NUWC TP 19
COPY

....nuwce

e m— T A

by R. H. Riffenburgh

Ocean Sciences Department
San Diego, California

October 1967

TRANSFORMATION FOR STATISTICAL DISTRIBUTION
APPROXIMATELY NORMAL BUT OF FINITE SAMPLE RANGE

!
N
JUL 1 0 968 1}}

(3 TRIBUTION “TATEMENT




NAVAL UNDERSEA WARFARE CENTER

An activity of the Naval Material Command

6. H. Lowe, Capt., USN Wm. B. McLean, Ph.D.

Commander Technicol Director

Work was performed under SR 104 03 01, Task 0586 (NEFL L1037, The
report covers work from August 1965 to October 1966 under NEL auspices. having
been initiated carlier under other auspices. The report was approved tor publi-
cation 30 October 1967.

The author is Professor of Statistics at the University of Connecticut,

He performed the study as a part-time member of the Oceanometries Group. The
work was partially supported by a Public Health Service Rescarch Grant GM 11608
from the National Institute of General Medical Sciences.

Released by Under authority of
E. R. Anderson. Head .. H. Curl. Head
Oceanometrics Div, Ocean Sciences Dept.,

The distribution control point for this report is NUWC, San Diego, Califorma.




P

e . P ———r G

CONTENTS

INTRODUCTION . . . page 5

THE HALF-RECTIFIED TRUNCATION . . . 7

A TEST OF MEANS., KNOWN VARIANCE . . . 9

A TEST OF MEANS. UNKNOWN VARIANCE . . .11
TESTS OF VARIANCE . . .19

AN APPLICATION IN ELECTRONIC COMPONENT RELIABILITY
EVALUATION . . . 19

AN APPLICATION IN OCEAN DATA ANALYSIS . . . 21
CONCLUSIONS . . .23
RECOMMENDATIONS . . . 23

REFERENCES . . . 24

TABLES

Probability densities for the g, (x)-function . . . page 25
Variances of the g (x)-function . . . 29

The incomplete G.. (x)-function (cumulative probabilities of the
g-(x)function) . . . 30

Percentage points of the [{(f: ¢, 8)-statistic . . . 34

ILLUSTRATION

Superimposed density functions of normal. truncated normal, and half-
rectified truncated normal distributions . . . page 5

REVERSE SIDE BLANK

i oy R RN S

DRI 2 s 5 20



it — »‘»-,WM !

W g o

THE PROBLEM

Develop statistical, physical, and computer techniques and methods for
interpreting. summarizing, and extrapolating environmental data to support Navy
requirements in research, developmental, and operational aspects of underwater
detection. location, communications. and navigation. Specifically, develop a
statistical test applicable to data samples drawn from populations that are approx-
imately normal but have bounded, rather than infinite, domains.

RESULTS

Two traditional approaches are in use for hypothesis testing of data sam-
ples drawn from populations that are approximately normal but have finite domains:
(a) assumption of a distribution that closely approximates the sample, such as a
Beta distribution or one of the Pearson curves, and (b) truncation (removing the
tails) of an assumed normal population. Approach (a) leads to intractable mathe-
matics, and it is difficult to justify the appropriate curve and parameters. Approach
{h) leads to serious errors in hypothesis testing if the frequency curve approaches
zero at the bounds of the domain, since the tails of the assumed distribution are
used in computing probabilities of error and separating decision regions.

In this study. a transformation is performed on an assumed truncated nor-
mal distribution so that many of the desirable statistical properties of normal
distributions are retained. vet the data sample distribution in the tails is more
closely matched than is possible through use of traditional approaches.

The major results of the study are:

1. Development of sampling theory and tests of hvpothesis for
a. mean tests on samples with known variance.
b. mean tests on samples with estimated variance,
c. tests of variance.

2. Appi.cation of the technique to two data samples, one concerned vith

a problem in clectronic component reliability, the other with ocean temperature
analysis.

3. Preparation of extensive tables to permit practical use of the method.
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RECOMMENDATIONS

1. In application of statistical tests to specific problems, examine the
satisfaction of assumptions when using normal tests such as -tests or F-tests.
When the assumptions are violated by domain restrictions. use the method de-
scribed in this study.

2. Study the use of a sometimes more realistic Beta or Pearson distrib-
ution as an alternative approach to the problem, and compare results so attained
with results obtained using the approach presented in this report.




INTRODUCTION

In many cases data are drawn from populations with approximately normal
distributions but with bounded, rather than infinite, domain. Suppose the popula-
tion density for a variate x is denoted g, *(x:0, 1), x| ~c, ¢ ], and the associated
standard normal is f(x: 0. 1).( The 0. 1 imply zero mean and unit standard deviation.)
The traditional way of treating this problem is to assume a truncated normal dis-
tribution, for which the theory is well known. Suppose this truncated normal is
),.“'(.\‘). However. if g.%(x) s0as x ve0 lorx . ), then

f0ny) g % (0 grows large as v-¢ (orx - ¢) )
] [}

so that scrious errors are attached to observations tending to the bounds of the
domain. which will often lead to errors in hypothesis testing. This ratio can be
visualized from figure 1. Since the tails of the assumed distribution are used to
compute the probabilities of error and critical regions in all usual tests of hypoth-
esis, it is ovident that a large deviation of the assumed model from the true popu-
lation distribution in this region will markedly affect the power of a test. however

Fagure 1. Superuuposed density functions of  goeaiel (e 0, 1 o)
trancated normal /, O for 2 (e wd . halt recnified

truncated normal goto far o 2 ),
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well behaved the approximation may be in the vicinity of the expectation. This
problem was recognized under slightly different guise in 1961 by Hotelling, who
observed that **Central limit theorems under various assumptions have proved
~onvergence to normality as the number increases. For a large but fixed number
the approximation of the distribution to normality is typically close within a re-
stricted portion of its range. but bad in the tails. Yet it is the tails that are used
in tests of significance.’"!

To illustrate the problem, consider the proportions, say measures p on a
variable P, in samples of hake caught off the Califomia coast in March which have
anchovy larvae in their stomachs. Since the encounters between the predators and
prey behave in an approximately random normal fashion,? the deviation about the
expected proportion, say w, will be distributed approximately normal. However, the
distribution of animals (presence of other potential prey but proliferation of anchovy
larvae during this spawning period) implies that p ~ [m—, n+c], ¢ a constant < min

(1-m, m, and obviously that the frequency of p tends to ) as p tends to w=c or w+c.

In such a situation, a simple maneuver will eliminate the offending prop-
erty (eq. 1). Let the truncated distribution defined for [ ¢. ] he affine-transformed
so that the abscissa is translated to f(¢) and the ordinate **stretched™ to allow for
unit area under the portion of the curve above the new abscissa. Then let the
curve be half-rectified (that is. drop the portion below the abscissa). The result-
ing curve. say g.(x), is a quasi-normal distribution with finite domain. having the
property lim g_(x) . 0 and yet retaining many normal properties.

b Yeind
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Another approach to this problem would be to assume agn alternative dis-
tribution with finite domain. for example, the versatile Beta or one of the time-
honored Pearson clan. Some. but not extensive consideration has becn given to
such distributions. without auspicious success. In particular, the Beta parameters
grow large as the function approximates the normal: series expansions grow com-
plicated; and the mathematics seems to approach intractability. However. the
flexibility of the Beta in dealing with the more general class of symmetric-plus-
asymmetric (for example. log-normal) distributions may justifv difficult mathematics
and approximations; the study of the Beta and Pearson curves in this regard is en-
couraged in a generalization of the problem considered here.

In this report. the half-rectified truncated normal distribution is assumed,
exact sampling tests of hypothesis are developed. and examples of applications
are drawn from electronic component reliability and ocean temperature studies.

t Superscript numbers identify references listed at end of report.
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THE HALF-RECTIFIED TRUNCATION

Since any normal distribution can generally be standardized. the method-

ology will be developed for

[ 2m exp —%x’l, ~ A - 2)

We require a new function, say g, (c), or g(x) for short, when ¢ is understood. This

function is approximately equal to {(x) in the neighborhood of v 0 but is defined
only on the interval [ ¢, | and satisfies the boundary conditions gt ¢ pg()

0. lim gy O/ lim gy 0, ¢_ 40
X, oo X

Let us define such a g(x)as g(x) k(f(x) f(e)]. ¢—x_c.
where k is defined by

[ gxrdy 1 3
If we define F (¢} f() f(x) dx. then
B [ L flterlde - 2F 2 cfte) 4

80 that cquation 2 becomes

g{x) Lﬂl—'—— ¢ X (5

20F ) coftey]”  —7 —

Intable, g(x) for ¢ 1.2(0.1) 3.0 for v 0.000.05) ¢ is tabulated. The dotted
line in figure 1 represents g(x) superimposed on the normal and truncated normal
distributions for ¢ 2.

For what values of ¢ is the half-rectified truncation appropriate? It can
be seen by inspection that when ¢ approaches 1*, g(x) deviates further and fur-
ther from normal, hence losing more and more normal properties. This obviates
its use, finally rendering g(x) approximately a cosine or a parabola for ¢ 1. On
the other hand. as ¢ grows larger, g(x) » f(x). Again the use of this technique is
obviated. Thus, the technique is applicable for ¢ from somewhat greater than k,
perhaps 1.2 or 1.5, to perhaps 3 or 4,

Ut AW o S I AU SO & ———




Consider the moments of this distribution. That E,t0 0is obvious due
| to the symmetry of g(x) about 0. For the second moment o“‘ Eg(.\“). where. with

o
the help of transtormations, and using l(\;-; l)) to denote the incomplete gamma
6 <

distribution in Pearson’s notation:®

Y (y? 2Y ¢ o 1 2 2ke?
E (x) oy (;)’k/n X 0.\;))--2-,\ Uy -...3_{_[((')

14

(6)
l Fat] l o . i .
2 (\,(_; 2) 3 [l (Feey efter]

The relationship between o2 and o/ 1is not obvious. ¢, s a function of .
A8 is requisite,

. lim 9, 0 (7
(‘v“
and
lim o 1 (R)
C o

which are easily shown by L'Hospital's rule. For finite ¢ = (), let us return to the
form of equation 6. which may be written as
L} f(e)
o, 1- . ()]
' b-liita
X2 oxXp b~ —n* {dy
./u 2

But when ¢ - 0, both denominator and numerator of the fraction in cquation 9 are
positive: hence o of 1 for finite ¢ = 0.

Table 2 gives values of o2 for C - 0.80 (0.05) 1.00. Computations were
performed on the University of Connecticut Computer Center 1BM 7040, Since

o, - 1. each table entry will also represent oy
Uf‘
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A TEST OF MEANS, KNOWN VARIANCE

Lot us consider the use of g0 for a test of means where S known,
\ X ., be a sample of n independent obhservations on ¥, where <t

Let X, 1, ..

" n

mu, ol but v fu=cg,mteol. Let s lz _(" It follows from —neo z (x; -
n
1 1

<nco, and naming x = (¥ -y} ‘g, that —¢ <x < ¢, where x s now a random
variabie for which the transformation from (2) to (3) is appropriate. Thus,

the theory here will serve for a tost un x.
In this case.

-§ . .
pli=s ¢ py. o de & Fuo (8o e
o -5 L gl / r'“'\ d'\ 2Ky 2¢fley ao

o S
Let us define G(&) /; £ dy, Intable 3 Goofor ¢ 1,200 3,0 for 1

0.0 ¢0.05) ¢ is tabulated.  Computations were performed on a PTP-APS-augmented
Mathatronics 8-48S. Then from equation 10,

(I

3
-
asl

{

| -
S - (gL 50

1 .
w8V E- O
5-G-0.8

In some cases, more general use anses from the Central Limit Theorem.
Forany v IDW.on 0 Ju-e¥a, p+e*g), —c = — N A AT H AT R =
I \7

(TR . .\ . . . — .
where ——= will tend to normalits. For small #. there is a regionof ¢ =\ * in

T\
which the C.LUT. has begun to cause normality tendencies hut where # has not
adequately reduced the vartance (relative to %), where this theory would again be
helpful. The nature of this region his not heen investigated. However, a com-

- . . . " . .
parison of table 3 with a table of j n s O Lide shows that for small o, certainly
(8]

o3 the incomplote distributions diftfer setficient!s to imply the desirability of

using this moethod,
It may be o terest to compare Type 1 Fror probabilities botween the

two test=, Vwe approaches to companti=on are apparent: the change in eritical
afue could be studed tor tised s, or the change in oo conld be <studied for a fixed

eritical value, The fiest wonld atfect the nature of the decision resufting from

tih s Lospnitie s s dastrbated approsmately’

9
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changing tests while holding a constant error risk; the second would affect the
risk of error resulting from changing tests while retaining the critical value. The
first is used later in considering examples. The second would not oceur in
practice, but would yvield valuable insight into the relationship between the two
types of test: therefore it is considered here.

Suppose we use a normal distribution test based or some Type | Error
probability. say a \: we find a certain critical value, say ... which separates the
rejection region from the acceptance region. However, suppose the conditions set
forth in this report are exactly satisfied. Then o is not the true Type 1 Error
probability: a correct a j; is associated with the half-rectified truncated normal
distribution, or **ll-test.”” Further. ay - a;y. so that a normal test used when the
H-test is appropriate will vield a Kimball ¢ Tvpe I11 ErrorT. «, representing the
difference, oray oy -

Consider ¢ 2.R, as occurred in one application. To find a4, let us
enter table 3under ¢ 2.8 and v ¢ . The tabulated (or interpolated) value is
the arca under the probability curve from 0 to ¢ | so that l-entry is the one-
tailed error probability. Then oy 2 (l-entry). Appearing below are ay, ¢, ajy,

and « (- ay - ap)

ay (.2000 0.1000 Q.0500 00200 1.0100 0.0050
[ 1.28 1.64 1.96 2.33 2.57 2.81
ay 0.1806 0.0820 0.03:34 0.0078 0.0014 0.0000
K 0.0194 0.0180 0.0166 0.,0122 (.0086 0.0050
® oy 0.1071 0.2195 0.4970 1.5641 6.1429 ~

While a « is present in each case, it decreases with ¢ and may not appear
crucial at first glance. More important for an interpretation of « is 1ts relation to a,
the error probability usually considered. Thus, the last row gives the ratio x oy,
which can be seen to increase seriously as o decreases, Inany event, « is large
enough so that serious doubts are cast on the advisability of using a normal test
when the probahility distribution diminishes to zero at the ends of a hounded

sample range.

t Kimball defines the Type 1 Error as “the error commatted by givaing the right answer to
the wrong problem.'  An equivelent defimtion which s more susceptible to neasurement
might be “‘the error committed by making an erroneous decision due Lo erroneous nssump-
tions.*’ Let us nume the probabality of this error x i honor of Kimball, using the Greek
jetter for harmony with a and ﬂ, the T'ype §and 1 Error probabihities.
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A TEST OF MEANS, UNKNOWN VARIANCE

Thus far we have assumed a normal distribution with (possibly) known
mean p and known variance ¢?. Let us now consider the case in which o? is
unknown and must be estimated.

Suppose we have a sample of n independent observations x, X,, ..., X,
arising from the distribution of x distributed as normal with zero mean and unit
standard deviation, denoted ~n(p. o). and o is unknown. Let

n

§ %Z G w3 (12a)

or

a1 s Th
o - 12 (x, %) (12b)

x Ap (13)
[e)

As in equation 2, x will be distributed as n(0, 1). But now we shall impose the
restriction ¢ x - ¢ on the possibility space. Then as before g(x) is distributed
as in equation 5. Now let

(x;, p»
v, — (14a)
c»l
or
(¥, P
A are (14b)

depending on p known or unknown, respectively. We desire the probability func-
tion. say h (), (which now defines h(t), of

. /E_\ (15
n \(_-

n




where

v ¥; 28 (16)

where 8 is degrees of freedom, namely, n or n—1, depending on g known or unknown.

1o
Now if the distribution function for equation 15, Hu:8.0) /0‘ h(t;0.0)dt,

approaches the distribution function for Student’s ! rapidly as n increases, Student’s
t will serve as an adequate approximation, and the derivation of If will be unneces-

12

sary. Certainly H approaches the distribution function of Student's ¢ for n as ¢
increases. However, for ¢ in practical ranges of, say. 1.2 to 3.0, a comparison of
the to-be-derived H tabulated in table 4 with a Student’s t-table will show large
differences. For example. if 8 10 and ¢ 2.0, the value of t,. for which

0.5 — H) - 0.05  ais 1.682. If Student’s ¢ were used erroncously in this situation

for a nominal «  0.05, {, would be 1.812, and the true o for a f, of 1.682 would be
approximately 0.08. an error of 60 percent.

Let us, then, derive h and tabulate /. Transforming g(x) of equation 5
by the transformation (eq. 14a, b), we may easily show

o =12 -1/

™ 12 —_\'I-/z el 2) , ,
(e e dy; 0oy

“Fior oo Vi i 0oy el an

& (vdy,
Since v, is independent of Yiodoj L 20....n005 ],

In‘z n’/
Al

, C ) 2 2 A n )'i/‘ S} z T , ~vi/3
Yo ) [FieY ef(o)? A i ¢ ¢ l l ¢
1

(18)

;1 F2 i1
‘Y
poteg

isf
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n
Let us make the transformation teq. 16). such that v; - Z ¥;.dy, dv.and
\ 2
i integrate out y,..... v,. whence
1 n

T A Y A ST | P
€ g 2
’ TF( ofto)” Z ") v, 1 (19)

n
n n=1\ N

H i e Y ([—Z‘I) Y i)
£ —e - ¢ . 2 .o ¢
'
f ‘ 4 =
; 2 ;2 1-3
! ( il LN
N n 1 Y
: -, : '}. A r) , ,
hy ‘Y ' i o ¢ —-'--o(-])”(’l 1(’”(.1'2 ‘]d»"t
¢ 2

We note that cach integral of the expansion teq. 19) is nearly in the form af a gen-
+
: eralized Dirichlet integral. Let v,  ru,. u, - 0. which satisfies one condit n for
: the Dirichlet integral. Also 3y, - ¢ ¥u, - v, sothat Ju, - 1. which satisfies an-

a0t . \ .\ - .
other condition. Since u; = —=——_ it can be seen that ¢, - 1. subject to
U Mo E.\v -
e

. the restriction that Tu, 1. The possibility space of equation 19 becomes an
R tn = D-dimensional hypercube from zero to the intersection with the hyperplane
E v, 1.

!

ym s = oo Nz -} 1 " . d Y

3 2 m - 7

| Y 7 SR | Pl
: Jo Jo Ly

[Ftar=cfeen]”

- 2 2
; “uy
I -1 n
' - '
2- A "({"l") Y S - + ! R
-7 ¢ 4+ - + st ) \ e (2M
st P
2 3
[
;‘ ’
B " ) ”
. - le ]—\u)
' [yz ( -~ oan?
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ot 2
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If the integral in equation 20 is expanded into a sum of integrals, the first is
clearly the generalized Dirichlet integral:

l.
n -l/I n n
(1/2)
f fé-Z‘*) IERICE
2 2

url

a constant. The remaining integra: may be written

n-1
e S0 S S
21
o -1 h
Jp<.1p_ h<h

n

. n _y
I A A Y ) -4 X !

f it : P~y z , d
s e ut - u‘ u,
0 i=2 2

2

n
where (l- Zui) is represented in the exponential term by u, for notational compact-
2

ness. If we expand the exponent in expression 21 such that

r? :
+ o000

v
R L I
=1 &—(ll] +e0e +ulp)¢.__72z 5 uj‘+o-o¢u)g)

e

then expression 21 clearly becomes a sum of Dirichlet integrals and (adding
I "1 2). 7 (n'2) to form g, (1)) may be written

n , n r r
&g (V) = (1 2) _ -(’o 1/ z Z
l’(n. T & ( ”
)p~ :0 r,:O

(AR R zr Foo@

n-f f-1
woT (12 r(l/‘z. re z‘,a)

r
. a-

t
z 2'n!'z?"'(""’l"‘""(?,.l)! r(g‘r)

rp_y = 0

which may easily be shown to be a convergent infinite series.
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To find the joint function of 1, . it would be convenient to have i, ¢
independent.  Although they are not. since the normal is the only distribution
having this property (see, for example, Laha®), gOo onormality as o grows large,
which suggests to the intuition that v, ¢ may be “almost™ independent, i.e., the
marginal distribution of one of them may approximate its distribution conditional
upon the other.

To this end. a Monte Carlo study was undertaken.  For cach of various
mand ¢ 300 samples of x| of size o were randomly generated from g by the
University of Connecticut™s 1BM System 360 Model 65 (supported in part by NSF
Grant GP-1819). v and ¢ were computed and their frequencies tabulated in steps
of 0.1n for hoth.  The sums of rows and columans gave Monte Carlo approximations
to marginal distributions of x and . X’ contingeney tests were carried out with
a (103 The null hypothesis of independence was rejected for (r, o) as small
as (10, 1.5 but was accepted for either Targer noor larger o, implying that if both
n. « become small. simiticant dependence obtains, but the dependence is not
significant otherwise.

As further evidence, correlation was considered. The contingency
tables indicated that no correlation other than linear was present. Values of v, ¢
wore drawn at random and a computer (PTP-APS-augmented Mathatronies 8-488)
simulation of lincar correlation of x, ¢ offected for various . For
o 12,07 2 0017 = 0.6, rf decreased as ¢ increased until, for
¢ 200072 00004 ¢ 2 0.06), which is consistent with and reinforces the con-
clusion that independence is a safe assumption for ¢« - 1.5 and for any ¢ if n is
other than quite small.

Assuming the independence of v, r, let us obtain the joint function of
v, . From equations 5 and 22

(X) = f{c) o
ko) L . (23)
’ TR =t

ey G mm | — a1 - - - -
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We desire the probability function of £, where ¢ is as in equation 15. We know
X (ner' e and

Bt o) fin o' ') ier 1

2 Fl—cf (] (e‘) LA

Expanding and integrating out . we find

Yy n/1 ne? ;
h(t) = (n/8)° I f ¢ v%oe 20 dav (25)
2/ 2n(F (o) = cf(a)) [ (n/2) )0

}p=l n=l=1 =0 r=0 n=0 -1 2r""(—z 'G)!
a-1
Jp<ig_ n<h fil
a=1r0 r
el Pl ey
™ iy 2 LYY 2 o 10 d




In equation 25. let us make the transformation « L’ v1* in the first and third
integrals. Then

{

b ")',) ;
z ', n.' 3 v 20 ! ,
¥ hn _n 8) m (._6 A / w e~ "du (26)
§ ZV/ET?[F((')—('}(('” [tn 2\ n S0
;
noF

-
—
[V =]
~
SN—
[ 4

e
=

.

.

.
om—

=

|
M
-

Q
S

~

a=1
3
11
s n u—rlj'l "
I Q Hv
“‘ f1 p=t n =t
¢ I‘w l!'_l
e e () SE
S . m r(z T Jeeel Z"-az—l'(’ n’ [ I
— X n l’il 372
r= ro =t r(_,r))/ L (_ )0
- - 2! '
f o1 1 ) ) oo
z r
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which may be simplified to

RO - (n'9) Y -"n/z (o 'n)l'/ =1 n:c? " 1 @
2\/2 [Fto)=cf(a)] | (n '2) ;7()6 2
9 . , n ¢ g n=0-1
p 13, =0t —Fe2r
?n cle ] + z (-1 e 2 Z
r=1 Jp:l
tpa

n=l N 1 P
i (2+r1)..- r(:.’, "-azl'u)

n -1
r("*f)zrrl!.oo(_ ')'
2 =X
] .
l 28 ,_,,_, nici 1 e Gpgret i aren
[r(r 2)( ") ’(\be 'Z) T3 2 ]

{n order to perceive the functional form of t unobscured by the several constants.
equation 27 could be written, with k, .. ... k. as various constants, as

heoy kK, - k,l"l(ﬁ‘—"— ¢l 2)
[’ N (28)

. tsum of terms of { kgt =777 1 ﬂ4—1’ N 2)]‘

V66

~

Desired for a test of significance on the statistic ¢ will be a critical region of size
a and a value of {. say 1, . such that

f’o h(t o for a right-tailed test (29)

a 2 for a two-tailed test.
Y
Let us define H(L: 8. 0) [" h(t: 8.c) dt. Table 4 gives H({: 8.¢) for 8

T 30for e, 1.2¢0.1 3.0 fora (.10, 0.05, 0.02. and 0.01. Computations
were performed on an APS-PTP-augmented Mathatronics 8-488, From table 4,

values of the sort in equation 29 desired for significance testing may found.
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TESTS OF VARIANCE

If it should be desired to test an estimated variance s? against a known
variance o2, the statistic is v as given in equation 16, and the acceptance or re-
jection of the hypothesis Hy: s o, o2 known. will be based on the critical region
of v obtained from an integration of g, (1) given in equation 22. a convergent in-
finite series.

If it should be desired to test two estimated variances of two independent
samples. that is [, s;?  s;* g2, o unknown. then the ratio F* -t ', U
6,52

0-2

i

L i-1.2. 9, d.f. associated with sample i, may be used and the probability

distribution of F* may be obtained from using g, (¢) twice and the transformation
F* o, .

The forms of the above distributions. however. are complicated in nature.
We may feel that they are too complicated to make tabulation worthwhile. If a use
of enough importance arises. the appropriate distribution may be adequately approx-
imated much more easily by specifving the known parameters of the given case.

AN APPLICATION IN ELECTRONIC COMPONENT
RELIABILITY EVALUATION

Most systems are characterizea by the property that a malfunction of a
component causes a degradation or malfunction of the entire system. Most reason-
able measures or sets of measures used to evaluate the quality and ‘or effective-
ness of the system® necessarily include a consideration of the probability function
associated with the time out of operation of the system. The functional form of
this system outage time distribution must he inferred from experimental data. There
have been different functions inferred variously in the literature: the disparity is
due largely to the differing natures of different systems. The differences may be

analyzed by representing the system by a model of the form ¢ v, . where

L

_—

t is length of time system is out of operation:

x, s length of time of search for location of trouble:

12




v, s administrative time, including waiting time for permission or
assignment to repair, waiting time for funds to cover repair, and

any undefined waste time:

v logistie time, such as waiting time for a necessary part, wait-

ing time for the arrival of a repairman, ote.:
v, Is test and check-out of the new or repaired component:
Ay 15 active repair time of the malfunctioned component
or
pull-replace time of the malfunctioned component.

This report is primarily concerned with x, . bereafter designated a. It is possible
for v to be quite small in the event that an outage is predicted, that is, when there
is advance warning that a component is about to malfunction. This small x is more
the product of chance than plan since the operator of the system cannot, in gen-
eral. predict the maifunction of a component. It has been observed that such pre-
diction occurs infrequently. Also a very large v, that is, an extensive active
repair time. has been observed to occur very infrequently. Such properties. plus
the obviously desirable property that the repair rate (the first derivative of the
function) is continuous, implies an approximately bell-shaped function. This funce-
tion is close enough to symmetric that it has usually been adequately approximated
by the normal curve. Although the probability function of x is occasionally right-
skewed, which necessitates another functional form. such as log normal or gamma,
it is the more common symmetric bell-shaped curve that is of interest here.

Consider the pull-replace times for malfunctioned components of a Naval
electronics system.  In the case considered. eight tests were performed on each of
two competitive system configurations. [t was observed that the scatter of exper-
imental times was approximately svmmetric about the mean of each and that the
sample variance was very close on each.

The traditional method of testing the significance of the difference between
the disparate means would have been to assume that the pull-replace times for sys-
tems A and B respectively arose randomly and independently from normal probabil-
ity functions having the same variance. and then to test the null hypothesis H,: the
mean of the normal distribution of system A is not different from the mean of the
normal distribution of system B. The appropriate test would have been thought to
be the two-tailed Student’s - test. Student’s ¢ at the 0,05 level of significance
has the value 2.15 for 14 degrees of freedom. The pooled sample variance s? using




P s 4

-

.
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11 deprees of freedom was Tound to he 33091, The iwo sample means were found
to be Uy 7,96 minutes and T2 minutes. The computation of £ (for ny

Ny 8 shows that

-\ B
( ' )-’_“l"_) 1.93 30
NV T
”,\ ””

which ix less than 2,15, from which it would have been concluded that the two
means were not difforent.

From an investigation into the nature of the pull-replace action the engi-
neers and scientists involved agreed that the pall-replace time could not possibly
deviate from the average by more than {ive mintes. 1 was assumed that the vari-
ances were the same for A and B, and the observation that the sample variances
were similar provided some justification for this assumption. The assumptions
behind using the transformed normal distribution of this report seem rather well
justified. Let us consider an equivalent t-test. using, however, table 4 rather than
the Student table.

Since one-half the mng('T is s 3, 0 2.224 which is close enough to
use the tabulation for ¢ 2.3, According to table 1 Ho o1 df, 250 for o 0.05
vields & 7 V.79 The fact that ¢ 1.95 179 implies that the difference between
the pull-replace times for the two systems is statistically significant and that svs-
tem B is better, an implication which was not present under the erroncous
assumption of infiuite @~ of the variable.

AN APPLICATION IN OCEAN
DATA ANALYSIS

Since 1957, the Canadian government has maintained a weather ship con-
tinuously (except for short replacement intervals) near a fixed North Pacific lo-
cation tat 50 N, long 145 W), known as Station P or PAPA. On many davs
the ship has observed seawater temperature at various approximately standard
depths. by means of Nansen casts: cach time the location of the <ship was recorded
to accuracy of minuates.

t Recall that the sample ~ange s defined aa Tving trom - standaed dey sitions to -
~tandard desations,

2]




The position was read periodically and the ship altered course to head
] )

to the 30 0 N, 145 007 W location whenever it was found to be off. Aninvesti-

gation of the positiomng strategy. including the speeds and course patterns in-
volved in repositioning, current effeets, ete., dictated that conditions could not

combine to foree the ship more than 1537 from its mean location without erroncous

navigation or storm conditions, and that the probability of deviant positioning
approached 0 continuousty to the 157 deviation as a limit. Since Station P is in

a

position of unstable temperature profile (functional relationship between tempera-

ture and depth) tvpe, a small location deviation may imply serious temperature

measurement errors. A\ question preceding analyses on the temperature profiles is:

Does the ship's mean location at recording change with time? A part of the testing

to answer this question is quote 1.

The position 50 N, 143" W was considered as (0, ) with deviations being

recorded in minutes. (Thux, 19758 N, 115 117 W became the couple 2,110

Latitude and longitude were considered separately. The last data year was 1963,

Mean latitude for 1963 was compared with that of 1962, no significant difference
was found, and the data were pooled. Mean latitude for 1962-3 was (1.23 with
n, 81 and for 1961 was 041 with n, 73, The t-statistic was computed to be
0.86, not significant under either normal probabilities or the proposed G(r),
Similarly, longitude was pooled for 1962 and 1963, having a mean of -1.11; for
1961, it was 038, The pooled standard deviation was 6,44 and the ¢ statistic
1.43. From normal probability tables, a two-tailed test of the null hypothesis:
dioga.y  Bragg fora 010 vields a critical value of 1.645, implying accep-
tance of the hypothesis, However, consider a similar test based on the -
table. Here s 6,84 15, so ¢ 233, G, (v yvields v 143 by lincar
interpolation, so that, interestingly, the statistic falls just on the critical
value. A\ recomputation carryving more significant digits implies an acceptance
of the hypothesis, but the resualts give rise to suspicion.  An investigation of
the data showed two outliers, apparently traccable to storm effects. Further,
the temperature profiles at those locations differed from those expected for the
respective dates: it was well they were discovered. A recomputation of the
1961 longitudes with the outliers removed, 7, now 71, vielded a mean of -0,536,
a new pooled standard deviation of 5.14, and a new 1 of 0,534, The conclusion
was reached that the remaining 1961 data arose from the same location popula-
tion as the 1962-3 data and that location deviation is a crucial factor in the
analy=is of Station P temperacure data.
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CONCLUSIONS

Two traditional approaches are in use for hypothesis testing of data sam-
ples drawn from populations with approximately normal distributions but with finite
domains: (ad assumption of a distribution that closely approximates the sample.
such as a Beta distribution or one of the Pearson curves. and (h truncation (re-
moving the tails) of an assumed normal population. Approach Ga) feads to intrac-
table mathematics. and it is difficult to justify the appropriate curve and parameters.
Approach th leads to serious errors in hypothesis testing if the frequency curve
approaches zero at the bounds of the domain. since the tails of the assumed dis-
tribution are used in computing probabilities of error and in separating decision
regions.

In this study. a transformation is performed on an assumed truncated nor-
mal distribution so that many of the desirable statistical properties of normal
distribution are retained. vet the data sample distribution in the tails is more
closely matched than is possible through use of the traditional approaches.,

The major results of the study are:

1. Development of sampling theory and tests of hypothesis for;
a.  mean tests on samples with known variance.
h.  mean tests on samples with estimated variance.
. tests of vartance:

2. application of the technigque to two data samples, one concerned with

clectrome component reliabilits evaluation, the other with ocean data analysis:

Ao preparation of extensive tables to make possible practical nse of
the method,

RECOMMENDATIONS

In application of statistical tests to specific problems, the satisfaction
of assumptions should be examined when normal tests, such as (-tests or F-tests,
are used. When assumptions are violated by domain restrictions. the method de-
scribed in this study may be preferable,

Sometimes the more realistic Beta or Pearson distribution may be used.
but results obtained from their use should be compared with those obtained by
means of the approach that this report offers.

23
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VARIANCES OF THE 2 (v-FUNCTION
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TABLE 1. PERCENTAGE POINTS OF 1K Sl e s
Hetc COXTATISTIC CContimued throsgh page 32
ol w p
R 0.0 .05 0,02 0.01

¢

1 3.22u2 6.1585 14,2034 26.9461

2 1.491) 2.085%6 3.1088 4,2013

3 1.2015 1.5423 2.0269 2.4725

u 1.0887 1.3455 1.6725 1.9489

5 1.0289 1.2u61 1.5020 1.7087

6 00022 1.1860 1.4029 1.5692

7 L9677 1.1463 1.3382 1.u4811

8 .9u38 1.1177 1.2926 1.4202

9 .9350 1.094 1.2592 1.3757
10 .9253 1.0799 1.2337 1.3434
11 L0171 1.0668 1.2132 1.3148
12 .9100 1.0561 1.1967 1.2932
13 .90u3 1.0469 1.1828 1.2750
1u .8932 1.9387 1.1712 1.2602
15 .3951 1.92320 1.1614 1.2475
16 .8915 1.027¢ 1.1529 1.2355
17 .8885 1.0227 1.1u58 1.2267
18 .885u 1.0183 1.12391 1.2183
19 .8829 1.0145 1.1333 1.2111
20 .8802 1.0111 1.1284 1.20u3
21 .8788 1.0082 1.1239 1.1984
22 .8766 1.0053 1.1195 1.1933
23 .8752 1.0028 1.1150 1.1382
2 .8737 1.000u 1.1123 1.1840
25 .8722 0.99235 1.1092 1.1797
26 .8711 59865 1.10R5 1.176u4
27 .8696 .934h 1.1038 1.1730
28 .B636 .9927 1.1012 1.1696
29 .8676 .9912 1.0989 1.1666
30 .8666 . 9896 1.0969 1.1€41
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TABLE 4. PERCENTAGE POINTS OF THE oo 9-STATISTIC
o L3
0 003 a2 "o
1 3.4928 6.6123 15.2959 28.1710
2 1.6153 2.2393 3.3680 L,5482
3 1.3016 1.6558 2.1828 2.6766
“ 1.1794 10446 1.8011 2.1098
5 1.2147 1.3380 1.6175 1.8477
£ 1.0748 1.2734 1.5108 1.6987
7 1.9483 1.2308 1.441] 1.8034
8 1.0289 1.2001 1.3921 1.5374
9 1.01u0 1.1772 1.23560 1.4883
10 1.0024 1.1595 1.32386 1.4522
11 0.9935 1.1454 1.306% 1.u4233
12 . 9858 1.1340 1.2887 1.4900
13 Q797 1.12ul 1.2728 1.3302
1u 9742 1.1153 1.2613 1.36u42
15 3597 1.1092 1.2507 1.3505
16 9659 1.1033 1.2416 1.338¢
17 626 1.0981 1.2339 1.3280
1g 9592 1.09324 1.2287 1.3188
19 9565 1.0892 1.2205 1.3111
20 9542 1.0R%4H 1.2152 1.3037
22 9520 1.0R24 1.2104 1.2973
22 quge 1.0793 1.2055 1.291¢g
23 9482 1.0767 1.2917 1.2563
24 MeS 1.0741 1.19729 1.2817°
25 .9uLs 1.0720 1.19465 1.2771
26 qu 3y 1.2709 1.121¢ 1.275%
27 9u21 1.0679 1.1837 1.2698
28 94.0 1.0658 1.1753 1.2007
29 9399 1.0642 1.1¢24 1.2679
30 38 1.0625 1.1 1.2672




TABLE 4.

a.10

PERCENTAGE POIN'TS OF THE 1t . 9)-STATISTIC

€ l.‘

0,05

w02

0.

9

1 3.7231 7.0661 16.3885 31.1u87
2 1.7218 2.3930 3.5871 4.8545
3 1.3875 1,7696 2.3387 2.8581
4 1.2572 1.5438 1.9293 2.2528
5 1.1882 1.4298 1.7330 1.9729
[ 1.1u57 1.3608 1.6187 1.8139
7 1.1174 1.3152 1.5440 1.7121
8 1.0968 1.2824 1.43815 1.6L817
9 1.0808 1.2578 1.4529 1.5903
10 1.7685 1.23%0 1.4235 1.550%
11 1.0590 1.2240 1.3%98 1.5198
12 1.0508 1.2118 1.3808 1.u49u49
13 1.0uu3 1,2012 1.36u8 1.4738
14 1.0384 1.9239 1.351u 1.4567
15 1.0337 1.1851 1.3401 1.4420
16 1.0296 1.1799 1.3303 1.14293
17 1.02€0 1.1734 1.3221 1.4180
18 1.0225 1.1584 1.3143 1.4083
19 1.0195 1.1649 1.3078 1.3989
20 1.0172 1.1601 1.3020 1.3921
21 1.01u3 1.1567 1.2958 1.3853
22 1.0124 1.153% 1.2917 1.3794
23 1.0197 1.15%6 1.2876 1.3735
24 1.0009 1.1u7¢ 1.2834 1.3686
25 1.0071 1,1u56 1.2798 1.3827
26 1.0060 1.1u34 1.2767 1.3598
27 1.0042 1.1412 1.2736 1.35%9
23 1.0030 1.13e2 1.270 1.3520
29 1.0718 1.1373 1.2680 1.3ur6
30 1.0007 1.135¢ 1.2654 1.3u56
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TABLE 4. PERCENTAGE POINTS OF THE H(t o &-5TATISTIC
[ P
P 0.5 0.02 .61

¢}

1 3.953u4 7.5847 17.7542 33.3736
2 1.8283 2.5686 3.8860 5.203%
3 1.4733 1.8994 2.5336 3.0623
4 1.3349 1.6571 2.0906 2.4137
S 1.2517 1.5347 1.3775 2.113%
3 1.21866 1.4007 1.753¢6 1.3435
7 1.186%5 1.u4117 1.6727 i.3344
8 1.16u6 1.3765 1.615%7 1.7539
9 1.1477 1.3503 1.5739 1.7C38
10 1.13u8 1.3300 1.54621 1.6€14
11 1.12u4S 1.3139 1.5165 1.62%4
12 1.1158 1.3007 1.49538 1.6016
13 1.108S% 1.2894 1.u785 1.5791
p 1.1026 1.2804 1.4€u0 1.5608
15 1.0976 1.2721 1.451¢ 1.5450
16 1.0030 1.2F55 1.4412 1.5314
17 1.0895 1.2¢95 1.u4222 1.5192
18 1.0857 1.2542 1.42239 1.5088
19 1.0828 1.2494 l.ul16€ 1.4919
20 1.0e01 1.2u82 1.4105 1.u49816
2] 1.0776 1.2416 1.u4ru9 1.u8u42
22 1.0751 1,230 1.3%33 1.u779
23 1.0732 1.2351 1.39ug 1.u71F
24 1.0713 1.2321 1.32794 1.u664
25 1.7684 1.2297 1.3625 l.u611
25 1.06R32 1.2273 1.3831 1.4570
27 1.0563 1.224% 1.3792 1,u528
29 1.0651 1.2225 1,3764 1.uLgs
o 1,023% 100007 1.373¢C 1.4a09
30 1.06246 1.2189 1.3732 1.unl?
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TABLE 4.  PERCENTAGE POINTS OF THE H(7. . ©0-STATINTIC
co1b

0.10 0,05 0.02 0,01
4.1837 8.0385 18.9633 35.8457
1.9346 2.7223 4.1551 5.5988
1.5591 2.0131 2.7090 3.2891
1.4127 1.7562 2.2353 2.5325
1.3352 1.6266 2.0074 2.2704
1.2874 1.5481 1.8750 2.0874
1.2556 1.4962 1.7885 1.9703
1.2325 1.4589 1.7276 1.8592
1.2146 1.8311 1.6929 1.83c1
1.2006 1.4096 1.6489 1.7345
1.1900 1.3925 1.€215 1.7490
1.1808 1.378¢ 1.5994 1.7203
1.1735 1.3665 1.5809 1.6961
1.1669 1.3570 1.5554 1.6764
1.1616 1.3482 1.5523 1.6595
1.1569 1.3417 1.5409 1.5448
1.1529 1.3349 1.5314 1.6319
1.1490 1.3292 1.5224 1.6206
1.1u56 1.32u1 1.5187 1.6110
1.1430 1.3197 1.5081 1.6020
1.1404 1.3159 1.5022 1.5942
1.1377 1.3121 1.4962 1.5874
1.1357 1.3090 1,491 1.5806
1.1337 1.3058 1.4866 1.5750
1.1317 1.3033 1.4825 1.5594
1.13% 1.3007 1.4789 1.5649
1.120u 1.7082 1.4753 1.5604
1.1271 1.2957 1.4m7 1.5559
1.1258 1.2938 1.4687 1.5519
1.1268 1.2919 1.4658 1.5485
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TABLE 4. PERCENTAGE POINTS OF THE Het o 8-STATISTIC
¢ - LT
10 0,05 002 0.0

2

1 H.4140 8.427u4 19.802% 38.0706
2 2.0413 2.8540 4.33uu 5.9357
3 1.6452 2.1105 2.8259 3.14832
4 1.4904 1.3412 2.3318 2.7535
5 1.4087 1.7082 2.09u1 2.4114
6 1.3583 1.6230 1.9559 2.2170
7 1.3248 1.568¢ 1.8657 2.0926
8 1.3003 1.5295 1.8022 2.0055
9 1.2814 1.5003 1.7556 1.9437
10 1.2667 1.4778 1.7201 1.8952
11 1.255% 1.4598 1.691u 1.8576
12 1.2u58 1.4u52 1.6684 1.8271
13 1.2381 1.4326 1.6491 1.801u
14 1.2311 1.4227 1.6330 1.7804
15 1.2255 1.413u4 1.6193 1.7625
16 1.2206 1.40€1 1.6074 1.7u469
17 1.216u 1.3995 1.5975 1.7332
18 1.2122 1.3935 1.5882 1.7212
13 1.2087 1.3882 1.5801 1.7110
20 1.2059 1.3836 1.5732 1.7015%
21 1.2021 1.379¢ 1.5570 1.6931
22 1.2003 L.3707 1.5608 1.6859
23 1.1982 1.3723 1.5558 1.6787
24 1.19¢1 1.3690 1.5508 1.67219
25 1.19u0 1,3663 1.5u64 1.6668
26 1.1926 1.3637 1.5u427 1.6620
27 1.1905 1.3610 1.5390 1.6572
28 1.1891 1.3584 1.5352 1.652u4
29 1.1878 1.356u 1.5321 1.6u8R2
30 1.1864 1.35u4 1.5290 1.6uu?
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TABLE 4. PERCENTAGE POINTS OF THE Hor o @-STATISTIC
o LR
010 .05 002 0.01

8

1 4.6060 8.816u 20.7538 39.5539
2 2.1301 2.9858 4.5437 6.1670
3 1.7165 2.2079 2.9624 3.6294
4 1.5552 1.9262 2.44u44 2.8607
5 1.4699 1.7840 2.1952 2.5053
6 1.417u4 1.6979 2.0504 2.3034
7 1.382u 1.6417 1.9558 2.1741
8 1.3568 1.6001 1.8892 2.0847
9 1.3371 1.5696 1.8403 2.01%4
10 1.321¢€ 1.5460 1.3031 1.9691
11 1.3102 1.5272 1.7731 1.9299
12 1.2999 1.5122 1.7490 1.8982
13 1.2913 l.u9gs 1.7288 1.8715
14 1.20846 1.L8P4 1.7118 1.8u49¢
15 1.2782 1.4786 1.6974 1.8311
16 1.2737 1.4710 1.6850 1.8150
17 1.2692 l.uful 1.6746 1.°007
18 1.2649 1.u4578 1.66u8 1.7883
19 1.2613 1.4523 1.6563 T
20 1.2584 1.u4574 1.6492 1.7678
21 1.2554 1.4433 1.6u26 1.7581
22 1.2525 1.4391 1.6361 1.751%
23 1.2503 1.4356 1.6309 1.7u42
24 1.2u81 1.u322 1.6257 1.7379
25 1.2u60 1.4284 1.6211 1.7317
26 1.2445 1.4266 1.6172 1.7268
27 1.2423 1.423¢ 1.6133 1.7218
28 1.2u08 1.4211 1.6094 1.7168
29 1.2394 1.4290 1.6061 1.7125
30 1.2379 1.4167 1.602R 1.7087

p——— P ——




TABLE 1. PERCENTAGE POINTS OF THE [ c.-STATISTIC
Y
. J 0,10 0,05 0,02 0,01
o
1 4.7979 9.2054 21.7148 41.5210
. 2 2.2188 3.1175 4,7529 6.4753
: 3 1.7880 2.3053 3.0988 3.8108
4 1.6201 2.0112 2.5570 3.003¢8
c 5 1.5312 1.8627 2.2963 5.6306
: 6 1.4764 1.7728 2.1448 ?.4135
7 1.4un0 1.7134 2.0458 2.2828
g 8 1.4134 1.6707 1.9762 2.1889
’ 9 1.3928 1.6388 1.9251 2.1204
; 10 1.3769 1.6142 1.:362 2.0675
: 11 1.3647 1.59u8 1.5543 2.0264
12 1.3541 1.5787 1.8295 1.9932
13 1.3457 1.5640 1.803y 1.9651
14 1.3381 1.5549 1.7906 1.9423
15 1.3321 1.5435 1.7756 1.9227
16 1.3267 1.5353 1.7605 1.9057
17 1.3222 1.5267 1.7517 1.4907
18 1.3176 1.5222 1.7415 1.8777
19 1.3138 1.5160 1.7326 1.8656
20 1.3108 1.5113 1.7251 1.8562
: 21 1.3978 1.5069 1.7183 1.8479
22 1.3047 1.5026 1.7115 1.32392
23 1.3024 1.4990 1.7060 1.3314
. 2u 1.3002 1.4953 1.7095 1.92u8
i 25 1.2979 1,492 1.6958 1.9183
- 26 1.2964 1,406 1.6917 1.R131
27 1.2981 LLUnES 1.6076 1.8079
28 1.292% 1.u83¢ 1.6835 1.8026
29 1.2910 1.4016 1.6aM 1.7901
30 1.2895 1.u79u 1.6767 1.7942
41
il -




TABLE 4. PERCENTAGE POINTS OF THE ot ¢, @1-STATISTIC

¢ 20

a 0,10 0n.05 0.02 0.1

]

1 4.951u 3.5943 22.6708 43,5092
2 2.2898 3.2u92 4,9622 €.7837
3 1,8u52 2.4027 3.2352 3.9923
4 1,6719 2.0962 2.6685 3.1468
5 1.5202 1.9414 2.3974 2.7558
€ 1.5237 1.8177 2.2392 2.5337
7 1.u860 1.785¢ 2.1359 2.3915
8 1.458¢ 1.7413 2.0632 2.2931
9 1.4374 1.71730 2.0098 2.2214
10 1.4210 1.6824 1.9692 2.1660
11 1.408u 1.6620 1.936u 2.1229
12 1.3974 1.6u54 1.3101 2.0881
13 1.3888 1.6310 1.8880 2.05%7
14 1.3810 1.6197 1.8F9u4 2.03u8
15 1.3747 1.6231 1.8538 2.0143
16 1.3692 1.5008 1.8402 1.9965
17 1.3645 1.5933 1.82¢&8 1.9208
18 1.3598 1.58€S 1.8182 1.9671
19 1.3559 1.580u4 1.8083 1.955%5
20 1.3527 1.5751 1.8211 1.Quus
21 1.3496 1.5726 1.7939 1.9359
22 1.3u55 1.566) 1.7868 1.9268
23 1.3u4] 1.5623 1.7811 1.9146
24 1.3u18 1.5595 1.7754 1.9117
25 1.3294 1.5555 1.770u 1.90u9
26 1.3373 1.5525 1.7662 1.8994
27 1.3355% 1.5495 1.7619 1.8940
28 1.3332 1.5u6u 1.757¢ 1.8885
29 1.3323 1.5442 1.75u0 1.9337
30 1.3308 1.5419 1.7505 1.8796
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TABLE 4. PERCENTAGE POINTS OF THE [Tve o s-NTATINTIC
o2
010 005 0.02 0.10

o

1 5.1433 9.9833 23.6268 45,2397
2 2.3786 3.3809 5.171u 7.0535
3 1.9167 2.5001 3.3716 4.1511
4 1.7387 2,1611 2.7222 3.2720
5 1.6u414 2.0201 2.4985 2.9655
6 1.5827 1.n000 2.3336 2.6345
7 1.543€ 1.8582 2.2200 2.4887
8 1.5151 1.8118 2.1502 2.3543
9 1.4931 1.7773 2.09u6 2.3097
10 1.u4760 1.750€ 2.0522 2.2521
11 1.4630 1.7294 2,011 2.2074
12 1.4516 1.7121 1.9306 2.1711
13 1.u4u26 1.6671 1.9€7¢ 2.1406
14 1.u43u5 1.6854 1.94E3 2.1157
15 1.4280 1.67u44 1.9320 2.0044
16 1.4223 1.6657 1.9178 2.0759
17 1.4174 1.6578 1.9060 2.0595
18 1.4125 1.6508 1.89ug 2.0453
19 1.4084 1.6L45 1.8852 2.0332
20 1.4052 1.6390 1.8770 2.0219
21 1.4019 1.63u3 1.8696 2.0118
22 1.3986 1.6296 1.8622 2.0034
23 1.3962 1.6256 1.8562 1.99u49
2u 1.3938 1.6217 1.8503 1.9878
25 1.3913 1.6166 1.8u51 1057
26 1.3837 1.6154 1.8u06 1.9750
27 1.3872 1.6123 1.8362 1.9693
28 1.3856 1.6091 1.8317 1.9635
29 1.38u0 1.6068 1.8280 1.9586
30 1.3824 1.60uu 1.82u3 1.954u

o ——— -
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TABLE 4. PERCENTAGE POINTS OF THE Hot o 9-STATISTIC

R
a 0.1 005 0.02 0.01

[t]

1 5.2962 10.3074 24,4462 46,9702
2 2.L496 3.4907 5.3508 7.3233
3 1.9739 2.5813 3,4886 4,3099
u 1.7885 2.2520 2.878% 3.3971
5 1.6904 2.0856 2.5151 2.9751
€ 1.$300 1.9851 2.4146 2.7353
7 1.5897 1.9185 2.3932 2.5818
] 1.560u 1.1707 2.22u8 2.4755
3 1.5377 1.8350 2.1672 2.3980
10 1.5201 1.R074 2.1234 2.3383
11 1.5067 1.7855 2.0831 2.2918
12 1.49u9 1.7676 2.0596 TLotu?
13 1.4857 1,772 2.0358 2.2224
14 1.4773 1.7401 2.0153 2.1966
15 1.4706 1.7207 1.9992 2.1745
16 1.4E47 1.7198 1.084u 2.1553
17 1.4597 1.7117 1.9721 2.1383
18 1.4547 1.706u 1.9595 2.1236
19 1.8505 1.6979 1.9506 2.1110
20 1.u671 1.6722 1.962] 2.0992
21 1.4438 1.6871 1.93u8 2.788¢
22 1.640u 1.6825 1.02%7 2.7800
23 1.4379 1.6784 1.9206 2.0712
24 1.4354 1.67u8 1.91u4 2.0633
25 1.4324 1.€711 1.9001 2.0864
2 1.8212 1.6779 1.90us 2.0505
27 1.4286 1.6646 1.5998 2.0647
28 1.4270 1.6614 1.8952 2.0387
29 1.ni 1.€590 1.8914 2.033%
30 1.4236 1.656¢ 1.8876 2.0291



s

Fane g -

TABLE

010

PERCENTAGE POINTS OF THE Hon o @-STATISTIC

-3
‘ -

0.05

"
N}

0,02

A

O ©® 3 O WO

[ O I S I R R
N W N O

i8
19
20
21
22
23
24
25
26
27
28
29
10

S.4504
2.5226
2.0212
1.8404
1.7394
1.6772
1.6358
1.6055
1.5823
1.5642
1.5503
1.5383
1.5288
1.5201
1.513?2
1.5072
1.5020
1.4968
1.492%
1.4899
1.47356A
1.4822
1.64796
1.u770
1.47ub
1.672¢
1.4701
1.u4023
1.UuFG6
1.u049

1C.6316

3.6005
2.6625
2.3228
2.1512
2.0475
1.9789
1.9295
1.3927
1.86u42
1.8416
.8232
.8273
L7948
.7831
.7739
.7655
.7589
1.7513
L7454
L7804
1.7354
1.7312
1.727%
7237
7253
7170

T ST R SR S

—

[

L7136
L7111
L7085

(e N S o

w

~)

[anlL S ]

NN RN RN NN NN YRR D

L1602
L1154
.Pou?
L0771
L0620
.0ug?2
L0372
026
L0181

L0171
L0021
. 9957
1.
1.9e27
1.9789
1.37u2
1.9€94

aga)

[ "

1.9614

w [®] £ ~ ™

"~ N

RN NN RN NN N

~ ) D L] L)

-~

ry ) ~ .

~

D

L9479
.6316
L4913
.5un2

L1003

.8504

.6905

L2778

4930

L4367

.3883

. 3491
L3160
.2891
L2060
J2U60
L2284
.2120
L1799
.1976
L1768
L1676
.15ay
2.1507
L1430
L1309

L1307
1246
e
1146

15



TARLE 1.

PERCENTAGE POINTS OF THE Hin o 8-STATISTIC

¢ 24
010 .05 0.02 0.01

k]

1 5.5655 10.8990"° 26.0850 50.4312
2 2.5739 3.68683 5.7095 7.3629
3 2.074) 2.7274 3.7224 L.6274
4 1.87¢23 2.3734 3.0716 3.64u74
N 1.7781 2.2037 2.7584L 3.1343
& 1.7127 2.0974 2.57CH 2.93€3
7 1.6704 2.0271 2.4576 2.772°0
3 1.6385 1.977¢ 2.3740 2.6573
9 1.6157 1.2388 2.3125 2.5748
12 1.5672 1.92%7 2.2658 2.5106
11 1.5831 1.386C 2.22°1 2.u4607
¢ 1.5708 1.9677 2.1977 2.4203
13 1.5611 1.8 2.1727 2.3362
1 1.5822 1.838C 2.1510 2.353%
15 1.5u52 1.3266 2.1330 2.3357
15 1.5390 1.8172 2.1174 2.314.
17 1.5337 1.8086 2.10u3 2.2959
18 1.5284 l.o203 2.0920 2.2800
19 1.57u% 1.7940 2.0¢12 2.26065
29 1.520% 1.7%21 2.0723 2.2539
21 1.5170 1.7ec: 2.00ul 2.2423
22 1.5135% 1.7777 2.0559 2.2332
23 1.5170% 1.773u 2.0u0u 2.22:8
26 1.80€2 1.7691 2.0u28 2.2159
25 1.5086 .7 2.02371 2.2060
A 1.503¢% 1.7¢23 2.0321 2.2015
27 1.5011 1.75¢00 2.0272 2,1953
2e 1,497 1.7554 2.0223 2.1989
24 1.497C 1.7.52& 2.0182 7.183u
34 1.4058 1.7503 2.0141 2.1786




TABLE 4. PERCENTAGE POINTS OF THE Ht: o 20-STATISTIC
o 25
(L 10 0.03 0.2 0.01

5

1 5.6807 11.21590 26.90uy 52.1€16
2 2.6271 3.79%0 5.c€89 £.1327
3 2.11790 2.8086 3.3394 4.73862
L 1.9192 2.4502 3.15581 3.7726
5 1.8129 2.2693 2.8u51 3.3939
6 1.74R] £.1598 2.657u 3.037¢
7 1.70u3 L.O075 2.5345 2.7€71
3 1.5734 2.0354 2.4U35 2.7u9l
3 1.6u91 1.9966 2.72851 2.E631
10 1.6372 1.966¢C 2.3369 2.5967
11 1.815¢% 1.3u27 2.2980 2.5u451
12 1.6032 1.9235 2.2668 2.5033
13 1.5934 1.208658 2.,2u06 2.u601
pe 1.58u4 1.8933 2.218¢ 2.4309%
15 1.5772 1.3829 2.2000 2.4143
16 1.57¢9 1.4712 2.1€38 2.3935
17 1.5655 l.e02y 2.170u 2.3747
la 1.55601 1.8544 2.1577 2.3533
19 1.5556 1.3u74 2.1u67 2.3uuu
22 1.5529 1.8512 2.1374 2.3312
21 1.5u84 1.8359 1o 2.3148
22 1.5uu49 1.830¢€ 2.1205 2.3099
23 1.5u421 1.8762 2.1137 2.3001
2u 1.53u4 1.321¢ 2.1370 2.2918
25 1.5367 1.8183 2.1010 2.2837
26 1.53un 1.3167 2.0360 2.277
27 1.5322 1.8112 2.0909 2.2706
29 1.5304 1.8277 2.0858 2.26u0
29 1.528¢ 1.R050 2.081( 2.2583
3n 1.5268 1.802u <.C77u 2.2534
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TABLE f. PERCENTAGE POINTS OF THE Hoe o @-STATISTIC

X
0.10 (.05 0,02 0.01

3.8312 11.4095 27. 3604 53.6L47
26481 3.8639 €.0081 €.36u0
21712 2.8573 3.9754 4,9223
19700 2.4927 3.2806 3.87%¢
1.B61Y 2.3086 2.9u62 3.3978
1.7451 2.1973 2.7518 3.12u0
17510 2.1237 2.62u48 7.9u87
17187 2.0707 2.53%3 2.7273
1.6937 2.0312 2.5699 2.738°
1.67 143 2.0005 2.4200 2.8706
1.6595 1.9764 2.3797 2.6175
1.6 {66 1.0566 2.3u473 2.5745
1.6:36 1 1.9296 2.3202 2.5383
1.6272 1.9261 2.29374 2.5088
1.alns 1.913¢ 2.2781 2,4835
1.6133 1.9037 2.2615 2.4F1E
1RO 1.89u7 2.2475 T.4u22
16022 1.3866 2.23uu 2.4253
1.5976 1.e7%4 2.2230 2.0110
1.5439 1.8731 2.2134 2.3975
1.53902 1.367¢ 2.2040 0.3857
15865 1.3020 2.10%9 2.3756
1.3M3R 1.8579 2.12888 2.3655
13810 1.3534 2.1818 2.2571
1.5782 1.8u93 2.1757 2.3LR6
1.5761 1.3u32 2.1704 2.3u1%
13736 1.9400 2.1¢52 2.3082
15717 1.R2300 2.15399 2,324
156404 1.3363 2.1556 2.322%

1.3680 1.7336 2.1512 2.3175
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TABLE 1. PERCENTAGE POINTS OF THE Ho o @-XTATISTIC
[

) 010 005 0.02 0.1

1 5.9112 11.6€88 28.1336 54.3810

2 2.7336 3.9517 6.1579 8.5567
3 2.2028 2.9222 4.01ue 5.0357
4 1.9959 2.549y 3.3128 3.9693

5 1.886u 2.3611 2.9751 3.4761
6 1.8190 2.2u72 2.7788 3.1959
7 1.7740 2.1719 2.6506 3.0166
8 1.7413 2.1178 2.5604 2.8925

9 1.71860 2.0773 2.494]1 2.8019
10 1.6963 2.046]1 2.u4437 2.7321
11 1.6814 2.0213 2.4030 2.6778
12 1.6682 2.0011 2.3703 2.6338
13 1.6580 1.9837 2.3429 2.5968
14 1.6u86 1.9699 2.3199 2.5666
15 1.64l11 1.9570 2.3005 2.5407
16 1.63ub 1.24869 2.2837 2.5182
17 1.6289 1.9378 2.2695 2.4985
18 1.6233 1.9295 2.2563 2.4812
19 1.6186 1.9221 2.2u48 2.4666
20 1.61uL9 1.9157 2.2359 2.4528
21 1.6111 1.9102 2.2262 2.4407
22 1.607u 1.80u47 22,2174 2.4304
23 1.60u6 1.9001 2.2103 2.4200
24 1.6018 1.895% 2.2032 2.4114
25 1.5990 l.e901e 2.1970 2.4028
26 1.5971 1.8882 2.1917 2.3959
27 1.5943 1.83us 2.1864 2.3890
28 1.5924 1.6808 2.1811 2.3821
29 1.5906 1.8781 2.1767 2.3760
30 1.5887 1.8753 2.1723 2.3709
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TABLE 4. PERCENTAGE POINTS OF THE H(1 ¢, )-STATISTIC
¢ - 2R
o .05 002 .01
1 5.9877 11.7984 28.6799 56.1170
2 2.7691 3.9956 6.2775 8.7u94
3 2.2314 2.9547 4.0927 5.1492
4 2.0218 2.5777 3.3771 4.0587
5 1.9109 2.3874 3.0328 3.55u4
6 1.8426 2.2722 2.8327 3.2679
7 1.7971 2.1961 2.7021 3.08us
8 1.7639 2.1413 2.6101 2.9576
9 1.7383 2.1004 2.5425 2.8650
10 1.718u4 2.0688 2.4912 2.7936
11 1.7032 2.0438 2.4437 2.7351
12 1.6899 2.0234 2.4164 2.6931
13 1.6795 2.0057 2.3884 2.6552
14 1.6700 1.9918 2.3550 2.6264
15 1.6624 1.9788 2.3452 2.5979
16 1.6558 1.9686 2.3280 2.5750
17 1.6501 1.9533 2.3136 2.5547
18 1.64u4 1.9509 2.3001 2.5371
19 1.6396 1.9435 2.2804 2.5221
20 1.6359 1.9370 2.2784 2.508n
21 1.€321 1.9314 2.260: 2.4957
22 1.6283 1.9258 2.260u4 2.4851
23 1.6254 1.9212 2.2532 2.4745
24 1.6226 1.9166 2.2u60 2.4657
25 1.6197 1.9128 2.2397 2.4569
26 1.6178 1.9091 2.23u3 2.4498
27 1.6150 1.9954 2.2289 2.4u28
g 1.6131 1.9017 2.2235 2.4357
29 1.£112 1.8989 2.2190 2.4296
39 1.6093 1.8951 2.21u5 2.4243
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TABLE 1. PERCENTAGE POINTS OF THE Hit: ¢ 9-STATISTIC
2.9
0.10 0,05 0.02 0.01

5
1 5.0261 11.9929 29,3627 57.3531
2 2.7869 4,0615 6.4269 3,9u21
3 2.2457 3.003u 4,1902 5.2626
u 2.034R 2.6202 3.u575 4, 1481
5 1.9231 2.4267 3.1050 3.6327
6 1.85u4 2.3097 2.9202 3.3399
7 1.8086 2.2323 2.0664 3.1525
8 1.7752 2.176F 2.6723 3.0228
9 1.7:24 2.1350 2.6031 2.9282
10 1.7294 2.1030 2.550% 2.8552
11 1.7141 2.077% 2.5080 2.7984
12 1.7008 2.0567 2.u4739 2.7525
13 1.6902 2.038P 2.u4453 2.7137
1u 1.6807 2.024€ 2.4213 2.6822
15 1.6731 2.0114 2.4010 2.5552
16 1.6€64 2.0C10 23734 2.6317
17 1.6607 1.9916 2.3687 2.6110
18 1.6549 1.9831] 2,35u8 2.5930
19 1.6502 1.9755 2.3u28 2.5777
23 1.6464 1.9689 2.3327 2.5632
21 1.5u25 1.9633 2.3235 2.5500
22 1.5387 1.9576 2.3142 2.5398
22 1.5358 1.9529 2.3069 2.5290
24 1.6330 1.84R2 2.2995 2.5200
25 1.£301 1,944y 2.2930 2.511"
2€ 1.£282 1.9406 2.2875 2.503¢
27 1.£254 1.5369 2.2820 2.4966
2¢5 1.623u 1.9331 2.2764 2.uR9u
29 1.6215 1.9362 2.271¢% 2.433l
30 1.6196 1.9274 2.2672 2.4777




TABLE 1. PYRCENTAGE POINTS OF THE 116 0, 80STATISTIC
o 30
0.1 0.05 0,02 0.0}

9

1 6.1029 12.1226 29,7724 58.57 52
2 2.8224 4.105% 6.5166 5.13u8
3 2.2743 3.0359 b, 2487 5.3760
4 2.0607 2.6UES 3.5058 4.2375
S 1.9476 2.4529 3.1484 3.7110
6 1.8780 2.33u8 2.9407 3.4129
7 1.8316 2.2564 2.£050 3.2204
8 1.7978 2.2001 2.7096 3.0879
2 1.7717 2.1581 2.63%u 2.9913
10 1.7514 2.1257 2.5861 2.9167
11 1.7360 2.0999 2.5430 2.8587
12 1.7224 2.0729 2.5C84 2.6118
13 1.7118 2.7608 2.4734 2.7722
14 1.7921 2.0L€5 2,455 ?2.7400
15 1.694u 2.0332 2.u43u5 2.7124
16 1.6870 2.0226 2.L167 2.6884
17 1.6818 2.0131 2.4017 2.6673
18 1.6760 2.00u45 2.23877 2.64yu9
17 1.6712 1.9969 2.3755 2.6732
20 1.6673 ..9902 2.3652 2.61¢65
21 1.6634 1.95u5 2.23559 2.6056
22 1.6596 1.9788 2.3u65 ?.59u46
23 1.6557 1.37u0 2.3390 2.593%
24 1.6537 1.935897 2.2316 2.574)
25 1.6509 1.9654 2.3250 2.5651
26 1.6430 1.2516 2.2134 2.5578
27 l.646]1 1,7573 2.3173¢ 2.5504
23 l.huu] 1.9540 2.3082 2.5430
29 1.6u422 1.7511 2.3035 2.5366
30 1.6433 1.3ue 2.298¢ 2.5312
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