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STRUCTURAL ANALYSIS

MODAL DENSITIES OF SANDWICH PANELS: THEORY AND EXPERIMENT

Larry L. Erickson
Ames Research Center, NASA
Moffett Field, California 94035

Tormulas are presented that can be used to estimate the averesge modaf1
densities of sandwich beams and flat or cylindrically curved sandwict
panels. Numerical results, presented in terms of general neraueters,
indicate the rcletive importance of transverse shear flexibility, ¢
orthotrepic shear moduli of the cure, face-bending stiffness, rotary !
inerti«, and panel curvature over 2 wide frequency range. Model deu-
sities determined experimentally from resonance tests of fiat recten-
gular sandwich panels having orthotropic cores are close to tu. modal

estimates are not valid.

densities estimated by theory except at frequencies near that of the
fundamental mode. 1n this low-frequency range, the theoretical

1INTRODUCT10N

There has been an effort during the past
few years to develop a new approach to multimodal
vibratiun problems that avoids the problem of
expanding the response in terms of the mode
shapes {1,2]. 1n this approach, sometimes
referred to as "statistical energy anxlysis,"”
average response ievels in varions freguency
bands are estimatel without knowledge of the
mode shapes and resonance frequencies. instead,
what is required is a knowledge of the type
(e.g., flexural) ond number of structural vibra-
tien modes occurring in a given frequency inter-
val. This quantity, the number of modes per unit
frequency, is called the "modal density" of the
structure.

Becsuse the modal density of a structure is
relatively independent of the boundary condi-
tions, statistical energy analysis shows promise
of becoming a use™il tool for estimating average
response levcls of multimodal structural vibra-
tions. For example, one of the more useful
response quantities is acceleration spectral
density, which is directly proportional to 1odal
density.

Equations have been derived for the modal
densities of several structural elements and can
be found in Refs. [3) and [4]. A portion of the
results in Ref. [4] pertains to flat and doubly
curved sandwich panels, and it is shown that the
transverse shear flexibility of such panels can
have & significant effect on the modal density
of the panel. However, the results of Ref. [4)
apply only to sandwich panels with isotropic

cores, whose faces behave &5 mombrares (i.e.,
the face-bending stiffne. s is neglscted). Since
lightweight sandwich panels often have cov:s
with orthotropic shear moduli (e.g., neneycomb),
there is a practical need for being able to
account for the effuct of these moduli on the
modal density. 1u additiom, it is known froa
sandwich panel Luckling theory thet for small
wavelengths of deformation the fuce-bending
stiffness can become important [S].

In the present investigation, modal density
estimates are obtained analytically for seadwich
beams and for flat or cylindrically curved sand-
wich yanels. The effects of the transverse
shear flexibility of the core, including ortho-
tropic shear moduli parallel to the faces, face-
bending stiffnecs, and rotary inertia, are
examined. Numerical results are presented in
graphical form.

In addition, experimental results obtained
from resonance tests of flat rectangular sand-
wich panels with orthotropic honeycomb cores are
presented. In these tests, up to 80 consecutive
vibration modes per panel were excited and iden-
tified. The experimentally determined modal
densities are compared with the modal densities
predicted by theory.

SYMBOLS
a axial length of panel, in,
b circumferentiul widch of panel, in.
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C curvature paraketer, %—%2- /—ri;—
c c
of f mo s
D

PQqee
Bf

OexsOey

bending stiffness of pancl, in.-1b,

2
Bf'-f"‘c2! I« ]t,_:l

21 -y
transverse snear stiffnesses of

2
t
panel, 1b/in., chhc[i . r:] ;

sopelt -5
/W » 1b/in,

Young's modulus for isctropic faces
of sandwich panel, 1b/in.?

extensional stif{ness, 1b/in., 2teEe
orthotropic shear modv'{ of sandwich
core in x and y directions,
respestively, 1b/in.?

thickness of sandwich core, in.

mass density moment of inertia per
unit width about the miidle surface
of the panel, lb-sec?/in.

nass domitg per unit area of pane:,
1b-sec?/in,

cumilative number of modes occurring
below a specified frequency

constant radius of curvature of
panel, in.

orthotropic shear-flexibility

2 2
pranaters; 11-—0—- . 1!-—[-’—
S
2 o
b" Doyee

thickness of sandwich face sheets, in.

DQx Cex
™

e e g, o e O 0

B VS e -

n Poisson's ratio of face sheet material
2
2 o 2
° (a.’b. £
Pe mas3 density of core, lb-sec?/in,“
Pg mass density of face, lb-sec?/in."
te 2
. 1| Be
I tf.
1+ h—c-
t inertiu parometer L 9
X rotary T par 3 g,- W
o frequency, rad/sec

wy fundamental frequency of an infinitely
long, simply supported flat panel as
predicted by clcssical plate theory,

rad/sec, 1;- v/ DM
b

Subscripts
< core of sandwich panei
off effective value or quantity

f face of sandwich panel
THEORY AND ASSUMPTIONS
Panel

The contdirate systom and geometry of the
curved saidwich panel are shown in Fig. 1. The

Fig. 1.- Panel geometry and coordinate system.

panel is of length a, circumferential width b,
and hss constant radius of curvature R. The
two face sheots are cf the sams isotropic, homo-
geneous material and have equal unirorm thick-
nesses tg. The core may possess orthotropic
shear moduli (ch,ccy) and is of uniform
thickness h¢.

Ths modal density estimates obtained herein
are basod on two frequency equations that relate




e A e T TR

R

——

————— o IO A om0 351 2

the panel natural freque:icies (w rud/sec) to
various physical zharacteristics of the panel
and to the number of half-wives m and »  that
fora in the x and y directio:ns, respectively.
The first of these equations, derived from the
theory of Ref. [6] (see appendix), is

" (G o)
ofie o] e
e T el o b

b B T el

where o2 = [m/(a/b)]2 + n?. In this equation,
the physical and geometric properties of the
panel are described by the following
dimensionless quantities:

(a) the length-width ratio a/b,

(b) the curvature parameter C, which is
proportional to 1/R,

(c) the rotary inertia parameter x, which
is proportional to the mass density
moment of inertia of the panel,

(d) the shear flexibility parameters
ry and r,, which are proportional to
l/ch ln5 l/ch, respectively.

The reference frequency w_ is the fundamental
frequency of a flat, simply supported panel with
an infinite length (a/b = =) as predicted by
classical plate theory (shoar and rotary inertia
2eglected) and u 1is Poisson's ratio of the
aces.

In Eq. (1), the bending stiffness of the
faces about their middle surfaces has been
neglected. The second frequency equation
accounts for the face-bending stiffness but does
not incorporate the effects of rotary inertia or

curvature. This equation, obtained from Ret. [7],

is
2 2 2
w m 1
[B: ] [[m} . nz] ['r ‘T3 c] (2)
where
te/h
TR Y [ - 3
1« (tf/hc)

R St A s g SO 10w . . by e

and
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The quantity t is due to the face-bending
stiffness and ¢ is due to the orthotropic
shear flexibilities of the core, characterized
by the ratio y = G¢_/Gc . It should be noted
that Eqs. (1) and (2’ arz identical when the
effacts of rotary inertia, curvature, and face-
bending stiffness are simultaneously neglected
(x=C=a1=d),

The busic assumptions made in the theories
upon vhich Egs. (1) and (2) are based are:

(a) linear, elastic behavior of core and
faces,

(b) the transverse deflection of the panel
is comprised of deformstions due to
both transverse shearing forces and
bending moments,

(c) the bending stiffness of the core is
negligible compared to the overall
bending stiffness of the panel. This
allows the panel's flexural deformations
to be described by an isotropic bending
stiffness D,

(d) transverse shear strains in the faces
and all normal strains in the :z
direction are neglected,

(e) the cores are homogeneous. Thus, for
cellular-type cores such as honeycomb,
the wavelengths of vibration must be at
least several times the cell size.

Although the natural frequenciss predicted
by Eqs. (1) and (2) are valid only for simply
supported panels, the equations for modal den-
sity are applicable to panels having other bound-
ary conditions, because once the frequency range
of the lowest several modes is exceeded the
boundary conditions generally hav: a negligible
effect on the number of modes existing in a given
frequency interval. This has been observed
experimentally for flat panels and cylindrical
shells that were essentially rigid in shear.8”10
Far mathematical argurents. see Refs. [11] and
112].

Mods1 Censity Formulation
For a given panel configuration (a/b, C, x,
Ty, Ty, T, and w, fixed), Eq. (1) or (2)

repreSents a set of constant f{requency curves in
¢hs {m/(a/b)] - n plane. A typical curve is
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illustrated in Fig. 2. Each combination of
m and n represents the only mode that occurs in

0 L{mam(ow(tﬁx&?vm

* CONSTANT
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Fig. 2.- Modes bounded by a constant
. frequency curve.

an area 1[1/(a/b)] in the first quadrant of the
(m/(a/b)] - n plane. The total area occupied
by the N modes bounded Ly the curve

@ = constant is approximately N[1/(a/b)].
This area is also given approrimately by

(1/2) I°2 02(w,8)d8, where 9 1is dufined in

6
Fig. 2 and p2? = [w/(a/1)]% + n? is determined
in terms of w and 8 from Eq. (1) or 52). The
limits of integration are such that p¢ is real
and positive. The approximate uumber of modes
axisting below the specified frequency
4 = constant is then expected to be
asymptotically equal toxlel

8
N = i.g. Lz 02 (w,0)do
1

The average number of modes AN existing
in a frequency band 4w, about the center fre-
quency w, defines the average modal denmsity,

which is
AN N 1 af%2 302(u,0) 4
70 8 w

. de, dey
+ p*{w,03) &—-DZ(N.Ol) 3;,—] (5)

For the panel configurations considered herein,
the last two terms in Eq. (5) are zero. For
comparison with he frequency-independent flat-
plate modal density predicted by classical plate
theory, i.e., &N/d{w/u,) = (n/4)(a/b) [12], the
estimates of sandwich panel modal density pre-
sented here are expressed in the form

L a2 rz 392[5;.,6]
;‘:;_I@ ¥ 8 al:

From the results that follow, it can be noted
that the right-hand side of Bq. (6) is

de (6)

independent of the panel length and width.
These lateral dimensions appear only on the
left-hand side of the equation, and since the
term (a/b)(1/wy) is proportional to the product
(ab) the modal density is directly proportional
to tne surface area of the panel. Although
Eqs. (1) and (2) were derived on the basis of a
rectangular planform, the modal densities
obtained from them can apparently be applied to
panels with other shapes, having a surface ares
S, by roplacing the rectangular area (ab) with
the srea S [12].

ANALYSIS

To calculate the modal density from Eq. (6)
requires that 3p2/3(uw/uwy) be expressed analyt-
ically as a function of i &nd 6. Unfortunately,
p? appears as a cubic and a quartic term in
Eqs. (1) and (2), respectively, and is not
readily obtained analytically. However, for the
isotropic core (rgx = r, = r), Eqs. (1) and (2)
can be solved exactly ¥or 3p2/3(w/wg). This
is done in the following sections. It is then
shown, by neglecting the face-bending stiffness,
that the isotropic results can be applied to
panels with moderately orthotropic cores by
use of "effective'" shear flexibility and curva-
ture parameters. Finally, an approximate solu-
tion is obtajined for a flat panel, which gives
the combined effect of orthotropic shear moduli
and face-bending stiffness.

Flat Panel With Isotropic Core

Combined Effect of Shear Flexibility and
Rotary Inertia - This case 1s obtained Zrom
Eq. i;s by setting C = O and rx = r, =T, which
results in

i e[

el o (ol

Q)

car the bending set of modes. Since p? is
independent of 6 (i.e., w = constant is a
circle in the [m/(a/b)] - n plsne), the limits
of integration in Eq. (6) are 6; = 0 and

62 = n/2. Performing the integration yields the
following estimate for the modal density of a
flat sandwich panel with an isotropic core:
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The variation in modal density with
r(w/wy), as giver. by Eq. (8), is shown in Fig. 3

L I 1 B

0 I 2 3 4
r i
Wy

Fig. 3.- Effect of shear flexibility and rotary
inertia on the modal density of a flat sand-
wch panel; isotropic core, face-bending
stiffness neglected.

for y = 0 (i.e., rotary irertia neglected) and
X/r = 3.279. For r = O (infinite shear stiff-
ness), the frequency-independent, classical
plate value for modal density is obtained. When
shear flexibility is not neglected (r > 0), the
modal density increases with increasing fre-
quency and with increasing shear flexibility.
The value x/r = 0.279 corresponds to the
extreme case of a solid panel, whereas

x/r < 0.1 is more typical of sandwich panel con-
struction. Since the two curves in Fig. 3
differ at most hy about 6 percent, it is con-
cluded that for the small values of x/r
usually encountered in sandwich panels the
effect of rotary inertia on the modal density is
negligible in comparison to the effect of shear
floxibility.

The curves given by Eq. (8) are asymptotic
to the curve

1 dN
ﬁd_“’_ -Z[r;’"’: ©)
b “ug

and for r{w/wg) > 3 this straight line approxi-
mates the solid curve of Fig. 3 to within 1 per-
cent. However, Eq. (9) implies that the modal
density (AN/&w) becomes independent of the face
material properties at large values of r(w/ug).
This physically unrealistic result arises
because Eq. (8) does not account for the bending
stiffness of the panel faces.

Combined Effect of Shear Flexibility and
Face-Bending Stiffness - In view of the results
of the previous section, it is assumed here that
rotary inertia can be neglected. Eq. (2) can
then be used tn determine the effect of face-
bending stiffness on the modal density. For an
isotropic core, Eq. (2) can be written as

L 2/ 1
r-—=7rp T — (10)
o 101'92

which is independent of 8. Use of kq. (6)
ylelds .

1 &N 1
% g- d&"o-] 3 (w/u,)
apz

V1 + rp?
/1e:(1+1p2) {1 rp? ]

g 2(1 +1p2)[1 ¢ T(1 + 2p2))/

(11)

for the estimate of modal density. The varia-
tion in modal density with r(w/wg) is obtained
from Eqs. (10) and (11) by treating ti. face-to-
core-thickness ratio tgf/h. as a parsmeter and
the quantity 102 as a varisble. This varia-
tion is shown in Fig. 4 for various values of

20 U -
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e

1
0 8 []
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Fig. 4.- Effect of shear flexibility and face-
bending stiffness on the modal density of a
flat sandwich panel; isotropic core, rotary
inertia neglected.

te/h.. Neglecting the face-bending stiffness
(tf/ﬁc = 0 curve) leads to an overestimate of
the modal density by an amount that increases
with increasing frequency and with increasing
ratios of face-to-core thickness. However, for
many sandwich configurations, tg/he 1s on the
order of 0.1 or less and often the quantity

T/wg 1is so small that a frequency of several
thousand Hertz is required to produce a value of
r(w/uwy) on the order of 1.0. Thus, there are
many practical situations where the face-bending
stiffness can be neglected when computing the
modal density.

For those cases where the face-bending
stiffness should be taken into account, the
following simple equation is useful:

Pt o
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For r(w/wy) > 3 and tg/h. < 0.2, this result
predicts values of the modaT density within
about 1 percent of the values given by the exact
solution. (¥q. (12) is obtained from Eqs. (10)
and (11) by taking 1p2 >> 1.)

Sandwich Beam

The bending set of wodes for a beam can be
cbtained from the equation: describing the hend-
ing modes of the panel by setting the =m/(a/b)
terms equal to zero. The modal density is then
simply cbtained from dN/d(w/wg) = dn/d(w/w,).

Combined Zffect of Shear Flexibility and

Rotary Inertia - This case 1s obtained by setting
'i?h%s = 0 In Eq. (7). Differentiating with

Tespect to w/w, ylelds

dN

)
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(13)

The variation in modal density with
frequency, given by Eq. (13), is shown in Fig. §
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Pig. 5.- Bffect of shear flexibility and rotary
inertia on the modsl density of a sandwich
beam; face-bending stiffness neglected.

[ SR, * b <yupahppe i Pomomnsted Ay et Mty SRTELN

for various values of the shear flexibility
parameter, r, and for two values of x/r. As

for panels, realistic values of x/r give essen-
tially the same results as x = O (rotary
inertis neglected). The
sponds to classical heam thoory, which predicts
that modal density decreases with increasing
frequency.
for (r > 0), Eq. (13) predicts that the beam
modal density is nearly constant over a wide
frequency range.
only for conditions where the face-bending
stiffness is unimportant.

raya( curve corre-

When shear flexibility is accounted

However, this result is valid

Combined Effect of Shear Flexibility and
Face-Banding Stiffness - If rotary inertia is

neglected, Eq. (10) can be used to determine the

effect of the face-bending stiffness on the
modal density of a beam by letting m/(a/b) = O.
The result is

Xan? fre (14)
Wo / 1 +m?

dN | 1
afL dw/ag)
Yo dn

Yl + rn?
2
2n /1 +1(1 +m?) {1 c I

2(1+m2)[1 + (1 +n?)]
(15)
The variation in modal density with

frequency as given by Eqs. (14) and (15) is
shown in Fig. 6 for several values of r and

i L
[ 80 100 180
Wy
Fig. 6.- Effect of shear flexibility and face-

bending stiffness on the modal density of s
sandwich beam; rotary inertia neglected.

with a face-to-core-thickness ratio of 0.0S.
Comparison of the curves in Fig. 6 with the
corresponding curves in Fig. 5 reveals that
neglecting the face-bending stiffness again leads
to an overestimate of the modal density by an
amount that increases with increasing frequency.
The face-bending stiffness is also seen to have a
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smaller effect on beams with stiff cores (small
r) than on beams with more flexible cores
(larger T).

Figs. 5 and 6 both indicate a large rise in
modal density as w/w, approaches zero. How-
ever, it must be remembered that the equations
presented for modal density arc estimates that
have Deen obtained by representing the numbor of
modes by a continuous function of frequency.
This representation is not really meaningful at
frequencies near that of the fundamental mode
{w/ug * 1) as there are usually too few modes
involved. Thus, the large rise in modal density
8s w/wy + 0 1is physically unrealistic. A
similar situation occurs in the modal density
estimaces for curved panels.

Curved Sardwich Panel With Isotropic Core
1f the parameter C is retained in Eq. (1),
the effects of panel curvature can be determined.

For an isotropic core (r = ry = Ty), the bending
set of modes is described by

202

W 2 2 4
= (r + X)[“‘_o] - rC° cos" (0)

+/[(r-x) [w—“;']z-rcz cos* (6}204[[%]2-02 cos" (6.?

(16)

The modal density is then given by
r~

1 dN 2 w|fn
ISl ([ 2
Tb “lug

-
n/

2 2
W
wfe-gl-3r &
2 2
-X [ JﬁJ
o) 4a + [a r] T T

where (17)
a ® 1 - [C/(w/wg)}? cos*(8)

with 1/4
w32 , T
-cos”|%! [1-4] Sife e ]
8) =cos [—C-y [l o *(rC)z 1 [ w°/§

if

and
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are both satisfied; otherwise 6; = 0.

When x =2 r = O (rotary inertia and shear
flexihility neglected) Eq. (17) can be expressed
in terms of the complete elliptic integral of
the first kind {11]. For nonzero values of
x and T, Eq. (17) can be expressed as a hyper-
slliptic integral. Although some hyperelliptic
integrals can be reduced to the sum of elliptic
integrals, no such attempt was mede here;
instead, the results presented here were
obtained by numerically integrating Eq. (17).
These results are presented in Fig. 7 where the

Fig. 7.- Modal densities of cylindrically curved
sandwich panels; isotropic core, face-bending
stiffness neglected.

variation in modal density with (w/wy)/C is
shown for various values of the product rC.

The numerical results shown in Fig. 7 are all
for x = O (rotary inertia neglected). However,
in view of the relatively insignificant effect
of rotary inertia on the modal densities of the
beam and flat panel, it is likely that the
curves in Fig. 7 would be only slightly altered
by realistic values of x/r.

Since Eq. (17) does not 'account for the
face-bending stiffness, it undoubtedly over-
estimates the modal density at the larger values
of r(w/wg). (The curves in Fig. 7 correspond
to 0 < r(w/wy,) < 10.) To gain an idea of the
error involved for various combinations of
r(u/uy) ard te/he, Fig. 4 should be examined.

Except for r = 0, Fig. 7 obscures the fact
that when w/uw, exceeds C the curved panel
modal density becomes asymptotic to that of the
corresponding flat panel (C = 0). This behavior
can be seen more clearly by replotting Fig. 7 in
terms of w/w, for a fixed value of r and for
various valuef of C > 0 or by comparing
Eqs. (8) and (17).
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The peaks in modal density about w/uw, = C
(the so-called ring frequency) are due to a con-
centration of modes occurring near this fre-
quency and is most pronounced for r = 0.
However, the sharp spike is due to the singular-
ity in Eq. (17) at w/wy = C (vhen x = Q) and
is physically unrealistic. A truer estimate for
the peaks in modal density sbout the ring fro-
quency can be obtained by directly calculating
the pumber of curved panel modes, ANc, occurring
there from the frequency equation:

1o N .
AT

(18)
(Bq. (18) is obtained from Eq. (16).)

For r = 0, the results of such calculations
for the interval 0.95 C < w/w, < 1.05 C are
presented in Table 1 for various degrees of
curvature (a/b was taken equal to 4/ux). The
number of modes ANp that the corresponding
flat panel has in the same frequency interval is
also shown for comparison. For 300 < C < 1000,
the actual peak in curved psnel modal density is
sbout 1-1/2 times that of the flat panel value
{indicated in Fig. 7 by the dashed curve). For
75 < C < 300, a somewhat smaller increase is
evident. For C less than about 50, the effect
of curvature is so small that the paiel essen-
tislly behaves as if it were flat.

Effect of Orthotropic Core Shear Moduli

1f the effects of rotary inertia and face-
bending stiffness are neglected, the equation
governing p? for a curved sandwich panel having

an orthotropic core is obtained from Eq. (1) by
setting x = 0. This yields

i Bl [ edlors)
e [
- c2 cos* (g] [1 -1—§-¥“-]};a2 cos2 (0)= 0 a9)

vhich imply that
2
T .
'-;a {1 - [C/(w/ug)]? cos®(8)} >> 1

Under these conditions,
("] 2 2 4
\ rY[[w—o] - C” cos (ﬂi
pé = (21)
y[l - J—Y—l sin? (e)]

Substituting into Eq. (6) and noting that 8,;=0
and 8; = 7/2 ylelds

At

which is valid only for the conditiwns stated
just prior to Eq. (21). Comparison of this
result with Eq. (9) suggests that the isotropic
results can perhaps be applied to panels with
orthotropic cores by replacing r with an
effective shelr- flexibility parameter

= However, it is also likely that
C will Kave to be replsced with an effective
curvature parsmeter since Eq. (22) is not valid
where the effects of curvature are most
pronounced {w/w, < C).

This idea was examined bv solving Eq. (19)
for w/wg in terms of m and n.

laf -1 _elaf
& T

where ¢ 1is the same as in Eq. (4). For
specified values of a/b, r,, v, and C, the
number of modes N existin{ below any frequency
w/w, can be calculated and a plot of

N vs. w/wg 1is readily constructed. The possi-
bility of Juplicating this plot (and hence the
modal density) by calculating N from the iso-
tropic frequency equation (Eq. (18)) with r
replaced by some roer and with C replaced by
some Coff was then considered, i.e., from

(23)

T
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Except when v = 1 (isotropic core), g )2 212 2 a )Y
Eq. (19) is cubic in p? and no attempt is made 5 am th Cots|arb
to solve it in this form. However, a clue to the [&] - .
effect of y can be obtained by considering the Yo, a )2 2 a )2 2]2
conditions 1 ’off[ﬂﬁ i 1
2
T
.X:_ >»1 for y>1 (29)
(20) Values for y from 0.4 to 2.5 (representa-
rypz >>1  for y<1 tive of honeycomb cores) were considered for
1<a/bs

2,55, ry/ﬁ up to 0.125, and C wup
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to 400. In cach case, the plots of N vs. u/uo
obtained from Eq (23) were duplicatied, within
about 5 percent or less, by Eq. (24) if rg¢¢
and Coep were taken as

N
.2 0

AV /Tode,

Tott
) (25)

Coii *

(r)0:15
o

Typical results are shown in Figs. &(a) and

8(b). Fig. 8(a) shows exact plots of N vs. w/wg
for C »~ O and 100 with r, = 0.00707, y = 1/2,
and a/b = 2,55, The corresponding plots
obtained from Eq. (24) with Togs and Coeg
defined by Eqs. (25) are shown in Fig. 8(b).

1000~

—:'%-ODI

400}

(a) Exact; Eq. (23).
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(b) Empirical; Eq. (24).

Fig. 8.- Cumparison of cumulative number of
modes for sandwich panels having orthotropic
cores ts predicted by exact and empirical
frequency equations; rotary inertia and face-
bending stiffness neglected, a/b = 2.55,

y = 0,5,

The forr of Eq. (24) is exactly the saxe =3
Eq. (18). Thus, when the effects of rotary
inertia and face-bending stiffness are small,
the modal density estimates obtained for panels
with isotropic cores appear to be applicable to
panels with orthotropic cores such as honsycomb
by simply replacing r and C with the quanti-
ties roff and Co¢f, respectively, defined by
Eqs. (25). MNote that the "effective" shear
stiffness is the geometric mesn of the two
orthotropic stiffnesses.

Another check on the validity of this
~mpirical approach is that for a flat pansl,
Eqs. (24) and (25) predict that the variation in
N with w/w, 1is unaffected by a 90° core rota-
tion. This is verified by using Eq. (28) (the
exact equation) to show that, for 0.4 < y £ 2.5,
plots of N vs. w/u, are indeed unaffected by
such a rotation. A typical example is shown in
Figs. 9(a) and 9(b). Fig. 9(u) is for a flat
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s e e
why
(a) y = 0.5

4 [

®) y= 2.0

Fig. 9.- Compariscn of cumulative number of
modes for two flat sasndwich panels which have
orthotropic cores differing in orientation by
90°; rotary inertia and face-bending stiffness
neglected, a/b = 1,27, ry/¢7 = 0,01,
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panel (C = 0) with ry, = 0.00707, y = 1/2, and
a/db = 1,27, Fig. 9(b¥ corresponds to the same
flat panel but with the core rotated 90°

(r, = 0.01414, y = 2}, The resulting curves of
N zs. w/wg are virtually identical.

In the case of a flat panel, an approximate
solution giving the combined effect of ortho-
tropic core shear moduli and face-bending stiff-
ness on the modnl density can be obtained by
neglecting certain terms in Eq. (2). For
[reges{w/ug)]? >> 1, the conditions given by
BEqs. (20) are satisfied and by order of magni-
tude considerations Eq. (2) then simplifies to

2
rytp" + [1 + (y - 1)ecos2(@}p? - r,[f—o-] =0
(26)
Solving for p2 and substituting into Eq. (6)

leads to the following approximate equation for
the modal density:

A [zr,ff ;‘“—]amm"}- (27
ThalL ° 7
Wo
where
(.38 ]

e 2 - e

2
%2 s - [i + t[Zr.cc -EJ ]/E
L L 777 wo

and K(k) is the complete elliptic integral of
the first kind. " P

The only terme in Eq. (27) that involve the
orthotropic shear moduli are B and rys¢. Both
terms, and theretore the modal density given by
Bq. (27), are unaffected by a 90° rotation of
the core. This is shown in Fig. 10 by the
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Fig. 10.- Combined effe.t of orthotropic core
shear moduli and face-bending stiffness on
the modal density of a £lat sandwich panel;
rotary inertia neglected.

dashed curves labeled y = 1/2 or 2, vy = 1/4

or 4, and y = 1/3 or 8. The solid curve is for
an isotropic core (v = 1) and is obtained from

the exact solution (Eq. (11)). All the curves

- e e i e e

shown in Fig. 10 are for ¢ face-to-core-thickness
ratio of tg/he = 1/10.

Note that Eq. (27) depends on both
and y = DQx/DQy' Only when the fnce-bendinﬁ y

stiffness is negligible can the effect of an
orthotropic core on the modal density of a flat
panel be described solely in terms of the effec-
tive shear stiffness:

DQegs ™ /DQxDQy

For y = 1 (isotropic core), Eq. (27)
reduces to Eq. (12). This suggests that for the
moderately small range of y usually encountered
in honeycemb cores (0.4 < y < 2.5), Eq. (27)
should be fairly accurate if tg/h, < 0.2 and
Tesf(w/wg) 2 3 are both satisfied.

EXPERIMENT

Very little experimental data are avallabie
in ths ilterature on the mode shapes and natural
frequencies of vibrating sandwich panels, espe-
cially for frequencies substantially above that
of the fundamental mode. Although sbout 35 modes
were excited in each of the two panels tested in
Ref. [7], the panel configurations and frequency
range were such that the meximum value obtained
for r, f(m/uo) was about C.25., At this small
value o reff(u/uo), the shear flexibility of
the core has a relatively small effect, theoreti-
cuily, on ihe mwodal demsity {scz Fig, 1), Thue,
it was necessary to conduct some experiments that
would cover a higher range in rqoge(w/wg) for
obtaining results that could be compared with
theory.

Apparatus

Sandwich Panels - The specimens tested
consisted of four flat, rectangular sandwich
panels of aluminum honeycomb cores bonded to
stainless-steel face sheets with a structural
adhesive. The effective length and width of
each panel (measured between the boundaries of
the panel support fixture) was a = 28.5 in. and
b = 24,0 in., respectively, Table 2 lists the
pertinent core and face properties along with
the resulting panel parameters. The weight of
the bonding material was lumped with the weight
of the faces to produce an effective face density
called (pg) pp- Values of the core shear moduli
were calculated from the theoretical equations of
Ref. [13].

Support and Excitation System - The panel
mounting fixture consisted of two aluminum frames
bolted to the outer 3 inches of the panel perim-
eter to provide a partially clamped edge condi-
tion. To prevent crushing of the - ., the
outer 3 inches of the honeycomb celis was filled
with a liquid aluminum potting material. The
panel was excited from below by a small (25-1b
force) permanent magnet shaker. The shaker was

10
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coupled to the panel surface by means of a
small vacuum attachment to avoid the fastening

of attachment points to the panel. This arrange-

ment proved to be quite satisfactory for trans-
mitting motion to the panel and it allowed the
excitation point to be easily changed.

Test Procedure

For each panel, between 70 and 80 consecu-
tive modes of vibration were excited by varying
the frequency and location of the applied exci-
tation. The mode shape at each resonance was
visualized by the formation of Chladni figures

(b) Mode (4,4) - 1780 Hz.

St 169 Jity
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produced by the collection of sand particles
along node Jines. A few of these sand patterns
are shown in Fig. 11,

Test Results

Frequencies are given in Table 3 for the
four test panels, corresponding to the maximum
resonance response for the modes listed. The
sode number m in the x direction (n in the
y direction) indicates m -~ 1 {(n - 1) lines of
zero doflection between the panel boundiries
x=J (y=0)and x=a {y =b).

I T SN PSSy SRR, S

(d) Mode (8,6) - 3240 Hz.

fig. 11.- Some Chladni figures on panel number 4 showing modes (m,n).
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COMPARISON OF THEORY AND EXPERIMENT

The experimental values of ;l: A:
3§ 3l
their variation with rg ee(w/wy) are shown in
Figs. 12(a) and 12(b) £or panels 1 and 2,
respectively, and in Figs. 12(c) and 12(d) for
panels 3 and 4, respectively. The horizontal
lines indicate the intervals of rggee{w/w,) used
to compute the corresponding data points. The
solid curve in each figure is the theoretical
estimate for modal density given by Eq. (8) with
T replaced by r .. For all four panels, the
guantity X/Teff IS puch less than 1 so, theo-
retically, the effect of rotary inartia is neg-
ligible. For the range of 1, ec(w/wy) and
te/he covered by the oxperimentr, the theoret-
ical effect of the face-bending stiffness is
also regligible.

and

i i i

] []
o 5 ot o

-’
-]
L]
wh

(a) Panel 1.

r."-g.- Tot y:

(c) Panel 3.

(d) Panel 4.

i¢. 1i.- Comparison of thecretical und
experimental modal densities.

A comparison of the results presented in
Figs. 12 indicates that the theory gives a
fairly good estimate of the average modal density
except at the smaller values of r.rg(w/wg). The
values of Tyge(w/w,) at which the comparisun
becomes p.ot correspond.to the frequency range
in the vicinity of the fundamental mode where
relatively tew modes occur. As mentioned
earlier, the continuous frequency representation
of a discrete number of modes is unrealistic in
this frequency range.

Panels 3 and 4 are nominally identical, the
major differonce being about a 20-percent

variation in y, However, comparison of

Figs. 12(c) and 12(d) shows that the experimental
results obtained from panel 3 fall very close to
the theoretical curve at nea.ly every point
while the results from pan® * are more scat-
tered. This is due to a " . ing" of more than
the average number of modes _ , predicted by
theory) in one frequency interval while an adja-
cent frequency interval has fewer than the aver-
age number of modes. (This clumping effect is
also seen in Figs. 9{a) and 9(b), for example,
at 170 < w/wy < 180.) Depending on the size of
frequency interval chosen, this clumping may or
may not produce nuticeable variations in modal
density from the average. The theory gives only
the average modal density and does not predict
variations from this average.

It should also be nctad that the test
panels werc fastened in a semiclamped configura-
tion, while the theory was based on simple sup-
port boundsry cond:tions . The fairly good
agreement between the experimental and theoreti-
cal results iends support to the implicit assump-
tion that the modal density of sandwich panels,
like single-layered panzls, is relatively
independent of the bow:idary conditioas.

CONCLUSIONS

Theoretical estimates are obtained for the
modal densities of sandwich beams and flat or
cylindrically curved sandwich panels, The rela-
tive iamportance of transverse shear flexibility
and orthotropic shear moduli »f the core, bending
stiffness of the faces, rotary inertia, and
panel curvature as they affect modal dersity is
jadged. Experimental values of modal density
were obtained from resonance tests of flat rec-
tangular panels with orthotropic cores. From
the results of the investigation, the following
conclusions are noted:

1. Failure to account for the iransverse
shear flexibility of the core can lead to a
significant underestimation of the modal density.

2. The effect of rotary irertia is
generally negligible compared to tha effect of
transverse shear flexibility.

3. Fer many practical sandwich configura-
tions and frequency ranges, the effect of the
face-bending stiffness can be neglected.

4. For flat rectangular panels with ortho-
tropic coves, & 90° rotatior of the core material
with respect to the faces has no effect on the
average modal density.

5. Where face-bending effects are small,
the results obtained fcr flat and cylindrically
curved sandwich panels with isotropic cores can
be applied to panels with orthotropic cores such
as honeycomb by introducing an effective shear
modulus and an effective curvature parameter.
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The effective shear modulus is simply the
geometric mean of the two face parallel shesr
modoli.

6. The agroement between modal densities
predicted by theory and mooal densities deter-
mined Srom experiment was generally good except
&t frequenciss near that of the fundamental
mode, whefe the theory is not applicable.

APPEND XX
Derivation ¢f Equation (1)

The differential equations governing the
panel vibrations are nbtained from the small
deflection theory of Rei. [6] by adding trans-
verse and rotary inertia terums:

3Q, E' 3%w) 32w )

k. A 2 v‘“[—" o,

xR L) Mt
v W &1 3zQx+1-u32Qx\
Indy* 3x° D DQ, \ox? 2 ayEJ

(A1)

In Egs. (Al), x and y specify the coordi-
uates of a peint in the middle surface of the
panel (Fig. 1) and t denotes time. The oper-
ator V"% is defined by ¥~ “'v“ug = P4 (v “wa =w,
where v = (3%/3x") + 2(3"/ax%3y?) + (3%/3y")

The motion described by these cquatioas is
that « straight line perpendicular to the unde-
formed middle su-face {z = Q) rcmsins straight
and of constant lenzth after deformation but not
neécessarily perpendicular to the deformed middle
surface. This inclination in the x (or y)
direction from a right angle is the average shear
angle G./3Qx (or Qy/DQ,) produced by the
resultant (ransversc shear forne Qyx (or Qy)
per unit width,

For simply supparted edges parallsl to the
x axis at which the suzport is applied over the
entire thickness, the boundary conditions are
(14]

wEM 2.0

(A2)
DQx

i o b b e b e o 0 e e e s ne
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where the moment My {acting sbout the x axis)
is given by

B
y

ol g Y w

ax?
The boundary conditions along the edges parallel
to the y axis are obtained by interchanging
y and x.

Expressions for the lateral deflection and
shear angles that satisfy the boundary conditions
are

w(x,y,t) = A' sin 22X

sin _gl e:l“’t
L]

Q

=X (x,y,t) = = cos X gin ANV Jut
B, 1) a b

QX Qx

FQL (x,y,t) = bg— sin 22X cos '_‘gl elut
Q, Q ;

(A4)

whcre m and n  are integers dezignating the
number of sinusoidal half-waves in the x and y
directions, respectively, and w is the panel
froquency (rad/sec).

The differential Eqs. (Al) are also
satisfied by the above forms for w, Qx/DQx'

and Qy/DQy provided

=
['-3/3]["2 {:IE‘—-E]Z [hu][ ]nr 0
(2] .
&S]}
[sony 2
Plee] - )
()

Expanding the determinant yields Eq. {1).
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TABLE 1

Coaparison of Curved and Flat Panel Modal Densities at the
Ring Frequency r = x =0

— Number of Modes in
Curvature Frequency Interval Frequency Interval aNg
Parwmeter | 0.95C < w/wo < 1.05C | Flat Panel | Curved Panel | INp
[ ANP ANC
50 47.5 » 52.5 S S 1.0
75 71.25 +» 78.75 6 8 1.33
100 95 + 105 10 13 1.30
200 190 + 210 21 27 1.29
300 285 + 315 29 43 1.48
400 350 - 420 39 11 1.41
500 475 + 525 49 76 1.55
750 712.5 + 787.5 76 115 1.51
1000 950 + 1050 101 155 1.53
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Length of panel:
Width of panel:

Materials
Panels | and 2:

b«

Panels 3 and 4:

a = 28,5 in.

24.0 in.

TABLE 2

Descrintion of Test Panels
[A1l superscrints are powers of ten]

Faces of 302 stainless steel shoet
Cores of 1/8-5052 - 0,002 aluminum honeycomb

Faces of 321 stainless steel sheet

Cores of 0X-3/16-5052 - 0,0007% overexpanded aluminum honeycomb

Core Properties

Face Properties

Panel Parameters

Pes ! Gexs
1b-sec?
in.

Panel

1o/in.2

ch,
1b/in.2

in.

¢!

(°f)effs
1b-sec?

in.

Eg,
1b/in.?

tf,
in.

¥

ole

te
he

LY

rad
sec

Teff

X
Toff

1.21°8
gt

0.31675

0.316-5

BN -

131,000,
§3,0C0
21,7CO
235,900

53,000

131,000
23,900
21,700

0.502
G.502
0.503
0.503

86,35
81.4"5
80.3-5
81.1°5

26*6
26+6
2805
28°®

0.245
0.245
0.245
0.245

0.0154
0.0154
0.0203
0.0203

1.19}0

.0307
1.19}0.
1.13]0.
1.19}0.

0x7
0404
0404

738
734
843
840

0.0221
0.0221
0.114
0.114

0.0449
0.0450
0.0099 3
0.00393

- 00N
- -

QOO
L__O0

TABLE 3

Experimental Resonance Frequencies, Hz
[Panels 1 and 2; heavy line encloses modes for which reff(w!wo) < 1.1)

n

4 S 6 7 8

10

11

rmnll

294

613
1018
1600
2162
2980
3716
4470
5260

713

950
1360
1840
2460
3170
3870
4660
5430

1130
1425
1750
2200
2815
3440
4010
4930
5630

1890 2470 3070 3720 4360
1960 2590 3230 3850 4460
2280 2780 3390 3950 461C
2620 3180 3790 4310 4920
3130 3630 4130 4750 530C
3750 4200 4720 5220 5740
4370 4780 5230 5750 6220
5090 5460 ] 5890

5820

QW IOV E UGN

ey

6070

5020
5140
5282
“520

5660
5770

5940

5210

6330

anel 2

300

530

940
1340
1870
2290
2750
3220
3710
4200

WOV &l N -~

726

991
1300
1690
20290
2510
2930
3420
3960
3421

1180
156C
1780
2120
2520
2890
3360
3800
4240
4680

2260 3060 3960 4900
2350 3170 3990 4970
2450 3270 4120 5080
2700 3530 4360 5150
3080 3790 4570 5179
3440 4090 4820 5630
3840 4470 5150 | 5980
4750 4800 5549
4610 3220 158
§170 _5630

5640 | 6070

6080

5940

15
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TABLE 3

§ Experimental Resonance Frequencies, Hz - Concluded

“oran.

(Panels 3 and 4; heavy line encloses modes for which rgee(w/uy) < 3.0]

oy

Mo 2 3

4 S 6 7 8 9 10

280 674 940

443 760 1070

810 990 1300
1010 1230 1500
1330 1530 1750
1760 1830 2020
2000 2140 2290
2360 2440 2560
2650 2710 2890
2950 305C 3200

Plnel 3

T T ATNTCH I M1 st rroey |

s
NHOWVWBICNEUNM

gt ST R A

3300 3390 3460 |

1360 1760 2140 2520 2910 3290 | 3640
1430 1810 2200 2630 3020 3360
1570 1930 2310 2700 3080 3430
1770 2110 2440 2800 3140 3500
1980 2310 2580 2930 3280
2220 2500 2780 3130 3440

2490 2700 3000 _3350
2750 2960 _3210
3060 3230

3300 3500

288 638 951

437 754 1060

784 990 1260

981 1220 1480
1310 1540 1720
1780 1820 2000
2030 2130 2290
2340 2430 2580
2630 2700 2870
10 2930 3050 3210
11 3270 3390 3460
12 %%

i anel 4

Vo NeaELN-~

1380 1780 2140 2540 2910 3310 | 3676
1430 1820 2200 2620 3060 3380
1580 1940 2300 2700 3100 3460
1780 2100 2450 2800 3130 3590
2010 2310 2630 2940 3310
2230 2530 2810 3140 3480
2490 2720 3010 3360
2760 2970
3030 3260
3340

DISCUSSION

Voice: How were the panels excited?

Mr. Erickson: In each case, the panel is
excited by a relatively small permanent mag-

net, 25 1bs force shaker. It was attached by
means of a vacuum cup 80 that the point of
excitation could be readily moved without adding
aany mass to the panel.
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TURBINE ENGINE DYNAMIC COMPATIBILITY
WITH HELICOPTER AIRFRAMES

Kenneth C. Mard and Paul W. on Hardenberg
© Sikorsky Aircraft Division of United Aircraft Corporation
Stratford, Connecticut, U.S.A, 1968

All  Rights

Reserved

during service life,

During the development of the U. S. Marines CH53A transport heli-
copter, Sikorsky Aircraft was funded to conduct an intensive investi-
gation into the dynamic characteristics of the CH53A/T64-6 engine
installation, The purpose was to gain assurance that the turbine
engine and helicopter airframe dynamic characteristics were com-
patible and that unanticipated dynamic problems would not occur

The program was unique because: (a) it was an extensive dynamic
compatibility study implemented during a helicopter design phase
and went far beyond current design and substantiation specifications;
(b) it paves the way for future specification requirements for helij-
copter/turbine installations; and (c) it gave greater technical
capability to the airframe manufacturer to meet his responsibilities
for the engine/airframe installation design and substantiation.

This program, conducted with the cooperation of Gereral Electric's
Small Aircraft Engine Division, included an analysis of engine and
airframe induced vihration characteristics, ground shake tests

with and without the engine operating, and flight test verification

of the installation. Data gathered on natural modes, forced response
and the procedures developed in evaluating the effects of interface
impedance provided a high degree of confidence that future changes
to the airframe or engine would not result in unanticipated problems.

INTRODUCTION

The reciprocating engine stands at a high
level of development today. It took the talents
of two generations of engineers to mitigate the
effects of torque pulsations caused by each
cylinder firing and the inertia fcrces from the
unbalanced reciprocating elements. The intro-
duction of gas turbines to the helicopter indus-
try was welcomed not only because of the
greatly improved power to weight ratio, but
also because the smooth process of continuous
combustion and simple rotating elements
promised freedom from engine vibration which
ie fatigue-inducing and annoying.

Flight teets on two T-58 General Electric

Reproduced with permission.
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gas turbine installations, the Sikorsky HSS-1F
helicopter and the S-62 helicopter, confirmed
that the vibration and dynamic forces ema-
nating from the turbines did not require the
added complication of isolation to protect the
airframe, On the basis of this experience the
Navy's SH-3A anti-submarine helicopter was
designed and produced without further con-
sideration of the interface between the air-
frame and engine,

For nearly three years the development
and production of this aircraft proceeded with=
out serious engine installation prcblems,
Then, rather suddenly, an almost exponential
increase in the number of engine installation
discrepancies were reported, the majority of
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which were fatigue cracks in the nonrotating
engine structure, Fig, 1 shows the removal
rate as a function of accumulated flight time.

REMQVAL
RATR

ATCUMULATED FLIOHT TIME

FIG.1 SH3A/T38 ENGINE REMOVAL RATE
VS. ACCUMULATED FLIGHT TIME

The impact of the sharp increase was a drain
on the spare part reserve and a reduction of
aircraft availability to a seriously low level
with an unpredictable amount of unscheduled
maintenance.

The most frequently reported discrepancy
was cracking of the flange of the power turbine
bearing hosing. This housing provided the
structural path which supported the rear of the
engine on the airframe, It also housed the
bearing which supported the free turkine wheel
and drive shaft. Vibration measurements
taken on this part revealed a high amplitude
resonance excited byimbalance of the free
turbine and drive shaft as shown in Fig. 2.

font
XY -

2ANGE
VIBRATION \

\\

POWER TURBINE $PEED

FG. 2 SHIA/T50 ENGINE TURBINE BEARING
HOUSING VIBRATION VS. TURBINE SPEED

SLARING

HOUVSING
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The significant fact here is that there was no
requirement from the engine manufacturer nor
any motive for the airframe manufacturer to
examine this area prior to the sharp rise in
fatigue cracking of this component. In fact,
measurements made at locations recommended
by the enginc manufacturer were within speci-
fied limits.

The resonance was successfully detuned
by the addition of a 13 1b weight adjacent tu the
bearing housing, but the disturbing question
still remained as to why this resonance revealed
itself so far along the life cycle of the aircraft.
Further invesrigation, coupled with a detailed
dynamic analysis developed by the engine
manufacturer, pinpointed the cause to be a
change in impedance at the interface between
the aircraft and engine. This subtle change,
merely the change in material in a bushing
which exhibited poor life characteristics, had
an unusually strong effect on this resonance.

Subsequent to the initial development of
the SH-3A, a commercial derivative called the
S-61L was introduced. Although the dynamic
system on this model was the same as the
SH-3A, the fuselage was stretched to adapt it
to its commercial role. The front frame of
the engine is mounted directly to the airframe
and, even though the mount was unchanged
from the SH-3A, the airframe dynamic charac-
teristics were sufficiently different to cause
another serious structural integrity problem
with the engine. Main rotor excitation of the
helicopter at 17 cps was transmitted throuyn
the airframe in sufficient magnitude to excite
the first bending mode of the engine. Vibra-
tory amplitudes of this mode were enough to
cause a high stress problem in the power
turbine bearing housing structure. This did
not occur in the St-3A because the front frame
of the engiue was mounted near a node in the
airframe., The solution to the problem was to
change the interface impedance between the
front frame of the engine and airframe so as
to alter the resonant frequency of the first
bending mode., This problem was not recog-
nized initially because of insufficient knowledge
of the structural dynamic characteristics of
the engine installstion.

Neither of these problems were anticipated
by the engine or airframe manufacturer. This
experience made it imperative that in future
installations the definition and control of com-
patible interface characteristics be given high
priority.

The award to Sikorsky Aircraft by the
U. S. Marines for development of the CH53A




transport helicopter presented a new challenge
in achieving a reliable turbine engine instal-
lation in a helicopter airframe. It was recog-
nized by the Bureau of Naval Weapons, the
engine manufacturer (General Electric), and
Sikorsky (the weapons system contractor) that
a gap existed in the definition of, and the
responsibility for, the engine/airframe inter-
face impedance characteristics, The weapons
system contractor, by definitioii is responsible
for the total performance and effectiveness of
the system ir the field. Since the engine sub-
system dynamic characteristics were not
available, technical cognizance of the engine
installation had been delegated to the engine
manufacturer by BuWeps, causing a disconti-
nuity in total system responsibility.

In recognition of this, BuWeps furded
Sikorsky to conduct an intensive investigation
into the dynamic characteristics of the CH53A/
T64-6 engine installation, This program of
beefing up the technical capability of the
weapons system contractor gave added as-
surance that the initial installation on the
CHS3A would be free of structural dynamic
problems and that future developments would
receive positive and competent guidance. The
strong technical support and cooperative atti-
tude of General Electric’s Small Aircraft
Engine Division, Lynn, Mass., is largely
responsible for the success of this program
and is gratefully acknowledged.

CH53A/T64-6 ENGINE DYNAMICS PROGRAM

Development costs of an engine usually
exceed, by several times, the development
cost of the helicopter that receives it. In
addition, the concept and design of the engine
precedes the application so that in any use the
engine must be adapted with little or no change,

The basic philosophy behind the CH53A/
T64-6 Engine Dynamics Program was to
extrapolate from the experience already
developed by the engine manufacturer rather
than to establish the integrity of the instal-
lation on an absolute basis. The engine had
already compieted its 150 hour qualification
run and was starting to be used in other appli-
cations when this Engine Dynamics Program
was proposed. Initial development problems
had been resolved and it was rational to believe
that the fewest new problems would arise if
changes in the engine dynamic response
characteristics between the other installations
and the CHS3A were minimized.
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There {8 only one variable that can be used
to achieve this objective, This is the interface
impedance between the engine and airframe or
other hardware used to adapt the engine. A
mathematical model must be used to assess
the interplay between this variable and the
baseline configuration used by the engine
manufacturer during his development and
qualification phase. This constituted Phase 1
of the program.

A dynamic analysis of a turbine engine is
complicated by the high frequency modes that
1nust be considered and the uncertainty of
important parameters. The mathematical
model must be correlated with shake tests and
forced response tests of the engine installation,
The second phase of the Engine Dynamics
Program included shake tests of the installation
using external excitation to determine response
of natural modes and frequencies, and a second
test was conducted with the engine running
under power using calibrated unbalance of its
own rotating elements to determine forced
response characteristics, The final phase
included flight tests to verify the conclusions
of the analytical and ground test phases. Fig.
3 summarizes the principle elements of the
program.

PHASE 1 anaurss

A] NATURAL PREQUENCIES AND MODE SHAPES
€) FORCED RESPONMIL

tHAS: T GROUND TEST

Al LOW FEEQUENCY SHAKE TeST
R) EXTERMAL EXCITATION ICOLD SNAKE TEST)
€.) UNSALANCED ROTATING ELEMENTS HOT SHAKE TIST)

PHASE NI VPEIFICATION

A) QUALIMCATION AND ABUSIVE TEST dY
THE ENGINE MANUPACTURER

€} PLIGHT TESTS

C) SEMVICE EXPRRIENCE

FIG. 3 CHS53A/T44-6 ENGINE DYNAMICS PROGRAM

e B e s b e Lt




i eat s ottty i b st commes By v e

DESCRIPTION OF THE CHS3A/T64-6 ENGINE
INSTALLATION

Fig. 4 CHS53A helicopter with T64-6 engines

The CH53A transport helicopter, shown in
Fig. 4 was designed to carry a payload of
8000 lbs, a radius of 100 nautical miles at
speeds in excess of 150 knots. 1t is powered
by two T64-6 General Electric turbine engines,
each producing up to 2850 shaft horsepower,
Fig. 5, a schematic of the engine installation,
shows that it is attached to the airframe at
two points, The rear mount under the gas
turbine is only capable of vertical and lateral
reactions. The forward mount under the nose
gear box provides vertical, lateral, longi-
tudinal and torsional restraint. The power
output shaf is at the front of the engine, con-
centric with the compressor air intake, and is
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routed through a torque tube to the nose gear
box and then to the main tranamission of the
helicopter. Restraint by the output drive
shaft from the nose g2ar box to the main
transmission is minimized by flexible

couplings.

Fig. S also shows the schematic of the
internal configuration of the engine. A
unique feature is the concentric shaft of the
power turbine and gas geneiator. The tail
pipe and nose gear box as well as the mount
characteristics, constitute the impedance
variable under the airframe manufacturer's
control,
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FIG.5 CH53A/T64-6 ENGINE INSTALLATION SCHEMATIC

The engine mount characteristics were
selected early in the design phase of the CH53A
and before the start of the Engine Dynamics
Program. The desigr requirements, however,
were established with the objective of dis-
associating the airframe from the engine. A
natural frequency of 10 cps was selected for
the translational and pitching modes. This
effectively decoupled airframe excitation from
the first bending mode of the engine by a
frequency ratio of two to one. It was necessary
to compromise the transmissibility to the
torsional or roll mode because of the require-
ment to react the engine output torque with a
minimum of deflection. This was accomplished
with the cooperation of the Lord. Mfg. Co.
who fabricated a unique forward mount ir-
corporating high vertical and latcral flexibility
while retaining stiffnes3 in the roll and longi-
tudinal direction. rig. 5 shows the results of
analysis and test of this installation. As
shown, resuiting natural frequencies were
sufficiently removed from the principal air-
frame excitation to preclude any significant
response.
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ENGINE DYNAMIC ANALYSIS

An essential ingredient to understanding
the fundamental characteristics which make
up the dynamic response of a complex
structure such as an engine is a definitive
analysis. The General Electric Co. had
made significant progress with their develop-
ment of the VAST (System Vibration and Static
Analysis) analysis Ref, (1). This analysis is
based upon the Prohl method Ref. (2). This
method analyzes a beam or span by dividing it
into a series of discreet stations where the
lumped mass of the station is considered to
act. Spans are selected on the basis of being
a uniform bear: with boundary condiiions such
as a bearing or a major change in structural
properties, The structural characteristics
are determined for the station between the
discreet masses. .Equations relating the
inertia and elastic forces are written for each
station in the span, By algebraic elimination
the boundary condition at the end of the span
can be expressed in terms of the boundary
conditions at the beginning of the span.
Boundary conditions at either end of the span
can include the equiliprium requiremen: of
another span which joins it at that point.
Relative motion between the coordinate
systems of each span are accounted for by a
set of compatibility equations. Natural
frequencies are determined by finding a
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Fig. 8 illustrates the mode shapes that were
calculated and shows the relative motion that
can exist between the rotors and external
shell (stator) bending response. A similar
analysis was conducted to determine the
*orsional modes involved.

frequency which satisfies the boundary con-
ditions at the free ends of the engine. Forced
responses are determined by calculating a
response amplitude that will put the exciting
forces in equilibrium. A limitation of this
analysis is that it did not include damping.
Altogether 20 spaas, which included 225
smtions, were used to describe the instal-
wtion. This detail was necessary because the
exciting frequencies went up to 300 cps.

Fig. 7 shows that the two ranges of ex-

iting frequencies that are of most concern in
exciting the natural modes are the power
turbine rotating frequency, which is 227 cps,
and the gas generator rotating frequency which
varies, depending on the power required,
between 217 and 300 cps. it is observed that
several modes are coincident with the gas
generator frequencies and may be excited such
as the third engine bending mode. From this

Ten transverse natural frequencies of the
system in the vertical plane were located in
the range from O to 330 cps, two of which were
rigid body modes. These modes are shown
relative to the gas generator, power turbine
and gear box output shaft rotating frequencies

IR

i Fig. 7. it may be predicted that gas generator frequen-
! cy should be the principle response seer in
operation,
H ANALYSIS TayciotCs TEST Forced response shapes for specific un-
10 balances of the rotating components were
a0 calculated also to give better insight into the

response chsracteristics of the engine. Fig. 9
shows two calculated response shapes to an
unbalance of 60 gram inches located at the
power turbine rotor,
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MODE SHAPES AND TELT MEASUREMENTS
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3crs.
| J Vo ] i _Tu'om!n:;awl FIG 9  CHSIA/T64.6 ENGINE INSTALLATION
ners. 1 CALCULATED “ORCED RESPONSE SHAPES
i </ STATOR PIRST ENGINE BENDING MODY
S —————— POWER TUSBINE
CALCULATED: / (ANALYSIS)
l 10CP8, ! -
{ Tesn 7
HOEPL " secome ename iTATOR senoiNG MoE The forced response shape at 122 cps was
CALCULATED: // chosen as a near resonant, low power turbine
wrces. ) S speed condition used occasionally for engine
Test: | e Ons warm-up. As expected, the response shape is
3BICAS. HIRD ENOINESTATOR 9ENDING MODE  OfNERATOS primarily the second engine bending mode

shape and the amplitudes are elevated because
no damping is considered in the analysis. The
interesting aspect of this condition is that the

amplitude of the power turbine is considerably
greater than the amplitude of the engine shell.
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Therefore, low vibration measurements at the
power turbine frame and compressor frame
locations would not necessarily indicate
freedom from problems. As a result, strain
gage measurements of the power turbinc
rotating system should be carefully re viewed
during low speed transient conditions. The
second response shape is at 227 cps, the
normal operating speed of the power turbine.

1t shows only a modest amplitude of the power
turbine and shaft and little engine stator
response, considering the amount of unbalance.
Similar calculations were made with un-
balances at several planes of the gas generator
and excitation at the-airframe interface.

The results of this study stressed the
value of forced response analysis as a rneans
of exposing potential problem areas not easily
uncovered in testing. Study of these data pro-
vided guidance for the planning and conduct of
the subsequent shake test program.

GROUND VIBRATION TESTS

It was shown in Fig. 6 that natural
frequencies were sufficiently removed from
the principle airframe exciting frequency to
minimize rigid mode response. In suc-
cessfully developing an installation with: rela-
tively low rigid body natural frequencies, the
objective of eliminating any influence that the
airframe might have on the engine dynamic
response was also achieved since the first
flexural engine mode was well above these
frequencies. The engine rigid body response
was measured with the aircraft in simulated
flight by suspending the aircraft from the
main rotor head and exciting it at the main
rotor blade passage frequency with a shaker
force of representative magnitudes. See
Fig. 10,

Two test installations were utilized in the
conduct of the higher fiequency portion of the
ground test program. These were the Sikorsky
turbine test bed, Fig. 11, and the tie-down
test aircraft, shown in Fig, 12, On both
installations, tests were conducted on engine
installations complete with nose gear boxes,
tail pipes, suspension systems, and other
interfacing hardware provided by the airframe
manufacturer. Although the airframe
structure was substantially different between
these installations, this was not considered a
significant factor because the low impedance
of the isolator between the engine and airframe
minimizsd coupling influer~2zs in the higher
frequency portion of the test program. Fig.
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13 shows a close-up photo of the shake test
set b,

It was realized that shake test data ob-
tained as a result of a single source of excita-
tion could not yield data that would provide
correlatable results with the dynamic analy:is
that was conducted in Phase I. See Ref. (3).
Damping masks natural frequencies and mode
shapes of complex structure and care must ke
taken in identifying high forced response to a
ratural mode of vibration., The analysis,
however, did provide excellent guidance in
identifying these modes. The engine structure
is composad of several loosely coupled beam
structures, the power turbine rotor, the gas
generator rotor, &nd the engine stator,
connected by bearings. The easily interpreted
results of the analysis made it possibie to
examine their relative responses and draw
conclusions as to their contribution at other
frequencies, A forced respoase vs. frequency
plot showed that the internal modes could not
be identifiea since they did not show up as a
significant response to the external excitation.

Response shapes of the ext.rnal shell
were measured and considered 1o be close
approximations of the calculated shell modes.
Fig. 8 shows a correlation of the measured
and calculated shell inodes. The natural
frequencies weze predicted reasonably well,
but more ‘mportent, the correlation with the
shell mode shapes gave some agsurance that
the response of the internal components was
reasonable, also.

"Hot"” shake tests were the final phase of
the ground test program. These tests were
conducted with the engine opereting normally
under power and with excitations from the
source they were most expected; unbalance in
the compressor section, the gas generator
turbine, the power turbine, and the output
drive shaft. There were two purposes for this
test; the first was to determine the sensitivity
of the engine to self-excitation, particularly
when operating in close proximity to known
resonances; the second was to determine if
there were other effects not covered by the
analysis.

Clipping blades a small amour.t caused
irternal imbalances in the compressor or
turbine section, ranging from 17 gram inches
in the power turbine to 27 gram inches at the
first stage of the compressor. See Fig. 14,
The imbalances were thought to be significantly
greater than the inherent unoalance in a new
.ngine,
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Fig. 11

Sikorsky CH53A test-bod installation
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Fig. 12 Sikorsky CHS53A tie-dcwn aircraft installation

Fig. 13 Sikorsky CH53A test-bed installation “cold™ nhake test set-up
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; Fig. 14 Unbalanced blades for the CH53A/T64-6 hot run-up test
i
: Nominal subassembly imbalance limits ‘This is in order of magnitude greater than
| are rzported to be kept within 1.0 to 1.5 gram component balance tolerances used by the
: incnes. Abusive tests conducted by the engine engine manufacturer and is probably caused by
{ manufacturer expcsed the engine to imbalances thermal effects, assembly stack up, bearing
H in the order of 60 gram inches and appears to clearances, eitc. This finding makes the re-
! be very conservative. Data obiained from sults of the engine manufacturer's abusive .<st
i engines run with xnown added imbalances were less conservative.
; ; used to produce the results shown in Fig. 15. Calculating the structural p P
j i thin wa)l stzucture is difficult. Analytically,
! _ the tail pipe was treated as a cone shaped
! ‘ . beam in bending, but it was not possgible to
! VIATION determine its radial degrees of freedor in
Mis .44 sufficient detail to understand the higher
; frequency modes. It was not surprising, then,
e to discover a mode which seems to predominate
* snoouction [ 2 ) in tail pipe response at a rrequency where no
? B ] other mode was calculated. Fig. 16 shows the
f raNot N o SAARCHS response of the power turbine frame with and
! EPPECTIVE OAS OENERATOR UNBALANCE without the tai! pipe installed, '
;
HG. 15 CH33A/T646 ENGINE INSTALLATION [
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| GEHERATOR MOD

Wird TAILPIPE

This curve relates the vibration measured on

the power turbine frame at a specific operating e /(/

condition to effecrive gas generator unbalance; %

that is, imbalance necessary to be added to the \

compressor at the forward end and at the com- TAlPPE !
pressor turbine to achieve a similar vibration ..

level., The measured vibration levels taken 760 730 LT o

from production engines indicate that effective . OB OENERATOR EXCITING FREQUENCY CPS
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) inherent imbalance as high as 2§ gram inches
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exist with an average of 10 to 15 gram inches. HG GRBRTEED RGN S IESTALATION

EFFECT OF TARPPE

26 !

s ressse o ooy e e e R s e e

[ eI




. siliou

L

T =

o TR e A e

Note that the response level in the 240 to 280
cps range wes significantly affected by the tail
pipe which constitutes less thian 2% of the
weight of the instaliation, Cbserve also that
this effect i3 probably responsible for the pour
correlation of the first gas generator mode
frequency with that predicted by the analysis.

Another important result of the "hot"
shake test was to confirm that gas generator
imbalance would be the principal source of
engine vibration at operating conditions. Fig.
17 shows engine response to gas generator,
power turbine, and output drive shaft im-
balance. As shown, the principal response of
the engine was to gas generator imbalance and
maximum response would be measured at the
power turbine frame location, The results
further confirm that engine rasponse in the
120 cps range is relatively insensitive to
power turbine imbalance and increasingly
sensitive to ostput drive shaft imbalance above
the operating speed range. This latter result
illustrates the impor:ance of keeping the
second engine bending mode frequency well
above the output drive shaft operating speed
range.
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FIG. 17 CH53A /1646 ENGINE INSTALLATION
CHARACTERISTIC VIBRATION SIGNATURE

OPERATING RANGE
VIRRATION '

SUMMARY OF ANALYSIS AND GROUND TEST
RESULTS

After an intensive exposure to the
structural dynamics of the T64-6 turbine
engine installed in the CH53A helicopter both
in analysis and shake test, it was possible to
anticipate its response characteristics and to
develop a high degree of confidence that con-
current qualification and abusive testing by the
engine mamfacturers and subsequent flight
testing by the airframe manufacturer would
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expose ary siqnificant potential problem. It
was realized that the torque tube/nose gear
bex interface was important since 1t controlled
the second engine bendlng mcde and thereby
the response to output drive shaft unbalance.

It was known that gas generator imbalance
would be significant and that deterioration in
its balance such as that caused by ingestion of
foreign objects could prove sericus. It was
also determuined that the most sensitive place
1o observe this deterioration was at the power
turbine frame, In addition, tail pipe structural
characteristics, a part under the control of
the airframe manufacturer, could have a
dramatic effect on the response of the rest of
the engine. Much was learned also of the
relationship between the external shell and the
internal rotors which could not be vigually
observed.

Although it was not expected that an engine
structurai reliability problem would be un-
covered during the design and development
phase of the CH53A, it required favorable
comparison of flight test results with oper-
ational limits estabiished through qualification
and abusive testing by the engine manufacturer
to make this assurance.

OPERATIONAL VIBRATORY RESPONSE
LIMITS

The validity of operational vibratory
response limits set by an engine manufacturer
depends largely on their applicability to a
specific installation. Abusive tests, that is,
tests conducted by the engine manufacturer by
exposing their engine to unbalance or external
excitaticn substantially in excess of that
normally expected, are used to develop an
envelope within which vibration is considered
acceptable. (See Ref. (4) for a discussion on
the development of abusive tes: philosophy by
the engine manufacturer.) This assumes,
however, that airframe interface impedance
does not alter the relative response between
the required point of measurement and some
other part of the engine where a critical stress
may occur, The knowledge gained by both the
airframe and engine manufacturers in this
program helped to preclude this possibility.
While the resonance of the power turbine bear-
ing housing wes not discovered in the SH3A/
T58 installation, there was little possibility of
that happening with the CH53A/T64 instaliation.
Abusive tests were either carefully designed to
account for the airframe impedance or al-
lowance was made for any differences through
use of the analytical and test data. As a result,
the engine manufacturer was able to specify
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vibration limits as a function of frequency,

Fig. 18, with reasonable assurance that a high
degree of structural integrity would be achieved
if these limits were not excer ded.
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FIG. 18 CHSJA/T64-6 ENGINE INSTALLATION
RECOMMENDED VIBRATION LIMITS

FLIGHT TEST RESULTS

Flight tests were conducted to obtain both
low frequency rigid body response and higher
frequency response in a production aircraft,
In addition, high temperature strain gages
were added to obtain stress information on
specific internal parts. Typical data, shown
in Fig. 1% shows that the installation is well
within the recommended limits of the engine
manufacturer,

ENGINE MANUPACTURRR'S

4 NUFACTURRR'S
VIOZATION RECOMMENDED timiY
MHS
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250 240 70 280 20

3¢ 240
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FIG. 19 CHSIA/T64-6 ENGINE INSTALLATION
PROCUCTION ENGINE MEASUREMENTS

Test data taken on 2 number oi production air-
craft confirm that there is only a nominal
variation in response. A more important
factor is the number of engine removals per
flight hour. Fig. 20 shows this removal rate
for all causes as a function of flight hours
compared to the T58/S€1 history. The T64-6
installation reflects a higher degree of engine
reliability from the outset, and has not
experienced a major structural integrity
problem.
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FIG. 20 CH53A/T64-6 AND SHIA/T58 ENGINE REMOVAL
RATES VS ACCUMULATED FLIGHT TIMES

CONCLUSIONS

The CH53A/T64-6 Engine Dynamics
Program developed a strong working relation-
ship between the airframe and engine manu-
facturers. In addition, this program was
unique in that it was the first extensive dy-
namic compatibility study implemented during
a helicopter design phase and went far beyond
current engine installation design and sub-
stantiation specifications. In doing so it paves
the way for future specification requirements
for helicopter/turbine engine installations.

Much credit goes to the Navy for realizing
the need for this program, It is recommended
that a similar program be an intimate part of
the development of any advanced VTOL system
so that the prime contractor can exercise the
proper technical control and judgment in
achieving a compatible turbine engine {nstal-
lation,
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DISCUSSION

Voice: What do you mean by the removal
rates?

Mr. Mard: This is the number of engine
removels per hour of flight time. This is for
all causes, not just failures of structural in-
tegrity. We felt that the high amplitude re-
sponse of an engine would cause other problems
and deterioration of other components so this
removal rate was for all causes.

Dr. Mains (Washington University, St.
Louis): You have had an opportunity here to
compare your calculations with two different
kinds of tests. What was the correlation in
results between your predictions and your
measurements ?

Mr. Mard: The correlation was primarily
with frequency. The force response using the
unbalanced engine during the hot shake test

will produce responses from a number of modes.

When we were operating very close to a reso-
nance, we were able, from past experience
from analysis of cold shake tests to identify
the mode with which we were dealing. The
cold shake tests were the ones i whicl we
were able to get the best correlation, because
we could take detailed measurements along
the engines and parts internally and identify
cur analytical modes with those we found re-
sponding from our cold shake test. The hot
shake tests were more difficult to perform in
that it was more difficult to make measure-
ments. We could not get anybody to go near
the engine to put a hand probe on, for instance.
For this reason it was a little more difficult
to get correlation, but we do feel that there
was not very much change between what we
have seen in the cold shake and in the hot.

Dr. Mains: You answered my next ques-
tion by your answer now in that my next ques-
tion was going to be how did you handle the
combination »f modes in the calculation when
you do not know the phase. But obviously that

was the reason why your predictions in your
measurements of amplitudes for example under
forced response would not necessarily agree.

Mr. Mard: That is right. And there are
other modes present, too, that confuse things,
like this radial mode of the tail pipe which was
not accounted for in our analysis.

Mr. Mustain (McDonrzi Dou : We had
a problem on the DC-9 and we went through
quite an extensive program. The frequencies
you mentioned are above 31 hertz, around 100
and 200, in this area. You worked out fine. In
our case we had a problem in the same range.
But we had hoped to lsolate it with a vibration
isolator. They really did not do us any good at
ali. We were using isolators at various fre-
quencies around 15 hertz and in that range. If
they had worked idezlly they would have probably
solved our problem. We had to go to vibration
absorbvers to solve our problem. My question
is: what type of isolator did you use? What
frequencies did you have? Did you have any
problems at all in that area? Did the isolators
work better for you than they did for us?

Mr. Mard: Well, the kind of isolators we
had were developed by a combined effort between
Lord Manufacturing Co. and Sikorsky. They were
low frequency for all but one mode. The natural
frequencies range in the order of 7 to 10 hertz.
The principal exciting frequency I might add is
around 18 hertz from the airplane and we had to
avoid this frequency. The torsional mode - the
one reacting the torque of the engine — was
placed higher so as to preclude large static
deflections. This was in the order of 23-24
hertz. We did not encounter any problems xith
this isolator. I think you have to glve more
specific information about your problem to
determine whether or not an isolator would buy
you anything or hurt you. Here we did not have
a problem which we were trying to solve except
that we knew the engine was developed in an
environment which was similar to that which we
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achieve with these isolators. Now if we had
made a rigid attachment to the airframe, and
we probably could have done 80, ‘we would have
destroyed this transfer cf development infor-
mation. We were anxious not to do this - we
were anxious to depend or extrapolate as much
as we could from the engine manufacturers
source of knowledge. This is the reason why
we isolated. We did not have a problem to
avk?lid. We {ried to utilize his development
skills.

Dr. Dreher (Air Force Flighi Dynamics
Laboratory): It was not clear to me how your
na equencies varied, or differed from
taking the engine by itself as compared to the
engine when installed in the airframe. Was
there a sizeable difference in the natural
frequencies ?

Mr. Mard: Oh yes, there was a consid-
erable difference. Because the nose gear box
that was a sizeable mass. Initially, we did quite
a bit of work on the impedance between this
nose gear box and the torque tube which was
supplied by the engine manufacturer. This
produced a rather flexible plate.

Dr. Dreher: What was the frequency of
that?

: This was close to the output
shaft frequency — 100 hertz. We were able to
place it just above the output shaft speed and
avoid a problem here. This was the first one
we were confronted with when we adapted this
engine to our installation. There were quite a
few tests run by the engine manufacturer with
our installation. There were quite a few tests
run by the engine mamfacturer with our assis-
tance in developing a compatible impedance be-
tween these elements. This is really the point.
The engine manufacturer his a wealth of ex-
perience but it is on dynamic conditions. The
mathsmatical model of the engine installation
is quite different than we see. By having a good
mathematical mudel we can examine his knowl-
edge — what he has lesarned - and transfer it
to the models that we have created.

Dr. Dreher: Do you feel that the difference

in vibration of natural frequencies was primarily
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caused by this shaft that connected to the rotor,
and one might not find as great a difference ina
normal jet engine aircraft where there is no
direct link to tte airframe itself ?

Mr. Mard: I think the difference lies
in how much mass you hang on either end of the
engine - the tailpipe had a very dramatic effect.
I think this has to be lcoked at quite individually
and each case would be unique, ’'m sure.

Dx. Dreher: My thought here was just how
much can the engine manufacturer do ahead of
time - that 18, when he originally develops the
engine. It seems reasonable that he should
compute the natural frequencies of the armature
and 80 on, that is, tne bending modes and the
radial modes, and that he could obviate a lot of
built-in vibration in his engine if he thought
about the dynamics before he built the engine.

Mr. Mard: Well, first he did not have
this capability initially. It was through working
with him that he did develop an analysis which
would help with the installation problem such as
the one we had. But you have to remember that
when you start hanging the kind of hardware that
we are talking about on the engine it becomes a
specific installation - and there are specific
frequencies which you are trying to avoid.

Dr. Dreher: I guess we have some fre-
quencies in which the engine can be at fault all
by itself, tut there are some peculiar instal-
lation problems.

Mr. Mard: They are highly coupled.
1 guess what I am trying to say is that the in-
fluence of these other elements which you hang
on the engine can change the response of the
engine radically.

Dr. Dreher: You indicate now that there is
no firm military specification that defines the
effort that should be accomplished.

Mr. Mard: No. There has been very
littie communication in the past between engine
manufacturers and airframe manufacturess.

Dr. Dreher: Seeme like this might be a
good subject for a panel discussion next yeac.
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This paper describes the deveiopment of an automated struc-
tural design procedure for sizing the members of three-
dimensional rigid-joint frames subject to resonant frequency
requi remants, The procedure seeks a minimum cost structure
for which the lowest natural frequency Is speciflied. The de-
veiopment Inciudes a mathematical formulation of the probiem,
the organization of an iterative design procedure, and the
presentation of an examplie probiem,

DESIGN REQUIREMENTS

This Investigation in the field of auto-
mated structural syntheslis Is directed toward
structures that are designed on the basis of
st! ffness rather than strength criteria. The
stiffness requiremsnt in this instance Is ex-
pressed in terms of the undamped naturaj fre-
quencies of vibration of the structural model.
The particular problem considered here is the
minimum cost design of three-dimensional rigid-
Joint frames subject to the requirement that
the iowest resonant frequency of the structure
be above a specified level, A procedurs is de-
velopad for tha sizing of ths members of the
structure while changes in geometry which might
also improve the dynamic performance are not
considered.

Such a design requirement occurs in the
case of auto-track microwave antenna structures.
The oparation of this type of Instrument re-
quires accurate positioning of the refiector
whiie tracking a target. This accuracy require-
mert s met by an automatic control system, but
the response of the system is {imited by the
iowest natural frequency of vibration of the
structure. Thus It Is necessary to have a cer-
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tain jevel of structural stiffness such that
the free vibrations of the antenna are not am-
piified by the fesd-back control system. |t
Is, of course, desirable *o satisfy this re-
quirement with a minimum cost structure.

Often the manufacturers of sSuch equipment
will receive an Iinvitation to bid on the de-
vaiopment of an antenna system for which the
tracking rates and accuracy are specified.
Consideration of the sutomatic control probiem
yielids a lower bound on the natural frequency
of vibration of the antenna, but the company
seidom has the time (or money) 1o develop ac-
curate costs for an appropriate structure,

The system described here provides a quick re-

action design capablilty which Is sulted to
this problsm,

A similar situation occurs in the design
of vibration test fixtures. The fixture serves
as a structural 1ink between *he shake:> arnd
the specimen, Since both the specimen and
fixture respond as a coupled system to the
moving boundary Imposed by the shaker, it |is
desirabie, although not always essential, for
the natural frequencies of tha fixture to be
conslderably above the upger i1evel of the




e s b e s e e e e s

forcing frequency. |f the connectlon between
the flxture and specimen allows a single degree
of freedom at tha connectlion, control may be
basad upon this motlon and stlffness requlire-
ments for tha flxture may be clrcumvented, How-
aver, |f this connectlon Is not domlnated by a
single motion or the connection takes place at
several locations on the flexible specimen, the
moving boundery problam, as seen by the specl-
men, |s complex unless the fixture Is "stiff."
In such a sltuation, providing the flxture Is

3 a space frame, the design system may u. utlllzed
to provlde adequate stlfiness,

FUNDAMENTALS OF STRUCTURAL SYNTHESIS

In 1900, F.H. Cllley [1] demonstrated that
for a hyperstatic truss under a single loading
i system, the minimum welght structure wil| be a
statically determinant substructure In which the
truss members are selected to achleve allcwable
strecs., |t may be demonstrated that, for a sin-
gle material statically detarminant truss sub-
Joct to a single loading system and measurlng
+he stlffness as the reclprocal of the straln
energy, the welght-to-stl ffness ratlo Is minl-
mlzed by 2 member area distribution which re-
sults in unl form stress,

st

For a hyperstatic structure under muitiple
loading, the above conclusions do not neces-
sarlly apply. As a result, research In struc-
tural design has proceeded along two llnes, the
fully-stressed mathod, and the method of steep-
ost descent.

For muitiple loadings, Cliley [1] usad the
fully stressed design concept In which aach mem-
ber reaches Its allowable stress under at laast
one of the alternate load systems. This con-
cept may be extended o Include stlffness cri-
teria under multipla loads by assigning a unl-
form-design stress level to each alternative
loading, Then, each membar Is slzed so that
Its maximum stress Is equal to the design stress
leve! for at least one loading.

Since the member forces In a hyperstatiz
structure are a function of the member proper-
tles, several |terations of analysis and re-
dssign may be required to achlave a sultable
design, During thess |terations the stress
lovels are adjusted to satisfy the required
stl ffness criteria. L.C. Schmidt [2], In 1958,
oxplored the fully-stressed concept and con-
cluded that, for an Indeterminant structure,
there will be a number of fully-stressed de-
signs. He doclded that the optimum structure
will be the least welght structure of all the
ful ly-stressed designs.

L.A. Schmidt [3,4] (1960) has formulared
the synthesis of an optimum minimum-welght struc-
ture under alternate loads based upon the meth-
od of stespest descents, This approach Is
qul te gensral and does lead to optimum designs
but Is mathematically complex. HIs studles,

based upon three-bar trusses, have shown that
consldarable ccputational effort |s requlred,
The minlmum welght structures ldentlfled by
Schmidt [3,4] are not all fully-stressed de-
signs, Later R. Razanl [5] (1956) compared ful-
ly-stressed and steepest descent methods. |f
the fully-stressed deslgn does not minimlze
welght, a procedure Is outllned for determlning
the minlmum welght design.

In 1964, J.W, Young and H.N, Christlan-
sen [67] applled the fully stressed method to the
design of three-dimenslional trussas which were
subject to lower bounds on resonant frequency.
In particular, thelr routine was applled to the
design of a satelllte dlspenser srructure. Very
gocd designs (on the basls of minlmum welght)
were obtalned for rather large hyperstatic
trussas. In 1966, C.H. Lu [[7] studied the adap-
tstlon of thls procedure to rigld jolnt frames,
The work presented here |Is an extenslion of Lu's
efforts where the marlt function Invelves costs
Instead of weight.

PROBLEM FORMULATION

The baslc design premise Is that the ampll~-
tude of the straln energy should be minimlzed
for a glven cost, The cost Is concurrently ad-
Justed to produce the deslred resonant frequen-
¢y characteristics. It |Is assumed that this
premise wlll result In a minimlzation of the
ratlo of cost to natural frequency. The design
procedure, while accepting hyperstatic conflg-
urations, proceeds as though the structure Is
determinant. For thls reason only "good" de-
signs and not optimum deslgns may be expected.
Because the member properties, the mode shapes
at resonance, the Inertlal loads, the design
stress levels, and the cost are Initlally un-
known, the procedure must |tarate on all of
these parameters as |t converges toward an ac-
ceptable design.

The structural cost |Is approximated by

Cost = ) (B + Baplm m
=

vwhere B), are arbltrarlly speciflad and Iy Is &
characteristic section property (l.e. other sec-
tlon properties are related by known functions
to 1) of the nth member. This function was
chosen for methematical simpllfication and to
allow a |lnearized approximation of more complex
relationships, |f "large" changes In the dasign
are Indlcated, the constants Bj, are reavaluated
and the design process Is repeated.

The strain energy of the structure Is rep-
resented by

Us Uy +Ug+ Uy (2)
vhere Up, Ug, and Ur represent the straln ener-
gy assoclated wlth axlal elongation, bending,
and torsion respectively, Straln energy due to
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shear deformation |s neglected. Resstricting
the design to thin-wall tubular members (agaln
for simplification) these energles are express-
ad In ferms of the member forces and moments

as fol|ows.

Y. £ . +
gm-l E;]m ZZ Jim* My J2m J2m
2

| N M|mLm

Ure=g ) &1
mel mm (3

where for the mth member Fim 1s the axml force,
Mixm I's the b*ndlng momanf about the J7" local
axls at the k'" end of the baam (see flgure 1),
Mim |s the torque, and L Am, Ime € m Gy, are
fhe length, cross-secflonal area, moment of In-
ertla of the cross-secti n, modulus of elastic~
11y, and shear modulus respecﬂvely. These
formulas preclude distributed loadlngs along
the element.

/ Mim

Flg. | = Member Force Compr-ants

To minimlza the straln energy subject to
the constraint of a constant cost, the Lagrange
Multipller mathod Is utllilzed. This allows tha
unconstralned minimlzation of a new function

Y-U-/\{Z (8,

where ) Is the Lagrangs Multipller, as ye% un-
known., Tharefore, 1t Is requlred that

2mlm) s 0051} (4)

%’{-l «=0; for I = 1,2,...N

and (5)

a
7o

I'n order to obtaln a constralned minimum for the
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straln anergy. Performing the Indicated dlffer-
entlation, according to Eg.s 3 for the strain
energy terms, these requliremsnts yisid the fol-
lowlng set of coupled simultaneous equations.

FHL ( ) id { bn 5 .2 }
- - (F2 )
AT

L

3
- JZ?‘ " JIIMJ2|+M§2I)

Ld b

+ '6";' Emmlm 31—1. g (M,Jlm * MpMy2m M§2m}
M?ILI N bn 2

-1 T { e ¢iw) +ABy o
4G|I| m=| mm

N
2 (Byn* Byl - Cost =0
eal (6)

The even-numbered groups of terms In the
first set of the abova equations Involve rates
of change In member forces wlth respect to
changes In section properties. For a statlcal-
ly determinant structure these derivatives are
2zero, While this I3 not tive for hyperstatic
structures, It |s consistent with the concepts
of the fully stressed method to neglect these
terms. Thus, assuming these derlvatives to be
2ero, the governing equations reducs to

N Al (“i

,) e, ,z F, TR

it

21 2
‘GI]I

+ ’\BZI =0 forl =1.2,..N

(8, +8B,1) -Cost=~0
m:_; Im 2m'm N

The evaluation of the rate of change of
cross-sectional area with respact to a change
In the moment of Inertla of the cross-section
requires a daclsion as to the manne*r In which
the section Is allowed to change (1.e. In dlam-
ater and/or wall thickness). |t Is convenlent
to assume a constant dlameter and to allow only
variations In wall thickness. Then, using the
fol lowing approximate fors.ulas for a thin-
walled tube,

AI 3 Zﬂr"f'
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I, = nr7t
i 1 (8)
where r; Is the nominal rﬁd!us and t; Is the
wall thlckness for the it mgmbar, one easlly

obtalins
A
é.r:. - ot )

Wlth thls substitution, the governing equations
may oe soived for ||, with the resuit

[ﬁl'f+l 2 2
= g

5o (2
)+
MMy Y M) EEI'] y (10

I+ should be observed that with the excep-
tion of A, the formula for momen® of Inertia,
1y, depends onl¥hupon the properties and member
forces of the I ™ member. It Is also noted
that varlatlons {n A serve to scale all moment
of Inertla caiculatlons In the same manner.
Thus A may be adjusted to yleld the deslired
natural frequencies.

An approximate Initlal value for,\ , useful
In Improving the rate of convergence, may be ob-
talned In several ways. For example, each equa-
tlon may be solved for A with the Inltlal valve
glven for |. used In piace of the predlcted
vaive. These N values for A may be averaged
simply, or welghted by member volume or member
cost. The resulting value |s deemad appropriate
to tha calculated natural frequency and, thus,
must be adjusted to produce the required fre-
quency. Since 1) Is a reclprccal square root
tunctlon of A and the naturai frequency Is
Itself & square root function of stlffness, the
appropriate correction for A Is glven by

'
)‘m * Ak(;h) a(n

o

where k |s the Iteratlon cycle number, and Wy
and W, arc :he calculated and requlred natural
fraquencles respectively.

STATIC AND DYNAMIC MATHEMATICAL MODELS

The deslgn procedure uses two mathemat!cal
models of the structure: ) a static model,
which is used to predlct stlffness and member
sorces; and 2) a dynamlc mode!, which Is used to
predict resonant frequencles anc mode shapes.
The models are developed for three-dimensional
rigld jolnt trames subject to the usual iimita-
+lons of small dlsplacements, olastlc behavior,
and the sbsence of damping.

The static mode! Inciudes, where possible,
every member and Jjoint In the structure to be
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modeled. Speclflcation of the model inciudes a
I1st of the joint coordlnates and restralnts,
and for each member the section propertlies, and
shear and elastlc modulus. Tne model may also
Include the flexibllltles of non-frame eiements
which may be neaeded for an accurate model, but
which are not allowed tc¢. change during the de-
slign process. The governing equatlons—wlidely
avallable [8]—for the static model are

[€] {u} = (P} (12
in which (K;] Is the stlffness mairix, {U)
are the joint displacements and rotations, &nd

P) are the corresponding applled jolint
forces and moments. Solving for the jolint dls-
placements and rotations glves

{} = []-"{r) (13)
In which K] -1 s the flexiblllty matrix for

the static model. Member forces and moments,
F} 1, @re qlven by

GIRNO RO (e

where [S] 1 Is the stress matrix for the pth
member, and {U} Is 8 subset of {U} con-
slsting of the o'nf displacements and rota-
tlons at each end of the member.

The dynamlc mode| consists of a deflnition
of the dynamlc displacemants—or degrees of
freedom—to be used for predicting mode shapes
and frequencles. The displacemints of the dy-
namlc model, {q} , are tinearly related to the
Jolnt displacements In the form

{a} = [c] {4} iz
The corresponding reiationship between the
forces and moments of the dynamic model, Q} o

and the appllued jolnt loads of the static
mode! Is

)+ 17 o)

Thus, LC] specl fies the transformation be-
tween the dynamic and static models. This
transformation, which Is spucified as part of
the Input data, Is a resul{ of the manner In
which +he mass Is mocsled. In general, .ot al!
of the joints In the static model wlll be as-
signed mass nor wiil ail the dynamic displace-
ments be located at jolnts.

The relatlionshlp between the displacements
and forces of the dynamic mode! is

{q} o [AJ {O} amn

tn which [A] Is the flexiblilty mtrix for
the dynami¢ modei. Thls matrix Is obtained
from the flexibliity matrix of the sratic model
by the expression

SRNGICRIO)

which may be achleved by comblning Egs. 15 and




i6, with the ald ot Eq. i3 and comparing the
result to Eq. i7.

During vibration, the effective forces act-
inq on the structure are qiven by D'Ajembert's
Principie, namely,

o} = -] {4y (9

in which LM] is the mass matrix, specified by
the anaiyst.  Substitution of Eq. 19 Into Eq. 17
ylelds

la} = - [A] [M] {4} (20)
whlch governs the motion of the dynamic modal.
Thls equation car be reduced, by standard tech-
niques, to an eigenvaiue probiem, the soiution
of which provicdes the resonant frequencles.wj 3
and corresponding mode shapes {0} Je

DES!GN PROCEDURE

A biock diagram iiiustrating the major
steps in the procedure is shown in Fig. 2. it
begins, at block I, with an input description of
the modeis and design requirements., This con-
slsts of: a) jolnt coordinates and restraints;
b) member properties including, for each member,
an initial estimate of the moment of Inertla,
minimum aiiowable moment of inertla, nom!nal
radius, shear modulus and eiastic moduius, and
an Indication of whether or not the moment of
inertia is aiiowed to change during the design
process; c¢) mass matrix and supplementary fiex-
Ibliities not modeied by frame members; d) the
transformation between the static and dynamic
modei; and e) the design requirements consist-
ing of the design frequency and frequency toier-
ance, the aiiowable tolerance for the conver-
gence of the member moments of Inertla, and the
maximum number of design cycies permitted.

The initiai step in the anaiysis, biock 2
of Fig. 2, is the formuiation of the stiffness
matrix for the static modei, foilowed by the
caiculation, Eq. 18, of the fiexibiilty matrix
of the dynamic modei. The dynamic modei Is
then used, Eq., 20, to obtain frequencles and
mode shapes. Finaiily, member forces and mo-
men{s, for each mode shape, are Zetermined froin
the expression

{r} U-m§ [s], [x) " [c]7 [M] {o} AL

which is obtained by combining Eqs. 13, 14, 16,
and 19 and assuming simple harmonic motion.

The next operation, biock 3 of Flg. 2, Is
to predict improved member areas and moments of
inertia, With the Lagrange Multiplier updated,
Eq. li, the moments of inertia are calcuiated
according to Eq. 10, These caicuiations are re-
peated for each mode shape with the maximum
vaiue being seiected for the next iteration.
Member cross-sectiontl areas are then computed
from

RN (22)

The finai step In the design cycie, biock
4 of Fig., 2, is the test o determine if the
design requl rements are catisfied. if the res-
onant frequencies and member moments of inertia
satisfy the inequailtles

W,
= ] +
i Afiuos i Af

and (23)

(i)

R et R
i old

the procedure is judged to have converged ana
the design process is stopped. In these ex-
pressions 84 anc 8, are the aliowabie toler-
ances on the resonant frequencies and member
moments of inertia, if the above inequaiities
are not satisfled the design cycie is repeated
using the newiy predicted member sections. The
Iteration is continued untii the dasign require-~
ments are met, the number of iterations esquais
the prescribed maximum, or untii aii members
have reaiized their minimum moment of inertis.

i START
Define initial
static and dynam-
lc modeis and de-
sign requirements

2 ALYZE
Calculate reson-
ant frequencies,
" mode shapes and

mamber forces
{Eqs. 20 and 21)

3 DICT
place Modl fy Lagrange
old Muitipiier and de-|
section termine new mem-
proper- ber areas anc¢ mo-
tles ments of inertia
with new (Eqs. 10, i, and
valuas_] 22)
[ 4 eST ]
@—— Are design re- =1 Yes
qul rements satis-
tied? (Eq. 13) {

Fig. 2 - Biock Diagram of Dasign Procedure

EXAMPLE PROBLEM

The exampie probiem s a hypotheticai 40
foot "x-y" auto-track antenna structure. The
basic componants (see Fig. 3) are the steei
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tramwork, counterveights, and reflector and
feed system,

The parabollc refiector and feed system are
ss3umed flymd In dosign and are modeled 3s . .ix
degree of fresadom rigid body with a welght of
4000 pounds snd & radlius of gyration of 10 and
6 feet about the vertical and horizontal axes
respuctively. The 10,000 pound counterweights
provide static balance about the x and y axes
and are modeied here as three degree of freedom
point masses. The |arger msmbers as shown In
Fig. 3 are 16 inches In dlometer. The mass of
the framawork Is neglected. The required low-
eost natural frequency Is 2 c.p.s. Flgs. 4, 5,
6 end 7 11lustrate the rapld convergence char-
acter of the system, Cn Figs. 4, 5 and 7 the
results shown are for the cost function,

Oosf-?l .0+ 1) (24)
=

while on Fig., 6 the resuits for the function

c:m-z (1.0 + LAp (25)
g

N

are shown in addition. This latter function
being progortionei to weights yleids a "minimum
wolght" design. For the tirst cost function
asbove it may be interesting to note that for
the first iteration, the des'an was governed

by the lowest frequerzy modr (bending x axis)
for 10 of the 28 m.wers. 1he next jowest mode
(bending y axis) governsd the design of the
other 18 members. By the ninth I[teration each
mode (which had remainad In the same order) gov-
erned the design of i4 members. The third mode
Is & torsion moda but remalns non-critical. By
the ninth |teration the ratic of the largest
moment of Inertia to the smaliest is 250 and
only the very small members are changing by 10%.
/unning time for this problem Is approximately
50 secunds per |teration on an IBM 360 Modol 50
Diglitai Computer. Cora storage requlred for
data for this problom was about 2000 locatlons.

CONCLUDING REMARKS

Experience to data Indicates rapld conver-
gence and good deslign behavior for the proce-
dure, Symmetry Is maintained during the rede-
sign process to four slignlflcant figures using
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single preclslon and a .. bit stcrage word.
The asymmatry s no greater after 20 cycles
than aftter the first - Indicating good stabl |-
Ity. Computer running times are relatively
modest. |t would seem reasonable to apply the
procedure to problems where the static and dy-
namic models had as manv as 400 and 40 degrees
of freedom respectively. The two major (Imlta-
tions - tubular members and | Inear cost func-
tions - which restrict the scope of application

of the present program will be removed In fut-
ure work,
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DISCUSSION

Robert E. McCaliey (General Electric Co.):
Would you elaborate briefly on this strai: erergy
concept used to predict the changes that you want
in the structure?

Dr. Christiansen: Yes. We add up the strain
energy during the bending deformations, torsional
and axial defcrmations - sheer deformations are
neglected. We then look at the variation of the
strain energy with respect to changes in moment
of inertia or primary variables of the cross sec-
tional properties, we do not need to include all.
Of course, if you have a relationship between
moment of inertia and cross-sectional area you
simply look at the variation with respect to mo-
ment of inertia and then the drift of moment of
inertia with respect to cross-sectional area
when you are looking at the axial deformation.
Ve had this strain energy function which was
constrained to constant cost - so we have a set
of equations which are the derivatives of the
strzin energy with respect to changes in mo-
ments of inertia, and a derivative with respect
to the Lagrange multiplier. Assume that the
structure is determinate, and based upon that
assumption, although these are not determinate

atructures - the equations uncouple, and except
for the Lagrange muitiplier which is approx-
imated in the iteration procedure, proceeds
from that point. The design procedure, of
course, converges still in one or two iterations
with the determinate structure - bat highly in-
determiiate struciures show about the same
behavior. We get - because of these approx-
imations - only what we hope to be good de-
signa, not truly optimum designs.

Mr. McCailey: Is this the strain energy in
the whole structure or just in a specific mode
that vou may want to get away fromn?

Dr. Christ‘ansen: We repeat this procedure
for each mode, and we look at the worst case
for each individual member. In the initial cycles
particular members may be dependent upon 3
or 4 modes hut finally the lowest mode will be
controlling after a large number of cycles. If
you don’t do this - if you look just at what you
think is the lowest mode you get the structure
jumping, and you get bouncing back and forth.

So you have to look at severzl modec —~ in this
case it was only necessary to look at 2 modes.
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DYNAMIC RESPONSE OF PLASTIC AND METAL

SPIDCR BEAMS FOR 1/9th SCALE SATURN MODEL

L. V. Kulasa
KPA Computer Techniques, Inc.
Pittsburgh, Pennaylvania

and

W. M. Laird
University of New York
Fredonia, New York

Engineering Department.

Plastic and metal spider beans for a 1/9th scale Saturn model
were vibration tested in a zimulated fres-free condition, to
determine the vibration characteristics and to demonstrate the
advantages of using plastics for dynamic model testing. Fre-
quencies were measured by using accelerometers bonded to ths
beam and to the electrodynamic shaker which provided the vikra-
tory excitation. Mode shapss were visually observed with a
stroboscope and were recorded using a Fastax camera operating
at approximately 2,000 frames per second. A motion picture,
illustrating the test apparatur and recorded mode shapes, is
available from the University of Pittsburgh - Mechanical

INTRODUCTION

Dynamically acaled models have long
been used or wind tunnel, towing-tank and
structural tests to predict the full-scale,
or "prototype" phenomsna [1, 2, 3, 4, 5],
It is generally recognizad that to be
dynamically similar, such models should be
scalsd with respect to geometry, material
properties and loading parameters. The
art which is concerned with the quantitative
theory of dynamic scaling is commonly re-
ferred to as "Dimensional Analysis" (1, 2,
3, 4], In the application of dimensional
analysis to ths field of experimental
engineering, exact dynamic scaling is
usually impossible because of ths unavaila-
bility of suitable materials and “he prac-
tical complications of exact geometric
scaling. This requires the uge of '"dis-
torted" models, i.e., proper scaling does
not exist for the model. However, dis-
torted models may be used successfully by
applying suitable "prediction factors" to
the test results. Correction factors, or
“prediction factors,” may he estimated
theoretically, but are usually determined
from the oxperisnce gained as prototypes
are constructed and teated.
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The advent of large nuclear and aero-
epace structures has complicated model
testing techniques in that reasonably sized
metal models require excessive geometiric
scale ratios. For example, a 10:1 wodel
of the C--5 Saturn launch vehicle would be
40 feet high, a large heavy structure. If
higher grometric scale ratios are used to
reduce the woight and size of the model,
inaccuracies are introduced in measuring
prediction factors for the dynamic response,
Therefor+, plastic models provide the advan-
tage of a lightweight, reasonable scale
model tsst.

Metal models can be used in the study
of a prototype system, however, plastic
models can be used in many cases and demon-
strate several relative acvantages.

The purpose of the test describsd
herein was tc evaluate the feasibility
of using a plastic model to predict the
dynamic response of a metal model. To
do this the theoretical corielation factor
was calculated and compared with the ex-
perimentally measured correlation factor,
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This report describes the results obtained
from testing two 1/9th scale Saturn msodel
apider beams. A metal apider bsam ard the
plastic spider beam were used for vibra-
tion teats to determine the principal
frequencies and mode shapes of both beams
in a aimulated free-free condition.

PIASTICS AND DYNAMICALLY SIMILAR MODELS
A dimensional analysis of structural

models develops as one of the governing
dimensionless retios:

v iy (1
where
T s dimensionless ratio;
E = modulus of elasticitity, 1b/in.?;

Y = weight Zenuity of meterial,
1b/in.";

% ¢ preprescntative length, in.

For a model to be dynamically siailar
{undistorted), this and other dimensionlesa
ratios must be equal to those for the proto-
type. Equation (1) is a raasure of the
elastic forces comparvid to the inertia
forces. Since the value of E/Y is dependent
only on the material involved, undistorted
dynamic similarity can be achieved only by
proper selection of geometric scale ratios
and the relative E/Y value for the given
material, Tadle 1 is a tabulation of
typical values of E/Y for a variety of
materials. Inspection of Teble 1 indicates
that even with a model scale ratio as high
az 10:1, a dynamically similar model having
a value of E/Y equal to that of the proto-
type could be achieved by constructing the
model from a suitable plastic.

Questicns then arise concerning the
behavior of the mechanical properties of
plastics. Creep, aging and other non-linear
effects may invalidate the advantages of
achieving dynamic similarity with some
plastics, However, it has heer eatablighed
that many plastic materials exhibit

TA3LE 1

Typical Valuea of E/Y For Various Materials [6, 7, 8]

Modulus of Material E A
Material Bltoticityz Density . y*10
10" lb/in. Y, 1b/in.

rnu-inum 10.0 0.098 102,04

Lead 2.4 0.410 5.85

Iridium 75.0 0.810 92.59

Gold 11.4 0,699 16,31

Tin 4,0 0,264 15,15

Steel 3.0 0.283 106.01

Nood 1.1 0.0123 84,62

Brass 15,0 0,308 48,70
Homopolymer 0,410 0,051 8.0u

Acetal, Copolymsr 0.375 0.051 7.35

Acetal, Ioplex A 0.220 0,041 5.37
Acrylic, Implex B 0.270 0.039 6.92
Chlorinated Folyethers 0.150 0,051 2,94
Pelycarbena*e 0,320 0,043 T.44
Polypropylens 0.160 0,034 4,71
Poly-Styrene 0.100 to 0.500 0.040 2.50 to 12.50
Tenite 1I# 0,200 to ).500 9.043 4.65 to 11.62

# Material used for the plastic spider beam,
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reasonably linear characteristics.
Figures 1 and 2 show typical stati: and
éynamic characteristics cbtained by tests
on tensile and cantilever bean specimens
of cellulose acetate butyrate (trade naxe
Tenite I1), These tests were conducted

because the propsrties of meny materials
can vaiy frem eample to sample and there-
fore, for /pplicetion, epecific values for
material properties should be determined
by testing coupons from the material used
for the model,
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Figure 1. Typical stress-sirain curve at room temperature
for calluicse acetate bLutyrate
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Figure 2. Dvnamic modulus of elasticity ve. frequency
for cellulose acetate butyrate
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Sankey (9] also reports on the use of
plastic models. He found excellant corre-
lation between the vibration response of a
plastic model compared to the response of
a eteel prototype.

THEORETICAL CORRELATION FOR NATURAL
FREQUENCIES

To proparly aseese the performance of
the plastic model, the theorstical correla-
tion fauctor relating the plastic model
natural frequencies to those of the metal
model was calculated and compared vith
that cbtained by experiment. In this
investigation the plastic model and the
matal wodel were geometrically idontical.
Being of different materials, the plastic
wodel ie therefore considered a "dis-
torted" model (1, 2, 3].

For a plastic model and mastal model
which ars geomatrically eimilar although
not identical, the theory of models
aseumes that

L (E/Y)

.| (2)
TV

oSl

n
where

@# = natural frequency, red/eec.;

L = reprasentative length, in.;

E s modulus of alasticity, 1b/in.?;

Y = weight density of material,
1b/in. ¥,

m s eubgcript referring to metal
model;

p ® swiscript referring to plastic
model,

The material properties for 6061-T6
aluminus alloy {metal mcdel) and cellulose
scetats butyrato (plastic model) were:

sp ® 2.9 x 10% 1b/in.?
E = 10.7x 10% 1b/in.?
Y, ® 043 1b/in.?
Y, = 090 »/in.?

Since the metazl model and plastic
model ae geometricaily identical,

|
I—‘.-]_
p
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Therefore, Eq. (2) reduced to

€/
. m.,k' (3
S Yp

or the theoretical correlation factor is:
202 (%)
*

EXPERIMENTAL PROCEDURE

The metal model, made available by the
NASA Langley Research Canter, was a built-
up spider beam aseembly approximately 28
inches in diameter cunstructed of 6061-T6
aluminum alloy., Figures 3 and 4 illustrate
a drawing and photograph of the physical
spider beam. The plastic model was con-
etructed of cellulogs acetate butyrate
(Tenite II) and consietad of glued eections
which duplicated the geometrical system of
the metal model,

Figure 5 ie an illustration of the taat
apparatus used for testing. The plastic
model and metal model were each forced into
oscillation by an electrodynamic shaker. A
connecting arm was used to transmit the ex-
citation to the epider beam from the shaker.
The spider beam was attached to a wire eus-
pended from a height sufficient to allow the
beaa to maintain a free-free simulation,
Reeponse aaplitudes were cbtained with a
Columbia Reeearch Laboretory Accelerometer
wodel 606-3 bonded to a radial arm of the
epider beam with back-to-back adhesive
tape. Input amplitudee were measured by a
eimilar accelerometer mounted on the arma-
ture of the electrodynamic ehaker. This
provided data from which the magnification
factor (output amplitude/input amplitude) as
a function of the driving frequency was
calculated.

Mode ehapes were determined by visual
cbeervation using a etroboscopes and recorded
by high-epeed motion pictures using a Fastax
high-speed camera operating at approximately
2,000 frames per second.

EXPERIMENTAL RESULTS

Figures 6 and 7 are frequency spectra
cbtained for the plastic model and metal
model. The peake of the curves in these
figures represent the natural frequencies
for the firet eeveral models of vibration.

Table 2 lists the natural frequenciee
of the plastic model and the metal model
and the experimentally calculatad correla-
tion factor which can be compared with the

bt batsames 4
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TABLE 2
Natural Frequencies
(Theoreticai Correlaticn Factor ”p/"’m x 0,248)
!
Experimental
Metal Model Plastic Model Correlation Correlation Factor
Mode v, cps w_, cps Factor (w /w ) Percent Error
nm P p m
1 405 96 .237 4.6
2 555 127 229 8.2
3 725 175 241 2.9
4 850 217 .255 2.8
5 950 254 267 7.7
6 1,250 331 .265 6.9
7 1,625 435 .268 8.1
8 1,850 480 .259 4.4
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1

theoretical correlation factor of Eq. (4),
up/um = 0,248,

Figures 8 and 9 are illustrations of
the first and second modes of vibration of
both the plastic mcial and metal model,
The mode shapes for all observed modes of
vibration were similar for both the
plastic and metal spider beams. In the
first mode of vibration, radial members

oscillate symmetrically with respect to
two perpendicular diametral members as
shoun in Figure 8, The second mode of
vibration can best be described as the
shape resembling an "umbrella"”,

The higher modes of vibration were
ohbserved for both models and were asimilar
in all diatinquishable cases., There are
high-speed motion pictures of the first
and second mode shapes,

= DEFLECTED SHAPE
- —— NORMAL SHAPE

Figure 8., First mode of vibration, mode shape

—— DEFLECTED SHAPE
- = - NORMAL SHAPE

Figure 9, Seccnd mode of vibration, mode shape
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CONCLUSION

It appears that scaled plastic models
can be used to provide a good representation
of the vibration characteristics of a metal
model (prototype). In adc.tion to large
aerospace structures such ai the spider
beam, reports of plastic model tests of a
nuclear reactor vessel and analysis and
vibration tests of a plastic modei of a
radial drill press, References 10 a2nd 11,
show good results,

Examination nf Table 2 shows that the
error for predicted frequencies of the metal
model, based on the plastic mocel test,
range from 2.8 to 8.2 percent for the first
eight modes of vibration. The predicted
frequencies were obtained using the plas-
tic model results and tae thecretical
correlation factor of “b/uh = 0.2u8,

The mode shapes for the first and
second modes of vibration were shown in
Figures 8 and 9 respectively. These and
the higher modes of vibration were observed
visually, The advantage of the piastic
model is evident from cbserving the move-
ment of the plastic and metal spider beams
that result from a vibratory excitatiou.
The plastic, being more flexidble, rasults
in a greater amplitude for a given input
force thus allowing for a clearly defined
mode shape. The usze of transparent plas-
tic models is also highly desirable fcr the
present application because the motion of
the members is not obscured by intervening
members of the structure., This is particu-
larly valuable in determining the mode
shapes. Another advantage of using plastics
is that it is possible to achieve complete
dynamic similarity at the scale ratio of
10:1.

The flexible, lightwaight and trans-
parent features of most plastics represent
advantages that can allow for an economic
accurate prediction of the dynamic response
cf a prototype system, However, tie essen-
tial material properties and their charac-
teristic behavior must be investigated
thoroughly to insure that the test data is
understood and results in an accurate
representaticn of the dynamic respons. of
a given structure.
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DISCUSSION

Mr, Perelman (Esso Production Re-
search Co.): Did you do any experimental
work {o determine stresges in models such
as these:

Dr. laird: No. We made no aitempt
to obtain stresses. We were trying to pre-
dict natural frequencies and take moving
pictures.
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Mr. Perelman: We have had some ex-

perience with large scale structures of this
type and our results have been very unsatis-
factory with respect to stress work.

Dr. Laird: Iwould hesitate to venture a
comment on trylng to analyze these things
dimensionallv and their dynamic similitude
as far ar .tresses are concerned. I think

" there will be crecp and similar offects.
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CHARTS FOR ESTIMATING THE EFFECT OF SHEAR DEFORMATION AND ROTARY INERTIA
ON THE NATURAL FREQUENCIES OF UNIFORM BEAMS*

F. F. Rudder, Jr.
Aerospace Sciences Research Loborctory, Lockheed-Georgia Company
Marietta, Georgia

The effect of shear deformation and rot
1niform beam are presented in the form of design charts. These charts represent the
sigenvolues obtained using Timashenko beam iﬁ

conditions of interest to engineers. In porticular, the charts illustrote the monner
in which the Timashenko theury asymptotically approaches elementary beom theory.

inertio on the natural frequencies of a

eory for several sets of boundary

INTRODUCTION

The les engineer 13 often required ro estimote
the vibrotion charocteristics of beams or beam-like
structures. The frequencles and mode shapes of
Bemoulli=Euler beoms have been well documentad in
the Hierature [1,2]. These beoms are basicolly chor-
acterized as “slender*; however, it is not olways
obvious thet o been=like structure con be considered
“slender” especially from o dynamics standpaint. This
poper cons the effect of shear deformation and
rotory inertio on the natural frequencies of beams
according Yo Timoshenko's theory [3]1. In particuler,
;’n cfv'ocit m'o:l\o futrlamnhl and ﬂmirm:‘d
queancies simply-supported, contilever,
clomped-clamped uniform beams i;rnuntod in the
form of dasign charts. The ronge of porometers con-
sidere! is broad enough to include situations
encountered in aircroft ond ship design.

NOMENCLATURE

The theoretical development and olutions to the
equations of motion have been discussed by many
outhors [4,5,6]. However, these popars have either
considered a very limited ronge of parometers or
spociolized problems. The pum- here is simply to
discuss the results cbtoined without recourse to iengthy
theoreticol developments.

For specified boundory corditions the d/nomic

characteristics of on elementary or Bemoulli-Euvier
beam are contained in the single frequency porameter

2= m

whereos Timoshenko's theory introduces two oditionol
parometers to include shear deformaiion ond rotory
inertio, The sheor daformation parometer is

*Paper not presented at Symposium.
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az = .._ﬂ—2 (2)
xAGL

and the rotory insrtio parameter is
1
8- @
Al
m is the mass per unit length

E,G ore Young's modulus ond the shear modulus
of the material, respectively

where

| is the second orsa moment of the beam
cross=section

L is the length of the beam

x is the cross-section shape foctor (Refernce
7 gives on especially good occount of this
number)

A is the cross-section orea

w is the undompad circulor frequency
(rod./sec.)

For the elementary ar “slender” beam, values of
the frequency parometer, {, for the fundamental ond
first four hormonic frequencies and the boundory condi-
tions under consideration are presented in Table 1.

For the Timoshenkn beam, the volues of the
frequency purameter, {, which satisfy the equotions of
mation end the oppropriate boundary conditions are
functions of the paromaters a and 8. The difficulty of

ting o generolized parometer siudy is that a ond
ore not independent ond ore reloted according to

e e
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TABLE 1
Volues af for on Elementary Beon: for the
First Five Modes of Vibration

Simp|yESn;|:pornd Clanm’ Free Clompogn-dc’ lomped
9.8646 3.1586 22,3681
39.4584 22.0540 61.7008
88,5928 61.7008 120.637
158.3361 .%0.6376 199.8051
247.5573 199.8051 298.4511

e e gt s e ettt e Sttt o

However, in the theorstical development another
parameter

{=1/(ap) 0]

appears which ollows one to separate the parometens a
ond 8. The relation expressed by Equation (5) is pre-
sented graphicallv in Figure 1, whass the ronge of
values ?or a and b have limited to numbers
encountered in proctice.

Volues of the frequency parameter, {, for the
Timoshenke beom thr::ury for¥n o wrfoce in the three-
ditnensicnal space defined by points (a, Z,¢). The
values of the frequency porometer, {, for the elemen-
tory beam appecr as o plane (i.e., ¢ = constant) In this
spoce. The wrfoce, (fa,(), for values of { cc.e-
?ondlng to the fundamentol frequency of o cant.isver

Im%:hnkom“ mmboomhl"um“’;d I;\ Figure 2, |Tho pl(uno

=3, nds to elementary solution (see
able 1). The dashed lines in the foreground illustrate
the asymptotic nature of the Timoshenko theory to the
slementory theory. Basicolly, the effect of :zoor
deformotion ond rotary inertio on the natural frequency
o.f:!;oam |sfoca|uu'o f“ﬂ:icydocrmo'nmnb
the slemen solution corresponding '
The mqnlw':oyof this decrease depends upon the value
?f|¢ ond Z or o|hmot' C'Z; md'f‘dg“? is smo!h?nd ﬁfod
s lcrge, rotary inertio effects nate as iilustra
b(tho tke in the upper left of Figure 2, if ais large
({.e., if there Is significont shear Hexibility), the
volue of ¢ Is i t of I as exhibited by the

fon of the surface on the right-hand slde of Figure

«+ The percentage decrease from the 0|omentcr¥ »lu-
tion for various points an the surface of Figure 2 Is 10
indicated in the figure.

DESIGN CHARTS

Results presented in the form [llustrated in Figure 2

are not witoble for design use. Figures 3 thraugh 8
have been constructed so thot the trequency parometer,

(a, q), can be determined approximately once a ond

ore 9 Thonchorhmp!ohof(&,z)vs.z
with curves of @ = constont. must yse the porom-
oters of the beom to compute & ond Busing Equaticns 2
ond 3. (The parometer x con be calculoted using the
rewuits of Reference 7). Then, from Equation 5 or

Figure 1, the parometer 7 is computed. Depending

wom ., e e s,

upon the boundary conditions of the pratle:n, the
appropriate design chart Is entered using the values of
aond% and the corresponding frequency parameter,( ,
is determine approximotely. It should be noted thot if
0< 0,02 ond ¢ > 5000.,0 the values of { given in Table
i are to be considersd accurate (i.e., slementary beom
theary agplies to the problem ot hand) ot lecst for the
first two modes of vibration.

CONCLUSIONS

The design charts presented in Figures 3 through &
allow rough estimates of the effect of shear deformotion
ond rotary inertia an the fundomental and first harmonic
frequency of simply supported, cantilevered, and
clompad ~clomped Kooms. The range of parameters
considered in these charts covers all situations
encountered in practice.
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Fig. 2 The solution surface {(a,{)for a cantilever
Timoshenko beam (fundamental mode)
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i ACOUSTIC RESPONSE ANALYSIS OF LARGE STRUCTURES

! F. A, Smith
! Martin Marietta Corporation
Denver Division
Denver, Colorado 80201

t
h R. E, Jewell
The Nstinnal Aeronautics and Space Administration
Marshall Space Flight Center
Huntaville, Alabsma

the results of the analysis,

Following is a summary of the technical approach and the results of an
scoustic response analyais performed on a large complex payload. The
purpose of the analysis was to evaluate the feasibility of calculating
the scoustic resporse of complex atructures to at least 200 Hz includ-
ing considerations of the structural properties of the payload. The
technical spprcach used to obtain the modsl representation of the pay-
load snd the paylosd configuration i{s presented. Because of the re-
quired frequency response of the complex structure, the final model
used in the response analysis represents over 3,000 degrees of freedom,
The method for applying the acoustic pressures is discussed as well as

CONZIGURATION

The analysis was performed on a payload
planned for the Ssturn 12 (S-1B) vehicle as s
psrt of the Apollo Applications Program (AAP),
An over-sll view of the psylosd installed within
the S-1B structure is zliown in Figure 1. The
paylosd consisted of three major elements; the
rack structure, the Apollo Telescope Mount (ATM)
and the Lunar Module (LM). The rack structure
supported miscellaneous equipment, the ATM, and
the LM, and in turn was supported by the S-1B
Structursl Payload Adapter (SLA) at four points,
The psvload weighed approximately 30,000 pounds,
was 30 feet long snd 23 feet in diameter, The
SLA wss an eight-degree conicsl frustum (1€° in-
cluded angle st the spex) made of aluminum honey-
comb, The SLA was attached to an Instrumenta-
tion Unit (IU) that mated to the upper stage of
the S-1B, The anslysis included the paylnad
plus the SLA. No other portion of the S-1B was
considered,

{ INTRODUCTION

The determinstion of random response vibra-
tion levels of a complex structure forced by
acoustics wss required. The structure to be
evalusted waa a payload planned for flight by
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the Apollo Applications Program (AAP), The

boost vehicle for this payload was the Saturn
1B,

fistoricslly, definition of random vibra-
tion levels for the frequency range above 30 to
50 Hz is based on previously messured data ac-
quired on similer configurations during flight.
Various "scaling laws" are applied to these
empivical dsts to account for small differencea
in configurstion and mass., However, these
scaling techniques do not include considere-
tions of basic structural properties or local
dynamic response characteristics. When no
measured dsta are avaiiable for the configura-
tion of interest, these scaling techniques be-
come order-of-magnitude estimates,

The majority of equipment trusses und local
support structure have their fundamental resc-
nances above 30 Hz, with many occurring up to
230 Hz., Consequently, design losds must con-
sider the frequercy range to st least 200 Mz,

A response analysis for the AAP payload was
performed by classical methods, which inherent-
ly include considerations of structural proper-
ties.{1] The structure was modeled using the
dirzct stiffness approach in genersting the
stiffness matrices, The mass was lumped at
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propar collocation points. The acoustics ware
repreaented as pressure spactrsl daneitise and
epplied on tha extsrnel surface of the peyloed
gsupport structure. Response celculetione ware
in terms of accalerstion spactrel dsnsitiee,

The techniquae ueer; are discussed in the
following paragraphe rnd demonetrete the fesei:
bility of responsa cel:iulatione in the criticel
fraquancy renga of faterast, Comparisons with
one flight-me¢isurad date point ere made; celcu-
letad valuas compare favorebly,

BASIS OF ANALYSIS

The analysis wss baized on e set of equa-
tious writtan in metrix notation that definee
tha raesponse of eny structura to fiuctuating
pressura, For eny arbitrary eystam, the eque-
tions of motion cen be expreeeed py:

(MI(8) + (c1{8) + (x1fp) = {r.} (D)

wvhara M {s the meass matrix, C is the deaping
matrix, K is the stiffnacs metrix, and F ie tha
forca matrix. By substitution of the modsl
coordinata trensformation,

{8) = (0] {q} @
tha abova aquation can ba expreesed ee:
[ o) 40+ [28o | (0 + [q] (@)
= (o) {r } 3

~

This equation is cbtained by the above substi-
tution end by premultiplying by ¢'. This csn
be further manipuleted to yield:

[“’2 - “;“’“] fayt = 191 4F b

Meq = [1] O]

1t wee desired to exprees the forcing function
es the product of the pressurs end the area
over which it ects. By computing the area in
the aystem coordinete exee for ell collocstion
points, an eree metrix and e pressure were sub-
stituted for the force matrix to obtain:

oo+ 1] e - 7§80

Solving for q end trensforming beck to dis-
crete coordinstes yields:

() = t0) [ 7= v 7i5m) m-{-g-} P, (6

subetituting the eecond time derivative §=0%
yielde

e 0 s @ {3 @

The eystem trenefer function wes obteined
by teking the sbsolute velue of the above 2que-
tion, By expreesing the fluctueting preesura
in the form of e spectrel deneity, the reeponee
epectrel deneity wee formuleted ee follows:

P




§,(a) = () [2n & ) (8)

input

Where Sinput(n) hss units of psi®/Hz, IH(n), n

has units of (in./sec?/psi)? and Sn(ﬂ) has

urits of (in,/sec®)?/Hz, These ara the input
pressure spectral density, the transfer func-
tion squared, and {he response power gpectral
density at degree-of-freedom "n" and frequancy

lﬂn n

These equatiorn+ were the basis for the
acoustic response analysis, Two simpli€ying
assumptions were made when applying these equa-
tions, The first wus to assume thet the fluc-
tuat/ng pressures act in @ correlated manner
aver the individusl elements of sreas for s
single quadrsnt, The second was to gssume thst
the pressures act in an uncorrelated manner be-
tween the four quadrants (paylosd attachment
pcints) .

The J!.st sssumption was justified by the
following rationale., Consider an element of
area of the SLA exposed to tue fluctuating
pressures, By making the element geometrically
small compared to the half wavelength of the
highest frequency of interest, lowec frequen-
cies will appear well correlated. This is par-
ticularly true for psnel fatigue analysis.

The second assumption was reasoned as fol-
lows., The diameter of the SLA at the attach-
ment points of the payloed was approximately
23 feet, Therefore, the circumferential dis-
tsnce between two adjacent attachments was sp-
proximately 18 feet, This spatial distance
was considered sufficient to assume uncorre-
lated pressures, Cons:quently, forces (product
of pressures snd areas) were considered corre-
lated for cne quadrant, but uncorrelated be-
tween quadrsnts,

TECHNIQUE FOR ESTABLISHING MODEL

The approsch used to obtain representstive
mode shapes snd frequencfes of the SLA and pay-
1>ad does not represent new technology. How-
ever, it may be socmewhat unique,

It wss considered necessary to model the
structure to & fine degree of detall in order
to obtain sccuracy in the high frequency range.
This detailed reprecentstion of the payload
required the use of axial members, beams,
plates, and torsional elements to define the
structurol properties, This representation
resulted in a imdel containing over 3,000 de-
grees of freedom; however, the maximum size
that could be used in svsilsbla eigenvslue rou-
tines was 200 degrees of freedom, The problem
was to establiish a final model with character-
istics of the detailed 3,000 degrees of free-
dom and accomplish this using the existing 200-
degree-of-freedom eigenvalue routines.
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To obtain the fesired model the payload was
divideo into segments, eigenvalue solutions
were performed on the aegmenta then the {ndi-
vidual re.ults combined into one node’ usiag
modal atiffneas coupling techniques.[2,3,4,5,
6,7] The segments were the SLA, the rack
structure, the ATM, and the LM,

The SLA shell structure was idealized by
rectangular plates for both in-plane and oul-
of-plane str:sses using the direct stiffness
approach as shown in flat pattern in Figure 2,
In addition, eight teams were used to reore-
sent a ring circumferentially from collocation
point 25 to 32, The SLA structure vas detailed
as 288 degrees of freedom; six degrees oif free-
dom at 48 collocation points, The resulting
stiffness matrix was restrained at coilocation
points 41 through 48 by deleting the aasocliated
rows and columns from the stiffness matrix,
thereby representing a cantilevered condition
for the SLA, The rotational degrees of free-
dom were then remov:d from the influence coef-
ficient amat.ix by deleting appropriate rows
and colum.>, :!'.aving three diaplacement degrees
of freedom at each collocation point, The re-~
sulting matrix was 120 degrees of freedom rep-
resenting 40 collocation points,

The totsl weight of the SLA was 3930 pourds,
This mass was apportioned at each cullocation
point to obtain a lumped mass representation,
An eigenvalue solution was performed on this
psyload element to obtain cantilevered mode
shapes snd frequencies of thc SLA, The result-
ing eigenvalues stsried at 14 Hz,

The support rack was idealized using axial
and torsional elements, strsight and curved
beams, rectangular and triangular plates. The
rack was detailed as 1932 degrees of freedom,
Collocstion points representative of equipment
locations were selected and the remaining ones
were reduced as wss done on the SLA, Three de-
grees of freedom wss retsined for each mass
collocation puint, The final reduced matrix
was 90 degrees ol freedom, The total weight of
the rack snd equipment was 13,165 pounds, The
eigenvalue solutior for the free rack condition
had a total of 84 elastic modes beginning at
16.8 Hz,

The ATM structure was idealized by rectan-
gulsr plates, axi.! members, snd straight and
curved besms, The structure was detailed au
160 degrees of frecdom, The influence coeffi-
cient matrix was subsequently reduced to 87 de-
grees of freedom, The total weight of the ATM
including equipment wss 4880 pounds. Again, a
lumped mass representation vas used., The re-
sulting free-condition eigenvalues started at
7.8 Hz,

The LM structure wss represented as a rigid
member due to lack of stiffness definition,
However, the six rigid bodvy modes were included.
The total weight of the L was 10,500 pounds,.

s



Rack Attachment Points
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Figure 2, SLA Structural Msde! (Points 41 through 48 restrained)

For each payload ¢lement (rack, ATM, L}, Table 1 contains the coupled frequencies
and SLA) the atructural members connecting Che of the final model and tdentifies the ma jor un-
i elements were used 1s the diacrete coupling coupled contributing mode for each frequency.
4 ! mechanism, As mentioned previoualy, only the The final model contains 124 modes with fre-
! lower modes of the free elements were used {n quenciles ranging from 6.4 Hz to 624 Hz, How-
obtsining the final model, ever, only 122 modes were considered usable in

the acoustic response analysis covering the
frequency range to 204 Hz.

i Table 1, Identification of the Coupled Modes

MAJOR UNCOUPLED MEG COUPLED UNCOUPLED
HODE  CONTRIGUTING MODE NROW  CONTRIB  FREQUENCY FREQUENCY

1 - LT coaw ssssceas LT TN
H
i
i

1 MOUE 3 LM A/s 121 B410 6,402 [t

2 MODE 2 Lwm a/s 120 +5609 T7.196 (U
] 3 MOUE 7 TELESCOPE 1 +9903 7.592 7.588
i 4 MOUE 7 TELESCOPE 2 29997 7.924 7.923
! ) MODE 2 RACK +6039 9.699 9.306

{ 6 MODE 5 LM A/S 124 4791 10,825 0.
7 MGDE J RACK 3 « 3890 11.359 9.01%

| 8 MOUE 50 SLA 114 4068 14,413 0.
‘ 9 MODE 2 SLA 5 .9922 15,061 14,986
_ 19 MODE 1 SLA 6 7292 16,468 15.51%
A 11 MOVE & SLA 8 +7209 17,574 17.461
: i 12 MODE & SLA 9 7235 17.856 17,522
i 13 MOUE & TELESCOPE ? 2932 18.251 16.611
: 14 MODE 6 TELESCOPE 20 5277 18,956 19,142
i 1% HODE 5 SiA 11 +5396 22,086 19,501
16 MODE S SLA ‘2 +8051 22,9:6 23.030
17 MODE % RACK 13 «3534 24,057 24,097
18 MODE & RACX 13 «3407 27,006 24.097
19 MODE 12 RACK 14 15376 29.25%8 26.818




Table 1. (Continued)

20 MODE 13 SLA 16 05277 31.709 29.834

21 MODE 9 SLa 17 +3060 31.770 32.623

22 MODE 6 SLA 19 «9853 33.791 33.790

23 MODE 9 SLA 17 + 2660 34,547 32,623

24 MODE 9 SLA 20 +64U6 34,829 34,651

25 MODE 9 ..A 20 +2205 34,893 34,851

26 MODE 2 TELESCOPE 21 +8666 36,420 36.0u44

27 MODE 9 RACK 23 +5092 41,008 41.256

28 MODE 11 SLA 24 2511 43,671 42523

! 29 MODE 8 RACK 27 «2706 45,013 45,226
30 MODE 11 SLA 25 + 3651 45,346 43,277

31 MODE 8 RACK 27 «3526 46,812 45,226

32 MODE 9 TELESCOPE 30 - 47342 47.538

33 MODE 11 SLa 29 +2966 49,556 47.324

34 MODE & RACK 28 +1575 50,434 46.168

35 MODE 10 TELESCOPE 32 «8192 50.845 50.737

36 MOGE 15 RACK 3 «3755 51.429 49,027

37 MODE 15 RACK 35 02817 53,891 57.059

38 MODE 11 TELESCOPE 33 « 7197 54,381 54.220

39 MODE 11 RACK 34 «3232 57,448 54,694

40 MODE 14 SLA 36 4537 58,514 58,729

E : 41 MODE 12 TELESCOPE 37 6452 59,700 59,441
42 MODE 13 SLA 40 +8695 63.709 63,731

43 MODE 13 TELESCOPE 39 «7709 €3.828 63.607

'Y MODE 14 TELESCOPE 41 « 7262 64,813 64.665

45 MODE 16 SLA 43 9077 66,381 66,410

46 MODE 15 SLa 44 «5650 66,684 67.106

w7 MOUE 16 TELESCOPE 46 +2198 67,445 69.512

; 48 MOUE 14 TELESCOPE 45 4292 67,685 68.168
E 49 MUDE 14 TELESCOPE 45 «3102 65,643 68.168
: 50 MULE 17 5LA 49 .2528 70,746 72.202
91 MODE 16 TELESCOPL 46 02920 71.5486 69.512

52 MODE 17 SLA 49 «3163 72,650 72.262

53 MOUE 25 RACK 48 +5522 72.850 72.158

S4 MOLE 18 TELESCOPE 53 « 3467 73,631 73.916

55 MODE 18 TELESCOPE 51 «1833 74,783 73.918

56 MODE 20 SLaA 53 + 306 T7.413 T7.452

57 MODE 20 SLA 53 « 3594 77.498 77.482

58 MOUE 24 RACK Sy « 3517 80,328 79.677

hY MOLE 24 RACK 54 +4005 81.961 79.¢77

60 MODE 21 SLA 56 +9109 82.572 82.517

ol MODE 29 SLA 57 09187 83,185 83.168

62 MOVE 25 SLa 63 «1614 84,809 89.66%

63 MOVE 19 TELESCOPEL S8 +3028 85,444 85.909

o4 MODE 19 TELESCOPE 58 4328 86.513 85,909

65 MODE 22 SLa 59 +5834 87,114 86,644

66 MOLE 24 SLA 60 « 7697 88,197 87,745

67 MODE 25 SLA 61 5545 88.660 £8.29%

68 MODE 28 SLA 64 +9935 91,404 91.400

69 MODE 31 SLA &5 «5607 92.84% 92.728

76 HODE 30 SLA 66 «5580 92,988 93.479

71 MODE 29 RACK 67 +3480 93,815 95,886

72 MODE 20 TELESCOPE 68 . 7875 96.802 96, F40

73 MODE 32 SLA 69 «929¢ 97.661 97.727

™ MOUE 25 SLA 62 1777 99,815 89.085

7% MODE 19 TELESCOPE 70 «7708 100,901 100,445

76 MODE 29 HRACK 67 « 1927 102,250 95.886

77 MODE 33 SLa 72 <4703 104,176 103.563

x 78 MODE 34 SLA 14 +5106 104,592 103e032
’ 79 MODE 35 SLa 73 «8302 106,202 105.690
80 MODE 35 SLA T « 76845 108,605 107.504

61 MODE 36 SLA 75 »9337 110,033 109.899

82 MODE 37 SLA 78 «5168 112,759 112.860

83 MODE 37 SL& 78 +3995 113,782 112.860

a4y MODE 33 RACK 80 2772 115.638 118,258

a5 MODE 33 RACK 79 41823 118,937 116.068
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Table 1.
86 MODE 33 RACK 80
87 MODE 41 SLA 23
1] MODE 32 RACK 81
8y MODE 40 SLA 84
90 MODE 32 RACK 82
91 MODE 36 SLA 87
92 MODE &0 SLA 88
93 MODE 34 RACK 86
ok MODE 34 RACK 8%
95 MODE 17 RACK 91
96 MODE 36 RACK 92
97 MODE 37 RACK 91
98 MODE 44 SLA 93
99 MODE 22 ELESCOPE 94
100 MODE 24 TELESCOPE %6
101 MODE 23 TELESCOPE 95
102 MODE 41 RACK 98
103 MODE &1 RACK 98
104 MODE 42 RACK 100
10% MODE 26 RACK 99
106 MODE 42 RACK 101
107 MODE 41 RACK 102
108 MODE 45 SLa 105
109 MODE 39 RACK 104
110 MODE &3 RACK i06
111 MODE 46 SLA 107
112 MOLE 44 RACK 108
113 MODE 44 RACK 109
118 MODE 50 SLaA 112

11% MODE 20 TELESCOPE 110

116 MODE 26 TELLESCOPE 1)1
117 MOLE 47 RACK 113
118 MODE 27 TYELESCOPE 114
119 MODE 50 RACK 115
120 MODE 50 RACK 117
121 . MODE 50 SLa 118
122 MODE 50 SLa 118
123 MODE 36 RACK 89
124 MODE 39 RAZK 103

Application of Acoustics

The maximum acoustic environment at the
payload attachment location ozcurred during the
vehicle lift-off event, Therefore, the 1ift-
off cnviro '‘ment was used in the response snal-
ysis. The nsagnitude and energy distribution
defining th. acoustic environment used is shown
in Figure 3. The pressure spectral density of
this envircament is shown in Figure 4.

Because the acoustic levels ere nesrly
ejusl along the SLA length during lift-ott, the
pressure spectrel density was considered con-
stant for each area o’ appli »tion, The force
spectral density was established by producting
the presscre spectral density with the propor-
tfoned area for each collocation point, It
was assumed that the preasure spectral density
acted perpendicular to the SLA surface.

(Concluded)
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24501 120,899 118.258
5877 122,916 122,806
«2080 123,608 118.979
« 5834 123,969 123.609
3188 127,714 120,995
« 3892 129,226 129,463
+6990 129,890 129.780
5589 131.118 127.396
2505 131,939 1.%5.501
4961 135.391 135.558
#3130 136.918 137.100
+ 3255 138,998 135.558
«5993 139,529 139,231
5363 141,073 140.476
7218 1642.51% 142,479
«3371 145,346 141.11%
2714 146,965 148,409
5060 168,500 148,469
+ 5265 152.214% 152.118
W672 152,274 148,923
<6499 159,004 157.635
«6534 160,602 159,378
9902 166,461 1664405
«49%50 168,768 164,649
«8158 170,59 169.750
4726 170,463 173,014
4684 176,301 175,979
6762 173.6%53 176.851
24554 180,333 182,069
«5298 181,163 180,744
14854 182,756 181.408
5234 184,115 183.659
0 7637 135,353 184,616
9357 187,448 187.211
3803 190,369 192.862
« 3839 193,461 195,450
5512 204,341 19%,450
01323 $30,593 132,230
«1906 2,130 162.613

As discussed previously, the applied forces
were assumed correlated in each quadrant but
uncor-elated between quadrants. The technique
emplo, .. wos to apply the forces at all collo-
catioy oin.s lying within one quadrant (Figure
5) s1d compute the vibration responce for all
equipment locations, This same computation was
perfcrmed on each of the remaining three quad-
rants, The total uncorrelatec response was
then determined by rost-sum-squsring the four
individual quadrant responses,

The response in terms of accelerstion shec-
tral densities was determined in each of three
axes at all equipment locations and at the SLA
areas clnse to the payluod attachment points,

prosoven
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Summary of Results

The following items cf the analysis by nec-
«ssity were based on eagineering judgment and
could hsve an appreciable effect on resulta:

a. Modal domping of one percent;

b. Forcea associated with one attachment
point assumed to act in one direction
(notmal to the SLA);

c. Forces sssociated with the four attach-
ment points assumed to be uncorrelated;

d. SLA model restrained at the bottom,
free at the top.

The opinion waa that one percent modal
damping would produce reasonable results be-
cause ground vibration survey tests of other
payloads have produced similar damping.

The assumption that forces at the four at-
tachment points are uncorrelated is considered
reasonable due to the spatial separation of the
points.

Items b and d combined to produce the most
queationable phase of the analysis., It was
noted that toward the top of the SLA the re-
sg-nse was excessive, In retrospect, this is
considered due to the top of the SLA being
free. BHowever, the large Gistance (21 feet)
from the top of the SLA to the payload attach-
ment pointa may result in little effect on pay-
load response.

Because the payload analyzed has not yet
flown, one cannot evaluate the accuracy of the
snalytical technique, However, the $-1B has
flown with other heavy payloads and messure-
ments were made on the shell supporting the
payload (SLA). A comparison of the measured
aud calculated values is shown in Figure 6.

Of primary interest is the similar spectrum
shape of the calculated response with the mess-
ured one., This indicates that structural prop-
erciez of the SLA were closely simulated., No
dsta point (measurement) exists for other in-
ternal equipment locations, It is interesting
that the calculated magnitudes were nesrly
equal to the measurad ones, indicating that the
assumed damping and uiessure correlation values
are realistic,

FUTURE DEVELOPMENT

The snalytical approach used in the analy-
sigs discussed is wr.iten in general terms and,
therefore, does not apply to oune progrsm or
configuration only, The methods can be applied
to the class of vehicles generating significant
acoustic levels such as the Saturn, Test dsta
are sorely needed to validate the existing ara-
lytical techniques discussed, More detailed
knowledge of the forcing function and its inter-
action with various atructure geometries is
needed,

e
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Figure 6, Comparison of Analytical and Test Data

Specifically, the method discussed should
be modified to include pressure correlation co-
efficients and structursl joint acceptance pa-
rameters, This modification ghould be made in
conjunction with a test progrsm to establish
pressure correlation coefficients for various
pheses of flight. Analyticsl predictions
should bi made and compared with test results
under controlled conditions to determine the
limitations of existing methodology.
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DISCUSSION

Mr. Mallgren (McDonnell Douglas): Did
you attempt to correiate the sheil measurement
with some of the empirical techniques such as
Barrett or Mahaffey-Smith or Franklin?

Mr. Smitn: No, we did not. As you know if
you use the Mahaffey-Smith or Franklin or any of
the other classical approaches, what you really
get is based primarily on the mass law. This
does not give the kind of detailed frequency re-
sponse for which we were looking. That check
has not been made however.

Mr. Pakstys (General Dynamics/Electric
Boat): Iassume that for the math modeling to
represent the shell structure, you were using
a plate finite element of some sort. Could you
give the details — what kind of an element it
was?

Mr. Smitl. Yes, we had planned on using
a triangular ¢ lement and at the time we did not
have a triangular element in use. So we approx-
imated this with & rectangular element. Now
because the cone 18 very, very shallow inangle -
it is an 8 degree conical section - we did not
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have exact conditions on the plate edges but
they were fairly close. We reprzsented both
the in-plane and the out--of-plane stress con-
ditions with rectangular plates.

Mr. Pakstys: Is there any name for this
particular finite element that you used?

Mr. Smith: No. The technique is a finite
element direct stiffness approach. I have ref-
erences on it in the paper.

Mr. Kapur (Aerospace Corp.): What kind
of pressure cross correlation were you using
within a given quadrant?

Mr. Smith: No, had I had the capability
for cross correlation then I could have reg-
resented the entire shell structure and com-
puted the response in one fell swoop. As it was
we approximated the correlation by assuming
that it was well cnrrelated in one quadrant and
we applied all the forces simultaneously for that
one quadrant and computed the response on the
first quadrant and did ukewise on the remaining
three and then root-sum-squared the results, so
we did not have a cross pressure correlation.




ESTIMATION OF PROBABILITY OF STRUCTURAL DAMAGE FROM COMBINED BLAST i

AND FINITE-~DURATION ACOUSTIC LOADING*

Eric E. Ungar and Yoram Kadman
Bo't Beranex and Newman Inc.

Cambridge, Massachusetts

Results are summarized that permit one to estimate the
probability that the response of a structure to random
acoustic excitation will exceed a specified level during
a time interval of given duration. Characterlistics of
response3 to exploslon pressure-pulses are described in
simplified terms. Means are presented for obtaining
engineering estimates of the probabllity that the response
of a structure to a pressure pulse, which occurs at a
gilven time during the action of the acoustic excitatior,
will exceed a prescrihed value.

RIRRP.

INTRODUCTTON

In addition to experiencing rocket-noisge
excitation, structures that are located
near rocket testing or launching facili-
ties may occasionally be exposed tv blast
loads due to explosions. The analyst or
designer of such structures needs to
evaluate the probability of structural
damage due to the combined acoustic and
blast-pressure excitation assoclated
with a given test or launch. It 1s the
purpose of this paper to present an ap-
proach for obtaining engineering esti-
mates of this damage probability.

The structural deformaticns and stresses
assocliated with the response of a struc-
ture to a given explosion blast may be
estimated relatively simply. If these
deformations and/or stresses are large
enough to lead to damage even in the ab-
sence of simultaneous acoustic excita-
tion, then the prohabllity of fallure
due to combined acoustic and blast load-
ing obviously 1is unity. If, cn the
other hand, blast effects are relatively
insignificant, then one may calculate
the fallure probability on the basis of
only the structural response to acoustic
excitation. However, the situations of
greatest practical interest generally
tend to lie between these two extremes
and to be more difficult to analyze.

This paper first summarizes some results
that permit one to estinate the proba-

*This paper was not presented in full at
the Symposium,
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bility that a structural response (e.g.,
a stress or displacement) to acoustic
excitation of finite duration will ex-
ceed some "safe" valiue., The paper then
discusses the characteristics of re-
sponses to pressure pulses, and there-
after presents an approach for esti-
mating the prodability of fallure due to
combined acoustic and pulse loading.
Illustrative calculations appear in the
final sectlon.

PROBABILITY OF FAILURE DUE TO RANDOM
EXCITATION OF FINITE DURATION

Dominance of Linear Behavior of Funda~-
mental Mode

The stresses and deformations assoclated
with the fundamental flexural modes

of plate-llke and beam-1ike structures
exposed to acoustic pressures generally
predominiate over those agsoclated with
the higher modes. Specificelly, funda-
mental-mode predominance ~ecur, 1f the
acoustic pressure (at frequencies above
the structural fundamental) increases
less rapidly than with the first pcwer
of frequency [1] (i1.e., if the sound-
pressurc-spectrum level increases at
less than 6dB per octave, or Af the
sound pressure level in proportioral
frequency bands increases at less than
12dB per octave). Thus, in most practi-
cal cases, only the response of the
fundamental mode need be considered.
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The mathematically linear behavior of
structures 1s generally of greatest
practical interest.
is defined as exceedance of a yield
siress, then the stress-strain charac-
teristics of the undamaged structure are
1i1ear by definition; although other
soirces of nonlinearity may exist (e.g.,
sipport friction), these are usually
ia3ignificant. Even where the damage
process itself 1s assoclated with ex-
treme nonlinearities (such as fracture
or post-buckling deic-»mation), linear
analysis usually yields a good first
approximation to the actual motions
before damage. The general applica-
bility of linear results 1s fortuncte
since only linear problems have been
solved extensively in general terms.
Linear structural behavior will be pos-
tulated henceforth in this paper.

Modeling of Mode as Simple Oscillator

It 1s well known that the response of a
mode may be described in terms of that
of a corresponding single-degree-of-
freedom system {2]). For structures that
behave linearly, the corresponding
single-degree-of-freedom oscillator 1s
also linear. Therefore, one may derive
much of the structural response infor-
mation of interest here by drawing upon
the extensive existing literature per-
taining to the responses of simple
linear oscillators (which generally are
represented by the ramiliar mass-spring-
dashpot combinations).

Thus, in order to evaluate the probabil-
ity that the (stress or displacement)
response of a given structure to a pre-
scribed random acoustic excitation
(acting during a time interval T) will
exceed some specified safe value b, one
may study the equivalent problem for a
linear oscillator. This equivalent
problem consists of determining the
probability that the oscillator, which
represents the fundamental structural
mode, will exp-r~lence an excursion that
exceeds a specified "threshold" value b
(in response to a random force acting
over a time interval T).

Probability of Threshold Exceedarnce

Problems like those described in the for
foregolng paragraph have been studied
extensively, and although no exact so-
lutions have been found, much useful
data is avallable from analytic approxi-
mations [3], digital simulations [4,5)
and analog simulations [£,7].

Where the excitation (and therefore also

¥ Note that P(b,T) approaches unity as T increases.

If structural damage

the response) is a Gaussian random pro-
cess, one may approximate the probability
P that the absolute value of the dis-
placement of a linear oscillator will
exceed a threshold value b within a

time interval T by the simple expression

151,

P(b,T) = 1 - A exp[-af,T]. (1)

Here rn represents the natural frequency
of the ousclillator; A and a are functions
of the threshold level b, of the condi-
tions of motlon at the beginning of the
time interval T, and of the damping of
the oscillator, as discussed sivbsequent-
ly. The approximation given in Eq. (1)
holds only for time intervals T > T,,
where T, denotes the time interval "re-
quired ?or the response autocorrelation
function to decay to a small value.®

For most practical purposes one may take

Tc = 1/2ﬂcfn, (2;
where [ denotes the damping ratio of the
oscillator (i1.e., the ratio of the oscil-
lstor's viscous damping coefficient to
its critical damping coefficient).

Figure 1, which has been extracted
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Fig. 1 Dependence of the parameter A
on threshold/rms ratio.

Tinls result agrees with what one

expects intuitively: the longer the exposure interval, the more likely one is to
obtain an excursion that exceeds a g'ven threshold value.
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from Ref. 4, indicates how the parameter
A varles with the ratio b/o, where ¢
represents the root-mean-square dis-
placement. The parameter A depends on
the threshold value L, on the motion
conditions at the beginning of the time
interval of concer:, and only slightly
on the damping of the oscillacor. The
upper curves, labeled "zero start", per-
tain to an oscillator that 1s at rest and
at equilibrium (zero displacement and
velocity) at the beginning of the time
interval of interest. The lower curve,
labeled "stationary start", pertains to
the situation where stationary random
oscillation conditions exist before the
time interval., The two upper curves cor-
respond to two dirfferent damping ratios
t{ and indicate that 7 has only a minor
effect on the valuve of A; hence, only
one lower curve is glven.

As 1is evident from Fig. 1, A approaches
unity for large b/c. Also, for a given
value of b/o, one obtains a large: value
of A for zero-start than for stationary-
start conditicns; threshold excecdance
vithin the time interval T thus 1s more
likely with stationary than with zero
itarts - as one would expect intuitively
tdince a finite time is required for the
esponse to bulld up from the zero to
-he stationary level.

Values of the parameter a that ccrres-
pond to given values of the ratio b/o
1ay be obtained from Fig. ?, which also
nas been extracted from Ref. 4. Values
of a for damping ratics other than
thogse to which Fig. 2 pertains may be
obtained by interpolation or extrapo-
..ation,

r
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Fig. 2 Dependence of the parameter a
on threshold/rms value.
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PROBABILITY CF FAILURE DUE TO PULSE
LOADING SUPERPOSED ON RANDOM EXCITATICN

Pulse Response

Pressure-vs-time curves corresponding to i
explosions typically rise very sharply
and decay slowly. [8,9] The contribution
of the fundamental mode again dominates
the response of most common structural
elements to such pressure pulses [8],
whose decay process may be approximated
by an exponential function. If one
models the fundamental mode of a given
structure as a simple oscillator with
mass M and stiffness k, one may readily
determine that the displacement response
x(t) of that mode to an exponentially
decaying force spilke F exp(-8t) obeys

S (8] econ o+ & oan ur. ()

where w=vk/M denctes the circular natu-
ral frequency of the oscillator and
Xg=F/k represents its statlic deflection
under a force of magnitude F. In the
derivation of Eq. (3), the oscillator
was assumed to be at rest and at equili-
brium at time t=0 and damping was neg-
lected. Although the response of a damped
system may te derived readily, damping
i1s not considered here explicitly, in
order not to complicate the present
discussion - and since most practical
structures are lightly enough damped so
that Eq. (3) provides a reasonable
approximation. .

It 1s instructive to examine the behavior
of Eq. (3), particularly for extreme
values of the decay exponent 8. If the
oscillator executes many cycles of vibra-
tion before the pressure spike decays
considerably - 1.e., i1f B/w<<l, - then
the right-hand side of Eq. (3) inay be
approximated by l-cos wt, at least for
the first few cycles. On the other

hand, for a very rapidly decaying pulse
i.e., for 8/w>>1-the right-huand side is
very nearly equal to (g/ ) sin wt. Thus,
for very large and for very small values
of 8/w, the right-hand side of Eq. (3)
may be approximated by & sinusoid.

Fallure Due to Combined Loading

if the maximum response one obtains

from Eq. {3) exceeds the prescribed

l1imit, then fallure as a resul: of the
pressure pulse will cccur even in the

absence of additional acoustic loading. B
This case is trivial and will not be

discussed further; the remainder of this

paper deals with the case where the

pressure pulse by itself 1s insufficient

to cause fallure.
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In order to obtain a simple methcd for
estimating the probability ot damage

due to the superposition of pressure-
pulse on random vibration effects, it is
convenient to replace the sinusolds that
approximate the right-hand side of Eq.
(3) by the square waves sketched in

Fig. 3. The mction of a lightly damped

TOVAY

0 t

%) SLOWLY 9ECAYING PULSE (B<<w)

Bm —
'W)SIN wt

0 \ t

“Bh - W
b) RAPIOLY DECAYING PULSE (8> w)

Fig. 3 Square-Wave Approximations to
Sinusoids Representing Pulse
Responses

structure after application of a slowly
decaying pulse (B<<w) .hen may be taken
to be at the maximum value x_ for half
of tne time snd at zero for Malf of the
time.

The probability that the response due

to combined loading will exceed the
threshold value b during the time that
the pulse response is at x_ is the

same a8 the probability thBt the
positive pertion of the acoustic re-
sponsc will exceed the reduced threshold
value b -b-xm. This probability may be
calculated directly from Eq. [1); how=-
ever, one murt account for the fact that
Eq. (1) represents the probability that
the absolute value of the response
exceeds b. Since for a zero-mean ran-
dom process, +x 18 as likely to exceed
+b as -x 1s to exceed -b, one must di-
vide the expression of Eq. (17 Ly 2

in order to determine the ,robability of
positive exceedances only. (Luring the
time that the pulse response is .t

+Xm, failure may also occur if The
acoustic response takes on a negactive
valne whose magnitude exceeds b + L
Howaver, the probability of a large
excursion of this sort is much sfuller
than that of a smaller excursion and

may be neglected within the degree of
the present approximation.)

és

The probability of failure due to com-
bined loading during the time that the
pulse response 1s at 0 is given directly
by Eq. (1), If one notes that failure
may occur either wher the pulse response
is at x; (which occurs with a probabil-
ity of {/2), or when the pulse response
is at 0 (which also occurs with a proba-
biiity of 1/2), one finde that the
probabllity of failure due to combined
acoustic and slowly decaying pulse load-
ing (B<<w) may be written zs

Pog = WP(b ,T) + % P(b.T), (%)
wahere
b =B =X, X, * 2F/k. (5)

By similar reasoning one may obtain the
nrobability of failure due to combined
acoucti: loading of finite duration T
and a rapidly decaying pulse (8>>w) as

PCI‘ - l’P(br) T) » (6)
where

bp =b =X, , Xpe=(u/8) (F/ki.  (7)

Failure due to Blast after Acoustic
Loading

In the course of a rocket launch (or
test), a structure near the launch site
is exposed initially only to rocket
noise (for some time interval T;). 1If
the launch (or test) is terminated by an
explosion, then the structure will be
subject to a pressure pulse in addition
to continuation of the rocket noise

(for some time interval T,). The proba-
bility of failure during the first time
interval may be calculated from Eq. (1),
and that for failure during the second
interval from Eqs. (Y4) or (7). However,
failure during the seccnd inte:rval can
occur only if the structure survives the
first; hence, the probability Py of
failure during the total exposure time
T|+ Tzis given by (8)

Pt(b,T)+T2)-P(b,T))+[1-P(b,T))]Pc(b,Tz),

where P, represents a probability cal-
culated either from Eq. (4) or from Eq.
(7), whichever is appropriate fcr the

A 4

Since shock waves associated with ex-
rlosiona travel faster than sound, one
may percelve the noise from rockets at a
position far from the launch pad for

some time after the explosion pressure
pulse from a vehicle destruct has arrived
at that position.
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specific case under consideration.

ILLUSTRATIVE ANALYSIS AND CALCULATION

Problem Formulation

Consider a 5x4 ft pane of 3/4 in. thick
laminated glass, made up of five

equally thick laminations. This pane 1is
Yo be used in a structure from which the
launching of large rockets may be ob-
served. From calculations or experimen-
tal measurements one finds that the
giass pane has a fundamental resonance
frequency® of 10kz and damping at that
frequency (including edge support con-
tributions) which corresponds to {=0.01.
The maximum allowable stress in the
glass is 6000 psi. (This relatively low
value applies for glass that may have
surface scratches o:tained by exposure
to sand storms.)

The octave-band sound pressure levels
expected at the site of the observation
structure during testing of a certain
rocket are

and the modal mass M 1s given by
Meg®¢S u #%(y,2) ay az B8, (11)

where u representa the mases per unit area
of the pane. (Tke modal mass here is
seen to be equal to one quarter of the
total mass of the pane.) The model
stiffness k may be calculated from

k = Mo? , (12)

where w represents the fundamental
natural frequency.

The modal displacement x here corresponds
to the displacement of the plate center.
With such a displacement there is as-
sociated a maximum stress s, which

obeys {11]

s = m2Ehx/ 2a (13)
where E represents the Yourg's modulus
and h the thickness of the plate, and
where a 1s the length of the shorter
plate edge.

Modal Response to Noise

Octave-band center y 8 |16

frequency 31.9 63

SPL (dB re 2x10”" ]136§136/135|134 [121
¥ bar)

Assume that this acoustic excitation
persist3 for 20 sec., that then a blast
occurs with a peak over-pressure of 0.2
psi and a decay constant 8=2.( sec~!,
and that the acoustic excitaticn con-
tinues tc¢ be sensed at the chservation
site for 2.5 sec. after arrival of the
blast pulse. What is the probabhility
of damage to the pane?

Modal Properties

If one assumes the pane to be a simply
supported plate, then the fundamental
mode shape is given by [2,10]

¢(y,z) = sin(my/a)* sin(nz/c) , (9)

where a and c denote the pane edge
lengths, and where y and z are coordi-
riates along axes paraliel to the pane
edges. For a pressure distribution

p(t) that is uniform over the surface of
the pane, the modal force 7(t) 1s found
to obey f2,10]

P(t) = §%4°p(t)0(y,2)dy. az=283 p(2), (10)

The root-mean-square displacement o of a
classical single-degree-of-freedom
systeam excited by Gaussian noise whose
spectrum 1s flat in the vicinity of the
resonance of the system is given by [12]

2k+g =v wa-Tn7C. (s

Here Wf represents the spectral density
of the excitation force, and is related
to the root-mean-square value Fppq Of
that force in a frequency band of iidth
Af as

= F2 _ /af. (15)

wf rms

Probability of Failure due to Acousiic
Excitation

The sound pressure level in the band
encompassing the 10Hz iatural frequency
is 136dB, which corresponds to a roct-
mean-square pressure Ppn. = 2.6psf,
From Eq. (10), the corresponding rms
modal force in the octave band centered
on 8Hz is found to be F.p, = 21 ib.
From Eq. (15) and by noblng that for
octave bands the center frequency is
equal to vZ times the bandwidth, one
obtains Wef, = 780 1b? . For a glass
density of P70 1o/ft?, the surface
weight of the pane is 10.6 1lb/ft%. Eq.
(11) then yields M=53 1b., and Eq. (12)
gives k= 540 1b/in. PFrom Eq. (14) one

*This frequency corresponds to the case where the adhesive
between the laminations transfers no shear stress.
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then findc o= 0,46 1in.
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may calcuiate from Eq.

If one takes the Young's modulus E =
10"psi for glass 2nd a plate thickness
h = 0,15 (for one lamination). then one
(13) :he maximum
allowable cdisplacement b that corre-

sponds to the specified allowable stress

of 6050 psi. One obtains bel.85 in.,
and therefore b/e = 4.0.

From Eq. (2), one may calculate Tovl.6sec.

Since all time intervals of concern here
exceed 1.6 sec., Eq. (1) and relations
derived from it apply to the present
problem. Fror Fig. 1, one finds that
for verc r rt (i.e., ror the pane un-
deflecteC in1 at rest before the sound
acts on it) A21.00. From Fig. 2 one
obtains

a/2 .exp[~-b%/20%] = 0.23, from

which ar 1.55 x 10", Substitution in
Eq. (1) then ylelds P(b,T;)=0.03; that
1s, the probability that the 6000 psi
"sufe" stress will be exceeded durirng a
20 sec. exposure of the pane to the
p:eviously specified sound pressures 1s
3%.

Protability of Failure due to Combined
Blast and Acoustic Loading

Since we 2wf, = 63 sec”) one finds that
B/w=0.032<<1, and that Eqs. (4) and (5)
apply. For the 0.2 psi peak pressure,
Eq. (10) gives the modal force as

Fe230 1b, From Eq. (5), one then finds
that the maximum displacement xm, due to
the shock 18 xy=0.85 in., and that the
reduced threshold displacement value
b_=»1.0 in. then b_/o=2,2. For this
value, and asaumigg stationary start
sonditions, asince the structure has bdeen
in motion for many cycles before tlL2
blast occurs, Figs. 1 and 2 yleld A=0.38
and a=,021. Then, for the 2.5 sec
interval following the arrival of the
pressure pulse, one finds from Eq. (U)
that the failure probability 1s

Eogl = %P(1.0in, 2.5 sec)
+4P(1.85in, 2.5sec)
w %{1-0.88 exp[-.021(10)(2.5)1} +
»
%{1-1.00 exp[-1.55x1C"(i0}(2.5)]}
w (.480)+%(.004) = 0,12 .
Pinally, from Eq. (8) one finds that the
probability of failure for the entire
22.5 ser time interval 1is

Py= 0.03 + (0.97)(0.12) = 0.15 .
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DISCUSSION

Mr. Swanson (MTS Systems Corp): I have
worked for a while on the earthquake simulation
problem which is very similar to the one you
described. It has the characteriatic of the in-
tensity going from zero up to some peak value
and dropping off again over a {inite length of
time. Do you assume that you arc dealing with
a Gaussian disturbance, or is this generalized
to some sort of other general distribution of
events?

Dr. Ungar: Tte analysis indeed is Gaus-
sian and the systems we deal with are linear.
The only solutions t.». are known are for Gaus-
sian and linear syz.ems.

Mr. Swanson: I guess ynu are fumiliar with
the work of Freudenthal and his colleagues at
Colurmbia who have investigated the upper and
lower bounds of non-stationary random process-
es. They have a good paper on that.

Dr. Unear: There is a great deal of work
on non-gtationary random processes. The
earthquake problem of course is an interesting
one and the real problem with practical appli-
cations has to do with the lack of information

!

on the statistics of the earthquake process
itself.

Mr. Swanson: That is true except that
there 18 a growing literature of continuous re-
cordings of earthquake motions, and from this
PSD analyses an RMS analyses can be obtained.

Dr. Ungar: Unforfunately, I think the large
events about which we are mostly concerned are
rare and one can not use a usual type of anal-
ysis or approximation because there is no in-
formation about details of distributions.

Dr. Bouche (Endevco Corp): The shock
wave portion of the excitation reminds me of
the effect of conic booms on structures. In
the shock analysis here, can you, or do you
take into account the shock excitation of the
structure insofar as it excites resonances in
the structure?

Dr. Ungar: Indeed we do take these ex-
citations into account I glossed over the answer
rather quickly. These wiggly curves that I have
drawn here are supposed to represent the re-
sponse of a structure to the shock which is super-
posed on the random response.
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THE RESPONc: OF MECHANICAL SYSTEMS

TO BANDS OF RANDOM EXCITATION*

L. J. Pulgreno and M. Ablowitzt

Grumman Aircreft Engineering Corporation
Bethpage, New York

The mean sguare reaponse of & single-degree-of-freedom system has
becn determined for both band-limited white noise excitation and
a band of excitation having & constant :ih/octave change in level.
€olutions are given f'or those input-output combinaticns that are
of grestest interest, such as force or acceleracion excitatinns
and acceleration or displacement responses. The resuite include
exact anslytical ~xpressions for all cases, and both approximate
expreasions and graphical presentaticas for use in making quick
calculetions in most prectical cases.

LIST OF SYMBOLS

a 2‘, 1-¢°

b exponent controlling rate of
change of spectrum (see equation
12)

c viscous damping coefficient

£(t) normalized exciting force = F/M

F(t) exciting force (see Figure 1)

Hw) transfer function (output/input)

30,1’2,3 see equations (7) to (10)

Ib(ﬂ) function defined by equation (22e)

K spring constant

) 2 (1-2¢?)

1n logarithm to the base e

M mBss

i number of octaves vetween two
frequencies

N db/octave variation in spectrum

S(w) spectral density (ome-sided,
wadiang /tize units)

SR recponse spectral density

Sl input spectral density
time

u absolute input displacement (see
Figure 1)

b'd absolute response displacement

{see Figure 1)

*Paper not presented at Symposium.
tCurrently at Massachusetts Inctitute
of Technology.

Yy relative displacement = x-u
(s2e Pigure 1)

general resporse veriable assoc-
iated with transfer function

M,2,3
circular frequency (redians/time)
natural frequency 1’l(/M

%1,2,3

normalized frequency = “’/‘”n

- D E E

criticel damping ratio = c/aiun
<> average value of bracketed quantity
INTRODUCTION

The calculation of the mean squsre re-
sponse of a rendomly-excited vibrating system
usually involves the evaluation of a relative-
ly complicated integral. Resuits are widely
available for the case of a single-degree=-
of -freedom system excited by white noise
(e.g., see Reference 1), &nd tue white noise
results cen often be used with good approx-
imation for lightly demped system: having

zgonances within the bard :f exclitation.
However, if the system is heavily damped, or
if the excitation is Jargely nourssonant, or
if the spectral density is changing rapidly
in the vicinity of resonance, the uge of a
white noise approximetion may leed to serious
error. It is necessary for these cases to
have solutions for the response to bands

of excitation, if accurate resullss are to

be »btained in a relatively shori: time.




PIT e ey

™. S

Tt

nstase

e

Som: results are available for band
limited white noise excitaticn [1], but
these are restricted to tne case of dis-
placemsnt esponse to force or acceleration
excitation. In this report these results
are extended to other commonly used input-
output parameters, such as acceleration
response to force or acceleration excitation.
In addition, the responoe to bands of ex-
citation having spectra that change at a
constant db/octave ratc are investigated.
Such spectra usuallv are encountered in
vibration design and test specifications.
By superimposing results for various bands
of excitation, the responee to any spectrum
can be guite closely approximated.

All the results presented are for
single-degree-of-freedom systems. However,
such results have application to a wider
range of problems, since normal mode tech-
niques (2] can b» used to reduce multi-modal
systems to a series of single-degreea-of-
freedom systems, provided damping couplite
is negligible and the responses of *’.. modes
can be assumed uncorrelated.

BASIC BQUATIONS
The basic ip ut-output relationship
for « randomly-s <cited linear system is
2]
2
8ptrs) = By()|H(w)] (1)
whare
BR(“’) = response spectrel density
8,(w) = input spectral density
H(w) = trarsfer function relating
response to input for sin-
usoidal excitation

The mean square rganonse <22> is obtained
by integration

w2
2
<> = [ SR(w) do
&l
W
. 2
= / 84(w) |H(w)|“aw (2)

%
The: _ciegral must be evaluated for tha
2pecific case at hand. The plan here is to
stlect the most common forme fur Sp(w) and
H(w), to perform the required intsgrations,

and then to present the results in the form
of plots or tabulations for easy usage.

4

TRANSFER FUNCTIONS

Filgure 1 shows a single-degree-of-freedom
system which may be excited by either base
motion or i applied force. The general
equation ¢? motim for the system is

ME + Cy + Ky = F(t) (3)

where the meaning of the symbols is evident
from Figure 1. In terms of the relative
coordinate y = x-u, equation (3) can be
written

Y+ oy tuly = K1) - u(E)  (4)

ol = KM

¢ = /M
£(t) = F(t)/M

Fouation (4) can now be used to find
any desirel trenstre: Jnetion for the
single-degree-of-freedom sysism. For ex-
ample, consiler the displacement response
x(t) for an applied force excitation. Then

vhere

U = u=0
LY = X-us=X
and (%) becomes

% + 200 % + ulx = £(t) (5)

F(t)

y = Vv-u

0
—
—

K .
L

!

Figure 1 Anslytical Model
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The transfer function is dete.mined by assum-
ing & harmonic excitation; thus, using phasor
notation, the exciting force 1is

f(t) = foe"”t

iyt
x(t) = xe

Then (5) becomes

2
(" + Ziﬁunw + wﬁ)xo = fo

and the transfer function ia given by

x l/m2

[¢] n
1 g == g 6
R o aa® + 210 (€)

vhere 1 = w/u) , & non-dimensioral frequency
parameter thal will be uged throughout the
discussion. It is important to bear in
mind thet £ in (6) i3 a normalized force

f = F/M, and not the applied force F.

In a similar manner, the tranafer
functions relating other parameters can be
determined. The analyses have been carried
out for the combinationa of greatest in-
terest, and the results are shown in Table I.
The transfer functions are all seen to be
quite similar, the only differences being in
the numerators. The last column of the
Table shows the squares of the magnitudes
of the transfer functions (which are re-
quired in equation (2) for the mean sq
resporse) in terms of a basic function, 3
where

2 1

H & ——y—m——ap N
(<] (1_02)2 " hcl‘_nz

Only three transler functions are needed to
describe the five input-output combinations
in the Table. It will be convenient to give
a sp.cific deaignation to each of the three
functions, a: followas:

£ 2 (La)H, (8)
B = (1 + ) (9)

1-1§ 5 n“ﬂﬁ (10)

These relations are also shown in the last
column of the Table, so that the appropriate
transfer function for any of the input-out-
put combinationa can be readily determined.

EXCITATION SPECTRAL DENSITIES

Excitation spectral Censities, Sy, are
typically smoothed into spectra that appear
as a series ol straight lines ci iog-log
plots. The slopes ia regions of varying
spectral density are generally given in
terms of decibels por octave. Mathematically,
the stralght line log-log plots are goverped
by an equation of the form

log 8 ~ log B8 +b log O (1)

which means that the variablea are related
by

8(0) = ° . (12)

Thus, By represents the spectral density
at 0 =1 (i.e., at @ = wy) and b controls
the rate at which the apectrum variea. The
case of b = 0 correaponds to white noise
excitation of 8(Q) = 8.

The exponent, b must now be related to
the db/octave variation in level if it is
to be useful. If two frequencies (p and ()
are n octaves apart, then

% = 2" (13)
= log (a,/0,)
= 3.32 log),(A,/0) (1ka)

the decibel difference between the spectral
densities at the two frequencies ia

8(q,)
db = 10 loglo(w) (15)
From (12)
s(nz) a,b
W = (“_1) (16)
Thu 3 a
db = 10b 10510(0—? (17)

The db/octave variation, N, is obtained from
(17) and (14):

N = -‘;—b - 3.0lb & 3 (18)
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Table I

Transfer Funct.!ons For Bingle-Degree-of-Freedom Systems

I £(t) = Mt)M

X
M J " 2 -
¥o2Qu Jtw y = £-4
J ¥y = x-u
u
input output o) ul_(_g)[a_
1/w2
0 n 1 HZ HZ
u Yy - =
1-0Pe21gn ,,_,E ° =
u % o (Tl = i
1-0%+21¢0
1-0°+21(0
1/,2
t x n 1 52 .
1-02+21¢0 ;ﬁ ° i
£ % - —-5———-“2 ot . n§
1-0°+21¢ °

Fote: Q =w/o,

B - -
°  (1-0)%¢%?

A useful relation botween the spectral
densitius at two frequencies is evident from
(12). For the two frequencies (p and M

8(a) = 8
8oy) = 80°

76

Dividing one equation by the other and re-
arranging results in

02 b

8(0,) = 8(0;)(5) (19)

The spectral density 8, is in redians/
time units and is a one-sided spectral
density. Design requirements are generally
in cycles/time units. To convert from a
cycles/time opectral densitv to a radians/
time spectrtl density divide by 2m.
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MEAN SQUARE RESPONSE

The mean square response, as given by
(2), can now be expressed in terms of a
spectral density of the form of (12; and the
three transfer functions of (8), (9
(10). Consider first the function Hl:

w,

>
5 -/ 8,(w) B° &
w
a,
nb
/ —3- H 2 (20)

where 40 = dw/w_ and the subscript on z in-
dicates the trallsfer function obeing used.
Equation (20) can be rewritten as follows:

™
2
> - @:3 (n,fa) - I, () (2)

where
1,(a) - %‘ o’ Pa0 (22)
- “’*f a o (22)

I, (n) will turn out to be an important
function, in terms of which the mean square
responses for all the transfer functions
under congideration can be expressed. It
actually is a generalization of the function
used by Crandall and hrk (1] gor the special
case of b = 0 and |I(Q) l = H,°. The con-
stants in front of the integral in Iy(n)
were chosen to make the coefficient 1n (1)
equal to the white noise response of the
systen. (Bee Reference 1, bearing in mind
that their 8(w) is a two-sided spectral

density, which has a value of half the S(w)
used herei..

For the second trapsfer function, He,
there reaultl

o5 - ﬁ P+ 1% B e, @

0
m’ns° 2 2

- 'hc—[lb(“) + W1 (0) ] (23)
@

k)

i
I

The coerficient in this case is epproximatsly
the white noise result for small damping,
the actual white noise result being

< 2> Tc— (1 + kg2 { 2k)

Finally, the response for the third
transfer function is

0, .
b L 2
<z32> o j‘ 8,0°0 'H, " 80

T,

8
e R SCAR ST IS

The coefficient in this cnae does not
represent the white ncise respunse, be-
cause the vhite noise response is infinite.

RECURSION RELATION FOR Iy(0)

The results of (21), (23), and (25)
give the man square response in terms of
the functions Iy(Q); the problem now is to
evaluate I;,(Q). There are a lurge number
of values 0" b in the range of inteveut.
making it unwieldy to evaluate and plot the
I, Punctions over ihe entire range. For-
tunately, there exists a simple recursion
relation between the functlons.

From (22a) I, is defined as
(n) ————b
Ay f(l-n) 2 b \ze)

The denominator of the integrend can be ex-
panded to obtain

den = 0%-2 (1-2¢%) o +1 (26)
el (26a)
vhere ¢ = 2 (1-2¢°) (em)

Division of the rumeretor of the integrand
by the denominator yields

b

b-4 + -0
=0 4‘,}—2— (28)
n-m2+1 Q-um +1

Then I‘b becomes

I = %‘ o 3 LLo - oy (29)
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for b # 3. Whenb = 3 the result ig

. K . 3
._ IL=gln@+eI -1, (30}
’ Bquations (29) and (30) ure the desired

recursion relations. They enable all Iy
functions to be obtained i1 terms of only
four, such as Iy, Iy, Io ard I.. The de-
tails have been wor! ed out for“the range
of b values from -6 to 9, using the above
four Ip's as the basic functions. The
results are shown in Table II.

EVALUATION OF BASIC I FUNCTICNS

It remains now to evaluate the basic
functions I, to I,, since once they are
known all others tan ba readily determined.
The evaluation involves an integration which
is effected using a partial fraction ex-
pansion. The details will only be showu
for Io to illustrate the technique; the
other Ip's are determined in a similar
manner, but only the results will be given.

From equation (22a) I, is given by

Ty p—
I,= aQ (31)
0" T ) (1092 + 1%

The denominator of the integrand can be
factored into two quadratics to cbtain.

¥ K/ 1
I = a0 2
°© mJ (1+en+0%)(1-a0 +0°) (32)

where a = 24 1-C2 . By using a partial
fraction expansion the integrand can be
written in a more convenient form:

S [ ] 0

The integrard row consists of terms that can
ve found in integral tables. Upon integ-
ration there results

[m-l( 1. 1N tM-l(zu-u)]
1 2
+ & 1 (0, (34)

The arctangent terms can be combined using
the trigonometric identity

tan lx + tan'ly = tanl (’fﬂ (35)
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to ottain

2
st (F0) + K10 (020D, (3¢)

The expressions for I; to I; can be
obtained in a similar wanner. 'I'%e results
are

2 -1
I) = tan (_5_021-22 ol (31)

Lt B Lan (82D ()

2 l-e) +
1- -1
1y - ) ()
g S [(1-02)'%202] (39)

For completeness these results are also
included in Table II.

It is worth noting that the rcsult for
I, is the same as that given by Crandall and
Mark (Reference 1, equation 2.51) for band-
limited white noise.

INTERPRETATION OF RESUIIS

With the function Iy completely de-
termined, it remsins to interpret the
results, to consider the genersl trends and
to develop working curves that can be used
to facilitate numerical calcilations.

The results of a revious section showed
that the mean square response to a band of
excitation is directly related tc the
difference in the I, function evaluated at
the limits of che bcnd (see equations 21,

23, and 25). It should be stressed that

it is the difference in the function Iy at
two frequencies that determines the response,
and not the value at any one frequency.

The general ghape of I, is shown in
Figure 2 as a function of () for several
values cf b and one value of (. The band-
limited noise function, I,, is seen to
increase from zero to one as {} increases
from zero. The largest contribution to the
response occurs in the vicinity of resonance,
where the slope dI,/d0 is & maxim'm. For
vhite noise excitation, the response within
the resonant bandwidth accounts for approx-
imately half of the totel response. The
total response to white noise for the trens-
fer function Hy reduces, as it should, to
Just the coefficient term in (21) since
Ig() - I5(0) = 1.
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Table II
Expressions For I, For The Range 1
From b = -6 To +9
5 H
I, = - %C (5—5 + 5—3 + UT'I)- + 4(422)1 -(221)1,
50 30
1, = - X e Lo (B0 + a2 <(231)1
“5 T L 3
SR A S ¥ 2
I, = R AR VT3 &
3N
B, » Sflwel . 1) + (£51)1, =41
-3 - 2 17543
e}
] Le 1
Ig =% m (6) * AL
| I, = ?;i 1nq + 11,1,
' 2
1, -l .20 L .. Llte0w
I = =tan * ( )+ 1n( )
o n 102 ™ leeaw®
2 -1, _ar
I a = tan ( )
1 ma 1_2c2_02
12 ek, tan 1(2‘9_) - % ln(w)
1< l-a+
” 2 -
I > Sm ln((l-(}2)2 + %202) + 2(1=2¢7) tan 1(—3%)
3 n e 1_2c2_04
- X -
I, O+, - T
I, = -1193 + 41 eI
5 T § o2 L
5 I - X d + A1) T
6 mn 3 42
3
(3 +140) + (t-l)IE-L[o

™
4 2
L - X@.a, (£2)1 st

-7
- 4 (gi 80, (421)1 -1,

Ig = ¥
. b [05 0
n

6 2
I = n&qg‘ E é%‘ + (lgl)g—-l + 1(48 2)13-([5‘1)11

General Recursion Relation:

b3
Q
L = r%i 53 *Myp ~ Loy, ford 43 Note: 4 = 2(1-2¢%)
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Figure 2 Variation of I‘b with O

The response for negative values of b or
i for b > 4 does not converge to a finite value
i as the excitation bandwidth becomes large.
Thus, an infinite bandwidth approximation,
analogeous to the white noise approximution
for b = O, cannot be used in these cases.
For positive values of b the region above
resonance is seen to contribute more to the
total response than the region below re-
sonance; for negative values of b the
opposite is true. This is an expected re-
sult, since the region that contributes most
{0 the response is that in which the ex-
citation spectral density is highest.

It is of interest to know what effect
a sloping spectrum will have on the rescnant
response of a system vhose resonant band-
width lies within the band of excitation.
For purposes of this comparison the resonant
bandwidth is taken as the effsctive random
vandwidth, which is simply n/2 times the
half power bandwidth, or m{. Figure 3 shows
plote of nurmalized resonant response as a
function of b for various damping values.
The minimun resorant response occurs for
b = 2, the value that makes the response
spectral density most nearly symmetric
about () = 1. For light damping ({ < .05)
the resonant response remains within 7%
of the white noise result for all values
of b between +8 (i.e., up to 24 db/octave

80

slope). However, for heavy damping signif-
icant differences in response occur for
even moderate values of b. For example,

a difference of sbout 23% exists for

t = -4 and ¢ = .15.

From these curves it would appear that
in many cases a white noise approximaticn
can provide quick and reasonably accurate
resulis even for cases in which the ex-
citation is steeply sloped. However, it
mist be emphagized that these curves repre-
sent only the resonant respcnse. In cases
vhere the excitation is steeply sloped the
spestral deneity may reach values that are
far higher than the resonant value, aand the
nonresonant response may then become much
more significant, or even dominant.

Tigures 4 to 8 show plots of the func-
tions Io tc ., ve. (1 for & family of ('s.
These Figures are intended ae "working
curves” which can be used to facilitate
calculation of the basic I, functions.
Figure 8, which gives Ij, actuslly was not
needed since Ih is not one of the basic
functions; however, since it represents a
commonly-encountered 12 3b/octave slope,
it was included for convenience.
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The curves are plotted over a range of
1's between .5 and 2, but accurate rerding of
the difference between two I, values well
above or well below resonance is not possible.
Thus, if a nonresonant band of excitation
appeurs important it will be necessary to
evaluate the basic equations (36) to (39)
directly, or to use an approximation of the
type discussed in the next section.

APPROXIMATE SOLUTIOMS FOR NONRESONANT
EXCITATION

Outside the resonant range tre influence
of damping becomes quite small and can be
neglected with good approximation. Tne
function Iy can then be written

J{;l ) ) + hg

:%ﬁf_im (ko)

(1-02)2

provided hca 02 << (1-02)2. Thus, for { =
.15 the approximation will be useful in the
range below (1 = .6 or above (1 = 1.6. For
smaller damping the useful range will be
larger. The integrand in (40) can be ex-
pended into & series in

b
@ T (reaf+3atebc® s )m)

(1-0°%)

forf1<1, or

b

n 2 b

S T’ (1 % 3K + =+ ...) (42)
°)2 0 9] A3

(1-0%)?

o]

for 1> 1. These expressions can be sub-
gtituted into (40), which can then be readily
integsrated to obtain

b+1 b+3 b+5
~ L,
L= %f & o1t o T 3%:3_ +een) (83)

for 1 <1, and

b-1 b-3 1-5
5 = 0 + Enb_3 + 53 +...) (W)

for 1> 1, as long as none of the denomin-
ators equal zero. If a denominator equals
zero that term in the series becomes a log
term; thus, if b + M.= O tne corresponding
term becomes

ML e
2 M+1
—b—:—ﬁ_ ln N (45)

in equation (43} or (4&).

In using either the high frequency or
low frequency nonresonent approximation, it
is important to remember that the entire band
of excitation running from Q = .2 to 3 can-
not be determined by using the high frequency
approximation to determine I, (3) and low
frequency approximation for Iy, (.2), and
then taking the difference. It 1s necessary
instead, to use the low frequency approx-
imation to evaluate the range from .2 to say
.6 and the high frequency approximation for
1.6 to 3. The plotted results cean then be
used to determine the response in the reson-
unt range. (Thls restriction is due to the
fact that the constants of integration are
not included in the evaluation of the in-
defir.lte integrals leading to the approx-
imations for I).

The primary use ol the approximate
solutions will not be for the case cited,
however, since in such a case it probably
would be easier to use the exnct relations
given in Table II, or it would be sufficiently
accurate to use orly the plotted results.

The arproximations will be most useful for
excitation spectra having discontinuities
(which requires that they be divided into
segments before analysis) or for cases in
which the excitation is primarily nonresonant.

ILIUSTRATIVE EXAMPLE

A bese-excited spring-mass system is
sub jected to an acceleration inpuf with
maximum spectral density of 1.0 g</cps and
a gpectrum shape as shown in Figure 9. The
system has a 15 cps natural frequency and u
demping ratio of { = .05. The problem is to
find tne mean square acceleration response.

Begin by dividing the excitation into
regions within which the spectral density is
a straight line on a log-log plot. The
total mean square response will then oe the
sum of the contributions of the individual
regions. Three regions are required for this
problem. They are designated I, II, and III
in Figure 9. Tne slopes of the three regions
are 12; 0, and -12 db/bcteve corresponding
to b values of 4, 0, and -4 (from equation
18). From Table I the appropriate transfer
function is seen to be Hg. The mean sjuare
response can be expressed, with the use of
(23), as
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The normalized frequencietc nre

Qa = 20/’&5 = 445
Q = 50/45 = 1.11
Q= 100/45 = 2.22

0, = 250/45 = 5.56
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Since hce = .01 and the term multiplied by
42 18 of the order of the first term in
brackets in the range of interest (szee

the general behavior shown in Figure 1),
the following approximation is velid:

,_ ln
(1, + ¢ I6].M5 = I,(3.12) - 1, (.Lks)

2.22

2 : .
(1, *+ k¢ 12]1.1_1 = 1(2.22) - 1 (1.11)

55

5.
(1, *+%%1,) a1 ,(5.50- 1 (2.22)

2.22
From equation (19) the spectral densities
at Q = 1 are

Y5 4
o son('sg) = 656 5.7y

Sortr * Sor1 (150 2.5 Sop1
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The mean square response becones
mw S
&3 & —,’:—Cﬂl—l{ésé[:h (1.11)-1,(.b45)]
+ 10(2.22) -10(1.11)

+ eh.s[I“h(5.56)-I_h(2-22)]}
From Figure 8:
I1,(1.11) = .78
Ih(.hhs) =0
From Figure U
Io (2.22) » 1.00
Io (1.11) = .90

The series approximation of equation (43)
can be used for region IIIg

1, 5.56) = 4on [(5:397 , 20387 ]
- " -

= 2.5 x 10'6

1 (o) - o) [(220)”, ezee)”

-9
3 3 2;;2} ]

= -3,20 x 10'1‘

(I-k can elso be found by using the re-
cursion relations of Table II, but the series

approximation is mich simpler when applicable).

The mean square reaponse is
m 8
& . _%Il [.656(.78-0) + (1.00-.90)

+ 2.5 (-.025 + 3.20) 10'1*]

- 619 T{}zﬁl

The contribution from region III is seen to
be negligible. This could have been in-

ferred at the outset, but the cslculations
were carried through ir order to demonstrate
the approach. It is of interest to compare
this result with that obtained by using &
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white noite approximation. The white noise
result is given by (24) as

8
B m 2ol (1 4 1g?)

= 664 %1

Thus, the error in ucing a white noise approx-
imation in this case is only 7.3%.

The problem is completed by counverting
the excitation spectral density into approp-
ricte units and substituting into the above
result:

§ .. =1, £ x —=B8 x 1386)2(;“/“‘-‘2)2

oIl cps © 2m rad/sec B
" Lig[sece!e
=2.38x10 sad/sec

m S
B a9 2

= 6.54 x 107 (1n/sec2)2 = 439 32
The rms acceleration is

Rm =20.9¢g

CONCI/ISIONS

A method has been developed for eval-
uating the resporse of linear single-degree-
of-freedom systems to bends of random ex-
citatior. Any integral db/octave variation
in level nay exist within the excitation
tand, and no restrictions are made on the
amount of damping in the vibrating system.
Exact enalytical expressions are given for
computing the response directly for siopes
ranging from -24 to +36 db/octave. The
basic functions required for computations
are presented graphically for the range of
greatest interest, and approximste ex res-
sions are given to facilitate the calculations
in many practical cases.
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! PREDICTION OF STRESS AND FATIGUE LIFE CF
ACOQUSTICALLY-EXCITED AIRCRAFT STRUCTURES*

Noe Arcas
Grumman Aircraft Engineering Corporation
Bethpage, New York

Recently, a technique for predicting the R.M.S. stress on
aircraft structure excited by high intensity noise was !
proposed by Clarkson (3). The agreement he obtained in
comparing predicted and measured stresses appears quite
promising, particularly in view of the relatively simple
form of his results. In this paper, Clarkscn's work 1is
extended in ceversl areas:

1. Modal functions which provide improvad
boundary conditions are used.

2. Further data 1s included in the compurison
of theory and experiment.

3. Statistical confidence limits are obtained
for the predicted stresses.

L. Fatigue life prediciions are made and the
resuits are compared with experimental

i
|
|
|
1

data.

INTRODUCTICN

In recent vears, the need has existed
for a method to predict stress levels and
fatigue life of aircraft structure excited
by high intensity noise. The most widely
uged technique has been a series of design
nomographs developed by Douglas under con-
tract to the Air Force (1). Although
these curves were, and still are, quite
useful, they have been found to be relatively
conservative and limited in the types of
structure considered. (enersl analytical
solutions are also available (2), but these
are too complex tc be used in the early
design stage of an aircraft.

Recently, Clarkson (3) proposed a
simplified technique which could be used in
the initial design phase, and which could be
applied to various types of construction
(rudders, stabilizers, fuselage panels, and
cthers). The method proposed has been shown
by couparison with experiment to provide
vstimates of overall R.M.S. stresses which
lie generally within a factor of two of the
actual values. This appears to be relative-
ly good agreemant in view of the sgimplif-
ications made.

;‘Plpezr not presented at Symposium.

In this study, modifications are made
to Clarkson's technique in order ic improve
the boundary conditions that are uwsed in
the analysis. The resulting frequency and
strese predictions derived from this mod-
ified method are compared to Clarkson's
version, and to a similar technique pro-
posed by Ballentire (4). In addition,
predictions made by using this revised
technique ars compared to actual stress
data that has been accumulated from meas-
urements made at Grumman and data presented
in (3) and (4).

Predictions of the time to faillure of
some structure are also compared with actual
test data; however, the limited amount of
data available restricts the conclusions
that can be made regarding the accuracy of
these results.
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CLARKSON METHOD

The method of stress prediction proposed
in (3) assumes that the criticel stress excited
in the aircraft structure is dve primarily to
responge in & single mode of vibratior. The
assurption is also made that this mode is
excited by a uniform perfectly correlated
random pressure field. Urder these assump-
tions the R.M.8. stress can be written as

3
CH [FC“_ p GP(fR)] 8, (1)

vhere
SRB is the root mean square stress
¢ is the rritical damping ratio

fR 18 the fundamental resonant
frequency of vibration

Gp(fR) is the spectral density of
the pressure at the fundamental
resonant frequency

8 is the stress at the location
of interest per unit static
pressure

The value of the damping ratio for built-up
aluminum structure is generally in the range
of .0l to .C2; Clarkson uses a value of .017.
The spectral density of the pressure can be
obtained from the octave band level. The
required expression la:

apltp) = (.0002) [20"4) (2)
where
A = 8pr, - 10 Log (fe’fl)

is the octave band .evel in dB
oY the octave that conta'ns the
fundamental rescnance.

fz'fl is the bandwidth of *he octave

Gp(2g) i8 the spectral demsity in
[M] iz

af

2qs. (1) and (2) can be used to predict
the stress response of one-sided surfaces
such as "lat plates ur tne panels of an a'r-
craft funelage due to incident accastic
energy. For structure constructed of two
wkins separated by ribs with significant
excitation on o.e skin only, (e.g. horizontal
stabiliczer or elevator) a lower stress re-
sults. This occurs because the ribs and
unexeitéd skin dimin energy from the excited
structure. A value of atout one third of
that obtained by the above equations is re-
commend2d by Clarkson (3). If a structure
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has two skins and is excited on both sides
(e.g. & rudder) the stress will be higher
than the velue predicted for one sided ex-
citation. An increase of 3 dB seems
appropriate, bas=d on Clavkson (3) and other
exper’ nental data (S). Thus the resulting
stress will be about 1.4/3 of that obtained
from Eq. (1).

The type of construction considexred in
(3) consists of aluminum skin-stringer panels
whose ends are attachel to frames. TwO cases
are analyzed: the first assumes that both
the stringers and frames are infinitely etiff,
and for this caece the panels behave as flat
plates with clamped boundaries; the second
assumes the frames are infinitely stiff, but
the stringers are flexible and undergo bend-
ing. The value of 5o and fg required for
Eq. (1) will depend on which of these cases
i considered.

To obtain fgp for the fully fixed con-
dition, che fundamental resonant frequency
of a rectangular plate with clamped boundaries
is 1sed. The value of S, is cbtained by con-
sidering the stress that would result due to
static deflection arising from a uniform
constant pressure field acting on the plate.
The procedure for obtaining S, and fg when
stringer bending occurs is to assune a fund-
amer.tal mode shape and then use energy
equatione to obtain expressions for the de-
gired parameters.

MODIFIED METHOD

In using Ref. (3) a problem arises when
the stiffness of the stringer is allowed to
increase. In that case the stress parameter
predisted by the equations based on the fully
fixed caee will differ from that predicted
Ly the expressions that allow boundary de-
flection. By assuning a more complex mode
ghape, this situation can be corrected.

The mode shape used in this analysis is
made up of the sum of two expressions. The
first term accounts for panel deformation.

It is taken as the product of the mode shapes
of a clamped-clamped beam in the x and y
directions and is given by

L {coshOx-cos0x-M( 8 inhox-81indx) ]

{coshiy-cosNy-M{sinhfy-sinty)] (3)

where 7, ©, and M are constants dependent on
the mode of vitration being considered. This
mode shape differs from that of Clarkson,
who used the static deflection shane of a
plate under uniform pressure. The second
term account. for the additional deflection
due to stringer flexibility. It consists of
the static deformation shape of a clamped-
clamped beam under a uniform load and is
expressed by
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where

A is the besm length.

The entire expression consists of the sum of
both terms or

w=kw1+w2 (5)

where k is a constant devendent con the rel-
ative stiffness of the plate and supporting
stringer. The coordinate system used is
shown in Fig. 1.

An erergy approach as outlined in
Ref. (3) can be used to obtain an expression
for the fundemental resonant frequency. By
equating the expression for the maximum
kinetic energy to the maximum strain energy
one cblains

‘”32 = (2 + c /ey + ¢ (6)

where

¢ = u98.31x2(§3 + %’3) + :% (oD + EI) (7).

e )
C, = 301L.95- + 33.18 ;3— (8)
C, = 0016 a(py+ptd) + .99 X2 abpt (9)
Q = -066 ptkba (10)
end

edge

B o e e — e — —

e T E —

D = Et3/12(1-%) (11)

and
p is the mass density of the plate
F is the elastic modulus

J is the cross-sectional moment of
inertia of the stringer

v is Poisson's ratio
The constant k must now be evaluated. The
correct value far k is that which ainimizes
the resonant frequency. Differentiating
the frequency expression with respect to

k and setting the result equal tc zero
results i the following quadratic equation.

o + nkep = O (13)
where

.2
m = ptDa(33.1 %e + .0k32 23 + @) (14)

n - Da(pg*otb)(l-585(§3 ud 23) + :;é)

-1.593 E}‘l (bD + EI) (15)
P = 22 ( .0528ppD- .0531ptET) (16)
and

pp is the mass per unit length of the
stringer.

Fig. 1 Coordinate System

The stringers are
located at
x=0 0sysa x=b

O<ysa
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Bolution of this equation gives the appro-
priate value of k for sny particular problem.

The energy approach can also be used
to obtain expressicns for the stress paran-
eter 85. This is done by equating the work
done by the static pressure to the maximum

strain energy of the structure. The re-
sulting equations are

Blge x =0,y =af2, z =t/2

G
1 kK .18
B, = mg (39.88 2 - _..52) (17)

Center x =b/2, y =ma/f2, z = t/2
G
1 1 . .18
B, = Bty (24.24x (b-2 + —3%) + —:‘.2) (18)

End x=b/2, y=0,z=t/2

g = %ﬂ (39.88k + 1.122) (19)
y a 02
where
9 '%D s thAb (20)

2,
G, = 249.2 & i)

b 4 . EI
+ =) + = (b=
a3) 3 (b+5°)
K Kb
+150.95 i 16.59 ;‘5 (a1)

It 1s of interest to compare the re-
stilts of the modified approach with those of
Ref. (3). Eqe. (6) through (21) were solved
for a range of parameters using a digital
computer program. Fig. 2 presents compar-
isons of frequency predictions using the
two methods. The results are seen to be
in close agreement.

Tue major difference between the two
methods 1ias in the prediction of the stress
parameter 8. The stress parameter for the
modified version will approach the fully
fixed value as the stringer stif’ness in-
creasus. The results of Ref. (1, ’'» not
show .nis effect. Figs. 3 and ! present
plots of the variation in strese parameter
with increasing stringer stiffrs:cs.

Under conditions where the assunption
that all the boundaries remain fully fixed
is justifiable, Eqs. (§) through {21) can
be simplified by letting EI approach in€inity.
The sxpression for the fundamental resonant
frequency for the fully fixed case then
becomes

7 ki o i midieg

4

2
+ .606(%) )

N
£ = 2.3.9(10'5):‘—>2 (1+(:—’) (22)

R

where &, b, and t are expressed in inch
units. The corresponding stress perameter
expressions are

Center

b2 by 2
8, = -.517T () (1+.33(3) )8 (23)

-

Edg
2
b
8, = .8519 (E) /B (24)

vhere

B b2
B = L.kb2 + L.Mb2(Z) + .8737(3) (25)

Couparisons between predictions from
Eqs. (22) through (25) and curves presented
in Ref. (3) are shown in Figs. ¢, 6, and 7.
Also shown are predicted results obtained
from equations derived by Ballentine (L).
His expressions were obtalned by using

W (1-cos¥) (l-cosa—;! ) (26)

to represent the fundamental mode shape of a
clamped-clamped plate. All three expressions
yield similar results for the resonant fre-
quency; however, significant differences
occir in the prediction of the stress peram-
eter. These differences are due to the
different mode shapes used in the three
analyses. The mode shape used herein appears
to provide the best approximation of the
three; for large aspect ratlos it reduces to
the correct shape for one dimensional bend-
ing.

COMPARISON WITH TEST RESULTS

Once the fundamental resc..ent frequency
and stress parameter have bean determined,
Eq. (1) along with the required multiplying
factor can be used to predict the R.M.S.
stress for a known excitation. Such cal-
culations have been performed for a large
number of structural configurations for
which test data is available. Tuaree sets
of test data were used:

1) Grumman data ohtained from fatigue
tests and field measurements

2) Data for various alrcraft structures
presented by Clarkson (3)

3) Laboratory ¢ata on simple stiffened
panels reported by Ballentine (4).
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Fig. 5 shows a plot of the predicted vs.
maasured stress for all these collectiona.
The prediction method reported herein was
used to obtain the calculated values. A
tand showing a factor of two variation is
alpo shown in the plot. Most of the data
is seen to fall within this range.

In order to obtain further insight
into the accuracy of the prediction method,
a statistical analysis o the results was
carried out for the data shown in Fig. 8.
The mean and standard deviation of tte ratios
of measured to predicted strecses were de-
termined for all three collections, and the
results are presented in Table 1. In
sddition, yrobability distribucion functions,

hased on an agsumed normal density, have

Leen plotted and are shown in Fig. 8. To
use the results of this statistical analysis,
e multiplier is selected based on the con-
fidence desired The predicted results are

then mult!plied by this factor.

In lcoking at Fig. 9 it is apparent
that the Grumman data showed th= poorest

agreerent of the three. This is vrobably

due to the fact tnat this collection in-
cludes specimens with fiexible boundary

conditions; but, the others do not. It is

also apparent that the Ballentine data

showed the best agreement. This is prob-

ably due to severa! factors:

10000 ™"

R

Predicted RS Stress Iub/i.:|=2

4 — Grumman

4 = Cla: ason

o — Ballentine

100 300 569

™7 T T - —rr r.r

1000 3000 5000 10000

Measured R.M.5. Stress I.b/in.2

Fig. 8 Measured vs. Predicted Stress for all Three Collections of Data
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Meen and Standard Deviation of the Ratio of the Measured to Predicted Stress

Y T ——— e " L S —r TTPRETUT PR T, | ey ey e ,T

''ABLE 1

Source of Sample Mean W Standard Bou..dary Tvpe Of
Measured Size Deviatfon Conditione Structure
Data
Grumman 38 1.073 .886 Mully Fixed and Collection of Rudder,
Stringer Deflec-| Fuselage, Vertical
tion Fin, Elevator, and
Bonded-doubler
Pavels.
Clarkson 59 .962 .530 Rully Fixed Collection of Rudder,
(3) Fuselage, Elevator,
and Stabilizer Pan:ls.
Ballentine 28 .923 .29 Fully Fixed Single Skin
(%) Rib-Stringer Panels.
100 <
by
~ N
%0 1 -.\ \\ e Grumman Meas.
80 - e & w—m (Clarkson Meas.

- Meas. Stress =
Percent of Times Pred —Strese R
& 98

= = == —~ Ballentine Meas.

Fig. 9 Probability

Distributi~ne of the Ratic of M-.sured to Predicied Stress
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Ballentine's test panels shoved primarily
single mode response, whereas much of
the Grummen date showed multi-mode
response.

The spectrum level was carefully con-
trolled in Bellentine's tests, whereas
the spectrum level had to be calculated
from octave bend measurements for

other data.

Brllentine tested single skin riu-
stringsr panels; the other data con-
sists of tests conducted on a greater
variety of more complex stiucture.

FATIUE LIFE FREDICTION

Life predictions were determined for

four-test specimens which had experienced
fatigue failures due to ccoustic loading.
Stresses and frejuencies calculated by
using the equations presented in this
study, and S-N curves available in (k)
were used to determine the fatigue life.
The caiculated and actual values are shown
in Teble 2. Exaninaticn of the results

TABLIE 2

shows that the prediction of fetigue life
is by no means accurate. At this point,
the best one can hope for is that evidence
of future problems can be detected in the
eurly design phase. This would have been
true in the four cases given in Table 2.

CONCLUSIONS

A technique which ~an provide reason-
able esvimates of stress and time to
failure of eircraft structure excited by
high intensity noise is presented. A com-
parison between predictions made on actual
structure and test datas has been used to
obtnir statistical information on the pre-
diction method. This information provrides
the designer with some much needed data
for designing safety factors into the
aircraft structure witlout being ¢riiemely
conservative.

The nccuracy cbtalned in the stress
predicticus is :-ather surprising ia view
of the simplificatioas involved in the
theory. However, to go beyond & simple
enalysis of this form and include some of

Comparison of Predicted Fatigue Life
With Actual Values

Type Predicted *Meas . Predicted Mesas. Predicted Predicted | Actual
or Resonant Resonant R.M.S. R.M.S. Life Life Time To
Specimen Freq. Freg. Stresg Stress -95% Mean Feilure
Ez Hz Lb/in.€ tb/In.2 | conf. Level| curve
Hrs. Hrs. Hrs.

Rudder 265 370 6110 5000 1.2 5.4 8
Rudder 353 350 3970 3200 6.3 28.4 8
Horizontal 399 500 2040 2900 21 9.5 12
Stabilizer
Vertical 224 - k170 - 8.7 39.2 4o
Fin

#Where multi-modsal response occurred, a mean resonant frequency was estimated

and used for the meusured value.

06
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the effects that were neglected (multi- good collection of 1life and stress data on
mode response, non-uniform pressure field) identical panels tested in a similar rnoise
would lead to more involved calculatiours. environment would be helpful in establish-
The resulte might also be of small benefit ing an ultimate goal thet could be achieved
for design purposes. by aralytical procedures.

A great deal of additlonal informsticu
on specimens that have undergone failure
is required to check out the ac~uracy of
fatigue 1ife predictions. In addition, &
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VIBRATION ANALYSIS OF C0, PLEX STRUCTURAL SYSTEMS BY

MODAL SUBSTiTUTION

R. L. Bajan and C. C. Feng, University of (clorado
Bouldzr, Colorado

and

I. J. Jaszlics, Martin Marietta Corporation,
Denver, Cclorado

i e

An improved analytical method for the vibration analysie of complex struc;41
tural systems is presented. The structure is divided into several subsys-
tems, each of which is represented by its normal modes of vibration. The
vibration modes of the complete system are obtained by either partial, or
full modal coupling of the subsystem modes. The salient feature of the
present method is that the resulting e{genvalue problem is kept relatively
small by introducing the subsystem modes into the analysis in sequential
groups, rather than simultaneously as is usval in conventional vibration
analyses, The system modes thus obtained are convergent to the modes ob-
tained through conventional solution of the complete eigenvalue problem,

A modal error contribution algorithm is developed to optimize the sequence
of irtroduction of the subsystem modes into the analyais. A simple ex-
ample is presented which shows the rapid convergence of the method.

INTRODUCTION

Dynamic load and stability analyses of com-
plex, flexible structures require the applica-
tion of extensive mathematical models, iacorpo-
~ating a large number of discrete structural
aegrees of freedom, Present practice, especial-
ly in the aerospace industry, is to solve for
H the vibrstion modes of the structure first, and
then to utilize a 'modal,' rather than a dis-
crete-element mathematical simulatior in th2
load and stability analymes. The displacements
and loads then may be obtained by transformz-
tions from the modal coordinates tn the discrete
coordinates. The economy of this approach for
undamped structures that can be represented by
H second-order linear differential equations is
very inviting, The stiongly coupled discrete
systex, whose inertial and stiffness properties
are described in the foum of large matrices, is
replsced by an uncoupled system, with diagonal
H mass and stiffness matrices., 'The simplicity of

the approach is retaired for damped systems when
the damping ma*rix in modal coordinates rzmsins
diagonal,

The computation of the vibration modes ot
H an undampid structural system with n degrees of
freedom requires the solution of a real eigen-
value nroblem of the order n. In the case of
some complex structures, such as aircraft with
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externai stores, or coupled space booster-pay-
load systems, several hundred degrees of freedom
may be necessary for adequate description of the
structare, The direct solution of eigenvalua
problems of this size presents considerable com-
putaticnal difficulty.

The current trend in computing the normal
vibration modes of complex structures involves
"modal coupling" of the vibration modes of con-
veniently defined subsystems. The subsystem
modes are computed by utiliving the discrete-
element analytical model avsilable for each sub-
system, The system model is then synthesized
from the modal representations of several sub-
syutems, rather than from a large number of dis:
crete elements, When all available subsystem
modes are utilized (full modal coupling), the
number of degrees of freedom is not rediced in
comparison with the discrete-clement mcdel,
However, highly accurate system mocdes can be
computed by utilizing only a relatively small
number of modes from esch subsystem, resulting
in a reduced eigenvalue problem, This method
(partial modal coupling) was first presented by
Hunn [1, 2] for the free vibration analysis of
aircraft. The method of partial modal coupling
was defined in a systematic matrix presentation
by Gladwell [3], and was extended to multiply
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connected continuous systems by Hurty [4, 5].
Hurty (61 is also credited by the development of
an error algorithm that can determine the dif-
ference hetween the eigenvalue of a mode obtained
by partial modal coupling and the eigenvalue

that would be ot.ained by full modal coupling.

A prob.em that is inherent to the partial
mod1l coupling method lies in the sclection of
subsystem modes for inclusion in the system
aralysis. Vhen only a few of che available
modes are used, the resulting eigenvalue problem
is small; lowever, the accuracy of the results
may suffer. Using too many subsystem modes can
result in the loss of computntional economy that
is one of the inviting feainres of the method.
Gererally, semi-empirical criteria, such as se-
lection of subsystem modes below a specified
natvral frequency ere employed in the attempt to
crtinize the formulation of tlie system equations.

The method of vibration analysis presented
here is an extension of the partial modal coupl-
ing concept. In a manner analogous to partial
model coupling, the homogeneous equations of mo-
tion arc formulated by using some cf the avail-
sble subsystem modes. The resulting eigenvalue
nroblem is solved for the approximate system
modes. Some of these system modes, defined as
the '"oblect modes," are retained in the succeed-
ing steps of the¢ analysis. The approximute sys-
tem modes not included in the group of object
modes (the "deleted modes’) are temporarily dis-
cerded. The eigenvalue error of the object modes
is then definel es the differeace betweea their
computed eigenvalues and the eigenvalues of the
corresponding system modes which could be ob-
teined by full modal coupling. The objective is
to "improve" the object modes until their eigen-
velue errors decrease below a predetermined al-
lowable error.

Pollowing the initial step described above,
¢ new group of thus far unused subsystem modes
(the 'replucement modes") is introduced into the
system eigenvalue problem, replacing the deleted
modes. The selection of the replacement modes
is based on a modal eigenvalue error contribu-
tion elgorithm. This elgorithm determines the
epproximate contribution of each unused subsys-
cem mode to the eigenvalue error of each object
mode just computed. Since th: eigenvalue error
is caused by the absence of the unused subsystem
modes, the logical candidates for inclusion in
the group of replacement modes are the modes with
the largest eigenvalue error contribution.

The new eigenvalue problem, defined by the
object modes and the replacement modes is now
solved. The cowputation cycle described sbove
continues until the object modes are improved to
a desired level of accuracy. At this point, a
new group of object modes may be selected, or
the enalys{s may be terminated. It must be noted
thet all of the availeble subsystem modes way be
used up as replacement modes before :.tisfactory
improvement of the object modes is achieved. In
this cese, groups of the previously dzleted sys-

ten modes may be reintroduced into the analysis.
The prccess described above 1s convergent, and
when the improved object modes are continually
replaced by new object mode groups, it will re-
sult in all of the system modes that could have
been obta’ned by full modal coupling. While the
method thus way be used to solve the full modal
coupling equuiions through successive small
eigenvalue solutions, ro economy of soloticn is
claimed for its application in this manuer.

Its main applicability lies in the ares of
partial modal coupling, when only some of the
system modes are cCesired. It will obtain these
modes in & rapidly convergent process, to any
desired degree of accuracy.

ANALYTICAL DEVELOPMENT

The system equations of motion for full
modal coupling cen be written in matrix nota-
tion:

(11" () (TG} + (T1(RITI o} = o} (D

wnere [m] and [k] denote the disccete-element
mass end stiffness matrices, respectively. The
vector of discrete-coordinate displacements {x}
1s related to the modal coordinates {q} through
the modal coupling transformation matrix [T].
The transformation can be partitioned as:

= [0 t" * @)

In general, the sub-matrix Tn containsg all

of the aubsystem normel uwde shape vectors, one

subsystem mode in each column. The columns of

the sub-matrix Ec contain the connection trans-
c

formations, which are a set of independent vec-
tors forcing compatible displacements of the sub-
systems. A detailed derivation of the connec-
tion transformations end the modal coupling
transformation matrix is presented in Ref. (7).

The stiffness and mass matrices formed by
the triple matrix product in Equ. (1) can be
partitioned in accord with Equ. (2):

PRI
(T}’ (] (T) = (M] = _Mec_: _cn (3)
ncl nn
Ll
and
x 1K
(1) "[k(T) = [K] = [L€€ ;_KE'!. )
L nc: an

and for enerjy-normalized subsystem modes,

K = [~«wR.) (the diagonal of the
. natural frequencies
squared), and )

Mo." ~I.) (the identity matrix)




When the subsystem modes are defired as
fixed-constraint normal modes [7],

[%] * [Fad = ©

A special cace of modal coupling is inertial
coupling, where [¥_1 1is diagonal or zero and

cal
[K ] and [K ] are zero.
Ceny nc

The equations of motion for paztfal modal
coupling are similar to Equ. (1). The submatrix
T,| t8 further partitioned into '"retained" and

"ynused" subsystem normal modes (indices nr and
nu, respectively):

[Tn] - [Tm_i Tm;I )

The partial modal coupling transformation ma-
trix [T ] will only include the partition T“ﬂ .
i

and the submatrix [rc]. [Tc] must be include

in its entirety, since it contains the compati-
bility equations for all of the subsystems. The
modally coupled system mass and stiffness ma-
trices are formed exactly as these for full modal
coupling (with the subscript o denoting parcial
modal coupling):

[ - Bef 2 et < ] ]

and {8)

[] = [t ] 09} 2] =[] I

In vibration analyses by partial modal coupl-
ing, the system equations of motion analogous to
(1), but with the mass and stiffness matrices
showi: in (8), are solved for the mode shapes
EﬂJ , and the frequencies tﬂo . The matrix E&J

is the matrix of eigenvectors for the character-
istic value (eigenvalue) problem associated with
he equations of mntion, and the diagonal matrix
t‘ (or the diagonal matrix [ﬂ's , depend-

ing on the method of solution) is the matrix of

the eigenvalues. The elemenis of [¢;] may be

regarded as participation factors for the vec-
tors in To in each of the system mode shapes.

The mode shapes in the discrete ccordinates may
be obtained by the transformation:
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Equstions (7,8,9) are also used in the
initial cycle of moda! substitution analysis.
The analysis, however, is not terminated after
the modes [Xolare obtained. Instead, [Xo] is

now partitioned into the object modes (subscript
o), and the deleted modes (subscript of):

(9 [winel 0

During subsequent cycles of the analysis, the
number of object modes Na will remain constent.

The number of deleted modes NB , and the number

of degrues of freedom in the modally coupled sys-
tem model (N = Nﬂ + Na may vary from cycle to

cycle, cr they may stay constant.

Following the partitioning of [ch , the modes
[xoB] are replaced by a new group of subsystem
modes anl , selecied from the unused subsyst<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>