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FOREWORD 

This paper describes an algorithm developed for solving a special class 
of generalized transportation-type problems of moderate size. Problems con- 
cerned with optimal allocations of resources subject to meeting a given set of 
requirements such as marketing, routing, production, and weapons allocation 
are frequently of the generalized transportation type. 

The generalized transportation-type problem considered here is a linear 
programming problem with solutions giving the allocations x{, of the jth re- 
source to the ith operaUon such as to maximize a given profit function. The 
requirements specify the limits on each of the n available resources as well 
as the operational limits of each of the m operations. In addition the opera- 
tional capacity of the ith operation when the jth resource is assigned to it is 
known. The structure of such problems (one constraint for each row i and 
each column j) enables an algorithm more efficient than the general simplex 
algorithm to be used for finding a solution. 

The algorithm is intended to solve moderate-sized problems faster than 
will general simplex algorithms. It requires less computer storage than gen- 
eral simplex algorithms, thus making it particularly useful when a limited- 
capacity computer memory is all that is available. 

Nicholas M. Smith 
Head, Advanced Research Department 
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ABSTRACT 

The algorithm described in this paper is used to solve a special class of linear 
programming problems characterized by constraint coefficient matrices having gen- 
eralized transportation structure. Specifically, n available resources are allocated to 
m capacity-limited operations (where the operational capability of assigning the jth re- 
source to the i th operation is known) such as to maximize the total profit for the system. 
The row-and-column structure of such problems permits an algorithm more efficient 
than the general simplex algorithm to be used to solve moderate-sized problems (prob- 
lems where loop-tracing techniques or equivalent schemes are not required). It is not 
required in the problem statement that all the resources be allocated or that all opera- 
tions be performed to capacity limits. It is characteristic of such problems, howevrr, 
that the optimizing solution usually requires that at least one of the two conditions holds, 
i.e., either supply or demand is exhausted. The paper contains a description of the 
algorithm, a computer program, an example illustrating its application, and some com- 
parisons with the general simplex algorithm in solving the same problem. 



1. INTHODUCTION 

The algorithm presented here yields optimal solutions to a special class 

of linear programming problems that are characterized by constraint 

coefficient matrices having generalized transportation structure. ^ The algo- 

rithm preserves primal .feasibility and the complementary slackness condition 

at all times; hence feasibility of the dual constraints forms a set of necessary 

and sufficient conditions for testing optimality. 

The need for the present algorithm arose initially in application to an 

optimal weapons-allocation problem as part of a larger nonlinear minimax 

problem employed in an earlier RAC study1 in this area. 

A specialized algorithm (similar to the one given here) for generalized 

transportation-type problems appears to have been first used by Ferguson and 

Dantzig.2'3 

The algorithm can be divided computationally into two phases:  (1) the 

matrix maximum phase and (2) the simplex phase.  In phase 1 the algorithm 

permits only vectors associated with positive cost to enter the basis and only 

basis vectors associated with slack variables to leave the basis.  In phase 2 

the selection of the next neighboring vertex is currently made as it is done in 

most simplex algorithms (see Ref 4, Lecture V and the appendix). 

The particular structure of the constraint coefficient matrix permits 

economy of computation by employing the equivalent of a doubly indexed sim- 

plex algorithm. 

2. PROBLEM STATEMENT 

The algorithm presented in subsequent sections yields an optimal solution 

to the following class of linear programming problems. 

tThedetails of this structure will be considered in Sec 3, 'Problem Structure." 
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Maximize 

s c:.x 
M   ') 

with respect to 

subject to the constraints 

*, Wa i a, . A, > o ; d m) 

(1) 
^h;jx-iSbi .b^ 0:0-1 n) 

c'. > 0 

Under the correspondences 

(1=1 m) 

(j = 1 n) 

(2) 

an optimal solution to Prob 1 can be found from finding an optimal solution to 

Prob 3. 

Maximize 

'.i ■I II 
with respect to 

subject to the constraints 

*, V., 5«,. a, > o; (, = i.. 

ov 

0 :  (j     1, . 

ml 

n) 

(3) 

'i - 
c„ > 0 
d , > 0 

'I 

d     1 m) 

(j - 1 (I) 

The algorithm finds an optimal solution to Prob 3. 

It should be observed that both the row and column constraints are inequali- 

ties. It is characteristic of such problems that the optimizing solution has the 

property that either all the row constraints, or all the column constraints, or 

both all row and all column constrainitf are binding when all ct] > 0. If equalities 

are imposed on the column constraints and the row inequalities are of either 

type, we nave the generalized transportation problem considered by Hadley.5 

J 



If both row aitd column constraints are equalities, L^ - Z bj, and d^ = 1 for 

all i, j, the problem reduces to the standard transportation problem. 

3.   PROBLEM STRUCTURE:  GENERAL DISCUSSION 

The general simplex algorithm may be used to solve Probs 1 or 3.   For 

large m and n, however, it is not practical to do so. Writing the components 

ijj of x € Em" using a single component subscript index k for xk (as is done 

when using the general simplex algorithm), we see that the constraint matrix 

A contains   mn{m + n - 2) zeros. 

If 8 is the component subscript indexing function [gO, j) = fe] for the 

vector x, then for the problem 

max 
X 

(c,x)      x t Emn        c £ E" 

A. i b      be E"+n       b > 0 

i > 0 

(4) 

A assumes either of the two structures 

fdu ...dln 

d2l. . .d2n 

when flli,j) - »(» - 1) + j = fc (1 < • < m, 1 £ j < n) 

where ln is the identity matrix of order n or 

'12 

'22 

d   , . . . d 
ml mn 

•In 

(5) 

(6) 

when 8(i.)) = m(j - 1) + i - fe (I ^ I i ". 1 ^ i i m) 

where lm is a row vector of m ones. 

IThe right-hand side column vector b here includes m + n components (m a, and n b^ 
as in Prob 3. 
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Any other indexing by g (besides interchanging upper and lower blocks) 

produces a less uniform structure for A.  Structure 5 for A is associated with 

generalized transportation-type problems. When all d^ = 1 the structure of A 

in Structure 5 is that of coefficient matrices associated with transportation 

problems.  Structure 5 for A will be assumed when introducing suitable basis 

vectors for the solution space later on. 

4.   OPTIMALITY CRITERIA 

The algorithm preserves primal feasibility Pand the complementary 

slackness condition S at all times and uses the feasibility of the dual- 

programming problem constraints D as the optimality test criterion. 

The three sets of Conditions P, D, and S are explicitly 

Ai + L.  x m+ n   s 

x > 0 

lAw - '«„"'s 

n.{ w, > o 

u^ > o 
(7) 

S:     (W,XS)+    (Ws,x)    »   0 

where       ' denotes transposition 
< , ) denotes inner product 

b = 0 
c >0 

See Ref 6, Ft 2, p 58, for a discussion of Conditions 7. 

Real vectors x,w that satisfy Conditions P, D, and S also solve the pair of 

dual linear programming problems 

max    (c,r) subject to P 

min    (lf,b) subject to D 

(8a) 

(8b) 

Problem 8a is solved with Conditions P and S always holding, hence Condition D 

becomes the set of necessary and sufficient conditions for optimality. 

In practice the algorithm enforces the following stronger form S of Con- 

dition S, namely, 
(W,XS)    +    (Ws,x)   = 0 at the component level, (7S) 



i.e.,    ijj > 0 = n)s   - 0 , xs  > 0 » Wj - 0 .    Since the dual space constraint 

Aw - lmnws = c  holds for all w,ws throughout the algorithm, Conditions 7D be- 

come the set of necessary and sufficient conditions for optimality, i.e., 

wt> 0 , w> 0 (7D) 

5. PROCESSES OF THE ALGORITHM 

The general processes of the algorithm, the details of which will follow, are 

(1) Generate basic primal feasible solution using complete or partial 

matrix maximum (Conditions 7P are satisfied by exactly m + n positive primal 

variables x,xs while the primal objective function is increased). 

(2) Solve for the dual space variables u, and v. using Condition 7S and 

knowledge of the structure of basis vectors associated with the positive primal 

variables. 

(3) Perform optimality test (test Conditions 7D).   If there are no viola- 

tions the current basic primal solution is optimal. 

(4) For nonoptimal solutions find the largest violation of Conditions 7D. 

Identify the associated vector for entry into the basis for the primal solution 

space. 

(5) Find the representation of the entering vector in terms of vectors in 

current basis. 

(6) Preserving primal feasibility Conditions P, select vector to leave the 

current basis. 

(7) Express the solution in terms of the new basis. 

(8) Return to step 2, 

6. DETAILS OF THE ALGORITHM 

The detailed description of the steps of the algorithm is presented here. 

1.   Generation of Basic Primal Feasible Solutions 

The matrix maximum method of generating solutions ^   is a process that 

makes allocations (assigns values to x,.) to payoff elements c,. of a matrix P 

of payoffs as follows: 



Let 
P     \clt\xm- ' 0   and   r^.  -   o| (i      1 n) 

»I      1 m) ^ 

m'    m  •   1 

where 

*.»-   a.   AV.) 

I"-|      ':      .?/') 

iin. and i,,,-. represent the residual "slack" in row i and column j (Prob 

3) after a set [xx)] of allocations has been made.   In Conditions 7 is   = 

(i, x   - , i -, i... )'  .  If either x.,.. or xm.,    = 0 then no further in mix ml' m n in m ] 

allocations involving row i or column j can be made since either the ith capac- 

ity has been achieved or the jth resource exhausted.   Initially P is the matrix 

of all c    since im.   = o, and xm.    = b;. 

For each allocation x,, of the matrix maximum method let 

mux   kjc,,   i   PI '»!  T* ,c'<|c'ic  ' do) 
then choose 

(11) 

mm  { ~,     ;   X 7^ • Vf 

This choice for the value assigned to xk( eliminates either row k or column I 

from the matrix P of payoffs for the next iteration. The new values xkn', x^-p 

for xkn- and x^,^  are found as follows: 

If "W 
**(-li- 

tten (12) 
h,,-   xkn'-

äkixkt     0 

"m'f'  "m't -  Xk? 



If 

then 

'kf      "m't 

"k,,'     xkn      tkPm't 

xm'(        m't     lk( 

(13) 

In the first case Pn P-lcbilf feilten' 01   (j ,n) In the second case 

ml 

If —Ü- = xm.f then an arbitrary decision is made to perturb ifc . by a small 
dfcP 

amount epsilon. 

The matrix maximum procedure can be terminated in either of two ways, 

by exhausting the matrix P of payoffs (complete matrix maximum) or by assign- 

ing a fixed number (less than the number of iterations required to exhaust the 

matrix of payoffs) of positive allocations x,. to be made (partial matrix maximum). 

Throughout the matrix maximum iterations exactly m + n elements of the 

vector X of allocations (x^, xm., xm^) are positive. The vector X satisfies Con- 

ditions 7P for primal feasibility. 

The matrix maximum procedure proceeds from a vertex of the solution 

space to a neighboring vertex as does the simplex procedure, but specifically 

it proceeds to the vertex that has one less positive slack component and one 

more positive nonslack component (i.e., component having positive cost c^); 

hence the former is more efficient using a per iteration comparison. The 

matrix maximum procedure is not sufficient, however, to achieve optimality 

in general. 

2.   Solving for Dual Space Variables 

The vector  X, resulting from application of the matrix maximum process 

(partial or complete), is a candidate optimizing point since it is an extreme 

point (Ref 4, p 58) of the convex set K of points (x,xs)' satisfying Conditions 7P 

u I     i m MI   s 0, x (7P) 



The linearly independent set (a basis) of m + n vectors corresponding to 

X0 = {x0,r°)' (the subvector of positive components of X) is defined as follows: 

If    I.    > 0 then d.e, ♦  ?_.,    is a member of the basis 

If  x,.. > 0 then       e, 
in I 

If V| > 0 then       tm^ 

is a member of the basis 

is a member of the basis 

(14) 

Recall that in the matrix maximum process if x^  > 0 then not both xin-  > 0 

and rm'j   > 0; hence if d^   + tmA.,  is a basis vector then not both 7i and ?m+j 

are basis vectors.   Conversely, if both iln. > 0 and xm.: > 0 then x^  = 0; hence 

if t, and eV ,   are basis vectors then d,^    +1^   is not.  The set of m + n column 

vectors selected from the matrix (A,lmtfl ) using Definition 14 and denoted by B 

(the ordered matrix of such column vectors) is thus linearly independent and 

satisfies the condition 
BX0= b 

Hence X is an extreme point of K. 

Corresponding to X0 satisfying the equation BX0 = b is a vector u;0 satis- 

fying the equation B'u'0 = c0 where r0 is the vector of costs (payoffs) 

associated with X0.  If the m +n components of w are written w = 

(uj um • ^i VJ' ^en t*16 scalar form of the equation B'if = c or WB - 

C is 
d.M.   *■  V.  m C~ if I       >   0 

(m+n) equations 

(15) 

d.j", + vi - ci)      if      xn > 0 

if      xjn.>0 

vr0 "    V,  > 0 

Solutions to Eqs 15 satisfy Condition 7S, (w,xs) + (u;s, x> = 0.  Since xin' > 0 

implies Uj  = 0 and xm..  > 0 implies ^ = 0 then (w, xs) = 0.  Similarly, if 

x^   > 0 implies u^    = d^u,    + ^ - c^   =0 then (wSti) = 0. 

3. Optimality Test (Testing Conditions 7D) 

The set of necessary and sufficient Conditions 7b required for optimality 

of X0 is rewritten here for reference. 

1'?i here is a unit column vector in E1"4" 

<, = (0.0 1,0 0)'. 
t—ith component 

10 



A'u, - L„u'.    '" 

uv   _' 0 s 

w ■: 0 

The scalar form of Conditions 7D is 

S". ' "i 

i<s      o 

u, i  0 . \)    ■ 0 

CD) 

mn equal i»ns 

mil inequalities     \ 

m < II inequaliliesj 
(7D) 

(7D) 

(16) 

Let (u^ "m • ^i V' be the solution to Eqs 15.   Since Eq 16 must 

hold for optimality we must have itf   ^ 0, M°i 0, vf i 0 Kmn . m ♦ n) inequalities ] 

where 

if i      J      i) (17) 

If itf > o ,u*> 0 , 1*9> o for all i,j then X0 is optimal and the algorithm is 

terminated. If, however, vft < 0 for some i,j or u° < 0 or i;0 < 0 for some 

i or j, an improvement in the solution X0 can be made. 

4.  Nonoptimal Solutions; Finding the Greatest Violation of 
the Dual Space Constraints; Identifying the Associated 
Vector for Entry into the Primal Solution Space Basis 

The greatest violation, V , of the dual space constraints (Conditions 7D) 

is simply 

V       min  Imin   lu'«    \uP     < 0| ; min   luju"'    01   ;  min    \vf\vf<   0| 
.1 i)        i| 

o   o •x (18) 

Depending on which of the above three bracketed minimums is largest in 

magnitude, the corresponding vector rnosen to enter the new basis is one of 

the three types of vectors d,,e* • ?„ ; , e* , or ?„ , 

5.  Finding the Representation of the New Basis Vector in 
Terms of the Current Basis Vectors " 

Consider the three cases (a) V = w°  , (b) \ - u- , (c) V = v? that can 
if ' ) 

result from Eq 18^ The vector equation to be solved for a singly indexed sys- 

tem is 

\    "H   or   Vk    B   Afe (19) 

The bar denotes the minimizing index or indexes in Eq 18. 

11 

^MaaaaaaaBMMa 



where  yk is the vector of coordinates of Ak relative to the basis of column 

vector?, of B. 

Corresponding to cases a, b, or c the following vector equation is solved 

for yjj, the m + rt components of the entering basis vector. 

(20) 

(a)  dT]?T •^.T] 
(b)      cT = 2 yif«,;. * ^ ^yil?, +   1 yir.7 

(c) m+J 'n > 0 
"in   >  0 *».',  >  o 

Equation 20 leads to the following three sets of scalar equations in yjj, y{?', or 

For Eq 20a 

1 
i 

y^n + e 
*i i>0 

1 >;['., 
h .>0 

1 
i v:[+^ 
si 

>0 

i v]! 
«i )>

o 

For Eq 20b 

For Eq 20c 

i >:7 

(i =  l m) 

0 if       I  V l 

1 if      j - j 

0 if      )  Vj 

(j = 1 n) 

n    if   i = 7 

10     if     i^i 

d = 1 m) 

(j = 1 n) 

1      if     / = j 

0      if     j / J 

(i =  1 m) 

() -   1 n) 

(21) 

(22) 

(23) 

12 



6.  Selecting the Vector To Leave the Current Basis 

Once the vector that enters the new basis has been found, the associated 

positive components of the new primal solution \n(,w must also satisfy Con- 

ditions 7P for primal feasibility.  Hence we have 

or 
"^       »n.wCw        " C*        0 

BX0    0 

(a)  d7T?T 
-♦ 

(b)        ?; ♦  0 

c) m+ j 

(a)  (i--?- 
'i  i ^.T 

(b)       tj 

(,) -» 
^,7 

(24) 

(25) 

BX"   e 

(a) By" 

(b) By""' *   0 

(c) By"'' 

(ul ei'i 

(b) Oy7"' t   It 

(c) 0y"M 

(a) i-f- -♦ 

(b)      t- 

(, ) ?m,T 

(b)    ?r 

(26) 

(27) 

Since Xnevv > 0 we have in particular (a) xP- = 6 > 0 , or (b) x?,   = 9 > 0, or 

(c) 
mj 

6 > 0 corresponding to the new basis vector a, b, or c.   The remain- 

ing m + n - 1 column vectors of Bncw are determined by eliminating that 

column vector of B whose new associated primal solution component i° 
' n r w 

vanishes. 

This elimination is accomplished as follows. Writing the expressions in 

the left braces of Eq 27 in component form, we have 

'new 

(a)  ey\\ 

X- -    (b) öy" 

(<■) fkm") 
1 'I 

for all (i,;)  3  x(       0 (28a) 

X».      öyjf, for «IM..«)  3xln.     0 

m)„ 
x0.   -  "v'l. 

m f m ) 
for nil On',)) 5 x.       0 

(28b) 

(28c) 

Since we want x°. or   t . 
"new i 

from Eq 29 

, or   * ̂
 In- 

tO vanish we select positive 6 

13 
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■'       ruin 
I'n 

>li (1 

['ll 

in') 
ii') 

If the minimizing indexes in Eq 29 are (i ,j) = (p,q) then f 
P1„,.w 

(29) 

0 and 

d  t    + f       leaves the basis ii p t mor q / f , e   leaves the basis if o = r, 

and ?,„,,, leaves the basis if p 

7.   Expressing the Solution in Terms of the New Basis 

The new solution  Xnew has components expressed by Eqs 28a to 28c with 

9=0.   In particular, as mentioned before,  x°       = 0 and x-. - 6  for the 
P'fnow I) 

primal variables associated with the leaving and entering vectors respectively. 

8.   Return to Step 2 

Self-explanatory. 

".   EFFECT OF NEW SOLUTIONS ON VALUE OF OBJECTIVE FUNCTION 

There is associated with any violation of Conditions 7D a new solution 

(Xn(.w) to Conditions 7P that improves the value of the objective function ^c0, X0) 

and at the same time eliminates the specific violation of 7D. 

Recall from step 6 of the algorithm Conditions 7P are preserved when a 

new vector Afe enters the basis, thus 

B.C 

B.r 

"A, ÖAL 

"IJ>k • "V- 

H(\0      Öy, "A,. 

\      »>., (30) 

For the corresponding expression to the objective function value we have 

( c-0.(\0 

or 
'%>> 

(f0..Vo)- öle, 

"i, 

^i   ,>. ) )      (ne« abjective funrtion value) 
(31) 

The term (c^ - (c0,y(!» corresponds to (ck - 2k) in general simplex notation 

and in the notation of this paper to (a) -u's for 1 ? fe ' mn when A,,  = de, ■ ?„, 

k =«(i-l) + j, or (b)-H, when Afe  = c  mn   fe ?troi ■ m) or (c)   i' when A^    e   , 

14 



■■■PH0B    ' mm ~—^T"^ 

nm.mfesmn.m.M.  Thus for positive 6 and any violation of Conditions 7D, 

i.e., u;s    < 0 , u,  < 0 , or i;   < 0, there is an associated improvement in the 

objective function value of magnitude (a) -6u;s   , (b) -BUJ , or (c) -öu. when the 

vector (a) Afe , (b) ?, , or (c) ?m+j   enters the new basis.  Condition 7S guarantees 

that the violation will be eliminated for the next iteration. 

Throughout the algorithm values for zfc (2fe = (c0,yfe)) are not computed 

using the yb representation of Afe (i.e., the representation relative to basis 

vectors  0, but from the relation zk  = iw0, Afe) which makes for greater effi- 

ciency in computation. 

8.   COMPUTATIONAL EXPERIENCE 

The algorithm briefly called MATMAX was originally used to solve the 

linear subproblems described in Ref 1 with m = 3, n = 4. During the process 

of convergence to a single larger nonlinear programming problem solution to 

which the linear programming Prob 3 is only a constraint, it became necessary 

to solve the linear problems in the order of ten thousand times.   The need for 

an algorithm faster than the standard simplex algorithm thus arose. 

TABLE  1 

Solution Times for MATMAX and Standard Simplex Algorithms0'' 

Number of 
constraints 

MATMAX, sec Simplex, ' sec Simplex,    see 

m n 

5             » 
10           12 
18          24 

0.16 
5.56 

24.88 

0.60 
31.51 

297.10 

0.36 
15.84 

114.98 

Solution times are based on single precision operations in l()H I It \\ l\ 
using the IBM 7044 computer. 

bSee App C. 

The MATMAX algorithm has been compared for solution time with the 

simplex algorithm7 and an even faster simplex algorithm given in App C.  The 

A matrix (with identity) requires 19,988 = 42 x 474 storage locations for the 

m  = 18, n = 24 simplex algorithm, thus limiting the size of "incore" compari- 

son of the algorithms.  Solution times for MATMAX and standard simplex 

algorith  ,   are shown in Table 1. 

15 



The success of the algorithm currently depends on being able to solve 

the m + n linear equations Eqs 15 in u| and v. sequentially, i.e., on solving for 

the nonzero u, and f. in terms of zero valued u, and/or v]. 

If, however, it is not possible to solve the system of Eqs 15 sequentially 

during some iteration of the algorithm,an attempt is made to bypass the diffi- 

culty.  The algorithm then attempts to proceed to the optimum by avoiding the 

particular vertex for which Eqs 15 could not be solved.   Currently the algorithm 

returns to phase 1 (the matrix maximum phase), this time assigning one less 

i,!  having positive cost c^   and one more positive slack variable (partial 

matrix maximum) than was assigned the prior solution of phase 1.   Beginning 

with this solution in phase 2 (simplex) a new sequence of vertexes is generated 

for which the problem of nonsequential solvability of Eqs 15 is frequently avoided. 

The above process has worked successfully on most problems of moderate 

size but has failed on one with m = 30, n = 32.  In some situations more than 

one return to phase 1 may be required in order to find a sequence of vertexes 

for which Eqs 15 may be solved. 

It is, of course, possible to solve Eqs 15 when sequential methods fail. 

However, the logic of loop-tracing techniques required in such situations is 

complex and is not currently employed.   Alternative methods that use the se- 

quential solvability of Eqs 15 as a secondary criterion for selecting the next 

neighboring vertex are under investigation. 

16 
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Appendix A 

COMPUTER PROGRAM FOR THE ALGORITHM 

INTRODUCTION 

A listing of the computer program for the algorithm follows.  The algorithm 

has been used successfully on problems of moderate size (see Sec 8, "Compu- 

tational Experience"),  The comment cards identify appropriate subsections of 

the program as described in Sec 6, "Details of the Algorithm," 

The success of the algorithm currently depends on being able to solve the 

m + n linear equations Eqs 15 in u, and i', sequentially, i.e,, on solving for the 

nonzero u, and vl in terms of zero valued u, and/or v., as discussed in "Compu- 

tational Experience," 

Several working arrays are used for calculations; namely, the AE, ABASIS, 

YY, ABAR, BBAR, U, V, ISUM, and JSUM arrays. 

The value of the objective function is printed out every teth iteration by 

setting IWRITE = fe on the first input card.   In addition, a detailed printout will 

be given every kth iteration by setting ITAD     1 on the same card. 

The computer program of App C accepti exactly the same input cards as 

the following program, with the exrcplion an «tuted In App C. 

The subroutlni' TODAY called twice In the program In used for timing 

purpose only.   The general UHCI Nhuuid nol call Ihls ■ubroutlne. 

in 
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PROGRAM 

1 Vi 
FÜKTRAN   SUUKCfc   L1ST 

SuUKCt    bTATL^tNT 

c 
7 

i; 
n 

u 
1? 
lo 
1 1 
c 

c\ 
li 
c i 

c 7 

31 

i 1 

^2 

-i-. 

<l ? 

3l 
S2 

6^ 

i. lrtt-1 

19( '.U 

i <; irA 
is. ■ c. 

IS 7 
1^.. ..« 
i-j- S 

1-3' K 
iS 11 
1S.1.' 
IS 1J 

IS. I'. 
1 7: \'J 

lSv.17 
IS,. IH 
is. IV 
IS: <?i' 

ic   IS 

iS    ^J 
IS   2h 

1 9',Vö 
19>,^7 
1 S Uh 
1 s; 2r* 
i s. JC 

i s. n 
1 9 .32 

'i ;    1 S l 3 3 

1 S'jJ^ 
1 S'. 35 
I 9 v 31 
1 S ; j 7 
IS 38 
IS. 3S 
19 ' 40 

t   MAI MAX 
JML iblUM   LH Jb,35) ilJt(36,36ltAt(36»36l tArfASIS( 16, J0),YY(36,36) 
Jli-ltNjIUn,   ADAKC 36» tdüAK(36»,ISUP(3t)», JSUM(36) 
iHMtNSIbi'J   AA( 3b) ,BH( 36) 
J I ^t Nil UN   XX(3bf3!>) ,U(35) ,V(35) 
FükMATl1H1) 
f-uRMATdH   » 
l-U'KMATKI 1I. ) 
I-UKI'.ATI •-.r U.6) 
F()KMAT(i3/»6tl6.6) 
t-uh,M4Tll!;XttHMS=   , I 2 t^X ,'tHNS=   , I 2 ,1 5X , iCHFKEU.   UF  üBJ.   »-JNCT.   PKIN 

IToUl    ,I?,lX,2SHüfcTAILbO   PMNTUUT   IF   ITAB   =    11 5X, 5H1 TAö= , 12//) 
FUKMAT(3/X|A6MlNPUT   CUNSTANTS   FCK   OPTIMAL   ALLOCATluN  PKuaLfcM//» 
Fois.lATdiX.Z'tHlNPUT   VALUES   FUR   CE(IiJ)//J 
FurtM.U( ItjX^tHlNPUT   VALUES   FCk   Ofc(I,J)//) 
Fu/jiATdSX.-oHlNPUT   VALUES   FOR   AA(I)   OF   THE   RUK   CuNSTR A INT i//) 
F jK,iAT(15Xf4adlwPUT   VALUES   FOR   BBU)   ÜF   THE   COLUMN   CUHSTKAINT S//) 
FK^AK    S^HbhjfcNtRACY   UCCURS   FuK   ABAR(I)    BbAR(J)    TKY   NEW   UtLTAl) 
FUKMAK    7H1MAX   =    ,I3,7HJKAX   =   ,13) 
FUKMAK    1 JHAdAkI IhAX)    =    ,E14.d,13HBBAR( JMAX )   =    fhU.Ö) 
F.M.IATC//i7HTbTAL   EXECUTICN   T I PE   FCR   ALGORITHM   =   , F 12 . 7. IX, 4HSEC . ) 
FUKKAI («1U") 
Fui^iAKv X,23HOETAILS   UF   THE   SCLUTICN//» 
FijK^AU/M'.HNUMbFK   UF    ITERATIONS   AFTE-<   INITIAL   SULUTION    ,15) 
Fu;'«iAT(//3*MVAl    S   UF   PRIKAL   OBJECTIVE   FUNCT ION, E2u. 6) 
FUN-./.! (//32HVA      E    L-F   OUAL   OBJECTIVE   FUNCT ION, E20 .o ) 
FoKMAT(l/X,<»HR     ,    ,I2,'JX ,7HCCLUMN   , I 2, 5X , IIHALLUCAT luN   ,L12.6,5X,23 

H^L TUKu   rküM   t     .uCATIuN   ,Ei2.o) 
FuKMAT«//7<tHV      LES   UF      THE   DUAL   SPACE   VARIABLES   (LAOKANÜE   MULTIPLI 

lf:KS   ,    SHAOO*     KICES)) 

t-oKMM ( 1 ~X,4HHUk>    ,12 ,5X ,6Ht( 1)=    ,E12.6» 
F,,rMUI 7x,7NCüLUMN   ,I2,5X,6HV(J)=   ,F12.6) 
r;jK^AT(//37HMAXIKU^   VIOLATION   OF   CUAL   CONST K A INTS , E 1 ta. 6 ) 
Fim.1ATI//l^X,2tiHSTAKTING   NEk»   SEGUENCE   NUMBER. U) 
ruK.SAT(0X,4h   RJ«,I3) 
t-L^lATd •X,<.1HTLTAL    ITERATIUNS    IN   LAST   VERTICE   SfcUUENLE, 13) 
FukMAT ( I JX.WHNL.^BER   OF   POS.   XX(I,J)   TU   ßE   ASSlGNfcU   BY   MATMAX,I3) 
FuK«AT(|5/,l'3ril TeRATIUN   , K ,8X , 28HPR I0R   VALUE   OF   UBJ   FUNCTION   ,E12. 

li),HX,31H1AX.    VIOLATION   OF   DUAL   CONSTR.    ,tl2.h/) 
FLK«AT(//52HMATKIX   f'AXIf'Lf'   ITERATION   NUMBER   »141 
Fm-IAKSxagHALLLCATlUN   SE LECT EU, 4X »"»HkOW   , 14, 4X, 5HCuL .    ,I4,4X,SHX 

M( I , J)=    ,h 12.6) 
PlM'«)AT(5Xl*)HtMFKING   VE CTLR ,2 I 3 ,8X , 14HLE AVI NG   VECTOR, 2 15, ÖX,20HXX( 

lit «TtKjJfcwTtRl    =   ,H2.6//) 
Fu^^ATI^X^oHVALUE   OF   OBJECTIVE   FUNCTIUN   =   ,E12.6) 
Fij.Ä1AT(///3r)X,j..HntTAILE0   INTERMEDIATE   PRINTOUT/) 
FUhMAT(/lfX,3'HCUKRfcNT   SCLUTICN   ARRfY   XX(I,J)/) 
FUXWATI/it)X,),SHUNUSEO   K E SOURCES , 5X , 26HCULJMNS   I   THRU   NS    IN   URUER/) 
Fui<.lAT(/ItX.l 7HCNUSEÜ   CAPACITIES,5Xf23HROWS    I    THRU   MS    IN   ORÜtR/) 
FoKMAT(/l5X,5 ;H      PRIUk   VALUES   OF   THE   DUAL   VARIABLES   U(I)    1^   URÜER) 
F0RMAT(/1?X,6.H      PRIOR   VALUES   OF   THf   UUAL   VARIABLES   V(J)    IN   ORDER) 
»JMTb(6,l9' L'I) 
Wn.! Tcl6, ISui 7) 
RLAD( 5,l'y{  3)MS,NS ,1 WKI TE ,ITAb 
WRI Tt I 6,lSwl,6)MS,NS,I WRITE ,1 TAB 
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I b: 
FURTKAN   SUUKCh   HW   MAIMAX 

SUO^Cc    SlATtlHNl 

t i 
( 7 
7, 
7[) 
It 

1. •<. 
1    c 

1   : 
1    7 
i   IM 
11-. 
11: 
li*. 
1^5 
IJ2 
I 3 7 

i^l 
Uo 
Iti 
15<. 

lb!3 
ISfc 
15/ 
U . 
Ul 

Ul 
lt^ 
lc5 
Ufc 
Ifc/ 
17'- 
il/. 
II ■ 
ITS 
170 
1 77 

2.. 1 
tl2 
c^l 

?' 5 

^e? 
211 
^ li 
il« 
in 
^ 16 
2 IV 

Wis|7Mt,l9i.'. £) 
«Kl IH(.,ll>i .-9) 
L)U    I'.-.b.    1 = 1, MS 
KfcAülatlVIi ^»(CL(l,Jt,J=l,N3» 
rtKHc (ü,lVv ?7) I 

1 9i 0'    «Kl It ('<, r>.;   bMCEd ,J) ,J = 1 ,NS) 
«vl TEio.l1;   • ^) 
WKl Ih (6,lSl. 'J'J» 
DU    1 *>iOi     I = 1 ,NS 
^tAu( S,1^C,,4) (Ut( 1 ,JI ,J = l ,NS) 
WK|TL(ü,1S.27)1 

IS. fi   WINI Tfc(ö,lVo   o) (Ut( I ,J( ,J = 1 ,NS) 
rtK! T^ ((.,1S,    J| 
*«'<1 Ti (', ,iS( I >) 
.<[ AiJ( i,!«»' ^) ( AA( 1) ,1-1 ,fS> 
WKl fcCclS*.    t)M AA( I) ,1 = 1 ,NS) 
i*iUTC(fe,lc/i.   2) 
*i^l TUC^lSt 11 ) 
KL«LI(1-,1'J' '.. 4) (LM( J» ,J=1 ,NS» 
wH TC(o,19'    5) Ibb« J) ,J=l ,NS) 
rtl<l TL-CclSoi 1) 

CALL  rajAYii:,! UMt.iOAT) 
L UtStKA riu.J   Lt"    rtASIC   FtASILiLE    SÜLUT1ÜN   USINb   MA1KIX   MAX IMUM-HI j^- 

MTüTAL   =   MS   *   MS 
•iHlo        =   'S   ♦   NS 
'HtTAl   =   .l(-3 
jLLliZ    =    .lc-f 
jSi    =   US   ♦    I 
-ISS   =   MS   ♦    1 

199 

>1Uin   =   Mbit, 
1S1 '.     11=' 

TL.1P'   =   ',;. 
^.■IAI    = 
i) J   I /I   b   1 =1 ,MS 

1S1 :t>   At A,U I ) = '.M( 1 ) 
'Ji)    19111     J=l,i\S 

iSl 1-     tJhAK( J) =0» ( JI 
iJu   1 il W   L = l ,MULT 
,U-(4 X     =     ■   , 

i)t   1 'U.     1 = 1 ,^S 
IT! A ,U,( 1 l-.U-ull'Vl't j, 191^;  ,1912^ 

lc.12.    L)ü    1/ljb   J=l,NS 
IMrtnAk(J)   -   . lt-t.119U5, 191 i5,19125 

iS12b   IMCcll.J)    -   AMAX)19135 ,19135,191iL 
1S1 J(    ANA X   =   CM 1 ,J) 

I MAX   =   1 
JMAX = J 

I'.l 3b Ci. JT I'VIUL 

1^1'41.   CU.MTI^LL 

IK AMAX) 192! J,l92>o,l 915^ 
1S15>.    AüAKTIJ   =      AuAKdMAXl/   uF ( 1 f AX , JMAX ) 

Ac ( MAX, JI-AX)    =   ChdMAX , JfAX) 
HriAKr^   =   bUAHlJHAXl 
IFtAbAkrH   -   rtöAKTPI1916(),19170,191ör' 

C bRAiMCH    191 7(     IS   FüK      üEGfcNERACY  
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ISx 
FUKTKAN   SUUMCE   Llbl    MATMAX 

SUüKLL    STAlbMcNT 

/Zl 
ice 
2li 
<. i^ 
?2<: 
i.2t 
iJi? 
li- 
Hi 
L it 
Hi 
<.tM 

lit 
Stl 
< ^: 

I'M 
2M 

(M: 
<. 4? 
^5. 
251 
2tt 
2ti 

i":t 

^ c . 
.t 1 
etc 
2t3 
^ ü*« 
2t5 

;?- 
^71 
clc 
i.'l ■> 

c'l^ 
clt 
clt 
zn 
i i 
3'vi 

ill 

lSl6i     XX« I -lAX, JN,AX)=AbAKTH 
AB4K( IHAXjs    „., 
iLlArM J'-iAX) =    UHAkTP   -   AbAPTP 
l(-(lTAu   -   1) l^l9y»19165f 191V9 

1SIC5   TlHHJ    =    TIMP2   ♦   Ct UMAX , JfAX)    ♦   X X ( IX AX , JMAX » 
lAT-IA   =    ■If Al    ♦    1 
wKI Tc( ^ , lc"  31 IMATMA 
wt>l TC(f iif/f J?) IMAX, JHAX ,XX( IMAK, JNAX) 
WKl TL (t.l^C  i*) IfcWP2 
GU    ID    l»lf/1» 

lS17c   AflAnUhAXl*   AüAKdMAX)    ♦   DtLTAl 
lüt&t^   =   IÜLüCN   ♦   1 
iF(IDtO[N   -   HTCTAUmSC ,19i5u,1917lj 

151 /5   WKl rtC6tlVll?J 
NKlTh(t.lVt13)IMAX.JKAX 
WR1 TLIOi 191.14»AUÄK( IMAX I .BHAKI JMAX) 
lUtl^tH   =    C 
JhLlAl   =   10,    *   OLLTAl 
Gu   7u   in7t 
XX( I M.tX, JMAX (=3BAKTP 
HUAMJMAX)    =J. 
ABArsll^AX)    =    AüAkdMAX)    -   Üfc ( I f AX , Jf AX I ♦   URAkTP 
IFIITAU   -   1 ) 19199,191di),19199 
Tt»H2   ^   Tf^P2   ♦   CMIMAX.JPAXI    *   XX J IMAX, JMAX J 
"IATMA   =   1.1AT   ♦   i 
WKl Tc((-,,19; 3 1 lhATMA 
rtkl TE«6,19r 32 UMAX, JMAX ,XX( I MAX, JMAX) 
^KlTclfc.lS^ J<») THMP2 
'■IMrtT   =    -lUT    ♦   1 
-SdLVt   huK    IHt   DUAL   SPACE   VAKIAbLtS   U(I)    ANO   VU)    19^. 
1LIJAL   =    , 
'JH   19LL'J   1 = 1 fMS 
IFIHJA^H)   -   . lfc-6 »1920 2,192'J2,i920<. 

192u.^   Ü« I >=   l.fc + S'j 
SU   T J   1921 t 

152 .^   U(I )=   f . 
IMAAU»   -   A(JA«(n )192<.'f,l92i,6,l92l5 

ISZtt   lüdAL   =    IDLAL   ♦■   I 
isz^t cj.viriijct 

-Hi   19212   J=l ,NS 
IKböAK(J)    -    .lt-6)19^(,b,192Jri,1921C 

I 92'.6   V(J)=l.t*36 
iju    Jii   19212 

IS21'"   V(J)   =   .'. 
If(3rf«J)    -    GnAKlJ) ) 19212,i9212,19211 

1^211    luUAl    =   I'JOAL   ♦   1 
1921«:   CuNTI'vUt 

IFdUUAL   -    1)1^215,19219,19219 
lr;21b   MUUl   -■   M.MAT   -   1 

IMhJU   -   ^ ) 19^.11 ,19216,19216 
192 It    )ü   1921H   I»l,^iS 

Du   19217   J=l , NJSS 

U(I , J)   =   v. 
19^17  Cul<TI.ML,b 
19,ile  CUNT I NU 

ISlfcC 

lUHS 

19199 
L  
is: .. 

0-1929«; 
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FUKTKÄN   bGUKCb   LIST   MATMAX 

1 in 

JIJ 

-lb 
- 11 

i>2 
ja 3 

- >c 

• L '. 

■il 

332 

3^ 

"    » *» 

3^ ' 
;/^ 

3^C 

VulKLi.    SIAIEMENT 

äS2 

. u (, 

3'-? 
i tu 
itl 
.■fc? 
ICH 

it* 
'- ft c 
it? 
i7u 
3 7.: 
37^ 
j?^ 
375 
j7e 
377 
^(T 

<.. 2 
^    ' 

4'. 7 

ic.c2^ 

is;?2t> 

I VtKl 

WK 
Wl 

M 

liu   TU   i'n1'y. 
IFliNM    =   l 
^IUAL   =   u 
IM IF 1NAL 

=    1 Vt-^T   +   1 VtKl   =    1 Vt^T   ♦   1 
KI TLCO, i1^' ^61 i VC.<T 
klTtlhtlSv^SUl 
HI Thlc, l^.t iiHOUT 

IMUINAL   -   i^S) 1922^ il^3,;o,193o0 
•llJUAL   =   ML'UAL   +    l 
IM.'iJUAL   -   1(11011922511922511921^ 
iFIwAt   =   ( 
iJÜ    i-ilh1     1 = 1,1^5 
IH    U( l )   -   l.t; + 35) 19^60,1^2iJ,1926( 

lc-23r   iK!   19..S      J=1,MS 
If-l    VIJ)   -   1.E + 35H9235,19250,19235 

is?jt.   If (Atd.J) 11925» ,1925u,1924ü 
lS2tl    'J(l»   =   ICftlfJ)   -   V(J))/   UE(I,J) 

GU    lu   192SI 
ls>^5i.   Cü,\TIMjt 

GU   TU   192':» 
1 c.2 6'     IF INAL   =    IFIwAL   ♦    1 

)lj   IVu'     JJ   =1 ,NS 
IF(V(JJ)   -   l.E*35)l928C>,192<>5f 1928C 

ihdtb   IK Atl I , JJI )192öC,192öG,l927'J 
1^27      V(JJ)    =   GLIl.JJ»   -   Utd.JJ)   ♦   Um 
i^C'..   Cüi-jTIiSGL 
1S2S'    CüNTlNLfc 

Tu   19221 ou    iu   i » 
f. UPTIMALI 1Y 
ISJCC   ülhillN   = 

TEST      193ÖC-19399- 
15jCl   JlTillN   =   v . 

Ju    l'ij. 2    1 = 1 ,MS 
IKU(I)   -   lilFMIM 193^1,1^31)^,193'>2 

1^3^!   LI IF M 11 i   =   U (11 
IL,4TtK   =    1 
Jt-NlTLiv   =   NSS 

1S3 

1^3..3 

1S3",'♦ 

l'iii 

IL.jThK 
Jti^TLiv 
CD.MI INGE 

19H.^   J   =l,NS 
GIFMIN) 193c 3, 19304,193;'4 

V( J) 
J 

in v( Ji 
Ü 1 F rl 1M   = 
J t n» I f: K   = 

I il IN T L; t<   = 

DL.    19.J21    1=1,MS 
J       '     ' '       ■ - ■     ■ ■ 

IS3U 
ISJl') 

Ju    l^i? '    J=l ,NS 
1H AfcU .Jl) 19 320 ,19305, 19320 
J\y   =   l;L(I,J)    *   U(I»   *   VIJ)   -   CE(I,J) 
IK J1F) 19319,19320,19320 
IKJII    -   bIFMIN)19315,19320,1932ü 
iJlFi-iU   =   GIF 
I f   , j T- ;j      -      1 
iJlFi-iU   = GIF 
ItfahK   = I 
J ( 'J1 L •'.   = J 

1S32(    CI^TIAGI 

i^j21   CUNTINGE 
IKUIPMIN   +   üfcLTA2) 19^,00,19325,19325 

22 



1 SU 
FUKTKAhJ   SüURCE   LIST    IATMAX 

SDüKCL   STATtMtNT 

<tll 

Mt 

h 15 
Hit 
^\. I 

^.21 
<*2Z 
tici 
^.'.^ 
kl 
kit 
kl 1 
k f; 

kit 
1 ik 

k >a 
kl 1 
k'tC 
'tkl 
kki 

kkk 
kk5 
kkt 
^5 
Htl 

k-zZ 
kt'i 
ktk 

'.tie 
k*.l 
kt- 
Htc 
kt- '. 
ktk 
'»6 5 
kt-l 
k (.. 
^71 
'. 11 
il ■ 
^'(k 
kT: 
k It 
kl 1 
5w 1 
S. i 

L h 
iS325 

IS   FUR   UPTIf'AL   SCLUT1LNS- 

i   l^i.^ 

l',iVj 

1S341 

IS35! 

!•> jt 

L H 
1 i^t'.v 

IS-Vi 1 

IS",   i 

l^k' i 

l^k^.k 
1 ^ky.'i 

CiJiJ Tl  JU(: 

CALL    llJUAYd ,1 TIMt ,IUAT) 
TlMt    =   (;UJAT(lTlMt)/60. 

WhI TLCCISL 15)TIMt 
nVl Ihlü, 19'   Irt) I l 
,JKl IL(^ tlSK 25)UIFM1N 
WivI U lo, IS' .il ) 
«<Kl Tc (ö,l(H 1 n 
^i^ 1 AAL    =    1  . 
)bAL =    .. 
Ju   r/34',    1*1,MS 
au i^ijri J=I».\(S 

iK«L( I ,J) 11 ^335,1033btiy33o 
TL^.'   =   XX( I ,J) «CK 1 ,J) 
I-'I liiAL   =   P(-.|r«AL   +   TEMP 
Hf lie ( o, !</. ?!) I , J, XX( I , J) ,TFMP 

CüUTI^Lf 
rtKl THntKi. IVjPklHAL 
Hisl IL (c, 19; 221 
01)    1 öf'       1=1 iMS 
WKl T! (t,IS, 2 O1 ,ü(I ) 
JUAL   =   tUJAL*   AA( I)   *   U(I) 
tüiM T I .Nl.r 
iju    19^.j •   J=l ,NS 
/JKI fK 6,191 2^) J,V( Jl 
J0AL=   ^UAL   +   tMK J)    *   V( J» 
C-JiMl I 'v UL 
AKI TLi^.lVt 2 JIÜUAL 
CALL   EXIr 

-.Hr-t SL\T/.I IHN   UF   Ei^TEKINü   VtCTUK   '3V   CURKENT   BASIS 
AiAK( ^SSI=   ii. 
HdAH( 4SS)«   (.. 
MSPACt-   =   ( 
Dd   19<t •!    I =ltMSS 
I bü.ll 1 ) =   c 
At ( 1 t.Wi>S»=AbÄK( I ) 
atn iNssist. 
.n,   1 ,,L2   J = 1,NSS 
J bUh(J)=   l 
AE.MSS,J)    =   HU4.-. (J) 
iJtd-lSStJ)    =   J. 
Jü   J9<*.r)    I^l.MSS 
i)u   19^"»   J = 1,NSS 
A.Ai.1 JI I ,JI    =   AF.( I ,J) 
YY( 1 , J)    =    i . 
IF(A6( 1 ,J)n<»<n.,4,194{.4,19A.,3 
I SüM( I )    =   1 SUMd )♦   1 
JSUKIJ)    =   JSl>M(J)*   1 
NSPACE   =   i-SPACfc   ♦   1 
C JI^TI NUt 
CüNTl MJE 
l 1=1 1*1 
IKILMTM*   -   XSSJl/'.v/,19^16,19^0/ 

-ALL   ÜIF   AKE   NUN   NEGATIVE 

19^Üa-19^99  
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IS 
FORTRAN   SOURCE   LIST   MATMA>. 

SUUhCu   STATtrttNT 

Li.t   ISm t- .)ti ienTtK,NSSI«0. 
•:■ h JF{MSi»JcNTLK)    =   1. 
'■ . 1 Gil    TU    1441', 
tl.    1 r;'< . / lr-( JrJlHK   -   'JSSI rJ't,)9,I'J4ü8, 19409 
tli    1 <;'•(.(■ JK ltriIfcK|NjSI»l. 
'Jli L)L (MbSf JLf.lt-RI     =    '.■. 
i13 Uü   Tu   19^11 
M4    IS'ti.'/ ,)!.( MS), JI-NTh K)     =     I. 
Sl3 Jt« IcNTI; J.fNSS)    =   JE i ItNTfcR.JENTER) 
tit   IS^l. IKil   -   ITUTAU 19M4,19M4,19411 
51/   IS'ill wRlTfcU.19)   tJlDlFMIN 

b^l W»<I lc(ö.l9Cl6l ( ISUM( I) ,1=1 ,MS» 
b26 WKI Idn, I9.il eM JSUM(J) , J = l ,NS) 
'J31 üü   1^12   I»1,HSS 
'JM   194U W(<lIt(f>,19'iL<»»(AElI,J» .J*ltNSS) 
'j*/. K^iTttb,19 :l6ntNTFK|JEMEK 
64i i)Ü   r^iJ   1   =   l.MSS 
?«<I   IStU ^KI U (f,,lf/. t^MAbASISl I ,J» ,J=1,NSS) 
ljt? aü    Tti    I'MT'j 
t5j   1S4 14 CUNTINUF 
5 34 .NUTAL   =   ' 
5^5 I KLP».r   =   i 
b5c    ISflt IFtNTulAL   -   M'U o) 194 17 , 19<.9b , 19<.95 
C:tl    19417 iKtf-At    =    l*tf<t    ♦    1 
t6, IFIUFHrxE   -   ^lilü) 1942', 1942'. ,19411 
^tl    l^'ii: UU    i-^'jb    1=1 ,fS 
5c? IKISUhCIl   -   1)19465,19425,19455 
btj   1942b JU   lv443   J=1,NSS 
5c 4 IFUOASIM I,JI »1944b, 19445,19430 
Tc-i    lr«4 3i IKJ   -   NSSH <435,1944J,19435 
50c   lS4Jb YV(f,J)=   Lk(1,NSS)/UE(I,J) 
*LI JK 1 .„Sb)^   YYC I ,J) 
bl: L»LIMSS,J)=   UtlMSS,JI   -   YY(I,J) 
b71 ULI   TU   1945I 

'r U    1S44' YY( 1 ,J)=    1/L( 1 ,NbS) 
bH ou   TI)   19tSt 
5 74    15445 CüuTI vLt 
b ?f   lS4b- I so-K 1 )=   1 SUM(1 )-   1 
•■.tJ JSUrt(J)=   Ji>U«(J»-   1 
t    ( NTUIAL   =   NIUTAl   ♦I 
'    1 Ao^bi s(I,J)=   0, 
c ..^   1 ■743b CUI^TIMLE 

('.4 IFlNTUTAt   -   M410» 1946'J, 19',95l 19495 
b- b   194cv OU   1 -.4^    J=l ,NS 
r.C- IKJbU.M(J)   -    1)19490,19470,19490 
6 7    1 ^47> hi    1 )4h.'    I =1 ,MSS 
c 1 . IMrtLiAil j( I ,J) ) 194^0,19460, 19475 
'.ll    1^4?b YY( 1 , Jl=   l/h ( •1SS,J» 
tl/. )L(i,.JSSI    =    )MI,NSS)-      OfclliJ)*   YY(1,J) 
t li JU   T-l   194^: 
. 14   1 S4a> Cb^rj.sOt 
t 1 ■..    I>,4f5 ISUi<l( 1 ) =    1 SL(«( I )-l 
tl? JSü->i(J)=   JSUMiJI-l 
l  '■ AbASl S( I ,J)    =   ',. 
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1 bl. 

FU^TRAN  SÜUKCE   LIST   HAfHAX 
SLUKCt    brATfMENT 

t si 
( 'U 
i. i \ 
IJ2 ~ 

tlh 
vi. I 
t y 
OJI 
< it 

b 34 

i y. 
f, j t. 

b2l 
( 'A 

i^\ 
<^L 
O'l 1 
o 4''. 
i '.5 

hb 1 

t "^ 
6 5f 
ci? 

.:■ 11 
11 i 
t. t. 'i 
tl ; 
',• t i 
l- I . 
til 
( 1? 
( li 
Ll*, 
t.7c 
üV7 

7 - 

7 1 
7 ? 
7 2 
7 4 
/' i 
7   o 
7 ;7 
M. 
n i 
/u 
713 

UTulAL   =   f.TUTAL   ♦    1 
1-I'i9i    CU.^TIiNUt 

..u   Tu   i'^lb 
1 O'tS?  CUN II NOe 
(, VCCIii-l    IM   LLAVL   bAblb   IS   NUW   DtTEKKlNEJ l^^CC   -   W5yv 

1 "iJ 

1 v^i.. 

i •; ? i *. 
1 ^^Ic 
1 S 5 U< 

TMCTA      =    l.l-«-j5 
)u   1 ^Vb    I=lfrtSS 

-Ju    ls»^c>    J=1,N3S 
IK At( 1 , J) ll'JH? ),lSi52'),iy5C^ 
U ( YV( 1 , J) )1 >520,lV52ittl95u6 
!M I   -    ISSH ^Jl>,195'.«f 195I( 
AL ILM.'   =   hHAKl J) /YY( I ,J) 
*Ü    K)    l-i'.U 
1(-1J   -   NSS) 1 J5M,19512, 19&U 
AL IL^   =    AHAKI I )/YY( 1 , J) 
G.J    lu   iv51t 
ALTEMH   =   xx(I , J)/YY(I,JI 
IFIALTf'H   -      THLTA)1951H,lVb^ J, i;52'.y 
TtlLlA = 

ILCA Vt     = 
J L L A V (i    s 

r;r.2rj  L(MT1 -vUl 

c — r.-vV^isi- MM 

C i^t w    S uu'Jl 1 

AL IcMP 

l^tl 

IS- .b 
1^1'. 
Ir>6l5 

I9it.25 
ISt: j 

1 S' 53 
«I 

1 l, r, b • 

ISCCl 

UU    SLLUIILN   IN    FERI^S    LF 
J;.   IS   rtCTUkNEL)   TL   IV2J'J  

JU    ISü/      1=1,MS 
)IJ    1 J.-I )   J = I ,NS 
IF(Ar(I,J))1 >3l5,19615,1^605 
IF ( YY( 1 , J) ) 1 yM.   ,19ol5,l 761U 

XX(I,J)    =    XX(I,J)    -    1META*YY( I, J) 

Cu.< I I.4üt 
Co-N liNLt 
DiJ   19'.} i   1=1 ,MS 

IF ( VY( I , MSSM 19o25,19(>30,19625 
Ai)4K(I)    =   AdA^d)    -   THtTA      ♦   YYd.NSS» 
CülNT I IH^r 

JU    IS'.'« )    J = l ,HS 

IF 1yYlMSS.JI)1963^,1964^,1 96i5 
ISCAKU)    =    LttAlMJ)    -    IHLTA       •    YY(MSS,JI 

du i INUL: 

ALI ILt.AVL , JLtAVt) =   rt. 
IfllLuAVl    -   rtSSH9<r

J«»2,196<»l,l9642 
rtuAK(JLL iVf )    =    ;, 
j'l    lij    l'>o«<« 
IFIJLtAVt    -   YSS» 19644,1 9*143,19644 

At'AKdLLAVtJ    =■    '. 
It(lr.Wt<   -   l,1SS»l>65i,19645, lWö5) 
(c'iA^I ,JI :<lf K »    =    IME I A 
4 r ( ■, b S , J i: r. TI K )    =   T H E T A 

-.LI     U     1 'W'   ' 
IfljLvlr,^    -    ,\bS) 1966 ',190^5, U66.J 
AuA,\( i L.'J If i I    =   IHt TA 
Al ( 1 t NTL-V ,IN jil    =    THl T« 

üb    Ki   L97i L 

XXIJ LNU i< , Jt NTh rO    =    THf TA 

CUK"<F:NT   bASIS   l9bj':-l9699  

I 
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IS.* 
FCJKTRAN   SOURCE   LIST   MATMAX 

SUUKCc   bTATEMtNT 

71« 
715 
71t 
717 

72. 
721 
7^2 
723 
72^ 
72 5 
727 
730 
7 32 

733 
73« 
7 it 
7 it 
Til 
7«« 
7«5 
/52 
Tbi 
75^ 
755 
7ÖÜ 
76'■^ 
7t'3 
772 
773 

UOt 
iroi 

l'i07i> 

c  
19 7CC 

IS 7lu 

lS7':i; 

lS7f 

L  

19Ö0L 
ic. e i r 

l^b2i 

4t( 
IK 
IF( 
X K( 

IH^ 
IHI 
IP-t 
ÜUA 
IJ1J 
,JUA 
J1J 
JUA 
rt<I 

-UtT 
in 
^K I 
rti-M 
wM 
UK I 
Hnl 
rtKl 
WKI 
Wi^I 
ÜU 
W^l 

MK1 
WKl 

WKI 
WKI 

G(J 
ENU 

ItNll. K,JLNTt«)=   tEIIEMEH.JtNTER) 
ILLAVL   -   rtSS) lV^7b,1^7(1,19675 
JLLAVL   -   NSSI l,«6öO,lS7fOt197oO 
iLtAVL iJLtAVE) = 'J. 
wULKCY   tJf   ÜbJ.   FUNCTItN   PKINTUUT   CÜNTKOLED   BY   SETTING   1WRITE- 
INT   =   IPKINT   ♦   1 
IPKII\T   -   UKlTt)1920n,19710,19710 
INT   =   i 
L   =   C, 
1975,    1=1,MS 
L   =   ÜÜAL*   AA(I)    ♦  U(I) 
197c.   J=l,NS 
L=   DUAL   ♦   BÖ{J)    ♦   V(J) 
1^(6,1^* 3'J) I 1 ,UUAL,ÜIFPIN 
AlLtU   PRINTOUT   CGNTKCLEC   BY   SETTING   ITAb   =   1    IN   INPUT  
I TAB 
Tt(ö 
\tU 
It (h 
TLIb 
TL(6 
TL(6 

Tt(6 
TL(<' 
1902 
Tblft 
Tc(6 
Tt(6 
Tt(t> 
Tc(f> 
TEIö 

-   1)19200,19010,192ÜO 
IS0<.1) 
19C35) 
iV^39) 
19005»(ü(I) ,1«!«MSI 
IV^v) 
l9i.05)(V( J) ,J = 1 ,NS) 
i9i3 3)IENTER,JENTER,ILtAV£,JLtAVE,THETA 
19l'3b( 

1=1,MS 
19127» I 
19CÜ5)(XX(I,JI,J=l,NS» 
190 j 7 » 
19UL3» (BBARUI , J = l ,NS» 
191'38» 
19li(.>5) ( ABARd» ,I=l,fS» 

T(J   1921 C 
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Appendix B 

SAMPLE PROBLEM 

EXAMPLE 

A short example is given here to illustrate (a) the type of problem to 

which the algorithm can be applied and (b) the details of the solution process. 

The example with some modifications is taken from Ref 3.   The problem is 

one of allocating several types of commercial aircraft to various routes (e.g., 

New York to Dallas) in order to maximize overall profit (revenue less opera- 

tional costs) for the system (see Fig. Bl).  The problem can be stated as 

follows: 

Let m    denote the total number of routes 

n    denote the total number of types of aircraft 

a,   denote the anticipated number of passengers on route i per month 

bj   denote the number of aircraft of type j 

dt:  denote the monthly passenger-carrying capacity of aircraft type j 
on route i 

r,    denote the revenue per passenger on route i 

s^  denote the monthly operational cost for operating aircraft type j 
en route i. 

Then we  sec-k to find the allocations   x,. of aircraft type j to route i for 

the system thai maximize profit subject to constraints on the number of antici- 

pated passengers using the various routes and the available number of each 

type of aircraft. 

Specifically 

maximize profit 2(x.,) 
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Route i 
Aircraft typ« /                                         \ 

\ 2 3 4 

1 1600 900         j 

2 1500 1000 500 1100        j 

3 2800 1400 2200        | 

4 2300 1500 700 1700        j 

5 8100 5700 2900 5500        j 

a.   Aircraft Patitngcr-Carrying Capacity par Month (</■■) 

Route i 
Aircraft typ« / 

1 2 3 4 

1 18,000 17,000      j 

2 21,000 15,000 10,000 16,000     j 

3 18,000 16,000 17,000      j 

4 16,000 14,000 9,000 15,000      j 

5 10,000 9,000 6,000 1,000     j 

b.   Oparational Co»t« in Dalian par Month (i; J 

Fig. B1—Sample Data for Aircraft Allocation Problem 

Blanks in cell i, / Indicate that aircraft typ« / Is never assigned to route 

"      5 (routes) n ^ 4 (types of aircraft) 

Passenger data       Passenger fare data       Aircraft data 

a, - 25,000 r, = $130.00 b, - 10 

a2    12,000 rj . $130.00 b2= 19 

03 ■ 18,000 r3 = $ 70.00 b3 = 25 
a4.   9,000 ri = $ 70.00 b4=15 
a5 - 60,000 r5 = $ 10.00 

subject to 

^ *yiw 
m.n 

revenue Dperatinnal costs 

m      n 
1    1   (rd    - s  )x 

i. d  1    1 a (1       I. 
,   1    "   'I 

m) do not exceed passenger 
demand for each route I 

(Bl) 

,!/.,-(,, (,      !... ») do not exceed aircraft 
availability for each type ) 

28 



Data for m = 5, n = 4 are given in Table 1 as taken from Ferguson-Dantzig. 

It should be noted that if c,. = rid^   - s^ above, then the form of the problem 

is that of Prob 3.  The Ferguson-Dantzig3 example requires that all aircraft 
m 

be allocated, i.e., 1  xM = b. (j = 1 n).   The algorithm here does not require 
i=l      ' '   

that all resources be allocated.  However, at least all the row or all the column 

constraints will be binding for an optimal solution.  If all the column constraints 

are binding, then of course the equality constraints on the columns are satisfied. 

The example of Ferguson-Dantzig3 can be formulated from the example 

here for m = 5, n = 4 as follows: 

Let 

'.5 

'i5 

I. v., (B2) 
'iS 

then we have 

max zix^) = max 

•  max 

'ij 

1 r
l
{a, - *is) 

1 

Uh1" 
i''a' 2 s,.x,, + t.x 

5 
mm 

.= l\,.l   "   'I 

5   / 5 

i4i5 
(B3) 

subject to 

^H-bi {>-1 5) 

Ferguson and Dantzig3 consider the problem 

5,5 
min     S   S,,!,, 

'" ;:l ' ' 
subject to the two sets of constraints given. 

Details of the solution are printed at each step of the solution for the 

problem expressed by Eq Bl.  A completely detailed description illustrating 

the algorithm on a step-by-step basis is presented between the first and second 

intermediate printouts (iterations) of phase 2 of the algorithm. 
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INPUT CONSTANTS 

1NHUT   CONSTANTS   PCH   üfTI MAL   ALL0CAT1UN   PROULtM 

MS=       5 MS=      4 FfiEU.   UF   OBJ.   FUNCT.   PRINTOUT      I 

I.NPUT   VALUtS   FUK   Ct i 1 ,J» 

KUW 1 

RON 2 

RUW 3 

ROW 4 

RIIW 5 

L.lSUOOJfc 06 

ü.l7^ÜtÜt ot. 

L.lbÖOOob 06 

O.lAlOOÜE Ct 

0.710ofOE Üb 

L.mcouE 06 

0.Ö20CPUE C5 

u.'HuOnOE 05 

u.4HO(;CiOE tb 

ROW l 

ROW 2 

RUM 3 

KOW <» 

ROW 5 

INPUT .VALUES   FUR   UE( I ,J) 

C.16ÜJCJE OA 

C.15O00OE 04 

C.28000'JE C4 

t.2300ÜOE C4 

c.aitooaE C 

C.100000E 01 

o.iuacooe o^ 

C.1400Ü0E 04 

o.isotaoE 04 

0.5TO0C0E Ü4 

( . 

0.550CÜOE   05 

0. 

C.4Ü000CE   05 

ü.23u)(CE   U5 

0.1CJ0Q0E 01 

0.500000E 03 

0.1Ü0300E 01 

C. 700000E 0 3 

0.290OOCE   04 

O.IOOUOUE  06 

Ü.1270U0E   06 

O.UrouOE 06 

0.104000b 06 

0.4500ÜUE   f>5 

INPUT   VALUES   FOR   AA(I)    OF   THE   ROW   CCNSTRAINTS 

0.25uU0Jfc   05 C,120COCE   05 0.180ÜOOE   05 

INPUT   VALUES   FUR   BH(J»    OF   THE   CULUKN   CCNSTRAINTS 

0.900000E  0 3 

O.UOUOOE 04 

0.220000E 04 

0.170000E  04 

0.55J0OOE   C4 

C.lfJOvOE   u2 O.19C'O00£   02 0.25000ÜE   02 

0.900000E   04 

0.15UU0JE  02 
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:H   (JHTIMAL   ALL0CAT1UN   PRObLtM 

»EU.   UF   OBJ.   FUNCT.   PKlNTüUT      1 ÜETAILEÜ   PRINTOUT   IF   I TAB   =   1 ITAB=   I 

0. 

0.550COOE  05 

0. 

C.4O00ÜCE   05 

0.23U0ÜÜE   U5 

0.lOOOOUE   06 

0.1270Ü0E   06 

0.13?0UÖE 06 

O.104U00E 06 

CtSOyöüE   05 

O.lCJOOOEJJl 

0.500000E 03 

C.1Ü03C0E 01 

I).700000E 0 3 

0.2900ÜCE 04 

CCNSTRAINTS 

0.9ÖOOÜOE   03 

O.llOOUOE 04 

0.2200U0E 04 

0.170000E   04 

0.5500OUE   04 

0.1800ÜOE  05 0.900000E   04 0.600000E   05 

J^N  CCNSTHAINTS 

0.25000ÜE   02 0.15UÜO^E  02   
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PHASE 1, ITERATIONS 

HATKIX   MAXIMUM    ITcKATluN   NÜMriLK 
ALLütATUN   StLcCTEJ hUH 
VALUf   Üh   oBjecTIVt   FUMCTIUN 

1 
1 CUL. I 

L,. ISOOOE   07 
XXII ,JI=      O.IOÜOOE   0<! 

MATKIX   MAXIMUM    ITbKATIüU   NUMutK 2   
ALLUCATUN   SELtCTLO KüH 3 CUL. 4 XXII,JI=      0.818I8E   01 
VALUE   UF   UrtJcCTlVE   EUNCTIUN   =      0.302096   07 

MATRIX   MAXIMUM    ITfckATIÜN   NÜMdtK 
ALLÜCATlüN    SELtCTED küw 
VALUt   Uf-   UtiJECTIVh   FUNCT1UN 

3 
2 CUL. 4 
0.38b68E   07 

XXII,J)=      Ü.68).B2fc   01 

MATRIX   MAXIMUM    ITEkATlUN   NUMöth 
ALLUCATUN    StLECTfcL) ^UW 
VALUE   UF   OBJECTIVE   FUNCTlUN 

2 CÜL. 2 
0.4<(0^3E   07 

XXII,J)=     0.450nOfc   ÜI 

MATRIX   MAXIMUM    ITERAT1UN   NUMbFK 
ALLÜCATlüN    SELECTED KÜH 
VALUE   ÜF   ÜBJLCTIVE   FUNCTlUN 

3 
<> CÜL. 2 

0.^9503E   07 
XXII,J)=      O.öOOOOE   01 

MATRIX   MAXIMUM    1TEKATIUN   NUMbEk 
ALLUCATUN   SELECTED kUW 
VALUE   OF   OBJECTIVE   FUNCTlUN 

6 
5 CÜL. 2 
0.53583E   07 

XXII,J)=     0.b50ÜüE   ÜI 

MATRIX   MAXIMUM    ITEkATIUN   NUMBER 7 
ALLOCATION   StLECTED          RUW 5           COL.           3          XXII,J)=     0.3SI828E   01 
VALUE   OF   OBJECTIVE   FUNCTlUN =      0.54499E   07 
ITERATION           I                    PRIOR VALUE   OF   OBJ  FUNCTION     0.5^99E   07                     MAX.   VIOLATION   0# 
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I,J)=     O.lOüOOE   02 

I,Jt=     0.81818t   01 

I,J)=      0.681826   01 

IfJ»=     0.450nüE   01 

I,J)=     O.feOOOOE   01 

,J)=     O.bSOOOE   01 

[tJ)=     0.3VB28E   01 

I.54499E   07 MAX.   VULATION  OF   DUAL   CONSTR.   -0,96A28E   05 
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OtTAlLtU   INTfcKfEDIATE   PKINTUUT 

PKlUK   VALJtS   UF THfc   DUAL   VARIABLES   Uli)    IN   ORDER 
 0. 0.ll^2O7E   03 Ü.606<»89E  02 0.5b8Ü46E   02   ] 

PRIUÄ   VALUES   UH THE   OUAL   VAKIABLES   V(J)    IN   ORDER 
Ü.l4u00o£   J6 O.Z74310E   04 0. 0.357242E   U^ 

ENTERING  VECTOR 1 4 LEAVING   VECTOR 2 4 XXdENTER.j 

CURKfcNT   SIJLUTIÜN   AKKAY   XXd.JJ 

ROW      1 

ROW 2 

ROW 3 

ROW A 

ROW 5 

C.lCjJOOt    02 

C. 

c. 

c. 

u. 

UNUSED   RESOURCES 

C. 

UNUSED  CAPACITIES 

C.2b6364E   «J4 

C.1200C0E 02 

C 

U.6ÜOÜO0E 01 

Ü.IO0CÜ0E 31 

C. 

C. 

0. 

0. 

0.6B1816E   Cl 

0« 

0.8181b2E   Cl 

0. 

C.I 87241E  02 0. 

COLUMNS   1   THRU   NS   IN   CROER 

0. 0.627586E   01 0. 

RUWS   1   THRU   MS   IN   CROER — 

ITERATION 
C . 0 . 0 . 

PRIOR   VALUE   CF   OBJ  FUNCTION     0.61074E   07 MAX.   \ 
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,ILtU   INTfcK^EDIATE   P«INTÜUT 

IAL   VAKlAbLES   Uli)    IN   DRUtR 
2207E   ')i 0.606*89E  02 0.5Ö8U46E   02 0.793103E   01 

AL   VAKlAbLES   V(J)   IN   0P0EK 
9310E   04 0. 0.357242E   04 
EAVING   VECTOR 2 4 XX(IENTER,JfcNTER I   =     Ü.6Ö182E    01 

) 

C. 

OOCOE   02 C. 

Ü. 

DOC'OE   Jl 0. 

DCÜOE   01 0.187241E   02 

UMNS   1   THRU   NS   IN   CRDER 

0.627586E   01 

NS   1   THRU   MS   IN   CROEP 

0. 0. 
3F   UBJ  EUNCTIÜN     U.61074E  07 

0.6818ldE   01 

0« 

0.8181b2E   01 

0. 

0. 

0. 

MAX.   VIULATIUN  UF   DUAL   CONSTR.   -0.55661E  05 

33 

^ 



DETAILED DESCRIPTION OF ONE ITERATION OF PHASE 2 

A detailed numerical examination of one iteration of phase 2 of the algo- 

rithm is presented here.  Given the solution array XX(I,J) of the previous page, 

we wish to test optimality of the solution.   Proceeding as in step 2 of the algo- 

rithm we solve Eqs 15 for (u, u-, ^ iy. 

Since xM = 6.27586 > 0 and x-,   = 2863.63 > 0, we have r,  = 0 and u, = 0 

immediately, i.e., we solve for the zero-valued dual-space variables first. 

The remaining seven equations 

d, K   • i1      i" if       i        0 n i       i        ii ij 

are solved sequentially. We have 

> i, 

Mt 

III 0 a I 

(>.HIHIH      0 = 1' 

1H.T2U (1 = 1, 

I      Ml 

t      Ml 

1 

I-' 0 = »., 

0 a H 

T.^r.i'    n = n. 

190.000 

100.000 

J.t.OOO 

2. W0 
.9310,1 

0 = i,      c^-J.,,!/.       iH.OOO      ir.TOOHT.'mo:!)      JTü.U) 

'•'2_l2 115.000     2793.10 
d,. 

c.,,,- r. 

U   ' 4 

''it 

1000 

91,000    J:');!.10 

137.000-   100.000 
2200 

112.207 

■>K.H()K. 

16.8182 

Moving on to step 3 of the algorithm the optimality test is now made (i.e.. 

Conditions 7D in scalar form of the m + n + mn = 29 equalities of Eq 16 are 

tested).   It is seen directly that u, (i = 1, . .., 5) and r   (j  = 1, . .., 4) are 

nonnegative.   Seven of the remaining rmi  = 20 inequalities; namely, u's 

dHUi     + l'|   "  fi|    = 0  ior I
IJ    

> 0  ^•e-' ior   xll' x\Uxfa>h2>X22'XV2> antJ Ii^ are 

equalities, iicnce only the remaining 20-7  - 13 values of us     are tested for 

nonnegativity.   Computing directly we have 

U's d|2U|  ■ i"2     f 12     (1)(0)  ■   2793.10     0 0 
'12 

"'s,,      ''i:i"l   • '.1      Mi (I HO)  .   0      0 

ir ii.,,11., •  f,      i-,,,      (1500X112.207) •   190.000     171.000     0 

"'s,,,       d2.l"j   '  ''3 (500X112.207) -  0     ",,000 
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u»5      = d24M2 + V4 - c24 - (1100)(n2.207) +  100,000 - 127,000 > 0 

w.      - d,,!!, + v, - c,, = (2800K16.8182) +  190,000 - 168,000 > 0 
•31 'srs  T  "1   - '•31 

•"s      " d32M3 + "2 - c32 = (1400)(16.8182) + 2793.10 -    82,000 s32 

"'s       =  d33M3   f  V3  ~ C33 =   Ü)(16.8182) +0-0 

-55,661.42 <  0 

> 0 

Wt ' äiiut * Vi - cii = (2300X58.8046) +  190,000 - 145,000 > 0 
4 1 

wi " d43u4 * v3 - ci3 = (700)(58.8046) + 0 - 40,000 
43 = 41,163.22- 40,000   > 0 

"', s44 
d44"4 ^ ^4 - c44 = (n00)(58.8046) +  100,000 - 104,000 > 0 

■"s      * d51u5 + "l - c51 = <8100)(7.93103) +  190,000 -    71,000 > 0 

w,      = d54u5 + ^4 ^ c54 = (5500)(7.93103) +  100,000 -    45,000 > 0 

It is seen at this point that the only violation and hence the maximum vio- 

lation (step 4 of the algorithm) of Conditions 7D of Eq 16 is 

W,      = -55661.42 < 0 s32 

Hence the solution is not optimal and the vector d^3  + e7 enters the basis. 

The vector selected to leave the basis is determined next, but first It is 

necessary to determine the components y]? of the entering vector d32?3 +77 in 

terms of the current basis.  The set of m+n=5 + 4 =9 linear equations 

Eq 21 is thus solved (step 5 of the algorithm). We have for the case at hand 

the following system: 

y^(1600) + yJJ(900) + y^(1) . 0 

y||(1000j = 0 

yll (2200) = d32 - 1400 

y'ldsoo) = 0 

y^(5700) + y^(2900) = 0 

y]\ - o 
32 32   .   v32      , 

>22 + >42 + )'52       ' 

u32      „32      /, 

>32 + v32 - 0 14 + >34 " u 
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The solution to the foregoing equations is 

J2 32       H00       32 32 
)'22 "  "•  >'34 " 2200'  y42   "   "•  >52  -   '•  '11  -  "• 

I 

32      5700     32     5700       32 
yM ""2900 'y63      2900 ' )'l« 

1400      32      (- 900)(- 1400) 
^OO' >1S 2200 

Thus the entering vector dj^ + e^ = 1400c3 + e, can be written as the follow- 

ing linear combination of the current basis vectors. 

(-900)(- 1400), 

1400?, + 7, 

2200 ' 1        91 2200 -I?,! 

+ ^(2200?3 +?91 .   1|S700?5 ,?.] 

5700 I or.™-» "• 1        5700 ,-, , 

The vector now selected to leave the basis is determined from the indexes 

that yield the minimum in the brackets. Using Eq 29 (step 6 of the algorithm) 

we have 

6 - min 
8.18182 

1400 
2200 

_1_     6.27586 
1   '   /5700\ 

^2900) 

2863.64 
(900)0400) 

2200 

r 

and the minimizing indexes are (5,2), since -|| = — yields the minimum value 

9.   Thus the vector d52?5 + e~  - 5700?5 + ?7 leaves the basis. 

The new solution is evaluated (step 7) using Eqs 28 and appears in the 

next intermediate printout.  The algorithm again returns to step 2 for the next 

iteration.  The value of the objective function was increased by 6(-u's^) = 
^32 

$55,661.42 during this iteration. 
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PHASE 2. REMAINING ITERATIONS 

ULTAILED   iNTEf^EOIATt   PRINTOUT 

>>KIüK   V4LÜtb   UF- iHfc    UU*L   VAKlAdLFS   U(I)    IN   ÜRDtR 
c. ri.1122076   (3          0.168182t   02          0.5ö8u^6 

PKIUK   VALLtS   uF THt   UUAL   VAKIAHcES   V(J)    IN   UKObK 
C.l'rfCDCat   «,'6 i.'.2 79J10E   J^          U.                                     J.lOOOuO 

ENTERING   VLCTüK           3           ^ LEAVING   VECTOR            b           2                      XXlIEl 

CUkKbNT SOLUTION AKrlAY XXil.JI 

ROW 1 

RUV« 2 

ROW 3 

ROM ^ 

ROW      5 

C.IC; JvL't    J2 

c. 

G. 

UNUSED   RESOURCES 

C. 

LNUStO  CAPACITIES 

r.l20GL(.E JZ 

o.lCOOGot Jl 

0,60Ü0Ü0E   Jl 

C. 

0. 

COLUMNS   1   THRU   NS    IN   CKCER 

C . C.431034E   01 

ROhS   1   THRU   fS   IN   CROER 

"0. 

0.7545451] 

0. 

C.2Ci68y7E   02 0. 

0. 

ITERATION 
t. 0. (. 

PRIUR   VALUE   CF   ÜBJ   FUNCTION      3.6163ÜE   07 
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1 

fAILEU   lUlERfEUIATt   PRINTOUT 

»UAL   VAKlAbLFS   U(I)   IN   URDER 
Il22b7(:   (3 0.16ölH2fc   02 CSoBu'tbE   L2 Ü.793103E   01 

iVll   VAKIAHLES   V<J)    IN   ÜRDEK 
7V310E   )<* U. J.IOOUUJE  Ü6 
LEAVING   VECTOR !> 2 XX11 ENTER. JbNTEK)   =      Ü.10Ü00E   01 

Jl 

KOOltE    J2 C. 

)ÜOUCE   Jl u. 

C.2068W7E 02 

,UMNS   1   THRU   NS    IN   CKCER 

C.431034E  01 

IhS   1   THRU   fS   IN   CKOEB 

0. 
CF   OBJ  ELNCTION     3.61630E   07 

ü.74545bE   C1 

O," 

0.754543E   L'l 

0. 

0. 

0. 

0. u. 
MAX.   VIOLATION   OF   DUAL   CUNSTR.   -0.26727E   05 
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UfcTAILEÜ   INTERMEDIATE   PRINTOUT 

PBIUR   VALUES  Uf-   THE   DUAL   VARIABLES  U( I »   IN  URUER 
0. Q.^bb^bSE   02 0.168182E   02 0.21697ÜE   C2 0.7931 

PKIUR   VALUES  UF   THE   DUAL   VARIABLES   VIJ»    IN   ORDER 
0.1900UÜE   U6 C.5B4545E   05 0. 0.100ÜOOE  C6 

ENTEKING   VECTUK 2 3 LEAVING   VECTOR 6 3 XX(I ENTER,JENTER)   * 

CUkREINT    SOLUTION   AKKAY   XXI I,J) 

ROW      1 

ROM      2 

ROM 3 

ROW A 

ROM      5 

C.1C0OCDE   02 0. 0. 

(T. QT984483E   01 '   '0_.<»31034E  Öl 

C. 0.3155I7E   01 C. 

C. 0.60ÜOOOE   01 0. 

Ü.8826y2E  01 

0. 

0.61739bE  01 

0. 

ITEKATIÜN 

0. 0.206897E   02 0. 

INUSEO  KESUUKCES COLUMNS I   THRU   NS   IN   CRCER 

C. 0. 0. 0. 

UNUStD CAPACITIES ROMS   1 THRU   MS   IN  CRDER 

U.105Ö58E   04 U. 0. 0. 
<, PRIOR   VALUE   CE   OBJ  FUNCTION     0.62782E   07 

A 

0*       IS MAX.   VIOLATIOJ 

-4 

1 
—m 
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PRINTÜUT 

IN UHUER 
B2E   02 0.216970E   02 0.793103E  01 

IN   UHDER 
0.10OÜ00E   C6 

3 XXdENTERi JENTER )   =     0.431C3E   01 

Ü.8e2602E   01 

|4E öi  ~ö; 

0.61739aE   01 

0. 

?7"E~Ö2 ~~'0. 

DRCER 

0. 

DER 

0. 0. 
.62782E   07 MAX.   VIOLATION   ÜF  DUAL   CONSTR.   -0.12853E   01 
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UbTAILfcO   INTEPMEOIATE   PRINTOUT 

PK1ÜK   VALUES   UE THE   DUAL   VARIABLES   Ud)   IN  UBDER 
_Ü_.  U.565455E   02        ^\b6lBJi 91 0.21691 

PRIOR   VALUES   OF THE   DUAL   VARIABLES   V(J)   IN  ORDER 
C.1900ÜUE   06 Ü.5ÖA5*5E   05          0.267273E   05          0.10001 

ENTERING   VECTOR           5           5 LEAVING   VECTOR           I           5                     XXU 

C.ICüüOOE Ü2    0. 

CURRENT SOLUTION ARKAY XX(IfJ) 

ROM  1 

ROW  2_ 

ROM  3 

ROW  4 

ROW  5 

0. O.iOOOO 

0. O.800U0OE 01 Ü.800000E 01    0. 

0. 0.500000E 01 C. 0.500ÜO 

0. 0.6U000ÜE 01 0. 0. 

C ü. Ü.1700ÖOE~Ö2" ~ 0." 

UNLStD RESOURCES COLUMNS I THRU NS IN CRCER 

C. 0. 0. 0. 

UNUSED CAPACITIES     ROWS 1 THRU HS IN ORDER 

0. U. C. 0. 

TOTAL   EXECUTION   TIME   FOR   ALGORITHM   = 0.7333333   SEC. 

NUMBER  OF   ITERATIONS  AFTER   INITIAL   SOLUTION 

MAXIMUM   VIOLATION  OF   DUAL   CONSTRAINTS        0. 
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RED   INTEPr'eoiATE   PRINTOUT 

AL   VARIABLES   U(11   IN   ORDER 
5^55E   02 0.168182E   02 0.21697JE  02        -U.128527E   01 

AL   VARIABLES   V(J)   IN   ORDER 
»545E   05 0.267273E   05 Ü.lOOOdüE   06 

AVING   VECTOR I 5 XX(IENTERtJENTER 0.10700E   05 

0. O.lOOOOüE  02 

JtJOOE   01 Ü.800000E   01 0. 

)000E   01 C. 0.5000ÜUE   01 

IOÜOE   01 0. 0. 

C.1700 ÖÖ 1 _Ö2 0 ^ 

JMNS 1 THRU NS IN CRCER 

0. 0. 

(S 1 THRITMS IN CROEP 

0. 0. 0.107000E   05 

0.7333333   SEC. 

ION 4 

0. 
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DtTAILS CF THb iCLUTICN 

KÜM 1 CüLUMi« 1 ALLOCATION 0.100 /(JE 02 RETURN FROM ALLOCATION 
KUW l LLlLU.^i^ <f ALLOCATION Q.IOOOOE JZ RETURN FKUM ALLOCATION 
KUW 2 CULU^N i ALLOCATILN L. 80000 t 01 REIUKN FROM ALLOCATION 
Kürt 2 CbLUMN 3 ALLOCATION O.dOOüOE 01 RETURN FROM ALLOCATION 
KOM 3 COLUMN 2 ALLOCATION 0.500JOE Jl RETURN FROM ALLOCATION 
«uw 3 CULUMN ^t ALLOCATION C.5dO0oE m RETURN FROM ALLOCATION 
KUW 't CÜLUMN 2 ALLOCATION ü. 60000E 01 RETURN FROM ALLOCATION 
ROW 5 COLUMN 3 ALLOCATION C. 17O00E 02 RETURN FROM ALLOCATION 

VALUE   OF   PRIMAL   LlJcCTlVE   FUNCTION I..629200E   07 

MULTIPLIERS   ,   SHADOW   PRICES) VALUES OF  THE DUAL SPACE ^/ARIAbLES (LAÜkANOt 
KUW i U( I» = O.Uwltt 02 
ROW 2 0<I) = 0.6^»'.CUE x.2 
ROW i um = J.221A3E 02 
ROW 4 U( I) = C.266^7fc 02 
ROW 5 U( 11 = 0. 

COLUMN 1 V(J» = 0.16917E 06 
CULUMN 2 V(J» = j.bl'JCOt 05 
COLUMN 3 VIJ) = 0.230CnE 05 
COLUMN ^ VCJ( = 0.öe2f.6E 05 

VALUE  OF   LUAL   OBJECTIVE   FUNCTION 0.629200E   07 

.-_ 
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m   FKUM ALLUCAflUN 0 .l^OCOE 07 
M   FKUM ALLUCAT1UN 0 100C0E 07 
IN FKUM ALLOCATION C 92CC0E 06 
IN FKUM ALLOCATION 0 A4000E 06 
IN   FKOM ALLOCATION Ü ,410C0E 06 
ft   FROM ALLOCATION 0 68500E 06 
N   FROM ALLOCATION 0. 54600E 06 
N   FHUM ALLOCATION f B^IOOE 06 
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Appendix C 

COMPARATIVE SIMPLEX ALGORITHM 

This appendix contains a general simplex algorithm programmed spe- 

cifically to solve Prob 3.  The program accepts the same input data as the 

MATMAX algorithm with the exception of the IWRITE and ITAB information 

used in the MATMAX algorithm.  The algorithm here has been used for com- 

parative purposes, with particular attention given to the times required by the 

two algorithms to solve the same problem. 

i 

43 



FORTRAN   SOURCE   L 1ST 
ISN SUURCE STATEMENT 

u 
1 
2 
3 

5 
6 
7 

IÜ 
11 
12 
13 
1^. 
15 
16 
17 
20 
21 
22 
23 
2't 
25 
26 
27 
32 
33 
34 
25 
36 
37 
44 
45 
53 
54 
55 
56 
63 
64 
72 
73 
74 

101 
106 
1C7 
Uu 
115 
122 
123 
124 
125 
126 
127 
13C 
131 
134 

C£( 20,24» ,L»E(21,25),AA(2ü),BB(24l 
AS(42 .474).BS(45).CS(525) 
1PATHS(45»,CTS(45»,BTS(45),ATS I(45) 

ZS(525),2MCS(525),ATSJ(52S) 

»IBFTC MATLIN 
DIMENSION 
DIMENSION 
DIMENSION 
DIMENSION 
FORMAT(IHI) 
FORMAT!1H ) 
FUKMATOIIO) 
F0KMAT(f)F12.6) 
FURMAT(15X,6E16.6) 
FOKMAT(bXl2HMSf8Xf2HNSt2X»13HPRlNT 

1ÖÜ01 
16002 
18003 
18004 
18005 
18006 
18007 
18008 
16009 
180 1U 
18011 
18015 
18019 
18027 
16020 
18028 

FREÜUENCV) 
F0RMAT(3ÜX,46H1NPUT 
FORMAT(15X,24HINPUT 
FURMAT(15X.24HINPUT 
FOKMAT(15X,45HINPUT 
F0RMAT(15X,48HINPUT 
FOKMAT(//ä7HTüTAL 
F0RMAT(//34HVALUE 

CONSTANTS   FOR   OPTIMAL   ALLOCATION  PROBLEM//) 
VALUES   FOR   CE(I.J)//) 
VALUES  FUR  0E(l«J)//) 
VALUES   FOR   AA(I)   OF   THE   ROW   CONSTRAINTS//) 
VALUES  FOR   BBU)   OF   THE   COLUMN  CONSTRAINTS//) 

EXECUTION  TIME   FCR   ALGORITHM   =   ,H2.7,IX,4HSEC.) 
OF   PRIMAL  OBJECTIVE   FUNCTION,E2G.6) 

F0RMAT(6Xf4H   ROh,I3) 
FORMAT(IOIIO) 
FORMAT(6X,7H  COLUMN,13) 
WRITE(6,18001) 
i;RITE(6|18007) 
REA0(5,180C3)MM,NN 
HRITE(6t18C06) 
WR1TE(6,16Ü03)MM,NN 
WRITE(b,lS002) 
HRITE(6f16008) 
00 18035 1=1,MM 
RcAÜ(5,18C04)(C£(l,J),J-1,NN) 
MRITE(6,18027)1 

18035   MRITE(6,ieuU5)(CE(1,J»,J=1,NM 
WRITE(6,1800?) 
WRITE(6,18009) 
DO   18040   1=1,MM 
RtAD(5,18C04) (OEd.J) ,J = 1,NN) 
HRITE(6,16C27)I 

18040   WRITE(6,18005)(OE(I,J),J=1,NN) 
WRlTE(6,180u2) 
WR1TE(6,18C10) 
REAU(5,18&04){AA(I),1=1.MM) 
MRITEI6,16005)(AA(11,1=1.PM) 
WRITk(6,18002) 
MRITE(6,16011) 
REA0(5,l80C4)(flB(J),J=1,NN) 
MRITE(b.l8CC5)(BB(J).J=I.NN) 
WRITE(6,18C0i) 
MS   =   MM   ♦   NN 
NS  =   MM   ♦   NN 
DO   18110   1   =   I,MM 
DO   18110   J   ■   l.NN 
K   =   NN   •(!   -   1)   ♦   J 
CS(K) =-CE(I.J) 

18110   AS(I .K)   =   OEd.J) 
00   18120   I   «   l.NN 
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ISN 
FüRTKAN  SOURCE   LIST   MATLIN 

SOURCE   STATEMENT 

125 
136 
137 
14Ü 18120 
1^3 
14A 18130 
U6 
H7 
liO 18140 
152 
153 
15^ 
155 1E150 
157 

C  
160 

C 
161 

C 
C  — 
C 

16i i82ÜC 
163 
16A 16205 

C 
C   — 
C 

lt6 lti216 
167 
17Ü 
171 18217 
173 
174 18220 

C 
C  
C 

176 18230 
177 
20C 
2ül 
2C2 18240 
20 3 
2C4 182 50 
21.6 

C 
C  — 
C 

217 '. 82 60 
210 182 70 
211 
212 18300 
213 
214 18310 
215 
216 13350 

DO   18120   J  -   ItMM 
I I   =   MM   ♦   I 
JJ   =   NN   *   (J   -   II   ♦   I 
AS(IIiJJ)   •   1. 
ÜU   18130   I   *   lfMM 
BSd)   »   AAd) 
DO   18140   J   •   UNN 
JJ   =   MM   ♦   J 
BS(JJ)   -   BB(J) 
DU   18150   I   »   liMS 
J   =   I   ♦   NS 
IPATHS(I)   »   J 
AS(ItJ)   *   1. 
NNS  =   MS   ♦   NS 
SIMPLEX  METHOD   SOLUTION   CF   LINEAR   PROGRAMMING   PKUBLfcM 
EPSLP   =   .1E-5 

CALL TüDAV(üflTIMEtlUAT) 

BEGIN ITERATION 

COST=0. 
DO 182Ü5 1=1,MS 
COST = COST ♦ cTsm*Bsm 

COMPUTE   ZS   AND   ZMCS   VECTORS 

ÜÜ   18220   J=1,NNS 
ZTS-O. 
DO   18217   1=1,MS 
ZTS^ZTS  ♦  CTS(I»*ASn ,J) 
ZSIJ)«ZTS 
ZMCS(JI=ZS(Ji-CS(J) 

SELECT   MAXIMUM   ZMCS.      IF   NO  POSITIVE,   END. 

CMAX^ZMCSm 
JNAX«! 
DO   18250   J=2,NNS 
IF(CMAX-ZMCS(J))18240,18250,18250 
CMAX=ZMCS(J) 
JMAX=J 
CONTINUE 
IF(ZMCS(JMAX)-EPSLPI18800,18800,18260 

SELECT   MINIMUM  DSU) =BS (H/AS C I , JMAX )   WHERE   Ad.JMAXI    IS   POSITIVE 

0SMIN=1.E*35 
DO   1835«;   1=1,MS 
IF(AS(I,JMAX)-.lE-6)183tO,18350,18300 
0ST'US(1)/AS(I,JMAX) 
IF(OST-ÜSMIN)18310,18350,18350 
OSNIN'OST 
IMIN-I 
CONTINUE 
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I 

nAKMSt^L.MATLIN 
ISN SUUKCfc 

FÜKTRAN   SOURCE   LIST   MATL1N 
STATEMENT 

221 
222 
224 
2^5 
226 
227 
2i\, 
231 
232 
23-« 
235 
236 
237 
2HL 
2^1 
242 
243 
244 
2 45 
246 
*;5.J 
251 
252 
253 
254 
255 
256 
2 60 
261 

263 
2c4 

266 
2ö7 

27C 

^71 
^72 
273 
2 74 
275 
3C2 
3o r 
314 
315 

C 
c  -— 
c 

lti4Cu 

lt4K 

ld45CJ 
lt455 

lb<»6o 

10462 
18465 
16475 

ld5üC 

165U2 
18505 
lesio 

18525 
C 

16550 
C  
C 

c 
c 
c 

c 
luecc 

CUMHUTt NtW MATRIX ATS 

0(1   Iä4ü0   I«l.HS 
dTS(l>=AS<I tJMAX)        *       BSdMINI        / 
ATSimsASUiJHAXJ/ASdPIN.JMAX) 
TkMP=ASlIMlN,JMAX> 
TEMP2   =   ZMCSUMAX»   /   TEf»P 
THETA   -   BS(IMIN)    /   ASdMIN.JMAX) 
COST   =  COST   -   THETA   ♦   ZKCS(JMAX) 
WKITE(6,iaül9>C0ST 
OU   18410   J•■   ItNNS 
ATSJIJ)=AS(IMIN,J) 
OU   18525   I«ltHS 
IF(I-IMINJlä45C,lb500,18450 
IHATSKl 1)18455,18525,10455 
BS(1 >=dSd)-BTSd ) 
OU   18475   J   *   l.NNS 
IF(ATSJ(J) I 18460,18475,18460 
ASd,JI   ■   AS(I,J»   -   ATSdd   *   ATSJ(J) 
IF(ASd,J)-.lE-10) 18462,18462,18475 
IMASd.JI   -   .1E-I0d8475,18465,18165 
ASdtJI'O. 
CUNTINUE 
GU   TU   18525 
OU   18510   J«1,NNS 
4Sd ,J» = ASd ,J»/TEMP 
IF(ASd,J)-.lE-10)185J2,18502,185lL 
IF(ASd,J)   -   .IE-10)18510,18505,18505 
ASdf Jl«0. 
CONTINUE 
BS(d>US(d/TEMP 
CONTINUE 

AS( IMIW.JMAXI 

OU   18550   J»1,NNS 
ZMCS(J)   «   ZMCSUI   - 
SUBSTITUTE   IPATH   UF 

ipATHSd>«:.';:-JHAx 
CTSdrtlNI-CSUMM."» 

ATSJUI   «TEMP2 
JHAX   FCR   1MIN, C   UF   JMAX   FUR    IM IN 

—   TRANSFER  BACK   TU   BEGIN   DERATION 

GU   TU   18230 

CUNTINUE 
CALL   TUUAYdtl TIHEtlDAT» 
TIME   -  FLOATIITIMEI/60. 

WRITE(6,18015ITIME 
MRITE(6,18020)I IPATHSd) ,1-1, MS I 
MRITEIO,18005HBS<n,I-I,MSI 
WRlTE(6,180U$l (CTSId.I-l.HSI 
CALL   EXIT 
ENÜ 
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