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,Mtorris D. Frie.,uina

Toe _.. ....1 ct .rl....lem for l.cctro-

r. Z. v_-zacVLl

Soobshchenic', A. Xi. LuZ. SS'Z, vol. 14, 140.6, 1953
pp. 32.1-323

In this paper I consi•der the problcm of diffraction in a thrce-dirn-

ensional space, folr.,'irL- the basic rmethod used by V. D. Kupradza to

.solve the 1a.ne prolb2em of the I;Lffractioia of electrnr.ia~n#etic 'r:aves 111,217..
9 1. In an infinite s ;ace with electrozanctic cornta:-.ts co , o 0"o0

let there be n successive non-AinterscctinC cnclcv s bounded by the

rcgular surfaces (see [i]) S, (u 1,2,.. .,n). The electromagnetic co.-r-

stants of the media occupying. the successive Anclosuros - the dielectric

constant, magnetic perne-zuility and conductivity coefficient - 'Ve denote,

rcspcctively, by c., •v, 0, . The region bounded by S, (asr-Lung no

subseqannt enclosure) we denote by Tý , the outer bou;dary of the sur-

face b.j S1 and the outer infinite region by T. ; the region included

betw:-en S., and S. 1  by TV - TV+ 1 , .iere, let T6 T an

Tn,n~l Z Tn . UoTeover, let

2 2

2

2( 2~ + 2 i1 C Swhere

k• 2" 2 J Im k4 0 (Q 0.1~,2, ... ,n)

The complex vectors of the electric and ana= etic electromag•etic field

intensity are E and I1 , respectively.

The problem is formulated as follows:
Pequired to find r. and satisfying; the condition's (Sec [3] :

0'n

VT?. _
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1. rotH =.•j + ' ÷ 2. rot Z- H
C CO C

3. div z a 4npo L. div 17 0 in Tj, j

(1.1) 6. (Hs) * (H) -i on Sy!. ~(1.1), 5. (2s• •'-

e7. - = xp(ik.r) 0( 1 /r) ikoE /r)

.i" ex1(ikr) 0( /r j .' ik.l, exp(ik•r) o( /r) at infinity.

where

".0o CT

G is a given vector characterizing a source which is continuoubly dif.-

ferentiable to the secondI order inclusively:

M C T
'P. OW•) - -i R c i

p is the electric volume-charge density, also a given ard continuously-

differentiable function; (0 ard c are the oscillation frequency and

,, the velocity of light in a vacuur;. •s , (H.), and (E _l s)-_

"respectively, are the lnlit values of the tangential corponents of

arxand H within and without the surf.ice S. ; r is a r.±dius-vector;

r o( /r)--4O as r-+oo ; r 0(r) is botmded as r--;.*

1 2 . .y virtue of (1.14), the vector H in T jj+1 Q 0 ,1,2,...,n)

will be sought as

1.. When k. is a real constant (1.17) and (1.1ij) becono:

1 7. * 1 U. I
1) . /r) H 1 - .

ior



M'orri D. Friednian

where 'is the vector field potont-&U. Csin- (2.1) it, (1.2) we obtain:

(2.2) I .a Grad 9) -i in T, .I

C

Where cP is the scalar field potential. The vector e' , intro.uEd in

(2.1), in determined :with the accuracy of a component =nd is the gradient

of an nrbitrary function and, obviously, the potential 4p is also not

uniquely defined. To clininate tais ir.definitvncss, lcot us require that

this condition be fulfilled (in the T j,j+I region)

(2.3) div F- - c p - 0 or div F -S- k2 (P

Let us put F and E from (2.1) and (2.2) into (i.31) and let us

use (2.3); we obtain

(2.214) - Cin?.o

c1

- (2.5) r + k .2 " in- T. a + +
1" +2 77 2 -12

bx

By virtue of (2.3) and (2.2) we obtain from (1.13)

(2.6) 6? +2 ,, c in To

(2.?) k 'p inm

,..reover, frow (.11) it is evident that in T,-42 .";4
(2.8) div I. 4w - i~o div G

Now from (1.13) and (2.3) there results

(2.9) p -

Let us note that (2.6) And (2.7) are consequences of (2.).) and (2.,.

In order to confirm t~his it is sufficient to talte the diver.n;:cc of (2.)')
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and (2.5) and to use (2.3) and (2.9).

let us put - 1 (J - O, 1, 2,..., n), ',.hn in placo of the boiundary

conditions (1.15) and (1.16) we will hzrve the follo-.nr:

(2.10) 1. V= (L) )- 2. (i)21 (H)

by virtue of (2.1), (2.102) is fulfilled if • satisfies

(rot F - (rot -

By virtue of (2.2), (2.101 ) is fulfilled if we have on SV,

c ý13 c

Lvidently, the latter always occurs if these boundpar conditions

are Tulfilled on S-:

Finally, the diffraction problem reduces to two boundary problems

for the oscil2ation equations.

To find • requires solving tý.e boundary problem:

1. 4r + k.- G in T.
c

2.2 2.U)
3. (rot a• - (rot l) isnl Sp

4. F -o /xp(ik.r) o. - at infinity.

To finýi , the problem is solved

1. 2 + a L P in T.

2
2. Aq' + kV 0 Ln T*(2.22) a• i•)"••

3" " K)••-l1. on Sz,

. -exp(ik.) 0(/r) -- k..f oi'ke o('/r) at Infni-,.

,,,j• 4• • ,• " " - I ••,
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Hare F and 9' , found fron (2.11) ard (2.22), •ct satisfy co!-dition

(2.3).

§ 3. The solutions of boundary problems (2.11) ani (2.12), respectively,

arc exrosscd thi-ouih solutions of the followinng integral eauatiors:

n-I

R j.3 T j i

c f G II r -

r-I 2 1 ( k2 ei
j-O +1 r ,0j- -"j+l

/P(: . ... +"(S j+1

n-k4i krL. - ' 4N)ikr.¶N

- • (,)-- -,,,. s..- uo (,d- ,s.J-0r i I' f Fn r-,, .4 c £,,

k• 2 (: M C T,,•1 (-z•..n
Fn and G narc the projections of w and on the interior nrornal.

The volume in'.e~rals in (3.1) ard (3.2), taken cvrT the inf*.nite

region T. , exist since 3 and p are bounded and :ria k.> 0 . For

real k. , G and p must satisfy some e~dztance condition of the

into'ralz over T. o

(3.1) and (3.2) rcpresert, respectively, the ordinary and loaded

Freiholm integral equ'tion of the nccon.1 kind (as i1 knvrn,, Frodhol.1I

theory applies to the latter).

-. . . . . . . ? - - - , •
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Thase equations are co.:pl2-toly arJaojots to the e~utio:s of V. D.

Kupradze which wer- constructed in [I,2J for electric and rnanc-ic vectors.

The inteCr:,l equations (3.1) and (3.2) wYere studied ca2ipletely also,

as w-s done by V. D. Kupraize (see [i3 ch. 3), for the plane diffraction

problem. Condition (2,3) remains to be satisfied.

Let us introduce the vector

grdI 2 2 -P(11) i() eikr(',"',)
aJ~l Pi.~s s

where n(N) is the direction of the interior normal at the point

i C Sj÷ , i(s) is the solution of (3.2), and we form the vector

* 0 ~ - PhM) + Grad
The vector (3.3), obviously, satisfies (2.11), hence we have from (3.3):

1 2 2 div F() e

j+1

n-1• ikr(k.2)

Fj (I. ,

* j li r 7 U : -' .,N

Subtr~cting (3.2) from (3.4), we obtain:

n-1"

c 2( , 1 nn c2

"" k ZI

(3-5) ~ ~ -* di .P+- ) c .O
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11 in pzticl.ciL' -.:3 j1i ** -~

T. J r(., TA,

V I-r NC S + t!-ey. (3-5) b~nor.'

j F1

From which follows Uc a ij):

di .. 1 2 !)~:)-0 or di - g c2

i.eo., (2.3)

In t.2e general case, we consids~r the systern:

2 2 - ik 2'r

F~~g)~ k () -,- r-.~ + W C n1(

Cr (M dN d +f M

636

C~ ~ ~ ~ ~ ~ 2-- )121 Jo(,1
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Ihe functi..,ns F' ar~d ~),det'rnir.'i frcrl (3.6)', satisfy (2.11.),

(2.12) and (2.3). Ther,ýLr.½ (3.6) and (1.1) aro -.xtual1y ec~uvL13nt.

In particular, the honoagentvous probLLi (1.1a) is equiv].'2nt to thc cor-

rosponding homo~Cneous system of intcgral eciwitioins (3.6-0).

a 4. Let us study the system (3.6). For si.~pbjcity, Ict us con-

sider the case n - I

F(M) 1 r(, P& ; FA

T 1 1

C)~ ~~~ 2h1 ik rJ)( k PN
Lcfl±'- k.)

2' 2 2 ikr~sf,
* 2---- JF(N), -k.)ds + (

Lot ~ ~ ~ ~ ' xC rT1  N) ledzitNuote oain

V~ A)* T

xiirek. 2o fo(i r Xb

a d*



-r -(.I 0'

C- - C'C r

41'2

by-i .ý, vc-c 7csr 43t '%'-' 3

6-r-i.inrly, 4~(i,-,I, "1 1 ~S L'c W~itth C)O.GnC-nt.9

2' -k T jat ~d,)be tn -ztrix

L) 0

"22 0 0 3

-r 0 0 0

Then (L.1) car. be wrTitten

(4.2/1 'q If A(!)'! ( d)%, d s -'Y

qcuation (4.2) is a loaýieci Fredhol-a equr-tior. of t;e sccor- I~d

This c:.r5 be wrvitten. in tý-c u~uai o Ifcr YZ .(, i:-'.troduce a nro knrnel 4r~d

re.cw dif ferential.

Let us put (I.C-T + S,)

A(.,-) if .CT. -dz,, in T,

if 1 id, on Si
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Then (4.2) becomcs

( 4 .3 ) + X• ÷i ( s" -,. -).TIS

SAs is knon, m 'redholm thcory is -lic able to ( C. o (nee V. I; Sznirnov

The proof of the uniqueness theorom fo r (1. 1) j1o Z

Thecrefore, by virtue of the cquivalence, the homojeneous sy•tc:i (c.3*):

(4-3,) 4 (k) x K(x,) P (IN) du-, - 0
T I +

has only a trivial solution. This means that (h.l) is solvable for

any right side and the existence theorem is proved.

S0Tifli3 Inst of tu ýng. July, 1953
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