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ABSTRACT

The errors generated by the recovery of data acquired by a voltage-
to-frequency (V/F) data acquisition system are theoretically analyzed,
using a digital computer. The input waveforms considered are the
sinusoid, the step function, and the ramp function. In each case, the
well known ''sampling theorem'' of C. E. Shannon, viz, two samples
per period of the smallest period present in the signal are sufficient
for recovery of data with perfect fidelity, will be shown to be inapplicable
as a criterion for accurate and reliable recovery of data acquired by a
V/F system., The errors are of two categories: One is the error
from linear interpolation recovery, and the other is from the fact that
data points do not always coincide with the input. The sinusoid analysis
reveals that a sampling rate of 11,4 summing intervals per period is
required to assure 5 percent or less error. The step function analysis
shows that the errors are independent of sampling rate; however, its
response time is approximately equal to the summing interval. The
analysis of the ramp function indicated that the ratio of ramp rise time
to summing interval must be five or greater to assure 5 percent or less
error. These criteria are unique to each case, and in the case of the
sinusoid, are many times larger than the criterion of the ''sampling
theorem. "
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SECTION |
INTRODUCTION

Data acquisition relies heavily on the process of sampling and repre-
senting a continuous time function in terms of discrete time samples.
Numerous methods and systems to accomplish this are in existence and
have their own uniquenesses. However, all of these methods and sys-
tems have a common basis that justifies the representation of a continu-
ous variable by discrete samples, and that is the sampling theorem.

The sampling theorem, though known and used much earlier, is
widely attributed to C. E, Shannon (Ref. 1), It may be stated as follows:

"2/T samples per second suffice to represent perfectly and

permit perfect recovery of a time function provided that the

time function contains no periodic components of period less
than T seconds, "

However, the data recovery from an integrating system such as the
voltage-to-frequency data acquisition system when used as a sampling
system, i.e., used to recover the actual waveshape, does not have a
direct application through the sampling theorem.

This investigation is a derivation of the number of integrating
intervals required to accurately reconstruct an input using linear inter-
polation of the data points obtained from an integrating data acquisition
system. Assuming that an error also exists at the data points, the
analysis will include both a determination of data point error and linear
interpolation error. Error will be the absolute value of the difference
of the input and the representative output at a given time as a percentage
of the maximum magnitude of the input, This is a modification of the
definition of deviation as defined in Ref. 2, page 209.

Three ideal signals will be treated theoretically: sinusoid, step,
and ramp. The digital computer will be used to simulate this type of
data recovery, and the maximum error for various parameter configura-
tions will be determined. From this, the limits of the parameters for
accurate (5 percent) recovery can be determined,

Experimental verification of the error analysis for the sinusoid was
performed using the VIDAR® voltage-to-frequency data acquisition sys-
tem in the Large Rocket Facility at AEDC,
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SECTION 11
VOLTAGE-TO-FREQUENCY CONVERSION METHOD

The method of data acquisition that is to be treated in this study is
a voltage-to-frequency (V/F) conversion. The block diagram in Fig., 1
depicts the setup of such a system.

O

cco
p\%ﬁ;ﬁe V/F o R ONSLATORl o COMPUTER
- > FREQUENCY | °
TRANSDUCER CONVERTER COUNTER

O

TAPE
RECORDER

Fig. 1 Block Diagram of LRF V/F Acquistition and Recovery System

The V/F converter develops output pulses at a rate precisely
proportional to the input voltage. The output pulses are recorded on
magnetic tape for later data reduction. The recorded signals are
recovered by means of a translator, which works like a gated frequency
counter that counts the pulses during a time interval, r. The counts
contained in a summing interval are converted to a representative volt-
age, V, , by a digital computer using the calibration of the V/F con-
verter and summing interval of the translator.

To illustrate: Let the V/F converter be adjusted so that the output
is Ng counts in 7 seconds with the input shorted, Then apply a calibra-
tion voltage of V. volts to the input of the V/F converter; let N. be the
counts in 7 seconds of the output. For a number of counts in the nth
interval of 7 for an arbitrary input of Vj(t) defined as N, ,, the following
expression defines V. _:

N —Vo :
Vo = S0y, (1
N, - N,

But, because the V/F data recovery technique is an integrating
method,

tn+ )7
N, - N, = K, Vi(t) dt (2a)
art
and T
Ne - No Ef Ky Vedt = Ky Vor (2b)
0
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where Ky, is the gain of V/F converter with units of pulses per
second-volt,

Substituting the definitions of Eqgs. (2a) and (2b) into Eq. (1), it
becomes:
(n+ vr
Vi, = —‘f Vi(r) dt (3)

n T
nt.

Equation (3) will be used to theoretically simulate the V/F conversion
method of data acquisition and analyze the errors resulting from taking
the value of V;  as a data point that occurs at the midpoint of the sum-
ming interval from nr to (n+1)r and the points linearly connected to

represent the input waveform. Figure 2 illustiates this type of data
acquisition and waveform reconstruction,

vind

ol S

w [T '

Fig. 2 Example lllustreting the Summing Intervel Method of Dctul'.Representcﬁon

Since the value V,_ is an integral, its value and the value of Vj(t)

+
att =7y = i‘;—l'r, the time at the midpoint of the nth interval, are not

always equal; therefore, the error analysis also investigates the data
point error, To distinguish the two, the lower case letter, e, desig-
nates the error from linear interpolation and the upper case letter, E,
is used to designate the error at data points.
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SECTION il
SINUSOIDAL INPUT

For the sinusoidal analysis, let V;{t) = sin _Z%t_, which is normalized

for ease of application and does not affect the actual error analysis.

Substituting this function in Eq. (3), the expression for the repre-
sentative output becomes:
(n+1)r

S § . 2
\"'n‘rf’ sdet

nr
(n+ )7

__ _T 2m
- omr E:os T]
n’

T 2r(n + l)r_ - 2707
T o |5 7T T (4)

Using the identity from Ref. 3, page 18 for the difference of two
cosine functions, Eq. (4) becomes:

. (2 . £3)
V, = I [sm Lo+ Der sin ”—] \<s

T

-~

Letting the ratio T/r, which is the number of summing intervaic rer
period, be designated with the letter m, the expression in kq. (5) becomes:

Vv _ TI:—i[Sin (211-:"1)17 . sin :T_l;] (6)

n

3.1 LINEAR INTERPOLATION ERROR ANALYSIS OF SINUSOIDAL INPUT

An expression for e consists of n equations; therefore, the deter-
mination of a maximum value is a tremendous task to perform manually.
Consequently, a digital computer program was written to determine the
errors for a sinusoidal input as m is varied from 1 to 25.0 in increments
of 0.1, The program was designed to search the number of cycles that
include a whole number of summing intervals, The reason for this
approach to the e, , determination is that, after this number of cycles,
the errors become repetitive, By incorporating this test, the ey, .y
determination is expedited. The program is listed in Table I-I
(Appendix).
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The solutions for emgx versus m are plotted in Fig. 3. The plot
depicts an irregular relationship, and the most significant fluctua-
tions are in the range of m = 1,0 to 3.0. Therefore, little faith can
be placed in the application of the basic sampling theorem of two sum-
ming intervals per period to the V/F system. Another significant
factor is that, when the sampling rate is close to frequency components
of the data that have prominent magnitude, the errors greatly reduce
the accuracy of the data recovery.

As an example of the use of Fig, 3, consider an input voltage signal
that contains a 50-Hz component. What error would be introduced in
the data reduction of this component if 7 were 10 msec? What is the error
for 7 = 2 msec? For 7 = 10 msec,

10°

- = 9
{50) (10)
From Fig. 3, emax = 44 percent,
For 7 = 2 msec,
- 10 _

" Gone o -0
From Fig. 3, ey, 5% = 6 percent,
H

g é- : i
a : : -
$ ; I
E ? i i ﬁ :llllllﬁ—wllulll |Izlxlil!|1l:l.= E 1 E

Fig.3 Plot of m versus e, for Sinusoidal Input

[4)]
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Figure 4 depicts the input-output relationship for these two summing
intervals for the 50-Hz component. .

In order that ey, 5x be 5 percent or less for a sinusoidal input, m
must be greater than 11.4 and at m = 2, epgax = 46 percent., This indi-
cates a large error at the rate given by the sampling theorem.

!
? f(.l.)
i
=~ INPUT .
/ Ve
:‘ \\
/
I
If
—i
g 05" t
T
~1
m=2
t
)
I
’7 "\
4]
b \l
OUTPUT \
Q

e |

M=10

Fig. 4 Input-Qutput Waveforms for Sample Problem
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3.2 DATA POINT ERROR ANALYSIS OF SINUSOIDAL INPUT

The error analysis for E,,  y is much simpler than for e, 5. The
data point error is defined by this relationship:
E = 100 |Vi (ry) ~ Vy | (7)

since |Vi(t)|max is equal to one.

Combining Egs. (6) and (7) and substituting the normalized sinusoid
with the definition of m included, the expression for E becomes:
(8)

E = 100 |sin En=lry _ mg, ”—)|
m m m

Even though the error is expressible in one equation, many calcu-
lations are required to find E,, .. Therefore, the program used to find
€max 8lso has an E_ . option. These solutions are depicted in Fig, 5.

1 i 1 1 | | 1 1
T 1 | 1 | 1 1 i
T T T T T T T

1
i
T

i
it

1 1 lﬂl 'IJIIIII):l?ﬁ:ﬁ%lIZ"iilll

Tt |1

ma

Fig. 5 Plot of m versus E o  for Sinusoidal Input

This plot of E., . versus m is a smoother curve than the one for
€max Versus m, The minimum value of m for all data points to be
within 5 percent is 5.7, and at the basic sampling rate given by the
sampling theorem (two summing intervals/period), the data point is in
error at a maximum by 36" percent.
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3.3 SYNCHRONIZATION EFFECTS ON ERRORS OF SINSUOIDAL INPUT

The analyses of the sinusoid for ep,,y and E,, 5 have made the
assumption that the sinusoid and the n = 0 interval both started at a
time when the value of the sinusoid was zero and had a positive slope.
This section deals with the effects of synchronization upon e, and

EmaX'

The input signal must be expressed with a synchronization param-
eter, ¢. The input then is:

V,(t) = sin (—ZTFQ + tﬁ)

Substituting this expression for V;(t) into Eq. (3):
{n+ 1)1

f sin[zr—"l + :,b]dt

n?
) . (n+1)7
= -~ L cos —?7,-7—t +
2rr 1 ar

T 27(n+ )7 5 2nn7
= =gy 0S|/ + Y| - cos |— + ¢

2rr

V, =

n

i

-:—r sin[(2n+l) % + "] . sinz;— )

It

Using the definition of m, Eq. (9) becomes:

v, =2 sin[ﬂwmﬁ + ¢]. sin T (10)

n

Since many solutions of Eq, (10) are required to determine the
synchronization effects, a program was written to vary m from 1 to
25,0 in increments of 0,5 and to vary ¢ from 0 to 180 deg in increments
of 1 deg. The solutions for the E,,,; option are in Table I and the solu-
tions for the ey ax option are in Table II. The program is listed in

Table I-II (Appendix).
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TABLEI
Emox SOLUTIONS OF SYNCHRONIZATION EFFECTS ON SINUSOIDAL INPUTS

——
= ———

DATA POINT ERROR ANALYSIS

LARGEST SMALLEST DELTA

M PSI * E{MAX]) PSI F({MAX) E(MAX)

1.00 91.3%0 100,00 0.0 - .. 0_.00 100_.00_
1.5C 3C.29 58.65 0.0 50.79, 7.86
2.0 G.0 16,34 9C.00  _ 0.C) 36.34
2.5C 18.00 24.32 72.00 23413 1.19
.00 30,00 - .1T7.30 . G0 . 1%4.98 _  __2.32
3.5C 50, N0 12.90 0.0 12.57 0.32
4.0C 45,00 J.97 0.0 ... T.05 _ 2.92
4.50 1¢.C0 7.93 0.0 7.81 0.12
5,90 1£.00 6.45 0.0 6.l 0.32
5.50 41.0C 5435 0.0 5.30 Ge05
6.00 c.0 4,51 _ 30,00 _ _ 3.90 0.69
6.5 90,02 3.85 0.0 3.82 0.03
7.00 90,30 3.32 0.0 _ _ 3.24 0.8
T.5C 6.00 2.90 60,00 2.88 JeD2
8,0N 22.00 2455 . '__?_(_).00 . 2.36 B 0.19
8.50 16.00 2.26 18G.00 2.25 2.01
9.00 10.00 2.02 6.0 1.99 6.03
9.5C 52.C0 1.81 0.0 1.81 0.01
11.00 0.0 1.64 _ _18.00 _  1.56 c.08
17.50 73.70 l1.49 12G. 00 1.43 0.20
11.G0 .00 1,35 __ .180.00 1.34 N.01
1l.5¢C 43,00 l.24 C.0 1.24 0.00
12.C0 15.90 lelf 0.0 ___ _1.19 _0.04
12.5¢C 11.70 1.05 0.0 1.05 0.00
13.00 76,00 _ 2.97 . 0.0 0.96 0.0l
13.50 10.00 0.90 0.0 0.90 0.00
14.7C_ 1C3.00  0.84  _ 96.0C 0,82 0.02
14.50 34,00 0.738 0.0 0.78 0.900

- 154000 . 6.00 . 0.3 9.0 —0Qe73 . _0.90
15.50 32.00 0.68 180.00 0.68 0.00
16.00____ 11,00 .. 0.64 __ 45.00 __  0.63 c.n1
16.50 101.00 0.60 C.0 0.69 0.00
—..17.00 __ 16.00__ .57 ... 0.0 _  _0.57  __0.20
17.50 85,00 0.54 108,00 0.54 €.00
—.=18.0C0 . __.G.C._ .. Q.51 _. _10.00 . 0,50 . 0.71
18.50 17.00 0.43 107.00 C.43 0.00
19.0C_ __ 71,00 . 0.46 _ 180,00  0.45 _ _ 0.00
19.5C 67.00 0.43 60,00 0.43 0.00
 20s00 __ 9.00° D4l _ _ 0.0 __ __ 0.4l 0401
23.50 11.00 . D.39 180.00 0.39 9.20

. (21,00 . _ 4,00 ... .0.37 . 180,00 __ 0,37 __ _ . _0.00
21.50 23.C0 0.36 21.00 0.36 ¢.nC
22,00 ___ 33,00 _  0.34 9G.00 _ 0.34 .00
22.50 2.C0 N.32 12.00 0.32 0.00
_..23.00 = 5%.¢0 __._0,31. _ 0.0  _ 0.31 0,00
23.50 6.00 N.30 46.00 0.30 0.00
2400 ____ 8,00 __ . .0.29 . 18C.30 ____0.28 _ _.0.00
24,50 46.00 0.27 136.00 .27 £.00
25.00 4,00 0.26 108.00 . 026 0.00

9
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TABLEII
emox SOLUTIONS OF SYNCHRONIZATION EFFECTS ON SINUSOIDAL INPUTS

LARSEST SMALLEST DELTA
M PS 1 E(MAX) PSI E{MAX) E(MAX)
1.00 Cef 187 .00 9.0 99,95 0.05
1.50 nT.00 122.67 2.0 113.77 6.91
2.00 92,00 177.C0 .0 44,65 55.35
2.50 93.C T6.61 C.% 73.75 2.85
3.00 ac. N 58.65 C.0Q 52.15 6.50
3.5% 9C.CG 45.69 C.0 44,68 1,02
4.C0 a5.C00 36434 45,00 26.89 Q.45
4.50 9n, ¢ 29,47 C.0 29.C3 0.44
5.00 162.G0 24432 36.C0 23.18 l.14
5.5C 90.00 22.38 164.03 2C.15 0.23
6.00 90.cC 17.30 G, C 15.G6 2.24
6.5GC 9, 0% 14.86 55.C0 14.74 t.12
7.C0 90.00 12.90 GCafi 12.56 0.33
7.5C gC.n0 11.29 C.C 11.29 c.10
8.00 9c.CC Q.97 63.00 .24 0.73
8.50 90.30 4. 86 c.0 8,79 0.97
9.00 9n. 00 7.93 C.N T.79 Cels
3.50 9C. 2N 7.13 126.00 7.08 N.05
10,00 126,00 6.45 c.0 6.14 0.32
10.50 9G. 00 5.66 123.00 5.81 2.25
11.60 93.00 5.35 10C. 0C 5.27 £.08
11.50 9c.C0 4.90 69.00 4,85 0.05
12.80 0.0 4,51 135,00 4.32 0.19
12.50 54.00 4.156 108,00 4.15 0.01
13.0n0 3Ce7 3.85 127.C0 3.73 0.26
13.5C 9C.00 3.57 23.00 3.53 Co4
14,35 9GN3 3.32 DI 3.19 0.13
14.50 90. 020 3.10 57.00 3.C7 ".03
15.NC 1&.CO 2.90 36.00 2.86 Ced4
15,52 9. 2.72 54,09 2.70 €.22
14.0C 0.0 2455 55,00 247 0.038
15.5C 9¢.00 2647 19,90 2.38 0.02
17.80 99.90 2426 0.0 2.21 ¢.25
17.50 9d.00 2.13 108,00 2.12 0.02
18.Nn0 9C. Q0 2.02 1C4.0C 1.97 0.05
13.5¢ 93.70 l1.91 0.0 1.90 0.02
10,¢0C Gr. 00 1.81 79.20 l1.79 0.23
13,50 90.50 1.72 50.00 1.71 Je0
23.C0 0.9 l.64 117.03 1.62 C.22
221,50 el L.56 20,00 1.54 0.02
21.00 9C.<9 l.49 33.Nn0 l.a6 0.02
21.50 92,20 1.42 26.00 1.39 c.02
22.00 4Q.n2 1.35 105.00 1.21 .04
22,50 9C.30 l.29 18C.09 l1.256 0.03
23.00 93.00 l.24 23.00 1.29 0.93
23.50 ag,.00 1.19 N.2 1.15 C.04
24.00 C.D lel% 43.00 1.09 0.95
24450 9N.00 1.¢9 0.0 1.04 C.0D5
25.0C 11.729 l.25 108,00 1.C5 C.20

E — — — — ———

10
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These solutions depict the cases in which the variations of E,,
Or emgx are the largest. The cases are the integer values of m and
m with a decimal part of 0.5. All other values of m exhibit les§ varia-

tion in K, 5 or €max a5 ¢ varies.

From Table I,
for m > 6, AEax £ 0. 19 percent
for m > 11.4, AE, .« < 0.04 percent
form > 14,0, Aqux < 0.01 percent

The m > 11, 4 values yield accurate recovery.

From Table II,
for m > 8, Aeyax £ 0.32 percent
for m > 11.4, Aepax < 0.19 percent

for m > 16, Aepgx £ 0,05 percent

This clearly indicates that synchronization has negligible effect on the
error at a summing interval-to-period ratio that is required to accu-
rately recover the data.,

3.4 EXPERIMENTAL CORRELATION OF THEORETICAL ERRORS

A verification, by actual errors encountered in the data recovery,
of the theoretical treatment was desired; therefore, an experiment to
determine actual errors was formulated. For the input waveform, a
sinusoid was chosen. There were, basically, two reasons for this
choice: (1) a sinusoid is easily obtainable from a sinusoidal generator,
and (2) the frequency or period of cycle is a very important factor in the
error of a signal.

The VIDAR Data Acquisition System was set up with a sinusoidal
generator connected to the input of a channel of the V/F converter. The
frequency output was recorded, using direct electronics, on a magnetic
tape recorder. The recorded tape was translated using a summing
interval of 2 msec, and the raw counts were printed out.

In order to get the negative values of the sinusoid, the VIDAR was
adjusted so that for zero input, the output counts were at midscale.

11
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Then a known voltage of 1,5 v was applied, and the VIDAR. spanned to
nearly full scale., The count levels of these adjustments were:

Ov Input = 25, 003 counts/sec
1, 5v Input = 47, 500 counts/sec

The signal from the sinusoid generator was set at 20 Hz and 2 v
peak-to-peak which is easily accommodated in magnitude by the chosen
calibration voltage.

Since the theoretical error analysis used m as the variable, m had
to be determined for this case of the translation summing interval; m
was defined as T/7 or 1/fr; giving m = 1/20 (0. 002) = 25,

Synchronization of output and input for actual error analysis proved
to be a difficult problem; therefore, since for an m of 25, e, 55 = 1.05
percent and Empgx = 0. 26 percent, this linear interpolated curve was
used as the reference or standard. Small m's were obtained by taking
two or more adjacent summing intervals at a time. A computer program,
depicted in Table I-III (Appendix), was written to do the task of summing
up adjacent summing intervals, The program limits the number of
adjacent summing intervals to 13 since this gives an m of 1,92, which
is below the level set forth by the sampling theorem, Table III is the
solution for this program which has the option of determining either

€max °F Emax.

As shown in Table III, the maximum errors determined by the theo-
retical approach were confirmed to be reasonably accurate; therefore,
the general rule of thumb of 11.4 summing intervals per period for
emax < 9 percent is a valid one. This also indicates that the theoretical
simulation is a reasonably accurate error determination technique.

SECTION IV
STEP INPUT

In the theoretical analysis of errors of the V/F converter data
acquisition system in following a step input, the time reference of t =0
is set at the start of the summing interval in which the step function
occurs.

12
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emax and Epox THEORETICAL AND ACTUAL SOLUTIONS FOR SINUSOIDAL INPUT

— ——— e —
ACTUAL THEORY " . ACTUAL . THEORY
SN ECHAX)  E(MAX) - B(HAX)  ECHAX)
1.92 103.31 103.638 2,05 34.82 95,63
2,27  35.46 80,51 2,50  75.63 73,76
2,78 G6h.5¢ 45,81 3.13 54,01 54,39
3.57. 43,32 44,08 . 5,17 33,76 33,75
5.00 23,88 23.138 6.25 16.34% 15,93
$.33 10,47 9.19 12.50 5,35 4,15
DATA POTNT ERROR ANALYSIS * % - “. ..o~ . o
~ ACTUAL. THEGRY.. » * < 71 ¢ - Tt ACTUAL #LTHEORY -
" E(MAX) E(HAX). : © M E(HAX) - E(MAX)
1.92  38.67 38.83 2,08 32,33 33,75
2,27 23.57 23.38 2,50 22.35 23,13
2.78 . 20.31 19,96 -~ - - 3,13 15.35* 15,83 .
3.57 - - 13,47, . 12,38, - .o BJ17 55U8.57 L. 9,190
5,007 - 83007 6,14 v UL L5 250wy, 29 L 4, T5IN
3.33 4,76 2.35 12.50 0.01 1.05

The input waveform, a normalized step function,

symbol:

w (L-a) = {o t<a

1l t>a

For this analysis, the input is:
Vi) = p, (t = K9

where 0 <K <1 is the shift of the step with respect to the summing
interval reference,

V.

is denoted by the

(11)

(12)

Using Eqgs. (3) and (12) to find the output, the particular interval
for n = 0 is the only one of interest since in all intervals for n <0,

™ - 0, and in all intervals for n > 0, V.,.n =

The interval for n = 0 has an output value of:

r

%Jr m L - Knde
0

1 r 1 7

;f = 16 -%)

Kr
1 - K

13

(13)
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The input-output relationship is depicted in Fig, 6.

4Lf‘m
V; (1) INP
I PUT

]
+ o
-Y/ 0 T, 3 t
2 Kr /2 L %
0<K < I/Z
L E0)

I/2<K & |

Fig. 6 Input-Output Waveforms for Step Input
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4.1 LINEAR INTERPOLATION ERROR ANALYSIS OF STEP INPUT

As shown in Fig. 6, the maximum error occurs att = Kr. Point a
is used to designate this intersection of the input and output waveforms

att =Kr. The output line from t = - % to % is designated Voi (t), and

T t0 37 is designated Vo, (t). For 0SK <1/2,

2 2
point a occurs on the output line V01 (t). The equation for this line,

the output line from t =

which has a slope of % (1-K) and passes through the point (- =, 0), is:

Vo 0 =10 - K& + D
1 r 2

Since 'V (t)] 1,

max
€max ~ 100 \'rt:il (Kr)
= 100(L — K){K ¥+ %)
=50( - K- 29 (14)
for 0 <K < 1/2,

For 1/2 <K <1, point a occurs on the output line V,, (t). The
equation for this line, which has a slope of K/T and passes through the

point (2—7, 1), is:

Vo, ()

2

X -39 41
T 2
Likewise,

emax = 100[1 - V,, (K9]

= -100K (K - 3/2)
= 150K - 100K?
= 50 3K - 2K?»

(15)
for 1/2<K <1,

Figure 7 is a plot of ey, versus K using Egs, (14) and (15), As
can be seen, emagx varies from the lowest value of 50 percent at K = 0,
1/2, and 1 to a highest value of 56, 25 percent at K = 1/4 and 3/4.
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: 1 ] [ | | H .
1 I 1 1 I 1 1T 1 1 1 I

Fig. 7 Plot of K versus e ,qx for Step Input

4.2 DATA POINT ERROR ANALYSIS OF STEP INPUT

For this input signal, all data point errors are 0 percent with
the exception of the one for n = 0. This data point of interest occurs
at time t = 75 or 0.5,

Using Eq. (13) and the fact that |vi(t)| pyax = 1, the Ep ¢ for step
input is:

Emax = 100 |¥;(r5) - (1 - K) (16)

However, Vi(ro) is dependent on the value of K in the following
manner;: '

-

_ 1 0<K < 0.3
Vi (o) = {o 0.5 < K< 1.0 (17

Combining Eqgs. (16) and (17), the maximum error becomes:

8]

‘max =

{lloox 0 <K <05
L.

00 (1 - K) 05 < K £ 1.0

16
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A plot of Eyax versus K is shown in Fig, 8. As was the case in the
total error, the maximum data point error is independent of the summing
interval length and is a function of K alone.

T T TT T 1 T 1 T ! ' 1] ! ] 1
L] | T H

e

B

Fig. 8 Plot of K versus E o, for Step Input

4.3 TIME DELAY ANALYSIS OF STEP INPUT

The determination of time delay, i.e., time for the response of
the linear interpolated output to be within 5 percent error, was desired.
The notation Tp is used for this parameter.

This determination must, like the error analysis, be divided into
two parts. Likewise, the first part uses the output, Vo, (t), in its deter-
mination. The ranges of K, however, are not the same. In using Vo, (1),
the folilowing inequality must be satisfied:

; 18
1 - \ol(z—')g 0.05 (18)
Since V., (£} = 1-K, Eq. (18) defines the limits of K to be:

01 \2

0 <K <£0.05

17
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For a time delay of Tp, the actual time t = Tp + K7, and from the
equation for V01 (t),

Vo, (Tp ~ Kp = 095 = 1 (1 - K) (Tp + Kr + ;—)
Solving for Tp,
Tp = 0.45 — 0.5k + K? (19)
1 - K

for 0 <K £0,05,

The second part, 0,05 <K <1, uses Vpg (t) in the determination of
Tp, with t = Tp +Kr. :

Vo, (Tp + Kn) = 0.95 = = (Tp + Kr - 1.5 + 1

Solving for Tp,

Tp = ~0.05 + 1K25K - K* (20)

for 0,05 <K<1,

Using Egs. (19) and (20), a plot of T versus K is depicted in
Fig. 9. As shown in this plot, Tp varies from a minimum of 0, 4497
to a maximum of 1, 0537,

/

-

D
S|

|
)

Fig. 9 Plot of K versus Tp for Step Input
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The step response will always appear to be a ramp. ForK = 1/2,
the rise time of the ramp is 27 sec, and for K = 0 or 1, the rise time
will be 7 sec; therefore, to minimize this effect, ¥+ must be made as
small as possible. Also, the output will respond to within 5 percent
error in a delay time, Tp, of approximately 7.

SECTION V
RAMP INPUT

In order to theoretically analyze the error of the V/F converter
data acquisition system in the data recovery of a ramp input, time,

t =0, is set at the start of the summing interval in which the ramp
function begins,

The ramp function is defined as:

0 <
pe-a-{ 7 (21)

t—a 2a

For a normalized ramp function which has a rise time of 8 summing’
intervals, the input function is expressed as:

Vi) = B]—r (g (0 -~ KD - g, L = (K + B 7] (22)

The value of V.,.O is dependent upon the value of K + 3. For
(K + 8) <1, the combination of Egs. (3) and (22} becomes:

V=—1—f (b - P (R (¢ d
o = B 0 a6 = Ko - p, (6 - (K + B2 dt

| (KB —
- _f @t - Kndt + - d
A7 d, " Y+ Bir
K+ 7
o e - Kl o+ e
- B % T]KT :’[](K-i-/g)r

=731_; MK+ BPPA- Y%K 72 - KK + B~ + K7
+ 1 - K+ Bl
=—€-+1-(K—B)

_1-kKk-8 (23)
. 2
for0<K+3<1,
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For (K + B) > 1, V,T0 is defined by the integral:

T
V, = _Lf (t - Kndt
o 7
ﬁ Kr

- El_:[w - Knl = 31_‘ [ - %K - K + K7 :
T T

(1-KP (24)
28

for (K +8) > 1,

For all summing intervals up to, but not including, the one in which
the ramp breaks to a zero slope, the value of the output is equal to the
value of the input at the midpoint of the summing interval. That is:

\.'Tn = V; (2n;—1 r-)
for 0 <n <Int (K + 5).

For the interval n = Int (K + B), the output value is:

(K + ) (n—1)7

Ve, = 317 (t - Ko)dt + 1; dt
7 (K + B¢

_ 1 4 - Kn] (K +B)T+ 1 L (n+ )7

B ar r (K+Br

- HK - KB - )k e )
={n ) - K - B./z - (n—"K)_z
) 8 (25)

Figure 10 depicts the input-output relationships for a ramp
function.

. )
" INPUT

Fig. 10 Input-Output Waveforms for Ramp Input
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5.1 LINEARINTERPOLATION ERROR ANALYSIS OF RAMP INPUT

As shown in Fig. 10, the e ax occurs at eithert =Kt or t = (K + B)7;
therefore, e, 5% is equal to the maximum of these two values. An expres-
sion for the ey gx is so cumbersome to deal with manually that a digital
computer program, depicted in Table I-IV (Appendix), was written to
calculate the many solutions required to determine the minimum S for
5 percent or less error. The program calculates the By, in for
emax < 5 percent; then B is varied from 0.1 to Bpyip in increments of
0.1 for K = 0.0 and 0, 50 and the value of ey, 5x determined for each set
of parameters. The family of curves that was calculated is depicted in
Fig. 11, These two values of K are the extreme cases; all other values
are in between. The plots in Fig, 11 indicate that a value of 8 25,0
assures a response within 5 percent.

1 I INEEEEER 1 1 1 N 1 11 T 1 1 L1l
T T I T - T L 1 *

INEEEE

=
-

L 1 Il 1 i 1 !
Lil 1 1 | | Ll 1 1 1
11 1 1 1 J oL L] 1 ! M

1
|
1 1 111

Fig. 11 Plot of e ,qx versus 8 for Ramp Input with K Constant

5.2 DATA POINT ERROR ANALYSIS OF RAMP INPUT

The value of Ep 5y, as shown in Fig. 10, occurs at either t1 = 1/27
or tg = [Int (K + 8) + 1/2] 7. The expression for Ep,, is the maximum of:

E,

100 |V; (49 - Vy,|
or
E,

100 |vi(2“—;‘a - ¥,

where n = Int (K + ).
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Fig. 12 Plot of Eox versus Bfor Ramp Input with K Constant

The digital computer program that calculates ey, 5x Was written for
the Ep, 5% option also. The value of Byyin for Epy gy < 5 percent is first
calculated; then B is varied from 0.1 to By jn in increments of 0, 1 for
K = 0.0 and 0. 5, since these errors are the extreme cases, and the
value of Ey 5x determined for each set of parameters. Figure 12 depicts
the family of curves that was calculated. These plots indicate that, for
a value of B > 2,5, the data points are in error by 5 percent or less, To
illustrate, for a summing interval of 2 msec, any ramp with a rise time
of 5 msec or greater will be reconstructed with all data points within
5 percent error,

SECTION VI
SUMMARY AND CONCLUSIONS

6.1 SUMMARY

A voltage-to-frequency data acquisition system was theoretically
analyzed for errors that occur when it is used as a sampling system.
Since the standard sampling theorem is not directly applicable, the
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system was simulated on a digital computer to aid in the determination
of parameter criteria for expected levels of accuracy for sinusoidal,
step, and ramp inputs.

Parameter limits were determined for such parameters as m,
summing intervals per period of a sinusoid, K, delay of step and ramp
inputs with respect to start of summing interval, and B, ratio of ramp
rise time to sumnming interval length.

An investigation of the effect of signal synchronization was accom-
plished for the sinusoid, and an experiment was performed, using a
sinusoid, to determine the validity of the theoretical solutions.

6.2 CONCLUSIONS

The voltage-to-frequency conversion for data acquisition does not
offer accurate recovery (5 percent error) of sinusoidal data until the
ratio of summing interval to period is about 11.4, i.e., 11.4 summing
intervals per period. This means that for a 2-msec summing interval,
any frequency component above 43, 9 Hz has a maximum error greater
than 5 percent and, from Fig. 3, any component of 151, 5 Hz or greater
is in error at its maximum by more than 50 percent.

The voltage-to-frequency conversion system has an inherent error
because all data points do not coincide with the input waveform. For
the sinusoid, the ratio of summing intervals to period must be 12, 8 for
the data point to be within 1 percent of the input waveform. At the value
of m =11.4, e,y was 4.95 percent and E,,« is 1, 26 percent; there-
fore, a sizeable portion of the error is the result of the data point error.

The step input error is independent of the summing interval and is
symmetrical with respect to K = 0.5 for both ey, ,x and EmaX' However,
delay time, time required to bring the output to be within 5 percent of .
the input, is a function of K and 7, and as K varies, the time delay
varies in the range from 0, 457 to 1,057,

Ramp inputs can be followed within 5 percent if the ratio of ramp
rise time to summing interval is larger than five. This is to say that
a 2-msec summing interval can accurately follow a ramp of rise time
greater than 10 msec.

The ramp function has an unusual E;,,x versus  for constant K

relationship. At low and high values of K, the E,5x% Oscillates as a
function of B, At midvalues of K, the relationship is nearly exponential.
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If 82> 12,5, all data points are within 1 percent of the input waveform.
The reverse conditions exist in the relationship of ey, 5% versus 8 for
constant K,

An additional error that may be significant at small summing
interval lengths is resolution error from the low pulse counts that
occur, However, errors from resolution were not included in this
analysis.
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APPENDIX
COMPUTER PROGRAMS
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TABLE I-1

COMPUTER PROGRAM TO FIND E o, AND epax FOR A SINUSOIDAL INPUT

AS m YARIES FROM 1.0 TO 25.0 IN INCREMENTS OF:0.1

= = -———— T T e N ——
L.0001 /JOD GO,TIME=10 Do
L,0002 DI“E"S'ON Xiaa(241),DIFMAC241) TR - )
L.0003 C IND=0 (E(/AX) FOR DATA POINT) ) ke
L.0004 C iD=l (E(NMAX) FOR LINEAR INT[RPOLATION AT ANY POlNT)
L.0005 READ(5,1) 1HD
L.0006 1 FOR“AT(IIO) .
L.0007 PSI=0. . TN
L.0008 DO 103 1M=10,250 - , P
L.0009 |=IN=9 ' v . P N e
L.0010 XH=FLOAT(|H)/10
L.0011 ANACTH)=XN
L.0012 DIFMACT Y=VENAX (X, PST, IND)
L.0013 103 CONTIHUE. . < e
L.ooll. ‘JR'TE(G,z) : -~ :‘ LI * ';.:’i;’\": 3
L.0015 2 FORMAT('1") . y - . M ERE R
L.0016 IF(IND)100,100, 101
L.0017 100 VURITE(6,3)
L.0018 3 FOPHAT(IO '"DATA POINT CRROR ANALYS!IS'/)
L.0019 101 URITE(G,4) (XHA(J) DIFHA(J) J=l1l,241)y .- - - CT
L.0020 & FORHAT(Q(SV'H ux' E(HAX) QX)//Q(ZFa 2, QX)) S oL
L.0021 STOP. - ; - L o '
L.0022 CHD
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TABLE -] (Concluded)

ettt

—
L.0001 FUNCTIOH VCHAX(XM,PSI,IND)
L.0002 DIMENSION FA(252),TA(252)
L.0003 Pl=3,1415926

L.000Y PSI=PSI+P1/180.

L.0005 IF(X1-25,)99,99,98

L.0006 98  STOP 2525

L.0007 99 DO 110 L=10,100,10

L.0008 XP=0.001

L.0009 DO 109 1=1,2 .

L.0010 IXC=XI*FLOAT(L)+XP

L.0011 IF(1XC-(1XC/10)»10)108,108,110
L.0012 103  XP=XP+0.9

L.0013 109  COHTIHNUE

L.0014 GO TO 111 -
L.0015 110  CONTINUE

L.0016 111 HS=(1XC+25)/10

L.0017 ARG1=PI/XH

L.0018 EMAX =0,

L.0019 DO 100 H=1,HS

L.0020 XH=l=2

L.0021 ALPIiA=2, #XH+1,

L.0022 TACH) =ALPIA/XI/ 2.,

L.0023 ARG2=ALPHA*ARG1+PS|

L.0024 FACH)=SIH(ARG2) *SIN(ARG1)/ARG1
L.0025 ERR=ABS{SIH(ARG2)-FA(MN))
L.0026 EMAX=AMAX1( ERR, EMAX)

L.0027 100  CONTINUE .
L.0028 IFCIHD)103,103,101

L.0029 101  ENAX=0,

L.0030 IX5=TACNS)*100,+1.

L.0031 DO 102 IX=1,1XS -
L.0032 X=FLOAT(1X)/100. ' .
L.0033 TEST=TAB2(FA, TA,X,NS)

L.0034 DEV=ABS(SIN(2, *PI*X+PSI)-TEST)
L.0035 CHAX =AMAX1( ENAX, DEV)

L.0036 102  CONTIHNUE

L.0037 103  VEMAX=EMAX%100. -
L.0038 RETURN - A
L.0039 END-. - : -
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TABLE I-1l

COMPUTER PROGRAM TO FIND THE LARGEST, SMALLEST, AND DELTA
Emax OR emax as & VARIES FROM 0 TO 180 deg IN INCREMENTS OF
1 deg AND m VARIES FROM 170 25 IN INCREMENTS OF 0.5

- — ——
o001 DIMENSION TA{252),FA(252)
0002 ___ _ _____ __PI=3.1415926 S
0003 DO 906 ND=1,2
—-0004 IND=ND-1
0005 WRITE[6451)
o D006__ 1 FORMAT('1") _
00o7 IF{IND)902,902,503
... oans __ __902_WRITE(642) _ . _ o
0009 2 FORMAT(//15X"DATA POINT ERROR ANALYSIS®)
—_——h010_ __. 903 WRITE(6:3)
0011 3 FORMAT (/23X'LARGEST®13X* SMALLEST DELTA'/TX
. o 1'MI2X2(6XPSIMSX'ELMAX) 1Y, 4X E(MAX) )
0012 DO 906 IM=10,250,5
___.0013 _ XM=FLDAT{IM)/10.
0014 DO 99 I=1, 252
015 99 FA(I)=(2.*FLOAT{I-2)+1.0/XM/2.
0016 EMAQUT=0.
_ 0011 . EMIOUT=150._ _.
0018 DO 102 L= 10.100.10
0019 __ __ XP=0.001 _ _ e B
0020 DO 101 I=1.2
LQ02Y o _IXGCSXMEFLODAT(L)+XP
0022 IF{IXC-{IXC/10)%10)100,100,102
0023 _ 100 XP=XP+G.9 —
024 101 CONTINUE
.0025 ——e_.. .60 TO 103
0026 102 CONTINUE
...0027, . _..._103 NS=(IXC#25)/10
0028 ARGI=P I /XM
0029  __ ~ _D0 900 I=1,181 —_—— . e
0030 csi=1~-1
0031 ———e—eeo .. PSI=CSI*PI/180. -
0032 EMAX=0.
C033 . nD.104 N=1.NS
0034 ARG2=(2.,*FLOAT(N-2)+1.) *ARG1+PSI
0035_ o ___FA(N)=SIN{ARG2)*SIN{ARG]1) /ARGl
0036 ERR=ABS{SIN({ARG2)-FA{N))*100.
0037 o EMAX=AMAXL{ERR,+EMAX)
0038 ""104 CONTINUE
0039 vme—.. I1F(IND1107,107,105
0040 105 EMAX=0.
0041 __ __ . _ .. IXS=TAINS)*100.
0042 K=2
0043  _ DO 106 _IX=1,1XS —_—
0044 X=FLUAT{IX-1)/100.
_.0045 _ 701 DIF=X-TA(K)
on4s TIF(DIF) 703,703,702
0047 702 K=K+l
on48 GO TO 701
0049 _703 DEV=ABS{SIN{2.*P[%*X+PSI)=DIF*(FA(K)-FA[K-1))
17(TA{K)-TA{K~1))-FALK))*100, T
0050 EMAX=AMAX1(DEV,EMAX)
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TABLE I-l1 (Concluded)

106
107
890

801
802

CONT INUE
IFIEMACUT-EMAX)18C0,801,801
EMAJUT=EMAX

PSIL=CSI
IF(MAX-EMIOUT)8N2,9G0,90C
EMINUT=EMAX

PS1S=CSI

CONTINUE
DIFMA=EMADUT-EMIOUT
WRITE(6+4) XMyPSILEMAQUTPSIS,EMIOUT,DIFMA
FORMAT(6F10.2)

CONTINUE

sTae

END
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COMPUTER PROGRAM TO.COMPARE THEORETICAL AND ACTUAL

®mox or Eqmqx FOR SINUSOIDAL INPUT

s=-m-.-=g=:.--===;;qE;======================ﬁ=-==g-!?9===========;-
/J00 GO, TIEE=10
DINERSION DATAC292),FA(292),TA(292),Fi(140),TB(148),

Lt.0001
L.0002
L.Uv05
L.0004L
L.000O5
L.0006
L.0007
L.0008
Lt.u009
L.DO1O
L.Uull
L,0012
L.0013
L.001&
L.0015
L, UJ1O
L.v0l17
L.U018
L.0019
L.u020
L.u021
L.0022
L.0023
L.DO24
L.0025
L.0026
L.0027
Lt.o028
L.0G29
L.0050
L.0031
L.0032
L.0035
L. 0034
L.OUSH
L.0036
L.0037
L.OU38
L.0039
L.0240
L.0ULL
L.0052
L.00L3
L.00bLY
L,00L5
L.004G
t.uou7
Lt.0048
L.00%9
L.0050
t.0051
L.0U52

lov

101

132

106

1035
105
104
107

108

1R012), ENARCL2) ,ETihR(12)
READ(S,2) LI, 1Z2C,1UC,VU,JATA
FORMAT(3110,710,3/(1675.1))
WRITE(G, 2)

FORMNAT('1Y)

TAU=0,002
VET=TAU*FLOAT(1UC-1ZC)/VU
aF=FLOAT(1ZC)*TAU

VHAX=D.

Do 100 N=1,292

TA(H) =FLOAT(2+11-27)=TAU/ 2.,
FACH) =(DATA(HY=ZF)/VYRT

VHA =AHALL (VAKX L ADS(FA(N)))
NO 10w J=2,13

Xd=15-J

TAUJ=TAU*J

VKTJ=VRT*1J

TZCJ=2F*}{J
AMIJ=1)=0.05/TAUJ
ETHAR(J=-1)=VEiAX(A1{y-1),0,, 1HD)
EitR=U.

R=279/(15-d)+1

g 102 .L=1,K

DH=0,

LL=14+(15-J)*(L-2)
LUu=LL+1a=dJ

D0 101 1=LL,LU
DU=DII+DATA(CL)
FB(L)=(ON=TZCJ)/VKTJ
TO(L)=FLOAT(2*L-3)+TAUJ/ 2.
VV1=TAG2(FA, TA, TR(L),292)
ERR=ABARLI(ABS(YV1-FB{L)),ERR)
CuHT I NUT

IFCINDYI1IUG,105,106

£RR=0,

0o 103 1=1,1001
THIE=FLOAT(I-1)*0.0005
VV1=TAB2(FA,TA,TIE,292)
VW2=TAB2(FD, T3, THIE, )
ERR=AIAXL(ARS(VV1-VV2),ERR)
EHAX(J=-1)=ERR/VIHAKX*100,
CONTINUE

TFCIIIDYL107,107,1438
LRITE(G,5)

FORNATC(IOATDATA PUOINT ZHRIGR ANALYSIS')
WRITECG, &) CA{J), ENARC(Y), ETHAX(J),d=1,12)

FORNAT(2( 204 "ACTUAL" 2:{" THEORY "4X)/2( 15X "' X' E(11AXK) " 2X

1'E(HAXY 'UR)Y//72(1045F8.2,4X))
5TOP
i)
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TABLE l.Iv
COMPUTER PROGRAM TO, FIND e,xOR Eqx FOR A CONSTANT K AS 8
VARIES FROM 0.1 TO12.0 IN INCREMENTS OF 0.1

L.0001 /JOB GO

L.0002 DINENSTON, ERR(150),8(150) . —

L.0003 ¢C IND=0 CECHAX) FOR DATA PO1IIT)

L.nons ¢ IND=1 (E(i{AX) FOR LILEAR INTERPOLATION AT ANY POIKT)
L.00B5 DO 105 J=1,2

L. 0006 1ND=2-J

L. 0007 URITE(G,2)

L.0008 2. . FORMAT(!1') | e e e _ e o .
L.000Y9 1IF(INN)97,497,38

L.0010 87 IP=2101362752

L.0011 60 TO 99

L.0012 98 IP=1077952576
L.0013 89 NB=120

L.001L DO 105 1=1,4. ____ -

L.0015 XK=FLOAT(I1-1)/4.

L.0016 no 104 1n=1,HB - N
L.0017 BCIB)=FLOAT(IB)*0.1

L.0018 ERRCIB) =EHAXR(BCIB), XK, IND) -
L.0019 104 CONTILUE

L.0020 URITE(6,3) 1P, XK, (BCIR),ERRCIB),IB=1,HB). . e
L.0021 3 FURHAT(//' ERROR AhAlY 1S FOR BETA'AL' hITH K = 'F5.2
L.0022 1//6(uX"BETA  ECGHMAX)'4X)//6(2F8.2,4X)) .__ ~ .-
L.0023 105 CONTIHUE

L.0024 STOP -

L.0025 ERD

L.0026 . FUNCTION_EDAXR(BETA, XK, LD) .. - e

L.0027 DEMENSTIQN FII(23),TH(23)

L.0028 C IND=0 (E(NAX) FOR DATA POINT) . .

L.0029 C IND=1 (EC{IAX) FOR LINEAR INTERPOLATION AT ANY POIHT)
L.0030 RAMPF(T) =AM E1(1., MIAXI(T-XK,0,)/BETA)

L.0031 Fr(l)=0.0

L.0032 TH(1)==D.5. .. .._ -

L.0033 DO 100 J4=2,23

L.0034 TH(J) =TN(J=-1)+1%

L.0035 1040 Fh(J)=1.0

L.0036 TS1=XK+RETA -

L.0037 1S1=TS1

L.0038 - T82=151 e e ————

L.0039 152=151+1

L.00LO TS3=T52-XK -

L.0041 FH(2)=1.-XK-BETA/2.

L. 0042 tF(151-1)105,101,101

L.0043 101 FIH(2)=(1l.-XK)**2/BETA/ 2,

L.00WYL IF(151-2)104,102,.102.__

L.0045 102 no 1063 J=3,182

L.00o46 103 FHi(J) QANPF(TN(J))

L.00L7 104 FH(1S2+1)=TS3+1, -(BETA+TS S*%2/BETA) /2.,
L.0048 105 IFCIID) 106,106,107 .

L.00LY 106 FHl‘ABS(RAHPF(O 5)-Tr:.(2))

L.0050 . . __ FM2=ABS(RAMPE(TS2+0.5)=-F!(152+1))

L. 0051 GO TO 103

L.0052 107 EN1=ARSCTABZ(FN, TN, XK, 13)) _ . _ .. . -—
L.0053 FH2=ARS(TAR2(FN,TH,TS1,13)-1.)

L.0054 108 FHAXR=AINAXTC(ENL, E112) %100, . e
L.0N055 RETURN
_L,0056 END
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