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EREFACE

™3 This report presents a summary of a study which was conducted in an

attempt to determine sources of rate error and to facilitate design of
more accurate detached lever escapements.{/ ;The work was performed
primarily during the swmer months from 19&4*%0 1968 under the sponsorship
of Harry Diamond Iaboratories.

Unfortunately, the historical development of the detached lever
escapanent has proceeded almost exclusively along artistic lines with
very little analytical guidance being provided. The objectives of this
contract, broadly stated, were to derive general design equations that
could be used with a computer to optimize the kinematics and dynamics of
any detached lever escapement.

The publication of this report does not conclude the present study.
Further modification of the basic model is planned as outlined in section
| ‘-9. Preliminary investigations are already being conducted on an "out-
of-beat! escapement. The results of any further work will be presented
in a subsequent report.

Each of the computer programs discussed in this report was written for
Virginia Military Institute's IBM=1620 computer. This installation is
equipped with a Fortran II-D compiler with Monitor I, and two 1311 disk
drive units, Its total storage capacity is 40 K. Although actual program
listings are not included herein, they are available upon réqueat from the
author,

It is a pleasure to acknowledge the contributions of personnel at
Harry Diamond laboratories who assisted in various ways during the course
of study. Mr. David S, Bettwy was responsible for tre initiation of this
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work and guided it through its early stages. Mr. William E, Ryan worked
on the basic model geometry and checked most of the results. He first
recognized the basic assymetric nature of the motion of the detached lever
escapement, Mr, David Haley provided valuable assistance for the latter
stages of the program, Above all, the contributions of Mr, David L.
Overman, Tecknical Assistant on the contract for HDL, were truly outstanding.
He provided all of the experimental measurements on the T5El escapement.
His consultation and advice throughout the course of study were an
immeasurable aid. He also read the manuscript and provided many helpful
comnents,

In addition to these, other contributors were Dr, Edward F, Turner,Jr.,
Professor of Physics at Washington and Lee University, who helped formulate
the basic model geometry; and Miss Dorothy Drawbond who displayed much

patience and rendered superb service as typist.
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ABSTRACT
An analytical model of the detached lever escapement has been

developed in an attempt to determine sources of rate error and to

ikl

facilitate design of more accurate timers., The objectives of the
investigation are general design equations that can be used to
attain an escapement design which is less torque sensitive,

The model is analyzed both energetically and by approximate
solution of the differential equations of motion., Predictions of the

model, primarily the torque-amplitude relationship and beat rate

error, are compared with experimental data from an actual escapement
mechanism., The correlation between the theoretical and experimental
performance of the escapement is used to indicate where further
modification of the model is required.

Mathematical analysis of the model shows the relative importance
of various energy loss mechanisms considered. The radial thrust
applied to the balance stafi by the hairspring is shown to be one of
the major loss mechanisms, Other analysis shows that the portion of

the cycle when the balance and lever are in free motion between the
end of unlocking and the beginning of impulse, the "catch=up" portion
of the cycle, plays a decisive role in the properties of the escapement.
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1, INTRODUCTION

In adapting the detached lever escapement to use in ordnance timing
mechanisms, personnel at the Harry Diamond Iaboratories discovered that
the high accuracy traditionally realized in watches and clocks using this
escapement could not be ma:i.n'c.a.’l.ned.:L

Some of the causes believed responsible for the degradation in
accuracy were as follows:

a. elimination of costly Jewelled bearings,

b, strengthening of fragile, small diameter pivots,

¢. loosening of tolerances to decrease cost,

d. increased variations in input torques and ocutput loads

resulting from ordnance applicatians,

e, increased escapement frequency necessary for high resolution

in short timing intervals,

f. operation over wide temperature extremes and after proionged

exposure to shock and vibration, _

Ti v gross effect of all these factors is to produce greater variavions
in the effective impulse delivered to the oscillating balance usémbly.
‘Because variations in friction and in th'e‘ impulse can never be amn;m,
the most desirable (accurate over all conditions) escapement is one
having the least variation in frequency with changes in the effective
impulse, An escapement which shows a large variation in timekeeping
properties as the input torque ls varied is said to be torque aenait"ivo.
Thus, the quality of a glvan escapnent design can be assessed by deter-
mining ite degree of torque sensitivity.
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It is suspected that the geometry amd in‘exftia of an escapement!'s
components, including their method of intefaction, are the paramet’ers»
which govern the magnitude and shape of its. ﬁ'oz‘gue 3ensitivity charsc-
teristic., If these parameters could be cha.nged to gbtain a flat charac—

teristic (no torque sensnluty) then 1t would be posszbie to a.chleve )

~"

much more accurate timing movements with essentlally no increase incost.®
~ In onder to bypass much of the cost]yiemplrica approach to improve- s
~ment pursued in the past, a mathematical \aoproe.éh"tc achievi.og 2 less -
torque sensitive geometry was proposed. A& mathemstical model of the
escapement allowe more efficient investigation of parameter variations
and the resulting performance changes. A program of this type ha.e been

conducted by Shinkle®

on the two-center, cylinder-~type escapement and
has produced highly valuable results. Shinkle has also done a noteworthy
:but less detailed analysm of the detached lever escapemen‘l?' which does
not treat the detailed geometry and interactions of the escapement
components. Anofher recent e.na.lysisl+ also neglects this area of concern.
The .nvestlga.tlon covered by this report was begun during the summer
of 1964 under Contract No. DA~49-186-AMC-176(D) with the Harry Diamond
Laboratories. The rpajor objective of the program is to prov:.de,c\lésa.gn
infoma‘bion whichm.ll lead to the _minijhization of an esce,pement's t'or;que » i
aenaitivity. The i.ni‘oial objective is the development of a mathematica.l
model of the TSEL pin lever esca.pement and the validation of the model

*An alternate approach to the torque sensitivity problem is to devise a :
mechanism which delivers a constant impulse regardless of the input torque.
Such a device 1s not considered in this study because of the cost and
complaxity it would add to the escapement,
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threugh comparison of theoretical and experimental performance results,

Gk

This report describes the progress made in these areas to date and
recormends further action leading to their completion.
Geometry of the 25 Hz pin lever escapement used in the TSEl timing

movement was chosen as a starting point for the analysis because this
' timer had demonstrated a very low torque sensitivity in tests. The basic
approach is the derivation of the differential equations governing the
motion of the escapement system and the solution of these equations under
steady-state operation¥* to yield values of the period of oscillation for

given input torques. The equations include most of the essential geometric

Y

and dynamic design parameters such as shapes, center distances and inertias

fini s

of the parts. Energy loss mechanisms which are influenced by the input
torque, collision processes, and escape wheel lag are also considered.

Operating parameters which were neglected because of certain assumptions

will be discussed later.

g i b #PT

*ét.é&dy-state operation 1s defined by.a constant amplitude of oscillation
for a given torque applied to the escape wheel.

R, ik R & R s s A s g e e




- " Before the escapement model can be defined, a graphical description
of the essential parts and of the escapement action of a typical detached
“ l‘ever‘mechanzrlm must be presented.
: ' Basic nomenclature and geometry sre shown for the 50 bps, TSEL pin
- " lever escapement in Figure 1. The mechanism has three main components:
| ~. the balance and hairspring (hairspring not shown), the lever and pallets,
' and the escape wheel. The balance and hairspring form an oscillator

which establishes the basic frequency of the system. The escape wheel
gerves as an intermediary between the balance and the escape wheel shaft
Hhoaé gpeed of rotation is to be controlled by the escapement. The
Mction of the lever and pallets is to serve as a two~way torque and
information linkage between the balance and the escape wheel.
: ':I'hef sequence of events during the forward half-cycle (escape wheel ; ‘
r ‘ acts o ;rtra‘nce’ pallet p’in) is depicted in a schematic fashion in Figure 2. |
k B f Bach of the pﬁllet pins and the impulse pin are shown as points; the

balance and lever fork details have been amitted for clarity in illustration.
The angular displacements of the balance, lever, and escape wheel at ‘ i
each stage of the motlon are specified by B, p, and ¢, respectively. ;

o Thepo angles are measured fram reference lines drawn between centers of

thor‘baljance and lever, and the lever and escape wheel as shown,

7 The action sequence is as follows, As the impulse pin, which is
rigidly attached to the oscillating balance, starts its downward travel
from macimm smplitude B, (Figure 2a), the lever is held in just the right
position for the impulse pin to miss the first tang of the lever fork but

to engage the second., The lever is restrained during this downward travel

Wi SRS e TR T e
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of the balance by the counterclockwise torque applied to the escape wheel;
the lever, in turn, locks the escape wheel preventing its rotation.

Unlocking begins when the impulse pin strikes the lever tang (Figure 2b),

The balance and impulse pin drive the lever counterclockwise, which in
turn causes the entrance pallet pin to move out along the locking face of
the escape wheel tooth., Because of the geometrical interaction between
the escape wheel tooth and the pallet pin and lever, the escape wheel is
caused to move slightly during the unlocking phase of the motionm.

At the instant of unlock (Figure 2c), the balance and lever have a
finite velocity while the escape wheel has essentially zero velocity. The
balance and lever will thus "run away" from the escape wheel and there will
be a time lag before the beginning of impulse. During this time lag the
escape wheel is accelerated counterclockwise by the applied torque suffi-
ciently to catch up with the pallet (Figure 2d).

With the escape wheel now rotating and the entrance pallet pin in
contact with the live face of the escape wheel tocth, an impulse is delivered

by the escape wheel to the balance through the lever and impulse pin wntil

the end of the impulse face on the escape wheel tooth is reached (Figure 2e).
This impulse supplies energy to the balance to maintain its motiom. |
After the escape wheel rotates through a small additional displacement,
it is locked by the exit pallet pin on the locking face of another .mp.
wheel tooth, The balance, meanwhile, has been rotating freely toward the
top of its swing. Its position (Bs) at the instant of relocking the escape
wheel is indetorminate from geometrical considerations alone and is thus
not shown i.n Figure 2, | | |

e e




As soon as the balance reaches its maximm amplitude (Figure 2f)
the reverse half-cycle begins and t'.e entire sequence of events is
repeated with the escape wheel acting on the exit pallet pin.

The motion of the escapement has been broken up into twelve phases;
the limits used to delineate each of the phases are defined in Table 1.
A basic asymmetry 1s introduced into the motion of the escapement because
of the requirement that the escape wheel rotate in the same sense in each
half-cycle, This produces an asymmetrical interaction between the
escape wheel tooth and the pallet lever and, as a result, the forward and
reverse half-cycles are not identical. Analysis of an entire cycle of
operation of the escapement is therefcre required,
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TABLE 1
PHASE END-POINTS USED TO DEFINE THE MOTION OF THE ESCAPEMFNT
Balance Wheel End-points of phases
Displacement of the motion
B maximm amplitude; start )
By begin unlocking Séé P
By end unlocking %
BB noatch=up", impulse begins i
8, end of inpulse 4 E
zgé &
95 escape wheel locked
Bg maximm amplitude; (¥ ~8)
B¢ maximum amplitude; (# -f,) },
By begin unlocking B é | | - ;
. Woatch-up®; impulse begins | | .
% By e §" S
P10 wd of impules 8 E | S
B | mecwm smplitude (= A) t




In order to define the model escapement a detailed descripiion of
the three main components and their pertinent dimensions is necessary.

Dinensions R,, Rz, Ry, W, and Q, and angles ¥and O, as used to
define the geometry of the escape wheel and testh, are shown in Figure 3.
L, Q, and 0 are related to the basic dimensions R), R, and Ty

W=R cos¥ <Y R-R}sin* ¥ (3.2)
Q 3R sin¥ (3.2)
n=gin? (R, sin¥/R) (3.3)

The radius Re defines the depth of locking engagement of the pallet

pin,

Figure 3 also shows the dimensions A, B, Rpp, Rp, and the angle P

used to describe the sise and location of the pallet pins with respect
to the lever staff. RpuﬂPmrehtedtothednwinngaims

AandB w |
VA"DB‘ | ()

p. 2hi'(f) o

The npu\tion between the iever staff and mape wheel staff, S,

| tho .muon'bm the lever staff and balance mrr, D, md the
f'mmormmupmrmmmm.um, Rl,mthoonlyothor

. dinensions pertinent to this enalysis,

mmmmammmummummum
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this study that all of these dimensions are invariant for a given design.
That is, there are no clearsnces in the pivots and the tolerance or every
dimension is gero.
Recapenant Effoctive Coometry

An "effective” geometry is defined using the following additional
assumptions: (a) the pallet and impulse pins are treated as points; i.e.,
the pins are reduced to sero diameter; (b) there is no draw angle on the
escape wheel tooth, that is, the unlocking face of the tooth lies on a
radius; (c) the presence of a fork on the lever is neglected so that the
impulse pin (point) may te considered as "striking" the lever when it
reaches the centerline of the lever body; (d) the unlocking phaze of the

motion ands at B = O; and {e) the angles ¥ and P and the dimensions
8, D, and R, are basic and will not be altered.
In order to reduce the prllet pin diameter to sero (i.e., Rpp.-o)*
and still have the motion of the escapement closely approximate that of
 the actual mechanism, it is necessary to slithily alter a number of the
actual Mﬂc&l Mima of the pallet mﬁ eocape wheel., This new
goometry 1s determined as follows,

o The effective redius of the pallet pin (point) from the lever staff,
Ry 1s deternined from the requirement that ¢ change by § radtans in
S '-‘mw-qm,wmnummatmhmmmmwod.-
r S nm 4 od 5 .on-uemy doplat; the geomstrioal situstion betveen

m .

dm tlu %trmm* value of Rpp; Q' the "ottoctin" valus
of & cte.

£
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Geometrical situation at the

wnlocking phase
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k Figure 5, Geometrical situation at the end of relocking for
] the forward half=cycle, (Identical to situation at
beginning of unlocking for the reverse half-cycle.)
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the escape wheel and lever as it exists at the instant unlccking begins

in the forward and reverse half-cycles, respsctively. Fram these figures
-the following equations can be written,¥*

Ne* ¥ -@+ s, (3.6)
Ne=Yre (3.7

\ 4 ﬁl}-rﬁ-n(:}) 69

Here n is the number of teeth spanned by the pallet pins. (For the T5EL
escapement used fo~ this analysis, n is three as shown in Figure 3.) But

a basic requirement when treating the paliet pins &, points and assuming
Rp equal for both pins is that

- l 3.
‘. "SN (3.9)

Combining equations (3.6) through (3.9) tc obtain @

$ =J.§(ﬂ*i') (3.10)

Then_ from the law of cosines, the effective value of Rp is given by
2
= +R" -

where Ree is defined as

Ree™ R, + Q" (3.12)

The effective value of R1 is determined using the aggumed condition

*Later in this report (see section 3), values of ¢ measured in the counter-
clnckwise sense from refecence line 5 are regarded as negative angles.

Equations (3.7) and(3.9) have been written in a manner consistent with this
designation; i.e., (,‘O.

A i e b T
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that unlocking ends at 32 = O for both the forward and reverse half-cycles.
If 32 = 0, then h =§ and the line joining the escape wheel and lever
staffs must bisect the lever angle P at the end of unlocking as shown in
Figure 6. From the law of cosines, R, is then found to be

Re =R}, +5*-2R, S cs(f) (.13)

The effective value of R2 is determined from the agsumption that as

one pallet pin leaves the escape wheel tooth impulse face at the end of
impulse, the other pin strikes the root of the escape wheel as shown in
Figure 7. From Figure 7 and the law of cosines

| R:‘ = D‘"+s" -ZRP‘S cosp, (3.14)
we  cosp, = cos(P-8) = cosPeos§ +5inPsing  .19)

By the law of sines . i
~ onl= L (3.16)
and from the figure

- P
o cos § = s"?f’" (3.17)
pe

Substituting (3.16) and (3.17) in (3.15)

cosp,= 5-?;‘2 - %' (00sPcos@ - sinPsind) (3.19)

Then, using the idenity for cos (P+§) and substituting in (3.14)

R, = VR 5™ S[SeasP Repcos(Pel)] 9

where § 18 defined by equation (3,10).,

3ae
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Figure 6, Geom~trical situation at the end of unlocking.
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Using the above results in equations (3.1, (3.2), and (3.3)

W, = Ry cos¥ ‘\/R:.- Ry sin'Y (3.20)
Q“ Ra’iﬂ‘ (3.21)

= sin"(%:. sin r) (.2

A comparison of the effective geometry as determined by the procedure

just outlined and the original geometry of a T5El escapement is presented
in Table 2. Except for Rpp’ the percentage change in t..e gecmetric para-
meters is small, the largest change being about a 9 percent reduction in
length of the escape wheel tooth impulse face. Note also that Rpe g Rp.

this is a result of assuming that the angle P and the center distance S
are basic to the design.

st A S L ARG e 3,8 A




TABLE 2

COMPARISON OF ORIGINAL AND EFFECTIVE GECMFTRY FOR T5E1l ESCAPEMENT

Quantity

Change

£ Change

«0,0061

"’]mom

- Oo%

R

R 0,001
0.0061

3.62

\

—t

10,0072

3.93

0.0058

2.88

| <0.0027

- 8.8,

0.0044

2.88
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Before proceeding to the equations of motion, the kinematic equations
governing the interaction of the escapament components must be developed.
The end points used to define the phases of motion of the escapement are
given in Table 1, During the imlocking, "catch-up", and impulse phases,
some or all of the basic camponents are interacting. Hemce, for these
phases, there are canstraint relationships involving angular displacements
which are determined by the geomstry of the compouents.

From the beginning of unlocking wntil thé .end of impulse the balance
and 1'ev§r are interacting. The kinematic constraint equation goveining
this action is of the fom B= B(p). B(p) ie ‘obtained from Figure 8 using
‘the law of sines.

e [%;«-(&-»J @) o

Throughout the wnlocking and impulse phases of the motion all three
basic compnents of the escapement interact. The balance and hairspring
assembly is coupled to the lever which is coupled to the escape wheel,
Consequently, during these phases, the kinematic constraint equations are
B = B8(p) and ¢ = ¢(p). B(p) 1s given above, The ¢ = ¢(p) relationship

Vmathanﬂndinboththofomﬂandmhﬂf-cyclubmo

AN i ot

the asymmetris mturo of the escapement. action,

As mentioned urliorinmtionZottho report, thoouupowhnl }
moves during the unlocking phases of tho motion, Even though it is assumed
trat there is no drew angle on the teeth, this motion will still exist.
Conse:uantly, there exists & function o, = ¢ (p) during unlocking. Hovever,

~ . WA
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as can be seen from Figures 4 and 5, with the assumption of no draw angle,
the geometry is such that the driving torque exerted on the lever by the
escape wheel is negligible during the unlocking phases. Therefore, for
the purposes of thie analysis, the assumption of no draw angle on the
escape wheel teeth is taken to imply that there is no driving torque
transm’tted from the escape wheel to the Lsver (and balance; during the

 unlocking phase,¥*

The ¢ = ¢, {p) relationships for the impulse phases of the motion
are developed as follows. For the forward impulse phase the situation is
as shown in Figure 9 and the following relationships are obt-ained.

(L.2)

G

(4.6)

#nis implication is later modified for the purpose of including unlocking

friction in the mathematical model (refer to section L and appendix ().

In future work, it hplamodtohwlﬁothommicn for a draw angle

in the mathematical model eo the function ¢, = ¢, (o) for mlocldu vill
be brought in at that time, »

.3)

(Y |




Pigure 9. Geometrioal interacticn btwen tho escaps

wheel and lever during forvaid impulse,
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Appropriate geometry for the impulse portion of the reverse half-
cycle is shown in Figure 10, It follows that

6, =-Fen+d (€,<0) .7

n=n (?;z) - c:s;(%) | (4.8)
ind = S .
sind' _r.!'mﬂ. (4.9)

Combining (4.7), (4.8), and (4.9) to obtain ¢, = ¢ (p)
- n_ A ‘) 10
¢, =-%+ 200 m"(%)+ sin (—L—-ﬂ-g&zs - (4.10)

R, "\/Ef. +5%- 2Rp¢S cos(P-p) (4.22)

and

where

Saleulation of Inverval Ansles
The angular position of each component at eacl. of the end pointe

given in Table 1 is a function of the escapement geometry. These end
point displacements are determined with the aid of the coupling equations

(4.1), (L.5), and (4.10) as follows,

The initial position of the escape wheel is obtained by combining
equations (3.6) and (3.10) and solving for 6. |

=g = - §(|- Lﬁﬂ) | | (5.12)

From equation (i.5) with R, set equal to Ry, and noting that

snfl, = - | | .13)

| ,ob‘“f‘ ¢,= n.-,;n"(gfl.;%%&) | (A.#)
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Figure 10, Geometrical interaction between the escape
wheel and lever during reverse impulse.
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& (and e9) and the correspmding yalue(s) of p, representing the
position of the escape wheel and lever respectively at the "catch-up"
displacement(s) By (and 39) » depend on the input torque and B 8o they
cannot te determined by purely geomeirical considerations. The procedure
that is used to determine these values is discissed later in section 6
¢f this report.

Again using equation (4.5) with R, cqual to K, and noting that

2
sin¥ = -g!- (4.15)
% a 2. Q2
obtain €, = ¥ = gin (Bﬁ"s (o (4.16)
e RS
Using the fact that ¢ changes by % radians per half-cycle
€,=G‘=6,=€,-% - (4.17)

The values for €g and &) are obtained by substituting Rle and R2e

respectively into equation (4.10) and making use of (4.13) and (4.15).
o . - a a_pt
€= - (l- ?;..'.‘) + sint .R_'_t_"'isu_:_g) (4.18)
e

- X - . wf R" +sz_nl
€, 1 'ﬂ'(l %‘ﬂ)'l- Sin (_Lzﬁ“gn) (4.19)

Since e changes by %‘H radians per cycle
= - 3! 7 .
s, Gu =€, N (4.20)

Now consider the angular displacement of the lever during the

"coupled" phases of the motion. Examination of Figure 9 shows that

p = cos” (R:. + 52 - R") )

21?,5
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| Substituting the values Ree’ Rle’ and R2 o for R and noting the lever's
) ‘ symnetry of motion, the and point displacements of the lever are obtained.

AP =P fu=fa" cos™ (E‘L*%:.'.?‘_) (4.22)

of R‘ "s"' R]“) - (
=0 = oS = 4.23)
Fr= P R T e 'g'
. pEpBO=0, - cos™ E‘!!:is;ﬁ'_g.:.‘_) (4.2)
pe
The end point displacements defining the "coupled" balance phases

can now be determined by substituting the appropriate values of p into
equation (4.1).

| BoPas s [Brn@-p)-(-p) oo
— ﬁ 3?ﬂ.=0 (4.26)
o pynpy= s [Rain(E-p)]-(8-p) oo

Bgs Bas ‘as, Bgs Bgs Byq and By, are geametrically indeterminant.

Table 3 gives the end point displacements (radians), calculated

using the effective geometry given in Table 2, for each component of the

T5E1 ésca.pement. Note the movement of the escape wheel during the
~ unlocking phases.,

N
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TABIE 3

ANGULAR POSITION (RADIANS) OF THE ESCAPEMENT COMPONENTS

AT THE END POINTS OF EACH PHASE OF THE MOTION

Position B p ¢
0 start 82627 «14507
1 272634 82627 | 507
2 0 «931CL 14152
3 * * *
L - 72634 1.0358L | .02001
5 * 1.03581 | -.06437
6 # 1.0358L | -.06437
7 | =eT263h 1.03581 | =.06437
8 0 .9310, | -.06081
9 * #* *
10 72631, 82627 | -.15963
1 * .82627 | -.27381
12 end 82627 | -.27381

- * " N -
Indeterminate from geometrical considerations
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5. BEQUATIONS OF MOTION
Utilizing the effective geometry as defined in section 3 of this

report, the equations of motion of the escapement components can be derived
by applying the principles of Newtonian Mechanics,

The positive directions for the variables used in this analysis have
been chosen such that B and p are positive when measured in the couter=

clockwise sense whereas ¢ is positive when measured in the clockwise sense.

8e i
Within a cycle there are twelve phases, and the equations of motion
will change from phase to phase. A4s related to the balance motion, these
phase definitions for the forward half-cycle are: :

1, Free swing of the balance from maximum a.mplitude B to By
where unlocking begins,

26 A collision, assumed instantaneous and inelastic, occurs at
B, when the impulse pin on the balance strikes the lever.
Uﬁlocking of the escape wheel then proceeds from By to 52

3. Balance and lever continue to rotate as the escape wheel
accelerates to overtake them, The escape wheel "catches-up"
to the lever and balance at 33. :

4, Another instantaneous, inelastic collision occurs when the
live impulse face of the escape wheel tooth strikes the L v B
entrance pallet pin. A period of impulse then ensues from 33 Lo
to B [ -
(A
5. The freely rotating balance and escape wheel continue their
"~ motion until, at B, the exit pallet pin locks on the locking
face of another eaga.pe wheel tooth,

6, The balance rotates rreely to the top of its swing, Bg s

A‘ithoudx possessing different end-point designations, the phases of the
reverse half-cycle are similarly defined.




Phase ] Fauationg

During the free swing of the balance it is assumed that the wnly
torques acting on the balance are: (a) the hairspring restoring torque,
and (b) a frictional torque, T_, at the balance pivot due to hairepring
side thrust (see appendix 4),

‘With the assumption that e

T,=L§B | | (5.)

where L is a constant, the equation of motion is

° 1:"p' = -KB+LB (5.2)

IB is the moment of inertia of the balance; K is the spring constant.

Phase ti

Unlocking of the escape wheel begins as the impulse pin strikes the
lever at Bl (see Figure 11). let FBL be the force the balance exerts on
the lever, and FIB the reaction force of the lever on the balance. YI'.
and IB are the respective lever arms of these forces about the lever and

balance pivots,

lever
staff

-

Figure 11, Interaction between the balance
and lever during unlocking.
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The impulse on the balance,sr. s 18

8= [V Rydt =LA -I,B, (5.9

.\“'h“" ’;u‘o ) ﬁlb<o ) leI < liélbl'

élb and Ela represent the angular velocities of the balance before and
after the collision, respectively.
The impulse on the lever, &L’ is

&I.. f YL'Fu& = ILPIO-‘ILPIb (5.4)
where P‘..> 0 : P'b =0,

II. is the moment of inerftia of the lever,
The ratio of these impulses is
(]
= ﬂf&i‘. s m (5.5)

JYeFadt Yo [Fqdt

Both of these impulses must be considered positive even though FBL = - FIB

because 'ot the arbitrary choice of positive directions for p and g, Hence

Y, I! f .
= = (5.6)
% t 1P w
After the collision the lever and balance are coupled so that

Y\.'ﬁlo. =-Y B (5.7)

or ‘ - Y
B IE.
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Presence of the minus sign is dictated again bacause of the choice of
positive directions for the variables. Eliminating }.. between equations
(5-6) and (507) gives

’;.‘ = }t: A?.. (5.9)

where I“S I.+ x:l‘. * (5.10)
ana X, ® %-Q- (5.11)
-

is the lever arm ratio between the balance and pallet lever evaluated at
B=8.

The remainder of the phase 2 motion involves the rotation of the
coupled balance and lever until unlocking of the escape wheel is achieved
at 32 =0,

Consider first the motion of the pallet lever. It is assumed that
the only torques acting on the lever during this portion of phase 2 are:
(a) a torque in the positive sense due to the push of the impulse pin on
the lever, ard (b) a frictional torque (TLf) in the negative sense arising
from the drag of the entrance pallet pin on the locking face of the escape
wheel tooth (see appandiic C). Consequently the equation of motion of the

lever is

IJ = Tu-'l'“ (5.12)

#The first subscript on I is used to denote the functional form whereas

the second designates that value of B at which X (and later on Z) is to
be evaluated,

e om0l Tt 1 i S A
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(5.13)

In addition to the torques present during the free period of motion,
the balance experiences the reaction torque of the lever due to their
coupling, Its equation of motion is now

I,8=-KB+Lp+YF, (5.14)
with Y‘ = Y.( ﬂ) .
Using Frp = Fpp (eince both result in positive torques on their respective

components) and equations (5.8) and (5.13), the differential equation of
motion can finally be written as

IA+3Ip+(c-L0R =T, (5.15)

were 1, ® T 4 X' (5.16)

1; = XT“ y (5.17)

aa X=X(B)= . (5.18)
W

The functional relationship for X(p) is derived in appendix B,

Ehase 3 Equationa
At the instant of unlock the soupled balance and pallet lever have

& finite velocity while the escape wheel is stationary. Hence the balance
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and pallet lever will "run away" from the escape wheel and there will be

a time lag before the beginning of impulse, During this time lag the escape

wheel will be accelerated sufficiently by the torque, T‘, delivered through

the gear train to catch up with the other components and provide the impulse.
The equation of motion for the escape wheel during this period is

€=~-T, (5.19)

A minus sign is required here since Ta is applied in such a direction as to
decrease ¢.

Except for the absence of the frictional torque, the equation of motian
for the balance and pallet lever is similar to that which applied during
unlocking., Thus

I, ﬁ + *I. ﬁ +(K+L)B =0 (5.20)

The sign on the 18 term is reversed because B has become negative while
the sense of this torque Las not changed,
Ehase /\ Jquations

An instantaneous, inelastic collision is assumed to occur when the
escape wheel catches up to the lever and balance at 93. Let FEL represent
the force exerted on the lever by the escape wheel at impact, FLE the
reaction force, and YL and !E the lever arms for these forces, respectively
(see Figure 12). The equations of motion of the companents can now be
written as

1,6 =-T +YF, (5.21)

i -
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Figure 12, Interaction between the balance, lever, and
escape wheel at forward "catch-up,"

Lj= Y5 -YF, 5.2

LA =-Y,F,-KB-LB (5.29)

Thess equations are coupled by the common forces and the constraint equations

Y.’i = -Yté | ' ()

which is equivalent to

- W uDms sign is inserted because p increases in the forvard half~cycle
while ¢ decreases; all lever amms are treated as positive quantities. The
::1& o;' oquation (5.25) for the reverse half-cycle has a positive sign.
e DL® Je
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The tirst two constraint equations are valid only after the collision occurs
and coupling has becn achieved., MNote that g = 53 is a constant for this
collision,

By eliminating the common forces and substituting for @ in terms of B
one can derive the single equation

I, B+ (kL) +XZT = - 1,XZ & (5.28)
where Z, = —;—1‘ . (5.29)
B

It i3 found that this ratio is asymmetric in the two half-cycles; the
subscript f refers to the forward halfw-cycle, r to the reverse half-cy:le,
The functional relaticnship for Z(p) is derived in appendix B. This
equation may now be integrated and the appropriate boundary conditions
applied., Assuming that the collision is truly instsntanteous, the integral
of the terms on the left involving g and Ta may be neglected; it follows

that . .
where I” = I. + X: II. + x: z:.l‘ (5.31)

Subscripts b and a refer to angular speeds befcre &nd after the collisicn,
respectively, } |

With the entrance pallet pin now in contact with the live face of the
escape wheel tooth, an inmpulse is delivered by the escape wheel to the balance
through the pallet lever and impulse pin until the end of the impulce face
is reached, This impulse supplies energy to the balance to make up for
losses and thereby maintain its motion st a given amplitude, |
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During the impulse period the equaticns of motion for the components
together with the constraint equations are identical to those given above
for the "catch-~up" ccllision., Once again the common forces may be
eliminated and the constraint equations used to substitute for ¢ and 3.
Each of the lever arms that enter these coupling equations are functions
of B and will therefore vary during this period. As a result, when
substitutions for ¥ and § are made, each will involve a B term. The

resulting equation of moticn is

LB+ +1,8+(kv08 = -XZ,T, (5.32)
wtn Ls I+ X'+ X"Z: I, (5.33)

Phage tions
As the entrance pallet pin leaves the impulse face of the escape

wheel tooth and the impulse period ends, the exit pallet pin strikes the
escape wheel roxt ard the lever ceases to rotate, The escape wheel then
rotates through a small additioral displacement until the exit pallet pin
locks on the locking face of another escape wheel tooth., Meanwhile, the
balance, which has been rotating freely toward the top of its swing, has
reached the position B = B5. For this period the equations of motion of

the components are, therefore,

I..'C' = -T.. (5.34)
} =0 (5.35)

I,B=-KB-L8 (5.36)

o sty Wi
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Phas tion
With the escape wheel now locked, thz balance wheel continues to the

top of its swing, Its equation of motion is
*0
= - - .37
I.B=-KB-\L8 (5.37)
The first half-cycle of the motion is now completed,

Second Half-Cycle

The sequence of events during the second half-cycle is similar to

that in the first and will not be treated in detail. In the interest of
completeness, however, the equations of motion during the remaining six

phases are given.

Hhagze 7 o8
I,8=-KB+LjB (5.38)
Phase 8
‘;13,: -?[-:.'-1 B“ : I=L(B) (5.39)
LA+4LA+(keB=T, (5.40)
Fhage 3 .
I€=-T (5.42)
I.ﬁ + % I,ﬁ +(K+L)B =0 (5.42)
Phase 10

B“= I ﬁ -I.):‘Z"I.éjl ; éﬁ(Q (5.43)
&

Izﬁ +4 izB +(K+L)B = XZ, T, (5.44)




|
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|
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-

L0

Fhage 21
I8 =-T (5.45)
ji =0 (5.46)
I.ﬁ = -KB8-LB (5.47)
| Pase 12

I..p. =-KB-LpB (5.48)

This treatment has reduced the problem to solving a set of differential

equations which descrive the motion of an "equivalent" balance system, The
effects of the lever and escape wheel are taken into account through the
presence of their "reflected" moments of inertia in these equations.

A more elegant derivation of the preceding equations of motion is

presented in appendix D,




6. METHOD OF SOLUTION
The heart of the problem of solviag the equations of motion lies in

handling the nonlinear, coupled differential equations which describe the
unlocking, catch-up, and impulse phases, Indeed, these equations are even
more formidable than they appear at first glance because T, X, and Z are
camplex functions of B, Also, only X is symmetric for forward and reverse
motion (see appendix B). In addition, since there are two degrees of
freedom during catch-up, the only way to obtain an accurate value of B3

is through an iteration process,

Since attempts at an analytic solution of the exact equations have so
far proven unsuccessful, a step-by-step method of approximate solution was
chosen in which the motion of the balance was considered in small increments.
Values of X, Z, and T, were assumed constant for each increment. This
assumption makes the I terms equal to zero and allows an analytic solution
of the resulting differential equations,

A digital computer program was set up using the solution equations of
motion. The final conditions of one step are used as the initial conditions
of the next step, and new values of X, Z and Tf are computed for each step.
Input to the program was the equilibriumn values of maximum amplitude and
applied torque, Bm and Ta; output was the oscillation period of the balance,
An alternate approach to the solution of the nonlinear differential equations
of motion is to program the computer to solve the exact equations using one
of the numerical integration procedures available for this purpose.

A brief outline of the computation procedure used in the step-by=-step
solution method is as follows.




Ehage 1: An analytic solution of the exact equation of motion can be
obtained, Using the initial conditions § = f, and § =0, at t =0, the
solution is

B=A cosut ; w‘s% (6.1)
Inversion of this equation yields

t= i— m“(i) (6.2)
The duration of this phase, T, can now be calculated by substituting

B=8 into this expression, Once T is determined élb can be found from

the Aerivative of the p(t) equation,

Phase 2: By, is determined by equation (5.9). Initial conditions for the
first increment ( & B) are

B=B i A=A ; t=0.

The approximate equation of motion is

LA+(K-LB=T, (6.3)
and its solution can be written as

B= Acos(wt-9) +F (6.4)
where F = _KL-E: ? w?= 'Kir"' (6.5)

A -‘@ +(R-%) (6.6)

¢ = +an’ w':?%:?ﬁ (6.7)
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L3
and o =ulp); i.e 2 KoL nere =1 (B)and F =F(g ).
o ol 3 LeCe Uy Ly Lo I, (8, o o
Recall that T, is assumed constant within the increment.

£
Solving for the time increment gives

te L |9+ cos"(éift)] (6.8)

with  B= 8 +4AB
and w--w(ﬂ).

Note that the @ which enters the constants A and ¢ of the solution is
evaluated at the beginning of the increment (B 0) whereas the @ in the
inverted equation is eveluated at the end (B +8B).

The angular speed at the end of the increment is determined from
B =-Awsin(ut-9) RN

again with w = o (B). T is replaced by T + t, t is reset to zero, B, and
fs , are replaced by B and fs, new values for the lever arm ratio and imlocking
friction torque are computed, and the whole process is repeated for each 7

increment #8 until phase 2 is completed.

Phase 3: Final conditions for phase 2 serve as initial conditions for
phase 3, There are now two degrees of freedom in the systen,

The approximate solution to the equation of motion of the balance is
identical to the solution in phase 2 except the expression (K-L} is every-
where replaced by (K+L) and Te is set equal to zero.

The analytical solution of the exact equation of motion of the escape
wheel is

¢€=6, - ;% 3 (6,10)
" ,

P T




~where ¢ = ¢ and e=0att=0,
| 53' 18 now determined in the following manmer, An incremental step

"-in B is taken and the elapsed time calculated as explained before, This

~ time is substituted into the ¢ (t) equation and the position of the escape

wheai is determined. This value oi_‘ ¢ is then substituted into the constraint
etmﬁticn’s ((y.l) and (lp.5)) in order to calculate whére the balarice would
be if the escape wheel had caught u: to the other fwo camponents. If this
value of B is greater (remember €0 here) than the value set by the
incrémen‘bal step, the escape wheel has had insufficient time to catch up
so another mcremental step is taken, By repeating this procedure, and

B using an iterative process to correct for overshoot, an accurate value of

| By is obtained,’

| a4 simpnfied method of calculating By vas attempted by assuning that

the coupled ba.lance and 1ever have a constant angular speed during the

catch-up period. The lever am racio J(Zf is approximated by a first order

polynomial in B, i.e, - |

XZ’ - %% zc,+¢p (6.11)

B co ~ These two assumptions together with the equation of motion of the escape

‘ wheel allow the derivation of an explicit expression for 33; The results
obtained using this method' were somewhat inaccurate, however, because of

the relatively large v#lues of 53 which occur in the operation of the T5EL
oscapement, Although the difference in values of 53 calculated by both
methods seems relatively amall (e 2¥), subsequent work on the energy analysis
disoussed in ee/ction 7 of this report showed that the steady-state conditions

for the mechanism were very sensitive to the value of 53. Thus, the more
elaborate procewe for calcvlating 93 was deemed necessary,
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Phage 4: §3 is determined by equation (5.36). Init.iél corﬂitims are

po'ﬁl ) lao ﬁ!o. ’ - '0

The appro:cunate equation of motion during this period is |
LA+(keB = XZT,

and its solution is

B= Acos(u’c MN-6 ey

where G a, —“&l:g ut = -K"!"\'-' o (6.11;)
+ : - a

A \/Ei +. (p.+s.)‘ ;"(-6.1\5)

9 +°‘ " P f&-ﬁf) \."1_:‘5_{,_' (6.26)

and G = G (p ), w = w(B ) as before. X and Zi‘ a.re a.ssumed constant

mth:m any one .mcrement a.nd are evaluated a.t B . The rema.lnder of the
procedure is ana.logous to that discussed for pha.se 2.

In a similar manner the step-by-step method is used to complete the
remirﬂ.ng phases of the cycle,

One problem with this method of solution was the 4iftioulty of guessing
the correct value of the :lnpﬁt torq&e; T, for a given equilibrium émplit_ﬁe ,
of oscillation since these two pa‘.rameﬁez"s‘;are not unrelated. Att‘émpta were
made with an iterative approach to correct the initial guess after each
cycle until convergence to the correct value occurred, Alfchough the program
should eventually converge to the éorrect value, the conve-z;gmce rate was
totally unsatisfactory and computer time was axcessive, A enlution of ihis
problem is discussed in the following section of this report.; J

g




In onier to- obtaia an accurate value of equlllbrium t.orque (to

_\required acct.racy of 10 dyne-cm) for a given amplitude, an energy ana.lysw

L “’,-of the escapement was ca.rrled out and progranmed on the computer. The OUt-

put from thie program (T versus B_ ) is ‘used in the differential eqmtion
~of motion to obtain the period or beat rate of the system as descrlbed in
section 6. v _ |

| Before the actual analysis 1tself can be presented it is necessary |
to derive express:.ons for the angular speed at- the end po:.nts of each pha.*1 '''''
of the motion, 4n expression for @6, the a,ngula.r dlsplacemmt at the end ’v
of the first ha.lf-cycle, is also requ:.red. Ea.ch of 1' e relatlmshlps

T presented is obta.ined by applicat:.on of the la.w of conserve.t ion of energy.

' _w_l Enary is dissipated in this phaae by the side thrust ei‘fect, 80

BB L LA [( LAdB o

- ReE t e

' M: The colliaion at’ Bl which iniliates the unlocking phase is assumed

’to be. jnstanta.neoua and inela.st.»c. Aa a result

.A'.-a Iuﬁn N | (7.3)

"whm Il1 ropreamte eva.lua.ted at al. Consequently

éJ L&, t«-ﬁ.‘) (7.4)

STV
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During the unlocking portion of this phase, energy is dissipated by both
the side thrust effect and unlocking friction, Thus

ST TR [es + o
ET)d
where 1; = ﬂT.U(ﬁ) ‘[’; ) p (7.6)

AT
Py

and p is the coefficient of friction (see appendix C), Since the expression

f U(B)dp is a function of the geometry only, it can be evaluated once and

I .- e g
R s a e O AT L Dot J, A, Y

for all, Utilizing the Gauss guadrature method, the result for the T5EL
5

escapement is

A,
f U(B)dB = 0.090945 =9 | (7.7)

Substitutlon of this value and simplification leads tv the following

equation

a2 | 3 >

A= -i:‘[(K-L)p. + %:U(-L)(p;-p.) - 2»31;] (7.8)
Phage 3: By is determined by the iteration process discussed in section

6 of this report once the value of éz is known. The angular speed of the
balance at the end of the "catch-up" can then be determined from the
relationship

L1, f2 = KB+ §T AL + f Bdp ()

where side thrust now represents the only dissipative effect. It therefore
follows that

’::. - Ius ““"-’5 | (7.10)

Is
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Phage L4: The "catch-up" collision is also assumed to be instantaneous
and inelastic., As previously discussed in section 5 of this report, it is
found that

‘:“ = “ﬁ“ + x3z“i_§_ (7.11)

In
where 123 represents 12 evaluated at BB'

§3b is calculated from the

equation of motion of the escape wheel and the elasped time during "catch-

up" as determined in the iteration process.
During the remainder of this phase energy is delivered to the balance
system through impulse and lost through the side thrust effect, thus

KB LT A= 4 KB + 1T A0+ L\.pap (7.12)
= L XZ,6T)ap

The minus sign on Ta must be inserted because the torque is applied to the
balance in the negative sense. Here the product XZ represents the lever
arm ratio which reduces the torque '1‘a applied to the escape wheel as it
is transmitted through the lever to the balance system, Note thgt the lower
lintt p;, on the integrals, is not fixed; i.e., it is a functdon of A, and

‘ Bnhution of the integral involving T, in equation (7.12) is somewhat
mlifiad by mt-ﬁ"-&tﬁ;i’- qutiom (5.25) and (5.27) show that

o {z:"% | (7.19)
__u that JXZ‘(-TJJF T (J. = (g‘.e)

| Using uqmticns (4.1) and (4.5), ¢; can be dctormined once By is known.

e A—— AU S ppr—_ b
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With this result and the fact that 54 ==~ Bys equation (7.12) can be solved
for Bh-’ the result is

,8‘ wﬁm&g (7.14)
24

Phages 5 and 6: As the escape wheel is relccked by the lever, the ba'ance
swings towards its maximum position dissipating energy through the side
thrust effect, It follows that

KB +41f ﬁ‘ -{- KA + | LBag (7.15)

A
or p‘ p’ + (7.16)

The first half-cycle is now complete,
In a similar manner, the following expressions can be derived for the
second half-cycle:

’ . L

KL = Kp; + i'tgﬂ;; + j‘.('l-ﬁ)dﬂ (7.17)
But p'a - p.

80 ﬂ:. - (%) :ﬁ: - ﬂ.‘) (7.18)

or ﬂ?:‘ - (&'&) ﬂ: (7.19)
ﬂ.ns It' ﬂ“ | (7.20) ‘

Fhase 7
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or, since I"‘I“ ’

v KB +4T B =11 B 4 f -LB)4B +
But I|O=In. ; j‘;(-THp

.2 .2 8,
e KB +1IT AL =¥ LA+ILE + f TP
o
or °1='_ I i( ‘-‘ (K"‘ "-2
Al = 4 (I + 0 -,

Phase 9:

nd 2 °q A
TTebe = TKB + 31 B2 + f Lpdp

3t I!g’ -(K-o-l.)s'
A | "

Phage 10:

B = Inﬁqg"x‘lzurca&
- a9

The minus sign is required because ::%( 0.
*KB: + *Il‘lﬁ.h. 1 Kﬁm"' 'LI toﬁto
/Lpap +/szap
By

(7.21)

(7.22)

(7.23)

{(7.24)

(7.25)

(7.26)

(7.27)

(7.28)




But L:‘(.Z.T = -T f i’Aﬁ Tde-€,) .2

Since ﬁw =8

it follows that .
KB+ LB =KB + L B +L(B-R) - (730
- 2T, (e4-€,,)
or A: = Ly B:g.: (K+L)B-R) + 2T (646, (7.31)

IIIO

Note that I,y # I21+ because Z # th.

Phases 11 and 12: For steady-state motion

-kK,B:-l- I‘ﬁ = LKp? fLﬂJB (7.32)

o ;3“ (%)( Bn-PBl) - (7.33)

This completes the second half-cycle,

uivalent Balance System Energy B ce
As shown in section 5 of this report, the equations of motion of the
main components may be combined with the constraint equations to derive
equations which describe an "equivalent" escapement system., This "equiva-
lent" system possesses a displacement-dependent moment of inertia which
arises due to the presence of the "reflected" moments of inertia of the
lever and escape wheel, An energy analysis of the equivalent escapement

system is presented below; steady-state conditions are assumed throughout.

P
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The energy balance conditions for the equivalent escapement may be

depicted schematically as shown in Figure 13.

hmealpn  Side Thrust
EQUIVALENT

Catch-up ; ) .
Collisions ESCAP - - Unlocking Collisions
Tmpulse ——’f 3> Unlocking Friction

SYSTEM

=» Dissipated By Escape
Wheel and Lever

Figure 13, Schematic diagram of equivalent escapement energy balance.

Loss mechanisms which have been considered are: (a) side thrust losses,
(b) unlocking collisions, (c) unlocking friction, and (d) dissipation by
the escape wheel and lever upon unlocking, Of these, only a and c¢ are
identical in both half-cycles since, in general, -B, # By and =By # Bys ete.
4ds a result, the angular speed of the balance system just prior to the
unlocking collision and at the end of the impulse phase in the reverse half-
cycle differs from the speeds at the corresponding points in the forward
half~cycle, Losses through mechanisms b and d are therefore different in
each half-cycle,

With the assumption that the radial side thrust is directly proportional

to balance displacement, the energy loss due to this effect per cycle is

Ler = 2[ _L ‘Cpag + f ‘l‘.ﬁap] (7.34)
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or L" = L‘ﬂ:"' :) (7.35)

Since the unlocking collisinne are assumed to be inelastic and
instantaneocus, the loss through this :lechanism can be calculated from the

difference in kinetic energies before and after the collisions. Thus
l ( ® z ® a) - ® z 8 z ) .
Lue =2 I. B|§+ﬁ1b % Ill(plc+ﬁ1o- (7.36)

Upon substitution of equations (7.2), (7.4), (7.18), and (7.21) this

equation may be written as

L,.= %(K-L)(I - %) (BL+82-28]) (7.37)

During the unlocking of the escape wheel energy is dissipated by

friction, This loss per cycle is given by

A
L.,= 2] T dp (7.38)
0
B\
or  Lye= 2uT, f U(p)4g (7.39)
()

where T, = p.TaU(B) (see appendix C), Substitution for the integral from

equation (7.7) yields the result

Lie= 2ugT, (7.40)

Both the lever and escape whzel have a finite velocity at the end of
the impulse phase of the motion. Whatever energy they possess at the

instant they are uncoupled from the balance is dissipated as the escaped

|l
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wheel relocks. The loss of energy can be expressed as

d .t .‘ °
Lo 454 -ILE+ LA -1T,A0 o
Substitution of equations (7.ly) and (7.33) into this expression gives

L= (—{—L)[( l)(p: - )+ %-l)(ﬁ:"ﬂ:)] (7.42)

s The total losses for the entire cycle are, obviously, the sum of the

individual losses; i.e.
= ol
Le=L +L, .+ Lw +L, (7.43)

i i After substitution for each of those losses, it can be shown that
i 1

L = Ei-’é[x(‘l. - 1“) + L(-!!? N %)] +
! +A [K(-' -“2—;-?"') (%:4' %‘)*ZL] (7.44)
‘g B[R L)) + 2mn

Each of the quantities on the right hand side of this expression is a

I ——

© rey— i T

constant, independent of amplitude, except for B6’ Ta’ and, of course,

L By
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Energy is supplied to this equivalent system by: (a) catcheup collisions,
and (b) impulse., Although there must be a net loss of energy in the entire
gsystem as a result of the catch-up collisions, the effect of the collisions
on the equivalent escapement is to add energy.

The energy supplied to the equivalent escapement as a result of the

catch-up collisions at B3 and B9 is
L] Y ® e l
Gy = '&Iu B:‘-%I“ﬁ;-r -{-Inﬁ:_- {-In By (749

Substitution of equation (5.30) for 633 and equation (5.43) for é9a yields

6= 7 (LA XZLa] — 41,65 +

¥ T!I:, [In .qs-xeznlsé\.]z"k I..A;,

With the exception of Iy, each of the terms in equation (7.46) depends, in

(7.46)

come manner, upon either the applied torque Ta’ or the magnitudes of the
catch-up angles, or both., This becomes evident when equations (7.8), (7.10),
(7.24), and (7.26) are used tc substitute for éBb and é?b' §3b and é9b may
be determined either from the equation of motion of the escape wheel
(equations (5.34) and (5.45) or by equating the kinetic energy of the escape
wheel just prior to the catch-up collisions to the work done by the applied

torque; i,e.
%Ilé:b = T.(€,~¢)

wi g Tdg, = Ti(ey-€)

€, %€, (7.47)

[~ 7

6.>6‘ (7.48)

#
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An alternative expression for Gcc may be derived in the following
way. Consider the catch~up collision in the forward half-cycle, Equations
(7.10) and (7.11) may be solved for the kinetic energy of the equivalent
balance system immediately before and after the catch=up collision,
respectively. After subtraction of these two expressions and the substi-

tution of equations (7.8) for ég and (7.14) for fsi, the energy gain can be
written as

e = -‘—%—l-";"”l B ""7&“ L : + T [s; -54;72:?]+
fe 52 72) + (323

In a similar manner, an expression can be obtained for the reverse half-

cycle collision, The total gain can therefore be written as

Sl 1)+ )+
+-§i[ (-B)eclmer]r
+ (3 a1 (. )]

T.(e,-e v e s 2p9)

Note that ) and ¢ are the values of ¢ at which the catch-~up colliuions

ocour,




The energy supplied to the equivalent balance system during the

impulse portions of the motion is

by A,
= | XZT)Ip +] X2, T d (7.51)
G j;' €Tdp L P

But XZ‘ = g%

and XZ,= "g%

in the first and second half-cycles, respectively. Therefore

6, = T.(¢,~€,+ €-¢,) (7.52)
The total energy gain for the entire cycle is

G,= G, +6, (7.53)
o Gpm LB LAn +1 LA -
-1 Ina:b + Te,-¢,+64-6,)

By equating the total losses per cycle to the total gains per cycle

(7.54)

a relationship between Bm and Ta for steady-state motion of the escapement
can be obtained, However, this relationship is transcendental because

the expression for Gcc containa terms which are dependent upon Bm and Ta'
At first sight, it appears that the substitution of equation (7.50) for
Gcc into the energy balance squation would lead to a useful relationship
between S and Ta‘ Unfortunately, this approach leads only to the identity
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1=1, In retrospect, this result is not surprising because only one
requirement, namely the conservation of energy, has been applied to derive
all of these relationships. Consequently, a simple, explicit expression
for 'I.'a in terms of Bm cannot be found.

A self-consistent, iterative method of solving the energy balance
equation has proven effective. Define B in such a way that equation (7..44)

can be written as

L, = B+ 2}‘.91" (7.55)

The energy balance equation then becomes

B+2uqT, =G, +T (e,~6,+¢,-6) (750

This equation can be rewritten as

T sl (7.57)

where Cm=2ug - ) + €, = °10 . (7.58)

But evaluation of B requires a knowledge of Bg> C the values of the catch-
up angles, and G" the speeds before and after esach of the catch~up
collisione. An initial guess is now made for T s at 4 given amplitude ﬁ .
This estimate is used in equation (7.1) through (7.33) tc calculate the
quantities needed and they are fed into equation (7.57) to calculate a
“new" T.. This procedure continues until convergence to the correzt value
occurs, After the rirst few passes the corrections to Ta’ i.e., the
difference betweesn each of the "old" and "™new" values, are used in a linear
interpolation scheme to considerably enhance the convergence rate,
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Total System Energy B c
An energy analysis similar to that already presented may be carried
out for the entire escapement mechanism, The various energy exchange

mechanisme of the total system may be pictured schematically as shown in

Figure li.

poemmmep  Side Thrust
pe———mPp Unlocking Collision

TOTAL

Impulse ——-DJ p—— =P Unlocking Friction

SYSTEM
pereameealp  Catcheup Collision
pm——3 Dissipated by Escape

Wheel and Lever

Figure 14, Schematic diagram of t.tal system energy balance.

Loss mechanisms which have been considered for the total system are:
(a) side thrust losses, (b} unlocking collisicns, (¢) unlocking friction,
(d) catch-up coliisions, and {») dissipation by the escape wheel and lever
upon relocking, The derivation of expressiong for lossea a, b, and ¢
proceeds in the same mganer as presented for the equivalent balance system
with identical resulis (sce equations (7.35), (7.37), und (7.40)).

Although the catch-up collisions were responsible for an sddition of
energv to the equivalent escapement .ystaem, these collisiuns must result
in a net loss of energy when the total system is considered. This loss
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i can be written simply as the difference in kinetic energies of the total

| system immediately before and after the collisions occur; i, e.
' _ A a3 R 22 _ 1 -5
L« T2 Il!ﬂib"' 2 Iteib i Ia Bu +

AL L LT er -L7 A%
+ % Ianu +2 Iceu Z-Iaﬂu
Upon substitution of equations (7.47) and (7.48), this equation becomes

L. = T, (¢, ¢,+ €,-€,) — 6, (7.60)

where G, is given by equation (7.45).

(7.59)

Uncoupling or the escape wheel and lever from the balance occurs at

e el banen s bmert St p N v e e e en e

the completicn of the impulse phase in each half-cycle, Whatever energy

‘ the former two possess at this instant is dissipated upon relocking of the
escape wheel., Also, additional energy is supplied to the escape wheel by
T, during the period between uncoupling and relocking. (Recall that the
model escapement is defined in such a way that the motior of the lever
ceases at the end of impulse, See Figure 2e.) Therefore, the tctal energy

dissipated by the escape wheel and lever is

$ €y
L'a. = L’m. + [ CT)de + [ ¢T)de (7.61)
| €. €
| or L’!L =L + 1;.(64'" €;+€,~€,) (7.62)

where Ly, is given by equation (7.42).

The sum of the losses per cycle for the total system is

/
Ly =Llg+bL tL,, +T, (e-¢,re-€) 65

-Gec + Lll. + T._(G‘-G‘ + elo-ea)
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L:‘ = L'r-Ge +T¢(‘a-el*§-€!*€0"1*‘n."u) (7.64)

Or, usirg equation (7.55), i
' -
L, = T, (6,-€,re -6 re,-e +e ¢, + 2;;?7)65)
+B-6_

Energy is added to the total system through the impulse supplied

by the torque applied to the escape wheel, Ta.' In each cycle, the
escape wheel rotates through an angle of %% radians, where N is the number
of teeth on the escape wheel, Consequently, the energy added to the total

system per cycle is

2
G, =] cTde = T, %) (7.66)
€

Cuce again, the basic ernergy balance relationship for steady-state

motion is obtained by equating losses %o gains; thus

TR = Teraregregraserang oo
+ 8 -6

The solution for Ta. is

T = 8-C (7.68)
where C! =-2-§ - & + € = € + €y = C (7.69)

and C is given by equation (7.58). Equation (7.69) can be solved in the §

same, self-consistent manner discussed in the equivalent escapement

energy analysis,




Both energy analyses presented in this secticn are, of course,
equivalent as becomes evident upon compariscn of equations (7.57) and

(7.68). Equating both of these expressions leads to the identity

whose validity for the T5El can be verified by substitution of the

appropriate values of ¢ from Table 3 in section 4.




8. RESULTS OF THE ANALYSIS

Both the differential equations of motion and the energy equations,
outlined in sections 5 and 7 respectively of this report, make up the

mathematical model of the detached lever escapement (hereafter referred

to as the "model" escapement).

To check the validity of the model, an

analysis was made using the T5El escapement geometry.

As exnlained in section 6 of this report, the differential equations

of motion were treated using a step-by-step method of solution.

R s R AL st oo e 1

accuracy of this method was checked in three different ways as follows.,

1. Changing the size of the increment or step provides one test

of accuracy. Table 4 shows the period of the escapemen® as

calculated by the step-by-step method for ﬁm =1, p = 0.3, and

L equal to 0.0 and 13.83., Note that a smaller increment or
step is required for comparable accuracy when side thrust
effects are included in the model.

parison 4O steps per phase were used in obtaining all of the

analytical results presented in this section.

TABLE 4

VARIATION OF THE PERIOD WITH THE NUMBER
OF STEPS PER PHASE OF THE MOTION

As a result of this com-

Number of steps Pericd in Seconds

per phase of

the motion L=0,0 L =13.83

5 0.0401050 0.0401467

10 0.0401049 0,0401458

20 0.0401048 0.04L01453

40 0.0401048 0,0401450

100 0.0401048 0.0401450
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Camparing the angular velocity at various points in the cycle
as predicted by both the energy solution and the step-by-step
solution provides another test of accuracy. Such a comparison

is shown in Table 5 for the case ﬁm =q, # =0.3, and L = 13.83.

TABLE 5

CQMPARISON OF ANGULAR VELOCITIES PREDICTED BY
ENERGY ANAIYSIS AND STEP-BY-STEP SOIUTION

Angular jpe..Method of Compubation | Percent
Velocity |Step-by-step | Energy analysis| Difference
B, ~477.858 ~477.837 .00L
Bap ~475.555 ~475.534 .00k
Bay ~481.,860 ~481.839 .04
B, ~,85.080 ~148144955 .0258
By 179406 479,265 L0294
Bop WT7.677 K77.537 0293
E'393 482,406 482,265 .0292
Bio 483,708 183,460 .0513

The very nature of the step~by-step method should cause a
build up of error in the solution; that is, once an error
has crept into the solution in a single increment, it will
be involved in setting the initisl conditions for the next
increment, etc. This condition is verified by the results
presented in Table 5 which show a general increase in the
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magnitude of the differences as the escapement proceeds
through the cycle., Examination of the table also shows
that the major discrepancy between these two methods

arises during the impulse portions of the cyclé. Indeed,
the errors iﬁtroduced during forward and reverse impulse
(0.0214% and 0.0221% respectively) account for 85% of the
total error shown (0.0513%).

A comparison of the balance amplitude at the end of the first |

cycle with the amplitude at the start of the cycle provides
the final accuracy test of the step-by-step method. Undér
equilibrium conditions these two values should be equal. Any
difference represents an error introduced by the step-by-
step method of solution since the input torque as calculated
by the energy analysis is accurate enough to give amplitude
agreement to within 10-8 radians, Table 6 shows a ccmparison
of these values for various initial amplitudes and the energy
loss parameters of p = 0,3 and L = 13,83, Rote that the
difference is relatively small, the maximum amounting to only
0.1, degrees of arc.

TABLE 6

e & =

AMPLITUDE DIFFERENCES INTRODUCED BY THE STEP-BY-STEP METHOD OF SOLUTION

Nominal | Amplitude in Radiang | Difference | Percent

Amplitude Initial Final | Radians {Difference
L5° 0.78540 | o.78572] .00032 041
90° 1.57080 | 1.57169| .00089 .057
135° 2.35619 | 2.35761| .oow2 .060
180° 314159 | 3.14312 | .00153 049
225° 3.92699 | 3.92940| 00211 .061

L
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The close correlation between values shown by these tests justify

confidence in the validity of the step-by-step method of solution.

The results of the energy analysis concerning the equilibrium

amplitude~input torque variation under several energy loss conditions

~are shown in Table 7. These data are plotted in Figure 15. An

66

e:q\eri!hmtal curve is also shown in this figure for purposes of comparsion.

TABLE 7

" EQUTLIBRTUM TORQUES FOR VANTOUS AMPLITUDES AND LOSS CONDITIONS

Equilibriwn Torque in dyne~cm
Bm
=001 p=0.2 p=03}] u=0.0 p=0.2 p=0.3
L=0,0}]L=00]1=0,0} L=13.83] L=13.83 | L=13.83
we| 51 | 60.6 124.9 149.2 165.2
%] 307.3 376.8 | 417.7 622.7 TL3.6 823.6
135°1 752.2 910,6 | 1008.6 1L,52.5 1734.5 1921.3
1%0° 105 1657.8 | 1835.5 2614.0 3121.8 3458.2
225° | 2174, | 2618,2 | 2898.6 4107.5 4905.5 5734.3

When comparing the experimental resulte it is necessary to account for

the fact that the exporinental model is a complete timer which includes

a gear train, whereas the mathematical model includes only the three

escaponent components,

In obtaining experimental data, torque is supplied

by means of dead weights driving a ball bearing mounted pulley which is
flexibly coupled to the low speed shafc in the gear train, There is no
means of accurately measuring the much amaller torque actually delivered
to the fast moving escape wheel., (In fact, this torque is not instan-
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taneously constant due to the nonlinear transmission properties of gear
teeth,)

In converting the experimental torques to compare with analytical
values applied at the escape wheel, a gear train efficiency of 65% was
assumed in order to account for losses due to friction. This is a
reasonable figure for a nonprecision, 3 stage step-up gear train of
159.7 to 1 ratio, It was also assumed that this efficiency is essentially
constant (independent of transmitted torque) over the range of input
torque considered.

Since the experimental curve in Figure 15 could have been relocated by
the assumption of a different value for the efficiency or by assuming
a constant error in the measurement of the experimental input torque, no
conclusions can be drawn based on the closeness of the fit, It ia felt,
however, that the close correlation between the ghape of the experimental
curve and the p = 0,3, L = 13,83 curve shows that the model is essentially
valid in respect to its amplitude versus torque behavior,

The data from Table 7 are displayed in another way in Figure 16 where
the input torque for steady-state conditions is plotted against the square
of the balance amplitude, Apparently, from this figure, there existe a
linear relationship between T . and ﬁmz of the form

T‘ = c.ﬁ: + b (8.1)

However, an attempt to fit the data to such a cwrve shows the relationship
%o be near-linear but not exact.

A word of caution should be interjected here conceming the reliabi-
1lity of the data for the loss conditions of y =0, and L =0, Under
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these conditions catch-up occurs very near the end of the live impulse
face of the escape wheel ~ so near, in fact, that the slight discrepancies
in the two methods of solution resulted in the occurrence of a catch-up
collision in the energy analysis but pot in the step-~by-step solution

for the forward half-cycle, For this reason, eventhough catch-up always
occurred in both solutions for the reverse half-cycle, the data for these
loss conditions should be viewed with some suspicion, at best,

Values of the applied torque from Table 7 were used in the step-by-
step solution of the equations of motion to determine the period of
oscillation. A typical computer output is shown in appendix E for the
conditions By = b= 0.3, L = 13,83, Data from this output are plotted
in Pigure 17 to show the angular position of the balance as a funct.ion
of time, The most striking feature of this p(t) curve is that it is
apparently a true cosine curve, Indeed, no apparent deviation from a
true cosine curve can be seen even when the scales are expanded by a
factor of 10, Thus, in this respect, the model shows that departures
in the motion of the balance from that of an idealised, undamped harmonic
oscillator upon coupling the balance to the other basic cumponents of

the escapemsnt is slight.
" Another means of illus’ ating this fact is provided by Figure 18,
Here the data from appendix E have been plotted in a phase~plane diagram;
i,0,, B has been plot.“d as a function of 5/% where o -E An ideal,
undsuped harmonic oscillator is characterized by a circular plot in such
a phase-plane diagram. Although the departure fron ideal behavior shown
by the circle is now evident, it is again se«n to be slighv. Maximam
deviation occur:; just prior to the forward eatch-up coilhian and amounts
to abuut 4.3%,
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|
unlocking catch-up
b impulse
[
unlocking g« catch-up
collision collision
T
reverse
1
) 3 ~2 ) 1 2
forward
T
| 4.
; catch=up “unlocking
i collision ‘L_ collision
impulse ‘
catch~up urlocking

Figure 18, Phase-plane diagram of the equivalent escapement,
(Bm = My U= 003, L = 13.83)
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The primury use for the outputs from step-by-step solutions such as
appendix E was to study the torque sensitivity of the model T5El escape-
ment. Results of this study are summarized in Table 8. Values of p
and L used, for each amplitude studied, were 0.3 and 13.83, respectively.
The calculated beat rate is compared with the beat rate for a freely
oscillating balance system having I]3 = 0,037, gn-cm2 and K = 921.9 dyne-cm.
These values were obtained by measuring T5El components and they produce
a beat rate of 49.975, bps. The beat rate fracti-. (BRF) is plotted as

a function of the square of the amplitude in Figure 19 where

BRF = 1 ,w (8.2)

g

and h}:l -‘-‘-

L -

TABLE 8

BEAT RATE FRACTION USING ENERGY 10SS
PARAMETERS y = 0.3 and L = 13.83

Amplitude | Applied Torque Beat Rate] BRF
dyne-cm beats/sec | in %

L5° 165.2 49.20L 1.543
90° 823.6 L9.66L 623
135° 1921.3 49,766 419

180° 3458.2 49.817 317
225° 5734.3 L9.8,8 255
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It is evident from the curve that the model obeys the generally accepted
maxim that large balance amplitude promotes good timekeeping.

In Figure 20, beat rate errors predicted by the model are compared
with experimental torque sensitivity dats taken on three different
escapements at HDL, The points on the analytical curve were obtained by
using the beat rate for 135° amplitude in the third colum of Table 8
as a reference value and comparing the beat rate at the other amplitudes
to this reference value. The beat rate error for 45° of amplitude falls
off scale and is not shown in the figure. The analytical values of
torque in dyne-centimeters at the escape wheel were converted to escimated
torques in inch-ounces at the timer main shaft by applying the 159.7 to
1 gear train ratio and assumed 65% gear train efficiency. A comparison
of the analytical T5El curve with the experimental curves of the higher
beat rate timers shows general agreement in shape, but the model will have
to be improved in order to obtain better agreement with the 50 bps T5El
experimental results, Eventually, with improvements in the mathematical
model and armed with the results of design parameter investigations, it
is expected that an explanation can be found for the increase in rate of
the 50 bps experimental curve as the torque decreased from 12 to 5 inche
ounces,

The action of the escapement during the catch-up and impulse phases
of the motion is illustrated by Figure 21, Values of the balance dis-
placement during forward impulse were determined from the computer oute
puts of the step=by=step solutions for various energy loss conditions
and amplitudes, These values are shown plotted as a function of the
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applied torque. The curves show that the impulse is delivered over very
small baglance displacements except when the energy losses are increased
by the side thrust of the balance spring. Note especially that the loases
due to side thrust are so large that the input torque required for a given
equilibrium amplitude is nearly doubled when side thrust is considered.

A curve for the conditions of 4 =0 and L = 0 is not shown in this figure
because, as mentioned previously, catch=up did not occur in the forward
half-cycle in both the energy solution and step~by-step solution.

It is apparent from Figure 21 that the balance displacement during
forward impulse (AS) increases with the applied torque. Or, in other
words, the higher the torque, the sooner catch-up occurs. With the
inclusion of the hairspring side thrust, impulse is delivered to the
balance over only L to 53% of the possible interval. This corresponds
to using only 39 to 48% of the live impulse face of the escape wheel to
deliver the forward impulse, Similar results were obtained during the
reverse half-cycle with the exception that catch=up occurred sooner in
every case, Consequently, the balance displacement during reverse
‘impulse is larger (by about 6%) than during forward impulse.

Available high speed movies of a detached pin-lever escapement were
studied in an effort to verify the behavior during the catch-up and
impulse phases as predicted by the model. Same of theso films, taken
at sbout 7000 frames per second, were made of a 200 bps escapsment whose
equilibrium smplitude was about 90°, Observations made as a result of
the study of eight films were:

1., The catch-up angle varied with the applied torque. As the
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applied torque decreased, the balance displacement during
impulse decrsased (catch-up angle increased).

2, The entrance pallet pin was struck by the escape wheel 35-65%
up the live impulse face of the escape wheel tooth; in most
cases this was closer to 50-60%, Therefore, forward inpulse
was delivered to the balance over 40-50% of the live impulse

face for most cases, .
3. The exit pallet pin always caught up sooner than the entrance
pallet pin, usually 15-40% 'x,_tp.the live impulse face.

Each of the observations made is quaiibatively consistent with the pre-
dictions of the model escapement, Of course, the stiffer hairspring
required for a 200 bps esca’pbe'alnen‘t)~ 't'shOuld cause larger side thrust effects.
However, no observations were made wh;léh were in disagreement with the
behavior predicted by the model, ‘

Three filns of the 50 bps TSEL tining movement, taken at 4000 frames
per secand, were also studied, In thése films, the catch~up phase was
not discemible., It appeared as if the e;&ape wheel tooth and pallet
pin remained in contact at all times or, at &st, catch=up occurred within
the first few percent of the length of the live impulse face. Thus, these
movies of the 50 bpu movement indicate that additional energy loss
mechanisms will have to be included in the mathematical model in order
to obtain closer agreement beﬁween theory and experiment,

These high speed films were also studied to determine whether signi-
ficant bouncing occurs during the impacts between the basic components
of the escapement, Observations of the impacts of the pallet pins

e v




showed either no noticeable bouncing or, in the case of the 200 bps
movemmnt, the pussibility that all the energy was delivered to the

balance upon impact with one big bounce occuring so as to exclude any
further impulse, The nature of the films made it impossible to exclude
this possibility, There was some svidence of slight bouncing during
the impact of the impulse pin upon the lever fork, This possibility is
disregarded here since the present model assumes inelastic collisions
ad does not contain the geometric details of the lever fork., Shinkle,
in a similar study of the cylinder eacapementz, has found the time-

] : keeping and amplitude properties of this escapement to be inseasitive
i to bouncing. In the absence of firmer evidence to the contrary, this
| viewpoint has been adopted in the present work,

Data obtained from the computer output oi the step-by-step solution
can be used to calculate the magnitudes of the various energy losses |
and gains to determine their relative lmrortance in the uperation of the
model escapament, A typical "energy balance" is shown in Table 9 for
both the equiulmt escapenent and t~tal system, Quantities listed in
this table were calculsted by substituting values of catch-up angles,
angular upseds, etc., from appendix E into the relationships derived for

the various energy loss and gain mechanisms in section 7 of this report.
Thus Table 9 displays the energy balance for the conditions f = ¥, and
pm03, Lm 13.83.’ Al energios are in ergs,




TABLE 9

BIERHBAIANGEFORMC@IDITIONSBE-u, p=0.3, and L = 13.83

Reverse Lever & Escape
Wheel Dissipation
TOTAL LOSSES 630.4 TOTAL IOSSES

-

EQUIV, ESCAPEMENT ENERGY BAIANCE ~ TOTAL SYSTEM FNERGY BAIANCE
TOTAL ENERGY L549.4 TOTAL ENERGY L5LY .4
ENERGY _GAINS ENERGY GAINS
Forward Catch-up Collision  160.6 Forward Input 723.3
Forward Impulse 187.6 Reverse Input 723.3
Reverse Catch-up Collision 119.4
Reversae Impulse 166.5 :‘
TOTAL GAINS 63,.1 TOTAL GAINS 1446.6
i
Porward Side Thrust 136.9 Forward Side Thrust 136.9
Forward Unlock Collisian 34.0 Forward Unlock Collision 34.0 :
Forward Unlock Friction 94,2 Forward Unlock Friction 9.2
Forward Lever & Escape Forward Catch=up Collision 73.3
Wheel Dissipation 54,6 Forward Lever & Escape
Reverse Side Thrust 136.9 Wheel Dissipation 345.9
Reverse Unlock Collision 34,2 Reverse Side Thrust 136.9
Reverse Unlock Friction 94.2 Reverse Unlock Collision 3.2
Reveran Lever & Escape Reverse Unlock Friction 9.2
Wheel Dissipation L5.4 Reverse Catch-up Ccllision 57.3
439.7
16,6

The small imbalance between total losses and gains occurs because of the
slight discrepancies between Lhe energy analysis, by which the equili-
brium torque is obtained, and the step-hy-step method in which this

value or torque is subsequently used, The mmall magnitude of the imbalance
provides further prosf of the v;lid.itw of the step-by=-step method of

[ solution of the differential equations of motion.




Similar energy balance data were obtained for each of the other
amplitudes studied using the same energy loss parameters; i.e., p = 0.3,
and L = 13,83, These results are presented for the equivalent escape-
ument in Figure 22, MNuasbers across the top of the figure represent the
stored eners; in the hairspring at the beginming of each cycle while
those numbers along the top of the bars represent the total energy
exchange per cycle. Note that the relative emergy exchange per cycle
increases from almost 10 to 1i¥ as the amplitude increases. It is
evident from the figure that side thrust losses are of significant
magnitude; in fact, side thrust represents the dominant loss mechanism
for the equivalent escapement., As discussed earlier in section 7,
catch-up collisions result in a gzin in energy by the equivalent escape-
mnt, Note the importance of these collisions as an energy gain
mechaniam by comparing with energy gaine thrcugh impulse.

Flgure 23 similarly displays the energy balance for the total system,
Note that catch-up collisions are a loss mechanism for the total system,
Dissipation by the escape wheel and lever upon relocking now accounts
for over half the total losses. Side thrust losses are still dominant
over the other loss mechanisms, however, usually accounting for about

- 208 of the total losses, The relative energy exchange per cycle gradually

inoresses from about 2% to 328 as the amplitude increases.
~ Magnitudes of the energy losses through the various mechanisms cone

‘ dﬂ“~m_‘platm for the total system in Figure 2, as a function of
_the total mnergy. Bach of thess losses and, as & result, their sum,
' M increass linearly with the total energy or, equivalently,

| | with the 'uamjc of the balance smpplitude. Once again, Bowvcr, it vas

[



Total
Energy 285 11,0 2560 L550 7100

1l - impulse
2 - catch-up collisions

R
-“"?‘»‘afwm

gains

losses

3 - side thrust
4 - unlocking collisions
5 = unlocking friction

6 = escape wheel and
lever dissipation

225°

Pigure 22, Energy balance for the equivalent escapemsnt using
energy loss parameters of , = 0,3 and L = 13.33,

et
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Total ,
Tnergy 284 1137 2559 4549 7108

2260

1 - impulse l""""]

.8

799

gains

losses

2 = side thrust

3 « unlocking collisions
L - unlocking friction

5 « catch~up collisions

6 - escape wheel and
lever dissipation

25°

Figure 23. Energy balance for the total systom using energy
loss paramsters of + = 0,3 and L = 13,83,
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found through attempts at a numerical fit of the data that the relation-
ship is not exactly linear. The apparent linearity is easily explained

by reference to equations (7.35), (7.37), (7.40), (7.40), and (7.62) which
are the relationships used to calculate each of the losses, These relation-
ships inciude numervus constants and either Bm or ‘36 or Ta or combinations
thereof, But it has already been demonstrated that Ta is nearly linearly
related to f 2, With the added fact that B, is usually Just a few tenths
of a percent greater than =B it follows directly from these equations

that each of the losses are almost linear functions of the total energy

or Bmz °

The total energy of the escapement will vary as the escapement proceeds
through a cycle because of the various energy losses. Data taken from
appendix E have been used to compute the total energy of the equivalent
escapement at various points throughout the cycle for Bm =17, u=0.3,
and L = 13,83, These computations show that the maximum variation of
the total energy from the initisl value, E , is only about L.3% of E,
and occurs just prior to the forward catch-up collision, Hence, in
order to vividly illustrate this variation of the total energy, the quantity
% = 0.95 has been plotted as a function of B in Figure 25 where E represents
tge total energy when the balance displacement is B. Instantaneous energy
changes (radial lines) occur in this figure for each of the collisions
because of the assumption of instantaneous collisions and because of
energy dissipations by the escape wheel and lever upon relocking. Other
than these instantaneous changes, the most rapid variation of the total

energy occurs during the impulse phase of the motion as expected.
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9.

SIONS OMMENDAT TONS

The following conclus_ons can be drawn as a result of the analysis

conducted to date.

1.

2.

3.

A mathematical model of the detached lever escapement has been
devised, The model has been analyzed both energetically and
by approximate solution of the equations of motion. Excellent
agreement between these two methods of approach justify
confidence in the validity of the techniques employed.
Predictions made using the model have been compared with
experimental data from an actual mechanism. The correlation
between the analytical and experimental results of the
equilibrium amplitude as a function of applied torque shows
the model to be essentially valid in this respect. At least
qualitative agreement has been found between the behavior

of the model during catch-up and impulse and observations of
high speed films of an actual escapement, Initial prediction
of the torque sensitivity characteristic did not show close
agreement with its experimental results so further modification
of the model is indicated. However, no basic difficulties

are envisioned because qualitative agreement was obtained when
the model was compared to higher beat rate detached lever
escapements,

The relative importance of the energy gain and loss mechanisms
considered has been established, Although energy dissipation
by the escape wheel and lever is predominant, hairspring radial
side thrust effects have been shown to play a major role,

T e e ———— AL cn A vy s e 5
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L. The catch-up portion of the cycle which occurs between
unlocking and the beginning of impulse plays a decisive
role in the properties of the mechaniam, The requirement
of a finite time to achieve coupling of the escape wheel to
the lever and balance reduces the length of the live face of
the escape wheel over which impulse is delivered to che
balance., This reduction is very sensitive to the number and
type of loss mechanisms considered,

5. The basic properties of the model are, at least to first order,
amplitude dependent, Indeed, the input torque and each of the
loss mechanisms have been shown to be glmogt linear functions
of the square of the amplitude.

As a result of the analysis covered by this report, the following

recomnendations are presented.

1. Further modification of the basic model should be undertaken.
Some features of the escapement which are not included in the
present model but which are felt to be important are:

a. The provision for unlocking to end before zero
balance displacement.
b, The addition of a draw angle on the escape wheel teeth.
c. The addition of a variable geometry on the lever fork.
d, The provision for frictional losses during impulse.
e, The provision for elastic collisions during unlocking
and impulse.
By incorporating some or all of the features intv ihe model,
it should be possible to -etermine which produce significant

changes in the properties of the escapement,




2. Computer studies of the present model as a function of the
various parameters of the mechanism should be carried out.
Analysis has s.own the present model to be reasonable and
it is felt that suca studies could be profitably undertaken
now, As stated in the introduztion, it is suspected that
an escapement's geometry, that is, the sizes, shapes, and
inertias of its parts, govern the shape of its torque
sensitivity curve, Shinkle ha3, in fact, shoun6 that the

cylinder escapement can be altered to display any degree
of torque sensitivity by changing the pallet geometry.
Computer studies of the present model should show if an
alteration of geometry would lead to a similar result for
the detached lever escapement.,
3. Rurther effort should be expended toward obtaining an
analytical solution of the equations of motion, Although
the approximate solutions that have been obtained have
yiclded considerable insight, they are no substitute for
the analytical solutions, The phase-plane diagram showed
small departures of the escapement from the behavior of
an idealized, undamped harmonic oscillator., This fact
indicates that the use of perturbation techniques of
analysis might be a promising approach and worthy of investi-
o | gation,
- Eventhough the mathematical model established by the analysis was
based on the T5El pin lever escapemert design, the result is applicable
to detached lever escapements in general., Any particular design can be
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analyzed by using known values of the physical parameters and slightly
revising some of the geometric equations describing the linkage ratios

between the components,

For example, the Army!s new XM577 mechanical time fuze uses a high
beat rate detached pin lever escapement to gain increased accuracy
over the older cylinder-type escapement designs., Because this fuge is
used with spinning (up to 30,000 RPM) artillery projectiles, the friction
torques seen by the timing movement will vary widely as the spin speed
decays and as the fuze is used with different weapons having different
spin rates, Other force perturbances resulv from yawing of the projec-
tile in flight, changes in the coefficient of friction, and veriations
in tolerances of the mainspring, gears, plates, and other_piece parts.
These variations in escapement driving force must span a wide range,
especially when thousands of fuzes are considered,

By -lever design (and often at extra cost) meny of the disturbing
influences can be either reduced to negligible levels or compensated

B “cut. For instance, epin senaitive drivirg elements can be used to

‘increase the torque at higher spins where the reaction friction torque

is the greatest, Better lubricants can reduce friction and closer
tolerances will result in more uniformity from wnit to unit. However,
m in escapsmont driving force can never be cauéletely eliminated.
Therefore, it is highly desirable to make the escapement rate as insensi-
tive to driving force variations (reduce its torque sensitivity) as
éoiﬁble so the highest accuracy can be achieved at the least cost in
expensive design refinemants. |




The XM577 Escapement mainly differs from the T5El design in that
1) it employs a torsion-wire hairspring in place of the spiral type
hairspring and, 2) it uses the "folded-lever" principle to achieve a
"two~center" (escape wheel and balance on the same axis) configuration.
Uee of the torsica wire hairspring would make the balance side thrust
forces negligible and this can be handled simply by setting the value
of L equal to zero in the mathematical modcl. The folded lever can

be included through minor changes in the geametric equations defining
the linkage ratios X and Z, Thus the mathematical model developed

under this contract should prove to be a valuable design aid for the
{ Ammy's newest time fuzes.
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APPRNDIX A, HAIR SPRING SIDE THRUST
A freely oscillating spring-mass system subjected to a constant

Coulomb friction drag has an amplitude that decays linearly with the number
of oscillations, But experimental decay curves deviate from linearity.
This deviation has, in the past, been ascribed to various effects, e.g.,

windage. Shirﬂcle", however, has suggested that the source of the nonlinearity
is the reaction at the balance pivets due to the side thrust of the hairspring.

Whenever the balance is displaced from its equilibrium position, the
spiral-wound hairspring is distorted in such a way that, in addition to
the restoring couple, a radial thrueting of the balance untaff against the
pivots occurs, Although the manner in which the side thrust depends upon
amplitude is not pres«ntly kncwn, it seems reasocnable to assume that ite
magnitude is di.ectly proportional to halance displacement. With this
assumpti-n the equation uf motion of the freeiy swinging balance wheel

o I.ﬁ = -KB g (A.1)

where the positive sign on the last term applies in the first and thind
quarter-cycles ard the minus sign in the second and fourth. This difference
in signs comes about beca se the side thrust torque always acts to oppose
the motion of the balance. vFortMsmont.he side thrust torque maintains
the uno sense of direction as the ".alance passes through the equilibrium
position whiles the sense of the hairspring restoring torque is reversed
since it is alvays directed toward the equilibrium position,

‘Using the final corditions in the first quarter-cycle as the initial
conditions in the socond, etc., the motion of the damped belance is
described by the follow'ng set oi' equations.

o it

s -k




LSO A Sttt a ki ~dutisi A I i oG St A e R &

9L

Ast quarter—cycle
B= B, cos wt ; W= % (A.2)
B=~wf, sinwt (.3)
2nd_guarter-cycle
B=-B. %R sinut ; o= % (A.4)

B=-B. 5& cos wt (a.5)

and_gquarter—cvele

Bz-Po 5k st ; ¥t 0o

8 = ::\.) sin wt (A.7)
ig

Ath _quarter-cycle

A= ﬁ.(&) sin wt wi= % )

ﬁ = _(K-L) coswt | (A.9)
- VI1gKe »
Time, ¢, has been reset to sero at the beginning of esch quarter-cycle to
2implify the application of initial conditions,
It follows from the lest set of solutions that the amplitude of the

-e

nth damped oecillation, B> would be

“ - (%L)npm (a.10)
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This expression was fitted to experimental data taken on a sample T5El
escapement and a value of 13,83 dyne-centimeters per radian was obtained
for L (K = 921,9 dyne~centimeters per radian), Values of B, calculated with ‘
this L are shown as circles in Fi,ure 26, Their close correlation with the
experimental curve is evidence that side thrust effects play a major role
in damping of the balance. Even closer correlation should be obtained by
including a constant value of coulomb damping in addition to that induced

by the side thrust, Constant damping is not included in this study because
the damping force is independent of amplitude (or applied torque) and there-
fore should not influence the escapement!s torque sensitivity to any signi-
ficant degree.

Since the amplitude of oscillation decreases by the factor (%-L)/(¥+L)
in each cycle, the fractional change of energy per cycle for the freely
oscillat.ng balance assembly is

5! = -(%5} (A.12)

This equation pradicts a 5,8% loss of energy per cycle for the TSEl escape-
ment model. Based on this result it can be concluded that side thrust
effects represent one of the major loss mechanisms for this escapement,

For escapemsnts employing a torsion wire in place of the spiral type haire
spring, the energy lost through balance pivot friction is expected to be

a much smaller fraction of the total energy.
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APPENDIX B: IEVER ARM R

.... - Lever arms and their ratios appear in the equations of motion and
the energy analysis for each of the coupled phases of the motion., This
appendix is devoted to the derivation of analytic expressions for each of
these quantities,

An intermediate position of the three coupled components during the
forward impulse period is shown in Figure 27.

imlese pin
B

"

Figure 27. Interaction between the balance, lever, and escape
wheel during the forward impulse phase of the motion,

It follows from this figure that

Y, = Rxcosf (8.1)

¢ Gt AT et
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at cosd = .D_%:.&
8
I A %(Dmﬂ-ﬂx)

By the law of cosines

Y/ =VD* + R? -2DR;cos

Thus = Yy = R;(Dcosp-R;)
X Y,: m‘IDR‘msp

or X = X(B)= 03B~ = -4
@ £‘+ -20ef 2%

98

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

Because of the symmetric nature of the coupling between the balance and lever,

this expression for X(8) will apply during all of the coupled stages in

both halves of the cycle. X(B) for the T5EL escapement is plotted in Figure 29.

The lever arms for the escape wheel=lever coupling are
Y - -‘, | Q:
- -
& R

where R‘g R:.‘.’ S" -2 R"s eosp

and YL 'VR;‘—(SWS-QS;

Algno Y‘_ = Y. + Ssin€

(B.7)

(B.8)

(8.9)

(8.10)




»Therefore Z‘- ;é‘ =1+ %siﬁ‘ = -g; (8.12)

This equation together with the constraint equations, B(p) and e(p)
(equations (4.1) and (4.5)), define Z, (B) during the forward impulse
period,

The requirement that the escape wheel rotate in the same sense in

each half-cycle imposes a restriction on the escape wheel tooth design -
it must be asymmetric. This fact results in a different functional form
for YL in each halfwcycle which, in turn, causes the escapement to run
asymmetrically., Typical geometry for the escape wheel and lever during

reverse impulse is shown in Figure 28,

Figure 28, Interaction between the escape wheel and lever
during the reverse impulse phase of the motion.




100
Again Yg= VQ‘-Q:

vhere R = R:‘-I-S‘ - ZQNS o3 (P-p) (8.12)

So Y; has the same form during both halves of the cycle because P-p
varies during the reverse half=cycle in the same manner as p does in the
forward half-cycle.

It also follows from the figure that

Y. +YL = 9 sin (%r!'- -6) (8.13)

Y. o . (2Tn _ oY 1 o
Then 2'=.?: _3.‘5,,,(3.“!\ é) 1 s!} (B.14)

Using B(p) and ¢(p) for the reverse motion (equations (4.1) and (4.10)),
Zr(B) for the reverse half-cycle may be determined.

Z(p) and the product XZ(B) for the T5El escapement are plotted in
Figures 29 and 30, Note the significant difference in the forward and

reverse values of Z (and consequently XZ) which is responsible for the

assymetric (Bm # -56) motion of the escapement.

-
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APPENDIX C: FRICTIONAT EFFECTS DURING UNLOCKING

During the unlocking pcrtion of the phase 2 motion, the entrance
pallet pin slides across the locking face of an escape wheel tooth.
Because of the applied torque, there is a rather large normal reaction
between the pin and the locking face., This leads to an appreciable
frictional drag which is transmitted through the lever to the balance
hairspring system,

As shown in Figure 31, the torque on the pallet lever due to the

frictional drag is

T, = Y‘f (c.1)

(¥

From the figure

Y, =Ssina= Ege’_“?L (c.2)

R? = R;‘-l- S"-lR”S cosp (c.3)

Now T.. = R F" (C.4)

wothat § ® wWP = E} . (c.5)
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Mgure 31, Interaction between the escape wheel and lever
during thc unlocking hase of the motion,
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This torque is transmitted thrsugh the lever to the balance as the ratio
of their lever arms, X. Thus

T, 24T = X”T_En_..ﬂ_s 3 (5.6)
¢ L ‘ +$-2R Scosp
This result together with the coupling equation (4.l) allows T, to be

written as
1; = ,..'1;0(9) (c.7)

A similar treatment of unlocking friction for the reverse »ilf-cycle
gives an equation for 'I‘r identical to that above except p is everyshere
replaced by (P-p). But P-p in the second half-cycle va-ies in the same
mammer as p ir the first half-cycle; Tf is therefore symmetric in the
two half-cycles. The functlion U(B) versus (B) for the T5El e.capewent
is shown in Pigure 32,
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APPENDIX D: ALTERNATIVE DERIVATION OF FQUATIONS OF MOTION

The equations of motion for the detached lever escapement may be
derived using Lagrange's met,hod.8 This is a method for setting up
equations of motion directly in terms of any convenient set of generalized

coordinates,

Lagrange!s equations are

[P R oy e e o e e e e B &oanreatmco o IINECIRER. R

i(%t) - gi =Q; (0.12)

where £- -V ]
T = kinetic energy of system
V = potential energy of system !
q; = generalized coordinate
Qi = generalized forces not derivable from a potential
function; e.g., friction forces or time variant forcing
functions,

Since I:-rangels equations are equivalent to Newton'!'s equations of motion,
they do not represent a new physical theory, but merely another way of
expressing the sune laws of motion,

The balance displacement B will be used as the generalized coordinate
describing the motion of the system, Define A as

[ ]

A= - é%i (.2)

Thus A is the sign of the term = B B according to ths following table.

e

A . .

-

e

[N
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| e | 181 | B/1B1 | -sé/iedl
- ] ; i ;
; 2 - - -

3 - + +

4 + + -

A is defined in this manner so that, in the equations of motien, the
generalized damping force (Q‘3 = AL8) due to hairspring side thrust always
acts to decrease the angular velocity of the balance.

The derivations proceed as follows:

1. For thie free motion of the balance:
g T=4I1,8

v =4Kg*

Q= ALB

& = 3(I,p*-KpY

| E=rp ;  £()-1A
| - -xp

Therefore

I B +KB = ALB

'g
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or

I a + (K-AJB =0 0.3)

2. FPor the unlocking phase:

T= 41 A+ $%1 6

where use has been made of the fact that inertias are reflected as the

square of the lever arm ratio.

So

Thus

vV =4kg
Q.= ALB +T,

& = $[(1+X*1)* -Kp]

8= (I,+x'1) B

() =+ XTI + 2éXKT B X2
3 = $1.57(35) - e
¥-8/p-5

3% = x¥1, 8 - K8

(L +X'T)B + 2XXIB =XKL B +KB = ALB+T,

s b i o ¢ e v




or 1.5 + *'i'ﬂ + (K-A)B = 1; (0.4)
where I' = I.‘.' X'Ib

3. PFor the catch-up phase:
One equation is the same as for the unlocking phase except that

T.=0

IB+4ip +(k-AIB=0
Also note that A has changed sign.

The secord equation, describing the motion of the escape wheel, is
simply
UL o=
Ié=-T (0.5)

b For tno impulse phase:
T=4L A%+ XL A + L (DT A
V=4kg
Q.= M8 - XZT,

& = L[(1 41 + 0214 -kpY)

g‘ = (Il + X3IL+ X‘Z‘I.) é
A () = CPLeer1)E o 201

b + 2X2(XZ +X2)I.B

W e eopmpeamra— - 1
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where = Z‘ﬁ).
%f = [XKI_+XZ(XZ+XD)I_]B - kB

These expressions, when substituted into Lagrange's equation, give
LE +4Lf+(K-MIB = -XZT, 0o
with It = I' + X‘I‘_i- X"Z‘Ig .

The function Z is not identical for both half-cycles (see Appendix B),

This Lagrangian method of derivation is a more elegant and less
cumbersome approach to the equations of motion, It is not obvious, however,
how the presence of the pallet lever and escape wheel are taken into
account until the Newtonian approach is used, It then follows rather
directly that their moments of inertia enter as the square of their
lever am ratios, In addition to this insight, Newtonian mechanics also

provides a description of the various collisions,

D ——




APPENDIX E: A OOMPUTER OUTPUT OF THE STEP-BY-STEP SOLUTION

Values of the equilibrium torque as determined from the energy
analysis are used in the step-by-step solution of the equations of
motion to calculate the period of the escapement. Certain dimensions
and angles derived from the effective geometry are also input along
with sppropriate energy loss parameters. A list of typical input data

is shown below,

ARG E= 1RO, 00N0ONNNAGH RETAm= T4 LL1RUDARYN
n = CANDRNTRI A P = ToeSAP0TARAHN
RT = «NBATOCCANN RPE = e VRNRAL YT
S = «237403138] NLEGA= LV ES PN
AlS = 18011 15ARN ¥ = Q21 , 90000000000
& = N3 TANNNNGN TP = « 238000000
IF = e N1 3LNNNARA 1 = L0 00000000y
RFETAL= e IP7A3ARARDNYR nn = « OO LD
FPS?2 = e 161K ARNGL PR = -, MANF (O] | ]
TFETH= 15.0N0a0n0na0N CPAM = 2, 0000000000
TAL = 3458,21%510007°00 iy = ¢ ADN0NOHONOND

13.8300000000

IB, IP, and IE represent the moments of inertia (gmrcm?) of the
balance, lever, and escape wheel, N is the number of steps per phase
of the motion used in the solution, EPS2 and EPS8 are the escape
wheel angles at the end of unlocking for the forward and reverse half=-
cycles, respectively., The iteration to determine the values of the
catch-up angles (33 and 99) is halted when the difference in successive
values of one of the angles is less than the quantity DD. The remainder
of the input has already been defined,

The computer output for the input data shown abuve, i.e. Bm = q,
p=0,3, and L = 13,83, follows on the succeeding pages.




TR e s A Y Ty e 1 en memmeo e . . e

T RETA p

0.00000000000 3.14159265 04000000 ommee
.00126027650 3.08121121 =95,514353
.00178518823  3,02082978 =~134,420749
.00218996789  2.96044834 -163.8225872
«00253291353  2.90006690 =-1R8.227772
.00283657224 2.83968547 =-209.390793
.00311249216  2.77930403 =228.215401
«00336752528  2.71892259 -245,240674
«00360613135  2.65854116 =-260.819214
.00383140534 2,59815972 -275.196822
.00404559902 2.53777829 =-288.553070
.00425041132  2.47739685 =301.023939
<006444716165 2.41701541 =-312.715373
.00463689910 2.35663398 -323.711834
<00482047432  2.29625254 -334.081956
.00499858858  2,23587110 =-343.882407
«00517182830 2.17548967 =353.160616
«00534068996 2.11510823 -361.956746
«00550559848  2.05472680 =370.305153
«00566692107 1.99434536 -378,235484
«00582497780 1.9339639? ~=385,773522 - frg?
.00598004986 1.87358249 =392.941846 motlon
.00613238602 1.81320105 =-359.760345
.00628220778  1.75281961 -406.246633
«00642971360 1.69243818 =-412.416385
«00657508221  1.63205674 =418.283608
«00671847548 1.57167531 =423.860867
«00686004066 1.51129387 =-429.159465
«00699991235  1.45091743 =-434.189604
«00713821411  1.39053100 -438.960515
«00727505984  1.330149%5A =443,4R0562
c00761055496  1.26976812 =-447,757344
«00754679740  1.20938669 =451.797769
NOT6TTBT846  1.14900525 =455,608125
.00780988362 1.08862382 =~459,194139
«007940389311  1.02824238 ~=462,561030
.00807098257 «96786094 =465.713549
.00820022350 «90747951 -668,A56023
.00832868374 .84709807 -471.392385
<00R45642785 L78671663 -473,926205
. 00858351750 072633520 =476.260716 in
.N0858351750 072633520 =472,446825 e 20P8CH
. 00862193678 «70817682 =472,916603
«00866031879 69001844 -473,365573
«00869866528 < 67186006 =473,794012
.00873697795 «65370168 ~=476,202202
. 00877525848 « 63554330 -474,590430
.00881350851 61738492 -474,95R9R6 §
.00885172965 059922654 ~475,30R167




«N0888992349
+00892809158
+»00896623542
+ 00900435652
«00904245634
« 00908053629
«»00911859779
«00915664220
«00919467088
«00923268514
« 00927068626
«00930867551
«00934665414
« 00938462335

«00942258434
« 00946053827

«00949848628
« 00953642949
«00957436901
«00961230591
« 00965024127
00968817611
00972611148
« 00976404837
00980198779
» 00983993072
»00987787813
«00991583098
~00995379021
«00999175678
«01002973161
«01006771563
«01010570976
«01014370933
«01018170969
«01021971182
«01025771670
«01029572531
«01033373865
«01037175772
«01040978351
«01044781705
«01048585936
«01052391148
+01056197446
« 01060004937
«01063813728
«01067623930
001071435653

«58106816
+ 56290978
54475140
« 52659302
«508434¢64
« 49027626
47211788
« 45395950
«43580112
41704274
« 39942426
« 381325983
«36316760
«34500922

« 32685084
« 30869246

« 29053408
« 27237570
«25421732
¢ 23605894
«21790056A
« 19974218
«18158380
« 16342542
« 14526704
« 12710866
« 10895028
« 09079130
« 07263352
« 05447514
«03631676
.01815838
0.00C00000

-.01815838

"003631676

~+e 05447514

~e0726%352

=+ 09079190

~-.10895028

- 12710866

-214526704

~e 16342542

~.18158380

~¢ 19974218

~¢21790056

~+23605894

~e2%421732

=¢ 27237570

=+29053408

-475,638268
~475,949592
~476.242442
-476,517121
-476,773938
-477.,013198
-477,23520:8
-477,440274
~477,628701
-477,800792
~477.956846
-478,097160
-478,222025
-4784331729
-478,426554
-478.506775
-478,572659
-473,624467
-478.,662451
-478,.686852
~478,697904
-4T8,695829
-478,.680838
-478,653130
-478,612892
~4TH,560299
-478.495512
-478,418680
~478,329935
-478,.229398
-‘0780 117173
-477,993362
-477.,858009
-477,851874
~471,833464
~477.,802757
-477,759715
-477.,704288
~677.636411
-477,556006
-477.,462979
-477,357225
~477.,238624
-477.107045
~676,962364
~476,804366
~476,h32944
=476,447901
~4764249050

JI
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«01075249011
«01079064120
.01082881095
«N01083080741
«.01083080741
«01086837526
01090591186
«01094341913
»01098089901
«01101835345
+01105578444
«01109319396
«01113058404
«01116795670
«01120531400
001124265801
«01127999083
01131731458
«01135463138
«01139194339
«01142925279
01146656179
«01150387260
01154118746
«01157850863
«01161583842
«01161583842
«01174113160
«01186706853
01199371000
«01212111971
001224936456
«01237851506
«01250864578
«01263983584
«01277216951
«01290573681
«01304063430
01317696588
«01331484384
« 01345439000
«01359573702
« 01373903006
01388442867
«01403210903
eN1418226673
+ 01433512012
« 01449091439
«01464992668
01481247246
« 01497891365

~+30869246
~¢32685084
~«34500922
=¢3459586¢
~¢34595866
-+356407183
-+38218499
~+40029816
-+41841133
~e43652450
-e45463767
=e47275084
~+49086401
-.50897717
-+ 52709034
-¢54520351
~+56331668
-+58142985
~¢59954307?
~e61765619
-+ 63576936
~+65388252
~e67199569
-+69010886
~.70822203
-+72633520
-e72633520
~+78696584
~+84759649
-.90822714
~.96885778
~1.02948843
-1.09011908
~1.15074972
-1.21138037
~1.27201101
~1e33264166
-1.39327231
-1.45390295
-1.51453360
=1.57516425
=1463579489
=1.69642554
-1.75705618
-1.81768683
-1.87831748
-1.93894817
=1.99957877
=2.06020942
=2,12084006
-2.18147071

-476.,036194
-475,809128
-475,567637
-475,554610
-481,859709
-482,271891
~482,660308
-483,024618
-483,364476
-483,679540
-483,969468
-484,233919
-484,472558
-484,685048
~484,871061
-485.,030268
-485,162348
~485,266986
-485,343870
-485,392697
-485,413170
-485,404998
-485,367898
-485,361597
~485,205826
-485,080328
~485,080328
-482,708321
-480,133080
-477.351216
-474,359395
-471.153314
~467,72R669
-464,080621
~460,203857
-456,092546
~451,740283
~447,140034
-442,284058
-437,163836
-431,769966
~426,092057
-420,118591
~413,R36770
-607.232326
-400,289290
~392,989715
-385,313339
-377.237160
-3hH,734910
~359,774382

impact

impulse

free

motion




«01514966906
«01532522801
01550616847
+01569316160
«01588710578
«01608897497
«01630008955
«01652212395
01675729744
« 01700866034
«017280608064
«01757989371
01791789884
«01831684526
01883418966
«02007629230
«02007629230
«02133717038
«02186233489
«02226731173
«02261042609
202291423571
«02319029415
202344545662
+02368418495
« 02390957559
«02412388135
« 02432880197
«02452565748
02471549748
«02489917300
«02507738568
«02525072220
002541967929
« 02558468209
« 02574609799
202590424722
« 02605941112
«02621183859
« 02636175126
«02650934770
« 02665480674
002679829034
+ 02693994585
«02707990794
«02721830031
«02735523689
« 02749082317
e 02762515718

~2.24210136
=2430273200
~2.36336265
~2.42399329
~-2.48462394
~2+54525459
~2.60588523
-2.66651588
=2.72714653
=2.7877T7717
-2.84840782
-2.90903846
=2.96966911
~3.03029976
=-3.09093040
~3.15156105
-3.15156105
-3.09093040
~3.,03029976
=2.96966911
~2.90903846
~2.84840782
=2.78777717
=2.72714653
~2.66651588
-2.60588523
=2.545254%9

- =2.48462394

-2.42399329
-2.36336265
-2.30273200
-2.24210136
-2.1814707)
-2.17084006
=2.06020942
-1.99957877
-1.93894812
-1.87831748
-1.81768683
-1.75705618
~1469642554
-1, 63579489
~1.57516425
-1.51453360
-1.45390295
-1.39327231
~1.33264166
-1.,27201101
-1.21138037

~350.326575
=340.344570
~329.782042
-318.581259
~306.672290
-293,.569082
~280.363696
=265,717585
=249,.,847796
-232.503892
~213.326631
-191,766774
~166,903543
=136,949415
-97.311586
0.000000
0.000000
95,.,862541
134,9.0133
164.418220
188,9112i9
210.15n033
229.041730
246,127346
261.,760845
275.,188864
289,591655
3N02.105703
313.837338
324,871334
335,2765717
345,109942
354,419034
3h3,.244162
371.619808
379.575726
387.,137794
394,328673
401.168323
407,67442]
413,862700
419,747217
425,340578
430.,654129
635,698107
4L0,481773
445,013%22
449,300976
653,351066

1L
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«02775833029
.02789042805
«02802153077
«02815171415
.02828104977
+02840960554
«02853744611
«02666463321
.02866463321
«02870292429
«02874117852
«02877939764
.02881758332
+02885573724
«02889386100
«02893195622
«02897002445
«02900806722
« 02904608605
+029084 08240
«02912205772
«02916001342
«02919795090
«02923587151
«02927377657
«02931166740
«02934954527
«02938741142
«02942526710
«02946311348
«02950095176
«02953878309
«02957660859
«02961642937
«N2965224653
«02969006112
«02972787421
«N2976568682
«02980349997
«029841314465
«029R879131864
+02991695256
+02995677771
«02999260826
«03003064515
«03006828931
«030106141466
«03014400310
«03018187457
«03021975142

«0302576290%

~1.15074972
~1.09011908
-1.02948843
-+96885778
-+90822714
‘084759649
~+78696584
-+72633520
=.72633520
-+70817682
-+69001844
~+67186006
-+«565370168
-+63554330
~+A1738492
=e59922654
-+58106816
=+56290978
-e54475140
-¢52659302
-+«50843464
-e49027626
-e47211788
~.45395950
-.43580112
~e41764274
~¢39948436
-+38132598
=¢356316760
=+3450092?2
~¢32685084
~+ 30869246
~+29053408
=e27237570
~e25421732
~+23605894
=+ 21790056
~+19974218
-+ 18158380
~e16342542
=e 14526704
-«12710865
=+ 1089502K
=+09079190
-« 07263357
~s054475]4
~eN3631676
=.01815838
0.00000000
01815838

« 03631676

457.170102
460,763828
464,137477
467,295817
470.243186
472,983528
475.520422
477,857108
474,030433
474.498029
474,944886
475,371278
475,777489
476.163804
476.530514
476,877914
477.206302
477.515978
477,807245

478,080409

478,335775
478,573651
478,794342
478,998155
479,185396
479,35636%
479.511304
479,6506F9
479,774632
479.,8R34R0
479,977516
4R0,057013
480,12224]
480,173440
480.210921
480.7234867
4R0,245530
480,263134
4RQ,2?7278RY
4R80,19999¢
4R0,15G53R
480.106993
4R0,NG2223
479,96%474
479 ,RTHRRL
679.776563
479 ,664625
479,.541158
479.,406237
479,400137
479,381832

|
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«03029550842 «05447514
«03033339051 007263352
203037127629 «09079190
«03040916673 «10895028
«03044706283 +12710866
« 03048496558 « 14526704
«03052287597 016342542
« 03056079504 «18158380
«03059872379 .19974218
«03063666327 «21790056
«03067461453 «23605894
« 03071257865 « 25421732
+03075055669 027237570
«03078854978 + 29053408
«0308120580¢ +30176547
. 03081205806 «30176547
«03084871093 +31945587
.03088533870 +33714628
«03092194322 035483668
«03095852635 «37252709
+03099508994 «39021749
.03103163586 « 40790750
«03106816598 42559830
« 03110668221 « 44323871
«031164118642 «46097912
«03117768052 047866952
«N3121416643 +49635993
« 03125364606 « 51405033
«03128712134 «53174074
«03132359426 « 54963114
«03136006671 56712155
003139654069 +5848119%
«03143301816 60250236
«03146950112 « 62019277
«03150599154 v63788317
03154249150 . 65557354
«03157900296 +67326398R
«03161552797 « 69095439
«03165206860 070864679
 «03168862689 « 72633520
03168862489 272633520
«031R1383883 - ,7867%481
205193969537 - . 84717462
«03206625716 90759403
«03219358790 «96801364
203232175443  1.02843326
 +03245082720 1.08885287
- 5032586088070 1.14927248
2032711996402 1.20969269

479.351299
479,308501
479,25338R
475,185895
479,105942
479,013438
478,908275
478,790335
478,659486
476,515583
478,358472
478,187986
478.003947
477.806168
477.676874
482,405834
4R2,747592
483,065630
483,359759
4R3,629791
483,8755642
484 ,096829
484,293477
484 465295
484,512123
484,733786
484.830117
484 ,900951
484,946129
4R4 965493
4R4,958893
484 ,9261R0
484,867210
684, TH1R46
4R4 669945
484, 531388
484, 366036
484,173177
4R3,556449]
4R3, T0R045
4R3,70R06S
4R1,337627
478,765327
475,9846983
472.999270
459,798192
©66,379356
462,737937
458.868634

e A st
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PP

FND

03284425134
03297774262
+03311256436
03324882041
« 03338662298
«03352609381
« 03366736551
«03381058316
« 03395590621
«03410351077
« 03425359234
« 03440636915
« 03456208630
«03472102079
« 03488348796
+03504984958
203522052428
« 03539600117
+ 03557685799
« 03576378562
+ 03595762211

«C3615940098

«03637042211
« 03659235925
«03682743080
«03707868585
+ 03735051808
03764967791
« 03798754236
« 03838632438
+ 03890345769
+ 04014503909

1.27011170
1.33053131
1.39095093
1.45137054
1.51179015
1.57220976
1.63262937
1.69304898
1.75346860
1.81388821
1.87430782
1.93472743
199514704
2.05556665
2.11598627
2.17640588
2.23682549
2429724510
235766471
2.41808432
2.47850394
2.538923%5
2.59934316
2.65976271
2.72018238
2.73060199
2.84102160
2.90144122
2.96186083
3.02228044
3.08270005
3.164311966

NF RUN. LDAD MEW DATA,

454,765631
450.422542
445,832350
440,987339
435,879012
430.497996
424,833928
418,875327
412,609432
406,022017
399,097162
391.816975
384,161255
376.107072
367.628236
358, 694635
349,271375
339,317643
328,785326
317.616807
305,742396
203.076304
279,510927
264,908150
249,085586
231.793571
212.673981
191.179276
166.391527
136.528736
97.012279

.001572

free
motion
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