I P{ Z ) l/'    1        I      ' 7( ' )  ■   A /■( Z ) 

p( z)        1  -   '/ 2     or 

(4) 

7(z) -h^ . h2:-2 

and 
r(z) 

Since Eqs. (1) and (2) are identical, except for range of the variables it and ;, we con- 
sider only Eq. (2).  Here we seek the real eigenvalues A     Ami (i    m, w > i, ...) for which 
the solutions of Eq. (2) over a range are nontrivial and nonsingular.   The singularities of 
Eq. (4) are known to occur at  p(«)   o, i.e., at -/      ■ l.   The range of interest is thus 
-1 < -; < +1, or parametrically y     oos ",   0 £ <» ^ -.   The boundary conditions are of 
the conventional type,  a^'i*a20'     nat-(-l, and ß^o* ß2ü'     oat r/    -1.   For these 
boundary conditions there will be a lowest eigenvalue 4mm which will be smaller in mag- 
nitude than any other Am(, and all other eigenvalues can be ordered to form a monoton- 
ically increasing sequence  An To find the eigenvalue 4, we use the method 
of Galerkin (1); i.e., we assume that the corresponding eigenfunction can be expanded in 
a finite orthogonal series {.,fe(./)) over the range -1 ■   / - 1 and write 

L ml (5) 

in which 6, is a solution of Eq. (4) and associated homogeneous boundary conditions in 
the range -1 < » <_+! with known eigenvalue \l.   Substituting Eq. (5) into Eq. (2), multi- 
plying by >:>,! and integrating over the range according to Galerkin's procedure, one gets 
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t c \ f (l-r,2)^    d1   + (-27)^,  dq 'q  —11        \   -1 /i-r-rq 

'-1 -1 r 
r (- h*i2 - T-n.i * M'Mq ^ = 0 (6) 

An appropriate choice of <f>r for the range of >, is the associated Legendre function 
PZ*An)   which satisfies Eq. (2) for the condition h=Q.   This condition requires that 

(l-f2)  F^r  --   l'l   P^r  - (m+ r)(m+ r + 1) (7) 

Substituting 6r - Pm
m
t r and ^ - ^ in Eq. (6) and using Eq. (7), it is easily seen that 

Eq. (6) can be written In the form 

Z_!C-   Lm*r,q   ^    0 
(8a) 

where 

m+ r , q (As-(m+r){mfr+l))   1       P^ r(r, ) P^ in) dr,  -   h^j       r,2 P^r Pq
m dv 0 .    (8b) 

The quantity L can be regarded as a large (though finite) matrix having elements f-m+r q 
with eigenvalues AS.   In this light, Eq. (8a) is an eigenvalue problem and the entities Csr 
are the components of an eigenvector corresponding to each eigenvalue A,,   Now let 
m + r = p for convenience and write the normalization and recursion relations of Pn

m in the 
forms 

) W" dv 
, i 0  ,       p^s 

1   .        p - s   , 
(9a) 

\ N(p,m) 
(9b) 

(2p + 1) r, Pp
m        (P - m M ) Pp

m
+ j  +   (P + m)  Pp

m. , 

In normalized form the last equation reads 

(9c) 

where 

^(P) 

'/^ - 4(P)P;MN B(p)P^1 , 

iV(p t   l.m)   (p- nn   1) 

N(p.m).        (2p*  1) 
ß(P) 

pi m ,mp- 1, 
2p+ 1 r     ^(p.m 

m) 

(9d) 

(9e) 
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The products A(q)B(p) may have the following two forms depending on the procedure of 
normalization: 

A(q)B(p) 
(q-m+1)    (p+m) 1 

(2q+ 1)     (2p+ 1)  /V(P,m) 
/^(qt Urn) N{p- 1 m) Of) 

or 

A,       a,   x       (q-m+l)    (P+ m)   ,//V(c7f l,m)/V(p- l.m) 

(2q+l)     (2p+ 1)  V N(q.w)N(p,m) 

Equation (9f) Is designated as the nonnormallzed form, and Eq. (9g) Is the normalized 
form. 

Expanding Eq, (8b) by use of Eq. (9d) one obtains further 

(9g) 

L
m<r.q      LP.q  =   1 +   2 +  3 +   4+  S 

where 

i - [A,- (P)(P* Dl        P; r;;*!,, (10a) 

2 =   -h2B(q) 

* 
p m       p m .i (10b) 

3 -   -hiA(p)A(q) J      P^,/^,  d,, (10c) 

4 - -h'A(q)B{p) |    z5;;,,^, <',! (lOd) 

^) I    P". 5      -/1
2/l(P)B((7)   j       P^., Pp

m
tl  rf,, 

• i 

(10e) 

It is seen that any three consecutive terms of Eqs. (8a) satisfy the recursion relation 

( p -  1 - m )   ( p - "i) 
(-'i2) 

{2p - 3)   ( 2p-  li 
•   C5,p.,n f\s -  P(P- 1) 

(p I  1 - m)   (P <   I'm) {p ■ in)   i j) - in ) 

C2pt 1)  (2P • 3) (Jp •  1 )   (Jp- 1) 

^   ^.P-.o 
, .     ( p •   2 ■  m)   ( p .   1 t  m) 

(-/iM  
( 2p <  5)   ( 2p •  3 ) 

(ID 

This is the nonnormalized recursion relation between the constants  c 
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We return to Eq. (9d), which is in the form 

/(p-mi 1)  (pi jTmj   -„, I   (ptm)  jp^)     -m 

'p "r   (2p+i)(2p+3)    p*1   r (2p-1) (2P+i) p-» 

Substituting this formula into Eq. (8b) one obtains 

* * f r+l r*1 

+ [4(p)S(<7)PPi1p,m.l] + [fl(p) /«(q) Vi^oi+ [4('?)fl^)/'pm-,/,;-j!>;o 

Using the properties of normalization shown in Eq. (9g) this reduces to the recursion 
relation 

C
S,P-J^-P(P

+
 1) " h2 

(p-m+ 1)   (p+ If/n) (p+m)  (p- «0 
+ 

(2p+ 1)  (2p+ 3) (2p- 1)  (2p+ 1) 

•h2 f, (p+m)  (p-m) (p-m- 1)  (p-l-m) 

[r  (2p- 1)   (2p+ 1)  (2p-3)  (2p-l) s,p-m-2 

-h2 /(p-m+l)   (p+l + m)   (p+2+m)   (p+2 

r (2p+ 1) (2p+ 3) (2p+ 3) (2p+ 5) 
m) 

i ,p-m+2f " 
(12) 

This is the normalized form of the recursion relation between the constants csr. 

In the computation of eigenvalues it is advantageous to use a matrix formulation 
with normalized elements as given by Eq. (12).  However, in the determination of eigen- 
vectors whose components are the constants Csr it is convenient to obtain these in un- 
normallzed form by use of Eq. (11) with appropriate choices of \ s and then to normalize 
them to suit a particular requirement.  In this report the following normalization for the 
components of the eigenvectors is used: 

y    c      (rt 2m)!   _ (s + m)! 
/  ,      "•        F!        " (s-m)! 

(13) 

r=0 

This choice of normalization (see Ref. 2) is arbitrary but very suitable to numerical 
computation. 

COMPUTATION PROCEDURE 

All elements in matrix L of Eq. (8b) are real.   From Eqs. (11) and (12) It is seen 
that the subscripted elements s = p, s = p+ 2, and s = p- 2 are non zero     hlle all 
other elements of the matrix vanish.  Furthermore, one notes that the matrix is sym- 
metrical; i.e., c5 7 = C, 5.   Based on these observations, therefore, we are required to 
find the eigenvalues A, of a real symmetric matrix.  To assist in the numerical compu- 
tation we have used the standard IBM Share-Distributed 704-709 Fortran program 664 

^££2  ~*»~*~**-m ramra-i 
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by Burton S. Garbow of Argonne National Laboratory (CO-OP ED F4 UCSD 1 EIGEN). 
This subroutine finds all scalar solutions to the matrix equation  Ax = \x, where A ie a. 
real symmetric matrix.   Although the eigenvalues of the separated Helmholtz equation 
are infinite in number, finite sized matrices yield excellent and well converged eigen- 
values provided the selected partition of the infinite matrix is "large enough".  In our 
application we use an 80 by 80 matrix to compute 50 eigenvalues in double precision (21 
significant digits). 

METHOD OF CHECKING 

In Eq. (11) we designate the ratio Csr cs r2 by the symbol "r"'.   In the limit 
we require that ","' vanish.  Changing r to r V 2 so that the ratio of constants is # 

r -. 

r* 2 

Mm      ■■   C C 
r \ 2 * , r i 2      s , r 

one sees by the recursion relation Eq. (11) that ""', 2 can be written as an infinite con- 
tinued fraction [ •'"!, J^ by the permutation of subscripts, i.e., increasing subscripts so 
that the ratios read Cs r<4 Cs r+2>  Cs r,,, cv ri 4, etc.  Another spt of permutations is 
the set of decreasing subscripts Cs/ r,   i_2,  cs r_2 cs r_4, etc.  This latter set is lim- 
ited by the requirement that c,r   o if  >  - o.   We can thus write i/r

m    as a finite con- 
tinued' fraction [.»" 2]  , using this latter set, i.e., the decreasing subscript set.  Clearly 
one requires that 

[V"\2\  -   [l/r
m
(2]u       t/(A,)        0 (14) 

This is a transcendental equation in the unknown A whose roots are the eigenvalues AS. 
A skillful procedure for finding these roots has been devised by Bouwkamp (3).  He takes 
the first variation of i\\) due to a variation hK, devises an equation for «A in terms of 
the *" ratios, and by iteration of Eq. (14) using A * ^A, < .IA2, etc., finally causes A to 
converge to the true value \s.   This method however requires a good first guess on AS, 
which can then be used as a basis for iteration.  In the event that this guess is poor, the 
method yields a different eigenvalue A,, n, n = 2,4, 6, .., .   Comparison of the matrix 
method noted above with the method of Bouwkamp shows that the matrix method agrees 
with Bouwkamp's method to all 21 significant digits for u < 10.   For h > 20 Bouwkamp's 
method yields eigenvalues but not in a monotone series.   Because these eigenvalues are 
sometimes identical lor different m, i, />, it is seen that Bouwkamp's method fails for 
large h.   The failure is attributable to wrongly chosen starting values.   To overcome 
this difficulty an 80 by 80 matrix is used to obtain eigenvalues which provide starting 
values for Bouwkamp's method.   This procedure of combining the two methods yields 50 
correct eigenvalues up to h = 80.   For h = 100 the same method yields approximately 30 
eigenvalues with 21 significant digits.   Tlrs limit in available eigenvalues with required 
accuracy is ^ue to limitation of the Share program. 

RANGE OF TABULATION 

The range covered by these eigenvalue tables is as follows: 

m = 0, 1, 2 

I'  =  m (1) m + 49 

b = 0.1 (0.1) 0.9, 1.0 (0.2) 8.0, 10.0, 20.0, 40.0, 60.0, 80.0, 100.0 

The accuracy is considered to be 21 significant figures. 

mm 
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COMPARISON WITH OTHER PUBLICATIONS 

The existing literature contains the following ranges of tabulation of prolate sphe- 
roidal eigenvalues. 

Chang and Yeh (4): 

m = 0 (1) 9, f = m (1) 9, h = 0.1 (0.1) 10 (1.0) 100 

Accuracy = 12 significant figures. 

Stukey and Layton (5): 

m = 0 (1) 9,  P = m (1) m + 9, /, = 0.25 (0.25) 10.0 (1.0) 20.0 

Accuracy = 11 significant figures. 

The number of values of ( (i.e., the number of eigenfunctions for fixed m) in these 
latter collections is too limited to allow complete field calculations based on orthogonal 
expansions in eigenfunctions.  For example, when m   o, the Chang and Yeh tables contain 
ten values of t.   Since in many physical problems only even or odd integers are per- 
mitted, this number has been found to be too small to permit convergence, except for 
very small values of h.   The NRL tables in contrast provide 50 values of i for h as 
large as 80. 

The increase in accuracy (from 12 to 21 figures) in these NRL tables is motivated 
by a desire to permit accurate determination of the components of the eigenvectors (that 
is the expansion constants dn(h/m ()), by a three-term recursion formula (6),   Low 
accuracy of the eigenvalue results In poor d   constants.  By increasing the accuracy of the 
eigenvalue to 21 places, we are able to obtain well over 100 dn constants having accuracy 
comparable to that of the eigenvalue.  Accurate determination of functions involved in 
field calculations is not possible without this capability. 
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TABLES OF EIGENVALUES OF THE 
EXTERIOR ACOUSTIC RADIATION PROBLEM 
FOR PROLATE SPHEROIDAL COORDINATES 

Range of Parameters 

b = 0.1 (0.1) 1.0, 1.2 (0.2) 8.0, 10, 20 (20.0) 100.0 

m = 0, 1, 2 

I = m (1) m + 49 

■ 
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O »H *-i r* w* wiwt «HfX* C\, O. Cy CV (V C\J <\J C\i CVJ C\(CN* fV. (M CM OJ (\,OJ CVCV CViCVK) KifOfO n^OK) K5K> fOfO M« K)K3 KJrOfCKlW 
O O  C3 O O   OO tD O   O O O O O   OOOO  OO   O ^ O C3   O O   C3 O  O O  O   OOO   OOO   OO   O O   O C3   o o  o o o o  o 

♦    •    ••♦     ♦«     ♦♦     *   ♦    ♦    «    ♦    ♦   ♦    ♦    ♦     ♦   ♦     «*    ♦«**     *«4**     ♦   ♦    ♦     ♦   ♦    ♦    ♦    4    ♦    ♦     •♦    ♦   ♦     ♦♦    ♦♦     * 
tfs « ir tr> c\. a » ccx. «cccr\»Y9«H cir r* •-« «= o- cvr^ O-CMK;«» -»^«O ■COMK)»-. ,-trs « o- » «. K) ir oc CN> rv 
^ r^ •<> ,-* K) »rjr^o roai^oir wv or* mr*. »^ foo^-o oii\ •o»-*fO»m'-' IIXO-KJOP-. «tn ^>»o ow ^> o «<o KJ 

•o o «M o K) e CM «-*<> uMf\(\i(o» r^if\fM«-t om or^ e o «-topKiaicDtMa)«« « o o ir « oo irv o« ^r to n ^ CM o o 
r*. «-imnn^c^vH rvoo-v^r^cDcooDÄ) IT u^ CM« «n 09 < »o ^ r«»trK ««-itrt ox <«<* o a. mr* oa. * * «c 
oCM<on«Hr\i<o o«-* ovmoc ir\mo« ocv o« rviro «-«o N.CM^^vtrstMOO'*-«« »-tLf» ir\o p^^^ror^oift-ooD 
•- cv n « r- «p:'Ccir\«rvir^<c«ic^ f\c o« •- *- « »r rxiocvirscc ir •- c ^ f\ ir r- a ■^•-o«-><, c c « 
Oi« «-t^f^ r^^r* a)irro«-<>-«rMir(> «-»«MÄ^r^^^f^ *o *-* m rto' OKJO- 00 ro«)«) rocs ofoir** r-o^-« OJ 
•^i\ o^^r^Kj^cv1 o (v IT c> a;  irr«.*  .-ifw  I/>S>ODU^  »HIT or« K: o  »Hiricir»  «r^r^ ^rvr^cxv  *f, o* oiro  * 

CJ cv c <c n r«. «H «^r^ AK)rvc<tt f\.c«c«<i « « r*> o rv o « o r^ ir> « <vK «ocvKxt tf%aD (\ C\J «rirrfvo- «r o «c 
CM» vncMvn «m mt ■* 00 «H«N«  «-O> -or*, «»r*  «-tcM «■* «O*-I«>M«O«*O»»^CO<> «<D oov-tvnom 
r^ » « ^ ^ Kv4 «-»■« ^ir«roomw4ir »-« *» « * «> r*. o>v »o *\J c o « « o  «^CM PW O» «n o« (Mac nr^ m«  o 
^ 10 o « « m <o o ir\ ro>o«-(^« >o m « <r  arv r^ ^^cyro mo vo «vm «r^o   o*-(CMrom «tn 00 r- rv «o cu o o  o 
o • c o ir cvojcrr» «»«m» cvmcvcr^ivr^cMtrxo «vir r- &  ^nrs.^^^. «««.«« ««D «<CCCC <r CC IC C 9 
a>'orMi<HCM«Drvfsi(i>cK(\iLnr<v(D o^t(Mron««trviiMr\4>4> oof^f^-HfH^i*^  ^i^i^t^«Ha-4^«^tw«H<-t«-t«-*«H*-*«H 
p«. tr o ic tr  «4CVJ 00  a 0000 «-*«HV4«-* •^•-« v4«-4«H«-t •-«•-» w«-< «-(«-t^ r»pvrv K^r> r^K rv r> r^r^ r^r^ r- ^ r-r. ^ 
v-tf^r-ojuKr^mcKt  •& f** t^ r* t^ r-* r** r* r*. t^-r** t^ r^ r-* r* r*- r*. ^.rvr».r^<orMoocM«(MOO(MO «MooftiOfMootM 
O«irtO<0 0'C4>C3C\l4><MOO0j'0(MOOr\J4>CMOO0j'C OjOOOjlACMO« K> 0<0 * * «NjOOOCfvotfNmifUJ^lf* 
CMfWOO<V4>fMO«-(K)tf\iX)T-4«   f^ O -r «O   (M«0   OlfN   Otft    Oif»    «H^.   **)<>.   o   *-«fH(M   K)V«  lO ■«  r»(C   CD O1    OvHCMK)«!^   O 

iO«HrMmvmr»o>«H  «-i«H«-4(Mr\i(Mrororow ifMi>4>«rvr^  «(D(>»«H «-««H«-«  «-*TH«^«-t«-t«-t«H «-4«HC\i(M(Virvi(M(M(v 

(MVO^IT^O r^ as 90 «-tojmvm «r^a}o>  O«H (vm «irs «^  CD a  o«-(CMnvtri o^s a o «-tr\j mv u>« r- oo o o«-i 
*-i  <-t«-t«-(<H«H «-ttHv-tv-tfMCMrMCMCMrMCVJfM  fgc\jmro»OK)K)fo ton to n* «♦  «* «« «« ▼ IA in 

OO «H«-lv4 «H«-l«4<-« (M(M(M(\iN (NiCMfXIfM {V(V (MniCMOJ OJfM CMOI OJOJN fOKJfO rOK)^ «K) KJW K)W r0fOK5K>fOlO»0 
O CrC-OCOOOOOOOCJOOCJOOOOCOOOCDOOCOOOOOOOOCCOOOOOOOOOOOOC; 
CM OO   OOO   OO   OO    OOOOO   OOOO   OG   OOOO   OO    OOOOO   OOO    OOO   00   00    OO   OO   OOOOO 

•    ♦♦♦♦♦♦     ♦♦♦♦♦♦*     ♦♦♦♦♦♦«♦♦♦♦♦♦♦♦♦♦♦♦♦     ♦♦♦♦♦■•♦♦♦♦♦     ««4+« 
•-I V4»o«oirvr^ir»<c»<M(>«-«u\»tfMr\a)9«rv««H««r^inoocMPO om^- « «MA »no o1*   »-»CM poro CMO r^« ■» 

««iTMoipKitrvoo  fO«a}CMir*r«4tf\ir  OWIO*H«H<04)<0   oc\im^o«i/\oaD7-tsir\«-tocD  roeo^-S'OOWtM 
CM rw m« tr «o> ■» « «Dr^ooooo-oom vno« «-10 »«H «•«■ «mro <OK)(n moo <cur» vo ro o o m (Mm 00  o 

N pooir«oi/\»s«.'^K)oourv^4-4'0  «-«mncMOvoo  om f^ o   «ir\4>ocMa>K« xroronooo   «Hm«o«irto«Hi/> 
tf\0CM«H« to«-i<oa>  4>aDr-«if>(Dcoao<-««-««*Hrv^aK«oo  rs.ajtnvHCM^K« •OT-fOcor^r^o   «-tin  «HO <O W •-««  O 

x u     «4^'<»<Vv4CM«<ocMno«m«-too4>rvmc\i«,v«-*CM4>o«cMCMm«r>- MO  cv^ «-• * ai f*^ »  ««aoot^mv«  o 
3      oiAir«o«üV«r^® tn <-< «-t 00 ro(\iooO(»  ro« r* o «H«D «IT « o « <0H)K)O«il> OCM wii^  rom or» CM« CMtP *~* 
_j      nCM «i o «j tfv« to ««OOO «-tr-r^o -cw  00 ajeu   on voao ajr^romKrv   «-iroir>f*-o «o   «to m K> ^> CM or» KJ 

m     w*     «     «cir\ro(M«p>>«o«o««m^-«o« (Mir\ « ■* n« * «   *-tm (no«o r»«n tv r*. •* *> *■* CMCM coir «ro ««  «-«oih» 
UJ >       «H o  o «4 v* •-(« o «   o CD in CM « «rrCM« f* •*> «o «CMtor»   «-«CM««-tr^   «nin »^ ■* r- o m ^ ocx r- m ro« OPOYPO « 
3      ■      z     «or»»owr^«-<r^tn(Moo«}r>wno«« mr» r^ cw o o a>trt 00 torn O«OCM «ai« o ^ o«  o-c «CM OCMOO m 
j UJ      P» w  -^ «u «^   CJ«I* <u m   IM «^ r» vi iw 1« *i 1-» v> v a»  rj ci 1^ «t Pir»   »wr*-  «^ iv »•> ^ m »-   «M w «-• » u«   u**  <c a/ «^ o v^v   r» u«   P>> 
■* 1      o «r».«-<*iOHomp».incM«oCMflD'ro«<w«««)o<jrv«-iOK)CM«;o*KO(M%oKO  t-icvK5«iM^«5(coc»-i 
> -^ tno*^K)ir<o orv   CM-O CM -o CM O«« o«04:mmo«c\j rv^tneocjinmo  «««»oor-r«.  rvr* rvr*. r^r» r-oc to 
3f ui MNr^vr^r^oor^m «roon^  oCMv^r^ttoov^tMCMm ro« ««mooo 0000000  0000 00 00 o 
UJ fKCMWFifMCMfMfM«,   in<«ror»r«a>aja.a>&'a.avirtrov   iyvv-u-v   ** ,r   m m *»*,,,*** *-,  »-,», »,T,^l»,^^t^, 

— «>o^ooov4«4«4K^r>r»KKKff^^.^r» i^rs.r»r^^"^  ^r-^r^i^ «CMC-  ocv.«c\iocCM<ocMoofM<c<ViOo 
Ui r^oo^rvrvf^r-r»   o(M4>CMOoCM«CMOOCM«c\j^orM<ocMOoc^tn(M0  4>moeo<c^.CM 00 ccr»  oj\ mtn ir 

CM « CM o CJ c\« CM c   *iiom(c*H«r»o« &cx.«oinotnom«^r»no   o ,* ^1 cMn«  «in «r»  <x)&oc«tCMm« m 

w4CMm«,»n«^«>0'   o»<CMK)*in>€>r»«oo*-tcMro«in,cr,i-«!Oo«-tCMm«m«r*«oo«-iCM»n«tn'Or*<co   o 
v4«H<v4v-4«-<   .H»*»-!^*   WfM   CMCMCMCMCMCM    fMCMn»K)PnWfO»0   fOK>K)K)»0««    ««    ««    ««   «▼   in 

w* O C w* w4 •H»4»-t«H ^ CM CM CV r. CMCMCMCM CM(\ CMCMCMCM CMCM CMCM CVCMCM CM«W »OtTlK) «FJ KJf*> MKi f^K) Ki^MK) KJ 
00 000 0000 00000 OOOO 00 OOOO 00 00000 OOO OOO CO OO OO OO OOOOO 
OO   OOO    OOOO    OOOOO    OOOO   OO    OOOO    OO    OOOOO   OOO    OOO   00   OO    OO    OO   OOOOO 
I   ♦♦♦♦♦♦*♦♦♦♦♦♦♦♦«♦•*♦♦♦♦*♦♦♦*♦♦♦♦♦♦♦♦♦♦♦♦   ♦♦«•♦♦♦♦♦ 

r- »-»«oo mo mr^ «JonofMo vorhin fMCMinfo CM^H CM«-I «I-COO CM co »H o «mxi ro« -c <>   «»-»mm  «-«o-o-c   »-i 
a) m om o  0 m r^ co 4)(MCMmm m <o m m o CM cym o »-« ■om ^0^00 o o<o P^- f^ rvi m« mom<-*om «CMOom 
»-4 o m f^- CM f^ P^ CMO oDoomommm or»  mmtcaoo mxmmo   CMOP^-   cMoectm^CM-oo or*,  «c »-» m«  «c 
-\- a   r*   •-    f - r  t ^ >   /■  ', -^   *"  t   T  T n »-<   -\' f\   --< r    ^-  r> ^ -\,   *■-    j <r   ••   ■- -f    AJ -■ «    1"*   \   ^. >    .-  >    ^ o   rN ->    1   1     n 
orMm«-<ec  -c ^ n CM r^m^w«   c»-<>OfM ■-*o  tcmooo-n «orvjrM'OccrvfM'OCMr*   OVODO   ««-(«r»   »-«onfMin 
mo r»« cMno «r» oomo«H «000 mm 00 CMP^ r-cM rv<t> m P*. co 000 r-.«« mm «m m-o cMm »o»-*r--m CM 
ar*   t, a  *   |"JF^ « i\   tp^r-tT'-irC-OtP   ivu   r- f    u' iv  u u'   r^(jLi\a.r»uivf,j   tc«-tvrjrjp;«    or»   Pjr«-   l^ P.  «c»«   1^ 
■ooo-occor^-o-o *-4mrMO(M«(Mm4)CM<-4CM«-«o«momm«oa>  r-trnmoomcMCM^co  «-im«o«<oa>«  w 
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O    OOOO   O O <~)    OOO   OCD   0<3   CDD   CJO   OO   C30   OOOO   OOO   OO    OOC3    f30C3CD<3   OO    O CJ   O   O O   O   O O 
ooocsooooc-crocccoC'Ccocc CTCCLOOCCOC-CC oc-ecccocjooccocoDcac 
♦   «♦♦♦   ♦♦♦   <♦♦♦♦♦♦   **   »  «   ♦•   «♦   »  «   •««««*«   ♦   ♦   ♦   ♦   *   ««««*   ♦   ♦ ♦   ♦♦   ♦♦   ♦ 

C3mif\<0"-*kntf»(\j oiofD-oomfViir^i/Nr^ oor^iod) »to ro^r^ootor^f^Kj^ • < n CJ o 11 to o ■*» r^ fr\ to rvj c\i CD o 
«J cj»^(>o(yOif\^^ •-«t\u','«ir^» f\jo- •Ha-t^'«;r'>air;T<eifj^ f^r» VP- & fir* •* & * vp^ ai'trvtv<<i»tt^fVvi 
»O   ^ »-»P^ ^    •Hf«   CD   ri«   e>>o<-t«o    oO   p^   t\j f^. en   ro K)   tjcti  fOfV.np. if\   OO   oj^   •H(r)cj»H'<J   CJ<OO   o   OIA  r0f\Jtf\O   * 

(^•HOC>* op-»aD*x»»H*-«(\ii>1n»»jQ^ cDr\jro"oa'Of\jD(\(uoi/\iftt><Ofo^rvj r~i{\i * r* -o v n »HKi^u^rofOoro 
r   o ir »^ <   c^o   <«c   CCVO'KIKPOK'CO1   »-«   Cr«»-a*rvp--*c   ciro   «c\trc\*»'a   arvu*   c. (fctatr 
o«orvfnir\{vf\j'OiCvci>»-rvj<'co'C»H^   •-«O'o   CM^oc^c^i^mr^c^rtr^-oo-c^i   •Hrof\i(t>^i/\r\j<t>»-icr'Oif\0^oif\ 

irmc\c~<Fri»-»r\K,<i'»<^w»-<^ipnr^P-o CTK »-^•-^crlf^<p-f^ll, oi^'tf)P^K&o(r<{Ccf\Ji/,'«'<,o,»<« 
f\j»-tK)p^t>(»o»-<(\jtDr-<"»iv<ior-wr\jf)P^*j cjj'»c3(\ic-j>«')tH^«v^«»p^cD or^il^^p*•'^T^^- ■«P^ crvi=)ror^ir\ 
«v (T o  K^r«.  r^r^tvioero) or^criri^tn fno a'  «Htc*oir>p^ KJ» f^K^rvi»»   «r-o   (Vir^  o oc  o<.«   (\jf^  -i ■« tr  f\,c <c 
«     C30    PO-O    f*»    C_>P^     iTNliAtVCNJOl^    i~t    tDCMK^f-J-VO    »^     OOCVJ    LJrir^OJiTirt'CiO    rt   m f)   fl    *HC:f^*      .-tPv    pr]   (D  f)   CD   (\J  *) 
IT <€» »^ *• f. fV) tf\ € «civ'* corv^ KP-. rvcv *-« 0'Prcv«,«K5P-«»-iK5«- »cf^o C»-IC\K^ ^tT ^^r^ f^<r aa c- 
o   .Hr»  ^oo c\jc>it\*x*tf»v   w-ieo  arv   ^ii^jojor-- c\jf-- CNi-oo   c\jmr-.or^ i^-p^ f^r»»pv  <X3 m fD co aa & m  GOCDXI COCD nao * 

^O o-'Oi/>orvcDir» -opvr^ xi D x x o o ot>ot> OCP OO OO oot> ^w r^-p-o toorvp- a. roo fvp^oi roo P*> IN ^ 
* <C «r t^ O «^^r-p-öfiop-r-o »ot>r^r-OPnO'r^f»-cKPr)OP-(^tjjr^K: cr^v f\.o'v.irf^r\iootDr^P,->o**-c 
o»Hroi^<0'OCT'C3r\jvp-(>cNjj^cor>ii^^*of^r\*<o»-i'f'.-trvcvi)vcDC3,Hr\ir\jro«vkn>oPk-(D(?>   OOWCMPO^IT»« 

i\jK)*ir<p^(ro   o-HcvK^irop. ao 

es  9-i ri w-* w*  r-4«-i«H  fMr\jf\*r\ir\jf\jr\(r\jr\jr\jr\irMr\jr\jr\jr\iryr\jf\iiMrvif\j'0'o  pororo   roroforororo-o   KirOiOPOKjroroK) 

O OOOOOOOO    C:C>C>00CDC3CDC30OCr'OOCJC3O0C300CJC3C50C30OO0C3OOOO^C3000^0 
• ♦♦•«•♦•♦♦♦*♦♦•♦•*•♦♦♦♦♦♦♦«♦♦«•♦♦«♦♦♦♦*♦•♦♦«♦♦♦♦    ♦  ♦    * 

■o t~tr*it\-ij<xjr^o*vf\aot:*'C'j-)o   «-ioo>0'0(\jco4}'OC3[Do«iD-«'U>^K>r-4oa)tcc>c\jo oar  OCXJOJCNJ« U>P-- t*-) 
tr\«*oDP-  o^poo.-ti/NirvfO* «-«r^iro-o* cvo   OJ«^ »HO r* -COJ^O' ««(r<D«-ttD«  «-«p^r^^cvjiD^pv ITK:  WCM«« 
PO opv c3io i^^-p^   ocDP- «o om r\iP-o  CDOO   »HO   c3oifNPcroir^»-*«o  rt *-**   opo-ßfNjpOiOPo  rviOao -oo1  IP<D O 

II un   OJ x.  -D o   o*^   T-*^oorv^rv   ro^   ^roa-^jrot\jX\Po«-4ajfoTirvj'0«Hr^)if\^,   focwr-^^^oiriOinor^   CC^<D 
rvid) .nroopno*-  p^coiiv K)r\jp-o   tH-H^-Po OOOOD ^ rvjr^op- o o OJ r-  POODP^  *ifi*o c\jr\jvw »cvpoOfoO'POPO 

X LU      <rc\i»HD'OP*ir^(\»-iP'-oa«-if^wH(t>»~ir-oro^(i>--tp^po«-ir\j^o*^»-'ctir\j»*«r;r\.a3  rijs   o«o  or-  P-O  OJ 
3     omrv'O^-ito^ojpvfOOpNOi-ipnooporvj^Hv   »Hij^mrv^HOior\jpopop^vo(\jc3r^*fsj^*'0»Hr\j*poooif*ir*if» 
_i      (\i  CK if  a. a.   «*ir   m»-ic\j  OCJ^K^   IM ri tr^ if> 9   CJ". f^a   -c   «^«t.  «-if^oo   t-'C   rxjina.   oa.   co  c\i^r^   vc^fNirop^   P'-UA* 

t/i      ■-*      ^     0'<ocvo«<o*(MrwP-c>(>K)p^Lrt>irN»-4*p,-fOPO'0(ca)<>(N*<>roP'',v«-'<0(\)'0{Dirv*^-40p»)^r'ODrv(DK)o^io 
tu ^      ci*Nj»^nor--o   «ow   o^trvtMo.  .-.xtj^^tL   co or'^motccp^ocxi^cXiCjrv.oc. »-«oDfOMaj  »(Nio-  «^  t\j^r- 
o      H       2     tn<>v»H<)'o«Njt>JC>ai«,»opo(>rH*roin»Hlna3pro*^iO'ooaDir<DP*.c>jr»)a'ir\rt*«rooc>rvKJifNCD»Hf\j»H 
_* UJ       «J   iA^ii>iMH>'»r-   lit f «   ■cn»->ii.i*j   wJHjO-wtti   ^i^   ^ Lf-   <J   t-ii^r-ttj   »-jwpjr/mr-t^^    CJI.XJWU^^U»   '•'•*>   ur-jr^ 
■«      j        o      «  n fM *-ir<   oox   tvja'potoo'ipr. PO«^  pnrvor-oeD^.riir  o^or^lr\t\l^*5^v^y|^-■f\)■»*  oooorviO   oirfoiro   o 

2! Hi m    wt   r4 tD r*   rHf\ <i>    VP^O'CO'0'»0^^(D'^-OP-POlf*--tr-IV    oeDrOP-iPPOCM.-*    OO^XiP^Olfi^f     «rOpr>Oj«-4<HOO 
to. M'1   (>   •-< X1 fj   ^  ^t *    u   LP P^   K   f.   ^ LP   -c  t   P-   tr   P"   P»-    I'v.a    ^»   •-■ a.   a > fj <— a    IVi t\   t\ Iv (X   |\J •- *-■ ^n ^- »-t m   w-i «-i «n r< »-t »i •■' »^ 
t3 O'mw«^ «HirNrop-ojo-oi rvo->T>r--o*is\if\*r *^K)Po*nror\joooooooooooo oooooooo 
»- *O{\.»-<IHP-CK) (\,(iv«H*i*-i<HVtOwOoc90 0cooocooc:C4i oax o-^ ctca o^ cax ov oxtr 
ai f\j*<D<r* ^^pntoiJo^otciD o« cjcDcro^otDx; ov oa?« rtt^. ^t-or^iriojop-iivfoj «-!<?> «D flor^ f^o-o 

r> r- p- r- a o^^ t(\,tfif^tc\.r\»r\.ctyp,)a,Ojp- •H<JO-P-P'JX« C3O«HC\J(VP', ^ir^-x-'t^a, O'Ocj^cvjp'ivir 
UJ -  
r- '»j     ^l^P-^     <**r*fc/'      »-i W  -r»   W^IV   1^ »V  »^F>   r> B»J   ^    M     ■« 111   •*/'*<   1^   «^   Wt.  *4t  W     w-i n    *->   w  n    r r-   r,   w-*   r-i    r* n    n n  IM   %<* i>\ä   it  W   W 

»-ir\jKtvin*r--(r)Oc  •r*r\rr*rif\-£}r*-(x:. o-  o^Hf\.'-i'ru^'CP-xo,cD»-«rvjr')'wir\ -or^tDO cD^tou P^^UNO^  «DO  O 

^OOOCJOC30    C3CjC3    000OCD0CDOCj'_3OOC3Ci0OiJ0C3    00C3O0C3CjC30C3    0C3     OOOCDOOOO 
caOCOCOOC   O C O O O C: O C3 C  O O O C'   o o o o o o o c: o o o o o o o o o o o o o  o o c c o c o o 

»-»f\jo(OccM<?p-- j><p-rvf\if^xx»-tor^  oo   -ex   opo»^*v<)o«HC^N'OfO(\i|OiA«<^VK)^Nr^voO'<0  r\jx  r\j 
*DT-iiJn»-*rvvop^ •Hfowinp-»r\j»Hr-rsj(Mr\jlr\'

,0'Htsj«oir\OCT'p^oO'Oaj^   *-*ar;cDOPOOtno*POPOiA^>roo 
livoxpoor^o-tD *HV'0-ci^''jj^f^-CP'jCj,oc>   ^Oir»kf*c\jir»»Hf\iC\jw30   frjr^ovtn^porxj^io   IT^POP^   vo«t>   o 
ID   PO*  I*)O  ox>a) p*- in »   f\if>  THc3r-t«o3»  roor-   "ov orsj-onjr-  o»-ipoin  in-or^   ovif>  r\jv^«»   tnocj POP^   »HO   f\j 
r\j   orsjnx   «"^x r*. x <\   J'O  »-*r\j«^   PO KI   *■* WJ ss <,   fNjro   J^O   i   '/^  ooor--  wjvr-a   n-  ^   »n.n    o^t;   rvj-o  xirvjr^ 
PO^UVi^rO^uo» «•HOP^U'Hrvir*i~*r\ji\iX\«-*«r^xro-£jr\jP-*H><>J"i   oo^pviBXi^mcOooroifNca«   CMJ^AJ 
r- «--p liP u> 1\. v- U * f, t *. « (*' V B1 t* "l • ^«t^-r- p-Livtiir^^p. i/wc. p ■4,*_^l/'"'X*^f^*\ip^xw x^u1 

p-.   fMr^.  *<t)   ^j-oo^tn*  r\jpo  CNJIDXD   iM*j   I^3«H  O^   VO   r\j;\jP--o  rH^K>  J^CM^   o^ro«  «ooca  VOJ   rHiD*-«  oo   »-i 
•-»x*)C-'P'Jifvfj^ ^tj'Ouiv.inc^^i    »-♦•-i'3»-i»-'ii,p-r~-r-f^-p,(\.xrv-u*-,^,u-'»-*i/   *JX(— •A-cMrjr-    »■ u   u    i/'iN.p', i/^« 
MPOPOP^-E    POrOtJ    rH04Dr^iDl>CM'D<JCJt\ji-J-0     CJP--    ^POOPOtJtjryXJf^     .HPf)OVC3«Ha,Xf^.-4    O JJ   *»    f*J O P*   C3 V 
x p^.-tDOmu^o- if** D */ o Oj ir KJ ro w-'U1 u* tjr^ »-ip- »i <. <<; t\j < LP IM PJ «c i\i w o ''i c^ IP •<- p- p*) CJ ic * ^|^ mo- c\. 
O SS ■* &> *> fSJOCNl O^O* ^■IJ'^IO POD OO »Hi-JOr- O rHX>^ '»-O*» «-«T-I o^ro ^ JJ* XIJ\V* 0«H«Hr-l* tPJ* PO 
il^   p*   o   vty   »-taJiP   P'JIPO   rjiyPOL**    ^_J^(^.■   »-JXILP   ut FJ tv t-« 4   oiv.tP-tJ   CJXIOJ   f-rju^   t-JX-r-iu    ^   t-^ui   OPJ   O^   OJ 

o»  «rvoo   «Htpo  iP^ix  «J cu HI ü  r, a:   .-i*-   ^p-   xi'»5X)(\i*f)Oivx«ir\t^opv  J^WJISJOXP-O   »porNj  »HOC>I>  «3 
^j ^ ^ *~« .-» r^ r* UJ *-mtkU i^rj CJ^JCP^^UJ iiit^r^ r>-o *-«u\i^> « »ttt>4Uj* W u f i ft r* > ", m ,v KV ••■* I\JIWI\4 1MLM f-««-i*-4 
tvoowor'jorvj   »H ■»H »i ▼ (J1 IT» w X  « •• K:   «^c^tyxxrv   ooir>ipi«i*oc:cc   OCOCCJCLC   t'CDotrc   coo 
d)     OtA    CDIXJP-.ajiP    II \ tfl   •*     fJfMfNjr^    r» r-t    ri   rt   w~*   w-t    CDCDCJUOQIJOTD    OO^I    O XI    CUCJT    eJCDCDt.}    VCDOU     XICJ^I    (_>  di 
oc>K)i>jp--p^«-«xoxxf*oxttcwoax ov oxx cvcxct"-'K*or--ir'C\jci^tPv rvj^-o-ttx r^r^o 
iVj o kt\ P*IOO»-*^   oorviiop«.  orsjipo  rsioo POXJ IMP^  »-«O IMP^-POCD  ^CD  or-if\i CVJPO» miP or^   «DOO   ca^nrxiPo v 

i/>   *-iOiPO*r   »or^   0'»-i»-t»-i»-ifMryr\r\*'')K>'0*   ^»u^irvO'«jr--P-cD(DC^»-*«H»-t'-*»-i»-i"^"-'»-<*-<«-*   iH»-*»-if>j(V(VJC\ir\j 

^^ri^i^4^i^H^«^^rvir\jrNjf\jr»jrvj(\jryryrgpoPOPoropoK)K)POK)fov*   ^♦^   «^   *«   * 
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o^^^^^^(^(\j(Nic\if\f(^c>jc^Oif\ic\<(\i(NJ(vjr^(>jrwrNjc\<(>4C^c\j^orontOfonror^rOK)ro»OK)K>rofonfOnK>ro 
oooooooooooooooooooooooooooooooooooooooooooooeso o O O 
OOCOOOOC O OGOC O O O O COC OOOOCO CO C O C. O O O OC OCCOCCC rvo OC OC3 c 

«H«-*O> c»f\i^^)<>r*-*c>*o» «NOooooKr^ «ovino^ tn *> m m oo «DO rofors-or^r«. ir^ «) »HO mw PQOKI 
o> r^ « v ^^«iroor^»« c^v4<\iv*r rw^ o o« CNJ *H rvr- ir« tr« o« «^trr^«r^r^ ry « «, r> <y c? ^ w*<r> t^o » 
■« to o-o «Hr^ oorotrv •-(««Acxjintnrvts.oj o«-tiHo(\i4>a)«<D«-ta)K)(Min oo a n o ro m n »H «-«O ivtn ^r o co 
ro ocD&oo^'Ci^nirv^t OK «nor^ <coif\ * ^ *-<ir\<cr^ «« o* o- ir» •-• if* o «c o a> K a IT ^ r- a rvior^«^ OJT rr> 
UD r- v «Hin om oaroo omaocNitMi/s ro^rosr^roosio «<« (MIA «-*<> <0'OOT-«<O« «I^KO « o® r- JN POCMS 
«.or'f>cv.r'n«-<^C'C\.«cor^o><c o«.«->ir>4r««-<«-<c<ciir «-*& cc oc «-•« c «-(nc «irr^r^« < f- r^ir «- 
K »HiriiMn«rK)0 v-ttn «H^oo^r^r» mmo>> i/Nf\JC\iT-i*>ir^ mro» OCXJP*) OKJ oKj-ooi^tcrs.ir o r^ u^ «> «c or» •-* 
ctmor^t-w^n orvr«irir»of\i*i/\r*e\jir  ^ KI o- * f^KJo^ ir^ -ccojroar^ irr- K>KJ(\(K «ro« «•-«O'« «\J 

«-t«««cv9 (vi>o cvroto «i-to co iri^oiroww JOM mm «IVI>* r^ «-< <. cv IMV «r< ^»Hr»irr«- *><> ITK K 
or^ajooaiOfnro.if^trt'OOjOjroFoomP')« rMrv|po>r»rko o OD KO. O* OO CD CMOO rs « oo cvj KJ rv e> CM om *-*&■ CM 
O«-I«OK«(M««O«N» « c« «ir r- «HK orirvK o or^4 -co-  »«« r^ r^ r« ro K) IT »«o in «-( « mo  «-to ir r^ ■> 
^\ * rv *o tv   «-troCMOlA «-•«HCMCMO  v oo  O  oo^o HO  otP  o o c^K  mo^r^ooooa^^o-OCMr^   f-Jfv   (\|<0   o 
«vcv« c>(^fve3Wir«««rvf^*if\«»r^  «H «-I« trircirOK.  ^.«  oc>**'€>r-«r*^r.f\n*ir'C'Cir^r*«:«.oo   c 
O   OWOrMOJO^CV^mtVOCMOfO^   «C\i<0   «Onr^   OrOOO)    OO   OOOOOOOOOOr   OOOOOOOOH 
*-* w** «vo «nrv« ir ovrv o oc\jn «tCMf\ ««KKADOD CO «D O «-i«-t«-* «-««-iv-tcxj o« og r^ o. VCNJOJ rvcv CMCM C\JC\. C\J 
orMto^tsjocKvo oooo«-*HH*-4«-ttH-*-Hw»-*«-«»-*^*H»-«»-tir»T-too «Ht^HOo '«irvHOOv-imHoo *-* 
r» rg oj t/\ K f\j«K(C otrv «-to o «-ttixHOO ritrtwoo nm «HO O- •-« r- ^r OK mrxj OK tn^ (MHO «c <» KK o * K 
(DCM«-«O « oocMinK  OCMIAO CMOon«  CVK H« CM K ro<o  T ooHCMOjro« tnirv OK «DO o OHCVO * \r\ o 

OrSirO^mKO  H«-t  HHCMfMCMCMrOn  fO •» «   miA«OKK  «> CC   O  «HHH  «HHHH  HHHHHHHfMfMCMCM  CMCM  (M 

IMKJ^irOKdO    OHCVK)»   tr«   K«D   O   OHt^POViT   OK   CDO    0«HCMK)*ir   OK   (CO    OvHCyW»   ITiO   K«D   O   O   H 
HTH HH HHHH   «-l(MtM  (MCM(MCM(M(M  CMTMrOfOfOrOf^fO^OlO  rofo»*   *♦   *  **   mm   m \t\   IT 

0«-IHHHHHHrM(MrMtM(MCM(MfM(M (M (M rg (M fM CM (M CM fM CMCM CMCMKirO "OrOKlfO rOfO^ffOPOfO M KJfO «Kl KJ^O »O 
OOOCOOOOO OODO OOOO OOO OOOOOO OO OO OO OO OO OOCJOOOOOO OO OO O 
OOOOOOOOO OOOOOOOO OOO OOOOOO 00 O O O C OOOO OOOOOOOOO OO OO O 

Mt   HrOmiAO)   OK   «-lOinUN   H OK   Kai   U\ O «-l  CM«) OK   O IT«  O K   KOJ   OslK   «<4,   CMK   On  OOfOlD   K}  OCMKV    H«   00 
•ft/cxinmHOHirvK otr «4oocMooooiri««Ho«flC r-. cv oo K«K« oKiroairoo«OKo«cK)iro 
«om H«-4orocM<rnootoOKoro CMHCM HH^CMCDPO m as too OK on HO OO OKOO« HK oo * OCM* 
om (MOO(D«O« m ono ♦ HOHtoKtMOHnnHK mm mnon OK OiO tonmHino onmom <oo «H 
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