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ABSTRACT

This research contribution describes a computer program (CNA Number
76-67) which determines the Discrete Fourier Transform of a set of data, using
a recently developed technique known as the Fast Fourier Transform. The re-
lation between Discrete Fourier Transforms and Fourier Series when the data
is periodic is also shown.
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in the derivations), which will usually entail some extra input and output operations
to keep the format in line with the format in the derivations.

Appendix A contains the definition of the Discrete Fourier Transform and
its relation to the Fourier Series. Appendix B is a description of the computer
program, which uses the FFT technique, along with its limitations and some
possible uses. Also included is a listing of the program itself, which is written
in FORTRAN II for the CDC 3400 computer. Appendix C gives an example of how
the program can be used and some numerical results.
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APPENDIX A

DEFINITIONS

01-1 t1:11 scrics x(k,.% k=(i . N-I, the iDiscretLe Eour~er Transform (P."n and its
in%,rsCare(1,fin, d .is [,)It(

N-1

Bn
4  Ix(k)exp (-2!4Sk) n=O,. I....-1 .

N-I

and xl k-=E j ( +1juk, K-0, I. N -1 0I 10

W here i I V

hln) wk~ill in general Nx conmplex when x is real. The similarityv iktween the DFT and the Fourier
Sc rics is evident when wve consider the exponential form of the Fourier Series:

C(n)=4TJ' XMtCxp (_ _T~) dt. all integer n, (2a)

And X(t)E C(nfrx.p (2,r nt, where x(t) is piccewise continuous and (2b)
n= -,, 7 periodic with period T.

Nowý if thle j1--we integral is approximated by its Riemann sum, C(n) becomes approx~.nately

N-I

C~n). L E x(kat)exp (-21rink) where T=N,%t. In other words we use N
N k=O N ).samples in the semi-open interval [0, T).

Bill th, sum on tine right is just 1100). so we have

Cl ni-'(n) (3i)

i hi, the~n is the relation between Fourier Series and Discrete Fourier Transforms when x(t) is
jiriotic. The ((n) tell us how much of x(t) can be attributed to sinusoids of "frequency"

irnd can he approximated by the DFT coefficients No(n). This becomes clearer when we realize
that in fact (reference (b))

il(n)=YE C(n'flN) ,n=O. 1. N-1. (4)

I Ih it il. 111 v the. ýllm of overlapped segments of C(n(. Figure A-1 showks this relationship
N T ?w,mn 1 NO and O'nt. In order to make 13(n) a better approximation to C(n) we must increase
!1n n,,nitxr of samples in the p.ý rind 1l.

Now if x(k) is real, C(n) wkill be an even function of n; that is. C(n)('C(-n). Equation (4) thk n
giN its snomc fit ritler informat ion about 11(n):
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m mn

-N 0 N

(a) C(n) (Fourier series coefficients)

II ! -

-N 0 N

(b) C(n+N) (One set of displaced fourier
series coefficients)

-N 0 N

(c) 2 C(.+jN)

(Sum of displaced coefficients)

0 N/2 N-1

(d) B(n) (DFT coefficients)

FIG. A-1: SHOWING HOW THE DFT COEFFICIENTS ARE RELATED TO THE
FOURIER SERIES COEFFICIENTS OF A TIME SERIES
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B(N-n)=y- C(-n+jN+N) = C(-n-+(J+I)N)

j=-,o J=-00

= F C(-n+-mN) with m=j+l

=Y C(n-mN) since C is even
M=-00

E C(n+kN) with k=-m
k= ac

= ( t(n+kN) since the order of summation is immaterial

B(N-n)=B(n) n=0, 1,... N-1 (5)

Thus B(n) is symmetrical about n=N/2 (see figure A-i). Care must be taken, therefore,
not to use B(n) as an approximation to C(n) when tiŽN/2.

-s -
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APPENDIX B

DESCRIPTION OF THP PROGRAM

Vhc c',r f in, !wroe-rjlam t, conmputt the DFT of a series is really quite compact. :ind m ,,
" x r, 's, a w I i' l steil do loops:

1, ) I (H) l

IX) I (lo k -) 2 -J-I

D() 100T1=1, 2n - 1-

IX) I00 t 11 I0 I

Iolt! Bin "-k - 2J I 2 ) -l .I(n-k 2J)¾-t)IB- n-k• 2J+2J-l)ex [ -27! n(s l-j)]

whrrc \ý2s' data points are used. *

Al\ advantage of the program not mentioned in the body of the text is that the c( efficients can ii-o the
same storage as the original data. since the program exchanges pairs of values (m=0. I in the alt ,ve
lformulation) ifter appropriately weighting them. An important programming consideration, howeve fr.

is that all arrays must be in complex notations to effect this space-saving, so real time series must
be converted to a complex format before being used.

The program allows up to 1024=2l0 data points. To store up to 215 poirts, the user need
nlv, redimension the arrays to set aside that much storage. If still more data is used. then
omplicated changes must be made to the subroutine written in COMPASS.

ile•. ustr may also call for the inverse transform to get back a time series from a stI of co-
tfi:C rnits by calling thi subroutine INVERSE. At any time after c-iling the subroutine, for the

Ir osform tor inverse transform, the results are stored (in complex form) in the original data
I, i run. iv,ulable to the user for printout or manipulation.

A,; a final feature, the user may call subroutines to smooth the coefficients. The reason for
wanting to smooth the DFT coefficients is that our data extends only over a finite time interval;
thu: howýever. usually only represents the portion of the process we have chosen to record. and in
f Ct lht, procss will often be infinite in duration. Using only that data we hav- recorded is erqu". -
.dent to clipping the actual process at arbitrary end points in time. In the frequency domain !hIs
dhi-trts the frequency components (DF1 coefficients) from what they would be if we were to cwuosuer
lhu proc-s ýis having infinite duration in time. To reduce this distortion, the data poinus can Ix,
snmoothtrd so that the' clipping is not so pronounced. The drawback. however, is that some if tilt
ýtatistical \alt, of the data is lost, since smoothing distorts the data in the time donain. flin-.
it Is Wise tio look at both the unsmoothed coefficients as w-ll as the smoothed coefficients in any
practical problem. In the program described in this paper. the smoothed results may either be
sinmply printed out (('ALL SMOOTHI) or placed in the data cells (CALL SMOOT 0).

"i!i, progiatti i- vailable in the. f•rm of sutbroutines assembled in a binary de-ck. It is the
t ,ii oi otf uh ir O fluot the datta and to make his own printouts.

"Iullati- of• •. i'I' CDC 340) ctOputlr is that tile indkex on the array B must run fromn I to N
it it.l ,.f fro:t (I to ,-I, 'I herefore, in tile actual program, B(j) is lfie DFT coetfficient if

i- t Itj-J.NA iltstead of j/N.a t.

-7-
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SUMMARY OF AVAILABLE SUBROUTINES

B(n). n=l. N is assumed to be a complex array with N=2M elements.

XFORM(M. B) computes the 2M DFT coefficients of the series B(1), B(2). B(N) and stores
these coefficients in the array B, replacing the original series.

INVERSE(M. B) computes the 2M inverse DFT coefficients of the series Bi. B(2). B(N) and
stores these coefficient, in the array B. replacing the original series.

SMOOT1I(M,. ) smooths the 2M DFT coefficients located in the array B. replacing the elements of
B with these smoothed coefficients.

SMOUTI(M. B)smooths the 2M DFT coefficients located in the array I ind prints the smoothed
coefficients. The original coefficients are left undisturbed.
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SUHROUTINE Se4OOTN(K*61
TYPE COM4PLEX do REG9 XONE. XTWfl
DIMENSION 9(102,*)

XTWOu.25.(-8(2).2.e8(c).HcKPOWfl
KPOwMuKPOw-2
On 5 Ju1.KPOWM
XONtuxTwO

A(IJ) uXUNE
'~CONTINUE

£0 NEuXETU
XTWOE.25'(-R(KPiJW.I e?.@R(KPOW)-HEG)
M (KPOw-l 2 XONE
H4(KPOw) uATWO
WFTURN
END)

SlIiHEO'TINE SMOOTHI (Koia)
TYPE COMPLEX go B5
OIMENSION 8(1024)
PRINT 1'4%
PRINT 200
KPOW82464K

A'4LRCA95 (85)
JL131"
AFLmI.
P'4INT 201. JLt AFLs AHL9 BS
((POWMUKPO4- 1
Of) 30 J102. (POW'4
JL8J-I

AFLaCAIBS (1MS
AFLmAEL/AHL
PRINT 2019 JLe AFL* AFL.* 85

3nl CnN T t01UE
H'45. 250(-H(I(PU.M).2.'8(KPOme2-RI(1 2
AFLKCAHS (64SI
AFLzAEL/A14L
PWI4(T ?019 ((PO014. AFLo AEL.. 8S

199 FORMAT (1Im.* SmiOOTt4Ef FOURIER COJEFFICIENTS*9///90 REAL COEF a
1*QEAL P'ANT OF CtJEF*9/9* N'AG COEF a IMAG PART OF COEF*./.
?4, £14 VALUE a A"iS VAL1IE OF COEFo/s AOJ COEF a A£85 VAL.UE
3fn1V10E0 14Y £95 VALUF OF COEF AT ZERO**/'/)

20() FOM (1A94lFRE~f#3Xv*AOJ COEF*,3,Ao*AB VALWE*93X9
I *NEAL COEF~o.3E4oIMhG COEF*..')

Z01 FnR'RAT (11,I4,iA.F$.5,3XE9.3.3XC(E9.2,E12.2)1
HFYU'4N
ENO)
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NC
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A\N EKXAMPLE

III ori~r to show ho%% III III ogram works. We shall computeh Iw )ts. rete Fourier 'Vrati~ormi of
t)=stt( 

2
T f0)ýsitt( 2w 41.

N'=64 data po~itt-.

I louanr ýSeriesý iLfrepreoetotton of this function is a pair of spikes at n=+l h and ri=- Ib ftorrc~p ,wii:'

'I sIll.I" of fre~que~nLy I T -L * Sampling x every .II~I seconds gives

x(ll)=sinl2 ifn/4).

Fhe mtodilus of each of the IWT coefficients of x(n) is plotted in the accompanying graph. N.ie tieat
Ilore is Indeed a peAk ar n= 10. hut as wi rned in appendix A, there is also a peak X~ n=64-10--48l.
Iii .IIIthws that we can onily its,- thle first N/2 coefficients when trying to detect periodicii ius. Vilien
,i-ig tile DFT as a troistorni ini its own right, ý'is restriction does not nececssarily hold.

PkaIAqI TEST

AWAI~h A -utST HE IN COPPLEX *Dsim' FOR USE IN bimO~JTlP XFUNM
1j55 J:I# ()4

W ( J)Z:(*J.1)0*j1.

C Nz't, zIPUt 2-96964
rA. FC-0"(6,A)

G A~rAv A \'C- CON~TAINS YHE DVt Col-FIICIENTS

r, -7C'PLYC £A.D PLUT THE~ AtISAjUTI VALuE Or TiwF OIFT ~ llN

-AL6. P'LCT~ X,i,64. -16.$I~HlVL,5, 12kCO~rrICIENTS.12.
2-07.I t4CFFJIN~~)O
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Rvfc renc-s: (a) Coch I- ~in A al. . "W I at i-, I I- ["as t I-ou r io A r i ii.form Ii Ei E~ I.ro( vei dIirgs
pl loo4-jo i? , Oct 19b7

(h) Cooky. Lcwis . a rd WLcICl, "Applicationr of Ili( dl- uI Fu rjr irarisforin to
Cimiptitairon(iof Fourier Integrals, Fourivr Scrrus, mcld 1onvolul ion Integ~rals,
IFTE ran. iii I ions oil Audw and EIclctroacutisr IL. . lii. 79-84. .!ir 1967
III I~igilrrn and \1 .rrow,' "The Past Fourier- I rnn,-forii, i~i Spkctrum, pp. h3-70,

N-t-, ['hi]uflL'1)b7iS U-4 011i 11" F- I ' rrjrs.,ction on ,tui 111iitl-.(1 t tc)In otlýICSi
appli cationls of n h, I t-, I ourkiTr rans7fornu indj I.: r t. iein rran~f-ornn.
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