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SUMMARY 

In recent efforts,  refined methods have been developed for 
predicting the aerodynamic loads and dynamic response of the blades 
of a single-rotor helicopter.    The method described herein adopts sim- 
ilar procedures and applies them to the tandem-rotor helicopter. 

The blades of each rotor are represented by segmented lifting 
lines located at the quarterchord positions of the blades^and the vortex 
strength is assumed to be constant over each segment of the blade at 
each of an arbitrary number of azimuth positions.    The wake is repre- 
sented by a mesh of shed and trailing vortex filaments up to an arbitrary 
finite distance behind each blade, and beyond this point the wake is repre- 
sented by a segmented, tip-trailing vortex or by segmented, tip- and 
root-trailing vortices. 

The aerodynamic loadings and the flapwise structural bending 
moments were computed for a CH 47A tandem-rotor helicopter 
for advance ratios of 0. 08,  0.14 and 0. 24.    Comparisons of these 
results with measured results for individual test points are presented 
as radial distributions of the first three harmonic components and as 
time histories which include eleven harmonics.    The measured data 
were generally presented in the form of typical results from a statistical 
sampling of measured data from similar test conditions. 
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INTRODUCTION 

The U.  S. Army Aviation Materiel Laboratories (USAAVLABS) 
has been directing a unified experimental and theoretical research 
effort which has as its objective the improvement of the state of the 
art used in the design and development of V/STOL aircraft.    For the 
past several years,  Cornell Aeronautical Laboratory, Inc., has been 
participating in this effort with due emphasis directed toward the 
problem of predicting the aerodynamic loads and dynamic response 
experienced by rotor blades. 

The problem of predicting the nonuniform inflow distribution 
resulting from the wake of rotor blades has been heretofore concen- 
trated on single-rotor systems.   In the earliest efforts (Reference 1), 
the blade was represented by a segmented lifting line, wake config- 
urations were specified,  and the prediction of the blade response was 
circumvented by assuming that the blade response was also specified. 
In later efforts (Reference 2), the aerodynamic representations of the 
blades were improved by satisfying the chordwise aerodynamic boundary 
conditions at the midpoints of the blade segments, the representations 
of the wake were improved to allow distortions,  and the blade flapping 
and flapwise bending motions were predicted.    The results of these 
efforts with regard to the development of procedures for predicting the 
aerodynamic loads and dynamic response of the blades of a single-rotor 
helicopter and the generally favorable comparisons shown between meas- 
ured and computed results encouraged the undertaking of the program 
for tandem overlapped rotors.    The method presented herein is an 
adaptation of the methods described in References 1 and 2.    The blade 
is represented by a segmented lifting line as in Reference 1, but the 
representation of the wake and the prediction of the blade flapping and 
flapwise bending motions is similar to that which is described in Refer- 
ence 2.    No effort was made to improvise wake distortions which could 
be peculiar to tandem-rotor helicopters. 

In conjunction with the effort described herein, a program 
was also initiated to measure the aerodynamic loads and dynamic 
regponse of a tandem-rotor helicopter (References 3,  4 and 5) which 
provided the requisite experimental data for comparison with the 
computed results. 

The results of these efforts have demonstrated the feasibility 
of the computational approach to the problem of predicting the aero- 
dynamic loads and dynamic response of the blades of a tandem-rotor 
helicopter and should encourage further effort in additional aspects of 
the problems peculiar to tandem-rotor systems. 



ASSUMPTIONS 

The primary objective in this effort was to develop a method 
for predicting the aerodynamic loads and the dynamic response of the 
blades of a tandem-rotor system for a prescribed wake configuration. 
The basis of this method lies in the efforts described in References 1 
and 2,  in which procedures were developed for predicting the aero- 
dynamic loads and dynamic response of the blades of a single-rotor 
system.    The results of these efforts were encouraging enough to 
undertake the present work.and it was felt that, as far as practicable, 
the computational model for each rotor and wake configuration should 
be that which had been assumed for the single-rotor system.    The 
induced velocities on the blades were allowed to be influenced by the 
vortices of the wakes from the blades of both rotors.    In both the single- 
and tandem-rotor applications,  it is assumed that a wake configuration 
can be prescribed which adequately represents that generated by the 
actual rotor blades.    However,  less confidence can be held in this 
assumption for the tandem-rotor wake than for the single-rotor wake 
since the wakes of the two rotors intermesh. 

The tandem-rotor system is assumed to be in steady-state 
translational flight.    In addition,  it is assumed that: 

1. The wake configuration for each rotor is prescribed. 

2. The spanwise alopes of the blade and the angles of 
attack of each blade section below stall are small. 

3. The inplane components of the induced velocities at 
the tip path plane are small and can be neglected. 

4. The slope of the lift curve below stall is constant 
across each blade section. 

5. The circulation is limited to a maximum prescribed 
value when the angle of attack at a blade section is 
stalled. 

6. Above stall,  the normal force of a blade section is 
approximated by the sum of the limited value of the 
circulatory force and a cross-flow drag force. 

7. The effects due to Mach number and Reynolds 
number influence only the slope of the lift curve. 

8. The interference effects of the rotor hubs,  fuselage, 
wake interaction,   etc.,  are negligible. 

-■• -■ -         ._,.. 
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9.    The dynamic response of the blades is computed for 
the flapwise degrees of freedom only.    The dynamic 
response for the pitch,  torsion,  and inplane degrees 
of freedom, and the associated mass,  elastic,  and 
geometric coupling between all degrees of freedom 
are neglected. 

10. The rotor control settings are assumed to be known, 
and the total resultant forces and moments computed 
for the rotors are required to balance the fuselage 
forces and moment. 

11. The effects of viscous dissipation in the wake are 
neglected. 



COMPUTATIONAL MODEL 

The theoretical basin for the representation of the wake which 
is briefly described below has been fully discussed in Reference 2. 

Each blade of each rotor is represented by a segmented lifting 
line (bound vortex) located along the steady deflected position of the 
quarterchord.    The number of spanwise segments, NR , and the length 
of each segment are arbitrary.    The vortex strength is assumed to be 
constant over each blade segment at each of At4 equally spaced azimuth 
positions.    Thus,  there are MM(/V* *A/A ) points in the disk of each rotor 
where the strengths of the bound vortices and,  hence, the air loads are 
computed. 

The wake is represented by a mesh of shed and trailing vortex 
filaments up to an arbitrary finite distance (to a maximum of one revo- 
lution of wake) behind each blade,  and beyond this point the wake is 
represented by a segmented tip-trailing vortex or by segmented root- 
and tip-trailing vortices.    The trailing vortices in the mesh wake are 
assumed to emanate from the quarterchord of the blade such that the 
first set of filaments behind the blade connects the endpoints of the bound 
and shed vortex filaments.    Beyond the truncation point ol the mesh wake, 
the radial positions of the root- and tip-trailing vortices are arbitrary. 
The wake can be advanced (in time) toward the blade producing it up to 
a time increment which corresponds to one azimuthal segment.    Thus, 
the lengths of the trailing vortices in the first segment of wake behind 
the blade are correspondingly shortened in comparison to the remaining 
segment of wake.    The wake advance was incorporated into the wake 
representation on the basis of the results of efforts made to improve 
the prediction of the lift and pitching-moment transfer functions for 
a two-dimensional oscillating airfoil at zero mean angle of attack 
for the pitching and plunging cases which are described in detail in 
Reference 2.    Simplified wake configurations are shown in Figure 1, 
where the wake has been advanced approximately 0. 7 of an azimuthal 
segment. 

The strength, ctr/df,  of each shed element is equal to the 
change in strength of the bound vortex segment between successive 
azimuth positions.    In the mesh wake,  the strength, atr/df ,  of each 
trailing element is equal to the difference in strength between adja- 
cent bound vortex segments.    Beyond the truncation point of the mesh 
wake, the strengths of the root- and tip-trailing vortex elements are 
equal to the maximum value of the radial distribution of the bound 
vortex segments in the azimuth position from which the elements were 
shed.    The effects of viscous dissipation are neglected. 



Each endpoint of each wake vortex segment is given an 
individual transport velocity when it is deposited in the wake.    The 
wake transport velocity is represented by the first four terms of 
a Fourier series expansion in azimuth at each radial position in the 
disk.   It is assumed that the endpoints of the wake elements maintain 
their initial transport velocities throughout the wake.    The transport 
velocities of the endpoints of the root- and tip-trailing vortices in the 
rolled-up wake are those of the endpoints of the furthest inboard and 
outboard wake elements,  respectively, of the azimuthal position from 
which the elements were deposited in the wake. 

The wake representation described herein is similar to that 
described in Reference 2.   In the cited work, the endpoints of the wake 
elements can be constrained to move with a common velocity after a 
specified interval of time.    If,  however,  the time interval is such that 
it encompasses the entire wake under consideration, the wake repre- 
sentation used in this report becomes identical with that of Reference 2. 

The positions of the blade and wake elements of both rotors 
are described in a single frame of reference.   It is a nonrotating right- 
hand Cartesian coordinate system with its origin at the hub of the rear 
rotor and is oriented such that the z yplane is parallel to the tip path 
plane as shown in Figure 2.    The positive x-axis is downstream.    Since 
the coordinate syste n translates with the rotor system at the velocity 
Yf ,  the transport velocities of the wake elements in the x  and j, 

directions are,   respectively, 

1/   r    ^.   COS <XT 

V^ = Vf si* ar-i- Zr(r,ip) (1) 

where ür(r,^) is a distribution over the rotor disk of the induced part 
of the   ^.-component of the wake transport velocity. 

The endpoints of the wake elements in the wake behind a 
blade are labeled as ^   ,  where i is related to the azimuthal posi- 
tion of the endpoints and /'  is related to the radial position.    In the 
mesh wake repv esentation, i * f refers to the endpoints of the wake 
elements on the quarterchord of the blade,  while in the rolled-up 

• wake representation,  /• f   refers to the azimuthal location of the 
endpoints of the first trailing vortex segments.    In both the mesh 
and rolled-up wake representations,   /- / refers to the furthest in- 
board radial segment.    Figure 3 illustrates the notation. 



The expressions for the Cartesian coordinates of the end- 
points of the wake elements, f.,   in the mesh wake of the rear rotor 
are {2i t <#/hf) ,J 

x - {Vf cos ar}f~j(i -f.O-ADV) * ^ cos(ßA-i+ADV) At 

y- -/} sinißA- t -ADV) At 

/ . - [^ 5//» ur -Srirj, <p)\(^f)(i-t.O~ADV) <- (p^) 
(2) 

where fagffj) are the steady deflections of the endpoints of the blade 
segments. 

The expressions for the Cartesian coordinates of the endpoints 
of the wake elements, «• ■   ,  in the rolled-up wake of the rear rotor 
are (/>/ ) 

x '(V, cosar)j^- (i - 2.O-A0r+ A/si/) -h(r+Ar); cos(Bhi+2.0-h]5V) 

y- -(r-4r^ sin(ßA -£ + 2.0-NSV) 

f -yt *in ocr - ^(V. tfi) ~l~{i-2.0-ADV-hNSV)+ <j>oc(r}) 
(3) 

where (r^4r)     is the radial coordinate to the tip or root vortex repre- 
senting the rolled-up wake. 

The coordinates of the forward rotor are initially obtained 
from the above expressions by using the proper values of   a>     ,5^" 
and 00C and then transformed into the coordinate system of the rear 
rotor as follows: 

t -  Xz CO» A(Zr -h ^2. stn Actr * XD 

y "  -y* 

2   =   -xt stn Aocr  * ^t cos Aacr * jD (4) 



where K2, yt   , and jj are the coordinates in the forward rotor system, 
4arr = arr -art i  and tp, y^ are the coordinates of the origin of the for- 

ward rotor system with respect to the rear rotor system.    (See Figure 2. ) 

The air loads are computed at the midpoints of the lifting-line 
segments.    These points  of the disks are labeled as P^,  with the sub- 
script k. referring to the position in the disks.    The notation for 
both rotors is illustrated in Figure 4. 

The lift per unit span for a blade section at any point P^   is 
given by 

where 
uk. fi\rt rk (5) 

.^1 O   &. 

The quantity in parentheses represents the instantaneous effective angle 
of attack at the three-quarterchord of the blade section.   oc9 is the in- 
stantaneous geometric angle of attack with respect to the tip path plane, 

h    is the effective plunging velocity \vith respect to the tip path plane, 
and CAT is the velocity component normal to the tip path plane induced 
by the vorticity in the wake of all blades.    The bound vortex strength 
for each radial segment is assumed to be periodic, and the wake vor- 
ticity depends on the radial and azimuthal change of the bound vorticity. 
Hence,   each of the strengths of the vortex elements in the wake can be 
expressed in terms of the NA/12  strengths of the bound vortices.   Fig- 
ure 5 illustrates the relation between the strengths of the wake vortices 
and the bound vortices for a simple wake configuration.    If the relative 
orientations of the blade segments and the wake elements are known, 
the induced velocity on a blade segment at a point k, in the disk can be 
expressed in terms of the strengths of the wake vortices (thus,  in 
terms of the NRfi2  strengths of the bound vortices) from the Biot-Savart 
law as 

urk 'Z  C^r. (7) 
j Mf 

where   d    is the sum of the Biot-Savart coefficients for all wake ele- 
ments whose strengths depend on   /~ .    It should be noted that,in the 
single frame of reference,   the velocity components induced by the 
vorticity in the wake are computed normal to the tip path plane of the 
rear rotor.    Hence,  the velocity components normal to the tip path 



plane of the forward rotor are 

ur^ * ur£je COS LOCT   -   Wz, Sin Acx7 

ur. n  -   urtie sin AciT   +   uf^. COJ AaT (8) 

where ufg^ and u/g   are the induced velocity coefficients of the forward 
rotor computed normal to the tip path plane of the rear rotor. 

Substituting Equation 7 into Equation 6,we have 

/•/ 

where 

Ik = (^cxj-h+jäfj^ibt 

(9) 

(10) 

The   /^  in Equation 9 represents the bound vortex strength at 
a point ^ which denotes each blade segment at each azimuth position. 
The set of AW42 simultaneous equations is solved iteratively by the 
Gauss-Seidel method to obtain the solutions for the   /^ .    The constant 
term, J^   ,  of Equation 9 depends only on the blade response and flight 
condition and is referred to as the quasi-steady part of the bound vor- 
ticity, while the second term of Equation 9 represents the induced part 
of rk . 

In the computational model, only the flapping and flapwise 
bending degrees of freedom are considered in the calculation of the 
blade dynamic response. The pitching and torsional displacements 
are specified. Hence, the total plunging displacement and plunging 
velocity due to blade flapping with respect to the rotor shaft plane 
are,   respectively, 

tra^ =Z fs(r)fKas (11) 
s./ 

NO 

<f*a(r) -21 Ss/r)fK0s (12) 
s * f 

where M£> is the number of modes,   /yffj is the normalized bending 
mode shape,   and  4f0s  is the tip deflection in the S**    mode at azimuth 
station fä . 

The h  term in Equation 6 is the effective plunging velocity. 
In addition to the plunging velocity due to blade flapping described in 
Equation 12,   it includes the component of rotor translational velocity 



normal to each spanwise segment of the blades.    Thus, 

NO 

5-f 

h - Vf sen ocs + Vf. cos (xs cos V Y_  fgir) ^KBI 

(13) 
s • / 

During the iterative solution of the set of simultaneous   r 
equations,  the values of rk  are restricted in magnitude to a value, rm    , 
defined by 

r_ <Zk bk Vt   sin oc» 

where  a   is a specified stall angle for the airfoil section.    This restric 
tion prohibits unrealistic values of vorticity from being shed into the 
wake from sections which are above their stalling angle of attack. 
The section is defined to be stalled when   /^ /rm    > 1. 0. 

When   l^k /Cr,k
<: f 0 >  the lift per unit span is computed from 

Equation 5 and the moment per unit span about the midchord is given by 

Mi  - J/7^ ^la (14) 

Hence,  the signs of the lift and moment remain consistent with the signs 
of r   and the local velocity,   i^    ,   even in the region of reversed flow. 
Above stall,  the lift per unit span is given by 

^ - /* ^ rmit + Aj,k k' "»k 
(15) 

where 

I 
l 

blk~ ^/obk VTk\sinaek stna ek 

and the moment per unit span about the midchord is,   simply, 

^= ibk/>v'k
r*.k • 

(16) 

(17) 

Thus,   above stall,   the lift is computed as the sum of the maximum 
circulatory lift at stall and a cross-flow drag force, Al  .    The corre- 
sponding pitching moment about the midchord is simply the moment due 
to the lift acting at the quarterchord.    The velocity,   yr   ,  is the total 



resultant velocity acting normal to the spanwise axis of the local blade 
segment and is given by 

^    -   ^ ^z  - (18) 

The velocities  V,    and  K^  are the two orthogonal components of   l/r  in 
a plane normal to the local spanwise axis.    The velocity  |/.    lies on 
the intersection of this plane with a plane normal to tne shaft.    Thus, 

Vf '  ( Vf cos a.s) sm 4) *■ fir (19) 

Vz  -   ur ~ Vf sin ccs -{Vf cos a a) ~— cos tj/ - <p (20) 
o r~ 

where ^   is the blade displacement given by Equation 11. 

The effective angle of attack,   (Xe ,   is the local angle between 
the line of zero lift for the airfoil and the direction of  VT .    It is given by 

ae =   oc3+ S (21) 

where 
■■ 

S  =   to.*-'(Vt/V,) 
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COMPUTATIONAL PROCEDURE 

An iterative procedure is used to compute the aerodynamic 
loads and to solve the equations of motion of the blades so as to obtain 
consistent air loads and blade response.    The solution includes all the 
aerodynamic coupling between the flapping degrees of freedom con- 
sidered.    The dynamic response in the torsional degrees of freedom 
is specified. 

The computational procedure also requires the wake con- 
figuration to be specified; that is,   the relative orientation of the blade 
segments and the wake vortex elements is assumed to be known.     This 
relative orientation is determined from the rotor translational velocity, 
shaft angle,  wake transport velocities,   and a reasonable approximation 
to the steady-state displacement of the blade relative to the shaft and 
the first harmonic cosine flapping angle.    Since the steady-state dis- 
placement and first harmonic cosine flapping angle are also predicted 
by the analyses,   it is evident that these quantities should be in rea- 
sonable agreement with the assumed values. 

Following the computation of the blade and wake coordinai   .., 
a summation of the Biot-Savart coefficients is performed to obtain the 
matrix of induced velocity coefficient,  C^   .    These coefficients corre- 
spond to the induced velocities normal to the tip path planes and are 
computed at the steady-state deflected positions of the blades.    Since 
the spanwise slopes of the deflected blades are small,  the induced 
velocities are assumed to act in the direction of K2 (Equation 20).    The 
bound vortex iD   equations are computed from the matrix of the induced 
velocity coefficients. 

The r equations are solved iteratively by the Gauss-Seidel 
method,and the lift and pitching moment are subsequently computed. 
A generalized air load,   defined as the integral of the product of the 
air load and the mode shape,   is then computed for each degree of 
freedom and at each azimuth position.    The forcing function for each 
mode at each harmonic is obtained from the harmonic analysis of the 
generalized air loads.    The equations of motion of the blade for each 
mode are then solved for the response at each harmonic.    If the total 
blade response for each degree of freedom at each azimuth position 
does not repeat to within prescribed limits,   the  Is  of the P equations 
are recomputed and the computational process is repeated until the 
total blade response converges or the limit on the number of iterations 
is reached.    Additional computations,   as required,   are consequently 
performed for the normal output,and these are listed in the succeeding 
section. 
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As discussed in Reference 2,    the generalized air load is not 
the forcing function as conventionally defined,  and the scheme of sub- 
tracting the quasi-steady damping from each side of the equations of 
motion to improve the convergence of the iterative solution was applied 
without alteration to the present problem and worked with equal success. 
The details of the solution as they appear in Reference 2 are repeated 
below for convenience. 

If at is the generalized coordinate in the s** flapwise bending 
mode, the equation of motion expressing the balance of all generalized 
forces in this coordinate at an azimuth position, fit ,  is 

*/. 9s   + M^fd* 39s)cl* ' Gs (22) 

where &s is the generalized air load, öS is the structural damping 
coefficient, oü5 is the natural frequency, and A£ is the generalized 
mass defined by 

M 1S  • f m(r)-p'(r)ctr. (23) 

The quasi-steady damping terms of the generalized air load can be 
approximated by 

\r. (24) D5 ~ -/>aC4cei%JbWrffir)^ 

The generalized coordinate and the generalized air load can be expressed 
in Fourier series as 

(25) 
/7M / 

and 

Z 
respectively. 

(26) 

By substituting the expressions for QS   and  ^   in Equations 22 and 
24,   subtracting Equation 24 from each side of Equation 22 and equating 
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coefficients of like terms in the result,  we obtain 

and 

* * 7 (l-') 
-, - —5 -<». 

^{uj'-n'a^a^ +■ (MiUJ,*fs + C.nn)^ 

*st'^ 

(d.f) (c,*a)h:; a-/) 

{Ms">?9*+ £*"&) 4,, *M,(üj;~**n*)b!,t 

n -  itZ,3t- 

where the superscript i indicates the iteration 

c,'/>n-c4aJ 
the coefficient of the qua si-s 
linear simultaneous equation 
the response has to be solved for 
monic of the rotational speed. 

rmwiber and 

(27) 

(28) 

m.    Thus, a pair of 
ine ancjf sine components of 

degreeydf freedom at each har- 

When the total response, qs  ,  for each degree of freedom at 
each azimuth position has converged to within prescribed limits,  the 
radial distributions of the cosine and sinj harmonic components of the 
structural flapwise bending moments are computed from the harmonics 
of the blade response and the moment distributions in each flapwise 
bending mode.    Thus 

_ ^ 

SM/ 

ND 

M„(r)  - ^_   bn ms(r) 
5 =/ 

(29) 

where /r^/VJare thr bending moment distributions in each flapwise 
Lending mode, s . 
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COMPUTER PROGRAM 

The computer program is written in FORTRAN IV for the 
IBM 7044.    Physically,  due to core storage limitations,  the program 
is separated into four parts which can be run sequentially.    Each part 
is also divided into several subroutines for convenience in programming, 
checkout,  and program modification.    The principal functions of each 
part are listed below. 

Part I 

1. Reads the necessary input for Parts I and II. 

2. Computes the blade and wake coordinates. 

Two tape drives are required in Part I.    One tape drive is 
used to transfer variables and the blade and wake coordinates to 
Part II,   while the second is used for temporary storage of data.    The 
data are later transferred in proper sequence to the first tape. 

Part II 

1.     Computes the matrices of the induced velocity 
coefficients. 

Three tape drives are used in Part II.    The first is,  evidently, 
the input from Part I.    The s'econd is used to transfer variables and the 
matrix of the j- -component of the induced velocity coefficients to Part III, 
and the third is used to transfer the matrices of the   * - and   y-compo- 
nents of the induced velocity coefficients to Part IV. 

Part III 

1. Reads additional input for Parts III and IV. 

2. Computes the initial trial values of the bound 
circulation. 

3. Computes the initial trial values of the generalized 
coordinates. 

Three tape drives are also required in Part III.     The first is, 
of course,  the input from Part II.    The second transfers the modified 
matrix of the   j -component of the induced velocity coefficients to Part IV 
while the f'.iird transfers all other data from Part III to Part IV. 
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Part IV 

1. Solves the bound circulation equations. 

2. Solves the equations of motion. 

3. Computes the induced velocities in the  jc ,   y,  and 
j directions. 

4. Computes the blade structural bending moments. 

5. Harmonically analyzes the normal output. 

Three tape drives are used in Part IV,    As noted above,  there 
are two input tapes from Part III and one from Part II.    When the blade 
response converges to within the prescribed limits,  the tape which con- 
tains the modified   j -components of the induced velocity coefficients is 
destroyed and the quantities to be harmonically analyzed are then trans- 
ferred onto this tape, 

A plotting routine,  which may also be run sequentially with the 
foregoing program,   generates a tape from which the time histories of 
the blade structural bending moments  and the aerodynamic lift and 
pitching moments can be plotted for each radial station. 

The following list summarizes the normal printed output of 
the program: 

1, All input data, 

2, Initial trial values of the bound vorticity, 

3, Initial trial values of the generalized coordinates, 

4, Blade response in the generalized coordinates, 

5, Lift distribution. 

6, Aerodynamic moment distribution, 

7, Bound vortex strength distribution, 

8, Maximum bound vortex strength at each azimuth 
position and its radial position, 

9, Effective angle-of-attack distribution. 

10.      Maximum allowable values of the bound vortices 
at and above stall. 
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11. Quasi-steady distribution of the bound vortex 
strengths. 

12. Fourier coefficients of the generalized coordinates. 

13. Structural bending moment distribution. 

14. t-,?-, and   ^-components of the induced velocity 
distribution. 

The following quantities are also harmonically analyzed,  and 
the Fourier coefficients for (/v4-/)/2  harmonics are printed out: 

Aerodynamic lift 

Aerodynamic moment 

Bound vortex strengths 

Effective angle of attack 

Quasi-steady bound vortex strengths 

z-,  ij-,  and   ^ -components of induced velocity 

In addition,  there are many optional data which may be printed 
out as,  for example,  the blade and wake coordinates  and the induced 
velocity coefficients.    The selection of the optional print-out is accom- 
plished by control words which are part of the input. 

The running time of the program is dependent on too many 
factors which make it impractical,   at present,  to estimate the running 
time accurately for a particular configuration.    Table I in Appendix I, 
however,  contains some of the pertinent data from the configurations 
which were run in the present program from which a reasonable esti- 
mate of the running time can be made. 

A simplified chart showing the major steps used in the iterative 
procedure for solving the equations of motion is shown in Figure 6; more 
detailed flow diagrams,   showing the program logic for each part of the 
program,  are given in Appendix II. 
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COMPUTED RESULTS AND COMPARISON WITH MEASURED 
RESULTS FOR THE CH 47A TANDEM-ROTOR HELICOPTER 

With the exception of the vibration modes and frequencies,  all 
requisite input data for the computer program were determined from 
the data reported in References 3,   4 and 5.    For the computer program, 
the mass and stiffness distributions of Reference 3 were used to calcu- 
late the uncoopled rotating flapwise modes and frequencies which were 
used as inputs.    As shown in Table I,   the frequencies so computed were 
in close agreement with the computed coupled rotating flapwise bending- 
torsion frequencies listed in Reference 3.    A comparison of the measured 
and computed frequencies for the nonrotating case presented in Refer- 
ence 5 showed that only the frequencies of the second flapwise bending 
mode were in good agreement,  while the measured frequencies of the 
third and fourth flapwise bending modes were approximately 10 percent 
higher than the computed values.    Dynamic response data were not 
presented for the first flapwise bending mode,so an evaluation of the 
accuracy to which it is predicted could not be made. 

TABLE 1. COMPARISON OF UNCOUPLED FLAPWISE BENDING AND COUPLED 
FLAPWISE BENDING-TORSION CALCULATED FREQUENCIES 

MODE 

FREQUENCY (cpm)        j 

n   = 202 rpm A = 230 rpm   | 

UNCOUPLED COUPLED UNCOUPLED COUPLED 1 

FLAPPING 

Ut FLAPWISE BENDING 

2nd FLAPWISE BENDING 

1st TORSION 

3rd FLAPWISE BENDING 

4th FLAPWISE BENDING 

204 

520 

981» 
• 

1656 

2605 

207 

522 

987 

1188 

1665 

2595 

233 

583 

1077 

• 

1776 

2737 

237 

585 

1080 

1200 | 

1785 

2727 i 

'NOT COMPUTED j 
Computations to determine the aerodynamic loads and dynamic 

response were made for 24 azimuth positions (for each rotor),and the 
blades were segmented into 10 spanwise stations as shown in Figure 7. 
Eight of the midpoints of these segments coincided with the radial sta- 
tions at which measured data were obtained.    Also,   in all cases,   three 
azimuthal segments of wake behind each blade were represented by a 
grid wake,   and the remainder of the wake was represented by a tip 
vortex positioned at 90 percent of the blade radius.    The number of 
revolutions of wake used for each rotor in the representation varied 
with advance ratio such that the wake terminated at approximately one 
to one and one-half rotor diameters from either rotor. 
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The computed momentum-induced velocity was used for the 
induced part of the   «-component of the wake transport velocity for 
each rotor.    The disk loading in each case was detei mined from the 
total measured lift per blade for each rotor. 

The first four uncoupled flapwise bending modes and the 
flapping mode were used to describe the blade motions and,  hence, 
to compute the blade bending moments.    Because of excessive scatter 
in the measured collective pitch data,  the collective and cyclic pitch 
coefficients used as inputs to the computer program were those based 
on trim calculations reported in Reference 4 which were included in 
revisions to Reference 3. 

In Reference 5,  it was indicated that considerable torsional 
motions were experienced by the blades and that these motions were 
significantly different for the blades of the forward rotor as compared 
to those of the aft rotor,   and both were significantly affected by the 
gross weight.    The torsional moment data,which were included in 
Reference 5 as typical for a flight test with a high gross weight,were 
not comparable with the torsional moment data presented in Reference 3 
for the particular flight test cases with high gross weights which were 
analyzed herein.    Consequently,  the torsional motions were reluctantly 
neglected in the computations. 

Comparisons of measured and computed data are shown both 
as time histories at specified radial stations and as radial distributions 
for the zeroth and the first three harmonic cosine and sine components. 
Comparisons of the measured and computed data for higher harmonics 
were made,but there were no significant differt aces from the conclu- 
sions reached on the basis of the data presented for the lower har- 
monics.    Therefore,   these results are not included in this report. 
The steady components of the lifts and the bending moments have 
been subtracted from the time histories. 

Comparisons of measured data,   as listed in Reference 3 and 
4,  and computed data have been made for the three flight conditions 
listed below. 

TABLE n.   FLIGHT CONDITIONS FOR CASES  INVESTIGATED 1 

FLIGHT 
NUMBER 

DATA PO NT 
NUMBER 

RUN GROSS 
WEIGHT 

(lb) 

TRUE 
AIRSPEED 
(knots) 

/" 
/I      1 

(rpm) 

391» 

395 

391» 

32 

61 

46 

32,700 

25,500 

33,200 

28 

51» 

101 

0.08 

0.14 

0.24 

202 

229      { 

231 
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Comparison of Measured and Computed Air Loads 

Table III below lists the pertinent parameters which were 
used to establish the wake configurations for the three flight test cases 
investigated.    The tip-path-plane angles, »/- ,   were based on the fuse- 
lage attitude and the first-harmonic cosine flapping angles from the 
trim calculations reported in Reference 4 and on the built-in tilt of 
each rotor. 

TABLE DJ.   WAKE PARAMETERS FOR CASES INVESTIGATED 

A 
fp» 

aT 

(degrees) 

M(rt^) 

(fP«) 

NUMBER OF 
REVOLUTIONS 

OF MAKE 

AFT FWD AFT FWD AFT FMD 

0.08 

o.u 

0.24 

H7.3 

91.2 

170.6 

-2.9) 

-1.72 

-0.211 

2.71» 

3.91 

5.02 

-33.it 

-16.9 

-9.5 

-30.3 

-15.8 

-8.4 

6 

3 

2 

9 

5 

3 

The measured and computed radial distributions of the steady 
and first three harmonic components of the lift per unit span are shown 
in Figures 8,   16 and 24 for the aft rotor for advance ratios of 0.08, 
0. 14 and 0. 24,   respectively,   and in each succeeding figure for the 
forward rotor. 

As shown in Figures 8 and 16,   the comparison of the meas- 
ured and computed steady component of the lift distribution for the 
aft rotor at /z = 0.08 and 0. 14,   respectively,   is quite good up to 
about the 85-percent blade radius.    Outboard of this blade station,   a 
sharp drop in the lift is shown experimentally which is not predicted 
theoretically.    This characteristic is also shown at >M. = 0. 24 in Fig- 
ure 24,but somewhat poorer correlation was obtained between the 
computed and experimental values of the lift at the 75-p^rcent and 
85-percent blade radius stations.     The tip loss,which is  evident in 
the experimental data,is somewhat exaggerated in comparison to that 
which is typically exhibited by the blades of a helicopter and thus leads 
to poor correlation between the measured and computed results on the 
outboard sections of the blades of the aft rotor. 

As illustrated in Figures 9,   IV and 25,  the comparison of the 
measured ard computed steady component of the lift distributions for 
the forward rotor is much poorer,   particularly outboard of about the 
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55-percent blade radius.    The experimental data show that the radial 
distributions for the forward rotor do not exhibit the typical peaks on 
the outboard section of the blade which are shown by the blades of the 
aft rotor and,   generally,   by the blades of a single-rotor helicopter. 
It is believed that this phenomenon was the result of mutual inter- 
ference effects between the rotors which were not predicted by the 
assumed fixed-wake model.    The computed radial distributions of 
the induced velocity show a greater upwash on the inboard sections 
of the blades of the forward rotor than on the blades of the aft rotor. 
The effective angles of attack exhibited a corresponding relationship 
but rot to the extent which apparently existed in the measured data. 

In Reference 5,   torsional moment data are presented for one 
flight test case from which the total live twist is estimated to be approxi- 
mately 0. ft degree.    The torsional moment data for the flight test cases 
which were analyzed in this investigation (presented in Reference 3) 
were scant,but indications are that these torsional moments were much 
larger than those presented in Reference 5.    It is believed that the 
estimated 0. 6 degree of live twist could ' ave been conservative for 
some of the flight test cases which were analyzed.    Further,   the com- 
puted effective angle of attack shows a sharp drop outboard of the 90- 
percent blade radius so that the effect of live twist on the radial air 
load distributions would be most pronounced on this section of the b^de. 

The total lift per blade for the computed data was determined 
by numerical integration of the steady component of the lift; comparisons 
of these data,   the run gross weight of the ship,   and the sum of the total 
measured lift per blade are tabulated below. 

TABLE  IV.  COMPARISON OF MEASURED AND COMPUTED LIFT  | 
I 

/"- 

RUN GROSS 
WEIGHT 

(lb) 

SUM OF MEASURED 
LIFT PER ROTOR 

(lb) 

INTEGRATED COMPUTED     1 
LIFT PER UNIT SPAN 

(lb)                    | 

AFT ROTOR FWD ROTOR AFT ROTOR FWD ROTOR 1 

0.08 

o.u 
0.2i» 

32,700 

25,500 

33,200 

17,900 

12,100 

17, W0 

15,600 

11,400 

15,500 

21,300 

15,000 

18,200 

20,600       { 

15,000       ! 

17,600       j 
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It is obvious that the correlation between the integrated com- 
puted lift and the run gross weight becomes poorer with decreasing 
advance ratio.    The measured lift compares reasonably well with the 
run gross weight at M =0. 08 and /^ = 0. 24 but is somewhat low at 
/U.   - 0. 14.    The net lift on the fuselage was estimated to be approxi- 
mately 300 pounds for the cases investigated and,  thus,  appears to be 
negligible in comparison to the run gross weight for the purpose of 
these analyses. 

The prediction of the total lift of the blades of the aft rotor 
was surprisingly poor, since the interference effects of the forward 
rotor were expected to be small and the comparison of the meas- 
ured and computed total lift was expected to be as favorable as 
that reported in Reference 2 for single-rotor helicopters.    Since the 
total lift is quite dependent on the collective pitch and live twist angles 
of the rotor,  it is felt that these data should be reviewed to determine 
if fui fher adjustments are justified.    In Reference 6,   the blade loads 
and dynamic response of the blades of a single-rotor helicopter were 
computed using the trim constraints as variables.    The results, of the 
calculations show only a small difference between the computed col- 
lective pitch angle from the measured value and good correlation in 
the steady lift distribution.    In Reference 2,  it was also found that good 
correlation between the measured and computed steady lift distribution 
was obtained when the measured trim constraints were used as input. 
It is felt that the lack of accurate trim and live twist data contributed 
primarily to the poor correlation between the measured and computed 
results which was shown herein. 

The computed air loads at A = 0.08 for the forward rotor are 
greatly influenced by the tip vortex from the blades of the aft rotor 
which yields the sharp peak in the steady air load shown in Figure 9. 
The pronounced influence of this tip vortex is also reflected in the 
measured data and re-emphasizes the importance of the effects of the 
wake in computing the loading characteristics of tandem-rotor systems 
as well as those of a single rotor. 

The radial distributions of the harmonic components of the 
air loads do not generally compare favorably with the measured results. 
The first-harmonic components of the computed air load show fair 
qualitative comparison with the measured data except at // = 0. 08 for 
the sine component of the aft rotor blade and the cosine component of 
the forward rotor blade. 

The measured data for this case were obtained at a sideslip 
angle of approximately -9.0 degrees (nose right), and the effect of 
sideslip on the air loads was found to be significant for certain flight 
configurations as reported in Reference 5.    Since it is assumed that 
the sideslip angles are zero in the computational procedure,  this effect 
could not be shown in the computed results.    The abrupt change in the 
radial distribution of the first harmonic cosine component of the forward 
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rotor at M    = 0. 08 results from the proximity of the tip vortex from 
the wake of a blade in the aft rotor to a blade on the forward rotor. 
This interference effect does not occur at the higher advance ratios 
since the wake of the aft rotor has a  lower value of the momentum 
induced velocity and is also t.wept back faster with the increase in 
advance ratio,     A contributing factor to this intenerence effect is 
the increasingly opposing orientation of the tip-path planes of the 
rotors as advance ratio decreases. 

The comparison of the measured and computed lift for the 
higher harmonics is generally neither better nor worse than that shown 
for the first harmonics.    Somewhat better qualitative agreement between 
the measured and computed data is  shown for the aft rotor than for the 
forward rotor.     This result had been expected since the forward rotor 
operates in the downwash of the aft rotor. 

The measured and computed time histories of the air loads 
for eight radial stations are shown in Figures 10,   18 and 26 for advance 
ratios of 0. 08,   0. 14 and 0. 24,   respectively,   for the aft rotor and in 
each succeeding figure for the forward rotor. 

At /6  = 0. 08,   good qualitative agreement between the computed 
and measured time histories is shown for the aft rotor.     The measured 
data,   however,   show a considerably larger content of higher harmonics 
than the computed results,   particularly inboard of approximately the 
80-percent blade  radius.    On the forward rotor,  higher harmonic con- 
tent is evident in the measured time histories throughout the blade, 
while the computed results show this trend only outboard  of about the 
80-percent blade radius.    It could be expected that the outboard section 
of the blades of the forward rotor would exhibit this trend in the computed 
results,   since the skewed wake from the blades of the aft rotor is swept 
down much closer to these blade sections.     The distortions in the actual 
wake probably account for some of the higher harmonic content shown 
in the measured data.    The measured results also indicate that the 
blade responses in the first torsion mode at the fifth and sixth har- 
monics were significant for one flight test case.    These data were 
believed to be typical and,   thus,   could account for the higher har- 
monic content in the air load which was  shown in the measured results 
but would not be evident in the computed results because of the lack of 
torsional deflection data.    The effect of the tip vortex from the blade 
of the aft rotor on the computed time histories of the air loads of the 
forward rotor is quite obvious and is  most pronounced at  r/R  = 0. 90 
as shown in Figure  11.    Its effects are also noted at the other nearby 
radii and results in poor agreement in the magnitude of the measured 
and computed time histories of the air loads. 
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At   fji  - 0. 14 and  ^ = 0. 24,  the computed time histories of 
the air loads on the forward rotor compare favorably with the measured 
data and the peak air loads are much smaller in absolute magnitude 
than those on the aft rotor.    On the outboard sections of the blades, 
the computed peak air loads are advanced in time with  respect to the 
measured data on the advancing side of the disk and retarded in time 
on the retreating side.     This characteristic was also evident in the 
results for a single rotor reported in Reference 2.    The computed 
results indicate that the  ^--components of the induced velocities, 
vhich were neglected in positioning the wake,   are indeed small   - at 
least on the outboard sections of the blade   -  and would not be expected 
to significantly change the wake transport velocities in the x direction 
as had been conjectured in Reference 2.    It was noted in the cited work 
that the radial position of the tip vortex could also efiect a pronounced 
influence on the phasing in the time histories of the air loads,but no 
computations were made to determine the effect of this parameter 
in the tandem-rotor case.     The obvious conclusion which can be drawn 
from these efforts is that the wake configuration is significant in pre- 
dicting the aerodynamic loads and dynamic response experienced by the 
blades of single- and tandem-rotor helicopters. 

On the aft rotor at /^    =0. 14,   two distinct peaks in the time 
histories of the air loads are noted outboard of the 80-percent blade 
radius both experimentally and in the computed data.    Inboard of the 
80-percent blade radius,   the absolute magnitude of the peak air load 
drops  sharply.    At ^ = 0. 24 on the aft rotor,   the measured data show 
a  more gradual decrease in the absolute magnitude of the peak air load 
from the tip inboard,   but higher harmonic content is more prevalent 
throughout the blade than at/< = 0. 14 both in the measured and inthe 
computed data.    At all advance ratios,   the tip-path plane of the aft 
rotor is oriented such that its thrust vector acts aftward.    This factor, 
coupled with the reduced value of the momentum induced velocity at 
/u. = 0. 24,   retains the wake in the vicinity of the blades and leads to 
the larger indicated effect of the wake-induced velocity  on the azimuthal 
distribution of the air loads. 

In Reference 5,   comparisons were made  of the harmonic 
content of the azimuthal air load distribution of a blade of the forward 
rotor at a gross weight of 26, 000 pounds and that of a blade of the aft 
rotor at a gross weight of 33, 000 pounds for a high advance ratio.     Both 
blades  showed extensive sixth-harmonic variations in the air load dis- 
tribution which appeared to be related to a negative lift region on the 
advancing side of the disk in each case.    It was  suggested that this 
phenomenon resulted from a corresponding excitation of the first tor- 
sion mode of the blade whose frequency lies near the sixth harmonic of 
the rotor speed.    Although the torsional motions were not included in 
the computed results,   fair correlation is still shown between the 
measured and computed azimuthal variations of the air loads at //-   =0. 24 
for the aft rotor.    At /^ = 0.14,   fair correlation is also shown fr.r the for- 
ward rotor, but the harmonic content is considerably reduced from that 
AX. jx - 0.24.    The extensive sixth-harmonic content in the air load and the 
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corresponding excitation of the blade torsional mode were apparently 
noted only at high advance ratios» so that the effect of gross weight 
on the azimuthal air load distribution could not be assessed from the 
computed data. 

Comparison of Measured and Computed Bending Moments 

The measured and computed radial distributions of the steady 
and the first three harmonic components of the flapwise bending mo- 
ments are shown in Figures 12,   20 and 28 for the aft rotor for advance 
ratios of 0. 08,   0. 14,   and 0. 24,   respectively,   and in each succeeding 
figure for the forward rotor. 

The fair correlation between the measured and computed 
results for the steady component of the bending moments outboard of 
the 50-percent blade radius is surprising in view of the poor corre- 
lation of the steady air loads outboard of the 85-percent radius.    It 
is also seen that correlation between the measured and computed 
results is better for the forward rotor in contrast to the results ob- 
tained for the air loads.    Inboard of the 50-percent blade radius,  the 
agreement between the measured and computed results is very poor 
for both rotors.    Since the measured frequencies of the third and 
fourth flapwise bending modes were not in good agreement with the 
computed values and since the computed frequencies were used in the 
analyses,   it could be expected that substantial differences could be 
present in the response of the blades in these modes which would be 
directly reflected in the bending moment distributions.    The improve- 
ment in the theoretical prediction of tb* steady air lo&ds with advance 
ratio was not reflected in the steady bending moment distribution. 

The poor correlation between the measured and computed 
steady components of the bending moments inboard of the 50-percent 
blade radius is not always reflected similarly in the first-harmonic 
components.    At ^ = 0. 08,   the radial distributions of the measured 
and computed first-harmonic components of the bending moments for 
both rotors compare quite favorably with the measured data.    At 
/U   = 0. 14,   only the first-harmonic sine components show a favorable 

comparison for both rotors,while the first-harmonic cosine compo- 
nents are poorly predicted for both rotors.    At ^ = 0. 24,   the com- 
puted first-harmonic sine components of the bending moments also 
compare favorably with the measured data,while the first-harmonic 
cosine components are overpredicted for both rotors. 

In general,  the correlation between measured and computed 
results worsens as harmonic order increases for all advance ratios. 
This result is not surprising,  firstly,   in view of the merely fair 
correlation shown for the first-harmonic components of the bending 
moments and,   secondly,   since the harmonics of the air loads above 
the first are not generally well predicted.    Since the response of the 
blades is significantly affected by the proximity of the natural frequencies 
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of the blade to the harmonics of the rotor speed,   it is evident that 
the natural frequencies need to be accurately predicted to have con- 
fidence in the computed results for the higher harmonics. 

The dynamic response of the second pinned-free bending 
mode is reflected in the radial distributions of the steady components 
of the blade bending moments.    This mode is near resonance with the 
fifth harmonic of the rotor speed and is evidently the dominating mode 
with regard to the computed bending moments.    Although not illus- 
trated,  a comparison was made of the measured and computed radial 
distributions of the fifth-harmonic components of the bending moments. 
At /x - 0, 24,  the computed results agreed quite well with the experimental 
values, while at /< = 0. 08,  poor correlation was obtained.    It is believed 
that the change in rotational speed from 2 31  r. p. m.  at /^ = 0. 24 to 
202 r. p. m.  at /x, = 0. 08 effected a pronounced change in the computed 
response of the fifth-harmonic components in this mode.    In Reference Z, 
it was found that small changes in the natural frequencies of a blade 
could produce large changes in the response of the blade,   particularly 
when the modes were near resonance with a harmonic of the rotor speed. 
The computed natural frequency of the second pinned-free bending mode, 
in particular,   was apparently sufficiently different from its true value 
at the indicated rotational speed to produce the large changes in the 
computed dynamic response at the fifth harmonic. 

The measured and computed time histories of the flapwise 
bending moments for eight radial stations are shown in Figures 14,   22 
and 30 for advance ratios of 0.08,   0. 14 and 0. 24,   respectively,  for the 
aft rotor,  and in each succeeding figure for the forward rotor. 

At/c = 0.08,  the peak magnitudes of the computed histories 
of the flapwise bending moments are generally much lower than the 
measured values throughout the blade radius on the aft rotor.    On the 
forward rotor,   the measured and computed values of the azimuthal 
variation of the bending moments are of the same order of magnitude, 
with poor correlation shown in the phasing.    At/^- = 0. 14 and 0. 24,   the 
computed results generally show better agreement with the measured 
results both in absolute magnitude and in phasing.    In general,   both the 
measured and the computed data show that the  magnitude of the dynamic 
response and,   hence,  the absolute magnitude of the bending moments 
are more critical on the aft rotor at the higher advance ratios,  while 
at lower advance ratios they are about the same order of magnitude 
on the two rotors. 

General Evaluation of the Method 

The method described herein for predicting the aerodynamic 
loads and dynamic response of three-bladed,   tandem-rotor helicopters 
is an ac  ptation of that described in References 1 and 2 for single-rotor 
helicopters.    In view of the additional complexity inherent in repre- 
senting the wakes of tandem-rotor configurations,   it should be expected 
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that somewhat less confidence could be placed in the computed results 
presented herein in comparison to those of the cited references.    Be- 
cause of the geometry of the CH 47A  helicopter,  it could be expected 
that the effects of the wake of the forward rotor on the air load distri- 
bution and dynamic responbe of the blades of the aft rotor should be much 
less signiiicant than the converse or the effects of the wake of either 
rotor on itself.    Although no computations were carried out to deter- 
mine these effects separately,  it is believed that the effects of the 
forward rotor on the aft rotor are small and,  hence,  the differences 
between the measured and computed results for the aft rotor should be 
generally comparable to those of a single-rotor helicopter.    This ex- 
pectation was borne out as evidenced by the better correlation which 
was obtained between the measured and computed results for the aft 
rotor than for the forward rotor; 

The measured air-load distribution of the forward rotor was, 
apparently,   significantly affected by the wake from the blades of the 
aft rotor and significant differences were shown between the air-load 
distributions of the forward and aft rotors.    The inboard section of the 
forward rotor blade was shown to carry a substantially greater portion 
of the total lift than that of a corresponding blade on the aft rotor.    This 
phenomenon was evident to a lesser extent in the computed results.    It 
was felt that the lack of accurate trim and live twist data led to poorer 
correlation between measured and computed results than had been antic- 
ipated.    Consequently,  computational efforts to isolate other parameters 
which could affect the measured differences in the air-load distributions 
between the forward and aft rotors were not deemed warranted. 

The bending moment's,   as previously described,   are computed 
from the blade response in each flapwise bending mode and the bending 
moment distribution in that mode.    This procedure yields the steady 
blade displacements to sufficient accuracy for the aerodynamic aspects 
of the problem,since the blade section angle of attack depends only on 
the slope of the blade deflection shape.    However,   the bending moments 
depend on the blade curvature and,  hence,   cannot be as accurately de- 
fined.    Further,  as also discussed previously,   the uncoupled flapwise 
bending moment distributions were used in the calculations,and these 
distributions can be expected to differ somewhat from the normal flap- 
wise-edgewise modes,   particularly for the higher modes.    The computed 
frequencies used in the analyses of the uncoupled flapwise bending modes 
were nearly identical to the computed coupled flapwise bending-torsion 
modes as reported in Reference 3,but the measured dynamic response 
of the nonrotating blades indicated tl   t the frequencies of the third and 
fourth flapwise bending modes were about 10 percent higher than pre- 
dicted.    The effects of these differences in frequency were not investigated. 
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The obvious shortcomings of the method are (1) the assumed 
fixed-wake configuration and (2) its dependency on accurate measured 
data as input.    The measured data as reported in Reference 5 are gen- 
erally statistical in nature; i.e.,  typical measured data are presented 
from samplings of data from similar flight conditions.    Although this 
process eliminated many of the inconsistencies which were noted for 
individual data test points and placed confidence in the measured re- 
sults,  comparisons were made herein for individual test points and 
such comparisons probably should have been avoided.    The sensitivity 
of the theoretical results to some of the input parameters also was not 
investigated; hence,  the computed results do not necessarily reflect 
the "typical" results which were presented in Reference 5.    The de- 
pendency on accurate measured data as input could be alleviated to a 
large extent by incorporating the torsion and the inplane degrees of 
freedom of the blades into the blade equations of motion and by im- 
posing the rotor-fuselage trim constraints (as is concurrently being 
done for a single-rotor helicopter (Reference 6)).    Although it is known 
that the assumed fixed-wake configuration needs improvement in its 
representation,   it is felt that improvement in the dynamical represen- 
tation of the blade and the imposition of the rotor-fuselage trim con- 
straints are essential to better prediction of the problems associated 
with tandem-rotor configurations. 
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CONCLUSIONS AND RECOMMENDATIONS 

The results of this effort have demonstrated the feasibility of 
implementing a method for predicting the aerodynamic loads and dy- 
namic response experienced by the blades of a tandem-rotor helicopter. 

In view of the limited comparisons made of measured and 
computed results,   and the relatively few computations which have been 
performed,  the method is considered to be satisfactory for the limited 
use in tandem-rotor design analysis for which it is intended.    Single 
test-point comparisons were made of computed and measured results, 
whereas the measured results were generally presented as typical from 
a statistical sampling of data.    The method which has been presented 
herein should thus be evaluated in the light of this circumstance. 

Specifically,  the following conclusions have been reached on the 
basis of the work which has been performed: 

1. The radial distribution of the steady component of the 
air load for both rotors was overpredicted outboard 
of the 80-percent blade radius in all cases investi- 
gated.    Inboard of the 80-percent blade radius,   the 
steady components of the air loads were reasonably 
well predicted for both rotors.    The total lift com- 
puted from the theoretical lift distributions over- 
predicted the run gross weight in all casfes investi- 
gated,but the correlation improved with increasing 
advance ratio. 

2. The marked reduction in the peak air loads on the 
outboard sections of the blades of the forward rotor 
and the higher loading on the inboard sections which 
was shown experimentally were only qualitatively 
evident in the computed results.    The exact parameters 
which effected these phenomena were not confirmed by 
the theoretical or measured results. 

3. The radial distribution of the harmonic components 
of the air loads was fairly well predicted for the 
blades of both rotors.    At a low advance ratio 
(/U = 0.08),   the air load distribution of a blade 
of the forward rotor was markedly affected by a 
tip vortex from a blade of the aft rotor. 

4. The measured azimuthal variations of the air loads 
were generally well predicted by the computed results. 
The notable exception was for the condition noted in 
Conclusion 3. 
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5. The steady components of the computed flapwise 
blade bending moments were fairly well predicted 
outboard of the 50-percent blade radius,  and poorly 
predicted inboard.    It is felt that the bending moment 
distributions obtained from the coupled flapwise- 
edgewise modes could significantly improve the 
correlation between measured and computed results 
on the inboard sections of the blade.    Similar im- 
provement was obtained for the blades of a single- 
rotor helicopter in a concurrent program conducted 
at CAL. 

6. The measured radial distribution of the harmonic 
components of the flapwise bending moments was 
well predicted by the computed results. 

7. The measured azimuthal variation of the flapwise 
bending moments  was   well predicted by the computed 
results.    Correlation generally improved with in- 
creasing advance ratio. 

In order to evaluate the method described herein for predicting 
the aerodynamic loads and blade response constructively and for ex- 
panding its application,  it is recommended that: 

1. Computations be performed to establish the extent 
of the influence of the wake of the aft rotor on the 
blade loads and dynamic response of the forward 
rotor,  and conversely. 

2. Computations be performed for other tandem- 
rotor configurations,  particularly for those for 
which more rigorously controlled experimental 
data are available as,   for example,  in Reference 7. 

3. Investigations be conducted to determine the influence 
of wake configuration parameters on the computed 
results,  particularly to determine what factors 
influence the air loads to shift inboard on the forward 
rotor. 
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4. The rotor-fuselage trim constraints be imposed 
in the method for predicting the aerodynamic 
loads and dynamic response of tandem-rotor 
configuration as has been applied to a single- 
rotor configuration in Reference 6. 

5. The combined flapwise-edgewise bending,   the 
torsional degrees of freedom, and the coupling 
between all degrees of freedom be incorporated 
in the computational procedure to improve the 
representation of the dynamic characteristics 
of the blade. 
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BLADE   QUARTERCHORD 

P3 2(MESH WAKE) 

P3   ,    (ROLLED-UP WAKE) 

iT=  3\ I  X' 

'T =   "♦ 

Figure  3.     NOTATION USED FOR DESCRIBING THE POSITION 
OF  THE ENDPOINTS OF THE WAKE ELEMENTS 

M 



«8  :   10 

KB 

KB 

KB   =   7 

FORWARD 
ROTOR 

«8  =   9 

i =  90° 

K8   =   >t 

KB 

90"   ■- 

xe = 2 

I 
AZIMUTH 

KB = I  POSITIOK 
NUMBER 

AFT  ROTOR 

Figure ^     EXAMPLE OF THE NOTATION USED TO DEFINE THE 
POINTS  AT WHICH AIR LOADS ARE COMPUTED  IN 
THE DISKS OF  THE ROTORS,   NR  = 3;   NA = 6 
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Figure 5.   RELATION BETWEEN THE STRENGTHS OF THE WAKE VORTICES 
AND THE NRA2 BOUND VORTEX STRENGTHS,   NR = 3,   NA = 6 
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INPUT: ALL BLADE PROPERTIES PLUS ALL THE 
INDUCED VELOCITY COEFFICIENTS 
FROH THE WAKE INTEGRATION 

I 
COMPUTE FIRST APPROXIMATION 
TO THE BOUND VORTEX STRENGTH 
AND THE BLADE RESPONSE 

I 
COMPUTE CONSTANT, lk, OF THE 
r-EQUATIONS CORRESPONDING TO 
THE EXISTING APPROXIMATIONS 
TO THE BLADE RESPONSE 

I 
SOLVE THE SIMULTANEOUS SET OF 

r-EQUATIONS 

T 
COMPUTE THE AERODYNAMIC LOADING 

FOR EACH AZIMUTH POSITION 

I 
COMPUTE THE GENERALIZED AIR LOAD  IN  EACH 

MODE FOR EACH AZIMUTH POSITION 

I 
EVALUATE THE HARMONIC COMPONENTS OF 

GENERALIZED AIR LOAD  IN EACH MODE 

I 
US'NO THE GENERALIZED AIR LOADS AS THE 
GENERALIZED FORCING FUNCTION, SOLVE THE 
l^An25l 5F *>1IW 0F E*CH toi* FOR THE RESPONSE OF EACH HARMONIC 

I 
HAS THE RESPONSE CONVERGED 

I 
NO 

YES 

COMPUTE BENDING MOMENTS 

I 
HARMONICALLY ANALYZE 

THE RESULTS 

Figura 6. MAJOR JTEPS IN THE ITERATIVE PROCEDURE OF SOLVING THE EQUATIONS 
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Figure 9. COMPARISON OF THE RADIAL VARIATION OF MEASURED 
AND COMPUTED LIFT, M - 0.08, FORWARD ROTOR 
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APPENDIX I 

TABLE V.  COMPARISON OF SELECTED INPUT PARAMETERS AND 
RUNNING TIME FOR COMPUTED PROGRAM 

M- 0.08 0.14 0.24 

NR 10 10 10 

NW (AFT) 6 3 2 

NN (F«D) 9 5 3 

NUMBER OF ITERATIONS 
PERFORMED FORT'S 
TO CONVERGE IN 
EACH MOTION ITERATION 

5-3.2-1-1-1 5-3-3-1-1 6-5-4-3-2-1 

OPTIONAL OUTPUT' (1).   (3).  (4). (1).  (3) 
(5).  (6) 

(1).  (2).   (3).  (4). 
(5).  (6), 

ND 5 5 5 

PLOTTING TAPE 
GENERATED NO YES YES 

RUNNING TIME (hrs) 
PARTS 1 AND 2 
PARTS 3 AND 4 

0.34 
0.60 

0.25 
0.61 

0.36 
0.88 

....                                                                                                          , 

•OPTIONAL OUTPUT 
(1) BLADE AND WAKE COORDINATES. 

(2) ^-COMPONENTS OF  INDUCED VELOCITY COEFFICIENTS. 

(3) COMPUTATIONAL DETAILS OF THE EFFECT OF A VORTEX ELEMENT ON THE 
INDUCED VELOCITY AT A POINT ON THE BLADE WHEN THE "a" END OF THE 
VORTEX ELEMENT  IS LESS THAN DWRAD (4.9 FT,   INPUT    FROM THE 
AERODYNAMIC STATION. 

(4) THE "I'l" OF THE F EQUATION FOR EACH MOTION  ITERATION. 

(5) THE T DISTRIBUTION FOR EACH   ITERATION ON THE P. 

(6) THE GENERALIZED   COORDINATES FOR EACH MOTION  ITERATION. 

 ■ ■  
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APPENDIX II 

FLOW DIAGRAMS FOR THE COMPUTER PROGRAM 

(Parts 1,   2,   3 and 4) 

The flow diagrams presented in Figure 32 show sufficient 
details of the logic and subroutines of the program to provide a mean- 
ingful illustration of its general flow.    Symbols which are used in these 
charts are defined below. 

MA Number of azimuth positions in each 
rotor. 

MS 

ZR6 

Number of blades in each rotor. 

Index for specifying the rotor in which 
the blade used in the computation is 
located.    If  IR5- 1,  the blade is in the 
aft rotor ; if   1R5 = 2-   ,  the blade is in 
the forward rotor. 

TXIV Index for specifying the rotor in which the 
wake of a blade used in the computation is 
located.    If I#H/= f ,  the wake of the blade 
is in the aft rotor ; if  IRw-z,   the wake 
of the blade is in the forward rotor. 

JTSN Blade number in each rotor.    Initially, 
blade No.   1 is at  (ff - 0  and the blades are 
numbered in the direction of rotation. 

AtSV The azimuth position number of the last 
shed vortex wake element in the mesh 
wake. 

NR The number of radial stations on the blade 
at which the air loads are computed. 

A/W The number of revolutions of wake used in 
the computations. 

Hwr NA x NW . 
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NTV 

szz 

The number of trailing vortices in the 
rolled-up representation of the wake.    If 
/s/TV* / ,  only a tip vortex is used ; if 
A/TV- Z, tip and root vortices are used. 

Matrix of  i -component of induced velocity 
coefficients due to vortex elements in the 
grid wake. 

TZZ Matrix of ^ -component of induced velocity 
coefficients due to vortex elements in the 
rolled-up wake. 

NAMIDZ (NA - f)/2. 

NA2 A//) x 2. 
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The aerodynamic loadings and the flapwise structural bending moments were 
computed for thf   CH 47A  tandem-rotor helicopter for advance ratios of 
0. 08,   0. 14 and 0. 24.    Comparisons of these results with measured results 
for individual test points are presented as radial distributions of the first 
three harmonic components and as time histories which include eleven har- 
monics.    The measured data were generally presented in the form of typical 
results from a statistical sampling of measured data from similar test conditions 
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