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WIDEBAND ELECTRICAL CHARACTERISTICS :
OF SMALL-DIAMETER INSTRUMENTATION CABLES IN SEAWATER

Prepared by:
James E, Cottrell, Jr.

ABSTRACT: Certain oceanographic applications exist where it is
desired to transmit data over an electrical cable from sea depths of
ten to twenty thousand feet., Mechanical handling-packaging and
streaming considerations limit cable diameter, yet impose severe
strength requirements. In addition, the amount of information to be
transmitted dictates a large bandwidth requirement.

The propagation characteristics of several possible cables are ana-
lyzed theoretically, considering the effects of seawater. Accurate
values of attenuation and characteristic impedance have been deter-
mined by IBM 7090 computations and are presented graphically over the
frequency range from ten cycles to one megacycle. The coaxial line
has the least attenuation of any configuration; foxr low frequencies
the sea-return type is found best, but above about 250 kilocycles a
metallic return offers smaller loss, Small-diameter cables ( < O.1")
can have losses as high as 4 to 9 db per thousand feet,

The inclusion of steel in cables for strength was studied for its
effects on electrical characteristics. The primary result is an
increase in conductor resistance. Measurements made on samples of
two steel-bearing lines agreed well with predicted values. A novel
configuration having a steel braid over a copper shield was designed
and appears to offer the best electrical-mechanical tradeoff.

All cables showed wide parameter variations with frequency, therefore
the suitability of a representative cable for transmission of digital
signals is briefly investigated. Insofar as receiving amplifier and
cable noises allow, a method of countering waveform degradation by
proper cable equalization is shown,

U. S. NAVAL ORDNANCE LABORATORY
WHITE OAK, MARYLAND
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Wideband Electrical Characteristics of Small=diameter Instrumentation
Cables in Seawater

This report discusses the most important of the electromagnetic
properties of small coaxial transmission lines, both dry and in the
presence of seawater, and presents methods for calculation of their
effects. Underlying the approach taken have been the following
objectives: (1) a general feel for the expected magnitude of
electrical parameters, (2) prediction of the relative effect of
changes in dimensions or materials, and (3) determination of suit-
ability for data transmission at frequencies up to 1 megahertz,

This report was originally prepared by the author as a master's
thesis, For the most part the study 1s theoretical, although
supported by experiment where possible., The work was peformed under
BUWEPS Task No. RUDC-3B-000/212-1/S046-00-00. It will be of interest
to those concerned with data transmission over subminiature cables,
especially in the presence of seawater,

E. F, SCHREITER
Captain, USN
Commander
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I. INTRODUCTION

In certain oceanographic research applications at
great depths, it is desirable that the cable from which
the deeply submerged instruments are suspended also be
used as a communications channel over which data can be
transmitted to a surface vessel. Conversely, it may also
be said that the wire(s) used for data transmission should
also function as a strength member. In either case, if the
length or strength requirements are high, or the volume of
information to be transmitted large, or both, the electrical
and mechanical cable requirements are likely to conflict.
This is especially true for deep submergence applications
when the allowable size of the cable is limited, as, e.g.,
to minimize cable underwater streaming. If the cables have
an overall outer diameter of a few tens to a few hundreds
of a thousandth of an inch, and lengths of ten to twenty
thousand feet, these conflicts and the trade-offs to be
effected bear close scrutiny.

The work presented here is the result of investiga-
tions of the foregoing factors which were conducted to
determine the comparative merits of some possible trans-
mission line configurations, the propagation characteristics
to be expected in some representative sizes, and the

quantitative effects of including ferromagnetic material
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(i.e., steel) for strength purposes. A further aim was to
obtain some idea of the transmission channel effective band-
width (or maximum permissible signalling speed - whichever
approach one prefers) obtainable with a reasonable amount
of error and terminal equipment complexity.

By way of introduction, and for reference purposes,
a brief review of some pertinent facts about transmission
lines is presented below and in Appendix A, These topics
are discussed at length in any standard work on the
subject I}l,QE,EéJ*, and only the essentials are given
here., In all that follows, unless otherwise specified,
the rationalized MKS system of units is employed; the
basic assumptions made are that the sea is an infinite
homogeneous medium, and that the cables are of infinite
length (or long enough compared to their diameter to be
considered so).

Only coaxial cables are considered in this investi-
gation because Curtis, Green, and Leibe have theoroughly
investigated this configuration, along with several other
possibilities, and have shown that this type has the least
attenuation of any studied. The relative merits of the

several types as reported by them [é, D. 282 are tabulated

*Numbers in brackets denote references listed in the
selected bibliography.



NOLTR 67-~22

for reference below. The coaxial cenfiguration was
taken as a standard.

Tvpe of Cable Relative Attenuation

Coaxial 1.0

Shielded Pair: Round Conductors
and Oval Shield (approximate) 1.3
Shielded Pair: Round Conductors
and Circular Shield 1.5

Double Coaxial Circuit 2,0

A uniform transmission line may be considered for
convenience to be made up of a cascaded series of identical
network sections of the form of Figure 1-1, each represent-
ing a portion of the line. The larger the number of
sections, and the shorter the length represented by each
section, the better does this lumped~parameter model
approximate the real line., Thus, the line is characterized
completely by four parameters, as shown in Figure 1-1,
namely:

R, the series resistance in ohms per melter

G, the shunt conductance in mhos per meter

L, the series inductance in henries per meter

C, the shunt capacitance in farads per meter

These quantities are entirely determined by the
geometry of the line and the materials of which it is made,

as will be shown,
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With regard to signal propagation, the properties
of any line may be described l?1;27;31, Chp. 201 in terms of
two quantities, both of which are complex in their most
general form, These are (1) the characteristic impedance,

Zgs, and (2) the propagation constant,?”:

Ro + Xo < IZOI&~

Zo
(1-1)
Y «+ 54

In the above equations, Ro and Xo are the characteristic

resistance and reactance of the line, respectively;ti is
the attenuation constant, a measure of loss on the line; 8
is the phase constant, describing the phase shift a signal
undergoes in traversing the line. Since Zo and 7 are
together sufficient to describe the line, as were the

group R, G, L, and C introduced above, it is to be expected
that the two sets of parameters are related. From Appendix

A, the pertinent equations are:

Zo \/.B_.._m&. i (a)
G + jwC (1-2)

7 = (R + jwL)(G + jwC) (D)

If R, G, L, and C are expressed in the units shown
above, then Zy, Ro, and Xy all have the dimensions of ohmsj
o is expressed in nepers per meter, and & in radians per

meter .
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A glance at equations (1~2) shows that Z, and 7 are
functions of frequency, first because of the appearance of
the factor «w , and second, because R, L, G, and C are them-
selves functions of frequency. Both Z, and 7 may vary widely
with frequency; thus description of the line's properties
for large bhandwldths 1is not generally a simple thing.

0f the four guantities R, L, G, and C, the shunt
parameters G and C, which are determined largely by the
dielectric, are found to be independent of freguency (or
nearly so) up to very high frequencies., For the purposes
of this discussion, they may be considered constants., It
is the series parameters R and L, depending upon material,
size, and placement of the conductors, which are fesponsible
for the major part of the variation in Z, and »”. These
variations of R and L with frequency are the result of the
well known phenomenon of skin effect. In the frequency
range of interest, which is 10 ¢ps to 1 megacycle, the
amount of variation is considerable, thus complicating the
description and employment of the lines,

Reference to handbooks or books on transmission lines
will reveal simple formulas for characteristic impedances of
various configurations, as well as for the attenuation and
phase constants & and ﬁ7. Sometimes, 1f the reference author

is careful, he will state that the formulas are only valid
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for high frequencies, or for "lossless" lines. Sometimes
other formulas are given for very low frequencles, What
is usuvally missing is a statement as to what such simple
expressions really represent, i,e,, limiting cases of
much more general (and unfortunately far more complicated)
expressions which are obtained from the solutions of
Mazwell's equations over the line, Egquations (1-2) are
perfectly general, and true at any freguency; substitution
into them of the proper expresslions for R. L. G. and C
yields the desired quantities Z, and 7/, The complications
arise in the expressions for R and L, vhich will be shown
to be made up largely of Bessel functions., When their
arguments are large, these Bessel functions may be replaced
by simpler functions to which they are asymptotic; then 2,
and ?“reduce to their well known simple expressions. The
arguments become large at high frequency, or for large-
diameter coaxial structures. Bul for the size of cable
under investigatlon here, and for the specified frequency
range, the luxury of asymptotic approximations will have to
be foregone except 1in special cases,

The first step, then, will be to examine the simplest
type of line, the sea-return type. From there, we may

proceed logically to more complicated configurations,
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II, THE SEA-RETURN LINE

The sea-return line, in which an insulated wire is
immersed in the ocean, is the simplest form of coeaxial line
to build. In such a line, the wire itself is the center
conductor. The insulation surrounding it serves as the di-
electric layer, and the surrounding ocean, extending
nominally to infinity, forms the outer conductor. Such
lines were the earliest form of transoceanic communications
cables laid, and some of them are still in use today. The
propagation characteristics were studied around 1921 by
J. R. Carson and J. J. Gilbert [1] , who seem to have been
the first to realize that the "sea-return" impedance is not
negligible, The form of most of the results presented in
that paper, while general and extensive, is not readily
adapted to computation of specific examples, especially of
the relatively simpler samples treated here. CGreater ease
of practical application may be had from one of the later
papers which treat the subject [33,3%,3@]0* Von Aulock's

work for example, is especially convenient.

*It might be noted in passing that the equations
developed in reference |34], because of the assumption made
in their derivation (p. 16), do not apply throughout the
present frequency range of interest; they are the high fre-
quency approximations to the more general expressions used
here, and yield attenuation values which are too small at
low frequencies. (See zquations (B-15) and (B-16), Appendix
B. See also (24, p. 214].) This limitation is not stated
in the reference.
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A cross~sectional diagram of the sea-return line is
shown in Figure 2-l., Calculation of the characteristics
will begin with the shunt parameters, G and C, and then
take up the series parameters. In disposing of this case,
several points will be settled which will apply to the rest
of the cases as well. The first of these concerns conduct--
ance, G, Unless otherwise noted, the dielectric material
postulated for all lines treated herein is high-density
polyethylene, for which the value of conductivity ¢ is
taken [33, p. 36] as 10-13 mho/meter. Then, for coaxial
structures, the conductance per unit length (meter) is

given by the expression, [?h, De 33210

2M g (2-1)
1n (b/a)

where

G = conductance in mhos/unit length (meter, in
RMKS units)

0 = conductivity in mhos/meter

b outer radius of dlelectric in meters

a = 1inner radius of dielectric in meters

Calculations show that the value of G due to leakage of the
dielectric will be of the order of 10-12 to 10~13 mho/meter
for the small-diameter lines considered here.

There are also other dielectric losses at higher
frequencies, which are usually described by the imaginary

part of a complex dielectric constant, or a'loss angle"
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(or its tangent), or a dissipation factor 8, all of which
are really different ways of describing the same thing.
For low dissipation factors, dielectric loss may be expressed

as an equivalent conductance [;7, De lélf].

G!' = (wC)(8)

wnere
G!' = eguivalent conductance per unit length due to
dielectric loss, mhos/meter
§ = dissipation factor
C = capacitance in farads/unit length
w = 27 x frequency

Then in general, the line admittance per unit length Y is

given by

Y G+ G+ jwC

Calculations show that capacitance per foot in these small-
diameter lines will be of the order of 10~10 farads. Since,
even at 10 cycles, G is smaller than C by more than two
orders of magnitude (a disparity that becomes more marked
with increasing frequency), loss due to conductance of the
dielectric may be neglected. Then, considering only high-
frequency losses, which increase as the first power of

frequency, Y = G' + jwC. But the dissipation factor of
high-density polyethylene is given by MIL-P-22748 as 5 x 10~



NOLTR 67-22

in the frequency range 1 XC - 1 MC, Thus,

Y =8eC + juC

= wC(5 x 1074 + J)

Thus it is reasonable to assume that for our purposes, in
all that follows

Y = jwcC

The remaining shunt parameter, C is independent of

frequency up to very high frequencies, For coaxial struc-
tures, the expression for it is entirely analogous to that
for G, and may be also obtained from any standard text on

electromagnetic theory. It is [?h, P 33%]

c = _27€ (2-2)
1n(b/a)

where

C = capacitance in farads/unit length (meter, in
RMKS units)

€ = gielectric constant of the insulation, =€ &

b = outer radius of the dielectric in meters

a # inner radius of the dielectric in meters
For high-density polyethylene €, = 2.38; €, is the permit-
ivity of free space, 1/(367 x 109), As indicated in Figure
2-1, the center conductor is stranded, rather than a smooth
single conductor. If b>> a, reference Iid‘, p. 69 shows
that a suitable value for a is the radius of the circum-

scribed circle, i.e., 1.5 times the strand radius in the

10
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case of 7=-strand conductors. As it turns out, the same
value gives tolerable results even when b 1is only a few
times as great as a. ("Tolerable" may be defined here as
within %,5% for b/a = 3, 7% for b/a = 2, or 12-13% for

b/a = 1.5. The error is less for cables of more than seven
strands.) This "calipered" radius (half the "calipered" or
maximum strand-bundle diameter) is the value used in all
capacitance calculations here,

The resistance and inductive reactance of the cable
arises from a variety of sources. Resistance is present in
both the center conductor and the return path through the
seawater, They will be treated separately. The inductance
normally thought of as the inductance of a coaxial configura-
tion, and the value most often given in reference works, is
t he high~frequency or gxternal inductance, that is, the
induectance between conductors. For the coaxial configuration,

it 1s easily found to be [20, p. 167

L = A_ 1n(b/a) (2-3)
2m
where

L = inductance in henries/unit length (meter, in
RMKS units)

A = permeability of the space between conducters,
= P Ay

b = Inner radius of outer conductor in meters

a = outer radius of inner conductor in meters

11
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The relative permeability a, of most dlelectries, includ-
ing polyethylene, is unity; amg 1is the permeability of
free space, 4T x 1077.

In addition to the external inductance, each conductor
has some self-inductance of its own, due to partial flux
linkages with the current within the conductors. This in-
ductance is known as the Jnternal inductance; it is a
function of frequency, is intimately bound up with the
phenomenon of skin effect, and is not so easily described.

Normally, the external inductance predominates in a
transmission line, because the inter-conductor spacing is
reasonably large with respect to the dimensions of the
conductors. Egquation (2-3) shows that for a coaxial line,
inductance will increase with the ratio b/a., Since only
the current-carrying portion of a conductor's cross-sectional
area contributes to the internal inductance, this inductance
will be small at high frequencies where skin-effect forces
current to the periphery of the conductors; it will usually
be negligible with respect to the external inductance, If
the outer conductor is thin, as is often the case with coaxial
lines, 1its internal inductance may be negligible at any fre-
quency., But at low frequencies the internal inductance of
the center conductor is not entirely negligible, being up
to several percent of the external inductance for conductor

spacings normally found in practical coaxial cables, In a

12



NOLTR 67-22

sea~return line, large cross-sections of the ocean are
involved in the return path, especially at low frequencies.
Under these conditions, the internal inductance of the outer
conductor can be several times the external inductance, and
thus the controlling parameter.,

The behavior ¢f a solid, round straight wire with
frequency is well understood. For direct currents, the
resistance is the reciprocal product of cross-sectional
area and material conductivity, times the length of the wire.

On a unit length basis

T bl0
where
Rge = dc resistance, ohms/ unit length
b = radius of the wire, meters
¢ = conductivity of the material, mhos/meter

The internal inductance of a solid, round wire with uniform

current distribution is found to be [23; 27, p. 159]

L = —&—- (2_5)
de 87
where
Lge = "dc" inductance in henries/unit length

A permeability of the material

The subscript "dc" is applied to this inductance because the

13
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condition of uniform current distribution implies Zzero
frequency.

The ac resistance and reactance of round wires,
accounting for skin effect, have been computed by many
authors [i,8,19,2i]. Rigorous expressions may be obtained
as special cases of equations developed in Chapter IV, or
may be taken directly from [?E}, p. 213 with due allowance
for differences in notation., They are:

for the resistance,
s 1 5 ]
R =R __(_bﬂ__\(ﬁ(_b.m__ﬁ)_ = {M&Bﬂ_ﬂl_ (2-6)
de %% ber' u + (beit u

and for the inductance,

L = Lgo 4 Sber n)(ber' w) + (bei wilbel® w)  (2-7)
2 (ber! u)e + (bei' u)e
where
R = ac resistance in ohms/unit length

L. = ac inductance in henries/unit length

u = bVwpo
w = radian frequency

and the other quantities have been defined immediately above.
The ber and bei functions and their derivatives, ber!
and bei' , sometimes collectively called Thomson functions,
are related to the real and imaginary parts of Bessel

functions of the first kind with complex arguments., They

14
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are discussed in most books covering Bessel functions,
Reference [22], in addition to a thorough treatment, gives
numerical tables and lists of identities for both the first
and second kinds (p. 168ff). A brief treatment is also
given in Appendix B. The dimensionless parameter u, which
appears here as the argument of the Thomson functions, is a
quantity related to "skin effect". Skin depth, & , is the
distance from the surface of a conductor at which the current
has decreased to 1/¢ (1/2.71828+++) of its surface value,
Since this value is often taken as a measure of the current
penetration into a conductor, it is of interest to list here
the relation between u and & for convenience of reference.

Skin depth is given by | 2lt; 25, p. 147] the formula

& = 1INTtuo (2-8)
from which
u = bvY2 /S (2-9)

where b 1is the conductor radiuvs.

Again, as with capacitance, the question of stranding
is raised. The above Tormulas are based on a solid, round
wire, to which, strictly speaking, a stranded conductor is
only an approximation, The effects of stranding are diffi-

cult to handle analytically. 1In addition tc accounting for

15
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interstices within the conductor and the complicated
current distributions arising from skin effects, there

are second-order effects, such as the twist of the
strands. Since each of the outer six strands is wound
around the center strand, they actually form small sole-
noids. The resulting slight Iincrease in inductance is,

of course, a function of the degree of twist (i,e., the
pitch), and will offset the loss of inductance due to

the interstices to some extent, In general, it has been
found [L; 4, p. 39] that, for a wire of seven uninsulated
equal-sized strands in intimate contact, the ac behavior
is essentially the same as that of a selid round conductor
having the same conducting cross=-section., Thus, if the
strand radlus is 1r, the radius of the circumscribing
circle is b = 3r, and the radius of the equivalent solid

conductor is b,

T b2 972 = 717 (b/3)2

or (2-10)
pt = ...2_‘/3 b
This adjustment of the radius 1s made for stranded conduct-

ors in all that follows,
Expressions must alsc be found for resistance and
inductance of the seawater return. The procedure begins

with the electric and magnetic fields of an infinite
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straight wire in seawater, which may be derived from the

material of Appendix C and which have been computed by
several authors, Of several equivalent forms, those de-
rived by Von Aulock[33, De 13] are, in terms of effective~

value phasors and at a distance x from the wire:

L
7
B o= —LPAL  (ker up + 3 kel uy) (2-11)
w
H = __EEK__ (ker' uy + J kel' uy) (2-12)
2
where
W~
E = longitudinal electric field along the cable
(Z-direction in cylindrical coordinates)
v
H = tangential magnetic field around the cable
(¥ =direction in eylindrical coordinates)
f & current in the wire
Uy = xVwno

and the supercarat denotes the effective-value phasor repre-
sentation, e.g., E(x,t) =Re V3 ¥ ed¥t.* The permeability,
n, of seawater is essentially that of free space, apo [33,
Pe. 15]; the value of conductivity assumed in the work
presented here is 3.3 mhos/meter. See Appendix D for the
reasons presented. The ker, kei, ker', and kel' functions
, arise from modified Bessel functions of the second kind, and

are analogous to the previously introduced Thomson functions

*
The notation ‘Re 1is read as "the real part of"
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(ber, etc.) of the first kind. They are also discussed in
Appendix B.

The mean power dissipated in the sea per unit length
. VY. x ) \ . . .
is “Re 1E(I)[ or fEl /R; in field form the expression is

P = chf‘E’-(E)* 217 x dx (2-13)

where

mean power dissipated in the sea in watts/unit
length

javi
H

conductivity of seawater, mhos/meter

longitudinal electric field (eq. (2-11))

o t-'-iv\q

= radius of the wire (including insulation)

and the asterisk denotes the complex conjugate. This mean
power P is also equal, of course, to lf]2R, where (1l is
the RMS or effective value of the current in the wire and R

is the total resistance of the sea-return path. Then,

s -
R = %%% J[‘ Bkﬁr ux)2 + (kei ux)2Jux duy (2-14)
b Vo A

In the seawater, the lower limit of integration will be quite
small for the wire sizes and frequencies of interest, as shown
in Appendix Ej; it may conveniently be taken here as zero,

The only disquieting thought is the fact that the ker function
becomes infinite at the origin. Nevertheless, it is possible

to show (e.g., using the approximations of Appendix B) that

the 1imit of the integral in (2-14) approaches zero as the

argument approaches zero. Armed with this fact,
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the integral may be looked up [22, p. 172] and evaluateq
to yield

- u
R = - (2-15)
where

R = resistance of the sea-return path, ohms/unit
length

n permeability of seawater

& = radian frequency
Note that, as a first approximation, this resistance is

independent both of the wire diameter and the conductivity

of the sea.
The internal inductance of the sea 1s computed from

the average energy stored in the magnetic field:

v V-

U = 4 (Re{B + H jav

‘[ } (2-16)

= A_fﬁ-ﬁ* av
2 Jy
where U 2 energy in joules/meter3

v
B = magnetic induction in webers/meter?
i
H = magnetic force in amperes/meter
V = volume in cubic meters

Equation (2-16) is a general formila, true anywhere. In
this case, the volume is a unit length of the seawater
return, From circuit concepts, the stored mean energy is

also equal to ¥ L I(t)2 = 3 L]fl2, then

19



o)
LTl = Fo :!ﬁ-fi* 27T x dx (2-17)

Inserting equation (2-12) into (2-17),

L= 2;% ba;’[}::[(ker' uy)2 + (kel! ux){'ux duy (2-18)

This integral may also be found in reference [éé], p. 172,
but in general it does not assume such a simple form as
equation (2-15). However, the Thomson functions can be
approximated well by the first few terms of their series
expansions if their arguments are small enough (see Appendix
B). If, the large-argument approximations [22, pp. 179-180]
are used, it is found that the integral in (2-18) approaches
the form 'Jfg;' e'uxvaq and hence approaches zero as the

argument becomes infinite. The actual evaluation of (2-18)

is straightforward but tedious; one convenient form is:

= 2 2 uy << 1 (2-19)
L ?7-7-,- 1n 107—81 Ux ’ X ?
where
L = internal inductance of the sea-return path
henries/unit length
A = permeability of seawater
U = b 4 CUMO"

b = inner radius of the sea-return path

o0 = conductivity of seawater

«w = radian frequency
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At the upper frequency of interest, which is one megacycle
here, Neo A0 &= 5,13 furthermore only small-diameter cables
are being considered, for which bf;10'3 meter, Therefore,
the approximation of (2-19) is justified.

Because of the immense amount of labor involved in
computation of the exact expressions involving the Thomson
functions, considerable attention has been given to simpli-
fications, Appendix B gives some low- and high-frequency
approximations to the expressions obtained in this section,
Some others, worked out by Schelkunoff, will be met with in
a later section, In the numerical results presented here,
the approximations have usually been used where applicable,

Now that expressilons have been obtained for all
quantities in all regions, the propagation characteristics
can be computed from equations (1-2), in which it must be
borne in mind that R, G, L, and C are total quantities per
unit length. G has been disposed of as negligible, and C
has only the one term, given by equation (2-2)., For the
series parameters,

R = Ryire * Rsea

(2-20)

L Lwire + Lsea * Lext

where

Rwire = ac resistance of the center conductor
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Rgeq ™ ac resistance of the sea«return path
(eq. (2-15))

Lyire ® internal inductance of the center conductor
(eq. 2-7))

Lseg = internal inductance of the sea-return path
(Eq. (2-19))

Legxt ©® external inductance between coaxial
conductors (eq., 2-3))

and all quantities are, of course, per unit length., Then

equations (1-2) become

Zg =\[_z_ = [ R+ i1 (2-21)
X jasC

for the characteristic impedance, and for the propagation

constant

92 =24 2Y = (R + JLLY(jC)
¥ = y 3 jddC) (2-22)

=\ -w2 1c + JWRC

The second form of equation (2-22) shows that it may be a
dangerous assumption to neglect the inductance of a line
entirely and assume that one is dealing with an RC line

(i.e., one having resistance and capacitance only). This

is especially true at the higher frequencies, above the audio
range, Such an assumption may very well turn out to be valid,
but it ought not to be casually made, especially in the case
of sea-return lines with their large internal inductances in

the return path.
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Equations (2-21) and (2-22) have been computed over
the range of 10 cps to 1 megacycle for several sizes of wire
and insulation. The choice of dlmensions is admittedly some-
what arbitrary, being made as it is partly to relate it to
other work, and partly as a matter of convenience in design
of instrumentation; the details are not germane to the dis=-
cussion here, which 1is concerned mainly with comparative
results, Dimensions are listed in Table 2-1, Curves of
characteristic impedance are shown in Figure 2~2, and of
attenuation in Figure 2-3,

A further word about attenuation and the form in
which the results are presented may be in order at this
point. Equation (A-11), Appendix A shows that, for a line

terminated in its characteristic impedance,

—

x -3( -7’ -.x _d _"Gs -
Vg =V, e75 = ¥, e 28 o7 , Zo =2, (2-23)

g
where

.4
VS = voltage at distance s from the source
x
Vg = source (generator) voltage

2/ = o+ ;P = propagation constant of the line

s = distance from the source along the line

and the overcross denotes a peak phasor, e.g., V(s,t) =
x feot . .
Rg(¥ €« T), Then the insertion loss is given by

Loss = A4's nepers (2-24)
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Since the matched loss is the loss that is characteristic
of the line itself, it is the only interesting quantity
here. The mismatch losses (if any) due to the terminations
can be kept separate and worried about at some other tinme.
Specifically, for a line of length ., insertion
loss = dd, where 4 = Rg(»). It is this insertion loss
that is presented as "attenuvation" in the graphs herein.
For convenience, line length was taken as 4 kilometers.
In all that follows, unless otherwise specified, it may be

assumed that & = 4,000 meters.
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IIT, THE METALLIC-RETURN COAXTAL LINE

Regardless of the configuration of conductors which
will be employed, the first question to be answered con=-
cerns the return path ~- should it be seawater, or would
a customary coaxial configuration using a metallic outer
conductor be preferable? Qualitatively, the two greatest
advantages of the seawater~return are simplicity and
relatively large inductance at moderate frequencies,

This 1is due 1n large measure to the internal inductance

of the return,which 1s large because the effective cross-
sectional area is large., But .4& is inversely proportional
to VO , where & 1s skin depth, gifined in (2-8), and O is
conductivity; hence skin effects are more pronounced in
seawater than they would be in copper. Thus, over the

rather wide range of frequency under consideration, R and

L (and hence Z, and #°) will vary more than in a conventional
cable.

In a metallic~return, resistance will be greater and
inductance less at low frequencies, but at high frequencies
the opposite will be true. Hence, it is of considerable
interest to compare the examples of the previous configura=-
tion with conventional coaxial cables of the same dimensions.

Consider the coaxial line whose cross-section is

shown in Figure 3-13 it 1s the insulated wire of the previous
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section, to which has been added an outer copper conductor
consisting of an appropriate number of strands of round
metallic wire. Each strand is bare and is in contact with
its neighbors throughout its length. For purposes of com=-
puting its impedance, the return will be considered to be

a tubular conductor of imner radlus a, outer radius b,

and thickness d = b = a, Calculations of this configuration
will parallel those of the previous section, except that the
internal inductance and resistance of the seawater return
will be deleted, and the internal inductance and resistance
of a tubular conductor substituted. For the time being,
this coaxial cable is assumed to be on land, so that the
sea exerts no effect on 1t,

The general expression for the impedance (often
called "surface impedance" because of its manner of compu-
tation) of a tubular conductor in which all the conduction
current flowing in the tube returns, i.e., completes the
circuit path, via a route lying inside the tube, will be
shown later to be a special case of the equations of
Chapter 4., Alternatively, we may use directly any one of
several equivalent expressions [8, p. 5573 22, p. 149;

24, p. 21§3, whose derivations may be found in the refer-
ences cited. One convenient form is

2 & L To(fa)K1(Tb) + Ko([a)Iy([b) (3-1)
27 0a I1(/v)K1(Ta) - K1(Ms)I1(Ta)
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where
Z = R+ jawl = inmpedance of the tubular conductor
per unit length, accounting for skin effect
a = 1inner radius of tube
b = outer radius of tube
o = conductor material conductivity
= conductor material permeability
W = radian frequency
Ioﬁ modified Bessel functions of the first kind,
= of orders zero and one respectively (see
I Appendix B)
Ko modified Bessel functions of the second kind,
= of orders zero and ohe (see Appendix B)
K1

If a new parameter, v, is defined such that v =V po )
then

= v /7 = V%= (1 + j) (3-2)

and equation (3-1) becomes, by use of the relationships
listed in Appendix B,

(@ + 3 A-B - _jv A
21 oa vV C - D 27 oa C

o
1

B (3-3)
D

R

where
A= (ber va + J beil va)(ker® vb + j kei! vb)
B = (ker va + j kei va)(ber®' vb + j beit' vb)

C = (ber' vb + j bei' vb)(ker® va + j kei' va)
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D = <(ker! vb + j kei' vb)(ber® va + j bei' wva)
vV = vaao

As mentioned in the previous section, the exact expressions
for the impedance of a solid wire may be taken directly from
[3], p. 213. The same reference (p. 219) gives an exact
expression for the impedance of a tubular conductor, A
little reflection will show that the difference between that
expression, which contains Hankel functions, and equation
(3-1) is only in the choice of function to be used as a
second solution to Bessel's equation during the derivation,
This is largely a matter of personal taste, for Hankel
functions are tabulated, too |[17|. They have their infinite
series forms and their asymptotic approximations, just as do
the Thomson functions, However, only the latter are used
here,

When Z 1is computed from equation (3-3), the real
part yields the a.c. resistance, and the imaginary part the
internal reactance, of a tubular conductor at any frequency.

Unfortunately, Z does not simplify greatly upon expansion

and collection of terms. The ber, bei, ker, and kei functions,

their four derivatives, and the two arguments involved yield
12 gquantities which will appear in the function, of the 16
possible.
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Multiplication of numerator and denominator of the
fraction by the complex conjugate of the denominator leads
tc terms which are each the product of four of these
quantities. A disheartening percentage of the possible
combinations will appear; the denominator, for instance,
is the sum of 16 terms., If the exact expression mst be
used in computing Z, the last form given is probably the
most convenient.

High~ and low-frequency approximations to the modified
Bessel functions may be used for frequencies such that the
arguments are " 1" and M 441" respectively. While these
qualifications are often seen in tables, collections of
formulas, derivations, and the like, the question of
exactly how much less or greater frequently goes begging.
If a double inequality sign is interpreted as requiring a
difference 1n size at least an order of magnitude, then the
approximations may be used for frequencies where

va >/10

vh £ 0.1
For the dimensions and materials which will be under con-
sideration in this section the frequencies are, unfortunately,
about 540 ke and 41 cycles, respectively. This is half the
frequency range considered, and the half in which most of

the interesting things are happening, at that.
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The exact expression may still be avoided in the
specific case under consideration. Schelkunoff, in a
paper of basic and far-reaching importance [8, P. 557f]
states that, if the thickness of the tube is not more
than 25 percent of the tube's high-frequency (i.e., inner)
radius, use of the high-frequency approximations at low-
frequencies yields errors of less than 1%. Since the
dimensions met with here will conform to this restriction,
advantage 1is taken of the opportunity to use the high-
frequency or so-called "thin~-wall' approximations,

These approximations are given by the following

expressions, as will be brought out in Chapter IV:

Rdc(%l sinhgglf+ sin uy _ é% (i + %?i] (a)

R =
cosh uy + cos uy
. > (3-k)
= R [BL sinh u) = sin w1
wk dc‘j? cosh uj = €os uj (b)
-
where
R = resistance of tubular conductor, ohms/unit

length

=
n

internal inductance of tubular conductors,
henries/unit length

a = inner radius of tube, meters
b = outer radius of tube, meters
d = thickness of tube = Db -~ a

dv JE-

vl
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~
}

Vawno {evaluated within the conducting
material of the tube)

dc resistance of the tubular conductor,

Rdc 7
ohms/unit length =

21 gda
Equations (3-4) are not quite those given by Schelkunoff.
If the second term in brackets of (3-4a) is deleted, the
expressions for R and L are the plane-conductor (i.e.,
large-radius) approximations given by Ramo and Whinnery
and others [2%, p. 219). The additional term is the first-
order correction for curvature (it applies to the resistance
only), and is incorrect as presented in [8]. This has been
pointed out in reference [5], p. 838, which lists the correct
values (p. 869) as well as the second-order correcfion terms,
It might be noted in passing that if the frequency is very
high, further simplifications of the formulas are possiblej;
they will not be given here, but may be found in references
[8] or[33], if desired, With respect to Schelkunoff's paper
[8], careful interpretation allows us to tie down the vaguely
specific term "very high": Schelkunoff's equations (8%) may
be used in place of equations (3-4) of this paper to within
1% accuracy, if the arguments of the Bessel functions in
equation (3-1) are greater than about 6. If the arguments
are greater than 50, the first terms alone may be used.
(Most of the error is in the resistance; the inductance is

little affected.)
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The dc resistance of the tube may be computed from

the thin-wall approximation:

Rd = I (3‘5)
¢ 27 obd
where

R4qe = dc resistance, ohms/unit length

o
]

= inner radius of the tube, meters

ok
H

thickness of the tube, meters

q'
[}

conductivity of the material, mhos/meter
However, because of the geometry of the outer conductor, the
dc resistance may be computed exactly with ease; it is the
resistance of an appropriate number of circular strands in
parallel. In a sample calculation where the value was conm-
puted exactly as 5.03 x lO'ZJQ/meter, the resistance given
by equation (3-5) is only u4.24 x 10=2.n/meter. Such a dis-
crepancy is to be expected, for in assuming a field pattern
based on a cylindrical conductor one tacitly assumes the
existence of much more conductor than is actually present.
This could be compensated for, at zero frequency at least,
by adjusting one or more dimensions to some equivalent value.
A safer procedure seems to be to adjust the conductivity of
the material, for a variety of reasons., Yirst, while the
coaxial ring of conductors closely approximates a cylinder,
it is exactly the return conductor of a "cage" transmission
line. This configuration is discussed by King [19]; the ex-
pressions for the internal impedances of the coaxial- and
cage~line conductors are derived and compared, and adjust=-
ment of conductivity is mentioned as a technique. Second,
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the equations for skin-effect resistance and reactance of
a tubular conductor, or the graphs of these functions [é,
p. 5613 24, p. 22§1; show at a glance that they are functions
of the de¢ values., Given that the fields are circularly
symmetrical, their behavior with frequency depends on the
tube and the constants of the material; thus it seems
reasonable that a configuration of very similar geometry
and the same dimensions and materials will exhibit similar
behavior,

With these thoughts in mind, an adjusted conductivity

may be defined:

2
sa = gzd o~ (3-6)
where
05 = adjusted conductivity, mhos/meter
0° = conductivity of the material, mhos/meter
n = number of strands in the tube

b = radius of the inscribed circle tangent
to the ring of strands

r radius of the strands

@ = thickness of the tube of strands
As applied to the configuration of Figure 3-1, a further
simplification could be effected by recognizing that 4 = 2r.
This will not always be the case, however, as will become

evident later on, and it seems better to leave equation

(3-6) as it is,
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Then, the d.c. resistance may be computed from

R E ke ohms/unit lemgth -
de ot ° /unit leng (3-7)

The ratio 0a/0 will, of course, vary as dimensions and
spacings vary.

The manner in which the coaxial configurations conJﬁ;
sidered here were arrived at has already been discussed.
Table 3«1 lists the pértinent dimensions of the examples
computed. Attenuation and characteristic impedance curves
are presented in Figures 3-2 and 3-3. Conditions and
assumptions are the same as for the calculations of the

previous section.
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IV. THE METALLIC~RETURN COAXTAL LINE, IMMERSED

Since the purpose of the cables discussed here is
oceanographic instrumentation, they will necessarily be
immersed in the sea. If the cable is bare, so that the
return is in intimate contact with seawater throughout its
length, it cannot be assumed that the return current will
be confined to the copper at all frequencies. As a matter
of fact, the assumption may not be valid even with a
Jacket, because of the ever-present possibility of breaks,
cracks, or pin holes which may compromise its water-integrity.
If there are sufficient of these such that the metallic
return is shorted to the sea at intervals which are small
compared to a wave-length of the longltudinal current at
the highest frequency of interest, the behavior will be
essentially that of an unjacketed line. (At the maximm
frequency considered here, which is one megacycle, A pip =
300 meters in air, or about 195 meters for a polyethylene
dielectric,)

The method of attack is based on the analysis of a
laminated conductor, i.e., a conductor consisting of con-
centric layers in contact, This analysis was originally
carried out in [9], and extended in [33]. The results are
quite general and lead to many interesting points, as will

become evident later in this section,
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As in the previous section, use is made of most of
the work on the sea~return line, the principal difference
being in the calculation of the a.c. resistance and internal
reactance of the outer conductor., This time, however, the
outer conductor consists of two laminations, an inner copper
one and an outer one of infinite thickness (the sea), But,
before proceeding, it is desirable to digress long enough
to summarize the method of analysis eof a laminated conductor,
because of its extensive implications,

At the outset, let us make a point of stating explic-
itly what has been implicit in all the discussion of
propagation characteristics, transmission over the line,
and so forth. In the steady-state, as soon as frequency
is mentioned, or an w committed to paper, we are speaking
of periodic time functions. Specifically, in all that has
gone before and all that is to fellow, rotating phasor
representations of all field quantities and currents have
their time dependence given as ej“’t. It is customary in
the literature not to carry along this facter for reasons of
conciseness of notation, but to understand its presence at
the proper places. Because this is a mnemonically dangerous
practice, it seems better to use phasor notation. This is
the reason for the overmarks (carat and cross) previously
introduced, Hence

Bn n
. = (jw) (4-1)
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The problem of transmission of currents over the
structure of coaxial conductors consists in finding a
particular periodic time solution of Maxwell's equations
which satisfies the boundary conditions: continuity of
tangential electric and magnetic forces at the surfaces
of the conductors, To begin, Maxwelll's equations are

written within the conductor, making use of (4-1), From

these eguations, electric field intensities may be elimin-
ated to obtain a differential equation for the magnetic
field intensity. The procedure is undertaken in Appendix

C and in most books on electromagnetic theory; article

6.03 of reference [?Q] is one example. In cylindrical
coordinates, which are best suited to the coaxial structure,

the resulting equation is, from (C-21), Appendix C,

x
__d_.[.l_ 4] = ree (4=2)
dr r ar
where
r = radial distance from the axis of the conductor
¥
H = tangential magnetic field

[ = T

and the overcross denotes the peak phasor value, In the
derivation of this equation, the assumptlion is almost always
made that displacement current within the conductor is

negligible with respect to conduction current. If so, then
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(4=2) stands as it is. Otherwise, the above approximation
for | cannot be used to replace the exact value of the

propagation constant, which is seen from (C-7) to be

Viwps - w2€u , Here then is the criterion by which
one may decide whether displacement current effects can

be ignored., If they can, it must be true that

_WreN = e o« (4-3)
e o g

In any metallic conductor O 1is sufficiently large that
equation (4-3) holds for any frequency likely to be met

with in practice, However, we had better check the inequal-
ity in seawater, At the highest frequency of interest here,
one megacycle, WE/0 = 10'5, which 1s definitely much less
than unity., But it is seen that, as frequency mounts, sea-
water will begin to look less like a conductor and more like
a dielectric, Ramo and Whinnery [2%, p.277] give a value of
around 9 megacycles as the frequency at which displacement
current has increased to one hundredth of the conduction
current, In any case, however, (4-2) and| are sufficiently
accurate for the purposes of this investigation,

Equation (4-2) is a form of Bessel's equation, the

solution of which 1s, from Appendix Bwith n =1 and x =

[[r in (B-6),

5 = Al (I'r) + BKy (Ir) (4=Ls)
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where A and B are constants to be determined. The
modified Bessel functions I3 and K] have been met with
previously. Now equation {(4-4) may be substituted back
into Maxwell's equations (specifically, into (C-5b),
Appendix C). After use of csome identities relating the
modified Bessel functions, there results a similar ex-

pression for the longitudinal electric field:

*
B

(r/0) {ATo([r) - BKy(Tr)] (4-5)

where A and B are the same constants appearing in (h=i),
Some labor is involved in the calculations.
The two expressions (4~4) and (4-5) can be applied

to any conductor configuration in cylindrical coordinates.
Let it apply specifically to a tubular conductor, Figure
4«1, which has an inner radius a and an outer radius b.

In the most general case, the current in the tubular con~
ductor may return to the source through two paths, one
within the tuvbe and the other lying outside, Let the total
current in the conductor be Iz + Ip, and let ths portion Iz
pe the return current which flows inside the tube, the re-
mainder Ip flowing outside. Then the constants A and B in
equations (4=4) and (4-5) may be evaluated by applying
Ampere's Law at the inner and outer surfaces of the tube,
where the magnetic field intensity is known:

a
27 a

o }
]
o

ﬁ(a) - )

(L-6)
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X

% - Iy - _
H(b) = ST T sy =D (4+-7)

The minus sign appears in (4-6) because current is taken
as flowing in the positive direction within the tube.

If (4-5) is written at the surtaces of the tube (r = a
and r . b), and (4~6) and (4~7) are substituted in these
expressions, simple manipulation yields the values of A
and B, Collection of terms then ylelds equations which

have the form
-

X X
S(a) = Zala + Zlp (a)
> (4+-8)
X X X
E(b) = Zelg + ZpIy (b)
where

ﬁ(a) = longitudinal electric field at the inner
surface of the tubular conductor

E(b) = corresponding quantity at the outer surface

fa = portion of current flowing in the conductor
which returns to the generator by a path
lying in the hole within the tube

Eb = corresponding quantity returning over a
path outside the tube

Zg = ""Surface impedance" for internal return
current

Zy = "Surface impedance" for external return
current

Zt = "Transfer impedance" (The development of this

expression again requires the use of -
modified Bessel function identities.)
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It is now obvious where the name "Surface impedance" comes

from. Together these last three quantities define the

resistance and reactance of a tubular conductor at any

fregquency.

The expressions for these impedances, developed in

the manner just described, are:

Zg = r To(ra) Ki(rv) + Ko(ra) I1(5b)
2w 0a I1(rb) Kj(Fa) - K3("b) I)Fa)
Zb = r Io(rb) K]_(r‘a) + Ko(rb) Il.(ra)
21M0b I1(b) Ky(ra) - K3(fb) Ij(ra)
Zy = 1 1
2w 0ab  I1(rb) XKilra) - K1(rb) Ij(ra)
vwhere

r = Viewo

1

o
1

outer radius of same, meters

-

(a)

Lr(b) (4-9)

(e)

inner radius of the tubular conductor, meters

Zay Zypy 4t = 1impedances of previously defined, ohms

per unit length

As was done in Chapter 3, equations (4-9) may be put in a

form somewhat more convenient for computation ﬁith the aid

of a few identities from Appendix B and patience in algebraic

manipulation, The results are
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Za *© 23:@ g:g | @
Zp & =i E - F L (p) (%-10)
21 Bb C-D
4 = Eﬁgzhb C E D J e
where
A = (ber.va + j bei va)(ker' vb + j kei! vb)
B = (ker va + j kel val(ber' vb + J bei' vb)
C = (ber' vb + j bei! vb)(ker' va + j kei' va)
¢ (4-11)

D = (ker! vb + j kei! vb)(ber' va + j bei! wva)
E = (ber vb + j bei vb)(ker' va + j kei' va)
F = (ker vb + j kei vb){ber® va + j bei' va)
v = Japo Y

Just as in the case of the dry coaxial line con-
sidered earlier, there are approximations to the expressions
(4-10) - (4-11) which, while not simple, afford a consider~
able improvement in ease of calculation, The restrictions
and qualifications on their use, which were mentioned in
the previous chapter, apply to them all., Specifically, it
is the relative thinness of the laminations that permits
the use here of asymptotic expressions for the modified
Bessel functions, Then separating the resulting quantities

into real and imaginary parts gives
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(4=-12)

[y s + sin v 3 )
1w sinh up + sin uy éL 1+ 38 (a)
2w 8da | 2 cosh uy - cos uy a b

] inh uy - sin u
up si 1 1
D7 0da |7 cosh uj - o8 U (b)
1 w] sinh uy - sinuy g 35)
— +
S 0ab |2 cosh w; —cos m T BB \- T b (e)
o
1 ‘él sinh u; - sin u (@)
2T 6db |2 cosh uj - cos Uy
1 u u u
u sinh™5 cos “% * cosh “% sin “%.7 (e)
2T odyab cosh uy - cos 1y N
U u u uy -
u [;inh—% ofel: —% =~ cosh —% sin ~% (£)
27 vdvab L cosh up - cos uy .
4
R = resistance, ohms per unit length
I.. = inductance, henries per unit length
a = inner radius of tubular conductor, meters
b = corresponding outer radius
d = thickness of tube = b - a
up = vdv2 = 4 vya2duo
¢ = conductivity of conductor material, mhos/meter
A = permeability of conductor material
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designator referring to return
current flowing within the tube
(internal return current)

subscript a

corresponding designator for
external return current

subscript b

subscript t designator for transfer quantities

W = padian frequency

A reminder is made again about the first-order correction
terms to the surface resistances, as discussed following
equation (3-l4),

By now it has probably been noted that equations
(3-1) and (4-9a) are identical, as are {(3-3) and (4-10a),
and finally (3-4a & b) and (4-12a & b) respectively. This
is only to be expected, for a glance at equations (4-8)
shows that if the external return current Iy is zero, we
have just the case of an ordinary coaxial line; it is
seen to be a special case of the more general case treated
here.* In computing Rz and L, in the previous chapter,
the factor outside the square brackets was called Rgce.

There seems to be little profit in continuing the notation

*A second glance shows that, for Iy = O, the field
is not necessarily confined to the space between the con-
ductors; it has a value at the outer surface of the conductor
which depends on the current in the conductor and the trans-
fer impedance. Of course, as the layer becomes thicker and/
or the frequency lncreases, this field becomes weaker, but
it is a mistake to say that none exists, As a matter of fact,
for thin-wall structures where the ratio of radii is not
greater than 4/3, the external field due to internal currents
is still about one-tenth of its dc¢ value when w; = 10,
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in the present case, for the factor differs for each of
the impedances in (%-12). It is worth noting, however,
that in every case 1t corresponds to a dec resistance per
unit length which is calculated using the inner radius of
the lamination (for internal return current as in the dry
line), the outer radius (for external return current), or
the geometric mean radius (for the transfer parameters),
In calculating these resistances, it will again be necessary
to adjust the conductivity, as was done for the R3e term,
in any cases in which one must account for the fact that
a conductor made up of smaller strands is not really a
smooth tube. An adjusted conductivity will be used in the
factors corresponding to Ry, in the expressions for surface
resistances and reactances, but not in the arguments u and
V.

Up to this point the discussion has centered on
the properties of a single tubular conductor. Since any
layer of a laminated conductor is just a tubular conductor,
all that remains is to match up the fields at the boundar-
ies between layers, in terms of the current in each layer,
and the properties of the laminated conductor are thereby
determined, The procedure 1s carried out in Appendix F,.
The result is a pair of recursion formulas which, as

applied to an outer conductor, take the form
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Zg o
Z - —— ————
am Zbm * Za,m-1

(4-13)
Ztwm 2t .m-]

Zbm + Za,m-1

surface impedance, for internal return
current, of the first m laminations
(starting with the outermost lamination
as No. 1 and counting inward), ohms per
unit length

corresponding transfer impedance, ohms
per unit length

surface and transfer impedances of the mth
lamination, ohms per unit length

Zam 1s required, for there will be no conduction current

returning outside the complete structure by hypothesis.

definition of 25y and 2Zty, it is obvious that

and

Za1 * Za]l
(4=1k)

zt1 * 44y

Thus, for any conductor having k laminations in all, it

is just the quantity 2zax, as determined by (4-13) and

(%-14), which is sought; this gives the ac resistance and

internal reactance of the conductor at any frequency.

The

quantity zy) 1s also available if desired.
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In the present case, the outermost lamination is the
sea, the internal impedance of which may be computed from
t~9c). For the seawater lamination b =o9; if the limit
of (4-9c) is taken as b->eoe, it is seen that Zty] = O.
Reference to (4-13) then shows that if Zy1 = 0, all zip
will also be zero. Such a result is intellectually very
satisfying, for the transfer Impedance 2z} 1is a measure
of the field outside a tubular structure due to current flow-
ing inside 1t, and it is difficult to see how to get outside
such é structure if it has an infinite radius,

Before leaving these theoretical considerations for
calculation of some specific cases, it is worthwhile to
digress yet a little further and savor once more equations
(4=9), the expressions for surface and transfer impedances
of a tubular conductor, It has already been stated that
these expressions are quite general, and so they are; for
they apply equally well to tubular conductors whose inner
radius is zero, or whose outer radius is infinite. Consider
(4-9b), the surface impedance for external return current;

for the former case it may be rewritten in the form

Iy(ra)
- Io(rb) + Ko(I'b) K ray .
Z = 1lim — - -
Diso a>o | 27T0b 17 G b) - K1Qb) I1(ra) (+-15)
Ki(ra)
Now, 1lim Ij(la) = 0, and 1im K3(la) =00, leaving the well-
a->o a>0

known [é2, p. 1403 24, p. 2123 27, p. 15i] expression for the
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impedance of a solid round wire:
Zwire * TEooe 0BT
where

b = radius of the wire

After rewriting (4-16) in terms of Thomson functions
(Appendix B) and performing some minor manipulations, there
results the form

= Jv ber vb + j bei vb (4-17)
Zuire 2776b  ber' vb + j bei’ vb

where

b radius of wire

v V wpo
If the denominator of {(4-17) is rationalized and terms of
the fraction collected, it is found that the real part of
the resulting expression is just equation (2-6), and the
imaginary part is & times equation (2-7), which is only
to be expected.

A similar procedure can be undertaken for a tubular
conductor whose outer radius is infinite; this should yield

the expressions for the impedance of a sea-return., Equation

(4~9a), the expression for surface impedance with internal
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return current, is rewritten in this case as:

K1(rb)
1
K
Zol = lim |melem— o T0D) o) (4-18)
bZoe by 21 oa Kltrb)

Ki(ra) « Ip(ra) m

This time, 1im Ky(I'b) = 0, and 1lim I1(rb) = e, and the
b 300 b0

result is an expression quite analogous to (4-16):

z - r Ko(ra) (4-19)
Sea 2moa K1(ra)
where
r = Jwno
a = inner radius of the infinitely thick hollow

tube (radius of the "hole" in the sea)

In terms of the Thomson functions, (L4«19) becomes

= -3V ker va + j kei va (4=20)
Zsea 2imoa  ker! va + j keil va
where
v = Jwao

If the same procedure of rationalization of the denominator,
multiplication, and collection of terms is undertaken, it

can be shown that the real and imaginary parts of the result-
ing expression correspond to results previously obtained,

The Thomson functions of the second kind are unwieldy and

the algebra is therefore not so straightforward, but the
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procedure is carried through for the real part in
Appendix E to illustrate the procedure,

The dimensions of the cables ealculated in this
chapter are listed in Table 3~1 of the previous chapter,
since the cables themselves are identical and only the
surrounding sea has been added, The internal impedance
of the center wire, the capacitance, and the external
inductance have all beéeen calculated in the second chapter.
Internal impedance of the sea was also calculated there;
the resistance term, which is independent of radius, can
still be used but the reactance will have to be redetermined
because the copper outer conductor has now added thickness
to the cable. Impedance of the copper layer was determined
irn the third chapter, The results of this chapter show how
to combine the effects of the separate laminations. Then
calculations of attenuvation and characteristic impedance
proceed as before. Results are presented graphically in

Figures 4-2 and 4-3.
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V. LINES WITH STEEL
A. General

Up to this point the theory as presented has been
general enough to accommodate materials of any kind, but
all the lines considered have contained only materials
whose permeability was essentially that of free space.
Since one of the stated goals of this investigation is a
cable with a breaking strength higher than that obtainable
using only copper or other non-ferrous materials, it is
obvious that any acceptable design will be based largely
on the question, not of whether steel will be included,
but of where steel will be included. As far as the mechan-
ical requirements are concerned, it 1s sufficient just to
have the necessary strength members present, but their place=-
ment within the cable can make a big difference in the
electrical characteristics,

Qualitatively it is not hard to predict what the
effects of the steel will be: resistance will be higher,
first because of the lower conductivity of steel, and
second because, as equation (2-8) shows, skin effects will
be more pronounced than in copper at any given frequency.
On the other hand, internal inductance and hence total in-
ductance willl also increase, which is always desirable for

the propagation characteristics of the line., In addition,
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the rate of change of skin depth, -%%L , Will be smaller

since it varies inversely as Vv i1 . It is expected, however,
that the disadvantages will cutweigh the advantages, This
expectation is the motivation for the practice followed in
this sectien of additionally computing each sample cable as
if it were nonmagnetic, in order to give a basis for direct
comparison, Since the signals to which the line is to be
exposed will be small in the present application, the
assumption will be made whenever steel is encountered that
pr 1s a constant, and that hysteresis effects are small

enough to be negligible compared to other losses.

B, Steel-Core Line

The first cable sample to be investigated is the
simplest configuration usipng steel: it is an ordinary
coaxial configuration, in which each of the seven strands
making up the center conductor is now of carbon steel of
very high'tensile strength instead of copper. The outer
conductor is a ring of copper strands, as in previous
cables., A cross=section of the sample would leok quite
like that shown in Figure 3-1, except that the center and
outer conductors are of different material,

The configuration is not difficult to compute; all
that is required is to use the appropriate value of

in the equations already developed in Chapters 3 and b,
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The results, both for the actual line and the correspond-
ing all-copper ca&se are shown graphically in Figures 5-1
and 5-2. As 1is only to be expected, this line, while
strong, has a relatively high attenuation which becomes
especially objJectionable at the higher frequencies,
Breaking strength of the sample was about 170 pounds.

C. Bimetal=-Braided Line
The design of the next cable sample is based on

the premise that the center conductor is a bad place for
the strength members, at least in a cable with such
strength, diameter, and bandwidth requirements as are
stipulated here, If the steel is moved to the outer
conductor, the same cross-sectional area will displace
proportionally less copper, and the steel is likely to
do less damage to the propagation characteristics,

In this sample, the center conductor is again composed
of seven copper sirands; the novelty of the configuration
lies in 1ts outer conductor which represents at the
least, an unusual capability in cable manufacturing.
This outer conductor is a woven braid (having one
strand per carrier) in which each strand is a bimetal

conductor similar to the steel-cored, copper=-coated
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conductors known generally by the trade names "Copperweld"
and "Copperply." The braid is laid on at a very shallow
angle (almost parallel to the axis of the cable); the exact
figure was not furnished by the manufacturer, but appears
from inspection to be about 24 degrees. A cross~sectional
diagram of the sample is shown in Figure 5-3,

Nothing that has been presented so far will enable
us to handle an outer conductor of such complexity, for
the fields are almost impossible to describe exactly, and
not at all worth the effort for any practical purpose., The
logical answer is to try to arrive at some sort of “equivalent
circuit" which is more easily calculated and will give satis-
factory results, at least over a limited frequency range, A
considerable amount of work has been done by various investi-
gators in characterizing braided conductors. Among the
unclassified papers on the subject, reference [BQ] is a good
example., Most of these, however, are limited to frequenciles
well above the range considered here, where most present-day
applications for cables exist, where losses are greater, and
where it is especially necessary (and at the same time more
difficult) to be able to predict and compute the electrical
behavior of the conductor, Fortunately, the problem ought
not to be so severe in this case, because the frequency is

lower, But at this point it will be necessary to digress
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long enough to provide some sort of rationale for the

assumptions which are made later in calculating the pro-
pagation characteristics of this cable, The digression
forms the major portion of this section.

If the outer conductor of a coaxial cable is braided,
and if each of the strands making up the braid is a bi=-
metallic wire consisting of an iron core over which a layer
of copper is plated or welded, then the cable geometry
becomes extremely complex. Not only are all the strands
of the brald no longer parallel to one another, but they
rise and dive over and under one another in their passage
along and around the cable, As indicated previously, it
would be almost impossible to obtalin an exact expression
for the fields as a function of current distribution in the
braid. The cable sizes and frequencies dealt with here are
such that internal inductance of the outer conductor cannot
always be ignored with respect to external inductance, but
it would be better to do so, or to make an outright un-
supported guess, than to attempt an exact solution under the
circumstances.

There is one feature of the braid, however, that points
the way to a possible method of attack: its periodieity. By
this 1s meant that the lay of the strands of the braid is

periodic in space, or alternately, that if we choose properly
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We can cut & small volume from the braid, within whieh the
placement of the strands is the same as in any other iden-
tical small volume, A convenient approximate representation
is shown in Figure 5-4, Then it may be possible to arrive
at some set of average values which will characterize the
braid sufficiently well for making comparative estimates of
various cables. The basic method used here is adapted fronm
Sakurai [7], who used a similar procedure in connection with
his investigations of ﬁrtificial dielectrics,

The key idea 1s the concept of "macroscopic" or
average dielectric constant, permeability, conductivity, etc,
Assume the structure of the material under investigation to
be periodic along all axes of the coordinate system, and that
the periods are all small with respect to the wavelength of
any electromagnetic waves present. Finally, assume that
permeability, conductivity, dielectric constant, etc,, are
constant.,

Since the primary interest is in the average permea-
bility, the following procedure will be carried out in terms
of the magnetic field intensity, although the results are
equally valid, and the procedure is exactly the same, for
the average dielectric constant and the electric field.

Assume a small long cylinder of circular cross-section,
perpendicular to the plane of the paper and situated some=-

where in an area A A, The area will be taken as a rectangle
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of width a and height b with axes parallel to the co~-
ordinate axes. (Such a restriction avoids unnecessary
complication and is convenient, but there is no loss of
generality since the analysis holds for any coordinate
system, including non-orthogonal ones). If the analysis

is undertaken for unit length of a very leng cylinder,

the three~dimensional problem of [7] reduces to a two-
dimensional one. Periodic volume AV becomes periodic
area A A, etc. Let the cylinder have permeability mj,

and the remainder of the area A A have permeability pmg,.
A A 1is the "period" of the macroscopic configuration of
which the small cylinder is a part, Let there be a uniform
static field Hy which lies in the plane of the paper
parallel to the X-axls. All dimensions are small compared
to a wavelength of the field., For the present, the cylinder
will be assumed not to carry current, so that the field
intensity is derivable from a scalar potential function ¥ .
The boundary conditions which must be satisfied at the surface
of the cylinder by the static potential ¥, outside the
cylinder and the static potential ¥/; inside are

Vo = ¥ (5-1)
and
NQP-ZL = }lléﬂ_ (5-2)
ar dr
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-~

These conditions are simply reiterations of the well-known
facts that the tangential component of the magnetic inten-
sity, and the normal component of the magnetic flux density,
must be continuous across any boundary. Radius vector r

is centered on the axis of the cylinder, Almost any book
on electromagnetic theory (e.g., [29, Sec. A.Oi] gives the
solution for the corresponding problem of a dielectric
cylinder in an electrostatic field. Because of the analogy
between magnetic and electric quantities, the results may
be carried directly over in the present case by substituting
B for D, H for E, and mr for €, [23, p. 288f]. Thus we
show that, in this case, o and #1 may be written as

- r1
-2 ()
Vo °[ ﬁl*ﬁo ](r °°s ) (a)
) (5-3)
! - =<l
= ¢ Ho r cos © (b)
¥y T o
where
ry = radius of the cylinder, meters
T = radial distance from the cylindrical axis, meters

& = angle between 'ﬁg and radius vector T

and the other quantities have been previocusly defined., Now
if the gross structure is periodic, then the macroscopic
value of whatever parameter is sought is the same over any

period A A, and must not be a function of the location of A A.
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A A is now taken for convenience with its center on the
axis of the cylinder, and we proceed to find the average
valne of m over AA,

To do this we find first an average value of B.
A difficulty immediately presents itself: because of the
distortion of the field due to the presence of magnetic
materialj B does not have the same direction throughout
O A, However, along the line through the center of the
cylinder perpendicular to the external field (along the
y=axis in this case) B has the same direction both inside
and outside the cylinder, and is maximum, Then the assump~-
tion is made that a value for the flux threading the
perioedic volume (A A times unit length) can be obtained by
finding the flux threading the rectangle b times unit
length, where b is the height of & A and of the periodie

volume, Let us reason as follows:

f‘fa'dA
A

= (B)(b)(1) o (5-%)

Flux, ¢

I‘}_ - -
2[ p.lHldy+2f Mo Ho dy
)

So that

i;

B
and

(5-5)
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where the averbar denotes an average value, The integra-
tion in (5-4) should, of course, be taken from -b/2 to
b/2, In order to shorten the algebra, advantage is taken
of the symmetry of ¢ about the x-axis by integrating over
half the distance and doubling the result, as shown,

The field intensity H is obtainable from the

potentials as

He VY (5-6)
and in polar coordinates,
v ¢ ‘é‘;f'y'“r*‘l"fg' Uy (5-7)

where _‘;r and i‘{’ are the unit vectors in the r- and ¥-
directions respectively. Since 'ﬁo has been taken for
convenience paraliel to the x-axis, the angle © between
the radius vector T and Hy, is identical to the angle
¢ of the polar coordinate system, Since the integration
of (5-4) is to be taken along the y-axis, " must be
evaluated at €= €= 7/2, In general, the intensity
inside the ferromagnetic cylinder is, from (5-3b) and (5-7)

H = -v¥,
- ﬁ Hy (u, cos € - u,e‘sinfe)
and along the y-axis
5 = -Vg a- o HoUe  (5-9)
@= T2 MLt R
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The general expression for the intensity over the rest of

A A is, from (5-3a) and (5-7)

—

Ho = -9¥,

-

2
Ho[(cos ¢) 1+ %H) b, +
r

2 -—
(—r sin o+ T1_ML - Mg sin 9) “.2.] (5-10)
Evaluating (5-10) along the y-axis gives
N T 2 -
H, = -wyl = -H, (1 - M -;12-) U (5-11)

e =7/2

vhere, for convenience, we define M = é%%,iﬁ%%_

Both H) and H, are seen to lie here entirely in the
negative "f;@- direction, which, for = 7/2, 1s just the
positive 751 - direction ef rectangular coordinmates., Thus
the vector notation may now be dropped and the remainder of
the analysis carried out in terms of magnitude only.,

Substituting (5-9) and (5-11) imn (5-4),
r

Bb = 2y »2‘1:;1 Y"'aﬂloI Ho l-M-}-)dy (5-12)

Straightforward imtegration and algebraic manipulation then
yield 2
B = nmgHy (1 + M) (5-13)
b
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and hence, from (5-5),

it '-'-Mc(l""'"}?' ii#-:i: (5-14)

If the dimensions of A A are large with respect to the
radius of the cylinder, the value of r12/ b2 on the
circumference of A A will be small compared with unity,
The contribution of the ferromagnetic material will be
small and A will approach pgo. Unfortunately, the value
of rl‘?/b2 will not be small in the present instance.

The exact value of a1 depends very much on the
size and shape of A A, which is itself open to debate,
To get some feel for the size of i, let us assume a
convenient but reasonable A A, Reference to Figure 5-4
shows that, if a woven braid is to be described by this
periodic approximation, the rectangle A A must be at
least ULrjy meters square, This is a convenient shape in
that it simplifies the mathematics, yet at the same time
its size provides a realistic and not overly favorable case.
If A A should turn out in practice to be larger so much the
better, for the effects of proximity to the strand will
thereby be lessened.. With the above choice of size and
shape for A A, b (and alse a) will be L4r; meters and

there results

5 = ,.,o(u_g_), b =l (5-15)
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Thus we have a general idea of the magnitude of s
if the strands are nonmagnetic, or small with respect to
the spacing between them, a/u, could be as small as unity;
if the permeability of the strands is at all appreciable
and/or they are tightly woven, i is increased somewhat;
fer the case above and a strand permeability m; = 100 ag,
I = 1.245 p,.

The factor r12/b2 may be written in terms of the
cross~sectional areas &4 A and A, Doing so may appear to
introduce an unnecessary complication, but the reason fer
it will become evident shortly. The area of & A is ab,
and that of A; wri°. Then

2
Ao - omp T (5-16)
DA ab a be
se that
2
s N A (5-17)
b AA
where
AA = cross-sectional area of the periodic volume

A} = cross-sectional area of the ferromagnetic
cylinder

K = %%r s 8 constant depending on the proportions
of AA

Then (5-14) may finally be written in the alternate ferm

A -
AL = A (1 + K, Ai H) (5-18)
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where K = .%%._%_. and the subscript on i denotes that

Hy 1is perpendicular to the axls of the cylinder.

At first it may seem surprising that the steel should
have so little effect on average permeability, even when it
constitutes a fairly large percentage of the shield volume,
but this is a consequence of the fact that the field is
required to satisfy boundary conditions involving a unity-
permeability medium. In other words, it 1s a consequence
of the demagnetizing effect,

In the foregoing, it was assumed for convenience that
no current was flowing in the metal within A A, so that curl
H = 0 inside as well as outside the metal, and the conditions
of continuity were as given, But these conditions must hold
even when one (or both) of the media forming the interface
carry current, (The application of the boundary conditions
when curl H 3 O is discussed in [15, Chap. 12].) But
our purpose so far has not been to describe the total field
around a strand when the braid carries current; it was to
arrive at a basis for assigning an average value for the
permeability of the bralded conductor by examining a field
in a section of this composite material., The existence of
the field was given and, if one likes, can be thought of as
being set up by some other strand.

It seems best to pause here to review the analysis so

far, and to recapitulate the assumptions, The braided con-

ductor which is to be described is assumed to be made up of
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a large number of identical bulilding blocks, of the form

of or similar to Figure 5-5, which are placed end-to-end

and side-by-side, and are possibly also stacked "vertically",
i.e., in the radial direction, in the most general case.
Each block consists of bimetal conducters surrounded by a
dielectric, At the moment, we are searching for an average
permeability which can be assigned to a hypothetical homo-
geneous conductor which fills the block. To this end we
have arrived at an average permeability for a block contain-
ing a straight, circular, cylindrical, ferromagnetic
conductor; the black 1s situated im a uniform field so that
the cylindrical axis is perpendicular to the field, (Impli-
citly in such an arrangement, the composite conductor is
"developed®, 1.e, unvwrapped and straightened out flat, but
this causes no great concern since we reiterate that the
interest at the moment is in the macroscopic properties of
the material, and not in the field of a given current
distributien.)

It was seen that the average permeabllity of the
braid depends in part on the fraction of the volume of the
block occupied by ferromagnetic material. In additiomn, 1if
the braid structure 1s periodic then integrating over the
volune (A A times unit length) gives the same result no
matter where the volume is taken. Or, what is the same

thing, the result is the same no matter where within A A
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the cross-section of the cylinder lies (as long as the
cylindrical axis remains perpendicular to the field).
These assertions form the basis of the next two approxima-
tions: (1) as far as its effect on the value of A 1is
concerned, we may ignore the fact that the cylinder is not
straight, especially since its curvature will be periodic
in the long run, and (2) the presence of two cylinders
(strands) in A A 1is conveniently handled by simply
doubling the area of the single cylinder in the formula
for j. Again, both assertions carry the qualification
that the cylindrical axis is perpendicular to the fisld.

This qualification represents the remaining discre=
pancy between the building block which we wish to analyze
and the building block for which we have an analysis. In
Figure 5«5, the strands cross, and neither has its axis
perpendicular to the plane in which the field vector is
taken to lie. To take account of this, it will be helpful
to return to the idealized straight cylinder at the center
of AA, This time, however, let the field be parallel to
the cylindrical axis. Then the H-field is not distorted
by the cylinder, and by the condition that ¥ = #7 on
the boundary it 1is the same inside and outside the cylinder,
Then H = H, = Hj. Now, if m =, throughout A4, we
could write B = moH, but in fact B = uyH within the
cylinder; therefore
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= . M - Mg f

B= F —— Hy 4A -1
Since H; 1s constant over the area of the cylinder,

B = ampHg + (1 - uy) Hp -Z&i'— (5-20)

which leads to

Fuowomo(1e A 2az2e ) (5-23)
Thus it 1is seen that the average permeability of a building
block containing a ferromagnetic cylinder depends very much
on the direction from which the block is viewed. The same
effect is obtained if the cylinder is canted at an angle 6~
to the z-axis of the periodic volume. Then the field H,
makes the same angle 6 with the normal to the cylindrical
axis, and H, can be resolved into components tangent and
normal to the cylinder which are given by Hg sin & and
Hg cos & respectively., It 1s seen that the average permea-
bility A of the block of Figure 5-4 will have some
intermediate value between j; and ﬁﬁ s, depending upon
the volume of the steel and the angle at which it is laid.
The basis for the final assumption lies in the principle
of superposition and the expression for the energy in a

magnetic field, which was given earlier,

U = 3 [Re B« B* av (2-16)
v
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Remember that Ai; and 1‘1“ are average values over the

entire periodic volume, derived for two specific direc-

tionsj we calculate the total energy as
U = %flﬂoz = 'é'/u" (Ho sin €)2 + -ﬁj n, (Hy cos )2 (5-22)
from which follows
A = my cos? &+ sin? 6~ (5-23)

or, in its complete form,

_ - AL By - Bo\.
n'—'ﬁoK1+KA i ”°)cos29'+ (1+ 121 p°)s1n2e;‘

AA M)+ Mg AA 1) * po
where (5-24)

;o1 = permeability of ferromagnetic material in
the braid

Mo = permeability of the rest of the material
(including air gaps or space) of the
braid

A

ih = fraction of the (periodic) volume of the
braid occupied by ferromagnetic material

& = angle between axis of the braid strands and

axis of the cable

Ky = a constant, (4/m)(a/b), where a and b

are respectively the width and the height
of the unit volume

There still remains the question of an average value
for the conductivity of the composite conductor. This is
easily handled by the following procedure, which is readily
seen to be an extension of the method used to adjust the

conductivity of the all-copper line in the previous chapter.
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Here, however, we will continue to work with the periedic
cross-section A A, rather than the entire braild cross-
sectional area, which consists of some integer number of

identical A A's, The cenductance of the periedic volume

is given by
= 2ok (5-26)
where
g = conductance (per unit length)

o

average conductivity

L= (unit) length
If all calculations are made on a per-unit-length basis,
A= 1 and need not be carried along, The area A A
contains some number of conductors of steel, having
together a total area of Ap,, and the same number of
copper conductors, having together a total area of Agy.
Conductivity of the steel is Org, &and of the copper Ocy.
All these conductors are in parallel, so that their con-

ductivities add directly.

Then
g = CAA
(5-27)
i = Ofrg Are + Oculey
which leads immediately to
_ A A
0 2 Opg —o + Opy —n (5-28)
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where
0 = average conductivity of the bimetal braid,
mhos/meter
Ore = conductivity of the steel, mhos/meter
Ugu 2 conductivity of the copper, mhos/meter
Afe - fraction of the (periedic) volume of the
AA braid occupied by steel
Acy = corresponding quantity for copper

AA
Armed with the above two constants, § and O , we now
assume that the braid is replaced by a homogeneous tubular
conductor te which these constants apply, and compute the
transmission characteristics as we have done in previous
chapters.

The reader may be left with some apprehension as
to the validity and rigor ef the approach just presented
for computing the braid characteristics., Probably the
best defense that can be given lles in the folleowing two
points: (1) As mentiened previously, almost any reasonable
guess is preferable to the task of computing the fields
exactly (if it can be done at all); to use a metaphor
common among engineers, we have at least narrowed the
search for first base to the ball park; and (2) the most
important fact to be gained from the foregoing analysis
is that the effective permeability of the braided structure
will be considerably less than the permeability of the steel

70



NOLTR 67-22

itself, and will not vary widely from that of nonmagnetic

material; something less than an order of magnitude should
generally be the rule for strands laid on at small angles

(20 degrees or less),

There is one other factor which serves to make the
struggle for great accuracy unnecessary, at least in the
present circumstances, and that is the variability of nu
(and O) for a given steel wire from batch to batch and
from manufacturer to manufacturer, But it is seen that
in the present configuration the effect of the permeability
of the steel is reduced to a relatively minor importance.

The dimensions and other vital statistics of the
bimetal-braided cable are presented in Table 5-2., Calcu~
lated results for both the sample and the corresponding
all-copper case appear in Figures 5-5 and 5-6. Breaking
strength of this sample was about 70 pounds.

D, Copper Coaxial Line with Steel Overbraid

The last steel-bearing cable to be considered is a
combination of types previously encountered., Its base is
a coaxial line like that of Chapter 3, with a stranded
copper center conductor and a ring of bare copper wires
in contact as the innermost layer of the outer conductor,
Over the copper 1is woven a braid of high-tensile steel

strands to provide strength. The cable has no jacket, so
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that in operation the sea will penetrate into it as far
as the outer surface of the dielectric, Since seawater
is so much less conductive than either steel or copper,
it is ignored amid the metallic strands for simplicity.
After conductivities and permeability are adjusted in
accordance with techniques previously described, there
results a cable with an outer conductor of three lamina-
tions: copper, steel, and sea, Other than the labor of
c omputation, the configuration presents no particular
difficulties.

The advantage of an arrangement of conductors such
as that occurring in the present sample is that the high-
conductivity material (copper) 1is located in just the
regions into which skin effects tend to crowd the current
as frequency risess; the steel is placed on the outside,
where it has less effect and soon tends to fall out of
the picture altogether, The price paid for this, of course,
is that if the overall cable diameter must be held to an
upper bound, then only two choices are possible, both of
which tend to raise the attenvation of the line. Either
the spacing between the conductors is made smaller, which
increases capacitance and reduces inductance (both bad),
or the dlameter of the center conductor is reduced from
the value it would have in an all-copper line in order to
maintain the optimum 3.6:1 ratio of conductor radii, This

increases resistance (aga;n bad). Naturally these comments
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do not apply if the ¢verall diameter can be increased when
adding the strength memberj in that case the only price
paid for this configuration is the additional cost of the
cable,

A diagram of the cable construction is shown in
Figure 5-7. Dimensions are given in Table 5-3, Graphs
of characteristic impedance and attenuvation appear in
Figures 5=8 and 5-9 respectively. Instead of the corre=~
sponding all-copper case, computations have heen carried
through for a line consisting of the core, dielectric,
and innermost layer of the cuter conductor only, i.e.,

the configuration of Chapter 3.
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VI, DATA TRANSMISSION

Now that the electrical properties of the bimetal
path are known, the next most important question becomes,
"How good (or bad) is the channel for the transmission of
data? What can we reasonably expect to accomplish, and
what, if anything, can be done to lmprove matters?" This,
of course, is a hig question, and any answers given here
are certainly not going to exhaust the subject. Much
depends upon the character and strength of the signal, the
character and strength of the noise, and the terminal
equipment at the ends of the line. Tet us first, then,
enumerate some boundary conditions which we will assume
to limit and simplify the discussion:

l, The effects of cable self=-generated noise and
amplifier noise figure will not be considered. This
simplification implies that the signal-to-noise ratio at
the output of the amplifier terminating the line is suffic-
iently high at all important frequencies, and hence the
large attenuations encountered in these small~diameter
cables can be overcome without penalty by sufficient
amplification.

2. The information to be transmitted is digital.
It is a binary (two-level) non-return-to-zero (NRZ) data
stream. The desired transmission rate is constant and for

discussion purposes will be taken as 40O kilobits per second.
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3. Transmission over the cable is in one direction

only.

4+, Appropriate sampling and pulse-reshaping cir-
cuitry is available at the receiver, if needed. Hence, it
is not necessary that the data stream at the output end of
the cable be as clean, square, and noisefree as it was at
the input end, as long as the signal-to-noise ratio exceeds
certain definite minimum values determined by such considera-
tions as channel capacity and error rate (see below).

The temptation to regard the transmission path as
simply an RC line, of which an analysis has been made
ﬁ3, De 307f£] must be resisted if the bit rate is to be
as high as 400 kbps, for it has been seen in previous
chapters that inductance becomes appreciable at the higher
frequencies, giving an inductance loading effect to improve
transmission signal resolution, but at the cost of still
greater signal attenuation., The dividing line is the point
at which the inequality «w« —%ﬁ is no longer a valid
assumption.

The signal-to-noise ratio required to transmit binary
information at a given rate and for a prescribed error pro-

bability can be computed assuming Gaussian noise. A ratio

of about 18 to 20 db is required for error probabilities in
the range 10~% to 106 [?6, Pe 38&] . But the question im-

mediately arises as to the bandwidth of the channel, Harman

(16, p. 15%] shows that, for binary data, the channel
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capacity remains constant at the Nyquist rate for any
signal-to-noise ratio greater than 10 db. In the case

of a coaxial cable, one may define a 3 db bandwidth, or

a 20 db bandwidth, or any other convenient figure, but
the point is that some definition is necessary, for pre-
vious chapters have shown that attenumation is minimum at
d.c. and increases with frequency at an almost constant
rate from there. For this reason, the bandwidth concept
does not appear very profitable; a better approach would
seem to be on the basis of pulse resolution, The two
concepts are related, of course, but the latter will have
broader application here, primarily because of the condi-
tions stipulated earlier in this chapter. Specifically,
because of condition 4%, our requirements will be satisfied
if a series of level changes, occurring at the minimum
transition spacing, can be detected and then regenerated
to produce a replica of the original data stream, This
criterion would be met, for instance, 1if a repetitive
101010.+..data stream at the input were represented at the
output by a sinusocid. To avoid later confusion, it should
be noted in passing at this peint that a steady stream of
alternate ones and zeros at a 400 kilobit rate looks like
a 200 KC square wave, If such a signal is represented at
the output of a transmission path by a sinusoid, 1t only

means that the higher-frequency components of the input
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have been attenuated by the path, and we would expect the
sinusoid to have a frequency of 200 KC,

A moment's reflection will lead one to the conclusion
that a square wave is not a very good pattern to test the
data transmission capabilities of a channel with, because
it allows the channel to settle down to a steady-state
condition, and this is a state it will never see 1in practice
with data consisting of random ones and zeros, Besides, a
sinusoid will probably be easier to detect than other more
complicated patterns., A more valid test would be the
system's ability to pass a pulse. But because the pulse
can spread in time, an even more meaningful test would be
the system's ability to transmit, and resolve at the output,
two pulses separated by the minimum spacing which will be
encountered. For NRZ data, this condition would be produced
by a pattern of the form 101 in the midst of an infinite (or
at least long) string of zeros, or its complement, If the
system can handle this pattern, it should be able to handle
anything, for the whole question of required bandwidth can
be stated in terms of the ability to resolve two minimally~-
spaced pulses [éo, p. 78]. If the minimum spacing (and
minimum pulse width) is 7 seconds, the (flat) bandwidth
must be equal to or greater than 1/(20) cps for resolution,
i.e.y, & 200 KC in the present instance, With the minimum
possible bandwidth, Freeman [12, p. 25| shows that about
90% of the pulse energy will be transmitted if there is no
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attenuation in the passband.

Now since a digital data stream has such a 1arge
bandwidth, and the cable that will carry it exhibits such
wide parameter wvariations with frequency, it would be
desirable to get some idea of what the cable will do to
the signal and how bad the result will be, An actual plot
of the waveform i1s especially useful, since the eye is a
better resolver of degraded signals than electronic cir=-
cuitry is, The means of obtaining such a plot is available
in the technique of Fourier analysis.

Consider then a pattern having the form 101 followed
by seventeen (17) zeros (which will be written as 1010317).
While 17 zeros 1s something short of an infinite string, it
is mathematically more tractable, and is felt to be suffic-
iently long to provide a valid test, The line is driven
with a signal Vg, which is a continuous repetition of this
20-bit pattern. Then, a Fourier analysis of the driving
waveform yields a function of the form

20
Vg = ag+ Z an cos nwgt
n=1
F (D)

>
= a, + 7 Re x’}g gD wot
n=1 n i

where ag 1is the average d.c¢. value of the waveform, in
X
which we are not interested at the moment, and an = Vg,

is the Fourier coefficient of the nth harmonic (which is
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of angular frequency nwgyg). The d.c. component will be
important when it comes to the design of a cable driver
and signal receiving and regenerating circuits (which are
beyond the scope of the present discussion), but it is not
a factor when considering pulse resolution and will be
dropped in all equations from this point on, No sine
terms appear in (7-1), because the stipulated pulse pattern
can be made an even function by suitable choice of origin,
and can therefore be represented by a sum of even functions
only.

The propagation characteristics of the signal path
(the cable) are known, Specifically, any signal at the
input will suffer attenuation o4 and phase shift BL in
the course of its travel along the cable, where £ is the
length of the cable. The only difficulty is that ol and 8
are functions of frequency. This means first that the
c omponent cosinuscids of equation (6-1) will not be attenu-
ated proportionally, and second, that they will not add in
their proper phases at the lecad. The result is easily
determined; if the cable is terminated in its characteristic
impedance at all frequencies, there are no reflections and

the load voltage is (equation (A-12), Appendix A)

X x
Vicaa = Vg e~ 74 (6-2)

where

L= length of the line in meters
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7 = &+ j(@ = propagation constant, (nepers + j
radians)/unit length

at 7Z
Now, vgn = an; therefore ﬁleadn = apne” " and Vjpady =

Rq age~7% ednwWot, In view of the form of the applied
signal from (6-1), the load voltage (less d.c, term) may
be written by superposition of individual harmonic compon-
ents as

dpl

Vioad * % ane cos(nwt - @) (6-3)

Other than the great deal of labor involved in the actual
calculations, (6-3) presents no problems, For the signal
stipulated, a 20-bit repetitive pattern at a bit rate of
400 kbps, the fundamental cosinusoid is at 20 KC, and
Yn =2dp + 3B, is merely 7 of the line evaluated at
harmonics of 20 KC.

Equatien (6-3) was programmed for the IBM 7090
computer. Provisions were made to automatically terminate

the summation at the value of n for which ane'oﬁs be-

comes less than one percent of ale'7is, where s 1is the
distance, along the line from the source, at which the volt-
age is being computed, Computations were made at l-kilometer
intervals aleng the line (total length: 4 kilometers) for two
pulse patterns, 101017 and 1019. The results are shown as
Figures 6-2 through 6-9, The deterioration in the waveforms
as they travel along the line is readily apparent, and it is

seen that the signals at the lead are totally unacceptable.
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Obviously, something must be done,

In terms of bandwidth rather than pulse resolution,
the conclusions of Espenscheid and Strieby [3] concerning
the data transmission problem are summed up (paraphrastic-
ally) in two statements:

1, For a given cable size, "bandwidth'" increases
nearly as the square of the reduction in length,

2. For a given length, "bandwidth" increases
approximately as the square of the conductor diameter, As
mentioned in the intreduction, cable outside diameter is
severely limited in the present application; thus increasing
the cable size is not likely to represent a practical solu-
tion. DNevertheless, it is seen that holding the diameter
to the maximum allowable limit will be worthwhile,

Short of giving up all hope of transmitting over
such distances or at such high bit rates, the most obvious
solution is the installation of repeaters. Such a course
of action may or may not be feasible, depending upon many
factors which are not of immediate concern in the present
discussion, If repeaters are to be used, equation (6-3)
provides a convenient starting point for determining their
spacing, for the computer program as written has provision
for graphing the function on a Calcomp plotter, as well as
printing the results in tabular form. Thus the signal
deterioration may be seen at a glance, at any distance from

the source.
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If repeaters are not to be used, the next best
answer 1s equalization, A network {(or netwerks) can be
placed at the load end of the line, which will delay the
lower frequencies more than the higher ones, thus allow-
ing the latter to catch up and add in their proper phase
at the lecad. It may be shown, although the demonstration
is beyond the scope of this discussion (as is the whole
subject of equalizer design), that an equalizer which ad-
justs the phase relationships properly will also automatic~
ally adjust the amplitude relationships. This is not
necessarily true in general, but it is true for a transmission
line, which is a minimum-phase system.

If an equalizatien network 1s placed between the
line and the load, and if there are ne mismatch problems,

equation (6-2) becomes

V1oaq * K Vy e=% e~ ¢ (6-k)
where
< = complex transfer constant of the equalizaticn
network, analogous to 7 of the line
K = some multiplying factor

Now it is not difficult to postulate an equalizer whose
transfer characteristic is the inverse of that of the line,

so that § = -7¢, It is quite another matter to build one.
Techniques do exist, however, for the design of approximations

which give reasonably good results over a frequency range as
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wide as one cares to take the trouble to make it. Refer-
ence [6] gives an outline of the procedure, The equalizer
consists of cascaded bridged-Tee networks, the number
depending on the frequency range and the degree of accuracy
regquired.

Another computer program was written to take into
account the effects of (physically realizable) equalization.
The network configuration employed consists of two cascaded
sections, each having two R~-C combinations in the bridging
arm, A diagram is shown in Figure 6-10, Plots of the
resulting output waveforms for the W-km distance and patterns
are shown in Figures 6-11 and 6-12, It is granted that
additional amplification will be necessary because the
equalizers are passive networksj; nevertheless, these are
results we can reasonably expect to accomplish in practice.

All the above predictions are based on the correctness
of equation (6-2). The absence of a positive exponential
term in this expression implies that the line is matched
to its load at all frequencles. We have seen in earlier
sections that the characteristic impedance of a line varies
widely with frequency, approaching its high-frequency value
asymptotically. Therefore, any matching network between the
line and the load-equalizer combination must vary in the
same manner. The design of suitable terminations, which

are simpler to build than equalizing networks, is also
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covered in reference [6], and their presence 1is taken for
granted here,

As a fipal note to this section, it may be of some
interest to the reader to have the Fourier coefficients
of the two test patterns used in the computer studies

described above. They are, for the pattern 10j9:
- 2A nmw -
an o Sin =5 (6-5)
and for the pattern 1010;7:

ap = = cos -{%L sin

nm (6-6)

20

where A 1is the peak-to-peak excursion of the NRZ data
stream, and was taken to be unity in this study. Time-
origins were chosen in the center of the pulse for the 1019
pattern, and midway between the pulses for the 101017
pattern. Then the patterns are even functions and their
Fourier coefficients are easily obtainable from half-range

expansions [32, Sec. 5.%].
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VII. EXPERIMENTAL RESULTS

Not all the lines whose characteristics have been
computed in the foregolng sections have been fabricated
ang tested for this investigation, As explained in the
introduction, one of the purposes of the work that has
been done was to acquire a feel for the behavior of vari-
ous line configurations in these small diameters, and an
idea of the magnitude of the characteristic impedances and
attenunations to be expected, This has been done by calcu~
lation, largely performed on the IBM-7090 computer, The
analyses on which these calculations are based have been
thoroughly checked by several investigators, and the
conclusions corroborated beyond any need for further
verificatlion here. Samples have been obtained, however,
of the first two steel~bearing configurations discussed
in Chapter V, and a considerable quantity of the third
was also manufactured.

Before the actual results are presented, a word is
in order about the methods of measurement. Two quantities
were sought: characterlistic impedance and attenuation.

The former was obtained in all cases by one of the simplest
and most convenient methods: open and short-circuit measure-
ments, Most references on the subject [?O, p. 4333

27, Dp. 16@] show that the characteristic impedance of a
network (or a transmission line, which is just a distributed

network) is given by

Zo =VZoc Zsc (7-1)
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where
Zog = characteristic impedance of network, ohms
Zoec * 1impedance looking into network with output
open-circuited
Zge = corresponding impedance with output

short-circuited

The general measurement setup is shown diagrammatically
in Figure 7~1l. Measurements were made of the input
impedance of the cable samples under open- and short-
circuited conditions over the frequency range of interest.
Three instruments were used to cover this range: (1) a
Technology Instrument Corporation (now Acton Laboratories)
Type 310A Z-Angle Meter; (2) a Type 311A RF Z-Angle Meter
by the same manufacturer; and (3) a General Radio Type
916~AL Radio Fréquency Bridge. Detector for the last=-
named instrument was a VIVM, The RF Z-Angle meter is no
longer being built, nor is a similar instrument being
offered by the manufacturer as a replacement, The instru-
ment was used, however, since 1t was available.

From the open- and short-circuit measurements,
characteristic impedance was calculated using eguation (7-1).
Series RC networks having an impedance equal to Z; were
then built and used to terminate the line. Regardless of
their exact value, the networks were adjusted until they
produced the same readings whether connected directly across

the impedance-measuring terminals or with the line interposed.,
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Then with the bridge or meter removed, voltages were
measured across the line at the input and at the output,
and their ratio taken to caleculate the attenuation. A
diagram of the procedure is shown in Figure 7-2,

There was some overlap of frequency ranges in the
three instruments used for measurements. In fact, the
range could have been covered satisfactorily with only
the two Z-Angle Meters, but it was thought desirable to
check the results with a different type of instrument. In
general, the impedance bridge gave results which appeared
to be reasonably accurate, as judged by direct measurement
of resistors, capacitors, and RC networks. Thus, the
values of Zge and Zg, of the lines as given by the
bridge probably represent the true values, OSomewhat more
inaccuracy in readings was noted with the Z-Angle meters,
however, because they are inherently less accurate instru-
ments than the bridges But regardless of the individual
readings, it was noted in every case that the values calcu-
lated for Zo from them showed good agreement no matter what
the equipment used. Coupled with the well-behaved nature of
the variation in Zo and d with frequency, it is felt that
the measurements are satisfactory as intended for the purposes
here, It is for this reason that only the Z-Angle meters have
been taken to the field, for they are small, portable, self-

contained, and relatively easy to operate for repetitive
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measurements, In contrast, the General Radio Bridge, while
more accurate, 1s bulky, requires an external detector, and
is very time-consuming to operate if more than just a few
readings are to be taken, In addition, the bridge should
rest on a copper ground plane for best results. All three
instruments require an external source of excitation.

No measurements were taken in seawater for the second
sample cable because it had an outer nylon jacket which
effectively insulated it from the surrounding water. Attempts
were made, however, to take measurements on the unjacketed
steel=cored cable in the Chesapeake Bay. A steel watertight
bottle was fixed on one end and the cable suspended verti-
cally from the side of a boat. Wet measurements showed no
difference from thelr dry counterparts, It is felt that
this is largely due to the fact that only sample lengths of
these cables were available (100 feet in the case of the
cable measured in water); this is much too short a length
to produce the fields in seawater assoclated with a very
long line, upon which all the foregoing analysis was based,
without terminal disks or other means to avoid end effects,
It has been mentioned previously that some long lengths of
cable were also eventually manufactured., In many tests,
the number and length of samples was extremely limited,
being primarily the fortuitous result of experiments with

the manufacturing processes. It is for this reason that
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wa are forced to content ourselves here with the knowledge
that the theory of the effects of surrounding seawater has
been well established, and has ample experimental Justifica-
tion[l, 34, 36] .

The results of attenuation measurements of the
steel=cored cable are presented graphically in Figure 7-3.
The computed curve 1is redrawn from Figure 5-2 of
Chapter V., Plotted points represent values computed
according to the procedure described above, based on
readings taken with the RFF Z-Angle meter and the impedance
bridge. No readings were taken at the lower frequencies
with this cable, first because of the labor involved in
the procedure and the time element 1lnvolved, and second,
because of the greater magnitude and importance of attenua-
tion in the high-frequency range, Within the limits of
experimental error (probably influenced unfavorably by
the fact that the avallable cable samples were so short) and
the variability of values for m and O as given by the
manufacturer, the results appear to agree satisfactorily
with the predicted figures over the range in which a
comparison was made. Figure 7-I is a graph of computed
characteristic impedance of the steel-core cable, again
with measured values plotted as points, Agreement is

reasonably close.
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Attenuation measurements of the second cable sample
(the bimetal braid) are plotted in Figure 7-5, along with
the calculated attemmation. The calculated curve for the
corresponding all-copper case 1s also shown for comparison,
Again, within the limits of experimental accuracy and
material variation, it is felt that agreement is suffic-
iently close to justify the analysis, Since the computations
have been performed, it has been noted that there is a
second~order effect that was neglected, and that would
tend to pull the upper curve closer to the measured points
at the higher frequencies. In the actual braided bimetal
conductor, skin effect will tend to crowd the current more
and more into the copper as frequency increases, and ths
reduced conductivity of the steel core in each strand will
exaert less and less effect., Therefore, while it 1s still
necessary to adjust the conductivity of the equivalent homo-
geneous conductor, the adjustment factor is now a function
of frequency and must be computed anew at each frequency,
The procedure is straightforward and employs the techniques
outlined in Chapter IV, but is tsdious and has not been pro-
grammed for the computer as yet, Figure 7-6 presents the
calculated and measured results of characteristic impedance,

The attentuation characteristics of all the coaxial .
samples computed exhibit a characteristic spoon-shaped de-
pression at the high end of the frequency range, as it is
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presented here, Actually this 1s part of the transition
region commonly found in such curves, and is to be expec%ed.
Reference Eﬁ] discusses this behavior at some length, and
presents a characteristic attenuation curve over a frequency
range Wwide enough to demonstrate the phenomenon, In a few
words, it is shown that attenuation varies as the square
root of frequency at low frequencies, and that as skin
effects become appreciable, it again varies as the square
root of frequency, but with a different constant of propor-
tionality. The transition region corresponds to the
frequency range in which neither the low-frequency nor the
high~-frequency approximation formulas, all of which are to
be found in any text on transmission lines, are applicable,
and its appearance both in the calculated and measured curves
is comforting rather than disquieting., There is, it is true,
a factor in the high-frequency attenuation expression which
varies directly with frequency, but it does not become of
importance until considerably higher frequencies, and is
of no concern here, at least in the coaxial lines, In the
sea-return line, this is not true, for the slope of the
attenuvation characteristic is already seen from Figure 2-3
to be close to unity by the time frequency has increased to
one megacycle.

One further result, which is not really an experi-
mental result, may be worth including at this point because

it logically fits better in this chapter than anywhere else.
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The reader may by this time have begun to wonder just hew
accurate are the approximations (4-12) compared to the
exact expressions (4-9), Even if the justifications for
them sound plausible, no approximations are ever really
wholly satisfying. The time comes eventually when one must
roll up the sleeves, resign oneself to the laber involved,
and check a few points to satisfy one's curiosity. The
effort will be largely wasted, unless one has access to at
least a desk calculator and fairly detailed tables of the
Thomson functions, for the complex algebra leads to small
differences in large quantities and many transformations

of the complex quantities between rectangular and polar form.
A slide rule is useless,

In this age of the digital computer the situation is
not as hopeless as it would have been a few years age., Once
equations (4-9) are programmed, the work is essentially
finished. There are still difficulties involved, for the
Thomson functions ¢f the second kind do not converge rapidly,
and tend to overflow the computer registers for all but the
smallest values. McElroy [37] has written a routine which
calculates all the Thomson functions to an accuracy of at
least four places, Using this routine, a program was written
to compute and compare the approximate and exact internal,
external, and transfer impedances of a laminated outer con-
ductor., It consists of a copper inner layer surrounded by

the sea, and is the outer conducter of one of the cables
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calculated in an earlier chapter. The results are presented
in Table 7-~13 1t may be seen that the difference is slight,
and that therefore use of the approximations is Justified.

As a final note to the experimental results, it must
be mentioned that all calculations have been made using
room-temperature (25°C) conductivities, because this was
the approximate ambient temperature at which the experimental
work was carried out., (It is also the temperature for which
conductivities of materials are most often tabulated.) How-
ever, as has already been pointed out, the average temperature
over a long deeply submerged ca&ble is more likely to be in the
neighborhood of 4 degrees centigrade. The effect of reduced
temperature on attenuation can be calculated as follows., At
25°C, the temperature coefficient of copper is 0,00385 per
degree centigrade, Then the resistance of a copper conductor

at any temperature can be found from the formula

Ry = Rpy I:i + 0.00385 (¢t - 255] (7-2)
where
R¢ = resistance at temperature ¢
Rps = resistance at 259

temperature in °C

t

Calculation for a temperature of 4°C yields

25 = 1.087 (7-3)
Ry,
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Thus, the d.c. resistance as computed is almost nine per
cent too high,

The general expression for the attenuation of the
cable is the real part of equation (1-2b), It is conven-
fently listed in [31, p. 552] as

R ————
re———

q :'\/ 3 \ (B2 +w212) (062 + w2c2) + RG -cdzLQ] (7-4)

In all the work here, we have assumed G = O; for low
frequencies where «wlL << R, one can approximate one's way

through equation (7-%) to the conclusion that

-:?_?_M -gii_ = 1.043 , WL KR (7-5)

Thus the low frequency attenuation as calculated is about
4% greater than would be experienced in practice, Similarly,
for high enough frequency, (7-4) reduces to

d25 1 , R&K&L (7-6)
Ay

The best way to handle this error, of course, is not to
introduce it in the first place, Its presence in the re-
sults given here has heen explaired; the subject was brought
up only to point out that failure to take proper account of

temperature effects can be a mistake of significance.
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VIII. CONCLUSIONS

In the preceding sections, several types of small
diameter coaxial transmission lines have been analyzed.
As detailed in the introduction, the investigation was
limited to & consideration of coaxial lines because they
promised to have the least attenuation for a given size,
The next most likely configuration, a parallel conductor
line with an oval shield, would have about 30% greater
loss, and if the shield were round the increase would be
504, Some effects of steel have been looked at, and the
nature of waveform deterioration, with a view to character-
izing suitability of the lines for data transmission, has
been treated. A limited amount of experimental work has
been performed, where possible, and was found in genseral
to corroborate the predictions of the analyses. From
this work, several significant points have emerged; these
are recapitulated below,

First of all, it has been seen that characteristic
impedance of a transmission line varies widely with fre-
quency. It is inversely proportional at low frequencies
to the square root of frequency, gradually "“breaking"
much as an RC network does., As f increasés, it eventually
becomes asymptotic to the value Vf75-, which is commonly
taken as the impedance of a transmission line. The char=-

acteristic impedance of small-diameter cables 1is lower than
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that of the standard sizes more commonly met with, whose
characteristics are tabulated in handbooks such as refer-
ence 3#]. The exception to this is the sea-return cable,
which will have an impedance much higher than a correspond=-
ing coaxial line.

Attenuation of small-diameter coaxial lines is
considerably higher than that of larger sizes, but other-
wise their behavier is quite similar and predictable, In
the sizes of interest here, it is seen that the attenuation
at 200 KC will probably be between 4 and 9 db per thousand
feet, depending on size and material of the line.

The sea-return line causes the smallest attenuation
of any configuration as long as frequency 1s low, There
soon comes a point, however, where attenuation begins to
rise steeply; beyond a certain point the sea-return line
is lossier than its coaxial equivalent, and losses increase
faster with frequency. The crossover point is at about
250 KC for the cables considered here.

The effects of the sea in contact with the outer
metallic conductor of a coaxial line produce an attenuation
characteristic midway between those of the sea-return line
and its coaxial counterpart. The comparison is made in
Figure 8-1, which shows the attenuation characteristiecs
-of the first three lines considered. At low frequencies,

the behavior is that of a sea-return line, As frequency
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increases, the copper outer conductor provides more and
more shielding of the fields from the seawater until,

when skin effects are sufficiently pronounced, essentially
all the outer conductor current flows in the copper. For
the sizes of cables investigated, this effect becomes
complete at just about the frequency at which the éttenua-
tion characteristic enters the transition region.

The effects of steel in a cable, when in the center
conductor, are easily handled and quite predictable, assum-
ing that the effective values of u and O of the steel
are known, When the steel appears in a bimetal braided
conductor, its greatest effect is to increase the resistance
of the line; the increased permeability is of relatively
minor importance, This provides a convenient method of
increasing a cable's strength without increasing its dia-
meter, if the added resistance poses no problem, For greater
strength, the steel may be moved further to the outside as a
separate layer over the copper. This ylelds the double
advantage of having minimum effect on the signal transmission
properties and providing, for the strength member, maximum
cross-sectional area for a given thickness., When the trade-
offs between strength, size, and attenuation are closely
balanced, it is felt that the work done so far indicates
such a configuration to be the best design, Several long

lengths of the steel-overbraid cable described in Section C
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of Chapter V are currently being manufactured and tested,

If digital data, in the form of pulses or a non-
return-to-zero (NRZ) data stream, is sent over small-
diameter transmission lines, the speed of transmission is
severely limited unless the distance is short. Straight-
forward methods exist, however, for equalizing the
attenuation and phase~shift characteristics of such lines,
which with suitable amplification will compensate for these
effects., Terminating networks can also be designed, which
will match the widely-varying characteristic impedance of
the line to a fixed load.

"Bandwidth" is not strictly definable in the usual
sense when talking about cables, but it is often spoken of
anyway. FYor digital data transmission, the term can be
taken to mean the frequency range over which the cable is
equalized sufficiently well to allow the transmission,
reception, and proper reconstruction of pulses. This is
the frequency range over which both the amplitude response
is reasonably flat and the phase shift is reasonably linear
with frequency. (For the equalizer design presented here,
the range of flat amplifier response will include, and be
greater than, the range of linear phase shift.) Theoretical
minimuom bandwidth needed to transmit random NRZ digital data
at a rate of f kilobits per second is 1/(2f) cycles; for

the postulated 400 kbps rate this means an absolute minimum
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bandwidth of 200 KC (and practical considerations beyond
the scope of this discussion will dictate a larger figure.)
A final determination of the required value cannot be
undertaken without a thorough knowledge of the noise
characteristics of the system, which have not been investi=-
gated here.

The information collected and developed in the fore-
going pages by no means exhausts the subjects treated, and
in fact, many points remain to be answered in the course of
the continuing investigation of which the work presented
here forms only a part. Nevertheless, some helpful guide=-
lines have been laid down,

In summary, the behavior of coaxial cables can be
predicted with reasonable accuracy. A systematic procedure
for calculating their propagation characteristics has been
set forth, and the results obtained for several miniature
cables, both in and out of seawater, are given. The effects
of steel, seawater, and variation of size on electrical
properties, as wWell as the actual magnitude of these effects
and properties, have been presented for ready comparison.
Qut of these results has come a cable design which appears
to offer the best compromise hetween strength, size, and
electrical requirements, for which a patent application has
been filed, In the implementation of the above work, several

programs and subroutines have been written for the IBM 7090
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computer, They are quite general, and can handle a wide
variety of coaxial configurations. Separately, or together
they provide for computation of impedances, attenuation,

and network response, Finally, to the extent that the
assumptions encountered above are valid (or can be made so),
no phenomena have been uncovered which will necessarily
preclude the transmission of digital data at the desired
speeds over coaxial cables of the postulated length,

diameter, and strength.
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APPENDIX A

SOME BASIC TRANSMISSION LINE EQUATIONS

Reference to Figure 1=-1 shows that the differential
equations describing a uniform transmission line with losses

at any instant are:

2V = -1 21 = g1
a2s L 72t
(A-1)
L1 = -0 2Y .y
2s It

where

V = instantaneous voltage across the line as
measured from the reference point

I = instantaneous current in the line at the same
point

= series inductance

series resistance
g per unit length

L
R
G shunt conductance
C

0

shunt capacitance J
s = distance along the line
t = time
Strictly speaking, the equations as written are for a point,
and for the purposes of this appendix Figure ]1-1 should be
thought of as representing an infinitesimal length ds of
the line, i.e., &Hs = ds, If the line is driven with a

101



NOLTR 67-22

sinusoidal function and steady-state conditions prevail,
equations (A-1) have a general phasor solution of the form

T = Ae~7S + Be” (A-2)
where

X
V = peak phasor representation of V, i.e.,
V(s,t) = %eJ“)

7 = 1line propagation constantV (R + JwL)(G + j«C)
= a + 35

and A and B are complex constants to be evaluated from
the terminal conditions. The evaluation is carried out in

standard texts on transmission line theory; one reference

EZl, p. 22i] gives as a result:

P x ' X '
Vo= 30y + Tzg)e s 4wty - fz)e7 (A-3)
where
b 4
V = voltage across the line at distance s from
the reference point

¥
V, = voltage at a reference point, at which s =0

'3

I, = current at the reference point, at which s =0
Zo = characteristic impedance of the line =

VR + joL)(G + jwC)

propagation constant = V(R + jwL)(G + jwC)
s = distance from the reference point (see below)
and the overcross denotes peak phasor values, A similar

relationship exists for the current.
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Equation (A-3) is general in that it allows the use
of either the sending end or the receiving end of the line
as a reference point. When the reference point s = 0 is
taken at the geherator and E is reckoned at or toward the
.1oad, s 1s assigned a positive value. When the reference
point is taken at the load and s 1is reckoned toward the
generator, it is given & negative numerical value, It is
most convenient for the exposition here to take the refer-~
ence at the sending end. Then the voltage at distance s
along the line can be written in terms of the line constants

and terminal conditions as
X . x i X
Fed (i e deo) 7o a5y - Bate) o7t
Zin Zin
wWwhere

2
Vg = peak phasor generator voltage

Zin = 1input impedance of the line

The input impedance of the line will depend upon several
factors, as will be brought out shortly. Manipulation of
equation (A-4) gives

'X~.
x [V Z - - i 7's
v-—&-1+__o_)[ s, L= Zo/Zig i
<.2 ,)<\ Zin ® 1+ Zo/Zin © (A-5)

From this equation can be seen the manner in which the line
modifies the generator voltage throughout its length, 1In

particular, the two exponent ials show that the actual voltage

103



NOLTR 67-22

at distance s 1is composed of two waves traveling in
opposite directions on the line: one toward the load

(an e~ 7s effect, as the reference point has been

assumed here) and one away from the load (an et?”s

effect). Physically the latter wave arises as a reflec-
tion from the load because (and if) the load is not

exactly equal to the characteristic impedance of the line.
The factor multiplying e?S must then be some sort of
measure of how bad (or good) this reflection is, Unfortun-
ately it is not in a very convenient form, because Zin
depends on so many things, and one usually has no idea what
this impedance is until one computes it, This may be done

from the formula

- Zy, cosh ?£ + 7o sinh 7L ] (A-6)
2in = Zo [zg cosh »Z + Z, sith 7£

where

Zin # 1line input impedance

™~
O
n

line characteristic impedance

line terminating (load) impedance

[
=
H

/' = 1line propagation constant
£ = 1line length

which is also available in all standard references., A
better feel for the physical picture may be had by substi-
tuting (A-6) into (4-5), but first the hyperbolic functions

in the former expression are rewritten in exponential form
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and terms collected; this leads to the equivalent express-

ion

2y, + 20) + (7 - 2g) e 27X (A-7)

(Z1, + Z0) - (21, = Zg) e=27L

Zin ® Zo

which may be simplified still further into

-2 AL
Zm=[ Ly Ce ] (A-8)
1 - Pe-2*7’,@f

by use of the well-known and ubiquitous reflection coeffic-

ient, © , defined as

L = 21, = 2o (4-9)
iy, + Zg

Then (A-8) is substituted into (A-5), and after some

straightforward algebraic manipulation yields

.
« v
vV o= & {e-'fs v peme7® e"/s](A-lO)

Then it is seen that the generator voltage is modified in
several ways: first, it is augmented or diminished by the

load mismatch, as modified by the length of the line (the
factor 1/[1 + (’e‘2°“€]); second, it is attenuated and phase-
shifted with distance (the factor e~ 75 = g~ A4S ¢-i€s); ang
third, there is added to it a wave reflected from the mis=-

matched termination (the factor 63e'2'ﬁz'e°/s).

Obviously, from equation (A-9), if the line is ter-

minated in its characteristic impedance, Zy, = 35, & = O,
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and (A=10) becomes
¥ x _. -
Veige ”s, 2 =2 (A-11)

showing that the generator voltage is only attenuated and
phase-shifted along the line, Specifically, the load volt-
age is
i}load = )\(Ig - 7€ (A-12)

If, in some frequency range or for some other reason, Zj
is not equal to 25, the line will not be terminated
correctly and a mismatch loss at the receiving end must be
accepted as a cost of doing business. Moreover, the input
impedance as seen by the generator will now be different,
and will probably not match the generator impedance. Re-
flections from the receiving end will be re-reflected at
the sending end, and a further mismatch loss must be taken
between line and generator, To account for these factors
as well as the attenuvation inherent in the line, it is
convenient to view the line as a network inserted between
the generator and the lcad and compute the insertion loss,

Because the design of the transmitter and receiver
at the two ends of the line can often be made a part of the
overall data transmission problem (certainly true here),
ad justment of the generator output impedance and the load
impedance are under control. A not unreasonable choice is

to make Zg = Zj. Then, without the line between them, the
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load and generator are matched and maximum transmission
ocecurs,

If 1Ip, 1is the current that flows in the load with-
out the line interposed, and Iy,' is the current that
flows in the load when the line 1s inserted, then straight-
forward two-port network analysis shows that the ratio of

these currents is given fis, p. 119 and 232] by

X
1L, = Ff 2L (A-13)
o7 F2F3
where
x .
I;, = load current without transmission line inserted
»
IL' = load current with transmission line inserted
F1 = _E;lEEZE: = reflection factor for Z, and Zf
Zg + ZL
F, = _2VZgZin = reflection factor for Z, and 2ip
Zg + Zin
Fy = 2 VZgZout = reflection factor for Zg and Zgyt
Zg + Zout
- Zg = - \ -2
B, = l-—( £ 1.1.1.9 2L, ZOUt) e 2’{[: interaction
Zg + Zin/\ZL + Zout
factor due to a mismatch at both ends of the
line,
Zin = 1impedance seen by the generator looking into the
line
Zout = 1mpedance seen by the load looking into the line
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Note that the reflection factors are not the same as /~,
the reflection coefficient. Egquation (A-13) is a general
expression; note also that Fq = 1 here because the assump-
tion has been made that Zg = ZL. If Zg and ZL are not very
different from Z,, or if =272 ig small (which will always
be true in the cases under investigation here), FL is close
to unity, and may be taken to be so. (For Zp = Zg = Zo,
of course, F), is identically unity).

Equation (A-13) is known as the insertion ratio;

insertion loss is then defined as the natural logarithm
of the absolute magnitude of this ratio. In general

L0SS = 1N wed + 1n —k - In L = In 1 + 1n e*%(a-14)
2y F3] 1] EN

Specifically, for the case in which Fy = 1, which implies

Z YA
120 * Zel 42 nepers (A-15)

ZVIZEIIZG’

If Zy = Zg, the line is matched and the insertion loss is

Loss 2 1ln

simply 44 nepers. For the matched case, the same result
could have easily been obtained from eqﬁation (A-12) merely
by taking the natural logarithm of the ratio of the generator
and load voltages.

Insertion loss can also be expressed in db. For

reference, the formula is presented here:
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- 1 |
Loss = 20 ( log = + log - log = - log L + O.43% d:é)
F2 Fy~ Fi Ry 3
(A-16)

In general, loss or gain in db = (8.686)(Loss or gain in

nepers).
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APPENDIX B

THE MODIFTED BESSEL FUNCTIONS

The discussion will be limited here to the case
where n 1is an integer, since this corresponds to a
physical field which is always periodie in 27 in its Y-
dependence, A more complete treatment of Bessel functions
may be found in references [éé] or [32].

Bessel's Equation, of order n with (unrestricted)

parameter ‘A is a differential equation customarily written

.:1%5_+_L_dy_+22-n2) = B-
dx x ax (l X2 y=0 (B-1)

One general solution to this equation is

as

y A Jp(ax) + B ¥Yp(ax) (B-2)

where

Jn = the Bessel function of the first kind and of

order n
¥y, = the Bessel function of the second kind and of
order n
A
= constants
B

o
1t

an integer which may be positive, nepative, or
zero

Quite often A = 1,
Certain equations closely resembling (B-1) occur

quite often; one of these is
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2x

d + 1 dy 2) . )
e A R ) PR

which may be rewritten in the form

2 | 2
dx« X dx NG

which shows that this is merely Bessel's equation with
parameter i, From equation (B-2) the solution to (B-h)

may be written

y = A Jn(jx) + B Yn(jX) (B-%)

which is inconvenient to use in practice because of the
imaginary arguments. Two new functions Ip(x) and Kp(x),
which are entirely real, may be defined, so that another

solution to (B-L4) is

y = A In(x) + B Kp(x) (B-6)
where
In(x) = modified Bessel function of first kind,
of order n = Jp{ix)/(HP
Kn(x) = modified Bessel function of second kind,

of order n = %} jn*lign(jx) + an(jxﬂ

A
constants

B

As indicated, I, and Jp are quite simply related, but

K;; 1is a complex linear sum of Jp + Yp; hence it is not

true that Jp(jx) = Ip(x), or that Yp(jx) = Kn(x).
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A second equation which closely resembles (B-1)

is
d%y 1 4y 4 (-5 - 2 ) y =0 (B=7)
dx? X dx X2

4

which can be considered either as the Bessel equation of
order n with parameter v=j , or the modified ntP-order
equation with parameter v#3 . Noting that v-j = (JV-1)(¥J)
= j3/2, the solution to (B-7) may be written as

y = A Jn(33/2 x) + B ¥p(33/2 x) (B-8)
or in the form

y =C In(xV3) + D Kp(xvy) (B-9)
If the argument (j3/2 x) is substituted in the series ex-

pansion for Jp, the terms may then be collected into two

series; one purely real and the other purely imaginary, i.e.,
Jn(j3/2 X) = berp x + J beip x (B-10)

A similar procedure for the second solution to Bessel's

modified equation yields

-3 (3% x) = kerp x + j keip x (B-11)
Equations (B-10) and (B-1l) are the definitions of the ber,
bei, ker, and kei functions, These functions were first

suggested by Sir William Thomson, Lord Kelvin, They are
all real and have been tabulated [17,22] .
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The Trhomson funetions of the first kind also have s
close relation, naturally, to the modified functions in

equation (B-9). Specifically, for both kinds,

i

371, (xd7) ber, (x) + j bei_(x) (B-12)
and

i7" Ky (xV§) = ker_(x) + § kei(x) (B-13)
The subscript v is purposely used here instead of n to
emphasize the fact that, although it was stipulated at the
outset that discussion would be restricted to integer n,
there is no mathematical restriction in (B-12) or (B-13)
on the value of ., If 2/ (or n) is zero, it is customary
to omit the subscript when writing the Thomson functions.
Thus, berg y 1is written ber y, etc. Some other useful -

relationships, which will often be needed, are

It (x) Iy(x)

Kot (x) = -Kp(x)

3%11 (j%x) = ber' x + j bei' x
7 (B-14)

1t

—j%Kl (j%x) ker' x + j kei' x

4 (ber_ x + J bei_ x)

r! x4+ 3 it
L o ber! x j beil x

(2

g (ker_, x + j kei, x)

ker! x + j keil x
dx > e
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Reference 22 contains an extensive collection of formulas
and handy relationships between the Thomson functions at
the rear of the book, as well as tables of the functions
ber!, bei', ker', and keil',

One often finds that approximations to the Thomson
functions are often used "if the argument is sufficiently
small." Unfortunately, "sufficiently" is all too often left
undefined; this can be remedied with only the aid of a desk
calculator and a little time, It is worth the effort to
anyone wha is going to compute the fields surrounding cables
in seawater, for the argument of the Thomson funections will
be small. The following approximations provide accuracy to
one percent or better, In these expressions,¥is Euler's
Constant; 7 = 0.5772157 , and (1n 2 -7) = 0.1159315
For an Argument z<1.5 , within 1%

ber z = 1 - zt/6k .
bei z = z2/% - z6/2304
ker z = (In 2 -7~ 1n z) ber z + /4 bei z - 32%/128
kei z = (In 2 =7~ 1n z) beil z = ¥4 ber z + z2/4
- 1.83328/230%
ber! z = -z3/16 + 2z7/18432 >(B-15)
beil z = z/2 - z5/384
ker'! z = (In 2 -7- 1n z) ber! z - DQ%.& ’
+T/4 bei'! z ~32z3/32
kei' z=(ln2 -7- 1n z) beit! z - Iﬁlz—l—
-4 ber® z + 2/2 - 1,83327/38% )
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For the ber, hei, ber', and bei! functions, the above
approximations are good up to z = 2. The second fterms
of the bei and ber! expressions are not really hecessary.

For an Argument z < 0,1, within 1%

ber z = 1

bei z = z2/4

ker z = 1ln 2 -7- 1n z

kel z = -T/4

ber! z = -2z3/16 (B-16)
bei'! z = z/2

ker! z = -1/z

kei' z = (3 + In2 -7~ 1n z) z/2

There are some simplifications possible to the expressions
(2=6) and (2~7) for the cases where the argument is fairly
large or fairly small. The following expressions are due

to von Aulock [33, De. 1%].

If
u<a,

Rge(l + ut/192) (B-17)

R

L "'de
It

3

u > 10,
Rae(u/2 v2) (B~18)

[
|

Lac(2 /2/u)
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where u = bvwduo as defined in those expressions,

The second of equations (B-18) is actually good down

to u=65,
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APPENDIX C

DERIVATION OF BESSEL'S EQUATION TO DESCRIBE THE FIRLD
IN A CONDUCTOR OF A COAXIAL TRANSMISSION LINE

Maxwell's equations may be written at any point @and

irrespective of coordinate systems) as:

VAE

VAT

VA B

ol

A

<

where

ol ol wl = =

In addition,

_ -3% T
2t
= J + 23 (b)
2% e (C~1)
= 0 (c)
= P (d)
.

electric intensity in volts/meter
magnetic intensity in amperes/meter
magnetic flux density in webers/meter?
electric displacement in coulombs/meter?
current density in amperes/meters?

there are the relationships, true anywhere

i —

D = €E (a)
(C-2)
B o= (b)

and the expression of Ohm's Law at a point, also true any-

where but normally thought of as applying to a conductor

—

.
J = OE (C-3)
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where

€

n
For steady-state ac conditions, all field vectors become

permittivity in farads/meter

permeability in henries/meter

periodic sinusoidal time functions of a common angular
frequency « = 27Tf, Then a phasor representation is

convenient to simplify the equations; for instance,

N x
E(t) = &, Eed®t (C-4)
where
x
i -e
E = peak phasor representation of E(t), a

complex vector function independent of t

Under these conditions 2 is equivalent to "jw" and

Dt
equations (C-1) become

x » ~
VAT = -jwB [ (a)

% X x
VAH = T+ jwd (b)

x ~ (C-5)
V-8 = o (e)
v-D = P J ()

Substitution of (C-2) and (C-3) into (C-5) yield, for the
first two equations

X5 X
VYAE = -jwnuH (a)

Xy Xy ol (c-6)
VA H = oE + jweE j (b)

Then (C~6b) is substituted in (C~-6a):
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X ' A o
wiwudl = VA YAH )} = _1 _ vAVAH
Jew pH ‘vr(¢4-jwe ) T ToE
X, A
: 1 [v (V.H) - v2HJ (c-7)
o+ jwe

From equations (C-2b) and (C-lc) B =,uﬁ‘and T.B = 0,

- -
therefore, taking m constant, VeuH = uV.H = 0, V (©)
is always zero, and (C-7) becomes

X

2 %y S
H= (jwm)(o+ jwe) H (c~8)

v
Since it 1s usually true that wé€ << 0" for all frequencies

of interest within a conductor, it is permissible to write,

within a good conductor,

2% %

vV H = jwuoH (c-9)
So far the use of vector notation has allowed us to keep
the discussion general. To press on to more specific
results, we must speak more concretely: the time has come
to choose a coordinate system., Since the structures under
investigation are coaxial transmission lines, cylindrical
coordinates are chosen as shown in Figure 4-1. Now, un-
fortunately the Laplacian of a vector is not as simple as
that of a scalar in any but the rectangular system of
coordinates, but the additional labor can be minimized by

stopping to take a look at the physical system we are de-
scribing and getting rid of anything not needed.
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In the first place coaxial cables, as normally

energized, have circular magnetic fields; ﬁ has a com=-
ponent in the 4?-direction only, The electric field has
two components: 'ﬁ} in the radial direction and ?Ez

along the axis of the cable. For the moment,‘the latter
will be ignoredy the reasons will be given later,

Secondly, because of the circular symmetry, all deriva-
tives with respect to ¢ are zero, and implicit in ignoring
E; is the assumption that the same is true of all partials
with respect to z.

In c¢ylindrical coordinates, V 2111-‘ may be defined as
- -—
V2 = Y.(VH)
where (C-10)

-
T = 2H + 1 2H _.Ii.
v ar r r 2@ @ s A Yz

mL

The quantities 'i&,'ﬁé, and Ty are unit vectors in the
three directions of the cylindrical coordinate system.

It is most convenient to work with one component V'H> at

a time
- —
—g—g = 5—?— l:;{r Up + Heuee+ quz] (C-11)
=9HI' - + B auI' Qqu ! 11 + ‘9}%,_\ + H auz
57 Ur T 35T iar 2T FE3
- 9Hr 2 +9He> ,9Hz =
= 3r 't 3T ¢ BT 'z
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since, in cylindrical coordinates, the partial derivatives
of all unit vectors with respect to r are zero, It is
found that the same is true of all partials with respect

P
to z; therefore, there is no point in computing é;ﬂ_ .
zZ

Even though Hy and H, are assumed here to be zero, they

will be carried along for the time being., The next partial

is

. - — - >

aﬂ = EHE ‘.E + H Bu: + QH@ w. + ) 2112 + 2HZ U, + H Iz

2¢ o T T3 Te ¥ e 57 e 2 Tt
(C-12)

This time, however, there are two partials of unit vectors

which are not zero (the only two which occur in cylindriecal

coordinates): - N
2 = ue
Fe€
and (C-13)
-
2 o 3
2@ r
so that
N
24 = Q_HI'-H)iT +<2.._fH'+H)" L83 -
5% 5@ {p T 5% r U{F EY Z (C 11{-)

Then, neglecting z~derivatives,

-— .
VH-[;? Urt SR Ve Y SFR Uz [Ur L mac;'-ﬂ@)uw

2 - H _\-. -
%4— HI-) U, + i); u{' U (c-15)

In cylindrical coordinates the divergence of a vector 'K

is defined as
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= 2 9(Ag) 2(Az) c-16

Equations (C-15) and (C-16) are then combined to yield

oo e g 0] -

(C-17)
1 2 |1([zH - @+ >
T ee [r (E-(},' ) ’f] o +[63H<0 " Ve

+ QHZ -EZ/)]
7€

Now that there is no doubt about the procedure being

+

followed, let us dispense with the rest of the guantities

which are assumed to be zero. Then (C-17) becomes

V2 = V.VH = _},. 9?‘ (I- SHe u?) 3% (—Hfﬁ}) (Cc-18)

Performing the indicated differentiations and making use of

(C=13) yields, for the non~-zero quantities
o7 /2%He | 1 9H)'ﬁ - He = -
VH.C;;Z-‘? ¥ 28¢) % - g v, (c-19)

Thus it is seen that g 21 is a vector whose only component

is in the ¢F-direction, and whose magnitude is

2 , .
|v21?| - 92)1:? + L ;f@- rgzp (C~20)
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Since there is now only one variable in the expression,
the partials are written as total derivatives; and an

equivalent form of (C-20) is

lv2i| = a%[*%' 4 (rH(e)J (C-21)

which 1is best shown by performing the differentiations.
Now i has only a component in the @-direction (as does
§72ﬁ3 and its magnitude is H??. For steady-state sinu-
soidal conditions, (C-21) can be written in peak phasor

form as
X
c_idi‘-l:ll‘h aqf (rﬂ?j = jw;uc'IEI‘(e (C=22)

which is Bessel's equation, and exactly equation (4-2).

Two assumptions were made in the derivation in this
appendix, viz., that all partial derivatives with respect
to 2z are zero and that all field intensities vary as
eJWt, These imply a lossless line and a steady-state
ac transmission, In truth, the field quantities do not
vary as eJ@t alones they vary as e-7Z2 + J&t, where
2 =&+ jR is the well-known longitudinal propagation
constant and one of the very things that this whole investi-
gation is about. If 72”1is not neglected and the partials with
respect to 2z are carried along, it will be found that the

exact form of (C-22) is, in peak phasor notation,

1 9 .2 3%Hp _ (2 -
_ﬁ_t}_ = (rH?)] + ;z? = g (C-23)
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where T = \/jwpo- . Since ;52 " is equivalent to "M,
this leads to

x X
= (r2 .42 -
E%' -%- a-f- (ere)] (r2 ->%)He (C-24%)

The longitudinal propagation constant 7?7 will be very
small compared to " (e.g., by about 5 orders of magnitude
or better in copper up to 100 mc [8] ) and may therefore

safely be ignored in (C-24), Then the results of this
appendix naturally follow,
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APPENDIX D
A NOTE ON THE CONDUCTIVITY OF SEA WATER

The conductivity ¢  of sea water is open to some
debate., A good average value is approximately Y mhos/meter;
this is the value given by most authors [20, p. 115; 2k,

p. 2773 31, p. 714]. Stratton [20, D 606] gives the range
3-5, with a representative value of 4.3 in the Atlantie,
Conductivity is very much a function of two factors,
temperature and salinity, both of which vary with depth,.
Conductivity is strongly affected by temperature, and to

a much lesser extent by salinity. To arrive at a single
value of ¢ which will yield meaningful results over
10,000~ to 20,000-foot lengths of cable suspended vertically
in various regions of the ocean, the variation of these two
factors with depth and latitude must be known. Reference
[11] provides a ready answer to this question. A few
minutes spent in perusal of the excellent profile charts
there will lead one rapidly to the conclusion that a good
round value for temperature is 4°C and, similarly, 35 parts
per thousand for salinity. Entering the appropriate con-
version table E35, p. 10&] with these values yields an

average conductivity of about 3.3 mhos/meter,
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APPENDIX E

SIMPLIFICATION OF THE EXPRESSION FOR
AC RESISTANCE OF A SEAWATER RETURN

Equation (4-20) gives, for the impedance of a

the water path in a sea~return line
= -iv ker va + kel va (E-1)
Zsea EF;EET ker? va + ] kel' va

Rationalizing the denominator yields (arguments of the

Thomson functions are dropped for conciseness of notation)

7 = ——dV (ker + J kei)(ker' - j kei') (8-2)
2moa  (ker')e + (keil')

Expanding the numerator and collecting terms,

Ry 2 = m. kei ker! - ker keil (E-3)
27 da (ker')2 + (kei')2

Advantage may be taken of the fact that wva will be small
in seawater, By definition v =Vwune” = 5,11 x 1073 ¥VT .
At one megacycle, the highest frequency considered here
v = 5.11, If the radius a of the outer conductor is
0.068", as predicated in some of the examples,
a = 1.73 x 10-3 meters and va = 8,85 x 1073 at 1 me.
(It is smaller at lower frequencies,)

Assume that va 1is as large as 0,13 then by the

approximations of Appendix B
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(ker' va)2 + (kei! va)2 é(JL)z + (0.61593 + 1n va)2 LXELE

va
2100 + (0.61593 + 2.,3026)2 (10-2/)

= 100 + 0.0213

= 100
Thus for the usual size of cables in seawater, it is a safe

assumption as long as frequency is not too high that

(ker! va)2 + (kei' va)2 = (1/va)? (B-kt)

Similar calculations using the approximations of Appendix

B show that, for 2z = 0.1

z{kei z ker' z - ker' z keil! z) = T4 (E=5)
When z = 0,1, the error in (E-5) is about 3%, but rapidly

decreases as 2z decreases., Substituting (E-~4) and (E-%5)

in (E-3) yields for the latter

7 & ..Va (1/va) (/)
He 27 o"a? ’__L‘)z
(v
vZa? T = x° (B-6)
G 8o~

And since v = Vwno , (E-6) becomes

Rg Z = Rgea = LA (E-7)
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APPENDIX F
DERIVATION OF RECURSION FORMULAS FOR THE IMPEDANCES

OF A LAMINATED CONDUCTOR

Consider a conductor having k laminations in all,
Let Zam and Zpy be the surface impedances at the inner
and outer surfaces of the mth layer respectively, and let
Zym be the transfer impedance of the mth layer. Denote
by 2am, Zbm, and 2z, the corresponding impedances of
the first m layers taken together; let Iy be the
total current flowing in these first m layers in the
positive z-direction., Remember that in equations (4-8),
which will be used presently, the current Iz + Ip was
defined as flowing in the positive direction in the tubular
conductor, the current +I; returns to the source in the
hole within the tube, and the current +Ip does the same
outside., The important point is that currents are defined
to flow in the positive direction as shown by the arrowheads
in Figure 4-1, and equations (4-8) were derived using these
definitions,

For convenience, consider the mth layer of a lamin=-
ated outer conductor, in which the laminations are numbered
beginning with the outermost one and increasing inward. By
the definition of Iy, the current in the m*P layer must be

Ip - Iy;. Now use equations (4-8) to write the longitudinal
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field intensity at the two surfaces of the m'D layer,

Assuming (Ip - Ip.)) to be flowing in the positive z-
direction, one can think of two currents flowing closer
to the conductor axis: Iy in the return direction
(physically, =Ix 1in the positive z-direction), and

Ik = In in the same direction as Ip - Ip-ij. Then the
net return current internal to the mih layer, in the
direction of the Igz-arrowhead of Figure 4-1, is

Iy = (Iyx -~ Iy) or simply Ip. Since all the current Ip.y
external to the mth layer has the same physical direction
as the current in the mbh layer, the net external return
current Ip.7 in the direction of the Ip-arrowhead of
Figure 4-1 is <-Ip_j. Then in equations (4-8), Iz corre-
sponds to Ip and Iy to =Ip.3, and we have

’F‘:m(a) = Zam fm - Ztm fm_l (a)
(F-1)
ﬁm(b) 2 Ztm .éLm - me J:‘[m._,,l (v)

The fields at the surfaces of the mth layer may also be
written in terms of the combined impedances of the first
m and m=1 Jlayers. There is, of course, no conduction
current Ip flowing outside this path. Then, since
Em(b) = Ep-1(a),

¥ X
Ep(a) = Zam In (a)

x x (F-2)
Ep-1(a) = 24 p-1 Ip-1 (b)

En(b)
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The quantity ﬁm(a) may be eliminated between (F-la) and
(F-2a) to yield an expression for the ratio fﬁ/fﬁ_l; next
Ea(b) 1s eliminated between (F-1b) and (F-2b); the latter
result is substituted into the former and, after some

manipulation, there results the deéired expression

7 2
tm (F-3)
Zpm + Za,m-1

Zam = Zam -

This describes the surface impedance for internal return
current of the first m layers of a laminated outer con-
ductor. The iteration procedure is begun with the outermost
lamination, for which, of course, z5y = Zgy.

Now return to equation (4-8b), and consider the case
where Ip = O (which holds here since we are considering
the m outermost laminations, and there i1s no return con~
duction current external to them). The m outermost layers
themselves form a tube, which carries a current I, in the
positive z-direction, Within the hollow of this tube there
flows a current Iy - I, 1in the same direction as Ip, and
a return current Iy, 1n the opposite direction. The net
return current internal to the first m layers is then

Iy = (Ix - Ip) or just Ip, so that from (4-8b),

Ey(b) = g Ip (F-)

where now 24, must be used instead of Zyy Dbecause the
first m Jlayers are being considered compositely. But the
field at the outer surface of the first m layers is the
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same field as that at the outer surface of the first m-l
layers; therefore it is Just as true that

E)(®) = zg,p1 Ina (F-5)
Equations (F-4) and (F-5) may now be combined to yield
another expression for the ratio §m/f;-1- This result
is substituted in the previous expression for the same
ratio, obtained just above, yielding

Ztm Zt,m-1
= - (F-6)
Zpm + 2Zg,m-]

Zm

which is the transfer impedance for internal return current
of the flrst m layers of a laminated outer conductor,
Again, the iteration procedure is begun with the outermost
lamination, and 2yy = 2¢3.

For convenience a laminated outer conductor was
considered in deriving the recursion formulas presented
here, for that is the configuration encountered in this
investigation, Identically the same procedure may be
followed, however, for a laminated inner conductor. Since
there is no current flowing inside the innermost lamination,
it is considered first and laminations are numbered pro-
gressively outward from the axis (in contrast to the outer
conductor, in which we proceeded in the other direction).
Recursion formulas are quite similar to (F-3) and (¥-6),
differing only in the subscripts; they are listed below for

reference:
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Zam + Zp,m-1

Zhm Zpm -

r (F=7)
Z -
Zgp = tm Zt,m-1

Zam + 2Zb,m-1

o

where the method and direction of numbering the lamina-~

tions are as set forth above,

132



NOLTR 67-22

Smaller Larger
_Cable _Cable
Center Conductor:
Strand Number 7 7
Strand Diameter 0.010" 0.0142"
"Calipered" Diameter 0.030" 0,045
Dielectric Diameter 0.050" 0,065 "

Table 2-1: Dimensions of Two Miniature Sea-Return Lines
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Smaller Larger
Cable

Center Conductor:

Strand Number 7 7

Strand Diameter 0.010% 0.,010%
Dielectric Diameter 0.050% 0,0654
Shield:

Strand Number 4o 56

Strand Diameter 0.004" 0. 004"

Table 3-1: Dimensions of Two Miniature Coaxial Cables
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Center Conductors

Strand
Strand
Strand

Dielectric

Shield:
Strand
Strand
Strand

Table 5-1:

Number 7

Diameter 0.008"

Material Carbon Steel ("Rocket Wire")
Diameter 0. O4l"

Number 32

Radius 0. 004"

Material Copper

Dimensions of a Miniature Steel-Cored Coaxial Cable
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Center Conductor:

Strand Number 7

Strand Diameter 0.0063"

Strand Material Copper
Dielectric Diameter 0.038*
Braid:

Strand Number 32

Strand Diameter 0,004,

Strand Material Copper=-Coated Steel

Strand Steel-Core Diameter 0. 0040

Table 5-2: Dimensions of a Miniature Coaxial Cable
With a Bimetal Braid
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Center Conductor:

Strand Number 7

Strand Diameter 0,005"

Strand Material Copper
Dielectric Diameter 0.038"
Shield:

Inner Layer: |
Strand Number 16

Strand Diameter 0.005"

Strand Material Copper
Overbraid:

Strand Number 32

Strand Diameter 0.004"

Strand Material Carbon Steel ("Rocket Wire")

Table 5~3¢: Dimensions of a Miniature Coaxial Cable
With a Steel Overbraid
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EXACT APPROX

FREQ R R
10 1.036841E-05 9.508338E~06
20 24161646E~05 24078246E-05
50. 6009964E-05 50919673E=~05
100 14387172E~04 14376923E-04
200 3e4451612E~04 34437TTTTE-0Q4
500 1¢300037E~03 14296612E-03
1000 3.722065E=03 3.713781E-03
2000+ 9¢952036E~-03 9.937480E~-03
5000 24469620E-02 204T0766E=-02
10000 34366783E~02 34372363E~02
20000 3.783623E~02 3791951E-02
50000 349668B58E~-02 36976472E-0Q2
100000+ 44023701E-02 44033663E~02
200000, 44100806E~02 4,111165E-02
500000+ 445066T7T4E~-02 4.518867E=02
1000000 5.704279E=-02 5¢716479E=~02

FREQ X X
10. 1.428938E~04 1,428551E-04
204 2769366E~-04 2768782E-04
50 6eb624664E-04 64622649E-04
100 le277443E=03 1,277047E=03
200 20449675E-03 24449000E-03
5004 5.659920E-03 5.659118E~03
1000. 1.010791E-02 1.,010994E~02
2000 14577774E-02 1579475E=02
5000 1.812588E-02 1,818277E-02
10000 1.373419E~02 1,379355E=02
20000 9¢142807E~03 9.185006E=-03
50000 6827453E-03 64853358E~03
100000« B84456878E-03 8,481870E-03
200000, 1.407204E~02 l.410586E-02
5000004 36220740E-02 34227529E-02
1000000, 5«868685E-D2 5.875973E~02

Table 7-1: Comparison of a Representative Impedance Calcu~
lation From Approximate and Exact Formulas.

The structure is an outer conductor in contact
with the sea. R =Rg zgp3 X =y z4o

Read 1,23E-O4 as 1.23 x 10—,
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EXACT APPROX

FREQ RA RA
10, 44005914E=-02 44015792E=-02
20 44.005914E-02 44015970E~02
50 44005914E-02 44015864E~02
100 44005914E-02 4eQlB829E~D2
200 44,005913E-02 4e015794E-02
500 44005914L=02 44015795E-02
1000 4¢005915E=02 44015601E-02
2000 44005922E-02 44,015806E-02
5000 o 44005964F-02 44015848E-02
10000 44006114E-02 44015999E-02
20000 44006715E-02 44016603E-02
50000 4e010923E-02 44020830E=-02
1000006 4e025926E =02 44035897E-02
200000 440854b64E=0Z 44095716E~02
500000 4e483368E=-02 44495416E~02
1000000 5.686601E=02 5e698462E-02

FREQ XA XA
10 Geo8Llu63E~07 be24T33TE~QT
20 1e316390E~06 1e316977E-06
50 34291013E=-06 34290732E-06
100 6¢581884E-06 6¢590499E-06
200 14316392E-05 1e319116E-05
500 34290952E-05 34298145E-05
1000 64581960E~05 beD96421E-05
5000 34290994E=04 5e2982308E=04
12000Ce 6e5818B26E~04 beHYHHZHE=0G
20000 1e316317E-03 le519234E=~03
50000 34289898E~-03 34297162E=03
10000C 6e5727T6E~03 6e5877H5E~03
200000 1e309468E~02 1e312336E~02
500000 34187350E~-02 3419398%E~02
1000000 54863990E-02 5.871300E=02

Table 7-1, continued: Comparison of a Representative
Impedance Calculation from Approximate and
Exact Formulas, RA = Ry Zaa; XA =Ly Zgoe

Read 1.23E-O4 as 1.23 x 10-4,
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EXACT APPROX

FREQ RB RB
10. 44005914E-0¢ 44,017367E~02
20 44005914E-02 44017521E-02
50 44005914E-02 44017430E~02
100, 44005914E~-02 44017399E-02
200 4+005913E-02 4e017369E=02
500 44005914E~02 44017370E~02
1000 4e005915E~02 44017375E-02
2000 4e005920E=02 44017380E-02
50004 44005957E=02 4401741%E=02
1000C. 44006086E=02 44017546E~02
20000 44006606E=02 44018068E=02
50000 44010243E-02 44021720E~02
100000, 44023192E-02 44034737E=02
200000 4eQTH6E54E~02 44086417E-02
500000 4s418500E-02 4e431736E-02
1000000 54430374E-02 be471103£-02

FREQ Xb XB
10 5¢687263E~07 54483754E~07
20, 1.137466E=06 1,137797E-06
50 24843673E=06 2.843013E-06
100 54687298E=06 5et93832E-06
200 1e137466E=05 1e139644E~05
500 24843650E-05 24849417L=05
1000 56687344L=05 5e09BY4FE-0D
2000 1e137461E-04 la139803E-C4
5000 2484364 TE~04 24849498E-04
10000 5¢687229E~04 5e698952E-N4
200005 16137403E-03 14139746E-03
500004 24842725E~03 2e843569E~03
100000 5e679595E-03 50691461E~03
200000 lel31481lk=0¢ Llel33787E=02
500000 2e754120E~02 2e159428E=02
1000000, 54059357E=-02 54072484E=02

‘Table 7-1, continued: Comparison of a Representative
Impedance Calculation from Approximate and
Exact Formulas. RB = Rq Zpos XB = Ip Zpp.

Read 1,23E-O% as 1.23 x 10-%,
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EXACT APPROX

FREQ RT RT
10 4,005914E~02 4¢016622E-02
204 44005914E-02 4e4Gl678BTE=-02
50 4.005914E-02 44016689E-02
100. 4.005914E~-02 44016607E~02
200 4.005913E-02 4,016624E~02
500 44005913E-02 4,016625£~02
1000. 44005912E-0¢ 440l6628E-02
20004 4+005907E-02 44016622E~02
5000, 4.005873E~02 4,016587E=-02
10000, 44005751E-02 44.016464E=-02
20000 44005262E-02 4,015973E~02
50000 4.001843E-02 44012536E-02
100000 3.989649E-02 44000286E£~02
200000, 364941313E-02 34951700E-04
500000 3.620325E=02 3629145E-02
1000000 2.667315E-02 24683720E~0Q2

FREQ xT XT
104 -3.054309E-07 ~34341979E~07
20 -64108459E~07 -64310590E~07
50 ~14227095E~06 ~1e544204E-06
100. -3,054286E~-006 ~-3.,070848E-06
200 -64108442E~06 -5.138260E-06
5000 -1.527133E~05 —14533247E-05
1000 “3,054214E~-05 -3.065868E~-05
2000, -64108501E-~05 -6,131467E~05
500Ce ~1le527112E=04 —14532846E~04
10000 —3.054179E-04 —3.065623L-04
20000 -6.107852E-04 ~64130705E-04
50000+ -14526137E-03 ~14531856E~03
100000, -3..046662E~03 —34057797E~03
200000, —-64046194E-03 -64068B653E~03
500000 ~-1.433978E~02 =1.439099E-02
1000000 ~2+387904E~02 ~2.416787E~02

Table 7-1, continued:

Comparison of a Representative
Impedance Calculation From Approximate and
Exact Formulas. RT =R, Zt23 XT =1, th.

Read 1.23E-O% as 1.23 x 10-*,
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FREQ R{SEA) X{SEA)
10, G4869604E-06 1,411277E-04
20 1.973921E-05 20735451E~0¢
50 44934802E=05 64550766E-04
100. 9.869604E-05 14266602E-03
200 1973921E-04 24446100E-03
500 44934802E-04 5eB2473B8BE~03
1000 94869604E~04 1e1215926E-02
2000 1.973921E~03 24156748E-02
5000 44934802E-03 5.104010E~-02
10000 9.869605E-03 9e772502E-02
20000 14973921E-02 1.867397E~01
50000 4,934802E-02 44380631E~01
100000, 9869604E~02 84325740E-01
200000 le973921E~01 1.,578046E-00
500000 4493480L~-01 3.657253E-00
1000000, 9.869604E-01 64878988E~00

Table 7-1, continued: Comparison of a Representative

Impedance Calculation From Approximate and
Exact Formulas.

R(SEA) =Ry 2g; = Re Zag
X(SEA) = Iy 24, = I Zgp
Read 1.23E-O% as 1.23 x 10-%.
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Figure 2~1:
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Cross-section of a Sea-Return Line,

The cable consists of a stranded copper
center conductor surrounded by a dielec=-
tric. When immersed, the surrounding
sea forms the outer conductor,
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Figure 3-1:
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Cross-section of One Type of Coaxial Cable,
The inner and outer conductors, which are
separated by a dielectric, are made up of

strands of bare wire in contact throughout
their length.
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Comparison of Insertion Loss of Two Miniature
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Figure W4-1:
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Cross~-section of a Tubular Conductor, Showing
Current Flow, In the positive z-direction,
current flows within the material of the tube.
The return paths are arbitrary, except for the
constraint that I flows inside, and Iy
outside, the tube,
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Characteristic Impedance of a Miniature Coaxial
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Figure 5-3:
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Cross-section of a Miniature Coaxial Cable
With a Bimetal Braid. The outer conductor
is a woven braid in which each strand
consists of a steel core covered with a
copper jacket. The center conductor is
copper, the dielectric polyethylene.
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Simplified Representation of a Small Section
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Characteristic Impedance of a Miniature
Coaxial Cable Having a Bimetal Woven Braid.
l--Bimetal braid., 2--Corresponding cable
with all~copper braid.
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Figure 5-7:
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Cross~section of a Miniature Coaxial Cable
Having a Steel Overbraid. The strands
of the center conductor and inner shield
are copper. Strands of the overlying
braid (shown cross-hatched) are steel.
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Coaxial Cables.

Figures based on a line

length of 4 kilometers. 1--With steel over-
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1. The miniature coaxial line considered is the all-
copper cable corresponding to the bimetal braid
configuration of Chapter V, Section B.

2, The waveforms shown are Fourier reconstructions of
two repetitive patterns of non-return-to-zero digital
data at a rate of 400 kilobits per second. The first
pattern is a "one" followed by 19 "zeros" (denoted 103g).
The second is "one-zero-one" followed by 17 "zeros'"
(101017).

3. All plots are drawn to the same physical size. Since
the d¢ component is not considered, all magnitudes
are scaled such that the maximum excursion from the
x-axis occupies four divisions as marked on the
vertical axis.

L4, The number appearing at the upper right of each plot
is the amplitude of the maximum excursion from the
x-axis (pot the maximum peak-to-peak excursion),
Hence each vertical division is one~fourth of this
amount, Read "TIXP" as "times 10 to the power." An
input signal of one volt peak-to-peak is assumed,

5. Since the 20-bit pattern runs at a 400 kbps rate, the
fundamental Fourier component frequency is 20 KC. Each
mark on the horizontal axis sets off one-sixth of a

cycle of this component (/3 radians) or, for this

Figure 6-1: Notes for Figures 6-2 through 6-12,
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specific case, 8.33 usec., No attempt should be made
to correlate horizontal divisions with bit width,

which is 2.5 psec,

Figure 6-1, continued: Notes for Figures 6-2 through 6-12.
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Figure 6-2:

1019 Pattern at 1 Kilometer on a Miniature Line.
' for an explanation of the plot.

See Figure 6-=1
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Figure 6-3:

1019 Pattern at 2 Kilometers on a Miniature Line.
for an explanation of the plot.

See Figure 6-1
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Figure 6-lk:

1019 Pattern at 3 Kilometers on a Miniature Line,
for an explanation of the plot.,

See Figure 6-1
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Figure 6-5:

1019

Pattern at 4 Kilometers on a Miniature Line, Unequalized.
Figure 6-1 for an explanation of the plot.

See
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Figure 6-6:

101017'Pattern at 1 Kilometer on a Miniature Line.
for an explanation of the plot.

See Figure 6-1
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Figure 6-7: 101017 Pattern at 2 Kilometers on a Miniature Line.

for an explanation of the plot,

See Figure 6-1
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Figure 6-8:

101017 Pattern at

3 Kilometers on a Miniature Line.
for an explanation of the plot,

See Figure 6-1

¢¢-£9 Y1TON



+

1Z1

Figure 6-9:

101017 Pattern at 4 Kilometers on a Miniature Line, Unequalized.
Figure 6-1 for an explanation of the plot.

See
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Figure 6-10: Circuit Diagram of a Bridged-Tee
Equalizer Section
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Figure 6-11:
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Pattern at 4+ Km on a Miniature Line, With Equalization For
That Distance, See Figure 6-1 for an explanation of the plot.,
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Figure

6=12:

1010;, Pattern at 4 Km on a Miniature Line, With Equalization For
That Distance. See Figure 6-1 for an explanation of the plot.
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Figure 8-1:

Comparison of Insertion Loss of Three Related

Miniature Coaxial Cables.

2--Dry Coaxial Cable.

l--Sea-Return Line,
3=-Immersed Coaxial Cable,
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