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THE PROBLEM

Develop statistical. physical, and computer techniques and methods for

interpreting. summarizing. and extrapolating environmental data to support Navy

requirements in research, developmental, and operational aspects of underwater

detection. location, communications, and navigation. Specifically, develop a

statistical test ap)plicable to data samples drawn from populations that are approx-
imate*y normal but have bounded, rather than infinite, domains.

RESULTS
Two traditional approaches are in use for hypothesis testing of data sam-

ples drawn from populations that are approximately normal but have finite domains:
(a) assumption of a distribution that closely approximates the sample, such as a

Beta distribution or one of tie Pearson curves, and (bW truncation (removing the

tails) of an assumed normal population. Approach (a) leads to intractable mathe-

matis. and it is difficult to justify the appropriate curve and parameters. Approach
(b) leads to serious errors in hypothesis testing if the frequency curve approaches

zero at the bounds of the domain, since the tails of the assumed distribution are

used in computing probabilities of error and separating decision regions.

In this study, a transformation is performed on an assumed truncated nor-
mal distribution so that many' of the desirable stati:,iical propertie(' of normal

distributions are retained, yet the data sample distribution in the tails is more

closely matched than is possible through use of traditional 'ipproaches.

The major results of the study are:

I. Development of sampling theory and tests of hypothesis for

a. mean tests on samples with known variance.

b. mean tests on samples with estimated variance.

c. tests of variance.

2. Appi-,,ation of the technique to two data samples, one concerned %lith
a problem in electronic component reliability, the other with ocean temperature

analysis.

3. Preparation of extensive tables to permit practical use of the method.

±.



RECOMMENDATIONS

I. In application of statistical tests to specific probhlms. examine the

satisfaction of assumptions when using normal tests such as i-tests or F-tests.

When the assumptions tre violated by domain restrictions. use the method de-
scribed in this study.

2. Study the use of a sometimes more realistic Beta or Pearson distrib-

ution as an alternative approach to the problem, and compare results so attained
with results obtained using the approach presented in this report.
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INTRODUCTION

In many cases data are drawn from pOpulations with al)I)roximatel . normal

dfistributions hut with hbunded, rathekr than infinite, domain. Suppose the popula-

tion density tor a variate x is denoted.f g :*(.•(, 1). x I -c . 1, and the assuciated

standard normal is /(.%: 0. i). ( The 0. I imply zero mean and unit standard deviation.)

The tradit ional way of treating this probhlem is to assume a truncated normal dis-

tribution, for which the theory is well known. Suppose this truncated normal is

1, ()( . However, if t,,*.(x .t- asiv ( our i - c ). then

l.((.l() g,.* (x) grows large as v- c (or x • ) (It

soi that serious errors are attached to observations tending to the hounds of the

domain, which will often lead to errors in hytx~thesis testing. This ratio can he

visualized from figure 1. Since the tails of the assumed distribution are used to

compute the probabilities of error and critical regions in all usual tests of hypoth-

esis, it is evident that a large deviat ion of the assumed model front the true popu-

lation distribution in this region will markedly affect the I)ower of a test. however
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well behaved the approximation may be in the vicinity of the expectation. This

problem was recognized undor slightly different guise in Mill by Hotelling. who

observed that "Central limit theorems under various assumptions have proved

",-onvergence to normality as the number increases. For a large but fixed number

the approximation of the distribution to normality is typically close within a re-

stricted portion of its range, but bad in the tails. Yet it is the tails that are used

in tests of significance."'

To illustrate tne problem, consider the proportions, say measures p on a

variable P, in samples of hake caught off the California coast in March which have

anchovy larvae in their stomachs. Since the encounters between the predators and

prey behave in an approximately random normal fashion, 2 the deviation about the

expected proportion, say iT, will be distributed approximately normal. However, the

distribution of animals (presence of other potential prey but proliferation of anchovy

larvae during this spawning period) implies that p - [Tr-<', +-c], c a constant < min

(1 -Ti, n), and obviously that the frequency of p tends to 0 as p tends to it-c or Tr+ c.

In such a situation, a simple maneuver will eliminate the offending prop-

erty (eq. 1). Let the truncated distribution defined for [ c. c] be affine-transformed

so that the abscissa is translated to ftc) and the ordinate "stretched" to allow for

unit area under the portion of the curve above the new abscissa. Then let the

curve be half-rectified (that is. drop the portion below the abscissa). The result-

ing curve, say g,. (x). is a quasi-normal distribution with finite domain, having the
property lim g,(x) 0 and yet retaining many normal properties.

Another approach to this problem would be to assume an alternative dis-

tribution with finite domain, for example, the versatile Beta or one of the time-

honored Pearson clan. Some. but not extensive consideration has been given to

such distributions, without auspicious success. In particular, the Beta parameters

grow large as the function approximates the normal; series expansions grow com-

plicated; and the mathematics seems to approach intractability. However, the

flexibility of the Beta in dealing with the more general class of symmetric-plus-

asymmetric (for example. log-normal) distributions may justify difficult mathematics

and approximations; the study of the Beta and Pearson curves in this regard is en-

couraged in a generalization of the problem considered here.

In this report, the half-rectified truncated normal distribution is assumed,

exact sampling tests of hypothesis are developed, and examples of applications

are drawn from electronic component reliability and ocean temperature studies.

'Supercript numbers identify referencem listed at end 'r re'port.
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THE HALF-RECTIFIED TRUNCATION

g Since anv normal distribution can generally be standardized, the method-

legy will be developed for

I(A 12•) '(20" exp--. , (2)

We require a new function, say g,. (c). or g(x) for short, when is understood. This

function is approximately equal to f(x) in the neighborhood of x 0 but is defined
only on the interval [ c, .1 and satisfies the boundary conditions g(t g()

0, lim g(.X) 0, lim g x) 0, c .
X. C , X -C

Let us define such a g(x) as g(x) k (f(x) f(tc) . c - x L c.
where k is defined by

f g(.) dx 1 (3)

If we define F(c) f f(x) dx. then

k - I[(X) f(r)] d.x 2 F(c) 2 f(c) (4)

so that equation 2 becomes

g ( x) )-fi -~ (5)
21 F() cf(c) I

Intable 1, g(x) for c 1.2 (0.1) 3.0 for % O.(X)(.05) . is tabulated. The dotted

line in figure I represents g(x) superimposed on the normal and truncated normal

distributions for c 2.
For what values of ( is the half-rectified truncation appropriate? It can

be seen by inspection that when c approaches I", g,(x) deviates further and fur-
ther from normal, hence losing more and more normal properties. This obviates
its use, finally rendering g(x) approximately a cosine or a parabola for c _ 1. On
the other hand. as c grows larger, g(x) - [(x). Again the use of this technique is
obviated. Thus, the technique is applicable for c from somewhat greater than k,

perhaps 1.2 or 1.5, to perhaps :1 or 4.
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Consider the moments of this distribution. That b'.tX9 0 is obvious due
to the symmetry of/gt.) about 0. For the second moment a, , " IV W). wwhere. with

the help of transformations, and using 1( to denote the incomplete gamma

distribution in Pearson's notation:'

, 9 ((2)', kf" x XP I -1.x 2" [.)

(6)

The relationship between a g and of, I is not obvious. ag is a function of (.

As is requisite,

lim a• t) 7)
' .)

and

lint Gg2 (8)
C, - ,

which are easily shown by Ullospital's rule. For finite c t0, let us return to the

form of equation 6i. which may be written as

3 (9)

Jo x I - 2 1 (,A

But when c - 0. both denominator and numerator of the fraction in equation 9 are

positive: hence oa' , af I for finite c , 0.
Table 2 gives values of ay for C - 0.80 (0.050 4.00. Computations were

performed on the University of Connecticut Computer Center 113M 704•,. Since

aa 1. each table entry will also represent O..

'4[
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A TEST OF MEANS, KNOWN VARIANCE

I vet us. consi ider thle it( oF )t, I% t I-)r a tkest oIt mean, %%here ay,- is kii% wn.

L~et i........ a sanil(ý )1' 11 I indqtjendent ob11servat ionIs on x , %%here J

it (P , cy), hit P h- C3. W + (a I. I et 1It Ful los Froml -4)a (j

ncau, a~nd naming . P ) 'a, that -e c x < (- %%here x ~s now a random

variable for which the transformation f'rom %2) to (3) is appropriate. Thus,
the theory here will serve for a test Urn X.

In this case.

Cy 2 V(( 2 f flc)

I A-t us define G) ( A) (IA. Il tahle :; G (A for c 1.2 40.1) :1. 0 for A

(t.(XI (0.05),4 is tabulalted. (Computations were tperl')rrmd oil a PTP.Af)S-augmnented

%Ilathattronics SASXS. T'hen front eL(Iklationl 10.

Ini som asc',. ililore geiierol i o( aris'es Fro~m the( Ceuntral I itiit IhV0llrem.

\'.!Ire _\ _ ".ill teuid to IIIINrIaIt'.. I"01 irS1111ll It. there, is I region~ o t~f' ni* ill

h 'pi'. he natur oin'IIt t i-i regionu ha,. not It Ieel inves't igte~id. h~oweve.r, a 11111-

11, .1 th li ct11d

0.IIt he~ -III hopn Td. rhlhlle wtol i



changing tests while holding it constant error risk; the second would affect the

risk o f error resti It ing front c hantging tests "If i e retainIIing the crit ic a Iva Iue. The
first is used latter in conisi der ing exaMples. The secon "ou(1 n(11( ot occur in

practice, hut would yielt valuable insight inito the relationship lK'tween the two
types of' test; therefore it is eons idered here.

Suppose we use it normal distribution test based on, some Type I Error

probability. say a ,ý we find a certain critical value, say I-,. which separates the
rejection region from the acceptance region. hlowever, suppose the conditions set
forth in this report are exactly satisfied. Then a -, is not the true Type I Error

probability; a correct a I is associated with the halt-rectified truncated normal
distribution, or "Ii-test." Further, aX . aI,1 so that a normal test used when the
li-test is appropriate will yield a Kimball 4Type IIl Errort. K, representing the

difference, or a -, a 11-K

C'on sider (2.S, ats occurredl in one, appl icat ion. To finid all,' let us

enter tabile :3 under c 2.8 and x I _ T'he tabulated (or interdolated) value is
the area uinder the probability curve fromr 0 to v, so that I-entry' is the one(-

tailed error pri bahilIit.N Then all 2 (1I-entry). Appe arin g belo(w are a\ , I,, all,

and K ( 0\ -- "it ):

0.20(XX 0. 1(881 0.05M8 0).02N) 0.1001 0.00150

1.28 1.614 1 .96 2.33l 2. 57 2.81

a0. 1. SMt 0.082t0 0.0334 (1.1)78 OA.0014 t)OAtX)

K t0.01 94 0.0180 t0. 0 166 0.0122 t0.0096 100)5(0

K a111  (0.10711 0.2195 0.4970 1.5641 6i.1429

While a K is present in each case, it decreases with a and may not appear

crucialI at first glance. Mo re i mpo rt ant fo fir LiLnterpretatitn LII K is its relation to a1,

the error prohbalulit\ salyConsidered. Thus, the last row gives the ratiLo K all,

% hich c-an Isw seen to lIncrease seriously\ as a decreaises. III anY event, K is large

enou)1gh s that seriou LdouLbts r cast oi hv ad\i isLhilIit.\ (if' uLsinganra

when the probabilit\ distributuion dimiiiisles tLo zerol Lt thet enidrs ofI It hounIded

sample' raInge.

t KiniLill (Ioi ncs theI IhI' rv II I Ei rro~r its "the1 urrr orn~notedIIIL Y gi L\Lfg thI' right LflnwI' IoL

TL)Lght Ihe " th,' ,rror LLLLiLiLLIId Iv, tnuki tiL n L elrrLontIous , ts ILL LtLLL (il IL rrLofLusILI asurvi)-.

tILonI.'' 1,11 u's u fLI' ht- IprobahhtI I oi thLis i-rror Y, IL honolLr If KimbmIL I usingfl the' ;rc'k
I,'Itvr fo~r hatrmoiny wLith a andl ith(-. I) I'N imI I LnLI if E~rro~r ITL)I)IL I



A TEST OF MEANS, UNKNOWN VARIANCE
Thus far we have assumed a normal distribution with (possibly) known

mean p and known variance cy. IAet us now consider the case in which a, is

unknown and must be estimated.

Suppose we have a sample of n independent observations N, . i2 .
arising from the distribution of i distributed as normal with zero mean and unit

standard deviation. denoted -n( . a ). and a is unknown. Let

s (ii , ) (12a)
n

or

n

depending on p either known or estimated by T* 1 • i,. and

S• (1:3)
a

As in equation 2, x will be distributed as n(0, 1). But now we shall impose the

restriction c _ x _ c on the possibility space. Then as before g(x) is distributed

as in equation 5. Now let

y, ---- (14a)

or
(i- 7)'

, • (14b)

depending on w known or unknown, respectively. We desire the probability func-

tion. say hlt), (which now defines h(t)), of

t -1



where

0 si (16)

where 8 is degrees of freedoam, namely, n or n-I, depending on i known or unknown.

Now if the distribution function for equation 15, It (10,e0 h (t; O,c) dt,

approaches the distribution function for Student's t rapidly as n increases, Student's

t will serve as an adequate approximation, and the derivation of II will be unneces-

sary. Certainly It approaches the distribution function of Student's t for n as c
increases. However, for c in practical ranges of, say, 1.2 to 3.0, a comparison of

the to-be-derived 11 tabulated in table 4 with a Student's t-table will show large
differences. For example, if 0 10 and c 2.0. the value of tI. for which

0.5 - H(Q) - 0.05 a is 1.682. If Student's f were used erroneously in this situation
for a nominal a 0.05, 1. would be 1.812, and the true a for a 1. of 1.682 would be

approximately 0.08, an error of 60 percent.

Let us, then. derive h and tabulate II. Transforming g(x) of equation 5
by the transformation (eq. 14a, b). we may easily show

g2 (v - ,'2 e-Y i 0, v_ i c (17)

F(tC) cf(c) Yi \ - - d. (

Since v, is independent of yj, i, j 1, 2. . n, i j

g .(y. . 3 2 fl
1.... y.,,r 2/2 ,. 2l c V il

Fb cf(c)yln ,2F

(18)

•I 
.. . ....(

I I 2 ! 1
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Let us make the transformation teq. 16). such that v,. dyI du. and

2

integrate out Y ....... whence

1 rl
, (c) ('/(c))" )" ( 2

-e3
C, ( ,~ {• 2, J 2 1

W\e note that each integral of the expansion (eq. 19) is nearly in the form of a gen-

eralized Dirichhet integral. Let v, u,. u, 0 O. which satisfies one condit m for

the Dirichlet iitearal. Also vy, u . so that u, I 1. which satisfies an-

other condition. Since u, . it can he seeln that u, • I. subject to
I •. E~,

the restriction that III, I. The possibility space of equation 19 becomes an

n- 1 )-dimensional hypercuib, from zero to the intersection with the h•ixwrplane

91

) - 2 Fg ) ( ) - I JI'; ' ' /

~"7' I0.I f1 )

,. +, + ,.(20)

)'2 L

13
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If the integral in equation 20 is expanded into a sum of integrals, the first is

clearly the generalized Dirichlet integral:

fg... .(~ U• IuT du, r" (1/2)
JO r (n.12)

YU'-I ( 2 2 2

a constant. The remaining integra: may be written

n n-f,l n- n

( i=2 2 2

where (I_2 uiis represented in the exponential term by u, for notat ional compact-

ness. If we expand the exponent in expression 21 such that

t.

then expression 21 clearly becomes a sum of Dirichlet integrals and (adding

F n Q 2) , (r'2) to form g,(0)) may be written

FE- = l~ r Q 2) e( f C. efc/2

jr - j -( rn. 2)"LO 0

Jfr< if- Ja' l f-1Y. ra r  (22)

Trr (r, + 12) F 1/2,2r- r)

,,._=2 r *( .... r ,,,( .r,

which may easily be shown to be a convergent infinite series.

14



Tfo find the jointlt unctiotn if' k, i , it wouln d lMw cionvenieicnt to have A, r

ifldefIliedeflt. Although the.% an' iint. snce' the normal is the only distribution
lia' ing (t Iiis pri ipert\ '( t- 116t vo~mupl e., I .aha', A! . g ) . no rm al it. i as ( gro ws l arge,
which suiggiests to thte ilitinitiiiii that X. I ma'i lx. ''alni1ost" indepenldent. i.e., the(

marginal dlistribuit ion of' onl of' them na\ ma' pfroi\iuulaw its dlistribiutio e)1 ond~it ioal

uponi thi' other.

To thiis (liii. a Momnte' ( n'a stw \\itiws Llutl(rtakiitl. Fir ('lul of' variouts

11 anid 4Mf samples of' ()' ifizeý 11 we(re i'aidomil, genevrated f'roin g( xA) 1i.\ the
Vaiv~ers it ovif' Connectd cut'.s 13I MS.% stem NY It 'Iod(l 65 istppi ind tin part I). NSF"

Grant GlP-I8l9t. \ and we,%re computeOd and their frequenieis, tafuulatuod ini stvps
of' f0. In 'fir hot I. The sum, oli rows n md coluimu ga'i c Mlonte C arlo approiximtat ions
to mairginial dIistributdills of* and ( . X` (uhf ilig('cv tests were carried out with
a 0 I.05I. The. no IIhip1t eisu independence Nwas rejected fi ir Iit. ( a is small

ats 101. 1.5) liut w\as, accepted fo~r either larger it iir larger (,imiil , i ng t hat ifI lbit I
n. Ix'coml( smaill. s igniificant depeiideiict obitains, .but the di'fidelillce is not

significant oth~r" i sv.

A\s fun her et\ i dence co rrelIat ioni was co n sid ered . The ci mi ugent.-N

t11)1es inlidcat ed fiat lii co rrelIat io n o ther t hal lIinear was presenit. Vtalutes o f' v, v

were drawn ait ratidi ii aiid a ci wimat er i I TI -Al S-augalelite~d Mat hat ri n ics 8-48S)
swinmulat io n if li near co rrel at io n i if%. ieffected foir var iouis e. For
C 1.2. rl s fmfi7 (r ft. 1:l). r-' dec'reaised as ( increased until, for

2. 0f. r' OfKIlI (r 0I.06~) which is consistenit \with anti reinfirces the con-
clusioni that indepe-ndence, is at sati' assnimption for ( 1.5 and for an . c if n is
other than quite small.

Assuming the, independence of v, v. let tis obtain the joint function of
..From equations 5 and 22

h,,t Ii x) 2[1- )- ) g, (01 (23)

I 115c)-cfc



We desire thx probability function of 1, whiere i is as in equation 15. We know

x (n 't I., and

2[ F(c)-cf(c)] 93
2

Expanding and integrating out v. we find

h(t) (n/O)' e)t11/2 e
2  20 e (25)

2f [dF(c) - cf(c)Ir (n/2)Jo

n/l nIT e -I efna./2 dv + fne v /ý1)? D e - c /2
rF-n < J( 2) 0 0

nV.1l n-1 n oo r r

Sra~rhVF- __- 0 ro 2, ! (u

'V~jf-i J2 < A f-1
y. -0 r

( 111

itr.F0 r rO r�ar t

rr r0 Yr
2a

2r,.' F,,G r)

16



In equation 25. let us make the transformation it rl' in the first and thirdintgra s. mhn2

S(26
( _ _ _ 

au (2.)

2 T2 T- Fin 22 1 (1 ~ '-l ~
r C. . 2• ... •rlcl

T-F n 21 " ( 2. >I 2

, I I I'-(I F(r,=4

2 H oý- I -22-I 2 r.. vL. .. • -- du,

r~

r (r )
F(-~ "r). r, r in) (, )

2 - 't 2 ' I I '

C.

< ' -' r r r- cr
... 17ff r( r) .. r 2 a-I ....,...

"-r •" -2r.

~=) r ~ ~ F~jr) 2 'r, (-Y

I17

17



which may be simplified to

(n A) I k r n2-/ c 2  (27)

2(1 2VTT[ F (c) -rf (c) I n lW2) LV6 2)

n
n ' ('3 e /3 re( /

3

t'"2 i't-1

*KZ11

TrI- r o r1 0r00

In order to perceive the functional form of t unobscured by the several constants.

equation 27 could be written, with k ...... k, as various constants, as

Sr) 2, k,t .1 2

Ssumoftermsofl k- t .. ...I 
1
t r •: 22'i

Desired for a test of significance on the statistic will he a critical region of size

a and a value of b. say tt. such that

j ht) a for a right-tailed test (29)

a 2 for a two-tailed test.

Let us define 11(4t: c) f h(t; 6.c) di. Table 4 gives II(t; 0.0) fore

I (I1 :9) for • 1.2 (. 1) :.0 for a ..10, 0.05• 0.02. andl(l 0.01. ('om(lI)Iitti-if

were performed on an A\,-PT11-auigmentUA Mathatronics 9-49S. From table 4,

is values of tiK- sort in equation 29 desired for significance testing may Ix found.



I

TESTS OF VARIANCE

If it should be desired to test an estimated variance s, against a known

variance al, the statistic is u as given in etfuation 16, and the acceptance or re-

jection of the hy.tthesis Ilo: s2 al, a known, will be based on the critical region

of v obtained from an integration of g, (r) given in equation 22. a convergent in-

finite series.

If it should be desired to test two estimated variances of two independent

samples. that is IH.: s,' s,1 a,. a, unknowr,. then the ratio F'* - 1, 1'2- t'

s i ,si2
2 . i - 1. 2. 6 d.f. associated with sample i. may he used and the probability

distribution of F* may be obtained from using g, (0) twice and the transformation

The forms of the above distributions, however, are complicated in nature.

We may feel that they are too complicated to make tabulation worthwhile. If a use

of enough importance arises, the appropriate distribution may be adequately approx-

imated much more easily bY spl'cifying the known parameters of the given case.

AN APPLICATION IN ELECTRONIC COMPONENT
RELIABILITY EVALUATION

Most systems are characterizen b. the property that a malfunction of a
component causes a degradation or malfunction of the entire system. Most reason-

able measures or sets of measures used to evaluate the quality and or effective-

ness of the system, necessarily include a consideration of the probability function

associated with the time out of opxeration of the system. The functional form of

this system outage time distribution must he inferred from experimental data. There
have been different functions inferred variously in the literature: the disparity is

due largely tio the differing natures of (lifferent systems. The differences may he

5

analyzed by representing the system by a d iiel of the form I A . where

I is length of time system is out of operation:

x, is length of time of search for location of trouble:

19
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is adnministrat ive time. includingi Nw,iiti it nit tar pelrmissioin Oir

ass.i aninent to repair, waitin tig time IFr fi tidS ti t . ili r repaiir. and

iiaIi% undefi'inlvd as•e tinim ;

is logistic time, such ias waiting time for a necessary part, wait-

intig time for the arrival of* ia repa irmanii, etc.

is test and check-otit oft the tit, or repaired compolinleneilt

A, is active repair time oft tie lilafuictionied componelint

or

ltull-reptlace time of the malfunictioned ciomponent.

This report is primarily concerned with x, . hereafter designated A. It is possibte
tor x to lhe quite small in the event that an outage is predicted, that is, when there

is advance warning that a component is about to malftnction. This small . is more

the product of' chance than plan since the operator of the system cannot, in gen-

eral. predict the malfun(t'ion of a cmn-ilxmnent. It has heen observed that such 1i)r-

diction occurs infrequently. Also a very large v. that is. an extensive active

repair time. has been obsti'ved to occur very intrequently. Stuch properties•, plus

the obviously desirable property that the repair rate (the first derivative of the

function) is continuous, implies an appiroximiately Ihll-shaped function. This func-

tion is close enough to symnmetric that it has usually been adequately approximated

b3 the normal curve. Although the probability function of' is occasionally right-
skewed, which necessitates another functional form. such as log normal or gamma.

it is the more common symmetric bell-shaped curve that is of interest here.

Consider the pull-replace times for malfunctioned components of a Naval

electronics system. In the case considered, eight tests were performed on each of

two coimpetitive system configurations. It was observed that the scatter of exper-

inmental times was approximately symmetric about the mean of each and that the

sample variance was very close on each.

The traditional method of testing the signilicance of the difference between
the disparate means would have been to assume that the pull-replace times for sys-

tems A and B respectively arose randomly and independently from normal probahil-

ity functions having the same variance, and then to test the null hypothesis I/.: the

mean of the normal distribution of system A is not different from the mean of the

normal distribution of system B. The appropriate test would have been thought to

be the two-tailed Student's I- test. Student's I at the 0.05 level of significance

has the value 2.15 for 14 degrees of freedom. The pooled sample variance s, using

20



tIII he 1 rrriti n 5.72 minutes. The compittrtintrf of* I for n

8) shows that

if 2.21 1.95 (30))
2.30 2

wh thil is loss than 2. 15. from tl ic it. vot idd( have beten ci mciuded that the t w

means were not different.

itirom anl rint itgat tiln inito the( niture Itt' the jun i-t-cpice act ioin LIhv en1gi-

lieers antd sciennti't. iiioivetl agt-eer that thet mu i-rep! ace time coulid notitpsii

dev inle frtomn thet arage hN ot, at iehanl Vive m il nt eý-. It wais assmelid that lithe %.at

itnces were the samrie for .1 and B. anid the obdservat iotn that the samplte variances

were similar ptrov ided sm ie juLIstifticat iton fo r this ass umpt ion. The ass i mpt it is

hehi nd us inig the traristormed normal di stribuition (it* this reptort si em rat her m-ll

just iftied. L et us con sider ani eq urivale(nt H-est, uising, lit tever. In hit I tathlier t hair
the Student fatble.

Since raie-hallf the rainge f is (5, 5 2.224~. %wh(ic is (loso enotugh to
us;e the tabulation fotr c 2.3. According to tabrle 1. 11fIt I I il-' 2.l0 l'ot 3 ).ItI.-

(vcds1. ' 1 .79. The t'act that / 1 .95 1 .7! impnip s that the di ttercric( iMILtt -1'ti

the prill-reptace tinies Ftr the two s.\stemis is statistitaht\ igrnificarnt aird that ss

tern 1 is tiettet. air impliiicattitnt which \\it, not pit iseirt trrder the ettitiet tis

assumptitin ott irfiti to, itt the vaialteitI.

AN APPLICATION IN OCEAN
DATA ANALYSIS

Since 1957. t he Canarddian gotveirnmenit has maintiiitnedi wa \(ither ship con-~

tnuticust I (e(xcept for shoitt wpdat.ceme lin iterv als) inear t a ti ~t North Pi ac:itic Ii ý

caitiont (tat 50 N. long 115 %\t. kiiuiwn its Stattion -l) tir PAPAt. O n mnijn~ da j s
the ship~ has obtserved scn imtettei;, a ritea vnirlittirs opittiprximill~l\ st'IlIltttl

deth~ls, b\~ Irenrs it' Nair~er cast..; eal tirli ililte Iticatll "rr Itttie 'hit) \\ tcill IV("ded

t tliv I a hnrlll tha tyimp - mg t. 1--tifwt in kvmtg ir"nint - it~~ n~ .t ti.-
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The po s itio %%,i1 .a revid periodicl lt and th ship al) i i ted coui i rse hi head

to th 7,A 5) Mtt' N. 115 0' %) locationl 1411 heiievtr it %%as found tl Iii oi l'. ADi inIvest i-

gal io n of thi' pitsit ioninig strilti'),. hit-
1 11d1 lg thet speed., allit ti ills( patterns in-

volived in repos it ioinil g, curren't effectset 5Ac., dict tatvt' tht condtiti ionsl it o41S4uli not

combint' to torte t he sh ip more than 15' fro m it., mean location without erroneous

navigat ion or storm coniditionis, and that the probabin ity\ tit' ileiant po sit ioning

aiIpproacihedi 0 conilitDioiulsk to the 15' dleviation uts at limiit. Sinlce Station 1) is init

positio tiii utnilstablle tempei~iratuire proflile (funicitjional retlat ionshipi lii'tweeii temipera-

hire and depth) tyjl' , a simall loicat ion dev iat ion nmil ii mph serio us temperature

me'asuiremnilt erro rs. A quet'it on preceding an ail~ses on the teml)pe(ratuare profilIes is:

Ikcs the( ship's me an loca t ion at reco rdti ng tchange w\ith time? A part of' the tetst ing

to aniswer this question is qnott i.

The posit ion N4) N, 145- W was cionsidered as (0, 0) with deviations be'ing

reciordedt in minutes. (Thus., 19 58' N. 115 11' ý hbecame the couple (-2.11).)

Latitude and longitude wecre considtered separatel.\. The last datta .\ear "as VI 9~.

MieanI laltitutde for IN3ti was compared with that of' I 962, no sign ifIicant di fferencte

wits found,(1 and the dat a were poolted . Mlean tlatit ude fo r 1 962-3 w\as 0). 23 with

n, 81 and for 1961 w\as -4).41 with n, 7:l. T'll f-stiltisti itwas comnputedI til he

O. i, niot sign ifitcant under teit her no rmalI probabiilit ies ir the propi ised ((O).

Si mit lrl~ '-, long it ude \it s pooliied for 1 962 and I ME:1 hav inlg a nictan (it' -1 .11; for

1961 , it was 03.34. The pooled standard de\' jilt ion was 6i. 4 and the I statistic

1 .43. From normal I ondahi lit.\ tabletis, at t m'ii-ilited test of the nll I hy\pothesis:

0 1 "62-3) wpti for a (0. It). ields it critical valule of I .6-45, inmpl. illg atcep-

t iltt ic if the 11% thi's is. IHoiwevr. tons idter at simlltar ttest 1111std on the (-

table. Htere 'vs 6i. 11,i 15, si) ' 2.33. (;, ~( x) .\ielIds x 1.13 hv I intar

ilitt')iolationl. so) that. int'rt'stinglN. thet stiltistic talls just oin the criticalt

Vii Inc A rt' i mputitatii) tarr i ng moi re s ignitictant dIig its impiieits ill atteptaincee

iif t 'he jsit ' lit'esis. liut thlit riesults gi ve riste to sus p ic iol) ;,\lit inve'st igat ion of'

tht' dat a showed t wi outlit'rs . il iliret')itt tracc abllI ti storm) e'ltcct s. Futrt her.

tht' telaporat rt' profle ts at thiist' loctatiioils di ffcrt'd fro m thioste t'xpet'ted for thet

restK'ct Vi'c daiteis: it \it.as welt theh\ \were discovered . A*\rectiiput at ion iof' tht'

tI%1 Ilong itudae s with~ the o utlijers rt'moivedt, n, no\ 7 1, .\~it'tled (i flnial ot -4). tij,
2)i'l nu\ dciie st ~ldantard i'e% ati oil'n 5. 14. and~ a new I of 0). 54. Tht' t'iinclus ion~

wits rieachedt that the rema illinlg 1%i 1ditat1 ariisi' froim th h ai' S lfl('i iat ii n popiiula-

tiol) it, lt'e 1%2-3 datat aiii t hat lo catioin ti'vjiltilul is ii crutcial fact'tir in the

ana1,is of Stat ion 1)t t'lplraihun' dlit a.



CONCLUSIONS
1'% trad it ional~ appro ac he- are ii ii '..e 1ori hvptr the sis testing of* data samt-

pies tlrimn Flrom tiripulat tion Xý ithI aipii ixiratelI. normrral diistribiutions hut with finite

domains: (it) assumrrpt ion of' a d i-trilinit i r that cr sel apprroxi mates the sample.

such ats at ileta dhistribiut ion of. on mi' the lPcarsor ('ur~ves and ( b) trunicat ion (re-

movilng the tails, o)I ain assuinii noirmal piopulaItioni. Apptroach (at) lads to) intrac-

tahle mathematics. arid it is rItifTicl t to just it'. the apprhripriate c'tine arnd paramieters.

Appro ac h ( b leads to ser iiirs e-rror., ii hvpot he sis test inrg it' t h( twituencN (1Verre

appro ac hes z'e ro at the roundrls of' the do main. sinrce the tails ofitthe as suimed dis

ntribution are used iii complutit ng pi(uroabrilitites of' (eriror and] in separat inrg decrisionr

regions.

lIi this otvio,' . at tranrstiormat i n is IK'rt( rnitd ron an assutmed truncated nor i-

miaI di stribhut ioin soi that mnrarr rf' thle de si i-utle statistical p~ropertit's or itno rmalI

distrihutioin are rtetaiined. Net the data sample dlistributioni in the tails is more'

closely matched thair is posstible throrught rise of' the tradnit ional appiroaches.
T Ihe nrumor iresrult s riFt h stuid.\ are:

1. Dewlopmrrent of, saimpl inrg theor r anrd t rst s of hYpot ht--.is Forr:

at. meni-r tests omi samirles w\ith liunrrr varilainCe.

I). fli( (i tetsts o5 smii 1ifip t' ko ith ci esimated varialice.

c. tests of' oaariairet'

2. apptlicallo 0ii ith t le tclnirrmtro taamOw lditai ampnitles, (meii cm'rict'irier aith

iI ect rimin cm np runt ri-Iaf iilitl t va Irrat iii. he' tlit-T \rti witIiitair dat a aa

: . plelicrat wii mit' -,\tt'ii\t tatble' too mrake' poimmitlt practical rrsr it~

RECOMMENDATIONS
in apptl icatioin id' statistical tests trrseo tt prrrtlenis. the satisfaction

uf ass umpt io ns -houtilit lit ex amiiii id at hen i inormal tests, iuch (is (-tests iir I--te'sts,

are usedt. When assumptions are viomlated 11% diomain restrict ions. the met hxii de'-

sen tKed in this stu. maNt flIi\li preteorablu t

hut resul lhe miore realist ic Be;ta iir P'earson distribtutiorn mav e ise(].

m'eans of the apiproaich that this re'port cotters. 2
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T,\IAIIIK 2. V\ARIANCES> OF I I: ) i,-Fl N("TION

().A) 0.125 2.00 0.6 11 3:.() (0.9 18

().0M) .155 2.05 .i6:12 31.05 .927

.(lX) . 190 2.10 .652 i.1 0I .931

1. .() .22:1 2.15 .671 :1.15 . 1:1
1.20 .26 1 2.20 .69I :1.20 .947

1.25 .287 2.25 .711 :1.25 .954

1.310 .305 2.310 .729 :I.:51W .959

1.315 .3125 2.: 15 .718 3.:.5 .Ni31

1.i40 . 146 2.10 .761 31.10 .MNi8

1.15 .367 2.15 .7S2 :1.15 .972

1.550 .391 2.50 .797 :1.50 .971

1.55 .111 2.55 .812 :1.55 .978

1.6)) .1314 2.60)) .N27 31.60 .981

I .65 .456 2.65 .( 11 31.65 .984

1.70 .479 2.70 .85:1 3.70 .f)Ki

1.73 .5011 2.75 .Ai)1 :1.75 .987

I.84) .52:1 2.80 .879 :1.3) .989

1.85 .545 2.8•5 .888 .991

1.9H) .567 2.90) .89) :3.H) .992

1.95 .588 2.95 .!H09) :3.95 .99:1

4.00) .J9"
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I III • I III . | I

1.2
I ,

4i. 140 i.i15 0.102 t 1.1

1 3.2242 6.1585 14.2034 26.9461

2 1.4911 2.0856 3.1088 4.2013

3 1.2015 1.5423 2.0269 2.4725

4 1.0887 1.3455 1.6725 1.9489

5 1.0289 1.2461 1.5020 1.7057

6 0.1-922 1.1s60 1.4029 1.5692

7 .9677 1.1463 1.3382 1.4811

8 .9498 1.1177 1.2926 1.4202

9 .9360 1.0964 1.2592 1.3757

10 .9253 1.0799 1.2337 1.3414

11 .9171 1.0668 1.2132 1.311t8

12 .9100 1.0561 1.1967 1.2932

13 .9043 1.0460 1.1826 1.2750

14 .992 1.0397 1.1712 1.2602

15 .a951 1.0329 1.1614 1.2475

16 .9916 1.0276 1.1529 1.2365

17 .8985 1.0227 1.1458 1.2267

18 .8654 1.0183 1.1391 1.21P3

19 .8829 1.0145 1.1333 1.2111

20 .8809 1.911)1 1.1284 1.2043

21 .8788 1.9082 1.1239 1.1984

22 .8766 1.0053 1.1195 1.1933

23 .8752 1.0028 1.1159 1.1382

24 .8737 1.0004 1.1123 1.1840

25 .8722 0.99?5 1.1092 1.1797
26 .8711 .9965 1.10(5 1.1/G4

27 .8696 .994F) 1.1038 1.1730

28 .8636 .9927 1.1012 1.1696

29 .8676 .9912 1.0989 1.1666

30 .8666 .9896 1.0969 1.1641



T.\BHLE 4. I'ERI(ENT\A;E 1 VIN )1F TI[ E I,, I .l-ST.V'r 1Vi F1

1 3.4928 6.6123 15.2959 29.1710

2 1.6153 2.2393 3.3460 4.5482

3 1.3016 1.6559 2.1828 2.6766

4 1.1794 1.4446 1.8011 2.1098

5 1.1147 1.3380 1.6175 1.8477

S 1.0745 1.2734 1.5103 1.6987

7 1.0483 1.2304 1.4411 1.6034

8 1.0289 1.2001 1.3921 1.5374

9 1.0140 1.1772 1.3560 1.4893

10 1.0024 1.1595 1.3296 1.4522

11 1.99: 1.1454 1.3065 1.4233

12 .9858 1.1340 1.2897 1.4000

13 .9797 1.1241 1.2728 1.3302

14 .9742 1.1153 1.2613 1.3642

15 1 .9597 1.109", 1.2507 1.3515

16 .9659 1.1033 1.2416 1.3380

17 .962S 1.0981 1.2339 1.3280

18 .9592 1.)934 1.2267 1.3188

19 .9565 1.0092 1.2205 1.3111

20 .9542 1.0,16 1.2152 1.3037

21 .9520 1.0824 1.2104 1.2973

22 .949P 1.0793 1.2083 1.2918

23 .9'l82 1.0707 1.2017 1.2S63

24 .9465 1.0741 1.1979 1.281-

25 .94L8 1.0720 1.1945 1.2771

26 .943D 1.3701 31.1i16

27 .9421 1.0079 1.1887 1.2698

28 .9410 1.0058 1.159 1.2cr`2

29 .9399 1.0642 1.1cL34 1.262?

30 .9383 1.0620 i.10 1.21 2
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, 1.1

1 3.7231 7.0661 16.3885 31.1487
2 1.7218 2.3930 3.5871 4.9545
3 1.3875 1.7696 2.3387 2.8581
4 1.2572 1.5438 1.9293 2.2528
5 1.1882 1.429d 1.7330 1.9729
6 1.1457 1.3608 1.6187 1.8139
7 1.1174 1.3152 1.540 1.7121
8 1.0968 1.2824 1.4915 1.6417
9 1.0808 1.2579 1.4529 1.5903

10 1.76%5 1.2390 1.4235 1.550C
11 1.0590 1.2240 1.3998 1.5198
12 1.0508 1.2118 1.3808 1.4949
13 1.0443 1.2012 1.3648 1.4738
14 1.0384 1.9219 1.3514 1.4567
15 1.0331 1.1851 1.3401 1.4420
16 1.0296 1.1790 1.3303 1.4293
17 1.0200 1.1734 1.3221 1.418n
18 1.0225 1.1384 1.3143 1.4083
19 1.0195 1.1640 1.3076 1.3999
20 1.0172 1.1601 1.3020 1.3021
21 1.014l 1.1567 1.2958 1.3853
22 1.0124 1.1531 1.2917 1.3714
23 1.0107 1.1506 1.2876 1.3735
24 1.009 1.147- 1.2834 1.3686
25 1.0071 I.1U56 1.2798 1.3537
26 1.0060 1.1434 1.2767 1.3598
27 1.0042 1.1412 1.2736 1.3559
2i 1.0030 1. 13ý'? 1.27o0t 1.3520

29 1.0118 1.1373 1.2680 1.34t6
30 1.0001 1.135C 1.2654 1.3456



TABLE I. PERCENT.A\GE POINTS OF TiE h I:,. 6)-STATlS'TWt

1.5

1 3. 9534 7.5847 17.7542 33.3736

2 1.8283 2.5686 3.8860 5.2034

3 1.4733 1.8994 2.5336 3.0623

4 1.3349 1.6571 2.0906 2.4137

5 1.2617 1.5347 1.377c 2.1139

r 1.2166 1.4ý07 1.753b 1.9435

7 1.1865 1.411' 1.6727 1.3344

8 1.1646 1.3765 1.6158 1.7539

9 1.1077 1.3503 1.5739 1.7039

10 1.1346 1.3300 1.5421 1.6E14

11 1.1245 1.3139 1.5165 1.62P4

12 1.1156 1.3007 1.4958 1.6016

13 1.1090 1.28,4 1.4785 1.5791

14 1.1026 1.2804 1.4•40 1.5608

15 1.0976 1.2721 1.451, 1.5450

16 J.'' ý3. 2.2r55 1.4412 1.5314

17 1.0895 1.2595 1.4322 1.5193

1i 1.0857 1.2542 1.4239 1.5088

19 1.0q26 1.2494 1.4166 1.491)0

20 1.0p31 1.2452 1.4105 1.4916

21 1.0776 1.2416 1.4C49 1.4942

22 1.0751 1.23t0 1.3-33 i.u779

23 1.0732 1.2351 1.30t• 1.47,r

24 1.0713 1.2321 1.39'u 1.4664

25 1.1694 1.2297 1.3b35 1.4 11

26 1.0682 1.2273 1.3831 1.457()

27 1.0363 1.22 , 1.37q- 1.6528

24 1.0651 1.2225 1.3764 1.4486

29 1.0E33' . 7 1.373C 4;, Li

30 1. 062c i.2189 1.3730-) .41417
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TABLE 4. PERCENT.\E 'OINTS()FTIE Iii ,.0-ST.TISTI(

1.6

0.10 0.05 0.02 oo

1 4.1837 8.0385 18.9833 35.8457

2 1.9348 2.7223 4.1551 5.5R88

3 1.5591 2.0131 2.7090 3.2891

4 1.4127 1.7562 2.2353 2.5925

5 1.3352 1.6266 2.0074 2.2704

6 1.2874 1.5481 1.8750 2.0874

7 1.2556 1.4962 1.7885 1.9703

8 1.2325 1.4599 1.7276 1.-392

9 1.2146 1.4311 1.6829 1.83C1

10 1.2006 1.4096 1.6489 1.7B45

11 1.190) 1.3925 1.E215 1.7490

12 1.1808 1.378 1.5994 1.7203

13 1.1735 1.3665 1.5809 1.6961

14 1.1669 1.3570 1.5,54 1.6764

15 1.1616 1.3482 1.5523 1.6595

16 1.1569 1.341) 1.5409 1.6448

17 1.1529 1.3349 1.5314 1.6319

1e 1.1490 1.3292 1.5224 1.6206

19 1.1456 1.3241 1.5147 1.6110

20 1.1430 1.3197 1.5081 1.6020

21 1.1404 1.3159 1.5022 1.59U2

22 1.1377 1.3121 1.4962 1.5874

23 1.1357 1.3090 1.4914 1.5806

24 1.1337 1.3058 1.4866 1.5750

25 1.1317 1.3033 1.4825 1.5F'94

26 1.1304 1.3007 1.4789 1.5649

27 1.12ý4 1.2982 1.4753 1.5604

28 1.1271 1.2957 1.4717 1.5559

29 1.1258 1.2938 1.4687 1.5519

30 1.1244 1.2919 1.4658 1.54R5
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T.ABLE. I. I'ER('ENT.\;E1'([%INTS )I"F IIE II•i f. o- STATISTIC

,- 1.7

1 4.4140 8.4274 19.802b 38.0706

2 2.0413 2.8540 4.3344 5.9257

3 1.645C 2.1105 2.8259 3.4•932

4 1.49J1 1.3412 2.3318 2.7535

5 1.4087 -,.7i)52 2.0941 2.4114

6 1.3583 1.6230 1.9559 2.2170

7 1.3248 1.56c" 1.8657 2.0926

S1.3003 1.5295 1.8022 2.0055

9 1.2814 1.5003 1.7556 1.9437

10 1.2667 1.4778 1.7201 1.8952

11 1.2556 1.4598 1.f6Q14 1.8576

12 1.2458 1.4452 1.6684 1.8271

13 1.2381 1.4326 1.6491 1.8014

14 1.2311 2.4227 1.6330 1.7804

15 1.2255 1.4134 1.6193 1.7625

16 1.2206 1.4061 1.6074 1.74f9

17 1.2164 1.3995 1.5975 1.7332

18 1.2122 1.3935 1.5882 1.7212

19 1.2087 1.3882 i.ýE21 1.7110

20 1.2059 1.3836 1.5732 1.7015

21 1.2031 1.379E 1.5670 1.6931

22 1.2003 .37 1.5608 1.6859

23 1.1982 1.3723 1.55',8 1.6787

24 1.1961 1.3690 1.5509 1.6729

25 1.1940 1.3663 1.5464 1.6668

26 1.1926 1.3637 1.5427 1.6620

27 1.1905 1.3610 1.5390 1.6572

28 1.1891 1.3584 1.5352 1.6524

29 1.1878 1.3564 1.5321 1.64P2

30 1.1864 1.3544 1.5290 1.6U47

j 319



"ITABIL. 4. IO EI( E.TA(;LK|'( IN'I ( *" 1 (I'II . 01-SIATISTI'IC

1.8

IIo.0 0.02 )1

1 4.6060 8.8164 20.753S 39.5539

2 2.1301 2.9858 4.5437 6.1670

3 1.7165 2.2079 2.9624 3.6294

4 1.5552 1.9262 2.4444 2.8607

5 1.4699 1.7840 2.1952 2.5053

6 1.4174 1.6979 2.0504 2.3034

7 1.3824 1.6410 1.9558 2.1741

8 1.3568 1.6001 1.8892 2.0,'47

9 1.3371 1.5696 1.9403 2.0194

10 1.321C 1.5460 1.3031 1.9691

11 1.3102 1.5272 1.7731 1.9299

12 1.2999 1.5120 1.7490 1.8982

13 1.2q19 1.4982 1.7288 1.8715

14 1.2846 1.LSP4 1.7118 1.849F

15 1.278F 1.4786 1.6974 1.8311

16 1.2737 1.4710 1.6850 1.8150

17 1.2693 1.4P41 1.6746 1.0307

18 1.2649 1.4578 1.6648 1.7883

19 1.2613 1.4523 1.6563 1,7777

20 1.2584 1.4474 1.6492 1.7678

21 1.2554 1.4433 1.6426 1.7591

22 1.2525 1.4391 1.6361 1.7515

23 1.2503 1.4356 1.6309 1.7442

24 1.2491 1.U322 1.62;7 1.7379

25 1.2460 1.4294 1.6211 1.7317

26 1.2445 1.4266 1.6172 1.7268

27 1.2423 1.423C 1.6133 1.7219

28 1.2408 1.4211 1.6094 1.7168

29 1.2394 1.4190 1.6061 1.7125

30 1.2379 1.416 1.602P 1.7087
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TABLE, I. I'V:R('EN'A.(;E PI'( IN3 OV1. "ITHE: 11(t.,, -TV'•r

1 4.7979 9.2054 21.7148 4I.5 3

2 2.2188 3.1175 4.7529 6.4753

3 1.7880 2.3053 3.0988 3.8108

4 1.6201 2.0112 2.5570 3.0038

5 1.5312 1.8627 2.2963 ?.6306

6 1.4764 1.7723 2.144a u"195

7 1.4400 1.7134 2.0459 2.2828

8 1.41.34 1.6707 1.9762 2.1889

9 1.3928 1.6388 1.9251 2.1204

10 1.3769 1.6142 1.1162 2.0675

11 1.3647 1.5946 1.0543 2.0264

12 1.3541 1.5787 1.8295 1.9932

13 1.3457 1.5640 1.8034 1.9651

14 1.3361 1.5540 1.790f 1.9423

15 1.3321 1.543S 1.7756 1.9227

16 1.3267 1.535) 1.7•?S 1.9057

17 1.3222 1.5267 1.7517 !.•907

18 1.3176 1.5222 1.7415 1.8777

19 1.3138 1.5164 1.7326 1.8606

20 1.3108 1.5113 1.7251 1.85r,2

21 1.3078 1.5069 1.7183 1.347)

22 1.3047 1.5026 1.7115 1.3332

23 1.3024 1.4990 1.7000 3.3314

24 1.3002 1.4953 1.70)5 1.9248

25 1.2979 1.4124 1.6958 1.9183

26 1.2964 1.4,.:-, 1.6917 1.A131

27 1.2941 i. 1.6576 1.8079

28 1.202, 1.483r 1.6835 1.9026

29 1.2910 1.4P16 1.64fl1 1.79P1

30 1.2895 1.479U 1.6767 1.79u2
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TABILE 4. PEIRENTAGE POINTS OF T|IE III t. OF-STAI'ISTIC

S2.10

3 0 1. j0 00.105 0.402 4.411

1 4.9514 9.5943 22.6708 43.5092

2 2.2899 3.2492 4.9622 C.7837

3 1.8452 2.4027 3.2352 3.9923

4 1.6719 2.0962 2.6695 3.1468

5 1.5e02 1.9414 2.3974 2.7558

6 1.5237 1.8477 2.2392 2.5337

7 I.U860 1.7856 2.1359 2.3915

a 1.453E 1.7413 2.0632 2.2931

9 1.4374 1.7030 2.0098 2.2214

10 1.4210 1.6824 1.9692 2.1660

11 1.4084 1.6620 1.9364 2.1229

12 1.3974 1.6454 1.9101 2.0881

13 1.3888 1.6310 1.8860 2.05C7

14 1.3810 1.6197 1.8%94 2.0348

15 1.3747 1.6091 1.8538 2.0143

16 1.3692 1.6008 1.8402 1.9965

17 1.3645 1.5933 1.6280 1.9p08

18 1.3598 1.5865 1.q182 1.9671

19 1.3559 1.5804 1.8089 1.9555

20 1.3527 1.5751 1.8011 1.911145

21 1.3496 1.5736 1.7939 1.9350

22 1.3485 1.5661 1.7868 1.9268

23 1.3441 1.5623 1.7811 1.9186

24 1.3418 1.5505 1.7754 1.ql17

25 1.3294 1.5555 1.7704 1.9049

26 1.3373 1.5525 1.7662 1.8994

27 1.3355 1.5495 1.7619 1.8940

28 1.3331 1.5464 1.757f 1.8885

29 1.3323 1.5442 1.7540 i.Q937

30 1.3308 1.5419 1.7505 1.8796
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"TABI. E . PE|R FNrA(;E i'(OIN] (IFT IE It, I.,. 0-STATISTI(

, 2.1

I o.1.05 0.I12

1 5.1433 9.9833 23.6268 45.2397

2 2.3786 3.3809 5.1714 7.0535

3 1.9167 2.5001 3.3716 4.1511

4 1.7367 2.1611 2.7C21 3.2720

5 1.6414 2.0201 2.4985 2.0C55

6 1.5827 l.32, 2.3336 2.6345

7 1.5436 1.8582 2.2260 2.4967

8 1.5151 1.8118 2.1502 2.3'-43

9 1.4931 1.7773 2.0946 2.3097

10 1.4760 1.7506 2.0522 2.2521

11 1.4630 1.7294 2.0181 2.2074

12 1.4516 1.7121 1.9906 2.1711

13 1.4426 1.6971 1.9676 2.1U06

14 1.4345 1.6954 1.9463 2.1157

15 1.4280 1.6744 1.9320 2.0044

16 1.4223 1.6657 1.9178 2.0759

17 1.4174 1.6578 1.9060 2.0595

18 1.4125 1.6509 1.8948 2.0453

19 1.4084 1.6445 1.8852 2.0332

20 1.4052 1.6390 1.8770 2.0219

21 1.4019 1.6343 1.8696 2.0119

22 1.3986 1.6296 1.8622 2.0034

23 1.3962 1.6256 1.8562 1.9949

24 1.3938 1.6217 1.8503 1.9878

25 1.3913 1.61S6 1.8451 I.;,•7

26 1.38937 1.6154 1.8406 1.9750

27 1.3872 1.6123 1.8362 1.9693

28 1.3856 1.6091 1.8317 1.9635

29 1.3840 1.6068 1.8280 1.9586

30 1.3824 1.6044 1.8243 1.9544
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•rxi4 .F: 4. IPKR(EN'I'.\( ;i I'l IkmI I (I," TIIK /0/.:, .W-STl.\'IIM l(h

2.2

10I (0.105 11.0.2 11.)1

1 5.236? 10.3074 24.4462 46.c702

2 2.L496 3.4907 5.3508 7.3233

3 1.9739 2.5813 3.4886 4.3099

4 1.7885 2.2520 2.8780 3.3971

5 1.6904 2.0856 2.5351 2.9751

0 1.0300 1.9851 2.4146 2.7353

7 1.5897 1.9195 2.303" 2.5818

8 1.5604 1.1707 2.2248 2.4755

9 1.5377 1.R350 2.1672 2.3980

10 1,5201 1.P074 2.1234 2.3393

11 1.5067 1.7S55 2.0831 2.2918

12 1.4949 1.7v75 2.0590 -.2's_2

13 1.4857 1.7-22 2.0358 2.2224

14 1.4773 1.7401 ?.0159 2.1966

15 1.4706 1.72V7 1.9993 2.1745

16 1.4647 1.7198 1.9 1384U 2.1553

17 1.4597 1.7117 1.9721 2.1383

18 1.4547 1.70L4 1.32,5 2.1236

19 1.4505 1.6979 1.9506 2.1110

20 1.41.71 1.6022 1.9421 2.0992

21 1.4"38 1.6P73 1.9344 2.1889

22 1.4404 1.6825 1.02,17 I..p0

23 1.4379 1.6784 1.9206 2.0712

24 1.4354 i.A7"4 1.9144 2.0633

25 1.432H 1.E711 1.00?1 2.0504

26 1.4312 1.A;79 1.9045 2.r505

27 1.4286 1.6646 1.5998 2.04W'

28 1.4270 1."314 1.8952 2.0387

29 1.y;' • 1.e590 1.8934 2.0335

30 1.4236 1.E565 1.8876 2.0291
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SII0.l 11.110.0 (I, 1.(111

1 5.4504 10.6316 2S.4022 46.9479

2 2.5206 3.6005 5.5600 7.6316

3 2.0312 2.6625 3.6250 4.4913

4 1.8404 2.3228 2.9912 3.54(12

5 1.7394 2.1512 2.69F2 3.1003

6 1.6772 2.0475 2.5090 2.8504

7 1.6358 1.9789 2.3932 2.6905

8 1.6055 1.9295 2.211P 2.5720

9 1.5523 1.3927 2.2520 2.4990

10 1.5642 1.8642 2.2064 2.4367

11 1.5503 1.8416 2.1697 2.38P3

12 1.5383 1.8232 2.1L02 2.3491

13 1.5268 1.8073 2.1154 2.3160

14 1.5201 1.7946 2.09U7 2.2991

15 1.5132 1.7831 2.0771 2.2C60

16 1.5072 1.7739 2.0620 2.21460

17 1.5020 1.7653 2.0192 2.2284

18 I.4863 1.7589 2.0372 2.212?

19 1.4925 1.7513 2.026P 2.1"99

20 1.4890 1.7454 2.0181 2.1076

21 1.4i5F 1.7404 2.01"1 2.1768

22 1.4822 1.7354 2.0021 2.1€76

23 1.4796 1.7312 1.9957 2.0549

24 I.1,770 1.727^ 1.1893 2.1507

25 1.4744 2.7237 1.9837 2.1430

26 1.4726 1.7203 1.9780 2.Il(,'

27 1. 4701 1.7170 1.9742 2.1207

28 1.4rt13 1.7136 1.9(94 2.1246

20 1.4r66 1.7111 .2. 1'

30 1.46F49 1.708g. 1.061'. 2.7o?6

I 5



"T'ARIL.E 1. PERC'ENTA(;E H'3INTS ('THE 11 L,. 0-STA'ISTIt

, 2.4

0. l 0.05 0.02 0.0 1

i 5.5655 10.8900 26.0850 50.4312

2 2.5739 3.6683 5.7095 7.3629

3 2.0741 2.7274 3.7224 4.6274

4 1.8793 2.3794 3.0716 3.6474

5 1.7761 2.2037 2.75114 3.1V43

6 1.7127 2.0974 2.57C4 2.9363

7 1.6704 2.0271 2.4576 2.7720

a 1.6395 1.97•> 2.3740 2.6573

9 1.6157 1.5388 2.3125 2.5748

13 1.5972 1.9,)7 2.2653 2.5106

11 1.5R31 1.386C 2.22P1 2.4607

12 1.5706 1.6677 2.1977 2.4203

13 1.5611 1.8514 2.1727 2.3362

14 1.5522 1.839C 2.151" 2.3535

15 1.5452 1.3266 2.1330 2.3347

15 1.5390 1.8171 2.1174 2.314-

17 1.5337 1.8006 2.1043 2.2959

18 1.5284 1.o202 2.0920 2.2800

19 1.5. 1.794"4 2.0):I? 2.2666

20 1.5205 1.7520 2.0723 2.2530

22 1.5170 11702' 2.0614 2.2423

22 1.5135 1.7777 2.3551 2.2332

23 1.51',9 1.773) 2.0434 2.2232

2. 1.5162 1.7691 2.0425 2.2159

25 1.5055 1.7 2.3371 2.2060

2 !.5 1.'"(23 2,0371 2.2016

27 5.l1 1.75 '2 2.0272 2.1953

2P I. 149( 1.7554 2.0223 2.1181

24 1.4,97 1.752.1 2.0182 2.1834

3; 1.4 58 1.7503 2.0141 2.178G



TABLE 4. PFR(ENI'\;E P( IN'l'F . TlE I1 .,-S TISII(
2•.5

II, ~l 0.)5 (1.02• 0 1|

1 5.6807 11.2150 26.9044 52.1616

2 2.6271 3.7960 5.0299 0.1327

3 2.1170 2.8086 3.3394 4.7962

4 1.9192 2.4502 3.153; 3.7726

5 1.8129 2.2693 2.8"51 3.3039

6 1.741I 2.1598 2.6574 3.0376

7 1.7049 1.075 2.534' 2.1671

,3 1.6734 2 0354 2.4485 2.7491

S 1.6491 1.9966 2.j951 2.6631

10 1.63,2 i.9666 2.3369 2.5967

11 1.3159 1.9427 2.2980 2.5451

12 1.6032 1.9233 2.2668 2.5033

13 1.5934 1.1K65 2.2406 2.46r1

1" 1.5Sw4 1.0933 2.2182 2.4394

15 1.5772 1.ýU29 2.2000 2.4148

16 1.57(9 i.J712 2.1639 2.3935

17 1.5655 1.9024 2.1704 2.3747

Ic 1.5601 1.8544 2.1577 2.3583

19 1.5556 1.8474 2.1467 2.3444

2) 1.5520 1.8U12 2.1374 2.3312

21 1.5484 1.835j .i - 2.31,:i

22 1.5449 1.830C 2.1205 2.3099

23 1.5421 1.8262 2.1137 2.3001

24 1.53,j4 1.121 2.1070 ?.2919

25 1.5367 1.8183 2.1010 2.2837

26 1.534, l1141 2.i)9E0 2.277;,

27 1.5322 1.8112 2.0909 2.2706

29 1.5304 1.ED77 2.0858 2.2610

29 1.5286 1.A050 2.081C 2.25A3

30 1.5268 1.8024 & .C774 2.2534
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TABLEI' 1. IPlElRCENTr.AlI- I ()FlX'lL, il h Til v t,. .01-S-TAV lTI(' C

2.6

I 5.8•:2 11.4095 27. 3604 53.644'

2 2. 69•t1 3.8639 6.0081 C. 3640

:1 2.171- 2.8573 3.9750 4.9223

1 1.97004' 2.4927 3.2806 3.8799

5 I.•i-hI9 2.3086 2.9462 3.3978

6 1.7951 2.1973 2. 7518 3.1240

7 1.75101 2.1237 2.6248 2. 9487

S1.7187 2.0707 2.535-, 2. 2773

9 1.693:7 2.0312 2.L699 2.7388

1 1.67 1, 2. 0006 2.4200 2.6706

11 1.6595 1.9764 '. 3797 2.6175

12 1.616ii 1. ';566 2.3473 2.5745

13 1.6161 1.9396 2. 3?02 2. 5383

II 1.6272 1.9261 2.2974 2.50,4

15 I.61i)9 1.913C 2.2781 2.4835

16 1.6133 1.9037 2.2615 2. 4116

17 .. li07s 1.8947 2.2475 2.44,22

Is 1.61122 1.8a66 2.2344 2.4253

19 1.5976 1.6794 2.2230 2.4111

20 1.5939 1.9731 2.2134 2.3975

21 1.5902 1. 367P 2. 204W 2.3857

22 I.5m65 1.3C24 2.189c 2. 375f

2 t 1.5I", 1.8579 2.1888 2.3,855

21 1.sli 1.3534 2. 181 P 2.3571

25 1.,7s2 1. 8R48 2. 1757 2.314R6

26 1. 576 1.3122 2.17r4 2.3411

27 I -,7316 1. .? 2. 11 52 2. 31:,2

2s 1.5717, 1. "0 2. 19Q 2..3? 14

29" 1 i•33.,3 2.1556 2.3228

.1'' I.,hiM) 2. 336 2.1512 2.3175

i1x



'I'\HI I. I. I'I:I( '1 I. XI'\ ;I.:I '()INUIS I."I 'I IFIlV . . -I'.'IS '(

2.7,

1 5.9111 11.6E88 23.1336 54.3810

2 2.7336 3.9517 6.1579 8.5567

3 2.2028 2.9222 4.0148 5.0357

4 1.9959 2.5494 3.3128 3.9693

5 1.8864 2.3611 2.9751 3.4761

6 1.8190 2.2472 2.7788 3.1959

7 1.7740 2.1719 2.6506 3.0166

8 1.7413 2.117S 2.5604 2.8925

9 1.7160 2.0773 2.4941 2.8019

10 1.6963 2.0461 2.4437 2.7321

11 1.6814 2.0213 2.4030 2.6778

12 1.6682 2.0011 2.3703 2.6338

13 1.6580 1.9837 2.3429 2.5968

14 1.6486 1.9699 2.3199 2.5666

15 1.6411 1.9570 2.3005 2.5407

16 1.6346 1.9469 2.2837 2.5183

17 1.6289 1.9378 2.2695 2.4985

18 1.6233 1.9295 2.2563 2.4812

19 1.6186 1.9221 2.2448 2.4666

20 1.61U9 1.9157 2.2350 2.4528

21 1.6111 1.9102 2.2262 2.4407

22 1.6074 1.9047 2.2174 2.4304

23 1.6046 1.9001 2.2103 2.4200

24 1.6018 1.C955 2.2032 2.4114

25 1.5990 1.8918 2.1970 2.4028

26 1.5971 1.8882 2.1917 2.3959

27 1.5943 1.8345 2.1864 2.3890

28 1.5924 1.0808 2.1811 2.3821

29 1.5906 1.8781 2.1767 2.3760

30 1.5887 1.8753 2.1723 2.3709

t4



TABLE 4. ER('ENTA\(. IIIN (F TIlE II(t.O)-ST.\I'ISTI(

-2.s

0. 10 .05 0.02 11.0)1

1 5.9877 11.7984 28.6799 56.1170

2 2.7691 3.9956 6.2775 8.7494

3 2.2314 2.9547 4.0927 5.11,92

4 2.0218 2.5777 3.3771 4.0587

5 1.9109 2.3874 3.0328 3.5544

6 1.842G 2.2722 2.8327 3.2679

7 1.7971 2.1961 2.7021 3.0e46

8 1.7639 2.1413 2.6101 2.9576

9 1.7383 2.1004 2.5425 2,8650

10 1.7184 2.0688 2.4912 2.7936

11 1.7032 2.0438 2.4497 2.73,1i

12 1.6899 2.0234 2.4164 2.6931

13 1.6795 2.0057 2.3884 2.6552

14 1.6700 1.9918 2.3650 2.6244

15 1.6624 1.9788 2.3452 2.5979

16 1.6558 1.9686 2.3280 2.5750

17 1.6501 1.9593 2.3136 2.5547

18 1.6444 1.9509 2.3001 2.5371

19 1.6396 1.9435 2.2804 2.5221

20 1.6359 1.9370 2.2784 2.503fn

21 1.6321 1.9314 2.2694 2.4957

22 1.6283 1.9258 2.2604 2.4851

23 1.6254 1.9212 2.2532 2.4745

24 1.6226 1.9166 2.2460 2.4657

25 1.6197 1.9128 2.2397 2.4569

26 1.6178 1.9091 2.2343 2.4498

27 1.6150 1.9054 2.2289 2.4428

'9 1.6131 1.9017 2.2235 2.4357

29 1.6112 1.8989 2.2190 2.4296

30 1.6093 1.8961 2.2145 2.4243
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T.\HI.• I. PKFI(.NT..xr.: POINTS OF THlE IiIt:Oe)-TATISTIC
, 2.9

t. IC) ).4(o 5 1o.012 (0.01

1 5.0261 11,9929 29.3627 57.3531

2 2.7869 4.0615 6.4269 9.9421

3 2.2457 3,0034 4.1902 5.2626

4 2.034A 2.6202 3.4575 4.1481

5 1.9231 2,4267 3.1050 3.6327

6 1.8544 2.3097 2.9)02 3.3399

7 1.8086 2.2323 2.,064 3.1525

8 1.7752 2.176€ 2.6723 3.0228

9 1.7L214 2.1350 2.6031 2.9282

10 1.7294 2.1030 2.5505 2.8552

11 1.7141 2.0'775 2.5080 2.7084

12 1.7008 2.0567 2.4739 2.7525

13 1.6902 2.038P 2.4453 2.7137

14 1.6807 2.0246 2..213 2.6822

15 1.6731 2.0114 2.4010 2.5552

16 1.6664 2.0010 ?.3.ý3- 2.6317

17 1.6607 1.9916 2.3687 2.6110

18 1.65L49 1.9831 2.3548 2.5930

19 1.6502 1.9755 2.3428 2.5777

23 1.6464 1.9689 2.3327 2.563?

21 1.9425 1.9633 2.3235 2.550,

22 1.6387 1.957G 2.3142 2.5398

23 1.5356 1.9529 2.3069 2.5290

24 1.6330 1.9482 2.2995 2.5209

25 1.$301 1.9444 2.2930 2.511ý

26 1.Q282 1.9406 2.2875 2.5038

27 1.C254 1.9369 2.2820 2.4966

26 1.6234 1.0331 2.2764 2.4P94

29 1.6215 1.9302 7.271D, 2.4e31

30 1.6196 1.9274 2.2672 2.4777



T.\IB.E I. PEI R(T'ENT\(I.E I NT I'I' 1 1 1 TII!,: II ; )-T'IrA'ISI'I
3.0

U).1 IkO0 0.12 00.•,021

1 6.1029 12.1226 2q.7724 58.5%j2

2 2.8224 4.1054 6.5166 9.134S

3 2.2743 3.3359 4.2487 5.3760

4 2.0607 2.6485 3.5058 4.2375

5 1.9476 2.4529 3.1484 3.7110

6 1.8780 2.3346 2.9407 3.4119

7 1.8316 2.2564 2.8050 3.2204

8 1.7978 2.2001 2.7096 3.0879

9 1.7717 2.1581 2.63Q4 2.9913

10 1.7514 2.1257 2.5861 2.9167

11 1.7360 2.0999 2.5433 2.8587

12 1.7224 2.0720 2.5084 2.6118

13 1.7118 2.0608 2.4794 2.7722

14 1.7021 2.0465 2.4551 2.7400

15 1.6944 2.0331 2.4345 2.7124

16 1.6876 2.0226 2.4167 2.6894

17 1.6818 2.0131 2.4017 2.,673

18 1.6760 2.2045 2.M877 2.64ý19

!- 1.6712 1.9969 2.3755 2.6-32

20 1.6673 -. 9902 2.3652 2.61F5

21 1.6634 1.9545 2.3559 2.6056

22 1.6596 1.9796 2.3465 2.5946

23 1.6567 1.9740 2.3390 2.5835

24 1.6531 1.1691 2.2316 2.5743

25 1.6529 1.0654 2.32r0 2.5551

26 1.64490 1.?Y116 2.3194 2.5578

27 1.b4•6 1.ý573 2.$1•2 2.5504

28 1.6441 1.9540 2.308, 2.5430

29 1.6422 1.1511 2.3035 2.5365

30 1.6423 1.9472 2.295 2.1312
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