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ARSTRACT

Moeasurcoments of sea clutter using high-resolution radar indicate
that the cluter-cross-section returns follow a log-normal probability
density function more ¢losely than the usually assumed Rayleigh law,
This report develops the theory for the detection of a steady sipgnul in
log-normal clutter by first using o single pulse and then by using the
aum of A pulses integrated noncoherently, Plots of the probability den-
sity of the envelope of the signul plus clutter show the function to be
bimodal, an unexwected result. Curves are presented for the threshold
blas, normalized to the median clutler voltage, versus the probabllity
of false alarm for several vidues of the standard deviation o and for
various values of ¥, Probability of detection curves are presented for
o = 3,0, and 9dB, for ¥ =1, 3, 10, and 30 pulses, and for false alarm
probabilities frem 10-2to 10-*, The ratio of signal to median clutter
required for detection increases markedly as.o increases because of
the highly skewed clutter density.

Manuscript submitted August 21, 1968,
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THE DETECTION OF NONVLUCTUA FING
TARGETN IN LOG- HORMAL CLAMTER

SUNNMARY

Seit clutter meirurementa made By NRE walng o high- vesodution vadar ahow that thw
clutter erons section tends (o be dog-normally disteibted, A study o e Lo normal
ciutter muded, theretore, Neemed appropriate s and s vepurt preseita the reniltn ol
such i study,

Fiest, o devivation in pressnted of the losg-normal density: tanetion reguired ta eatab
Hah o family of threabold vadues for false alarm probabilities vavying trom 10 - e jo”
and for aclevtod values of sbidied deviation o Yot of the clutter deasity show highly
shewoed e as o fncereaser cerultmg i greatly inevcased blan values an compared to the
Rayledpgh modet,

Next, the disteibution of the envelope ol sigaal plus clutter Tor a single pualae is de
rived, Plats of probability densities show a bimodad funetion, whieh s an anexpoceted
vesull, Phe binvodal shape holds Tor all values of signal-to-nolse ratio (8 N and top all
values of - bat the dual peaks deaw cloger topether and the dip hecomes leas pronouneed
ar coinercasos, Foraudas toe te probability of detection ave given, at these could nat
he evaluated jr closed torm, so they were progranimed foe the NRL CDC 3RO compuler,

Then the peobabilittes of Glse atarm and detection are developed for the swn of A
pulgoes integrited noncobevewtly, The gencral method used 8 that of the characteristic
function, which essentindly requires two applications of the Fourder integral, Here apadn
o solution in cloged form seemed readily obtainable, so the CDO3RG0 was progrannmed
For numerical evaluation, using the fast Fourter transform teehndgue,

Sets of curves are presented tor the probability of detection tor values of -+ 3, 4, and
9 dB, for a1, 8, 10, and 30 pulses, and for false alavm probabilities from 1077 to 10",
The 8 N required for detection for o« 3 dB are about the sime as thoge for the Rayleigh
model, s would be expected sinee the log-normal tall for this cage compures to the
Raylejgh tail, However, as o ereases, the required 8 N also rises nrkedly as a result
of the increasingly skewed disteibutions. 1 should be noted thiat the 8 N defined in this
report uses the medlan clutter vidue for noise and not the usual rms valdue,

INTRODUCTION

Cluttexr -cross-section measurements of sea roturn taken with high-resolution radar
show more of a tendency to follow n log-normal probability distribution than the Rayleigh
distribution usually assumed. Data reported by NRL (1" using an X-band radar with a
0.02-,scc pulse are plotted in Fig, 1 on probability paper with the clutter cross section
o, indB on an arbitrary scale. A log-normal distribution is indicated by these points
falling in a straight line. It is seen that the cumulative probubility clo=ely fits a line
belween 5% and 80%. Accurate data at the extremes are difficult to obtain, because ther-
mal noise limits the low » values and the system dynamic vange limits the high o+ values,

Studies made by Miner (2) and Ballard (3) also consider the log-normal description of
the sea-clutter cross section and relate the standird deviantion of the distribution to the
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vadar Hiuminated pateh areas Batlard aetually sot up a log-normal probability medel but
did not ealeulate detection curves, The present report follows much of the same theoreti-

vl method and extends the mode) to include the fntegration of N pulses,

LOG-NORMAL CLUTTER MODEL

Il we assume that clutter cross section is log- normally distributed, then the proba-
bility density is plven by

plo ) - exp { '17 (ln :;_‘;>2}, 1)

'/j:.'vuu ) . 20 L
where o ds the clutter cross section, » is the median value of o, and » is the standard

deviation of 1no (natural logarithm). Smcee eross-section values are measures of power,
the standard deviation (s.d,) is expressed in “natural units” (4) by the relationship

o (natural units) (0.1 In 10) odBY 0 0.2303 o (dB). (2)

The value of + in Fig. 1 is in dB, and + must be converted into natural units by Eq. 2) for
use in Eq. (1)

In Fig, 1 the log-normal probability distribution tunction is plotted for » =3 dB and
o -6 .dB, The dashed line is a close fit to the NRL cxperimental resuits on sea clutter
previously mentioned. For this line, « - 5,4 dB. From Ref. 3, a value of » = 4.7 dB
resulted from a clutter patch size of 3840 sq yd in a sea state 2. From the NRL studies
(1), » = 5.4 dB corresponds roughly to a clutter patch size of 135 gq yd in sea state 1.*

T'o determine the probability of false alarm and subsequently the probability density
function of a signal plus clutter, Eq. (1) must first be transformed into a voltage-amplitude

“In ogeneral ooincreasces directly with sea state and inversely with clutter patch size,
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density, I we let o be the envelope of the radar ¢cho from the clutter area o , then
voea b or e kel Using this substitution in Eq, (1) yields

pLv) ‘/3 '“\l'“ exp [ ._l_2<2 In LL)} 0w @)

woov n
: 2u Vin

where v is the medinn value of v and o remains the s.d. of lne ., Then, « is still mea-
sured according to Fq. (2).

The probability of false alarm for a voltage bias level ;i is given by

Pra plv.y dv L exp (-t dt, )
A » ﬁ
|4

ol

la .

where y 4+ is the normalized bias level. The integral in Eq. (4) is related to the error
function, which is well tabulated,

DETECTION QF A NONFLUCTUATING SIGNAL IN CLUTTER

Let us assume a radar pulse return from a target which is a steady signal of constant
amplitude v . The clutter return will be assumed to have the log-normal amplitude density
function as given in Eq, (3) and a phasc «_ that is wniformly random over -». & - ». The
analysis can be performed as though the radar were operating as a ¢w system. If the
signal and clutter voltages add linearly prior to envelope detection, then we can assume
that the signal plus clutter may be represented by the two components

X v, - v, cos d, (5a)

and
Y v, sin G (5h)
where x and Y are the in-phase and quadrature components of the signal plus clutter,

We can define two new variables x° and vy’ such that their joint probability is that of
the clutter alone:

X’ X - v VoS A (63.)

and

Y’ Y v oosiné (Gb)

-

Then, the relationship between these joint distributions is

IX X’
v adeh

p(v b)) dv dd, Ve S pXTY) dEdYT v p(XTYT) dXTdY” M
a. " dy’

(’)V(_ d (/)(‘
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But since v_ and ¢, are independent variables, p(v . )dv d. = p(v.)dv p(p ddp,
= pivdv (1/2r)dp., llence, from Egs. (3) and (7) we have

2
pX* ) dXdy’ ~ L 1 exp |- L (2 In L) v cdip. @)
n¥2n avf 202 Vm/ '

From Eqgs, (6) this becomes

1 i }/(x_‘,)zuyz;!
p(X.y) - exp|- 2. {2Int 8 ]l 9)
+ Y2 2

n¥V2r o [(X - Vs)z

20 m __}

Finally, using Egs. (3) in Eq. (9) yields

2 2\2
p(V.¢) - ¥ exp [_ _~L (2 1n /7‘2VVSVCOS b -\‘/_2>J (10)

n'.’lna(v2- Zvv, cos ¢+ vg) 252 m

where vZ. X2, Y2, X - v cos 4, ¥ - v sin ¢, and the transformation from Eq. (9) to Eq. (10)
is analogous to the one used in Eg. (7) with ¢ uniformly random from -» to ,». Now v
represents the envelope amplitude of signal plus clutter. The probability density function
of v alone is obtained from Eq. (10) by

p(v) - 2 J‘ p(v.¢) di. (11)
0

Attempts to evaluate Eq. (11) in closed form were not successful, so computer numerical
evaluation was employed. However, before illustrating the results, it is more meaningful
to transform Eq. (10) into an expression containing a “psuedo” 8/N, actually a signal-to-
clutter ratio, since v, is not easily obtained. If we let r - v /v in Eq. (10) the probability
density beccmes

piX,¢) = X 2) exp }’.'_:_2! (1n }/;2 - 2xr cos J:T)?, (12)

»V¥2nr o (x2 - 2xr cos ¢+ r o

where x = v/v, is now the normalized envelope amplitude of signal plus clutter, Then the
probability density function of x is

p(x) - 2 j p(x,¢) db. (13)
0

The probability of detection for a single pulse of a steady signal in log-normal clutter
for a normalized bias level y is thus

x o0 ” Y n
P, - j p(x) dx = 2 J' J p(x,¢) dpdx - 1 - 2 J' j- p(x,d) doddx. (14)
¥ ¥ 0 0

0

In Fig. 2 plots of Eq. (3) for various values of v are compared with the Rayleigh
distribution for which the median value has been set equal to v, . It should be noted that
the tail of the Rayleigh distribution falls off about as rapidly as that of the log-normal
for » =3 dB, but the tail falls off less rapidly as o becomes larger in the log-normal
distribution, For these larger o values, then, the biag values for a fixed Pg, are expected
to be greater for the log-normal than for the Rayleigh distribution. Plots o? bias values,
obtained {rom Fq. (4), illustrate in Fig. 3 how rapidly the bias does increase as . increases.




Fig. 3 - Bias levels as a function of false
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To plof the probability density function in Eq. (13) the integral had to be evaluated
numerically, since no closed form sclution was found. The CDC 3800 was programmed
using Simpson's rule for the integration. Figure 4 shows a family of curves for the
probability density of the envelope of signal plus clutter for » = 3 4B and for several
values of + v v~ =$S/N which has been designated as a voltage S/N. The double fiump
or bimodal curve is most unusual and suraly not predicted. Note that this curve is the
envelope distribution and hence assumes linear detection. The values of S/N shown are
voltage ratios. Figure 5 shows curves for + =6 dB. Again the double hump is present
but less pronounced. In Fig. 6 by increasing o for a fixed value of r (i.e., S/N) the dis-
tributions remain bimodal but the humps tend to converge and the dip becomes less
pronounced. Figures 4 and 5 show that as r increases, the curve shapes do not change

substantially.

A word of caution is in order regarding the definition of the signal-to-noise ratio
r =8/N = v.v, . It should be noted that this is not the usual definition of the signal-to-
noise ratio, where the noise is taken to be the rms value. Herein the noise (which is
clutter) is taken to be the median value. This is a convenient definition to use and, also,
one which would have considerable engineering significance, since clutter is frequently
expressed in terms of its median value, However, in subsequent parts of this study
where ¥ pulses are integrated, care must be exercised in interpreting r. Since the log-
normal model yields a two-parameter distribution, its behavior is more difficult to

anaiyze and interpret than the Rayieigh model.

DETECTION USING THE SUM OF ¥ PULSES

he straightforward method of determining the probability density for the sum of ¥
envelope detected pulses, assuming they are independent. is by use of the characteristic

B e e R
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function, Starting with the probability density of the envelope of signal plus clutter given
by Eq. (13), the characteristic function is given by

o(w) = j p(x) exp( iwx) dx, (15)
0

which is the Fourier transform (FT) of p(x),since x . 0. The characteristic function for
the sum of ¥ independent pulses is

op(w) Lol (16)

It is noted that in general 4(w) is a complex function, Using the inverse FT of Eq. (16)
gives the probabiiity density for the sum of n pulses:

Py (x) 2—1; j- by (w) exp(-iwx) dw. )
"Plots of Eq. (17) or ¥ =1, 2, and > and for S/N = 2 are shown in Fig. 7. Note that the
double hump disa ;pears as N increases. Also the distribution spreads out as ¥ increases
and begins to loc« more like a normal distribution,

For the sum of ¥ pulses, the probability of fals¢ alarm is

py (FA) " Py (%) dx 1 - J' Py (%) dx, (18}
dy 0
where » = 0; and the probability of detection is

py(Det) 1. j Py{x) dx, (19}
0

where p, (x) is evaluated for the parameter - £ 0. All attempts to find a closed-form
expression for the integral in Eqs. (18) and (19) proved fruitless., Fortunately, the new
digital technique known as the fast Fourier transform (FFT) made it possible to ev:luate
these integrals numerically in a reasonable time.

PROBABILITY OF DETECTION RESULTS

Bias values for ¥ = 3, 10, and 30 were determined from Eq. (18) by numerica! inte-
gration for talse alarm probabilities from 10-2to 10-# and for » ~ 3, 6, and 9 dB. These
are plotted in Figs. 8 through 10, Curves for bias values are repeated in Figs. 11 through
13 with » varied for a fixed « value,

Using these bias values, Eq. (19) is evaluated, giving the probability of detection
versus S/N per pulse, in values of P, from 0.1 to 0.9999., Figures 14 through 17 are for

3 dB. A summary of P, for P, = 10 and ¥ - 1, 3, 10, and 30 is presented in Fig, 18.
In Figs. 19 through 23 detection curves are given for » = 6 dB, and in Figs. 24 through 28
for » =~ 9dB. An inspection of these curves shows that the S/N required for detection
increases rapidly as o increases. In fact the 8/N in dB appears to increase linearly as
+ increases, doubling as o goes from 3 to 6 dB and increasing by a factor of 3 as « goes
from 3 to 9 dB.

It is interesting to compare the set of curves for » =3 dBand ¥ - 1 (no integratjon)
with thoge obtained using u Gaussian model. Skolnik (5) shows that the 8/N required com-
pares favorably with the results using a log-normal model (Fig, 14) as should be expected
tor the » = 3 dB case,
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