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ABSTRACT

The long-period noise in the 20 to 40 second period rarge limits the identification
level at which the surface-wave, body-wave discriminant can be anyiied at the Large
Aperture Seismic Array (LASA). Therefore, an investigation was made to determine
the sources and properties of this noise. Only the long-period vertical array ~t LASA
was considered.

Both conventional and high-resolution frequency-wavenumber spectra are p.e-
sented for the noise, as well as coherence results. These data show that the noise con-
sists of two components. One component propagates across the array as fundamental -
mode Rayleigh waves and is known to be caused by the action of surf nn coastlines. The
other component is nonpropagating and evidence is presernted which indicates it is
caused by the elastic loading on the ground by the earth's atmosphere. This is estab-
lished by correlating the power of the nonpropagating noise with the power on the micro-
barograph sensors at LASA.

It is also shown that the signal-to-noise ratio gain obtained with maximum -
likelihood processing relative to that obtained with beamforming for the long-period
noise present at LASA, will not be substantial unless it can be shown that significant
amounts of propagating noise power, relative to total noise power, are present. The
results at LASA indicate that such large amounts of propagating noise power are rarely

to be observed.
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I. INTRODUCTION

The Large Aperture Seismic Array (LASA) located in eastern Monianz consisis
of 21 subarrays of 25 short-period (SP) vertical seismometers ¢ s indicated in Fig. 1.
At the center »f each subarray there is a three -component set of long-period (LP)
seismometers oriented in the vertical (Z), north-south (NS), and east-west (EW)
directions. The primary function of I.ASA is to provide data for facilitating the dis-
crimination between earthquakes and underground nuclear detcnations.

It has been found that a useful discriminant for distinguishing between natural
seism i~ events and underground nuclear explosions is based on the relationship between
the surface-wave magnitude (Ms) and the body-wave magnitude (mh). g5 The surface-
wave magnitude Ms is based on the amplitude of Raylzigh waves with pericds of about

20 seconds and i5 computed as6
Ms = logA — logB

where A is the ground amplitude of Rayleigh waves, in millimicrons, with periods of
about 20 seconds recorded on I.YZ seismorneters, —log B is a parameter which depends

on epicentral distance amd is given by

~log B = 1.656log (A) - 1,182




wnere A is epicentral distance in degrees. The body-wave magnitude m, is based on

the amplitude of SP waves recorded at teleseismic cistances and is computed according
7

to the formula

mb = log W/T) + O

where w is the maximum zero-to-peak ground amplitude, in millimicrons, of the first
three to four cycles of the P-wave recorded on vertical compsuent SP seismometers,
T is the period, in seconds, of the observed short-period cycle and 9 is a parameter
which depends on epicentral distance and focal depth and is tabulated ir: Fig. 5 of
Reference 7.

An experiment was performed to determine the effectiveness cf a single LASA
in using the Ms —my discriminant at teleseismic distances and the rcsults have been
given recently. g The results of this experiment were very encouraging since a perfect

separation was found to exist between the Ms —m, characteristic for earthquakes from

b
four tectenic regions of the earth and that for presumed underground nuclear explocions
from the Central Asinn region. These results indicate that if the Rayleigh wave of an
event can be detected along with the P-wave, ther it is possible to distinguish whether
the source is an earthquaize or underground nuclear explosion with very little, if any,
error.

Unfortunately, the Rayleigh wave of an event is not as readily detectable as the

P-wave of the event. That is to say, the signal-to-noise ratio for the P-wave on the




vertical -component SP seismometer, at sbout 1 Hz, is usuali considerably better than
that for the Rayleigh wave on the vertical-component LP seismometer at 0.04 Hz. The
signal-to-noise ratio gain provided by LASA for the P-wave by means of beamforming
is about 20 db. Similarly, the signal-to-nuise rativ gain provided by LASA for the
Rayleigh wave by means of beamforming is about 11db, and there is an additional

8 db gain from matched filtering, for a total of about 19 db. Thus, the signal-to-noise
ratio of the processed P-wave is still considerably better than that of the processed
Rayleigh wave. In other words, after all of the signal processing available at LASA
has been performed, it is easier to detect the P-wave above the background noise level
than it is to detect the Rayleigh wave. In this sense, it is the background LP noise level
in the 20 to 40 second period range which is limiting the identification level at which the

powerful MS —m, discriminant can be applied. It is for this reason that a detailed

b
‘nvestigation of the nature of the background LP noise was mede in the 20 to 41 second
period signal band.

It was found that the noise level on the EW and NS LP szismomet.rs at LASA was
usually about 10 db higher than the Z component. 8 It is for this reason that only the Z
components were < .usidered. This also tends to simplify the intexrpretation of the data
and reduces the amount of data processing required.

The amount of noise introduced by the LP system was also determined. It was

found that the LP system contributes a negligible amount of noise power.




The LP noise was analyzed by measuring its frequency-wavenumber spectrum
with both conventional and high-resolution frequency-waverumber measurement pro-
grams. A deiailed description of thesc programs is given in Appendix A and B. These
results indicate that the noise can he considered as composed of two compoﬁents, a
compornent which propagates acrose the 1.LASA and a nonpropagating component which
is found to be incoherent over spatial lugs greater than 7.5 km. The propagating com-
ponent of ithe LP noise, in the 20 to 40 recond period range, is known to be caused by
the action of surf on coastlines. g However, the source of the nonpropagating component
of the noise is not nearly as well established. In the present work considerable evidence
will be presented to iadicate that the nonpropagating component of the noise is caused
by the elastic loading on the earth by the atmosphere. This result was obtained by
utilizing the microbarograph sensors available at LASA.

As a cousequence of the preceding results, the frequency-wavenumber structure
of the noise can be determined quite accurately. Using this structure it ig possible to
predict the processing guains to be expected by a multichannel filtering method such as
the maximum-likelihood method. These processing gains are computed and presented
subsequently and are shown to agree with the results obtained previously by processing

actual LP noise data, cf. Reference §.




II. NOISE INTRODUCED BY LONG -PERIOD SYSTEM

The first step in the investigation of LP noise at LASA was to determine i.ow
much noise was introduced by the LP system shown in Fig. 2. In rhis section both the
EW and NS componcnts were considered as well as the Z component. The transfe1
function of the LP system is shown in Fig. 3. In order to determine the amount of
noise introduced by the LP system the seismometer mass was locked on the EW, NS,

Z componercs at site D2. The spectra of these comnponeats, as well as those at sites
C2 and D1, were measured and the resulis are shown in Fig. 4. The frequency resolu-
tion used in this measurement was 0.013 Hz and a Hanning window was employed. ¢ It
is seen from Fig. 4 that the noise introduced by the LP system, as given in the spectra
for site D2, is about 10 to 30 db lower than that of sitcz C2, D1 in the 0.025 to 0.05 Hz
LP signal frequency band. Since these latter two sites can be censidered as having an
average noise level, we may conclude that the noise introduced by the LP system is
negli;rible.

A similar test was conducted to determine how much of the LP system ncise 1s
due to the LP system exclusive of the LP seismometer. Towards this end the EW, NS,
Z. seismometers at site D2 were replaced with a SC K resistance. The spectra of all
three components at site DZ were measured in the manner just described, and are shown
in Fig. 5 along with the results for sites C2 and D1. The spectrum for the EW compu-
nent at site C2 is ancmalously low due to anomalous signal on this seismometer at the

time. It is observed from Fig. 5 that the noise levels a- site D2 are coinparable to




those obtained during the locked mass test, as seen in Fig. 4. Therefore, it may be
concluded that most of the noise introduced by the LP system is due to the LP system

exclusive of the seismometer.




1II. FREQUENCY-WAVENUMBER STRUCTURE OF LONG-PERIOD NOISE

The frequency-wavenumber spectrum of the LP scismic noise provides the
information about the distribution of noise¢ power with frequency and for a fixed fre-
quency reveals the velocity and direction of prepagation of the noise, cf. reference 11
and Appendix A. Both conventional and high-resolution frequency-wavenumber spectra
of the LP seismic noise were measured. The method of measurement is discussed in
detail in Appendix A and B. The conventioral frequency-wav..umber spectrum measure-
ment program is due to R. T. Lacoss. 12 A: mentioned previously, only the Z compo-
nents of the array wil! be considered. All of the sensors at LASA were used to measure
the frequency-wavenumber spectrum except. for those sensors which yielded anomalous
traces. The frequency resolution employed was 0.0l Hz, a Bartlett window 0 was used,
and a direct segment, or block averaging, method was employed with the averaging
performed over 36 blocks. This leads to 72 degrees of freedom or $0% confidence limits
of about + i.2 db. 10 The sampling rate of the data is 5 Hz but a decimation factor of 5
was employed so that a sampling ra.~ of 1 Hz was used in the measurcment. The total
length of data employed in the measurement was one nour.

The results of both the conventional and high-resolution frequency-wavenurnber
programs are shown in Figs. 6-8 for three different noise samples taken on 26 February
1967, 7 April 1967 and 26 jJanuary 1967, respectively, and for three frequencies, 0.93,
0.04 and 0.05 Hz. These figures show that the conventional and high-resolution results

are in agreement as both methods tend to show strong peaks occurring at the same




wavenumber in each progrc . . However, the high-resolution method delineates the
frequency-wavenumber spectruic much more clearly than the conventional method. This
is demorstrated quite well in Fig. 6c, which shows the wavenumber structure of the
propagating noise to be an arc. This is, of course, exactly what would ke expected,
since the dispersion curve of the propagating seismic ncise at LASA has been measured
and found to corresponi to that of a fundamenta! mode Rayleigh wave. 12 This implies
that at a given period the phase velocity of the propagating noise at LASA must be
constant, independent of the sources of the noise, and thus its wavenumber structure
must consist of an arc, or arcs, whose extent corresponds to the range of the azimuths
of the noise sources.

An interesting example is provided by the 26 January 1967 noise sample, for
which the results are given in Fig. 8. In particular, Fig. 8c shows a 360 degrre
azimuthal spread for the wavenumber structure with a variable energy density along
this circle.

The preceding results show t:at the LPZ seismic noise consists of two components,
a component which is propagating across the array as fundamental -mode Rayleigh waves
and a compouent which is nonpropagating or incoherent. The nonpropagating component
has been found to be incoherent over distances greater than 7.5 <m, by measuring the
coherence between LPZ sensors during time periods when the propagating noise was
ahsent and noting that the coherence was down to the level corresponding to incoherent

noise. A description of this coherence measurement program is given in Appendix A.




A simulation was performed by computing conventional and high-resolution frequ.ncy
wavenumber spectra for theoretical models of the noise which correspond to *” ore-
ceding description of the noise. These simulation results were in excellent agreement
with those obtained for the actual noise data.

It i3 quite important to know the relative amounts of the two kinds of noise.
Towards this end, the coherence w~s measured for spatial lags between 7.5 and 20 km.
Since the wavelengths of the propagating noise are on the order of 75 to 90 km, these
lags correspond to a small fraction of a wavelength and this component of the noise can
be considered to be perfectly coherent over these spatial lags. Hence, any measured
loss oi coherence over these small spatial iags must be due to the nonpropagating com-
porient of the LPZ noise. The relative amount of power in the propagating componeat,
relative to the total power was obtained by averaging together the coherencies measured
over the small spatial lags. In addition, the bias introduce? in the measurement was

11
taken into account by using the tables of Amos and Koopmans = with their degrees of
freedom parameter set equal to the number of blocks used in the coherence measure-
ment, cf. Fig. 9. It is tacitly assumed that the noise power is the same in each LPZ
sensor. This 1s not actually true, but is a good approxirnatior: since the noise power in
any sensor does not usually vary from the average noise power taken over 11l of LASA
by about 7 — 3 db.

The relative amounts of noise power were measured in this manaer at 0.03,

0.04, and 0.05 Hz and the results were then summed cver these frequencies to obtain



an approximation for the total and relative amounts of noise power in the 0.025 to 0. 05

ently for two noise samples by prefiltering the data with a sharp cutoff 400 second band -
pass convolutional filter, 0.025 to 0.05 Hz, and then measuring the noise power by
summing the squares of the noise samples. The two methods gave results which were
in agreement within 1.5 db. The resulis of this experiment are shown in Fig. 10 for
31 noise samples extending in time over a period of about 14 months. The results of
Fig. 10 show that there is a considerable spread in the total LPZ noise power, of about
12 db. This means that the identification threshold at LASA, using the MS —my
discriminant, will be variable depending on the amount of background noise power that
is present.

A cumulative probabiliiy distribution was measured for the ratio cof nonpropagating
to total noise power and the results are shown in Fig. 11. It is seen from this figure
that 50 percent of the time this ratio is greater than 0.4. This fact has important impli-
cations in the consideration of array processing methods ior obtaining signal-to-noise
ratio gain, as will be seen subsequently.

A histogram o’ noise-source azimuths observed at LASA was measured at the 25
second period for the 31 noise samples mentioned previcusly, using the measured frequency-

wavenumber spectra. This histogram is shown in Fig. iZ. It is observed that much of the

time the propagating noise tends to come from the nortlrvist and aortheast directions.

10




Iv. COHERENCE BETWEEN LONG-PERIOD SEISMIC NOISE AND
MICROBAROGR.APH SENSORS

It is important o establish the origin of the nonpropagating LPZ seismic noise.
Previous results due to Haubrich and Macl(cnzie9 indicate that this noise might be due
to the elastic lcading on the earth by the atmosphere. Thus, an effort was made to de-
termine the coherence bciween the LPZ seismic noise and the atmospheric fluctuations
as recorded on microbarograph sensors at LASA.

The LP seismometers are located in sealed metal tanks embedded in the floor of
an undergronwnd concrete structure, known as the LP vault. Each tank is sealed and tested
for a leakage rate time constant of at least eight hours. Thus, any atmosphzric buoyancy
effects on the mass of the LP seismometer, in the 20 to 40 second period rapge, have
been effectively eliminated.

At the time of the present experiment there were five microbarograph installations
at LASA, each located near the center of a subarray and usually less than a fev. hundred
feet from the LP seisn smeters. In some cases, such as sites E3, Bl and B4 the micro-
barograph was actually located in the same vault as the LP seis.nometers. The character-
istics of the microbarographs are given in Table I. The difference between the two micro-
barographs at site A@ is that one of them had various types of wind filters while the other
used a single type of wind filter, namely a linear pipe array with orifices spaced 10 feet
apart. Cor.parable results were obtained with either of these two microparographs.

The direct segment, or block averaging, method described in Appendix A was
used to measure the coheren_e between LP seismometers anG the microbarographs and

also to measure the spectra of these sensors. The frequency resolution, frequency window,

11
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number of blocks, and decimation factor are the same as that used previcusly in
Secticn 111 in the measurement of frequency-wavenumber spectra.

Typical spectra for the LPZ sensor at site A@ and one of the micrcharographs at
site A@ are shown in Fig. 13. The dates and times of the noise sampies used to measure
the coherence are listed in Table II. 1t should be noted that only 9 of the 17 noise samples
showed any coherence between an LLI'Z seismometer at any site and its corresponding
microbarograph. It is also worth noting that the noise samples were picked so as to have
a reasonably large amount of nonpropagating noise in the 20 to 40 second period range.
Two examples in which coherence was measured at site A@ are given in Figs. 14a and b,
where the latter figure is more typical of the behavior of the coherence when any coherence
is measured at all. In Fig. 14a the coherence at 0.03 Hz is quite high, about 0.6 and
drops to about 0.5 and 0.4 at 0.04 and 0.05 Hz, respectively. The ratio of nonpropegating
noise to the total noise, for this noise sample, was measured as 0.9 at 0.03, 0.04 and
0.05 Hz. The measured cohereace is not as high as this at these frequencies, but is the
largest that was ever measured in all of the 17 noise samples. The results of Fig. 14b
are more typical in that whenever coherence is measured, it tends to be h'zh at 0.02 Hz
and then drops to the level for incoherent noise at 0.03 to 0.05 Hz. The 95 percent confi-
dence limits for this level for incoherent noise can be obtained from Fig. 9 ar 0.02 to
0.3. The ratio of nonpropagating to total noise for the noise sample used in Fig. 14b was
measured as 0.60, 0.45, amd 0. 35 at 0.03, 0.04 and 0.05 Hz, respectively. It is seen
that the coherence never reaches a level compatible with the amount of nonpropagating
noise. Thus, we may conclude that there is r~latively little co. 2rence between the LFZ

noise and the microbarograph signals in the 20 to 40 second period range.
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TABLE II

NOISE SAMPLES U5t TO DETERMINE COHERENCE BETWEEN
LPZ SEISMOMETERS AND MICROBAR OGRAPHS

START
DATE TIME

{GMT)}

28 May 67* 03:40:00
3 June 67* 10:47:00
1 July 67* 19:50:00
10 july 67* 02:30:00
15 July 67* 02:50:00
29 July 67* 07:52:00
23 Aug 67* 17:20:00
2 Sept 67 01:43:00
30 Sept 67* 01:12:00
1 Oct 67 00:33:00
1 Nov 67 13:53:00
24 Nov 67 16:25:00
31 Dec 67* 04:05:00
5 Jan 68* 15:30:00
5 Jan 68 23:30:00
6 Jan 68 19:30:00
7 Jan 68 04:45:00

* Denotes that coherence was observed between LPZ seismometer and microbarograph.

EACH NOISE SAMPLE IS ONE HOUR LONG.

14




Arn artempt was made to correlate the arnount of nonpropagating LPZ seismic
noise power and the amount of microbarogcaph ncise power in the 20 to 40 second
period range. These quantitics were measured at site A@ for the 17 noise samples
given in Table II and the results are shown in Fig. 15. This figure shows chat here is
a definite trend for the power level on the LPZ seismometer to increase when the power
level on the microbarograph increases. Thus, this is eviderllce that the nonpropagating
LPZ noise is caused by the elastic loading on the earth by the atmosphere. The non-
propagating seismic noise may be caused by the cumulative effects of many indepencent
atmospheric pressure fluctuation cells within a radius of a few km of the LPZ sensor
and this may be the reason for the low coherence between this noise waveform and a

single microbarograph record obtained at the same location.
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V. COMPUTATION OF ARRAY PROCESSENG GAIN FOR THEORETICAL MCDEL
OF SIGNAL AND NOISE

As a consequernce of our preceding results it is possible to give a rather good
representation foxr ‘he structure of the LPZ seismic noise, in the 20 to 40 second period
range, in frequency-wavenumber space. It has been established that the noice consists
of two components. One component is propagating across the LASA as a fundamental -
m ade Rayleigh wave and its wavenumber structure, at a particular frequency, consists
of an arc, or possibly, arcs. The radius of the arc, .., determines the phase velocity
of the noise, v, by means of the equation v = f/k, where f is the frequency. The angular
extent of the arc, or arcs, is determined by the azimuthal distribut* n of the noise.

The other component of the noise is noupropagating and incoherent and its coherence
structure consists of a Kronecker d=lta fuaction, i.e., the coherence is scme value,
between zero and unity, for zero spatial lag and is zero otherwise.

It is important to predict the cignal-to-noise ratio gain achievable by various
forms of array prcoessing. If the wavenumber structure of the noise is known, at a
given frequency, then for a fixed seismic array geometry it is possible to cornpute the
signal -to-noise ratio gain of a particular form of array processing. This computation
was performed using the array at LASA formed from the A, C, D, E and F rings, and
the details of the ccmputation are presented in Appendix C. The array processing
methods considered were the maximum -likelihood and delay-and -sum, or beamforming,

Jethods, cf. reference 14. The results of the computation are shewn in Fig. 16 which
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plots the gain of maximum -likelihood relative to beamform .rg vs azimuth of the noise
source and the extent of the arc. The wavenumber structure of the noise is assurned

to consist of a single arc and the azimuth of the noise source is defined as the azimuth
to the center of this arc. The array is assumed to be steered for aiu event frem due
north whose phase velocity is 3.7 km/sec, the frequency is 0.04 Hz and the phase
velocity of the noise is also 3.7 km/sec. Results for other event steering parameters
yielded comparable results. The ratio of incoherent to total noise power, R, is 0.1,
0.3 and 0.5 in Figs. 16a, b, and c, respectively. These results show that whean R = C. 1
there is significant gain of maximum-likelihood relative to beamforming, for a wide
range of noise source azimuths and arc extents. However, the condition K = 0.1 is
rarely met at LASA as can be seen from Fig. 11. The results in Figs. 16b and ¢ show
that there is not much gain for maximum -likeiihood relative to beamforming. These
conditions,when R = 0. 3, 0.5 are more typical of the situation encountered at LASA.

It should be mentioned that these theoretical rasults were checked with results obtained
with actual data with reasonable agreement to within 2 db. The B-ring was omitted from
the computations since the effect of including it would have been to lower the gain of
beamforming considerably and increase the gain of maxiinum-likelihood only slightly,
due to the small diameter of the B-ring. When che B-ring is omteri, the amplitude

gain of beamforming is approximately equal to N,/—I:IS__, where NS is the number of sensors
in the array, provided the azimuth of the propagating noise is not within a haif beamwidth

of the azimuth of the event. Note that NS= 21 —4 = 17, ,/NS = 5.4, %.u.. corresponds

17




to 12.3 db of gain. This aids in providing ar approximate absolute scale tor the gain ot
maximuin -likelihood and beamforming metheds when using the results of Fig. 16.
Thus, unless it can be established that significant amounts of noise are
propagating :s a fundamental-mode Rayleigh wave, the forin of array processing to
use is beamforming, because of its simplicity of implementation. The maximum-
likelibood method is much more complicated and does nst provide significent gain over
beamforming unless R < 0. 3, a condition which is rarely met at LASA. However, if
it were possible to reduce the amount of nonpropagating noise, then the maximum-

likelihood method would be very useful in obtaining large signal -to-noise ratio gains.
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VI. CONCLUSIONS

The LPZ background seismic noise is limiting the identification threshold at

which the MS —m_ discriminant can be applied. This noise h{ 5 been investigated and

b
found to consist of two components. One component propagates across LASA as a
fundamental -inode Rayleigh wave, and is caused by the action of surf on coastlines.
The other component is nonpropagating, or incolicrent noise, and data have been ob-
tained which indicate that it is caused by the elastic ioading on the ground by the earth's
atmosphere. This component always provides a significant contribution to the tutal
noise power. As a consequence, it has been shown ihat sophisticated array processing
methods such as maximum -likelihood cannot provide significant gain relative to beam-
forming.

If the nonpropagating noise is caused by the action of the atmosphere on tae
ground, then the amplitude of chis noise will be determined by the Lamé parameters
of the medium, cf. reference 9, p. 1440. The LASA is located on sedimentary layers
in eastern Montana, so that the Lamé parameters are relatively small. It is, therefore,
desirable to construct any future array on granite whose Lamé parameters will be
larger than those for sediments. This will lead to a reduction cof the power of the non-

propagating component of noise. In this case there may be an important role to be

play d by sophisticated array processing methods such as maximum -likelihood.
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APPENDIX A

DESCRIPTION OF CONVENTIONAL FREQUENCY-WAVENUMBER
SPECTRUM MEASUREMENT PRCGKRAM

We assume that the noisc {ij} , j=1,...,K, Kis the number of sensors, is
a wide-sense stationary discrete-tiine parameter random process. The covariance

matrix of the noise is given by

B (mn) = E{ijN bk = 1,.0.0,K (1)

km

where E denotes expectation. The cross-power spectral density is

-]
\ . Amh
£L.0) = Y e my €™, jk=1,...,K @)
j jk
m=-eo
and
b
-imhA dXi
= { —
Py (m) _fn £, ) € T 3

where A = 2rfT, f is frequency in Hz and T is the sampling period of the data in seconds.

If the noise field is space stationary, then, for fixed X, ij().) d=pends only on the
vector difference xj ~5L’ where Ej is the vector position of the j':h sensor. It is con-

venient to introduce a cross-power spectrai density f(A,r) as

20




Y = i - =N

and is also defined for all possible vector lags r in a similar ranner. That is, we can
imagine that sensors have been placed at any desired positions so that we can define
f(A, r) as given avove. It is now possible to define the frequency-wavenumber spectrum
of the noise as

POLK) = [ 1) dkr dr, dr, (4)

—> —
where k is the vector wavenumber and T ry are the x, y components, respectively,
of the vector r. We may now use Eq. (4) to obtain fj{, (\) as

_ P ik (- %) -
ij()\) = \[‘:L P(\, k) € J dkxdky jbL=1,...,K (5)

—®

where kx, ky are the x, y componeats, respectively, of the vector k, in radians/km.
If the noise consists of a unity amplitude monochromatic plane wave propagating

{2M£6jT ko 1)

with a velccity Vo of the form € =0, +1, £2,..., where fy is the

frequency,k o = 2 f G, &, is a slowness vector which points in the direction of propa-

gation of the wave and Iaol = l/vo, then
sikg-r

fh,r) = € =

and
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P = [ AEE

-

= 6(k—k))

which is a delta function lecated at the wavenumber k. It should now be apparent how
P(A, k} provides the information concerning the spe~d and azimuth of propagating seismic
waves.

The program which provides an estimate for P (X, k) employs the direct segment,
or block aver«ving, method for reasons of commitational efficiency, as described in
reference 14. The number of data points, L, in each channel is divided into M non-
overlapping blocks of N data points. The Fourier transform of the noise data in the

ith

nth segment, j

channel, and normalized frequency X, is

N
_ -1/2 imX
Sp® = @7 LN oy € ©)

= IR
1]
=z =

As an estimate for fjk()\) we take

- M
1 S‘ * .
= = =1,...,K. 7)

/2

N P 1
At this point the program performs a normalization by dividing fik(k) by [fjj(/\) f}rk(}\)] ,
in order to remove the effects of i:nproper sensor equalization. We can, without any

loss of generality, ignore this step in the ensuing analysis.
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As an estimate for P(x, k) we take

»

. . K
POLK) = 3= ) £, ) €-
m;l o

ik (x -xy) (8)

It was shown in reference 14 that { ij M) }isa nonnegative -definite matrix so that

~

P(X,E) will be real and nonnegative. Ucing the result in reference 14 for E (ij()\)) we

get
g 2 d
E{P() kb = I 0 [ PoK [BK-k )I‘ [w (x—)l —’i d% dk (9)
— T —® — y
2. . 10
where IWN(x)l is the Bartlett window
W (x)|2 _ ! | sin(N/2) x 2 (10)
N N | sin (1/2) x ’
2 .
and |B(§)| is the beamforming array response pattern
K
1 ¢ ik x;
B(k) = s E= =) (1)

Thus, E{P(X,Eo)} is obtained by means of a frequency-wavenumber window
IWN(x-)\)l2 IB(E—EO) |2. Hence, P will be an asymptotically unbiased estimate for

cP if IWN (x—2)+ B(k- Eo)l2 approaches a delta function in such a way that

rf — = =
i—i [ Iw (x—X)* Bk—k )l 5o dk dky c

23




where ¢ is some positive constant. The beamforming array resnonse patteru for the
k

LPZ array at LASA is given in Fig. 17 which shows - 20 log IB(I_:)I vs ffr(_r v 3 in

cycles/km.

-

Using the results of reference 14 we can compute the variance of P as, assuming

{N m} is a multidimensional Gaussian process,

j

L—;:

VAR[P(,k )] = o {E (PO k N1+ PO, k) B*(k-k ) B(c+k ) -
0 M 0 M o= 0 -0

3

2
2 dx
. le(x-x)l 3 Ok dkyl

Thus

VAR [PQ,k )] = 5,— {E{P(k.so)]}z. |k | #0

2 - 2
i EPOKOI, k| = 0. (12)

The mean and variance of P are given by Egs. (9) and (12), respectively.
We follow Blackman and Tukey,10 and assume that P()\,Eo) is a multiple of a
chi-square variable so that to establish confidence intervals the chi-square distribution

can be used with the number of degrees of freedom k given by

e
[}

2{E [P0,k )1} /VAR POk )

2M, [k | #0

M, |k]|]=0.
-0
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If M = 36, k =72 and the 90 percent confidence limits are approximately + 1.2 db, if
'Eo' # 0. When !Eol = 0, these limits are approximately + 1.6 db.
If the noice consists of a plane wave propagating across the array, plus

incoherent noise, then, :f M and N are large, the spectral matrix is given by
. -ik c(xi-x,) .
A) = —0 =] =22 = -

where

I
—

5jL(R) =

l_R’ ]#’ ’

R ie the ratio of incoherent to total noise power, 50 =2nfa, fis the frequency of the
noise, @ is the slowness vector which points in the direction of propagation and has mag-
nitude Igl = 1/v, v is the phase velocity of the prepagating component of the noise.

Hence, we have using Eq. (8)
N _ R
P(X,lio) = 1-R+ K

The frequency-wavenumber spectrum measurement program displays contours, at a

. . _ . - o , :
fixed frequerncy, of — 10 log [P(X,g)/PMAX()\,ﬁ)] vs k- x/Zr', Ey’ 2w, where P y i the

MA

~

maximum value of P. The wavenumber coordinates are in cycles/km. In the present
case the contours will terd to peak up at the wavenumber k = 50’ and if R is small will
tend o have contours similar to those of the beam pattern B(k), cf. Eq. (L1).
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h
We close this section by defining the sample coherence between the jt and k
sensors, as used previously in che measure-aents on noise data,

C. Q) = —= 5
k 1

/2

and the coherence is, of course,

£, )

1/2
(£, £ Q)

Cy) =
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AFPENDIX B

DESCRIPTION OF HIGH-RESOLUTION FREQUENCY -WAVENUMBER
SrECTRUM MEASUREMENT PROGRAM

The high-resolution estimate for P(A,k) is defined as

K
P'(\K) = [ )
jsd

. _ -1
etk & 54)] (14)

where {qj LO\)} is the inverzc of the spectral matrix {f ji,('x)} . The motivation for this

procedure can be given by writing Eq. (14) as

K ik (x:-x,)
POK) = ), AGKDAGKIE0)ES HITE T A
j»i=1 d
where
K
ALk
Z qu( k)
A0 = =2 (15)
©q.,0,%)
b=t

and {q (X k)} is the inverse of the matrix {G - (XJ Xy f (X)} Thus, P'(\, k ) is the
cutpur of a maximum-likelihood filter, whose design is determined by the noise data and
is ditferent for each wavenumber k ,, which passes undistorted any monochromatic plane
wave travelling at a velocity corresponding to the wavenumnber Eo and suppresses in an

optimum marnner the power of those noise waves travelling at velocities corresponding
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to wavenumbers other than 50, cf. reference 11 It should be noted that the amount of
computation required to obtain P' is almost the same as that to get ;’, since only an
additional Hermitian matrix inversion is required.

We now wish to compute the mean and variance of P'. in order to do this it will

be assumed that the weights A (A, k) defined in Eq. (15) are not random. This is a

j
simplifying assumption, which is not actually valid, since these weights are designed
from the noise data. However, it does appear to be a rezsonable approximation and

the results obtained would be valid if these weights were designed somehow independent

of the noise data. Using this assumption we have

T ® @
EPOk )] = [ [ [P0 (Wi - B0k ok ak (16)
—1T —®

:

where

en _ 1(kk)x
B0k k) = L Ak ) €520

J_

(17)

Thus, E[F‘(X,Eo)] is obtained by means of a frequency-wavenumber window

Wy & =3) - B' O, K k) [

. Hence, P' will be an asymptotically unbiased estimate for

cP if !WN (x-2) B Q,k,k O) |2 approaches a three-dimensional delta function in such

a way that
Mo ®
2dx
[T |w (x=\)° B(X,kk)‘ 5. dk dk = c
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where ¢ i3 some pnsitive ntmber.

The variance of P' is, assuming {ij} is a multidimensional Gzussian process,

™
i 2 1 o
‘[, l:\ . = = ] . 1 il e ' - Y.
VERIP'G,k 5) = {ETP'OGK I+ -T{LLM’E’B 0Kk ) Bk, ok )
2 d 2
. | &%
le\A M 5 ak, dk
Thus,
VAR [P'(Ak )] = L {E [P(\ K )]}2 [k | # 0
"=o M ottt =0
2 . 2 _
= 5 (EPeK Y, [k =0 .

~

The confidence limits for P' can be obtained in a manner similar to that for P described
in Appendix A.

It is interesting to compute P' for the spectral matrix giveun in Eq. (13). If we
denote this natrix by F, then

, rq+ —
F={-Rlqga+—xg 1]

s . . . . , .th .
where 1 is the K X K identity matrix, q is 2 1 X K row matrix whose i i~ element is

ik, X, P LSNP o
6150 2(—J and q' is a K X 1 column r itrix whose jlth element is € 20"%j, Now we

have
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[(1-Ry@a+og D} = 5 (1- —35—)

R -
*T-R
so that
P‘O\._ig) = — R !R;RKU._R)]
K [1- R+—K— -P(\, k)]
Now whenk=k , PG,k * = l—R+B and
- =0 -0 K
: = 1-na R
P()‘v.lio) = 1 R+K
= POk )

The high resolution frequency-wavenumber spectrum measurement prograin displays

kg Ef
i - - 1 g 3 A ==
contours, at a fixed frequency, of — 10 log [P (X,E)/Pl (2 }.(k,k)] VS 5= o where

P.MAX is the maximum value of P'. The wavenumber coordinates are in cycleu /km.

It will pow be shown that the wavenuniber resolution using /' is higher than that

~

of P. We assume the noise is such that the spectral matrix is given by Eq. (13). In the
vicinity of k = _}50 we consider the conteur for which P'(A,k) = 1 —R, which is still very
close to the peak value of 1 —R + BK . Since R is smaij, beitween zerc and unity, and K

is large, usually about 20. For these values of k we have

N |

PO = > (I-R+3)

=i
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so that P' is already three db down fron: its peak value of 1 =R +-RR . Hence, the

-~

wavenumber resolution of P' wiil be much higher than that of P.
We close this section by noting that the high-resolution program described is
15 i€
similar to ce proposed by Burg and used by McCowan »#i Lintz. Although the

two methods are different, it may be shown that both mecthods yield similar results.
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APPENDIX C

DESCRIPTION OF COMPUTATIONS FOR OBTAINING GAIN OF
BEAMFORMING AND MAXIMUM -LIKELIHOOD PROCESSING

We now wish to present a description of the computations used tc obtain the
results presented in Section V concernir.,g the gain of beamforming and maximum -
likelihood processing. The noise is considered to consist of two components, a com-
ponent which is propagating across the array as fundamental-mode Rayleigh waves and
a nonpropagating component, as described previously. The spectral matrix of the noise
is computed by means of the following numerical integration over the wavenumber

structure of the noise

100
. iZmfB«(r;-ry) 1 a i2mfaq r;
= ) k) 2 Zn Zjk
fjk(f) ojk(R) > 100 =1 = )

where 6jk(R) was defined previously in Appendix A, following Eq. (13), f is the frequency
in Hz, B is a slowness vecter which points in the direction of propagation of the event,
for which the array is being steered by insertion of appropriate time delays, whose mag-

nitude is I/VE’ V_ is the phase velocity of the event in km/sec, £j is the vector position

E

of the jth sensor in km, rjk is the vector position of the Kt relative to the jth sensor in

km, en is a slowness vector which points outward from the oiigin in wavenumber space

. . o) ¢ . . . .
. ] i — o2 — d 1/V \Y ¥
in the directicn of the azimuth BN 2 +n 100 and its magnitude is N' 'N is the

phase velocity of the noise in km/sec, ¢ is the angular extent of the arc in wavenumber
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space and eN is the azimuth to the center of this arc. The beamforming gain, in db,

is

il

GB = - 10 log [K'z

1 fjk(f) ]

e

=1

The gain of maximum -likelihood processing, in db, is
X
GML = 101og I L 0]
jk=1 )

where the matrix {q'jk(f)} is the inverse of {fjk(f)} . The gain of ma mum -likelihood

processing relative to beamforming is (GML — GB).
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General arrangement of the large aperture seismic array.

Fig. 1.
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16. Gain of maximum-likelihood processing relative to beamforming.
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Fig. 16. Continued.
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Fig. 16. Continued.




Fig. 17. The beamforming array response pattern for the large aperture
seismic array.
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