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SUMMARY

Nonequilibriura effects in supersonic-nozzle flows are important in
various technical applications such as propulsion, hypersonic windtunnel testing, and simulation of streamtube flows occurring about a body
in flight. This report discusses such effects with emphasis on surveying the research of recent years. The scope is limited to homogeneous
gas-phase nozzle flows only, and to departures from thermochemical
equilibrium arising from collisional relaxation of internal degrees of
molecular excitation and from chemical reaction, including ionization.
Translational-rotational equilibrium is assumed. Nonequilibrium phenomena due to classical viscous effects, condensation, rarefied gasdynamic effects, radiation, and translational energy difference between
free electrons and heavy particles are not discussed.
The first half of the report provides a background on the hightemperature phenomena considered, and covers equilibrium properties of
gases and the basic nonequilibrium rate processes involving vibration
and electronic excitation, chemical reactions of neutral species, and
ionization. The last half of the report discusses the nonequilibrium
effects arising from these rate processes in nozzle flow expansions.
Bnphasis is on diatomic gases and air. but complex mixtures for propulsion applications are also discussed. Bibliographies are included
on related nonequilibrium flows, as well as on nozzle flows,
The review indicates great progress over the past decade in increased
knowledge and understanding of nonequilibrium nozzle flows of technical
interest. An important contribution has been made by numerical studies
using high speed machine computers. However, much remains to be done as
regards more certain and complete mathematical description of various
physical-chemical rate processes which are important. In general, much
more emphasis is now needed on basic studies, particularly on experimentation, if a significant rate of progress is to be maintained.
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Lea effeta de non ~uilibre dana lea 4eoule.enta de tqy~rea auperaoniquea aont iaportanta dana diff4rentea applications techniques,
tellea que la propulsion, lea eaaaia en aoufflerie ~Jperaonique, et la
ai.ulation dea 4eoule.enta en tubes de courant qui ae produiaent autour
d' un cor1111 en Yol. Le pr4aent rapport 4tudie cea effeta en tenant
~pte en particulier dea recherches effectu4ea au coura de cea derni~rea
annha . 11 ae borne a n' eu.iner que lea 4eoul•enta de tqy~re h~1~ea
de pbaae ,azeuae, et lea caa de non 4quilibre therao-chiaique dO l la
d4tente de collision de de,r4a internes de !'excitation aol4culaire et
aux r4aetiona chiaiquea, 1 caapria !'ionisation . L'4QUilibre de translation et de rotation eat auppoa4 . Lea ph4noaenea de non 4Qu1libre .,.ant
pour ori1ine lea effeta Yiaqueux claaaiquea, la condensation, lea effeta
l&ao-dynaaiquea rar4fi4a, le r..,.onneaent et la diff4rence d'4nerlie de
translation entre lea 4lectrona lib~e• et lea particulea lourdes ne aont
paa trait4a.
La preaiere partie du rapport, qui aert de fond pour lea ph4n~nea
4tudi4a, porte sur lea propri4t4a en 4quilibre dea 1az et lea proe4d4a
fond&aentaux de Yiteaae d~a r4aetiona en non 4quilibre iapliquant
l'ezcitationduel des Yibrationa et electronique, dea r4aetiona Chiaiquea
dea eapecea neutrea, ~t 1' ionisation. La deuxi8.e partie 4tudie lea
effeta de non 4quilibre dua l cea proe4d4a de Yiteaae dana dea dilatations
d'4couleaenta de tqyere. On exaaine surtout lea 1az diatoaiquea et l'air,
aaia 4tudie 41aleaent dea ~lan,ea coaplexea pour dea applications l la
propulsion . L'Acardolraphie coaporte dea r4f4rencea biblio,raphiquea aur
des 4couleaenta en non 4QUilibre correapondanta, ainai que aur lea
4couleaenta de tqyere .
La pr4aente etude indique lea pro.rea iaportanta r4alia4a au coura de
cea dernierea dix annHa, at qui ae traduiaent par dea connaiaaancea et
une c<•prehenaion .a4lioreea des 4eouleaenta de tqyere dana des conditions
de non equilibre pr4aentant un interft technique. Dea 4tudea nua4riquea
effectueea l l'aide de calculateura l 1rande Yiteaae ont peraia d'y
apporter une contribution iaportante . Neanaoina il reate beaucoup l
faire en ce qui concerne une deaeription plua certaine et plua coaplete
de differenta proc4dea de Yiteaae phyaico-chiaiquea qui aont iaportanta .
~une f~on ,enerale, il faudra aettre beaucoup plua d'accent aur dea
etud~ de blae, en particulier BUr dea exp6riaentationa, Bi l'on Yeut
qu'une cadence d'avanceaent iaportante aoit aaintenue .
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NOTATION

a

sound speed; also tan t', where P = asymptotic half angle of nozzle

A

parameter in inter-particle potential; also cross-section area of nozzle

C

constant in rate equation for Lighthill gas

D

dissociation energy per mole

DJJ

dissociation energy per molecule,

ev

vibrational energy per unit mass of mixture

f.

energy of level j

h

enthaipy per unit mass of mixture; also Planck constant

k

specific reaction rate coefficient; also Boltanann constant

K

equilibrium constant

1

=

L/a ,

D/N0

where a = tan 6

L

radius of nozzle throat

m

mass of an atom or molecule; also mass flow through nozzle

M

Mach number; also any species of mixture

n.N

number of particles per unit volume

N0

number of particles per mole (6.03 x lO1" )

p

gas pressure

R, Re

intra-nuclear coordinate

R0

universal gas constant

Rex

free-ftream unit Reynolds number

S

entropy per unit mass of mixture

t

time

T

temperature

u

gas velocity

vi

U,,,

test-flow velocity in hypersonic wind tunnel

V

intermolecular potential

x

distance along nozzle from throat

ct

mass fraction of gas in dissociated form

y

mass concentration of species, moles/gram of mixture; also vibrational nonequilibrium parameter

p

gas density, mass per unit volume of mixture

v

characteristic frequency of molecule

T

relaxation time

M

molecular weight

6

half angle of conical portion of nozzle

•Subscripts
i

denotes reaction i

J

denotes species j

o

denotes reservoir or stagnation condition

EQ

denotes equilibrium state

v

denotes vibrational mode

F', R

denotes forward or reverse specific rate coefficients

vii
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SECTION 1
INTRODUCTION

Over the past decade a great amount of research has been devoted to high-temperature,
physical-chemical phenomena of interest in technical gasdynamics. Much of this effort
has centered on nonequilibrium phenomena occurring in shock waves. However, considerable attention has also been devoted to another elementary flow of equal technical
importance, namely, expansion flow as typified by flow in a supersonic nozzle. The
purpose of this report is to discuss nonequilibrium phenomena in such expansion flows
with emphasis on surveying the research results of recent years.
Nonequilibrium effects in nozzle flows have long been of interest in the propulsion
field because of the thrust loss resulting from chemical freezing, or recombination
lag, occurring in the nozzle expansion process. For example, some of the earliest
theoretical studies of chemical nonequilibrium effects in nozzle flows were done
around 1947 by Penner, Altman, and co-workers1,2 in connection with rocket nozzle
performance. In recent years the problem of chemical freezing in propulsive nozzles
has assumed greater importance with the development of higher-performance chemical
rockets, such as hydrogen-fluorine system, and the interest in development of advanced
hypersonic ram jet systems3'4.
Nozzle-flow nonequilibrium is also of much concern in connection with hypersonic
wind-tunnel testing. Current test devices such as arc jets and shock tunnels utilize
nozzle expansions of air from initial high-temperature conditions where the air may be
highly dissociated. Usually some degree of freezing occurs in the nozzle expansion,
which produces a test airflow not in an equilibrium state5'6. Most often this is
undesirable as it complicates interpretation of test data and can prevent proper
simulation.
Still a further significance of nonequilibrium nozzle flows is that the thermogasdynamic environment is representative of that occurring along certain streamtubes
undergoing expansion about a body in hypersonic flight. Thus nozzle-flow experiments
provide a means of simulating such streamtube flows directly in order to study nonequilibrium phenomena in a gasdynamic environment appropriate to the flight situation.
The importance of the gasdynamic environment in this respect is emphasized by recent
research results on vibrational relaxation (discussed in Section 4.3) which indicate
important basic differences in vibrational behavior between shock-wave and expansionflow environments.
Even the limitation of subject to nonequilibrium effects in nozzle expansion flows
still leaves a very broad range of specific phenomena which could be discussed. The
present scope is arbitrarily limited to consideration of homogeneous gas-phase flows
only, and to departures from the therraochemical ejuilibrium arising from the collisional

_iLi.Lt!ij'!.,.jTy-'',r"--—^—"-—-—*■>-—-"-—'—,.-,>^->.«.«y,—.^»..,,l, i.—aas^^MMBiaa^i •''

relaxation of internal degrees of molecular excitation and from chemical reaction,
including ionization. However, translational and rotational degrees of freedom are
assumed to be in local (Maxwell-Boltzmann) equilibrium. Thus only inviscid nozzle
flows in the gas-phase continuum regime are considered, and nonequilibrium phenomena
associated with classical viscous effects, condensation, rarefied gasdynamic effects,
radiation, and energy balance between free electrons and heavy particles are not
discussed.
The organization of the material covered is as follows. Section 2 reviews the
methods available for calculating the equilibrium properties of gases at high temperatures. Section 3 discusses the basic rate processes of interest, which concern vibration and electronic excitation, chemical reactions and neutral species, and ionization.
Finally, Section 4 considers nonequilibrium effects arising from such rate processes
in nozzle flow expansions. While the emphasis is placed on flows of diatomic gases and
air, nozzle .'lows of complex mixtures of interest in propulsion applications are also
discussed.
For each section, the pertinent auxiliary material of tables, figures, and a combined
bibMography and reference list are located at the end of the section. The combined
bibliography and reference lists are organized under several appropriate subheadings as
a convenience for bibliographic usage.
Although plane shock-wave flows, and two- or
three-dimensional inviscid flows are generally not discussed, bibliographies covering
nonequilibrium effects in these two classes of flows are included as Appendices A and B.
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SECTION 2
REVIEW OF THERMODYNAMICS AND STATISTICAL
MECHANICS OF GASES
There are several separate aspects of high-temperature gas-flow problems that require
the accurate description of the thermodynamic state of the gas and which require a
detailed knowledge of its molecular and atomic structure. Foremost is the proper
description of the internal energy of the gas under these conditions where the assumption of a constant specific heat can no longer be used. This assumption begins to fail
appreciably for air at about 1000oK, when vibrational motion of the oxygen molecule
becomes important. At higher temperatures, when molecular dissociation and ionizatlon
become involved, these chemical reactions supply the primary contributions to the
internal energy (Figure 2-1). A similar motivation is the effect the chemical reactions
have on the equation of state of the gas simply because of the change in the total
number of particles (i.e. the number of moles of gas). Of further importance is the
increase of chemical activity of the air due to the atomic gases that are present, and
the increase in electrical conductivity from the free electrons that are produced. At
very high temperatures the transfer of energy by radiative processes can be important,
and can be calculated only with detailed knowledge of the population of the many excited
states of the atomic and uiclecular constituents. For all of these reasons it was early
realized that hypersonic flight would require a thorough understanding of the physical
structure of the air molecules and the chemistry of their behavior at high temperatures.
The resulting investigations have provided tables, graphs and computer programs to
describe these equilibrium, high-temperature properties of air. The use of the shock
tube to study the chemistry of other gases and the importance of ablative chemistry
during reentry has motivated the calculation of high-temperature properties for a
variety of gas mixtures.
The development of a consistent description of the macroscopic properties of gases
from the microscopic view of atomic and molecular collisions is given in texts1,2 on
statistical mechanics. Furthermore, this development is presented within the context
of the application of the final formulas to gasdynamic problems in several texts3"*
and reports7'8. Within the present section it will not be attempted to repeat these
derivations, but instead the concepts will be sumnarized very briefly in presenting
the basic formulas. A more detailed discussion is then presented of the real-gas
properties that have been obtained from these relations for various gas mixtures - in
particular for air - and the magnitude and importance of various real-gas effects.
2.1

Equilibrium Equations for a Reacting Gas

For a given gaseous system, the equilibrium number of particles in each energy state
(of molecules, atoms and ions) is determined by the number of stationary states each
species possesses, the energy required to occupy each state, and the energy available

— .....,—

to the system. As long as the density of the gas is not so great that intermolecular
forces play a significant role, these properties are sufficient for the equilibrium
description and are sumnarized for each species by the partition function1
/27nn,kT\3/2_

-«.„AT

where the quantities ejn are the energies of the stationary states of species j ,
corresponding to various internal potential and kinetic energies. The sum is taken
over all energy levels (n), and the terms g.
(the degeneracy) give the number of
states with the same energy e. . Each term is weighted according to the factor
-ci/kT
^
e ■,n
, proportional to the equilibrium population in that state when the energy
available to the system is described by a temperature T . Then, if the energy levels
and degeneracies are known for a given species, the partition function for that species
can be calculated as a function of temperature. With the molecular mas m, in grams,
Boltanann' s constant k in ergs/0K and Planck's constant h in erg sees, Q has
units of cm"3.
The fact that the energy ejn of any state can be written as a sum of rotational,
vibrational and electronic energy permits the partition for any species to be written
as a product of the separate functions for each of these degrees of freedom, "nie
rotational partition function is given accurately as

«rot

= ^T •

(2-2)

where 6n is the characteristic temperature for rotation for the molecule, equal to
the rotational energy constant B divided by the Boltzmann constant, a is a symmetry
factor that is equal to 2 for a homonuclear diatomic molecule, 1 for a hetronuclear
molecule. The vibrational partition function is given, in the simple harmonic oscillator approximation, as
1
^vib.

=

1 - e

^~7T ■

(2 3)

'

where 6y is the characteristic temperature for vibration for the molecule. More
accurate expressions for the vibrational-rotational partition function, taking into
account the non-constant energy-level spacing of the vibrator and the coupling between
rotation and vibration, are used in the tables that have been prepared for various
gases. No approximate formulas are available for the electronic partition functions,
so that these sums must be performed numerically.
For any chemical reaction that can occur, the species which are involved will equilibrate in a fixed proportion determined by their partition function and the energy of the
chemical reaction. Thus, using the notation of Reference 3, a chemical reaction
(reaction i) is specified by the equation
jE^jWj ^ jfc

^'JMJ:

i

=

1.2,...n,

(2-4)

UK!

where there are s species and r reactions. The stolchiometric coefficie.ts v U
are the number of molecules of M. on the lefthand side of the i th reaction and
the number on the righthand side. Then when equilibrium is attained at a given
density p , the species concentration {y. in moles/gm) is given by a set of coupled
algebraic equations

n
s

(v u

"u
=

J=l

p

U "U'

1 . 2, ... n

(2-5)

and by equations which describe the conservation of the nuclei of the various species
and the conservation of electrical charge. The quantities Kj are the equilibrium
constants, and can be calculated for any temperature from a knowledge of the appropriate
partition functions through the relation

(RnT) J=l

lJ

1J
a

j=l

'u

1J

(2-6)

In this equation R0 is the universal gas constant and N0 is Avagadro' s number.
The number of species which must be included in any particular calculation will depend
on the temperature range involved. For temperatures beyond about 10,000oK, multiplyionized species can be present in appreciable quantities, and the number of equations
used must be increased accordingly. Whatever the order of complexity that is required,
the solution of this set of simultaneous equations permits calculation of the chemical
composition of the high-temperature gas. The thermodynamic properties of the gas can
then be determined by combining the expressions for the properties of the separate
species in terms of their partition functions, weighted according to their abundance.
The main expressions of interest for gas dynamic calculations are the equation of
state and the expression for the enthalpy of the gas, which are as follows:
P

p

T

(2-7)

Bl0e Q
RT

e A

3T

+

1 .

(2-8)

The compressibility factor z is equal to the ratio of the total number of particles
to the original number. For the derivation of these and other thermodynamic expressions,
reference is again made to texts, such as References 1 and 4.
2.2 Numerical Equilibrium Calculations for Gases, Especially Air
Equilibrium equations as described in the previous sections have been solved for a
large number of gas mixtures, and results have been published in tabular, graphic, and
curve-fit forms. The strong interest in air in the temperature range associated with
ICBM reentry led to the publication of several sets of tables for oxygen, nitrogen and
air. In these, equilibrium constants and gas compositions have been tabulated or

■■'•■••'
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6
graphed for various air-species reactions, using these ideal-gas assumptions for the
component species. The results differ slightly depending on the method used in approximating the vibrational states, on the exact values used for the energy levels, and on
the number of energy states used in the calculations of the partition functions. The
effects of vibration-rotation corrections and effects of the use of slightly different
spectroscopic constants are compared by Allison26 for air and for C02-N2-Ar mixtures.
The most important experimental parameters that are required are the heats of formation
Dj , the dissociation and ionization energies of the component species. These values
have been accurately measured for the components of high-temperature air and many other
gases9,10 •11.
The question of the total number of levels to use in Equation (2-1) involves the
difficulty that there are an infinite number of bound states near the ionization energy,
so that the sum in fact diverges. Different criteria for terminating the sum are used
in different calculations 1't•15 •16 and the problem is discussed in some detail in
Reference 6. At temperatures in the reentry range all these methods give the same
results for the partition functions, and at higher temperatures they give different
results only for species which are almost, completely ionized16 and therefore present
in the mixture in very small abundance.
The neglect of interparticle forces (i.e., use of the ideal-gas assumption for the
component species) leads to errors in the calculations at high densities. In addition
to the usual vlrial-coefficient corrections19'17, long-range coulombic forces become
important at the high temperatures where appreciable ionization takes placeie'27. The
compressibility factor, z given in Equation (2-7), is no longer equal to the relative
increase in the number of moles of gas, but includes the effects of these intermolecular
forces. For nitrogen18 at 2000oK and 10 times normal density, z is increased by 3%,
and at 100 times normal, by 15%. At 15,000oK the effect is a 20% Increase at 100 times
normal density. Another effect of these forces is to slightly decrease the amount of
dissociation and ionization, so that at some conditions of high temperature and intermediate density the effect can be to actually decrease the value of z .
The final calculation of the thermodynamic properties of a gas from equations such
as (2-7) and (2-8) are relatively simple once the concentrations y* have been obtained.
To obtain equations for the specific heats and the speed of sound requires that a second
derivative of the partition functions be obtained, and the resulting formulas are
lengthy, but tractable15'16. The equilibrium speed of sound for air is tabulated in
References 15 and 28 and given graphically in the Mollier chart which accompanies
Reference 23. References 24 and 25 contain these properties for oxygen and nitrogen.
A Mollier diagram which includes the effect of second virial coefficients is given in
Reference 29.
2.3 Methods for Equilibrium Calculations
The use of tables of thermodynamic properties provides obvious limitations in performing gas-dynamic calculations. To circumvent this difficulty it is possible to use
a simplified analytic model which applies to a dissociating diatomic gas, or, in
machine calculations, to use a sub-routine capable of producing the thermodynamic
properties of very complicated gas mixtures.

-rwr

2.3.1

Ideal Dissociating Gas

The equations for a reacting gas simplify considerably for the special case of a
dissociating diatomic gas". They can be simplified still further by the approximation
due to Lighthill30 that, over a broad range of temperatures, the vlbrational partition
function can be taken as proportional to the square root of the temperature, or

«vib =

Wf
v

CTl/2

1 - e

•

(2 9

- >

TTils is equivalent to the assumption that the vlbrational mode is "half-excited", so
that It contributes &RT to the enthalpy per mole. An approximation to the equilibrium constants. Equation (2-6), can be written as
Kj
where

D^

= qi17! e'Di/kT ,

(2-10)

is the energy of the reaction, given in the notation of Equation (2-6) as

The values of the constants C, rj and D for the equilibrium constants for high
temperature air have been given by Wray27,u. With the final assumption that the
electronic partition function can be taken as a constant equal to the degeneracy of
the ground electronic state, the equilibrium equations can be written in a much simplified form that still retain the important physical features of thp dissociating gasdynamics. For this reason the Lighthill model has been used in many analytic approaches
to real-gas problems.
2.3.2 Methods for Sub-Routine Use with Other Calculations
Because of the great calculation speed now available with digital computing machines.
It is possible to solve numerical gasdynamic problems using sub-routines to calculate
real-gas properties within the flow. Several such programs have been published in
detail31-3".
In some of the programs the enthalpy for each species is calculated by a curve-fit
formula which is a polynomial in the temperature31-33, rather than by calculating the
derivatives of the partition function, as indicated in Equation (2-8). The data for
the curve-fit can be obtained from ,he JANAF tables10 for many chemical species. The
conversion of the JANAF data tor thirmo-fit purposes is described in Reference 33.
Other of the programs use approximate formulas for the internal partition functions
and calculate the enthalpy directly. These calculations are then used as the starting
point to solve for the equilibrium conditions35'36.
Graphs of the thermodynamic properties of air and soue other species are available
for graphical solution of shock-wave37 or expanding-flow23 problems.
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SECTION 3
BASIC NONEQUILIBRIUIW RATE PROCESSES

The conventional treatment of aerodynamic problems requires the assumption that the
air can be treated as a continuura, and that the state parameters vary continuously
from point to point, or from time to time. It is understood, of course, that the air
is composed of molecules with a distribution of velocities, and that collisions among
these molecules are the sine qua non which change the density and temperature and other
state parameters of the gas. The assumption of a continuum is the assumption that on
any scale of distance or time in which there is an appreciable change in the state
parameters, many of these collisions occur, so that for most of the molecules a Boltzmann distribution of velocities is always present and the state parameters can be
defined at each point in the flow. The number of collisions required for this local
equilibration of translational motion to be established cannot be specified exactly,
but some number less than ten would suffice, since the transfer of translational energy
among the molecules is an efficient process. The use of the equilibrium relations
discussed in Section 2 requires a further assumption, and that is that so many of these
collisions occur that all important chemical processes reach an equilibrium distribution.
This might easily require 106 or more collisions, since the occurrence of many chemical
processes upon collision requires special conditions - either a very energetic collision,
or some special geometry of the impact, or a sequence of several processes occurring on
different collisions. Thus, there are many aerodynamic problems of interest where the
first assumption is satisfied, so ihat the flow can be treated as a continuum and a
local value of the temperature can be defined, but the second assumption is violated,
so that equilibrium relations among the state parameters cannot be used. It is the
purpose of this section to describe the "slow" physical processes which occur, to formulate the nonequilibrium equations to be used under these conditions in place of the
equilibrium thermodynamic relations, and to indicate their general importance in aerodynamic problems.
The internal motions of a molecule can be described in terms of rotation and vibration
of the nuclei and orbital motion of the electrons. Extreme excitation of rotation and
vibration leads to separation of the nuclei, or dissociation, while extreme excitation
of the electronic motion results in ionization. Upon the collision of some atoms and
molecules the interchange of nuclei occurs, i.e., there is a chemical reaction. The
energies that are involved with the various processes (for air) and therefore the
temperature ranges where they are of interest, have been discussed in Section 2. These
same processes are iio"' to be discussed again, this time with a view to the rate at
which they approach equilibrium in a given physical situation - that is, the average
number of collisions required for each process to obtain its equilibrium value.
On every collision there is a transfer of momentum between the colliding particles,
and this transfer is really what is meant by a collision. Except in a case where the
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masses of the colliding particles are very different (such as an electron-atom collision),
this momentum transfer is accompanied by appreciable energy transfer. As mentioned
before, only a few collisions are required, on the average, to establish a Boltzmann
distribution of translational motion at a new temperature when the overall translational
energy of the gas is changed. As noted in the Introduction, the present scope is
limited to those flows where the translational motion remains in a local equilibrium
as the state properties of the flow change. The reader who wishes to investigate the
problem of translational nonequilibrium is referred to Chapters IX and X of Reference 1,
and the many references given therein.
Since translational equilibration is all that is required before a temperature and
pressure can be defined in the usual way, the equation of state relating p.p. and
T (Fquation (2-7)) can be applied at all points in the gas under consideration.
3.1

Relaxation of Internal Modes

The adjustment of the rotational and vibrational energies of molecular nucleii, and
the adjustment of orbital energies of the electrons of either atoms or molecules, will
be considered in this section. The relaxation of a single mode can never be considered
completely apart from the other motions since energy is transferred between modes, very
often with high efficiency. As one mode approaches equilibrium it affects the energy
distribution in a second mode, and this energy distribution affects the rate at which
the first process proceeds. The two modes are coupled. However, under many conditions
a useful separation can be made according to the characteristic times for equilibration
of the separate modes. The translational and rotational relaxations are by far the
fastest. The next most rapid may be the exchange of vibrational energy among molecules,
both between different vibrational states of a given molecular species and between
different molecules. Next is vibrational relaxation where the energy is transferred
from translational motion, and often at the same rate (or faster) is the excitation of
the high electronic states. The processes requiring the longest time to equilibrate
are dissociation and ionization, and these are treated separately in Section 3. 2.
The rotational motion of the gas is known to be coupled very closely to the translational motion, and to adjust with almost equal rapidity to a Boltzmann distribution
at the temperature defined by the translational motion1. It is not surprising that
this adjustment is rapid, since the energy spacing of the rotational levels is small,
and energy can be passed from translation to rotation in small increments. Thus,
almost any collision is capable of this energy transfer, and it is a common assumption
that the rotational motion relaxes as rapidly as the translational motion, so that the
two modes remain in local equilibrium at all times. Experimental2't• 25 and theoretical
values of the rotational collision number range from about 4 collisions (at room temperature) to about 10 collisions (at 15000K) for oxygen and nitrogen, and are less for
polar gases29. The assumption will be made here that the translational and rotational
motions cannot be effectively separated. The treatment of this problem is surveyed in
Reference 2. The high temperature conditions, where rotational relaxation occurs on
the same time scale as vibrational relaxation, electronic excitation, and dissociation
is illustrated in Reference 30.
3.1.1

Vibrational Relaxation

The vibrational motion of molecules adjusts relatively slowly to an equilibrium
distribution when the translational and rotational motions of the molecule are disturbed.
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The time required for this adjustment can easily be of the order of the flow time in
aerodynamic problems, since lO" to 107 collisions can be required3 for the adjustment
of the vibrational energy. At final equilibrium of diatomic molecules, this vibrational
motion may contain as rauch as 2/7 of the total energy of the molecules; thus, the question of whether or not this energy has been absorbed cannoted be neglected, and the
correct evaluation of the rate of vibrational equilibration is necessary for the description of air flows which reach temperatures greater than about 1500oK. In this
section the experimental and theoretical treatments of vibrational relaxation for diatomic molecules are described. Much of this treatment applies as well to more
complicated molecules with more than one vibrational mode, but the discussion is limited
to diatoms.
The reason for the slow adjustment of vibrational motion is, basically, that the
natural period of vibration of a molecule is short in comparison with the time required
for most molecular impacts to occur. During the impact, both atoms of the molecule
experience similar forces during the collision - the atom nearer to the impact particle
being acted on directly, and the farther atom being acted on through the "spring" forces
of the molecule. Since the spring is relatively stiff, the contraction of the spring
can follow the motion of the impacting particle adiabatically, and as the particle
slowly recedes the spring can return slowly to its original length, without being left
with any residual vibrational energy. Thus, although there may be a transfer of translational energy between the incident particle and the molecule (as there would be between
two colliding atoms), there is no transfer of energy from translation to vibration. Only
in an unusually energetic collision does one atom of the molecule gain considerable
velocity relative to the other, resulting in a net transfer of vibrational energy to
the molecule. Thus, vibrational energy is transferred only by the very energetic collisions, and it follows that on the average, a large number of collisions is required for
the transfer of a small amount of vibrational energy. Molecules with greater spring
constants (higher natural frequencies) require more collisions for vibrational equilibration. As a corollary it follows that at higher temperatures, where there are more
highly energetic collisions, the efficiency of energy transfer to vibration will increase.
The analytical description of relaxation of any process in a gas wherein a local
translational velocity distribution can be defined, can be conveniently divided into
two quite separate problems, and this separation has been used in the presentation
which follows for vibrational relaxation. The first has to do with the mechanical problem already discussed, determining the amount of vibrational energy transferred in a
single collision for which the initial conditions are defined. These transfer rates
can then be averaged over all collision angles and over the Maxwellian distribution of
translational velocities that are assumed to exist in the gas, to obtain the average
rate of energy transfer to a molecule with a given initial vibrational energy as a
function of the temperature of the gas. Given these rates, the second problem is to
describe the time history of the distribution of vibrational energy during the relaxation process. Rach of these problems has received a great deal of attention, and each
has been solved with certain restrictive approximations. These solutions have provided
the framework within which it has been possible to order and compare experimental
results, and to perform calculations for conditions similar to those that have been
tested by experiment. However, the approximations limit the credibility with which
the theory can be applied to cases where experimental verification is not available,
or where the experiments are difficult to interpret.
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The approximate theories have been described in several texts1"4 and so will be
presented only in summary fashion here. The basic material that is discussed here in
more detail has to do with limitations of the approximations involved and the possibility of extension beyond these approximations. Thus the emphasis here is, in a somewhat unbalanced measure, on the restrictive applicability of the theory and the care
with which it must be applied to aerodynamic problems where direct experimental
measurements are not available.
Vibrationa! energy transfer in collision
The collision of two molecules or of a molecule and an atom is a many-body problem
involving all the electrons of the colliding partners, as well as their nuclei. As
such, the problem is not tractable, either classically or quantum mechanically, and no
discussion of the difficulties will be given here. Instead the problem is at first
simplified by neglecting the kineticsof the electron motion, and replacing the electrons
with a potential field dependent only on the separations of the various nuclei. This
(Born-Oppenheimer) separation of the electron and nuclear motions has good theoretical
and experimental justification, and cannot be considered a serious limitation of vibrational energy-transfer calculations. However, it must be recognized that because of
this extreme simplification, empiricism enters the problem at a very early stage; a
mathematical form of the potential must be chosen, and the parameters which enter the
form must be determined from experiment.
The portion of the potential associated with the intra-nuclear coordinate R can
be obtained with good accuracy, because of the mass of experimental data available in
the form of molecular spectra. There are several standard analytic forms that are
employed for this potential, the most familiar probably being the Morse potential

[l-e-/^]
'" \

V = D0 | 1 - e

,

(3-1)

which has two parameters, D0 and ß . These can be related, for example, to the two
experimental data of the dissociation energy (D0) and the vibrational frequency of the
molecule
(3-2)

Tlie equilibrium value of the intranuclear separation, Re , does not enter into the
collision problem. An important feature of all such potentials is that, for R-Re
small, they reduce to the simple-harmonic potential. For example. Equation (3-1) is
written in this limit as
V = D0/32(R - Re)2
(3-3)
and many of the calculations discussed later are made within this approximation.
The potential describing the interaction of the incident atom, a distance r from
one of the molecular nuclei, is usually taken as a simple repulsive exponential 31"3't
V =

Ae'«1"

=

E0e'a(r'ri) .

(3-4)
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The two forms are equivalent, but the second illustrates that, in an end-on collision
with initial kinetic energy E0 , the turn-around point will be at r = r1 . The
exponential form is much more tractable in collision calculations than the more detailed
potentials which include the effects of long-range attractive forces and it is the
short-range repulsive forces which determine the rate of energy transfer. Values of
A and a can be obtained from scattering experiments or from virial-coefficient data.
In Reference 33, a is obtained for various collision partners from tabulated values
of the constants for the more common Lennard-Jones potential by equating the expressions
for dV/dr at r = r. , for the two potentials. The result can be written approximately
as
a 2 (17.5)/r0 ,
(3-5)
where r0 is the constant appearing in the Lennard-Jones potential
4e

(3-6)

The problem of a monatomic species colliding with a diatom can mw be formulated in
terms of these potentials. The general formalism is reviewed by Takoanagi6, including
reference to other interraolecular potentials. For the case where the velocity vectors
are in the plane of the three particles, numerical solutions have been obtained by
Benson and Berend27. For an analytic solution, however, a much more drastic simplification is required. The problem is solved for the very special case of end-on collisions
and thus rotational excitation is excluded from the start. The mechanical problem is
then a function of the two coordinates given in Equations (3-1) and (3-4), the distance R
between the molecular nucleii, and the distance r from the closer nucleus of the molecule to the incoming nucleus.
It is clear that once this simplification is made the mechanical problem becomes
immensely easier. Using a potential which is a sum of Equations (3-3) and (3-4), that
is, the end-on collision of an atom with a simple-harmonic oscillator, the problem has
been solved classically26, 35, quantum-raechanically32, 33, and serai-classically36. Each
of these different methods contain some further approximation which limits its range
of applicability, as discussed briefly below. However, for conditions where these
ranges overlap, the different methods give essentially the same answer for the probability of energy transfer in a collision of given velocity and molecular parameters,
and the reasons for this are discussed in References 35, 37 and 38. Whether the exponential repulsion of Equation (3-4) is used or a linearized form is employed has
little effect on the result for nitrogen up to incident velocities of 9 x 105 cm/sec
(and thus for temperatures of 10,000oK). This is demonstrated in Reference 38 by comparison of the solution with a linear potential (for which an exact solution to the
semi-classical problem can be obtained) with the numerical solution for an exponential
intranuclear potential39. A recent numerical quantum-mechanical calculation1*0 of this
problem gives results which are in some disagreement with these earlier calculations,
and this discrepancy has not yet been explained. The use of an infinite-step potential
in place of Equation (3-4) results in a considerably different result, as demonstrated
in References 40 and 41. This disagreement would be expected, in view of the qualitatively different results obtained in classical mechanical problems when impulsive
collisior's are considered.
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The most radical (and most fruitful) further simplification that can be made in the
quantum-mechanical problem is the application of first-order perturbation theory, in
which case the results are much more easily formulated. The general conclusions that
can be drawn from this collision model (simple harmonic oscillator, end-on collision,
transition probabilities much less than 1) are42'3
1. The probability that in a collision a molecule in the first vibrational state
will make a transition to the ground vibrational state, giving up energy hv to
translation is given by
p10 - e-'-Vva

(3.7)

2. The probability that in a collision a molecule In state
transition to state r is related to p10 by
p

r+i,r

=

(r + DPio •

r + 1

will make a
f3"8)

3. Transitions occur only between adjacent levels
Pj j

=

0

for

i

^ j ± 1 .

(3-9)

If first-order perturbation theory is not used, but instead the senii-classical method
is employed35"37, each of these conclusions is modified. For very high-energy collisions (in nitrogen negligible below 50000K) the value of p10 given in Equation (3-7)
approaches and exceeds 1, so that the true value is less than this, and in addition
multiple-Jump transition probabilities are not zero. These effects compensate in such
a way that the rate of energy absorption in transitions from the ground state can still
be correctly calculated37'38 from Equations (3-7) and (3-9). The results that have been
obtained for Pr 0 by different methods are compared in Figure 3-1 for the case of collisions of two nitrogen molecules. A three-dimensional solution has been obtained31*
for the collision problem using a quantum-mechanical perturbation theory (method of
partial waves) in which the potential is nearly spherical, but the spherical form is
multiplied by a term which depends on the oscillator coordinate. The result is very
similar to the corresponding one-dimensional calculation33. A classical two-dimensional
calculation28, including effects of rotational energy transfer, demonstrates that rotational motion can be effectively transferred to vibration.
The calculation for a Morse internuclear potential - this is, using Equation (3-1)
Instead of Equation (3-3) presents several difficulties that are not resolved"3,'"*.
The spacing between the vibrational energy states decreases for higher energy states,
and the probability of a transition between these states increases because of the
smaller energy required in the transition (see Equation (3-7)) and because the matrix
elements for a Morse oscillator increase rapidly"5. It has been shown46 that if o
(in Equation (3-4)) is equal to ß (in Equation (3-l)(Ref. 1)), Equation (3-9) is correct
within the limits of first-order perturbation theory. In summary, Equations (3-7) and
(3-9) may be reasonably accurate for the end-on collision at moderate velocity of a
Morse oscillator, but Equation (3-8) is completely incorrect, For very high-velocity
collisions. Equations (3-7) and (3-9) must be modified as well38'39.
In addition to the transfer of energy between vibrational and translational motion,
it is also of interest to consider the transfer of vibrational energy between molecules
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with similar vibratlonal energy spacings. Ulis resonant, or near-resonant, exchange
of vibratlonal energy can occur with high probability (~ 10"1), providing that the
energy defect for the transition is small. A review of available data for transitions
of this type impcrtant in the C02-N2 laser has recently been published47. The methods
of calculation and the potentials Involved are similar to those previously described.
Both classical and quantum mechanical approaches have been used1*1 33'so.
Master equations for the tine-history of the vibrational energy
When the rates for vibrational energy transfer in specific collisions have been
determined, there remains the problem of describing the change of the vibratlonal energy
of the gas when the translatlonal energy undergoes a change. The molecules are first
grouped according to their vibrational energy state, and then a differential equation
(a rate equation) is written for the rate of change of molecules in a given energy
state (say the rtb) due to collisions of all the molecules. Thus, the expression for
the transition probability pr+1 r , as given by Equations (3-7) and (3-8), must be
averaged over all velocities, weighted according to the velocities that occur in a
Boltanann distribution of translatlonal motion at a temperature T . The rute constants
derived in this way are then functions of the temperature rather than the velocity of
any given collision. The differential equation utilizing this rate constant contains
a separate term for each type of molecular pair that can collide which will result in
the production (or destruction) of a molecule in the rth state, with the other molecule
having the choice of remaining in its original state or making a transition to another
state. If the gas being considered is a mixture of gases A, B, C, etc, the equation
is further complicated by the requirement of keeping account of the species involved
in the collision. We begin by writing this equation in some detail, after which it
will be simplified by various approximations so as to obtain a solution.
Consider a mixture of diatomic gases A and B, and consider transitions where only
one-quantum transitions are involved, consistent with Equation (3-9). "Hie differential
equation for the number density of molecules of Type A in the r
state is then
dnj.
dt

=

In
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p
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A term such as P^J'r nr+ins-i describes the rate at which molecules enter the rth
state from the (r + 1) state, due to collisions of molecules in the (s - 1) state with
A-type molecules in the (r + 1) state, where the same collision provides a transfer of
the molecule in the (s - 1) state into the (s) state. Capital letters refer to the
second-type molecule. The equation includes the substitution of the detailed-balance
relation, namely, that
pS,s-i
r
r.r+i

_

(e

e"

r+i+es-i-fr-£s)/kTpS-i
ls
r
r+i(r ■

(~

„,
t-*-u;

In writing this relation, and in writing the rate constants as a function of the translational temperature alone, there is the assumption that all other modes of excitation
are in equilibrium at the translational temperature. If this were not the case then
more terms would be required in Equation (3-10) accounting for the exchange of vibrational energy with the other modes, and a separate detailed-balance relation would be
required for each of these separate reactions. With gases at moderate temperatures,
where a clear-cut distinction can be made between translational-rotational relaxation
time and vibrational relaxation time, this restriction is not a serious one. At higher
temperature, where dissociation and chemical reactions are involved, as discussed previously this separation becomes more difficult, and a complete description cannot be
obtained without taking these other nonequilibrium effects into account.
Vi6rationaZ relaxation of a dilute mixture of molecules and atoms
A great simplification of Equation (3-10) is obtained in treating the very special
case of vibrational relaxation of a diatomic molecule in a very dilute mixture with a
monotomic species. If A Is the diatom and B is the monatom, we can consider a
mixture so dilute that molecule-molecule collisions can be neglected, and Equation (3-10)
simplifies to

dnr

N In

e
£
kT
e -( r+i- r^/ n 1

-^ = «r+i,r [ r+i-

in

rJ ' «r.r.^ [ r "

e e
/kT
e -( r- r-l>

(3-12)

The next step in the solution requires the specification of the dependence of the rate
constants Qr+1 r on the energy states r + 1 and r . As discussed in the previous
section, this dependence can be obtained for the case where the molecule is properly
described as a simple-harmonic oscillator by averaging Equations (3-7) and (3-8) over
a Boltzmann velocity distribution, resulting in3, 't2
Qio~e"(5U7fViii/kT)1/3 ■

Qm>r

=

<3-13>

(r + 1)Q10 ,

where in is the reduced mass of the system, giver for an incoming particle
ing a molecule B-C , as
mA(mB + mc)
m =
m. + mg + mc

(3-14)
A

strik-

Using Equation (3-14), the first-moment equation can be obtained"2 from Equation (3-12)
by multiplying both sides of the equation by r (and by hv/p) and summing over all
values of r . There results
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^1
= tUHZJl
.
dt
T

(3-15)

V

where

ev

is the vibrational energy per unit mass of gas related to nr by
— i* rn.
p r*Q •"r

(3-16)

with p equal to the density of the gas. ev E(j is the vibrational energy per unit
mass that would be contained by the gas if it were at equilibrium at the local
temperature T . TV is a relaxation time that is related to Ql0 through
1
v

Q10(l - e""/")

These extremely simple equations have found widespread use in spite of the limitations
required for their derivation.
A detailed solution of Equations (3-12) to (3-14) has been given51 for the case
where T Is constant during the relaxation. This limitation is consistent with the
previous assumption that the diatomic species Is strongly diluted with a monatomic
species. If the gas starts in an initial Boltzmann distribution at temperature T ,
its distribution can be described at any latter time by51
nr

=

n0e

-e./kT
r
v

-rhv/kT
=

n0e

.

(3-18)

where Tv is a time-dependent parameter that starts at a value T0 and approaches a
value T as the relaxation proceeds. That Equation (3-18) is a solution of Equations
(3-12) to (3-14) can be demonstrated by direct substitution. Thus, the vibrational
population remains in a Boltzmann-like distribution throughout the relaxation, and Tv
is referred to as the vibrational temperature. It is related to the vibrational energy
per gram by the usual formula for the energy of a system of simple-harmonic oscillators,
viz.,
n

hi^

(3 19)
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The departure of real molecular oscillators from the simple-harmonic model has an
important effect on Equation (3-14) for the transition probabilities of the higherlevel transitions, as previously described. For many cases of aerodynamic interest,
almost all of the vibrational energy is contained in the first few energy states, so
that this change in transition probability for higher states has little effect52 on
the validity of Equations (3-13). (3-15) and (3-17). However, Equation (3-18) must be
applied with considerable caution for higher states, and in problems of rapidly expanding flows this can affect the validity of Equations (3-15) and (3-17).
Comparison of experimental results with the predictions of Equations (3-13), (3-15),
(3-17), and (3-18) is given in Section 4.3.
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Vibrational relaxation of a pure gas
To describe the vlbrational relaxation of a pure gas It Is necessary to Include
terms from Equation (3-10) that describe both the transformation of translational
energy to vibration, and the exchange of vibratlonal energy between molecules in a
collision. Equation (3-10) can then be written
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A unique feature of this equation which aids in its approximate solution is that terms
S

p

rii+r nr*inB

are much lar

8ei" than the terms Pr+1 rnnr+1 .

That is, there is a

much higher probability, in a collision, that a vibratlonal quantum will be exchanged
between the colliding molecules than there is that the vibratlonal energy will be transferred to translational motion. One molecule makes a transition to the next lower
vibratlonal state, while the other molecule makes a transition to the next higher state.
Transitions of this type do not change the total number of vibratlonal quanta in the
gas, defined (per unit mass) by
U = - Srnr ,
P

(3-21)

but they do rearrange the quanta among the vibratlonal states. These rapid exchange
collisions attempt to establish a local-equilibrium distribution of molecules in the
vibratlonal states which will make the brackets In the last two lines of Equation (3-20)
separately equal to zero for a given number of vibratlonal quanta. It can be seen by
direct substitution in Equation (3-20) that this is accomplished by the distribution53'51t
nr
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(3-22)

where y is determined by the total number of quanta available, evaluated by substituting (3-22) into (3-21). Equation (3-22) reduces to a Boltzmann-like distribution
at a temperature Tv for a simple harmonic oscillator so that within this approximation the exchange of vibratlonal quanta does not affect relaxation, and Equations (3-15)
to (3-17) should apply55'56. For an anharmonic oscillator, the departure from a
Boltzmann-like distribution depends on the number of vibratlonal quanta contained by
the gas relative to the equilibrium number at the translational temperature T . If
the number of quanta is less than the equilibrium number (as during vibratlonal excitation), the upper states are underpopulated, and if the number of quanta is greater than
the equilibrium number (as during vibratlonal deexcitation) the upper states are overpopulated.
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For the topmost quantum numbers the distribution given by Equation (3-22) becomes
Invalid because the assumption that vibration-vibration exchange is much more rapid
than vibration-translation energy transfer becomes incorrect for two reasons; these
states are very far from resonance with the lower, more densely populated states, thus
decreasing the probability of vibrational exchange, and, in addition, the probability
of transfer of energy from vibration to translation increases to an appreciably greater
value in the highest states because of the closer spacing of the levels.
With these restrictions in mind, a differential equation for the time history of Ü
can be obtained by multiplying Equation (3-20) by rip and summing over all states.
The terms involving exchange do not contribute to the sum, since these exchanges of
vibrational quanta do not affect the total number of quanta. The result is54'57
^ = -ZA^rk*!"6

n

rJ-n^Pr.r-i[nr-e

n

r-iJ •
(3-23)

This equation, along with the distribution given by Equation (3-22) provides a closed
set which, in principle, determines U (or y) as a function of time. The solution
requires, however, a knowledge of all the values of Pr+1 r , and these are not known
with any certainty. In addition, the restrictions at higfi quantum number on the distribution given by Equation (3-22) become important in problems involving low translational temperatures and high vibrational energies. Some attempts at the solution of
Equation (3-23) are given in References 54, 57, 58, 52, and 56. The general conclusions
obtained there are that vibrational excitation of a pure gas, where the molecules are
described as anharmonic oscillators with rapid vibrational exchange, can be adequately
described by assuming a Boltzmann-like distribution during excitation and employing the
Landau-Teller model. However, during deexcitation, the overpopulation of upper vibrational levels by exchange effects could increase the rate at which quanta are lost,
and It is suggested that this may provide the reason for the observed rapid vibrational
deexcitation in nozzle flows (see discussions in Section 4.3). The conditions under
which vibrational exchange may enhance vibrational deexcitation are given in References
54 and 57 as:
1. The translational temperature must be less than the characteristic vlbrational
temperature of the gas to ensure that the vibrational exchange mechanism is
dominant.
2. The initial vibrational temperature must be at least a considerable fraction of
the characteristic vibrational temperature if there is to be any significant
influence of the excited vibrational states.
3. The ratio of the initial vibrational temperature to the translational temperature
must be considerably greater tnan one, for the anharmonicity of oxygen or nitrogen,
so that Equation (3-20) represents a large departure from a Boltanann-like
distribution.
These conditions are considered conservative, in the sense that the non-Boltzmann
effect may also become noticeable for conditions closer to equilibrium.
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Numerical solutions for Equations (3-20) are given for 12- level and 24- level
molecules in Reference 59, with assumed values for Pr;i+r and Pr+1 r . These
solutions demonstrate the time dependence of the vibratiönal-energy distribution
during the high-speed vibrational-exchange relaxation.
Vibrational relaxation of a mixture of gases
In the relaxation of
between nearly resonant
simultaneous relaxation
portance of vibrational
An effective relaxation

two or more diatomic or polyatomic gases, exchange processes
modes can be of primary importance60'61. Measurements of the
of N2 and NO is interpreted in terms of the relative imexchange and vibration-translation transitions in Reference 60.
time is determined from the separate relaxation rates'*.

The equations and concepts discussed in the previous section can be applied to such
mixtures of gases with the same type of restrictions and limitations as given for the
case of a pure gas. In the case of two near-resonant gases, the full equation given
as Equation (3-10) applies. The steady-state distributions established by exchange53,5't,
as given in Equation (3-22), applies to both gases with the same value of y in the
two distributions. Thus, we can write
-rre «r/kT 1
n
r = n0e
(3-24)
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That these relations reduce all the exchange terms in Equation (3-10) to zero can be
seen by direct substitution. As for a single gas, the simple-harmonic-oscillator
approximation yields a Boltzmann-like distribution with some vibrational temperature
Tv . However, for gases with different fundamental frequencies their vibrational temperatures will not be equal. These distributions are discussed further in References 53
and 54. The numerical calculation of the time dependence of these distributions is
described in Reference 62.
3.1.2 Electronic Excitation
The orbital motion of electrons in atoms and molecules contributes a relatively
small amount to the total energy of a high-temperature gas. This is demonstrated for
air in Figure 2-1. The importance of the electronic excitation is not related to the
total energy that resides there at any one time, but rather to the many ways this
energy can be transferred within the gas. It is closely coupled with vibrational
excitation in molecules, it is an intermediary step in the ionization process, and it
is the starting point for the radiative process. The fact that the radiative intensity
is proportional to the population of the excited electronic states has made it important
to understand this excitation process in correlating the observed radiation from highspeed vehicles with the physical description of their flight trajectory.
The experimental observation of excited electronic states is accomplished directly
by observation of the light emitted from these states. However, the amount of data
available for electronic excitation rates in the high-temperature range is much less
than that previously discussed for vibrational excitation. The chief reason for this
is that the temperature range of interest is typically much higher, so that the excitation processes occur more rapidly and are less accessible to shock-tube instrumentation.
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The theoretical Interpretation of the experimental results is also much more
difficult than for the vibrational relaxation case. There is no simplification available for low-lying electronic states parallel to the simple-harmonic-oscillator approximation for vibrational states. In addition there are many vibrational states with lower
energy than even the low-lying electronic states, and so coupling with these and other
electronic states must be considered in the excitation process. Finally, chamical
reactions, particularly dissociation and ionization, occur in the temperature range
where electronic excitation is observed and are necessarily involved in the interpretation of the experimental results.
Several recent reviews of electronic excitation rates are available7'8. In these
reviews it is emphasized that high-temperature-rate data for the excitation of electronic states of atoms and molecules by heavy-particle impact are relatively few, and
that the excitation processes pertinent to flight problems are complicated and not
well understood. Much of the available information about molecular electronic excitation comes from fluorescence and electron-bombardment experiments performed at room
temperature, and cannot reliably be extrapolated to high temperature conditions. Tne
data on excitation by impact of free electrons7'9 are obtained with molecules at room
temperature, and thus apply to low-lying rotational and vibrational states.
The limited information available from shock-tube experiments provides very little
guidance for predictions of electronic excitation in air63'611, although for pure
r.itrogen sufficiently detailed experiments have been performed to correlate them with
a simple model for excitation of the A and B states of N2 by N2 and N collisions65'66.
Similar detailed spectroscopic investigations67 for shock-heated C02 involve too
many unknown chemical reactions to permit evaluation of mechanisms or rates for
excitation of electronic states.
Chemical excitation of electronic states has long been a subject of fundamental
interest in flame spectroscopy10 •6a and other experimental investigations69'70, and
has found recent application to chemical lasers71. Some application has been made to
reentry physics problems in connection with radiation from the flow field of blunt
hypersonic reentry vehicles72.
3.2

Chemical Reactions

Processes which involve a change in chemical structure of the molecules of the gas
usually occur at a rate much slower than those involving only internal readjustments.
The reactions must continue until an equilibrium distribution as described by Equations
(2-5) is reached, and this equilibration requires the production of the new species in
all its permitted equilibrium energy states. These products will be produced with
various efficiencies from the many permitted states of the parent species. The kinetics
of attaining these final states can involve a complicated route through many intermediate states, including some whose equilibrium population is so small that the states
can be neglected in equilibrium calculations. Thus a complete mathematical description
of chemical reactions would take sets of equations much more complicated than Equations
(3-10) that were used to describe vibrational relaxation.
It is fortunate for the subject of chemical kinetics that it is not necessary to
include all the intermediate steps in the description of a chemical process. Often
only the starting and ending species need be included. In fact much of the experimental

and theoretical work in chemical kinetics is directed toward finding the minimum
mathematical complexity to describe the observed species production. It must be understood, however, that the application of the chemical rates and mechanisms to environments much different from those where experiments were performed requires caution.
The basic equations of chemical reactions in flow systems were summarized in 1955
by S.S.Penner11 and they have since been discussed in several aeronautical texts1,5.
No attempt is made here to repeat the derivations of the basic equations, but as with
the basic equations of Section 2 they are discussed briefly and presented for reference
later. Several items of special interest are discussed in more detail.
3.2.1

Reaction Rate Equations

Continuing with the notation of Reference 11, a chemical reaction is described by
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1,2,

where the quantities knFi «IU
and kivRi are the forward and reverse rate constants for
the i reaction and are taken to be functions only of the translauonal temperature
of the gas. The general differential equation to describe the rate of production of
species j is
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There is in these equations the implication that the collision of the molecules on
the left-hand side of Equation (3-25) will result in the products on the right-hand
side, the probability of the reaction being related to the rate constant kpl . The
reaction does not, of course, occur in a one-step process, but Instead the molecules
absorb rotational and vibrational energy in a series of collisions, and finally the
excited molecules are involved in a sufficiently energetic collision for the reaction
to occur. Likewise, the inverse reaction occurs in a large number of separate steps.
However, a description that is adequate for most purposes can be formulated by ignoring
the intermediate steps.
Under the assumption that Equations (3-25) and (3-26) properly describe the physical
processes, the equilibrium constants Kj discussed in Section 2, can be related to
the forward and reverse rate constants. In equilibrium (dy./dt) = 0 and from the
principle of detailed balance, each of the terms in the sum on the right-hand side of
Equation (3-26) equals zero. It follows that
s
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The accuracy of this relation when the details of intermediate steps in the reaction are
included will be discussed later.
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Machine programs have been written for the simultaneous solution of Equations (3-26)
and the flow-field equations for a variety of flow situations, such as normal shock
waves, quasi-one-dimensional expansions, external flows including boundary layer effects
and ablation effects, and wake flow,«. These various programs will not be discussed
here, but references are given in the Appendices.
Some discussion of expansion-flow
calculations is given in Section 4. For normal-shock flows a large number (~ 50) of
chemical reactions can be included with only moderate calculation time required.
However, for more complicated flow situations the calculation time can increase rapidly,
so that the amount of chemistry which can be included must be reduced.
The temperature dependence of the forward and reverse rate constants is a prime
consideration of experimental and theoretical investigation. For the atomic recombination reaction to occur, there is no appreciable activation energy required. A reaction
of this type (which we write as a reverse reaction) then has very little temperature
dependence, and can be described as
k

Ri

C

RiT7'Ri •

=

(3-28)

where r^ is a sir.all constant. The forward rate constant is related through Equation
(3-27). Within the approximation of Equation (2-10) for K, kpi is then of the form
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Suitable constants for these relations for air reactions are given in Reference 1.
3.2.2 Dissociation
The application of Equations (3-25) and (3-26) to the dissociation of a symmetric
diatomic molecule provides a simple example which has been studied extensively and
which involves several of the problems associated with high-temperature-air chemistry.
Equation (3-25) becomes
A, + A, £ A, + 2A
k
K

R1

A2 + A

(3-30)
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and Equation (3-26) is
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These equations have been used to analyze shock-tube experiments for pure 02
(Ref. 73) and N2 (Ref. 74) ao well as many other gases
The assumption that the
rate constants can be taken as functions of temperature, independent of the state of
internal excitation, is open to question on any time scale of order of the internal
relaxation times, as discussed below.
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For the calculation of gas flows where an appreciable dissociation occurs, the
temperature changes considerably, due to the energy required for the dissociation, so
that the rate constants change during the dissociation. For a tractable analysis of
aerodynamic problems without use of large machine programs, some simplification of
Equation (3-31) is required. These can be obtained by applying the approximations
introduced by Lighthill for the ideal dissociating gas.
Ideal dissociating gas
The approximations for an ideal dissociating gas, discussed in Section 2, were
formulated by Freeman75 to describe the kinetics of dissociation. He included the
approximation to the rate constants given by Equations (3-28) and (3-29), and further
neglected the change in dissociation rate associated with the different rate constants
for atomic and molecular collisions. This latter simplification is obviously a poor one
if the degree of dissociation is large. Changing variables to the mass fraction of
dissociated atoms
a

where MA

=

7AMA ,

(3-32)

is the atomic weight of A , the conservation of mass gives
7A2(2MA)

=

(1-a) .

The approximations then reduce Equation (3-31) to
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where pD is a constant that enters from the Lighthill approximation to the partition
functions and C and s are related to Cf and T7f of Equation (3-29). This
formulation was used by Freeman75 to discuss dissociation in shock waves, and by Bray76
to discuss recombination in expanding flows. It has since been used by several authors
to investigate the magnitude of dissociation effects in diatomic gas flows, but is not
suitable for careful interpretation of experiments.
Vibrotionai-dissociation coupling
The dissociation of a diatomic molecule by collision with an inert atom provides
the simplest dissociation reaction, both from a theoretical and experimental point of
view. For example, a small amount of oxygen in a large amount of argon can be studied
in a shock tube over a large temperature range77. Theoretically, there is no need to
consider temperature changes during the reaction, and vibrational-exchange reactions
and dissociation by impact with the small amounts of 02 or 0 in the experiment are
negligible. Then in the analysis of this reaction it is feasible to consider the
details of the vibrational excitation of the molecule as the intermediate process by
which the molecule proceeds to dissociation. This effect is of special Importance in
applying reccnbination rates to problems of expanding flows, where the recombination
rate to be used is determined from the measured dissociation rate and the equilibrium
constant, through Equation (3-27).
For the dissociation of a small amount of 02
1 d70
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However, if each vibrational level of the molecule is considered as a separate species,
with concentration 70 v in the v vibrational level, then a chemical equation of
this type can be written for each level, along with terms to describe the change in
population of the v level due to transitions from other vibrational levels. TTie
resulting equations are
■(ev + 1-«v)AT
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v = 0, 1,2... (3-35)

where kpv and kRv are the forward and reverse rates for dissociation from the
vibrational level v , and the remaining terms are the same as given in Equation (3-12)
lor vibrational relaxation.
These equations contain two approximations that limit their validity. One is that
the translational and rotational distributions are in Boltzmann distribution at temperature T , and are unaffected by the dissociation process, leading to rate constants in
Equation (3-35) that depend only on T . In particular, the forward and reverse rates
for dissociation from the v level are taken as related through detailed balance as
ev/kT

Pv
'Rv
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(3-36)

The second is that only one-quantum vibrational transitions are included, whereas
multiquantum transitions certainly occur at higher vibrational levels. TTiese approximations are included to simplify the description, and with the idea that to some extent
the values of the rate constants could be modified to compensate for these effects.
The equation to replace (3-34) is obtained by summing Equation (3-35) over all
vibrational states v . The sums for internal excitation are then equal to zero, and
there results
1 dV
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(3-37)

If a Boltzmann distribution at temperature T is assumed for the vibrational distribution. Equation (3-34) is obtained directly. This distribution is not correct, however,
because the finite rate of vibrational relaxation and the dissociation process both
affect the distribution, which must be obtained by solving Equation (3-35).
There are three separate regions of time that can be discussed in terms of Equation
(3-35). The first is during the early portion of the dissociation (or recombination)
process, at times less than the vibrational relaxation time. For dissociation
immediately behind a shock wave, there are essentially no molecules in upper vlbrational
states (from which most dissociation normally occurs) so that essentially no dissociation
can occur until a time of order of the vibrational relaxation time (the induction time).
Somewhat after this time the collisional excitation of vibrational states reaches a
steady state with dissociational destruction of these states, and a distribution is
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established which persists as long as recombination CyAr^oNlv^ ^s "nin'Pf'rtant. In
this steady-state distribution the upper vibratlonal levels are underpopulated, so
that the dissociation rate is suppressed. Finally, when enough atoms are produced to
make recombination important, the vibrational populations approach their final, Boltzmann
distribution. A similar sequence can be described for a recombination experiment.
Consider an experiment78 where an ozone-argon mixture is shock-heated to moderate
temperature. The ozone quickly dissociates to 02 and 0 . Most of the 0 atoms
must then recombine to form the final equilibrium mixture. At very short times the
atoms recombine quickly to populate the upper vibrational states. At longer times
the steady state is reached where upper vibrational levels are overpopulated, and
recombination to upper states, vibrational deexcitation of these states, and thermal
redissociation of these states are balanced. The net effect (due to the redissociation)
is a depression of the observed recombination rate. The third region is again the
final, Boltzmann state.
One question that can then be asked of Equation (3-35) is under what conditions will
the steady-state dissociation rate and the steady-state recombination rate be related
by the equilibrium constant as in Equation (3-27). This question has been addressed in
many theoretical papers79 •8't. It has been demonstrated by Snider80, in agreement with
Rice's original discussion79, that the forward and reverse rates measured within the
steady-state region are depressed by the same factor, so that their ratio is still equal
to the equilibrium constant. Detailed consideration8" of the region of applicability
of this statement shows that it applies to the conditions of the 02 - Ar shocktube
experiments. Other types of reactions, where Equation (3-27) can be applied, are
discussed in Reference 83, and It is clear from that discussion that considerable
caution must be used in relating forward and reverse rate constants for more complicated
reactions. Very few experimental results are available where both the forward and
reverse rates have been measured.
The complete solution of Equations (3-35) requires a statement of all the values of
the rate constants (Qy + j v and kFy). This has been accomplished for the steady-state
region using various approximations for these rates85,86. In Reference 85 both classical
and quantum mechanical models are investigated, and the equations for the classical
model, similar to Equation (3-35), are reduced to a diffusion-equation form. The
calculation of rate constants from a classical model is discussed in Reference 87 and
in other papers referenced there.
The induction time for 02 dissociation behind strong shocks in 02 - Ar mixtures
has been measured77 over the temperature range of 5, 500-18,000oK. The measurements
show that the induction time is of the order of the vibrational relaxation time, and
appears to increase more rapidly than the vibrational relaxation time at lower temperatures. The experimental method (measurement of 02 ultraviolet absorption) did not
permit measurements at temperatures below 5500oK. However, experiments employing the
resonance-absorption of atomic oxygen88 are now being performed to extend this information to the lower-temperature range. The theoretical problem of relating the induction
time to the relaxation rates is given in Reference 89.
In shock-waves at very high temperature the times for vibrational and dissociational
relaxation become comparable, and the separation into specific time regions is no longer
possible. High-temperature experiments where these regions are obviously mixed are
described in References 90 and 91. There are no theoretical treatments available for
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flows under these conditions, but basic work on the excitation and dissociation from
high-energy collisions is a subject of continuing study'2,93.
Normal-shock coupled vibration-dissociation
For treatment of shock calculations fo" conditions where vibration and dissociation
are coupled, a simplified interpretation of Equation (3-37) was given in References
94-96. It was assumed that the solution of Equation (3-35) for -y0 v could be represented by a Boltzmann-like distribution at an unknown temperature Tv . The value of
Tv was determined from a vibrational energy relaxation equation which included
terms95'96 to account for the loss of vibrational energy due to dissociation. The
reverse rate constant for recombination to the vibrational level was taken to have the
form96
krv

=

C(U)e

v

,

(3-38)

where U was an adjustable parameter. The reverse rate was related to the forward
rate through Equation (3-36). The parameter kl) was taken as 1/6 of the dissociation
energy. Calculations with this model96 succeeded in duplicating the induction time of
the 02 - Ar experiments77 and resulted in a steady-state vibrational temperature
considerably below the translational temperature, thus depressing the dissociation rate
constant, as would be expected. However, the assumption concerning the vibrational
temperature cannot be justified, and numerical calculations97'" show that the upper
levels are more severely depleted than this assumption would imply.
3.2.3 Other Chemical Reactions
The shock tube has now become a standard method of studying high-temperature chemical
reactions and has been applied to a wide variety of problems. This research during the
past several years has been comprehensively reviewed by Bauer12, and the wide range of
chemical kinetic studies being pursued with the shock tube is clearly demonstrated. A
review of the very recent chemical kinetic work is given in Reference 13. Ttie many
reactions of both clean-air and carbon chemistry involved with reentry ablation problems
are reviewed by Heicklen in Reference 14. The remarks presented in the present section
will be concerned specifically with the nitric oxide reactions in air, in order to
illustrate the level of complication for a two-gas mixture.
The primary chemical processes in shock-heated air other than the dissociation
reactions, are those resulting in production of nitric oxide. They were studied by
Click; Klein and Squire99 in the chemical shock tube, where air was heated to high
temperature by a shock wave and then cooled rapidly after a fixed length of time by
an expansion wave. Subsequent analysis of the gas in the shock tube permitted evaluation of the mechanisms and rate constant. It was concluded that the mechanism was the
one previously proposed by Zel'dovich100, namely
(1)

02 + M P! 20 + M

(2)

0 + N2 t! NO + N

(3)

N + 02 ^ NO + 0 .

Thus the first oxygen atoms are produced101 by dissociation of 02 , and then two
"shuffle" reactions become active in producing NO . The importance of these shuffle

32

reactions in expanding-flow chemistry is discussed in Section 4.3. In shock-heated
flows the high speed of reactions (2) and (3) results in a large production of NO ,
in an attempt to bring the NO into local equilibrium with the 02 and N2 concentrations. When the 02 later dissociates, the NO concentration decreases. Such NO
overshoots were predicted by Duff and Davidson 102( and by Lin and Teare103, and have
been observed in shock-tube flows.
Recent experiments104 indicate that it may be possible to investigate the NO-producing reactions in as much detail as has been obtained for dissociation reactions. Camac
and Peinberg10" have observed induction times in the formation of nitric oxide in air,
and have correlated this with N2 vibrational relaxation times. They suggest that the
vibrational excitation of the nitrogen may be a prerequisite for reaction (2). Again,
sensitive experiments to determine atomic oxygen production86 would add considerably to
the total knowledge about this reaction.
The formation of NO

from the reaction
(4)

N2 + 02 - 2NO

was not observed in the work reported in Reference 104, leading to the conclusion that
this rate is at least 10 times slower than previously reported. The reverse reaction
had previously been measured105'lb, using NO-absorbtivity measurements to determine
the rate at which NO was destroyed behind a shock wave in pure NO . In Reference 104
it was determined that this rapid NO destruction was caused by the reaction
(5)

2N0 - N20 + 0

rather than the inverse of reaction (4). They conclude that reaction (4) is usually
unimportant for air kinetics. This simplification, along with chemical experiments in
expanding flows (Section 4) may permit more detailed understanding of the shuffle
reactions.
These recent considerations of the nitric oxide reactions constitute the major
changes in the knowledge of measured reaction rates for neutral pure-air chemistry
since the review presented by Wray15 in 1962. The more recent data on N2 dissociation rates should also be noted7".
J.2.4

Jonization

The problems of ionizing and deionizing reactions in air have received a considerable
amount of attention because of their connection with upper-atmospheric phenomena and
with nuclear reactions, as well as their importance in reentry phenomena. The well
known communications black-out during reentry results from a high density of free
electrons in the vehicle flowfield, and free electrons in the trail of reentering
missiles provide the reflecting material for radar returns. Thus, there has been a
broad interest in the identification of ionic reactions and the measurement of rate
constants over a range of temperatures from atmospheric up to many times that associated
with reentry. The massive literature available on this subject is under constant review.
There is presented here a brief summary of the review articles that are currently available, with emphasis on those directed toward aerodynamic problems.
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The simplest models of high-temperature air flows use a single ionizing reaction1,15:
N + 0 ^ N0+ + e .
For a good description of atmospheric reentry, however, a host of other reactions must
be considered. For example, the forebody flow of an Apollo vehicle can be divided into
four separate regions106, with each region corresponding to a different type of ionizing
reaction. For each type of reaction, many separate reactions must be considered. In
References 16 and 106 this problem is reviewed for Apollo-reentry flows for pure-air
reactions.
For missile reentry, the review of gas phase chemistry by Heicklen1" includes some
discussion of ion-producing reactions. The subject of pure-air ion chemistry is
reviewed within the context of wake flows by Sutton107 and the requirement of properly
identifying the dominant ionic reactions is clearly demonstrated.
General reviews of both theory and experiment are given in several texts9'17,18 and
special publications19. Experimental data for electron-impact ionization was reviewed
by Kleffer and Dunn20 and a comprehensive bibliography of both theoretical and experimental results was recently prepared by Kieffer21. A current bibliography of electron
swarm data is also available22. The recent publication of the NASA Reaction Rate
Handbook23 provides a summary with emphasis on the ion chemistry of high-altitude
nuclear bursts.
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SECTION 4
NONEQUILIBRIUM FLOWS IN SUPERSONIC NOZZLES

The classical convergent-divergent de Laval nozzle accelerates gas from subsonic
to supersonic velocities with attendant conversion of internal or thermal energy to
the kinetic energy of bulk motion. The isentropic expansion of a perfect gas in such
a nozzle is a familiar flow example discussed in all textbooks on gasdynamics (e.g.
Liepmann and Roshko1). As the usual analysis based on pseudo-one-dimensional, inviscid
flow shows, local sonic or critical flow conditions are attained at the minimum crosssection area, or throat, of the nozzle. Downstream of the throat the gas pressure,
density, and temperature decrease very rapidly, while the gas velocity increases;
typical maximum cooling rates might be in the range 105 to 106 0K/sec. For large
expansions (large ratio of nozzle exit area to throat area) the exit flow Mach number
becomes hypersonic, and the exit values of p.p. and T are very much less than
the pre-expansion nozzle reservoir values.
The typical situation of present interest is where the inlet or reservoir gas is
in thermal-chemical equilibrium prior to expansion. It turns out that over a wide
range of reservoir conditions and nozzle scale of practical interest, the rate or
relaxation processes discussed in Section 3 have characteristic times of the same
order of magnitude as, or larger than, particle residence or flow times in the nozzle.
As a consequence, departures from equilibrium in practice can be quite large. If
sufficient energy is involved, the relaxing mode can interact strongly with the local
therrao-gasdynamic state of the nozzle flow. Typically, energy is withheld or "frozen"
in the relaxing mode during expansion (e.g. lagging atom recombination) with a consequent reduction of nozzle flow pressure, velocity, and temperature below the corresponding equilibrium flow values.
The discussion will be limited to nonequilibrium effects in such nozzle flows involving either the vibrational, chemical, or ionization relaxation processes discussed
in Section 3. While departures from local equilibrium in translational as well as
rotational degrees of freedom have been observed in steady expansion flows13"16 significant nonequilibrium effects in these degrees mainly occur at lower densities than of
concern here.
The pseudo-one-dimensional formulation of the inviscid, nonequilibrium nozzle-flow
problem will be briefly outlined first, and some general features of the solution and
aspects of numerical integration of the governing equations will be discussed.
Subsequent sections then discuss some particular theoretical and experimental results
for nonequilibrium nozzle flows involving dissociation, vibration, and reacting gas
mixtures. Previous review articles pertinent to the scope of the present discussion
include the excellent review papers by Bray6; Penner, Porter, and Kushida9; and
Olson10-11.
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4.1

Pseudo-One-Dimensional Formulation and
Methods of Solution

Most analyses of nonequilibrium effects in steady supersonic nozzle flows have been
simplified by assuming the flow to be pseudo-one-dimensional as well as inviscid,
adiabatic, and shock free. The one-dimensional flow approximation assumes that all
flow quantities depend only on axial distance x along the nozzle; gradients and
velocity components normal to x are neglected. This approximation is valid provided
the nozzle expansion angle is sufficiently small. The pseudo-one-dimensional flow
approximation is certainly adequate for revealing basic effects, and is not inconsistent
with the limited state of knowledge concerning typical nonequilibrium rate processes
of interest. Even disregarding two-dimensional effects and considering only the
simplest rate processes, such as dissociation-recombination of a diatomic gas, analysis
of the problem is still far from trivial .
From pseudo-one dimensional flow, the fluid-dynamic equations for inviscid steady
flow simplify to
puA

constant

du
dp
pu — + — =
dx
dx

h + — =

hn

=

(4-1)

0

(4-2)

constant

(4-3)

These equations express conservation of mass, momentum, and energy, respectively. The
quantity A is the local cross-section area of the nozzle, assumed to be a prescribed
function of distance x .
If we regard p , p , T , and u as the primary thermodynamic dependent variables
of interest, then three additional relations are needed to complete the formulation.
These arc: (i) the thermodynamic equation of state for ideal-gas mixtures, i.e.
s
p = pR0T SZ Jt ; (ii) a caloric equation of state expressing the specific enthalpy
j= i

J

h in terms of the translational temperature T and the nonequilibrium variables
considered, e.g. vibrational energy evj or species mass concentrations y, ; and
(iii) the appropriate system of rate equations and element conservation equations
expressing the rates of change of the nonequilibrium variables. The particular expressions for h and typical rate equations fcr vibrational or chemical nonequilibrium
have been given in Sections 2 and 3,
The necessary boundary conditions can take various forms depending on the particular
problem or nozzle geometry considered. Fo: initially supersonic flow expanding in a
continuously diverging nozzle, the initial state may be specified. The case of supercritical How through a converging-diverging nozzle is somewhat more difficult as
regards boundary conditions. Commonly in this case the thermodynamic state of the
• Consideration of two-dimensional effects in nonequilibrium nozzle flows may be found in
References 119-122.
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gas effectively far upstream of the nozzle throat Is specified, I.e. the equilibrium
reservoir or stagnation conditions, denoted by V0 , P0 . and T0 , say, corresponding
to the gas initially at rest. In addition, for supercritical flow a boundary condition
must be applied at the throat to fix or determine the nozzle mass flow m (Equation
(4-1)) as the maximum or critical value. The problem is thus a two-point boundary
value one. In general, the throat boundary condition equates the local flow velocity
to the appropriate local sound speed, as further discussed below.
Because actual reaction rates are finite and streamwisu gradients exist, the
accelerating flow from an equilibrium reservoir must progressively depart from equilibrium, as is evident from the rate equations of Section 3. As previously mentioned,
the effect of nonequilibrium is to reduce the pressure, temperature, and velocity from
equilibrium values, whereas the local density is increased. Because of the normal
decrease of gas density and temperature with flow acceleration, the local reaction
rates typically decrease strongly (or local relaxation lengths increase strongly) as
the gas expands down the nozzle. This quenching effect becomes particularly strong
immediately downstream of the throat where streamwlse gradients are large. As a
consequence of departure from equilibrium together with quenching, the expanding flow
typically undergoes a transition from equilibrium to frozen conditions. The location
of this transition in the nczle depends on nozzle geometry and reservoir pressure,
as well as on other parameters. Of course, the maintaining of equilibrium flow Is
favored by large scale and high pressures. Over a wide range of nozzle scale and
reservoir pressures of practical interest, significant departures from equilibrium
flow occur only downstream of the nozzle throat.
It is often useful to have the limiting solutions for equilibrium and frozen nozzle
flows, corresponding to Infinite and zero reaction rates, respectively, for comparison
with experiment or corresponding nonequilibrium (finite-rate) solutions. The calculation of these two limiting cases is relatively straightforward as both limiting flows
are isentropic", and their solution involves only algebraic equations. Thus Equation
(4-2) may be replaced in both cases by the appropriate entropy relation S(/0,T.y.) =
S0 = constant . The rate equations may be replaced by the corresponding equilibrium
Law of Mass Action in the equilibrium case, and by the conditions of constant vibrational energies or species mass concentrations in the frozen case. The throat boundary
condition to determine the critical mass flow equates the flow velocity at the geometric
throat to the local equilibrium sound speed ae* for equilibrium flow and to the
local frozen sound speed aF^ for frozen flow. Because of the limiting nature of
both flows, i.e. infinite or zero reaction rates, both solutions depend only on the
local nozzle area ratio A/A^ (A^ = throat area) for given reservoir conditions, and
not on the nozzle shape or scale. Whereas the (completely) frozen solution is further
independent of the reservoir state (e.g. when normalized as p/p0l etc.), this is not
so for the equilibrium solution. Detailed discussion of a calculation method for
equilibrium and frozen nozzle flows is given by Vincenti and Kruger". Specific solutions
for such nozzle flows of air are given in References 94-96.
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In contrast to the equilibrium or frozen flow cases where the solution at any point
depends only on the overall area change involved, the solution for nonequilibrium or
finite-rate nozzle flow depends at any point on the entire history of the flow up to
that point. In particular, the nonequilibrium flow solution at any point depends on
the preceding history of the nozzle shape as well as on the area change itself.
Typically in the nonequilibrium case the governing differential equations, i.e. the
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fluid dynamic and coupled nonlinear rate equations, are intractable analytically, and
a solution must therefore be obtained by numerical or step-by-step forward integration.
Beginning with the development of exact numerical methods and solutions for nonequilibrium nozzle flows of diatomic gases17- 18, 21, much effort has been devoted to the
successful development of high-speed computing machine methods for calculation of nonequilibrium nozzle flows involving complex systems of coupled reactions67'79.
The numerical integration of the nonequilibrium nozzle flow equations encounters a
basic difficulty when the starting point is an equilibrium state upstream of the throat
and the nozzle geometry is specified. This difficulty is the resulting two-point
boundary-value problem. The critical mass flow m , which is determined by a boundary
condition at the throat region equating the local flow velocity to the local frozen
sound speed, cannot be determined a priori since the flow in the throat region depends
on the entire preceding flow history. A further complication is the fact that under
nonequilibrium conditions the sonic condition u = ap for supercritical flow does not
in general occur at the geometric nozzle throat but an unknown distance downstream of
that point.
To illustrate the foregoing remarks, consider the familiar relation
1 du

(l/A)dA/dx

(4-4)

u2

u dx

(dp/dx)/(dp/dx) ~
which is readily derived from Equations (4-1) and (4-2). As for the case of perfect
gas flow, this relation states that at the geometric throat, (dA/dx) = 0 , the flow
velocity must equal [(dp/dx)/(dp/dx)]ä if the flow is to be continuously accelerating,
i.e. du/dx ^ 0 . For the equilibrium or frozen flow limits, we have [(dp/dx)/(d/o/dx)]T
equal to ae or aF , respectively. However, for nonequilibrium flow the quantity
(dp/dx)/(dp/dx) is not particularly useful since it is no longer a function of the
thermodynamic state only, but depends on the particular flow history involved. An
alternative relation to Equation (4-4) may be obtained from Equations (4-1) to (4-3)
by considering the enthalpy h as a function of p.p. and a , say, considering
the example of a dissociating diatomic gas. This relation is"

1 du

ha = (3h/5a)n

0

etc., and

ha da

A dx

ph. dx
-^
,

2

u dx

where

1 dA
u

ap

(4-5)

is the frozen sound speed defined by

f PK
K1 - PV
In general, the quantity (h^/ph Kdo/dx) in Equation (4-5) is positive. Thus the
numerator of the right side will vanish only downstream of the throat where dA/dx
is positive. At that point then, the condition u = ap must simultaneously apply
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(to make the denominator vanish) if the flow is to be supercritical. In practice, it
is usually found that the point where u = a,,, is displaced only a small distance
downstream of the geometric throat.
The simplest solution of the difficulty of the unknown critical mass flow is to
determine its value by trial and error. That is. the solution is computed to the
throat using successive guesses for the mass flow until supercritical flow downstream
of the throat is obtained. The initial guess is guided by the equilibrium and frozen
limits which do not differ greatly and which are less and greater, respectively, than
the desired value. This approach has been used by Bray17, and by Hall and Russo18,
and a systematic refinement is discussed by Emanuel70. Another solution to the difficulty, described by Eschenroeder, Boyer, and Hall67, involves an inverse method. In
this approach the starting point is the density distribution corresponding to equilibrium
flow in the subsonic region of the given nozzle. A perturbation procedure, including
perturbation of the nozzle geometry, then provides an exact nonequilibrium flow for a
corresponding new nozzle geometry (subsonic) matching this density distribution. Because
of the general insensitivity of flow density to nonequilibrium, the new subsonic
nozzle geometry closely matches that originally given.
A second difficulty encountered in numerically solving the nonequilibrium nozzle
flow is that of starting the integration of the rate equations from an initial equilibrium state wherein the initial gradients of y* and evi given by the rate equations
are identically zero. As pointed out by Bloom and Ting9, the initial departure from
equilibrium is mathematically a singular perturbation behavior, analogous, for example,
to the fluid dynamic boundary layer. Starting methods used to overcome this difficulty
include asymptotic expansions17, 18, linear perturbation about the corresponding equilibrium flow67,71, and direct starting from equilibrium with the nonlinear rate equations68.
Apart from the special problem in starting the integration from an initial equilibrium state, it may be noted that the usual numerical methods for integration of the
exact nonlinear rate equations, such as the fourth-order Runge-Kutta scheme, for
example, generally encounter a serious instability problem for near equilibrium flow
conditions. In order to maintain stability near equilibrium, the integration step
size must be kept very small. Thus the overall computing time can become unreasonably
long if an appreciable region of near equilibrium flow is involved. The underlying
reasons for this behavior are discussed in Reference 69. In the past few years,
methods for overcoming this problem have been developed by several authors73'77.
In spite of these difficulties, machine methods for computing nonequilibrium nozzle
flows with complex systems of coupled reactions have rapidly been brought to a state
of considerable efficiency and precision. Unfortunately, knowledge of pertinent
reaction mechanisms and rates has not advanced at a similar pace. Currently, uncertainties in the fundamental kinetics often place a serious limitation on the significance of numerical solutions.
4.2

Dissociation Nonequilibrium in Nozzle Flows
of Diatomic Gases

This section discusses an important example of chemical nonequilibrium in steady
nozzle flow involving a single dominant reaction, namely, that of symmetrical diatomic
gas which undergoes dissociation and recombination by two- and three-body collision
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processes, respectively, during the flow expansion. The appropriate type of rate
equation for this example can be taken as that for the Lighthill ideal dissociating
gas discussed in Section 3, i.e.
Da
— =
Dt

da
u— =
dx

C'pT5

In terns of a local equilibrium value of
and terperature by the relation

1 - CC„

(1 - a)e

a

-D/R00T

equal to

p

,

- — a2 >

(4-6)

ae , defined in terras of density

P

Equation (4-6) can be written

For

da

C'p2T's

1 - a

dx

Pr:

1 - a»

a2 -a2

a « 1 , this becomes
da
dx

C'p2T"s ' 2

ae - a21

(4-7)
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Rate equations of the general form of Equations (4-6) or (4-7) can also describe nonequilibrium ionization where electron-ion recombination occurs by either a two- or
three-body collision process without an energy of activation. In this case a represents the degree of ionization and D is the ionization energy per mole.
4.2.J Numerical Solutions
Some of the earliest theoretical studies of nozzle-flow nonequilibrium governed
by a single chemical reaction were done by Penner and his co-workers around 1947 (see
References 2 and 9 for surveys). One of the first numerical solutions was obtained
by Krieger20 for the finite-rate dissociation and recombination of hydrogen in a
rocket nozzle flow. Numerical solutions for hypersonic nozzle flows of dissociating
diatomic gases were obtained by Bray
for the Lighthill gas and by Hall and Russo 18
for oxygen. The case of nonequilibrium ionization was studied by Smith 66 , Eschenroeder.61
More recently, comprehensive analytical treatments of nozzle-flow nonand Rosner 62
equilibrium for the Lighthill gas have been given by Blythe22 and by Cheng and Lee23,24.
As previously mentioned, the numerical solutions for monotonically diverging nozzles
typically exhibit the characteristic feature of the "freezing-out" of the atom mass
fraction a , and thus the energy in dissociation, at sufficiently large area or distance down the nozzle. Illustrative results for the hypersonic nozzle flow of dissociated oxygen, taken from Reference 18, are shown in Figures 4-1 to 4-5. These
figures show the computed variation of a,, T , p , u , and p with nozzle area ratio
A/A^ for the equilibrium reservoir condition T0 = 5900oK , p0 = 82 atm . At this
reservoir condition the oxygen is about 69% dissocjited (a0 = 0.6931). The nozzle
geometry for these calculations was axisymmetri'' of the form (A/A^) = 1 + (ax/L)2 ,
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with a throat radius L = 0.5 mm and asymptotic half-cone angle tan"1 a = 7.5° for
large ax/L . The oxygen molecule was assumed to be a harmonic oscillator, in vibrational equilibrium throughout the expansion. The dissociation rate equation for a
was of the general form of Equation (4-6); rate constant data from the shock tube
studies of Byron26 were used in the calculations.
Several distinct regions may be identified in the variation of a as typified by
Figure 4-1. Following departure from the equilibrium reservoir state, near equilibrium
conditions are maintained initially, in this case until some distance downstream of
the throat. A rather rapid departure from equilibrium then occurs over a limited
transition region. Downstream of this region, a approaches asymptotically a constant
frozen value*. The temperature (Fig. 4-2) is strongly affected by freezing in this
case because of the significant fraction of the total enthalpy frozen in dissociation.
When the transition to frozen dissociation commences, the temperature decreases rapidly
from the equilibrium limit as the heat release from recombination decreases. The
static pressure (Fig.4-3) is not as strongly affected, but the reduction in pressure
below the corresponding equilibrium limit becomes quite large at large area ratios.
The velocity and density (Figs.4-4, 4-5) are least affected by freezing, and are decreased and increased, respectively, relative to equilibrium by roughly similar amounts
since the mass flow is only weakly affected by nonequilibrium.
The frozen degree of dissociation is decreased by an increase in reservoir density
/O0 , recombination rate constant kR , or nozzle scale L/a , and by a decrease in
reservoir temperature T0 . The numerical studies cited show that the effects of
pQ and T0 in this respect are much stronger than of kR or L/a . The strong
effect of density level is due to the dependence of a0 on p0 as well as the dependence of Da/Dt on p2 . Typically, a change of a factor of two or three in kR
or L/a has little effect on the frozen dissociation level (kR and L/a enter the
nond
sional rate equation as a product). Also, the dissociation is only weakly
affe^
i by the exact temperature dependence of kR , i.e. by weather s has the
value 0, 1, or 2, for example, in the relation kR a T"S assumed.
4.2.2 Approximate Methods of Solution
Approximate methods for the analysis of dissociating nozzle flows have been developed by various authors, for example by Penner2, Bray17 and Hall and Russo18, as well
as by others. The method due to Bray for determining the approximate freezing point
and frozen dissociation level in terms of a corresponding equilibrium solution will
be briefly discussed since it has been widely used in recent years. The method of
Reference 18 is essentially similar, and Penner has discussed the similarity of his
criterion for near-equilibrium flow to Bray's method9.
Bray's procedure is based on the following observations concerning the rate equation
(Equation (4-6)) expressed as
Da
Dt

s

=

R,,D - RRR ,

where RD and RR are the rates of dissocia ion and recombination, respectively.
Upstreajn of the transition region where freezing commences, the flow is close to
• Under certain conditions to be discussed, freezing at a nonzero value of a. may not occur.
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equilibrium and Rp and RR are large and very nearly equal. In this near-equilibrium region, Da/Dt is small compared with either RD or RR . Once appreciable
departure from equilibrium has occurred, RD rapidly becomes very small because of
the exponential Arrhenius factor e"D oT . Downstream of the transition region,
where tne flow tends toward a frozen state, RD is much smaller than RR and
Da/Dt ^ RR » RD
Thus in the change from near-equilibrium to near-frozen flow,
R D varies from » Da/Dt to « Da/Dt . At some point in the transition region,
Da/Dt must therefore be of the same order as RD . Bray17 postulates a narrow
transition region, or sudden freezing, with the freezing point located where the
relation

Da\
(4-8)

is satisfied. Here K is a constant of order unity (set equal to 1 by Bray) and the
subscript e indicates evaluation from the equilibrium-flow solution. The approximate
solution obtained thus consists of an equilibrium-flow solution upstream of the freezing
point and a frozen-flow solution downstream.
Since this approximate solution consists of two isentropic branches, it neglects
the increase in entropy which occurs in the actual nonequilibrium flow. However, the
entropy rise which occurs in such nonequilibrium expansions is generally very small
compared with the reservoir entropy itself, as discussed in detail by Eschenroeder27.
As a further extension of the sudden freezing approximation. Bray28 showed that the
gas properties at the freezing point (aF, TF, hF etc.) depend only on the reservoir
entropy S0 (and not also on h0, for example) for a particular nozzle geometry. Thus
within the accuracy of the sudden freezing concept, nonequilibrium flows in a given
nozzle may be represented as isentropes on a Mollier-type diagram of h versus S0 .
This usefulness of the reservoir entropy as a correlating parameter for nonequilibrium
nozzle flows extends to more complex chemistry, as discussed in Section 4,4 in connection with nozzle flows of air.
Comparisons made by various authors (e.g. References 17, 18, 29) of the approximate,
sudden freezing solution with exact numerical solutions show the sudden freezing
approximation to be surprisingly accurate over a wide range of conditions despite its
empirical nature (see Figure 4-1). Typically, the sudden freeze approximation predicts
the frozen dissociation level to within a few percent. Several authors have improved
on this simple sudden-freeze solution by taking account of the variation of a in the
asymptotic recombination region downstream of the freezing point. This was done by
Smith , Eschenroeder , and Rosner
for the case of weak ionization decoupled from
the gasdynamic behavior (where the rate equation is of the general form of Equation
(4-7) and by Eschenroeder27 for atom recombination. These authors obtained improved
asymptotic solutions by solving the equation Da/Dt — - RR applying in the nearfrozen, recombination region and matching to the equilibrium solution at the freezing
point determined by Equation (4-8).
4.2.3 Analytical Treatments
As distinct from numerical or semi-empirical treatments, rigorous analytical treatments of nozzle-flow nonequilibrium governed by the nonlinear Lighthill-gas rate
(Equation (4-6)) have been given by Blythe22 and by Cheng and Lee23,2". Blythe, who
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also treats separately the linear rate equation for vibrational relaxation (see
Section 4.3), considers the case of very small dissociation such that the appropriate
(nonlinear) rate equation is Equation (4-7) which is assumed to be completely uncoupled from the fluid dynamic equations. Blythe's analysis of this limiting case
reveals three basic regions to the flow structure. As evidenced in the numerical
studies of previous workers, these are: an upstream near-equilibrium region, a rather
narrow transition region where rapid large departure from equilibrium occurs, and a
downstream asymptotic region of near-frozen flow where recombination dominates.
Correctly matched analytic solutions to these three regions are obtained. Blythe
shows that the simple sudden-freeze solution discussed here is mathematically incorrect
in the limiting case of weak dissociation. The error is primarily in using the wrong
asymptotic solution downstream of the freezing point (i.e. completely frozen flow)
rather than in matching this solution directly to the equilibrium solution (i.e.
without the transition region rigorously required). In this respect, the asymptotic
recombination solutions of References 21, 27, 61, and 62, which are also matched
directly to the equilibrium solution, are a better approximation than the sudden
freeze model.
The assumption that the rate equation (Equation (4-7)) can be uncoupled from the
remaining gasdynamic equation limits a in practice to exceedingly small values.
For negligible coupling, the energy in dissociation (aD per mole, say) must be a
completely negligible part of the enthalpy. Any effect on temperature due to dissociation can have a very strong effect on Da/Dt due to the dissociation term in
the rate equation containing the exponential factor e'D/RoT . Cheng and Lee23 show
that the completely uncoupled case applies only for aFp « £2 , where subscript FP
denotes values at the freezing point given by Equation (4-8) and the quantity
e = (R0TFp/D) is assumed « 1 . Under the assumption of small e , these authors
define two basic flow regimes in terms of the ratio app/e , which is roughly the
ratio of the energy in dissociation to that in the translational degrees of freedom.
For regime I defined by ctpp/e < 0(e) , the gasdynamics are only weakly influenced by
the chemistry, whereas for the regime II defined by (aFp/e) > 0(e) , the gasdynamics
are strongly influenced. In regime I the analysis of Reference 23 reveals the three
basic flow regions found by Blythe. However, in regime II the analysis reveals four
distinct flow regions: upstream equilibrium, incipient transition, rapid transition,
and downstream recombination23.
Cheng and Lee mainly treat regime II and obtain analytical solutions for the four flow
regions by means of matched asymptotic expansions in the small parameter e . They
also assess the validity of previous approximate methods. In contrast to regime I,
the simple sudden freeze solution of Equation (4-8) is shown to be valid and quite
accurate for velocity in regime II, and also valid for the frozen dissociation level
if (CtF,p/e) » 1 , provided the dissociation level does ultimately freeze. However,
the sudden freeze solution for temperature is not rigorously valid, although the
numerical error may typically be small. The authors23 also determine the conditions
for which the asymptotic downstream flow will freeze (i.e. conditions for which
lim a = Äg, ^ 0) for nozzle geometries of the form A a x2"1 . For example, it is
X-oo
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shown that the dissociation level will freeze (a^ ^ 0) if m > 1/4 , and will be
"self limiting" (^ = 0) if m < 1/4 , provided |s| < 1 . Here s is the exponent
for the inverse temperature dependence of kR . For s > 1 , the dissociation will
freeze for m > 3/(2(7 -s)} and will be self limiting for m < 1/4 . Subsequent to
their initial study, Cheng and Lee have further generalized their analysis to include
nozzle geometries of arbitrarily diverging shape2".

52
4.2.^ Experimental Studies
Despite this extensive amount of theoretical study, and the pressing need for more
precise chemical kinetic data in nozzle-flow environments, nonequilibrium nozzle flows
involving a single dominant reaction have received rather limited experimental study.
The lack of experiment is due in part to the difficulty of creating well understood
flows with significant dissociation of diatomic gases as oxygen and nitrogen, as well
as the generally difficult diagnostic problem involved in determining local chemical
composition.
One of the earliest definitive nozzle-flow experiments involving a single reaction
for dissociation and three-body recombination was done by Wegener30"32 for the reaction
N2 + Nj.O,, ^ N2 + 2N02 ,
which involves the dissociation of nitrogen tetroxide. The experiments were done in
a carefully designed, closely one-dimensional supersonic nozzle. Small concentrations
of N20u were used in a large excess of inert N2 carrier gas. The rate constants
for this reaction are well known in the temperature range of the experiments (about
250 to 400oK). The local N02 concentration along the nozzle was determined by
measuring the absorption of blue light (4300 A) to which N2 and N201( are transparent.
Appreciable departures from equilibrium composition were observed. Wegener' s results
generally confirm the theoretical expectations, and show good qualitative agreement
with the simple sudden freeze model. Further experimental results obtained for the
same chemical system, but in a strongly two-dimensional nozzle, are reported by
Zupnik et a/.119.
Additional experimental studies of single-reaction chemistry in nozzle flows have
included, for example, studies of dissociated nitrogen flows by nozzle static pressure
measurements (Nagamatsu and Sheer33); dissociated oxygen flows by ultraviolet light
absorption measurement of 02 (Wilson31*) and by catalytic-probe heat-transfer measurement of 0 (Reddy35; Bartz132); dissociated hydrogen flows by static pressure measurements (Widawsky, Oswalt, and Harp36; Russo, Hall, and Lordi37); and ionized air flows,
where the dissociative-recombination reaction N0+ + e"j±N + 0 dominates, by microwave interferometer measurements of electron density (Eschenroeder et at?3). Generally
speaking, all such experiments have given results which agree qualitatively, at least,
with the theoretical predictions based on available kinetic data and the flow models
discussed. What few recombination rate data have been determined directly in these
experiments do not contradict the usual assumption that kD/kR = Ke(T) under nonequilibrium conditions. However, in most cases the precision of the recombination
rate constant determination is too low to provide an accurate assessment of this
relation. In particular, static pressure measurement, although perhaps the easiest
type of measurement to make, is inherently a difficult approach to rate constant
determination because of the relative insensitivity of pressure to nonequilibrium
effects. Improved diagnostic methods are needed to exploit nozzle flows as a chemical
kinetic tool with the precision desired.
4.3 Vibrational Nonequilibrium in Nozzle Plows of Diatomic Gases
In the preceding discussion of nozzle-flow nonequilibrium involving dissociation
and recombination, the question of simultaneous vibrational nonequilibrium was not
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considered. The Lighthill gas model effectively assumes that vibration is always
excited to one-half the classical equipartition value; the oxygen nozzle-flow solutions
discussed were obtained assuming vibrational equilibrium. As discussed in Section 3,
the coupled effects of nonequilibrium vibration and dissociation are a matter of
current research. Simple models for such coupling in nozzle flows have been considered
recently by several authors (e.g. Bray and Pratt38, and Tirumalesa40). However, because
of the lack of a firmly established theoretical model of coupling useful for flowfield
analysis, most calculations of chemically reacting nozzle flows have assumed either
vibrational equilibrium or else a vibrational relaxation process uncoupled from
dissociation.
The present section will be limited to discussion of the simplest example of vibrational nonequilibrium in nozzle expansions, namely that where chemical change does
not occur so that vibrational relaxation is the only rate process involved. An important example is the expansion of a diatomic gas from initial nozzle reservoir
conditions of equilibrium state such that vibration is excited but dissociation is
negligible. Such reservoir conditions are employed, for example, in lower-temperature
operation of hot-shot and shock tunnels, and in steady-state heated nitrogen tunnels.
Of course, the energy in vibrational excitation never becomes nearly as large a fraction
of the total enthalpy as does the energy in dissociation at higher temperatures.
Nevertheless, the vibrational energy is not negligible, being approximately 10% of the
total internal energy in air at 2000oK for example. This amount of internal energy is
enough to produce nontrivial gasdynamic effects if appreciable departure from equilibrium
nozzle flow occurs. Thus vibrational nonequilibrium can produce effects of some importance on nozzle test-flow conditions in these types of wind-tunnel facilities.
4.3.1

Analysis for Harmonic Oscillator Model

As discussed previously in Section 3, the simplest equation which approximately
describüs the exchange of energy between vibrational and translational degrees of
freedom in a pure undissociated diatomic gas is the linear equation due to Landau and
Teller:
^v
Dt

_

e

vEQ- ev

(4-9)

TV

Here ev is the vibrational energy per unit mass of gas and ev Eg is the value of
ev when vibration is equilibrated with translation. The quantity TV is the relaxation time for vibrational-translational energy exchange; TV is inversely proportional to collision frequency (or density) and increases strongly with decreasing
translational temperature. As pointed out in Section ^ one of the several key assumptions on which this equation is based is that the molecules behave as simple harmonic
oscillators for which the vibrational energy levels are equally spaced. In this case,
the exchange of vibrational energy between the vibrational modes of two colliding
molecules is a resonance phenomenon which serves only to redistribute vibrational
energy without exchange with translational degrees of freedom. If a Boltzmann population of the vibrational energy levels is maintained, as is typically the case for
harmonic oscillator molecules, the vibrational mode can be characterized by a vibrational
temperature Tv . For the harmonic oscillator model, ev is then given in terms of
Tv by:

ev
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Despite its simplifying assumptions, Equation (4-9) has been widely used to analyze
vibrational relaxation in nozzle flows. Although the equation is linear, numerical
solution is still generally necessary for the calculation of nozzle flows, where both
density and translational temperature vary strongly. However, because the vibrational
energy is typically a rather small fraction <.f the total enthalpy, Equation (4-9) can
often be decoupled from the associated fluid dynamic equations without introducing
significant error.
Numerical solutions based on Equation (4-9) have been obtained by several authors
for diatoraic-gas nozzle flows (e.g. References 41-44). Most of these calculations
have used values for the relaxation time TV deduced from shock-tube experiments on
vibrational relaxation behind plane shock waves. The calculations of Stollery and
Smith1*2 for vibrational relaxation in conical-nozzle flows of undissociated air give
typical results. As the gas expands down the nozzle from the initial equilibrium
state, the vibrational temperature Tv decreases more slowly than the rapidly decreasing translational temperature. At some point in the diverging nozzle, depending
on the initial reservoir conditions and the nozzle geometry, the vibrational energy
(or Tv) freezes or levels off at a constant value higher than the local translational
temperature.
This freezing of vibrational energy is analogous to the freezing of molecular
dissociation discussed previously. The gasdynamic effects are qualitatively the same
as for dissociation freezing, but typically much smaller. Of course, in the case of
vibrational relaxation only binary collisions are involved, whereas ternary collisions
are also important in chemical nonequilibrium involving three-body recombination. It
may be noted that as vibrational relaxation involves only two-body collisions, binary
scaling can be applied to solutions of Equation (4-9) for undissociated flows in
nozzles of given shape. For the nozzle geometry mentioned in Section 4.2, for example,
solutions can thus be correlated or scaled in terms of the parameter pQ (L/a) , where
p0 is the initial reservoir density, for a given gas and initial reservoir temperature
or enthalpy.
Rigorous analytic treatment of Equation (4-9) for nozzle flows has been given by
Blythe22,47 for the limiting case where the vibrational energy is sufficiently small
that Equation (4-9) can be decoupled from the fluid dynamic equations. Blythe' s
analysis and solutions reveal a gross mathematical similarity to the dissociation
freezing pattern, in that three basic regions (as discussed in Section 4.2) characterize the flow structure. However, the detailed asymptotic behavior for vibrational
freezing differs from dissociation due to the linearity of Equation (4-9) as opposed
to the nonlinearity of Equation (4-6).
As for the case of dissociation freezing in nozzle flows, semi-empirical approximate
methods, including similar sudden freeze approximations, have been proposed and used
to estimate vibrational freezing from Equation (4-9) (see References 41, 43, 45, 46).
Although these methods typically give results which agree quite well with numerical
solutions, Blythe22 shows them to be mathematically incorrect as in the case of weak
dissociation freezing discussed in Section 4.2.
b.3.2 Experimental Studies
In contrast to the relative scarcity of experimental data on dissociation nonequilibrium in nozzle flows, considerable effort has been expended in recent years on
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eXPeriments involving vibrational relaxation. One reason for this activity
is the results of initial experi•ents by Hurle, RuS$0, and Hallij 8 in 1962-63 to •easure
vibrational temperature relaxation in nozzle flows of undissociated nitrogeu . The
vibrational temperatures determined in these experiments showed only qualitative aaree•ent at best with the predictions of [quation (4- 9) based on values of rv (= rva>
from shock wave experi•ents. Quantitatively, the measured values of Tv were considerably l ower than predicted, which suggested faster vibrPtional de-excitation than
given by rv = rvs . These initial experiments stimulated further eXPerimentation
(Refs . 51-54,56-58), and, more recently, theoretical studies concerning effects not
included in Equation (4-9), particularly the effects of anharmonicity 59 • 60 .
The eXPeri.ents of Reference 48 utilized the particular spectrum-line reversal
•ethod due to Gaydon and Hurle 5 ij 9 as the diagnostic technique to determine the vibrational temperature of N2 at different stations along a 15°-conical nozzle driven by
a shock tube . The technique involves simultaneous monitoring of the emission and
absorption intensities of a suitable spectrum line from a trace species (Na and Cr
were used) add~ to the test gas . Interpretation of a vibrational temperature depends
on close equilibration of the electronic transition with the vibrational mode. Typical
results from these experiments in the form of Tv / T0 versus A/ A* are shown in
Figure 4-6 for both Na and Cr as the trace additives for line-reversal measurement.
The uPPermost curve in Figure 4-6 is the prediction of Equation (4-9) with rv equal
to rvs , the value deduced from shock-wave eXPeriaents. The lowest curve is for
complete equilibriua flow, i . e. rv = 0 . The expcri•ental points are fitted by the
curve shown. which is calculated from Equation (4-9) with rv equal to (1/70) rvs
Thus the data suggest that the vibrational de-excitation of N2 in the nozzle flow
proceeds much faster than predicted by the Landau-Teller relaxation equation on the
basis of the shock-wave relaxation tiaes• .
In view of the unexpected nature of t~ese results, further eXPerimentation, including the use of different diagnostic techniques, has been done on vibrational
reluation in nozzle flows of N2 • In total. these further studies support the
results of Reference 48 . Further Na line- reversal eXPeriments include studies of
the influence of impurities (Russo 51 ), and the behavior of dilute N2 -Argon mixtures
with attention to the effects of free electrons (Hurle and Russo 52 ) . Different
diagnostic techniques applied include the electron beam aethod (Petrie 53 and
Sebacher 5 " · 55 ) where the N2 is ionized and electronically excited by a narrow beam
of electrons passing through the flow field . The vibrational temperature of ground
state N2 is deduced from the ratios of intensities of different vibrational bands
in the observed eaission spectrum (usually of N;) . A different reversal spectroscopic
technique has been used recently by Russo 56 wherein CO is added in trace ..aunts to
the N2 as a thermometric element . Band reversal spectroscopy using the fund ..ental,
infrared vibration-rotation band of CO permits determination of the CO vibrational
temperature, from which the coupled vibrational temperature of N2 can be deducedt.
• Tbe factor 1/ 70 is a revision froa tbe earlier value 1/ 15 liven in Reference 48 . Tbe value
of tbis factor depeDds 011 tbe reference values cbosen for Tva . Tbe revision to 1/70 from
1/ 15 is t.sed on what is believed to be a better correlati011 of data for Tva , as diacu.aaed
in Reference 50.
In additi011 to tbese uperimentll 011 N2 vibratiOII in stead7 npaDdiq flows uaerated in a
nozzle, Holbecbe aDd loodle7 58 bave used tbe Na line reversal metbod to deteraiae vibratioaal
temperatures in oae-dimeoaioaal, uoatead7 npaoaioa flows 1eaerated in a abock tube . Tbeir
results sbow a siailarl7 fast relautioa for N2 , but not, bowever , for CO .
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As already noted, the further studies of N2 vibrational relaxation in nozzle
flows generally support the finding of Reference 48 that the effective relaxation
time in the nozzle flow is smaller than behind the shock wave at tls same translational
temperature and density. The nozzle-flow vibrational temperatures measured by the
different techniques and experimenters appear to be in good quantitative agreement, as
discussed in References 50 and 55 . Based on the experiments of References 48, 53,
and 54 and Equation (4-9). Schacher55 has deduced an empirical expression for the
variation with temperature of ine vibrational relaxation time of N2 in nozzle flows,
which is then usable with Equation (4-9) for the purpose of calculations. This expression is
Tvp

=

3 x 10"12 exp (181 T"1/3) atm sec ,

where TV is the relaxation time in seconds, and p the local static pressure in
atmospheres. Although Equation (4-9) with this expression for TV will give predictions for Tv in agreement with the above-mentioned experiments, it must be
emphasized that such a procedure is empirical, and without a rational basis at present.
As mentioned at the end of this section, recent theoretical studies suggest that
anharmonic effects may be partly responsible for the different behavior of N2 vibrational relaxation in nozzle flow and shock wave environments. Such effects are not
included in Equation (4-9).
Similar nozzle-flow experiments with CO , again using the Na line-reversal method
to measure vibrational temperatures, were done by Russo and Rich at the Cornell Aeronautical Laboratory50. Qualitatively similar results as for N„ were observed in
that the measured vibrational temperatures were closer to equilibrium values than
predicted by Equation (4-9) using shock-wave relaxation times. More recently, Russo57
has repeated this experiment with CO but using the infrared band-reversal method
mentioned above to
i measure Tv . Similar results were obtained as with the Na linereversal method.
In Reference 48 it was speculated that the apparent faster vibrational relaxation
in the N2 nozzle-flow expansions as compared to shock wave flows was possibly due
in part to differing effects of anharmonicity under the different thermo-gasdynamic
conditions and initial states of molecular excitation existing in the two environments.
In the shock wave flow, where the net relaxation process is excitation, the vibrational
temperature is initially much less than the translational temperature. Also, the
translational temperature and gas density remain roughly constant through the relaxation
process. In the nozzle expansion flow, however, the net relaxation process is deexcitation. In this case the vibrational temperature is initially high, and rapidly
becomes substantially higher than the translational temperature as the latter decreases
strongly and a vibrational lag develops during flow expansion.
Recent theoretical studies suggest that anharmonic effects may indeed be a factor
in the above respect59,60. As discussed in Section 3, with anharmonic oscillators
the vibration-vibration exchange process can produce very large departures from a
Boltzmann-like population of the vibrational energy levels when the population of the
low lying levels exceeds that for equilibrium with the translational temperature. The
effect is to overpopulate the higher vibrational levels, and for sufficiently extreme
• The recent work of Russo56 using infrared band reversal with CO as a trace additive provides
additional data beyond that discussed in References 50 and 55.
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conditions, a large population inversion can occur. As vibration-translation energy
exchange becomes more efficient at higher vibrational levels, this effect can increase
the net rate of vibrationai de-excitation. The low vibrational levels can become
significantly underpopulated relative to predictions of the linear Landau-Teller
relaxation equation. The conditions necessary for anharmonic vibration-vibration
exchange to affect significantly the vibrational population, i.e. high vibrational
energy and low translational energy, tend to occur in the nozzle expansion-flow environment, but not behind a shock wave. Rich and Rehm59, and Bray60 have recently considered
theoretically the relaxation of anharmonic oscillator models which exhibit such effects.
Bray's60 work includes calculations of anharmonic relaxation effects for specific
comparison with the N2 nozzle-flow experiments of Reference 48. Although there is
necessarily much uncertainty in the basic transition probabilities assumed in the
theoretical model, it is encouraging that the calculated results show qualitative
agreement with experiment.
4.4

Chemical Nonequilibrium in Nozzle Flows of
Coupled-Reaction Gas Mixtures

Sections 4.2 and 4.3 have discussed the simplest examples of nozzle-flow nonequilibrium, involving only single rate processes governing dissociation or vibrational
relaxation in diatomic gases. Of course, in technical applications involving nonequilibrium nozzle flows the working fluid is often a multi-species gas mixture involving coupled chemical reactions, rather than a pure diatomic gas. This is the
case with high-enthalpy airflows in hypervelocity test facilities, and is typically
the case also with nozzle flows of interest in the propulsion field. This section
will review briefly some typical studies of such coupled-reaction nozzle flows. The
example of high-enthalpy nozzle airflow is emphasized because of its relative importance; some considerations of nonequilibrium effects in hypervelocity wind-tunnel
testing are included (Section 4.4.2).
As discussed in Section 4.1, machine computational methods are now fairly well
developed for obtaining "exact" numerical solutions to nonequilibrium nozzle flows of
complex chemically reacting mixtures. Typically, present machine codes for this
purpose are based on the simplifying gasdynamic assumptions of pseudo-one-dimensional
and inviscid flow. In particular, the one-dimensional flow assumption does not represent a fundamental limitation, but is more a matter of practical convenience as
regards the costs and limitations of present machine computing techniques. It may be
noted that what studies have been made of two- or three-dimensional inviscid nozzle
flows with nonequilibrium chemistry suggest that departuies from a one-dimensional
inviscid-core behavior may often be significant, particularly as regards the chemical
composition (see, for example. References 119-122). Thus, inclusion of two-dimensional
effects in the supersonic inviscid core will likely become more common (for example,
using the method of characteristics) as the general capabilities of computing mechines,
and also the knowledge of reaction rate-constant data, continue to improve.
Of course, particularly with complex mixtures the various simplifications and uncertainties 'n the phenomenological description of the physical-chemical rate processes
involved constitute the real limitation of present nozzle-flow machine codes. With
complex kinetics, a description of the coupling of chemical reaction rates with internal
degrees of excitation is generally not attempted. All internal modes, including
vibration, are usually assumed to be in thermal equilibrium with the translational
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temperature. Thus the forward and reverse specific rate constants of all reactions
are related through the equilibrium constants in the usual way. With ionized nozzle
flows the problem is further complicated by the effects of Coulomb forces and the
possible lack of equilibrium between the light free electrons and the translational
energy of the heavy particles. No doubt the mathematical description of the kinetics
of complex mixtures will continue to improve as knowledge increases of important
elementary reactions and rate constants, as well as of the influence of internal
degrees of excitation.
The approximate methods of analysis described in Section 4.2 for dissociating
diatomic gases have had some extension to multi-component coupled-reaction nozzle
flows, principally for gas mixtures of interest in propulsion applications (e.g.
References 8, 78, 81, 83, 84, 88, 89). However, the general applicability of the
simple sudden-freeze approximation to complex kinetics systems appears rather limited.
Apart from the question of mathematical correctness, which exists even for the pure
diatomic gas case (Section 4.2), the detailed manner of application of sudden-freeze
criteria becomes quite arbitrary and empirical with complex systems. The basic
difficulty is that Li a complex kinetics system, neither all species nor reactions
"freeze" simultaneously in general. Typically, complex mixtures of interest involve
fast bimolecular exchange-type reactions in addition to coupled dissociation-recombination reactions. Such bimolecular reactions do not tend to freeze, and can provide
such a fast path for atom removal that atom freezing does not necessarily occur.
Wilde88 gives a brief but informative summary of various approaches taken to apply
the simple sudden-freeze concept to complex mixtures. These approaches include applying
the sudden-freeze criterion of reactions8'8" to species78, and to the average molecular
weight of the mixture83. Perhaps the main usefulness of approximate methods for complex
kinetics at present is where the basic chemical kinetic behavior of the flow is already
fairly well known from more exact methods of solution. Certainly where applicable and
carefully used, approximate methods can provide worthwhile reductions in computing
effort. This is illustrated, for example, by Migdal and Goldford122 who greatly
simplify the analysis of nozzle-flow two-dimensional effects by applying a suddenfreeze criterion along individual streamlines. The streamline gasdynamic histories
and geometries are initially determined by the method of characteristics for equilibrium
or frozen flow.
•7.4. i

ftonequilibrium Nozzle Flows of Propulsion Mixtures

The past five or siv years has seen intensive application of the machine codes to
study nonequilibrium nozzle flows of complex mixtures specifically of interest in
various propulsion applications, as well as of air. Of course, chemical freezing in
rocket exhaust nozzles has long been of interest because of the consequent loss in rocket
thrust or specific impulse. Usually, however, such effects are not of major importance
with solid or liquid propellant rockets of modest performance. The limits of equilibrium and frozen f!ow might typically give thrust differences of several percent, so
that with the characteristically high pressures of rocket chambers and modest nozzle
expansion rates, the percentage impulse loss due to nonequilibrium effects tends to
be quite small. Nonequilibrium nozzle-flow effects can assume much greater importance
with high performance rocket systems and hypersonic ramjet applications10, U'8Q. In
the case of the hypersonic ramjet, the net propulsive thrust represents essen''-.lly
the velatively small difference between the exhaust and inlet momentum fluxes, both
of which are large quantities. Thus nonequilibrium effects of a magnitude considered
unimportant for rocket performance can be quite important for hypersonic ramjet
performance.
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A comprehensive review of research in this area up to 1962 is given by Olson11.
Representative numerical studies of recent years are those of Westenberg and Favin6",
Sarli et aZ?5, and Wilde67,86. Westenberg and Favin did a comprehensive study of
nonequilibrium nozzle flows for two important types of mixtures: one typical of rocket
exhaust products, containing H2 , H20 , CO , C02 , H , and OH and described kinetically by four elementary reversible reactions; and a second typical of ramjet exhaust
products after hydrogen-air combustion, containing H2 , H20 , 02 , H , OH , and 0
and described kinetically by eight elementary reversible reactions. Particularly, for
the ramjet example, the results demonstrate the importance of biraolecular reactions
such as
(a)

H20 + H ?±H2 + OH , (c)

H2 + 0

(b)

02 + H i=tOH + 0 ,

H20 + 0 iüOH + H ,

(d)

;=* OH + H .

which are typically fast compared to the several dissociation-recombination reactions
involved.
For the example of H2-Air combustion. Figure 4-7 shows results from Reference 84
for calculated equilibrium and nonequilibrium distributions of H2 , H , and OH
along a 25° conically divergent nozzle. The mixture expands from supersonic, initial
equilibrium conditions of 3000oK and 5 x ID5 cm/sec velocity at the initial pressures
and H2/air stoichiometric equivalence ratios (E.R.) shown. The departures from equilibrium composition are seen to be substantial. Increased pressure level produces a
flow closer to equilibrium, as in the case of the pure diatomic gas. Also, the gasdynamic consequences of nonequilibrium are similar to the pure diatomic gas case local pressure, translational temperature, and velocity are reduced below corresponding
equilibrium values. The faster than equilibrium rate of decrease of H2 and OH at
low pressure, and the downstream increase in H at high pressure, are interesting
features which are due to the dominance of the above bimolecular reactions. As will
be discussed, bimolecular reactions play a similarly important role in the case of air,
where analogous reactions to (b) and (c) must be considered involving NO .
In the study by Sarli el aZ.65, machine calculations of a similar nature were done
for H2-air combustion products expanding in a subsonic-entry ramjet exhaust nozzle.
In this case the chemical kinetic model also included the bimolecular and dissociationrecombination reactions involving N and NO which had previously been demonstrated
to be important in high-temperature pure air expansions98, 97. However, in the example
considered, the inlet temperature before expansion (about 2800oK) was really not high
enough for N and NO to play a significant role. The nozzle entrance conditions
in this example were near-equilibrium conditions resulting from a separate machine
calculation of the H2-air combustion process in a subsonic constant-area combustor.
The same kinetic system and calculation methods were applied by the authors to estimate
the relative importance of thrust losses due to skin friction and chemical nonequilibrium
for a simplified supersonic-combustion ramjet configuration employing a conical exhaust
nozzle86. The results indicate that skin friction losses are dominant, but that for
optimum nozzle expansion angles and high thrust levels the nonequilibrium losses are
of comparable magnitude at the flight conditions considered (flight Mach number of
15 at 150,000 ft altitude).
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Wilde has performed careful numerical studies to assess nozzle-flow nonequilibrium
effects for several complex kinetic mixtures which give high rocket impulse. The
study of Relerence 87 concerns H2 - F2 mixtures while Reference 88 considers
UDMH/NjH,, - N2Ou and also CH2 - 02 systems. Particularly in the case of hydrogenfluorine, the combustion temperature is sufficiently high that appreciable energy can
be stored in molecule dissociation prior to flow expansion in th, nozzle. Thus the
thrust loss from chemical freezing becomes of greater importance with such high performance systems11. In both studies, impulse values are calculated using the assumed
kinetic models and rate constants for comparison with selected experimental data.
For CH2 - 02 , the calculated exhaust temperatures agree well with experimental values
reported by Boynton123 for the RP-l/02 (gas) propellant system over a range of oxidizer/
fuel ratios giving appreciable nonequilibrium effects. The calculated vacuum impulse
exceeds experimental values of Fortini, Hendrix, and Huff12" obtained for RP-l/02
(liquid) by amounts up to five or six percent. This discrepancy in impulse is attributed to unaccounted experimental losses, rather than inadequacy of the chemical
kinetic model used in the calculations. In the case of the H2 - r2 system, the
calculated vacuum impulse agrees very closely with experimental data (:eported by
Olson11) at higher chamber pressures for near stoichiometric mixtmes, but falls a
few percent below experimental values with increased amounts of H2 . At near stoichiometric ratios, the impulse loss due to nonequilibrium effects is about 5 to 6% for a
chamber pressure of 20 atm, a conical nozzle half-angle of 15°, an expansion area
ratio of 25, and a throat diameter of 10 cm.
Wilde interprets the relatively high experimental values of impulse with hydrogen
rich H2 - F2 mixtures in terms of HF being unusually effective as a catalytic
third body in H-atom recombination. On this basis, the three-body recombination rate
constant with HF as the third body is interpreted as the order of 1000 times larger
than with H2 as the third body. The author also speculates that the inferred rate
enhancement may be due to formation of the stable intermediate species H2F and a
consequent rapid two-body path for H-atom removal, i.e.
H + HF «zt H2F
H + H2F «TS H2 + HF .
The interesting possibility of deliberately introducing such two-body chain reactions
(as a faster path for atom recombination than three-body reactions) by addition of
small amounts of a catalyst body to H: has been considered by several investigators
(Refs.92. 93, 125). Nonequilibrium nozzle-flow calculations to assess such possible
gas-phase catalysis of H-atora recombination are described in Reference 92 for seeding
with carbon, in Reference 93 for seeding with oxygen and oxygen-nitrogen mixtures, and
in Reference 87 for seeding with fluorine. In general, the results of these numerical
studies suggest that such catalytic seeding of dissociated hydrogen offers only
marginal gains in impulse because of the molecular weight penalty that rnust also be
incurred. More definitive theoretical assessment of this technique for reducing nozzleflow dissociation levels requires more exact rate data for the elementary reactions
involved.
Before turning to studies of high-enthalpy airflows, further mention may be made
of nozzle-flow experiments with complex mixtures of interest in propulsion systems.
In general, the emphasis in such experiments is on measurement of the gross thermo-
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gasdynamic characteristics as pressure, temperature, and nozzle thrust, for example.
Representative studies of recent years include the experiments of Hoglund, Carlson,
and Byron90, on recombination lag in nozzle flows of the RP-l/02 (gas) system, the
experiments of Lezberp and Franciscus82 on nozzle flows of hydrogen-air and also
methane-air combustion products, and the experiments of Boynton123 with FlP-l/02 already
mentioned. Typically, the observed departures of the gasdynamic quantities from their
equilibrium behavior are predicted fairly well by exact finite-rate calculations, in
spite of the considerable complexity of the kinetic models and uncertainties in many
of the rate constants involved. While this is encouraging, improved rate constant
data are certainly needed, as are additional nozzle-flow experiments wherein species
concentrations are also determined. On the difficult matter of determining species
concentrations, the recent experiments of Hill, Unger, and Dickens'1 may be noted.
These authors used infrared emission and absorption spectroscopy to determine the
concentration of C02 , as well as temperature, in nozzle expansions of solid-propellant
combustion products containing CO , C02 , H20 , H2 , H , and OH . The concentrations
of C02 along the nozzle axis determined from the absorption measurements are in
good agreement with the authors' calculated results obtained from the lanetic model
used by Westenberg and Favin8".
4.4.2 Nonequilihriun Nozzle Flows of Air
The chemically-active neutral species of importance in dissociated air at high
temperatures are usually taken to be N2 , 02 , N , 0 , and NO (Section 2). This
composition neglects more complex molecules, such as high oxides of nitrogen, which
are usually unimportant at high temperatures because of their small concentrations.
As discussed in Section 3, an important kinetic role is played by NO , although it
may only be present in relatively small amounts, through the fast bimolecular exchange
or "shuffle" reaction system
1.

0 + N2 ^± NO + N

2.

N + 02 f± NO + 0 .

These reactions, in addition to the dissociation-recombination reactions
3.

02 + M «=► 20 + M

4.

N2 + M £* 2N + M

5.

NO + M ?± N + 0 + M

constitute the important elementary reactions governing the neutral species in hightemperature air, as was first demonstrated in the normal shock wave calculations of
Duff end Davidson126, and Lin and Teare127.
Numerical solutions for nonequilibrium nozzle flows of dissociated air based on the
coupled rate equations for the above kinetic model were first obtained by Eschenroeder,
Boyer, and Hall97,98 for a range of conditions of interest in hypersonic shock-tunnel
testing. These solutions included equilibrium reservoir temperatures up to 8000oK
at reservoir pressures from 10 to 1000 atm; the calculations were subsequently extended
by Lordi and Mates100' 101 to 15,000oK and 9000 atm. These studies were essentially
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limited to determination of neutral species concentrations and the flow variables.
For the conditions considered, the energy involved in ionization was sufficiently
small that the ionization kinetics could be uncoupled from the fluid dynamic and
neutral-species kinetics equations. Corresponding nonequilibrium solutions for the
ionized species were subsequently obtained by Eschenroeder61, 10?.
The nozzle-flow solutions for the above kinetics reveal an important role of the
bimolecular shuffle reactions 1 and 2 in delaying N-atom freezing. On flow expansion
from the nozzle reservoir state, reaction 1, and also reaction 2 at higher temperatures
and lower pressures, depart from equilibrium in the direction of N-atom removal because
of the corresponding low activation energies. Even at relatively low concentrations
of 02 and NO , these bimolecular paths are much more efficient for recombining N
atoms during the flow expansion than the three-body recombination path via reaction 4.
As a consequence, the freezing of N atoms can be greatly delayed beyond the point
where three-body recombination from reaction 4 has essentially ceased. Practically
all N is thereby recombined to N2 by this bimolecular path in dissociated air
expansions from intermediate (100 atm) or higher reservoir pressures. This is in
contrast to the very rapid freezing of N which would occur if three-body recombination
through reaction 4 were the only path for N-atora removal.
The foregoing remarks are illustrated by Figure 4-8 from Reference 97 which shows
(calculated) equilibrium and nonequilibrium species mass concentrations versus nozzle
expansion ratio for air initially at 8000oK and 100 atm pressure expanding in a nozzle
of geometry stated in Section 4.2 with L/a = 1 cm . At these reservoir conditions
the nitrogen is appreciably dissociated, and the oxygen essentially completely so.
The initial energy in nitrogen dissociation actually exceeds that in oxygen dissociation,
being about 25% of the total enthalpy. The mass concentration of 0 atoms is seen
to "freeze" essentially at the nozzle throat. The amount of 0 actually increases
somewhat with flow expansion due to 0-atom production via the bimolecular reactions 1
and 2 as three-body recombination of 0 via reaction 3 ceases. By contrast, the concentration of N drops rapidly with flow expansion due to the bimolecular path for
N-atom removal. When N-atom freezing finally sets in, the N-atora concentration is
only about 1% of the reservoir value.
Corresponding calculated results from Reference 97 for reservoir pressures of 10
atm and 1000 atm at 8000oK are shown in Figures 4-9 and 4-10, respectively. At low
pressures (Fig.4-9), the initial N-atom concentration is very large. Because of the
low-density level not even the fast bimolecular reactions are effective in recombining
N atoms in the flow expansion in this case. Hence, freezing of both 0 and N
occurs at near reservoir levels. At high pressures (Fig.4-10) the N-atom concentration
is initially small and energetically unimportant, and is equilibrated during the flow
expansion. Three-body recombination is greatly enhanced at this high pressure, and,
as a result, 0-atom freezing is appreciably delayed. Similar trends with increase in
reservoir pressure are shown in the calculations of References 100 and 101 for higher
reservoir temperatures.
It may be noted that the calculated entropy changes occurring in these nonequilibrium
air expansions are typically a very small fraction of the reservoir entropy; i.e. the
expansions are closely isentropic. The use of the reservoir entropy to correlate
certain frozen properties of diatomic gas expansions for given nozzle geometry was
discussed in Section 4.2. Lordi and Mates100,101 confirmed that a similar correlation

k

63

applied to the exact solutions obtained for air expansions. Figure 4-11 shows such a
correlation of the calculated enthalpy frozen in the expansion (hF) for the range of
air reservoir conditions noted and the nozzle geometry previously stated (L/a = 1 cm).
The rathor marked change in slope at about S = 2.7 cal/gm 0K is due to the onset of
significant freezing of N atoms. At higher values of S , oxygen is essentially all
dissociated and frozen. Other nonequillbrlum effects as frozen species mass fractions
and reductions in pressure and temperature are also correlated by the entropy100, 101t10'*.
Experimental studies of nozzle flows of dissociated air wherein neutral species
concentrations were determined appear to be virtually nonexistent to date. However,
a number of experimenters have measured gasdynamic quantities, such as pressure, in
dissociated nozzle airflows and demonstrated the expected magnitude of departures
from calculated equilibrium values. Measurements of axial static pressure distributions
have been reported, for example, by Nagamatsu and co-workers33, 105, by Duffy106, and
by Zonars107. In addition to static pressure distributions along the nozzle wall,
Zonars also measured the transverse distributions of pitot pressure, stagnation-point
heat transfer, and local mass flow at the nozzle exit. Measurements of local molecular
speed ratio (proportional to Ui Qi/T) , where U is local free-stream velocity, /U is
molecular weight, and T is translatlonal temperature) have been made by Vidal, Skinner,
and Bartz108 in shock-tunnel nozzle expansions of dissociated air using small-scale
probe techniques which depend on free-molf ;ule heat transfer.
In general, these experimental studies typically show a fairly good agreement between
measured quantities and nonequillbrlum values calculated on the basis of the chemical
kinetic model for air already discussed. Figure 4-12, for example, shows a comparison
given by Duffy106 of measured and predicted axial static pressure distributions in a
30° total angle conical nozzle for air reservoir conditions of 7000oK and 250 lb/in2
absolute. The experimental pressure data were carefully corrected for boundary-layer
and static-pressure probe size effects. The reduction of the measured pressures below
equilibrium values is seen to be very large at area ratios exceeding 100. The theoretical pressure distribution shown for nonequilibrium flow, calculated by Lord!106 for
the chemical kinetic model discussed above, is in close agreement with the experimental
data. It may be noted that for the conditions of this experiment, the bimolecular
exchange reactions previously discussed play an important role in recombining N
atoms and thus determining the static pressure. Approximately equal amounts of energy
are involved initially, in the reservoir, in oxygen and nitrogen dissociation. Whereas
the energy in nitrogen dissociation is substantially recovered during the expansion,
that in oxygen dissociation is largely lost due to the freezing of 0 atoms close to
the nozzle throat.
While these experiments do provide at least some confidence as regards the prediction
of gasdynamic effects due to nonequilibrium, there is clearly need for a more critical
assessment of theoretical predictions by direct measurement of species concentrations
in nozzle flows of dissociated air. As discussed in Section 4.2, static pressure and
translatlonal temperature mainly reflect the energy balance, and therefore tend to be
relatively insensitive to detailed features of the kinetics which do not involve much
energy.
The foregoing discussion has been concerned only with the nonequilibrium behavior
of the neutral species in nozzle flows of dissociated air. As already mentioned, for
the concitlons considered the energy in ionization is sufficiently small that ionization
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phenomena do not influence the thermo-gasdynajnic behavior of the flow significantly.
Thus ionization nonequilibrium phenomena can be considered separately on the basis of
the thermo-gasdynamic history of the flow determined from the neutral species only.
Estimates of nonequilibrium ionization phenomena occurring in shock-tunnel nozzle
airflows for the regime of reservoir conditions previously mentioned (i.e. reservoir
temperatures up to 8000oK and reservoir pressures in the range 100 to 1000 atm) were
first reported by Eschenroeder and Daiber65. These authors considered the following
two elementary reactions for electron (e") removal, or deionization, in the expanding
flow:
(1)

NO+ + e" - N + 0

(2)

NO+ + e' + M - NO + M

(M is any neutral particle).

In most of the range of air reservoir conditions considered, the dominant positive
and negative species are NO
and e~ whose concentrations were assumed equal. The
bimolecular reaction (1), termed dissociative recombination, involves dissociation of
the NO molecule by the energy given up in electron recombination, whereas reaction
(2) involves the classical Thomson-type three-body recombination with a third and
neutral body M required to take up the energy of recombination. On the assumption
of thermochemical equilibrium of the neutral species, the authors employed these ion
kinetics to estimate the approximate freezing behavior of free electrons in shocktunnel air expansions. These estimates indicated appreciable freezing of the electron
mass concentration, and also that the dissociative-recombination reaction (1) was the
dominant process in removing electrons, except possibly at quite high densities.
Despite the appreciable freezing indicated for the electron fraction, the electron
number densities for nozzle expansions to typical hypersonic test conditions were
predicted to be sufficiently low to avoid significant attenuation of electromagnetic
propagation for microwave frequencies above about 109 c/s. This consideration is
important in connection with shock tunnel applications involving microwave transmission
through the ionized shock layer formed about a test model.
Subsequent studies by the same authors included analysis of the effects of seeding
air expansions with cesium, in order to increase the electron density61; machine solutions for nozzle airflow ionization considering chemical nonequilibrium as well as a
variety of elementary ion kinetic mechanisms in addition to reactions (1) and (2)61,63
and experimental determination of electron densities and collision frequencies in
shock-tunnel nozzle airflows by means of microwave interferometry63. These further
studies essentially confirmed the dominance of reaction (1) as regards the most
important ion kinetic mechanism for electron removal in the regime of shock-tunnel
airflows considered. The more exact solutions also indicated that the electron mass
fraction does not typically freeze fully, but may continue to decrease with flow
expansion. The typical nonequilibrium behavior of electron mass fraction and the
neutral species as predicted by machine calculation is shown in Figure 4-13. The lack
of complete freezing of the electron fraction is a consequence of the dominant bimolecular recombination reaction and the inverse 3/2 power dependence of the associated
rate coefficient on temperature. As discussed by Eschenroeder61, and more recently by
Cheng and Lee23,24, the asymptotic freezing behavior also depends on the frozen neutralspecies chemistry and the nozzle geometry.
In the past few years, intensive effort has continued on the study of the complex
ionization phenomena occurring in high-teraperature airflows. Much of this effort has
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concerned ionization nonequilibriua in external flowa about hJpervelocity bodies,
particularly the proble. of electron denaity dec11 in wake flows. Oonaiderable procreaa
baa been •ade in further identification of i~rtant ele.entary ion and electron reactions and dete~ination of ape~ific rate coefficients, as diacuaaed in recent aurveya
of Dunn 121 • and Carnico. 12 '. for exa.ple. As recarda ionization phena.ena in hyperaonic
nozzle flows of air, the .ore recent studies of ionization kinetics do not appear to
offer any basis for serious conflict with the ceneral picture indicated above for
reservoir conditions in the ranee noted. In particular, the conclusion re.ains that
the dissociative reco.bination of NO• Oo.inates the re.aval of free electrons in
nozzle airflows typical of current shock-tunnel techniques . However , it •ust be
e.pbaaized that there is still a serious lack of definitive experi~ntal investication
of nozzle flows of ionized air; the need here ia perhaps even creater than the need for
data on the neutral species che.iatry. One i~rtant basic question that re.aina to
be clarified is that of the electron te~Perature behavior. Nu.eroua experi.enta indicate that the electron te.perature does not equilibrate with the translational
te.perature in nozzle expansions , but tends to r~in relatively hich 3 '· 52 • Certain
specific rate coefficients of ele.entary reactions involvin1 free electrons depend
stroncly on this te.perature . Of course, there is a continuinc need for data on
specific rate coefficients. Various ele.entary ionization reactions have been considered theoretically for which little or no rate data have been obtained in air.
One exa.ple is that of electron reco.bination via a three-body collision process, with
a free electron servin& as a catalytic third body, On the basis of present esti•atea,
which suaaest a relatively larae rate coefficient, this process could be of co~arable
i~rtance to two-bodJ dissociative reco.bination for electron re.oval at shock-tunnel
reservoir conditions alvin& very hi&h electron densities .
4 . 4.3

;\ 'ont!quilibriwa Efft!cts in 1/ypt!rsonic Tutir&«

The occurrence of such nonequilibriua phe~na as discussed in the precedin& section
creates a serious proble. as reaards .odel teatinc in bypervelocity airflows obtained
by nozzle expansion fro. hi&h enthalpy conditions. The proble• is now well recocnized,
if not solved. Current shock-tunnel and arc-jet teat facilities already operate at
sufficiently hi&h reservoir te.perature8 to encounter sianificant nonequilibriua
effects at lower pressures; the effects will beca.e .ore severe with future facilities
havin& hiaher enthalpy perfon.L,ce. While it has been sucaested that nozzle flow
nonequilibriua •i&ht be favorably exploited in hypersonic testin& (e . a. Reference 112
as reaards the increase in flow Mach nu.ber and Reynolds nuaber due to freezin&). the
custo.ary view is that such effects are undesirable and to be eli•inated if possible .
Of course, this view is in the vein of duplicating in the wind-tunnel .odel test the
&abient air ch~istry throuch which the corresponding fl4cht vehicle flies.
In recent years. considerable effort has been devoted to studyinc possible •eana
of alleviatin&. or at least •inimizin&. the nonequilibriua test-flow probl~ and also
to assessing the consequenres for typical hypersonic teat bodies of interest. Althouch
most of these studies have been theoretical, their predictions •uat be aiven aeneral
credence in view of the i~roved status of the knowled&e of air kinetics today, and
the nozzle flow experiments previously discussed.
In essence , the studies reported to data have not indicated any •ethod by which
nonequilibriua effects can be essentially eli•inated in conventional nozzle expansion
flows . Studies to dete~ine optimum nozzle shapes alvin& sufficiently slow expansions
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to maintain near-equilibrium flow, and duct lengths required for equilibration of
frozen flow, indicate these approaches to be of limited usefulness because the rather
extreme lengths required would entail excessive boundary-layer growth17, 18. Likewise,
within practical limitations the increase of nozzle scale, or size, for a given shape
offers very limited benefits because of the relative insensitivity of chemical freezing
to scale17, 18, 100, 101. The possibility of seeding dissociated air with small amounts
of additive to introduce fast bimolecular paths for 0-atom removal (similar to the
seeding of H2 expansions previously irentioned) has received limited study. The calculations of Reference 130 for such seeding of air expansions with 0.01 mole fraction
of H2 suggest that this technique probably offers quite limited benefits in a
practical sense. Thus it seems that the most effective method for suppressing nozzle
airflow nonequilibrium still remains that of using high reservoir pressures, as
earlier calculations of nonequilibrium nozzle airflows have indicated12,99,100. Of
course, this approach is compatible with the need for high reservoir pressures in
order that the test flow duplicate ambient density conditions appropriate to hypervelnrity flight at lower altitudes.
Before reviewing the general magnitude of nozzle test-flow nonequilibrium effects,
it may be noted that even if such effects were completely eliminated, and ambient
flight conditions duplicated, a problem would still remain as regards the proper
tunnel simulation of nonequilibrium effects occurring in the flow ahout the flight
vehicle. For similar geometries of the test model and flight vehicle, proper simulation
requires, in general, that the model be full scale. As is well kn^wn, this is necessary
in order that the various time scales governing nonequilibrium phenomena remain in the
correct ratio with fluid particle transit times characterized by L/U^ , where L is
the body length, say, and U^ is ambient velocity in flight (and tunnel). Of course,
the traditional usefulness of wind tunnels is in testing models of reduced scale. For
ideal gas flows, this can be done without sacrificing correct similitude, at least in
principle. However, for simulation of flight situations where nonequilibrium effects are
important, the constraints are rather severe if correct similitude is to be attained. Of
course, other than full-scale testing, success here depends on sufficient a priori understanding of the flight problem that limited similitudes or partial simulation techniques
can be exploited.
As a final remark in this digression, it may be mentioned that limited similitudes
have been established which permit this requirement of a full-scale Kodel to be
relaxed for certain nonequilibrium flow situations. Obviously, the two limiting
situations of either completely equilibrium or completely frozen flow about tiie flight
vehicle permit model scale to be es; entially arbitrary. This requires, of course,
that the same limiting behavior obtains in the model flow field (which is generally
difficult to accomplish for the equilibrium case) and that the appropriate fluid
dynamic similitude is maintained (i.e. M^, Re^. etc.). An example here, which also
offers flexibility as regards relaxing duplication of U^ , is the equilibrium-flow
inviscid similitude for blunt-noze 1 slender bodies due to Cheng (Reference 90, Appendix
B). This similitude, which entail:; the assumptions of hypersonic small-disturbance
theory, was also extended to include nonequilibrium flow. In the nonequilibrium case,
U^ still need not be duplicated, but the scale L is no longer arbitrary but rather
fixed according to the choice of U^ in order to preserve the flow transit time
L/Ug, . Inger15 has given the complete formalism for this type of similitude. A second
special similitude which may be noted for nonequilibrium flows is that usually referred
to as binary scaling. This entails an assumption about the nature of the nonequilibrium
rate processes rather than about the fluid dynamics, namely, that all the rate processes
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involve only two-body or binary collisions. Thus three-body recombination is excluded.
In this case, a simplifying similitude results in terms of the product pL , where p
is a characteristic density level in the flow field and L is the body scale. Detailed
considerations and applications of binary scaling are given in References 111, 118, and
References 37-40 and 53 or Appendix B.
Returning to the question of nozzle-flow nonequilibrium, it is instructive to review
the magnitude of predicted effects in the expanded test gas for a range of reservoir
conditions representative of the limits of current shock-tunnel testing techniques.
Table I shows machine calculation results from Reference 111, for complete air kinetics,
for the mass fractions of 0 , N , and NO frozen in nozzle air expansions from 6000
and 8000oK reservoir temperature and various reservoir pressures. The corresponding
frozen enthalpy is also given. These results, which apply for the nozzle geometry
A/A^ - 1 + (Lx/a)2 with L/a " 1 cm , illustrate the need for high reservoir pressures
to suppress nonequilibrium effects. This is particularly the case as regards oxygenatom recombination which depends on three-body collisions. The effectiveness of the
bimolecular reactions discussed for recombining nitrogen atoms is very evident in the
results for 8000oK and 100 atm where essentially all N atoms are recombined. At
the extreme of high reservoir temperatures and low reservoir pressures, the gasdynamic
effects of freezing are very large; about 50^ of the total enthalpy is frozen in the
dissociated species at 8000oK and 10 atm. Whereas lower reservoir temperatures and
higher reservoir pressures reduce the frozen mass fractions of 0 and N atoms, and
also reduce the frozen entiialpy fraction, it will be noted in Table I that this trend
is reversed for the frozen fraction of NO . Thus at low temperatures and high pressures, NO tends to become the dominant frozen "non-equilibrium" species, as illustrated in Table I for G000oK and 1000 atm. At the extreme of low temperatures and
high pressures in this respect, higher oxides of nitrogen not included in the present
calculations might also be frozen at levels of some importance.
For expansions giving equilibrium airflow Mach numbers of 20, Table II shows results
corresponding to Table I for the calculated ratios of actual (i.e. nonequilibrium) to
equilibrium values of the test-flow gasdynamic quantities of interest. The Mach
number in Table II is u/[(dp/dx)/(dp/dx)]* , and the ratios of stream Reynolds numbers
are based on a linear viscosity-temperature relation. The tabulated ratios are rather
weakly dependent on the flow or nozzle expansion ratio in each case, so that the
results are representative of an appreciable range of equilibrium Mach number. As
expected from pure diatomic gas examples, the effects of freezing are largest on the
translational temperature and pressure, and much smaller on the density'and velocity.
The reductions in temperature and pressure below corresponding equilibrium values
become very large at 8000oK and 100 atm reservoir conditions. The reduction in temperature strongly increases the Mach number and more strongly the stream Reynolds
number in this case*.
The generally large magnitude of predicted nonequilibrium effects in the test gas
for expansions from high enthalpies emphasizes the need for much more complete measurement of test flow characteristics than has traditionally been necessary in wind-tunnel
testing. Clearly the need here exceeds current state-of-the-art diagnostic techniques
as regards routine measurement. This is most obvious for the determination of the
frozen chemical composition of the test gas, but also applies to determination of the
• Results similar100
to Tables I and II, but for reservoir temperatures to 15,000oK, are given by
Lordi and Mates .
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static temperature and pressure of a hypersonic test flow. The customary measurement
of pitot pressure is of very limited usefulness as an indication of nonequilibrium
effects since this quantity is essentially p^U^ and therefore is quite insensitive
to nonequilibrium in hypersonic nozzle flows.
A number of studies have now been made, mostly theoretical, of the effects of testflow nonequilibrium on the flow fields about typical hypersonic test bodies109"119.
Typically a comparison is made of model flow-field quantities for equilibrium and nonequilibrium test streams expanded to the same area ratio from the same reservoir
state. For equilibrium flow fields behind strong shock waves, the effects of testflow nonequilibrium tend to be quite limited. An important example of this is the
equilibrium stagnation-region flow on a blunt body. The reduction in pitot pressure
PQ due to nozzle freezing is roughly of the order
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for hypersonic frozen test flows, where subscript EQ denotes values for the corresponding equilibrium test stream. Thus p^ cannot be very strongly reduced (see
Table I for hp/hQ), and since h0 is unchanged, the entire equilibrium state determined
by h0 and p^ must remain relatively insensitive. In particular, the gas temperature
and composition tend to be quite insensitive, while the density is reduced roughly
the same order as the pressure. Local equilibration behind a strong shock thus tends
to erase the nonequilibrium history of the nozzle expansion process.
For nonequilibrium flow fields behind strong shocks, the local flow field chemistry
can, of course, be strongly affected by test-flow nonequilibrium. Also, effects can
be appreciable on local temperature and density. However, the pressure will tend to
remain rather insensitive, particularly for blunt bodies where the flow is Newtonian
in character. As an example, I inures 4-14 and 4-15 from Reference HI show calculated
local temperatures and species concentrations in the nonequi Ubrium flow field of an
axisymmetric blunt nose for test-flow conditions attained by equilibrium and nonequilibrium expansions of air from a reservoir state of 6000oK and 100 atm. The air
kinetic models for this example included the coupled reactions previously discussed.
Figure 4-14 shows the temperature level of most of the nonequilibrium shock layer to
be considerably reduced by the test stream nonequilibrium due to the energy initially
frozen in dissociation. The shock layer density level is also reduced, as evidenced
by the increase in shock standoff distance. Figure 4-15 shows the very large effect
of nozzle freezing in greatly increasing the concentrations of atomic oxygen and
nitric oxide along a ray at 7° to the body axis.
In the limiting situation where the chemistry is frozen throughout the model flow
field, as tends typically to be the case with slender models of small scale, then the
flow field is that of an ideal gas with a (frozen) specific heat ratio determined by
the free-stream composition. For moderate degrees of nozzle freezing, the frozen
specific heat ratio will be rather close to that of undissociated air. This is particularly true when diatomic NO dominates the frozen "nonequilibrium" species. Such
frozen-flow model tests can provide useful data provided the free-stream properties
are known. Of course, the key assumption involved, that of frozen flow about the test
model, is usually difficult, if not impossible, to verify by direct measurement.
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Usually theoretical estimates of the inviscid and boundary-layer flow behavior must
be relied on in this respect. The possibility of surface catalytic effects arises in
connection with surface heat transfer measurements in frozen boundary-layer flows
(Refs.35, 131, 132).
As a final remark, it should perhaps be emphasized that current hypersonic test
facilities are being used for research studies in a performance range where appreciable
nozzle freezing does occur. For example, recent shock-tunnel applications at the
Cornell Aeronautical Laboratory include studies of hypersoiic airflows over blunt and
slender bodies at conditions where nonequilibrium effects are significant133'136.
These applications have included extension of shock-tunnel techniques to measurements
of electromagnetic-microwave transmission through the ionized shock layer on the
model, including determination of radiation patterns from antennae located in the
model133' 13'4. In conjunction with such studies, methods of accounting for the effects
of nozzle freezing are being developed, and this trend will undoubtedly continue. A
promising approach to more general simulation relationships appropriate to the problem
has already been made by Gibson116. It is clear that the more sophisticated applications of wind-tunnel testing methods in this respect will require much more complete
measurement of local flow properties, as previously noted.
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TABLE I
Percentage of 0, N, NO, and Reservoir Enthalpy
Frozen in Hypersonic Nozzle Airflow
J
Tl0

"K
K

—•>
»-

Po

ATM

^

=

1 cm

en/
owvu

j

100

1000

FROZEN MASS $ OF 0

9.57.

1.12/.

23.2

FROZEN MASS % OF N

0

0

30.2

FROZEN MASS % OF NO

6.75

FROZEN ENTHALPY 100 hp/hJ

100

10

9.36

15.5

1

owuu

%

22.5

i

6.20^ j

$

0.120

0.033

4.80

1000

0

0.771

50.8

7.29

19.4

8.13

TABLE II
Ratios of Actual to Equilibrium Airflow Variables for
Coupled-Reaction Expansions Giving Equilibrium Mach Number 20
Z

=

1 cm

8000

6000 "K

To
100 aim

Po

1000 aim

S

K

100 atm

1000 atm

p p

0.425

0.875

0.159

0.544

T/T

EQ

0.359

0.855

0.121

0.497

^EQ

1.095

1.014

1.110

1.045

u/uEQ

0.913

0.987

0.901

0.957

M/MEQ

1.455

1.06

2.30

1.305

2.79

1.17

8.25
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xEQ
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Numerical solution for pressure in nozzle flow of dissociated oxygen
(from Reference 18)
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SECTION 5
CONCLUSION

The experimental and theoretical research in the field of nonequilibrium expanding
flows has been reviewed. Recent work concerning the basic physical-chemical processes
involved are also summarized and separate bibliographies for various aspects of shockheated flows are included. There is a strong emphasis throughout on air flows, although
some discussion of other gas mixtures is included.
The basic equilibrium equations are summarized in Section 2 and several tables of
thermodynamics properties of gases are described. The capabilities of available
computer programs for the solution of the equilibrium equations are discussed. It is
pointed out that the computer calculations are now so rapid as to provide efficient
sub-routines for other aerodynamic-flow calculations.
Current problems associated with the description of nonequilibrium gases are reviewed
in Section 3. The methods of treatment of vibrational relaxation is emphasized, and the
work associated with translational and rotational equilibration is omitted entirely.
The several methods available for the calculation of vibrational transition probabilities are compared, and the limitations of these calculations are discussed. Methods
of treatment of the master equations for vibrational relaxation are then described,
both for cases where exchange effects are unimportant and for cases of pure molecular
gases and mixtures of gases where exchange effects are dominant. It is pointed out
that the non-Boltzmann effects that can be obtained when vibrational energy exchange is
important can greatly increase the vibrational relaxation rates. For electronic
excitation, the limited information available for rates and mechanisms in the hightemperature range is summarized. The basic problems in understanding simple chemical
dissociation processes are delineated, and the models that have been proposed for
treatment of vibration-dissociation coupling are reviewed. Available experimental
data are discussed for dissociation reactions and for the nitric oxide shuffle reactions.
Recent reviews of chemical problems associated with reentry are referenced, as are
reviews of relevant ionization and deionization rates.
Supersonic-nozzle flows are reviewed in Section 4. First, the pseudo-one-dimensional
formulation is described briefly, and the particular difficulties associated with
numerical nonequilibrium calculations of such flows are reviewed. The various methods
that have been used to solve for the steady-state flow of a reacting, diatomic gas in
a nozzle are then described. The relevant parameters for the separation of the nonequilibrium phenomena in the flow field are defined, and exact and approximate solutions
are compared. The problem of vibrational relaxation in expanding flows, without dissociation, is treated separately. Recent data demonstrating the rapid relaxation of
diatomic gases in such flows are reviewed and compared with theory.
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The use of machine programs to treat more complicated chemical flows is next discussed in terms of gas mixtures of interest in propulsion. Graphical results of these
calculations for different test conditions are compared and experiments are discussed.
Similar calculations and experiments are then described for air, including the effects
of seeding to increase the electron concentration. There is clearly a lack of definitive chemical experiments for expanding flows in air, and the need for measurements
of chemical composition in such flows is demonstrated. Finally, the results of the
calculations are reviewed in relation to the effect of nonequilibrium on hypelüO^,.ic
testing, and the complications that this introduces in aerodynamic scaling are discussed.

ACKNOWLEDGMENT
The authors wish to acknowledge the generous assistance received from the Cornell
Aeronautical Laboratory, Inc. in the preparation of this AGARDograph. Members of the
Aerodynamic Research Department assisted in many ways; special thanks are due to
Drs. P. V.Marrone and T. Sundaram for preparing Appendices A and B.
The patient encouragement given by Professor Wilbur C.Nelson, University of Michigan,
Ann Arbor, and Dr. J.Lukasiewicz, ARO, Inc., Tullahoma, was a major contributory influence
throughout the work.

!

ÜB"

HS

95

APPENDIX A
BIBLIOGRAPHY ON NONEQUILIBRIUIH NORMAL SHOCK WAVES

Textbooks and review papers
1. Cambel, A.B.
et al.

Real Gases.

2. Gaydon, A.G.
Hurle, I.R.

The Shock Tube in High-Temperature Chemical Physics.
Reinhold, New York. 1963.

3. Clarke, J.P.
McChesney, M.

The Dynamics of Beal Gases.

4. Hayes, W. D.
Probstein, R.F.

Hypersonic Flow Theory.
New York, 1966.

5. Martin, J.J.

Atmospheric Entry; An Introduction to its Science and
Engineering. Prentice - Hall, Englewood Cliffs, New
Jersey, 1966.

6. Soloukhin, R.I.

Shock Waves and Detonations in Gases. (Translated by
B. W. Kuvshinoff.) Mono Book Corporation, Baltimore 1966.

7. Vincenti. W.G.
Kruger, C.H., Jr

Introduction to Physical Gas Dynamics.
York, 1065.

8. Zel'dovich, Ya.B.
Raizer, Yu. P.

Physics of Shock Waves and High-Temperature Hydrodynamic
Phenomena. Vol.1, edited by W.D.Hayes and R.P.Probstein.
Academic Press, New York, 1966.

9. Hertzberg, A.

The Application of the Shock Tube to the Study of High
Temperature Phenomena in Gases. Applied Mechanics Review,
Vol.9, 1956, p. 505.

Academic Press, New York, 1963.

Butterworths, London, 1964.

(Second Edition) Academic Press,

John Wiley, New

10. Logan, J. G.

Relaxation Phenomena in Hypersonic Aerodynamics.
of Aeronautical Sciences Preprint No. 728, 1957.

11. Rose, P.H.

Re-Entry from Lunar Missions. Presented at American
Astronautical Society Lunar Plight Symposium, Denver,
Preprint No. 7, 1961. Also AVCO Everett AMP 69.

....^.~........ aaaapaaauaaa ■■

Institute

■

•

-

-..

-

96
12. Kantrowitz, A.

Shock Tabes for High Temperature Gas Kinetics. Presented
at Fiftieth Anniversary Solvay Conference, Brussels,
November 1962.

13. Losev, S.A.
Osipov, A.I.

The Study of Nonequilibrium Phenomena in Shock Waves.
Soviet Physics-Uspekhi, Vol.74, 1962, p.525.

14. Wray, K.L.

Chemical Kinetics of High Temperature Air. Vol.7, p.181
of Trogress in Astronautics and Rocketry", edited by
F.R.Riddell. Academic Press, New York, 1962.

15. Bauer, S.H.

Shock Waves - A Survey of the English Language Literature
from 1%3-1965; Topics of Interest to Chemical Kineticists.
Annual Review of Physical Chemistry, Vol.16, 1965, p. 245.

16. Gaydon, A.G.

Temperature Measurement and Relaxation Processes in Shock
Tubes. "Proceedings, International Symposium on Fundamental Phenomena in Hypersonic Flow", edited by J. Gordon
Hall. (Symposium sponsored by Cornell Aeronautical
Laboratory.) Cornell university Press, Ithaca, New York,
1966.

17. Bauer. E.

The Excitation of Electronic and Other Degrees of Freedom
in a Hypersonic Shock Wave in Air. Institute for Defense
Analyses Research Paper 311, 1967.

18. Bauer, S.H.

Shock Front Structure - A Chemical Kinetics View. Presented
at Symposium on Detonations and Reactions in Shock Waves,
American Chemical Society, Chicago, 1967.

Numerical methods for shock calculations
19. Marrone, P.V.

Inviscid, Nonequilibrium Flow behind Bow and Normal Shock
Waves. Part I; General Analysis and Numerical Examples.
Cornell Aeronautical Laboratory Report QM-1626-A-12(I),
1963.

20. Garr, L.J.
Marrone, P.V.

Inviscid, Nonequilibrium Flow Behind Bow and Normal Shock
Waves. Part II: The IBM 704 Computer Programs. Cornell
Aeronautical laboratory Report QM-1626-A-12(II), 1963.

21. Garr, L.J.
et al.

Inviscid, Nonequilibrium Flow Behind Bow and Normal Shock
Waves. Part III: The Revised Normal Shock Program. Cornell
Aeronautical Laboratory Report QM-1626-A-12(III), 1966.

22. Garil, B.D.

Generalized One-Dimensional, Chemically Reacting Flow with
Molecular Vibrational Relaxation. General Applied Science
Laboratories Technical Report No. 426, 1964.

J

97
23. Treanor, C.E.

A Method for the Numerical Integration of Coupled FirstOrder Differential Equations With Greatly Different Time
Constants. Mathematics of Computation, Vol.20, 1966,
p. 39.

24. Pearson, W.E.
Baldwin, B. S., Jr

A Method for Computing Nonequilibrium Channel Flow of a
Multicomponent Gaseous Mixture in the Near-Equilibrium
Region. NASA TO D-3306, 1966.

25. Lomax, H.
Bailey, H. E.

A Critical Analysis of Various Numerical Integration
Methods for Computing the Flow of a Gas in Chemical Nonequilibrium. NASA TN D-4109, 1967.

26. McMenamin, D.
O'Brien, M.

The Finite Difference Solution of Multicomponent Nonequilibrium Steady Influscid Streamtube Flows Using a
Novel Stepping Technique. Part I: Analysis and Applications.

General Electric Co., Missile and Space Division,

Report 67SD 241, 1967.

Air and air components
Rotation
27. Greene, E.F.
et al.

The Thickness of Shock Fronts in Argon and Nitrogen and
Rotational Heat Capacity Lags. Journal of Chemical
Physics, Vol.19, 1951, p. 427.

28. Krivtsova, N.V.
Lun'kin, Yu.P.

The Excitation of Molecular Rotations Beyond a Shock Wave.
Soviet Physics-Technical Physics, Vol.7, 1962, p. 45.

29. Camac, M.

4rgon and Nitrogen Shock Thickness. Presented at AIAA
Aerospace Sciences Meeting, New York, AIAA Paper 64-35,
1964.

30. Brau, CA.
Simons, G.A.

The Structure of Shock Waves in Diatomic Gases.
Everett Research Report RR 262, 1967.

31. Marrone, P.V.

Temperature and Density Measurements in Free Jets and
Shock Waves. Physics of Fluids, Vol.10, 1967, p. 521.

AVCO

Vibration
32. Blackman, V.

Vibrational Relaxation in Oxygen and Nitrogen.
of Fluid Mechanics, Vol.1, Part 1, 1956, p.61.

33. Shuler, K.E.

Studies in Non-Equilibrium Rate Processes. II: The
Relaxation of Vibrational Non-Equilibrium Distributions
in Chemical Reactions and Shock Waves. Journal of Physical
Chemistry, Vol.61, 1957, p.849.

Journal

•-"—•

98
34. Blythe, P.A.

Comparison of Exact and Approximate Methods for Analyzing
Vibrational Relaxation Regions. Journal of Fluid
Mechanics. Vol.10, 1961. p. 33.

35. Losev, S.A.
Generalov, N.A.

A Study of the Excitation of Vibrations and Dissociation
of Oxygen Molecules at High Temperatures. Soviet PhysicsDoklady. Vol.6, 1962. p.1081.

36. Wray, K.L.

A Shock Tube Study of the Vibrational Relaxation of Nitric
Oxide. Journal of Chemical Physics, Vol.36, 1962, p.2597.

37. Generalov, N.A.
et al.

Relaxation of the Vibrational Energy of Air Molecules
Behind the Front of a Direct Shock Wave. Soviet PhysicsDoklady, Vol.9, 1964, p.405.

38. Hurle, I.R.

Line Reversal Studies of the Sodium Excitation Process
Behind Shock Waves in Nitrogen. Journal of Chemical
Physics, Vol.41, 1964, p.3911.

39. Clarke. J.P.
Rodgers, J.B.

Shock Waves in a Gas with Several Relaxing Internal Energy
Modes. Journal of Fluid Mechanics, Vol.21, Part 4, 1965,
p.591.

40. Lutz, R.W.
Kiefer. J.H.

Structure of the Vibrational Relaxation Zone of Shock
Waves in Oxygen. Physics of Fluids. Vol.9, 1966, p.1638.

41. Kiefer, J.H.
Lutz, R.W.

The Effect of Oxygen Atoms on the Vibrational Relaxation
of Oxygen. Eleventh Symposium (International) on Combustion, Berkeley, California. 1966.

42. Taylor, R.C.
et al.

Measurements of Vibration-Vibration Coupling in Gas
Mixtures. Eleventh Symposium (International) on Combustion,
Berkeley, California. 1966.

43. Appleton, J.P.

A Shock Tube Study of the Vibrational Relaxation of
Nitrogen Using Vacuum Ultraviolet Light Absorption.
AC Electronics-Defense Research Laboratories (General
Motors Corporation) Technical Report No.TR67-01 D, 1967.

44. Appleton, J.P.
Steinberg, M.

Vacuum-[/Itravioiet Absorption of Shock-Heated Vibrationally
Excited Nitrogen. Journal of Chemical Physics. Vol.46,
1967, p. 1521.

45. Johannesen, N.H.
et al.

Theoretical and Experimental Investigations of the
Reflexion of Normal Shock Waves with Vibrational Relaxation.

p. 51,

Journal of Fluid Mechanics, Vol.30, Part 1, 1967,

mm

99
Chemistry and ionization of air
46. Resler. E.L.
et al.

The Production of High Temperature Gases in Shock Tubes.
Journal of Applied Physics. Vol.23, 1952, p. 1390.

47. Evans, J.S.

Methods for Calculating Effects of Dissociation on Flow
Varia6Ies in the Relaxation Zone Behind Normal Shock Waves.
NACA TN 3860, 1956.

48. Wood, G.P.

Caiculations of the Rate of Thermal Dissociation of Air
Behind Normal Shock Waves at Mach Numbers of 10, 12 and
U. NACA TN 3634, 1956.

49. Lamb, L.
Lin, S.C.

Electrical Conductivity of Thermally Ionized Air Produced
in a Shock Tube. Journal of Applied Physics, Vol.28,
1957, p.754.

50. Peldman, S.

Some Shock Tube Experiments on the Chemical Kinetics of
Air at High Temperatures. Journal of Fluid Mechanics,
Vol.3, Part 3, 1957, p.225.

51. Duff, R.E.

fie location Time for Reactions Behind Shock Waves and
Shock Wave Profiles. Physics of Fluids, Vol.1, 1958,
p. 242.

52. Duff, R.E.

Calculation of Reaction Profiles Behind Steady-State
Shock Waves. T: Application to Detonation Waves. Journal
of Chemical Physics. Vol. 28, 1958. p. 1193.

53. Freeman, N.C.

Nonequilibrium Flow of an Ideal Dissociating Gas.
of Fluid Mechanics, Vol.4, 1958, p.407.

54. Camac. M.
Vaughan, A,

Oxygen Vibration and Dissociation Rates in Oxygen-Argon
Mixtures. AVCO Everett Research Report RR 84, 1959.

55. Camm, J.C.
Keck, J.C.

Experimental Studies of Shock Waves in Nitrogen.
Everett Research Report RR 67, June 1959.

56. Duff, R.E.
Davidson. N.

Calculation of Reaction Profiles Behind Steady State Shock
Waves. II: The Dissociation of Air. Journal of Chemical
Physics, Vol.31. 1959, p. 1018.

57. Hammerling. P.
et al.

Theory of Radiation from Luminous Shock Waves in iVitrogen.
Physics of Fluids, Vol.2, 1959, p.422.

58. Matthews. D.L.

Interferometric Measurement in the Shock Tube of the
Dissociation Rate of Oxygen. Physics of Fluids, Vol.2,
1959, p.170.

Journal

AVCO

100
59. Batchelder, H.A.

Normal Shock Waves in Air With Chemical and Vibrational
Relaxation Effects Model-General. Douglas Aircraft
Company Report SM-37627, 1960,

60. Camac. M.
Vaughan, A.

02 Vibration and Dissociation Rates in 02-Argon Mixtures.
Journal of Chemical Physics, Vol.34, 1961, p. 448.

61. Lin. S.C.
Pyfe, W.I.

Low-Density Shock Tube for Chemical Kinetic Studies.
Physics of Fluids, Vol.4, 1961, p.238.

62. Schexnayder. C.J., Jr
Evans, J.S.

Measurements of the Dissociation Rate of Molecular Oxygen.
NASA TR R-108. 1961.

63. Allen. R.A.
et al.

Non-Equilibrium Radiation from Shock-Heated Nitrogen and
a Determination of the Recombination Rate, Physics of
Fluids, Vol.5, 1962, p.284.

64. Bortner, M.
Langelo, V.

Non-Equilibrium Effects in the Flow Field. General
Electric Company, Space Science Laboratory Report R62SD62,
1962.

65. Inger, G.R.

Nonequilibrium Flow behind Strong Shock Waves in a Dissociated Ambient Gas.

Douglas Aircraft Company Report 5M-38936,

1962.
66. Lin, S.C.
et al.

Rate of lonization Behind Shock Waves in Air.

67. Gibson, W. E.
Marrone, P.V.

Nonequilibrium Scaling Criterion for Inviscid Hypersonic
Airflows. Cornell Aeronautical Laboratory Report
QM-1626-A-8, 1962.

68. Gibson, W. E.
Marrone, P.V.

Correspondence Between Normal-Shock and Blunt-Body Flows.
Physics of Fluids, Vol.5, 1962, p. 1649.

69. Scala, S.M.
et al.

High Altitude Shock Wave. General Electric Company, Space
Sciences Laboratory Report R62SD32, 1962.

70. Treanor, C.E.
Marrone, P.V.

Effect of Dissociation on. the Rate of Vibrational Relaxa-

71. Wray. K.L.

A Shock Tube Study of the Coupling of the O-.-Ar Rates
of Dissociation and Vibrational Relaxation. Journal of
Chemical Physics, Vol.37, 1962, p. 1254.

72. Wray, K.
et al.

Relaxation Processes and Reaction Rates behind Shock
Fronts in Air and Component Gases. P. 328 of "Proceedings,
Eighth Symposium (International) on Combustion". Williams
and Wilkins, Baltimore, 1962.

mental Results.

tion.

I. Experi-

Physics of Fluids, Vol.5, 1962, p. 1633.

Physics of Fluids, Vol.5, 1962, p. 1022.

mmmtm

101
73. Wray, K.L.
Teare, J.D.

A Shock Tube Study of the Kinetics of Nitric Oxide at
High Temperatures. Journal of Chemical Physics, Vol.36.
1962, p. 2582.

74. Gibson, W.E.

The Effect of Ambient Dissociation and Species Diffusion
on Nonequilibrium Shock Layers. Presented at 31st Annual
Institute of Aeronautical Sciences Meeting, New York,
Paper No.IAS 63-70, 1963.

75. Gibson, W.E.
Mar rone, P.V.

A Similitude for Non-Equilibrwn Phenomena in Hypersonic
Flight. P.105 of "High Temperature Aspects of Hypersonic
Flow". Pergamon Press, New York, 1963.

76. Lin, S.C.
Teare, J.D.

Rate of lonization Behind Shock Waves in Air. II. Theoretical Interpretation. Physics of Fluids, Vol.6, 1963,
p. 355.

77. Mar rone, P.V.
Treanor, C.E.

Chemical Relaxation With Preferential Dissociation From
Excited Vibrational Levels. Physics of Fluids, Vol.6,
1963, p.1215.

78. Treanor, C.E.
Mar rone, P.V.

Vibration and Dissociation Coupling Behind Strong Shock
Waves. P.160 of "Dynamics of Manned Lifting Planetary
Entry". John Wiley, New York, 1963.

79. Wilson, J.

An Experiment to Measure the Recombination Rate of Oxygen.
Journal of Fluid Mechanics, Vol.15, 1963, p. 497.

80. Wray, K.L.

Shock Tube Study of the Recombination of O-Atoms by Ar
Catalysts at High Temperatures. Journal of Chemical
Physics, Vol.38, 1963, p. 1518.

81. Allen, R.A.

Nonequilibrium Shock Front Rotational, Vibrational and
Electronic Temperature Measurements. AVC0 Everett Research
Report RR 186, 1964.

82. Greenblat, M.

The Coupling of Vibrational Relaxation and Dissociation.
von Kärmän Institute for Fluid Dynamics (Rhode-Saint
Genese, Belgium), Technical Note 19, 1964.

83. Wray, K.L.
Freeman, T.S.

Shock Front Structure in 02 at High Mach Numbers.
of Chemical Physics, Vol.40, 1964, p.2785.

84. Cary, B.

Shock Tube Study of the Thermal Dissociation of Nitrogen.
Physics of Fluids, Vol.8, 1965, p. 26.

85. Wilson, J.

lonization Rate of Air Behind High Speed Shock Waves.
AVCO Everett Research Report RR 222, 1965.

Journal

nnpHi

mm

102
86. Anlslfflov, S.N.
et al.

Structure of Shock Waves in Air With Account Being Taken
of the Kinetics of Chemical Reactions and the Excitation
of Molecular Vibrations of Nv Termofiz. Vysokikh
Temperatures (USSR), Vol.2, 1964, p.337. (Office of Naval
Intelligence Translation; ONI-TRANS-2142, 1966.)

87. Brau, CA.
et al.

Transient Phenomena in Dissociative Reactions.
Everett Research Report RR 243, 1966.

88. Canac, M.
Peinberg, R.M.

Formation of NO in Shock Heated Air. Proceedings, Eleventh
Symposium (International) on Combustion, Berkeley,
California, 1966.

89. Taylor, D.K.

Theory of the Effects of Electronic Excitation on the
Vibrational and Dissociative Relaxation of Diatomic Molecules.

AVCO

Naval Ordnance Laboratory Technical Report 65,

1966.
90. Prohn, A.
de Boer, P.C.T.

Jon Density Profiles Behind Shock Waves in Air.
Journal, Vol.5, 1967, p.261.

91. Losev, S.A.
Smekhov, 6.D.

Excitation Time of the State of N2 at High Temperatures.
Optics and Spectroscopy, Vol.27, 1967, p.484.

92. Nerem, R.M.
et al.

C/icmical Relaxation Phenomena Behind Normal Shock Waves
in a Dissociated Free Stream. AIAA Journal, Vol.5, 1967,
p. 910.

93. Wittliff, C.E.
et al.

Study of High Density Hypervelocity Flows and Similitudes.
AEDC Report TR-67. 1967.

AIAA

Gases other than air
94. Britton, D.
et al.

Shock Waves in Chemical Kinetics - The Rate of Dissocia-,
tion of Molecular Iodine. Discussion Paraday Society,
Vol.17, 1954. p. 58.

95. Bond, J.W., Jr

Structure of a Shock Front in Argon.
Vol.105, 1957, p. 1683.

96. Petschek, H.
Byron, S.

Approach to Equilibrium lonization Behind Strong Shock
Waves in Argon. Annals of Physics, Vol.1, 1957, p. 270.

97. Groenlg, H.
ieymann, H.D.

Measurements of the Boundary Layer Thickness and Relaxation
of lonization Behind Strong Shock Waves With a New Capacitive Probe. Institute for Pluid Dynamics and Applied
Mathematics, University of Maryland, Technical Note
No. 1, 1958.

Physics Review,

^Ü5^P!^^^^^^

103
98. Preedman. E.
Daiber, J.W.

Decomposition Rate of Nitric Oxide Between 3000 and
4300oK. Journal of Chemical Physics, Vol.34, 1961,
p.1271.

99. Hooker, W.J.
Millikan, R.C.

Shock-Tube Study of Vibrational Relaxation in Carbon
Monoxide for the Fundamental and First Overtone. Journal
of Chemical Physics, Vol.38, 1963.

100. Howe, J.T.
et al.

Study of the Nonequilibrium Flow Field Behind Normal Shock
Waves in Carbon Dioxide. NASA TN D-1885, 1963.

101. Zienkiewicz, H.K.
Johannesen, N.H.

Departures From the Linear Equation for Vibrational
Relaxation in Shock Waves in Oxygen and Carbon Dioxide.
Journal of Fluid Mechanics, Vol.17, 1963, p. 499.

102. Belles, P.E.
Lauver, M.R.

Effects of Concentration and Vibrational Relaxation on
Induction Period of Hydrogen-Oxygen Reaction. NASA TO
D-2540, 1964.

103. Camac, M.

C02 Relaxation Processes in Shock Waves.
Research Report RR 194, 1964.

104. Harwell, K.E.
John, R. G.

Initial lonization Rates in Shock-Heated Argon, Krypton
and Xenon. Physics of Fluids, Vol.7, 1964, p.214.

105. Howe, J.T.
Sheaffer, Y.S.

Chemical Relaxation Behind Strong Normal Shock Waves in
Carbon Dioxide Including Interdependent Dissociation and
lonization Processes. NASA TN D-2131, 1964.

106. Steinberg, M.

Carbon Dioxide Dissociation Rates Behind Shock Waves,
General Motors Company, Defense Research Laboratory
Technical Report 64-49. 1964.

107. Morgan, E.J.
Morrison, R. D.

lonization Rates Behind Shock Waves in Argon.
of Fluids, Vol.8, 1965. p. 1608.

108. Eckerle, K.L.
McWhirter, R.W.P.

Departures From Local Thermal Equilibrium in a MagneticallyDriven Shock Wave. Physics of Fluids, Vol.9, 1966, p.81.

109. Pishburne, E.S.
Bilwakesh, K.R.

Shock Tube Study of the Dissociation of Carbon Dioxide.
Ohio State University Research Foundation Report TR-6,
1966.

110. Louis, J.F.

Shock Tube Study of the lonization of Cesium.
Research Report RR 257, 1966.

111. McKenzie, R.L.

An Estimate of the Chemical Kinetics Behind Normal Shock
Waves in Mixtures of Carbon Dioxide and Nitrogen for Conditions Typical of Mars Entry. NASA TN D-3287, 1966.

AVCO Everett

Physics

AVCO Everett

104
112. White, D.R.

A Study of Shock Wave Induced Reactions. General Electric
Company, Research & Development Center Report 66-GC-0336.
1966.

113. Carabetta, R.A.
Palmer, H.B.

Rate of Dissociation of Chlorine in Shock Waves.
of Chemical Physics, Vol.46, 1967, p.1333.

114. Hindelang, F.J.

Coupled Vibration and Dissociation Relaxation Behind
Strong Shock Waves in Carbon Dioxide. NASA TR R-253, 1967.

115. Koffert, M.I.

Nonequilibrium Structure of Hydromagnetic Gas-Ionizing
Shock Fronts in Argon, Polytechnic Institute of Brooklyn,
Report 1008. 1967.

116. Hoffert, M.I.
Lien, H.

Quasi-One-Dimensional, Nonequilibrium Gas Dynamics of
Partially Ionized Two-Temperature Argon. Physics of
Fluids, Vol.10, 1967, p. 1769.

117. Homer, J.B.
Kistiakowsky, G.B.

Acetylene-Oxygen Reaction in Shock Waves: Origin of C02.
Harvard university Chemistry Department, 1967.

118. Jacobs, T.A.
Cohen, N.

A New Measurement of the Hydrogen Dissociation Rate. Aerospace Corporation Technical Report 1001 (2240-20)-8, 1967.

119. Lederman, S.
Wilson, D.S.

Microwave Resonant Cavity Measurement of Shock Produced
Electron Precursors. AIAA Journal, Vol.5, 1967, p.70.

120. McKenzie, R.L.
Arnold, J.O.

Experimental and Theoretical Investigations of the Chemical
Kinetics and Nonequilibrium CN Radiation Behind Shock
Waves in C02-N2 Mixtures. Presented at AIAA Thermophysics
Specialist Conference, New Orleans, AIAA Paper No. 67-322,
1967.

121. Watt, W.S.
Myerson, A.L.

Shock Tube Kinetics by Atomic Absorption in the Kacimm
Ultraviolet. Presented at 6th International Shock Tube
Symposium, Freiburg, Germany, April 1967.

Journal

«■BWüMW^—wi—i

mm*Hß

105

APPENDIX B
BIBLIOGRAPHY ON TWO- AND THREE-DIMENSIONAL
INVISCID FLOWS WITH NONEQUILIBRIUM

Textbooks and review papers
1. Hayes, W.D.,
Probstein, R.P.

Hypersonic Flow Theory.
Press. New York, 1966.

Vol.1 "Inviscid Plows". Academic

2. Vincenti, W. G. ,
Kruger, C.H.

Introduction to Physical Gas Dynamics.
New York. 1965.

3. Clarke, J.P..
McChesney, M.

The Dynamics of a Real Gas.
1964.

4. Zel'dovich, Ya.B.,
Raizer. Yu.P.

The Physics of Shock Waves and High Temperature Hydrodynamic Phenomena. (English translation edited by
W.D.Hayes and R.P.Probstein.) Academic Press. New York,
1966.

5. Stupochenko, Ye.V.
et al.

Relaxation in Shock Waves. (English translation edited by
R.Shao-lin Lee.) Springer-Verlag, New York, 1967.

6. Li, T.Y.

Recent Advances in Nonequilibrium Dissociating Gas
Dynamics. American Rocket Society Journal, Vol.31,
1961, p. 170.

7. Cheng. H.K.

Recent Advances in Hypersonic Flow Research.
Vol.1. 1963. p. 295.

John Wiley,

Butterworths, Washington,

AIAA Journal,

Method of characteristics and wave propagation for nonequilibrium flows
8. Chu. B-T.

Wave Propagation and Method of Characteristics in Reacting
Gas Mixtures with Application to Hypersonic Flow. Wright
Air Development Center, Report No.TN-57-213, 1957.

9. Chu, B-T.

H'ove Propagation in a Reacting Mixture. P. 80 in
"Proceedings. Heat Transfer and Fluid Mechanics Institute.
Stanford University Press, 1958.

10. Wood, W.W.,
Kirkwood. J.G.

Hydrodynamics of a Reacting and Relaxing Fluid.
of Applied Physics. Vol.28, 1957, p. 395.

Journal

f.;;-j."i|.w,-üsxL

-SS5H5

106
11. Wood, W.W..
Kirkwood, J.G.

C/iaracterisfic Equations for Reactive Flow.
Chemical Physics, Vol.27. 1957. p.596.

12. Wood. W.W..
Parker, F. R.

Structure of a Centered Rarefaction Wave in a Relaxing Gas.
Physics of Fluids. Vol.1. 1958, p.230.

13. Appleton, J.P.

The Structure of a Centered Rarefaction Wave in an Ideal
Dissociating Gas. university of Southampton Report
No.USAA 136, 1960.

14. Broer, L.J.P.

C/iarocteristics of the Equations of Motion of a Reacting
Gas. Journal of Fluid Mechanics, Vol.4, 1958. p. 276.

15. Clarke, J.P.

The Flow of Chemically Reacting Gas Mixtures.
Aeronautics. Cranfield. Report No.117, 1958.

16. Eastman, D.W.

Two-Dimensional or Axially Symmetric Real Gas Flows by the
Method of Characteristics. Boeing Airplane Company
Report D2-20874, 1962.

17. Widawsky, A.

Computer Program for the Determination of Chemically
Reacting Flow Fields by the Method of Characteristics.
Marquardt Corporation Report No. 6039. 1963.

18. Strom, C.R.

The Method of Characteristics for Three-Dimensional
Real-Gas Flows. Air Force Flight Dynamics Laboratory
Report No.TR-67-47. 1967.

19. Moore, P.K.

Propagation of Weak Ifaves in a Dissociated Gas.
of Aeronautical Sciences, Vol.25, 1958. p.279.

20. Arave, R.J.

Centered Rarefaction Wave in a Chemically Reacting Gas.
Boeing Report No.D2-22534. 1963.

21. Wegener, P.P.,
Cole, J.D.

Experiments on Propagation of Weak Disturbances in
Stationary Supersonic Nozzle Flow of Chemically Reacting
Gas Mixtures. Proceedings. Eighth Symposium
(International) on Combustion. Williams and Williams.
1962.

22. Napolitano. L.G.

Unsteady Wave Propagation in a Multi-Reacting Mixture.
University of Naples Report, 1965.

23. Der. J.J.

Theoretical Studies of Supersonic Two-Dimensional and
Axisymmetric Nonequilibrium Flow, Including Calculations
of Flow Through a Nozzle. NASA TR R-164, 1963.

24. Zupnik. T.P.,
et al.

Application of the Method of Characteristics Including
Reaction Kinetics to Nozzle Flows. AIAA Preprint No.64-97,
1964.

Journal of

College of

Journal

{

107
Corner expansion flows with nonequilibrium
25. Cleaver, J.W.

The Two-Dimensional Flow of a- Ideal Dissociating Gas.
College of Aeronautics, Jranfield, Report No. 123, 1959.

26. Appleton, J. P.

Structure of a Prandtl-Meyer Expansion in an Ideal
Dissociating Gas. Physics of Fluids, Vol.6, 1964, p.1057.
Also University of Southampton, USAA Report No. 146, 1960.

27. Napolitano, L.G.

Nonequilibrium Centered Rarefaction for a Reacting Mixture.
Arnold Engineering Development Center 1^-60-129, 1960.

28. Clarke, J.F.

The Linearized Flow of a Dissociating Gas.
Fluid Mechanics. Vol.7. 1960, p. 577.

29. Sundaram, T. R.

The Flow of a Dissociating Gas Past a Convex Corner.
Part I - Linearized Theory. Aeronautical Research
Laboratory Report 65-106, 1965.

30. Blythe, P.L.

Prandtl-Meyer Flow in a Relaxing Gas.
Research Council, CPNo.724, 1964.

31. Stulov, V. P.

The Flow of an Ideal Dissociating Gas About a Convex
Angle Corner with Nonequilibrium Taken into Account.
Royal Aircraft Establishment, Library Translation
No. 1012, 1962.

32. Glass, I.I.
Takano, A.

Nonequilibrium Expansion Flows of Dissociated Oxygen and
Ionized Argon Around a Corner. Vol.6, p. 163 of "Progress
in Aeronautical Sciences". Pergamon Press, London 1965.
Also Institute of Aerophysics, university of Toronto,
Report No. 91, 1963.

33. Jones. J.G.

Oi the Near-Equilibrium and Near-Frozen Regions in an
Expansion Wave in a Relaxing Gas. Journal of Fluid
Mechanics, Vol.19, 1964, p. 81.

34. Heims. S.P.

Prandtl-Meyer Expansion of Chemically Reacting Gases in
Local Chemical and Thermodynamic Equilibrium. NACA
TN 4230, 1958.

35. Vidal, R.J..
Stoddard, F.

Measurement of Nonequilibrium Effects in Air on Wedge-FlatPlate Afterbody Pressures. NASA CR-328, 1965.

Journal of

Aeronautical

Blunt-nose flows with nonequilibrium
36. Freeman, N.C.

Nonequilibrium Flow of an Ideal Dissociating Gas.
of Fluid Mechanics, Vol.4, 1958, p. 407.

37. Hall, J.G.
et al.

Blunt-Nosed Inviscid Airflows with Coupled Nonequilibrium
Processes. Journal of Aerospace Sciences, Vol.29, 1962,
p. 1038.

Journal

108
38. Gibson, W. E.

Dissociation Scaiing for Nonequilibrium Blunt Nose Flows.
American Rocket Society Journal, Vol.32, 1962, p.285.

39. Gibson, W.E.,
Mar rone, P.V.

A Similitude for Nonequilibrium Phenomena in Hypersonic
Flight. P. 105 of '"Ilie High Temperature Aspects of Hypersonic Plow", edited by W. Nelson. Pergamon Press, New York,
1964.

40. Gibson, W.E.,
Marrone, P.V.

Correspondence Between Normal-Shock and Blunt-Body Flows.
Physics of Fluids, Vol.5, 1962, p. 1649.

41. Gibson, W.E.,
Sowyrda, A.

An Analysis of Nonequilibrium Inviscid Flows. Cornell
Aeronautical Laboratory, Report No.AP-1560-A-2, 1962.

42. Marrone, P.V.

Inviscid, Nonequilibrium Flow Behind Bow and Normal Shock
Viaves. Part I - General Analysis and Numerical Examples.
Cornell Aeronautical Laboratory, Report No.QM-1626-A-l2(I),
1963.

43. Gibson, W.E.

The Effect of Ambient Dissociating on Nonequilibrium Shock
Layers. Aerospace Research Laboratory, Report No.64-42,
1964.

44. Blythe, P.A.

The Effects of Vibrational Relaxation on Hypersonic Flow
Past Blunt Bodies. Aeronautical Quarterly, Vol.14, 1963,
p. 357.

45. Bloom, M.H.,
Steiger, M.H.

Inviscid Flow with Nonequilibrium Molecular Dissociation
for Pressure Distributions Encountered in Hypersonic
Flight. Journal of Aerospace Sciences, Vol.27, 1960,
p.821.

46. Lick, W.

Inviscid Flow of a Reacting Mixture of Gases Around a
Blunt Body. Journal of Fluid Mechanics, Vol.7, 1960,
p. 128.

47. Belotserkowski, CM.
Chuskin, P.I.

The Numerical Solution of Problems in Gas Dynamics. Vol.1,
p. 1 of "Basic Developments in Fluid Dynamics", edited by
M.Holt. Academic Press, New York, 1965.

48. Shih, W.C.L.,
Baron, J. R.

Nonequilibrium Blunt-Body Flows Using the Method of
Integral Relations. AIAA Journal, Vol.2, 1964, p. 1062.

49. .'Jpringfield, J.P.

Steady, Inviscid Flow of a Relaxing Gas About a Blunt
Body with Supersonic Velocity. P. 12 in "Proceedings,
1964 Heat Transfer and Fluid Mechanics Institute", edited
by W.H.Giedt and S.Levy. Stanford University Press, 1964.

50. Ellington, D.

Approximate Method for Hypersonic Nonequilibrium Blunt
Body Air Flows. AIAA Journal, Vol.1, 1963, p. 1901.

ÜBBES

109
51. Conti, R.J.

A Theoretical Study of Nonequilibrium Blunt Body Flows.
Journal of Fluid Mechanics, Vol.24, 1966, p.65.

52. Lee, R.H.,
Chu, S.T.

Nonequilibrium Inviscid Flow About Blunt Bodies.

53. Ellington, D.

Binary Scaling Limits for Hypersonic Flight. CARDE
TR 499/64, 1964. Also AIAA Journal, Vol.5, 1967, p. 1705.

54. Kliegel, J.R.
et al.

Characteristics Solution for Nonequilibrium Flow Fields
About Axisymmetric Bodies. TRW Space Technical Laboratory,
Report NO.6453-6001-KU-000, 1964.

55. Bohachevsky, 1.0.
Mates, R.E.

A Direct Method of Calculation of the Flow About an
Axisymmetric Blunt Body at Angle of Attack. AIAA Journal,
Vol.4, 1966, p. 776.

56. Swigart, R.J.

Beal-Gas Hypersonic Blunt-Body Flows.
1963, p. 2642.

57. Lomax, H.,
Inouye, M.

Numerical Analysis of Flow Properties About Blunt bodies
Moving at Supersonic Speeds in an Equilibrium Gas. NASA
TR R-204, 1964.

58. Webb, H. G.,
et al.

Inverse Solution of Blunt-Body Flowfields at Large Angle
of Attack. AIAA Journal, Vol.5, 1967, p. 1079.

59. Lun'kin, Yu.P.

Effect sf Nonequilibrium Dissociation on Supersonic Flow
Around Blunt Bodies. USSR Computational Mathematics and
Mathematical Physics, Vol.4, 1964, p.896.

Popov, F.D.

Aerospace

Corporation, Report No.TDR-269(4560-10)-2, 1964.

AIAA Journal, Vol. 1,

60. Lun'kin, Yu.P.
Popov, F.D.

Lifluence of Vibration-Dissociation Belaxation on Supersonic Flow Around Blunt Bodies. Soviet Physics - Technical
Physics, Vol.11. 1966, p. 491.

61. Dushin, V.K. ,
Lun'kin, Yu.P.

Flow of a Supersonic Stream of Nonequilibrium Dissociating
Air Around Obtuse Bodies. Soviet Physics - Technical
Physics, Vol.10, 1966, p. 1133.

62. Belotserkov ;ki, O.M.
Dushin, V.K.

Supersonic Nonequilibrium Gas Flow Around Blunt Bodies.
USSR Computational Mathematics and Mathematical Physics,
Vol.4, 1964, p. 61.

63. Belotserkovski, O.M.

Supersonic Gas Flow Around Blunt Bodies.
Translation P-453, 1967.

NASA Technical

Slender body flows with nonequilibrium
64. Moore, F. K.,
Gibson, W.E.

zzzz:

Propagation of Weak Disturbances in a Gas Subject to
Belaxation Effects. Journal of Aerospace Sciences, Vol.27,
1960, p.117.

aaEia;;

MMMMH

MMMMi

HÜIÜL

110
65. Vincenti, W.G.

Nonequilibriim Flow Over a Wavy Wall.
Mechanics, Vol.6, 1958, p.481.

66. Vincenti, W.G.

Linearized Flow Over a Wedge in a Nonequilibriim Oncoming
Stream. Journal of Mechanics, Vol.1, 1962, p. 193.

67. Lee. R.S.

A Unified Analysis of Supersonic Nonequilibriun Flow Over
a Wedge. I: Vibrational Nonequilibrium. AIAA Journal,
Vol.2, 1964, p.637.

68. Zhigulev, V.N.

The Relaxation Boundary Layer Effect.
Doklady. Vol.7, 1962, p. 463.

69. Sundaram, T. R.

A Method of Selective Decoupling for Analyzing Nonequilibrium Flows with Applications to Asymptotic Solutions for
Sharp Corners. Cornell Aeronautical Laboratory, Report
No. 158. 1967.

70. Thommen, H.U.

Nonequilibrium Flow of Dilute Reacting Gases. Transactions
of the American Society of Mechanical Engineers, Journal of
Applied Mechanics, Series E, Vol.32, 1965, p. 169.

71. Spence, D. A.

Unsteady Shock Propagation in a Relaxing Gas. Proceedings
of the Royal Society, Series A, Vol.264, 1961, p. 221.

72. Sedney, R.

Some Aspects of Nonequilibrium Flows.
Sciences. Vol.28, 1961, p.189.

73. Der, J.J.

Linearized Supersonic Flow Past an Arbitrary Boundary.
NASA TR R-119, 1961.

74. Rhyming, I.L.

Nonequilibrium Flow Inside a Wavy Cylinder.
Fluid Mechanics, Vol.17, 1963, p.551.

75. Clarke, J.P.

Relaxation Effects on the Flow Over Slender Bodies.
Journal of Fluid Mechanics, Vol.11, 1961, p. 577.

76. Li, T.Y.,
Wang, K.C.

Linearized Dissociating Gas Flow Past Slender Bodies.
Rennselaer Polytechnic Institute, Report No.TR AE 6201.
1962.

77. Khodyko, Yu.V.

Flow of a Relaxing Gas Around a Thin Cone of Revolution.
NASA Technical Translation No. F-334. 1%5.

78. Lee, R.S.

Hypersonic Nonequilibrium Flow Over Slender Bodies.
Journal of Fluid Mechanics, Vol.22, 1965. p.417.

79. Sedney, R.,
Gerber, N.

Nonequilibrium Flow Over a Cone.
1963. p. 2482.

80. Capiaux, R ,
Washington, M.

Nonequilibrium Flow Past a Wedge.
1963, p. 650.

Journal of Fluid

Soviet Physics -

Journal of Aerospace

Journal of

AIAA Journal. Vol.1.

AIAA Journal. Vol.1,

Ill
81. Sedney, R.J.,
et al.

Characteristic Calcuiotions of Nonequilibrium Flows.
P. 89 of "The High Temperature Aspects of Hypersonic Plows",
edited by W.C.Nelson. MacMillan, New York, 1964.

82. South, J.C.

Application of the Method of Integral Relations to
Supersonic Nonequilibrium Flow Past Wedges and Cones.
NASA TR R-205. 1964.

83. Newman, P.A.

A Modified Method of Integral Relations for Supersonic
Nonequilibrium Flow Over a Wedge. NASA TN D-2654, 1964.

84. Chang. Z.S.

A Theoretical Study of Nonequilibrium Flows Past Pointed
Bodies. Aerospace Research Laboratories, Report
No. 66-0208, 1966.

85. Spurk, J.H.
et al.

Characteristic Calculation of Flowfields with Chemical
Reactions. AIAA Journal, Vol.4, 1960, p.30.

86. Hsu, C. T. ,
Anderson, J.E.

Nonequilibrium Dissociating Flow Over a Cusped Body. AIAA
Journal, Vol.1, 1963, p. 1784.

87. South, J.C,
Newman, P.A.

Application of the Method of Integral Relations to Real
Gas Flow Past Pointed Bodies. AIAA Journal, Vol.3, 1965,
p. 1645.

88. Sedney, R.,
Gerber, N.

Shock Curvature and Gradients at the Tip of Pointed
Axisymmetric Bodies in Nonequilibrium Flow. Journal of
Fluid Mechanics, Vol.29, p. 765, 1967.

89. Wood, A.D.,
et al.

Chemical and Vibrational Relaxation of an Inviscid Hypersonic Flow. AIAA Journal, Vol.2, 1964, p.1697.

90. Cheng, U.K.

Similitude of Hypersonic Real-Gas Flows Over Slender
Bodies with Blunted Noses. Journal of Aeronautical
Sciences, Vol.26, 1959, p. 575.

91. Inger, G.R.

Similitude of Hypersonic Flows Over Slender Bodies in
Nonequilibrium Dissociated Gases. AIAA Journal, Vol.1.
1963. p. 46.

92. Vaglio-Laurin, R.
Trella, M.

A Study of Flow Fields About Some Typical Blunt-Nosed
Slender Bodies. Aerospace Engineering, Vol.20, 1961, p. 20.

93. Vaglio-Laurin, R.
Bloom, M.H.

Chemical Effects in External Hypersonic Flows. P.205 of
"Hypersonic Flow Research", edited by P.R.Riddell.
Academic Press, New York, 1962. Also Polytechnic Institute
of Brooklyn, PIBAL Report No.640, 1961.

94. Whalen, R.J-

Viscous and Inviscid Nonequilibrium Gas Flows.
Aerospace Sciences, Vol.29, 1962, p. 1222.

'JBm

Journal of

112
95. Luniev. V.V.

Motion of a Slender Blunted Body in the Atmosphere with
High Supersonic Speed. American Rocket Society Journal,
Vol.30, 1960, p. 414.

96. Wittliff. CE.,
et al.

A Study of High-Density Hypervelocity Flows and Similitudes. Arnold Engineering Development Center 67-22, 1967.

97. Lin, S.C.,
Teare, J.D.

A Streamtube Approximation for Calculation of Rea< ' ion
Rates in the Inviscid Flow Field of Hypersonic Ob
?,
AVCO Research Note 223. 1961.

98. Burke, A.F.,
et al.

Nonequilibrium Flow Considerations in Hypervel
Tunnel Testing. Cornell Aeronautical LaboratOi
Report No.AA-1632-Y-l, 1962.

99. Ivey, H.R..
Cline, C.W.

Effect of Heat-Capacity Lag on Flow Through Oblique
Shocks. NACA TO 2196, 1950.

100. Stephenson, J.D.

A Technique of Determining Relaxation Times by Free-Flight
Tests of LoW'Fineness-Ratio Cones. NASA Technical Note D-327,
1960.

101. Napolitano, L.G.

On Two New Methods for Solution of Nonequilibrium Flows.
P. 191 of "The High Temperature Aspects of Hypersonic Flow",
edited by W.Nelson. Pergamon Press, New York, 1963.

102. Napolitano, L.G.

Linearized Steady Motion of Pluri-Reacting Mixtures.
Journal, Vol.1, 1963, p. 230.

103. Napolitano, L.G.

Equivalence Between Chemical-Reaction and Volume-Viscosity
Effects in Linearized Nonequilibrium Flows. AIAA Journal,
Vol.1, 1963, p. 917.

104. Napolitano, L.G.

Generalized Velocity Potential Equation for Pluri-Reacting
Mixtures. Archiwum Mechaniki Stoswanej, Vol.2, 1964,
p. 373.

105. Napolitano, L.G.

Thermodynamics of Doubly Reacting Gas Mixtures.
de Mecanique, Vol.2, 1963, p. 173.

106. Napolitano, L.G.

Oi 5ome New Classes of Thermodynamic Potentials for
Reacting Gas Mixtures. 11 Nuovo Cimento, Vol.29, 1963,
P.l.

AIAA

Journal

1111

"""^^^^^^^^mHÄ"

Information regarding the availability of further copies of AGARD publications may be
obtained from
The Scientific Publications Officer,
Advisory Group for Aerospace Research and Development,
7, rue Ancelle,
92 Neuilly-sur-Seine,
Prance.

Printed by Technical Editing and Reproduction Ltd
Harford House, 7-9 Charlotte St. London. V. 1.

-

-•

-

■'■■-

—

"■■

