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PREFACE

The earth's surface may, to a first approximation,
be regarded as spherical in geometrical terms and, 1n
topologicai terms, it may be consi@ered as a single
continuous closed surface.

In phygical geography the sphericlty of the earth
has been recognized and assigned a role, Spatial pfe-
diction on this basls has been so very successful.as to
have been commonplace and no longer regarded to be
spatial prediction as such. Thus, the statements about
sunrise and sunseﬁ, length of day, seasonality, celestial
appearances and navigation, and the like which depend
in part upon the recognition of sphericity of the earth's
'éurface are regarded és certainties and the pfedictive-
ness involved is lost sight of.

The topcloglcal nature of the surface has not re-
celved as much attention and the requircmcnts.that this
places upon the theories of spatial process in the physicael
geography of global patterns of circulation have not bcen
recognized, to the disadvantapge of those theorices.

Imagine now two spatially continuous distributlons
covering the surface of the ecarth. In physlcal pongrapny
we might congider temperature and pressurce distrzibutions,
In soclo-cconomle terins the population potentlal fleld

and the income potential fleld seorve ss exanples. Given
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only that there are two continuous distributions, A and
B, over the earth's surface, there will always be, as

Steinhaus has noted, at least one pair of antipodal pointé

. having both the samé value for A and the same value for

B. Through time the spgtial distributions involved may
change'and the given antipodal points initially so

related as above may be no lbnger. However, another

such pair will then exist and there will have been a

shift in position. 7This 1s the ccnsequence of the theorem
proposed by Ulam and proved by Borsuk that if a sphere

is folded and distorted (but not torn} so as to be made

to lie flat, there is necessarily one pair of antipodal
points from vhe sphere which come to lie upon each other
in the new situation.

" The proof of this existence theorem, hovever, pro-
vides no means for finding specific locations for the
eqpal—valued antipodal points for the two continuous
distributlions. This concerns us.

Theorctical geography 1s a science of earth loca-
tion and spatial relations. It duserlbes, classifics,
and predicts locations in the spatlial sense. Cartographics
stands to peographical scicnce as graphices does to science
gencrally. Hdapping 1s a general mathematical concept
in the theory of scls. Cartography is the georraphical
cxample in the applicatlon of this concept. That which

is ordinurily culled a map by peogravhers and laymoa' is

i1




" technically "a graphical image of a mapping.“‘ Whatever
useful roles graphics plays in science generally also
Ican be claimed for cartography with relation to geograph-
ical science. This 1is especially true now that gedgraphers
increasingly employ geometry as an appropriate vehicle
to carry their discipline. |

There 1s.already, of course, an accumulated stoack
of knowledge and experience concerning maps as stores of
spatially ordered information. We hope, howevér, té
examine the expanded roeles that mapping (especially
computer-assisted mapping) seems well-suited to play in
the sciences viewed from the standpoint of theoretical
geography and in the disciplines employing its medels
for decision-making purposes.

We recognize yet anctner role for maps. In the
solutioﬁ of certain problems for which the mathematices,
however elegantly stated, is intractable, graphical
sclutions (approximatlons) are possible. 4his is
especially true with regard to “existence" theorcems.
There arc many cases in which the graphical solution to
a spatial problem turns out to bc a map in the full
geographlcal sense of the teri, map. Thus, a map is
the soluition to the prodblem. Compuler-achieved mups
pow are possible in this connucetion whercas previously
computational burdens rendered then virtaally unattain-

able,
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Mr. Stephen Selkowitz, Harvard College '70, under-

took to f'ind a method for locating specifically desired.

sets of antipddal points on a sphere using both hypothet-"

~lcal data and information concerning patterns on thy real

earth and within the constraints of the SYMAP (computer

mapping) program.

William Warntz
Professor of Theoretical Geography
and Reglional Planning

Harvayrd University
Cambr-idge, Massachusetts

20 July 1963
Cape May, New Jersey
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GEOGRAPHY AND AN EXISTENCE THEOREM ~- A Cartographic
Computer Solution to the Localization on a Sphere of
Sets of Equal-Valued Antipodal Points for Two Contin-
uous Distributions with Practical Applications to the
Real Earth

One can discuss the existence of sets of éntipodal
points on spheres without concern for their specific

spatial locations. A hathematician working with a certain

existence theorem, for instance, may be primarily inter-
ested in whethér or not a ziven phenomenon concerning

the pairing'of antipodal points exists; the frequency

of occurence and location may be beyond the scope of

thz proof., Consider thebfollowing example: glven any

two coatinuous functions, f ana g, mapped over ﬁhe sur-
face of a sphere, tnere must exist at least one set of
antipodal points at which function f is equal and function
& isbequal. The proof of the theoreir gives ro information
about how many other such pairs of points cxist or where,

c¢n the surface of the spherc, oy of such sets 1s located.

One might expect that geographers and others would be
interested in quecstions of this nature, howcver. fThis
paper 1s an attempt to answer thesce questlons by devel-
oring & procedure to fiad spotial solutions to tiwc
previously stated existence theorcin with the atd of

and cxisting SVedP computer mapplng program, (Sue

paper Lo, 3 of the lapvard Pajiers in Thcorctical feop-

raphy, "lImplicit dap Frojections In Uoiputer prrint-Cuts,” i
and paper No. 15, "A Tvo-Dlicnsional Interpolat Lo Foret len
for Computcr swppling of Jrropulovly Dpoced Patn,” for p
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,descriptibn of this program.) Stated simply, the problem

18 to find on 2 sphere all pairs of antipodal pcints on

the sphere at which the values for some continuous function

't are equal and the values for some continuous function g

are equal. Of course the values for each of these functions

- may differ from set to set énd.for.real phenomena the

actual values depend upon the units chosen.
The first step in rendering the problem suitnble to
a computer solution was to change the problem domain

from the surface of a sphere to a plane. There are any

- number of methods of projecting a sphere onto a plane

but ‘the possible choices are limited depending upon
several requirements of the projection. Mosﬁ-importantly,
the préjection ﬁuat facilitate the compafison of function
values a§ antipodal.points on the sphere. Also, since

the continuity of the functions is crucial, the projection
should make a minimum of cuts in the surface of the

apﬂere and those should be of a regular nature. A set of
two hemispherical projections was chosen as best suited
for these requirements. If the sphere is split into two
hemisphercs and each is projected cnto a plane lying
parallel to the cul, a rotation of one of the hemispherf
ical projections by 18&0¢ will hring all scts of antipodal

points into alignment. If, however, as i3 usually the

case, ¢t . . 2gtionz are made from antijpedal polnts to
tenpent pratice, ong 6F fhose sust e invworued before
rotaticn to bring all antipodael points inte alignmast,

low consider what the locus of cqual-valucd antipodal
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points might look like on the hemispherical proJections.'
The problem is further simplified by assuming the globe
tc be the sum of many great circles ahd then examining

the behavior of the function along any great circle.

The conclusion 4s that there is at least one set of

antipodal points. where the runcfion has equal yalues on
every great circle.‘ Thé proof is simpleQ Since the
function is continuous on the whole sphere, it must be
continuous on tﬁe great circle. Choose a diameter of

the great c{rcle: its endpoints sre aatipodal peints.
Rotate the diametef along itself through 180°, subtracting
the value of the function at one end of the diameter froﬁ
the value at the oposite end (ﬂhe antipodal poiﬁt). I
the initial result of the subfraction be some number A,
when the diameter has completed its arc the result of
subtraction would be -A. Since the value went from A

to -A and, because the result of subtraction of contin-
uous functions is continucus, at some set of points the
reéult is zero. At that set of antipodal points, the
function has the same value, Thus any great circle has
aé lcast one set of cqual antipodal points,

Superimpose the two hemispherical projections of

‘the globe s8¢ that each point on one hemisphere is aligned

with its antipodal point on the otLher healsphere. The

result is a circular map, 2ach of whose polinls represents
a palr of antipodal podnty, Every diascter of this clircu-
lar map is a great circle of tue original sphere. {‘Chere

are, of course, other grast circles beaides thesc diamctors.




-5-

The characteristic of all great circles on these circular

" maps is that they intersect the circumference of the map

at' dlametrically opposite pcints.) It was previously

shown that every great circle {(each diameter on this map)

will have at least one set of equal antipodal pointé. If
a whole serles of diameters, each with its set of equal
antipodal points, be drawn on the mup, a reaéonable assump-
tion, by virtue of the continuity of the function, is

that the sum of these points will form a ciurve of some
sort, That is, in the limit of an infinite number of
diameters one would expect the locus of equal sets of
entipodal points to be a curve. Note that where the curve
intersects the circumference (it must, since the circuri-
ference is a great circle) it must also reappear at the
diametrically opposite poirnt. This is because ~ach point
on the circumference nct only represeats a set or antipodal
points,.but is the antipodal point of its diametrlcally
opposite point on the circumference (i.e., the circum-
ference duplicates a set of antipodal points).

Thus the locus of cqual-valued antipodal point sets
should be a closcd curve {oniy tae particular projection
used makes the locus appear to havé endpoints). There
can also be a single isolated set of cquale-valued antipod- .
a2l polnts. ‘These events, hoécver, repregent somowhat
spcclal cascs and will bLe discusscd later.

One might also ask what t'a Lthe minimum nunber of
such aloscd curves and what Is thelr location? Shis
minimus locus deiands thaet c'.'c'ry conceclivalic grea. alrele
$nterscct It at lerst once. Intultively, any line
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connecting two opposite points on the ciréumference of .

“the circular map will intersect, at least once, every
. great clrcle which can be drawn., This follows from the

previously stated observation that all great circles

begin and end at pairs of dlametrically opposite points
on the circumference of a circular map. Thus the sim-
plest locus of equal-valued antipodal points might be

é diameter or half of the circumference of the circular
map, or more generally, the projection onto the circular
map of any great carcle on the sphere. This is a |
plausible conclusion since every great circle on a sphere
intersects every other great circle at one set of antip-
odal points.

If the minimum locus of equal-valued antipodal

'_points for one function is any line connecting two

opposite points on the circumference of the circular map,

the same must be true for any other function. The impos-

"sibility of connecting each of two sets of diametrically

opposite points on the circumf'erence with lines which
do not intersect at least once is an intuitive affirma-

tion of the original existeiice thecorem. With these

expectations as to the form of the solution, the solution

procedure can now be developed.

A brute force solution 1is descrived first., For
each of two functions, use the SYiuAP program to produce
conitour maps (on hemispherical projections as basc maps)
of both hemlspheres. ‘fTaking onc function at a time,

align the two hemispherical contour maps so Lhal untipodal

- [ A




-8-

poinés dre aligned and mark the locationé where the same

contour levels cross. This will produce not the line as

hypothesized before, but a string of polygons whose size
will depend cin the size of the contdur levels. (This
will be discussed in more detail later.) After cafrying

out the same procedure for the second function, it is a
: . simple matter to compare the tWo loci of equal-valued ' ' H
: . .antipodal points to see where they intersect.

The first step 1s to produce contour maps using the

SYMAP program., But even before a base map can be plotted,

a particular hemispherical projection must be chosen,
Since the accuracy of the SYMAP interpolation is depen-
dent upon the area over which the interpolatibn occurs,

a hemiSpherical projection which preserves the area of

e e gt v

- the sphere (although this will mean some aistortion of
linear distances) is an appropriate choice.
While the theorem concerns functicns mapped on any
~ sphere, the examples can be restricted to a globe of
the earth without loss of generality. This has the
advantare of providing convenient terminology, such as
north and south, and a grid systcem of latitude and
(w’ longitude for locations as well. Thus, for conv:n! ice
onl -, center the vrojections on the North and South
Poles; tLhe circumference of the previous circular maps
is, then, the equator,
This map projection is called a polar azinuthal

equal arca projecction. ‘'he radius of a latitude linc

on the map is sct cqual to the length of the chord from
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. the pole to the same latitude line on the globe. Thus

the radius of the projected map is /2 times the radius
of. the globe but the area of the map is equal to the
area of one hemisphere of the globe. The greatest

linear distortion will occur at the equator where “he

. circumference of the map is vZ times the circumference

of the equator‘on the globe.,

A globe of 4 inch radius was chésen from ﬁhich to
project the polar equal area maps (the radius of the
map was thus 5.66 inches). These numbers were chosen
so that the map would fit on one panel of computer
printout. Choosing the number of data point locations and
spacing was a less rational process. The data points
had.toAbe evenly spaced and close enough-fogether to
avoid mi§sing phenomené of the functions. A symmetrical
arrangement was an aid to plotting data point locations
and facilitated rotating the maps so that the antipodal
points were aligned. The resultant base map for the first
series of maps contained A4 data points within the equator
spaced as shown on Figure 4.

Functiqns generated with random numbers were used
for the first attempts at perfccting a method to solve
the problem to avoid any singularitics or pecularities
which some naturally occurlng funciion might have, By
assigning random numbers from 1 to 99 to every data
point and interpolating with SYHAP, the result was a
contour map of a continuous function, with onc lmportant

exception, i.e., at the equator. If randon numbers were

~
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assigned to data points in wach hemiéphefe and interpola-

: te@ ouf to the equator, the function values ai‘the
~ equator of both hemispheres were generally not the same,

'But, the functions must be continuous over the whole

sphere for"the theorem to hold. To provide coﬁtinulty
at the equétor, 28 data points were taken from one

hemisphere and added to the other hemispheriéal map in

the region beyond the equator. For example, the ring

of data points closest to the equator in the southern
hemisphere was placed beyond the equator in thé
appropriate position in the northern hemisplerical map.
The computer would then 1nterpoiate across the equator
on both maps and proviic the same values alqng the eque-~
tor in both hemispheres. Subsequent maps confirmed

that values along the equator agreed to within 1 or 2

character locations from one hemisphere to the other.

With these 28 points in the "overlap" region, there was

" a total of 92 data pointe per map.

After a set of trial maps with five contour levels
confirmed the validity of the solation to the continuity
problem at the equator, a set of two hemispherical maps
for cach of two different randomly generated functions
was produced with a radius ér 11.32 inches (two panels

of computer printout). The maps were done in 10 levels

with white contour lines between the levels. - These had

been omitted from smaller maps btcauke they constituted
a large percentage of the avallable character locations.

The procedure for finding the locds of equal-valued

antipodal points is as follows. Por ew.ch funstlion,

B S T - et e s o - P e e
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' place a sheet of clear pléétic over one of .the hemis-

pherical maps and trace all contour levels with a grease

crayon, labeling thé contour levels with appropriate

values (1-10). Then place this tracing over the other

hemispherical map so that antipodal points are aligned

. and mark the regions where contour levels of the same

value cross. The result (or 6ne of the randomly genera-
ted functions is illustrated below. '

As noted earlier, the locus of equal-vali :d antip-
odal points shows not a§ a series of closed curves, but
rather as a string of polygons. The reason for this is
that a continuous funciton has been approximated with a

step function and all points in the same contour level

are taken as equal in value when in fact they represent

a fange of values, As the number of contour levels in-
creases,.the range br each contour level will shrink.
Because the functions are continuous, in the limit of

an infinite number of step functfons, each of vanishingly
small range, one would cxpect the string of polygons to
shrink to a series of closed curves. This process is
illustrated below where the number of contour levels has
baen doubled. The area of the polygons shrinks approx-
imately by a factor of two., Note that only when the lines
dividing the same contour levels interscct (point A, for
example, on Figure Ba) are there equal-vnlugd antipodal
points. Points within the polygons arc sets of equal-
valued antipodal points only to within the valuc range of

the contour level.
The strings of polygons can be approeximated with a

A R
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Figure 7. The shaded area is the locus ot sets of antinodal
points with cqual function values for one random
function.
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serles of lines. Although the precise pésition of the

1ine of sets of equal-valusd antipodal points within the
polygons is often uncertain, there 1s a serles of points
where contour lines intersect through which the locus
must pass. But, there is still considerable uﬁcerﬁainty
about where the locus of equal--valued points is located
when the polygons are large in size and irreéular in
shape. (Figure gb)

Thus it is with uncertainty that the strings of
polysnns are reduced to a series of lines in Figurello.
The loci o sets of equalévalued antipodal polints for
both functions are drawn on the same map. Within the
1imits of the aforementioned uncertainty, eaéh time onc

of the loci vanishes at the equator it reappears at the

~opposite point. There are about 24 points of intersection

where beth randomly generated functions nave equal values
at sets of antipodal peints.

This method gives a satisfactory, though not ideal,
approximation to the problem, By using the computer
maps merely as steres of spatially ordered data, problem
golvirg capabilities have not been utilized to the fullest
extent. ‘the actual manipulation of the data was a human
effort and a tedious onc at that. As ¢ refinement of
this preliminary technique, the computer can be involved
in more than the initial display of the data -- it can
manipulate the data in some wgy reclevant to the solution
of the problem and then graphically display the results

of the munipulation.
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The process by which strings of nolyrons
are reduced to lines 1s subject to preat
uncertainty. '
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" involved in tracing contour levels and searching fpr' .

overlapping contours, a process that accumulates inac-

~at that set of antipodal points, has equal values. If,

21~

The first step is to eliminate the tedious work

curacies with multiple tracings, etc., and is susceptible

to errors of omission on large complicated maps. The
process of comparing the function values at sets of
antipodal points 1s analogous to subtracting the function

value at eac¢h point from the value at its antipodal point.

The result of this process over the whole hemispherical
map 1is called the "difference function", a confinuoﬁs
function. Every point on the difference function map-
ping fepresents two points on a globe, a point on one
hemisphere and its antipodal point on the otﬁer henis~-

phere. When the difference functien is zero, the function,

at some_point, the difference function has a positive
value and, at a nearby point, the difference is negative,
the value of the difference functic. must pass through
zero on any path joining the two points, a consequence
of the continuity of the function.: The sct of points
where the difference function takes on the value of
zero 1s the locus of equal-valued sets of antipodal pointé.
With th: use of the computer, the thouvsands ¢f
subtractions nccessary to calculate the diffcrence function
at every character location 1s not a difficult feat. A
subroutine can be programmed into the SYilAP program which
allows the computer to storc on tape the function values -

at cevery character location for two diffcrent funcllous
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on the same base map (actually the same function on two

. different hemispheres) and then subtract function values

at each character location. 1le computer could then be

‘instructed to print symbolism only at those locations

where the result of subtraction was zero, or since a

difference of exactly zero would be unlikely, at all

locations where the result of subtraction was between
8, where ¢ -is a small number which would vary with

each function.

As first approximation to subtraction at every char-
acter location, several difference functions were generated
by computing the value of the difference function only
at data points (by subtracting the valuc at a data

point in the northern hemisphere from the value at the

- antipodal point. in the southern hemisphere) and then

interpolating over the whole map to produce values for

the difference function at every character location.

" This was considerably simpler and less costly than writing

a subroutine, debtugging it and then shbtracting at about
8000 character locations.

Difference functions were mapped in 10 levels with
no white spacing for contour lines forveach of the two
randomly genecrated functioné. Had there heen many data
points or large numbers to subtract, the valucs of the
function at corrcsponding antipodal points in each
hemisphere could have bee. entercd in a data bank and
the subtraction perforined by the computer. Since there

were only 92 subtractions of two digit numbers, it wvas
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Figure 11. The zeroe contour for the diflference function is
marked between levels § and 6. The cquater is
also indicated.
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' Just as §1mple to do the sﬁbgractions by hahd and use

. 0 level corresponded to a contour line between levels &

- equal-valued sets of antipodal points for each of the

. thevrem says must exist, I decided to do further work

-2

the results as data point values of the difference
function mapping. .

The printout of the 0 level for one of the difference
functions 1s shown in Figure 11. For this function, the

and 6 and thus could be easily plotted. For the second
function, the 0 level contour fell 1h the middle of a
contour level so there was a certain amount of guesswork

as to where it actually was. The resultant locus of

two functions was in general agreement with the previously
plotted results.
Having now‘established two prelimin&ry methods for

finding the location or'the points that the existence

with real functions as opposed to the functions generated
with random numbers; Twoc completely unrelated functions o
could have been used and the theorem would; of course have
held, but if for real phenomena related functions were used i
there could have been some significance to the spatial loca-
tions of the sets of antipodal points at which each runqtion
had equal values. The choice of functions was governed
mainly by what was avallable. I desired two related
functions mapped over the whole carth with a minimum of

10 contour levels and preferably displayed on a polar

equal arca projection. ‘I'wo maps in the series "World

iaps of Climatology" by H.F. Landsverg, H. Lippman, K.H.
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bPaffem, and C. Troll, 1963, met the first two requirement.s

‘but’hot the last. The two functions were total sunshine

received by the earth in hours per year (hereafter called

the Sunshine function) and average annual energy from

sky radiation in kcal/sq. cm/year (the Energy function).
Were it not for atmospheric factors, etc., both functions
would have depended on latitude only and the functions would
have had equal values at every set of antipodal polints.
Because of atmospheric and other disturbances, the maps
showed great deviations from a latitude dependent phénomena.
Jt might be revealing to note the sets of antipodal

points at which the factors which made onc function have
equal valucs also made the second equal-valued. This was
Just a restatement of the original theorem.

Since the Energy and Sunshine functiocu, were not
available on hemispherical maps, the contours were redrawn
on a poiar prolection to facilitate finding the function
values at data points. This was not really necessary --
the location of each data point on the polar projecction
could have been determined in terms of latitude and
longitude and then the function value at that point on
the original map could have becen found. Onc could also have
derived equations to convert from latitude and longltude
on a spherc to SYMAP coordinated on the basc map. ‘YWhe

equations are:

§Léif21&§9§é cos0, Colunn = X, = =-= - sin@

Kow = y, - -
1+/2+45in 1+/01sing
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for a polér azimuthal equal'area projection'from a'globe
of radius R where ¢ = latitude, 0 = longitude and (X¢.¥o)
are coordinates of ﬁhe center. (0 is measured counter-

clockwise from the top of the map.) But this would not be

JP— T

really useful unless one were willing continually to change
(;’ . data point locations.
The loci of equal~valued.sets of antipodal'points
for the Energy and Sunshine functions were detérmined
first by the laborious hand tracing technique and then by

using the difference functions. As before, while there

R =

- was some uncertainty in the exact position of the equal-
value loci with the hand tracing method, every time the
locus intersected the equator it reappeared on the opposite
side as it shouid have. The difference function approach
lacked this virtue although when the zero contour fell

" between fwo contour-levels there was no guesswork as to
the location of equal-valued sets of antipodal points.

It hppeared that the difference funcfiqn missed some of

the 0 contours because the data point spacing was too wide.

As a refinement of this technique, reconslderation of

the possibility of subtracting at every character location

; (;~ " was in order. An examination of the interpolation process elim-

| inated this process for the followlng reasons, |
Subtraction «t every charactcer location will produce

a significant improvement in the accuracy only if the

function valucs to be subtracted have been computed Lo

great accuracy at every character location. ‘ihe SYuAP progranm
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The shaded area islocus of sets of antinodal
points with equal function values. The function
i{s the annual sunshinc duration at the earth's
surface.

q
!




- 1 2 L 4 ¢ 1 jececturosBeonspuian i
: *
{
£ i !
ey ! f
e ﬁgglgg‘r‘?gl 5
i
b
1
.
;: sfaessens
: :: :..l::: ¢ [T11)
% i AT i
“" .Q.....!..l..b.-.... TARRY" f +
wenseads - . 00808000600 n”:.u . :
oty Y KL l
8
m-;‘ -m-:—--.uquvﬁlvu'f\i!ullu $6044, l
llll!llll 'lll:::}k{* l'l!l
. MIAEATESMRR XY
‘ AT see0eren
(’
ﬂ&yl;pblll: .
.' X 0(1!( o*ne.! '
{
¢ tguaton %
AP PRINTS VO
e e wn a
¥ OLuln B ISoNERE e koeat reon WOBE S80tus & :
..-»—EE. ' L - 1 l i
L s I ) - * T it s - ' A '
Firure 12¢. The zero contour for the energy difference :
function is drawn. :
]
}
»
-
: e /




_30-
1 H 3 4 9 frocepomeafocantne oy
’*“*H
i .
ittty %
i i !
j ~ :
. 4 ‘
b ) !
i i
§ ' L ,,,wo‘,l"'j‘;l" . j
; (et |
b N i
a; |
:
¢ ;
YO 7P 05000 s =
unuu LaNAE1G5 '
K;llllo N
IRKN
. RAR
1 t (wtoe
! MAP POINES SEVOMD
ECLATCR aRE CYERLLP POLAR A7 ENyTMAL
) ' VETH OTHER ME: (S PHERE Eoud, artd PROJECTION
! sR0m GLOBL RADIUS &
. -1
AT Saaat 2 A D e otot EERSTERES SPEYRIRY
C :
?
Figure 12d. The zero contour for thc sunshlne difference !
function is drawn.
3
E




-31~

Instructs the computer to do‘sophisticated interpolation at
eVery third character location in the horizontal direction
and every other charécter location in the vertical direction
and then uses simple linear interpolation to fi11 in the

gaps. Thus subtraction at every characte. location 1is

-not necessary -- the result would be virtually indistin-

guishable from placing data points at every third location
and then interpolating between. In fact, the résulting
map vould not differ significantly if even fewer data
poinfs were used and thig would save the trouble and
expense of writing an”? debugging a subroutine.

‘Thus, to refine the technique further, subtraction
at every character locatlon was bypassed, altﬁough that
would certainly have worked and have been an improvement.

Instead, a new base map was layed out with almost three

times as many data points (a total of 201 including overlap

points) and an average spacing between adjacent data
poiﬁts of about nine character locations. The equator
was the same size as before and was approximated by a

32 sided polygon. The series of overlap points beyond
the equator remained to insure continuity at the equator
and}a series of data points lay on the equator itgelf
(on the previous base map there were no data points on
the equator). These improvements were designed to cvercomn
the omissions of previous differcnce mappings. Filnally,
on this serics of maps the 0° iongitude linc was rotated
by 180° to the top of the map and the symbelism ended

at thc equator, not at the overlap points as on Lhc

previous maps,
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To eliminate the guesswork invoived'in plotting the

0 contour when it falls in the middle of a cohtour level;

several of the electives available with SYMﬁP are ﬁtilized.

‘These electives are used to make the computer actually

print out the zero contour and thus eliminate another
human task in the solution procedure. This is done by
specifying a map of the difference function in two levels
only, withvthe zero contour line, or locus of equal-
valued sets of antipodal points, between them, Appfo-
priate symbolism might be + signs for all reglons where
the difference functions is greater than zero and - signs
for all regions less than zero. The darkest symbol 1is
specified for the contour line to make it stand out.

These changes would produce a highly réadable difference

map and locate the 0 contour to within the accuracy of

the original data. But, even more inforimnation can be

obtained from the same map. Since there will be some
error involved in estimating the function values on the
original contour map, the spatial location.of the 0
contour may not be located precisely. An error in
estimating the original function value would sﬁow up as
a ugmall displacement of the 0 contour on the difference
map. An estimzte may be made of Just how far the 0
contour might stray from its calculated position by
putting limlts on the valucs permitted in each contour
level, If an a rage crror in recading an bEnergy value
is talen as + % kcal/cmz/ycnr then the propagated cerror

in the diiffercnce function is ¢+ 7 kcal/cmzlyear. Thus,

e e T T e e e
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if the range of the upper contour level is limited to +7

and the lower contour level to -7, the appropriate symbolism

will be printed only where the value of the difference
function is within those ranges. All other areas will be
blank. The computer output would consist of black 0
contour lines surrounded by bands of symbolism of various
widths within which the 2 c¢oantour might actually be located

if there were some error in estimating function values.

Using cértain mapping electives tc produce the
desired results, refined dAifference mappings were made of
the Energy and Sunshine functions (average propagated
error for the Sunshine difference mapping was estimated
at + 140 hrs/yr). ' The results were excellent. In most
regions of the map the contour levels were wide enough to
permit the black zero contour to be printed. In other
reglons where the contour levels were only one character
space»wide, (A, Figure i5b), the 'cise location of the : ﬁ
zero level was known (between adjacent + and - signs)
even though the black contour was omitted. Oniy where
the difference function was changing so quickly that
scattered symbolism appeared (B, Figure 15b) was there
some uncertainty about the exact position of the <ero
contour, but even this uncertainty was small. Each time
the zero contour intersccted the equator it reappeared at
the diametrically opposite point, This former problem
area was finally climlnated. Where previously the cxact
behavior of the zero contour had been In doubt it was L

preciscly defined.
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The zcrn contour displays many of the properties of

" the intersection of two surfaces. If the difference .

function is envisioned as a three-dimensional surface,
the zero contour may be obtained by intersecting the
sgrrace with a level surface of zero value. Although

all the zero contours of both functions form & series

| of closed curves (ignoring discontinuities at the equator)

the possibllity of lsolated polnts or line segments at
the zero level must not be overlooked. Under what
conditions, then, do two continuous surfaces intersect
in a point and in a line segment?

Point intersection may be interpreted'as the limiting
stagﬁ of intersection between a levelvsurface and a peak.
When the surface intersects the base of the peak, the

intersection is a closed curve. As thé level surface 1s

. moved upward, however, the closed curve shrinks in size

to a point and then vanishes (Figure 16a). It would appear
from this example that the condition for a single point

of intersection of the two function surfaces (i.e., the
locus of equal-valued sets of antipodal points 18 just

one set of points) is that the tangent level surfaces

tc each function at that particular point be ldentical.
The case of the line segment can be evaluated in a similar
manner, In terms of intersecting surfaces, consider, for
example, a horizental surface intersccting a ridge with

a horizontal ridgeline. As the level surface moves up

the ridge, the intersection shrinks from an initially

elongated closed curve to a linc sepmernt when the surface

1s Just tangent at the ridgeline. As previously mentioned,
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neither the single point nor line segment loci of equal-‘
valued sets of antipodal pnints werc observed on these
two differénce function mappings.

The particular printout format of the difference

functions'has yet another potential use. It provides

information which aids irn answering the following question:
What happens to the.spatial solutions of the existence
theorem as one or both of the functions is varied by |
small amounts? .As the first step 1In answering this
question, the spatial variation of the zero contour of

one of the difference functions under small perturbations
of the function is examined.

Only the case of small pefturbations of the function
in a localized region 1is reviewed because larger varictions
would resule in changes'toc videspread and complex to
analySe. They would present, essentially, a complelely
new function and could be treated as such, by mapping the
difference function, etec. The distinction between large
and small variations of the fuuction is vague. It will
be convenlient to consider small perturbations as those on
the order of the range of tae contour levels of the
difference function. This lmplies, of zourse, tnat what
is considercd small for one function may be large for
another, since the contour iecvel rangcs.will vary consid-
erably auong differcnce funciions,

2he conmputer printout of the zero contours for a
differciice functior ylelds auci Information on Lhls prob-

lem. 4%he total width {measurcd perpendicular to &
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tangent to the contour at that poiht) of the two contour
levels at any particular point on the zero contour gives

a rough indication of the slope of the difference function
at that set of antibodal points. First, observe that the
change in the difference function (Af) over the two contour
levels 1s Just twice thc propagated average error of the
original function (call this 2¢). An approximate
corresponding change in the domain of the function (4x)

is determined by actual measurement of the width of the

two contour levels. (Note: the scale of the map is
constant in a circumferéhtial direction but varies in

the radial direction.) Thus the gradient éf the difference
function can bte approximated at any point on the zero
contour by %%.

To avoid complications which arise from the varying

- scale of‘the difference map, the gradient of the difference

functlon will be discussed in qualitative terms only.
Where the gradient is small, (that is, wherc the width
of the two contour levels is large (A,‘Finure 17) 2

small change in the value of the differcnce function at
some point on the zerec contour would result 'n a rclatively
large change in the spatlal locatlion of the zero centour,
For iuctance, if the function is varled so that tue
difference function changpez by “¢" at soue polnt on toe
zero centour, onc would expect the zero contour to shift
to one slde Ly wovout the width of Lhe contour level.

e direction of the shitft vould depond npon Ghrtheor the

differcnce functllon increaszced by ¢ or diooreaced by e,
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Similarly, in a reglon where the gradient‘is steep ” ‘ ?
(B, Figure 17) the difference function 1s changing |
rapidly. If the difference function 1s changed by € at | f.i
sbme point on the zé1o contour in this region,‘the zero |
contour will c¥perience a much smaller displacement (one
character location or less).

Thus the displacement of theAzero contour of the

difference function as a result of small, localized

e e e it i (S

function variations can be estimated by examining the
printout as described above. These conclusions hold for

changes. in the dffferenée function resulting from small

il vt

spatial shifts of the original function as well as small
variations in the original function vélues.' The continﬁlty | {
of the function assures the equivalence of these two 3
cases. |

Orly small changes in the difference function
have bzen discussed »hecause the primary concern here is
with what happens to the zero contour in a small region
about the point 1in question. A large bhange in the dif-
ference functien at a gliven point would produce significant
chantes in the locality under consideration and the
approximate vechniques dlscussed previously would not
give meaningful results. Bul, becausec the dlstlinction
bctween large and small chanpges 1s necessarlly vagsue
and arbitrary, 1t may at some time be necessary to
asproximate the dilsplacenent of Lhe zero contoeur for
difference function chunges as large as 2¢ or 3o, Wnis

can be sccumplished with only slight roevisiens In the
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previous techniques. By changing the electives which control
the number of contour levels and their ranges, a differeﬁcé
map could easily be produced with four levelé; for iﬁstance,
which wsould cover twice the range of previous maps. To use
the Energy function as an example, the levels would faﬁée
from 14-7, 7-0, 0-(-7), and (-7)—(-14). The displacement
of the zero contour could then be estimated in the locality
of a point where the Energy difference function changed by
as much as 14 kdal/cm2/year. |

If the appro:imate displacementcs of the zero contours
for small changes in both functions ara known in some region,
the behavior of an interscction of the zero contours, i.e.,
the pair of antipodal points at which each function has equal
values, can then be inferred. The gradient of the difference
function at any point on the zero contour line is perpendicular
tb the tangent to the c&ntour at that point. Small changes
in the difference function will disﬁlace the zero contour
.roughly parallel to its former position in the direction
of either plus or minus the gradient at any particular point
on the contour. Thus, to approximate the motion of the
point of intersection of two zero contours, take.the vector
sum of the inverse of the gradicat of each contour 6%) at
that point. (The direction is determinéd by the signh of the
change.) The resultant vector indlcates the instantaneous
dircction and magnitude of motion of the roint of inter-
section. An estimation of its dispiaccment may be made by
plotting the new locations of bolh zero contours and then
noting the new position of their point of lInterscction,

assuming they st111 intersect.
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Ppints of intersebtion of zero contdurs may vanish
when the difference functions are varied slightly but
the theorem requires the existence of at least one point
-of intersection regardless of how greatly the runctions
change, as long as the changes are continuous. Thé
sighificance of the particular spatlal locations of the
sets of antipodal points at which both of the functions
have equal values is a complex problem. There 1is an
unclear dependence on the degrece to which the two functions
are related. The Energy and Sunshine functioné, fof
instance, are in scme ways related (one would expect the
Energy funcivion to he dependent on the Sunshine function)
and thi. is borne out by a superposition of the zerﬁ
contours of both difference functions. The zZero contours
of these two difference functlions intersect over twenty
times but this in itself is not significant because the
randomly generated functlons previously developed had
over twenty intersections as well. What is more signif-
icant is the degree to which the zero contours of one
function seem to corrcspond to those of the other. In
many recgions, the contours are nearly parallel but
slightly dlsplaced ~- in others they practically colncide.
Tnese results were not totally uncipected.

As previcusly mentioned, Sunshine and Energy arc
basically latitude dependent phenomena.  Were it not for
the prescnce of ptuocpharic phenoncna, which In turn arc
in rmany ways reopoendent oen ether physical Factors, Lhe z2oro

contaurs of bolh diffvrence funclions would have Coverva




Fipure 18a, Loel of 5ets of Faual Valued Antipodal Points for

Fnerpy Function (Thick Linez) and Sunshine Function

(Thin Lines)

note: The fntorecoctionn are clrelind.
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Firure 18b. Zoero Contourn of Enerey Differepec Pupnetions (fhin

Lincs) wnd Sunshine Differcence Funetions (Tatel Line s)

note: Ve Interacetions are elreled,




the whole sphere. Wher: the zero contours do in fact exist
may indicate that the same atmospheric conditions and their
preconditions exist at'those sets of antipodal points,

To follow up thils hunch, a difference function was
happed‘rof a continantality potential, computed by Donald
Shepard. He divided the ecarth into trapezia of 5° x 5°
and assigned a valué to each: 100 if the trapézoid con-

tained mainly land,-O if it was mostly water. A potential

value was then calculated for each trapezoid by weighting

the value of every other trapezoid by the inverse of the
distance-squared. A contour line of value about 70 traces
out recognizable continents. Thus, the continentality

. potential closely rescmbles a Map of the earth, accen-
tuating lines of demarcation tetween water and lang
masses. | _

_Since the continentality potential is a continuous
'functidn over the surface of a sphere the zero contours
of iﬁskdifferehce function must meet the criteria pre-

'vidusly estahlished. Lkxamination of the difference
 'quct1on shows that it does. This difference function is

 interesting because it has very little more than what was
v§;ﬂetermined as thé minimum locus of sets of antipodal
Grpointa withfequal value; that is, & curve connecting
two opposite points on the equator o. the hemispherical
map. There arc only twe small additional closcd curves.

Figures 20ua and 20L show the gerc contours of the
continentality potential difference function plotted on

the same hemispherical mop s the Fuerpy and Sunshine




Flrure 19, Reviced Diffeirence Funetlion
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Firure 20n,

e e R e 2 o

Zero Contours of Fnerpy Difference Punction

(I'sitn Lines) and Contidentultty Potential

Difference Punetion (thick Linas)

notc: Yhe daterscetions ere eipreleld,
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Zero Contours of Sunshine Differcnce Vunetion (ihin
Lincs) and Continentnlity Polential Differenne Fynstion

(Thick Lines)

notc:  Tho interarctlons ore clircled,
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difference functions. Although there are few points
of intersection, large segments of the continentality
zero contours closely approximate the zero contours
of both the Energy.ahd Sunshine'difference functions.
(’; ~This ﬁoulé seem to imply thaﬁlthére 1s some correlation
- between the factors'that make the Energy end Sunshine
functions have equal vdlues at antipodal points and
the degree of continéntality and marine influence at
these sets of antlpodal points.
Furthe:more, if the geographical locations of
the zero contours of these three difference functions
are examined, there appears to be moré than coinciden-
tal agreement with the 1and-waéer ooundaries onAthe
globe. Thls suggests tpat those atmospheric phenomena
which make the Energy and Sunshine functions equal at
sets 6r antipodal points are the result cf physical
conditions related to the influence of land and water
masees at the boundaries between them. Couched in such
geﬁeral térms, this ;. roposition may be a statement of
the obvious, but the insights developed by this par-
ticular method of analysis might produce vaiuabie
(. results with more intensive study. *
It is difficult, if not impossible, to assign great
significance to the geozrnphical location of the inter-
scction of zoro contours of two functiong if the functions
are totally unrelated. The locuz of intersgchions would
be little more than a mathenatical curivsity. An attcmpt

to fabricate causal relations amonrs pnysical phenomena
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Firure 21a. The seoro contours of enerry dirference function
are here plotted on the Harthern Hemtanhere,
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Figure 21t., The zecro centours of sunshine difference function ’~
are plotted on the northern hemisphere, :
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! Figure 21c¢. The zero conteours of continentality patential
| difference functiongre plotted on the northern
hemisphere,
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, to expléih the 1ntersectidﬁs of totally unrelated functions
might te an exercise in futility although, of course,”
the results might bé suggestive of patterns of rélationships,
'hithertp ignored. Caution should be exerciéed when trying
to explain the intersection 6f zero contours of functions‘
(:) . Which are related in an unclear way. The mathematical

necessity of at least one point of intersection limits

the significance one should attach to any explénation which
ascribes to other factors, such as geoiogical, climatic,
etcl, the responsibilitx for the points of intersection.

- These other factors do play a role, perhaps, in determin-J
ing-the number of intersections and .aeir locations, but
this depends to a large exient upon the nature of the
particular functiors under consideratipn: On the other -
haﬂd theories ignoring'the necessity of these intersections

' are-simiiérly suspect .

The uncertainties and inaccuracies fesulting from
reﬁeated manipulatiﬁn of the original @ata have been

continually stressed. In Judging the reliability of

the final results, one must also consider the inherent
‘ linitations in the use of the mapping program. It is
Ev (:) '~ eritically important that the apacing of the data points
be finer than the szale of the phenomena whichlis beinzl

mapped. This problem plagued the first attempt to con-

struct a difference function. The data poaint spacing was
80 wide that two adjacent data points might be in positive

regions, for instance, while a negative reglon between

E ' them was missed, resulting in the omission of a zero
%

-
v
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contour line., This situation was rectified by the addition
‘ oﬁlmbre datapoints. There could conceivably be a function
. for which the addition of more data points would still
'not solve this problem. A detailed function spowing
population potential of the world would havé "spikés" at
most city locations. But even a reasonably sized SYMAP
contour map with data points at every character location
would probably miss a great many 6? the city spikes. 1If
the intention were to show the general character »f the
potential then the map wouid have sufficed, but if it

were important to ShOW‘thQ prec;se function value at
city"iocations, a conslderably larger map would have had

to be used.

The solution procedure advocated in the precéding
~ pages for finding spatial solutions for the original
exisbenge theorem is not necessarily the best solution or
a final solution in any sense. It 1s, however, a relatively
quick, accurate and inexpensive compgter solution to the
problem. |
To review brietly. a base map was constructed from
polar azimuthal equal area projections of hemispheres of
‘.) a globe such that each point on the map represented a
pair of points on a globe -- & given point in one
hemisphere and its antipodal point in the other hemls-
phere. (Antipodai points were aligned dby a simple rota-
tion of one of the hemisphercs.) The basc map contained
a large number of cloasely spaced data points and a sct

of points beyond the equator to insure the continuity of
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the function across the equator. The "difference function"
of the function under consideration 1s plotted on this

base map. The value of the difference function at a

given set of éntipp&al points is co:puted by subtracting
_ the value of the function at the appropriate point in

the northern hemisghere from the value at 1ts.antipodal
point in the southern ﬁemisphere. The SYMAP program is
then used to producé a contour map of the difference
function. The.zero values of the difference function

are of primg importance since at these sets of antipodal

'points, the original function will have equal -values.

Using the appropriate electives in the SYMAP program the
computer is instructed to print out a bhlack contour line
at the value zero and one contour level on each side of
the zero contour. The range of the contour levels is
detérmined by estimating the average error in assigning
function values at data points., Where the difference
function ehanées 80 rapidly that there are insufficient
cﬁaracter locations to print the black zero contour,

it must iie between adlacent positiverand negafive valued
points. The twq contour levels not only provide an
estimace of the possible inaccuracles in the lbcaﬁion of °

the zero contour but also give an indication of the

gradient of the differaznce runction. This al]ous evalua-

tlon or the diﬁplacement or the zero contour for varia-

: tions in the original fun:tion whi esult in small

changes in the difference function. .
To'rlnd where both functions each have equal values

at sets of antipodal points, the zero contours of the

oo M ! A R
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difference functions of the twc original functions were
drawn on the same map and the pcints of intersection were
marked. These are the desired points. The displacements

of the points of iptérsection resulting from variations

‘1n both original functions cgn be estimated by noting the

displacement in both zero contours and finding the new

point of intersection (ﬁssuming they still intersect

 after having been diéplaced).

Comparison of results obtained by this method and
by the tediqus process of hand-tracing and overlapping
the original contours showed that none of the zero contours
had been omitied but that‘many ambiguitlies and uncertain-
ties inherent in the tracing.aﬁd crrerlapping meﬁhod had
been eliminated. Improyements in this procedure can
still be made. If tiie accuracy of the data be sufficiently
good,hfunction values could be subtracted at evcesy char-
acter location rather than only at data points. Asg

stated previously, however, because of the nature of

,thé interbolation process, this method would not produce

significant improvements. The use of more sophisticated

computing equipment which produces line drawinges of three-
dimensional surfaces on paper or cathode ray tubes might
vastly improve comprehension. Superposition of function
surfaceca or intersection of the differencc functicn surfacce
with a zoro level surface would be possible using equip-
ment of this nature and would produce results similar to
what has been obtained but in a morc sraphic and versatiie

manner.
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Even this relatively simple computer assistance in
flnding spatial rolutions to the given existence theorem

demonstrates the poasibility of using"computer mapping

'programe to find spatial solutions to that whole claes

of existence theorems having'explicit or implicit eﬁatial

- eonnotations. After 1n1t1al problems related to adopting

the particular existence theorem to a computer aolution
are resolved, computer mapping techniques are capable of
quick and accurate spatial solutions with a minimum of

human manipulation. Thig is anuther indication that the

" problem solving capabilities of computer mapping are at

least as diverse and effective as are its proven capacities
graphically to represent stores of spatially ordered
1nrormetion. These capabilities 1.2 largely untapped,

walting to be exploited.
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