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PREFACE 

This Memorandum presents an algorithm  for choosing locations  to 

place air or ground  forces in order  to prevent an opposing force  from 

proceeding through a  transportation or supply network.    It  is a part 

of continuing RAND research on the effectiveness of interdiction and 

is particularly applicable  to  infiltration and counterinsurgency. 

The model has  been programmed  for use on RAND's computer,  and 

should also be useful  to other organizations,   including agencies 

Interested in targeting strikes against  lightly traveled ltne-of- 

communications networks . 
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SUMMARY 

This Memorandum presents  an  algorithm  for determining where  to 

place  forces  in order to maximize  the probability of  preventing an 

opposing   force  from proceeding  from one  particular node   in a  network 

to another. 

The  usual gaming assumptions  are  invoked  in  this  model;   namely, 

that   the  strategy for placing  forces  is known to  t lie opponent  and that 

he will   choose a  path through  the  network which,   based  on  this  knowledge, 

maximizes  his  probability of  successful   traverse.     As  given quantities, 

the model   requires  a   list  of  the arcs  and nodes  of  the  network,   the 

number of  forces available  to stop  the opposing  force,   and  the  proba- 

bilities   for stopping  the  opposition at   the  arcs  and   nodes  as   functions 

of  the  number of  forces  placed   there.     From  this  data,   the  model   cal- 

culates   the  probabilities  for  placing  the  force  at   the   arcs  and nodes 

when one   force  is available,   and   the  expected numbers  of   forces  to 

place  at   the  arcs and nodes  when  multiple  forces  are  available. 

A  computer  program  for  the  model   has  been written   in  Tori ran  IV. 

Though originally intended   lor   the   IHM   7044,   it   may  be   adapted   to   lit 

other  computers.    The  program presently handles  problems  with up to 

300 arcs,    150 nodes,   and  25   forces.     Hy changing   the  dimension   state- 

ments,   these  quantities  can  be   increased   for   larger  computers,   or  their 

proportions  can be modified  for  computers of   the  same  size. 



\ -vli- 

ACKNOWLEDGMENTS 

The computer program contained In Appendix A was written by 

Steven Glaseman with the assistance of Richard Clasen. The author is 

extremely indebted to both of these men, and to Eugene Durbin, who 

originally suggested this area of research. 



-ix-

CONTENTS 

PREFACE i ii. 

SUMMARY v 

ACKNOWLEDGMENTS • • • • • • • • • • • • • • • • • • . . • • • • • • • • • • • • • • • . • • • . • • • • • . . • • v i i 

Section 
I. INTRODUCTION 

II • INTERCF.PI'OR' S PROBLEM • • • • • • • • • • • • • • • • • • • • . • • • • • • • • • . • • . • • • 3 

III. AN INCREMENTAL APPROACH FOR ONE INTERC EPTING FORCE •••..••• 7 

I V. MULTIPLE INTERCEPI'ING FORCES • • • • • • • • • • • • . • • • • • • • • • • • • • • • . • 11 

Append i x 
A. COMPUTER PROGRAM (FLOG ) • • • • • • • • • • • • • • • • • • • • • • • • • • • • • . • • • • • 17 
B • EXAMPLE • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • . . • • • • • • 2 7 
C. CONVEXITY ASSUMPI'ION ON MU LT IPLE FORCES •.••••• . •••••••• . •• 37 
D. FINDING MAXIMUM PATH VALUE • • • • . • • • . • • • • • • . • • • • • • • . • • . • • • • • 39 

REFERENC ES • • • • • • • • • • • • • • • • • • • • • • • • • . • • • • • • • • • • . • • • . • • . • • • . • • . . • . 4 1 



-1-

I I INTRODUCTION 

For many years RAND has been interested in problems of inter

diction and infiltration. Interdiction has been dealt with extensively 

from the standpoint of reducing the throughput capacity of a supply 

network. The most recent study owes most of its theoretical develop

ment to Wollmer (6), operating models to Durbin (l), and operational 

studies to J. W. Higgins. This approach is inadequate, however, in 

applying interdiction to infiltration and counterinsurgency. The 

reason is that requirements are so small under those circumstances 

that air and ground bombardment could never hope t o reduce a network's 

throughput capacity bel ow the ievel necessary to meet minimum require

ments. For these situations, interdiction must therefore be approa ched 

from the standpoint of direct assault. 

In the situation depicted here, an infiltrator attempt s to proceed 

from one point to another in a network. An i ntercepto r, who may 

possess one or more forces, attempts to s t 0p him by plac i ng for ces 

a l ong arcs or nodes that he expects the infiltrato r to t ravel . Hi s 

problem is to place his forces so as to minimize the in fi l tra t or's 

probability of successful traverse. The infil t rator's problem is o f 

course to select a path that will maximize t his probability. Bo t:h 

problems can be represented by a zero-sum two-pe rson game. As the 

nex t sec tion will show, however, t he game matrix is ve ry l arge 2ild 

difficult to generate. By using an incremental approach, a s o lution 

may be obt a ined much more easily fo r the interceplo r. 

This repo rt oresents a model based on su ch an approa ch. As 

inputs, i t r equires a I i st f the a r cs and nodes of t he n wo rk, t he 
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number of fcrces available to stop the opposing force, and the proba

bilities for stopping the opposition at the arcs and nodes as functions 

of the number of forces placed there. From this information, the model 

calculates the expected number of forces to place at each arc and each 

node. For the case where only one intercepting force is available, 

the expected values are probabilities of force placement; for more 

than one force, expectations are to be interpreted in the most obvious 

way. Specifically, if the expected number of forces to place at a 

particular location is 4\, one would place four forces there al~ays 

and a fifth force one-fourth of the time. 

The solutions obtained by this model are always optimal in the 

gaming sense (i.e., the infiltrat 11r ' s best chance of successful tr.averse 

is as smaE as possible) if the interceptor has one force available, 

and are optimal or nearly optimal i f he has more than one. 
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II. INTERCEPTOR'S PROBLEM 

The network is characterized by sets of elements called arcs and 

nodes, Nodes are points or junctions, and arcs are line segments 

joining nodes. An arc that joins node ito node j is designated by 

the symbol (i,j). The node from which the infiltrator starts is called 

the source; the one he attempts to reach is called the sink. 

It is assumed that the infiltrator and interceptor are each composed 

of a single force. Later on this restriction will be relaxed for the 

interceptor. As is customary in game theory, it is assumed that the 

interceptor's strategy will become known to the infiltrator. However, 

this does not necessarily mean that the infiltrator will kno .. '"he 

location of the force. Specifically, if the interceptor decides to 

adopt a mixed strategy such as placing his force at node a with proba-

bility~ and at node b with probability the infiltrator will know 

the probabilities but will not know when the force will appear at a 

and when it will appear at b, The infiltrator will react by traveling 

only on source-to-sink paths that maximize his probability of success

ful traverse. The interceptor tries to choose a location for his f orce 

that will minimize that probability. He bases his choice on the 

topology of the network and upon the vulnerability of the arcs and 

nodes. 

Note that mixed strategies are often necessary. To see this 

consider a network in which the source and sink are relali vely invul

nerable to attack and any other particular arc or node C.Jit l>t! bypassed. 

ln this situation, placing a force at any arc or node u LiteJ Litan the 

source or sink with probability one would be ineffective s ince the 



Infiltrator would  then choose a  path that did not  include the arc or 

node where the force was  placed.    Since placing the  force at the source 

or sink would also be ineffective,  no pure strategy would be desirable. 

To develop a good mixed strategy,   it  is necessary  to define quan- 

tities measuring the effectiveness of placing a  force at  the various 

arcs and nodes,  and quantities expressing the interceptor's strategy. 

These  are as follows: 

p(i)      s probability that  the infiltrator will be  stopped at 

node  I,   given that he attempts  to cross   it and the 

interceptor chooses to place his  force  there 

p(i.j)  ■ probability that  the infiltrator will be  stopped at 

arc   (i,j)   given that he attempts  to  cross  it and the 

interceptor chooses to place his  force  there 

TT(1)      = probability that  the interceptor places his force at 

node i 

TfCijj) = probability that   the interceptor places his force at 

arc  (i,j) 

The quantities p(i)  and p(i,j) may themselves  include many 

elements and factors.    For example,  suppose it is determined that if 

node i   is on the infiltrator's  chosen path and  the  interceptor chooses 

to place his  force  there,   there  is a probability of 0.8 that the inter- 

ceptor will arrive there before  the infiltrator.    Suppose  further that 

if both were at node i,   the interceptor's  probability of detecting 

the  infiltrator Is 0.9,  and  if  the  two engaged in direct  combat the 

probability of the interceptor's  winning is 0.7.    Then p(i)  would be 

the  product of these three  factors--0.8,  0.9,   and 0.7—or   .504. 
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The probability that the infiltrator can successfully cross  a 

particular node,   a  ,   is  1 - TT(a )p(a ),   and  that  of crossing a partic- 

ular arc,   (a  ,a  )   is   1  - TT(a. ,a.) p(a. ,a  ) .    Assuming these  probabilities 

are independent     and  the  infiltrator attempts  to  reach the sirk by the 

path a.,   ...,   a   ,   his   probability of successful   traverse  is 

n n 
(1)    K -    H [1  - rrCa^   x  p^)]  x    n [1  - n^.a^)  x  P(a.,a.+1)]. 

,      , i — 1 

This quantity,   K,  will  be referred   to as  the value of the  path a   ,    ..., 

a  .    Given the p(l),   p(i,j), TTU),   and n(i,j),   the infiltrator's 
n 

problem is  to  find  a  source-sink path of maximum value.    The  interceptor's 

problem,   given  the  p(i)  and p(i,j),   is  to  choose n(i)  -  0 and TT(i,j)  ^  0 

such that  the maximum value of all  source-sink  paths is minimized, 

subject  to  the  constraint £ n(i)   + £ n(i,j)  ^   1. 

The  problem of  finding the n(i)  and n(i,j)   is  really one  in  game 

theory.     It  can be  represented by a  game  matrix  and  solved  by  linear 

programming.    The   linear program solution  would   include  an optimal 

strategy for  the  infiltrator as well as  the  interceptor.    The value oi 

the game would  be equal   to both the  infiltrator's maximum guaranteed 

probability of  successful  traverse,   and  one minus  the  interceptor's 

guaranteed  probability of  stopping  the  infiltrator.    However,   the  game 

matrix would  require   a   column  for every  possible   source-sink  pdth  ami 

a row for each of  the   interceptor's   pure  strategies.     (The  number  oi 

these  pure   strategies   becomes  exceedingly   large   when  the   interceptor 

is  allowed  multiple   forces.)     Hence,   this   formulation  is   impractical. 

* 
While  this  assumption is not   strictly true,   it  will   be  shown 

later that   this   leads   to no  inaccuracies   for  the   one-intercepting-force 
case. 
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The  incremental  approach to be  presented  avoids  these  problems 

of enumeration and  the  resulting  large number of  variables  for the 

linear program.    Furthermore,   it   yields an optimal  strategy when  the 

interceptor has  but   one   force,   and an  approximately optimal  strategy 

when he  lias  more   than one   force. 

■ 

L 
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III.     AN  INCREMENTAL APPROACH FOR  ONE INTERCEPTING  FORCE 

This  section solves  the  interceptor's  problem by a  marginal 

analysis  or steepest-ascent   approach when  the  interceptor  has  but  one 

force. 

Specifically,   the approach   is  as   follows.     Initially,   all n(i)   and 

n(i,j)   are  assigned values  of  zero.    Then  they are  increased  by  small 

amounts an(i)   <2  0 and An(i,j)   '  0.    The  proportions   for  the An(i)   and 

An(i,j)   are  such  that  the additional  force allocation,  £ AnCi)   + ZAnCi.j), 

divided  by  the  decrease  in maximum  path  value,   is  minimized  as   these 

two  quantities   tend  toward   zero.     This   is  equivalent   to  maximizing  the 

decrease  in maximum path value  per unit   of additional   force  allocation. 

The TT(t)   and TT(i,j)  are  then  increased   again  in  the  same  manner  until 

they sura up  to  one. 

For  a   specific  path,   a.,   ...,   a   ,   increasing Ti(a.)   by nr{a.)   replaces 

the  factor  [l  -  n(a  )p(a  )]   in Eq.   (1)   by [l  -   (rr(a.)   +An(a  ))p(a  )]  ai 

reduces   the value of  the  path from K  to  K - üK,   where 

(l  -  Ln(a   )   + ATT(a   )J  x  LpCaJJ, 
K -  AK = K < 5=— 

( 1   -  n(a.)   x  p(a.) I 

Solving  for  the  quotient  of   the   additional   lorci   allocation   and   the 

decrease   in   path value,   the   following expression  is  obtained: 

An(a.) 

jmi 

^v   ir i      ( i 
AK    = K [7(7T " ^Vj 

If force allocation were increased at an arc instead of a   node, 

the same argument would yield an expression lor the additional lorce 
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allocation divided by decrease in path value identical to the preceding 

one, with arc probabilities substituted for node probabilities. Speci- 

fically,   for arc   (a   ,a     .),   this  would  be 

jMyy^    i r     i , ,1 
—^       K L^v7^)' ^(al,al+l)J• 

Note  that  in order  to obtain any decrease  In uiaxlmum path value, 

the ATT(I)   and An(l,j)   must be strictly greater  than zero  along a  subset, 

C,  of the  arcs  and  nodes  that  Intersects  all  paths of maximum value. 

An efficient  allocation would  require  that  all  members of C  remain on 

maximum value  paths,   for  otherwise,   lessening  the  force  increase  at 

an arc or node not  on  a maximum value  path by a  small amount would 

decrease ZAn(l)   + IÄTT(1,J),  while  not affecting  the maximum path value. 

Then,  of  course,   this   small amount  of   force  could  be  redistributed 

among arcs  and nodes  on maximum value  paths  to  get a strict  Improvement. 

Thus,   the ATT(I)   and ATT(1,J)  assigned  to  the  chosen C must  be  such  that 

the AK's  are equal   for each of Its  members.     In other words,   they must 

be proportional  to 

(2) a)      -77T -  TT(1) 
PCU 

b)  Führ ■ "^^ 

The constant —    where  K  Is  the maximum path value,   was dropped  In 

Expression  (2),   of  course.    The  total   increase  In  force allocation 

per unit  decrease   in  the value of a maximum probability path would  be: 
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Thus,   the  problem is  reduced  to   finding a subset  of arcs  and nodes 

intersecting all maximum probability paths  that  minimizes  Expression  (2) 

Initially,   all   paths have value one since  all  n(i)   and TT(i,j)  are 

zero.     Thus C is required to be a  set blocking all   source-sink paths. 

If the nodes and arcs  are assigned  capacities  equal   to  the  quantities 

of Expression  (2a)  and   (2b),   the  problem of  finding C  is   reduced  to 

* 
one of  finding a minimum cut.       However,   this  is  equal  to  the value of 

the maximum source-sink  flow and  can be  found  by the maximum flow 

algorithm of Ref. 3. 

Note   that once additional   force  is allocated  to   the  minimum cut, 

C,   the  capacities of all  arcs  and  nodes  in C decrease  by  the   force 

increase while the capacities of all other arcs and nodes   remain the 

same.     Thus,   the value of C will  be  reduced by IAn(i)  + EATTU.J)  while 

all  other  cuts will decrease by amounts  that  do not  exceed   this.    Hence, 

C remains minimum and  the entire unit of force may be allocated to C. 

The TT(1) and n(i,j)  may therefore be solved  for as  follows: 

1. Assign all nodes capacities of l/p(i)   and all arcs  capacities 

of  l/p(i,j)   (since  all TT(i)   and n(i,j)   are  zero). 

2. Maximize  flow  from source   to  sink. 

3. Let  C be  the minimum cut   set  and V  its  value.     Set  n(i)   = 

p(i)/V for  i e  C and TT(i,j)   = p(i,j)/V  for   (i,j)   e   C.    Set 

* 
Essentially,   a  cut  set   is  a  set  of arcs  and  nodes  blocking all 

source-sink  paths.    Its  value  is   the  sum of  the  capacities  of  its arcs 
and nodes,   and the minimum value  of   all  cuts  is  equal  to  the  maximum 
value  of  the  source-sink  flow. 
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all other n(i) and Tr(i,j) equal to zero. 

Note that since only one cut Ls obtained, each path of maximum 

value has force allocated to only one of its arcs or nodes, and both 

its value and traverse probability are equal to the probability 

assoctatt-'d with that particular arc or node. Hence, the independence 

assumption does not lead to inaccuracies for the one-intercepting- 

force case.  Finally, the maximum p.ith value i s I - —, where V is the 

value of C found in step 3. 

*4 
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IV.     MULTIPLE  INTKRCEPTING  FORCES 

The  incremental   procedure rf  the   last  section  may be modified  to 

handle   the more  general   case   in which  there  is more   than one  intercepting 

force.    The quantities  measuring the effectiveness  of   placing  forces 

at   the various  arcs  and  nodes  and  those defining  the   interc-iplor' s 

strategy must   be   redefined  as   follows: 

p(i) =  probability  that   the   infiltrator  will   be  stopped  at 

node   i,   given   that   lie attempts   lo   cross   it   and   the 

interceptor  has   placed  k of his   forces   there; 

p(i,j)     = probability  that   the  infiltrator will   be  stopped at 

arc   (i,j),   given  that   he attempts   to  cross  it  and 

the  interceptor  places  k of  his   forces   there; 

rr(i)        = expected  number of  forces   the  interceptor places  at 

node  i; 

n(i,j)     = expected  number  of   forces   the   interceptor  places  at 

arc   (i,j), 

where  p(i)n and  p(t,j)f.  are   both identically  zero.     Also  let 

n(i)   = TT(i)  -  [TT(1)] 

Tf(i,j)   = n(i,j)  - [n(i,j)] 

Note   that n(i)   and  n(i,j)   are  merely  the   Iractional   parts  ul   n(i)   ami 

n(i,j).    It will  be assumed   that 

P(i)k+1  ■   P(i)k "  P(i)k  "  P(l)k-1 

p(i,j)k+l " p(i,j)k '   p(i'j)k " p(i,j)k-l 

Mathematically,   this   is   essentially a  convexity  .issumpt i "ii  nn   the  value 

of   forces   at   the   arcs   and   nodes.     Physically,    it   expresses   the   lact 
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that multiple forces may result  in overkill.    This assumption assures 

that   for a given value of TT(1),   the  probability associated with node 1 

is  minimized by allocating [rKO]  +  1  forces  at  I  with probability 

n(l),   and  [TT(1)]   forces  with  probability  1  - fT(i) .     In other words,   If 

n(l)   =  J'i,  n(l)  would  be  realized  by assigning three   forces  at  I  half 

the   time  and  four  half  the  time,   as  opposed   to  such a  policy as allocating 

two  forces  half  the  time and   five  half  the  time.    A similar  result  holds 

for  the  arcs.      Thus,   only  policies  of  this  type need  be  considered 

and  the TT(1)  and n(l,j)   completely define the  Interceptor's  strategy. 

As   In  Eq.   (1)   of Sec.   II,   the  value of a  path  Is  still  the 

product  of  the probabilities  associated with Its nodes  and arcs; 

however,   the  probability associated  with node  I   Is  now 

-am - PU)[TT(1)]+1) + (i - n(i))(i - P(I)LTT(1)]) 

or 

1 '  P(1)[n(l)]  "  ^l)(P(i)[n(l)]+l  -  P(i)[n(l)]) 

and   that   with arc  (l.j)   is 

1   '   P(1
'
J)

[TT(I.J)]  " f}a'j)(p(i'i)[n(l1j)]+l  ■   P(i'j)Ln(l.j)])- 

If  a   ,   ...,  a     Is  a  path of  value K,   and n(a  )   Is   Increased by 

An(a  ),   reducing  the  path value  to  K - AK,   the  expressions   for K and 

K - AK,   as  before,  differ only in  the  factor  for node  a   .    Thus,   for 

sufficiently small An(a  ),   the  expression  for  the  quotient  ol  the 

force  Increase and  path decrease  Is 

See  Appendix C 
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ATT^) 

"ÄK 

i - POO rlnCa^J 

* l^Wnia^+l -  P^LnCa^] 
TJi*^ 

and decreasing path value by increasing force at   an arc  instead  of a 

node yields  the  analogous expression, 

ATT (8l'ai)       1 )     "  ^'V^CVaJ] 
"C3. 'a Jl - 

AK ^P^l^J^.a^J+l "  ^Wln^.a,)] '     J 
J-    J 

As  in Sec.  Ill,   force must  be allocated along all arcs  of some 

cut set,  and  the  problem is  reduced  to  finding a  minimum cut   set,   which 

in turn  reduces  to one  of  finding a maximum source-sink  flow.    The 

node and arc capacities are now 

1  -   P(l) 
(4) a)     c(i) LnOl] 

P(l)U(i)]+l    -    P(i)[TT(i)j 
-   ff(i) 

b)    c(i,j) 
1  -  Pd.j) Lnüail] 
P(l,j)CTT(i.j)]+l    ■    P(l>J)[TT(i.j)J 

nd.j) 

Note  that  the  c(i)   and  c(i,j)  are  no   longer decreasing  iunctions 

of TT(1)  and n(l,j)   except  over intervals whose  endpoints  possess  the 

same  integer part.     Specifically,   c(i)   is  a  decreasing  function ol 

TT(1)   for 0 ^ TT(i)   <  1,   1   S n(l)  ^ 2,   etc.     However,   c(i)   increases   at 

the  points n(i)   ■   1,   2,   etc.     Thus,   when  a  minimum  cut   set   is   found  and 

additional   force  is  allocated  alunj1,   its   arcs   and  nodes,   that   cut   remains 

minimum provided   the   forces  on  these  arcs  and   nodes  do not    leuiii  .ir 

exceed   their next   highest   integer values.     This   requires   that   the 

incremental  approach be  modified  as   lollows. 
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Starting wilrh all rr(i) and n(i,j) equal to zero, capacities are 

assigned lo the arcs and nodes of the network which are equal to the 

quantities defined by Expression (3).  Flow is maximized from source to 

sink and the n(i) and n(i,j) corresponding to the arcs and nodes of the 

minimum cut set are increased by amounts ^TT(i) and ATT(1,J) which are 

proportional to their capacities. The constant of proportionality, M, 

is the snuiLlesi possible such constant that will either increase some 

TT(i) or n(L,j) to the next highest integer or will increase iTT(i) + 

£n(i,j) to n. If the latter does nut happen, the new values of rr(i) and 

T7(i,j) are used to calculate new capacities and flow is maximized again 

to obtain a new cut.  The process is repeated until iTT(i) + £>(!,]) = n. 

Specifically, the algorithm for the general case of n intercepting 

forces is as follows: 

1. Set all n(i) = 0 and all n(l,j) = 0. 

2. Assign the arcs and nodes of the network capacities of c(i) 

and c(i,j) respectively, where c(i) and c(i,j) are as defined 

by Eq. (4). 

3. Maximize flow from source to sink and let C be the arcs and 

nodes of the minimum cut sot found. 

4. Compute M. = min ■'■ ' ,.) 1 uc  C(L) 

M _-   min   i1-;^"1 

2 (i.j)ec  ^
L'J) 

M. = n - i:n(i) - InCi.j)  
J  Z  c(i) +   L  c(i,j) 

ieC      (i,j)eC 

5. Let M = min (M ,M2,M ). Set An(i) = Mc(t) if icC and 

ATTU,.)) = Mc(i, j) if (i,j)cC.  Set all other An(i) and 

^"(■•jj) equal to zero. 
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6.    Set n(i)  - n(i)  + An(i)  and n(i,j)  • n(i,j)  + AnCiJ)   for all 

I and   (l.j).    If I n(t)  + E TT(t,j)  < n,  go back to  step 2. 

Othervrfse terminate. 

In step 4,   M    Is  that  constant  of  proportionality  which would 

Increase some n(i)   to an integer,  M_   the one which would  increase  some 

n(i,j)   to an  integer,  and M-  the  one which would  ir-crease £ n(t)   + £ TT(i,j) 

to n. 

At  termination the TT(1)   and n(l,j)   represent  the expected number 

of forces  to place at node  i  and  arc   (i,j),   respectively.    The policy 

will  be  to   place  [n(i)]  + 1   forces  at  node  i  with  probability fT(i)  and 

[TT(i)]   forces  with probability 1  -  frCi).    The value of  the   resulting 

maximum probability path can be  calculated  by the  algorithm of Appendix D. 

If  the  Iterations  yield  a  sequence of but one  minimum  cut  set 

(i.e.,   if  steps  2  through 6 are  performed  only once),   the  solutions 

found  are  optimal,   as  in  the  case of one  intercepting force,   and  also 

the  independence  assumption on  the  arc  and  node  probabilities   leads 

to no inaccuracies  in maximum path value.     However,   if  the   procedure 

yields  a  sequence of several   tuts,   neither optimality nor  independence 

can be  guaranteed.    Nevertheless,   the  nature  ol   the  strategy  indicates 

that   independence  can be  violated  only by  the  fractional   parts  of  tie 

n(i)   and n(i,j).     The maximum path value  can  be  kepi,   track  of  during 

the course  of the  algorithm.     Specifically,   if K is   the  maximum path 

value  at   the  beginning of  an   iteration,   then   the maximum path value 

at   the  end   of  the   iteration   is  K(l   -   M),   where M  is   that   found   in  Step 

* 
5.       Of   course,   K  =  1   at   the   beginning of   the   first   iteration. 

See  Appendix  D. 
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Appendix A 

COMPUTER PROGRAM (FLOG) 

A computer program for the model was written in Fortran IV for 

use on the IBM 70A4.  It can easily be adapted for use on other high 

speed computers.  The main inputs are the total number of forces 

available to the interceptor, and, for each arc and node, his probability 

of stopping an infiltrator attempting to cross it as a function of the 

number of forces placed there. The outputs are the expected number ol 

forces to place at the arcs and nodes and the infiltrator's maximum 

probability of successful traverse. 

The program presently handles problems with up to 300 arcs, l^'l 

nodes, and 25 forces.  These capabilities can be modified to meet 

individual needs by changing the f.imension statements. 

In changing the dimension statements, note that the subscripts 

of the Nl, N2, X, CA, PA, and DPA arrays, and the first subscript of the 

U array, are all equal to the maximum number of arcs. The subscripts 

of the NL1, NL2, Y, CN, PN, and DPN arrays, and thr first subscript 

of the V array, are all equal to the maximum number of nodes. The 

maximum number of forces is equal to the second subscripts of the U 

and V arrays. 

The program of this section was written by Steve Glasemaii und 
Richard Clasen. 
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FLOG 

DATA SUBMISSION INSTRUCTIONS 

I.  Card 1: 

Col.       Data 

1-3 Total  number of nodes. 

4-6 Total  number of  arcs. 

7-9 Number of  source  node. 

10-12 Number of  sink node. 

13-15 Toial  number of   forces  involved. 

16 Output   flag.    0 = print  output  only at  end 
of   problem. 

1  =  print output  after each  iteration. 

17 Input   flag.    0 » no data  cases   following, 

1  =  case   following present   case. 

II.       Group  1: 

Punch  the  number  of  the  first   node of each arc as  follows: 

a. Start   in  col.   1. 

b. Three  columns  per entry. 

c. Ten entries  per card. 

III.       Group 2: 

Punch  the  number of  the   last   node  of  each  arc  in  the  same 

format   as  group   1 . 

IV.      Group 3: 

Punch  the arc  input   probabilities  as   follows; 

a. Start   tn  col .   1. 

b. Six columns per entry. 

c. Ten entrier per card. 

As a  guide, consider the following:  with eight forces and ten arcs, 

group 3 would consist of eight cards, each with ten entries.  The first 

rard would contain arc 1 with 1 through 8 forces, and arc 2 with 1 and 

2 forces, etc. 
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V.  Group 4: 

Punch the node input probabilities in the same format as group i. 

VI.  Notes 

1. All card entries are right-justified. 

2. Data deck must adhere to group order in above instructions. 

Each node must be identified by a number not to exceed three 

digits.  Output may be requested at the end of each iteration or maxi- 

mum-flow problem, or may be requested only at the conclusion of the 

entire problem.  Multiple sets of data may be run.  If this is done, 

a 0 must be placed in column 17 of the first card of the last case, 

and a I in column 17 of the first card of all other cases. 

The output format and the program follow. 

OUTPUT FORMAT 

SOURCE    NET FLOW SINK MAX PATH VALU1 

XXX XX . XXXXX XXX X .XXXXX 

NODE FLOW CUT SET FORCES 

XXX X.XXXXX X X .XXXXX 

ARC FLOW CUT SET FORCES 

XXX X .XXXXX X X .XXXXX 

A one in the cut set column indicates that that particular nodi' 

or arc Is in the minimum cut set and hence will have its number ol 

forces increased. A zero indicates it is not in the cut set. The 

other headings are self-explanatory. 
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»IBFTC ruif. 
t 
L TÜ   hXAMINC   bi.M.RAL   ATTACKfR   -   fVAOFR   NFTWCftK. 
C INPUTS   =   ATIACKf-K»S   AKC   AND   NCDL   FCKC6   PLACEMENT   PROB. 
C 

riKFNSIUN    >il(3L(),   N?(30U),   li(300,?5>f    VJISU,?^!,    X(300», 
lY(lSC),   CMK'OJ.   NLKlbO),   NL2Jl^ü),   ORJd),   NCSdSO),   ACSI50,50), 
2PN(lt>0J,   CNI15C),   PA<30()),   0PN(150),   0PA(300) 

INfl'GeK ACS 
c 
C INITIALIZATION. 
C 

IH DO m i =  ubc 
Y(n = n. 
NLK n = o 
NLPM I )   =   0 
NICS(   I)     =     ( 
üPN( n = o. 
no ?r j =  UM- 

?0   ACS( I,J)   =   Ü 
19   LdNTINUf 

Uli   21    I   =    I, ICC 
P4(I)   =   Ü. 
PN( I )   =   0. 
CA(n = o. 

?l    CN( I)    =    U. 
no ?? i =  i,isn 
xm = L. 
LPA( I )   -    0. 

22   CUNTINUL 
PV   =    I . 

C 
C r-lEAD   INPUT   PAPAPt TEWS. 
r. 

iEAO   lOto,   HVN,ISRC,ISNKtIFvIFLAGtJFLAG 
REAÜ   2000*   INK I )«    I   »   I *NJ 
READ   2000,   IN2(I)•    I   =   l,NI 
UTAH   3000,   ((Ll((,J),J   «   1,IFI,I    «   1,N) 
KtÄD   300U,   I(V(I,J),J   =   I,IF),I   «   1,P) 
F   =   FLOAT! IF» 

C 
C N1 '   NLHRfK   OF   NODES. 
C N =   NUMdFR   DF   ARCS. 
C I SRC      =   SOURCI    NODE. 
C ISNK      =   SINK   NODt. 
C IF =  NUHBPR   UF   FURCFS   INVOLVED. 
C IFLAG   =   PRINT   FLAG.      C   =   END   PRINT   ONLY,    I    =   RUNNING   ACCOUNT. 
C JFLAG   =   INPUT   FLAG.    0   «   I   DATA   SET,    I   *   MULTIPLE   DATA   SETS. 
C Ml I »   =   ID   Of    FIRST   NODE   OF   ARC   I. 
C N?m   =   10  OF   LAST   NODt   OF   ARC   I. 
C U(I,J)-   PRO««B.      OF    ARCS 
(. V(I,J)=   PRObAB.      0»     NODES 
L 
C CFAMif   ARC   AND   NOOE    PROP.    INTO   CAPACITIES. 
I. 

DO    I      J   =    l,N 
I    LACH    =    1 ./U(J,I I 

LC    ?      J   --    l,P 
?   (.N(J)    =    l./V(J,l) 

*J 
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C SENÜ  COLUMN   m   ALGrmiTHK. 
c 

100   DO   KU   I   =   l,K 
loi Ncs< n = o 

ÜÜ    10?    I   =    l.N 
Nil   =   Nil I) 
N2I   =   N?l n 

102   ACSJNII.NPI)   =   0 
CALL   FLOWMM^.N, I S«C t ISNK,Nl ,N2 t CA , X tCN »Y . NL I ♦ NL2 t HF« J ) 

C 
C UPON   HtfURN,   FIND   AWCS   AND   NOHFS   IN   CUT   SET. 
C 

DO   3   I   =    l,N 
3    IFINLK I).Ew.r.AND.NL2( D.NF.O)    NC5(I)    =   1 

CO   ^   I   =    l.N 
MI  = Mini 
N2I    =   N2( I 1 
IF(NL2(Nll I.FU.(-.ANÜ.NLl(N2I I.NE.O)    ACS(Nll,N2n   -    I 

A   IF(NL2(N2I I.Ce.O.AND.NLUNin.Nf .0)   ACS(NII,N2I)   =    I 
C 
C CALCULATE   ^PST   LIMITING   A«CS   AND   NPDES   IN   CUT   SET. 
C 

SK2   =   9<M'J. 
CO   'J    I   =    l.N 
Nil    =   Nl( I ) 
N2I    =   M2(I» 
IF( ACSINl I .N^U.Nr.l)   GO   TO   b 

C 
AM2=((FL0AT( |FIX(PA( I )*. 00002)1 M. I - P A( I ) )/CÄ ( I ) 
IF(AM2.GE.S^<'I   GO   TO   •) 
SM2   =   AM2 

5 CONTINUE 
C 
C SM2    IS   NOW   VPS!   LIHITING   ARC    IN   CUT   SET. 
C 

SKI  =  ^ms. 
CO   6    I    =    l.M 
IFINCSC n.NE.n on TU 6 
AM1 = ((FLDATI IFIX(PN( I»♦.00002»)♦!.)-PNtI» )/CN(IJ 
IFUMl.GE.SMD   Gil   TO   6 
SMI   «   AMI 

6 CONTINUE 
C 
C     SMI IS NOW MT ST LIMITING NODE IN CUT SET. 
C 

SUMNP = 0. 
SUMNC = Ü. 
DO 7 I = l,M 
SUMNP = SUMNP ♦ PN(I» 
IF (NCSm.NI. 1» GO TO 7 
SUMNC = SUMNC ♦ CNlI» 

7 CONTINUE 
SUMAP = 0. 
SUMAC = 0. 
DU 8 I = l.N 
SUMAP = SUMAP ♦ »'A( I » 
Nil * Nl( I» 
N2I = N?( I » 
IF(ACSINII.N?I».Nfc.l) CO TO « 
SUMAC - SUMAC ♦ CA(I I 
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H   COM INOL 

SM?   = (    <    -    SbWNP   -    Sl<wA|')    /ISUKNC    ♦    Sl^A(. J 

f INI'   f'^Sl    LI    ITiry,   ^   Oh   ALL   VS. 

ALI?     »    AVINl ( SM ,SK2fSK1» 

CALCULAF»     t'A*\HUV   PATH   VALUf. 

I'V   =    PV   ♦    ( I.   -   ALIM) 

INt^f-MtNl    i,«IA-PI    ARKAYS. 

CO    4       1=1,' 
IF(N(,S« N .Nl  .11    f,n   TO   9 
PN< I )    =    (' J( I»    ♦    (CNI I )    ♦   ALJM 

*)   (;( NT INU! 
i;o   ir   i   ^   i, ; 
Ml    -   M ( ! • 
N^I   ■-   NJ^( I » 
IF( ACSCil I , .,M ).Nr .1)   UP   TO   10 
PA( I )   =   PA( I I    *   (CÄ{I)    ♦   ALIM) 

IC   (.ONI INO! 

resi FI.K rn'o . IF NOT, COMPOTL NF^ CAPACITIFS. PRINT STAFF 

SPNI = 0. 
no Jhi    i =   I,M 

?0l SPNI = ^.PNI ♦ PNtl I 
SPA I = 0. 
no ?.r.?      f r I,,» 

?()? SPA I = iPAl ♦ PAI n 
TEST =   >,PNI   ♦  SPM  ♦  .ccn? 
IF( TFST.';F.r .OK. IFLAG.EC.l»   ÜL'   TU   13 

?QC no  ii  i  =  i," 
IF(NCS( I ) .N« .1 )   (,0   TO   11 
J   =    If IX( PNI 1)   ♦   .0CC2) 
iFu.nj.o» GO n. lou 

t 

c 
c 

CN(I)   =    (ll.-Vd.JIJ   /   (VI I, J*l)-V(I ,J) !.» 
GC   TO   1 I 

ICO  CM 11   =   CNI I )   -   PNI I I 

-   PNII»♦FIOATIJ» 

II   CUNTINUF 
cc  l?    I   =   i,n 
Nil = Uli I) 
HZ I = NP( I) 
IF( ACSINI I f*J-,l I.Nr.I)    GO   TO    1? 
j =   inxiPAii I  ♦  .ccn? i 
IFIJ.tC.O»   M     T«1   '«tu 

cAcn -  ni.-iMi.jn /  (ui if J»I i-uiif JJ n 
GO   Tl     \/ 

ATO   CA( n    =    (.AIM   -   PAI I I 

-   PAI I ) ♦FLilAf IJ) 

12   f.ONT I Mil 
GU   Ti:   ICO 
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13 

U 

IS 

\b 

17 
C 
C 
c 

c 
c 
c 

IdOO 
?OOü 
■»ceo 
<.ccc 

AC S(M I ,' , I ) ,   PA( I » 

v^«l ir(f.,<rrcu) 
KRITT ibt^coi I   ir.i'( ,  rinj,   ISNK,  PV 

CO   !'♦    I   =    l.M 
wKiTt Un^rc'ii  (,   YII),  f.rs(i),  PMD 

Lt)    IS      I   =    I ,'1 
MI    =   M( I ) 
N2I    --    i?{l) 
IF« X( M .1 r.;).>   r,r   T(l   l<> 
WWirMAf^CLJI   Ml,    N^It    X(I),   ALSINM .N/M ,    PAN» 
C(JNI l^ll;L 
GO   IP    1/ 
XI    r    xii) 
AVX=    AL'.JXI) 
WHlTKö,^C(jn    ^1,    Ml,    AVX, 
GO    10    1) 
IH lest.I I.f )  (,(    in   /on 

CONt,    GFI   (IFK   NAl.'MMF. 

v-rtl n (^,r.rro) 
IK JFl Ai,.f u. I»   G'1    TO    Ifl 
CALL    FXIF 

FORMATS. 

FORMAT(<iI ), I U/I I ) 
FOHMATllOf31 
FORMAK 10F>.M) 

FORMAT! IHI ,r> ?X,M)SnURCF ,3X,H 
lALUh» 

RCHGJK»   =   FLM (*>»/£ I 
*CHG( X)   =   M   ♦ÄMI'JK XfF?) 
bl   =   2.♦MC 
e2   =   ?.*«2^ 
EQUlVALFNChCI ,P) 
CO   I   JI^   UAKCS 
L   =   HM Jl I 
H|( jn=   ACHi.lPj 
CO   2   11=    UMPCES 
L   =   NC( II) 
NC( I I)   =  Af.m,(p) 
CALL    FLOWMI Mi DL S , Auf. S , SUf. , SNK , I , J,HI ,f I f^. , NC, NF , N A, NH, CH J ) 
00    1   JI=    l.A^CS 
P   =     ICHGIMI JI ) ) 
Hl( JI )=   L 
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P   =   HCHr,(FLC)k( JI I I 

3   FLOW«JI)=   L 
Üd   A    I 1=    1,NODES 
P   =    f'CH'iiNF« (1)1 
^F( I 1)=   L 
P-   bCHÜ(NC( I 1) ) 

<•   NC« I I»»   L 
P   =   HCHGfDBJJ 
(JBJ   =   L 
RETUMN 
END 

IIRFIC   FLOW^ 
SUI'ROUIINf   FLÜWM   «NOüES,AKCStSRC,SNK,l , J,H I , F LOW, NC t NF,NAf NH, OH J ) 
INT» GkR   NnD^i.ARCS.SNK,SHC,I(2C00),JJ2000),HI(2000 ),FLOW(?000) 
INTFGIR   Nr.( ICOO),NF( ICC'J) ,NA ( 1 000 ), NB( 1000 ), PBJ 

c 
c 
c 
t 

nF.FlNiriON OF CALLING SFCUENCE 

c 
c 
c 
c 

NAME USE 

NUOES NUMI'fR OF NOOCS 
c ARCS NbMüüR f'F AKCS 
c SRC SOURCE NODL 
c SNK SI'^K Nun 
c I Lisr or FIKSI Nouts 
c J LIST OF SECONO NODES 
c HI UPPER HOUNCS FOR ARCS 
c FLOW AMOUNT OF FLOW IN ARCS 
c NC NODE CAPACITY  (INPUT) 
c NF NODE FLOW 
t NA SOURCE NODE LABELS 
c m SINK NODE LABELS 
c 
c 
L 

CHJ OBJECTIVF VALUE 

BEGIN 
INTEGER   AvAAvN,NltN2fGTARCS«INCvLABEL 
LOGICAL   TYPE 

GTARCS   =   ARCS   ♦! 
no in A «i,ARCS 

FIOW(A) =   Ü 
IF C IU).LF.O.OR.1(A).GT.NODES) GO TO 999 
IF Um.Lfc.C.OR.J(A).GT.NODES) GO TO 999 
IF ( im.FU.JlA)) GO TO 999 
HI (A) = lAnSIHKAl) 

10 CONTINUI 
HO 2C N = 1, NODES 
NF(N) = 0 
NC(N) = IABS«NC(N») 

^C   CONTINU» 
OBJ = 0 

/(RO NODE L >BFLS 
IÜU LO 200 N =1.N0ÜES 

NA(N) =0 
NH(N) =0 

2CO CONTINUF 
I AHI I SOURCE NOOf 

NÜ(SRC) = I 
IF (NC( SRO.lC.Nf (SRC) ) RETURN 
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NMS^C)   =   ÜTARCS 

LABEL 
^10   LABFL   =   0 

00   25Ü   A=l,A«CS 
Ml   «   UM 
IF   (Nl.LT.OI   i.V.   Tf)   2^0 
H*   -   J(A) 
IF   (FLIIWIA).LI.O)   GO   TP   225 
IF   (N/VINU.NF.U»   GO   TO   220 
IF   (NR(N2).tO.OI   GQ   TO   2SO 
IF   (FLOWIAI.Fg.O)   GO   Tfl   224 
NA(NII   =   -* 
IF   (NB(Nl».NE.'J)   GO   TO   240 
NP(Nl)   =   -•ITAKCS 
GO   TO   24C 

220 IF    (NR(N2).Nf .H.(1R.FLCW(A».F0.HI (AM   GO   1C   245 
NR(N2)   =   ^ 
IF    (NF(N2).Eü.NC(N2n   GO   TO   240 
NA(N2J   =   GTAKLS 
Gd   TO   2<iU 

224 IF   (NA(N2I.ru.O)   GU   TO   250 
GO   TO   S?b 

225 IF   (NÄ(N2I.F0.0)   GO   TO  230 
226 IF (NR(Nl).NE.O.OK.FLOW(A).EC. (-HI(A))) GC 10 245 

NUINII = -A 
IF (NFlNlKFCNCtNin '.0 TO 24Ü 
NA(Nl) = »GTAMCS 
GO 10 2^fJ 

230   IF (NRINlI.ft.OJ GO TO 250 
NA(N2) = »A 
IF (NB(N?^.NE.(,) Gt TO 240 
NP(N?) = -GTARCS 

240   LARFL = I 
IF (NA(SNK).NF. .U) GO TO 260 

245  MA) = -ra 
250 CONTINUE 
GO BACK AND LAOhL HORF IF SOME NODE WAS LÄHELEC ON LA^I LOOP 

IF (LABEL.NF.CJ GO TO 210 
RESTORE POSITIVE SIGNS TO FIRST NODE LIST 

260 DO 270 A = I .ARCS 
I(A| = IAHS( KAI I 

270 CONTINUE 
IF NOTHING LABFLED ON LAST LOOP, DONE 

IF (LÄPFL.Eg.C) KCTURN 
BREAKTHRU,  FIND THf INCREPFNT 

300 INC « NC(SHC)-NF(SRC) 
FOLLOW PATH RACK FROM SINK 

N « SNK 
TVPF =.TRU(-. 

310 AA' NA(N) 
IF ( .NOl.TYPFI AA= NR(NI 
A = IARS(AA) 
IF   (A.GT.ARCSI   GO   TO   320 
IF   (AA.LT.OI   GO    Til   315 
N2   =   KAI 
IF   (FLOW(A).LT.OI      GO   TO   31ft 
INC   =   HINQI INCtHKAI-FLONUI I 
GO   ID   J18 

315   N2   '   J(A) 
IF   (FLOhlAI.Lf.01   GO   10   317 
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UL    IN(    =   *HlM iM.t lAHMTLOMA) ) ) 
CQ  m   UM 

^1 /    INf.    =   MI ,()( |M ,1 I im( A)*HI ( AM 
11H   N    -    N 2 

CA:  IP   uo 
^■"U    11     ( TYHh)    ill:    Tl      »,": 

INC    -    MI^OI I fit,' ( IN) ) 
an in j^o 

i?4}    INC    =   MINOI INf .UCIN)-NFCO » 
3<»ü  TYPF  -   .vjnT.rvpt 

IF   cr..\» .SK>„ > dl)  ic   3i{; 
iHCKtMINT   ^^cs 

V   =    SNK 
I YHf    =.TkU( . 
IIHJ    =    llfij    ♦    U.C 

ISC    AÄ    ^   Nt'CN) 
IF    ( IVMh »    AA    --    • A(N) 
A       -    lAMS(AA) 
IF     (A.(,T.AKCSI   Ml   TO    ib*» 
IF    (AA.LI.Ü)   OH    ID    355 
FKlwm    =   FU'MAI    ♦    INC 
;N   =    MAI 
(Ü    lU    3 7U 

3S5    fLUWlA»    --    Fl.UIA)    -    INC 
M   =    J ( A I 
r.r  in 3 7u 

ibb    IF    ( TYPf »   Cd    If)   36« 
NFIN)    =   MF( n   -    INC 
GO    Id   3 7(' 

M.H   NF( N )    =   MMN)    ♦   INI. 
IM;    TYP»     =.NilI.TYPt 

IF    I S'.NJF.SKC.HK. lYPt )    GO   10   350 
FLOW    iNCiUMfeMmi,   KMtHN    IC   LABELING 

GO  i»;  loo 
4<)vJ   PR I „IT    lWJ,At KAI.JIA» 
WH   lORMAK^riH   AKCS   INCOKKCCUY   SF TOP   IN   NCTwOMK   ROUTIMF,    ARC    lftt3H   =( 

>lh,IH,16,IH)I 
MTTO^N 
hNO 
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Appendlx  B 

EXAMPLE 

For Illustrative  purposes,   the algorithm  is  used   to  find  the 

optimal  placement  of  forces   for the network of  Fig.   L,   with output 

printed after each  iteration.    Ten  forces  are  available,   and all   arcs 

and  nodes have   identical  probabilities  associated  with them.    Thus, 

for  each node,    L,   and  each arc   (i,j),   we   have: 

P(U1 = .6666 pU ,j)1 
= .666(1 

P(i)2 
= .8332 P(i 'J)2 

S .8332 

P(i)3 = .8748 P(i ,j)3 
= .8748 

P^\ = .8852 P(i '^4 
s .8852 

P(l)5 
= .8878 P(i 'J)5 

= .8878 

P(i)6 = .8884 P(i ' j)6 
= .8884 

P(i)7 = .8886 P(i »j)7 
= .8886 

P(t)8 = .8887 P(i ,j)8 
= .888; 

P(l)9 
= .8888 P(i .j)9 

B .8888 

P^IO 
= .8889 P(l '■^ 10 

= .8889 

The  input  deck  is  given  in Fig.  2  and  the output   deck or  results 

follow. 
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04 08 

Fig.   1--Sample  problem network 

ü'.)9Ol*OO10ni)0lU 
0Ol00liJOlÜU?Ü02 
0O600ö(i070070üf 
O0P003OO40O300S 
U070090080090()^ 
'>.6666().833?n.a 
i).66660.81320.H 
ü.66660.83320.8 
f.66660.83320.H 
0.66660.83320.8 
0.66660.83320.8 
0.66660.83320.8 
ü.66660.83320.8 
0.66660.83320.8 
0.66660.83320.8 
0.66660.83^20.8 
(1.66660.83320.8 
0.66660.83320.ü 
0.66660.83320.8 

I 
003üü300<»005ü0^ 

nOAOOt)0030060Ü8 

0.66660.83320.8 
0.66660.83320.8 
( .66660.83320.8 
0.66660.83320.8 
0.66660.8 3320.8 
i/.<.6660.8312ü.H 
U.f.6660.8332().8 
(;,66660.83320.8 
(.^.6660.83320.8 
o.< 6660.83320.8 

7480. 
7480. 
7^80. 
74H0. 
7480. 
7480. 
7480. 
7480. 
7480. 
74H0. 
74H0. 
74HO. 
7480. 
7480. 
7480. 
74HO. 
7480. 
7480. 
7480. 
7480. 
7480. 
7^80. 
7<»HÜ. 
74 HU. 

88S20. 
88^20. 
88520. 
88520. 
88520, 
88520, 
88520, 
88520, 
88520, 
88520, 
88520. 
88520, 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 
88520. 

88780. 
88780. 
88780. 
88780. 
88780. 
88780. 
88780. 
8878C. 
88780. 
88780. 
88780. 
88780. 
88780. 
88780. 
88780. 
88780. 
88/80. 
88780. 
88780. 
88780. 
88780. 
88780. 
88780. 
88780. 

88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
88840 
888<>0 
88640 
88840 
88840 
88840 
88840 
88840 
88 J40 
88840 
HSBAÜ 

.H8860 

.^8860 

.88860 

.88860 

.•'8860 

.88860 

.88860 

.88860 

.88660 

.88860 

.88860 

.88860 

.88860 

.H8860 

.88860, 

.P8860 

.88 860, 

.Hflfl60 

.('8860, 

.88860 

. fi8 860, 

.^8860, 

.HH860, 

.l'H86ü, 

,88870. 
,88870, 
,88870, 
,88870. 
,88870. 
,88870. 
,88870, 
,88870. 
,88870. 
,88870, 
.88870. 
.88870, 
,88870. 
,88870, 
88870. 

,88870, 
88H70, 

,88870, 
88H70, 
,88870, 
88870. 

,88870, 
88P70, 
88870. 

88880 
88880 
88880 
88880 
88880 
88880 
86880 
888H0 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
88880 
86880 
88880 
88880 

.8889 

.88ß9 

.8884 

.888^ 

.6889 

.8889 

.888 9 

.8889 

.8889 

.8889 

.8889 

.8889 

.88H9 

.8889 

.BHHO 

.8889 

.6889 

.8889 

.8889 
,8889 
.8889 
.8889 
.8889 
.8889 

Flg.  2--Input deck 
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OOTPÜT DECK 

SnUKLF NFT   FLOW SINK 

i i.sonoo y 

MAX.   PATH   VALUE 

0.    3333 

IDL PLOW CUT STT FORCES 

1 1 .bOOOO 1 l.OOCOO 
2 l.snnoo 0 0.00ÜÜO 
3 0.(15000 0 o.oooco 
A o.noooo 0 o.oooco 
S 1 .^(^OOO 0 o.oocco 
6 1.50000 u o.oooco 
7 n.ooooo 0 o.ocooo 
8 O.OuüOü 0 0.00000 
9 I . oOOOO 0 0.00000 

ARC FLliW CUT   StT FORCES 

I. ? I .SOGOO 
1. 3 0.00000 
1. k 0.00000 
?. 3 0.00000 
}* S l.SOOOO 
3, A 0.00000 
3, :> 0.00000 
At "5 0.00000 
^t 6 I.'.0000 
•), H 0.00000 
6, / 0.00000 
f>» 9 1.50000 
7, H 0.00000 
7, 9 0.00000 
H, 4 0.00000 

0 Ü.00000 
0 0.00000 
0 0.00000 
0 0.00000 
0 0.00000 
0 O.OOOCO 
0 0.00000 
0 0.00000 
0 0.00000 
0 O.OOCCO 
0 0.00000 
0 0.00000 
0 0.00000 
0 O.OOOOO 
0 0.00000 
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VUKO NfT    HUW SINK 

l I.^OOÜO 9 

MAX.   PATH   VALUH 

0.11111 

in 

i 

s 

7 

HUM CU1    S t T Fnntrs 

1 .VIOOC 0 l.COCOO 
I.'JÜOOC 0 o.occco 
n.ooooo 0 O.OOÜOO 
a.oouoo Ü O.OCCCU 
1.SOOOd l 1.00000 
l.SUUÜC 0 Ü.L'OOCO 
n.ooooo 0 o.uocco 
0.00000 0 o.ooooo 
l.'.OOOO 0 o.occco 

^ -'f t-LOW CUT    SLT Fcmci s 

I 1 .1000* 0 Ü.OCOGO 
,       « 0.00000 0 o.oocoo 
•      ^ 0.00000 0 o.oocoo 
1      $ o.oooou 0 0.00000 
,    'j 1 . »0000 0 o.cccoo 
»     ^t O.OUOÜU 0 o.occco 
, 0.00000 0 o.cccoo 
1         1 o.ooooo 0 o.occco 

'1 1 .50000 0 0.00000 
\\ C.OÜOOO 0 o.occco 
7 O.OuOOO 0 0.00000 
; 1.SOOOO 0 0.00000 

w O.OOOOO 0 0.00000 
') O.OOOOO 0 o.ococo 

( 'J O.OOOOO 0 0.00000 



SnUKf.f Nf T    FLOW        SfNK 

I i.'jonon 4 
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MAX.   PATH   VALUE 

0.037OA 

OJ- FLUW CUT SET FOHCES 

l 1 .lOOOO 0 l.UOOCn 
? I . »0000 0 o.oocco 
3 0.00000 0 o.occon 
A U.OOOOn I) O.CC0Ü0 
b 1 .'JOOOO 0 l.f)O0CO 
b 1 .luoon 0 o.occcr 
7 o.uooot 0 n.occoi; 
H o.onnoo u o.f'rcoo 
< I. junuu I l.COÜCO 

AWC FLOW (UT ser F-lMCtS 

1. / 1 , »0000 0 o.oocco 
1. ) o.ouuoo 0 o.occco 
1. '. 0,00000 0 0,00000 
■>, 3 O.l'OOOO 0 0.000(0 
; * T l .'JOOOO 0 o.oooon 
s '. 0.00000 n o.oocco 
it ') 0.00000 0 O.OOCCl» 
4, > O.OJOOO 0 O.OCOCt 
■> t 6. 1 . )0000 0 0.00000 
> f H 0.00000 Ü 0.00000 
^ ^ O.ÜOOÜÜ 0 o.occco 
o. ) 1.^0000 0 0.00000 
f. « 0.00000 0 0.00000 
u >< 0.00000 0 0.00000 
M, > 0.00000 0 0.00000 
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'J'IUF 

1 
? 
3 
A 

6 
7 
•? 
9 

SdUKLF   NFT FLOW SINK 

I 2. 0009H 9 

FL(H» CUT SET 

7.00098 I 
1.50000 0 
0.50098 0 
0.00000 0 
2.0009H 0 
I.'JOOOO 0 
0,t>LU9H 0 
O.b0098 0 
?.00098 0 

FCKCES 

?.00000 
0.00000 
0.00000 
0.00000 
l.OOCOO 
0.00000 
0.00000 
0.00000 
l.OOCOO 

MAX.   PATH   VALUE 

0.01633 

WL FKJW CUT   SET FORCES 

H f 

? 

A 

S 
7 
9 
7 
v 

u 

I .'JOOOO 

0.,>GU98 
0.00000 
0.00000 
1.30000 
0.00000 
O.,>0098 
0.00000 
I .^oooo 
0.50098 
0,00000 
1.50000 
0.50098 
0.50098 
0.00000 

0 
0 
0 
0 
0 
0 
o 
0 
u 
0 
0 
0 
0 
0 
0 

0.00000 
0.00000 
0.00000 
o.oocoo 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
o.ocooo 
0.00000 
o.ocooc 
o.oocoo 
0.00000 



SnURCF NFT   FLOW SINK MAX.   PATH   VALUf- 

l 2.UÜ()9f] 9 0.00927 

Nfine FLOW 

1 2.00098 
2 I.'30000 
3 0.'50098 
^ 0.00000 
5 2.0009a 
6 I.'JOOOO 

7 0.bO098 
R 0.50098 
9 2.00098 
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SINK 

9 

CUT StT FORCES 

0 2.00000 
0 0.00000 
0 0.00000 
0 0.00000 
I 2.00000 
0 0.00000 
0 0.00000 
0 0.00000 
0 l.OOCOO 

\H C FLOW CUT SFT FORCES 

1. 2 I .'JOOOO 0 0.00000 
1. ->> 0.50098 0 0.00000 
1. <* 0,00000 0 0.00000 
2, 1 0.00000 0 0.00000 
?, •> i.soooo Ü 0.00000 
*, <* 0.00000 0 0.00000 
3, > 0.S0098 0 0.00000 
'♦f S 0.00000 0 0.00000 
•Jf 6 l.SOOOO 0 0.00000 
s, 8 0,,>009R 0 0.00000 
6, 7 0.00000 0 o.ocooo 
6i 9 1.50000 0 0.00000 
H, 7 0.50098 0 o.oooco 
7, 9 0.^0098 0 0.00000 
H, 9 0.00000 0 0.00000 
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sru«c»- J'T   KflW S INK 

l ?.00090 9 

m HLOW CUT SLT FOHCES 

i ?.00098 0 P.OOCÜO 
p l.SOOOO c O.ÜC0CÜ 
\ Cjooyt« 0 o.ocooo 

A 0.0(000 0 O.OÜOOO 
4 ? .OOOOH 0 P.OOüOO 
^ I .()^i)Ol> 0 O.OOOOU 
1 (' .'iiHtc)H 0 o.oooon 
h O.bUO^H 0 o.occco 
'J ? .(»009M 1 P.OCOCO 

MAX.   PATH   VALUE 

0.00464 

*>,» ; FLOW CUT  sei FORCFS 

I. s 1 .S()üü(J 0 o.ortic ü 
It i 0.50098 1 o.ocooo 
1. '. 0.00000 0 o.nrcco 
;. * 0.00000 0 o.ouooo 
^. ■> 1 .M)000 0 0.00000 

1 'i (*. 00000 u o.occco 
1. > 0.->009H 0 O.OCCOO 

^ f *> 0.00000 0 0.00000 
' » / 1.bOOOO 0 o.orcoo 
^. '< 0.50098 0 0.00000 
'»f / 0.00000 0 o.ocooo 
f 1 j 1.501)00 0 o.outoo 

■ » 
7 O.S009R 0 o.ocooo 

/. ) O.SÜ09H 0 0.00000 
-< 1 ) 0.00000 0 o.oocoo 



35- 

i «.rooon -9 

MAX.    PATH    VMUt 

U.OOlb'i 

rrui 

? 
3 

7 
b 

f-LI.W CUT  s t r Ff)«CtS 

i.nunon (i 2.00000 
l.soooo u O.CCCCO 
1 .'>')0()0 u O.OCOOfi 
>.o;)Oon '■( o.oocco 
).oouoc (1 p.occor 
l .SOIHJC 1) O.COOÜU 
l .-»ooon 0 o.ooccn 
i .vmno I) o.ocoou 
1.00000 0 ^.ooccn 

AkC 

1. 
I. 
I. 

'•t 

'). 

> 

7 

J 
n 

FLLH 

1. ".ouon 
I.40000 
o.oonoo 
o.ooooo 
I.bOOOO 
O.OOOOU 
i .v)Onoo 
).00000 
1.50000 
1.S00ÜP 
o.ooooo 
I .vnon 
l .stjono 
I .SfOOf) 
0 ,00000 

si r nmcFf. 

u O.lH.'CCo 
u O.OCOüü 
Ö 'J.OOCCt; 
(1 O.ÜCCC(. 
0 0.0CÜ0O 
Ü O.OCCL( 
0 O.OUCOC1 

0 o.occcn 
I l.OCOOO 
1 l.oucco 
0 O.OOOLO 
0 o.ccoco 
0 0.00000 
0 U.ÜOCUO 
0 o.oooon 
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SnU^f f Mt T    M OW b IHK 

1 V.dlOOO 4 

WAX.   PATH   VALUC 

0.00CS2 

1 

3 

'j 

t 
7 
M 

M.l'K OUT   SH HiKCf S 

^ .00(100 0 2.00000 
l. > jpon !) o.oocco 
l .r*0000 0 o.oocco 
o.oooün u o.ooccc 
3,00000 0 2.00000 
l .'»aooo 1 l.OOOGO 
1.soooo 0 O.OCCOO 
I .'..f.OOl» I l.oroon 
Ul/OÜüO 0 2.00CÜÜ 

VrtO HOW GUI   seT FORCES 

1 > I .'»uOOO 0 o.oocco 
1 1        1 1.booon 0 o.oocco 
1 ^ O.f'OOOO 0 o.oocco 
/ ,      T 0.<'l 000 0 c.occco 

■j 1 .'JOOOO 0 c.oooco 
1 '♦ Q.00000 0 o.occco 
5 , 1.SOOOO 0 O.OCCOO 

'< ■l o.nooou (J 0.00000 
•y , t. I .'JOOOO 0 l.OOCOO 

» ! M 1.bOOOO 0 l.OOCCO 
' ( 1 0.00000 0 o.occco 
h , ^ I .'»rooo 0 o.occco 
k- 7 I.bOOOO 0 P.OCCCO 
7, < 1 .'JOOOO 0 O.OOOOO 

< 0.00000 0 o.oorro 
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Appendix C 

CONVEXITY ASSUMPTION ON MULTIPLE FORCES 

It was mentioned earlier that the assumption p(i)k+l - p(i)k ~ 

p(i)k - p(i)k-l assures that allo~ating ( n(i)] + 1 forces with probability 

n(i) and [n(i)] forces with probability 1 - n(i) minimizes the proba-

bility that the infiltrator can successfully cross node i for given 

n(i). This appendix will verify that statement. 

Let P(k,i} be the probability that k forces are placed at node i. 

Then, EkP(k,i} = n(i) and the probability associated with node i is 

1 - EP(k,i}p(i)k. Minimizing this probability is equivalent to 

maximizing EP(k,i }p(i)k. The following theorem shows that for given 

n(i), this occurs when the conditions above are satisfied. 

THEOREM. The quantity (i)EP(k,i}p(i)k is maximized , subject to 

the constraint (ii)EkP(k , i } = n(i) when P( [ n(i) ] + l,i \ = n(i), 

P( [n(i)],i} = 1- n(i), and all other P(k,i } = 0. 

l!QQE. Let h = max(k/P(k,i} > 0}, t = min( k/P( k,i } > 0 } , and 

d • h - t. Let P(k, i } = P(k, i} be a set of values of smallest d which 

maximizes (i) subject to (ii). Suppose the theorem is false. Then 

h- t = d <! 2. Let m = min(P(h,i }. P(t,i}J. Set P(h,i } = P(h,i } - m 

and P(h - l,i} = P(h - l,i } + m. Then set P( t,i } = P(t ,i } - m and 

increase P(t + l,i} by m. (If h- t = 2, then Plt + 1 = P( t + 1} +2m). 

Either P{h,i } or P(t,i } is now zero, decreasing d by at least one unit. 

The increase in (i) is equal to m(-p(i)t + p(i)t+l- p(i)h + p(i)h_
1
). 

Since (ii) is still satisfied, this is strictly negative from our cho i ce 

of P{k,i}. However, since h > t + 1, 
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p(i)h - p(i)h-1 s; p(i} t+1 - p(i} t 

- p(i} t + p(i) L+1 - p(i)h + p(i\-1 ·- 0 

for a contradiction. QED • 

• 
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Appendix D 

FINDING MAXIMUM PATH VALUE 

This  appendix briefly explains  the  procedure  for keeping  track 

of the maximum path value during the algorithm. 

Let  K be   the maximum path value at   the  beginning of  the algorithm 

and  let V be  the value of C,   the minimum cut   set.    Substituting the 

generalized  capacities   (Expression   (4a-b))   for  the ones   (Expression 

(2a-b))   that  appear   in Expression  (3),   one obtains: 

AK ' K 

But £ An(i)  + E an(i,j)  ■ MV,  where M  is  as  defined  in  step 5  of  the 

multiple  intercepting force  algorithm.     Thus 

AK      K 

or K - AK - K(l  -  M). 
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