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Marnetic Cucillations
Be 2. Avozachvili
Soobshcnenie, iAo . Jruz. S5, vol, Ui, hio.¢, 1953
ppe 321-320
In this paper I cornsider the problem of diffraction in 2 thrce-dim=-
ensional space, followinr the basic method used by Ve Do Kupradse to

.8olve the .line probvlem of the diffraction of elecircmagnetic vwaves [1,2:’.

& 1. In an infinite s.ace with electromagnetic constaints €4y by 4 O
lct there be n  successive non-intersectin; cnclegures bounded by the
regular surfaces (see [1]) S, (v=1,2,...,n). The electromagnctic con=
stonts of the modia occupying. the successzive enclosurcs = the dielectric
constant, megnetic permeavility and conductivity coefficient - we derote,
respectively, by €y, My, Oy o The region bounded by S, (ascuming no
subsequant enclosure) we denote by T, , the outer bowdary of the sur-
face by Sl and the outer infinite region Ly T, ; the rcgion included

betwoen S, and Sy, by Ty =T, . cere, let Tb,y’ To and

L . [ .
Tn,n*l Tn Lloreover, .1let

kz., McT

2/, 2 .
K () = K, kC Ty,vol
2 2
2(i, + kvﬂ.) s HC S,
vliere
2
wen, *Lnius,p
k?! - i | . J_.L; In kj 20 (j=0,1,2,...,n)
c

The complex vectors of the electric and magnetic electromagnetic fiold
intensity are : and -X)l » respectivoly.

The problem is formulated as follows:

Required to find E and & satisfying the conditions {sec [3]):

i
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1, rotﬁa 3+}-11Z 2. rotg--—-iﬁ'
c o c
. o
. 3e div z = L7p, be divE =0 ix T,j,j-'l
. 6. (i) = (i) on S
n \ - b4
(2.1)¢ 5. ("'s)zl. (r-sly_l . s s’ «1

7. = exp(iker) o) 5 &2 -1kE
8. = exa(tier) o) g} - 1% = expliker) o(Y/r) ot infinityh.

vihere

T uce
800 = ’
0 UCT g

E i3 a given vector characterizing a sowrce which is cantinuovily dif-

ferentiable to the second order inclusively:

. |
1 |
(u)‘ -C_...P }.!CT. !
Fo {o HC T

v, v+l
P is the electric volume-charge density, also a given ard continuously=-
differentiable function; ® ard c¢ are the oscillation frequency and ;
. e s o (= . q ;

the velocity of light in a vacuun; ("a)y . (‘is)w and (Es]v-l (‘s)y-l
respectively, are the limit valres of the tangential corpcnents of 3

-5
and R within and without the surfuce 5§, ; r is a rudius-vector;
r o(l/r)——-bo as r-w ; r O(l/r) is bounded as r—>w .

82 . By virtue of (1.1), the vector H in Ty e (3 = 0,5,2,00050)
will be sought as
(2.1) Be-rot?

"
l. When X, is a real constant (1.17) and (1'18) becomes

-» > - 2 -
Zeolte) ;o -ikd= o) Boolr)y Lotk = o) .
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where ? is the vector field po<entiile. Usin: (2.1) in (l‘]?> we obtains

2 ) ie T .
2:2) E=grodg +=F in Tjjl

Co

s \ 2 ; s
where @ is the scalar {ield potenticl. The vector I , introduced in
(2.1), in determined with the accuracy of a componcnt cnd is the gradient
of an arvitrary functicn and, obviously, the potenticl ¢ is also not

uniquely dcfined, To climinate this irdefiniteness, lot us require that

this condition be fulfilled (in the '1‘J 41 region;
»  wylhino, - die ) -
(2.3) div ¥ = —x jc J © =0 or divF = < k 9

16 X
Let us put % amd B from (2.1) and (2.2) into (1. .1, ) and let us

use (2.3), we obt~in

(2.4) o7 +k2.5-'":*£-&33 in Te

(2.5) A:?szﬁ‘-o in T.v,vﬂ A-%.§E+§}
By virtue of (2.3) and (2,2) we obtuin from (1.13) |

(2.6) 59 +x3¢ -?‘: in T,

2.7) 69 +1 9 =0 n T, 0

lareover, from:(1.1,) it is evident that in T,

(2.8) div Lo -F—:_l:ltm. div G

Now frenm (1.13} and (2.8) there results

(2,9 . " Ce *
r——_—mp’. S div G

Let us note that (2.6) und (2.7) are concequences of (2..) urd (2.5).

In order to confirm this it is sufficient %o take the diver_@cuce of (2,h)

e} m s e e A - Te

R T N T

b g7 e e et

e e 8

RN

P - e
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and (2.5) and %o use (2,3) and (2.9).
Let us put by = 1 (3=0,1,2,..., n), tken in place of the boundary
coniivions (1.15) and (1'16) we will hove *he following:
(2.20) Lo (ey,= (30,4 2. (i), = (8),
By virtue of (2.1), (2.10,) is fulfilled if F satisfies
¢ - 3
(rot I‘L (rot : )z/-l

By virtue of (2.2), (2 1’) ) is fultilled if we have on Sy :

(w \63 , i ,,;

Zvidently, the latter always occurs if thesce boundary conditions

are fulfilled on Sy : _ )

M -
( ) T)ﬂ-l’ (?s Y = (ts)JJ-l
Finally, the diffraction problem reduces to two boundary problens

for the oscillation equations,

To find P requires solving ti.e boundary problem: ;

1. &F + K87 --‘-‘h—"E in Te
:‘ 4
. 2. & +ié¥=0 in T, . |

.11) > 2 ¢ :
30 (rot FJ, = (rot 7, _; ; (r ), = Fody in Sy ‘
= . 1 > > 1
3 Lo F = exp(iker) o /r) ; 3 = ikeF = oxpliker) of™/r) at infinity.
) To find 4 , the problem is solved

L.otg + g B in T, ‘,
2
2., bg + -0 T
(2.32) _; A = T
30 (a L kb*‘}.ﬁ-l on Sp

L., P = exp(iker) o /r) ; g% -ike@P = oK eT o(l/r) at infini-y.
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licre F and @ , found from (2.11) and (2.12), rust satisfy condition
(2.3).

8 3. The solutions of boundary provlems (2.11) and (2,12}, respectively,

are ex resscd thiough solutimns of the following integral eguations:

. 70 ‘1 3:1 f RLFIEAD I .20
(3.1) (u) = .ﬁ. J-O{(kj_d k ) | OFQ) ST dz&} £(x)
j+1 .
where .
elkoril,X)
f(—-) -3 \/G( ST dzy
( c 2 v n"l 1. °r(l-‘ "
(3.2) £ () = i z;(x.J,,JL xz %;-—-(—-—-—a
J +l
< l‘c.r N
P(xN) ---( N ’ l)cs;‘} + L{¥)
341 J

Giker(, 1 Qiker(i,N)
1w = 3 ’YLL_Jf ) s, -2 S o S }4

sjfl )

- lk; 0
lmo’, icc, ‘/'P(") s ar,
'

2 - kz(::) ; - Ty vel (7/" 1,2,0..,“)

Fn and G‘,x arc the projections of f and G on the interior rorral.

The volume in‘egrals in (3.1) and (3.2), tcken over the infinite
region Te 5 exist since G and p arc bounded and Imke) O . Far
real ke , ¢ am p must satisfy some existence condition of the
integrals over T o '

(3.1) and (3.2) represent, respectively, the ordinary and loaded
Freiholn integrul equ:tion of the socon! Ikdnd (as ia knewm, Frodholn
theory applies to the latter).
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re corpletely anulojous to the equr:ions of V, D,

r. bl
Kupradze which wer: constructed in [1,Z} for electric and manctic vectors.

The integr:l equations (3.1) and (3
as wos done by V. Do XKupraize (see [1] ch. 3), for

Condition (2,3) remains o be satisfied,

,,l) f @ (1) D)

S50

problen,

Let us introduce the vector

A - c n-l(k2
grad e 32-30 5

.2) were studied caupletely zlso,

the plane difrraction

ikor(iy,W)
g ds

\l\‘ N

where 1B(l) is the dircction of the interior normal st the point

¥CSs

@(X) 4s the solution of (3.2), and we form the vecter

jn?
(3.3) ?1(!:) = F(U) + grad 4
The vector (3.3), obviously, satisfies (2.11), hence we have from (3.3):
, - n=1 Giker (%)
(3-'4) div Fl("{) - Z (k ’1" k ) div F(!\ ——r—T)—— d
J"l
f' R JUAD .
+ — CP(\) = '—-ﬁ.—ﬂ-o-— N
3*1
o=l 2 j’ J.k.r( 5it)
F 1]
j% Sj_ﬂ. (1) —_T:,—uT ds
1 J ikor('z" )
o W) Sy ey
j*l L4 1
ing, - juc, f e HKem(E,Y
- ~—5?:— P .\ ——-(TT——)-— ds. N

Te
Subtrscting (3.2) from (3.L), we obtain:

(3.8)  div '?’10!)- ;—ukz(m)cp(ii) - 2 (k 1" k )y J E!iv F - q»( ]X
Tin
dker(yhi)

X =T 4%

3‘0 . oan . o . » ) s
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f Jkar (%) [ A\

-~

.,‘.

he N the: o LGN,
where .csrl er. {3.5) beeo

iq

" S| e " v ‘C-J’ L. ‘d"’-- = O j = o oo gli*,
. r{.,.) .n\ O AL ..1) i (30,1,0..,m=1)

iker (2, 1)
div‘lgl(;“ ——-k2( D )-—-)"_‘, '<J,l 3[@“ () - -c-lw’(a] i

From which follows (s.e [1]):
T (u 2000 ) . 2
div "1(""‘) - 9;‘32: (X)@() =0 or div ?1(.\:) = Pﬁk () ()

ioet, (203) .

In the general case, we consider the system:

O

ik,r(",:.

n-1 >
;(H) = %’sz‘l(kg’ - ki)'r\/’l F(N) ——(’——)'—‘dl; *ﬁiu(kj j,,l)f("”)n(h)x

(3.6)
5 3 'x-l {" :.k.r(v N)
;—wk (@) = Z(kjﬂ- kj){ \} )—-;'ﬁr—.-;-d’t‘.,
J
ikor(l,! (I' :
f‘?(t\'}— —r—(-:)-r)—* + — F ( er (i) “1
530 ;
+ L(N)
where

ik (11 N)
?(}.!) - %J G(x I-——-E-rm)—-d'cl.

l)’.!‘( ,.\
X & z\.; + 701

Y GV B

Loy e L5 = pe (%) oty ds,” Lrds - ducy f (32 ety ) dz,,
. c ;—T\u j+1n rlE,N) cte r(7,T)

B e —

}
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;
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The functisns ¢ ard @

(2,12) and (2.3). Therofors,

, detcrmined frem (2.0), satisfy (2.11),

(2.¢) and (1.1) aro mmiually eguivilent.

In particular, the homogenvous provl:m (1.14) is eguiv:lent to the cor-

rosponding homogeneous gystem of intcgral equations (3.5.7.

8 L. Let us study

gider the cagse n =1 @

B - 2R

(.1)

the system (3.6).

For simplicity, lct us con=-

f eik.r(L
F() )—d'c
l
c-('yk—‘:-&"l f‘?(N)n(h tharlio)

4niw

2.2 ik,r(a( N)
-"-ka(u)c?(»)-°—k'~‘i‘———“—'-l f P(N) &

-) .
N i3, + f(:ﬁ
z /P ) S

Ty

3 fik.,r(‘,l\)\

(18-
—;:"‘_'“c = X f‘?(“’m“\ TR )

Ko

1k r{,n)
K- ° 3
‘—’—H—\ES/‘FI‘(N) r(__—Td
1

Let MC Ty i let us introduce the notation:

8 (2) = F (1) 5 ¢

ds

+ L(u)

(K) = Fouk)y () o F () 4G » @)

V() e (1) 5 Hs) = £, (i) E ) wr ) ¥ (4) = L)

A.kz-ko

i

2
F ag(”).i

By (%) @ ap ()] = 3,00 ) = 05

(&, )-:322( N) =

831(1-',;6) - 832(‘.4,1\')

DZB(BL,.‘;) 03

- 333(;..,:\1) =0 ;

- exp dk,r(i L)

!“,\

3 (‘. X) = ¢ cos{n.t) =

B. '(L',N) [FRp- S ALLA RLF B LA

B

for a = j
for u#3 (o,f=1,2,3,4)

ik.r( i)

i

¢ cnsn,7) «
iw

c cosln,w) e

(s,

'ik.r(h',.'i)
e ——————

ria, )
ik, r(,nN)

31&(1:’ H) iw

i)

o
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In +he scourl we will 2inowe toe .1 of Tunelluns '1'1, 'I-Z, «1-3, '}L‘
o7 Tl =G 7 F.E 4.
by the vecwor ﬁb( ¥ B, 513, R
Similarly, '\r (¥, ., 1, ZL/ ig & voctor with compencnts X,
- -

'1’2,’23, ‘I’h . Llet .1(11,1.') e tne matrix

C
C
(o]

AQ,n) = A

and  B{K,N)

. Q

B4,y = l!lha,s(ii,i\)“ -

w O O O
w © O O
01

L1 L2 L3
Then (L.1) can be written

L) @ () « lf a(gn) ‘1’ ¢ a, *+ > / 30 ,‘:5)5 (V) ds, = % ()
l

nl

.

Lquation {(:.2) is a loadea fredholn equ~rion »f ine sccond iind,
This cin be vritten in the uzual ferm if ve introduce 4 new kerrel ard
rew diflerentizal.

Let us put (& CTl +5S,)

1.3
) AlMgE)  if TeT (dT,  in T,
Wt oWy < - ke
. gt ) B . . - e, ™ -
. 3(k,n)  if . :1 - { d.,:', on Sl

4
5
]
;

a1 22

i o B MR S « o
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Then (4.2 becoaes

(L.3) & (u) » f K000 P () cw = ¥ G
Tl*sl e

As is knovm, frecholn thcory is appliccdle to (U.2) (see Vo I Sumirnov
Lud )

Tne proof ol the unigueness theoren Ior (1.1) iz ;;f'.vcn el [ ';'_7.
Therefore, by virtue of the equiv:lance, the homogencous systen (Le3e):

(L.3c) & (1) + 2 /' K(2,0) @ () de, = 0
+S oV
171

kas only a trivial solution. This means that (L.1) is solvcbie for
any right side and the existence thecorem is proved.
Tiflis Inst of RR Eng, . July, 1953
References
l. V. D. KUPRADLE: Boundary provlems of oscillation thesory and integral
equations. loscow, Gostekhézdat, 1950
2., V. U. KUPRADUE: Electromagnetic wave propagation in inhomogeneous
redia, Trudy, Tiflis, Xath, Inst., vol. II, 1337
3, Do Lo AVAZASHVILI: Threoe dimensionzl problenm of diffraction of mono=
chromatic electromagnetic waves. Uoklady, L.Ne
USSk, vol. 8, lo. 1, 1952
Lo V. I, SMIikiOV: Coupee of higher mathematics, vol. IV, iloscow, Gos-
tekhizdat, 1951, pp. 159-170
5S¢ Do Z, AVALASHVILI: Uniqueness theorcm for iaxwell's slectromgnetic
equations in inhomogeneous infinite medial

Trudy, Tiflis iath. Inst., vol. VILI, 1540




