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C. ¥, Wast

The zmalysis of the performance of a rocket-doosted rmssiie duoring the
boost-phase pordion of its flicht generzliy regaires thet one sclve 2z seb of
sixltaneons Gifferentizl ecaations with varizble coefficients for a2 large veriety
of initial conditioms, An2lyiicel metheds of solution zre formicdadble if not im—
possible =nd censeguantly ways and mezns bzve been cdeveloded to zccemlish the
task with minimma possible effort while maintaining sufficient zecerzcy angd re-
1iability, This paper consisis of 2 colleciion of four zporozckes to the problex
and is presented with tke hRors *that fuiure anzlysis will not have to trezd the
sazme grourd sgain,

The pariicular treatzent oatiined here is for a cruciform missile-~
booster combinaticn, cormleilely symetrical with respect to any two par—ai
planes passing throungh the longi%udinal centerline, The extension of tae
rethcds to msyjzmetrical configurations is simple since it rerely adds one
nore equaticn. The additiona2l voluze of calculztions is amother mattier,

Since the paper is concernsd only with the boost phaase perforrance,
the word missile is used in the text to nean the —issile-booster cozbination,

I, BEguaticmsof Motion

The equations of motion for 2z missile syrmetriczl to &wo planes which
are norral to ezch other and which pass through the longitudinal centerline

are (See Figure 1):

Horral tc Flight Paths

nVy¥= Tsin (X-€) +Dsin€ - mg cos™ + Ax +BS 1)

Pzrallel to Flight Path

nV; = Tcos (X-E) -Dcosé ~-ng sin ¥ (2)

Pitch Avout C,G, of Missile

I.e.--C“-Cl/X/—Dlé-DzO.(*'E-CS +TxL (3)
Geometr

0 =X+ - £ "
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wind F'fects

g T I, ()

¥, sin (v - 1)
(6)
Un + V, cos (v =))

tan € =

*See 1ist of sycbols at end of paper

The assumoptions underlying these equations aie well known and rzy be
found in any standard text on asrplane staebility (e.g., Reference 1, Chap. 10),
One tacit asswoticn, however; is that the missile is roll controlled with no
cross coupling between directional and roli rmeneuvers,

The sizultanecas soluiion of Equations (1) through (6) wonld yield 211
the information one rght desire about the flight characteristics of the missile,
However, due to the non-l}inear nature of the asrodynamic coefficients, analytical
solrtion is &fficult if not irpossible and one is forced to undertake numerical
or anslog procedures fcr solnticas., The rest of this paper will outline two
aprroaches to the complete solution cf the equations and two aporoaches which
by making several assumptions reduce the equaticns to special cases for specialized
results, Only nurerical procedures will be considered since analogs imvolve spe-
cial technigues oo involwed for this limited paper,

¥ethod of Anzlysis

R, "Exact" Analysis

It is admitited that any solution other than anslytical will uot be
exact, However, by careful and refined numerical procedures one may attain
answers which may b2 as close %0 the exact as m2y be desired for engineering
purposes, In view of this, then, exact is us:d here to indicate that
numerical solutions will be .btained from Equations (1) through (6) without
making additional assumptiors.

There are several numerical methods available {Heference 2) by which
one may obtain solutions to differential equations. The simplest, ar.l the
one most often used in boost~phase analysis, is the trapezoidal rule, the

details of which are given in Appendix I,

Actually, the exact analysis is seldom undertceken tince sxperience
has shown that two simple assumptions lead to a much easier and faster ap-
proach without significant logss of accuracy., The new zrmroach will be dis-~
cussed in the next section,

B, Semi~Exact Analysis

The semi-exact analysis is very much like the exact, However, based
on experience and comparaiive calculations, it is assumed that oscillatory
deviations from the flight path do not affect the velocity of *the center of
gravity along the flight path and that & approachkes a negligible value
quickly, These assumptions alloy one to break the solution of the equa-
tions into two parts: the determination of the speed-time history alone
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ané the solution of the piich znd nor=zl force ecuations using the spesa-
tize history., This particular technigre was used by the Cer=ens in their V-2
prograx and has teen verified nuxerous times since,

Assuring that osciliciory changes about the flight path do not affect
the forward velocity we may resrite ecuation (2) (neglecting the wind) as

aV¥y = T-D-pgsin; {2a)
and since at £ = J, &= O then
%T €= g, (La)
2V = (7-D) - rg sin g, (20)

The procedure is t¢ solve ecuaticn (2b) by the trapezoidal rule to
obtzin 2 speed-tire history then substitute the valuwes of V thus obtained
in Zquations (1) and (3) which, taken with (L), will yield a corplete solu-
ticn, The resulis are as azccurate a2s the exaci method provided care is
exercised to the sarme degree,

3 C. ¥cDommeli Speed-Time History

From the foregoing section it must be clear that an even fzsier or
simpler method of obtaining the speed-tire history would be desirable,
McDonnell Aircraft Company has derived such a method in Reference 3 by making
the additional assumption that speed is linear with time., A small digression
is in order so that the rethod may be made a little more lucid,

v " e
YA i . o e -

Eguation (2b) mcy be uri“ien fully as:

3

¥ mV¥, = T-0.7 Cp oS - mg sin 6, (2¢)
3

where the constant 0,7 is one~half the ratio of specific heats, Since, in
this exprescion, Cp, is a complicav~d function of Mach number a correct ap-
proach requires the trial and erro: procedure of Appendix I, But. recognizing
that the speed-time history is almost linea:r and assuming that it is linear,

3 one may compute the drag for any time, The solution of (2c¢) is then reduced

g to a summation process, and this is the heart of the McDonnell approach,

3 To apply the McDonnell method one estimates a separation speed and
time., Then assuming that the speed varies linearly with time, one determines
the altitude, preossure and speed of sound at each time, These are combined
to obtain the drag-time history and Equation (2c¢) is completed, Details are
contained in Appendix IT,

1 The only difficulty in applying the McDonnell approach is in esti-
mating the separation speed but 2 reliable method for this has been developed
and will be discussed in the next section,
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D, MNcCalley Yethod for Separation Speed

A reliable estimate for the separation speed is reguired for
Section 1II-C and is quite often necessary in evaluating the perforrance
or boosters, A simple iterative rethod has been derived by McCalley
(Reference L) based on an approach by W2lker and Henke (Reference 5),
The equation cderived by HcCalley is:

i K gt.sin ©
Zn - 2o Bl - 8k Sin
Vm,l = =€ 2 % (5)

IG CD S (fs-l)
b (mg - 2/3 =) T2 o

where f and Cp are selected for the end point or separation conditiocn,

The solution of thic equation is, then, merely an evaluation of the constants
and iteration of V to convergence. The details underlying zquation (5) are
contained in Appendix 111,

Computation Methods

There are, at APL, three methords of compniation available for colution
of these equations, namely, desk calculator, IBM and REAC. Zach has its own
peculiar advantages and disadvantages which will not be dwelt on here. Instead,
2 brief note as to which is adaptable to the analyses will be considered,

The REAC, an analog computer, could be used with the exzct analysis if
enough auxiliary equipment wore available but since such side equipment is not
normally available use of REAC is restricied to the semi-exact, That is, if
speed histories are known, then the rest of the trajectory may be worked, It
should be noted that even this requires a considerable quantity of extra equip-
ment, Since the bulk of this paper is concerned with numerical procedures we
shail let REAC lie on this brief note,

ith regard to the numerical procedures it is true that IRM can do
exactly the same work that can be done by desk calculators, This statement
does not imply that it is true a priori that IBM is always the best. There is
no general rule which may be invoked to determine when IBM is preferable to
desk calculation except that when there is a large quantity of calculation
TIBM is essential, It should be fairly obvious the IRY machinery would be un~
called for on the McCalley analysis since it is so easily worked by hand, Other-
wise, each case must be decided as it arises,

Accuracy

When obtaining numerical solutions to differential equaticns there is
always some loss of accuracy from the possible analyticzl solution, This is
more especially true when using the trapezoidal rule which is, from a mathematical
standpoint, rather crude, However, if care is exercised and incremental changes

[
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kept s=all, the errors are negligible from an engineering standpoint. Therefore,
it will be assumed that the solution to the "exact" analysis is exact and the
other analyses cormpared with it,

The semi-exact analysis yields practically the same result as the exact
and consequently the error is negligible, In fact, a check was made against data
reasured in an actual flight to check separation speed only and the difference
between calculated and measured end speeds was minute, The details of this check
are contained in Reference (6) for the interested reader,

An error analysis is very difficult to make cn the McDomnell approach
to speed-tirme histories, Numerical ccmparison has been made however, and the
results show that the difference between the semi-exact and the McDonnell speed-
time history is generally less than 2% when the estimated separation speed is
between 2 and L% in error (Reference 7). For most trajectory analyses the
] ¥cDomnell sreed-time history is sufficiently accurate since 2 small error in
ﬁ velocity at any given time does not appreciably affect the results,

: The McCaller rmethod of computing separation speeds produces errors
; up to L% depending on the Mach number. It arpears (Reference 7) that the error
increases with increasing Mach number, which is not surprising since the rethod
] assumes time-linear drag. Hence, the higher the separation velocity (Mach
number) in a given time the greater the drag deviates from a straight line and
the greater the errar,

VI. Application .

Y¥ow that the various methods are in hand it would seem that a statement
on the uses of each would be in order, Experience has indicated the aresa of
3 usefulness to which each is suited and the types of problems which have been en~
‘ cowstered,

As must be evident, the exact, or since the difference is small, the
semi-exact analysis is called for whenever the interest is in the actual flight
performsnce of the missile, Either of these will yield time histories of all
of the variables in question which are essential in computing air-loads, inertia
§ loads, dispersions, etc, This field of requirements is self-evident and usually
i no question will arise as to when to use the full analysis,

If one is interested only in the speed-time history then some conflict
3 appears as to the better method, In fact, even when making the semi-exact ana-

3 ' lysis, the question arises as to whether an approximate speed-time history such
as obtained from the McDonnell method is sufficient for trajectory analysis, It
is the writer'!s opinion that it is. This opinion is based on the fact that the
aerodynamic coefficients do not., throughout the largest portion of the boost-
phase, change radically with Mach number, Thus if cne has a small speed error at
some step, it is obvious that the forces computed are not greatly different from
the exact., The error generated thusly is more than compensatzd for by the saving
of time and expense, However, one must judge for himself on this point,

Y AT

There are times when the separation speed is of the utmost importance,
A For example, a certain minimum speed is required for engine starting and there may
be a question as to whether the booster impulse is sufficient to produce this s.ced,
In such a problem the semi-<xact speed history is an absolute must,
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Whenever the problem of booster design arises, there zre several ways
to attack it, First, by using the HcCalley method one may determine a general
area of impulse necessary to reach a given speed, The impulse may then be trans-
lated into more exact speeds by using one of the more refined methods, Further-
more, one may show the effects of changes in the booster and missile parameters
by using the McCalley equation, Thus, in an initial design study the McCalley
apnroach is extremely useful in setting approximate boundaries, All of this
presupposes that the propellant characteristics are known or estimable as they
relate to physical dimensions, gas presswres, etc, If one is starting frem
scratch then a more refined approach such as that developed by Hawley and Fenton

in Reference 8 is required,

Technigt_xe:

There are certain details which arise during the actual calculations
which are sometimes confusiag, This section wiil try to clarify a few of the

more important oner.

A, First consideration will be given to wind effects and how these are included
in the various analyses, When using the exact analysis one rust account for
the wind at every step, Obviously this amounts to solving Equations (1)
through (6) without modification. It should be apparent that the relative
velocity VR is used in computing the aerodynamic terms, To illustrate, take

Equaticn (2) and write in full: )
u L'}
mVp = Tcos (=€) -0Cp )e-z—R— Scos& - mg sin 7" (6)

»
Thus, the V,, refers to acceleration relative to earth while the Vg refers
to missile velocity relative to the air,

The semi~exact method may fortunately be handled a little differ-
ently, Since the speed of the missile becomes much greater than the wind in
a very short time then one is justified in neglection of the angie £ .
Therefore, the only things one must consider is the change in angle of attack

which is defined by

Vy sin (8 ~ )
tan (= ¥ "+ V; cos (8 -\) (1)

where positive V;; is a headwind in this scalar equation,

In the McDomnell analysis one must assume a velocity history based
on an average acceleraticn, To compute the drag the relative velocity is
used so that one must add at every time the longitudinal component of the
wind to the speed-~time history conmuted from the average acceleration.

The McCalley equation makes no provision for wind but it may be
considered that the equation always yields the relative velocity as the
solution, That is, the V obtained by iteralion already contains a wind

component.
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B, A teckniqie ofien used by McDonnell is that of calculating everything in the

so-called "slant plane", This amounts to rotating the coordinate axes
through the angle 6, or the original launch angle, There is some simplifica-
tion achieved in th;s way ané in fact by neglecting gravity one may determine
a sort of "universal® trajectory. The principal advantage is in tae relative
size of the numbers handled, The details are not important since all that is
required is rotation of the axes,

In setting up the NcDonnell analysis for solution on IBM equipment, one en-
counters the difficulty of non~linear pressure-altitude or density-aititude
relations, If, hcwever, these relationships are expanded in a Taylor series
about the altitude of the launching site then by taking the first two ternms
the pressure (or density) may be determined approximately in linear form,

It has been found that no substantial error is introduced up to an altitude of
about 5000 ft above the launching site., The same sort of approximation may
be made for the speed of sound,

In working the speed histories using the semi-exact analysis and the trape-
zoidal rule it has been found that a sizeable error pay be allowed in the
estimated value of V (or as notated in Appendix I, X). The reason for this
is apparent through examination of the following:

Letri% be the correct value of the acceleration at the end of the
next time increment and Xg be the estimated value, Then
o0 ee
. X * A .
= =5 At + X
o0 ot

_Xt+XE+R
(X ) 2

X, + Xg . R
=—2—-°-—At+xt_l + 2&1:

At o+ Xy

%*%4
...._2_._._ At + Xt-l
Xy + Xg

R
o -
= At 2y +2 O

= > At+xt-1
Xy + Xg 2
L 2 N - 2
\ Ate + g 8% + X b &t
R This shows that *he wvalue of XP is in error by the amount of
J A% If At =0.1sec and R = 100 £t/sec? then the error in X is

only 0,25 ft with an even smaller change in altitude., The error in the
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Yweericat Integration by Trapezcid Rule

Assme the following egnation is to be solved
a0

I = bl+el+d (1)

shere the T, e, and d are, in eeneral, functions of X ard t, and that we have
reached the solution of the eguation up to some tire t =T,

By extrapolating the past history, or by any rmeans availadbie, one esti-
zates the valve of I afier some srall tize increment, (t -~ T), as Xy. If the time
incre=ent is s=211 enorgh and the functions behaving smoothly then an average value
of X r=y bte caiculated for the interval as:

oe Xt + x’t

Yovg = —5 (2)

Then the value of I = it a2t the end of the interval is approximately

Ty, = Zayg(t -7) * X
X + % . (3)
i_z__‘;_ (t"?.')*'X’C

and the value of X Xt is

L 4

Xy = Xy (8 -0T) +Xg

I + % (k)
= t_z___’E—- (t -T)'l'x-z:

The values of Xy and Xt obtained from Equaticns (3) and (4) are ther multiplied by

b and e, which are selected for t = t and x = Xt and added to the value of d ,,
c2lected the same way. The sum thus oQtained called the calculated value of Xg

1s compared to the estimated value of Xt and if agreement is attained one proceeds

to the next time increment, If agreement is not realized then Xg is estimated again

until the estimated and calculated values of Xt are very nearly the same,

If in Equaticn (1) b, e and d are constants or are functions of t only
then the process becomes iterative, i.e., the value of X; obtained from calculation
is used as the estimated value of X{, The process is usually convergent, Otviously,
if b, e and d are constants then an analytical solution is straightforward,
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McDonnell Method of Computing Speed-Time Histories

Assume the following:
1, The speed-time history is linear
2, The separation speed, Vg
3. The separation time, tg

With these assumptions one proceeds by calculating an avoragze acceleration

as:
v
. s
- 2avg * E; (1)
Then compute the speed
V() = agpt+ Vo (2)

and the slant range
S(t) = % agyg t% + Vot + S

The altitude h, is then calcnlated from S(t) and the speed of sound and pressure
determined as functions of h as follous:

h = 5(t) sin 8, (3)
c = f£1(h) (L)
p = fo(h) (5)
The drag, D, as a function of time is then easily found by the fcllowing
steps:
u(t)
1. Compute the Mazch number M(t) = ¢
2. Select the drag coefficient corresponding te M(t) at each time
interval.

3, Complete the drag calculation by the following equation:
D(t) = 0,7 C; M%S (6)
where the 0.7 is one-half the ratio of specific heats for air.and S is the reference arca,

The remainder of the speed history is just a question of evaluating the
following equation and applying the trapezoid rule,

T(t ©oD(
a(t) = ;}Tbl T

t
t) - gsin @ (7

A
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HcCalley Equation

The McCalley equation is based on a method developed by Walker and Henke
wherein the drag is assumaé to be linear with time. Under this assumpiion plus the
additional one that the mass varies linearly with time, Walker obtazins the follow~

ing equation: . —
¢ o / ) RN P (1)
V=3 +3|] 1+(@ M Yo
vhere ('}ET
2 M, \¥% )
G = e "

}Dcns'c8 (;g)+1n(1-iz

McCalley's contrituticn comes about by restating the Walker equation as

Tt
8 Mp
In(Q-5) -8 tgsine
Mp )
Vel = S ot o " (3)
D bs Mo ¥p
I'JE - (—')”n Q-3 )| Vs

2 12 M,

and then expanding the logarithm terms in a series, Taking only the first two
(linear) terms and applying correction factors McCalley derives the following ex-
pression:

T ts
T Kl -g ts sin ©
Mo" 2
v = (L)
n+l f)cD S ts
1 + 7 K2 Vn

Observation of drag calculations made under more exact conditions has led
to the conclusion that the drag is linear not from t = 0 but from t - 1 sec. This
fact in turn leads to a modification of Equation (L) which is more nearly in keeping
with the physical situation:
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T tg
Ky - g tg sin 8
Mo - $¥p LTRSS
b (tg - 1)
Cp S (t; -
1+ £ 4 Ko ¥,

b (% - 5 )

It should be noted that the value of T shown here is an average one wWhich
will give the proper impulse between + = O and t = t_,
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SAVER SPRING NIRTLAND SYMROLS

A = Aerodyraic Coefficient
a = Acceleration, ft/sec?

B = Aerodynamic Coefficient
C = Aerodynamic Coefficient

C; = Aerodynamic Coefficient

¢ = Speed of sound, f't/sec

D = Drag force, lbs

D1 = Aerodynamic Coofficient
D, = Aerodynaric Coefficient
d = General Coefficient

E = Aerodynamic Coefficient

¢ = General Coefficient
G = Defined in Equation (2) of Appendix III
g = Gravitational Constant, ft/sec?

h = Altitude, ft

Ky = f; (Mp/M,), Correction Constant

2o, o

K, = fp (Mp/M,), Correction Constant

L = Perpendicular distance from center of gravity of missile to action %

line of thrust, ft ]

M = Mach Number = V/C ?

; . m = Mass, slugs é
; M, = Total Mass at Launch, slugs §
Mass of useable propellant, slugs ;

g

= Atmospheric pressure, ib/ft?

= Difference between assumed and true acceleration, ft/sec2
2

L4
wm o g ”-F
]

= Reference Area, ft

T
w
]

3lant Range, ft

T = Thrust Force, 1bs
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H R TR T T T F ey

W

[ aa e ke

L airars

= Time
= Velocity, ft/sec
= Distance measured al .ng launching line, ft

t

v

X

CDO = Zero angle of attack drag coefficient
o<

= Angle of Attack
Y = Flight Path Angle
5 = Surface deflection either by control, deformation or manufacturing
difficulties
€ = Angle between relative wind and fiight path
8 = Angle between missile centerline and reference plane
A = Angle between reference plane and wind vector

fO = Air Density, slugs/ft3

Subseripts

E = Estimated Condition

n = Tteration Number

1efers to Properties of Missile

0 = Initial Conditions
Refers to Conditions relative to Missile

s = Separation Conditions

+ = (Conditions at Time t

Conditions at Preceding Time Considered (not necessarily a unit

increment of time such as 1 sec)

Sugerscrigts

Dots - Refer to derivatives with respect to time e.g., X = at

Bars - Refer to vector quantities
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