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GE'.ZkAL, CASE APD S0OME C?ERATIONS RESEARCH IMPLICATIONS
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Southern Methodist Universzity Institute for Defense Analyses
Dallas, Texas, U.3.3. Arlington, Virginia, U.S.A.
ABSTRACT

~,

‘There are many cases where an overall effort is successful if and only
if the efforts (or events) of a sseguence are ali successful. Often, the
grincipal interest is in cases where overall success has a large probability
(say, at least .8). Suppose there are n efforts in the sequence and that

piisi_l) ig the probability that the i-th effort is a success given that

preceding efforts 1, ..., i~l are successes (i=1l, -+-, n), where S,

denotes no conditions. An approximate value, also sharp upper and lower

bounds, are develcped for the probability that all n events are successes.
This is done for variocus level: of generality, including a form of complete
generality. These results depend only on n, the generality level, and the

arithmetic average of the ?${Qi~l)' They are useful when the proboLility of

all sucevesses is at least .8; then the approximate value is near both bounds.

The necessity of onlvy considering the arithmetic average of the pi(si_i),

rathar than their product, sometimes can be useful in analyses of an operations
resvarch natuvre (including reljiability situ&tions).‘ Consider optimum allotment
of regouwrces to obtain a stated hiuh probability of &11 successes. This can be
obtained by minimizing the vesource use subject to the arithmetic average of

the p

(ai ) equaling a determinasd value. This minimization is often less
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complicated thar minimization subyject ¢o the product of the pi(si-l) having

the stated value. Alse, statisci~al astination of ti.c probabi. ‘ty of all
successes is simplified when the expreswmion using the arithmetic average of

tho ) is conslidered.
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INTRODUCTION AND RESULTS

Congider n binomial events {not necessarily independent) where success

and failure are the possible cutcomes for an event. Often, tiwed ¢ inteiest
in whether all the events are successes. That is, there is overall success if
and only if every event results in su.cess. In fact, many kinds of overall
efforts can be considered tc occur as a sequence of steps (or events) with
overall success occurring if and only if all of the stecs result in success.
This is often the case for reliability situaticns and for accomplishment of
missions {for example, military missions}.

The principal interest is frequently in high probarilities of overall
success (say, at least .8). On'y cases with high probabilities are considered
here.

let the n events be numbered according to the sequeice in which they
can be considered te occur (event 1 is resolved first, eotc Use pi(si—l)
to denote the proiability that the i-th event results in suvccess give . that
events 1, ---, 1-1 are successes (i = 2, --., n}, while pl(so) = p, 1is

1

the unconditiona' prulability that the first event is a success. Then,

n
P(all successes) = [l )

p, (8, _
i 1i73-1

1
is the probability that all the events are successes

If the approximation is sufficiently accurate, there are advantages in
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expressing P(all successes) ir tczms of the arithmetic average (denoted by p)

of the pi(si_l). First, consider cperations research type situatiosns where

a stated large value of P(all successes) is required and tuis is to re zlia. wd
with an optimum allotment of resources. This can be accomplished {approximately)
by minimizing the resource use subject to setting p equal to a determin~d

value. Experience indicates that this minimization is usually less complicated

than minimization subject to the product of the pi(si_ )  having the stated

1
value.

A second advantage is in performing statistical investigation when the
pi(si_l) must be estimated. Probabilistic properties of an arithmetic average

of estimates are usualily much more easily determined than those of a product

of estimates.
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Estimation of a pi(si_ ) 1is often not difficult. That is, p‘(si_ )

1 1

is ordinarily the probability thac the i-th event is a success given that

nothing very unusual has happenaed (something very unusual happens only if at

least one of events 1, -+, i-1l is a failure). For example, a failure in a

reliability situation can result in a large stress (perhaps an explosion)

in the overall system. No unusual stress occurs if all preceding events are
successes. Thus, effectively, pi(si~1) can be estimated Ly observations

on the i-th evant when it receives no unusual stress. Fortunately, this is

the case in which observations are most easily and inexpensively obtained.




In fact, it is often possible to separately consider the i~-th event (per-
hapa removed from the overall system) if suitable environmental conditions
{tauperature, pressure, etc.) are maintained.

For the cases considered, th. livel of jener»litv is defined in terms
of the number r of i‘he pi(si_l) are required to be at most equal to p.
Complete generality occurs for r = 1 and the generality level decreases

a3 r increases. However, r values as large as, say, n/4 would still

seem to represent a moderate degree of generality.
Only cases where n, p, r are such that (n-r+l) (n-p) is less than

unity are coneidered. Then, for any meaningful n and r,

{1- (n-ri»l)(l--p)]pr"1 S P(all suc esses) < pn .

The lower bound 1is at least .8 if n{l-p) £ .2 and is a monotonically
increasing function of r. The bounds zre close together and P{all successes)
is very nearly equel to

W2p" ™ T 4 1 - (nerdl) (1-p) ]

when (1 - (n-t+1)(1-p)1pr_1 is 2t lsast .8.
The final section contains derivations of these probability results.
When the pi(ai_l) are all very large, n is large, and dependance is of

a restricted nature, the more sasily applied approximate results of




(Walsh, 1955) are usable.
VERIFI“ATION

For notational simplicity, let pi = pi(si—l)' Since the gaometric

mean of the Py is at most equal to their arithmetic mean, P(all successes)

< pn, with equality possible (when the p; are equal). This upper bound
and its basis are applicable for all r.
Now, consider derivation of the sharp lower bound. The value of

P(all successes) is

- o | }
= exp "Z z (l - p‘)J/j
i=1 3=1 * J
] e A N T . X
= axp -2: b} 2: X {1 - p) 2: (p - pi)
j=1 k=0 i=1

For (n-r+l){l - p) <1 and X

N

n
2, 2: (p - pi)k is largest when all
i=1

but r of the Py are unity, r-1 of them equal p, and the cther one is
such that their arithmetic average is p (2asily verified by consider
the cases of k = 2, 3 and the relationships for larger k). This irplies

that this other Py is 1 - (n~r+11 (1l - p) , so that the maximum is




n *
E P - pi)K = {(n - r)k(l - ,p)k + (-1)k(n - r)(l - p)k .
i=1

Thus, since r-1 of the p, are equal to p and also

i (i) -0+ «D¥n -1 (w-n+1P9+m-va-13,
=5

which aquals (n—r+1)3, P(all succes-~es) is at least equal to pr—l “imes

< . 3 . .
axp (- Z ] 1(1 - P)J (i) in = o (-l)k(n - r)}
j=1 X

]
-.:exp{- 3 l[(n-r-rl)(l--p)]j}
j=1

AY
= gxp{loge[l =~ (n=-r+l) (1 - p)}; -1~ {(n-r+Y{1 - p) ,

with equality possible.

walsh, John R., “The Fuisson distribution as a limit for dependent binomial

evants with unsqual prc sbilities,” Operations Researc.h, Vol. 3 (1955},

PP. 198-209.
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There are many <ase where an overall effort is successful if and onlv if

the efforts or events) of a sequonce are all successful. Often, the
rrincipal interest is in cases where overall success has a large probability
(say, at least .8). Suppose there are r efforts in the sequence and thuyt
ﬂi(si—l) is the probability that the i-th effirt is a success given that

vreceding efforts 1, ... , {-1 are successes {i=}, ... , n), whe:r 3 _ lenotes
nc conditicns. .o approx:imate value, also sharp urrer and lower bou%ds, are
cdeveloped for the probability cthat all n  events are successes. This is
cone for various levels of generality, including a form of complete gener-
ality. These results depend anly en n , the generality level, and the

arithmetic average of th. ?i(s<—1)' They are useful when the probability of

all successes is at least .8; then the approxirate value is near both bounds

The necessity of only considering the aritimetic average of the pi(si_l),

rather than their product, schetiires can be useful in analvses of an operations
research nature (inciuding reliabilitv situations). Consider optimum allot-
ment of resources to obtain a stated hijh prnbability of all successes. This
can be obtainod by minimizing the rescurce use subiect to the ari _hmetic average
of the n ) eaualing a determined value. This minirization i{s coften less
ccmplxcaécd than minimization subhiect to the product ot the p, (s ) having the

-1
stated value. Alsc, the estimation of all successes is si"n;lfied
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