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FORSWORD 

Concern regarding the response of various structures to short 
pulses generated several questions as to the maximum deflection and 
the pulse duration at which pulse shape becomes important« In order 
to pain some knowledge of these problems analytical solutions were 
made for several cases without damping. Later, analog computer 
solutions, including damping were made. 
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SUMMARY 

The ratio of maximum deflection of a one degree of freedom 
system to the static deflection (corresponding to the peak fore«) 
is approximately independent of pulse shape (within ±$%)  for effective 
pulse durations (impulse/peak force) less than about 201» of the free 
natural period of the system. The above deflection ratio equals 
unity when the effective pulse duration is about 17 to lW of tha 
free natural period of the system for an undamped isystem. For 
damped systems the duration for unity deflection r/itio is somewhat 
greater« 
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THE PROBLEM 

The deflection of an undamped one-decree-of-freedom system 
subjected to various types of transient forces has been calculated» 
Of particular interest was the maximum deflection and the way in which 
this maximum varies with the duration of applied transient force* 

It is well known that, for short enough pulses,the motion is 
more a function of impulse rather than peak force and, in this case, 
the shape of the force-time pulse is of no consequence« ?he area of 
the force-time pulse determines the impulse and resulting motion« 

As the pulse length increases, the shape of the pulse becomes 
important« There are four questions which cone to mind and which are 
at least partly answered by the results in this memorandum« 

1. At what pulse duration should shape be considered important? 

2« At what pulse duration does the maximum deflection produced 
by the transient just equal the static deflection corres- 
ponding to the peak force? 

3« What maximum deflections are obtained with various pulse 
shapes and durations? 

b« What is the effect of damping on the foregoing questions? 
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ANALYTICAL SOLUTIONS 

The body considered is shown in Figure 1 where m ■ mass, 
k • spring rate (assumed constant), F - force and x ■ displacement. 
Gravity is neglected. 

For a limited number of relatively simple cases analytical 
solutions were obtained without the effects of damping. 

Method of Solution 

The system equation is 

mit ♦ kx ♦ F • 0 

and the solution from reference 1 is 

dx « 2*£ sin p(ti-t) p -   Jjil,     q - JL 
p I  m ' m 

where dx is the incremental displacement at time t\  resulting from 
an impulse qdt at time, t, and p » 2*rr/c where T  is the free natural 
period, (see Figure 2). 

If one writes the static deflection corresponding to the peak 
force, ?p, * 

the solution becomes, 

* "(f Tn    aU 9- (tl"t} )dt 

which can be directly integrated after substitution of a particular 
function for F/Fp which defines the pulse shape. 

J 
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Where t^ is within the pulse period, the integration is between 
0 and tji otherwise, the integration is from 0 to tp, i.e., the 
pulse duration. 

Pulses Considered 

Two pulse shapes were considered! rectangular and triangular, 
p^ shown in Figure 3. These show q • F/m as a function of t/r where 
the peak in each case is % • Fp/m. 

Various durations are shown in Figure 3 for which solutions 
were obtained« 

Results 

The solutions are given below for x/»s, and the results are 
shown on Figures h and $% 

Rectangular Pulse (tp/t   - 1/8)(Figure U) 

2L.rjT.in   21\£-(l4?)co8    211 A] , 
x8      |_~ X. ?' Tj ti>tp 

Rectangular Pulse (tp/r   • l/h)(FigureIi3) 

-£-. [.in 27r£ - co. 27T^]tl>tp 

Rectangular Puls.'(tp/r " l/2)(Figur. ItC) 

£..[l-co.2*£]tl<tp 

Xg - U2 cos 2 77 Ü 
L T   J tl > tp 

Rectangular Pulse (tp/f l)(Figure liD) 

4 • [l - co. „I] 

5?"  [°ll>»l. 

tKtp 

L ■. 
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tl*tp 

Triangular 5*ulit (tp/c - 1/2) (Figure 5A) 

£..[^a).oo.27r^^.in27r^| 

Triangular Pulse (tp/c • 1) (Figure 5B) 

Triangular Pulse (tp/c • 2) (Figure 5C) 

ti^tp 

*-[H»- cos 2n& 
T •* 

sin 271 
tl<tp 

This completes the analytical solutions which were calculated. 

MaxJMur. Deflection 

If one selects the maximum values of x for any tine at a given 
value of tp/r and pulse shape, a plot can be made of *imrjx8 versus 
tp/r . 

This has been done; the result is shown on Figure 6 for the 
positive deflection and Figure 7 for the negative deflection. 

Values of *wuJ*s versus tp/-r were obtained from Reference 2 
for three other pulse shapes shown in Figure 8. In the nomenclature 
of this memo the results of Reference 2 are as followst 

Triangular whip 

XJNU 

*6 

•   2(1 - cos 77 tp/r ) I For t«>0.5 eee 
I tp '    '  \ ">£ Reference 2. 

Figure k 

 j 
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Sin« Whip 

\r£ cos V   |P For T& > °»5 ••• Figur« 6 
—. m —I JL of Reference 2. 
*S . /tn\Z 

- k(W' 
|?<0o5 

Shifted Cosine Whip 

,   ein "7T tp/C For £p > 0.5 see Figure 8 
x _(*p)' °f R&erence 2. 

£<o.5 
These results are also plotted on Figure 6. 

Solutions for xnBX/x9  for rectangular pulses and for the shifted 
cosine pulse were also available fröre Reference 3 and agreed quite 
well with the results described above for these cases« 

If one defines an effective pulse length 

tpe -  Impulse 
*^  Peak force 

then tpe equals tp for rectangular pulse's, 0.5 tp for triangular or 
shifted cosine pulses and 0.637 tp for sine pulses* 

The values of the maximum deflection in terms of the effective 
pulse duration to free natural period ratio are shown on Figure 9. 
Notice that for the tpe/T <v,.2 the pulse shape effect on deflection 
is less than ±$%  of the mean value. For values of tpe/r>0„2 the 
pulse shape becomes important« 

Conclusions from Analytical Solutions 

1« The deflection of an undamped bo<$r is very little affected (t$% 
approximately) by pulse shape for effective pulse durations less 
than about 0,2 of the free natural periodj the deflection is 
governed mainly by the impulse« 

2« For rectangular pulses the maximum deflection of an undamped bocfcr 
just equals the static deflection (peak force) if the pulse 
duration equals 0.167 of the Tree natural period. For triangular 
pulses the corresponding ratio is 0.35. For the pulses considered, 
the maximum deflection equals the static deflection when the ef- 
fective pulse duration equals (o.17 to 0.18 )x. 

 j 
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3. The nftxUran deflection to static deflection ratio of an undmped 
body for any pulse length has the following valuesi 

►oo 

L 

a. Rectangular pulse     2.0 
b. Triangular pulse   -^2.0 as tp/c 
e. Triangular whip      1.53 
d. Sine whip 1.77 
e. Shifted cosine whip   1.70 

For non-abrupt, finite pulses (3c, d and e above) with tp < "CT/3 
or tp > 3T the «axiaura deflection to static deflection ratio 
does not exceed 1*20. 
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ANALOG COMPUTER SOLUTIONS 

Method of Solution 

In order to obtain knowledge of the effects of damping on the 
maximum deflection a series of solutions were made on the analog 
computer using the well-known loop having two integrators and two 
arbitrary constants, namely, spring constant and damping factor. 

The value of the damping factors used were as follows) 09 0,03* 
0,1, 0*3 and 1.0 where the numbers refer to the fraction of critical 
damping. 

Pulses Considered 

The pulses considered were the rectangular pulse» triangular 
pulse, triangular whip, sine whip and a triangular ramp (linear 
rise followed by an abrupt drop to aero). These names have no special 
significance other than to distinguish the various cases in the dis- 
cussion. 

Results 

The results of the analog computer solutions are shown on Figures 
10 through Ik*    In each case, the pulse actually used is shown 
(at twice amplitude for clarity). In each case, the pulse was set 
and solutions were made for the various values of damping factor. 

The peak values of the normalised deflection, «naxAs» were read 
from the*e curves and are listed in Table 1. The peak values are 
also plotted on Figures 1$ through 18 as a function of effective 
pulse duration as previously defined. Each figure is for a particular 
value of damping factor and shows the results for the various pulse 
shapes« Th-* results for a damping factor of 0.03 were not plotted 
because they were virtually identical to those for sero damping. The 
differences may be obtained from Table I. 

There were several opportunities to check the analog results 
against the analytical results.  In seven such checks, the values 
of xmax/xe agreed within 1% on the average, the worst case (for a 
short pulse) being kt.    This probably could have been improved by 
slowing down the problem, but this was not considered important 
enough to warrant the effort. 

Conclusions from Analog Computer Solutions 

1. The maximum deflection of a body with or without damping is very 
little affected (tS%  approximately) by pulse shape for effective 

rnPM »jn • m'/.i 
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* 

pulse duration« leas than about 0.2 of the free natural period; 
the deflection is governed mainly by the impulse. 

2. The effective pulse duration at which the maximum deflection 
just equals the static deflection Spends on the pulse shape and 
damping factor, the variation with pulse shape increasing vith 
increasing damping factor. 

3. The maximum deflection is reduced by damping. 

FORM NO A-702-1 
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Figure 3 - Pulses Considered for Analysis 
(peak q ■ Qp • Fp/ra in all cases) 



/ 

CONVAIR ASTRONAUTICS 
*EP0HT_ 

PACE 

Al-6(M)i2$ 

11 

Figure U 
Response to Rectangular Pulses of Various Periods 

PREPARED BY DATE      CHECKED 8Y OATE      REVISED BY DATE 

FORM NO A11G7 1 



CONVAIR I ASTRONAUTICS 

REP0«T_Ag-6O-O12? 

12 
PA6L 

FORM NO. Al 107-1 



CONVAIR ASTRONAUTICS 

REPORT   JB-6Q-012S 

mt. L3  
fl\ 

FORM NO A70M 



CONVAIR ASTRONAUTICS 

»itfiS-60-0125 

it 
lt\ 

PAGE- 

FORM NO. A707 1 



CONVAIR ASTRONAUTICS 

KMT   AB-60-0125 

1\ 
Figure 8 

Pulse Shapes (Whips) Used in Reference 2 

0.1 < tp£< 5 

q/qp 

-tA 
Triangular 

o.2<tp£<5       oa<tp£<5 

q/qp* ,q/qp 

LtAr 
Sine 

JA 
shifted cosine 
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"~" " Figure ? 
Maxümm to Static Deflecticn Ratio for Various Pulse Shapes 

and Effective Durations (based on Impulse) 
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Maximum to Static Deflection Ratio versus Effective 
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Maxiiram to Static Deflection Rati 

EffectiTe Pulse Duration - Daraoin* Fa 
a Versus 
ctor -0.1                                      1 

i .. j 
i •r: ■I—*•■ 

[■•': ;;;|::: 
. .:   I . .    .1 

i i '  ' • ■ 
:: 

.   ! :  I:;  : 
■ 

■:: r ■    1 - ...j.. i :.j 
1 l        1 • ■  i : i 

1 
• ■ '!•: • 

. . j. 
t '  • 

•'    ■ 

. i. 

■ i '! -.! 
_; •   1 ■ ■_ 

!      1 . .: I ■ :i|:i |:   • 1;    •!:    : :.:j\ : ::h 
.  : 
■ ■ 

'■'. : 

!! 
■ I 

;.""■'   " 

■ 

• 

t 

:..: :    . • 
....    .    . 

• i ■ 
r - • 

— 

1           1 

__i_J 
M i .   1 :m • :: : 

■-.-!■ . .     .... 
■    ■ 

.   .1 
( 
i ■ ■   \ 

■ 

l-r- 
:r ' ; 

j.. 
■  \- 

Mr 
•       1 

t   • 

■'-■{"' -1 
■ .| : : 

• i 'llM  • • i ■ ... - !"  I '   ■     i > ;-   . i i ■ r i • ' n~< ':H 
■ ■ " 1      1 

! 
r' !:! • : .__4  

■j:; *-'V ::.  :]■: ■,[. 

ii-f; :.;:|:- 
• 

L   .   |   .   . 

' |   : 

*  1 !   j 
I     'J 

1 y 
V.TV. ,   *. i:: : 

' i * 
......  . w |::. t' : •t:i 

b* "' r*ii »- ■ 

;::;|.: p- :' : :r: ;:* : "' l 
.. . i. 

j 

':"'. ::*l 
:::;}:: i. 

...     f . . 
..   .   . 

! 

i : ■ 

I       I 

t    -1 
1 '   1 

■■■]■■■• —— 
■ ■ 

':i 
;•;-. .. . 

"  i 
"** .-». 

L    i': 
. .. • 

V ■     ■ 

■■ 

t 

1 

■ j 

-4-J 
* 

::  ': ! i 
-J i—.— 

■ i: 
... i. 

_i .1  
I" 

i i 
'.'.  . 

\ { n IIMJ 

:: ] V ' 'it 

Engi IXÄ1 in ILUH I'. 

— 
■      1  • 

■ * •«   —-— 

\ 
:r : 

t 

■— 

::H *4* igu. ̂ *r Pu^ W 1 
■ 

'.': l 
:: \j 

E: . 

L+x. .;TW 
}Am ili1 *K * ;' iiilJ 

;•::   . :j :: : ::'; 
• - 1 r 

A 
it xm TOT f 

Tim 
h :'  : 

• ♦ • ; 7 fl TJ 'lux lH*r IJU" Ttati *{ 
— — 

'"■l   ] 

■/ *■ 
'.: : :.  : 

:' / if: '    1 

V' :; :: t v< :i t: J :;tJ f; J [■ ♦« h 0 ■ ■ 

■ 
[:: 

\: :: : \\ ' *! ;i:ti=;; 
'.', " • ■ 1i ::::|-:: 

'A ±4 '* 
'*« tii •■ i lila >•> iin itic 

■ 

— -~ „._ T:— ;—   
I, .4., i. . 

& »few 4 Vm M 
•••?_■ ■ : 

[l:  : .. . ..  . 
::  ; 

-~ 
:.| .  ' ' : 

[:; i ;! ; 1 !    : 

'   HEPMED It                                                 DATE        1    CHECKED BY                                                   DATl        1    DEVISED IY                                                     DATE      ! 

FORM NO. A70M 



CONVAIR   j ASTRONAUTICS 
PW..AE-60-Ol2g 

2U PAGL 

FORM NO. A707-1 



mmiU-fo-OMt 

CONVAIR U ASTRONAUTICS 

FORM NO. A707-1 



CONVAIR I ASTRONAUTICS 

KMUT AE-60-Q125 
MK_?6  

n 

JV. 

Table I 
Vtluts of BMX from Analog Computer Solution« 

*e 

Pulst   Daaping 
Shape   Factor 

W 

0 

.03 

.1 

.3 

1.0 

0 

.03 

.1 

.3 

1.0 

0' 

.03 

.1 

.3 

i.o 

.125 

♦.80 
-.81 
♦.77 
-.71 
♦.70 
-.52 
♦.5U 
-.21 
♦.29 
- 0 

>*L 

♦l.UU 
-l.UU 
♦1.37 
-1.26 
♦1.2U 
- .90 
♦ .97 
- .36 
♦ .53 
- o 

£°. 

♦2.01 
-2.01 
♦1.92 
-1.75 
♦1.75 
-1.30 
♦1.38 
- .53 
♦ .33 
- 0 

1.0 

♦2.02 
- 0 
♦1.93 
- .15 
♦1.75 
- .33 
♦l.Uo 
- .32 
♦1.00 
- 0 

2.0 

♦.Uo ♦ .7U ♦1.22 ♦1.56 +1.76            i 
-.Uo • .75 -1.20 -1.00 — 
♦.38 ♦ .70 ♦1.16 ♦1.U8 ♦1.68           | 
-.3U . .65 -1.0U - .83 —             i 
♦.3U ♦ o6U ♦1.05 ♦1.3U ♦1.52 
-.2U - .U7 - .75 - .53 — 
♦.27 ♦ oU9 ♦ .81 ♦1.0U ♦1.20 
-.09 . .20 - .30 - .16 •~ 

♦.IS ♦ .27 ♦ .U5 ♦ .61 ♦0.7U 
- 0 ■ 0 -    0 -   0 -   0 

♦.Ul ♦ .76 ♦1.28 ♦1.52 
-.Ul • .76 -1.28 ' -1.27 
♦.39 ♦ .73 ♦1.23 ♦1.U6 
-.35 - .66 -1.11 -1.10 
♦.35 ♦ .66 ♦1.11 ♦1.35 
-.26 . .U7 . .81 - .80 
♦.26 ♦ .52 ♦ .86 ♦1.10 
-.10 . .19 - .32 - .33 
♦.15 ♦ .28 ♦ .U8 ♦ .70 
- 0 - 0 -   0 
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Table I 
(Continued) 

Puls« Daaping 
Shape Factor ^is; •*1 .50 1.0 2.0 

♦.1*2 ♦ .77 ♦1.18 ♦1.00 
0 

-.1*3 - .77 -1.18 -1.02 

A* ♦.l*o ♦ .7h ♦1.13 ♦1.00 
.03 -.37 - .67 -1.03 • .93 

-/L 
.1 

♦.36 
-.26 

♦ .67 
- .Ii9 

♦1.03 
- .75 

♦1.00 
- .75 

«» ♦.28 ♦ .53 ♦ .82 ♦ .91 
.3 -.10 - .19 - .31 - .36 

^ /\ ♦.15 ♦ .29 ♦ .1*7 ♦ .70 
1.0 - 0 - 0 - 0 0 

♦ ♦ .97 ♦1.58 ♦1.73 
0 - .97 

♦..93 
-1.58 
♦1.51 

-1.31* 
♦1.65 

.03 - M -1.38 -1.16 

A. .1 
♦ .81 
- .61 
♦ .65 

♦1.36 
-1.00 
♦1.07 

♦1.51 
- .86 
♦1.2U 

o3 - .21* 
♦ .36 

- .1*2 
♦ .59 

- .37 
♦ .81 

loO - 0 - 0 0 

i 
• 
! 

L j 
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Distribution! 

W. F. Radcliffe - 595-00 
R. S. Shorey       - 595-50 (6) 
M. L. Streiff     - 595-10 (2) 
Library (3) 
A/R File 
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