'L'h-'-s do(*\!".’( -‘

RH L 07
CRNPIEE LY Al
r

SP-3274

THE HIDE AND SEEK GAME OF VON NEUMANN

Merrill M. Flood

23 December 1968

SR

o

LR

e N AU Sl e

keproduced by the
CLEARINGHOUSE

for Faderal Scientifrc & Technical

Information Springfield Va 2215)

/0




SP=327h

S IP) a professional paper

Y —_—
| SYSTEM
THE HIDE AND SEEK GAME OF VON NEUMANN
DEVELOPMENT
B CORPORATION
MERRILL M, FLOOD 2500 COLORADO AVE.

SANTA MONICA

23 December 1968 CALIFORNIA
90406

T

A-1162 REV 4 65




23 December, 1968 1 SP=32Th
(Page 2 blank)

h Abstract 1

John von Neumann (1953) has discussed a zero-
sum two=person game and he has shown how the
extreme optimal strategies for one of the
players (the hider) can be calculated by solving
a related assignment problem, We now offer an
alternative treatment of the problem that is
simpler and easily ylelds optimal strategies

x for both pleyers,
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THE HIDE AND S8EEK GAME OF VON NEUMANN

Merrill M., Flood

INTRODUCTION

Jokn von Neumann (1953) has discussed a zero-sum two-person game and he has
shown how the extreme optimal strategies for one of the players (the hider)
can be calculated by solving a related assignment problem, We now offer an
alternative treatment of the problem that is simpler and easily yields
optimal strategies for both players,

THE GAME

Two pleyers, a hider and a secker, are given the n2 values of a square array
Il,gi.1 || of positive rational numbers. The hider chooses a cell (rovw and
column indexes) and the seeker chocses a line (row or columm index), each in
ignorance of the choice made by the other player. If the seeker chooses a
line that includec the cell chosen by the hider then the hider pays the seeker
the smount for that cell, otherwise he pays O, Thus, if the hider chooses
cell (a,8) he pays 8qg to the seeker if and only if the seeker chooses row (a)
or column (B) as his line, This completes one play of the game,

STRATEGIES AND VALUE
The hider has n2 pure strategies corresponding to the n2 cells, We let his
denoctes the

mixed strategy ve h = (piJ) vwhere 21‘1 pi‘1 = 1, and vhere
probability that he hides in cell (i, J).
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The seeker has 2n pure strategies corresponding to the 2n lines. We let his
nixed strategy be s = (pi' qi)' vhere I, (p1 + qi) = 1, ad vhere p, denctes
the probability that he seeks in rowv i and 9y in column i,

The expected value of the payoff from one pley of the game, for the seeker, is
V(h, s8) = t“ Py 8y (pi + qJ).

» *® * @
We shall solve the game by exhibiting specific values p“, Pes qJ, V that
satisfy the relation:

1) Max V(b ', 8) = Min V(h, 8°) = V' .

s h
. .
The value of the game i¢ V , for the seeker, and =V for the hider, .
ASSIGNMENT THEORY ’
The assignment problem is to find a permutation of the columns of a square

matrix, vhose eisments are raticnal numbers, that minimizes its trtce*. Many

solutions to this problem have been pudblished, The Hungarian Method of H. W,
Kuhn (1955) is the one we favor. The interested reader can fini one version
of this method in our earlier paper (Flood, 1961), We shall make use of some
theoretical properties of this method of soluti.n, and record them now for
present purposes,

We let I = (11. Los eeey in) and J = (Jl. Jon eeey Jn) represent column permuta-
tions of a square matrix of order n. Thus, I carries column r into colum ir
and J carries column r into column Jr' vhere the n distinct elements of I, and

J, are the first n positive integers, Therefore, I solves the assignment

t The trace of a square matrix is the sum of i{ts main diagonal elements. ’
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problem with matrix Hg“H if and only if, for every J, we have the relation

L]

zagciu : 8lil By *oeeet By S zusaj

2 n a

The Hungarian Mathod ylelds a solution permutation I, wnd also yields values

for 2n quantities u, and v, , that satisfy the following relations:

i i
2) 81J0ui -VJZO. for i.J-l. 2. eeey n.
3) gai + \la -Vi = 0, for a = 1. 2. seey N
a

HIDE AND SEEK GAME THEORY

L ] L
We shall show how optimal strategies h and 8 can be written directly in
terms of a solution to the assignment problem with matrix | l'l/sij l |.

We let J denote a solution of this assignment problem, and rewritec reletions
2) and 3) for this case as follows:

L) ('1/813) *x -y 20,
5) (-I/S“Ja) * Xy, =0 .
a

We alao define a quantity E by the following relations:

6) (1/E) = ’:a(l/saJa) =L (*¥=Y) .

» %
Finally, we define h and s by the following relations:

7) p“Ja

o *
E E/g“da' all other Py 4 = 0,

» »
8) p E(xa - m:n xi). q, : B(min X=y,) .
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Theorem. The hide and seek game with matrix ||g“|| has optimal
» »
strategies b and s , as defined in L) - 8), and the value of the game to the

[ ]
hider is V = E,

Proof. We note %that

[ ]
M:x\ (b, 8) -Ms.xza (E/gud“) 8“% (p, + qdu) =E ,
Also, using 4) and 5), that
Ma.xV(h.l)-Mul:“ Py g“( )Ezmm:zi‘1 piJE-E.

#* L
It remains to show that h and 8 are mixed strategies, Obviously, since
" "
gu > 0, the following quantities are non-negative: E, piJ' p(Jl « Since, by
»
(L), X =¥y 2 (1/81.1) > 0 it follows immediately that qal 0., Next,
L. p £ (E/fg_, ) = 1. Pinally (p " +q ) =1 E )
a = . = -
1) P 1y 80-1“ - v I 'y i za *a ya =
EGE(X - yJ ) =1, This completes our proof, We conclude vith a simple

illust rative example,
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Numerical Exam210+. We apply these results to solve the following 2x2

hide and seek game:

sy,

Obviously J = (21), since =11/10 < =1, and then clearly

=1/2 =1/10 H
-1 =1/2 5

2 4, wa
1 2||, and --l/gi‘1

x= (1/2, 1),y = (0, 2/5) satisfy L) end 5).

]
= 1/11 and Py = 10/11,

* L}
Since E = 10/11, the non=-zero values of pi,j are: p,,

* » »
Finally, pl. =0, P, = 5/11, q = 5/11, and %, = 1/11, It is easily verified

#*
that V(h , 8) = 10/11 and ve fird thet V(h, s*) = (10/11) + (2/11) Py, 2 10/11.
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t Historicel Note. These results were first obtained in late 1955, and
presented in various lectures, We recently programmed the procedure (in
JOVIAL) for the Q=32 time-shared computer at System Development Corporation,
to provide a demonstration game on this system, because the hide and seek
game is complex enough to be interesting to players but easily solved on
the Q-32,
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