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FOREWORD

This paper describes an algorithm developed for solving a special class
of generalized transportation-type problems of moderate size. Problems con-
cerned with optimal aliocations of resources subject to meeting a given set of
requirements such as marketing, routing, production, and weapons allocation
are frequently of the gereralized transportation type.

The generalized transportation-type problem considered here is a linear
programming problem with solutions giving the allocations x;; of the jth re-
source to the ith opera'ion such as to maximize a given profit function. The
requirements specify the limits on each of the n available resources as well
as the operational limits of each of the m operations. In addition the opera-
tional capacity of the ith operation when the jth resource is assigned to it is
known. The structure of such problems (one constraint for each row i and
each column j) enables an algorithm more efficient than the general simplex
algorithm to be used for finding a solution.

The algorithm is intended to solve moderate-sized problems faster than
will general simplex algorithms. It requires less computer storage than gen-
eral simplex algorithms, thus making it particularly useful when a limited-
capacity computer memory is all that is available.

Nicholos M. Smith
Head, Advanced Research Department
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ABSTRACT

The algorithm described in this paper is used to solve a special class of linear
programming problems characterized by constraint coefficient matrices having gen-
eralized transportation structure. Specifically, n available resources are allocated to
m capacity-limited operations (where the operational capabllity of assigning the jth re-
source to the ith operation is known) such as to maximize the total profit for the system.
The row-and-column structure of such problems permits an algorithm more efficient
than the general simplex algorithm to be used to solve moderate-sized problems (prob-
lems where loop-tracing techniques or equivalent schemes are not required). It is not
required in the problem statement that all the resources be allocated or that all opera-
tions be performed to capacity limits. It is characteristic of such problems, however,
that the optimizing solution usually requires that at leastone of the two conditions holds,
i.e., either supply or demand is exhausted. The paper contains a description of the
algorithm, a computer program, an example illustrating its application, and some com-
parisons with the general simplex algorithm in solving the same problem.




1. INTRODUCTION

The algorithm presented here yields optimal solutions to a special class
of linear programming problems that are characterized by constraint
coefficient matrices having generalized transportation structure.t The algo-
rithm preserves primal feasibility and the complementary slackness condition

at all times; hence feasibility of the dual constraints forms a set of necessary

and sufficient conditions for testing optimality.

The need for the present algorithm arose initially in application to an
optimal weapons-allocation problem as part of a larger nonlinear minimax
problem employed in an earlier RAC study' in this area.

A specialized algorithm (similar to the one given here) for generalized
transportation-type problems appears to have been first used by Ferguson and
Dantzig.”®

The algorithm can be divided computationally into two phases: (1) the
matrix maximum phase and (2) the simplex phase. In phase 1 the algorithm

permits only vectors associated with positive cost to enter the basis and only
basis vectors associated with slack variables to leave the basis. In phase 2
the selection of the next neighboring vertex is currently made as it is done in
most simplex algorithms (sece Ref 4, Lecture V and the appendix).

The particular structure of the constraint coefficient matrix permits

economy of computation by employing the equivalent of a doubly indexed sim-

plex algorithm.
2. PROBLEM STATEMENT

The algorithm presented in subsequent sections yields an optimal solution

to the following class of linear programming problems. ‘

tThe details of this structure will be considered in Sec 3, *Problem Structure.”
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Maximize
m.n

Iocix) with respect to x
l"

subject to the constraints

’_}’l di’jxl” Sa,,a,>0:0=1,..., m)
) (1)
Elh”x”. ib, . b,. >O0:=1,...,m
X, 20
¢’ >0 (l ]. e v ey m)
- G-1, ,
d” . hl’,. >0
Under the correspondences
ij hl’)xl’l
dyy = /g (2)
¢, =c¢./h’

an optimal solution to Prob 1 can be found from finding an optimal solution to
Prob 3.

Maximize

m,n
" :
Ik with respect to X,

subject to the constraints

n
El d”X”‘_\a|,ai>0;(|-l,...,m)

(3)

y a-1,...,m
C )0 ’ ]
G=1...,m

The algorithm finds an optimal solution to Prob 3.

It should be observed that both the row and column constraints are inequali-
ties. It is characteristic of such problems that the optimizing solution has the
property that either all the row constraints, or all the column constraints, or
both all row and all column constrainis are binding when all ¢, i 0. If equalities
are imposed on the column constraints and the row inequalities are of either

type, we nave the generalized transportation problem considered by Hadley.’

4
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If both row and column constraints are equalities, Za; = L b, and d;; = 1 for

all i, j, the problem reduces to the standard transportation problem.

3. PROBLEM STRUCTURE: GENERAL DISCUSSION

The general simplex algorithm may be used to solve Probs 1 or 3. For
large mand n, however, it is not practical to do so. Writing the components
X;; of x € Emn uging a single component subscript index k for x, (as is done
when using the general simplex algorithm), we see that the constraint matrix
A contains mn(m + n - 2) zeros.

If g is the component subscript indexing function [g(i, j) = k] for the

vector x, then for the problem

max {(c,x) x ¢ E™ c e E™

X
Ax<b beE™" p>0 (4)
r20

A assumes either of the two structures

dyy ... dy,
drtaos
. dpy o dm" (5)
l" lﬂ l'l 'n
when gli,j)=nti -1} + j=k (1 <ism1<j<n
where 1, is the identity matrix of order n or
IM
llﬂ
! e (®)
T 6
dy dyq i,
ay dyo
dmn dm2 dmn
when gi,j) -mij- D +i-k(1sjsn, 1<is=m

where 1, is a row vector of m ones.

+The right-hand side column vector b here includes m + n components (m a and n b))
as in Prob 3.

1
J
Y N
B i o i = i -




Any other indexing by g (besides interchanging upper and lower blocks)
produces a less uniform structure for A. Structure 5 for A is associated with
generalized transportation-type problems. When all d” = 1 the structure of A
in Structure 5 is that of coefficient matrices associated with transportation
problems. Structure 5 for A will be assumed when introducing suitable basis

vectors for the solution space later on,

4. OPTIMALITY CRITERIA

The algorithm preserves primal feasibility Pand the complementary
slackness condition S at all times and uses the feasibility of the dual-
programming problem constraints D as the optimality test criterion.

The three sets of Conditions P, D, and S are explicitly

Ax + 1 x = b Aw -1 we = ¢
Pl x20 D:dw,_ 20
X s ()
x,20 w20

S {wx O+ (ws,x) =0

where ' denotes transposition
(,) denotes inner product
b:=0
c>0

See Ref 6, Pt 2, p 58, for a discussion of Conditions 7.
Real vectors r,w that satisfy Conditions P, D, and S also solve the pair of
dual linear programming problems

m?x {c.x) subject to P (83)
man (w,b) subject to D (8b)

Problem 8a is solved with Conditions P and S always holding, hence Condition D
becomes the set of necessary and sufficient conditions for optimality.
In practice the algorithm enforces the following stronger form S of Con-

dition S, namely,
W,x) + (Wexy - 0 at the component level, (7§)

= Aot s e it " %*MM

=
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fe., x>0 =w5_’ =0; X5, > 0=w, -0. Since the dual space constraint
Aw - I, we = ¢ holds for all w,w, throughout the algorithm, Conditions D be-
come the set of necessary and sufficient conditions for optimality, i.e.,

w20, w20 (1D)

5. PROCESSES OF THE ALGORITHM

The general processes of the algorithm, the details of which will follow, are

(1) Generate basic primal feasible solution using complete or partial
matrix maximum (Conditions 7P are satisfied by exactly m + n positive primal
variables x,x; while the primal objective function is increased).

(2) Solve for the dual space variables u, and v; using Condition 7S and
knowledge of the structure of basis vectors associated with the positive primal
variables.

(3) Perform optimality test (test Conditions 7D). If there are no viola-
tions the current basic primal solution is optimal.

(4) For nonoptimal solutions find the largest violation of Conditions 7D.
Identify the associated vector for entry into the hasis for the primal solution
space.

(5) Find the representation of the entering vector in terms of vectors in
current basis.

(6) Preserving primal feasibility Conditions P, select vector to leave the
current basis.

(7) Express the solution in terms of the new basis.

(8) Return to step 2.

6. DETAILS OF THE ALGORITEM
The detailed description of the steps of the algorithm is presented here,

1. Generation of Basic Primal Feasible Solutions

The matrix maximum method of generating solutions x;; is a process that
makes allocations (assigns values to x”.) to payoff elements ¢ of a matrix P

of payoffs as follows:

RAC
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Let

ok x

yl ot ¢ 0 and Xm: ? ()l (1 I, PR ")

/

(9)

where

"") ! R
x,,- and X represent the residual “slack” in row i and column j (Prob
3) after a set {x,] of allocations has been made. In Conditions 7 x; =

* . If either x,,- or x = (0 then no further

[t STEIOR RO " I S
allocations involving row i or column j can be made since either the ith capac-

m’)

ity has been achieved or the jth resource exhausted. Initially P is the matrix
b..

of all ¢, since x,. =a, and Ywy = b

For each allocation x,, of the matrix maximum method let
Crtf nlu:x lculcu e Py (10)

then choose

}5 . {ak ’El dy Xy, X "
1 . lkl' min d— . (. I.. Il? .
et ' (11) !

min Ly VX !
dep Tl f

This choice for the value assigned to x,y eliminates either row k or column ¢

| from the matrix P of payoffs for the next iteration. The new values Xpns Xm't

for xz,- and x,; are found as follows:
It Xen’ k

X
kf d,q h

then (12)
Yew' Fin' - dk[’xkf 0

Xt ™ Xt~ Xp

RAC




If

Tnt Ty

then (13)

Ten' - dkl’xm'f'

Tun’

x,;,? Xpp ~ Xp 0

el

In the first case 5,,“,

P P--lc,plx';”. o a 1,...,m.

new

: lck’-|x,;n. 0l G:-1,...,n. In the second case

If :::—'; = x, then an arbitrary decision is made to perturb x, . by a small
amount epsilon.
The matrix maximum procedure can be terminated in either of two ways, .
by exhausting the matrix P of payoffs (complete matrix maximum) or by assign-
ing a fixed number (less than the number of iterations required to exhaust the
matrix of payoffs) of positive allocations X, to be made (partial matrix maximum),
Throughout the matrix maximum iterations exactly m + n elements of the
vector X of allocations (x,-,-, Xivico xm.,-) are positive. The vector X satisfies Con-
ditions 7P for primal feasibility.
The matrix maximum procedure proceeds from a vertex of the solution
space to a neighboring vertex as does the simplex procedure, but specifically |

it proceeds to the vertex that has one less positive slack component and one

more positive nonslack component (i.e., component having positive cost c,,-);
hence the former is more efficient using a per iteration comparison. The
matrix maximum procedure is not sufficient, however, to achieve optimality

in general.

2. Solving for Dual Space Variables

The vector X, resulting from application of the matrix maximum process
(partial or complete), is a candidate optimizing point since it is an extreme

point (Ref 4, p 58) of the convex set K of points (x,x,)’ satisfying Conditions 7P

Ax + | x b, x>0, x 0 (7P)

men s s
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The linearly independent set (a basis) of m + n vectors corresponding to
X° = (x9,x?) ’ (the subvector of positive components of ¥ is defined as follows:

If x> 0 then d‘,?l + -e.m“T is a member of the hasis
If x,,-> 0 then ?‘ is a member of the basis (14)
If Xy > 0 then ?'“’ is a member of the basis

Recall that in the matrix maximum process if x; > 0 then not both x;,- >0
and x,,; > 0; hence if 4,7, +7,

ijei ms+j

is a basis vector then not both 2; and &, ;

are basis vectors. Conversely, if both x,. > 0 and i > 0 then X = 0; hence
if 7, and 7, ; are basis vectors then 4,7, +7,,; is not. The setof m +n column
) using Definition 14 and denoted by B

(the ordered matrix of such column vectors) is thus linearly independent and

vectors selected from the matrix (A,l,

satisfies the condition
BX®- b
Hence X is an extreme point of K.
Corresponding to X° satisfying the equation BX° = b is a vector w°® satis-
fying the equation B'w® = ¢° where ¢® is the vector of costs (payoffs)

associated with X°, If the m + n components of w are written w =

My, Uy, Uy, ..., 1) then the scalar form of the equation Bw = ¢ or wB =
¢ is
A+ vy - c?’ W xg 200 (m+n) equationa
u, =0 if x>0 (15)
v, =0 if x>0

Solutions to Eqs 15 satisfy Condition 7S, (wx,) + , x) =0. Since x;,- >0

implies u; = 0 and Spj > 0 implies v = 0 then (w, x¢) = 0, Similarly, if
X > 0 implies ws, = d¥; +v - ¢j =0 then (w5, X) =0,

3. Optimality Test (Testing Conditions 7D)

The set of necessary and sufficient Conditions 7D required for optimality

of X° is rewritten here for reference.

12, here is a unit column vector in Em+n

?I = (0'0,... ,1.0,-...0)'.
ith component

10




w, 20 (7TD)
(7D

du v - u'm < | mn equations
w0 1 mninequalities (16)
K (7D)
M, =0, v 0 | m .+ ninequalities
Let G, ..., ud, vy, ..., v be the solution to Eqs 15. Since Eq 16 must

hold for optimality we must have u-?_ 20, “.°= 0, ";‘o- 0(m + m « n) inequalities ]
i}
where

ws” Tl ’) ’ (I] (17)

Ifwd 20,u220, v®> o for alli,j then X° is optimal and the algorithm is
]
terminated. If, however, u? < 0 for somei,j or u® < Oor u,.° < 0 for some
if

i or j, an improvement in the solution X° can be made.

4. Nonoptimal Solutions; Finding the Greatest Violation of
the Dual Space Constraints; Identifying the Associated
Vector for Entry into the Primal Solution Space Basis

The greatest violation, V , of the dual space constraints (Conditions 7D)
is simply

) 7 . ) o = o 0 . 0,0
V - min n:::] Iusuluslj Ol,m:n bajju” < ol m:n h,’ IL, < of (18)

Depending on which of the above three bracketed minimums is largest in
magnitude, the corresponding vector criosen to enter the new basis is one of

the three types of vectors 4,7 . ,,.¢ . or @, . .

5. Finding the Representation of the New Basis Vector in
Terms of the Current Basis Vectors

Consider the three cases (a) V = w? , (b) V = u?, (c) V = 12 that can
t)
result from Eq 18.1 The vector equation to be solved for a singly indexed sys-
tem is

- I
A By, or v B A (19)

TThe bar denotes the minimizing index or indexes in Eq 18.

11
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é wherc y, is the vector of coordinates of Kk relative to the basis of column
4 ' vectors, of B.
Corresponding to cases a, b, or c the following vector equation is solved
« for y,, , the m + n components of the entering basis vector.
(ﬂ) d.;‘r + ?
®) e z Y2 2,0 .l,'lj,?l g y:”?m, (20)
! (c) ?m; x> 0 1, >0 ‘m', > 0
Equation 20 leads to the following three sets of scalar equations in y”, y:;', or
y”'
For Eq 20a
Z y:;d” = dyy b=
‘u; >0
tG=1...,m
%y-:;- i =0 it 14
x” > 0
- ] (21)
r Zly A | if j=j
‘ x> 0
G=1,. n)
’ b3 y-:’- =0 if ) 7]
i i
X >0
1 For Eq 20b
' T B
t_] ‘.’.y:';d” W=1...,m
! x”>0 0 if i+# (22)
;,7;;’ - G=1....m
E xl, >0
b For Eq 20c
[ \Ty",',"d,, 0 -1 m)
x” >0
L ] (23)
% ¥ ,’ G-1, n)
X, 0 o if )4
12




6. Selecting the Vector To Leave the Current Basis

Once the vector that enters the new basis has been found, the associated
positive components of the new primal solution \‘:M must also satisfy Con-

ditions TP for primal feasibility. Hence we have

o o .0
BAY B N, b Aot b 0 (24)
or
-
(a) d--c- + (‘m" (a) d;)’(’l- ‘ t""T
0 - -
BXC - 0 [lb) CT « 0 D) e b (25)
5
{e) ?nny () mey
) By ) i P
BX° - 4 {b) By R O b (26)
() By™7 () 2
(ﬂ) U)-”- (ﬂ) dﬁ“’l‘ + ?HH)
B {XO- ®) oy code 2 b (27
(c) 0)"'”- (c) ?mlj

Since X., >0 we have in particular (a) 18 = 6>0,or(b)s2. =6 >0, or
(c) x;»,- =8 >0 corresponding to the new basis vector a, b, or ¢. The remain-
ing m + n - 1 column vectors of B, are determined by eliminating that
column vector of B whose new associated primal solution component xf}mw
vanishes.

This elimination is accomplished as follows. Writing the expressions in

the left braces of Eq 27 in component form, we have

(a) 0)?:-
® 2 b o,f'; for all G,j) 3 x, 0 (28a) 4
new
(©) oy
x‘l’" — x?"- ('\:'z, forall tn*) 3¢, 0 (28b)
O for all m') 3 x,. - 0 (28¢)
&
Since we want x® or X, , OF Xp- to vanish we select positive 6
Upew new lnew
from Eq 29 i
L
13 \
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~ 1 -- ,
ol 7 . T TR G 1,.... m’)
i N R T D) (29)

Yy
If the minimizing indexes in Eq 29 are (i,j) = (p,q) then € = 0 and

Plnew

pq?p + E'"“q leaves the basis if p #m or q # r, E'p leaves the basis if a =,

and ¥,,, leaves the basis if p = m".

d

7. Expressing the Solution in Terms of the New Basis

The new solution .\':cw has components expressed by Eqs 28a to 28c with
6 = 8 . In particular, as mentioned before, x,‘,’q ~=0and x?,. =8 for the

primal variables associated with the leaving and entering vectors respectively.

8. Return to Step 2

Self-explanatory.

~. EFFECT OF NEW SOLUTIONS ON VALUE OF OBJECTIVE FUNCTION

There is associated with any violation of Conditions 7D a new solution
(X:ew) to Conditions 7P that improves the value of the objective function (¢, X%
and at the same time eliminates the specific violation of 7D.

Recall from step 6 of the algorithm Conditions 7P are preserved when a

new vector Kk enters the hasis, thus

o R
BN\ ()»\,z ’U‘\k b

->
B\ - oBy, o 0%, b X, By, (30)

0 2
BX® oy 0y b

For the corresponding expression to the objective function value we have

.0 (O -
CONT = oy ) ey,

or (31)

((o,.\o) U((k («'O._\h) ) (new objective function value)

The term (¢, - (c°,y,)) corresponds to (¢, - 2,) in general simplex notation
and in the notation of this paper to (a) —w for 1< k <mm when /-\.,‘, = d”'e" . F'm’]

k =n(i-1) + j, or (b) -u, when Kk = 'c'l mi -k <m . m or(c) v, when /-\‘,‘_ ?m.;

14

NPT

ey




Cm ——————————— T
.

m +sm<k <m+m+n. Thus for positive 6 and any violation of Conditions 7D,
i.e., W, <0,u <0,o0r v < 0, there is an associated improvement in the
objective function value of magnitude (a) -6w (b) -8y, , or (c) -6y, when the
vector (a) Kk , (b) &, or (c) &,,; enters the new basis. Condition 78 guarantees
that the violation will be eliminated for the next iteration.

Throughout the algorithm values for 2z, (zk = (9, yk)) are not computed
using the y, representation of Xk (i.e., the representation relative to basis
vectors B), but from the relation z, = W° X,) which makes for greater effi-

ciency in computation.

8. COMPUTATICNAL EXPERIENCE

The algorithm briefly called MATMAX was originally used to solve the
linear subproblems described in Ref 1 with m = 3, n = 4. During the process
of convergence to a single larger nonlinear programming problem solution to
which the linear programming Prob 3 is only a constraint, it became necessary
to solve the linear problems in the order of ten thousand times. The need for

an algorithm faster than the standard simplex algorithm thus arose.

TABLE 1

Solution Times for MATMAX and Standard Simplex Algorithms®:?
Number of
COnSHaipts MATMAX, sec Simplex,’ sec Simp|ex,b sec
m | n

5 4 0.16 0.60 0.36

10 12 5.56 31.51 15.84

18 24 24.88 297.10 114.98

8Solution times are based on single precision operations in FORTRAN IV
using the IBM 7044 computer.
bSec App C.

The MATMAX algorithm has been compared for solution time with the
simplex algorithm’ and an even faster simplex algorithm given in App C. The
A matrix (with identity) requires 19,988 = 42 x 474 storage locations for the
m = 18, n = 24 simplex algorithm, thus limiting the size of “incore” compari-
son of the algorithms. Solution times for MATMAX and standard simplex
algorith ;.- are shown in Table 1.

15
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The success of the algorithm currently depends on being able to solve
the m + n linear equations Eqs 15 in u, and Y, sequentially, i.e., on solving for
the nonzero u, and Y in terms of zero valued ¥, and/or v;.

If, however, it is not possible to solve the system of Eqs 15 sequentially
during some iteration of the algorithm,an attempt is made to bypass the diffi-
culty. The algorithm then attempts to proceed to the optimum by avoiding the
particular vertex for which Eqs 15 could not be solved. Currently the algorithm
returns to phase 1 (the matrix maximum phase),this time assigning one less
x;; having positive cost € and one more positive slack variable (partial
matrix maximum) than was assigned the prior solution of phase 1. Beginning
with this solution in phase 2 (simplex) a new sequence of vertexes is generated
for which the problem of nonsequential solvability of Eqs 15 is frequently avoided.

The above process has worked successfully on most problems of moderate
size but has failed on one with m= 30, n = 32, In some situations more than
one return to phase 1 may be required in order to find a sequence of vertexes
for which Eqs 15 may be solved.

It is, of course, possible to solve Eqs 15 when sequential methods fail.
However, the logic of loop-tracing techniques required in such situations is
complex and is not currently employed. Alternative methods that use the se-
quential solvability of Eqs 15 as a secondary criterion for selecting the next

neighboring vertex are under investigation.
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Appendix A

COMPUTER PROGRAM FOR THE ALGORITHM

INTRODUCTION

A listing of the computer program for the algorithm follows. The algorithm
has been used successfully on problems of moderate size (see Sec 8, “Compu-
tational Experience”). The comment cards identify appropriate subsections of
the program as described in Sec 6, “Details of the Algorithm.”

The success of the algorithm currently depends on being able to solve the
m +n linear equations Eqs 15 in u, and v, sequentially, i.e., on solving for the
nonzero W, and Y in terms of zero valued y and/or v, as discussed in “Compu-
tational Experience.”

Several working arrays are used for calculations; namely, the AE, ABASIS,
YY, ABAR, BBAR, U, V, ISUM, and JSUM arrays.

The value of the objective function is printed out every kth iteration by
setting IWNRITE = k on the first input card. In addition, a detailed printout will
be given every kth iteration by setting ITAB - 1 on the same card,

The computer program of App C accepts exactly the same input cards as
the following program, with the exception as stated in App C.

The subroutine TODAY called twice in the program is used for timing

purpose only. The general user should not catl this subroutine,

1




PROGRAM

—
[ N R BN A S S

NN ARCRONYR N
AN L e NS o—

&

£ £
-t Y AL F 2N

FaAan Joan D

AR AN AT AT

DN -

o

FURTRAN SUUKCE L IST
SUUKLE STATEMENT

blokTe MATMAX
LA wSIUN CF(35435) 4DE(36036)0AE(36436) yAdASISI36,30)sYY(36y306)
JIAENSTUN AbAR(36) yB8BAK(36),1SUM(36)yJSUM(36)
DlMENSIuN AAL36) JBBL36)
DIMENSTun XX(35435),U(35),V(35)
16021 FusMaT(ldl)
16202 FURMAT(LH )
1o s rxMaTlal )
16974 FurmAT{Arlceen)
LGy S FORMAT{LoXx,0t1640)
160 .06 FURMAT(LSXg0HMST 312 94X y4HNS= 4 12,15Xy 3CHFREW. UF UBJ. FUNCT. PRIN
1Tuul G 12+0SX29HUETAILED PRINTOUT IF ITAB = 175X05H17A6=112/[)
19 7 FURMATL S X 346HINPUT CUNSTANTS FCR OPTIMAL ALLOCATIUN PRUBLEM//)
190 8 FunsATOL3Xe24HINPUT VALUES FUR CEC],J)/7)
19s 6 Fusmall{losx24HINPUT VALUES FCk DELIJ)}/7)
19 1e FusMAT{LlS9Xy45HINPUT VALUES FOR AA(I) OF THE ROUW CUNSTRAINTS//)
1901 FOvaAT(L5X,4341nPUT VALUES FOR BBUJ) OF THE COLUMN CUNSTRAINTS//)
19012 FORMATL 9¢HUEGENERACY UCCURS FUR ABAR(I) BBAR(J) TRY NEw DteLTAL)
19 15 FURMATL THIMAX = ([3,7THJPAX = ,13)
19014 FUrMAT( L3HASAKIIMAX) = 4E14.3413HBBARIJIMAX) = ,El4.8)
1515 FusrAT(//3THTUTAL EXECUTICN TIME FCR ALGORITHM = ,F 1247 1Xy4HSEC )
157 1c FUrRmAT(BTL)
16017 FunMmATl4! Xe23HDETAILLS UF THE SCLUTION/Z)
15018 FURMAT(//404HNUMBER UF I TERATICNS AFTER INITIAL SULUTIUN 419)
1921y FusvmaTl//34HVAL ¢ LF PRIMAL UBJECTIVE FUNCTIUNyEcu.6)
16820 Fuxkanll//73¢hVA TOUF NUAL CBJECTIVE FUNCTIUN,E2C.6)
16.21 FurMATULuXeaHR 312 95X 9 THCCLUMN 4 1295Xy 1 1HALLUCATIUN ob12.695Xy23
It TUR FRUM ¢ UCATIUN 4El2.0)
1622 FerMAT(//76HY  LES UF THE DUAL SPACE VARIABLES (LAGKANGE MULTIPLI
1FrS » SHALLUW KICES))
1S 25 FURMATUL Xy4HRUW 902 ¢5Xy6HULII)= 4EL1Z2.6)
19 2 FUrRAATUIXyTHCULUMN 212 45X 46HHVIJ)= 4E12.6)
1SS ruMaT(//3THMAXTIMUM VIUGLATICN CF CUAL CONSTRAINTS,El5.6)
1520 Funtal(//]1uXe28HSTARTING NEW SEQUENCE NUMBER. 14)
1S.27 FurMAT{HXyaH Rinyl3)
1S.2b FLRAATIL "Xy 6lHTLTAL TTERATIUNS IN LASTAVERTILE SEQWUENLE, [3)
16.2% FUKMAT(L " X9 4 THNUMBER UF PLS. XX(I,J) TU BE ASSIGNEL BY MATMAX,13)
16 30 FUNMAT(ﬁleJHITikﬁTlUN 2y 448X, 28HPRIOR VALUE 0OF UBJ FUNCTIUN 4EL12.
LoyaXe3lH42X, VIULATIGN CF DUAL CUNSTR, 4ELlZ.K/7)
1631 FUSMAT(//32AMATREX MAXTMUNM TTERATIUN NUMBER 14}
15.22 FiinMAT(S5A,19HALLUCATIUN SELECTEDy4XsahKOW 9 1444X5HCUL s o 149aXy GHX
1X{LyJ)= yt12.0)
16034 FURMATEOXIOHENTERING VECTUR 421548 X s 14HLEAVING VECTUK 2159 8Xy 20HXX(
}.KL%TL‘F'.thNTE.‘R) = Qfllobll,
€34 FunmAT(S5X,30HVALUE UF UBJECTIVE FUNCTIUN = 4tl2.6)
16035 FURMAT(///735Xy5uHDETALILED TATERMEDIATE PRINTOUT/)
19036 FURMAT(/1C Xy 3 HCURKENT SCLUTICN ARKAY XX([,Jd)7)
15237 FURIMAT(/19X 1 AHUNUSED KESUOURCES 95X+ 26HCULUMNS 1 THRU NS IN URUERZ)
1638 FLRMATU/L1EX ) LTHUNUSED CAPACITIES¢5X423HRUWS 1 THRU MS IN ORDEKR/)
15.3Y rukMmAT(/15Xx,5:14 PrRIUK VALUES OF THE DUAL VARIABLES Ull) I~ URDER)
16747 FURMAT(/15%X45 H PRIUK VALUES GF THE DUAL VARIABLES VvU(J) IN OkDER)
WhlTE(6,19°01)
ARl Teloe19uT)
REAUUD o 1907 3)MS NSy IWKkITE,ITAB
WRITE(Os 1 90LO6)MS NS IWRITE,ITAB
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b
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170 1691

112 sl

ce? 151¢eY
¢4 191 3¢

¢ 1) 3%
1l 19140

cl4 1518

C-==-OLtNbErRATTL.,

FURTRAN SUURCE L IST MAIMax

SuJdse STATEMENT

wel TH(E 4190 2)

aRl TL {6yl Yl 9)
DU 1%.5, 1=1,MS
REAU(D ol 9t t @) {CLELEoJ)9yJ=14NS)
Wl Teloels 271

ARl TEC(Hy 190 5V ICEUT 9 J) g d=]1 4y NS)
Al TEfOLylY v 2)

Al TE(H 19 05)

JU l1rcor 1=]1,MS

REAUESy 1904 (OE(T 4 J) yJ=14NS)
whlTueloylb 2701

Wal TEloel9v 2 ) (DECT gJd) yJ=1 oAS)
AT TE Gyl Yo < 2)

WL Tl ,1901 J)
l([All(‘,‘vl(”L")(AA(l,'l=1'~S’
ARl TEeley, 190 SYLAALT) 4I=14MS)
Wl TClE190 2)

anl TELOy15011)

REAaulL sl L a) (A3 J) ed=1NS)
WEI TE (o1 G 51 (BBLJ) 9Jd=14NS)
WRITE(eylCur 1)

Call TUJluY(O I TIMELZIVATY)

MIuTaL = MS & NS
KTV = M5 + NS
el TAl = J1E=->
JLLTAZ = Jle=-«
ASS = ony ¢ |

ASS = My ¢ ]
AUUT = Mblo

{1 =

TLAP? = o,

4441 =

3 d oLyl b 1=14MS

Ava(l)=24li)

Dy L9l J=14NS

shar{J)=ot (J)

Ju 14192 L=1,MULT

AMA X = o,

L lsla 1=1,4S

IFtA Ml )=elE=6)19140419140 4 L1912v
DU Lalsd J=1 NS

(B 3A(d) = JlE=t)]19135,19135,19125
[E(Ccllyd) - AMAX)19135,19135,191 30
ArdA X = CELTJ)

[2a X 1

JHAK = )

C.aTINUL

Cu~nTlnbe

[FCAMAX)LY2T 2919200412150

AvAxTrY = AUAK(IMAX)/ wE(INMAX ,JMAX)
Ac(1MAXyJMAX) = CE(IMAX 4 JMAX)
Bnr [P =2 BEAR(JIMAX)

IF(ASARTP = BBAKTP)I19160,19]175,191n

L===BRANCH 19170 IS FUK DEGEMNERACY ===
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16170

151175

161¢&C
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15199

15217

16211
1621¢

16215

1521¢

195217
16¢1o

FUKTRAN SUURCE L ISI
SUURCL STATLBMeNT

XX{LAAXyJMAX) =ABARTP

ARARLTINAX) = L.

A (Jmax)= BHARTP - ABARTP

IF(ITA = 1)19199,19165,1919Y

TEap2 = TEMP2 ¢ CeUIMAX,JMAX) * XX{IMAX,JMAX)
AATAA = 4FAT 4+ )

WRI Te(e 1S 31 IMATMA

Wal TE(E 19 02) IMAX yJMAK X XTI MAX , JMAX)
WRITL(E,]19( 34) TEMP2

ul Ty 19169

ABAR(IMAX)= ADBAR{IMAX) ¢ CELTAL

[VEGEN = JulGeN ¢ 1

GFCIOEGEN - MTOTAL)LI9L1S5C,1915ue19175
WRITELE,19012)

Wl TELLy 19U 1 3) I MAX,,JMAX

WRITL( Uyl 70 14)ABARCIMAX ) yRBAR{ JMAX)

lvtutenn = (

DELTAL = 10. % DCLTAL

ou Tu 19170

KXULMAXy JMAX ) =3BARTP

Huoar{JMAX) =),

AdAn( IMAX) = ABAR(IMAX) - DELIMAX,JMAXK)® BRAKTP
IFiITau = 1)19199,19185,19199

TEAr2 = TEMP2 ¢ CEUIMAX,JMAX) * XX(IMAX,JMAX)
AATMA = MmAT + |

Wl Telea, 190 31 )MATMA

WRITE(Oy 190 22T MAX g JMAX ¢ XX (I ®AX 9 JMAX)
WRITeley 19 34) TEMP2

AMAT = AALT ¢ ]

=SJULVE tub THk UUAL SPACE VARITABLES UlIl) AND VI(J) 19<.0-1929S

IcuaL = .

D 19200 1=]14MS

[F(RBAn{L) = J1E=6)19202419252,019204
Ull)= lek+35

SU T 192C¢

U(l)= (.

TFAAl]l) = ABAR(I))1920€,419206419205
TUUAL = TDLAL + 1

CunNTlntt

Ju 149212 J=14yNS

TH(BBARIJ) = L 1E=6)19¢0by19208,41921C
ViJ)=1.0¢3%

vu T 193212

vViJ) = o,

TE(s20d) - BrarlJd))192124.49212419211
oAl = tuuaL + ]

CunNnTIwut

ITECIDUAL = 1)19215,419219,19219

MUUT = MMAT - )

fE{MULT = )119411,19216,19216

Ju 19218 1=1,458

Du 192117 Jd=14NSS

At d) = v

CunTlNUE

LUNTINLE
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-

leaes

1 Srxaig

16254
15241

1Lyd5u
1¢260

1952€5
leel”

182 &l
16260

FURTKAN SCURCE L IST mMATMAX
StUkLL STATEMENT

IVekT = [TVERT + ]
NH[TL(O,IL)‘ AéHV[&T
WhlTe{rylo ¢8I
WHITE(Ly 190 9)ACUT

1Pl vl = o
bu Tl 1910
IFINAL =
MIUAL = u

It (TFINAL = MS)1922¢,41635919300
4UUAL = MLUAL + 1

IF{mOULL = MB1G)19225,19225,19215
WRFINAL =

JU 192yt =] 4MS

LFC UtL) = 1eE+35)19260419232,419261
DU 19.% J=14NS

TH( VIJ) = 1.E+35)19235,19250,19235
TElaclleyJ))19250 919250419240

JOL) = (Cetlyd) = VviJ))Y/ DECLL D)

GU Tu l9zZei

CunTINUE

Gt} T 1929

[FINAL = JHINAL ¢+

W 1920t JJd =1 ,4NS

IF{VIJJ) = 1E+35)19280419265,1928(

IFCAE(L 4y0d))19280,19280,19270
VIJJ) = CE(T9JJd) = DellJJ) *= UCT)
CUNTINULL

CUNTINLE

U Tu lv/2cu.

C===-UPTIMALLITY TEST 1930L-16399---=---

16504

1631

163.¢2

16303

16374

1631
16315

1432¢
16521

DItmInN = (.
Ju 1ys. ¢ 1=14MS
THCULT) = LIFMIN)L930191S3044919302

ulkmlin = Lil)
Tt dTEr = 1}
JENTLR = NSS

Cu~nTInLL
D 1934 J =1 4NS
IF(V(EJ) = UIFMIN)L1930 3,16324,193.04

DIFMIN = v(J)
Jenltr = J
ITdmnTer = MSS
CiulnTlwlt

Du 194521 1=1,MS

Ju 1320 JFL NS

TF{AECLJb) 193204193059 19320

OIF = LLULyd) = ull) +« VID) - CE(l,Jd)
TELOIF)19210419329,1932v

IF(ult = CIFMIN)1Y9315,419320,419320
DiIFmin = UIF

TtialeR = |

Jrail« = J

CunwTlinuE

CUNTINUL
ITE(UIFMIN ¢+ VELTAZ2)19400,19325,19325
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FURTRAN SUURCE LIST "ATMAX

151 SUHURLCE STATEMENT
Co==tXIT 19525 IS FUR UPTINMAL SCLUTIUNS---=ALL CIF ARE nNulh NEGATIVE l
4l 19525 CunTluFk
f 411 Lalbt TUDAY(Ll,ITIME,IUAT) 1
L Time = FLOAT(LITImME) /60,
413 ARl TOLLy1GULS)TIME
414 AanlTElLy19 18)11
415 WhlTede 15 25)YDIFMIN
“le Il TE Loy lSt ul)
o1t WhlTefoglacl )
42 Peladl = o,
421 Jual = e
422 Ju lais. 1=1,MS
4c3 O 149355 J=1 NS
424 TF{ACUT4J)))19335,19335,19330
425 19230 Tode = XAGL 4 J)#CE(] 4J)
b 4c€ PrleAL = FREIMAL ¢ TEMP
4zl WrITeloe i 21 Ly Jde XXy J) s TEMP G
G4y 15339 CunTINUE
4 18340 CULTENLE
434 Al TE {170 19)PR]IMAL
Lz:e anlf_‘(n'l(flzz,
{ 4 g D155 =1 ,4M8
4:17 Wkl TELEy 160 23) 1 suU(])
441 DUAL = OusL+ AACT) = Ul)
441 1935 LunTlnUE
l 443 U 19200 J=14NS l
444 ARl TE(oe 19 24V Jde V)
{ 445 OUAL= UUAL + 8B(J) * V(J) ]
! G4 1ude. CUNTInLL
4% wrel Tu ey 1902 J)DUAL
sl CALL CxIT

C==hzPrEScNTATHUN UF ENTERING VECTUR 3Y CURRENT BASIS 19400-196499--~
4s2 15400 APAR(4SS)= U

4¢3 Hean{3SS)= (.
454 VSPACE =
[ NG 1494 1 1=14MSS
45t Isud(ll= ¢«
4.7 Ab (] o NSS)=ABAR(T)
Ged 199l DelToeNSSI=t,
gt JU Lraele J=1yNSS
} 464 JSUMIJ) = ¢
H 4L 4 ALIMS3,Jd) = nBA«Ld)
| 465 1G4 2 l)t(r\SSvJ) = ),
{ X JU J194.5 J=]1,4MSS
41 DU lyaca J=14NSS
4171 AvASESET ) = AR(T4J)
4H1e YY(I'J, = U
47: IFCAEC]2Jd)) 1540 44919404,19425
474 ]1S473 [SUMUT) = TSUMIL)Ye ]
14 47% JSUMIEJ) = JSuMiJ)+ ]
47¢ NSPALE = nSHACE ¢ ]

477 15474 CunTINUE
501 16405 CUNTINUE
G, 8 1=11+1

¥ L TFCTLNTE ) = MSS)19657,19406419607
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1542%

2¢t 15430
Stc 164735

C1c 1saaf

574 16445
1 NiE 1545

c.d 15455
19400,
P waln
hl[ L4175

Sla 1S5aa
clu 1yvaert

T

FURTRAN SOURCE LIST MATMAx

SUURCL STATEMENT

DELTEenTEnyHSSY =0,
DE(MSSedaNTER) = 1,

GU T lya]:

[r(JdrndTEr = NSS)194997,1940G8, 19409
JECIL i TE e NOS) =L

DL IMSSyJLTER)
Gu T 194t
DLIMSHpJENTER) l.

DECleNTE 29SS S) JELIENTERSJENTER)
IF(LIL - 4TUTAL) 19414,4,19414,19411
Wl TE(Ly 1Y) SIDLFMIN

Wkl Teloyl4u,3)11
Wrltolo, 1y 16) LISUMIL) 4 1=]1,M5)
whlTel{oylyole) (ISUMIJ) »J=1,4NS)

Ju 17412 [=1,M5S

ARLTe ey 1S a) LAELT yJ) o J=14NSS)
Rl TElE L9 L) TENTERJENTER

DO 19615 1 = 14MS85

AL 1 (1G9 Lo} CABASTIS(T o J) yJd=14NSS)
ol Tu 14424

CUNTINUK

NIJTAL = ¢

[KLPrE =t

TFINTUTAL - M3IL)19417,19495,194%5
[KErabk = IxeP<t ¢+ 1

IFUIREPnD = MBIG) 19420, 1G420,19411
o Lsahs =] 4 MS

ITFCISumiT) = 1)194554,19425,19455
DU 1 94a4er J=14NSS
TFLABASTISTT2J))19445,19445,19430
[F{J = NSS)19435419445,19435
YY(Lgd)= LECTNSS)/VELT 4 J)
DE{ ] 90vSS= YY(I 4J)

DEIMSSyd)= DEIMSS,J) - YY(I,J)

G Ty 9«5

YY(Led)= LECT WNSS)

u T 19«i

Ll Tk

ISUstl)= 1SuM(I)- 1

JSUmlgl= JsumMiJl- 1

NTOTAL = NTUTAL +]

Al)»\blﬁ(lv.”z \./-

CunTlauE

[FINTUTAL = MBIG) 19469919495, 19495
Y L4 J=1 9NS

TREUSUNMEY) = 1)19490,194T0419490
D1 e =]y MSS
TECALASTIS{T4d))19430,19485,19475
YYULsJd)= LECASSJ)

WL dS5) = JLT ¢NSSI= DE(IJ)* YY(I,J)
ol T 1Yanl

ClunTl gLt

Foumtl)= 1Sumit)-1

JSumly)= asumiyr-1

ALASESUL W) = e
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e
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FURTRAN SUURCE L IST MATMAX
SLusCt STATEMENT

WTulaLk = NTUTAL + |}
ClLalinute
v Tu 194l

CunTiNUtE
CT Tu LEAVE BASIS IS NUW DETERMIANED==-==-195(C = 1759y
THLTA = lebt35

Ju 19525 1=1,#SS

RIVER PR J=1'“Ss

TECAECL D)1 902 0 5195211,19504
THCYYUL ) )1 35234195204 195U6
T4 (L = M58 1451419598, 1951¢
ALTEM? = pa3A(JI)Y/7YY(],J)

NIV R VRN Y N3

LELd = NNS)LE 35144195120 19514

SALTLYP = ApanlI)/ZYY(],49)

S o Lyble
ALTEYY = xX(14J)/7YY(],4J)

FTFCALTEAP =  THLETAYL9518,1952,1352u
Tl 1A H LLTeMP

ILzAVt =]

JLLAve = J

Cuvllur

CONTIwUE

)
===TaANSE UM StD SULUTIUN IN TERMS LF CURKENT BASIS lvt.7=-1%964y ----

C---ntw SurUTlun IS “CTUKNED TC 192,50 -----

I 0N

19~ .4
196l
15615
16022

——
[V alVal
[o Bl
e N

=1l

1¢r 3o
19560

1904l
16+42
1S043

lic4a
19645

196b
19255

1sLet

JU 1%0z  1=14MS

Mi 1wl Jd=1 ¢NS

[FUIAC(T ) )1 515419615419678
IFCYY{L s J) D150 419013,1061V
Xa{lyd) = XXUlyd) - THETA®YY(I,J)
Cuntldue

[WOR'E N RIS

ho 1Gn3 0 1=1,M5
LFOYY(Lpn8S))1yol5,419630,19625
Atsak {1} = ABA<(l) - THETA * YY(l4NSS)
CunTlngr

JU 1vca ) J=14nS
TELYY(MSS,d) L0635 419647 ,]19635
BrAR{Jd) = LBARUJ) - THLTA * YY(MSS,J)
Cone b INUS

ALCLILLEAVL o JLEAVE) = D,

IFCitcavl = MSS)lunael,1904l,19642
noAR(JLLAVE) = ).

NI RV N N T X

TECJLehve = NSS)HIY644,]1 9643, 9644
AcvAaR(lLLave) = 7,

Fr et < = MSS)14450,19645,1'10%)
3 lJbwlen) = ThETA
Ar{«S5yJdeNTER) = THETA

NIUAED RV RV S

TFlJdLwTre = NSS)I9667,19655,14601)
ALuwe Lot ) = THLTA

AL (IENTLRanNDD) = THETA

Gy Tu 19 Teg

XXUTONTEiC g JENTERDY = THETA
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1SN

714
715
[R Y
17

12.
721
Tec
723
124
72°%
727
13¢

132

733
124
7 3E
71:¢
7317
T44
745
{52
73
-
TEE
150
164
7¢%
7172
712
1 G
el

19710

1570

16760

15620

FORTRAN SOURCE L IST MATMAX
SUUKCE STATEMENT

AECIENTERyJUNTER) = CELTENTERyJENTER)

TFCTLLEAVE = MSS)L9675419T6N,19675

[FUJLLAVE = NSS)19680,167C0,197u0

XX{ILEAVLyJLEAVE) = 4,

FrewUENCY (IF ObJde FUNCTICN PRINTUUT CONTROLEC BY SETTING IARITE-====—-
[PRINT = IPRINT + ]

TFUEPRINT = TwrkiTE)L9200,19710,19710

IPRINT = |

DUAL = (.,

) 1975, 1=]14MS

JUAL = UUAL+ AAC(T) = Ull)

JU 1976. J=1,NS \
DJUAL= DUAL + BB(J) #* Vv(J)

AT T (6419039)11 yVUUALYOIFVMIN

DETALILED PRINTOUT CONTRCLEC BY SETTING ITAB = 1 IN INPUT--—--emmmceee-
IFCITAB - 1)192C0,4198145,19200

ARLTE(B,1900L1)

WRITE(6,19035)

Wl TELBHy19039)

el TECO,19.05) (LLT) 4121 4MS)

Al TELE 197 40)

WRITECO, 19008 (VIJ) 9J=14NS)

WRITE(O) 190 33)IENTERWJENTER ILEAVE,JLEAVE,ZTHETA

WRITEL(G,1G035)

DU 19820 1=1,MS

WRI TE(6,19027) 1

AT TELE,19C0S)EXX{T 4 J) 9 J=14NS)

WRETE(O,y19C47)

ART TS, 19002} LBBARIJ) o =1 ¢NS)

WRITE(S,191°38)

WRITE(O, 19005 ) (ABAR(I) 91 =14MS)

Gu TO 192(¢

END I
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Appendix 8

SAMPLE PROBLEM

EXAMPLE

A short example is given here to illustrate (a) the type of problem to
which the algorithm can be applied and (b) the details of the solution process.
The example with some modifications is taken from Ref 3. The problem is
one of allocating several types of commercial aircraft to various routes (e.g.,
New York to Dallas) inorder to maximize overall profit (revenue less opera-
tional costs) for the system (see Fig. B1). The problem can be stated as
follows:

Let m denote the total number of routes

n denote the total number of types of aircraft
a; denote the anticipated number of passengers on route i per month
bj denote the number of aircraft of type j

d,-,. denote the r_nonthly passenger-carrying capacity of aircraft type j
on route i

r, denote the revenue per passenger on route i

Sij denote the monthly operational cost for operating aircraft type j
on route i,

Then we seek to find the allocations X, of aireraft type j to route i for
the system that maximize profit subject to constraints on the number of antici-
pated passengers using the various routes and the available number of each
type of aircraft.

Specifically

maximize profit z(x” )
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Aircraft type |
Route i
1 2 3 4
1 1600 900
2 1500 1000 500 1100
3 2800 1400 2200
4 2300 1500 700 1700
S 8100 5700 2900 5500

o. Aircraft Passenger-Carrying Capacity per Month (dii)

Aircraft type |
Route i
1 2 3 4
1 18,000 17,000
2 21,000 15,000 10,000 16,000
3 18,000 16,000 17,000
4 16,000 14,000 9,000 15,000
5 10,000 9,000 6,000 1,000

b. Operational Costs in Dollars per Month (l,i)

Fig. B1—Sample Data for Aircraft Allocation Problem
Blanks in cell i, j indicate that aircraft type j is never assigned to route i.
~ - 5 (routes) n = 4 (types of aircraft)

Passenger data  Passenger fare data  Aircraft dato

a, = 25,000 ry = $130.00 b,-10
a, - 12,000 ry = $130.00 b,-19
a, - 18,000 ry=$ 70.00 by =25
a, = 9,000 ry=$ 70.00 b,=15
ag - 60,000 rg = $ 10.00
:x) g ;. X)) - m‘.:"s X
1) R R Tl o
revenue operational costs
;Ll ,Ll (rd,, s”)x”
subject to
n
.‘;Idllx', L oa G 1,....m do not exceed passenger

demand for each route 1

m
S 3 b’ G L....n do not exceed aircraft
availability for each type |

28
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Data for m = 5, n = 4 are given in Table 1 as taken from Ferguson-Dantzig.’
It should be noted that if €y = rld” =Sy above, then the form of the problem
is that of Prob 3. The Ferguson-Dantzig’ example requires that all aircraft
be allocated, i.e., ig] X = b,. (j =1 ...,n). The algorithm here does not require
that all resources be allocated. However, at least all the row or all the column
constraints will be binding for an optimal solution. If all the column constraints
are binding, then of course the equality constraints on the columns are satisfied.
The example of Ferguson-Dantzig® can be formulated from the example
here for m = 5, n = 4 as follows:

Let

=% 1<l 0ty (BZ)

then we have

3 5 5[4
maxz(x )-max Zr(a - x5 - 2 Zs”x”

i 5
2 re, I'_ (’lellx” + 'i‘us)H (B3)
5
1 = 2 rg, ~mn{Z|3Is.x
. =1} 5 In l() 1 ")l

subject to

= mux
i

4 5
Zd”x” + X5 = 2 d” Th

4
Ix=b, G=1...,9

Ferguson and Dantzig’® consider the problem

5,5
min ¥ s i

x5 ::' ]

subject to the two sets of constraints given,

Details of the solution are printed at each step of the solution for the
problem expressed by Eq Bl. A completely detailed description illustrating
the algorithm on a step-by-step basis is presented between the first and second

intermediate printouts (iterations) of phase 2 of the algorithm,
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INPUT CONSTANTS

ROW 1
ROW ¢
" TROW 3
ROW 4
RUW 5
ROW 1
CROW 2
RUW 3
ROW 4
T ROW S

Ce 1GCOGIE
Je1740L0E
Lel6B00UE
celaz0C0OE

0. 710uCVE

NS =

INPUT CUNSTANTS FCR CPTIMAL ALLOCATIUN PRUBLEM

4

ub

INPUT +VALUES FUR

 Cel6UICOE

L. 150000E
(L.280000E
L.230000E

C.810)0JE

e

v

C4

Ce

4

INPUT VALUES FUK

Ce25uL0JE

05

INPLT VALULS FUR

Ce 1Nt

v2

~ INPUT VALUES FUR CE(14J)

e

Cell5C0OUE
G.820C0VE
Ve 9100ONCE
Ue48OCUOE

LELT 4 J)

L.1U000VE
0.100C00¢
C.140C00E
Ue159CV0E
T«957C0COE

AA(l) COF THE

C.120C0CE

B(J) CF THE

0.1900C00E

FREQ.

V)

GS

95

(5

01

04

04

04

04

UF 08J.

C.
0.550000E 05
0.
C.4U00VCE 05

Ge230ICGE US

0.160000E 01
0.500000€ 03

0.1000C0E 01

C.700000€ 03

0.29000CE 04

RLW CCNSTRAINTS

05

0.180000E U5

CULUMN CCNSTRAINTS

92

0.250000€E 02

FUNCT.,

 0.127000E 06

PRINTOUT ]

0.1000UUE 06

0.137000E Co

0.104000t v6

0.450000E LS

 0.900000E 03

Q. 110VVU0E L4

0.220000E C4

0.170000E 04 ]

0.5500G0E (4

D.15000uE 02 |
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LR OPTIMAL ALLOCATIUN PROBLEM

*EQ. UF 0BJ. FUNCT. PRINTOUT

DETAILED PRINTQUT IF [TAB =1 ITAB= 1

Co 0.1000UUE b
| 0.5500(L0E 05 _0.127000E 06

0. 0.1370U0E C6

Co.4U00UCE 05 0.104000E C6

G.23U2CCE US  0.450000E G5

0.1C000E 01  0.900000E 03

0.500000€ 03 V.110UVUV0E 04

0.100000E 01 0.2200V00E G4

C.7O0N00E 03 _ 0.170000E_0%

0.29000CE 04 0.550000E C4

CCNSTRAINTS

0.18000VE 05 0.900000€ C4 0.600000E 05
rﬂh CCNSTRAINTS

0.255000E 02 0.15U00uE 02
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PHASE 1, ITERATIONS

MATRIX MAXIMUM [TcRATIUN NUMELR
ALLUCATIUN SELECTED nUW
VALUE UF UBJECTIVE FUNCTIUN

MATRIX MAXItUM DITERATIUN NUMstk
ALLUCATIUN SELECTED RUW
VALUE OF GuJeCTIVE FUNCTIUN

MATRIX MAXIMUM TTEKATIGN NUMGBEK
ALLUCATIUN SELECTED KUW
VALUL Ur UBJECTIVE FUNCTIUN

MATRIX MAXIMUM LITEKATIUN NUMBER
ALLUCATIUN SELECTED QUMW
VALUE UF UBJECTIVE FUNCTIUN

MATRIX MAXIMUM [TERATIUN NUMBER
ALLOCATIUN SELECTED RUW
VALUE OF UBJECTIVE FUNCTIUN

MATRIX MAXIMUM JTERATIUN NUMBEK
ALLUCATIUN SELECTED KOW
VALUE OF OBJECTIVE FUNCTIUN

MATRIX MAXIMUM [TERKATIUN NUMBER
ALLOCATIUN ScLECTEV RUW
VALUE OF UBJECTIVE FUNCTIUN
ITERATIUN 1

]

#

1
1 Cut.
Lel19CQ0E 07

2
3 CuL.
030209 07

3
2 CUL.
0.38868E U7

4
2 coL.
0.44043E 07

¢4

4 coL.
0.49503E€ 07

6
5 CcuL.
0.53583E 07

7
5 CoL.
D.54499E 07

3

PRIGR VALUE OF UBJ FUNCTIOWN

XX{lyd)d=

Xx{l,J)= 0.B1818t Ul

XX!I.J)=

XX{Iyd}=

0.10000€ 02

Y VY o ——

} R T . -

0.68182E 01

Y ——

A

0.45000E 01

i

XX{[sd)=

XX([yd)=

XX([ed)=

0.54499€ 07

0.60000E Ol

VR -

0.85000E 01

Ld 1 VY VU T

0.39828E Ol

MAX. VIOLATION qﬁ

-

i

i
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Ty

T R

IsJ)= 0.10000E 02

|
|
N,00= 0.81818E 1
l

»J)= 0.68182E 01

vJi= 0.45000E 01}

vJd)= 0.60000E 01

vJ)= 0.85000E 01

J,J)=  0.39828E 01

« 54499€ Q7 MAX. VIOLATION OF DUAL CONSTR. -0.96428E 05
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Ry A 4 o

Y i fain

0.

Ge l9uNOUE UG

ENTERING VECTOR 1 4

ROw 1
C.1CuIOVE 92
RUW 2
UI
ROW 3
C.
ROW 4
Ce
= ROW S5 5
Ce
UNUSED RESUURCES
c.

UNUSED CAPACITIES

C.285364E 4
ITERATIUN 2

PRIUR VALUES ut THE

PRIUR VALUES UF THE ODUAL VARIABLES U(lIl) IN ORDER

Uel122GTE 03 0.606489E 02

U.ZT9310E V4 C.
LEAVING VECTOR 2 4

CURRENT SULUTIUN ARKAY XX([,J)

UETAILED INTERMEDIATE PRINTOUT

—

—~d

0.58B046E 02 ]

-

JUAL VAKIABLES V(J) IN ORDER

0.357242E U4 |
XX (TENTER

4

Lo d

G (5 0.681818E C1
C+1200C0E 02 C. 0. ]

s 0. 0.818182€ C1
U.6GULLOE 91 0. 0. ]
L.100C00E 31 C.187241€ 02 'o"._——j
LULUMNS 1 THRU NS IN CRDER B

6. 0.627586E 01 0. B

RURS 1 THRU MS IN CRDER I

C. 0. 0. B

PRIOR VALUE CF UBJ FUNCTION 0.61074E 07 MAX. |

1

1

A

3
b g

id
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ILED INTERMEDIATE PRINTOUT

JAL VARIABLES UCI) IN ORDER
2207 93 0.606489E 02  0.58B046E 02 0.793103€ 01

AL VAKIABLES V(J) IN ORDER

9310E 04 0. 0.357242E L4

EAVING VECTOR 2 4 XX{IENTER,JENTER) = 0.68182E C1

)
C. 0.681818E C1

00(0E 02 Ce i), = e
0. 0.818182€ C1

U(IUOE ‘Jl Oo O-

0COOE 01 0.187241F 02 0.

UMNS 1| THRU NS IN CROER

0.627586E Ol 0.

BS 1 THRU MS IN CRDER

0. o' U. _
DF UBJ FUNCTION U.61074& 07 MAX. VIULATIUN UF DUAL CONSTR, -0.55661E 05
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DETAILED DESCRIPTION OF ONE ITERATION OF PHASE 2

A detailed numerical examination of one iteration of phase 2 of the algo-
rithm is presented here. Given the solution array XX(I,J) of the previous page,
we wish to test optimality of the solution. Proceeding as in step 2 of the algo-
rithm we solve Eqs 15 for (u),. .. us v, .. .. vy

Since xq; = 6.27586 > 0 and x5, = 2863.63 > 0, we have vy = O and u; =0
immediately, i.e., we solve for the zero-valued dual-space variables first.

The remaining seven equations

d”uI o« if 1 0

are solved sequentially. We have

Yy 10 e ep 1 ey, 190.000
Oy 681818 O =v, ¢, 100.000
(a3 23,000
f 2 0. — : 7.9310;
Xoq 18,7241 = . d“ 3900 1103
389 1 0=1, Coadgatiy  HH000 (GTOONTY3I03) 279010
Coa U 15.000  2793.10
2 0= u. R oA R 2,007
tom | )= dys 1000 i
Cga U iy
g2 Ua 91.000  2793.10 .
. ¢ 0= $.8016
Yoz o 0 I 1500 H-H016
ey ge C347 Y4 137.000 - 100,000 _
Nay O 0=y, i 3300 16.8182

Moving on to step 3 of the algorithm the optimality test is now made (i.e.,
Conditions 7D in scalar form of the m + n + m = 29 equalities of Eq 16 are
tested). It is seen directly that u, (i = 1, ..., 5) and v (j =1,...,4)are

nonnegative. Seven of the remaining mm = 20 inequalities; namely, v, =
"

du, +v -c, =0forx, >0 (ie, for xj, xy, 5y, X5, %50, Yo, 20d Xy,) are !
equalities, iicnce only the remaining 20 — 7 = 13 values of w; are tested for !
1
nonregativity. Computing directly we have 1
1
W dpng ot oy (D0F L 279300 0 0 |
12 & = e ’
w diqi o ¥ (aHe . 0 0 )
11 1341 A== | 1
e dypug vy -y (50001122070 0 190,000 178,000 0 |
We,y  dagiy o vy oy (500XII220T) 4 055,000 i l
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w = dygug + Vg - £gy = (1100)(112.207) + 100,000 - 127,000 > 0

S24
wy,, = dgiug + vy - gy = (2800)(16.8182) + 190,000 - 168,000 > 0

o = dyguy + Uy = 5y = (1400)(16.8182) + 2793.10 - 82,000

e - -55,661.42< 0
ws:’3 = dyag + Vg = €y = (1)16.8182) + 0 - 0 >0
We,, = ety + vy -y = (2300)(58.8046) + 190,000 - 145,000 > 0
ws” = dygly + Vg = (43 = (700)(58.8046) + 0 - 40,000

= 41,163.22 - 40,000 > 0

We,, = dagiy + vy - Cgq = (1700(58.8046) + 100,000 - 104,000 > 0
Wy, = dspus + vy - €5y = (8100(7.93103) + 190,000 - 71,000 > 0
We,, = dsgus + vy = Cgq = (5500(7.93103) + 100,000 — 45,000 > 0

It is seen at this point that the only violation and hence the maximum vio-
lation (step 4 of the algorithm) of Conditions 7D of Eq 16 is

w, = -55661.42 < 0
32

Hence the solution is not optimal and the vector dy,#; + ¢, enters the basis.
The vector selected to leave the basis is determined next, but first it is

necessary to determine the components y3? of the entering vector d;,¢; +7; in
terms of the current basis. The setof m+ n =5 + 4 = 9 linear equations
Eq 21 is thus solved (step 5 of the algorithm). We have for the case at hand
the following system:

y32(1600) + y32(900) + y32(1) = ©

y32 (1000) = 0

y32(2200) = dy, = 1400

y‘zg(lSOO) =0

y32(5700) + y32(2900) - 0

3
ylil’:o

+

32 . .32 . 32
Ya2 * Va2 * Y5z =1
32 .32
Y53 + Y3 = 0

32 .32
e+ =0
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The solution to the foregoing equations is

32 32 1400 32 32 32

ya2 = 0. ¥3s = 53pp- Yaz = % 52 = Loyiy = O,

32 c_ﬂ) 32 5700 32 1400 39 (- 900)(- 1400)
Y53 = 3900 'Y63 ~ 2900 * Y14~ "2200° V15 2200

Thus the entering vector dy,¢, + ¢, = 14007, + ¢, can be written as the follow-

ing linear combination of the current basis vectors.

100 oo, 2,1 (- 900)(. nom[?l]

2200 2200
14008 + 7, +%g (22008, + Zg1 + 1570085 + 2.]
5700

-+ - 5700
~ 500 1290085+ Tl + S 1]

The vector now selected to leave the basis is determined from the indexes

that yield the minimum in the brackets. Using Eq 29 (step 6 of the algorithm)

we have
A 818182 1 6.27586  2863.64
™0 171400 1 0 5700) ° (900)(1400)
2200 2900 2200
-
X
and the minimizing indexes are (5,2), since —32 = + yields the minimum value
y32
52

8. Thus the vector dg,@s + ¢; = 570025 + 2; leaves the basis.

The new solution is evaluated (step 7) using Eqs 28 and appears in the
next intermediate printout. The algorithm again returns to step 2 for the next
iteration. The value of the objective function was increased by 8(- w )=

32
$55,661.42 during this iteration.
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PHASE 2, REMAINING ITERATIONS

ULTAILED INTERMEDIATE PRINTOQUT

PRIUK VALUES UF THE DUAL VAKIAGBLES ULI) IN QRDER
o N.1122U7€ (3 0.168182F 02 0.588u46

PrIUR VALLES UF THE DUAL VARIABLES V(J) IN OKDER

Cel902ltie Vo Ve2T79310E V4 Ve Ve 100000
ENTERING VECTUR 3 Z LEAVING VECTOR 5 2 XXUIE

CUKRENT SCLUTIUN ARRAY XX{1,J)

KUw 1
Coll{ JLCE U2 Coe Ve U.745455
Ruw 2 =y i
Le C1200LLE 32 Ce 0.
RWw 3
Ce Ve LCODGUE VI 0. 0.754545
ROW 4
C. C.6000006E J1 Ue 0,
KUW 5 -
Ge Ce . 2U6897E N2 ("
UNUSED KESUURCES COLUMNS 1 THRU NS IN CKCER
C. C. C.431034E Ol 0.
LNUSED CAPACITIES KROWS 1 THKU MS IN CRPDER ' ‘J
Ded29091E V4 C. 0. U :
ITERATIUN 3 PRIUR VALUE CF 0BJ FUNCTION J.61630E 97 M

1
P
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FAILED INTERMEDIATE PRINTOUT

UAL VAKIABLES U(L) IN ORDER
12207 €3 0.168182¢ 02 C.588u4bE L2 V. 793103€ 01

ULL VARTABLES VI(J) IN UKDER
T79310E Jea Ue J.1000vULE 06

{LEAVING VECTOK b ] 2 XXUIENTERGJENTER) = 0.100008 01
(J)
U U.Ta5455E (1
ROGLLE 52 Ce T, T T —= =
DOAGVE V1 0. 0.754545E U1
poooce J1 Ue 0,

C.206H97E N2 Ge T - o

LUMNS 1 THRU NS IN CRCER

(.431034E 01 0.

IS 1 THKU MS IN CRDER ) T

0. 0. UI
CF UBJ FUNCTION J).61630E 07 MAX. VIULATION OF DUAL CUNSTR. -0.26727E 05
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-

PRIUR VALUES UF
Ge

PRIUVUR VALUES UF
0. 19000VE Vo
ENTERING VECTUK 2 3

CUKRENT SOLUTIUN ARKAY
ROW 1
C.10000L3E 02
__ROW 2 —— _
0.
ROW 3
C.
RUN &
c.
—— . RUW_5
c.
UNUSED RESUURCES
C.
T UNUSED CAPALITIES
U. 105658t 04
ITEKATION 4 PRIUR

DETAILED INTERMEDIATE PRINTOUT

THE DUAL VARIABLES Ul{l) IN ORUER
0.565455€ 02 0.168182E 02

THE DUAL VARIABLES V{J) IN ORDER
G.584545E 05 0.
LEAVING VECTOR 6 3

0.216970E (2 0.793

=

-4

0.100000E (6 3
XXCLENTERy JENTER) 9%

XX{1,J)

O. 0.

0.8826V2E 01

U.984483E Ul 0.6431034E 01
0.315517€ 01 c.
G.600000E 01 0.
0. 0.206897E 02
COLUMNS 1 THRU NS [N CRCER

OI o.

0.

0.617398E 01

ROWS 1 THRU MS IN CRDER

U. O.

VALUE CF 0BJ FUNCTION 0.62782€ 07
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i
0. #
0. j
_

0. ~
i B
-

O. o' "
MAX . VlOLATlQi

4

1




—

PRINTOUT
IN ORUER
B2€E 02 0.216970E €2 0.793103E 01 o L
IN ORDER
i 0.100000E C6
1 3 XX(IENTER, JENTER) = 0.,431C3E 01
-
| 0.8826U2E 01
— W —
34€ 01 0.
; 0.617398E 01
L 0.
7 02 0.
DRCER
r
0.
r
PER ] S —
0. 0.

. €2782E 07

MAX. VIOLATION UF DUAL CONSTR. -0.12853E 01l
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DETAILED INTERMEDIATE PRINTOUT

-

PRIUR VALUES OF THE DUAL VARIABLES U(I) IN ORDER

. o U.565455E 02  G.16B182E 02 0.2169
PRIOR VALUES OF THE DUAL VARIABLES V(J) IN QRDER 1

L.19CO0UE 06  0.584545E 05  0.267273E 05  U.10000

ENTERING VECTUR 5 5 LEAVING VECTOR 1 5 Xx (1
4

-

CURRENT SOLUTION ARKAY XX(14J)

,
-

-

KOw 1 J
202 : . o - —_
0. 0.800000E 01 0.BO0O0GE OT 0.  _
RUW 3 i
0. C.500000E 01  G. 0.50000)
RUW 4 ]
0. 0.600000E 01 0. 0.
SR . =g I P
c. 0. C.170000€ 702 ~ 0. |
UNLSED KESUURCES CCLUMNS 1 THRU NS [N CRCER i
C. 0. 0. 0. 1
UNUSED CAPACITIES RUWS 1 THRU MS IN ORDER ]
0. v. 0. 0.
-4
_TOTAL_EXECUTION TIME FUR ALGURITHM =  0.7333333 SEC. i
NUMBER OF ITERATIONS AFTER INITIAL SOLUTION 4 ]
MAXIMUM VIOLATION OF DUAL CUNSTKAINTS 0. R ]
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5455 02 0.16B182F 02

ILED INTERVEDIATE PRINTOUT

AL VARIABLES U(IL) IN URDER

0.216970E C2 -0,128527€E 01

ki

545& 05 0.267273E 05
AVING VECTOR 1 5

AL VARJABLES V{J) IN ORDER

0.1000VVE U6

XX{IENTERy JENTER' = 0.107U0E 05

T 7

0.

0.1C000VE 02

UONE 01 "0.800000E€ O1
DOOOE 01 G

00CE 01 0.

C.170000€ 02

MNS 1 THRU NS IN CRCER

0.

0.

0.
0.500000E 01

0.

S 1 THRU MS IN CRDER

C.

0.7333333 SeC.

0. 0.10700GE 0S5
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DETAILS CF THE SCLUTICN

ROW ] CulUMw 1 ALLOCATION 0,170 9E 02 RETURN FRGM ALLOCATIUN
KUWw 1 CULUMN 4 ALLOCATION 9.1GG90E w2 RETURN FRUM ALLUCATION
RUW 2 CULUMN 2 ALLOCATILN  U.80GOUE 01 RETURN FRUM ALLOCAT ION
RUW 2 CULUMN 3 ALLUCATIUN 0.83CU0E 01 RETURN FROM ALLOCATIUN
ROW 3 CULUMN 2 ALLOCATION G.S50000E J1 RETURN FROM ALLUCATION
RUW 3 CULUMN 4 ALLUCATION C.5J0GUE 01 RETURN FROM ALLUCATION
KOW 4 CULUMN 2 ALLUCATION G.60000E 01 RETURN FRUM ALLOCATION (¢
ROW & CULUMN 3 ALLUCATIUN C.17U00E 52 RETURN FRUM ALLUCAT ION
 VALUE OF PRIMAL L3JcCTIVE FUNCTION L.629200F U7 - ]
VALUES OF THE DUAL SPACE VARIASLES (LAGKANGE MULTIPLIERS , SHADOW PRICES) f
RUN 1 UlI)=  J.13.1€c N2 ]
ROW 2 Ull)=  G.64LCUE o2 )
ROW 2 UlT)= . 22163E 02 B
RUN 4 UI)=  CucbbETE 2 1
ROW 5 ull)= 0.
COLUMN 1 ViJl= GC.16917€ 06 j
CULUMN 2 VIJ)= U 510CCE 05 i
COLUMN 3 VId)=  3.230(CE 05
_ COLUMN 4 VIJ)= G.8B2E6E 05 . .
VALUE OF LUAL UEJECTIVE FUNCTION 0.629200E 07 5
t
-
-J
4
U
=
:
4
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FRUM
FRUM
FRUM
FRUM
FROM
FROM
FROM
FRUM

LRICI:S)

ALLUCATIUN O0.190COE 07
ALLUCATION 0.100C0E 07
ALLOCATION C.92CCOE 06
ALLOCATIUN 0.44000E 06
ALLUCATION _0.410C0E 06
ALLUCATION 0.68500E 06
ALLOCATION 0.54600E 06
ALLUCATIUON (€,39100€E 06




Appendix C

COMPARATIVE SIMPLEX ALGORITHM

This appendix contains a general simplex algorithm programmed spe-
cifically to solve Prob 3. The program accepts the same input data as the
MATMAX algorithm with the exception of the IWRITE and ITAB information
used in the MATMAX algorithm. The algorithm here has been used for com-
parative purposes, with particular attention given to the times required by the

two algorithms to solve the same problem.
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FORTRAN SOURCE L IST
1SN SUURCE STATEMENT

U $IBFTC MATLIN

1 DIMENSION CE(20424)4DE(21425),AA(20),B8B(24)

2 DIMENSIUN AS{(42,474),85(45),C5(525)

3 DIMENSIUN IPATHS(45)4CTS(45),BTS(45),ATSI(45)

4 OIMENSIUN ZS(525) yZMCS(525),ATSJ(525)

5 18001 FORMATI(LHL)

6 18002 FORMAT(LH }

7 18003 FURMAT(3I10)

10 18004 FORMAT(6FI2.6)

11 180C5 FORMAT{15X,6E16.6)

12 18006 FURMATIHEX12HMS 48X ¢ 2HNS 92X 9 LSHPRINT FREQUENCY)

13 18007 FORMAT(3UXy46HINPUT CONSTANTS FOR OPT IMAL ALLUCATIUN PROBLEM//)
14 18008 FURMAT(15X,24HINPUT VALUES FOR CE(1,4)//)

15 18009 FURMATI15X¢24HINPUT VALUES FOR DE(14J)/7)

16 18ul0 FUORMAT(15X,45HINPUT VALUES FOR AA(I) OF THE KUW CUNSTRAINTS//)
17 18011 FORMAT(15X,48HINPUT VALUES FOR BHB{J) OF THE COLUMN CUNSTRAINTS//)
20 18015 FURMAT(//3THTOTAL EXECUTION TIME FCR ALGORITHM = ,F12.791Xy4HSEC,)
2l 18019 FORMAT(//34HVALUE OF PRIMAL OBJECTIVE FUNCTIUN, E2G.6)
22 18027 FURMAT(6X94H ROWy13)

23 18020 FURMAT(1uI10)

24 18028 FURMAT(6X,7H COLUMN,13)

25 WRITE(6,18001)

2¢ LRITE(6,18007)

21 READ(5,180C3)MM,NN

32 WRITE(6918C06)

33 WRITE(6418003)MM,NN

34 WRITE(6,18002)

25 WRITE(6,418008)

36 DO 18035 I=]1,MM

a7 REAUD(5918004)(CE(I yJ) 9J=1,NN)

44 WRITE(6,18027)1

45 18035 WRITE(6418U05)(CE(L4J) 9J=1,NN)

53 WRITE(6+18002)

4 WRITE(6,18009)

55 DO 18040 I=1,MM

56 READ(S5,18004) (DE(L4J) 9Jd=1NN)

63 WRITE(6,18027)1

64 18040 WRITE(6418005)(0EL]9J) 9J=14¢NN)

12 WRITE(6,180u2)

13 WRITE(6418C10)

14 READ(5,18C04)(AA(T) yI=1,MM)
101 WRITE(6,18C05) (AA(]) y1=1,MM)
166 WRITE(6418002)
1C¢7 WRITE(6,18011)
1lu READ(5,180C4)1(BB(J) 9J=1¢NN)
115 WRITE(o,18GCSIIBB(J) yJ=]14NN)
122 WRITE(6,18C01)

123 MY = MM + NN

1¢4 NS = MM * NN

125 DO 18110 1 = 1,MM
126 DO 18110 J = LlyNN
127 K= NN ®[ -1) ¢« J
14C CSIK) ==CEl(1,4J)

121 18110 AS{14K) = DE(I,4J)
134 DO 18120 1 = 14NN
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FORTRAN SOURCE L IST MATLIN

ISN SUURCE STATEMENT
125 DO 18120 J = 1,MM
13¢ I1 = MM + |
127 JJ = NN * (J-1) + 1
14V 18120 AS(I1,4dJ) = 1,
143 DU 18130 I = L,MM
144 18130 B8S(I) = AA{I)
146 DO 18140 J = 14NN
147 JJ = MM ¢ J
3 150 18140 BS(JJ) = BBIJ)
E . 152 DU 18150 I = 14MS
1% J = 1 ¢ NS
154 IPATHS(I) = 4
155 1€150 AS(I,J) = 1.
15 NNS = MS + NS
C ~--- SIMPLEX METHOD SOLUTIUN GCF LINEAR PROGRAMMING PRUBL EM
16U EPSLP = L1E-5
C
161 CALL TODAY(O,ITIME,IDAT)
o
C =-= BEGIN ITERATION
[ § C
4 162 1820C COST=0.
1¢3 DU 18205 I=1,MS
1€4 18205 COST = CUST + CTS(1)*BS(]1)
c
C --=- CUMPUTE ZS AND IZMCS VECTCRS
c
166 1821¢ VU 18220 J=1,NNS
167 LT15=0.
170 DO 18217 I1=1,MS
171 18217 2TS=2TS +« CTS(I)®AS(I ,J)
173 25(J)=27S
174 18220 IMCS(JI=Z5(3)=-CS(J)
c
C --- SELECT MAXIMUM ZMCS. IF NO POSITIVE, END.
c
176 18230 CMAX=ZMCS(1)
177 JMAX=]
20¢ DU 18250 J=2,NNS
201 IFICMAX=ZMCS(J)118240,18250,518250
2C2 18240 CMAX=ZMCS(J)
203 JMA X=J
2C4 18250 CONTINUE
208 IF(ZMCSIJMAX)-EPSLP)18800,1BBOU,18260
c
C --- SELECT MINIMUM DS(I)=BS(I)/AS(I,JMAX) WHERE All,JMAX) IS PUSITIVE
o
207 8260 DSMIN=1.E+35
210 18276 DO 1835u I=1,M$
211 IF(AS(],JMAX)-.1E-6)183%0,18350,18300
212 183G0 DST=BS(I)/ZAS(I 4 JMAX)
213 IF{DST-DSMIN)18310,1835G,18350
214 18310 DSMIN=DST
215 IMIN=]

216 138350 CUNTINUE
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TR pg—

t9 ARMS y kL yMATLIN FORTRAN SOURCE LIST MATLIN

I SN SUURCE STATEMENT
1 C
L === CUMPUTE NEWw MATRIX ATS
C
clu DO 18400 [=1,MS
I 221 8TS(1)=AS{1 ¢JMAX) * BS{IMIN) / AS(IMIN,JMAX)
222 184CU ATSI(I)I=ASUL o JMAX)/ASITIPINyJIMAX])
é4 TEMP=ASUIMIN, JMAX)
22¢% TEMP2 = IMCS(JMAX) / TEMP
22¢ THETA = BSCIMIN) /7 AS(UIMIN,JMAX)
t 2217 COST = COST - THETA * IMCS(JMAX)
3 WKITE(6,418019)COST
' e 231 DU 18410V J .= 1 4NNS
232 1E6ll ATSILII=ASLIMIN,J)
234 DU 18525 I=1,MS
235 IF(1~-IMIN)1845C,18500,18450

! 236 18450 IF{ATSIII))18455,18525418455
2237 1t455 BS{1)=8S{1)-BTS(I)

24( 00U 18475 J = 1,4NNS

241 IFLATSJIJ))1846u918475,18460
| <42 loabu AS{I9Jd) = AS(1,yJ) = ATSI(I) * ATSJ(J)
! 243 IFLAS{T4J)=0a1E-1U) 18462,18462,18475

244 18462 JF(AS(IyJd) = J1E-10)184T75,418465918465
245 18465 AS{1,4J)=0.
<46 1E475 CUNTINUE

'E-D] 60 TO 18525

251 18500 DU 18510 J=1yNNS

25¢ AS(14J)=ASULJ)/TEMP

253 TFIAS(1,J)-01E-10)18502,18502,1851C

254 18502 IF(AS(1,4J) - <1E-10)18510,18505,18505
255 18505 AS(1,J)=0.
25€ LE510G COUNTINUE

2¢ev BSII)3BS(I)/TEMP
2€l 18525 CUNTINUE
c .
263 DU 18550 J=]1,4NNS
2¢4 16550 IMCS(J) = ZMCSLI) = ATSJ(J) STEMP?2
C ~=-= SUBSTITUTE IPATH UF JMAX FCR IMINy C UF JMAX FuKR [MIN
c
2¢€¢ TPATHSCUIMINC ~JMAX
2ol CTSLinmINIsCS{JIMaX)
C
C ==--= THKANSFER BACK TU BEGIN ;TERATION
C
21C GU TU 1823¢C
C
<71 188C0 CUNTINUE
rap: CALL TUUAY(1,1TIME,IDAT)
213 TIME = FLOAT(ITIME)/00.
214 WRITE(L,18015) TIME
215 WRITE(6418020)C1PATHSIL) 4131 4MS)
c2 WRITE(6,18005)(BStL)ol=1,MS)
KIVR | WRKITE(O,180O5) (CTS(L)oi=1yMS)
314 CALL EXIT
315 END
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