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ADSTRACT

Mealsitlments of sel clutter using htigh-mrsolutiou radar indicati
that tho clutter-('ross-section returns follow at log-inormal probability
density function more closely than the usually itisunllied Rayleigh law.
This report develops the thlory for the detection of at steady stignal In
log- norm'al cluttei" by first using it single 1)ulat1 and then by using the
'uill Of N pulses integralted ionucOherenily. Plots of the probability deIn-
sity of the evivelope of the signid plus clutter show the function to be
bimodal, an unex)ected result. Curves are presented for the threshold
bias, normalized to the median clutter voltage, versus the probability
of false alarm f(tr several values of the standard deviation , and for
various values of N. Probability of detection curves are presented for
,, -3, 6. and 9 dil, for N -. 1, 3, 10, and 30 pulses, :qud for false alarm
prrobabilties from 10"- to 10s. 'rhe ratio of signal to median clutter
required for detection increases markedly as , increases because of
the hiighly skewed clutter density.

Mh n sic l ilpt s ubmitted August -11, 1968.
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INTRHODUCTION

Clutter -cross -sect ion measuremients of sea rviturn taken with high- resolution radar
show more of a tendency to follow it log-normal probaibility distribution than the Rjaylefirh
diatribution usually assumed. Data reported by NRL (1 ' using -,ni X-band radar wihth a
0.02-,,see pulse are plotted in Fig. I on probability piaper' with the clutter cross section

,,in dB on anl arbitrary sc'ale. A Itog-nuulnilI chstx'ihution is indicated by these points
falling in a straight line. It is seen that the, cumulative probability clorwely fits a line
between '~ and 80(,'( Accurate datat at the extremes are difficult to obtain, because ther -
mnal noise limits the liiw ,,values -and tilt systvnm dynlamicv r'ange limits thle high , Values,

Studies made by Miner (2) and Blallard (3) also consider the log-normial description of
the sea-cluttet' cr~oss section and relate thle standard doviation of' the distribution to the
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(11id iot da~lt'(lte'tiO(' lou t'i".(. IlThe presenOt report follows much of the sa ine theoreti-
vat 1110ihod and etendIOucs tilet. miodel to Ilicludit, tilie 1flteginiioll of IN pulses.

l.t- NORNMAlc~r.,i CI1TIHmomDE

It wa' assumne thlat clutter cross section II, log- normally distributed, then the proba-
bitity ovinsity Is givenl by

Where P, J the clutter cross setin is th meian voeo and Iis the standard

devvatlioi of In(natural logarithm). Since cross-section values are measures of power,
Hie' standard deviation (s.d.) is expressed in -,natural units" (4) by the relationship

'' ( 1ilkir; Itillii~ I 0. 1 Ill 10) ahdll) 0,.230 3 ,(IIB).- (2)

Thev Value of inl Fig. 1 is inl dB3, and Imust be converted into natural units by Eq. (2) for
use in Eq. (1I)

In Fig. I thle log-normal probability distribution function is plotted for 3 dB3 and
6 M1. The dashed line is a close fit to tile NRL experimental results 'on sea clutter

pr1eviously mentioned. For this line. 1,5.4 dB. From Ref. 3, a value of , -4.7 dB
re1sulted from a c-lutter patch size of 3840 sq yd in a sea state q. From the NRL studies
(1), 1,-5.4 dB corresponds roughly to a clutter patch size of 135 sq yd in sea state 1. *

To determine the probability of false alarm and subsequently the probability density
function of a signal plus clutter, Eq. (1) must first be transformed into a voltage- amplitude

It g en1 er atI inIc t I'a klsi.- 6ire ctLy with sea state andl inve r sely with k.lutter patch size,
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density, If wV let v be the envelope of the radar echo from the clutter area , then
S 0.r' r Using this substitution In Eq. (1) yields

A-, +( Ia (1 V (3)

where V, is the median value of v and , remains the s.d. of In . Then, is still mea-
sured according to Eq. (2).

The probability of false alarm for a voltage bias level /i is given by

PIA (v, •h' 1/_exp t- 2 1) , (4)

where ji %., is the normalized bias level. The integral in Eq. (4) is related to the error
function, which is well tabulated.

DETECTION OF A NONFLUCTUATING SIGNAL IN CLUTTER

Let us assume a radar pulse return from a target which is a steady signal of constant
amplitude .I. The clutter return will be assumed to have the log-normal amplitude density
ftution as �given in Eq. (3) and a phase ,. that is uniformly random over - . The
analysis can be performed as though the radar were operating as a ew system. If the
signal and clutter voltages add linearly prior to envelope detection, then we can assume
that the signal plus clutter may be represented by the two components

X 1 ' cos ,o (5a)

and

Y sill (51))

where x and Y are the in-phase and quadrature components of the signal plus clutter.

We can define two new variables x' and Y" such that their joint probability is that of
the clutter alone:

V' X 1'" 1, 'os,' (6a)

and

Y' Y I, sill (6b)

Then, the relationship between these joint distributions is

X,/x'ix',/IX ,JX
p~ ,,/.)(h!,/.". p(X','Y') Ct,('f/Y" v p(X'.Y') dIX'd]Y'. (7)

~V
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But since v' and 6 are independent variables, p(v,,, )dv.do, p(v,)dv.p(,/v)d0
P pvH)dv,(112,)d,. Hence, from Eqs. (3) and (7) we have

p(X', Y') dX'dY' _ I exP- L2 , (Ivf, d,. (8)

From Eqs, (6) this becomes

p(XY)= exp r-(2 (9)
t o [ (X " vs) 2 

+ y 2 L 202 v\j

Finally, using Eqs. (5) in Eq. (9) yields

p(v.95) (v2-exp 1 (2 1n C " ŽbJJ (10)

where v 2  X 2 + y 2 .X v Cos ' y . v siin , and the transformation from Eq. (9) to Eq. (10)
is analogous to the one used in Eq. (7) with o uniformly random from -n to 4 . Now v
represents the envelope amplitude of signal plus clutter. The probability density function
of v alone is obtained from Eq. (10) by

p(v) : 2 f p(v,) do. (11)

Attempts to evaluate Eq. (11) in closed form were not successful, so computer numerical
evaluation was employed. However, before illustrating the results, it is more meaningful
to transform Eq. (10) into an expression containing a "psuedo" S/N, actually a signal-to-
clutter ratio, since v. is not easily obtained. If we let r v0 /'vm in Eq. (10) the probability
density becomes

r, f') a (X2 - 2xr cos q5 , r2) ( o (12)

where x = v/yi is now the normalized envelope amplitude of signal plus clutter. Then the
probability density function of x is

p(x) 2 p(x,.) d0. (13)

0

The probability of detection for a single pulse of a steady signal in log-normal clutter
for a normalized bias level y is thus

PI) p(x) dx ý 2 p(x,o) d~dx - I - 2 $0 f: p(x,O) dodx. (14)

In Fig. 2 plots of Eq. (3) for various values of a are compared with the Rayleigh
distribution for which the median value has been set equal to v. It should be noted that
the tail of the Rayleigh distribution falls off about as rapidly as that of the log-normal
for , = 3 dB, but the tail falls off less rapidly as, becomes larger in the log-normal
distribution. For these largcr, values, then, the bias values for a fixed PF are expected
to be greater for the log-normal than for the lrtayleigh distribution. Plots of bias values,
obtained from Eq. (4), illustrate in Fig. 3 how rapidly the bias does increase as , increases.
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To plo t the probability density function in Eq. (13) the interral had to be evaluated
numerically, since no cl08ed form solution was found. The CDC 3800 was programmed
using Simpson's rule for the integration. Figure 4 shows a family of curves for tho
probability density of the envelope of signal plus clutter for , = 3 dB and for several
values of r . S/N which has been designated as a voltage S/N. The double liump
or bimodal curve is most unusual arid surely not predicted. Note that this curve is the
envelope distribution and hence assumes linear detection. The va)lues of S/N shown are
voltage ratios. Figure 5 shows curves for a = 6 dB. Again the double hump is present
but less pronounced. In Fig. 6 by increasing o for a fixed value of r (i.e., S/N) the dis-
tributions remain bimodal but tile humps tend to converge and the dip becomes less
pronounced. Figures 4 and 5 show that as r increases, the curve shapes do not change
substantially.

A word of caution is in order regarding the definition of the signal-to-noise ratio
S/N = v, v. it should be noted that this is not the usual definition of the signal-to-

noise ratio, where the noise is taken to be the rms value. Herein the noise (which is
clutter) is taken to be the median value. This is a convenient definition to use and, also,
one which would lave considerable engineering significance, since clutter is frequently
expressed in terms of its median value. However, in subsequent parts of this study
where N pulses are integrated, care must be exercised in interpreting r. Since the log-
normal model yields a two-pararneter distribution, its behavior is more difficult to
analyze and interpret than the Rayleigh model.

DETECTION USING TIlE SUM OF N PULSES

The straightforward method of determining the probability density for the sum of N
envelope detected pulses, assuming they are independent, is by use of the characteristic

ýOH

M

12Ný S/N 6

02

Q • 4 5 ,6 1 8 '1

NORMALIED ENVELOPE AMPLITUDE OF '5GNAL PLUS CLUTIER, -/-

Fig. 4 - Probability densities of a single-pulse signal
phis log-nor-nal clutter for a I 3 dB and voltage S/N
S0, e_, 4, and 6. Note th0 dou bhiL pt-aks.
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function. Starting with the probability density of the envelope of signal plus clutter given
by Eq. (13), the characteristic function is given by

6(w) J p(x) exp(iwx) dA, (15)

which is the Fouxier transform (FT) of p(x), since x , 0. The characteristic function for
the sum of N independent pulses is

,JN(w) ,(w) ,N. (16)

It is noted that in general b,(w) is a complex function. Using the inverse FT of Eq. (16)
gives the probability density for the sum of N pulses:

N(X) (W) exp(-iwx) dw. (17)

Plots of Eq. (17) :or N = 1, 2, and ',and for S/N 2 ore shown in Fig. 7. Note that the
double hump disa,;pears as N increases. Also the distribution spreads out as N increases
and begins to lobk more like a normal distribution.

For the sun- of N pulses, the probability of false alarm is

PN(FA) pf1(X) dx I - pN(X) (Ix, (18)

where r = 0; and the probability of detection is

PN(Dt,. ) 1 - PN (X) (X, (19)

where p.(x) is evaluated for the parameter r A 0. All attempts to find a closed-form
expression for the integral in Eqs. (18) and (19) proved fruitless. Fortunately, the new
digital techLique known as the fast Fourier transform (FFT) made it possible to ev duate
these integrals numerically in a reasonable time.

PROBABILITY OF DETECTION RESULTS

Bias values for N z 3, 10, and 30 were determined from Eq. (18) by numerical hite-
gration for lalse alarm probabilities from 10-2 to 10-11 and for , 3, 6, and 9 dB. These
are plotted in Figs. 8 through 10. Curves for bias values are repeated in Figs. 11 through
13 with N varied for a fixed , value.

Using these bias values, Eq. (19) is evaluated, giving the probability of detection
versus S/N per pulse, in values of PD from 0.1 to 0.9999. Figures 14 through 17 are for

3dB. A summary of P,) for PFA = 10- and N - 1, 3, 10, and 30 is presented in Fig. J8.
In Figs. 19 through 23 detection curves are given for ,, 6 dB, and in Figs. 24 through 26
for .... 9 dB. An inspection of these curves shows that the SI/N required for detection
increases rapidly as , increases. In fact the S/N in dB appears to increase linearly as
, increases, doubling as, goes from 3 to 6 dB and increasing by a factor of 3 as ,, goes
from 3 to 9 dB.

It is interesting to compare the set of curves for 3 dB and N 1 (no integration)
with those obtained using a Gaussian moxel. Skolnik (5) shows that the S/N required com-
pares favorably with the results using a log-normal mxlel (FIg. 14) as should be expected
lor the 3 dB case.
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