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Adbstrac
A mathsmatical expression 1s written down for the changes in trunsient

fraquancy and desping which result when the feedtack branch of s singls

loop systen is altered slightly. The resuli is applied in a genersl dis-
cussion of the accurecy of asrvdynamic eimlators with ruzerical examples of
roll similation, and suggested experiments to evaluate the approxiamstions in-

volved in practice.

Detalls
A. Theoreljcpl

4 similator, whan used to test a missile gulding control, coapletes
a feedbeck loop by supplylng the @ (feedback) part of a Mi-Beta (M- & )
systen, where /"' represents the amplifioation in the forward transmission path.
The trensient response of such a systea to any disturding influsnce is s set of
oscillations 24‘ e it at coaplex frequencies ﬁ : l‘ + J Wy , where ,r‘;
are the roots of the expression ( 1 - 48 ), 1.e. solutions to the equation
Vel e J o , When all values of X\ [ are negative, the systes is sald
to be stable, in that transient oscillations will decay with time after they are
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initiated. The problem ir control design is to make all the X; sufficiently
negative so that the transient component oscillations will decay rapidly, and
quiescence will be restored sufficiently soon after any disturbanoce.

Special consideration must be given to the effect of a simulator whioch
does not provide exactly the same p as the dynamioul system it simulates, but
only approximately so. The purpose of simulation experiments is to determine
the important (\ ‘s and G2 's of the/“ @ vysten which will obtain when the
missile is in flight, and it will be shown below that the precision obiained for

Ai and QI cn & percentage basis is not at all the same as that obtained
for the absolute wvalue, /ﬂ/ s On a percentage basis. An expression will be
developed for small ,f‘; deviations from desired flight velues in terms of p
variations from actual flizht behavior.

Let 5, * ‘7+J ’z be a small perturbation in 6 so that 6;
equalifeedback given vy simulator, ?, esqualsfeedbuck required by the equation

of motion. Then €¢ . éo - (35 and oLserved transient frequencies will be

found fer /—/“ ﬁs s O or fer /—/uﬂo‘-' /"ﬂ‘ instead of sere.
’
The values ,f(. csorresponding to /_/b( ﬂo . _7(4‘16

can bes found D1 observing that

At R A AR, L)
as long as %& is not a ling\:hr roiut of the ’-/“A* function.

'/u’g'j?,"‘ °” ;fll'— (/-/qﬂ")]ﬁ (pi - f.;)* -- T

Thus

Since

('-/“é.)] = o0
7’;
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; ¢
we M) g, (-rpI] =0
7 t .
. 4
¢ = . Tt 2 3
A A a0l
for /76:"/; sufficiently smll, iao./,: - ﬂ/:uf“iciontly small. 3triotly

speaking, ?. should be evalusted at the cbserved "frequenoy" ,‘- in this

hence

equation, but it 1s dcudtful if the refinement of distingnishing oetween /fe]
and Il‘] ! will ue worth whiie in view of the othsr uncertainties inthe ‘
niwutiox?,'bthorororo this distinction is ignored henceforth.

An example of the foregoing can be found in the design and use of a rell

simulator. The oqyltion ’of wotion of a missile in rcll is
/4¢ + G¢ = - AKX

where ® angie cf roll

* angle of orntrol fin

rotaticra’ 1nertie

®= Jemping ceefficiemnt

TQa> XA

s in effectiveness ceefficient

The ﬁ is 3%' computed ‘rom this equation, and tho/“ is —9-4——-‘

@

ocomputed from the internal oontrol system. The transient oscillations are given by

g,-_d___

Af""’af and /"‘F - /+/o

Thus f‘. = - ;—*%— i‘j )FZ—;—& - (ﬁ)t for an idealized ocontrel

where /“‘ ® constant {iepsndent of f .
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Two examples will be treated juantitatively for roll similations

m_m_l: (the idealized case, useful for simalator calibration)

8nos for roll simlation @ /TE,T;& p then

tMH(2Ap+ L) M (AptrEp)”
f’é“?) Ap-+Cp)™ and Pc ¢+/“H(*A7'*G)

-& _tJ'VZ‘J—*-, (;GEA-)L

evaluated a8 ¢ * 7 A
This leads to 'f;‘=1;+. MU H Be
2Aj é‘_ﬁ._i)’-
A A
. :é'_ : H =
' #o- A VT - GR)
! -+/".H€e
and 4. = (A . =
-2
V-
. =Gy

kel
The observed damping constant, A‘; hacoorun‘lymutbnm/' Ca’(
and the observed frequency, G,ofMMuoﬂhﬁomw1—/‘: 2

froa their accurste values, dus to the approximetion f +j = @, +0
For the fallewing numerical values:




f . 1/6
A = 340 1b.10.R = 8,93 dynamic units
H = 36900 1b.in./redian
G ® 01 lbomo/mo/mo
1t is foud that to,

X«'

Per f+j'(#°

P NEDN (:—gf:g ) =X, (- 5o 7)

Ac(r=./38n)

B R )
e, (1~.310 7,)
Showing that for }\'( and (/%0 be correct within 3% we must zun/f/<,;;—7§ = .44/
ul/?/( ,'73%.‘ = —4523 . Since e] __f("-é 'f‘jf’ , the peroentage
error in /p/ mst be less tian gfé’ltﬂg"mt tuis spplies for 4 = 1/6 only.
For dasping less than about 70% oritical, the perceatage error resulting froam she
use of sn spproximats similater varies with 4 |, so that for 4 = 1/2 (s value

YSE-&) - 13,45 see.”’

- iy
1A = —212.5 sec.

]

"

whieh hes been suggested) the precision 13 /{5/ must be three tises ao geod as
above, in spite of the ssaller valus of ‘3]1_, whieh obtains for the larger M ,

Aporuonorun/“p plans for m‘.m-phu plotted in Pigure 1, with
he 1ines at(d = 13,45 and)\ ™ <22.5 specially darkened. The brensh peint st/ [ =
1,36 ¢ jo 1s conneeted wish the criticsl damping charecteristies of the systea,
and samnot be lecated precisely without knowing the snalytic ferm of /¢ & as e
Wor/jp o
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case Y1 Urndversity of Virgipiae Tvze of Interpal Control
Feference {a) gives an analytic expression for the dynamic behavior

of the University of Virginia servo as a third degree equation in /f . This
aguati n is obtained oy anaiyzing tine aynamics of the control motor, but ignoring
inertia lag in the hydraulic systex. While the later data of Reference (b) can
be fitied muach nettoer by 8 foirth degier eguatinon ‘m% (wiich includes a small
correction term for hydraulic fluid inertiai, the cubl:z espression of Reference (a)
will be used in this 1llusvration.

Thus, for a control whose internal behavior is specified by
fJ-f- l‘r"lf‘-;- (U-a)"r +Joaxio?
(See Reference {a’ pp. <3 and <)

and whose external feedback is given by

p:—_._‘ﬂ:ig___ (Same as Case I)
?‘445,

we have

/ 2.0F X /¢ —

U T T T
if tue linkages are so proportioned that, for very slow variations,
Tries mumerical scale corresponds to that ot Came I above.

Tne transient oscillation "frequencies" gre given by the roots of

1 % - LT . . 9
+1.¥9% 1o r’+z oqxlo"'f"-r‘_?.h,: 'osr’_“ Wy ik T
These rocts are AL - SR T9L , ~55¢& +}r,
! .
and ... 7 O I

The transient ter:s of most importance is the oscillation mode at
frequency 16,1 = 2.5 cps, since not only are the higher order roots
chlractorltedzby mucn grester dampling, but the amplitudes of the oscillations at
frequencles of lsrger " are much less than that of the lowest mode in guet-

initiated translents,
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The value of
2

Ve w 5(1."+/.ﬂum z"*[ anaw"F‘t,z.gua"y 4224 10°)
2084 Jo”

ovnlu.nt.ed at each of lie five root.s above

Therefore at £ “"“""J y“ﬁ)-—‘/nm + 77470 J
Hence + Lo I
f f £o —-043+o77 = ‘g“ts"'*"qj)
. - 4130 {
S A T e R e
.ot
'ft= r»-lge (17L+OS‘JJ= —‘.7+I‘IJ- B‘ ()91 +o SGJ)
\

But aiuce

Qg *§ k( 4 :—4.7(:+~2(y-,o£3nz)+/4.1(j (=035 - /;7?)

and the percentage errsr involved s

2 - 703
’} ’l 1o the dazt.-.; vacter and
-3':% -1n9 '( in regju ly
In Figure 2 1s pic-ted a portior ol tmy'g plane ir tne region around
. T HH6. l) It ts not consis-ent witn L.e title of this paper to explore
the irregliarities arcund the branchn po’nts &t ~-30.§ +Jol - 10. 44 f‘/ o, —13,41_¢¢75—J~

since these sre nct close to tne "resonanl" points given by/‘(e - I+J o

The z~theuatical treatzent in Sectlon A of this report has been carried
some-hat beyond the margin of utility for the case of the University of Virginia
contro!l, in viev of the iazperfeci approximation to its dynaaic behavior fur-
nished Ly & -haracteristic equatiun of degree no higher than the tnind, It 19

the purpose c¢f this secilan to suggest experizents which will give &
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reasonable basis for estimating the éc and f: - f, appropriate to & given
sxperimental setup for any oontrol of the gensral types herstofere suggested,

In Sgction A, the observed value of trunsient complex frequency f‘-' ’
the accurate valus £, , and the simlator error ee are shown to be

reiated by

Ry M)
;(_7_9(/“‘50)]4"; as long as #"—f‘/uﬂ /(if/

are smll enough so that the first two terms of the Taylor series fora &
sufficlent approximation to the /“ ﬁ funotion in the neighborhood of the
Nyquist point. To the same degres of approximation the difference can be

written

8], - Pl
ruohy, - T3 7o),

s ot 70'.7'
and 1t is to bs observed that ,r‘-_ is thus given in terms of experimentally
deterxim.. quantities,

The value of ﬂ’ ean bs obeerved direstly by measuring frequency
and logarithaic decresent of trensient osclllations initiated by a step-
function signal fed into the system, By va:ying the numerical oempling factor
between the control and the simmlator, there results a change in scale of the

/‘ ?3 plot, so that the effect is ons of ac ..ng the Nyquist poiat, If the
miserioal sagnitude of /*  1s thus ehanged by the ratie % , the resulting
7,_- corresponds to that obtained from the original % f; plot at the petnt

%,""'jo hence the observed A»f oom-pondltond,é“ﬁ,)cf

‘

L e L
=1
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Tre val s ot é‘] . cen vesl ve deterziued vy cowpuiing (i1va the
.
motior. equations: L .« ( © appropriate to the observea 40._' , @end compuiing 1t to

the observed alssile movsaent ratio from the oscillegrams of the simu:utor-
control surface motion

Jentrol systea  The vaiue of /a])b will be given by ?‘/_]7’
()

It 48 appioprisate to remark that the values of i‘mqueu:y anxd logaritialc
decrement are act very easy to measure accurately on the osciilograas in the
rnetgbhborhocd of criticel demping It will usually happen, howevar, that consider
able errors in f: —ﬂ. can be tolerated in fne nelghborhoou of criticel dsaping
Jast because the cnange thereby introduced irn the measuraile Lonevior of the sysiea
will not be important,

A more fundamental objection is that the matrematicsl ‘reaimert of thie
paper is besed on the assuaption t‘:.nt/“ r’ exdste as defired, and 18 aa arwiy-dc
funeticn of »&0 . lTre usual remarks aovou$ Jl.eer aprTo:* a*ions 0 non-liraer
systema can be asde, howevcr, since the ane.ysis refers ¢ily to a differential
region around the Nyaulst point, hLence iz a. appropriate approxciaation for any

tem which 1s contimious encugh 111 1ts dynamic behavior to warrant anslysis
by differentisl means at all The extent L, wx.t«;‘n/aﬁ departs from being analytie
can probably bts explored by introduc.ng phase shif't as well as aegnitude shift
in chang ng t-e scale of tm/‘ﬁ plot (ue page §.), tous evaluating ;-:'ﬁg)
ror other than rewl values of A(/“,g) .
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