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ABSTRACT

This Technical Report supersedes TR No. 7 entitled: INVERSE
COMPUTATION FOR LONG LINES: A NON-ITERATIVE METHOD BASED ON THE
TRUE GEODESIC, which is out of print. It conteins the material of
the original publication of 1950, and in addition, formulas per-
taining to long lines, derived through the years at AMS.

The solutions of the Direct and Inverse Geodetic Problem are
presented in forms which are adaptable to desk calculator and to
‘electronic computer.

The maximum errors in the solutions due to the omission of
higher order terms have been determined and are presented in tables
in the Appendix. These tables will enable the user of the solutions
to decide whether the accuracy requirements can be obtained with or
without the higher order terms. These higher order terms have been

derived and are presented herein.



DIRECT AND INVERSE SOIUTIONS OF GEODESICS

SECTION I. GENERAL

1. Purpose and Scope. The purpose of this report is to present in

a single publication the various forms of the Direct and Inverse
Solutions of Geodesics which bave been solved by the Army Map Service.

This report supersedes AMS Technical Report No. T.
SECTION II. INTRODUCTION

In Section III of this report a procedure is given for a rigor-
ous and rapid non-iterative inverse solution of very long geodesics.
This procedﬁre, which is in a convenient form for computation by means
of desk calculators, was presented by Mr. Emanuel M. Sodano at the
XIth General Assembly of the International Association of Geodesy and
Geophysics in Toronto, Canada in 1957. The resulis represent the
gradual extension and accumulated improvements of the original Army
Map Service Technical Report No. 7.

This modification contains a more stable formula for azimuths and
an alternative formula for very short lines. More general and accu-
rate formulae for both long and short lines are given herein than are
contained in Technical Report No. 7. The complete theoretical deriva-
tion starting with a rigorous modification of Helmert's(1) classical
formulas are given. The final non-iterative formulas have been ex-
tended through terms equivalent to the second, fourth and sixth powers
of the eccentricity of the spheroid, and therefore, may be shortened

according to the required accuracy.




The solution, which requires no special purpose tables, is
accurate to at least the tenth derim2? place of radians for *+*-
azimuths and the arc distance, If the final formulas are shortened
to the second and fourth powers of the eccentricity respectively,
the results are accurate to seven and nine decimal places of radi=-
ans respectively, even for distances circumscribing the earth,

In Section IV the formulas for the solution of the Inverse

.Geodetic Problem have been adapted to electronic computers. These
formulas were derived from the basic formulas of Section III. A
solution of the Direct Geodetic problem is given in Section V.

The formulas are adapted to electronic computers.

SECTION III.
A RICOROUS NON-ITERATIVE PROCEDURE FOR RAPID INVERSE SOLUTION

0

OF VERY LONG GEODESICS

2. Preliminary Modification of Helmert's Iterative Solution

e = eccentricity of the spheroid =4[2g = Yo

a

N
e' = second eccentricity =4[ = Y5

b§

b, = semi-minor axis
L = absolute difference of lonpgitude on the spheroid,

between the given endnoints of the geodesic,

R
:
(=%
D

parsmetric (or reduced) latitude of the westward

wnd ensuward endroints, visrectively.



The relationship between parametric latitude and geodetic

1atitude is given by the equation tan/ = tan B(1-f) vhere £

is the spheroidil flattening.

A =

cos F, =

sin jo -

go'

sin 28, =

sin jo =

sinzﬂ o "

cos 20 =
cos Lo

cos bo =

B! =
ct =

T-

difference of longitude (appraximately L) on the
reduced sphere, for which a progressively better
value is found with each repetition of the follow-

inpg iteration process$

Si“ﬂl sinﬂz + cosﬂl cOs,gz cos A
(sign of sinA) V1 - cos? &,

positive radians

2 sin ﬂo cos ﬂo

3sindy = L sin3 g,

(cosﬂ1 cosﬂg sin A) 2 sin _ﬂo

1l - coazﬂo

(2 sin) sinfs ¢ sin? B,) - cos §,
-1 + 2 cos? 2o~

L cos3 200 - 3 cos 207

291 2 L
fo - detucd, Mg b,
e e'z 2,0 |h inhﬂ

vh h
2 o Po

Atg, - B' sin §, cos 2¢ + C' sin 2§, cos Lo

Next approximation to A = [(L + P cosB,) radians.]

After a sufficiently accurate Ais found, and using the set



of values from the last iteration, the geodetic distance (S) and

arimuths {(or) btetween the endnointtare obtained as follows:

Po - ev? siﬂzﬁo - e‘h sinhﬂo + 15e 16 Sinéﬂ
b % Y °
e'l 6

Co * 135 sml‘/' 3e siné,Ao

D, = __ sin
036 Ao

S = bolhofy * Py sin fy cos 20 = Co sin 2, cos Lo

C
+ Do sin 3g, cos 60-)
= t‘mﬁ cos/-co Asindy -
Oy * 2 P1=cos Asin £1
sin A
"‘W(>-1 - fm/,? cos A~ cos/[)g t,an/gl
sin )\

soore X3_5 and of5_ ) range from 0° to 180° and 180° to 360°,

recrectively, clockwise from north,

ek Csapa ey e sy vy e 0y X

‘. ~-Q-s¢0-.—--l-—->—--.~-’~.

Lot it te ascumed that the true value of Ais known (that is,
S value that would result from aninfinite number cof Helmert ap-
~rrximations) and let this true value br reoresented by the piven

apbs~Inte difference of lonritude on the spheroid plus a quantity x



which will be determined later,
Thus s A = (L +x),
It will be evident, later, that x is a very small positive quantity
of the order of e2, and therefore well suited for setting up a
converpent nower series in x for each expression contained in the
Helmert procedure., For example, from the above assumed equation,
the following is derived:
cos A= cos (L + x)
= cos L cos x - sin L sin x
= (cos L) (1-5_2_ + e .)
- (sin L) (x -2...)

mherefore: cos A = (cos L) = (sin L) x - #(cos L) x2 + . . .

There is thus available, at the ocutset, a series for the true
cos A with vhich to bepin the FHelmert solution and develop it in
pover series ‘n x in its entirety. The process consists of sub-
stitutine each new series into the s::éceeding Helmert exnressions
as reouired. For convenience, the fecllowing additional notation
will be used:

Ne e'2 (e’ +e)

as= sinﬂl sin/32

b = cosﬂl cos ﬂz
cosg-- a +bcosl

cC = bsinLcsc_ﬂ



1 - ¢2

m o=
L = e'n

P = mectfd-acsced

vy = (tan/3, cosfy - cos L sin/3y) 8 sin L
"s = (sinfp cos L - coéﬂz tanf;) & sin L

Listel, telow, in the same sequence as the corresponding Felmert
exrrinsiong, is the co.mplete set of series thrcugh Tcosﬂ.. The
oxtent cf the novers of x ieg such as to »nermit accuracies ol the
¢ ordar in A s for subsequent arnlication to the distance and azi-
muths to the same Aerree of accuracy as the reference Helmert iter-
atien farm,
s f, = (cos @ - (c sin §) x - #(c? cos F + P sin §) x?
can foo= (ein @) + (e cos FIx -~ i(c? sin F ~ P cos §) x2
j g+ (F,= F) = & + arc sin [sin (& - g’)]
= ¢ + arc sin (sin #o cos § - cos @, sin _{5)
sF () x> P P
rin 2f = 2 sin fcos f,
sin A = (egin 1) *» (cos L) x = 7 sin L) x2
<ﬂp = {¢) +(°) x - &em+ 32 P cot?’) x2
m - {2¢F) x

,
s
R

o
je>S

S

1}

. 1, - "
v P - l\‘ — \ ’ S L} -
(n cos f - 27 sin ) + 2, {en® sin § + L cwP cos §

vvl‘—
- 4cP? sin ) x

dl v

10



cos Lo = ! (m? - 2m? sinQ‘g— &mP sin f cos @ + 8P25in2_@

)
el ) e2 49

AY = __ (12BN = &h + 3n°) =+ F\e' cP) x
128

2
B! = 5’3_2.(2h-h2) - gf(eﬁ cP) x

2 ,
ct = £ (n)
256

e (28n g - 8h g + 30 §) + «f (18c = he + 2¢%PP) x
°© T8 7 %

Aty

2
+ ;_ (NP) x?

2
-B' sin §cos 2@ = = (- 8h sin ff cos @ + 16e'2 P sin” §

128
+ hn? sin £ cos § - 8412 np sinz_@')
2
- 2 (he) x
16
el

C* sin Zj'o cos La= 5 (h? sin ‘@-cos f— 2h? sin3ﬁcos '3

- 8e'? np sinz}“c:os2 f+ 8e‘hP? sin3 fcosf)

Yeos, = 122 (12ecF - eheff - Bhe sin § cos F + 16e'2cP sin? §
+ 3n2cf + sh%c sin § cos f - 2hc sind Feos
- 8e'?heP sin’ § - Ed2hcP sin’ @ cos? @
+ Berler? sind Fcos g) + .‘I’Z {(16Nc2 + 16NPF - 2he”
- bPf + 2e12¢2 PF - hP sin & cos F + 20122 sin? f) x
- .;’_2 (end - IcP + vy cot @)x?
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L. TDerivation cf the 'mknown Quantity x

Since the substitution into the Helmert iteration hegan wit®l an

alrebraic series representine the true A, the next approximation te

A must of necessity be its equal; that is:

The nert avrroximation to A = the starting true )

or L-"T'cos_ﬂo = L +x
and therefore T cos_/.qo L &

by replacing Tcosﬁo with its corresconding power series, the above

equation takes the following quadratic form:

Ql*QQX*QjK?“ x
for which the reouired solutionof x to the proper order is
x = Q1+ Qp + Q§ + QQa).
Finally, substituting for Q1, Q2 and Q3, produces the following end

recult :

x = -i—?—‘; [128!\‘@' + 120e™2c F ~ Brf - € san ff cos ff + 128 N2
s 2er?p gin?d + 1083l - 2le®Nnc?f + 3n2F
- 8e2nc® cin F cos §+ h2 sin F cos F - ClhetiIclnd®
- 2t sindf cos T4 (1elet@ 4 Lhteln3) o2p F
- 10e®NEF fP + 16e2e'“NciP sin? § - 8e'ChP cin? f
- 26e%p f sin f cos f - 170¢3e?P @3 cot
- 8e'drsin? § cos? F + 128ela3p2
¢ 326’212 Fsin? F + Be'lp? sind F cos gf]

12
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The above riporously developed e xpression is completely non-iter-
ative, since it requires only the given snhero.dal longitude. It
therefore nermits a direct evaluation of the ultimately irue A (that
iey, L + x), extended in this case through terms equivalent to the
ez, el and eb order consecutively, in accordance to the accuracy
that may be desired. Furt'ermore, it reoresents the algebraic solu-
tion of the hitherto unkovn quantity x used in the power series

versicn of each of the intermediate Helmert expressions,

Se Determinaticn of Geodetic Distance and Azimuths

The non-iterative exnrescion that has been developed for x

suggests at once a numericsl solution of distance rnd azimuths where-

in, usiny the resulting true value oi‘A, only a single evaluation cf
Eelmert's oripinal fermulas is necessary. An illustrative example
by such a nrecedure is given in poragréph ¥.

On the otker hand, instead of reverting to functions cf the
true A, the distance and azimuths themselves can be exvanded non~
iteratively intc nover series of x with coefficients in terms of
the eiven erhercidal difference of lonpitude, This is accomplished
belcw, but limited to the el order of accuracy, Since this manner
of obtainins the distance and azimuths threuph e® wonld require
each coimonent cerjies to one hirher rower of x thar wes necessary

for A, Arain, the cerics are develoned in the sare sequence as

13
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the corresponding Helmert expression.

Ay * 3111 (6l + 16h - 3h?) = % (e'2cP) x

Fo = ;lg (Lh - 12) = % (e'2cP) x

h2
128

Ao fo - 317 (6LF + 16ng - g% + % (e + he - 2e'2epf) x
'
+ 1 (p) x°
2 .
Pcsingrcccs 20" '6'}5 (1éh sin _grcos f- 32e 2P sing‘g{- Lh s:.ngcoss 15'
+ 80'2hP sin? @) + 1 (he) x

b ~ - ~ - - 9 . ” ? r
el Neloli o = e [ eh ad T on A o+ DRled 3"; rred # Fat WD aint orr’]
('."-ir.rg:-"\r.. L= a: (el Fl!’zz cr ‘L‘g Jrfeam g Ty 1N _).f

<fatlip? sin3f nes fﬁ

b 5
c - (¢ ' acs f = 326'2P cin?f
. T (-,)lip'* 16hg + 16h sin § ~os %r 32e n“f
-_'shf’ﬁ'- JUIENRTRIV S SRR AR T

»

+ Fatopp sinﬁ&.* Lo onr sjn?_zrccs?f
- fetlp? s:'.n3ﬁ cosf) + ;;‘ (2¢ + he = e'%f‘_ﬁ X

bOP ?
] +T()x !

Us cosﬁl LA Us cos L cos_[% n
sot, OF N Y a0 RV S R X
? =2 1 sin L cos@y ? sin® L 2 sin? 1, cos B

]
'
\

1L



cotots + =l s f02 cos A3, f V2, Upcosl cosﬂe "
2-1 2 gin L ¢ 2 2 (2
05 sin© L 2 sin¢ L cos,&l

The x and x2 for the above formulas of distance and azimuths
can be subgtituted either numerically or algebraicslly using, in this
casey only the first 6 terms of x for a~curacies equivalent to the
el order, The alpebraic substitution gives the following final ex-

pressions:

bo

S = ZI [6hf+ 6he2Nc?p' + léhj[* 16h sinﬁ cos ;J

- 32e'?P sind + Gle!n2etF - 32T « (326N ~ Le?)nc?f
Le?he’ sin # cos g - 5h2 sin Fcos F + 2h2 sindF cosf
(9662 - 32626 '2N)e2p F+ Bo2e?2P sin? F
te'?np sin? & + 8e'?nP sin? § cos?f

Betlp? sind F cos gf]

+

+

eQNqﬁI? cosq e:‘!‘Ngc3ﬁ!2 cos /7)1
°°td1-2 =Uy - sin L cos,?E sin L 005_6'2"—

e?ncfly cosh | e’help sind cosg‘cosxi

* Wsin L cos /&, 16 sin L cos/f,
L
€ Nchﬂcho% . e2e'2cPUy sin’ff cos
= sin L cos /7, Y sin L cos/jz
. € cﬂQLg cos L cos/al . el‘f\ c‘g Uy
2 sin? L cos,b"g 2 sin® L

The corresnonding cotoip_q is cbtainable from the above by inter-

chanring Uy with Us and 4 with ,52,

15




Thus, proryessively, there have bieen develorced “hree riporous
methods for determining reodetic distance and azimuths non-iter:iively:
ar » function of the true A, as a power series in x, and culminated
by an exnlicit expression in essentially the given srheroidal lati-
tude and longitude of the endpoints. For shorter lines, oir for re-
duced accuracy on long lines, terms mey be still further eliminated
according to the next higher nowers of e2, e'?, h and x, or equiva-

lent combinations thereof,

6. (ther Non-Iterative Solutions

The distance and azimuths by the orirginal Helmaprt method are

essentially functions of elements in the follewirg spherical trianrle:

A/,

wiere A = A

>

p
"
g

o
1

!

20 = -.'/'2-0- DI

[

ans Al, 2\2, 01 and 05 are reparded as nerative or rositive acecord-

ire to whether they are west or east of the nerpendicular arc 90(-/92.

16




(vor this specific confi ruration, therefore, A arﬂ]ro actually rep-
resent the sum of the absnlute components and 20 the difference.)
Since Helmert's method of succassive aprroximations can only
determine A first, the subsequent solution of the above spherical
trianple would always begin vith A and the kncwn ﬂ] and A The
present naper, hovever, has develcned net only a non-iterative ex-
rrecsicn for A s but also indercndent nover series for the various
elements cf this spherical triangle or functions thereof. Therefore
the combinaticn of ways to compute quantities leading to the dis-
tance and azimuths is increased considerably. In addition, the x
fcr such series can be substituted either numerically or algebraice

ally, in the menner shcwn fer the distance and aziruth series in

T™Fe above notentiality for inereazasing the number c¢f non-itera-
tive solutions may be seen from the expresrions (1) belcow, where-irn

the x and x2 of the jo series are alrebraically eliminated.

{ T, Yr+ 1¢.eN-eCe '2 (c2g) + léehN?+e2e'Z’_ (c’@
16 16

+ ei?'E ' 62sinflcosg) ~ _e_i_‘/i',?(chsinﬁosﬁ (1)
b o

2012 2 Liss?
-2 g' (ac?sing) * L—-eZN (e?aff) - -——-—382" (ckgcotf)
The computed value of f; is then ceombined with /61 and 152
to obtain &K's, followed by ﬂo, 207, Ay, Bay Cp and fine)ly the
reodetic distance. When adonting such varied procedures fcr solving

37




T

the reference trisngle, care should be take:n to aveid forialations
vhiich lead to a veak determination of required quantities. There
difficulties may most likely occur at extremes of latitude, lar:i-
tude, or azimuth.

The non-iterative series, too, are functions of elements of
a épherical trianpgle, but defined by ﬂl and ﬁg_ and the given
longitude L. This amounts simply to a substitution of L 1tor A,
which results in a spherical trianrle with paris corresponding as
follows:

Series 61 /32 L ﬁ c Uy Us

Yelmert 431 [, A 7o cosﬁo cotaly_s  cotolp_y
Startins with the given /GI, ﬂp, and L, the values of all qunnti-
ties used in the non-iterative series may thus be solved trigono-
metrically in various orders.

Tt is also to be noted that in the relrtiorn. A= (L + x), if
¥ i acsimed tc be zero, L ie censiderad to be equal to A .
Therefore In the various pover scries in x, the cenctant term
can rerresont the true value cf the series by simply revlacing

fanctione of L with A o This is well illustrated by the A

series in x in -sposranh ot and ite counternart in oot 7
Thaoveores ovleny, The princiyple can vell be incorporated
in computation forns, such &z the one on the nexy 120 ;-0 <.

apnlied to H, I, etce

18




7. Numerical

Illustration of a Sample Solution (Intermational Spherold)

L
Given ¢ By
R2
Lanlgl
tanlzg
coslzl
coslzg
sinlgl

si I"B;_)

a

Y-
v

sin L

cos ﬁ

(&

n

G

=

abrolute difference of longitude
latitude of westward point
latitude of eastward point
0,99G63 299C¢ tan Ry
0,79663 29966 tan By

+f1 tan?E

« 1 + tan’s,

tanBl ccsBl

tan.@z cnsgg

sinBl :::'n,Bg

C“S'Bl cosB?

1

1

a +bcos Ll

(sirn of sin 1) \ﬁ - cosQﬁ
rosjtive radians

(b sin L) & sin ¢

22

[cor— iT_. (cos ﬁ) Pj s LR 20640
-a(0.1,0100 12¢€30)

-a{C,729ht 936(¢)

(3.986% 20649)C

o isinf

19

0.36274
0.99663

0, 70829
0.34120
0.70593
C.23071
0,665
0.9(12¢
£0.27563
005718
0.59836
1.51357
C.1L109
C.41100
0.0067¢
SN
0. 1521

0,02692

2.29LE7

0.9L60G 2

1060

200 N

L5 N
L7L53
29966

£3383
L1818
14959
73558
67343
3u596
637¢6
99269
91163
;7028
7612
L5307
77622
17388




Xyrad

[ A [#(237.2388918 + B) +sing(C+D)
sc(r))} £ 705195118

A=1+x 1C£C1L 115" 62300
=inA 0.96035 £3307
cos) -0.27877 S164F

zos §, =a +bcosA 0.05500 75083
sin ff, = (sign of sin A) V1 = cos?f 0.59LLE 09 30
'!:) = rositive radians 150667 0535

Sis :i’f; 2 (=in jo cos ) < 0.5 0.,21002 7L6ET
f‘r.sﬂc = (b sinA) a sin_gro 0,£L0l2 07539

o) - cos2ﬂo 0458966 12195
= 2o~ (28 - q cos o) & q Q76100 Fea3l

ho= (cos? 200 - 0.5) £ 0.8 0.16001 26977

Yoom 6356911.946 + 10756.165q -

1'3.(\;0,12 $363251,8)1
1 = 107%6.168q - 18.200q° 6330,312
5= 2,275q2 | 0,792
dys = (tr’mﬁz 00831 - cost\sinﬂw 1.O7LET 96397
SIN A
oL = (sinﬁ? cos A - cosﬂztanﬂl) =0 7258 22871
ShA
&, = Clozkvise from North, in quad LGt 130 g
I or II for cot + or -, resn,

& .1 = Clockwire from Morth, in quad
i7T er IV for cot + or -, resr, 268717'18",50:0¢

Cmetive = H}fo + I singrO cos2 @ - 9649412, 850,

Tty v‘r
Jonin 2f. coslor

20



8. Numerical Coefficients For Other Spheroids

The illustrative solution given in the preceding section
contains fixed numerical coefficients which are functions solely
of the size and shape of the Intermational spheroid. The algebraic
exnressions of these coefficiente, together with their values, are
showvn belov in the orer of appearance in the sammle solution,
For any cther spheroid, thes: esxpressions can be quickly re-evalu-
ated once and for all and substituted for the correspording

Internationsl voluess (Note: e2N s flattening.)

s V1-62 = 0.99663 29966

(16e2N2 + ¢12) 2 g12 = L.9865  206L9
2e12 2 (1622 + e1?) = 0.L0108 12630
16e20% 2 (16e2:2 + ¢12) = 0.799L5 93686
1e?N2 2 12 = 3.9865  206L9

(16N - e'?) 2 (1622 + 1) 237.2386 918

16 2 e2(16e°N° + e12) = 7C519.511L5
by =  6356911,9L6
beet? 2l = 10756.165
Jeeth & 6L - 13.650
beeth 2 16 = 18.200
boe'l 2 120 = 2,275

hdditioral ilotes on Commnutational Procedures

Althongh tre illustrative solution given in -+~ veo 5

21



is primarily intended for acruracy equivalent to the <-3h order, it
easily lends iteelf to any required degree. This is accomplished
simply by adding or subtracting approp:iate terms of x, H, 1, J,
and S. Tha extended terms are given in the latter rart of Section
111, ~rrarre-be L and ? 0, respectively. For short lines or re-
duced accuracy on long lines, x on the Intermational spheroid be-
comes merely (Ajf} 297) and all terms in q2 are omitted, with the
consequent elimination of many other supperting quantities. Simi-
1ar savings are realized for other forms of solutions presented
herein.

For short lines, the vesulting small jis computed more

accurately from sinﬁ obtained as follows:

sing'- «b s:Lx12I"4-31112[]""I2

2

4 : .
cog £ = (sign of sinkL 0.5(1 + cos ¢)
2 Y £

sin f = (sin .g_ cos '29:) 2 0.5

Similarly, sin ﬁ; ig obtained as above by replacing ﬁwith Q'o and
L with A+ In either case, squariag the small sines under the
radical increases their sipnificant decimal places.

If the pumerator of x is to be cumulated n a ter dipit
calevlator, 9 decimal places should be allotted to j, sin j and I,

but only 7 decimals tv their multipliers. However, when the value
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of G is 20 or greater, decrease its decimal places accordingly and
increase those of ¥ and E corresnondingly. For a smaller calcula-
tor, reduce all decimals equally.

Use co~-function of tanﬂ or cot of wvhen their values are too
large,

t B 1
Thus cot/g - co--n and tanol =
n - = f=1=_,=e? coteX

The accuracy of geodetic distances computed through the

e2, eh and e6 order for very long geodesics is within a few meters,

"centimeters and tenths of millimeters respectively. Azimuths are
good to tenths, thousandths, and hundred thousandths of a second.
Further imnrovement of results occurs for shorter lines.

- Some of the terms in the sample solution of raracranh 7
have been grouped for ease of comouting by desk valculator. For
electronic computers, however, the terms are best left in series
form, thus being ideally suited to sdding or removing them accord-

ing to accuracy requirements.

10. Antipodal Points

In the various series that have been presented, g reoresents a
svharical arc distance which varies from 0° to 180° and even to
360° according to whether the peodetic line is very short, half
around the earth or completely around it. At these specific instsn-
ces, quantities such as csc gr, cot g, and P approach infinity. For

the case of the very short lines, this condition is equalized
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where, as noted, the substitution of the ®cos A, series piven at
tha end of raravranh 3 will now be in terms of I and K instead
of L and x. Solving the above equation for Z (this time throwrh
only the el order of accuracy) gives:
16(1~L,) + (16e°Ncf ~ e?hcfl - e?hc sing cosd + 2e2e'2cP ein?f)y,
16(1 - o?Ne? - o?NPf),

vhere the subscripts n to the parenthesis indicate that ¢, jﬂ;h, P,

etc. are functions of L, instead of L. This time, the denominator

- }of the expression cannot be algebraically divided into the numerator,
because t;he ezNPﬁ term is relatively large for nearly antipodal lines.

With the above correction z to an arbitrary but sufficiently

accurate value Ly, the true A of antinodal lines is essentially ob-
tained again non-iteratively, and therefore more rapidly than by
nunerous individual successive appraximations. Thus, also, a pre=-
vious L" longitude discrerancy noted by Mr. H. F, Rainsfont‘z)for a
line of about 179°L46'i8" longitude would be resolved, In this con-
nection, appreciation is expressed to Mr. Rainsford for his interest

in the subject which resulted in profitable corresnondence,

SECTION 1V
TARULAR AND ELECTRONIC COMPUTER METHOD FCR NON-ITERATIVE

SOLUTION OF GEODETIC INVEXSE, BASED 0N SODANO'S PAPER

fur distance and azimth are more adaptalls to elgctrenic comuter
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procrammins then the correspondine closad feriulas of Seetion 117,

¢

Thie netled (unlike the on2 Jusl discusssd) doas Lab bave L.

restriction that Ry and Ly must be the latitude ond lonmitudl, ro-
pectively, of the westward pcint, lere, By and L are the pecrrarhic
latitude ond lonritude, respectively, of any point.

The distance eguation of this section was derived by malting ihe
folloving snbsti tutiens into the distsnce S equaticn on pepe 1.

T e? N

1

h (vhere e'? was exnressed in terms of f) (1)
n o=1-¢° J

P ~(1-c2)cotg-acscf

e'n

a1

The exrression (A - L) of this methad 3= cquivalent to "x" on

ree The Tre serier fer (A - L) wvae derived oy makine the substitu-

Lions (1) into the eouztion for "x" on pa-2 1l. The corputation

T.or fer tihie swethed is as follows:

21, w = georrarhic latitude and lon-itute, resaceil ol
of any ncint

finy, Lp = geograrhic latitude ant longitude, recmechively,

of ary other vmoint, n-n-antipodal

Latitaters and lon~itides considered (<) norih anl east, (=) south

ond wast,
Tacdrel: 4, 3 = azaraths clocivise from north and distanco

betvesn moints, respectively.
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S = +f + 1Y g
C o [neeemg

+ a [(f‘ + fz)sinjr- EQf csc _Qr]
2
+a? [_ 5_2 sinp' cosf]
) 2 |
+ me [ {z)j+ .;_g sing cosgf - ..g.g Pootd - _;_%sinj- ccs%ﬁ‘j
+ an [({;_?_)ﬁe cseff + ;{i singrcoszQ]




vhera: 8,, by = semi-msajor and semi-minor axes, resrectively, of

e

r'-’se *ii- e L has an absolute value ¢ or >1800_; according toT

“consjder it as {+) feor the shorter and (-) for the lonper arc, J

spheroid
f = gsrhercidal flattening = (1 - EE)
84

P = number of seconds in one radian = 206,2€),£0(25

L= (Lp-13) or (Ip-Lj) + [sign oproesite of (Lp-L1) ] 3609

vhetter the shorter or longer seodetic arc is required. However,

for reridional arca (|L| = 00 or 180° or 360°) use either L but

fan}g tan 8 (1-f) when]Bl& LEC or cot;ﬁ = Cof B when
[H> 15°

2 = sin .Al sinlg

cos K’l cosﬁgz

cos § = aebcos L

sic g = ¢ J(sin L co%)g + (sind cogéy - sind) cosfh cos L)°

ins
"

[ e «jen of sin g‘ is (+) or (-) accordines to whether the shorter )

or the lonser src is regiired. The quantity under the radical and
its root riwct be commuted by fleating decimal to obtain sin ‘d to
1l arcurser for shert lines,
f = rositive radians (chtain reference anrle fronm sin g’
OT COS _ZT R hes smaller absolube valuc, )

¢ = (bsir 1) = sjn}r

rno= . o= -
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cotey o = (tanﬂg cosﬂl - cosA sinﬂl) sin A Cmit for
meridional

cot dp_y = (cos;\sin/ée ~ tan/, cos/ﬂg) 2 sinA [ arcs

sle

Ir ' cot of |)1, divide result into 1 to oLtain tang¢ instead.

Quadrant ofl Cnadrant of
x1-2 N oa
oipn of Siev ol
Sien | tan or {cot) tan cr {cot)
L 1.2 X5y
+ + I 1 311
- 11 - Y
- + 131 . 1
- v - a1
Wor var’disesl oares, entes cvsobERYe it ire siym o of toe

. . A0
Nairater of cot o, =l refererce 20 e O

11. Extension and o0 f Tlacirenic Cernuter
eloctt Tan TeneInor ] cosl e Tyt Ter
irereseed Jeclont fuouriey I =14 Lew~ lsnes
Lol 7t et oacs o Tvoihy lehi o ” o Ly 2 L

a9 s 1V < ¢ Sor e e el e AN R

T.
™o enyios thot ozeo.3e
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Py

+ 82 {(‘}rQ‘fB)Sinj COSj-# %f%@a csCZﬁ 'S %f;’j
m2[ (+ gf2 ¢ FEOF  ( Le2s Fsing cos

+ (--;151‘2 - .[7; f3)ﬁ2cotj+ (-% 2 - %,«1‘3)311'14@)r cos3f
+ 3038 cos?f + %f3g3 + ; 03F Jcotagjl

+ am[ (12 + %f%f csef + (3£2 + f3)sinﬂ_rcosz_g
' —% £37 cosff - 2£3¢3 cseff cot_@']

+a2m | - 337 - %f3singr cosfl - 3£343 cac®f + £3sin3g cosﬁ]
+an’ | - % £3¢92 cscff + f3sing cos2f+% £3F cosff

+% £33 csef cotf - 2f3sing + i3 sinsgr]
1 - .
¢ m3 [- _ny*- gf%@? cotd - _]3‘_2-3 sln_Qrcos‘Qf
+ %6 £3sing cos3f - 33 cos?F - % £3g° - £3FPcot?y
+ -1—‘2 f3sin3g cosBﬁ}

-

+ a3 [%—f3 sinff - % £3 sin3jJ

30

+ 8 [(f+f2+f3)sinj + (-;lf?-f3)p'2cscp'+ }f3ﬂ3cscj cotﬁJ
*om [é%-f-%f?-éf3>_gf + (Ar-312.303)sing cosg |
+ (%fz*fBJﬂ?Cotﬁ - z]):f3 J %;f:‘:@?cot%f]




The maximum values for the f3 term of E have been found for
0

various lengths of arc _[5 and are recorded ip Appendix I, Part A.

Sivdlarly, the aceuracy of the (A 'L) series may be extended by
c
adiins the 3 term. Thz series t'en lLecones:

Q_P:__l_ - [(ﬁf?*f?} _{Z.] + a {(-if?-fB’sih@-+ (-4“2-Lf3)_?¢cscﬁ'
¢

+-2- f?ﬁcsc_grcotgr] +m [(‘ ;:; f2-3f3)g+ (§7f2+3‘)1‘3)sir._?rcos_@'

(A corg - 2% fecty)
~

31
. [TF fBQT - ;éfB sind cosf + 31‘3_9'% - %i‘:’sinj'ﬁ cosg

- %YBﬁp‘cntj + 3 cosPf 2 I‘Bf‘? cot?gr]

- - ‘i .
¥ am[’ngfcscg-’ gf%;‘cogpr- {vaP’BCSCFr cotff - .;_:sinfcos?@

+ f3sin_gr] L [f‘3j’— + Af3sing cosg + f3j3cs02f]

The 3 term of the above series has been maximized and this
value is shown in Appendix I, Part A. The error in the azimuth o
which would result from the omission of the f3 term of L}T-‘:fl hag
been recorded in Appendlx I, Part A.
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In the case of short feodetic lines (lines shorter than 180

miles) when the values of ff, A-L, etc. of the serie~ above become

small, it is neccessary to use floating peint notation in order to

insure greater lecimal accuracya.

The alternitive formulas for sin gf, cotoly.» and cot &p»_3, which

are piven below are recomrended for short lines. (They may also be

used for long lines).

sinf‘ * \/(;i.nL cosﬂg)z + [sin(gz-,gl)*‘ ZCosAsin/a_LSin? % J?

cotp = [S.‘in(ﬂZ' ﬁl) + cogéz sirﬂl(l - cos A :]
cosfB85 sin A

cotolr y = [sin(ﬁz',(g]_) - 005,4 sir,é(l - cosA))
cosﬂl sin A

2
viere ﬁg - ,@1 = By-By ¢ {n(sin?f‘,l-sir.ZBz)’g—(sir‘.hb‘l—sjn@?)

and

. 131_3 (sinéBl-sinéfz)}

_o1 Ve

1+ el

(31 and by ne vrevieacly defined sre the cec rerhic latitudes of points

1 oend 7, respoctively)e  flos the ausdrsnt erinerian on pooe 28,

- A - . ~ 3 e .
mrocaied Goe Intantet ot

T

LTI V.
THTIae 277 ELECTRONIC CCMPTTAT 1LT7.00 ZCR SC.UTICN T ZIRNCT
DAL T TROHLEL, haSED O 0L D0 TablR
Tra Jormales slvoo 22lor for the colailen of the direst ceodetic
.

I Tor elictreric cosputer creorsnndng.

a
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The comrutation form for this method is as followas:
fiivent By, Ly = ypcooraplic latitude and longitude, respectiv-
of any point 1.
°‘1_2, S = azimuth clockwise from north,snd distance,
respectively, to any other voint 2.
itequired: Bp, Lp and &, . (Latitudes and longi tihyes consider.

(+) north and east, (-) south and west).

+
p
H
(R
[@ ol -
~
4]
“'
=,
)
Q
o]
0
a
[ S

_A_ =
?Coqﬂ\




where:| a,; b, = semi-major and semi-minor axes, respactively, of
smheroid

f = gpheroidal flattening = (1 - _9_)

e'c = second eccenwicity squared = (ag - b;) 2 bg
P . nunber of seconds in one radians = 206,264,80625

ﬁa = (S a b,) radians
(cot B)
1 1)

[+a
e}
=
[
[]

when

= (tan B} (1-f) whengﬂl_ﬁ &? or cot A=
(B> Lo,

cc>sﬂ0 = cos,ﬁl sin®, ,

g = ccas,dl cosa(1_2
(1 + f"_:_g sine,ﬁl) (sinz,ﬂl cosg's-* g sin/gl sin gi;)
(v el sin?4y) (1 - cos?A,)

o]
—
#

m

sinﬂg = gin J‘l cos p'o + £ sin ‘(50
cos.ﬂg = 4+ f(cos/ﬂ’o)‘:‘ + (»:s;.u‘ﬂx sin f, - g cos fo

The quartity under the radical and its root must be zorputel Ly Sl s
inconelnt yedssd LETHE SRR / T Tullomecarecey 0% Yerpe ebselnt
Yatdiude sin co . J
tan.’z ’5? or cot, /3 & » whichever has the

c,osl/ﬂz, _%

smaller absolute value.
Obtain tan (or cect) of By from its relation to tan (or cot) ofﬂz.
Obtain By, which ranges from =90° through +90° and takes the sipn
of its tan (or cot).

cotofns_1 = (cosody_» cos Jy ~ tan/gl sin #o) sin"(j__.g

3k




L

When Icotﬂ(z_l ')1, divide result into 1 to obtain tanei,_} instead.

(:rit tiersy 1nst %9 Yinee for reridional eres)

*  Quadrant of oo 3

0(2 3 is in Quad. III or IV, respectively.
o b eees and cot (or tan) of %, _y is (+) or (-)
A is in Quad, I or II, respectively.
2=-1

.ess and cot (or tan) of e, is (+) or (=),
If (0¥ A, _»%180°)

If (180?0{1_,2 < 360°)

For meridional »rcs, enter the above tasble with the sign of the
numerator of cot &»_7, and reference angle 0°,
cob A = (cot F, cos By - cosyp sindy) ¢ sinatys

Yhen Icot A I)l, divide result into 1 to chtain tan A  instead.

(vedt ommn oo otw Lo for nericional ares)

Quadrant and Sign of A
When @ is in Quad.I | When @ is in Quad,IIl
or I {180° included) | or IV ?1800 evoluded)

Md 2 N
0% X 7._p £180°) ces then if cot (or -+« then i cot (or
( 1-2 tan) of Ais (+) or {-) tan) of Ais (+) or (-)
X ig in Quad. T or II] A is in Quads III or IV
respectiveliy, rervectively.

and i )
1809 <360° .ee then if cot (or ess then if cot (or )
( < i ) tan)of Ais (+) or {~) | tan) of Ais (+) or (=)

the assoc. anyle is the assoc. a2nrle is
in Ouad. III or IV, in Quad. I or II,
respectively, and A regrectively, and A
is obtained by sub- is obtained by sub~
tracting 360° tracting 360°
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For meridional arcs, enter the ahove table with the sign

of the numerator of cot A, and reference angle 0°,

Lol
1f |1, | > 180°, modify L, by adding or subtracting 360°

according to whether it is initially negative or positive.

1?2, FExtension af Teries of the Direct Cendetic Problem For Greater

AQCUre cy
\, i

The e'® term of the preceding .ﬁo series has been derived and
numerically maximized in order to determine the error in the fo
saries which would result from an omission of the e'® term. This

maximum value is given in  An-eniix I, Tart A,

Likewise, the (L - A ) series has been extended to include the
cos
£3 term, A maximum numerical value is given in PLpTIY oz Lt

The errors which the omission of the 3'6 term of gfo and the 1"3

L -A

term of ( could finally produce in By, lp and ©f5_y are also

cos b,
shown in ppnerdix I, Part A,

The e'® term of the P, series is as follows:

[6'6 term of ﬁ'o] s a13 [- %'5 sinﬁécos?ﬁs + ?Ee"s sin_gTS]
C -
+ alzm]‘[’j} e - % e'ofs cos?@ - %‘ée'é sinf, cosf,

2
29 .
+ Ee'b smfs cosBQTS]

36
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+

+

aqmy? [- 39e'6gfs cosffy + ge'éﬁs cos3fs + %{é_p'szjsin};

- .3.:.;2 Zcos > Fs cscfy + %e 6 sing, vosify

< s
;g 16 sinfg cos ﬁ's - iée'é sing'sJ

m13 [- == e'éj + 3B e'é_gf; cosz_fd's - _§2e'6g's cos"fﬂ—s

128
-3 e'% sind, cosfy + )_% et6 sinf cosg,
)

59 6
- 5,¢ sinfs cos3g, + 2; 29 et6 sinf cossﬁ;J

3

13

+ a12t1 1 etb sinf cosﬁSJ

+

+

;-

6
alt]? - E'-. SlngsJ

e

aym ty .. 'f’ﬁ- cosj;3 e'6 sn'yfs cose_g]

>

mltf L AR LY 4 p]

128

16 6
m 2ty [3._ g - _g’_g_e'éj; cos’fy + %QE cosf_ cscd,

+ %e'é sir}fs cos_gf; + %:e'(’ sind, 00532!‘5]

37
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In the atove equation ty = sin2,61 and all other quantities
are the same as defined on page 33,

As _gTS approaches 180°, each of the two terms tontainine
cscjfs in the series above anproaches infinity. However, they may

be combined into a single finite term as follows:
a; m ( gf? cos?F, c;c‘d's) + ml tq ( #2 cosfy csogfs) -
B—'-E- ﬁsg cosﬁs) s where V = (sin‘?/gl sinifs - g sindh cosﬁs).

The seriec for extended through the f3 term is as

follows:

(%isé}é) . [—ryfs]

+

dl[ ‘2 + 2£3) sing;]
. n-l[ (22 « g + (- L.f~ - £3)singy cosﬁs}
2,2 [ 13 sing, cosyrs}
. alml[ 5 3 singem 3 cosfl,
-

qlnﬁs cos gf]
fBQrs + 3"3}' cos‘gf

- P3sinfgens3d, + f3=1*1§5 cosff]
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