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ABSTRACT

This research contribution describes a computer program (CNA Number
76-67) which determines the Discrete Fourier Transform of a set of data, using
a recently developed technique known as the Fast Fourier Transform. The re-
lation between Discrete Fourier Transforms and Fourier Series whenthe data
is periodic is also shown.
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in the derivations), which will usually entail some extra input and output operations
to keep the format in linc with the format in the derivations.

Appendix A contains the definition of the Discrete Fourier Transform and
its relation to the Fourier Series. Appendix B is a description of the computer
program, which uses the FFT technique, along with its limitations and some
possible uses. Also included is a listing of the program itself, which is written
in FORTRAN II for the CDC 3400 computcr. Appendix C gives an example of how
the program can be used and some numerical results.
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APPENDIX A
DEFINTTIONS

Given a time series xtka ). k=0, ..., N-1, the Discrete Fourier Transform (1771 and its
v rse are defined as tollew s,

N1
Bt L xtoxp (ZEE)  p=0. 1. ..., N-l (1
N k=0 N
N-1
-
and (= 2 Bmexp (Z20EK), K=0. 1, .... N-I (1h)
n=t) o

where 1= V-1

Btn) witl in general be complex when x is real. The similarity between the DFT and the Fourier
Series is evident when we consider the exponential form of the Fouricer Series:

(‘,(n)=%jj K(Uexp (i’%‘ﬂ) dt, all integer n, (2a)
0
n=e
o
and x(t)= 2 Cln)exp (t_lw‘_m_t) where x(t) is piecewise continuous and (2b)
n=-a. periodic with period T.

Now if the above integral is approximated by its Riemann sum, C(n) becomes approximately
N-1
(t(nbéé: P x(kat)exp <——z,,\n—"k) where T=Nat, In other words we use N
k=0 : samples in the semi-open interval [0. T).
But the- sum on the right is just B(n). so we have
Ctm=Bin) 3)

i hi~ then is the relation between Fourier Series and Discrete Fourier Transforms when x(t) is
periodic,  The Cin) tell us how much of x(t) can be attributed to sinusoids of "frequency

A

and can be approximated by the DFT cocfficients B(n).

This becomes clearer when we realize
that in fact (reference ()

o
Biny= & CnN) n=0. 1, .... N-I. (4
JE

That is. B e the sum of overlapped segments of C(n).  Figurce A-1 shows this relationship
Setween Bend and Ceni, Inorder to make B(n) a better approximation to C(n) we must increase
the number of samples in the period T,

Now if x(k) s real, C(n) will be an even function of n; that is. C(n)=C(-n).

Equation (4) then
Knves ns some further information about B(n):

-3-




J..ulll,““l.m

] = n
-N N
(a) C(n) (Fourier series coefficients)
11 l J_U 1Ll : . - n
-N 0 N
(b) C(n+N) (One set of displaced fourier
series cosfficients)
(c) _Z Cln+iN)
j=—o
(Sum of displaced coefficients)
(d) B(n) (DFT coefficients)

FIG. A-1: SHOWING HOW THE DFT COEFFICIENTS ARE RELATED TO THE
FOURIER SERIES COEFFICIENTS OF A TIME SERIES
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BN-n)=3 C(~-n+jN+N) = 2 C(-nHj+DN)
j=-e J=-w0
[ -]
= 2 C(-n+mN) with m=j+]
m=-w
o
= >_. C(n-mN) since C is cven
m=-
- o0
= 2 C(n#kN)  with k=-m
k=0
]
= Z C(n+kN) since the order of summation is immaterial
k=-o
(5)

B(N-n)=B(n) n=0, 1, ..., N-1
Thus B(n) is symmetrical about n=N/2 (sec figure A-1). Care must be taken, therefore,

not to use B(n) as an approximation to C(n) when h=>N/2.
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APPENDIX B
DESCRIPTION OF THF PROGRAM
The core of the program to compute the DFT of a ... series is really quite compact. and cane
e oxprossed ac o o nested do loops:

Lyrong b,os

DO o k-0 2T
DO 100 n=, 271 <}
DO 100 =0, |

108 Btn ke 2V ane 27N ke 241D PRk 29428 Hexp

27 . .
— n(stl-j)

where =27 data points are used. *

An advantage of the program not mentjoned in the body of the text is that the cc efficients can nse the
same storage as the original data, since the program exchanges pairs of values (m=0, 1 in the above
formulation) sfter appropriately weighting them.  An important programming consideration, however.
is that all arrays must be in complex notations to cffect this space-saving, so real time series must
be converted to a complex format before being used

The program allows up to 1024=210 gara points. To store up to 215 points. the user need
only redimension the arrays to set aside that much storage.  If still more data is used. then
«omplicated changes must be made to the subroutine written in COMPASS,

e user may also call for the inverse transform to get back a time series from a .t of co-
(tficients by calling the subroutine INVERSE. At any time after cailing the subroutines for the
trinsform or inverse transform. the results are stored (in complex form) in the original data
Tocations. avatlable to the user for printout or manipulation.

As a final feature, the user may call subroutines ro smooth the coefficients. The reason for
wanting to smooth the DFT cocfficients is that our data extends only over a finite time interval;
thi=  however. usually only represents the portion of the process we have chosen to record. and in
f1ct. the process will often be infinite in duration. Using only that data we hav. recorded is cquiv-
alent ro clipping the actual process at arbitrary cnd points in time. In the frequency domain this
distorts the frequency components (DFT cocefficients) from what they would be if we were to consider
the process as having infinite duration in time. To reduce this distortion, the data points can be
smoothed so that the clipping is not so pronounced.  The drawback. however, is that some of the
~tatistical value of the data is lost, since smoothing distorts the data in the tin:e domain.  Thus.
it 15 wise to look at both the unsmoothed cocefficients as well as the smoothed cocfficients 1n any
practical problem. In the program described in this paper. the smoothed results may cither be
simply printed out (CALL SMOOTHI) or placed in the data cells (CALL SMOOTI)).

The program i- wvailable in the form of subroutines assembled in a binary deck. It s the
votion of the user to plat the data and to make his own printouts.

T Limatation of the CNC 3400 computer is that the index on the array B must run from 1 to N
1 dead of from 0to M-1, “Therefore, an the acmal program, B(j) is the DFT cocfficient of
togueacy (=1'N A Uinstead of )/Nat

7-




SUMMARY OF AVAILABLE SUBROUTINES

B(n). n=1, ..., N is assumed to bc a complex array with N=2M clements.

XFORM(M. B) computes the 2M DFT cocfficients of the series B(1), B(2). ..., B(N) and stores
these cocfficicnts in the array B, replacing the original scrics.

INVERSE(M. B) computes the 2M inverse DFT coefficients of the series B(1), B(2), ..., B(N) and
stores these coefficients in the array B, replacing the original serics.

SMOOTH(M, B) smooths the 2M DFT cocfficients located in the array B. replacing the clements of
B with these =moothed cocfficients.

SMOQTHI(M. B)smooths the ZM DFT cocificients located in the array B and prints the smoothed
coefficients. The original coefficients are left undisturbed.
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SUHROUTINE SMOUTH(KeB)
TYPE COMPLEX 89 REGe XONE. XTw0
DIMENSION W(102e)
KPOwa2ewy
HEGeH (1)
ATWOB 250 (=B (2)¢2,08 (") el (KPOW))
KPOwMaKkPw=2
00 5 JUm)eXKPOWM
XONESATwO
ATWOB,25% (aR(J) 02, ,9B (el )=R(Je2))
R{J)SXUNE
& CONTINUE
KONE=XTwO
XTWOS,25® (=B (KPUWe]) ¢?,4B (KPOW) =HEG)
B (KPOw=1)aXONE
H{KPOw)=XTwO
HF TURN
END

SUHKOUTINE SMOOTHY (KenH)
TYPE COMPLEX By B8S
DIMENSION R(1026)
PRINT 199
PRINT 200
KPDWn2eeK
REB o258 (=R (2)¢2.,®R(])=R(KPOW))
ARL=CaBS(BS)
JLso
AfFLs1,
PRINT 201e JLs AFLe ARLe BS
KPOwMEXPQw=1]
NO 30 Jw2e KPOWA
JLey=]
HEZ 290 (=R (JL)*2.%R(JV=R(Je]))
AEL3CABS (BS)
AFL=AEL/ARL
PRINT 2019 JLe AFLe AFL+ 8S
3n CONTINUE
HSE (250 (=B (KPUNM)2,9R (KPDW)=R({]})
AELECARS (US)
AFLzAEL/ZABL
PRINT 201e KPOw+, AFLs AEL s BS
199 FNRMAT (1mle® SMOOTHED FOURIER COEFFICIENTS®e///9® REAL COEF = @
1*REAL PART OF CUEF®e/¢® IMAG COEF = ImMaG PART OF COEF®¢/»
2% AHS VALUE ® AnS VALUE QOF COEF®y/4® ADJ COEF & ARS valLUE *®
3eNIVINED RY ARS VALUF OF COEF AT ZER0®e//)
200 FORMAT (1Xs®FREVS,IN9®AD) COEF®9IX9®ARS VALUE®sIN,
1 SHEAL COEF®¢3X,2IMAG COEF®y/)
201 FORMAT (1X9ola93XAsFBe85eIN1EDeIeINsC(EFe20E)2:2))
RETURN
END
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APPENDIX C
AN I XAMPLE

In vrder to show how the program works. we shall compuate the Discrete Fourter Transtorm of
MU=sINE2w f=sin(2mw e H.

[
N=04 data poines
T=64
<o zt= 1

w Fourier Series representation of this function is a pair of spikes at n=+16 and n=-16, corresponding

. ( - : .
to g sime wave of frequency = '—ll' = (’T; = -} Sampling x cvery at=1 scconds gives

x(m=sin(2wn/4).

The modulus of cach of the DFT cocfficients of x(n) is plotted in the accompanying graph. Note tha
there is indecd a peak at n=16. but as warned in appendix A. there is also a peak at n=64-16=:44.
Ihix shows that we can only nse the first N/2 coefficients when trying to detect periodicities, When
w~mng the DET as o transform in its own right, *his restriction does not necessarity hold,

PRIGIAM TeST
TYyPe COMIPLEX 4, CHMPLX
nlvevsiON A(100), o(100), x(160)

4

. ANKAY A YUST KE IN COMPLEX »OWM FOR USE IN SLHROJUTINE XFURM
Ny 53 J=l. 64
P(J)s(Jel)ey,

50 A( )SCMP_X(SINF(2,03,141592065e( el1)/4,),",)

é Azm, 3IANCE 2ee0bz04
TAL. AFCIM6,4)

# AkSAY A \Cw CONTAINS TrHE DFT CORFFICIENTS

C

bk COvPLTe aMD PLOUT Ttk AwSuluTe VALUE OF TwF DFT ZOrrE JUIENTS
T4y Jzl.b64
£V R(LYECARDUA(YY)
“AL. PLOTTERIX,3,64,-16,5MI0NDEX,5,124COEFFICIENTS, 12,
1 27=73Urle~ COEFFICIENTS,20.,0)
£

el )=
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-15=
(LEV ERSE FLANN)




~ T lal 11
Sl
DOCUMENT CONTROL DATA-R&D 5
. ' h fot g b andd ode sy o tats o it b entered whien e aveet] ¥ ‘ o - . '
AL e e e R I 2T R PN v i A
Operations Evaluation Group, Center for Naval Analyses None
of the University of Rochester T -
None S

[

c.o"iputer Calculation of Discrete Fourier Transforms using the Fast Fourier Translori s

o NCTES Tupe of cenort lndu heave Lates)

‘{Cscarth Contrlbutmn = 5 June 1968

et e Lm0 0l v el 1.7 am

W]l\()n, J.C.

. YT oAy ra, TOT AL NO OF AGES Th. NO O¢ it
5 _lunc 1968 14 3

[~ Tl T CHR GHRANT SO a8, DRIGINATOR'S RESOR ! NUMEAE k. S) T T

N000O14-68-A-0091 ]
1 Operations Evaluation Group
Pk, T ND . .
————— Research Contribution No. 81
9P, OTHEFR REPORT NOISI rAnv ather num! er tmat o, . P
..... this report)
None

TOAYRIRLL T O STATEMENTY

Distribution of this document is unlimited,

12 SPONSOMING MIL TAKNY &~ "1 T
None Office of Naval Research
: Department of the Navy
Washington, D,C, 20350

B L b Raf R AR YT

- = 9

This research contribution describes a computer program (CNA Number 76-67) whicli
determines the Discrete Fourier Transform of a set of data, using a recently developed
technique known as the Fast Fourier Transform. The relation between Discrete Fourier
Transforms and Fourier Series when the data is periodic is also shown,

DD '0'"'1473 (PAGE 1) None -

N 10 R07. 0801 Secunsty Classification




None
Secunity Classification

‘e

REY WORDS

LiINE ¢

wT

FOLE

e

Fast Fourier Transform
Discrete Fourier Transform
Fourier Series

Fourier Transform
Periodicities

DD

A

" 1473 tn

-

Non

Security Clnssm-( nl;«.n




