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1.     INTHOUUCTION 

i .      M^p Projections 

The subject  of map projections has developed from its 

inception sometime enrly in the history of mankind,   consisting of 

perhaps fi  rough sketch drawn in the sand,   to B   specialized branch of 

applied mathemntlcs which it is  today.    Due both to this  Long develop- 

ment and to the extent   of the subject,   it  is  possible to encounter 

numerous definitions  of a map projection.     The  very name of the 

subject,  map projections,   is deceiving,  for most imp   projections are 

not projections in the true mathematical   sense of the wcrd.     In the 

true mathematics. 1  sense,   the term projection  h"s  the connotation 

perspective projection.     Perspective projection may be simply described 

as the determining of  the position on t  pl-'ne of points  in space as 

they would appear on the plane from some particular  fixed vie" point. 

Applying the above definition to map projection would indicate that  a 

map projection is  the  representation of the surface  of  *he earth,   or 

an   »ccepted datum surface approximating the  surface  of the earth,   on 

a plane as it would  appear on the plane from some particular fixed 

view point.    However,   the above definition can certainly not be used 

to totally describe map projection in the  sense  in which the term is 

commonly  used.    The  term projection,   HH   applied to map projection, 

includes numerous geometrical,  mathem itical^ind  semi-geometrica"1 

transformations  of a   iatum surface onto a plane.     Only a  very few of 

these projections  are  truly perspective projections  in ■   nrthematlcal 

sense. 



As was} stated earlier, i map projection h^s oeen dellneu in raflny wdys. 

One method of describing a mip projection ie to describe the trans- 

formation of the meridians and parTLiels xrom tne ^urface of the e^rth, 

or a datum surface approximating the surface of the earth, to a map- 

ping plane. The author will define a man projection as a systematic 

arrangement of intersecting lines on a pl"ne that represent, and have 

a one-to-one correspondence to, the meridians and parallels of the 

datum surface. These lines, drawn to represent the meridians and 

parallels, are drawn according to some conPistpnt principle in order 

to fulfill certain required conditions. Each set of new conditions 

produces a different map projection, and hence there potertially 

exists an unlimited number of map projections. Common conditions used 

in map projections are such th^t distances, areas, or angles measured 

on the dotum surf0ce will be equal to those measured on the mapping 

plane.  In addition to the more common conditions stated above, a 

myriad o: other conditions have been used to produce map projections. 

The conditions by which each particular m0p projection is designed 

are naturally b^sed on the intended purpore of the map. 

1.2    Perspective Map Projection 

Based on the discussion in Section 1.1, it is apparent that 

the perspective map projection is only one of the many different 

types of map projections. It has characteristics, both desirable and 

undesirable, which dictate its use or non-use for particular 

purposes, A perspective map projection may be ideally vizualized as a 



photograph taken of a portion of the datura surface. A photograph 

taken by an aircraft, a rocket, or a space vehicle of the e^rth, moon, 

or other heavenly body is actually a type of perspective projection. 

This certainly is one of the interesting aspects of the study of 

perspective projections. 

Perspective projections ^re based on simple geometric 

principles. A straight line, vhich will be called the projection 

axis of the projection, extends from a point on the datura surface, 

through a point In space named the projection center, to the 

projection plane. This projection axis is perpendicular both to the 

datui surface and the projection plane. The Irrt-e^ppction of the 

projection axis and the projection plane Tocat^p ^ point denoted »s 

the image center.  Likewise, all other points on the datura surface 

are located on the projection plane by extending straight lines from 

the particular point, through the projection center, onto the pro- 

jection plane.  In Figure 1, C represents tbp projection centnr  and 

C, the image center. P is an arbitrary point on bhe latum surface 

and P' is the pro.lertion of this point on the projection plane. 

Principles of slementary geometry prove that a parallel displacement 

of the projection plane along the projection axis chnnsces only the 

scale of the projection. However, a change in the location of the 

projection center will charfre the form of the projection. The location 

of the projection center is the factor which determines the character- 

istics of a particular perspective projection. 



Projection Pl^ne 

Datum Surface 

Figure 1 

One means of  classifying perspective projections is 

according to the orientation of the projection axis.     If the 

projection axis is coincident with the axis  of rotation of the 

datum surface,  the projection is referred to as  a normal or polar 

projection.    If the projection axis  lies  in the equatorial plane 

of  the d-.tum  surface,   the projection is referred to '»s a transverse 

or equatori-l projection.    If  the projection falls  into neither of 

the ibove two special categories,   then it  is  referred to as an 

oblique projection.    It  should be kept in mind that the normal and 

transverse projections  rre merely special cases of the oblique 

projection and 3quations   lerived for oblique projections are 

applicable to all special cases. 



1,3    The Inveitlgatl»n Of Perspective Nap Prejectlem 

The purpose of this thesis Is to inveetigate the perspective 

projection In a very basic manner.    The primary goal Is to develop 

general mapping equations for the perspective projection suitable 

both for a spherical and an ellipsoidal datum surface.    The term, 

mapping equations, refers to equations which transform the co- 

ordinates of a point from a latitude-longitude-elevation three 

dimensional type coordinate system of the datum surface to a X-Y plane 

coordinate system of the projection plane.    A discussion of the 

distortions Inherent In perspective projections Is Included to 

Illustrate a method of using distortions to describe a projection. 

It will be seen that a   combination coordinate-distortion type table 

or grid Is an effective aid In visualizing a projection. 

The Investigation Is divided Into five primary parts.    In 

order to provide general background material and also provide 

equations on which to base the validity of equations derived later, 

Chapter 2 will briefly discuss and derive In a conventional manner 

the mapping equations for the three most common types of perspective 

projections.    These three common projections are the Gnomonlc 

Projection, the Stereographic Projection, and the Orthographic 

Projection.    Chapter 3 discusses * descriptive geometry approach to 

perspective map projections as presented by Erwin Schmid [12]« 

It Is from this publication that the author first became Interested 

In  the   subject matter of this thesis. Chapter h is concerned with 

the actual development of general mapping equations for the 



perspective projection.    These equations are developed utilizing a 

photogrammetric approach,  an approach which to the author's know- 

ledge is novel to the study of map projections.    Equations  pre first 

derived using the sphere as a datum surface in order both that the 

validity of the equations may be checked by comparison with those 

equatious derived earlier and to facilitate for the reader the 

understanding of  later derivations.    In an analogous manner equations 

are then derived using the ellipsoid as a datum surface.     It is 

shown that the mapping equations derived for an ellipsoidal datum 

surface are truly General Perspective Projection Mapping Equations, 

suitable for both spherical and ellipsoidal datum surfaces. 

Chapter 5 briefly discusses an empirical method to determine 

the distortions inherent in the perspective    projection of  a latitude- 

longitude grid of a datum surface onto a projection plane.    Chapter 

6 Illustrates examples of six types of perspective projections by 

means of tables or grids containing both X-Y plane coordinates 

and distortions.    The coordinates and distortions are calculated for 

the intersection points of latitude and longitude lines spaced ten 

degrees apart.    It is believed that the examples  included in Chapter 

6 both aid in the vizualization of perspective projections and at 

least partially validate the equations derived in Chapter k.    The 

computer program used to produce the examples of Chapter C 

and a brief explanation »f the computer program are included in the 

Appendix, 



2.    A CONVENTIONAL APPROACH TO PERSPECTIVE MAP PROJECTIONS 

Three of the more common perspective map projections are 

the Gnomonic Projection,  the Stereographic Projection,   nnd the 

Orthographic Projection.    The mapping equations for these three 

projections are briefly derived in this chapter for two miin rensons. 

First,  the derivations will illustrate what the author chooses to call 

a conventional approach to the derivation of perspective mapping 

equations,  similar to the approach used in  [l^].    Second, the equations 

derived in    this chapter will be a uasiB of comparison for those 

equations derived later. 

2,1   The Onomanic Projection 

The Gnomonic Projection is developed by placing a projection 

center at the center of a sphere and projecting this sphere    onto 

a projection plane tangent to it.    Figure 2 represents a sphere with 

a radius R and a center at C, which in the Gnomonic Projection is 

also the projection center.    The prujcction plane AB is made tangent 

to the sphere at 0'  and this point is the image center of the pro- 

jection.    0'  is located at a latitude f on the sphere.    P is an 

arbitrary point located on the sphere at a latitude f  and at a 

longitude difference of X from 0'.    P'  is the projection of P on the 

projection plane. 

Figure 2 llluBtrates the following; 

CO' - CP - R 

Angle O'NP - X 

7 



Fig .re 3 



• 

Angle NO'P - 90 - fl 

Arc  NO« • 90 - ♦ 

Arc  NP  - 90 - • 

Figure 3 !> drawn In the plane of the triangle CO'P and 

Illustrates the projection of the arc O'F onto the projection plane 

AB. Fron Figure 3, It is evident that 

(1) O'P'- R tan q 

To reduce equation (l) to rectangular coordinates on the 

projection plane, the coordinate system illustrated in Figure k  is 

developed. In this coordinate system, O'Y' represents the projection 

of the meridian through 0' and O'X' represents the projection of the 

great circle through 0' which is perpendicular to the meridian 

through 0'. 

From Figure U, the following is derived: 

(2) X'-?P«-0'P' cos B-R tan q cos B.R 8i" ? !0' B 
COB q 

. . R sin q sin B 
(3) Y»-EP'-O'P« sin B-R tan q sin B- j^f^  

Utilizing the properties of the spherical triangle in Figure 1, the 

following may be derived by the Law of Sines: 

sin X sin (90 - B)  cos B (90 -B} 
(90 - #) sin q sin (90 - #)  cos § 

and therefore 

(U)        sin q cos Bm sin X cos t 

By the Law of Cosines, the following is derived: 

(5) sin q sin B - cos f sin f - sin # cos f cos X 
c c 

(6) cos qasin ff    sin f ♦cos |    cos f cos X 



By substituting equations (U), (5), and (6) into equations 

(2) and (3), the mapping equations for the Gnomonie Projection are 

eibtained; 

(7) 

(8) 

«,, I cos I sin X 
sin C sin I ♦ cos 9   cos 9 cos I c c 
R (cos f sin I - sin f cos « cos X) 

vt-       c C  
*■ sin i    sin f + cos f cos f cos X 

c c 

2.2 The Stereographic Projection 

The Stereographic Projection Is developed by placing a 

projection center at a point on the sphere which is diametrically 

opposite the point at vhlch the ^wjection plane is tangent to the 

sphere. The mapping equations for the Stereographic Projection are 

developed in an analogous manner to the development of the mapping 

equations for the Gnomonie Projection.  Figure 3  represents a sphere 

with • radius R and a center at 0. The projection center is located 

at C and the projection plane AB Is tangent to the sphere at 0*. 0* 

is also the image center of the projection. P is an arbitrary point 

located on the sphere at a latitude # and «it n longitude difference of 

X  from 0*. P* ia the projection of P on the projection plnne. 

Figure 3 illustrates the following: 

OC-OG'-R 

Angle O'NP- X 

Angle RO'P. 90 - B 

10 



B 

Figure 5 

Figure 7 
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Arc HO* - 90 - ♦ e 
Arc HP ■ 90 - # 

Figure 6 It drawn in the plane of the triangle CO'P and 

llluatratea the projection of the arc O'P onto the projection plane. 

It la evident from Figure 6 that 

(9) O'P1 - 2 R tan f 

To reduce equation (9) to rectangular v.w.widlnatea on the 

projection plane, the coordinate system Illustrated In Figure 7 

la developed. In this coordinate system, 0*1* represents the 

projection of the meridian through 0* and 0*X* represents the 

projection of the great circle through 0* which Is perpendicular 

to the meridian through 0*. 

From Figure 7« tne following Is derived: 

X' . F^P* ■ O'P* cos B - 2 R tan | cos B 

(10) 
M 2 R aln q gjg B 

1 *  cea q 

y». I»?«» O'P1 aln B - 2 R tan f aln B 

(11) 2 R aln | aln B 
1* coa q 

Utilising the apherlcal triangle formed In Figure 5, 

equations (U), (3), and (6) can again be derived. By substituting 

equations (k),  (5), and (6) Into equations (10V and (ll), the 

mapping equations for the Stereographic Projection are obtained: 

(12) 
x. 2 R coa j sin X  
*     1 ^ aln «   sin f« cos |   cot | coa A 

c c 

12 



2 P (COB t    *4n | - sin ♦   cos # cos X) 
m c c  

(13) t*       1  -•■ sin I   sin f ♦ cos f   cos | cos A 
c c 

2.3 The Orthographic Projection 

The Orthographic Projection Is developed by placing a 

projection center at Infinity and by projecting the d^tum sphere 

onto a projection plane perpendicular to the projection rays. All 

projection rays are parallel to each other and perpendicular to the 

projection plane. The napping equations for the Orthographic 

Projection can be developed In analogous manner to the development 

of the mapping equations in Section 2.1 and Section 2.2. Figure 8 

represents a sphere with a radius R and a center at 0. The 

projection center Is located it Infinity In the direction Indicated 

by the figure. The projection plane is perpendicular to the 

projecting rays and tangent to the sphere at 0', with 0* also being 

the image center of the projection. P is an arbitrary point located 

on the sphere at a latitude f and at a longitude difference of X 

from 0*. F* is the projection of P on the projection plane. 

Figure 8 Illustrates the following: 

00* • OP ■ R 

Angle O'HP» X 

Angle N0'P-90 - B 

Arc  HO' • 90 - # 
c 

Arc  HP • 90 - # 

Figure 9 !■ drawn in the plane of triangle OO'P and 

Illustrates the projection of the arc O'P onto the projection plane. 

13 



Figure 8 

Figure 9 



It is evident from Figure 9 that 

(lU)        O'P'- R sin q 

To reduce equation (lU) to rectangular coordinates on the 

projection plane, the coordinate system illustrated in Figure 10 

is developed. In this coordinate system, O'Y* represents the 

projection of the meridian through 0* and O'X* represents the 

projection of the great circle through 0* which is perpendicular 

to the meridian through 0*. 

From Figure 10, the following is derived: 

(15) X'.FP'- O'P* cos B • R sin q cos B 

(16) Y' - EP' - O'P' sin B - R sin q sin B 

Utilising the spherical triangle formed in Figure 8, 

equations (U) and (5) can again he derived. By substituting 

equations (U) and (5) into equations (15) and (l6), the mapping 

equations for the Orthographic Projection are obtained: 

(17) X' .R cos « sin X 

(18) Y'-R (cos «    sin f - sin ff   cos f cos X) 
c c 

- 

15 



3. A DgSCRIPTIVE GEOMETRY APPROACH TO PERSPECTIVE MAP PROJBCTIOWS 

The three perspective map projections Just discussed, the 

Gnoaonic, the Stereographic, and the Orthographic, vere developed 

by placing the projection center at a particular location in 

reference to the datum sphere. In this chapter the projection center 

will be placed at an arbitrary distance above the surface of the 

datua sphere and perspective sapping equations will be developed far 

this spherical datua surface. Since the projection center will be 

located at an arbitrary distance above the ditum surface, it is now 

pas ible to better visualize the physical significance of the 

perspective projection by comparing i* to an aerial photograph. As 

was stated earlier, a photograph is actunlly a type of perspective 

projection. Thus, the perspective mapping equations derived in 

this chapter would enable the plotting of grid lines on an ideal 

vortical photograph taken at a particular distance above a datum 

sphere. Naturally, this can not be accomplished with an actual 

aerial photograph of the earth due to the fact that the earth is 

not a sphere nor a simple geometric figure of any type.  \i8o, due 

to numerous distortions inherent to photography, aerial photographs 

are not ideal vertical projections. However, the cnrnrmrlson between 

perspective projections and vertical aerial photographs is still 

useful in visualising the derivations included in this and the 

following chapter. 

16 



Figure 11 



Figure 11 lllustrateB the descriptive geometry approach to 

perspective map projections presented In [12]. In this figure the 

lower circle represents a transverse or front view of the dntum 

sphere, with the plane of the X axis defining the plnne of the 

equator and the Y axis defining the polar axis. The upper circle in 

Figure 11 represents the polar or top view of the datum sphere, 

with N denoting the position of the pole. The small circle on the 

right side of the figure represents the perspective view of the 

datum sphere that would be obtained by placing a projection center 

at C . In this chapter mapping equations will be derived which 

allow the transformation of coordinates of an arbitrary point 

from a three dimensional latitude-longitude system, as illustrated 

in the top and front views of Figure 11, to a plane X' -Y* system, 

as Illustrated on the projection plane in the perspective view of 

Figure 11. 

In Figure 11, C    represents a projection center located at 
F 

a latitude J  .  at a longitude \ , and at a distance   h    above a 
c c 

datum sphere of radius R. A cone of projection rays emanating from C 

is tangent to the sphere at A and B and creates right ingles 0 AC 

and CLBC  .    The complete intersection of the projection cone and the 

sphere is a circle whose trace AB is shown in the front view.    This 

circular Intersection as seen from the   projection center C    is 

illustrated in the perspective view.   This circular area can be 

vizualized as that portion of the datum sphere which could be seen 

if an observer were located at C  .    In this derivation the AB 

F 

18 



plane will be used as the projection plane and all points on the 

vislhle portion of the sphere will be projected onto this plane. 

In the front view of Figure 11, xet P be «m arbitrary 

point located at a latitude f and at a longitude X on the portion 

of the sphere visible from C . By definition, X equals the 

difference in longitude between the arbitrary point P and the 

projection center C. P represents the position of the point P in 

the top view. P is projected along the projection ray C P until 
¥ F F 

the ray intersects the projection plane .d at P". P' is r F then 

the projected image of P    on the projection plane.    P •  represents 

the position of this point in the top view.    It is seen that the 

distance DP • is then the Y'  coordinate of the point P'  on the 

projection plane.    In the top view, the distance P  ' »P  •  is the X' 
T  T 

coordinate of the point P' on the projection plane and this distance, 

when transferred to the perspective view, locntes the point P'. 

P«, with an X» value of P "P ' and a Y' value of DP ♦, is thus 
T      T F ' 

the projection of point P on the projection plane in the perspective 

view. 

The point P has now been transferred to the projection plane, 

and it only remains necessary to resolve the ordlnate and abscissa 

values of the point into terms Involving the original given para- 

meters.    This is accomplished in the following paragraphs. 

The angle C AO   is designated 6 and it is evident that 

AO 
(19) „«.ft .   t .        R cos G ■ 

f"-P 
0LC„ B+ h 

19 



and also that 

(20) 0 D-R cose 

The equation of the line AB may now be written as 

(21) X cos f   +Y sin «    - R cos   0 • 0 
c c 

and the equation of the line 0 r may he written as 
F F 

(22) X sin «    - Y cos |   . o c c 

Next, the two perpendicular distances LP   and P M from 
F F 

point P_ to lines AB and 0 C    respectively must be determined.    This 
p F F   * 

Is done by using well known geometric formulas for finding the 

perpendicular distance from a point to a line. The resulting 

equations are 

(23) LP    1 E  (cos « cos | cos X -f sin # sin # - cos e) 
F        c c 

(2U)        MP ■ -R (sin # cos « cos X, - cos # sin #) 
F c c 

Considering the X'-Y' coordinate system of the projection 

plane In the perspective view. It was shown previously that the 

ordlnate of P* In this coordinate system was equal to DP •. 
F 

Utilizing similar triangles In the front view the fallowing Is 

•btalnedt 

%    DCp  . MPF 

wr '"V rcpDcF - LPF 

and also from the front view the following Is derived: 

DC - AD tan e*R sin 6 tan 6 
F 

A combination of the above equations yields the Y' cordlnate 

of P' In the X'-Y' coordinate system of the projection plane. 

20 



Y'" DP ' 
F 

(R sin 0 tan   8) R (cos f   sin ff - sin ff   cos | cor >.) 
Y'    R sine tan© - R(cos f   cos | cos \+Bln I sin #- cos e) 

c c 

R sin 6 (cos |    sin ff - sin f    cos f cos \) 
 c c  

'2" ^ I - cose (cos f    cos ff cos X+ sin ff    sin 1} 

A X' coordinate corresponding tc the Y'  coordinate calculated 

by equation (25) may now be derived.    Considering Figure 11 again, 

the following proportions are obtained; 

p up i p »c  p «C  DP • 
T  T _ T T_ F F. F 

p '"P FC  FC  SB^" 
T   T  T T   F F    F 

It Is also evident from Figure 11 that 

T  , T 

DPF'-Y' 

The abscissa X'  of the point P'  on the projection plane 

was previously shown to be equal to P "P '  ^nd thus 
T     T 

p  t.'P       Dp  t 
ip       T  *      F 

X'- P "P  •   • 
T      T MPF 

■ R cos ff sin X. • Y* 
x,    9 (sin ff    cos ff cos \* Bin #    sin ff) 

c c 

2 
{   „ .      R sin e cos    ff sin X 
(2t>> x     1 - cos e Tcm ff   cos ff cos X ♦ sin |   sin f) 

c c 

Summarising, equations (23) and (26) are perspective 

21 



projection mapping equations which enable an arbitrary point to be 

transferred from a three dimensional latitude-longitude coordinate 

system of a datum sphere to a plane X'-Y*  coordinate system of a 

projection plane. 

22 



U.    A PHOTOGRAItffiTRIC APPROACH TO PERSPECTIVE MAP PROJBCTKIIS 

Equstions  (25) and (26), developed ty a descriptive geametry 

method In Chapter 3,  are mapping equations suitable for t spherical 

datum surfac».-.    It Is not apparent to the author how these equations 

can he modified to make them applicable to nn ellipsoidal datum 

surface.    It Is also not Immediately apparent how these equations 

can be used for all possible locations or the projection center.    In 

this chapter mapping equations will be derived that can be utilised 

regardless of the location of the projection center and that can be 

used both on spherical and ellipsoidal datum surfaces. 

Since a perspective projection Is directly comparable to a 

photograph, the author chose to derive the desired mapping equations 

through a photogrammetrlc approach.    Section U.l deals with the 

derivation of equations based on a spherical datum surface, while 

Section U.2 deals with similar equations based on an ellipsoidal 

datum surface.    Since a sphere is only a special case of an 

ellipsoid, mapping equations derived for the sphere are only special 

cases of those derived for the ellipsoid.    The author considers 

tht spherical case worthy of separate discussion based on the belief 

that the sphere Is a logical intermediate step before progressing 

to the more complicated ellipsoid.    The mapping equations derived 

for the sphere may also be compared with previously derived equations 

as a check on the validity of the general method being utilised in 

this chapter. 

23 



k.l   A Spherical Datum Surf nee 

U.ll   The Napping Equations 

Figure 12 represents a spherical datun surface with a radius 

R and a conventional three dimensional   X-Y-Z coordinate system. 

Point C depicts the projection center and Is located at a latitude 

I  . at a longitude \ , and at a height ahove the datum sphere of 

h.    Point   P   represents an arbitrary point on the datum surface 

and Is located at a latitude f and at a longitude X.    In the 

following derivation X will equal the difference In longitude between 

the point   P   and the projection center C. 

The space rectangular coordinates of point    C    are obtained 

from   Figure 12. 

(27) 

(28) 

Y   . (IUh)  cos f 
c                           c 

Xc-° 
(29) Z  . (R* h)  sin « 

c                           c 
Likewise, the coordinates of point   P are obtained from Figure 12. 

(30) Y  ■ R cos ff cos \ 
P 

(31) X • R cos  f sin \ 
P 

(32) V R 8ln • 
As an aid in vizuallzing the remainder of the derivation, 

point C may be compared to a camera lens -nd CO,  the projection 

axis, is comparable to a camera axis.    The projection plane AB, 

•r mapping plane, may be visualized as a photographic plate which 

is perpendicular to the camera axis and located at a distance f 

21* 



Figure 12 

Z 

Figure 13 
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behind the lens.    It Is seen that    f    is compnrible to the f«cal 

length of a camera and,  thus, the scale of the projection Is 

dependent on    f.    Actually, the rntlc    of    f    to    h   determines the 

scale of the projection; and it is apparent thnt n full scale 

projection will result when   f    Is equal to    h.    It will he necessary 

later In the derivation to have firm definitions of both   h   and    f 

as regards to sign convention.   The signs of    h    and   f   are defined 

as positive when they are above, or to the outside of, that portion 

of the sphere to be projected and negative if to the inside of the 

sphere. 

Figure 12 Illustrates the following: 

CS-h 

CC- f 

06 ■ OP« R 

The next step In the derivation is to rotate the original 

Z axis in the Z-Y plane until the Z axis coincides with the 

projection axis 0C, as is Illustrated in Figure 13. This rotation 

In the Z-Y plane creates a new X'-Y'-Z' coordinate system. It is 

evident that this type of rotation will not alter the X coordinate 

of points from their values as calculated in the original coordinate 

system. 

Figure 13 illustrates the following: 

PL.Y. 

PU- Z 
P 
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PK«Y • 
P 

PM-Z • 
P 

NO-Y    sin 
P 

* 
c 

in> z   COB 
p 

4 
c 

UN« Y    cos 
p 1 c 

PT-Z    sin 
P 

« 
c 

Considering Figure 13,  the space rectangular coordinates of 

point    C    in the new X'-Y^-Z'  coordinate system are obtained. 

(33) X'-O 
c 

(Ik) Y '-0 c 

1 • R* h c (35) Z «-R* h 

Likewise,  the new coordinates of point P are obtained. 

(36) Y * m\    sin #    - Z   cos | 
p       p c        p c 

(37) Xp..xp 

(38) V"Y« ••■ K*zrs ■*■ K P       p c    p c 

Substituting equations (30),  (31), and (32)  into equations (36), (37), 

and (36), the X'-Y'-Z'  coordinates of point F in terms of the original 

parameters are obtained. 

(39) Y • • R sin f    cos | cos X - R cos |    sin ff 
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X •■ R cos # sin \ 
P 

Z ••R cos i   cos i  cos X.+ R sin 4 sin f 
P       c c 

The equation of the projection plane AB which Is perpendicular 

to the projection axis and hence now perpendicular to the Z1 axis 

is clearly 

(U2)        Z« ■ R ♦ h ♦ f 

The equation of the projection ray from P that pass«* 

through C and Intersects the projection plane at P1 can be written 

ns 

CO) X' - xp' 
n -x 

mv . J^      z« - z • 
r v.« - y • "z • - z • p   c    p    c     p 

Equation (U3) Is the equation of the line In spice «long 

which P Is projected onto the projection plane. The Intersection 

of this line and the projection plane, as given by equation (^S), 

Is the location of P', the projection of P o- the projection plane, 

Therefore, the slnultaneous solution of equations {k2)  and (U3) 

will yield the desired X'-Y' coordinates of the projected point. 

The equation for X* Is derived In the following manner: 

Prom equation (U3) 

X« - X •  z« - z • 
X • - X • * z • - f • 

28 
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(wo X" 
(Z«   -    Z  •)  (X •  -X  •) p /   '  c p     A      , 

(V - V) P 

(^5) 

Substituting equation (33)  into equation (hk) 

X  •     (ZJ   - Z«) 

c 'T 
Substituting equations (35),   (^0),  {hi) and {k2) 

into equation (U5) 

 - f R cos ♦ sin \ 
X,■ R (1 - cos C cos I cos X - Bin f sin D-f h 

Remembering that a photogrammetrlc approach was utilised 

in this derivation, it will be realized that the X* coordinate has 

suffered a reversal of sign during the process, presenting a reversed 

image of the original datum surface. In order to compensate for this 

situation the sign of the above equation must be reversed, «md there- 

fore 

(W) x*. 
f R ecs    t sin    X 

R (1 ^ cos f   cos I cos 9C - sin f    sin 1} 4 h 
c c 

The equation for Y»   is derived in a mnnner «mnlogous to the 

derivation of the equation for X* as follows: 

From equation   (Ijj) 

y»  - Y  t      z«  - Z • 
- E_-- 2— y 1   _ y 1    Z t   . z 1 

c p       c p 

M) y 
(z« - z •) (y,,« - Y •) P c p ' 
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SubBtituting equation (31+)  into equation (U7) 

(US) YU^'   ^c'   -Z,) 
2T—Z~5— 

Substituting equations (35), (39), (Ul), nnd (U2) Into 

equation ^8) 

f R (cos i   sin f - sin | cos f cos X) 

* 9> Y,■ R (1 - cos r cos f cos \ - sin | sin f)  ■«■ h c c 

In summary, equations 'U6) and (U9) are perspective 

projection mapping equations derived for a spherical datum surface. 

These equations allow the calculation of pl"ne X'-Y' coordinates of 

a point P' on a projection plane located at a distance f from 

the projection center. Initinlly, point P had been located on the 

datum sphere by spherical $-X coordinates and C by both spherical 

# -X coordinates and a distance h above the datum surface. 

« 

^.12   A Comparison Of Napping Equations 

Two sets of mapping equations have now been developed for 

the case of a projection center being placed at an arbitrary 

distance above a spherical datum surface.    If both sets of 

equations are valid,  they must prove to be equal.    A brief 

comparison of equations (23) and (26), derived by the descriptive 

geometry approach of Chapter 3; with equations (k6) and ('+9),  Just 

derived, illustrates a great similarity In the equations.   The 

differences in the equations are due to the fact that while 

equations (U6)  and (U9) contain the parameters    h   and f, equations 
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(25) and (26) contain the comparable parameter f.    In effect, the 

parameter 9 fixes a    f    for a particular h.    As explained earlier, 

however,  since   f    acts only as a scale factor.  Its value is nat af 

real significance. 

Considering Figure 11 and recalling that AB was the pro- 

jection plane, it is evident that DC, being the distance between 

the projection center and the projection plane,  is the parameter 

f    Introduced in Section k.ll.    From Figure 11,  the following 

expression for the parameter      f    may be derived: 

f- DCF -O^p - OpD 

• R+ h   - R ;o8 9 

2 
(50) -R^-jrfh 

Utilizing the definition of the parameter 0 as given by 

equation (19) and the expression for f as given by equation (50), 

the perspective projection mapping equations derived by the 

descriptive geometry method of Chapter 3 will be proved equal to 

the mapping equations derived by the photogrammetrlc method of 

Section U.ll. Equation (26), derived in Chapter 3, may be trans- 

formed into equation (^6), derived in Section U.ll, as follsws: 

Rewriting equation (26) 

2 
 R ain   8 PQ» ♦ «in X 

^" 1 - cos 9 (cos #c cos | cos A.+ sin f    sin |) 

2 2 Substituting-(1 - cos   Q) for sin  e «nd equation (19) 

Into the above equation 
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[R* h- -B-—ü— ]R cos i sin \ 
X|l _       R +  h 

R (l - COB i    cos I cos \ - sin f    sin $) + h 
c c 

Substituting equation (50)   Into the above equation 

.  . f R cos « sin \  
'51)        x,• R (1 - cos « cos 9 cos \  - sin » sin «} -f h 

o c 

In a like manner, equation (25), derived In Chapter 3> «nay be 

transformed into equation (U9), derived in Section U.ll, as followB: 

Rewriting equation (25) 

2 
R sin 6 (cos 9 sin i -  sin f cos i cos X) 

Q C T 

♦ Y,■ 1 - cos e (cos I    cos f cos \ +  sin f    sin f) 
c c 

■ 

2 2 Substituting (l - cos     9)  for sin      Q and. equation 

(l9)  into the above equation 

2 
(R+   h - _JJL ) R (cos $    sin I - sin «    COB  « cos k) 

Y. . L4JI -JB c  
*      R U - cos  i    cos l COB A - sin f    Bin ♦) ♦ h 

c c 
- 

Substituting equation (50)   into the above equation 

f R (cos » sin f - sin § cos f  cos X) 

^2)        Y," R (1 - cos i cos I cos X - sin | sin |) ♦ iT*" 
0 c 

Equations (51) and (52) are seen to be identical to 

equations (U6) and (U9). Thus, the perspective projection mapping 

equations derived by the descriptive geometry method are^ 

in effect, equal to the equations derived by the photogrammetric 

method. This equality is a partial proof of the validity of the 

derivations and the derived equations of Section U.ll. 
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U,13 The GncmonLc Projection 

Three special cases of the perspective projection were 

discussed in Chapter 2, and three sets of mapping equations were 

developed for these special cises. Since the perspective projection 

mapping equ'itions, equations (U6) and (kg),  «re applicable to all 

perspective projections of a spherical d^tum surface, these equations 

must be applicable also to the above mentioned serial cases. This 

fact will be proved in this and the two succeeding sections. 

As was illustrated in Section 2.1, the.Gnomonlc Projection 

is a special case of the perspective projection in which the 

projection center is located at the center of the sphere. By 

reviewing Figure 2 and by recalling the definitions given earlier 

for h and f, the values for h and f in the Gnomonlc Projection are 

seen to be -R and -R respectively. Substituting these value« Into 

the perspective projection mapping equations, equations (U6) and 

(U9), yields the following: 

X', 
-R R cos I sin X 

R (1 - cos $ cos 9 cos X - sin | sin f) - R 
c c 

(53) 
R cos I sin X 

cos  «    cos l cos X + sin $    sin f c 0 

• R R (cos I sin f - sin ♦ cos { cos X) 
Y,"rTT cos I cos I cos X - sin f sin f) - R 

(5*0 
R (cos # sin I - sin # cos | cos X) 

■ S 
cos » cos i  cos X + sin « sin i 

c c 
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Equations (53) nnd (5U) are identical to equations (7) and 

(8) developed for the Gnomonlc Projection In Section 2.1. Thus, the 

mapping equations for the Gnomonlc Projection have been proved to 

he special cases of the perspective projection mapping equations. 

U.lU The Stereographic Projection 

The Sterographic Projection was the second special case of 

the perspective projection discussed in Chapter 2. Considering 

Figure 5> the values for h and f In 1'" Stereographic Projection 

ore seen to be -2R ond -2R respectively. Substituting these values 

into the perspective projection mapping equations, equations (U6) 

and (U9), yields the following: 

•'2R R cos t «In X     .  .  „ 
^" R (I - cos C cos « cos \ . sin f tin #) - 2R c c 

a 2R cos I sin X 
(55) 1 * coa I cos f cos X ♦ sin « sin | 

-2R R (cos #c sin | - sin #c coo f cos X) 

*'" R (1 - cos I cos f cos A f sin I iln f) - 2R 
C c 

i.c\ 2R (cos lc sin f - sin #c cos # coo X) 

1 *  cos I cos 1 cos X + sin • tin f c c 

Equations (53) and (56) are identical to equations (12) and 

(13) developed for the Stereographic Projection in Section 2.2. 

Thus, the equations for the Stereographic Projection have been proved 

to be special cases of the perspective projection mapping equations. 
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U.15 The Orthographic Prcjection 

The third special case of the perspective projection 

discussed In Chapter 2 was the Orthographic Projection. In order 

to convert the perspective projection mapping equations for use in an 

Orthcgraphlc Projection, a relationship mu&t he established between 

f and h. It was discussed earlier that f has the effect of a 

scale factor, and from eiementary projection principles it was 

seen that a full scale projection results if f equals h. Therefore, 

in developing an Orthographic Projection, f may be set equal to 

h. Making this substitution in the perspective projection mapping 

equations, e^jations (U6) and (1+9), yields the following: 

h R coa ■ sin X 
^^ R (1 ■ cos | cos f cos \ -  sin | sin f) + h 

c c 

h R (cos f    sin f - sin ♦,  cos # cos X) 

"Y*- R (1 - coa $    cos i cos X - sin |   sin f)  •»■ h « c 

The numerators and denoralnatcrs of the above equations are now 

divided by h,  producing: 

R coo  ^ sin X 
X'" R  (1   - cos  9    ccs  • cos X  - sin |    sin |) 
 : : ♦ i 

h 

R (cos # sin f - sin # cos f cos X) 
Y t    ,, 

R [i  - cos  $ cos $ cos X - sin I sin #) 
♦ 1 

h 

The Orthographic Projection is b^sed on the projection center being 

located at infinity.    Substituting infinity for    h   in the above 

equations yields: 
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(57) X« • R cos f sin X 

(58) Y* - R (cos «    sin ft - sin ft    cos ft cos X) 
c c 

Equations (57) nnd (58^ "f  Identical to equitlons (17) and 

(l8) developed for the Orthographic Projection In Section 2.3. 

Thus, the equations for the Orthographic Projection h"ve also been 

proved to be special cases of the perspective projection mapping 

equations. 

k.2    An Ellipsoidal Datum Surface 

4,21 The General Mapping Equations 

Section k.l  dealt with perspective projection mapping 

equations for a spherical datum surface; however, the sphere Is 

actually a rather poor approximation for the shape of the earth. A 

better approximation for the shape of the earth is an ellipsoid of 

revolution, and this section de^ls with the derivation of General 

Perspective Projection Napping Equations Tor ellipsoidal datum 

surfaces. In the remainder of this paper, an ellipsoid of revolution 

will be implied by the term ellipsoid. The parameters used ta define 

2 
the ellipsoid will be a, the major semi-diameter, and e , the square 

of the eccentricity. It will be seen that the derivation method 

to be used in this section Is analogous to the method employed in 

Section U.1L 

Figure lh illustrates the datum surface which is an ellipsoid 

of revolution with the Z axis being the axis of rotation.    Point    C 

depicts the projection center and Is located    at a geodetic Intitudo 
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Figure 15 



m .  at a   longitude \ ,  and at a height above the ditum surfice of c» c 

h.    Point P represent«    n   irhitrary point  on the dHtum surf-ice »md 

is loc ted at a geodetic 1 titude cp ftnd at ■ longitude X.    As before, 

X will equnl the difference in longitude between the point    P    nn6. 

the projection center,    N    aad N« are the radii of   curvnture in the 

prime vertical at C   -nd P respectively. 

Figure lU illustrates the following: 

CS- h 

CC« f 

KP  -Np 

O'S- N c 

The sp'ice rectfingul^r coordinntes  of point C are obtained 

from Figure lU. 

(59) X. 0 c 

(60) Y  - (N  ♦   h) cos 9 
C C c 

(61) Z - [N    (1  - e2)   ♦h]   sin cp 
C y- C 

Likewise, the coordinates of point P are obtained from Figure lU. 

(62) X - N  .os cp sin \ x p  P     y 

(63) Y • N  cos cp cos X 
P  P     V 

2 
(6U)        Z • N  (1 - e ) sin m 

P  P 

Similar to the derivation utilizing a spherical datum 

in Section U.ll, the Z axis is now rotated, and in this case 
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transposed, in the Z-Y pl^ne until the Z nxis coincides with the 

projection axis CO*. The new X'-Y'-Z' coordinate system is 

illustrated in Figure 15. The values of X coordinates of points 

"re not changed by the rotation due to the rotation being accomplished 

in the Z-Y plane. 

Figure 15 illustrates the following: 

PH-Y 
P 

PU-Z 

PL-Y  • 
P 

PM-Z  • 
P 

JOVY    sin cp 
P c 

TK* 00' cos  • c 

UR« Z      cos   CP 
P c 

JT^Y    cos     9 
P c 

UIU 00'  sin   V 
c 

RP.. Z      sin   cp 
P Tc 

The distance 00' which the Z'  axis his been transposed along 

the Z axis is computed as follows: 

00,c (N„ ♦ h) sin  cp    - Z 
B c        c 

■(N   ♦ h)  sin  9    - [N    (l - e ) + h]   sin cp 

(65) Nr e    sin   « 
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The space rectangular coordinates of C In the new X'-Y1-Z» 

coordinate system are obtained from Figure 15. 

(65a) V-o 

(66) Y «-0 
c 

(67) Z «-N ♦   h 
c        c 

Likewise, the new coordinates of point P are obtained. 

(68) X '-X 
P   P 

(69) Y '»Y sin <p -(Z ♦00«) cos q> 
P   p    c    p c 

(70) Z'-Y cos «p ♦ (Z ♦ 00») »In cp 
p   p    c   p c 

Substituting equations (62), (63)» (6U), »id (65) Into equations 

(68), (69), and (70), the coordinates of point P are obtained 

in terms of the original parameters. 

(71) X • - II cos 9 sin X 
P   P 

2 
Y • • N    sin 9   cos cp cos X - N    (l - e ) cos cp   sin <p 

P       p c p c 

o 
(72) -He   sin 9   cos cp 

c c c 

2 
Z • »IL ^os ;p cos (p cos X*»* '1 - e ) sin cp sin <p 
p   P    c p c 

(73) ♦"  e sin2 9 c 

The equation of the projection plane AB which in perpendicular 

to the projection axis and hence now perpendicular to the Z* axis 

is now formulated as 

(7k) Z'« I  »h ♦ f 
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The eqir tlon of the projection r^y from P thit passes 

through C «md intersects the projection pl^ne nt P'   is new 

written as 

(75) P     .„ P _ P 
c p       c p c p 

Similar to the derivation in Section U.ll, the simultaneous 

solution of equations (75) and (7*0 will yield the desired X'-Y« 

coordinates of the projected point on the projection plane. 

The equation for X* is derived in the following manner: 

From equation (75) 

(z- -    z •) (x • -x •) 
(76) x'. . P _£__ L.  ♦x • 

(zc'  -Zp') p 

Substituting equation (65a)  into equation (76) 

(77) X-HE! (^-, " Z,) 

v ■ V 
Substituting equations (67), (71), (73), and (7U) 

Into equation (77) 

- f    N    cos cp sin X 
X'« 2 2 *  

Nc  (1 - e    sin   cpc)  - Np   [cos ^    co^ y coa \ 

■j 
*  (l - e ) sin 9   sin cf, ] +   h 

As in Section U.ll, the sign of the nbove equation 

must be reversed to compensate for the inversion due to the 

photogrammetric derivation,  and therefor* 
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f N    COB cp sin \ 
8 

2        2 
N    (l - e    sin    cp )  - N   [cos cp   cos 9 cos \ 

W) +(l - e )  sin cp   sin cpl + h 

The equation for Y' is derived in a nrnner nnalogout to the 

derivation of the equation for X' is follows: 

From equation (75) 

(79) ^   —rw^—f^—^ ♦ Y«' 
^c    " S1 P 

Subst'tuting   equation (66)  into equation (79) 

/« v Y  •   (Z •   - Z«) 
(80) Y'-  P _    c 

Z  '   - Z • c p 

Substituting equations (67),  (72),  (73), «nd (7*0 into 

equation (80) 

2 / 2x f fM    e    sin cp   cos cp -). N      r (1 - e ) cos cp   sin cp 
Y'. L£ g S S E_-i £  

N    (l - e    sin   cp )   - N   [   os cp   cos cp cos k 

- Bin cp    cos cp cos x J    1 
(CD  2 LI 

♦ (1 - e2)  Bin cpc Bin cp] 1 h 

In Buamary^equations (7°)   ind (8l)    ire General Perspective 

Projection Mapping Equations derived for an ellipsoidal datum 

surface.    These equations allow the cnlculition of plane X'-Y' 

coordinates of a point P1 on a projection plane located nt s distance 
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f fre« the projection center.    Initially, point P had been located 

on the datum ellipsoid by geodetic <p-X coordinates and C by both 

geodetic   <p -X   coordinaio- «uc a distance h above the datum surface, c   c 

U.22   A Comparison of Napping Equations For 
The Ellipsoid And For The Sphere 

A sphere is actually a special case of an ellipsoid in 

vhlch the ellipsoid flattening Is equal to sero.    Since equations 

(78) and (8l) were derived as General Perspective Projection 

Napping Equatlöü« for an ellipsoidal datum surface,  these equations 

should prove to be suitable for a spherical datum surface.   There- 

fore, equations (U6) and (U9), derived for a spherical datum 

surface, should prove to be special cases «r equations (78) and 

(81).   This is illustrated as follows: 

Rewriting equations (78) and (8l) 

Xw 
 2 2  
E. (1 - e   sin   ^c) 

f N    cos « sin X P   
E. [00s <p   coo 9 cos X 

P e 

* (1 - e ) sin •   sin «p]+h 

f    to   0   sin 9   cos 9   ♦ E    [(l - e ) cos 9   sin 9 
•'• COCO. e 

2        2 Nc    (l - e   sin   9) • E   [cos 9   cos 9 cos X 

- sin 9   cos 9 cos X ]    ] 

♦ (1 - e ) sin 9   sin qQ + h 
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Considering the parameters In the above equation», It 18 apparent 

the following is true when the datum surface i? ^pK-rlcal: 
■ 

N • N • R e    p 

e-  0 

The substitution of the above equalities Into equations (76) and 

(8l) transforms these equations Into equations (^6) and (^9), the 

mapping equations for a spherical dat m. Thus, equationß (78) 

and (8l) are valid both for spherical and ellipaoldal datum 

surfaces. Further, «ince it was shown that the napping equations 

for the Gnoraonic, Stereogr.phic, and Orthcgranhic Projectlona 

were only special cases of the mapping equations for a ipherleal 

datua, then they too are only special eases of eqnttlens (78) and 

(8l). Therefore, equations (78) and (8l) are truly General 

Perspective Projection Mapping Equations. 
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iA~ Pi.üJECTION Dlt'TORTIONS 

Map distortions is an extensive subject   \vA no «ttenpt will 

be made in this paper to treat the subject in general.    The author 

has derived an empirical method to calculate the linenr distortions 

of the meridians and parallels on tK projection plane    nd the 

angular distortions of the intersections of the meridians nnd 

parallels on the projection plnne.    The calculation of these 

distortions not only enables a vizuallzation of the projected 

latitude-longitude grid but ilso m*?y be used *B indicators ns to 

the type of distortions that will he found in projecting ".ny line 

from the datum surface onto the projection pi «me. 

5.1   Meridian And Parallel Linear Distortions 

The author defines a linear distortion to exist when the 

linear distance between two points measured on the d-'tum surfic 

does not equal the linear distance between the s«me two points 

projected full scale onto the projection plane.    The amount of 

distortion will be indicated by a ratio of the distance mensured on 

the projection plane to the distance measured on the datum surface. 

In order to deterrine the linear distortions  at a point,  the two 

distances to be compared would of necessity have to be infinitely 

sinll.    However, as will be shown by cxamplee In Ctnpter 6,    good 

approximations can be made by utilizing finite distances. 
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The distance between two points, P. ind P2, located by 

plane X' -Y*  coordinates on a projection plane Is given by the 

follovlnc elementary equation: 

(82) at. [(x^ -x^)2* (y2' -Y^)2]* 

The distance between two points on the snne parallel on the 

projection plane, d *, would thus be obtained by using equations 

(78) and (8l) to compute the X'-Y* coordinates of the two points 

and then by using equation (82) to calculate the distance between 

the points.    Likewise, the distance between two points on the same 

meridian on the projection plane, d •, would also be obtained by 
m 

using equations (78), (8l), and (82). 

The distance between two points on a Meridian on the 

datum surface Is calculated by the follevlng fonula as presented 

In 16]: 

d^ a (1 - e2) [A (,p2 - V^ - |- (»m 2(p2 - sin 2^) 

♦ £ (sin U9 - sin 1*9 )- £ (sin 69 - sin 69 ) 

♦ I (sin 892 - üB 89^- £_ (sin 1092 - sin IC^) 

(83)       ♦   ] 

The parameters In the above equation have the following definitions: 
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a « ellipsoid major seal-diameter 

e ■ ellipsoid eccentricity 

A  i . 3 .2 ,. i« U  175 6 . 11025   8  43659 io 

B 3 .2 ^ 15 > ^ 5^ .6      2205    8       72765    10 
ire +i5e +5i2e +2OTe   +Ö5!6e   + ••• 

Se^+^e6
+li2?e8   + ^|g? e10 + 

105 

E - ^8*ife«10 — 
693 
13S e      + . 072 

The distance between two points on « p^rnllel on the datum 

surface is calculated by the following formula: 

(81») dp "   N co8 9 ^2 " M 

where N Is the radius of curviture In the prime vertical. 

Utilizing equations (82), (83), and (84), the linear 

distortions ilong meridians and parallels at a particular point are 

calculated by the following ratios: 

d-' 
(65) Meridian Dlstortlor. - •£- 

d ' 
(86)       Parallel Distortion 
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Equations (85) and (86) represent ratios of projection plane disfinces 

to datum surface distances.    By making the distances th*t are compared 

small, the ahove equations offer a good approximation of th. 

distortions at a particular point. 

5.2    Angular Distortions 

The meridians and parallels of s sphere or an ellipsoid 

of revolution Intersect at right angles on the ditum surface.   When 

these angles are projected onto the projection plane, they may not 

Intersect at right angles and hence, distortions exist.    The author 

chooses to Indicate this distortion by the absolute v^lue of the 

number of degrees that the projected angle differs from ninety 

degrees. 

An angle on the projection plane can be calculated from 

a knowledge of the coordinates of three points. 

»a (x
2 ' V 

po (xo ' V 

Figure l6 



Figure l6 depicts a projection plane on which n meridian,  n 

segment of which is P..Pn> and r parallel, ' segment of which is 

P-P.,  intersect at P .    From Figure 16,  it is evident that by 

knowing the coordinates of PQ^PJ,  »nd P2    in a plane coordinate 

system,  the angles 6    and 9    may he calculated by elementary 

geometry.    In the example illustrated by Figure 16,  the angular 

distortion,  as previously defined,  has the value (8 ♦ 0
2). 

Naturally the points P     and P- could be located in other quadrants 

depending on the projection, but the basic principles in determining 

the angular distortion remains the same. 

Usually the meridians and parallels are projected onto the 

projection plane as some type of curved lines.    Thus, the segment of 

meridian P,PÄ   and segment of paraiied P P   as illustrated    in 
10 2 0 

Figure 16 are actually curved lines.    In order to obtain exact 

angular values, the points P    and P   would have to be t^ken 

infinitely close to P .   However,  it will be illustrated in Chapter 

6 that good approximations can be obtained for ingular distortions 

by using finite distances for P P    and P P . 
10 2 0 

5.3   Distortion Calculations 

The methods discussed for distortion calculation in Sections 

3.1 and 5.2 indicate that basically the same quantities are required 

to calculate both linear and angular distortionn at a particular 

point.    In the calculation of both types of distortions, the plane 

X'-Y'  coordinates of three points are required.    Since the calculation 

of plane coordinates is a rather lengthy procedure,  the distortion 
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calculation methods discussed In this piper *re especially suited 

for use when electronic computers «re iv«ll»»ble. 
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6. BCAHPLES CT PBRSPBCTIVE MAP PROJBCTIOW GRIDS 

6.1 General Format Of The Projection Gride 

This paper has dealt vlth the derivation of General 

Perspective Projection Mapping Equations and vith the empirical 

derivation of the distortions inherent vith the perspective pro- 

jection. In this chapter six examples of the perspective projection 

are illustrated and briefly discussed. These examples are included 

both to illustrate various types of perspective projections and to 

partially verify the validity of the equations derived in prior 

chapters. The coordinates for all the examples vere computed 

through the use of equations (78) and (8l). All calculations vere 

carried out on the IBM 709^ computer. The Appendix Includes the 

computer program used to produce one of the examples and also 

includes a brief discussion of the program. 

A similar format is used for all the included examples. The 

first page of each example lists all the projection parameters. 

The body of each example is a numerical grid vhich tabulates the 

coordinates and distortions of the intersections of meridians and 

parallels spaced ten degrees apart. The grid is read by selecting 

the longitude of a particular desired meridian from the top line 

and then by reading dovn the column under that longitude until the 

desired latitude, as indicated by the column on the left of the 

grid, is reached. For each intersection of a meridian and a 

parallel, five quantities, as listed on the left of the grid. 
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are tabulated. The first two quantities «re the X' and Y* 

coordinates of the intersection is computed by equations (78) and 

(8l). The next two quantities are the meridian distortion and the 

parallel distortion computed at the intersection point by equations 

(85) and (86) respectively. The fifth quantity is the angular 

distortion of the intersection of the meridian and the parallel, 

calculated as described in Section 3.2. 

Depending on the type of projection, the grid Illustrates 

either one half of the datum surface visible from the projection 

center or a grid 90 degrees in longitude and 170 degrees In 

latitude. I« both of the above cases the first column of the body 

of the grid is the central meridian of the projection. The remaining 

columns describe meridians to the right of the central meridian. 

The grid to the left of the central meridian, if calculated, would 

be »ymmetrlcal to that calculated to the right of the central 

meridian. The central latitude is found in the center of the grid 

and may be located by the latitude indicators to the left of the grid, 

/n Inspection of these latitude indicators reveals that, as would 

be expected, tie absolute values of the latitudes Increase until a 

geographic pole is reached and then they proceed to decrease. It is 

evident that as a particular meridian passes through a pole, the 

meridian undergoes a 180 degree change In longitude and after pass- 

ing through the pole the meridian Is actually to the left of the 

central moridian. Being that only the grid to the right of the 

central meridian Is being considered, as a meridian passes over a 
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pole the symiietrlc meridian to the right of the central meridian 1B 

considered rather than the original meridian.    The "bore can be 

clarified by the following specific example of a meridian passing 

over a pole.    In the examples illustrated In this clvpter, the 90 

Degrees West Longitude Meridian is the central meridian. Thus, as 

the 80 Degrees West Longitude Meridian passes through a pole. It 

assumes a longitude of 100 degrees East and is now locted to the 

left of the central meridian.    To complete the right side of the 

grid, the meridian symmetric to the 100 Degrees East Longitude 

Meridian is considered.    This symmetric meridian is the 60 Degrees 

East Longitude Meridian.    Therefore, the longitude indicators 

located at the top of the grids are numerically correct but may 

indicate East or West Longitude.    It should be kept in mind when 

viewing the grid that the actual value of a meridian in no way enters 

into the computation of the plane X'-Y' coordinates of points on 

that meridian.    It Is the longitude difference between a particular 

point and the central meridian that determines the values of the 

coordinates of that point. 

It will be noted that the distortions listed for 90 degrees 

of latitude are numbers consisting of a series of ones.    These 

numbers are not the distortions at this latitude but merely 

Indicators that the distortions at this latitude were not calculated. 

It is apparent from the distortion analysis In Chapter 5 that the 

equations used to compute distortions for the rest of the grid will 

not function properly at the pole.   No effort is made In this paper 

to establish special distortion equations for the poles. 
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Enrller in this paper it was stated thftt to calculate 

exact distortions an infinitely small distance between two points 

on the datum surface and the corresponding distance on the projection 

plane would have to he compared.    The distance ^ctunlly selected 

would determine the accuracy of the calculations.    Various small 

distances were selected and tested by calculating distortions at 

points where distortions were known quantities.    It was determined 

that by using a distance of   .00001 degrees of arc,  or approximately 

1 meter on the surface of the earth,  errors were apparently 

eliminated in the values printed out in the examples.    The manner 

in which the length of the distance affected the accuracy of the 

distortion computations varied according  to the type of projection. 

6.2   Sphere And Ellipsoid Parameters 

The sphere that was selected to represent the d'itum surface 

in the examples is only one of many possible sphericnl approximations 

of the shape of the earth. A sphere radius of 6,371>22U meters was 

selected.    This radius produces a sphere with approximately the 

same area and volume as the International Ellipsoid. 

The International Ellipsoid was selected to represent the 

ellipsoidal datum surface approximating the shnpe of the earth.    The 

International Ellipsoid is defined as an ellipsoid with a semi-major 

axis equal to 6,378,388 meters and a flattening equal to r^s , 
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6.3 Example 1 - The Gnomonlc Projection 

The first example illustrates a Gnomonic Projection. Since 

the projection center is located at the center of the sphere in a 

Gnomonic Projection, it is obvious thai a complete hemisphere can 

not be projected onto a plane. The computer was programmed not to 

print out coordinates larger than the absolute vilue of 99,999^999* 

and this is the reason that a complete square grid was not printed. 

It can be seen that both the size of the coordinates and the size 

of the distortions increase rapidly as the location of points 

progress away from the central meridian and the central p«?r".llel. 

The property of a Gnomonic Projection that great circles on the 

datum surface are projected as straight lines is clearly 

illustrated by the projection of the equator. It is seen that the 

equator, the parallel with 0 degrees of latitude, has a constant 

Y' coordinate, readily identifying it as a straight line. 

The following five pages illustrate a Gnomonic Projection. 
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PERSPECTIVE HAP PROJECTIONS. 

EXAMPLE I - GNOHOMC PRCJ1CTICN 

PROJECUCN PARAMETERS - 

CENTRAL LATITULE ■  UO CEGREES 

CENTRAL LÜNGITLDE =  9C DEGREES 

HEIGHT CF FRCJECTION CENTER =  -637122U.000 PETERS 

FOCAL LENGTH (SCALE FACTOR) ■  -6371221*.OOC PETERS 

SPFERE RADIUS =  637122»«.OGO PETERS 
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PAR. 3.139A 'J,2216 ll.lb9b Ai.2918 
ANG. 37.Vj3f A8.0699 60.^798 7'f.6b02 
LAT.   -10 

X 12875537.IA     20459851.38      A0272'357.57 
V. -92^890.9^-1078^009.71   -152lÖafl9.76 

MER. 5.810A                10.6^82                 32.3848 
PAR. A.9908                10.1311                 3A.272(. 
ANG. ^LliAbOl 60.218 3             _73. 31A3 
LAT. -20 

X lflB8A397.27      37014592.43 
Y -17058900.76   -256'3 3A1I7 . 89 

HER. 13.7282 38.1JA2 
PAR. 
ANG. 

10.7676 
61.8183 

3A.b56: 
73.9726 

LAT. 
X 

-30 
46239340. 38 

Y -AA935799.1* 
MtR. 73. 3ät>(l 
PAR. 
ANG. 

5A.C31I 
77.^316 

—.—— 
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6.k    Example 2 - The Stereogr^phic Projection 

The primary property of q Stereogrnphlc Projection is th^t 

It Is a conformal type projection. Confortml projections h^ve. 

two properties which are Immedlntely apparent In the following 

example. First, angles are projected frjin the d^tum surface to the 

projection plane with true size. Thus, It Is seen In the example 

that all angular distortions are equal to zero, or. In other words, 

all the projected meridians and parallels Intersect at right angles. 

The second property Inherent In conformal projections is that at 

any particular point, scale distortion is the same in any direction. 

This point is Illustrated in the example hy the fact that the 

meridian and parallel distortions are equal to each other at all 

intersections. 

The following five pages illustrate a Stereographic Pro- 

jection. 
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PERSPECTIVE MAP PROJECTIONS 

EXAMPLES - STEREOGR&PHIC PROJECTION 

PROJECTION PARAMETERS - 

CENTRAL LATITUDE «  «tO DEGREES 

CENTRAL LONGITUDE «  90 DEGREE_S_ 

HEIGHT OF PROJECTION CENTER « -127<»24^8.000 METERS 

FOCAL LENGTH {SCALE FACTOR) ■ -127^24^8.000 METERS 

SPHERE RADIUS «  637122^.000 METERS 

62 



LONGirUÜE  90 80 70 60 50 

LAT. 
X 
V 

HER. 
PAR. 
ANG* 
LAT. 

X 
Y 

HER. 
PAR. 
ANC. 
LAT. 

X 
Y 

HER. 
PAR. 
ANG. 
LAr. 

X 
V 

HER. 
PAR. 
ANG. 
J-AT. 

X 
Y 

HER. 
PAR. 
ANG. 
LAT. 

X 
Y 

HER. 
PAR. 
ANG. 
LAT. 

X 
Y 

HER. 
PAR. 
ANG. 
LAT. 

X 
Y 

HER. 
PAR. 
ANG. 
LAT. 

X 
Y 

HER. 
PAR. 
ANG. 

50 

60 

70 

-0.00 
12742448.00 

2.0000 
2.0000 
0.0000 

-0.00 
10692183.42 

1.7041 
1.7041 
0.0000 

-0.00 
8922358.14 
 1.4903 

1.4903 
0.0000 

80 
-0.00 

7356855.78 
1.3333 
1.3333 
0.0000 

90 
-0.00 

5941901.09 
1.1111 
1.1111 
l.UU 

to 
0.00 

4637871.78 
1.1325 

1411737.18 
12568^41.75 

1.9851 
1.9851 
0.0000 

938009.54 
10586682.43 

1.6957 
1.6957 
0.0000 

562250.11 
8864353.79 

1.4859 
1.4859 
0.0000 

"255809;90 
7332571.55 
__1.3315 

1.3315 
0.0000 

2720590.64 
12066612.20 
  1.9423 

1.942 3 
0.0000 

3841895.50 
11292150.08 
 Li8762^ 

1.8762 
0.0000 

4721009.34 
10321642.19 
 1.79 34 

1.79 34 
0.0000 

70 

60 

50 

1.1325 
0.0000 

0.00 
3414328.65 

1.0718 
1.0718 
0.0000 

0.00 
2246837.38 

1.0311 
1.0311 
0.0000 

0.00 
1114819.75 

1.0077 
1.0077 
0.0000 

-0.00 
5941901.09 

J.llll 
1.1111 
l.UU 

217815.59 
4655434.25 

1.1338 
1.1338 
0.0000 

406428.93 
3444483.50 

1.0741 
1.0741 
0.0000 

5/2090.86 
2285770.51 

1.0342 
1.0342 
0.0000 

719303.37 
1159488.58 

1.0115 
1.0115 
0.0000 

1820841.42 
10279432.18 

1.6712 
1.6712 
0.0000 

1097776.10 
8694107.61 

1.4729 
1.4729 
0.0000 

501842.OV 
7260840.36 

U3262 
1.3262 
0.0000 

2600577.24 
9796365.59 
 1.6327 

1.6327 
0.0000 

1582348769" 
8422399.70 

1.4523 

3241889.36 
9175267.35 

1.S6 32 
1.58 32. 
0.0000 

1996255.98 
8065593.86 

1.42S2 
1.4523 
0.0000 

1.4252 
0.0000 

728907.43 
7144931.85 

1.3177 
1.3177 
0.0000 

928925.75 
6989994.35 

1.3062 
1.1062 
0.0000 

-0.00 
5941901.09 

l.UU 
i.i ui 
1.1111 

430477.4' 
4707826.0<. 

1.1376 
1.1376 
0.0000 

605622.82 
3534796.53 

1.080«* 
"1.0809 
0.0000 

1136958.30 
2402780.36 

1.0435 
1.0435 
0.0000 

1432848.63 
1294152.62 

1.0230 
1.0230 
0.0000 

-0.00 
5941901.09 

l.UU 
l.UU 
l.UU 

-0.00 
5941901.09 
 Ui IU_ 

" i.uil 
l.UU 

632843.46 
4794148.25 

1.1440 
1.1440 
0.0000 

1190157.15' 
3684772.75 
     1.0923 

1.0923 
0.0000 

1666957.30 
2598445.63 

1.0591 
i.0591 
0.0000 

2134263.U 
1520744.24 

1.0423 
1.0423 
0.0000 

619804.60 
4912864.40 
 1.1528 

1.1528 
0.0000 

I55.r244.72 
389J451.41 
 1.1082 

1.1062 
0.0000 

2213600.73" 
2873546.68 

1.0610 
i.0610 
0.0000 

2816031750 
1842338.43 

1.0697 
"T.0697 
0.0000 
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LONGITUDE    90 eo 70 6fl- 50 

O.OU 
0.00 

1.0000 
l.OOOC 
0.0000 

0.00 
•1114819.75 

1.00 7 7 
1.0077 
0.0000 

0.00 
■2246837.38 
  UflllJ 

1.0311 
0.0000 

0.00 
-3414328.65 

1.0718 
1.0718 
0.0000 

I  
0.00 

-4637871.78 
 I.J325 

1.1325 
0.0000 

)  
0.00 

-5941901.09 
1.2174 
1.2174 
0.0000 

) 
0.00 

-7356855.78 
1.3333 
1.3333 
0.0000 

) 
0.00 

-8922358.14 
1.4901 
1.490) 
0.0000 

0.00 
-10692183.4? 

1.7041 
1.7041 
0.0000 

851309.16 
47874.76 

1.0045 
1.004') 
0.0000 

970389.81 
■1065938.18 

1.012H 
1.012Ü 
0.0000 

1078031.63 
■2198952.12 

1.0369 
1.0369 
0.0000 

1174985.94 
■3369351.81 

1.0784 
1.0784 
0.0000 

1261225.87 
-4597710-23 
 1.1400 

1.1400 
0.0000 

1335776.11 
■5908527.26 

1.2260 
1.2260 
0.0000 

I 196354.14 
7332360.25 

1.3431 
1.3431 
0.0000 

1699347,24 
192605.37 

1.018Q 
1.0180 
0.0000 

2540174.00 
437505.40 
 i.Ma*. 

1.0409 
0.OOC0 

336B443.47 
788066,07 
 UflZIL 

1.0737 
0.0000 

1940709.20 
-917792.49 

1.0284 

2910260.49 
-665835.20 

1.0549 

3876994.93 
-302348.17 

1.0931 
1.0284 
0.0000 

1,0549 
0,0000 

1.0931 
0.0000 

2.59671.88 
-2053495.86 

1.0547 

3248060.38 
-1804966.80 

1.0850 

4345290.57 
-1443860.14 

1.1291 
1.0547 
0.0000 

1.0850 
0.0000 

1.1291 
0.0000 

2357536.27 
-3232450.04 

1.0986 

3555010.75 
-2997557.31 

1.1332 

4774264.56 
-2654042.94 

1.1838 
1.0986 
0,0000 

2534048,46 
-4475242.20 

1.1629 
1.1629 
o.oooo 

2687026.06 
•5806596.92 

1,2521 
1.2521 
0.0000 

2811600,79 
•7257449,91 

1,3731 
1,3731 
0,0000 

1,1332 
0,0000 

1,1838 
0.0000 

141H694,61 ,,    2898814,36 
-R<)0ö<>65,95     -8867974,21 

1,5016 1.5361 
1.5016 1.5361 
0,0000 0,0000 

1455293.82 
1069?183,42 

1,7171 
1.7171 
0.0000 

2933037.90 
-10692183.42 

1.7571 
1.7571 
0,0000 

3830209,56 
-4264328,57 
 JLs.2023 

1,2023 
0,0000 

4069770,02 
-5630483,71 

1.2973 
1,2973 
0,0000 

4265579.63 
-7127679,27 

ii4249 
1.4249 
0.0000 

4403054.66 
-8796830,89 

1,5960 
1.5960 
0.0000 

4457089.51 
■10692183.42 

1.A264 
r.8264 
0.0000 

5161686.00 
•3954080.88 
    1.2604 

1.2604 
0.0000 

5501130.51 
-5370108.74 

1,3640 
1.3643 
0,0000 

5780112,95 
-6935021,58 

1.5020 
1.5020 
0.0000 

5976810.99 
-8690902.98 

1.6852 
1.6852 
0.0000 

6054 311.63 
•10692183.42 

1.9298 
1,9298 
0,0000 
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LONGMIJOf    <.0 iO ?Q 10 .9_ 

LAT. 
X 
Y 

MLR. 
PAK. 
ANG. 
LAT. 

X 
¥ 

MFM. 
PAK. 
AN6. 
LAI. 

Y 
MER. 
PAR- 
ANG. 
LAT. 

X 
Y 

MER. 
PAR. 
ANG. 
LAT. 

SO 

60 

70 

80 

5J358B6.89 
q?370<.l.5l 

1.7008 
1.7008 
0.0000 

J/M;K»8.ll 
B'iSQSl'.. lb 

I.S26? 
1.5262 
0.0000 

2325529.35 
76436<>3.52 

1.3931 
1.3931 
0.0000 

1095321.43 
6802652.21 

1.2924 
1.292'» 
0.0000 

90 
X 
Y 

MER. 
PAR. 
ANG. 
LAI. 

X 
V 

MER. 
PAR. 
ANG. 
LAT. 

X 
V 

MLR. 
PAR. 
ANG. 
LAI. 

X 
Y 

MFR. 
PAR. 
ANG. 
I AT. 

X 
Y 

MER. 
PAK. 
AN(.. 

-0.00 
5941901.09 
 l; nu 

i. i i 11 
1.1111 

80 

70 

60 

so 

986326.36 
5061746.98 

1.1638 
1.1638 
0.0000 

188359H.12 
4159200.46 

1.12H4 
1.1284 
0.000Ü 

270/l4f.Ir 
3228781.84 

1.1093 
1.109» 
0.0000 

<46BM5.63 
2262892./4 

1. 10'>6 
I.1056 
0.0000 

56«»l9ft9.65 
«112659.28 

1.6049 
1.6049 
0.0000 

4041756.*>T 
7692281.59 

I.«650 
1.46'JO 
0.0000 

2562277.20 
7177963.50 

I.3578 
1.3578 
0.0000 

I,123264.16 
6590527.58 

1.2767 
1.2767 
0.0000 

-0.00 
5941901.09 

l.llll 
l.Uli 
1.1111 

1127519.46 
5237812.36 

1.1768 
I .'1768 
0.0000 

21 /StS2.6e 
«479^27.20 

i.i52r 

0.0000 

«15^17.94 
3664291.02 

I.1440 
I .1440 
0.0000 

40/''9O3.3l 
//H6795.67 

1.1503 
1.1503 
».0000 

HI 3275-12 
7007 798.45 

1.5106 
1.5106 
0.0030 

4199426.25 
691I9HB.16 

1.4029 
I.4029 
O.OOOO 

2704245.76 
6689545.93 

1.3206 
1.3206 
0.0000 

1 )09f4 ».03 
6361^48.16 

1.2598 
1.2398 
0.0000 

-n.oo 
5941901.09 

l.llll 
i. in i 
i.uu 

1238/47.48 
S437253.81 

1.1915 
1. 
0.0000 

2418082.29 
4850210.15 

1.1809 
I. I'i.W 
0.0000 

,3547486.24 
4179028.18 

1.1851 
1.1851 
0.0000 

46 34 305.76 
341812B.94 

1.2042 
1.2042 
0.0000 

5733356.59 
5964757.89 

1.4216 
1.4216 
0.0000 

4210577.24 
6150125.56 

1.3421 
1.3421 
0.0000 

5488^51.42 
SOlOs,' 3.49 
   1.34P1_ 

1.3401 
0.0000 

40 2853.57 
5430512.29 

1.2848 
1.2848 
0.0000 

2753859.79 
6197558.26 

1.2833 
1.2833 
0.0000 

1353534.76 
6124494.27 

1.2423 
1.2423 
0.0000 

-0.00 
5941901.09 

l.llll 
l.llll 
l.llll 

1315777.39 
5655386.65 

1.2076 
1.2076 
0.0000 

2601948.39 
5265868.01 

1.2125 
1.2125 
0.0000 

3865513.96 
4/69872.43 

1.2321 
1.2321 
0.0000 

5111988.83 
4159517.61 

1.2675 
1.^675 
0.0000 

2717027.44 
5718499.97 
 1.2469 

1.2469 
0.0000 

1354974.14 
5886622.70 

1.2247 
1.2247 
0.0000 

-0.00 
5941901.09 

1. 1111 
l.llll 
1.1111 

1354974.14 
5886622.70 

1.2247 
1.2247 
0.0000 

2717027.44 
5718499.97 

1.2469 
1.2469 
0.0000 

4092853.57 
5430512.29 

1.2848 
1.284B 
0.0000 

5488251.42 
5010423.49 

1.3401 
1.3401 
0.0000 
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LONGITUDE.....   40 2D IQ_ 

40 LAT. 
X. 

30 

4176531,76 
1251860.20 

1.1171 

4953461.50 
183B296.93 

. 1.1719 

5683567.09 
2558086.76 

1.2392 

6344883.24 
3422194.28 

1.3201 

6907336.<i5 
4439950.29 

MER, I.''153 
PAR. 
ANG. 
LAT. 

1.1171 
0.0000 

1.1719 
0.0000 

1.2392 
0.0000 

1.3201 
0.0000 

1.4153 
0.0000 

X 
v 

MER. 

4836584.26 
183729.37 

-.UJA43 

5781157.5? 
806949.55 

1.2098 

6697545.62 
1585340.49 

1.2917 

7564858.05 
2539961.51 

1.3922 

8351245.20 
3693555.04' 

1.5136 
PAR. 
ANG. 
LAT. 20 

1.1443 
0.0000 

1.2098 
0.0000 

61..4106. 26 
-322711.33 

1.2660 

1.2917 
0.0000 

1.3922 
0.0000 

1.5136 
0.0000 

X 
V 

MER. 

5451593.77 
-956169.27 

1.1887 

7674962.10 
481647.59 

1,3642 

8768342.18 
1488669.71 

1.4872 

9815977.84 
2736665.18 

1.6396 
PAR. 
ANG. 
UAT. 10 

1.1887 
0.0000 

1.2660 
0.0000 

1.3642 
0.0000 

1.4872 
0.0000 

1.6396 
0.0000 

X 
r 

NER. 

6021129.02 
-2185885.79 

1.2527 

7299483.63 
-1570434.47 

1.3433 
1.3433 
0.0000 

8609607.63 
-776694.10 

1.4602. 

9945288.24 
236869.36 

1«6095 

11288816.35 
1524829.01 

1.7992 
PAR. 
ANC. 

1.2527 
0.0000 

1.4602 
0.0000 

1.6095 
0.0000 

1.7992 
0.0000 

LAT. 0 
X 
V 

Nut 

6540643.34 
-3527780.01 

1.3401 

7979108.00 
-2961155.49 

1.4461 

9488081.93 
-2219789.49 

1.5848 

11075565.28 
-1255313.41 

1.7652 

12742448.00 
0.00 

2.0000 
PAR. 
ANG. 

.LAT. -10 

1.3401 
0.0000 

1.4461 
0.0000 

1.5848 
0.0000 

102 86146.57 
-3885063.45 

1.7446 
1.7446 
0.0000 

1.7652 
0.0000 

2.0000 
0.0000 

X 
V 

MER. 

6999895.05 
-5009753.68 

1.4563 

8587047.45 
-4526095.07 

1.5803 
1.5803 
0.0000 

9095680.42 
-6 303890.23 

1.7543 
1.754 3 
0.0000 

94VJ280.84 
-83<,12B7.<.4 

1.9796 
1.9796 
0.0000 

9601693.17 
-10692183.42 

2.2721 
2.2721 
0.0000 

12123238.50 
-3036857.19 

1.9620 

14125538.62 
-1907997.29 

2.2513 
PAR. 
ANG. 
LAT. -20 

1.4563 
0.0000 

7380227.52 
-6666803.t6 

1.6092 

1.9620 
0.0000 

13027702.11 
-5164954.72 

2.2096 
2.2Ö96 
0.0000 

13690526.04 
-7700093.77 

2.5195 

2.2513 
0.0000 

X 
Y 

MER. 

10962929.84 
-5817663.01 

1.9486 

15348237.81 
-4279355.38 

2.56 36 
PAR. 
ANG. 
LAT. 

x 
V 

MER. 

-30 

-*0 

1.6092 
0.0000 

7649962.18 
-8542813.10 

1.8099 
1.8099 
0.0000 

7756600.99 
10692183.42 

2.0746 
2.0746 
0.0000 

1.9486 
0.0000 

11451897.29 
-8069187.87 

2.2087 
2.2087 
0.0000 

11647311.36 
-10692183.42 

2.5396 
2.5396 
0.0000 

2.5636 
0.0000 

16261690.14 
-7192154.71 

2.04 72 
PAR. 
ANG. 
LAT. 

2.5195 
0.0000 

2.9*72 
0.0000 

X 
V 

MER. 

13957654.17 
-10692183.42 

2.9039 

16634084.50 
-10692183.42 

3.4382 
PAR. 
ANG. 

2.9039 
0.0000 

3.4382 
0.0000 
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6.5 Example 3 - The Orthographic Projection 

Rather than illustrating an Orthographic Projection with the 

projection center located at an arbitrary latitude of ^+0 degrees as 

was done in Examples 1 and 2, a Polar Orthographic is illustrated 

in Example 3. A Polar Orthographic is a perspective projection in 

which the projection axis is coincident with the axis of rotation 

of the datum body, and the projection center is located at an infinite 

distance along this axis. In this type of projection the most 

prominent properties are that all parallels of latitude are projected 

in true size as concentric circles with centers it the pole ".nd all 

meridians are projected as straight lines radiating from the pole. 

These properties are illustrated in the following example by the 

parallel distortions all being equal to unity, or, in other words, 

the distances along the parallels measured on the projection plane 

are equal to the distances along the parallels measured on the 

datum surface. Also, it is noted that all the angular distortions 

are equal to zero. This is due to the fact that the parallels are 

all concentric circles and the meridians are all straight lines 

radiating from the center of the concentric circles. Thus, all 

intersections of meridians and parallels form right angles. 

The following five pages illustrate an Orthographic Projection. 
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PEHSl'tCim   MAP   PKnjL'CTIONS 

CXAMPLC   3   -   niUHOGRAPHIC   PROJECHO^ 

PtiUiLC ILDH I Ai< AM ET ER S   

CENTRAL   I AT I 1 ODE    »      90   Dl fiRl E  - 

CENTKAL   LQN61JUQE   -     90  DCGJJEES 

 ttLtfitil   OH   PROJECriON   IINTLK   -    INFINITY 

FOCAl   LENGTH   -   INFINITY 

SPHEftl     RADIOS Ä IC   HGhRS 
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LONGIl'Jüt.. . 90 ,.. 70 6C 5C 

LAT. 0 
X -0.00 1106351.44 2179086.95 3185612.00 4095343.a5 
i 637122^.00 62/4^30. 1 1 5986992.18 t)5l764l.8<. 4880640.74 

MEK. O.O'JOO o.ococ 0.0000 0,0000 O.OOCO 
PAH. l .00 00 1 .ocoo l.COOO 1.0000 1,0000 
ANü. O.öuOO o.ooco 0.0000 C.OOOO u.OOOC 
LAI. 10 

X -0.00 1089543.47 2145981. 72 3137215.40 4033126.37 
Y 

MER. 
6274430.79 

0.1/36 
6179108.C9 

0. 1736 
5896036.31 

0. 17 36 
5431816.46 

0.17 36 
'.806492.8'. 

C.1736 
PAK. l.üöOO l.OCOC 1.0000 l.OOCO l.OOCO 
ANG. 
LAI . ?'\ 

0.0000 0.OO0C 0.0000 o.c-ooc 0.0000 
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ANG. 
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■ 
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LONGITUUE    V: 10 in ic 

LAI. qc 
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Y .TUL49'.QQ ->5J175.7.-' rA7a394><tfl -102U5.OI -L.QL 
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6.6    Example ^  - A Genernl Projection Of A Spherical Dntum 

In Exnmples 1,  2,   ^nd 3,  the pnrnmeter h,   the height  of the 

projection center above the dntum shpere, wns set equal to H 

particular value in lelationship to the datum sphere  in order th^t 

the resulting projection would exhibit certain desired properties. 

In Example U,  a completely arbitrary value o      approximately TOO 

miles has been selected for the parntneter h.    Thus,  ideally, Example 

U illustrates the type of projection thnt would be obtained by 

taking a vertical photograph of the datum sphere from B height of 

approximately 700 miles. 

In the following example the computer was programmed to prirt 

out the coordinates of only those meridian-parallel intersections 

that are visible from the projection center.    By visible, the 

author means th^t the intersection point is not beyond the horizon 

as viewed from the proje-cion center.    The relationship between 

latitude and longitude values on the horizon is calculated by 

setting LP    equal to 0 in equation (23), which results in the 
p 

following equation: 

(87) cos 9 ■ cos  i    cos f cos  \ +  sin f    sin f 
c c 

It is interesting to note that the shape of the projected grid in 

the follcwinp example actually resembles the shape or the grid th^t 

would be visible from the projection center. 

The following two pages illustrate a general projection 

of a spherichl datum, 
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PERSPECTIVE MAP PROJECTIONS 

EXAMPLE 4 - GENtRAL PROJECTION 

PROJECTIÜN PARAMETERS - 

CENTRAL LATITUDE ■  40 DEGREES 

CENTRAL LONGITUÜt -  90 DEGREES 

HEIGHT OF PROJECT IHN CENTER ■   I 12654?.900 METERS 

FOCAL LENGTH (SCALf FACTOR) «   I126542.900 METERS 

SPHERE RADIUS »  6371224.000 METERS 



LONülTUüE. 90 80 70 40 .5I1_   
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0.9517 
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0.2695 
0.4696 
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0.4715 
"Ö.5306 
56.0944 
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0.7354 
0.5424 

26.8938 
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157644.78 

0.8301 
0.5357 
5.9601 
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1503979.25 

0.5142 

1108127.44 
1438497.17 

0.5060 
0.3475 

70.6413 
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89.7929 

1403461.63 
1000010.81 

0.6673 

1515120.17 
991240.37 

0.5740 
0.2668 

33.7398 
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43.8255 

1689227.46 
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0.6833 
0.2539 
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1765997.41 
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0.1310 
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»7   ^277 
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»290611.26 
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0.3854 
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^.64 
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0.1408 
))04 
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6.7   Example 5 - A general Projection Of An ElllpBoidnl Datum 

Example 3 Illustrates a projection "mlogous to Example k 

with the exception that an ellipsoidal datum surface la utilized 

rather than a spherical datum surface.   The same value of h, 

approximately 700 miles, Is also used in Example 3,    Therefore, 

Example 3 Illustrates to a better approximation than Example h 

the projection of the actual meridians and parallels on the    surface 

oi the earth. 

Equation (87) was again utilized in obtaining those 

Intersections of meridians and parallels that are visible from the 

projection center.   While equation (87) is an exact formula when 

dealing with a spherical datum surface, this equation is only an 

approximation when dealing with ar ellipsoidal datum surface.    The 

author wishes to emphasize, however, that the calculated values are 

exact and the approximation only Involves the determination   as to 

which Intersections are visible. 

The followini two pages Illustrate a general projection of 

an ellipsoidal datum. 
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PERSPtCTIVE   MAP   PKOJfcCTIÜNS 

EXAMPLE   5   -   GtNEKAL    PKOJECIIUN 

PROJECTFON   PARAMETERS   - 

CtNTRAL   LATITUD1.    -      ^.0   UU.REtS 

 CENTRAL   LONGITUUE   =      90   DEGREES     _  

HEIGHT   OF   PROJECTION   CENTER   = 11265^2.900   METERS 

FOCAL   LENGTH    (SCALE   FACTOR)    = 11265^2.900   METERS 

ELLIPSOID  MAJOR   SI MI   DIAMETER   =       6378388>000  METERS 

ELLIPSOID   FLATTENING   ■    1/297.0 
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6,8 Example 6 - An Orthographic Projection Of An Elllpsoidil D«tum 

Example 6 is included is a. finnl illustration of the utility 

of the mapping equations derived previously in this p^per. The 

Orthogr. phic Projection is a rather commonly used projection, but 

to the best of the author's knowledge n spheric"! d^tum surface is 

always used for this projection. Example 6 illu8trQte8 a PolBr 

Orthographic Projection using an ellipsoidal d-'tum surface. This 

type of projection more closely approximates the projection of the 

actual meridians and parallels of the earth than ■ projection using 

a spherical datum surface. Therefore, in this respect, it appears 

to be a superior type projection. 

It can be seen that the properties noted in Example 3 are 

ali-o evident in Example 6, As in Example 3, the linear distortions 

along the parallels and the angular distortions in the intersections 

of meridians and parallel  are both equal to zero, 

A d.'sadvantage in using an ellipsoidal datum surface rather 

than a spherical datum surface is obviously the more complicated 

mapping equations required for the former. However, as the use of 

electronic computers increases, this disadvantage correspondingly 

decreases. 

The following five pages Illustrate an Orthographic 

Projection of an ellipsoidal datum. 
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PERbHLCTI Vt NAP PRUJECTKJNS 

LXAMPLE 6 - ORTHOGRAPHIC PKOJCCTION 

PRnjrtnoN PAKAMFTERS - 

CENTRAL   LATITUDE   ■     90   UtGKfctS 

CENTRAL   LQNGITUUC   =      90   UtGREES 

ÜÜEIGHT   OF   PROJECTION   CENTER   :■=    !NF INJIY. 

FOCAL   LENGTH   =   INFINITY 

ELLIPSOID   MAJOR   SLMI   DIAMETER   =        6378388.000   METERS 

ELLIPSOID   FLATTENING   ■   1/^4/.0   
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T.    SUMMARY AND CONCLUSIONS 

The primary goal of this p'iper,  as stated In the Introduction, 

was to develop general mapping equations for the perspective 

projection which would be suitable both for spherical and 

ellipsoidal datum surfaces,    A careful  method of proceeding from 

the known to the unknown was utilized in developing the desired 

equations.    First, mapping equations for selected perspective pro- 

jections of a spherical datum surface were derived utilising 

already validated methods.   Next, nnpping equations for n spherical 

datum surface were derived by a novel photogrammetric method. 

These mapping equations were proved equal to those derived earlier. 

After having at least partially proved the photogrnmmettie method !. * 

be valid by its use on a spherical datum surface,    this method was 

used    o derive mapping equations for an ellipsoidal d"tum surface. 

Equations (78) and (8l), the General Perspective Projection Mapping 

Equations, were the results of the derivation.    Equations (78) and 

(8l) were proved to be general equations encompassing all the 

special cases that had been discussed prior to their derivation. 

It is evident from the derivation of these equations that they could 

be made to be even more general by providing for the possibility that 

the arbitrary point P that is to be projected is not on the datum 

surface but at some distanc.   above or below it.    The alteration 

to equations (78) and (8l) to take into consideration this distance 

would be accomplished by first    BhwwHIng the coordinntes of point 
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P,  as given by equations  (62),   (63), «nd (6U),  to "ccount for the 

distance ^nd then by using these new coordinates  in the renrinder of 

the derivation,    Flmlly,  ns a meins of vizu^lizing certain 

perspective projections,   in erapiricil method was developed to 

compute various distortions  In the projections Tid examples of 

several projected grids were illustrnted. 

The author believes that equations  (78) and (8l) derived 

in this thesis are   iseful equations in that they are truly 

General Perspective Projection Mapping Equations suitable for both 

spherical and ellipsoidal datum surfaces that can be used regardless 

of the location of the projection center. 
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APPENDIX 

The computer programs  utilized to produce ill eximples 

included in this thesis were hasically very similar.    The actual 

equations used to calculate the desired dat^ were identical in 

all the examples, and the primary differences in the programs 

concerned format.    Thus,  although this appendix Is devoted to ^n 

explanation of the computer program used to produce Example 5»  It 

esaentlally explains the computer programs used for all the 

included examples.   The IBM 7091* computer of the Ohio State 

university was employed to produce the examples;  and the pro- 

gramming language used was SCATRAN,  a program language taught and 

used at Ohio State University, 

A complete and detailed explanation of the program will not 

be given, but sufficient explanation will be given to allow the 

reader to understand the general principles of the program,    A 

more thorough discussion of the cc.puter program Is not being 

presented due to the authors belief that the program la not an 

end product but only a tool that was used to Illustrate and verify 

the concepts developed In this thesis. 

In succeeding paragraphs,  first the major terms  used in the 

program will be identified,  and then the functions of the Source 

Language Statements will be explained.    The program itself is 

included at the end of this appendix. 

The following Is a lif    of the major terms that were 
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components of the program used to produce Example 3 of this 

theals: 

X - the abscissa or X coordinate of a particular point in meters 

V - the erdlnate or Y coordinate of a particular point in meters 

V - a longitude value used in printing out the grid format 

V - a latitude value used in printing out the grid format 

IMP - an angular distortion in the intersection o^ H meridian and 

a parallel 

RDM - a ratio of a meridian distance on the projection plane to a 

meridian distance on a datum surface 

RDF - m  ratio of a parallel distance on the projection plane to a 

parallel distance on a datum surface 

RAD - a conversion factor to convert degrees to radians 

A - the sphere radius or ellipsoid semi-major axis In meters 

FLAT - the ellipsoid flattening 

EC - the height of the projection center above the datum surface 

In meters 

F - the distance between the projection center and the projection 

plane In meters 

BC - the central latitude in degrees 

BF - the latitude of a particular point in degrees 

LC - the central longitude in degrees 

LF - the longitude of a particular point In degrees 

DBOCH - a small number of degrees used to locate a polnl very close 

to a primary point. In the following definitions the 
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primary point, which is the intersection of a particular 

meridian and a particular pamllel, will he identified 

as P . Figure l6 illustrates P and its relationship 
0 0 

to P, and P . 
1 2 

BPRB - the latitude of P in radians 

LPRL - the longitude of ?2  in radians 

Ü - a term used to indicate the computation of ^n Orthographic 

Projection, When an Orthographic Projection is being calculated, 

U is set equal to 0 and F is net equal to 1. 

E2 - the square of the eccentricity of an ellipsoid 

Al, Bl, Cl, Dl, El, Fl - terms used in equation (83) 

HP - the radius of curvature in the prime vertical at a particular 

point 

NC - the radius of curvature in the prime veritcal along the 

projection axis 

NPB - the radius of curvature in the prime vertical at P, 

DENOM - the denominator of equations (78) ^nd (8l) 

XB - X coordinate of P 

YB - Y coordinate of P 

DENO - the denominator of equations (78) and (8l) used to calculate 

XB and YB 

XL - X coordinate of P9 
■ 

YL - Y coordinate of P 
2 

DEN - the denominator of equations (78)  and (8l) used to calculate 

XL and YL 
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• 

DXB - the absolute difference in the X coordinates of P and P 

DYB - the absolute difference in the Y coordinates of P and P 
0    1 

DYB 
AB • the p.rctan of «wg- 

DXL - the absolute difference in the X coordimtes of P and P 

DYL - th<. absolute difference in the Y coordinates of P and P 

DYT 
AL - the arctan of ~ 

DMM - the distance on the projection pl'Hne between P- '■nd P, 

DPM - the distance on the projection plnne between P    and P 

DME - distance on the ditum surface between P    ".nd P 
0 1 

DPE - the distance on the datum surf nee between P nnd P 
0 2 

The following is a brief explanation of the Source Language 

Statements of the program included at the end of this appendix: 

1  - 35 !  set up the projection parimeters and qre self explnnatory 

when considered with the terra ceTinitions given above 

36 - U5 : calculate the X and Y coordinates of P 

U6 - 71 : check the location of P. to determine if It is visible 
0 

from the projection center 

72 - 8o : calculate the X and Y coordinates of P, 

81 - 87 : calculate the X and Y coordinates of P 
2 

88 - 105 : calculate the angular distortion in the projected 

intersection of a parallel and a meridian 

106 - ll6 : calculate the meridian and parallel linear distortions 

117 - 153 t  dictate the size and shape of grid to be computed 

151* - 159 : calculate the longitude values that will be used for 

column headings in tue grid 
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l6o • l67 l print «ut the pr«Jectl«n paraaeters 

168 - 197 I print «ut the numerical grid 

The program contained on the next seven p^ges was used to 

produce Example 3  of this thesis. 
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