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ABSTRACT 

The merging of two uniform, infinite, incompressible shear flows 

downstream of the trailing edge of a semi-infinite flat plate is studied 

by means of an asymptotic inner-outer expansion procedure applied to the 

Navier-Stokes equations. The flow field is divided into three regions; 

an outer flow, where inertia effects dominate ana vorticity is primarily 

convected along streamlines; a wake, where inertie and viscous effects 

are of the same order and vorticity is diffused across streamlines; and 

a second-order vorticity-liffusing layer along the plate, generated by 

the upstream effect of the wake. The expansions appropriate to each 

region match term by term in the overlap regions; however, coefficients 

are determined numerically only to the third and fifth orders, in the 

inner and outer regions, respectively. The results indicate the existence 

of an induced pressure field. The significance of the present study in 

relation to the merging of two laminar boundary layers at a trailing edge 

is evaluated. 
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1. INTRODUCTION 

1.1 General Outlina 

The present investigation concerns the merging of two incompressible, 

uniform shear flows of infinite extent behind the trailing edge of a 

semi-infinite flat plate (figure 1). An inner-outer expansion proce¬ 

dure, based on the full Navier-Stokes equations and asymptotic in the 

radial distance from the trailing edge, is carried out for the symmetri¬ 

cal case. The expansion procedure divides the flow field into three 

parts according to the type of the dominating physical phenomenon. In 

the wake, an expansion is selected whose leading members are governed 

by equations containing inertia and viscous terms of equal orders of 

magnitude. The wake solution is matched, in the overlap region at the 

boundary of the viscous wake, to an outer expansion consistent with the 

essentially inviscid nature of the slightly deflected free stream. 

It is possible to satisfy the boundary conditions at upstream infinity 

by means of the two expansions described so far. For finite distances 

from the trailing edge, however, the essentially inviscid outer expan¬ 

sion produces an unavoidable velocity slip along the plate. To correct 

for the velocity slip, a third expansion is introduced for a second- 

order boundary la¿ r along the plate. This expansion is identical in 

form to that for the downstream wake, except that the leading member is 

the undisturbed free stream, and the first nontrivial similarity solu¬ 

tion occurs as the second member. 

Application of boundary conditions and matching between these three 

expansions in their appropriate overlap regions yields a consistent 
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asymptotic description in the entire flow field. While it appears that 

the matching of the expansions could be continued to higher orders , the 

numerical values of the coefficients have been calculated only for the 

leading three and five members of the inner and outîr expansions, 

respectively. The results indicate the existence of an asymptotically 

unbounded first order induced pressure field. 

A shear flow of infinite lateral extent cannot have a physical counter¬ 

part; therefore, the present results should be expected to give a 

reasonable physical description in the interior of the wake following 

thick laminar boundary layers when the merging region has not yet 

penetrated the strongly nonlinear part of the initial velocity profile. 

The results of an approximate analysis of the flow field if the uniform 

shear adjoins a uniform velocity at some finite lateral distance, in 

analogy to a corresponding study of flat plate boundary layer (Toomre 

and Rott 1961*), are discussed briefly. 

In principle, the present downstream inner expansion is analogous to 

the Blasius solution with its higher approximations for a flat plate 

boundary layer in uniform flow. In the higher approximations to the 

Blasius solution, however, a logarithmic sequence must be introduced 

and certain numerical coefficients cannot be determined uniquely 

(Goldstein I960). It is of interest to note that in the merging of 

uniform shear flows, members logarithmic in the expansion parameter 

are not needed in the inner expansion. However, the lateral asymptotic 

forms of the coefficient functions include logarithmic terms, making 

a logarithmic sequence necessary in the outer expansion. 



Through the use of the complete Navier-Stokes equation for determining 

the outer expansion, an extra sequence of terms is obtained which would 

match formally with those terms in the inner expansion displaying 

algebraically decreasing vorticity in the lateral direction. A 

partial sequence of such terms is excited by the upstream second-order 

boundary layer in the present problem. 

1.2 The Expension Procedure 

Using the vorticity ÍJ of the free stream (figure l), the following 

dimensionless variables are adopted: 

(1.1) 

where ÿ is the stream function, v the kinematic viscosity, and x, y the 

physical coordinates. 

The dimensionless coordinates x and y can be considered "local Reynolds 

numbers" based on the free stream "friction velocity" »''vÏÏ. In these 

dimensionless variables, the full incompressible, two-dimensional Navier- 

Stokes equation in the strewn function form is 

(1.2) 

with boundary conditions (considering only the upper halfplane) 

At 

At (1.3) 

At 



The inner expansion for the merging layer is chosen as 

1>v (x,y) * x2/3f (n) ♦ f. (n) x~2^3f0 (n) ♦ •••• (l.1*) ox ¿ 

-1/3 where n » yx . The fractional exponents have been so determined that, 

asymptotically at large n, vorticity becomes independent of x (the 

initial vorticity can only be changed along a streamline by viscous 

action, which is presumed to be of higher order when the outer flow 

is approached). The governing equation is then reduced to a set of 

ordinary differential equations for the f^ in terras of the similarity 

variable n. Formally, however, the choice of the asymptotic expansion 

(l.U) must be justified a posteriori by the successful accomplishment 

of a consistent solution for the entire flow field. 

The inner expansion chosen above must be matched in the overlap zone at 

the edge of the merging region with an appropriately formed outer expan¬ 

sion 

<J»°(r,e) = r2G0(e) ♦ rU/3G1(0) ♦ r2/3G2(e) * 0^0) + r"2/3 0^(0) 

♦.. (log r)H (0) ♦ lof T ft A 0 ) .. (1.5) 
3 r 

where r * /x ♦ y and 0 » tan (y/x). It is evident that the deriva¬ 

tion of the differential equations governing each Gk(ö) or H^ÍO) is 

particularly simple in view of the separation of variables in (1.5). 

The matching with the inner expansion is accomplished by expanding 

first (1.5) for small 0, and writing the result in terms of x and y. 

A comparison with the asymptotic form for large n of (l.U), written 

in terms of the same variables, then allows the identification of 
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corresponding terms of the same functional form (excluding the decaying 

exponentials in the inner expansion) and, thereby, the matching of 

their coefficients. The details of the matching procedure are best 

illustrated in tabular form (Table I); however, a general matching 

condition may be stated as «p0 - ^ 0 (exp(-n)] in the overlap zone. 

The remaining inner expansion for the upstream boundary layer ia taken 

as 

*u(x,y) - x2/3h0(ç) + hjU) + x-2/3h2U) + ••• (1.6) 

-1/3 
where ç = yx . Obviously, the differential equations governing 

h.(ç) will be identical to those for f. (n); however, since x < 0 in 
J J 

-1/3 
the upstream region, yx <0, and a different notation, ¢, is used 

to distinguish this region from the n < 0 range pertaining to the 

lower half of the merging wake. It may at first appear unrealistic to 

attempt a description of the upstream boundary layer, which is intu¬ 

itively expected to vanish as x -*■ - •, in terms of a similarity variable 

-1/3 
ç ■ yx , when ç « constant lines diverge towards x » - ®. It will 

turn out, however, that the first term, x^3!^, reduces simply to the 

expression for the free stream, 1/2 y , so that the first nontrivial 

correction is relegated to the second term which is of a higher order 

as x The resulting "second-order boundary layer" therefore 

behaves in a physically acceptable manner. Were the problem treated 

in terms of the two expansions (l.M and (1.5) only, a slip velocity 

asymptotically proportional to |x|~ would be required along the 

upstream plate; consequently, the second-order boundary layer described 

by the third expansion can be thought of as being induced by this slip 
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velocity. The concept of a "backward" boundary layer has recently also 

been discussed by Goldstein (1965). 

It would now appear logical to derive the differential equations and 

general solutions for the leading members of the inner and outer expan¬ 

sions. The subsequent step-by-step matching process, however, provides 

such considerable simplifications in the outer expansion that it is 

best carried cut simultaneously with the determination of the individual 

soluticns. This approach, moreover, serves to emphasize the essence of 

the inner-outer expansion procedure: the alternating use, at the "plate" 

and wake limits of the outer region, of the inner limit of a member 

of the outer expansion to furnish the required asymptotic conditions for 

members of the corresponding inner expansion, or vice versa. 

A more detailed account of this analysis is available upon request 

(Häkkinen and O'Neil I965). 

WAKE EXPANSION 

Upon substitution of (I.I4) into the governing eq'^tions (1.2), a 

sequence of ordinary differential equations is obtained for the f . 

These equations, boundary conditions and asymptotic forms of their 

solutions are derived in the following for the leading members of the 

expansion. 

The function f*0(n), a counterpart of the classical Blasius similarity 

solution, is governed by 

f¿'"+!w-° (2-1 
with initial conditions from (1.3), ^(0) = 0, f¿'(0) = 0. Equation 

(2.1) integrates directly into 



(2.2) 
O IP 

#l»t ± ZL 4? _ ±» f* * ^ K r» 
f0 3 r0r0 3 0 L0 

-1/3 
vhere the cons teint CQ relates to a pressxire field, dp/dx * Cg x 

in the merging region. The similarity solution ^(n) has been discussed 

extensively elsewhere (Rott and Häkkinen 1962, 1965 and Häkkinen and 

Rott, 1965). Only the asymptotic behavior will be of specific interest 

here: 

a00 n2 * *01 n * *02 + *0e 0(-eItp) 
(2.3) 

where aQ2 » | (a0l2 ^ coefficients aoo’ a01’ C0 a02 dePend 

on the initial values of ^(°). f¿(0), fg'ÍO) and fg''(0) in a 

manner which can be determined only through numerical integration. Since 

f (0) and f''(O) « 0, two asymptotic matching conditions will be 
0 w 

required, and they will turn out to determine aQ0 and a01. The 

exponential coefficient aQe does not appear in the matching and its 

value is of no direct interest. The parameter CQ (and a02) and the 

remaining initial values f¿(C) and f^'iC) are determined through 

their implicit dependence on aQ0 and a^. 

All f :s for J ¿ 0 are governed by fourth-order linear differential 
J 

equations, the one for f^n) being 

2 2 
* 11 * £. ^ i • 4. _ ft f* » 

rl 3 0rl 3 0rl 
(2.U) 

with initial condition f^O) ■ 0, f^'(0) = 0. Again, (2.4) inte¬ 

grates directly into 

f ! I « 

1 
R f ft t 
3 0 1 

(2.5) 
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Substitution of from (2.3) yields the asymptotic behavior 

f. 
12 n + a10 + C [- log n - f (-¾) ^ 

00 

13 

♦ (^-"-^0!02) "L. + ( 
Ua 

■^00 + 2a00a01aQ2 ~ ^13^ 1_ 

00 8a 
T 

00 

■] + ale 0(exp(-n3)) (2.6) 

where the constants a23* a^e contain two degrees of freedom 

to be specified by matching conditions. Thereafter, the determination 

of the remaining constants and initial values follows through relation¬ 

ships implicit in the numerical integration procedure. 

The function f_(n) is governed by 

f*»» _ .2 -» » » - 
2 3 r0r2 + 3 r0f2 3 f0 f2 

■r=- Í12 f f1 - Un f f ' ' - 2n2 f f » • t 
27 1 0 0 n X0 0 n r0r0 (2.7) 

- f¿f¿’ - 2Un f¿" - 6n2 f¿"’] 
2 

— ff' 
3 11 

with initial conditions f2(0) = 0, f^’(O) = 0. Substitution of f 
CO 

from (2.3) and f^ from (2.6) into (2.7) yields the asymptotic behavior 

f = 
1 V"2 ♦ 27 01 

Ua 

3C, 
+ (-^) 

log n 

8a 
00 

00 

+ a26 ~~2 * ••• + a2e 0(cxp(-n )) 
n 

(2.8) 



where the four coefficients a 
23’ a2U* a26 

and a_ are related to the 
2e 

initial conditions f2(0), f¿(0), f¿'(0) and f¿"(0) by an ’’influence 

matrix" whose elements can be determined by straightforward numerical 

integration. Since f2(0) and f2’(0) = 0, two conditions are required to 

specify the solution uniquely. The integration must be continued far 

enough to allow identification of the leading terms in the asymptotic 

expansion (2.6) with sufficient accuracy. 

The equations for higher-order are quite similar to those for 

f2, i.e., linear nonhomogeneous fourth-order differential equations 

with initial conditions fji0) and fj'(O) = 0. The leading term in the 

asymptotic form f. increases in power with increasing J, so that the 
— Oft 

entire "outer" asymptotic form of the wake expansion 

« x2/3 f (n) ♦ f, (n) ♦ x-2/3 (n) ♦ ... (2.9) 

is clearly divergent for large n. Except for the rapidly decaying 

exponential terms, it may be interpreted as a series development of 

the outer solution about y * 0. 

3. UPSTREAM BOUNDARY LAYER 

The substitution of (1.6) into (1.2) yields a set of equations and 

general solutions for the hjU) which, except for replacing f^ by 

h,, n by t, a by b , and C by K , are identical to those for 

the f.(n). The initial conditions, however, are different; now 
J 

h (0) * 0, h!(0) = 0. Also, since - ® < ç < 0, the asymptotic behavior 
J J 

is considered as ç -►-«», and the exponential terms are now diverging. 

Otherwise, earlier statements concerning the higher ^jib) carry over 

to the h.(c). 
J 
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h. OUTER FLOW AMD MATCHING WITH INNER REGIONS 

Substitution of (1.5) into the polar coordinate form of (1.2) 

0000 

(U.l) 

yields now three sequences of equations involving products of squares 

of logarithms and algebraic powers, products of single logarithms and 

algebraic powers, and simple algebraic powers of the radius, respectively. 

Generally speaking, the algebraic sequence provides third-order equations 

for the G^(0), while the logarithmic sequences yield equations for H (0) 

and, under certain conditions, also eliminate one degree of freedom from 

the GR(0). No contradictions are introduced by the multiplicity of the 

equations, however. 

The derivation of general solutions for the G and H would become 
K Jt 

extremely cumbersome and be of little use since these functionr are 

completely determined by matching with the inner expansions as 0 -► tt 

and 0-+0. The matching procedure is, therefore, carried out simul¬ 

taneously with the determination of the individual G and H . At 
K ¢, 

the same time, of course, the matching leads to the successive unique 

determination of the inner solutions. 

The entire matching procedure is illustrated in Table I, where the 

nonexponential terms of the inner expansions, ^/3(1-,1) f 

2/3( 1-j) ^00 
X ’ are ^3sted on the horizontal rows and those of the outer 



expansion, r Gk(e) and (log r) H3(k_1) develoP«d in 

powers of x and y as 0 -► 0 euid ir, on the vertical columns. No explicit 

rules are required since a complete term-by-term correspondence exists 

between the inner and outer expansions, except for the exponential 

solutions of the inner expansions which either decay very rapidly 

(wake) or are determined to have zero coefficients in the matching 

process (upstream boundary layer). 

Collecting terms of order r1* in (U.l) yields 

(U.2) 

Aside from the trivial solution G0 = 0, (^.2) has the general solution 

(U.3) 

2 
Since 2 sin 0 * 1 - cos 20, the first term could be replaced by an 

arbitrary constant; however, for reasons of consistency with other G^, 

the form (U.3) will be retained. 

The coefficients A00, A01 and A02 are determined entirely by matching 

with the upstream boundary layer and wake expansions. Consider the 

leading members of the upstream layer and outer expansions, respectively 



Matching requires that as ç and 0 ir, a term of a common functional 

form be found in each expansion. Writing in terms of x and y, 
00 

one obtains 

,1/3 2/3 
c ' ♦ *0 * b00 * b01 y + b0i' x'" * b0e x2/3 (exp<- i-11 

«I 

while 

e-*-Tt Aoo y2 " Aoi x2 " 2A02 xy * 

(U.H) 

(U.5) 

Referring to Table I, it is evident that the choices of 

è > b01 * °- A01 = °- A02 = °> l-e- *0 ‘ I r2 e’ 00 00 2 

not only facilitiate the first step in matching but also satisfy the 

required boundary conditions at x = i.e., = y anü = °* 

The asymptotic form of the leading member of the inner expansion, (U.U), 

contains a strongly growing U, x < 0) exponential term for which no 

counterpart exists in the outer flow, neither on physical grounds nor 

within the trigonometric general forro of the outer solution. If one 

therefore requires b0e = 0, the remainder h0U) * + b02 is valid in 

the entire inner region. In fact, if bQ2 is also chosen equal to zero, 

it satisfies the boundary conditions on the plate, h0(0) and h¿(0) = 0. 

Thus , 

hQ U) = I C2 (U*6) 

is a solution consistent with all requirements at this time. This result 

also means that the leading member of the upstream boundary layer 

expansion is identical to the undisturbed free stream. Therefore, any 

higher members of the inner expansion must satisfy 

(||£) * 0, UÎ*) = 0, k # 0 (U.7) 

12 



as X •*> and those of the outer expansion, must match with the 

appropriate ter as of the ^ as 0 -*■ t. 

At 6 -► 0 the leading member of the asymptotic wake expansion 

*W - x2/3 f - a y2 ♦ a vx1/3 + a x2/3 X r0 a00 y 01 ^ a02 

♦ a x2^3 (exp(- ^-)) 
OC 

o 1 2 1 
is now seen to match its first term with = ^ y if a0J » 

With reference to the uppermost left-hand square in Table I, the results 

of applying boundary conditions and the first step in the matching 

process have yielded 

hoU) « ! c2 

G (6) * ^ sin2 0 
o ¿ 

fo (n) - I n2 ♦ a01 n ♦ aQ2 

The next step is to determine G^(0) and match it with h^, fQ, h^, f1> 

h2, and f2. 

Terms of order r10^3 in (U.l) yield 

2G0 °i" + I a'o 0i' + f °o °i + # G¿ °1 1 0 (11.8) 

13 



1 2 
Substitution of Go(0) = sin b yields the solution 

1./-3 Lfl Us 
G1(0) * A10 sin ' 6 + Ai;l cos j- + A12 sin j- (U.9) 

U/3 
Writing r G1 in powers of x and y as 0 -► n yields 

,o . 4/3 , ,. 47i « . 4flv 4/3 
^1 i^ir A10 y (A11 cos 3 A12 8ln 3 ) x 

4,. 477 . . 4t7» 1/3 . 
+ -j (A12 cos 2-Ai;l sm yx + ... (4.10) 

With reference to Table I, it is obvious that neither A^q nor 

(A^ cos + A12 sin y~) match with the inner expansion, and are 

therefore required to be zero. However, in comparing (4.10) with (4.4), 

it is also required that j (A12 cos - A^ sin y^) = bQ^ = 0. It is 

impossible to satisfy these two conditions for A^ and A,2 unless both 

are zero. Thus, the free stream boundary condition and matching 

conditions available so far require G^(0) = 0. This result further 

V 2/3 
implies, through matching with 4»0 * x fo * the cond^-'tion aoi = °* 

OO OD 

which in turn eliminates the remaining degree of freedom in f^ and allows 

its final determination. With reference to the more detailed information 

given elsewhere (Rott and Häkkinen 1965), the final results are 

f0(o) = 0, f¿(0) = 0.89914, 

f¿'(0) » 0, f¿"(0) = 0.67838, 

01 
0, a 

02 
0.61334, C0 = 0.40889. 



As discussed in the reference, these values are consistent with the 

"Li-Murray" condition, i.e., with no shift of the asymptotic velocity 

profile relative to free stream, and the existence of a first-order 

induced pressure gradient in the merging region. 

Terms of order r®^ in (U.l) yield 

2G0 °2 " ^ 3 °0 °2' + 9 G0 °2 + 27 °0 °2 

j (2G1 G^' ' ♦ G^ G^' GJ) (U.ll) 

1 2 
Substitution of G0 * sin 6 and G^ = 0 produces the general solution 

G2(8) « A20 sin2^3 e ♦ A21 cos ♦ A22 sin y. (U.12) 

As e -► V, ■ r2^3 G2(e) must be matched with the asymptotic form of 

d,u » x2/3 h„ . With reference to Table 1, the following conditions are 
o 0_ 

sin 
2x 

b02 “ °* i,e* A22 established: A20 * 0; A2^ cos -y + 

— A21. As 0 0, matching with ^ yields A21 « a02 » 0.6133U, and, 

hence, A22 = 0.351*!!* 

Comparing h1 with as 8 n yields b12 = 
/3 

A - — A 
a21 3 22 

-0.U7215. 

It is now possible to determine 1^(0 uniquely, since b12 is known 

and the positive exponential in ^ must vanish in analogy to that in 

IP 
h , requiring b * 0. Taking h « x C , the equation for t^U) becomes 
0 JlÔ ^ ^ 

hl I I + 1. r2 K * • 
nl 3^1 

K, (U.13) 



which can be integrated directly into 

h^t) = dtdtdi; (U.lU) 

where both initial conditions, 1^(0) » 0 and h^(0) * 0, and the asymptotic 

condition b. = 0 have been satisfied. The constants b, „ and b ^ can 
xe 12 13 

be expressed explicitly: 

b /K = -2"2/3 31/12 F (f) F (cos-1 i^\75°) 
12 1 3 1+/3 \ 

= -3.Ul*878 

b /K = In 2 + — - (3 + 
J 2/3 

= -2.121 01 

where F is an elliptic function of the first kind (Abramowitz and Stegun 

1965, p. 589) and £= O.5772I is Euler's constant. Thus, one must have 

^12 
K1 * -3.MÔ7Ò * °*^3690 which, in turn, specifies b^ = -0.2901*7, 

h^'ÍO) = 3“1/3 r(l/3) Kx = O.25U29, and h1",(0) = ^ = O.I369O. 

Matching between f1 and 1^° as 0 -► 0 yields 
OO 

al2 = f A22 * °*23607 

However, since no requirement can be established for the coefficient of 

the new decaying exponential in (2.6), complete determination of f^n) 

must await the next step in the matching process. 



2 
Grouping of terms of order r in (4.1) yields 

2 G0G3'^+2 G0'G3'’ * 0 

where the right hand side, which otherwise would consist of a sum of 

products of derivatives of G^ and G^» vanishes in the present case 

since G1 s 0. With GQ ■ sin2 0, 

G3(e) * A^q log I sin 61 + A31 ♦ A320 (4.15) 

2 
In order to determine H3(0), one must group the terms of order (log r) 

in (4.1)t yielding 

2H3,H3" « 0 (4.16) 

or 

H3(0) - B31 ♦ B32 0 (4.17) 

Comparison of G_ and H3 log r with h. as 0 -► w yields the matching 

conditions A3q * * - 0.41071; “A3q B3^ ♦ = Ki * G. 13690; 

and A31 ♦ A32it - h13 « - 0.29037. Matching with f1 yields A30 * -3C1; 

-A30 ♦ B31 ■ C1; and A31 « a13. These two sets of matching conditions 

require that A30 « -3^ = -0.41071; b31 = -2^ - - 0.27381; B32 * 0; 

and C1 ■ Kx - 0.13690. 

At this point, f^in) can be completely determined by performing a 

numerical integration of (2.5)* with = +0.13690, f^(0) ■ 0 and 

^"(0) » 0, and choosing ^'(0) so that a12 = +0.23607. The results 

are ^'(0) * -0.16544 and ^'"(O) = 0.13690. In order to calculate 



a^, it is necessary to integrate from the known initial values 

until the leading terms of the asymptotic series for f^ in (2.6) 

yield satisfactory accuracy. The result is a^/C^ a -2.79091» i.e., 

a13 « -0.38209. Thus, A31 “ ai3 " “ 0.38209 and A32 - ^ (b13 - A31) - 

0.029193. 

2 
It is appropriate to note here that assembling terms of orders r log r, 

log rt log r and log r also yield equations for Gq, G^, G^, 

and G3, respectively. Two cases can be distinguished: first, 

H3' = B32 * 0, a trivial case which yields no other information; and 

second, = # 0, in which case the solutions of the resulting 

second-order linear equations are identical to (U.3), (^.9), (^.12), 

and (U.15), with the restriction that Aqq, A1q, A20 and A3Q = 0. In 

the present case, however, = B^ = 0, so that some of these addi¬ 

tional degrees of freedom cannot be eliminated. 

In complete analogy to G^ and G2, the higher G^ (k > 3) have a 

homogeneous solution of the form 

2-4 
(Gk) = Ako sin 3 0 + Akl cos(2- | k)6 + Ak2 sin(2- j k)e 

h (U.18) 

In addition, there will be a particular solution, since products of 

derivatives of lower Gk:s and of H3 appear on the right-hand side of 

the governing equation. It can be shown that at 0 -*■ n and 0 -*• 0 such 

particular solutions match higher-order terms in the asymptotic forms 

of the inner expansions, as indicated in more detail in Table I. Only 



and will be of further Interest; determination of the hanogeneoua 

part of will already involve matching with h^ and f^. Also, will 

be the only of concern in the following. 

-•2 2 
The outer expansion members r~ 0g(6) »od r/r ) 

occupy a special position because of their overlap with a free 

coefficient (i.e., a term not determined as part of a particular 

solution) in * and 4»2 . The equation for G^ results by collecting 

terms of order r0 in (U.l); for G^ = 0 one obtains 

2 G0G6"' ♦ 4 GQ ' Gg ' ' ♦ 8 G0G6- ♦ 16 Gq'G^ 

IV0!.'' I V'V fw" 
2 
3 °2,,,04 

(4.19) 

- 2 
03,03M Vs’” 

♦ H. 
,03M 

C3.... 4G2" 

The particular solution will again match higher-order terms in the 

inner asymptotic expansions involving , f^ , h2 , f2 , as indicated 

in Table I. For matching with f2 , only the homogeneous solution need 

be considered 

(o6) (0) 
60 

sin20 

♦ cos 20 ♦ A21 sin 20 (4.20) 

Aa0-*-ir, orO-^O, 

* 
o 
6 

^60 -2 -3 
— +A6lx *2A62yx 4 
y 

(4.21) 



If i4 0, the equation for Hg is obtained from terms of order 

—2 2 
r (log r) in (U.l); in the present case, it results from assembling 

terms of order log r: 

(Hg'" + Uh6') G0 ♦ 2(H6" + UH6) G0' » -H3 '03 ' * (1* .22) 

Since H3' = 0, (U.22) integrates into 

' + = const. X (Gq)-2 (U.23) 

1 2 
which, for Gq * 2 sin 0* ^1618 general solution 

(U.2U) 

Considering , all coefficients related to the nonhomogeneous 
00 

solution have been determined by the specification of ^qq» b0l* ^02 

and K^. Of the fovtr independent coefficients * b26 and b2e* 

matching with G3 yields b^ = * 0.029193 and, since the positive 

exponential is again required to vanish, b2e = 0. Thus, with the 

initial conditions h2(0) = 0 and h2'(0) = 0, all prerequisites now 

exist for the complete determination of h^. This can be done, in 

principle, by varying hg'^O) and h2,,'(0) in numerical integration 

until the required asymptotic coefficients are reached, making use 

of an "influence matrix" similar to that for f2(n). However, in view 

of the strongly diverging exponential, it is now necessary to invert 

the process, i.e., to start integrating from a large |ç|, with 

initial conditions h2(0) = 0 and h2'(0) = 0 have been reached. Such an 



I « 9 integration, started from initial values of h2, h2', h2" and h2 

calculated at Ç ■ -10, yields b24 » 0.10110 and * 0.10Ö98. The 

corresponding values of other initial derivatives are h2''(0) ■ -0.00U273U 

and hg' ' ' (0) ■ 0.00695^0. Matching now ^ U ■ x2^hg (ç) with (U.20) 
«0 00 

and (U.24) as 0 w yields ■ b2^ * O.IO898. The other matching 

terms in ^2 u of orders x ^^y 1 and (log y)/y2 can easily be seen 

to arise from particular solutions of and 0^, respectively, with 

complete agreement between numerical coefficients derived from either 

inner or outer expansions. 

Since and H^, as such, are outside the objective of this study, the 

only result of significance here pertains to further matching of 

and with ■ x2^ fg . Using (2.8), one obtains ■ -0.03749¾ 
m m 

a26 " A60 “ b26 ’ 0^10898¾ and the above comments regarding hg apply 
m 

to the remaining terms. Since matching with G^ as 6 0 has already 

yielded a^2 * A^2 ■ 0.29193, two of the four independent coefficients 

*23* a24* a26 8113(1 a2e have ^een determined, and, thus, the entire 

fg(n) has been specified. The proper initial conditions and can 

now be calculated by numerical integration, the results being 

fg'(0) » 0.885, fg'''(0) - 1.176, and a2U ■ -1.079. The coefficient 

a2e> although nontaro, now multiplie,, a rapidly decaying exponential 

and is of no specific interest. 

From (4.18), 

=1,(8) (h.25) 

« 
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Matching with and yields (- ^ A^^) « b2lt * 0.1011; 
oo oo 

AU1 = a2U ■ " 1-079: and A^ « -O.506. 

DESCRIPTION OF FLOW FIELD - SUMMARY OF RESULTS 

5.1 Stream Function and Streamlines: 

In the upstream second-order boundary layer 

<t»U(x,y) = ! y2 ♦ h^yx"1^3) ♦ x’2/3 h2(yx"1/3) 

In the wake 

(5.1) 

*v(x,y) - X2/3 f0(yx-1/3) . f/yx-1”) . x-'J f^yx-”) . . 
-l/3\ . -2/3 , /„„-1/3- 

(5.2) 

In the outer region 

4>0(r,e) « I r2sin2 6 r2/3 (0.70822 sin 

- 0.27381 log r - 0.41071 log sin 0 
(5.3) 

- 0.38209 ♦ 0.029193 9 

- r"2/3( 1.079 cos ~ 0.506 sin ^|) ♦ .... 

A uniformly valid composite expansion can be formed from the above 

results by noting that lim ij;0 * and lim (|/° « ^ : 
0-MT 0-K) 

i(»c = 4)° 6(4»W- ^) ♦ (I-6) (wU-4»^) (5.4) 

where 6(x < 0) ■ 0, fi(x > 0) = 1. The resulting streamline pattern is 

presented in figure 2. It is reassuring to note the coincidence of the 

4/ * constant streamlines derived from inner and outer expansions at the 

edge of the merging zone, especially in view of the rather small values of 

the dimensionless radius in this region. 



5.2 Velocity 

Velocity profiles calculated from (5.1) through (5.3) are presented in 

figure 1. Of particular interest is the velocity along the centerline 

of the vahe 

uo - u(x,0) - f¿(0) x1/3 ♦ f[(0) x“1/3 ♦ f¿(0) x"1 ♦ .... 

■ 0.899 x1/3 - 0.165 x"1/3 - 0.085 x“1 ♦ ... (5.5) 

which is plotted in figure 3. A similar series has been derived by 

Imai (1966) as the asymptotic form of his trailing-edge solution, 

which was obtained from an equation linearized with respect of an 

infinite uniform shear flow. Imai's approach yields a centerline 

velocity 

u(x.O) - [r(|)l2 x1/3 . 0(x-1/3> 

- 1.051 X1/3 ♦ 0(x“1/3) 

In view of the different assumptions made in Imai's analysis, it is 

significant to note that the coefficient of the leading term can be 

considered in satisfactory agreement with that of (5.5). Both values 

are quite different from the "classical" one for zero induced pressure 

field, 1.611. (e.g., Häkkinen and Rott, 1965.) 

5.3 Skin Friction 

1 2 
Since the uniform shear flow ^ = — y is an exact solution of the Navier 

Stokes equations, a flat plate extending from x = -• to x « would 

have a surface friction t m * pv, independent of x. Absence of the 

downstream half of the plate allows the build-up of velocity on the 

centerline for x > 0, which in turn accelerates the flow near the 



upstream plate and produces, at least sufficiently far from the trailing 

edge, a region of increased skin friction, as given by the result 

t/t_w *= 1 ♦ hj'(O) |x|"2/3 ♦ h¿'(0) |xrU/3 ♦ 

« i 0.25U3 ixr2/3 -0.00U3 ixi~u/3 + (5.6) 

A plot of this result is given in figure 4. Again, a similar asymptotic 

series has been derived by Imai (1966). His latest result shows that 

“2/3 
the coefficient of the 0(x ) term is positive, and the full analysis 

actually indicates the presence of a shear singularity at the trailing 

edge. However, the exclusively asymptotic nature of the present 

investigation does not allow any definite conclusions to be drawn from 

it in support of or against the somewhat controversial existence of the 

trailing edge singularity. 

5.4 Pressure Field 

In each region, the pressure distribution can be determined by integrating 

separately the x and y (or r and 6) momentum equations, and determining 

the remaining arbitrary functions (except for a constant reference 

pressure pQ) by comparing the two results. For the upstream boundary 

layer, one obtains 

(5.7) 

which is equivalent to 

* 0.13690 log |x| - 0.0104 |x|-2/3 + • (5.8) 



Thua, within the present approximation, there is no lateral pressure 

variation in the upstream boundary layer. A plot of (5*8) is presented 

in figure 5. In the wake 

p(x,n) ** Pq “ 2^0 ” ^1 x ” 2^ x [^2' ' 

>ii# + i. f 2 # £ f # « i 4. m f i 
3 0 r2 3 0 3 *1 9 f0 

(5.9) 

* I "(io' ' I f0 + 9 n2 (2f0" 

f0 f0’ ^ 3 fi2)1 * "• 

which on the centerline reduces to 

p(x,0) - Pq - O.6133U x2/3 ♦ O.13690 log X - 0.67T87 x-2/3 ♦ 

plotted in figure 6. Finally, in the outer region 

P<r.e> - p° - I c0 r2/3 (sin ^11)(1 . cos ^)] 

(5.10) 

3/3 

♦ C^log r - sin2 0) + A^ie - ^ «in 20) 

♦ r”2^3 {[Al4l ♦ j sin 0(AUl sin 0 - A^ cos 0)) cos ~ 

P 28 
♦ [A^g ♦ sin QÍA^g sin 0 + Aj^ cos 0)] sin y- 

- A2 \ ♦ 27 A21' *•* 

= O.U721 r2/3 (sin ^1)(1 ♦ cos ^±1) 

(5.11) 

3 3 

♦ O.1369 (log r - sin2 0) ♦ O.02919 (0 - sin 20) 

.. r“2/3 {[1.079 ♦ J sin 0(1.079 sin 0 - 0.506 cos 0)] cos 

♦ [O.506 * ^ sin 0(0.506 sin 0 

+ 1.079 cos 0)] sin ♦ 0.111} ♦ .... 
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At the limit 8 -► w, (5.11) reduces to (5.8), except for a constant 

^32* * 0.091713. Since (5.8) contains an undetermined reference pressure 

level, one must conclude that, in order to match the pressure fields, 

the proper reference pressure for the upstream boundary layer is A^ir 

higher than in the outer flow, i.e., p^ « p° ♦ A^11* At the limit 

6 0, (5.11) reduces to 

p(x,0) - p° * 0.6133*» x2/3 + 0.13690 log X - 1.190 x"2/3 ♦ ... 

° (5.12) 

—2/3 
which deviates from (5.9) at 0(x ). This difference represents 

lateral pressure variation in the merging layer (figures 6 and 7). It is 

easily verified that the asymptotic form of (5 9) for n 00 matches with 

the expansion of (5.11) for small 8, provided that the same reference 

O V 
pressures are used, i.e., pQ « pQ. Thus, within the approximation 

considered, a complete consistency is achieved of the pressure fields 

in the three regions. Some typical isobars ave presented in figure 7. 

The pressure variation corresponding to (5.12) is illustrated by 

continuing the outer solution (5.11) across the wake. 

EFFECTS OF INFINITE EXTENT OF THE SHEAR FLOW 

While all manifestations of pressure gradients vanish as r -*■ •, the 

pressure level induced by the absence of the downstream half of the 

2/3 
plate grows as r , except along the plate 8 = n, where the growth 

is proportional to log r. It is clear that this asymptotically un¬ 

bounded pressure field is related to the infinite extent of the shear 

flow, which after all implies asymptotically unbounded velocities 

everywhere except at x -► -«■>. In reality, shear flows adjoin regions 

of uniform, or at least asymptotically bounded, velocity fields. In 



order to clarify the questions raised by the asymptotically unbounded 

pressure field, an approximate analysis was canied out to investigate 

the pressure induced by the merging layer in the outer flow provided 

that the shear flow now ad.joins a uniform-velocity field some distance 

away from the centerline. The analysis is essentially analogous to 

that of Toomre and Rott (196M for the effects of a finite shear layer 

in the pressure field induced by a flat plate in a vortical free stream. 

The lateral velocity distribution at a given small distance away from 

the centerline was assumed to be that given by the result for infinite 

shear flow (equation 5-3), and the pressure field induced in the shear 

flow and in the uniform stream bounding it was then calculated analyt¬ 

ically. The results show a rapid decay of the induced pressure field 

—1/3 
i*'' |x| ) within a radius of the order of the shear layer thickness 

from the trailing edge, in accordance with the physical reasoning of 

Häkkinen and Rott (1965). Further details of this analysis can be found 

in Häkkinen and O'Neil (I965). 

7. CONCLUDING REMARKS 

The purpose of the present invertigation has been twofold: first, to 

study the merging of uniform shear flows as a model for the wake of two 

boundary layers near the trailing edge, with special emphasis on the 

consequences of treating shear flows of infinite extent; and second, to 
* 

explore a particular formulation of the inner-outer-expansion technique 

applied to the complete Navier-Stokes equations. 

While most of the results, for example the streamline pattern and skin 

friction, appear quite reasonable, the calculated pressure field does 

indeed show a physically unacceptable character far away from the 
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trailing edge. This is not really surprising since evon the "free 

stream" velocity field already is unbounded in the lateral direction. 

It is evident, however, that the analysis of vorticity diffusion 

phenomena in infinite shear layers will hardly yield new information 

meaningful within the context of physically observable, high-Reynolds 

number boundary layers. On the other hand, the asymptotic expansion 

procedure limits the analysis to the region beyond some multiple of the 

"Stokes radius" (/v/n) from the trailing edge, so that it actually applies 

in an annular region, the limits of which depend on the Reynolds number 

(Häkkinen and Rott I965). The proper significance of the present study 

is, therefore, most likely as an intermediate step between the "classical" 

vorticity diffusion analyses, e.g., boundary and merging layers, and the 

viscosity-dominated (Stokes) flow which must prevail in the immediate 

vicinity of the trailing edge. It appears reasonable to expect that the 

present "intermediate" flow field would be the one "felt" by the innermost 

viscous flow even in the case of the physically acceptable outer shear 

flow of finite extent. It is of interest to note in this connection 

that the shear stress distribution along the upstream plate is formally 

similar to the asymptotic form of Imai's (1966) approximate solution 

which is, in principle, valid all the way to the trailing edge. It is, 

however, re-emphasized at this point that, unlike the investigations of 

Imai, and of Goldburg and Cheng (l96l),#the present study is not 

concerned with the flow very close to the trailing edge, and consequently 

does not yield information on the possible singular behavior there. 

Häkkinen amd Rott (1965) evaluated the available experimental evidence 

for any manifestation of the induced pressure field in the merging of 



tvo laminar boundary layers at a trailing edge. Such effects are 

probably observable only in a limited region near the trailing edge 

where the merging layer has not yet penetrated far into the outer, 

nonlinear part of the velocity profile. Inasmuch as this region was not 

covered by the experiments, which showed no evidence of the phenomenon 

elsewhere, the empirical verification remains inconclusive. 

The inner-outer expansion technique used in the present study is based 

on the full Navier-Stokes equations, which are expanded in the three 

regions using the inverse two-thirds power of the dimensionless radius 

as the characteristic small quantity. In the overlap zones, it has been 

shown that the asymptotic form of the appropriate inner expansion is 

identical to the series development of the outer expansion in terms of 

the lateral distance (except for the exponentially decaying asymptotic 

solutions of the wake expansion). This term-by-term (not approximation- 

by-approximation) correspondence is easily expressed in a tabular form 

without need to state formal matching rules. 

The hierachy of terms evolving from the expansion procedure also suggests 

that the outer expansion could possibly be extended to free stream 

configurations with nonuniform initial vorticity. This is solely the 

consequence of basing the outer expansion on the complete Navier-Stokes 

equation instead of the Laplace equation often used in connection with 

uniform-velocity free streams. Further research on this possibility 

is contemplated. 

The terms of infinite shear flows, it appears possible to analyze the 

asymmetric merging of two (dissimilar) shear flows, and thus eliminate 
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both of the two degrees of freedom possessed in that case by the 

leading similarity solutions (Rott and Häkkinen 1962). An initial study 

has also been made of infinite shear flow along a solid surface, 

subjected to a pressure disturbance; one family of the leading similarity 

solution« exhibits reverse flow for positive pressure gradients. Whether 

or not higher approximations to this problem would illuminate boundary 

layer separation phenomena, 'emains also a subject to further study. 

It is also possible to formulate the higher approximation problem 

for a flat plate in uniform stream in a manner entirely analogous to 

the present study. It has been verified that the results are equivalent 

to those discussed by Goldstein (i960), including the need to introduce 

logarithmic terms at the third order. 
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