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This interim report was prepared by Dr. Antonio Ferri, Director,
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ABSTRACT
A critical review of mixing problems is presented. The limitations
of boundary layer types of analyses are discussed. A method of analysis
which does not use boundary layer approximation is outlined. Difficulties
of correlating experimental dats attributable to not-well-defined boundary
conditions are described. New phenomena related to mixing with pressure

gradient and chemical reaction are presented.
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1. INTRODUCTION

The problem of mixing of two streams is extremely complex. Classical

acrodynamics has investigated for many years the problem of mixing of two

coaxtal p. 4 streams. However, the quantitative understanding of such phy-

sical phenomenon s still {ncomplete even for laminar mixing where the

transport properties are known, and the progress made both by theoretical

and experimental investigation is stil] not even satisfactory,.

From an analytical point of view, the difficulty arises because of

the simplication introduced in the equations. In addition, the lack of

knowledge of transport properties increases the difficulties of the prob-

lem for turbulent mixing, Classically, mixing problems are analyzed by

{ntroducing al} simplifications used in boundary layer theory. Unfor-
tunately, the fntroduction of such simplifications in mixing problems are

not necessar{ly justified and acceptable for the determination of important

physical propertics of the phenomena, Several questions can be raised with

respect to the use of the boundary layer cquations in mixing problems. The

Introduction of the boundary layer equations {n the analysis of flow near

a wall permits climinating the sccond momentum equation. It can be shown

that this stplification {s not important {n the determination of the var-

fation of momentum along streaml ines, and therefore of the skin friction

which s one of the fuportant quantities to be determined i, boundary layer

analysiy, However, {n mixing problems, the most interesting informat{on

required from the analysis {s the r

ate of diffusion of a fluid of one stream

fnto the fluid of the other,

and such mation {s controlled by the second

s




momentum equation. As a consequence, the use of boundary layer equations
can be justified only when the characteristics of the two streams
(velocity, density, composition-temperature) are not too different. 1If
the two streams have physical properties which are widely different, then
the scale for the determination of the order of magnitude, which is the
thickness of the layer affected by the flow, becomes extremely large.
Typical indication of the inadequacy of the approximation of the boundary
layer theory is given by the results of the analysis of a jet discharging
in a quiescent atmosphere made with this approximation. In this case, in
the external flow the velocity component normal to the axis of the jets
arc larger than the tangential component in the proximity of the origin of

mixing, therefore, the description of the motion of the external flow can-

not be represented by the simplified equations, The normal component of the

velocity {s directly related to the mass of the flow entrained by the jet,
and therefore is a quantity that must be determined with satisfactory
precision,

When the approximation of the boundary layer theory cannot be
Justified for the analysis of mixing problems, then, as a consequence,
the boundary conditions for a mixing problem cannot be specified in a
simple form at the station where mixing begina {f the two streams are
subsonic. 1In this case, the mixing process induces velocity components
which are significant upstream of the initial mixing region,

For the same reason it is very difficult to perform significant

exneriments of mixing when the two streams are quite different

By
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In this case, the characteristics of the experimental apparatus

upstream of the mixing region have important effects on the mixing
phenomena near the origin of mixing. This point is often neglected in
presenting experimental results and in comparing experimental resulcs.
When the two streams are subsonic even for the case of the mixing of two
low velocity streams of the same fluid, the initial conditions cannot
be defined by giving the average properties of the two streams as, for example,
the average velocities measured in terms of strcam tube area and mass
flow, but are defined only {f the complete velocity distribution and
pressure distribution at the station at the beginning of the mixing

av piven. Such distributions can change significantly from experiment

to experiment because they are affected by the experimental apparatus
upstream of the mixing region; therefore, presentation of expzarimental
data on the basis of simple paramecters as average velocity ratio or
average velocity difference of the two jets 18 not justified because

such terms do not define either phyecical properties or the experiment,

2. ANALYSIS OF COMPLEX VISCOUS FLOW PROBLEMS

When the properties of the two mixing streams arc quite different
the solution of more complex sets of equations i{s requirod where pressure
gradients in two perpendicular directions are considered to be of the
same order and where viscous effects are considered. Such type of
analysis is of grecat importance in many problems of practical interest
besides the chemical problem of coaxial mixing of nonreacting streams.

Typical examples of phcnomena where such type of analysis is required

Ll
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are: (a) The mixing of two reacting streams where the cnergy released
by the reaction produces important pressure perturbation that cannot

be neglected; (b) High speed, low density flow around bodies; in a

wide Reynolds number range, for many practical shapes the flow still

can be analyzed with the assumption of continuous medium, but gradients
of velocity are important in the flow fields and therefore important
viscous effects are present in all flow fields; (c) Boundary layer with
large rates of ablation where the blowing velocity is large; (d) DBoundary
layer with chemical reactions where the chemical enthalpy of reaction

is of the same order of the total enthalpy of the flow; (e) Hypersonic
boundary layers with large pressure gradients along the streamline.

For such problems the variation of pressure in the boundary layer
thickness is of the same order of the variation between two distant

points along a given strcamline because M i{s large. 1In this case, the
static pressure varies strongly in boundary layer in normal direction

to the wall and cannot be neglected. The ceffect of such pressure

gradient affccts strongly the velocity profile and thercfore all the
viscous ecffects. An example of such pressure variation {s shown in

Fig. 1. The upper part of the figurc shows th: experimental apparatus,
while the lower part shows the pressure variat on and velocity distribution
in the boundary layer at a station of the body. The pressure at that
station is 27 times the initial static pressure. The flow {s initially

at M = 6, and the body {s axfally symmectric, The boundary layer thickness
is of the order of 0.35". The experiments have been performed at the

Laboratory of New York University by Mr. Hoydysh (Doctoral candidate).
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The solution of viscous problems where more complex equations are
required can be approached along two different lines. The classical
line i{s the perturbation method where higher order terms are obtained
as second approximation. The calculation starts with the boundary
layer approximation which {8 assumed as first order solution in the
determination of the flow. This method permits us to obtain, in some
instances, a second order correction; however, such an approach {s use-
ful only if the first order solution gives a sufficiently good approximation
of the flow field, then the second approximation can be used to improve
the accuracy of the results. For many of the problems described such
an approach 18 not very promising.

A sccond approach suggested by the author and Dr. Horettl1 consists
in simplifying the cquation of motion on the basis of the following
physical principle. The viscous cffects are produced by gradients.

In many physical problems such as thosc previously described, the
variation of physical properties along strcamlines {s much smaller than
in a direction normal to the strcamlines, then the cquationsthat govern
the motion of the fluid can be written with good approximation {n the
following form:

In the twn-dimensional case, the momentum equations for the above
formulation arc:

! Pqq, + Py " A, (1)
oq’ﬂa +p, "0, )

where p {8 density, p is pressure, q and 6 the modulus and the direction

of the velocity relative to engine axis. The quantity A {s given by
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A= (uq) , (3)
where  is the viscosity.
The subsequent solution of the compatibility equations requires
that A be constant or of small relative variation during an integration
step. Then the initial computation can be made approximately using the

initially known value Ao, followed by iteration to obtain a more accurate

mean value A,
The continuity equation reads
g + pq, + pqb =0, (4)
and the energy equation can be stated (assuming for simplicity that the

Lewis and Prandtl numbers are equal to unity)
o= ) (5)
8 eq " nn’
where H is the total enthalpy
3
Ho=h+dl, (6)
h being the static enthalpy.

The diffusfon along the streamline has been neglected in compari-con

with lateral diffusion.

In order to complete the description of the system we express the

enthalpy by means of the equation

N N dh
e I g 7
L fjis t Ts ai dt (7)
{=] =1

where ai fs the mass fraction of species i. From the cquation of state

we obtain further

po pT Qa
8 s is
Py = % - - RoT) ol 8)

T P




R being the gas constant and wi the molecular weight of species 1.
The species conservation equations must take into account the mixing
of species between streamlines and the change in mass fraction of the

species due to chemical reaction along the streamline. Thus,

e 0 w\}
e i 0 |
%Ys "oqm P tToq 9

where, again for simplicity, a single binary diffusion coefficient D
has been assumed. For unit Lewis number we can substitute
pD = u (10)
The subsequent algebraic manipulations to put the equations into
suitable characteristic form are tedious, so details should be sought
in Ref, 6. It is shown that the third equation to be used with (1)
and (2) can be put in the form

(q +E F =
q + q) q, + > Py + Fen E, (1l1)

where

— dh {

F-TZGITT'

L o RpFT
E = (plln)n L hlo:1 + =
i

It is secen that the viscosity does not appear in (1), (2) and (1l1)

J
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except .n the right-hand side and so does not directly affect the streamline
and characteristic directionr and the location of the net intersections.
The quantities related to transport properties are represented by
the terms in the right-hand side of Eqs. (1), (2) and (11). Such
quantities are functions of the coordinates, and of the gradients of
local flow properties and therefore can be determined only by the
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solution of the differential equations. However, in practical numerical 1
solutions, the values of such terms can be estimated with sufficient
precision from the values of the same quantities at neighboring points.

On the basis of such an estimate a numerical value can be determined

for the local value of such quantities. Then the left-hand side of the
equations can be solved hy using known methods of analysis for inviscid
flows. When the flow is determined in first approximation, a second
approximation is feasible where these terms in the right-hand side of

Eqs. (1), (2) and (ll) are calculated on the basis of the local flow
properties determined from the first approximation. Such an approach

{s very useful when the "inviscid'" part of the flow contributes appreciably

to the local variation of flow properties, while the effect of transport

phenomena {s smaller because it {s more gradual. In this case boundary
layer type of equations cannot give a satisfactory first order approximation,

This approach has been used for the case of supersonic xlowsl'z.

In
this case, the inviscid part {s solved with the method of characteristics I
by means of a difference method, by determining as a first step the

cffect of terms containing the transport properties at the two initial

points, 1 and 2 of Fig. 2, where the properties are known. Such terms

are rcevaluated {n sccond approximation at point 3, and average values

between 1, 3 and 2 and 3 arc used. Dr. Moretti has applied such an
approach to problems of supersonic mixing with chemical reaction.
Results of calculations for such problems are shown in Figs. 3 and 4.
The problem analyzed (s mixing with combustion of two coaxfal axially

symmetric strecams of hydrogen and air. The two jets are inftially




parallel and at the same static pressure; however, the mixing and
combustion produce waves that propagate in the flow field, 1In Fig. 3
the isobars are shown. The combustion produces pressure waves that
propagate in the flow outside of the mixing region. 1In Fig. 4, the
isotherms for the same case are shown. Tie pressure field outside

of the mixing region is obtained as a result of the unalysis. If the
same problem is analyzed by means of classical mixing type of analyses
based on boundary layer equations, then the pressure field outside of
the mixing region must be assumed as given and cannot bedetermined
analytically.

Another application of the approach described is related to the
determination of the low density supersonic flow around bodies as shown
in Fig. 5. The Reynolds number is small, therefore the displacement of
the boundary layer affects the pressure downstrecam of the nose. In
addition, because of the curvature of the shock, the velocity gradients
in the flow field are finite and the shock thickness cannot be neglected,
therefore the viscosity is important in all flow ficlds. Such types
of flow are usually analyzed by neglecting the viscosity betwecen the
shock and the body surface, and by determining the viscous cffects
at the wall with boundary layer analysis in the presence of external
vorticity. Such an approach requires some discontinuity betwecn the

two flow regions independently of how the analysis is performcrd. The

discontinuity in assumptions of the two flow fields is not justified
due to the presence of curvature of the shock. The transport properties

can be considered in all flow fields if the flow is analyzed with the




approach described before. In a small layer near the wall, where the

curvature of the streamline is small, boundary layer types of analyses

are used. The flow at the outer edge is supersonic. Such a layer is

much smaller than the boundary layer, therefore,boundary layer type of

equations are sufficiently accurate. The matching with the external
flow takes into account quantities and derivatives both for velocity
and enthalpy. This can be done because transport properties also
are considered in the equations that define the external flow. The
external flow is analyzed by means of the method of characteristics
in presence of transport effects as described previously. The con-
ditions at the shock take into account the effect of shock thickness
as discussed in the doctoral thesis of R. R. Chowa, (this work has
been performed by Dr. E. Krause at NYU as his doctoral thesis). The
basic equations for the three regions are indicated in Figs. 5-7.
Such type of analysis can be applied in the same way to the analysis
of boundary layer with large pressure gradients, when the transport
properties are known,

The flow properties near the wall are determined with boundary
layer equations as shown in Fig. 6, while the outer flow which {s

supersonic is analyzed with the equations of Fig. 7.

3. TURBULENT MIXING

In addition to the difficulties of an analytic nature, additional

difficulties are present in the case of turbulent mixing, due to lack

of knowledge of the physical laws that regulate the transport properties

10
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in turbulent flows, The transport properties for turbulent flow are
affected by many different characteristics of the flow; at present,
even the most important parameters which affect such L unsport properties
are not completely determined, Because of the complexity of the
phenomenon, it is traditional to attempt to relate these transport
properties to a few of the global flow pruperties and to determine
their values experimentally as a function of such parameters. However,
the approximate dependence of such properties on gross values of the
flow parameter is not well understood. The reasong are several. Such
dependence is obtained on the basis of experiments. The experimental
work available is limited, and many of the experiments are not
satisfactorily defined for such a case. 1In many of the experiments
even the statement chat the mixing is turbulent must be carefully
scrutinized. In boundary layer investigations the turbulent boundary
layer has a region of laminar motion near the wall while at some
distance from the wall random turbulent fluctuations exist and farther
on they disappear. The persistence of turbulent motion is related to
a Reynolds number for which a characteristic velocity, density, and
length that defines the experiment must be defined,

In a mixing of two coaxial jets, two characteristic velocities
exist, two different densities must be considered, and a characteristic
length is difficult to define, For some flow conditions the random
motion can persist in one of the two streams while the motion in the
other stream can be essentially of laminar type. 1t is therefore

probable that the transition for a purely laminar to a completely

11
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turbulent mixi{ng {8 very gradual, and the transitional conditions
could cover a wvide range of combination of Reynolds nusbers of the
two streams,

[n this case the determination of presence of turbulence, for
example, by mecans of a hot vire anemometer, fn the high velocity streanm
does not necessarily define a pursly turbulent =ixing, but could
indicate a transitional reglon. Por exauple, {t {8 probable that the
type of phenomena obtained when both streams have large velocity and
density, and therefore high Reynolds nuzmbers, arc different {rom the
profiles when the strecams have a low density and the same welocity
as in the {irst casc, even {f one strecan {8 alrcady turbulent vhile
the other (s initially laminar. The problems {8 more difficult when
one of the strecams has very low velocity and therefore very low Reynolds
number,

A sccond problem that makes 't difficult to determine the dependence
of the transport properties on gross flow propertics is rclated to the
difffculty of accuratcly defining the initial conditions and boundary
condftions, Usually the propertics of the two strcams are defined
fn terms of average propertiecs at the fnftfal scctions, Such propertics
are: chemical specics of the flows, enthalpies, and velocitica., Often,
average values of such quantitics arc assumcd to be representative, which
corresponds to step function distributions for the three quantities.

In addition,the static pressure external to the mixing is assumed to
be practically constant, However, the actual conditions are much more

conplex, especially for subsonic mixing. The mixing, especially when

12
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the velocites of the two jets are very different, tends to produce

larpge longttudinal and radial pressure gradients and therefore large

voloctty pradients are present in the region near the ortgin of oixting, 3
Such effectn trave!l upstream and itnduce a {low {feld tar trom unfform,

therefore the flovw and properties at the beginning of mixing are far

from the averapge values assumed, therefore the gradients, which are
related to the transport phenomena, (n this regfon cannot be defined

only by simple average parameters. In addition, the presence of

boundary layers modify subntantially the average distribution both of
velocity and enthalpy. The heat transfer across the wall that divides 1

the coaxial jets can have serious cffects on the flovw {n the near re-

plon of mixing in experiments where the enthalples of the two ntreams
are different.  Thene effectn are reduced when the external ntream in a
supersonic and the axi{al stream has a cylindrical entrance region, In
this case the flow at the beginning of the mixing can be defined fairly
accurately, iIndependently of the mixing cffectn, In nsubronic f(low, 3
an additional problem eust te considered which (s related to the inter-
ference of the boundary of the external jet an trdicated by Dr
Abramovich in his pnpor& é
In subronic flow the turbulence penerated at the boutrdary of the
external jet can propagate and affect the mixing repion.  Again, such
an cffect can be o'iminated in supersonic flow {f the mixing takes ;
place upstream of the Mach cone from the boundary. (This was the case 3

in the experiments performed under my supervision, contrary to what

has been stated fn Ref. 4.) The presence of induced flow {n subsonic

13




streams (s strongly dependent on the boundary conditions, and thercfore,
for subsonic flow it {s more difficult to obtain frformation on the
basis of simple parameters. For cxample, when the velocity of the
external stream {s much smaller than the velocity of the other jer, it
scens arbitrary o try to define the properties of mixing on the basis
of quantities related to two average vclocities, while the velocitics
in the {mediate reglon outside of the mixing are quite different than
such values,

The quantity that is less affected by the flov {icld distribution
and by the boundary conditions {s the cor~:ntration of species which
{s given at the teginning of mixing alwuys as a step function, there-

fore {(n heterogencous oixing this quantity (s oore uniformly representative

of the initial conditions,

4, PRESSURE GRADIENT EFFECTS

From an experimontal point of view, axially symmetric jets arce
usually preferred to "two-dimensional’ type of jets becausce of the
difficulty of producing really two-dimensional jets with finite side
boundarics., However {n axially symetric supcrsonic jets problems of
other naturc are present that often are neglected, Adverse pressure
gradicents {n & supersonic strecam arc transmitted by waves. In axially
syrmetric flow, waves become stronger at the axis of the jet., Such
focusing of waves produces cuch larger pressure gradients at the axis
than at sooe distance of the axis; such radfal pressure variation

strongly affects the velocity gradients because it changes the radial

14
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velocity profile, and therefore affects the mixing., Small gradients

usually are always present i{n wind tunnels, or in wakes, even at some
distance of the body especially {f the body travels {n supersonic

stream. Such small gradients can strongly affect the mixing process

and cannot be neglected as has been usually done. In order to indicate
the {mportance of such affects an experiment has been performed, at

my request, by Dr, Zakkay at New York University Laboratory. A wake

has been produced experimentally at M = 3,89, at high Reynolds numberc.
The Mach number along the axis in a region of the wake has been determined
for the case of external pressure practically uniform ac the wall of the
tunnel. In a second test, a strip of the thickness of the order of

1/20 mm (scotch tape) has been glued at the wall of the tunnel., The
measurements have been repeated., The differcnce in results between

the two experiments {s shown in Fig., 8, The pressure disturbance
produced by the tape at some distance from the axis {s small and of

the order of precision of experiments, However, the cffect at the axis
is significant, The cffects of pressure gradients can be very large

in mixing phenomena, and can modify substantially the flow fiecld

properties of the flow,

5, MIXING WITH ADVERSE PRESSURE GRADIENTS

The presence of longitudinal pressure gradients is of extreme
interest because {t can produce flow ficlds which are quite different
from those corresponding to zero pressure gradients. Consider the

mixing of two heterogeneous coaxial streams, Assume that an adverse

15
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pressure gradient {s imposed {n the outside flovw and is ecxtended to a
length such that the total pressure rise can produce reverse flow in
the stream at lower Mach number {f mixing is neglected. The mixing
can accelerate the lower Mach number stream, and thercfore, the abiltity
of such a stream to traverse the pressure gradient depends on the
amount of shear force produced by the mixing process. In Fig. 9 the
result of such analysis i{s shown for two assumed values of eddy viscousity,
{ one having twice the value of the other,
7 For the larger value of the eddy viscosity the flow goes through E
the pressure gradient while for the smaller value reverse flow occurs,

; Figure 10 gives the Mach number profiles at several stations for
the two cases.

Such an investigation can be used for the experimental determination ]
of average values of turbulent eddy viscosaity,

The presence of adverse pressurc gradients in the presence of
mixing is the determining factor for the definition of the flow fileld
in the region of the base flow behind a body. The flow at the base of
a body immersed {n an external stream {8 the limiting case of coaxial
mixing, and corresponds to the case fin which the momentum of the central
jet 18 zero., 1If the fmpulse of the central jet increases from zero to
a finite value the flow field changes gradually from the flow corresponding
; to a base flow in the mixing region to the flow corresponding to the
mixing of two parallel streams, both having large velocity.
3 The flow corresponding to this transition is very complex. An

analysis of such flow 1indicates the existence of flow fields that are

16
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fut well known at present. A qualitatfve descriptica obtatned from
an cxperimental investigation performed at WYU by Dr, Zakkay (e presented
in Fig., 12 and following (Ref, 5). The experimental apparatus (s
shown tn Fig. 11, The external flow {s supcrsonic at M = 3,89, The
central body {s a streamline of the nozzle flow for untform flow at
the beginning of the test section, The external gas (s alr, while
different const{tuents have be.a used {n the central flow, In Fig.

12, four ateps of the trans{tion from base flow to a mixing type of
flow are represented, In the upper figure, no flow {s {njected at the
bases, The flow recirculates i{n the cavity, In Fig, 12b a small
amount of flow {8 Injected uniformly at the bause through a parous
surface placed at the end of the jet., Because of the radial and
longitudinal pressurc gradfents a vortical region which has a ring
shape {8 produced ncar the axis and the rear stagnation point moves
from the center of the base somewhat downstream of the base, 1f

the mass flow fnjected incrcases, the recirculating region gradually
moves downstrceam until the stagnation pressure of the Injected gas

is sufficiently high to overcom the adverse pressure gradient produced
by the ¢xternal flow, Then the recirculating region moves away and
disappears. The pressure at the base of the central body incrcases
with the mass flow {njected until a point wherc the recirculatfing
region moves downstrcam and disappears and then remains roughly
constant, In Fig. 13 the pressure i{s given as a function of the non-
dimensionalized coefficient for different gases,

The effect of pressure gradients becomes more critical when
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chemical recactions take place, because in this case the release of

Lo

energy due to chemical reaction {ncreases the speed of sound, therefore

e

decreases the Mach number making casier the production of reverse flow,
It {s {ntercsting to observe that while {n the case of mixing without
f reactfon the inftfal point for reverse flow is the center of the jet,
as ghown {n Fig. l4., {n the case of chemical reaction the initfal

region of reverse flow can be {n the combustion region that {s at some

PR T

distance frca the axis. Thercfore, the effect of pressure gradient for
mixing with chemical reaction can be different than for frozen flows,
Consider, for example, the mixing problem shown in Fig, 14. A jet of
hydrogen at M = 1,8 18 {njected into a supersonic stream of air, The

pressure and temperature of the air are sufficiently high so that

chemical rcaction takes place., The speed at the center of the hydrogen
Jet decreases because of the pressure gradient, however, the pressure

gradient is small and thercefore Lthe strecam remains supersonic., In the

region of combustion the temperature {ncrcases and the Mach number
decrcases, here the flow becomes locally subsonic and therefoie more
scnsitive to pressure gradienta, The pressure gradient continues,

here the flow reaches locally zero velocity and reverse flow is produced
at some distance from the axis. Fig., 15 gives some velocity profiles
before reverse flow occurs, When reverse flow is generated, two opposite
vortical rings are produced (shown schematfically in Fig. 16), which are
very unstable. Experimental evidence of such flow (s shown in Fig. 18,
The flame spreads very rapidly radially as soon as reverse flow {s

produced by adverse pressure gradients,

18




Such type of phenomena (s of great {nterest i{n many practical
problems, for example, in boundary layer in presence of ablation
when the ablative material reacts with the afir. The flow for such
phenomena is difficult todescribe and analyze because the
adverse pressure gradients can change strongly even the qualitative

characteristics of the flows,

6, CONCLUSIONS

From these considerations it appearo cvident that the problem
of mixing of heterogencous gases {8 far from being understood
quantitatively. The analytical approaches available are, {n many
cases, not atfisfactory; the experimental data are i{nsufficient, and
often not accurately presented. Many new phenomena, some characteristic
of the heterogeneity of the two strecams are present because of the
production of adversc pressurc gradicnts, which even {{ small, often
can change strongly the flow. Thercfore,{t can be concluded that

additional work {n this relatively new ficld {s required.
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FIGURE 9:

External Plow Streamline and the Centerline
Hach mumber Distribution Shawing the Effect
of Viscosity on the Occurrence of Plow
Reversal in the Plow Pield of Rydroge
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FIGURE 12 Schematic of the transitional phenomena betwcen the base
tlow with zero injection to that with Tarze 1niection.
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Figure 13;

Normalized Base Pressure Distribution
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