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SANDWICH PIATES HAVING
ENERGY DISSIPATIVE CORES,
AS VIBRATION ENERGY ABSORBERS

by
B. J. Plass, Jr.

INTRODUCTION

The electronic equipment in & guided missile during flight is subjected
to vibrations carried from the propulsion unit through the frame to the deck
on which the equipment is mounted. It is desireble to keep the amplitude of
these vibrations ip the sensitive electronic units as low as possible. To
accomplish this, vidration sbsorbers may be incorporated between the frame of
the missile and the equipment deck, or the deck itself may be constructed so
that it acts as & continuous vibration absorber. Such a deck may be made in
the form of a sandwich plate, that is, a composite plate-like structure having
two thin metal faces sepearated by a thicxer core of scme material which has
dissipative properties. The cor: can be made of a visco-elastic material,
such as polyethylene or rubber, or it can be made in such a way that upon
vending, various parts of the core structure rub on one another, dissipatirg
energy by means of Coulomb friction. In this report two types of sandwich
plates having visco-elastic cores and one typ: of dry fricticn zandwich are
gtudied. Some comparisons are made on the damping effectiveness of each kind
of sandwich plate studied. It should be pointed cut that there are some
practical disadvantages of the visco-elastic core. As the interior of the
migsile is likely to experience wide temperature variations, the properties
of the visco-e2lagti~ core muterial may change in a Qetrimental manner. The
core may actually become too nearly fluid to be useful as a load carrying
member. This disadvantage is not present in the dry triction type of core;
however, the proportion of dissipated energy to total elastic energy is less
for the dry friction type core for the ceses studied in this report. Perhaps
a modification of the dry friction core can be made to improve its energy
digsipating qualities.
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THE SANDWICH WITH A VISCO-ELASTIC CORE

~

Aa nnalysis is presented for the sandwich Plate having a vigco-elagtic
core. Tie equations describing the behavior of the core are as followa
(see Pig. 1), 1lage strain conditions are assumed.

I ane

——

Motion: I
do T v
> * R | i
’ (1)
dr,. o dv :
+ Ez =z 0 Ex :
Continuitz: -
ov ov
x o
x5t dtlet g '
> (2)
ov ov. o7
x
5;- + &I = |
Comp.tibility:

2 2

aeex 3—; Ty
gy.é...+ax 'Eﬁ (3)

This 1s the only one of the six equations of compatidility which is not
satisfied identically.
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In the above equations the symbols used have the following meanings:

X, y = coordinater (in.)

t = time (sec.)
2
O Oyr Tpy = stresses (1b./in.<)
€ & Yy © strains (in./in.)
Ver Vy T velocities (1n./sec.)
> = density {1b.sec.2/in.®)

E,, E = adiabatic and iscthermal elastic moduli (1b./in.c)

1 A
E G,» G = udisbatic and isothernsl shear moduli (1b./1n.2)
. ﬂ:EA-E
3 an
4 n = viscosity coefficient
¢ -
Ef In a previous report [Ref. (l}j equations similar to these were converted
‘ into equivalent equaticns in beam theory potation by performing certain

3 integraticas with respect to the thickness varisble y . 1Iu Egs. (1),
| the first equation is multiplied by ydy and integrated between y = -h
and y = +h . The secord is multiplied by dy and similarly integrated.

v’
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The operations on the other equations are cf the same general type.

The converted equations are shown below without the intermediate steps

being chown. Tt is assumed that croes sections remain plape but aot

pormnl to the deformed mid-iine, that v v is independent of y , and

that (y is zero,

Motion: -
g% -w=pI ‘gf ;
b

Bk |

- |

Continuity: _
X _dm |

X " x \
>

g = % + O

el

Compatibility: Satisfied identically because .. the assumption of
plane sections.

Materiel:

EAI%-%ce[u-nm]

g 3 - 3 -0 @ - a ]

In the above equations the symbols are defined as follows:

M= f g, ¥ dy = moment (in.-ib.)

sz‘ 1. dy = shear force (1b.)
- N

e = sl

i

el .
2]

-

TS, Y
e e R (2

(6)

(1)

-
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K= i;- = curvature (in.'l)

7=(r.) = ghear strain at mid-line
¥y eo

v
o = l—;—‘ = angular velocity (rad./sec.)

v = (vy) = transverse velocity at mid-line (in./sec.)
y=0
k
I = section moment of inertia (in. ')
A = gection area (in.a)
A = equivalent shear area (1n.2)

Two extreme cases are considered fcr the behavior of the core. 1In
one case the core is assumed to keve deformations of the pure shear typ=e
(K = 0, ®» = 0), and in the other, it is assumed tbat pure bending occurs
{y = ). The first case is an approximation to wbat might cccur for a
sandwich having a low shear rigidity core and rather stitf faces. The
second case could be approximated ty incosporating spikes on the faces,
toe spikes penetrating into the core for:ing it to deform with the spikes.
These two extremes are shown ia Fig. 2,

Pure Shear Case (K = 0, w = 0)

For the pure siiear case the equations which are needed for analysis
are the second of each of Eqs. (5), (6), (7). Upon eliminating Q and
from these equations, & single third-order equation in v results.

It is as follows:

v Pv 33 2%
E R B M ©
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The only solution of Eq. (8) stuileq in this report is that for damped
sinuscidal cscillations. It is assumed that

v:vosinkxeat

(9)
where
k:g%, A = wave length,
The quantity a 1is determined from the cubic aquation:
(2]
AP + BoAGR + Gphk e + oA k2 = o, (10)
obtained whea ¥q. (9) is substituted into Eq. (8). Upon letting
2 GAAs
(cQ) = “p& = square of adiebatic shear wave velocity
A
e GAS
(cQ) = PA = sauare of igothermal stear wave velocity
in the sbove cubic, a gimpler looking equation results:
@ +80% + (c)? K+ Ble )2 i@ = o (11)
Q, Q

Of the three roots of thig cubic, one is real and negative, the other
two are complex conjugates, with a pegative real part. The latter pair
of complex roots are the only ones of interest » since they represent in
Eq. (9) damped oscillations varying sinusoidally with time.
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Pure Bending Case (7 = 0)

For the pure bending case (with spikes) all six of Egs. (5),
(6), and (7) must be used with y = O in the second of Eqs. {(6) and
{7). Upon elimination of all but one veriable, say ® , there results
a single fifth-order partial Aifferential equation:

P Yo 3% 3%
] - pA —x + Ppl - Bph
Dt 32ot2 o2
6503 Buw
-EAIEE-BEI&-E:() (12)

The solution of this equation which is ccnsidered in this report is of

the form:

® =0 3in kxem (13)

Substitution of Eq. (13) into Eq. (12) yields a cubic equation for
a as foliows:

o(D2 + 4) o +po(Ik° + A) o° + EAIk"a - BEIX" = 0 (24)

Another form of Eq. (14) is:

4 4
@ + 80P + (e)° B a+plc,)? —F—=0 (15)
* * CMA Ik~ + A * c“o IXK™ + A

where

. E
(cM)‘ = BA = square of adiabatic bending wave velocity
A

(<:M)2 = %- = square of isothermal bending wave velocity.
Q

Numerical studizs of the abire cases are made in Section U of this report.
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SANDWICH WITE COULOMB FRICTION CORE

A third type of sandwich is discussed here. in this (see Fig. 3)
the "core" is made up of prongs fastened alternately to the upper and
lower faces. Each prong rubs on the face opposite from that to which

it is fastened. During any kind of vibratory motion, cuergy is dissi-
pated by fricticn whenever there is any bending of the ctmwnture,

Because of the nca-linear nature of tke Coulomb friction vibration
prcblem, this type of sandwich will be anslyzed for & quasi-static

case. For concave upward bendirg the relstion between mcuient and
curvature will be derived. The damping effectivzness of the structure
will be estimsted by finding the prcportion of the energy which is logt
through friction during the slow non-reversing bending of tle structure. B

In Fg. 4 is shown one of the r~pesting patterns of the sandwich
of Fig 3. Assuming equilibrium of moments with respect to the center
of curvature, the following difference equation is obrvained:

{AT) (R + h) = 2uPk

Since h € R in most practical cases, the above egquation is approximately

given by:

|
= 2ufh |
ar = 2

The moment difference, for the complete sandwich plate, between stations
on opposite ends of one repeating element is therefore:

2
LM = OhAT = 5ﬂ§9-

(16)
Thiz can be converted to a differential equation by letting:

P = pudx
vhere P = pressure between faces per unit ares
w = width of face

hf = face thickness

Sat

-

AT

i,
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Then
2
Also,
RI
U=z (18)
2
vwhere I= 2hfwh
Differentiation of Eq. (18) yields
¥ = - % dRr (19)
On eliminating dM between Egs. (17) and (19), a relation between
% and x 1is found:
Bl %R- + Lyuhopwdx = 0 (20)
This can be integrated to the followirg:
(21)

2
o)
where Ro = radius of curvature at x =0 .

The curvature K , which is the reciprocal of R , 1is approxi-

mately:
2 2
1 2 d’y‘. (hﬂp"h /EI)X
K= -R- £ = = KOC (22)

The energy lost by friction is given by

L

: /2y

Vg ‘f a ()
o

PPN
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fL Eﬂg‘-"‘—a & ax [ustng Eq. (17))

°

[t ) Qo pn] o

e

On integrating, the value »f VW, is found to be:

F |

Mo E 2 2

W 2 3'27 L_('mwh LEI) J (2k) '
upwh .
vhere '

=
Ite

d2 '
EI (=% .
o dxa
x =0

The elastic energy, assumed to be stored only in the two faces,

is given by
1 pb
Wy =5 j M0 (25)
°
vwhere 6 = %x! = glope of center line. Then,
L 2
. 1 \ d
Wp £ 5 j M d_x%ax (26)
o)
a2 a°
Cn using M = EI —% , together with the expression for given by
dx dx
Eq. (22), the following result is obtained: i
- > -
M (BupwbL/ET)
Wy 2 — L -1 (27)

164 pwha i

— - S - i
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The ratio of frictional energy dissipated to stored elastic energy ie:

Ayt

WF ‘a? _ 122
2 ——— X 2 8
% Y (e%®- 1) (20)

2
whare @ = Yupwh“L/EI. The quantity ¢ is small compared to unity;
hence, the fraction on the right can be eaaily epproximated.
Expansions of e(p and ee“’ are given here:

s

RTwT 3 WMMM i ! ‘ N
[y

p 2
.‘ l e® =l+¢+%—+...
1 [ eap =l+2<p+2q>2+...
3 The fraction
r
{ ? _ 1) 2 9 L0 .
f‘ - QQQ ) .QQ%’1=1_2§ hall
. e®- 1 @ _ 3 e®.
i
3 {
- 2
1 3 qx+$—+..
f =1.2 = 5
3 [ 20+ 20 + ...
}
[ 1+2
=) c—222 forgu«i
1l +@ 2 g *
T
4 ;- Therefore,
W
- F.
3 R uupwheL/EI {29)

dhisw P T

R itaacll - o N
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This is, roughly, the energy ratio per cycle in a vibrating plate. The
damping factor per cycle for auplitudes ie approximately equal to half
of this energy ratio. The form of @ as given by Eq. (29) is changed
to a simpler one in the following. The value of I 1is given by

I = 2wih®

Therefore,

=

-~
3

P = o é%%? (30)

3

The damping factor, i.e., amplitude decay per unit time

82 x frequency (31)

e

The damping is proportional to the coefficient of friction u , to
the ratio of pressure between faces to fece modulus p/E , aod to
the length-face thickness ratio L'/ht .

NMRMERICAL EXAMPLES OF ALL THREE TYPES OF SANDWICH PLATES

To make comparisons among the three types of sandwich plates
discussed in the foregoing articles some numericil values will be agsumed
vhich are rough spproximations to values found in real materials. For
the sandwich with the visco-elastic core, the goiutions of the cubic
equations, Eq. (11) and Eq. (15), are compered for equal values of k and
material constants. For the dry friction type o sandwich, comparisons
are made for certain frequencies with corresponding results for the
visco-elastic sandwich.
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Visco-elagtic Sandwich-Pure Shear Casge

It is convenient at thig point to rewrite Eq. (11) in dimensionless

form by making the following substitutions. Barred quantities are
dimensionless,

Q

"
:rlpo :rlno

Qi

E=ct B (32)
1 -
k== k
B
The cubic equation then beccomes:
(cg)?
&+ B3+ g % + BE° = ¢ (33)
(cQ)

Computations for the solution of Eq. (33) have been made for a range of
values of k and f . Roots of the cubic consist of one negative real
root, and two conjugate complex roots with a negative real part, of the

form -8 I im . Oniy the latter pair is physically significant in the
problem being discussed. The values of # are plotted in Fig. 5

2
) . (cg)
for & range of values of k and B with A

= 1.10.
(cQ)

Visco-elastic Sandwich-Pure Bending Case

As was done for Eq. (11), Eq. (15) is also modified by making it

dimensionless. The following substitutions are made. Starred quantities
are dimensionless.
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k)
. 7 (3
ko= £k gNotek*ckoqu. (32)

A = non"

*
I =hb'I

The cubic then becomes:

(c“)a * * » * L
(@) + 8°(]) + z——;g—_/\(k Yot st =0 (35)
cu o]

where
*

I
e s (36)
I(k )" +A
The quantity _/\_. for wave lengthe lone compared to h , reduces
approximately to

*
AW l* = (x-“)2 = gquare of dimensionless (37)
A radius of gyration

As does Bg. (33), Eq. (35) hes three roots. Ome root is real and
negative; the other twc are conjugate complex with a negative real part
of the form -5 + iw. In Fig. 6 are plotted some values of s , the
damping factor per unit dimensionless time, for a small range of values
of k* and B*. In all these calculations, the approximate value o /\
given 1a Eq. (37) 1s used. For a rectangular section/\= (z‘*)2 = 1/3,
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To coupare the damping effectiveness of the two kinds of visco-elastic
sandwich plates, use can be made of Figs. S and 6. To compare cores of
similar materials, P wust be equal for each core. Since (c)

o

a8,

o

is roughly twice cQ for many materials, it is seen from the definitions

* i E] of § and B* that for the same value of 8, a* is rougkly one-half
A . - - - *
bk of B . Also, since -5 is the real part of Q@ , and -5 is the
5 . * -
. % real part of a , it can alss be concluded from the definitions of &
3 3 *
. and aQ that
| l gii_l_ @ for pure bending
= g ¢ «a7Tor pwe shear
3, ' or

*
Lo} fgg pure bending . ( 5 \
5 for pure shear = 2 = (38)

N/ B = const.

- *
for k = 2 , for instance, the curves in Fig. 6 for B = 0.0l and
*

B = 0.1 have the same heights as the curves in Fig. 5 for B = 0.01
and f = 0.1. Thus, the & values for pure bending and for pure

- - »*
ghear are equal. For § = 1.0 in Fig. 5, & = 0.0380; for 8§ = 0.5,

8 = 0.0245. From Eg. (38),

: 5(pure bending) _ o 0.02L45 _ 1.30
- &{pure shear) 0.0380 .

s

That is, for k=2, or k=§ =§5, f.e., for \ =gxh, a 30 percent
3 improvement in damping can be expected when spikes are incorporated in

5 . the faces of the sandwich. A similar comparison for k = 1 yields a

gain in damping effectiveness of about 75 percent. The spiked sandwich is
$ T more effective than the unspiked in the shorter wave length region, and the
effect 18 most pronounced for the larger values of B* or f , that is, for
materials for which the viscosity coefficient is low, or where EA - E is
large compared to what it is in a metsl.
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The Friction-Type Sandwich

For the particular case studied in the previous peragraph, i.e.,
A = xh , the value of 8 from BEq. (31) is

(o) (o)

8;2%?‘ xho' ho g:x

Thus, the quantity &—- is equivalent to 6 for the visco-elastic

sandwich with spikes. Assuming u = 0.6 , p = 105 pei, E = lO7 psi,
'.f,/hf = 105, the above ratio is

112
Ehfﬂ 0.01%

4ltbhough it is less, this result is roughly in the genaral neighborhood of
the result of damping produced by the visco-elastic type of sandwich. As
the dry friction core has advantages over the visco-elastic type insofar as
its behavior with changes in temperature is concerned, it seemg that such

a device is certainly worth trying as an electronic equipment deck for
a guided missile.

This report has been distributed in accordance with the 1ligt for
Aerodynauics contained in APL/JHU, TG B - 11, dated November, 1953.

2

~

et gy S o ebare o
3




F

;
h .
f |
FACE
PP e el 2 2] T
T Uy Vy Yatd
i
hoo by, JE—
-{»-_4_ﬁ_w._ o x
| -
! CORE
hi
‘ L B % % o L L AU KL

FACE
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PURE SHEAR CASE

PURE BENDING CASE
(SPIKES CONNECTED TO FACES)

FIG. 2 - TWO EXTREME CASES OF CORE
DEFORMATION IN A SANDWICH
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FIG. 3- ELEMENT OF DRY FRICTION
SANDWICH PLATE
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FIG. 4 - ELEMENT OF FRICTION TYPE SANDWICH PLATE
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