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FOREWORD 

INTRODUCTION 

This is one of a group of handbooks cover­
ing the engineering information and quanti­
tative data needed in the design and construc­
tion of ordnance equipment, which (as a 
group) constitutes the Ordnance Engineering 
Design Handbook Series. 

PURPOSE CF HANDBOOK 

The handbook on Servomechanisms has 
been prepared as an aid to designers of auto­
matic control systems for Army Ordnance 
equipments, and as a guide to military and 
civilian personnel who are responsible for 
setting control-system specifications and en­
suring their fulfillment. 

SCOPE AND USE CF HANDBOOK 

The publications are presented in hand­
book form rather than in the style of text­
books. Tables, charts, equations, and biblio­
graphical references are used in abundance. 
Proofs and derivations are often omitted and 
only final results with interpretations are 
stated. Certain specific information that is 
always needed in carrying out design details 
has, of necessity, been omitted. Manufac­
turers' names, product serial numbers, tech­
nical specifications, and prices are subject to 
great variation and are more appropriately 
found in trade catalogs. It is essential that 
up-to-date catalogs be used by designers as 
supplements to this handbook. 

To make effective use of the handbook dur­
ing the design of a servo, the following proce­
dure is suggested. The designer should turn 
first to Chapters 16 and 17 where design 
philosophy and methods are discussed. Im­
plementation of the design procedure may 
require a review of certain theoretical con­
cepts and methods which can be achieved 
through reference to Chapters 1 through 10. 
As the design proceeds, a stage will be 
reached at which the power capacity of the 
output member has been fixed. Reference to 

II 

Chapters 14, 15, and 16 will then illustrate 
the salient features of output members hav­
ing the required power capacity. After the 
designer has chosen the output member, he 
will find the information dealing with sensing 
elements and amplifiers (Chapters 11, 12, 
and 13) helpful in completing the design. 

FEEDBACK CONTROL SYSTEMS AND 
SERVOMECHANISMS 

Servomechanisms are part of a broad class 
of systems that operate on the principle of 
feedback. In a feedback control system, the 
output (response) signal is made to conform 
with the input (command) signal by feeding 
back to the input a signal that is a function 
of the output for the purpose of comparison. 
Should an error exist, a corrective action is 
automatically initiated to reduce the error 
toward zero. Thus, through feedback, output 
and input signals are made to conform essen­
tially with each other. 

In practice, the output signal of a feedback 
control system may be an electrical quantity 
such as a voltage or current, or any one of a 
variety of physical quantities such as a linear 
or angular displacement, velocity, pressure, 
or temperature. Similarly, the input signal 
may take any one of these forms. Moreover, 
in many applications, input signals belong to, 
one of these types, and the output to another. 
Suitable transducers or measuring devices 
must then be used. It is also common to find 
multiple feedback paths or loops in compli­
cated feedback control systems. In these sys­
tems, the over-all system performance as 
characterized by stability, speed of response, 
or accuracy can be enhanced by feeding back 
signals from various points within the system 
to other points for comparison and initiation 
of correction signals at the comparison points. 

At present, there is no standard definition 
of a servomechanism. Some engineers prefer 
to classify any system with a feedback loop 
as a servomechanism. According to this inter-



pretation, an electronic amplifier with nega­
tive feedback is a servo. More· frequently, 
however, the term servomechanism is re­
served for a feedback control system contain­
ing a mechanical quantity. Thus, the IRE 
defines a servomechanism as "a feedback con­
trol system in which one or more of the sys­
tem signals represents mechanical motion." 
Some would restrict the definition further by 
applying the term only to a special class of 
feedback control system in which the output 
is a mechanical position. 

APPLICATION OF SERVOMECHANISMS TO 
ARMY EQUIPMENT 

Servomechanisms are an important part of 
nearly every piece of modern mechanized 
Army equipment. They are used to automat­
ically position gun mounts, missile launchers, 
and radar antennas. They aid in the control 
of the flight paths of jet-propelled rockets and 
ballistic missiles, and play an important role 
in the navigational systems of those vehicles. 
As instrument servos, they permit remote 
monitoring of physical and electrical quan­
tities and facilitate mathematical operations 
in computers. 

No single set of electrical and physical re­
quirements can be stated for servomecha­
nisms intended for these diverse military ap­
plications. The characteristics of each servo­
mechanism are determined by the function it 
is to perform, by the characteristics of the 

...... 

other devices and equipments with which it 
is associated, and by the environment to 
which it is subjected. It will often be found 
that two or more servo-system configurations 
will meet a given set of performance specifi­
cations. Final choice of a system may then be 
determined by such factors as ability of the 
system to meet environmental specifications, 
availability of components, simplicity, relia­
bility, ease of maintenance, ease of manufac­
ture, and cost. Finally, the ability to translate 
any acceptable paper design into a piece of 
physical equipment that meets electrical and 
physical specifications and works reliably 
depends to a great extent upon the skill of 
the engineering and manufacturing groups 
responsible for building the system. The exer­
cise of care and good judgment when specify­
ing electrical, mechanical, and thermal toler­
ances on components and subsystems can 
contribute greatly to the successful imple­
mentation of servo-system design. 

The handbook on Servomechanisms was 
prepared under the direction of the Ordnance 
Engineering Handbook Office, Duke Univer­
sity, under contract to the Office of Ordnance 
Research. The material for this pamphlet 
was prepared by Jackson & Moreland, Inc., 
Boston, Massachusetts, under subcontract to 
the Ordnance Engineering Handbook Office. 
Jackson & Moreland, Inc. was assisted in 
their work by consultants who are recognized 
authorities in the field of servomechanisms . 



PREFACE 

Section 4 of the handbook on Servomechanisms contains Chapters 14 through 20, which 
discuss servo power elements and system design. The significant features of servo output 
members are presented in Chapter 14 (Power Elements Used in Controllers) and in Chapter 
15 (Mechanical Auxiliaries Used in Controllers). Chapter 16 is devoted to a discussion of the 
typical procedure that can be used as a guide when designing a servo system; this is followed 
by descriptions in Chapter 17 of two representative servo systems from existing Army 
equipments. Supplementary design information is given in Chapter 18 (Auxiliaries Asso­
ciated with Servomechanisms), Chapter 19 (Constructional Techniques) and Chapter 20 
(Supplementary Tables, Formulas, and Charts). 

For information on other servomechanism components and on feedback control theory, 
see one of the following applicable sections of this handbook: 

ORDP 20-136 Section 1 Theory (Chapters 1-10) 
ORDP 20-137 Section 2 Measurement and Signal Converters (Chapters 11-12) 
ORDP 20-138 Section 3 Amplification (Chapter 13) 
An index for the material in all four sections is placed at the end of Section 4. 

iv 
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CHAPTER 14 

POWER ELEMENTS USED IN CONTROLLERS* 

14-1 INTRODUCTION 

The following types of power elements or 
motors used in servomechanisms are dis­
cussed in this chapter: direct-current and al­
ternating-current electrical motors, hydraulic 
and pneumatic motors, and magnetic-particle 
clutches. A comparison between a-c and d-e 

motors appears in Par. 14-2.1; problems of 
hydraulic motors, pneumatic motors, and 
magnetic clutches are listed in Pars. 14-4, 
14-5, and 14-6, respectively. The choice of 
which output motor to use is discussed in 
Par. 16-3.4. 

14-2 DIRECT-CURRENT MOTORS 

14-2.1 USAGE CF D-C MOTORS 

Of the two classes of motors available for 
servo applications, direct-current motors in 
comparison with alternating-current mot~rs , 
have the following advantages: 

(a) Speed is easily controllable. 
(b) By varying field excitation , high 

power gains are possible for speed control. 
(c) High efficiency is obtained for motors 

larger than l 00-watt rating. 
(d) Dependable rotary electric amplifiers 

to drive larger size motors are readily avail­
able. 

Direct-current motors have the following dis­
advantages : 

(a) Commutator produces electrical noise. 
(b) Brushes wear out (conditions of cold 

dry air appear to accelerate wear). ' 

*By P.E. Smith, Jr. 

(c) Brushes have an undesirable electrical 
characteristic of acting as a nonlinear resis­
tance (an almost constant voltage drop occurs 
across the brush; this voltage drop must be 
exceeded when starting the motor before a 
proportional input-output relationship can be 
obtained) . 

14-1 

(d) Brushes add coulomb friction (for 
small motors, l 0 to 20 watts , this becomes 
of consequence). 

(e) The added complexity of a demodula­
tor is required if an a-c signal is used in the 
error detector and amplifier. 

The types of d-e motors used in servo ap­
plications are the series motor, the separately 
excited shunt motor, .and the permanent-mag­
net motor. Series motors have high starting 
torque and poor speed regulation. Shunt mo­
tors have lower starting torque but better 
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speed regulation than series motors. Perman­
ent-magnet motors are easy to drive since no 
power is used for the field. A limitation is 
that the field may be demagnetized if the mo­
tor is badly overloaded. Conventional d-emo­
tors are unidirectional devices. The armature 
rotation of series and shunt motors can be 
reversed by reversing the current flow 
through either the armature or field but not 
both simultaneously. Permanent-magnet mo­
tors are reversed by reversing the direction 
of armature current; high torques on rever­
sal are obtainable. 

Many means are available for controlling 
the speed or armature position of d-e motors; 
they are 

(a) Rotary electric amplifiers 

(b) High-vacuum tube amplifiers 

(c) Gas-filled tube amplifiers 

(d) Magnetic amplifiers 

(e) Relay amplifiers 

The generator, a basic rotary electric ampli­
fier (Fig.14-IA), operates at a constant speed 
and produces an output voltage that is pro­
portional to the input signal applied to 
its field. The output voltage developed across 
the low impedance of the generator armature 
excites the d-e motor armature with compara­
tively low power losses. The amplifying ac­
tion of the generator produces power gains 
up to 100. A variation of the basic rotary 
electric amplifier is the amplidyne (Fig. 14-
IB). A short-circuited brush connection in 
the armature of the amplidyne makes it possi­
ble to obtain high power gains of 3000 to 
10,000. By this means, it is feasible to control 
5- to 1 0-hp motors from a source capable of 
delivering only 5 to 10 watts of input signal. 
The higher power gain of the amplidyne is 
achieved at the expense of a slower response. 
Rotary electric amplifiers (see Par. 13-4) are 
used when large motors are to be controlled; 
when drive motors less than 1/4-hp rating are 
to be controlled, this type of amplifier be­
comes impractical. 

High-vacuum tube amplifiers (see Par. 
13-1) are used to control d-e motors when the 
motor is small enough so that a rotary elec­
tric amplifier is impractical. The amplifier 
output may be used to excite either the arma­
ture or field of the motor. Armature control 
by high-vacuum tubes is limited to motors not 
larger than 1/20-hp rating because the entire 
motor output power is derived from the arm­
ature circuit. Field control (Fig. 14-2) may 
be used with motors whose ratings do not 
exceed 1/2 h p; this assumes an amplifier out­
put of 20 watts and a motor field-to-arma­
ture power gain of about 25. To compensate 
for the normal characteristics of a field-ex­
cited motor to exhibit increased speed at de­
creased field excitation and reduced torque at 
high speed, a constant armature current is re­
quired. Partial compensation is obtained by 
using a current-limiting resistor in series with 
a high-voltage supply for the armature. Ol 

To prevent large induced voltages from be­
ing developed in the field windings when the 
field current is cut off for reversal, some pro­
tective device should be used to limit the volt­
age rise. For small motors, each field winding 
may be shun ted by a fixed resistor. (2) 

Gas-filled tube amplifiers (see Par. 13-1) 
can control motors about ten times larger 
than is feasible with high-vacuum tube ampli­
fiers. Typical circuits using thyratrons with 
either a-cor d-e control signals are shown in 
Fig. 14-3. <~.~.:o) The split-field series motor 
control circuit shown in Fig. 14-3A uses no 
plate transformer. In Fig. 14-3B, the plate 
transformer provides circuit isolation from 
the a-c supply and a better match of a-c sup­
ply voltage to tube and motor characteristics. 
In the circuit shown in Fig. 14-3C, two 
gas-filled diodes allow a common cathode in­
put circuit to be used without a plate trans­
former. When VI is conducting, armature cur­
rent passes through it and diode V4. When 
V2 is made conducting, current passes 
through it and diode V3. Resistors Rl and R2 
maintain the common cathode connection at a 
fixed potential to ground during the time nei­
ther triode is conducting. For gas-filled tube 
amplifiers, Burnett<6 ) states that the best 
system response may be obtained by the use 

14-3 



CONTROL 
SIGNAL INPUT 
(REVERSIBLE 

POLARITY) 

FOI\ER B..ENENlS AND 5YSTEIVI DESIGN 

W'HERE 

R0 * CURRENT-LIMITING RESISTANCE 

IR • RATEDARMATURECURRENT 

v. • D-CSUPPLYVOLTAGE 

R
0 

- ARMATURE RESISTANCE 

I,> I, LEADS TO OJV ROTATION 

l2 > 11 LEADS TO CO/II ROTATION 

Fig. 74-2 High-vacuum tube circuit for control of d-e motor. 

14-4 



... 
:::> 
~ 

!: 
...J 

"" % 
u 
~ 

~ .. ,_ 
z 
8 

FOJ\m B..Bv'ENlS USED IN ~S 

SPLIT--( 

FIELDS \ 

A.c 
SUPPLY 

- _ :t ·- - - POWER OUTPUT 

A. SPLIT -FIELD SERIES MOTOR (NO PLATE TRANSFORMER) 

l? 3- - POWER 

A.c 
SUPPLY 

8. SPLIT-FIELD SERIES MOTOR(WITH PLATE TRAN$FORMER) 

., 

R2 

FII!LD 

n 
D-C 

SUPPLY 

A-C 
SUPPLY 

C. SHU'IIT MOTOR (HO PLATE TRANSFORMER) 

0-C MOTOR 

ARMATURE 

-7 

Fig. 74-3 Gas-filled tube circuits for control of d-e motors. 

1<4-5 

OUTPUT 

-POWER 
OUTPUT 



FOI\ER B..ENENlS AND SYSTEM DESIGN 

of armature control powered from a multi­
phase supply. He also states that, with 3-
phase power, a 1 0-hpvelocity servo with a fre­
quency response flat to 15 cps is possible; 
position control with a flat response to 10 cps 
with the same motor is claimed. 

Magnetic amplifiers (see Par. 13-3) pro­
vide more reliable control of d-e motors than 
do vacuum-tube or relay amplifiers. Figure 
14-4 shows a typical magnetic amplifier with 
two cores for controlling the position of a 
series motor with split-field windings. <•l By 
reversing the polarity of the input signal, 
either direction of motor rotation can be 
obtained. If a separately excited motor with 
constant-voltage field supply were used, ex­
cessive circulating current would result when 
the motor operates in one direction. (H) Mag­
netic amplifiers can be used to control the 
speed of d-e motors by field control or arma­
turecontrol.<9l Onecircuit (Fig.14-5) foruni­
directional speed control uses a large induct­
ance in series with the armature circuit to 

1 
CONTROL 

SIGNAL INPUT 
(REVERSIBLE 

POLARITY) 

CORE 1 

r 1 

0 

L _J 
CORE2 

obtain sloping speed-torque characteristics 
very similar to the uncontrolled motor but 
with greater slope. Ool If compensation pro­
portional to the armature current is added, 
nearly flat speed-torque characteristics can be 
achieved. 

Relay amplifiers (see Par. 13-5) are used 
to control d-e motors when size and weight 
are primary considerations and reliability 
is secondary. A single-pole, double-throw po­
larized relay (Fig. 14-6A) provides a simple 
means for controlling a series motor with 
split-field windings. No motor damping is 
provided when the relay is not energized 
(contacts open). If motor damping is desired, 
two single-pole, double-throw relays which 
are alternately energized may be used (Fig. 
14-6B). To minimize relay contact current, 
field control of a shunt motor can be used. In 
this case, the armature should be powered 
from a constant current source. The protec­
tion of relay contacts is discussed in Par. 
13-5. 

D 

SPLIT·FIELO 
SERIES MOTOR 

FIEI D I 

JPOWER 
OUTPUT 

FIELD 2 

Fig 7 4-4 Magnetic amplifier circuit for control of series motor. 
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14-2.2 STATIC CHARACTERISTICS CF 
D-C MOTORS 

In the general case for all types of d-emo­
tor control, the following equations express 
the steady-state behavior of the motor: 

Vt = l,R" + KI,w 

T = Kila 

where 

(14-1) 

(14-2) 

V 1 =armature terminal voltage, in volts 

I, =armature current, in amperes 

I 1 = field current, in amperes 

R, = armature resistance, in ohms 

K = a constant 

T = torque produced by motor, in newton­
meters 

w = speed of armature-shaft rotation, in 
radians/ sec (w = 2Jt X rpm/60) 

The above general equations may be modi­
fied for the following particular types of mo­
tor control : 

(a) Armature control with constant field 
current 

(b) Field control with constant armature 
current 

(c) Field control with constant armature 
voltage 

(d) Series motor control 

14-2.3 Armature Control with Constant 
Field Current 

Since the field current is constant in this 
type of control, the term Kl1 may be com­
bined in a new term K 11 and substituted into 
Eqs. (14-1) and (14-2). Then Eq. (14-2) is 
substituted into Eq. (14-1) which is solved 
for w to obtain 

(14-3) 
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I 

I 
I w 

L _ ___ .J 

SPUf'MNIII~ 

A. SERIES MOTOR CONTROL (NO DAMPING) 

RELAY 1 
r----

CONTROL I 
SIGNAL INPUT~ 

FOR MOTOR 
ON ROTATION I 

I 
L---

r---
~~ CONTROL _ 

SIGNAL INPUT 0 : 

cl~~~~~~N o--+---' 
L--­

RELAY 2 

l 

FIELD 

D.C -
SUPPLY 

B. SHUNT MOTOR CONTROL (WITH DAMPING) 

- POWER 
OUTPUT 

D-C MOTOR 

~ - POWER 
.7 OUTPUT 

ARMATURE 

Fig. 74-6 Relay amplifier circuits for control of d-e motors. 
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Solving Eq. (14-3) forT 

T = Kt Vt - Kt2 w 
Ra Ra 

(14-4) 

The stall torque T.11 which occurs at the maxi-
mum armature terminal voltage vt.ll is found t 
from Eq. (14-4) when T = T.,t. Vt = Vl.ll• and 
w= 0. 

TAr= ~~ Vt.lt (14-5) 

E K1 
Solving q. · (14-5) for 

Ra 

(14-6) 

Substituting Eq. (14-6) into Eq. (14-4) 

T 
T 1c Tli = -- V, - -- Ktw vtJ[ v,.ll 

(14-7) 

The no-load speed w.1I at the maximum arma­
ture terminal voltage Vt.lc is found from Eq. 
(14-3) when w = W.1r, V, = Vw, and T = 0. 

Vt.v 
w.u = Kt 

Solving Eq. (14-8) for K1 

v/.1[ 

(14-8) 

(14-9) 

Substituting Eq. (14-9) into Eq. (14-7) 

T = TM Vt _ TMw 
VtJc WJC 

(14-1~) 

Dividing Eq. (14-10) by TM results in 

T Vt --=---
(I) 

(14-11) 
W.J£ 

A plot of T /Tu versus w/wJC characteristics 
with V 1/Vur as a parameter is shown in Fig . 
14-7. The curves of this figure are nondimen­
sionalized and based on Eq. (14-11). 

If the manufacturer ' s data for a particular 
motor are known, the curves can be dimen­
sionalized for that motor. For example, a 
motor has an armature resistance of 5 ohms 
and a no-load speed of 3000 rpm at a maxi­
mum armature terminal voltage of 90 volts. 

14-9 

SPEED (::0) ___., 

Fig. 7 4-7 Static torque-speed characteristics of 

armature-controlled d-e motor. 

To dimensionalize a plot ofT /T.11 versus w/w,11 

characteristics , find the value ,of no-load speed 
WM in radians/sec and the value of stall 
torque T ,\£· 

From Eq. (14-1), w is defined as 2n X 
rpm/60. At no-load speed, w = ul.1r which is 

_ 2Jt X 3000 

60 

= 314 radians/sec 

At the point w!wM = 1 on Fig . 14-7, the no­
load speed w.u is 314 radians/sec. All other 
points on the w/wM axis are dimensioned pro­
portionally. 

Substituting 314 for w11 and 90 for VIM in 
Eq. (14-9) and solving for K1 gives 

90 
314 

= 0.286 
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From Eq. (14-5), the stall torque is 

T.1£ = ~: V1.u (14-5) 

= 0.286 X 90 5 0 

= 5.15 newton-meters 

At the point T/T,~1 = 1 on Fig. 14-7, the stall 
torque T .l£ = T = 5.15 newton-meters . All 
other points on the T /T.1, axis are dimensioned 
proportionally. A value of 90 volts is assigned 
to curve v,;v,.ll = 1 (maximum armature ter­
minal voltage) , and the other curves are 
dimensioned proportionally. 

14-2.4 Field Control with Constant 
Armature Current 

The armature current must be maintained 
constant for linear operation of field-con­
trolled motors. The torque is given by Eq. 
(14-2) which applies directly in this case. 

(14-2) 

With the maximum field current Ip£ applied, 
the maximum torque T.11 which results is 

T.u = Kintla (14-12) 

Dividing Eq. (14-2) by Eq. (14-12) results in 

_I__!.L_ (14-13) 
T ,,1 !1.1[ 

Figure 14-8 is a plot of T /TJ£ versus w/wM 

characteristics with It! I1.11 as a parameter. 
Note that the figure and Eq. (14-13) are 
nondimensionalized and that the torque IS 

independent of the motor speed. 

14-2.5 Field Control with Constant 
Armature Voltage 

Equations (14-1) and (14-2) express the 
steady-state behavior of this type of control. 
The nondimensionalized equation is* 

_!_ - (!.L) ( 1 - lL_ X ~) 
T ,lf - I J,\1 I m Wn 

(14-14) 

*See Appendix on page 1-1-2-1. 

,0 I 0.9 

0.8 

0.7 

t 0.6 

I 0.5 
;:p 0 .5 
~ 

"' 
0.4 

::;) 

a 0.3 
~ 

0.2 

0.1 

0.0 

-0.1 

-0.2 

SPEED (:;.) 

Fig. 7 4-8 Static torque-speed characteristics of 

field-controlled d-e motor, constant 

armature current. 

where 

I 1m =maximum field current 

T, =stall torque at I 1 = I 1M 

wn =no-load (zero-torque) speed for 
It = ItJr 

A plot of Eq. (14-14) is shown in Fig. 14-9. 

14-2.6 Series Motor Control 

Since the armature current is the same as 
the field current in this type of control, the 
term It can be substituted into Eqs. (14-1) 
and (14-2) to obtain 

Vt = laRa + Kla w 

T = Kia2 

(14-15) 

(14-16) 

14-10 
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1.0 

- 1.0 

0.0 

5.0 

SPEED (w;) ___.,. 

Fig. 14-9 Static torque-speed characteristics of 

field-controlled d-e motor, constant 

armature voltage. 

Solving Eq. (14-16) for I , and substituting 
into Eq. (14-15) g1ves 

(14-17) 

By defining Wo = R,JK and TM as the stall 
torque at Vw, the maximum armature ter­
minal voltage, it can be shown that 

T ( 
V 1 .)2 

Vw 
---'-..C.:::.--:-;:--

( 1 + ~)2 
w., 

(14-18) 

A plot of T /T.~1 versus w/wo characteristics 
with Vt!Vw as a parameter is shown in Fig . 
14-10. The curves in this figure are non­
dimensionalized and based on Eq. (14-18). 

NOTE: NEGATIVE V,IV,., INFERS USE OF 

SPLIT·FIELD SERIES MOTOR OR A 
CIRCUIT RECONNECTION BY USE 
OF RELAYS. THE NEGATIVE V,!V,M 
CURVES HAVE ODD SYMMETRY. 

DASHED LINE REPRESENTS A 
TYPICAL VISCOUS FRICTION LOAD. 

Fig. J4-7 0 Static torque-speed characteristics 

of series motor. 

14-2.7 DYNAMIC CHARACTERISTICS a= 
D-C MOTORS 

The dynamic characteristics of d-e motors 
involve additional parameters besides those 
that describe the static Characteristics. The 
effect of the armature or field inductance and 
the mechanical inertia and load must be con­
sidered. The dynamic characteristics of the 
following types of motor control are dis­
cussed: 

(a) Armature control with constant field 
current 

(b) Field control with constant armature 
current 

(c) Field control with constant armature 
voltage 

(d) Series motor control 
(e) Rotary electric amplifier control 
(f) Electronic amplifier control 
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14-2.8 Armature Control with Constant 
Field Current 

The dynamic characteristics for the arma­
ture-controlled motor are expressed by the 
equations 

VI = I., R" + KI, {I)+ La S la 

T =Tu+Jsw 

where 

(14-19) 

(14-20) 

s =the complex frequency operator 

La = armature inductance, in henries 

J = inertia of motor, gear train, and load 
referred to the motor shaft, in kilo­
gram-meters' 

Tu =load , bearing , and motor windage 
torque referred to the motor, in 
newton-meters 

If the load, bearing , and motor windage 
torque has a component which can be approx­
imated as proportional to the speed o, the 
load torqu e may be expressed as 

T,_, = T1, + Bw (14-21) 

wl 
u 

il I. 
.... 
~ 
ii<l v, + u I ... cy .... ... 
~I 
ffl 

R• 

where 

Eo = viscous friction component of load 
torque 

T 1. = all effects of load torque except J 
and Eo 

Equations (14-19), (14-20), and (14-21) are 
combined and expressed in block diagram 
form in Fig . 14-11. Block diagram formula­
tion is explained in Par. 3-5. 

14-2.9 Field Control with Constant 
Armature Current 

The following equations describe the dy­
namic behavior of a field-controlled motor, 
assuming an ideal constant-current source 
for the armature : 

V1 = I1 R1 + L1 s I1 

T = T1, +Eo +Jsw 

where 

(14-22) 

(14-23) 

V1 =field terminal voltage, in volts 

R1 = field resistance, in ohms 

L1 = field inductance, in henries 

Equations (14-22) and (14-23) are combined 
and expressed in block diagram form in Fig . 
14-12. 

I~ 
0 

TL I~ ... 
u 
% ... 

I~ 
1 "' ~ Kl 1 Ts 0 ... 

B 

Fig. 14-11 Block diagram for armature-controlled d-e motor. 
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14-2.1 0 Field Control with Constant 
Armature Voltage 

The dynamic behavior for the field-con­
trolled motor with constant armature voltage 
is expressed by the equations 

KI L dla 
Vt=laRa+ tw+ dt 
T = KI!Ia 

dtJ 
T ;::: TL + Bw + J­

dt 

(14-24) 

(14-2) 

(14-25) 

The terms Kl1w and KI1Ia contain the pro­
ducts of two variables, and introduce a non­
linearity. If the back-emf term KI1w is 
denoted as V b• the variation in the quantities 
Vb and T can be written as 

a V b M 
1 
+ a V b L1w 

()1, ow 
(14-26) 

aT M, + aT M,. 
al, ala 

f1T = (14-27) 

Add the average value Vbo to the variation 
f1 V b; and add the average value T. to the 
variation AT. Then 

~I 
~I I, 

~I 
"' til t Kl

0 
Ill .... LjS Ul 

:::E 

~I ... 
Rf 

+ aT aT 
T= T. AT= T. + -M, + -Ma of, ala 

The partial derivatives become 

aVb = Kw l 
a I, 
(!_ __ 1' 
()w 

aT = Kla 
ai, 
aT __ F 

ala 

~ 
I 

(14-29) 

(14-30) 

The average values of the various variables 
are: terminal voltage V,.; armature current 
lao; speed Wo; torque To; and field current Ito· 
In terms of average values only, Eqs. (14-
24), (14-2), and (14-25) become 

Vto =lao Ra + Klto Wa 

To = KI,.Iao 

(14-28) 

1 
JS 

+ 

B 

TL 

(U 

I 

I~ 
0 .... 
~ 
I~ 

-< 
i5 
I; 

0 I .... 

( 14-31) 

(14-32) 

(14-33} 

Fig. 14-12 Block diagram for field-controlled d-e motor, constant armature current. 
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The average field voltage is the product of 
the average field current and the field re­
sistance; i.e., V1a = l1aR1• For a position 
servo, mo can be considered as zero. In this 
case 

To = KJ,olao = Tr.,o 

Insert the expressions 

fa =lao +ilia 

(14-34) 

(14-35) 

(t) ·= Wn + ilw 

etc. into Eqs. (14-24), (14-2), and (14-25) 
after making use of Eqs. (14-28) through 
(14-30) to obtain 

(14-36) 

(14-37) 

(14-38) 

Substitute the average values given by Eqs. 
(14-34) and (14-35) into Eqs. (14-36) 
through (14-38) to obtain 

(14-39) 

(14-40) 

Subtract Yto = laaRa from Eq. (14-39) and 
Kl1alao = Tr.,o from Eq. (14-40) and let all 
second-order differentials be zero (recall that 
mo = 0) to obtain 

+ d(Ma) + ilV1 = 0 = ill.R. L Kl1,Ao 
dt 

(14-41) 
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= J d(~w) + B~w +AT, 
dt 

( 14-42) 

Solve Eq. (14-41) for AI, and use the Laplace 
potation to obtain 

Klro~W 
~la=---"--'----

Ra (1 + 't'S) 

where 

t = L/Ra 

(14-43) 

Substitute Eq. (14-43) into Eq. (14-42). 

AT= KI." M, - (KI,.F Aw 
R.(1 +ts) 

= (J s + B)~w + ~T1, 

From Eqs. (14-34) and (14-35) 

(K/,,) 2
,_ TLo2 

Ra fu/ Ra v 2 to 

'• 
.., 
~I 

~I 
~ 

~I 
1-

~I .., 
~lv rr: I 

1 ... 
y 

(14-44) 

(14-45) 

'• 

Substitute Eq. (14-45) into Eq. (14-44). 

( T1,0
2 ~a) ~(I) 

~T = KlaoM1 - Ra~io +, s) 

= (Js+B)~w +~TL (14-46) 

Equation (14-46) is shown in block diagram 
form in Fig. 14-13. Note that in Fig . 14-13 
all variables are increments ; the A notation 
is dropped for convenience. If TJ,o = 0, Fig. 
14-13 reduces to that of Fig . 14-12. 

14-2.11 Series Motor Control 

The dynamic characteristics for the 
series-connected motor are expressed by the 
equations 

Vt =laRa+ Klaw + Lasla 

T = T r, + Bw + J sw 

(14-47) 

(14-23) 

The runaway speed of the series motor de­
pends upon the load; for example, point X 

TL 

I Q 

TfoR. 13 vr .J •• I~ 'TS+l 

1a 
"' I~ 

"' 
1-

KV, 1 -..- JS 

8 

Fig. 7 4-7 3 Block diagram for field-controlled d-e motor, constant armature terminal 

voltage, incremental behavior. 
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shown in Fig. 14-10 indicates the runaway 
speed for a certain viscous load. By neglect­
ing the armature inductance La and by as­
suming negligible dynamics throughout the 
rest of the system, it is possible to make a 
phase-plane solution of Eqs. (14-47) and (14-
23). If the describing function method of 
solution to the problem is contemplated, com­
puter solutions of Eqs. (14-47) and (14-23) 
for w (t) will allow determination of an ap­
proximate transfer function. See Ch. 10 for 
an explanation of the describing function 
method and phase-plane solution of nonlinear 
problems. 

14-2.12 Rotary Electric Amplifier Control 

To compute the dynamic response of a ro­
tary electric amplifier, its transfer function 
must take the source into account. For the 

where 

(K/1) ~ 

RTBT 
= total armature resistance of gener­

ator and driven motor, in ohms 

= total viscous damping referred to 
motor shaft, in newton-meter-sec 

basic rotary electric amplifier (Fig. 14-1A), 
the block diagram shown in Fig. 14-11 can be 
used to represent its operation if the genera­
tor armature inductance and resistance are 
combined with that of the driven d-e motor. 
Also, the generated voltage V. is assumed to 
equal the motor terminal voltage Vr. By mak­
ing term q of Eq. (13-72) equal to k and 
equal to unity, this equation may be rewritten 
as 

V. = a1 V1 (s) = a1V1(s) 

1 + l" 18 1 + l" ,s (14-48) 

where the terms are as defined in Par. 13-4. 

The transfer function relating the motor 
speed w to the generator field voltage V1 and 
the load torque T r., is given by the following 
equation: 

(14-49) 

T1 + T2 + y'(T1 + T2) 2 - 4(1 + Ko) (Tl T2) 

1 +Ko 

T1 + T2- y'(T1 + T2)2- 4(1 + Ko) (T1 T2) 

1 +Ko 
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=..!.I..._ 
BT 

- L1' 
- RT 

=total inertia referred to motor 
shaft, in kilogram-meters2 

LT = total armature inductance of gen­
erator and driven motor, in henries 

Kl1 =stall torque to armature current 
ratio of motor 

For larger motors , it may occur that Eq. 
(14-49) yields complex values of Ta and Tb 
denoted as (a+ ib) and (a- jb ) . In this 
case, Eq. (14-49) can be rewritten with a 
new denominator resulting in 

[ Ko ] [ 1] [a1 V1(s)] [ T2s+1 ] [r ] 
w(s) =. 1 + Ko Ki; .1-+; -c1s - B(1 + Ko) Ls (14-50) 

where 

1 
Wn = y'a2 +b2 

t =a<Un 

( -
8 

) +2~+1 
Wn Wn 

For the case of the amplidyne type of 
rotary electric amplifier (Fig. 14-1B), the 
expression for the generated voltage V , given 
by Eq. (14-48) must be modified. Refer to 
Par. 13-4. 

14-2.13 Electronic Amplifier Control 

Two cases of electronic amplifier control 
are considered -one for the armature-driven 
motor, and 'the other for the field-driven 
motor. When an amplifier is used to drive an 
armature , and the armature is in the plate 
circuit, the amplifier can be represented by 
an equiyalent voltage source (V, = IJ.E 0 ) in 
series with an internal resistance R •. If the 
internal resistance is added to the armature 
resistance , Eq, (14-49) will apply by letting 
-c1 be zero, V1 be Ev, and a.1 be IJ.· 

When an amplifier is used to drive a motor 
field (constant armature current) , the trans­
fer function that determines the dynamic 
response is found by the aid of Fig. 14-12 to 
be 

IJ.E.~~(s) Tds) 

w(s) = RT(Tcs + 1) - B 
Tds+ 1 

where 

R1 f R. 

(14-51) 

R. = amplifier internal or source resis­
tance, in ohms 

= R1 + R. 

l "fi . .1 v, IJ. = amp 1 er gam = --
f't..Eu 

14-2.14 IVEASUREIVENT OF D-C MOTOR 
PARAMETERS' 1) 

The parameters of the d-e motor that are 
of interest in servomechanism applications 
are 

Ra = armature resistance 

La = armature inductance 

R1 = field resistance 

L1 = field inductance 

K = motor constant 
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J = armature inertia 

B =viscous damping 

These parameters may include contributions 
from the source or from the load attached 
to the motor. In the measurements described 
in the paragraphs that follow, only the con­
tributions of the motor itself to the parame­
ters are considered. 

14-2.15 Armature Resistance 

If the manufacturer ' s data for armature 
resistance R .. are not available, it may be de­
termined by the application of Ohm' s Law, 
R = Ejl. While keeping the armature blocked 
to prevent rotation, the applied armature vol­
tage necessary to maintain rated armature 
current is measured. In the absence of arma­
ture rotation, there is no back-emf to oppose 
the applied armature voltage ; therefore , a 
much lower applied voltage than rated volt­
age will produce rated current. The applied 
voltage at various angular armature positions 
should be measured and averaged to calcu­
late the resistance R,. The applied voltage 
should be connected to the motor terminals 
so that theIR drops of the brushes at rated 
current are included. However, if some non­
linear representation of IR drop for brushes 
is used for computer studies, the brushes 
should be short-circuited during the measure­
ments for R,. For the more accurate repre­
sentation, the IR drop of the brushes as a 
function of armature current I , should be 
measured and inserted in the applicable block 
diagram and computer representation. 

14-2.16 Armature Inductance 

Precise measurements of the armature in­
ductance L, are often unnecessary because this 
parameter does not affect appreciably the 
principal time constant of the motor. Prob­
ably the most convenient method of measuring 
La, and one of sufficientaccuracy, requires an 
a-c voltmeter and an a-c ammeter. A 60-cps 
voltage is first applied to the armature which 
is blocked to prevent rotation; the field is 
excited at rated d-e field current. Measured 

values of the voltage E across the armature 
and the armature current Z are substituted 
with the known value of armature resistance 
R, in the equation 

x = V(~r- Ra
2 (14-52) 

where 

X = reactance of armature inductance, in 
ohms 

Once the reactance is known, the armature 
inductance can be calculated from the equa­
tion 

L=~ 
a- 377 (14-53) 

An alternatemethod of measuring the arm­
ature inductance is to observe the transient 
growth of current when the armature is ex­
cited by a step voltage. <s> The armature should 
be blocked to prevent rotation and the field 
should be excited at rated current. The step 
change in voltage is applied by closing a 
switch connected in series with the armature, 
a series resistance R, and a d-e source. The 
armature inductance can be calculated from 
the time-constant relationship of the voltage 
rise across the series resistance as observed by 
the aid of a cathode-ray oscilloscope ; that is, 

(14-54) 

where 

T* =observed time constant of armature 
and series resistance R, in sec 

14-2.17 Field Resistance 

In the absence of manufacturer's data, the 
field resistance R1 can generally be determ­
ined by measurement with an ordinary ohm­
meter. If the resistance is too low to be read 
accurately on an ohmmeter, a Wheatstone or 
Kelvin bridge can be used. 

14-2.18 Field Inductance 

The field inductance L1 may be determined 
by either of the methods described to meas­
ure the armature inductance. Rated d-e arm­
ature current should be used to obtain more 
accurate measurements of Lr. If the induct­
ance is determined by finding its reactance, 
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an a-c current whose rms value is about 1/2 
the rated d-e current should be used. If the 
inductance is determined by the transient 
method, a step voltage that will result in a 
steady-state field current of 1/2 to 3/4 the 
rated value should be used. 

14-2.19 Motor Constant 

The motor constant K may be determined 
from a measurement of the stall torque at a 
known armature current and a known field 
current. By solving Eq. (14-2) forK, the mo­
tor constant is 

T 
K=-

11/a 
(14-55) 

The stall torque should be measured at vari­
ous angular positions of the armature, and an 
average of the maximum and minimum values 
should be used. If the motor is used with a 
constant field input, the value of normal field 
current should be used during the test. 

A second method of determining the mo­
tor constant is to measure the armature cur­
rent and speed for a given terminal voltage 
Vt. Knowing the armature resistance, the 
motor constant is then calculated from Eq. 
(14-1) by solving forK to obtain 

(14-56) 

14-2.20 Armature Inertia 

If the armature can be easily removed from 
the motor, the armature inertia J can be 
measured by use of a piano-wire torsion pen­
dulum. A small diameter wire, but one strong 
enough to support the armature, should be 
used. The longer the wire used, the lower the 
period of the pendulum, and the more accur­
ate the measurements obtained. The pendu­
lum should be calibrated first by measuring 
its period with a body of known (or calcu­
lable) inertia and simple geometry. Then, 
only the armature should be used ; from the 
resulting period, the inertia is calculated by 

( T·)z 
J = Jc -/ (14-57) 

where 

J = unknown inertia of the armature, in 
kilogram-meters2 

Jr = known inertia of the body used for 
calibration, in kilogram -meters2 

Tj =period when armature is used, in sec 

To= period when body of known inertia is 
used, in sec 

The armature inertia can be determined by 
a retardation test without removing the arma­
ture from the motor. This test consists of 
measuring: (1) the time T1 for the armature 
to coast from full speed to half speed when the 
armature power is removed ; and ( 2) the time 
T 2, obtained in the same manner, but when an 
additional body of known inertia is coupled to 
the armature. Let the ratio Tt/T2 be TR. Then 

TR= Tl = _J __ 
T2 J + Ja 

(14-58) 

where 

la =known inertia of body added to arma­
ture, in kilogram-meters2 

Solving Eq. (14-58) for armature inertia J 

J = J, ( TR ) 
1- TR 

(14-59) 

If a tachometer is used to measure the motor 
speed during the retardation test, the tacho­
meter inertia should be subtracted from the 
inertia found by Eq. (14-59) to obtain the true 
armature inertia. A satisfactory method of 
measuring motor speed without using the 
tachometer is with the d-e speed bridge. U 2l 

The armature inertia can be calculated from 
the following equation based on the inertia of 
a cylinder, if the armature dimensions and 
material are known : 

Jcvl = 1/2 Mr2 (14-60) 

where 

lcvt = inertia of the cylinder, in in.-lb-sec2 

M = J-- =mass of the cylinder, in lb-
g sec2/in. 
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W = rrplr2 

p =weight density, in lb/in.3 

= cylinder length, in in. 

r = cylinder radius, in in. 

g = 386 in.jsec2 

14-2.21 VISCOUS Damping 

The viscous damping B should be determ­
ined when the motor is operating without a 
load and at rated field input. The armature 
current should be measured when only 
enough voltage is applied to the armature to 
obtain rated motor speed. The total arma­
ture input power is then 

(14-61) 

Solving for the viscous dam ping results in 

B = (Vtla- la2Ra) 
(1)2 

where 

(14-62) 

B =viscous damping, in newton-meter-sec 

The measurement should be repeated at 1/2 
rated speed and the two results averaged to 
obtain a more accurate value for B. 

14-2.22 Typical ParameterValues 

The typical parameter values of eight d-e 
motors are listed in Table 14-1. This table 
can be used as a guide to indicate the approxi­
mate values that can be expected. The "stall 
torque/inertia" quantity is a Figure of Merit 
indicating the acceleration that can be ex­
pected from the motor when unloaded. The 
motor time constant R,J /K2 characterizes the 
motor when the viscous damping B, arma­
ture inductance La, and load inertia are ne­
glected. This simplification is often valid and 
useful in block diagram representations. 

14-2.23 D-C TORQUE MOTORS 

D-e torque motors are special motors whose 
output is a rotary displacement that is pro­
portional to the control-winding input. To 
achieve linear operation, the output displace­
ment is usually limited to an over-all rotation 

of 10 to 20 degrees. As a result, torque mo­
tors are best adapted for the control of hy­
draulic control devices. In many applications, 
the rotary-displacement output is converted 
by a simple mechanical linkage into a transla­
tional displacement. 

14-2.24 Description of Typical Torque Motors 

The construction of a typical torque motor 
used to drive a hydraulic control valve is 
shown in Fig. 14-14A. The magnetic circuit 
for the polarizing flux cf> 1 consists of perman­
ent magnets N-S, magnetic yokes Y-Y, pole 
pieces P-P ,rotor (armature) R, and the air 
gaps between the rotor and the pole pieces. 
Two control coils surround the rotor and 
are connected in push-pull (Fig. 14-14B) so 
that the magnetomotive forces of the control 
components i of the coil currents add to pro­
duce the control fluxes cf>c, but the magneto­
motive forces of the quiescent current Io can­
cel. When the coil currents are balanced (con­
trol components i are zero), the rotor is held 
in a neutral position by a spring. However, if 
the rotor is disturbed slightly or if the coil 
currents are unbalanced, the fluxes at one 
pair of diagonally opposite gaps increase, 
and the fluxes at the other pair of gaps de­
crease. The resultant force turns the rotor un­
til equilibrium is reached against the spring or 
against stops. Without a spring, the rotor is 
unstable in the neutral position and, once dis­
turbed, the rotor tends to clap immediately 
against the poles. Drive rods for hydraulic 
control valves are attached near the ends of 
the rotor at radius r. By using flexible drive 
rods, the rotational forces produced by the 
torque motor are converted into translational 
forces at the hydraulic control valves. 

14-2.25 Static Characteristics 

The torque developed by a typical torque 
motor (Fig. 14-14) is expressed by the equa­
tion 

(14-63) 

where 

T = torque produced by motor, in lb-in. 

i = control component of coil current, in 
amperes 
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Motor 
No. Type 

1 shun t 

2 permanent magnet 

3 permanent magnet 

4 permanen t magnet 

5 perm anent magnet 

6 perm anent magnet 

7 shunt 

8 shun t 

*Armature volt age 
** Field voltage 

TABLE 14·1 TYPICAL VALUES CF D·C MOTOR PARAMETERS 

Motor 
Constant 

Nominal Rated (newton- Arm ature Ine rtia 
Size Voltage meters! Res istance (kilogram-
(hp) (volts) ampere) (ohms) meters') 

0.008 115 0.23 280 l.lX 10-• 

0.003 6 0.011 2. 15 0.24 X 10_. 

0.009 6 0. 009 1 0.82 0.37 X 10--li 

0.022 6 0.0093 0.38 0.53 X 10-• 

0.054 26 0. 01 5 2.64 0.3 7 X IO-'· 

0.080 26 0.0143 1.85 0.23 X IO-" 

0.6 so• 0.198 5.82 2.9 X 10-4 

100** 

2.5 65* 0.329 1.57 1 X 10-3 
110** 

Sta ll Stall 
Torque Torque ! 

(newton- Inertia 
meters) ( sec-') 

0.095 8600 

0.025 10,200 

0.062 17,000 

0.141 27,000 

0.135 37,000 

0.181 34,000 

2.72 9300 

13.6 13,200 

Motor 
Time 

Cons tant 
R.J! x' 

0.061 

0.043 

0.036 

0.023 

0.043 

0.047 

0.043 

0.0 16 
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()0 = ang_ular displacement of rotor, in 
radians 

K 1 =constant (typical value is 200 lb-in./ 
ampere) 

K~ = constant (typical value is 300 lb-in./ 
radian) 

The torque produced by the motor is opposed 
by a spring with constant K. (typical value is 
560 lb-in.jradian) . The static characteristic of 
the torque motor is shown in Fig. 14-15A, with 
the angular rotor deflection plotted as a func­
tion of the control current. 

y 

y 

A. CROSS SECTION OF MAGNETIC CIRCUIT AND COILS 

B. COIL CONNECTIONS 

Fig. 74-74 D-e torque motor, permanent­
magnet type. 

Adapted from 'A Permanent-Magnet-Type Electric Actu ator for 
Servovalves', by R H. Frazier and R D. Atchley. Dynamic 
An alysis and Control Laboratory. Report No. 66. June 1, 1952, 
Massachusetts Institute of Technology. 

14-2.26 Dynamic Characteristics 

The dynamic behavior of a typical torque 
motor (Fig. 14-14) is described by the equa­
tions 

K1i =los~()" + Bas()o + (K, - K2) e, 
(14-64) 

E , = 11e1 = R 1i + Losi + 0.1135 K 18 &o 

(14-65) 
where 

J, = inertia of load, in lb-in.-sec2 

Eo =viscous damping of load, in lb-in.-sec 

E, . = control-winding input voltage, in 
volts 

11 =voltage gain of one tube in output 
stage of push-pull amplifier 

e, = total voltage applied from grid-to­
grid of amplifier output stage, in 
volts 

Rt = 2rp + R = total control-circuit 
resistance, in ohms 

rp = plate resistance of one tube in 
amplifier output stage , in ohms 

R = total resistance of control winding, 
in ohms 

Lo = self-inductance of control winding 
(two coils in series and rotor in 
neutral position), in henries 

Kt =torque per unit current, in lb-in./ 
ampere 

The dynamic behavior of the torque motor 
is summarized in terms of the frequency re­
sponse as shown in Fig. 14-15B. An indica­
tion of the frequency response of other torque 
motors used to drive hydraulic control valves 
may be obtained from the information tabu­
lated for hydraulic-amplifier dynamic re­
response in Par. 13-6. 

14-2.27 Modified Servomotors 

Most servomotors can be modified to serve 
as a torque motor by adding a gear train to 
provide the small motions usually required of 
the torque motor. The motor and gear train 
can be converted into a position source by op­
posing the motor torque with . that of a 
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Fig. 74-15 Characteristics of d-e torque motor. 

From 'A Permanent-Magnet-Type Electric Actuator for Sen•o­
,·ah cs', by R. H. Frazier and R. D. Atchley, D~·namic Ana lysis 
and Control Labora tory, Report No. 66, June 1, 1952, Massa­
ch usetts In stitute of Technology. 

spring. In this case, the steady-state behavior 
IS 

e, = f4r.X..,..­
K. 

Tm = Km E c 

where 

(14-66) 

(14-67) 

= angular displacement of motor­
spring combination, in radians 

RY =gear reduction ratio of gear train 

Tm =torque produced by motor, in lb-in. 

K., =spring constant of opposing spring , 
in lb-In./radian 

K, = motor torque per volt constant, in 
lb-in./volt 

E,. = control-winding input voltage, in 
volts 

Equations (14-66) and (14-67) apply to a 
d-e motor with E, applied to the armature 
and with a constant field input ; to a d-e mo­
tor with E, applied to the field and with a 
constant armature input ; or to a 2-phase a-c 
servomotor. 

14-2.28 CONVERSION FACTORS AND UNITS 

The conversion factors and units commonly 
required when making calculations and meas­
urements to determine the performance of 
d-e motors are listed in Table 14-2. 
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TABLE 14-2 CONVERSION FACTORS AND UNITS 

To Convert To 
Quantity English Units Metric (Mks) Units 

mass (M) Jb-sec2 / in. kilograms 

inertia ( J) lb-in.-sec2 kilogram-meters 2 

force (F) lb newtons 

torque (T) lb-in. newton -meters 

viscous damping (B) lb-in.-sec newton -meter-sec 

spring constant (K,) lb-in. newton -meters 

APPENDIX FOR PARAGRAPH 14-2. 

Solve Eq. (14-1) and (14-2) for torque . There results 

T = .K4J4- _ K4J4- X KI1w 
R. Ra V, 

Multiply 
By 

175 

0.113 

4.45 

0.113 

0.113 

0.113 

(I) 

With zero speed and maximum current, ltJI> the stall torque T,~r is seen to be KI1.~r Vr/R •. 
Divide the expression for T from Eq. ( 1) by TJI on the left and the equivalent expression 
on the right. There results . 

_!_ = ..!.L _ -.!!_X KI,w 
T,~1 I!Jl I1.1r V 1 

Solve Eq. ( 1) for the no-load speed w 11 , at current I 1.u, which is given by : 

KI1.uwu 1 v, 
Rewrite Eq. (2) as follows: 

(2) 

(3) 

_!:___ = -.!L ( 1 _ KI, X Wrdnr X ~) ( 4) 
T;u It.tt ItJT V1 ro0 

Substitute E q. (3) into Eq. (4) to arrive at the following [which is Eq. (14-14)] 
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POWER ELEMENTS USED IN CONTROLLERS 

14·3 ALTERNATING-CURRENT MOTORS 

14-3.1 TYPES CF A·C MOTORS USED IN 
SERVOMECHANISMS 

The following three types of a-c motors 
are commonly used as servomotors (output 
members of servomechanisms) : 

(a) 2-phase motors (commonly used in 
continuous linear servomechanisms) 

(b) Single-phase motors (commonly used 
in relay servomechanisms) 

(c) Torque motors with restricted rota­
tion (commonly used to control the input to 
hydraulic amplifiers) 

Amplification for driving servomotors may 
be furnished by magnetic, transistor, or 
vacuum-tube amplifiers (see Sh. 13). Typical 
schematic diagrams showing the use of servo­
motors and amplifiers are included in this 
paragraph. 

14-3.2 Amplifier Control of Servomotors 

Figures 14-16 through 14-19 show the 

ERROR 
stGHAL 

+ 
325 voc 

schematic diagrams of a few servomotor con­
trol circuits using amplifiers : 

(a) Figure 14-16 shows a shaded-pole 
motor in a 60-cycle servo application. Wound 
shading coils are used, and the main wind­
ing is continuously excited. 

(b) Figure 14-17 shows a 2-phase 60-cycle 
servomotor controlled by a vacuum-tube am­
plifier. A feedback loop is used to reduce the 
amplifier internal impedance presented to 
the motor winding, thus increasing the in­
herent motor damping. A high amplifier in­
ternal impedance would have the opposite 
effect ; in some cases, excessive impedance 
can reduce the damping to zero or even make 
it negative. (For 400:-cycle operation, the 
size of amplifier coupling capacitors must be 
changed.) 

(c) Figure 14-18 shows a 2-phase servo­
motor controlled by power transistors. 

(d) Figure 14-19 shows several magnetic 
amplifier circuits proposed by Geyger. oal The 

8¢ 

I 1~g~c Y 
~ MAINFIELDCOIL 

TO GEAR 
TRAIN 

SHADING 
COILS 

NOTE: ADDITIONAL AMPLIFICATION AND COMPENSATION MAY BE REQUIRED. 

Fig. 14-76 Amplifier control circuit for shaded-pole motor. 
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Fig. 14-17 Amplifier control circuit for 2-phose servomotor. 
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Fig. 14-18 Schematic of a transistor amplifier used with a 2-phase servomotor. 
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(B) with series-connected d-e control winding elements N'c N",. 
(C) with series-connected a-c control winding elements N ', N"r 

By permiSSIOn from Mag~tetic-Amplifier Circuits, by W. A. 
Geyger, Copyri ght 1967. McGraw-Hill Book Co mpany, In c. 
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inherent damping is greater than that of the 
motor alone because direct currents in the 
motor windings produce eddy-current damp­
mg. 

Figures 14-20 and 14-21 show two circuits 
proposed by Storm,<14l both using a d-e con­
trol signal. Figure 14-20 shows a circuit with 
only one motor phase controlled, while Fig. 
14-21 shows a circuit with both phases con­
trolled. If both phases of the motor are con­
trolled, the damping due to 2-phase action 
will be zero, with zero excitation at stall. If 
some direct current flows in the motor wind-

e SR 1- F1 

D-C CONTROL 
SIGNAL 

+ 

1 

ings , eddy-current damping will result. 

14-3.3 Types of a-c Motors Used in 
Relay Applications 

The following types of a-c motors are suit-
able for relay applications : 

(a) Split-phase, reluctance-type motors 
(b) Series (universal) motors 
(c) Torque motors 
(d) 2-phase motors 
(e) 3-phase motors , for high-power opera­

tion 
(f) Shaded-pole motors 

D-C 
SUPPLY 

• 
SR 2- F 1 

c 

SUPPLY 

0 

j 

• 
FIELDS/ 0 

L.:RE 

2-PHASE 
INOUCTION MOTOR 

Fig. 74-20 A-c motor control (one phase fixed). 

Reprinted with permission from Magneti c Amplifiers, by H. F. 
Storm, Coprright, 1963, John Wiley & Sons, Inc. 
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In the usual application, the motor must be 
reversible and have a starting torque about 
as large as the running torque or a little 
larger. High starting torque may be obtained 
from standard-design motors by increasing 
rotor resistance. This can be achieved by 
reducing the thickness of the rotor end piece. 
Shaded-pole motors can be used in pairs to 
obtain reversible operation -one motor for 
clockwise rotation, the other for counter­
clockwise rotation . 

14-3.4 Typical relay-servo circuits. The series 
(universal) motor can be used with an a-c 
supply by employing the circuits described 
in Par. 14-2. Two-phase servomotors can be 

o.c CONTROL 

SIGNAL 

A·C 
SUPPLY 

r 
I 
I 

relay-controlled by using a circuit such as 
that shown in Fig. 14-22. The latter circuit 
is also usable with wound-shading-coil a-c 
motors. The only damping present is the in­
herent damping of the motor. Dynamic brak­
ing by eddy-current action can be provided 
as shown in Fig. 14-23. Proper choice of cir­
cuit elements will bring the motor to a dead 
stop from full speed within one revolution 
from the instant the relay contacts connect 
in the braking circuit. Capacitor Cl can be 
an electrolytic element. However, capacitor 
C2 should be an oil-filled unit, not an a-c 
electrolytic that is designed only for infre­
quent service such as starting. Choice of 
circuit-element values is discussed in detail 
in Par. 13-5. 

9- RES 

__ L_--#--

MOTOR 
ARMATURE 

2-PHASE 
INDUCTION MOTOR 

2 

Fig. 74-27 A-c motor control (both phases variable). 

Reprinted with permiss ion from Magnetic Amplifiers, by H. F. 
Storm, Cop)·right, 1953, John Wiley & Sons, Inc. 
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6 
A.C SUPPLY 

F 1 - SHADIMG COIL J SHADED-POLE 

F - MAIN COIL J MOTOR 
2 

0)-.. TO GEAR 
TRAIN 

PHASING 
CAPACITOR 

Fig. 14·22 Relay servo using wound-shading­

coil or 2-phase motors. 

ROTOR 
C2 

;.;.r:pl 
TRAIM 

""----+---t---Q 
START-RUN 
CAPACITOR 

0 

A-C SUPPLY 

SLAVE RELAY 
NO, 1 

Cl 

~ 

5 
u 
"' iJ 

" ?: 

"" ""' "' "' 

D-C SUPPL1 

SLAVE RELAY 
NO.2 

Fig. 14-23 Relay servo using capacitor-start­

and-run motor. 

14-3.5 STATIC CHARACTERISTICS a= 
A-C MOTORS 

14-3.6 Typical 2-Phase Servomotor 

The static torque-speed curves of a typical 
2-phase servomotor are shown in Fig. 
14-24. (1~•) These curves can be used to deter­
mine the motor parameters that influence 
dynamic performance. 

14-3.7 Relay Servos 

Analysis of relay servos can be accom­
plished by either of two methods: the de­
scribing function approach; or the phase­
plane method. In each case, the objective is 
to determine the motor-speed response from 
an arbitrary initial speed to full speed, or to 
a dead stop. Such responses may be calcu­
lated from the speed-torque curve of the 
motor used in the servo. Reference 15 pro­
vides typical characteristics of various sin­
gle-phase a-c motors that can be used in 
relay servos . It also indicates the method of 
approximating the transient response of such 
motors . 

14-3.8 DYNAMIC BEHAVIOR OF 2-PHASE 
SERVOMOTORS 

At the present time, the 2-phase servo­
motor is the type used in servomechanisms 
more often than any other type. Therefore, 
its dynamic behavior will be considered. The 
effect of electrical transients caused by wind­
ing inductance and resistance is negligible 
in most applications. Where this effect is 
important, an additional time constant can 
be introduced to account for the effect. The 
break frequency associated with this time 
constant is in the order of 400 to 800 radians/ 
sec for 60-cycle motors. 

14-3.9 Equations 
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The curves in Fig. 14-24 may be used to 
evaluate the partial derivatives in the repre­
sentation of the motor as a torque source 



FOJ\ER B..EIVENlS AND SYSTEIVI DESIGN 

having some associated damping. The equa­
tion is 

dT= [oT/T, .... ] [T, • .r ] dE+ [oT/T,."·" ] [T"'"""] dn 
oE/Emax E,.,u art/fl sunc ilsunc 

where 

aT /T,., d. . 1 . .:::.........:...._....:::..::.::..· = non 1menswna torque gam 
oE/Emax 

Tmax 

0 T /Tma.c d. . 1 d . 
()!l/f!sunc = non 1mens10na am pmg 

Ema;c 

PER UNIT SPEED 
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= stall torque with full motor 
excitation 

= synchronous speed 

= rated reference voltage 
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Fig. 7 4-24 Torque-speed curves of a 2-phase servomotor. 

BY permission from Electric Machinery. by A . E. Fitzgerald and 
Charles Kingsley, Jr., Copyright, 1952. McGraw-Hill Book Com­
pany, Inc. 
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The nondimensional gain and damping con­
stants are plotted in Figs. 14-25, 14-26, and 
14-27. An approximate method of obtaining 
the damping constant oT /on from the manu­
facturer's curve (which is almost universally 
made for full motor excitation) is to divide 
the damping by two (damping measured at 
stall and with rated motor excitation) . The 
resultant damping is pertinent for low con­
trol-winding voltages. The torque gain can 
be derived from the manufacturer's curve by 
dividing the stall torque at full excitation by 
the full excitation voltage. Stall torque is 
theoretically and actually linear with applied 
voltage. 

14-3.10 Alternatives. If more partial­
coefficient information is desired, obtain the 
torque-speed curves for the motor to be used, 
measured at full and also at partial excita­
tion. These curves can be obtained from the 
manufacturer or measured by the designer. 
The desired partial derivatives can be meas­
ured from these curves . A third method is to 
obtain the curves by calculation from the 
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Fig. 7 4-25 Damping factor for motor having 

torque-speed curves shown in Fig. 7 4-24. 
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curve for full, rated excitation. This calcula­
tion can be performed by using symmetrical 
component voltages. It is necessary to have 
the torque-speed curve for negative as well 
as positive speeds. The manufacturer's curve 
for positive speeds can be extrapolated to 
negative speeds by assuming a power-series 
representation of the given nondimensional 
torque-speed curve : 

T* =a,+ a1n* + a~n* 2 + a~n*~ + a4n* 4 

(14-69) 
where 

T* = T/T,.,,., 

n* = njns.vnc 

The "a" coefficients can be evaluated by 
choosing five points on the given curve and 
finding a set of a 's consistent with these 
five values. For less accurate results, the 
higher-power coefficients can be discarded. 

14-3.11 Torque at partial excitation. The 
torque at a given speed, with less than full 
rated excitation, is found by subtracting the 
partial torque due to the voltage set which 
causes backward rotation from the torque 
due to the forward set. If the voltages V" and 
V1 (Fig. 14-28) are found by the equations 
in the figure, the torque at speed n1 * is given 
by 

T* = V ~ ( T':' ) - V 2 ( T* ) 
1 f /1'1 b fl'-1 

where 

T* 
/1'-1 

(14-70) 

=per unit torque Tfr"l evaluated at 
Tmax 

forward speed n:' 

= per unit torque evaluated at back­
ward speed ni 

The values of T1: 1 and ~=-1 for n* of 0.4 
are shown in Fig. 14-24. The relationship be­
tween stall-torque damping at zero control 
voltage and at full control voltage may thus 
be determined. This relationship permits cal­
culation of the inherent motor damping for 
zero or small control-field voltages, using the 

IN THIS EXAMPLE, RATED 
CONTROL VOLTAGE= RATEO 1.0 * REFE~~~~~-~~~~~~;OLTAGE 
REFERENCE VOLTAGE 

(iDENTICAL WINDINGS) 

UNBALANCED SET 

~·" 1· 0.75 • 
V b, r~~ g~~~~~ TAGE V 1, ~~~ ~:~~~~ TAGE 

REVERSE TORQUE FORWARD TORQUE 

FORMULAE: V, • ¥ V 1- e• 
b =-2-

Fig. 7 4-28 Illustrating the forward and backward 

sets of voltage derived from an unbalanced 

excitation for a 2-phase motor. 

full-excitation curve furnished by the manu­
facturer as a basis. 

14-3.12 Nondimensional damping. Fore*= 0 
and V1 = Vv = 0.5, the nondimensional damp­
ing will be the total damping due to both the 
forward and backward components : 

aT* aT* oT* 
on* = on: + a!;,,, <14-71 ) 

where 

(0.5)' aT~~~ + (0.5F aTJ.._o 
an* an* 

= 0.5 aT;.o 
on* 

(14-72) 

(14-73) 

= full-excitation stall torque at zero 
speed 
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= full-excitation stall torque at neg­
ative zero speed 

-T* - Je- 0 

()T* '''0 = full-excitation nondimensional CO-

on* efficient measured at stall 

The dimensionalized damping constants at 
zero excitation and full excitation are also 
related by a factor of 0.5. 

14-3.13 Motot· equations. The motor equa­
tions are 

T = T1• + Jswm + Bw,., (14-74) 

KmE-B111w, = Tt, +Jswm + Bwm (14-75) 

where 

Km dimensionalized torque gain 

Bm dimensionalized damping 

E 

CONTROL FIELD 

AVAILABLE 
MOTOR 

TORQUE 
T 

J 

B 

total inertia referred to the motor 
shaft 

load torque referred to the motor 
shaft 

viscous-friction constant associated 
with the load 

T motortorque 

w,. = motor-shaft speed 

The factor E is the control-field voltage when 
the amplifier internal resistance is substan­
tially lower than the motor impedance. Al­
ternatively, when th e motor partial deriva­
tives have· been measured with the motor 
driven by its amplifier, E is the amplifier 
voltage input and Km includes amplifier gain. 
Figure 14-29 shows the block diagrams cor­
responding to the equations . 

MOTOR-SHAFT 
LOAD TORQUE 

TL. 
MOTOR.SHAFT 0 ---r .. ;_D....,.._... 

E ~ ~ ~I 1/(B + p .,l I ~ .... 
K .. n + I 

TL 

T ~ J/ (B + B_) 

Fig. 74·29 Block diagrams of 2-phase motor and load. 
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TABLE 14-3 COMPARISON a= TYPICAL MOTORS 

Motor 1" 2* 3* 4* 5** 

~reference 115 115 110 115 115 
Ra ted voltage 1control 150-300 115 110 115 115 

Frequency (cp s) 400 400 400 400 60 

Number of poles 8 8 4 4 2 

Synchronous speed (rpm) 6000 6000 12,000 12,000 3600 

Total weight (oz) 13.55 14.24 14.39 13.33 25 

Rotor weight (oz) 0.91 - 1.13 0.89 -

Rotor in ertia (gram-em') 4.17 5.26 9.83 3.82 14.1 
(oz-in ?) 0 .0228 0.0288 0.0537 0.0209 0.077 

T orque/inertia ratio 
(st a ll ) ( 1/sec") 33,100 17,500 7630 46,000 27,600 

Windin g impedance (ohms) 
500 + j1050 485+ jl130 870 + j745 300 + j370 720 + j330 

{stall 
control no load 270 + j1240 212 + j1230 435 + j1490 170 + j550 430 + j860 

sta ll Z= 670 same a s same a s same a s same as 
ref {no load control control control control 

Max power output 
w a tts 2.6 1.7 3.1 6.1 5.5 
at speed 3300 3200 6800 5400 2100 

Rated control f 
phase power wat~s 7.7 5.0 8.5 17.2 6 
a t s ta ll milliamp 124 102 102 245 120 

Sta ll torque (oz-in.) 1.95 1.~ 1.06 2.49 5.5 
(a t full excitation) 

Inherent motor damping (see also 
Fig . 14-16) oz-in.-sec/rad 23 X 10 ·• 18 x to-· 4.8 X 10-• 17X 10 ' 72 X 10·• 

( a t full excitation) 

Torque-to-inertia r atio 
sync speed 

( 1/sec) 52.7 27.9 12.1 36.6 73 

,Y"L . . ( oz-in) 6.4 X lD' 2.25 X 10' 0.803 X 10' 11.4 X 10' 15.2X 10' »V"''"J'UD sec' 

Figure of Merit''"' * (1/sec) 72 34.4 8.9 53.7 80 

*From Kaiser ('") 

**From manufacturer's data 

***From F errel!C'"J 
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14-3,14 FIGURE OF MERIT 

Several methods for determining a Figure 
of Merit have been proposed for servomotors. 
The three most common are: 

(a) Torque-to-inertia ratio. In comparing 
motors, it is necessary to reduce motors to a 
common speed base by dividing by synchro­
nous speed. 

(b) Gain-bandwidth. This Figure of 
Merit06l is the product of bandwidth and the 
square root of the power-transmission effi­
ciency. The bandwidth is taken as 2/m/J,, the 
power output Po is T.~/4/m, and the power in­
put P,c is the quotient of the control-winding 
voltage (squared) divided by the control­
winding impedance (real part). The Figure 

. of Merit becomes 

F . f M . 2[111 Po 1gure o ent = 
Jm P1c 

where 

T, stall torque 

fm damping factor= Em 

Jm motor-rotor inertia 

(c) Torque-to-inertia ratio divided by base 
(synchronous) speed. This Figure of Merit, 

proposed by Harris< 17 l and Newton, OS) uses 
the ratio of peak motor torque (squared) to 
inertia, divided by the base (synchronous) 
speed. 

14-3.15 COMPARISON OF TYPICAL 
MOTORS 

Table 14-3 is a summarization of a survey 
of some typical motor characteristics. 09l The 
report from which this data was taken is 
also the source of data used to plot Fig. 
14-26. An additional tabulation can be found 
in Ahrendt. <~ll 

14-4 HYDRAULIC MOTORS 

14-4.1 INTRODUCTION 

Hydraulic motors or actuators are of two 
general types: those producing a linear or 
translatory motion and those whose output 
is rotational. Either type may be supplied 
from a variable-output source. Sources are 
either control-valve amplifiers (see Par. 13-
6) or variable-displacement pumps. A vari­
able-displacement motor with a constant sup­
ply pressure source could also be used. Such a 
device would provide a torque source which, 
if used with an inertia load, would provide a 
system with an infinite velocity constant. Of 
course, suitable stabilization would be re­
quired in the hydraulic amplifier used to 
stroke the motor or in the stage preceding 
the hydraulic amplifier. Use of such a system 
is not wide-spread at the present time. 

Linear hydraulic motors may be divided 
into single-ended (spring-opposed) and dou­
ble-ended types. Rotary hydraulic motors 

used in servomechanisms are generally of 
the positive-displacement type. Piston motors 
of either radial or axial construction and 
ball-piston motors are used. Vane-type motors 
are used where relatively large leakage is 
tolerable. A single-vane rotary motor of lim­
ited travel is useful if restricted rotary mo­
tion is needed. 

14-4.2 STATIC CHARACTERISTICS Of 
PISTON-TYPE ROTARY MOTORS 

The static behavior of the piston-type ro­
tary motor may be seen by simplifying the 
motor flow and torque equations. These equa­
tions, in Laplace notation, are 

Q(s) = Q,(s) + Qc(s) + Dmw(s) 

T(s) = DmP(s) 

Q1(s) = LmP(s) 

Qc(s) = V m sP(s) 
~ 

(14-76) 
(14-77) 

(14-78) 

(14-79) 
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T(s) = TI.(s) + Jmsw(s) + Bmw(s) 

where 
(14-80) 

Q total flow to the motor, in in.3/sec 

Q 
(J) 

leakage flow, in in.3/sec 

compressibility flow, in in.3/sec 

motor speed, in rad/sec 

T 

p 

torque produced by motor, in in.-lb 

differential motor pressure, in 
lb/in.2 

T1, = load torque, not including viscous 
torque , in in.-lb 

Dm = motor displacement, in in.3/rad 

Lm = motor leakage coefficient, in in.5/lb­
sec 

B, - viscous damping of motor rotor, in 
in.-lb-sec 

Vm volume of oil under compression in 
motor, in in.3 

~ bulk modulus of fluid , in lb/in.2 

Jm - motor-rotor inertia, in in.-lb-sec2 

The steady-state equations are found by let­
ting s be zero. Then 

or 

Q=LmP+D,..w 

T 
= L,.,--+ Dmw 

Dm. 

(14-81) 

It is convenient to nondimensionalize Eq. 
(14-81) before plotting it. Thus 

w= 

( Q ) ( QMAX) Lm ( T ) T.IU.X 
QMAX --n:- - Dm2 TMAX 

0 

( 
Q ) ( QMAX ) 

Q,Ax D.,wMAx 

or 

___.:!.__ - .!L - w 
T M.-tx Q.u.u: W.MAX 

(14-82) 

smce 

wJHx = QD.~ux (no-load flow vs speed relation) 
m 

and 

D z T MAx = L: w.1r.tx (the stall torque) 

A plot of Eq. (14-82) is shown in Fig. 14-30. 

The analogy between the constant-displace­
ment motor and the electric shunt motor has 
been pointed out by Chu and Gould<~a> and is 
shown in Table 14-4. Although the analogies 
shown are not the ones most often used in 
elementary physical reasoning, they are 
proper and lead to an identical mathematical 
form for the block diagrams and equations 
of electrical and hydraulic transmissions. 
Compare the expression for speed in Eq. 
(14-81) with that in Eq. (14-76). 

i 
w 
::;) 
a 
"' 0 ... 

CONTROL FLOW Q/ Q11AX ~ 1.0 

SPEED "'/"'MAX 

Fig. 74-30 Torque-speed curves, constant­

displacement hydraulic motor. 
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TABLE 14-4 ANALOGOUS PARAMETERS OF 
CONSTANT -DISPLACEMENT HYDRAULIC 
MOTOR AND ELECTRIC SHUNT MOTOR 

Hydraulic Motor Electric Shunt Motor 

Total flow, Q Terminal voltage, v 
Leakage flow, LmP Resistance drop, IR 

Compressibility flow, Inductance drop , 
v dP L dl 
[) dt dt 

Pressure, P Current,/ 

Displacement, D,. Motor constant, K, 

14-4.3 STATIC EQUATIONS OF 
TRANSLATORY MOTOR 
(MOVING PISTON) 

The equations pertinent to the piston are 
given in Par. 13-6. Transfer functions, relat­
ing input motion to the hydraulic amplifier 
to the output piston motion, are also pre­
sented in Par. 13-6. The static equations of 
the motor itself are 

Q 

F 

where 

Q = total flow into cylinder 

(14-83) 

(14-84) 

LP leakage coefficient (piston-cylinder 
wall leakage) 

AP = area of piston 

V velocity of piston motion 

F force available to do work 

P pressure difference across the piston 
load 

Note that AP is similar to Dm and that Lp, the 
piston leakage coefficient, is similar to L,, the 
motor leakage coefficient. Thus 

F Q --=---- v 
(14-85) 

F.uAX Q.l/.4X 

where 

Q =total flow 

Q,,,,... = flow with zero load force. 

V.1t.u = maximum velocity = Q,~ .. r! AP 

The plot of Eq. (14-85) is identical with 
that of Eq. (14-82) shown in Fig. 14-30 if 
torque is replaced by force and rotary speed 
is replaced by linear velocity. 

14-4.4 DYNAMIC BEHAVIOR OF HYDRAULIC 
TRANSMISSIONS 

The combination of rotary pump and 
motor, termed the hydraulic transmission, is 
discussed in Par. 13-6, where its equivalent 
hydraulic circuit, equations, and block dia­
gram are given. Transfer functions available 
in Par. 13-6 are summarized in Table 14-5. 

Typical dynamic and static performance 
data on transmissionsORl are summarized in 
Tables 14-6 through 14-10. Each transmis­
sion consists of a variable displacement hy­
draulic pump and a fixed displacement hy­
draulic motor. Weights and operating pres­
sures are summarized in Table 14-6. 

The compressibility effect in the case of 
the rotary motor is relatively constant as far 
as load motion is concerned, since quite a 
few motor revolutions occur for normal load 
travel and each revolution averages a num­
ber of cylinders. However, the compressibil­
ity effect in the case of the piston and cylin­
der is different since, from one extreme of 
piston movement to the other, the volume of 
oil under compression (V, , ,)varies from per­
haps 0.1 to 0.9 of the total net cylinder 
volume. The result is a nonlinear equation, 
since V, = (Xo ± x) A. To handle the prob­
lem analytically, an analog computer study 
may be made or else the equation may be 
linearized about some average value other 
than the centered one. 
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TABLE 14-5 REFERENCES 10 TABLE LISTING HYDRAULIC TRANSMISSION 
TRANSFER FUNCTION 

Source Load Refer to Table 

Rotary pump rotary motor 13-17(a) 

Rotary pump translatory motor (spring-opposed) 13-17(b) 

Rotary pump translatory motor (not spring-opposed) 13-17(a) 

Spool valve translatory motor (spring-opposed) 13-16(a) 

Spool valve translatory motor (not spring-opposed) 13-16(b) 

TABLE 14-6 TRANSMISSION DATA- HYDRAULIC PUMPS 

Item Information Units Transmission I Transmission II Transmission III 

1 apr,rox power hp 4.5 2.2 8.5 
Jspeed rpm 4500 3500 1750 

at pressure psi 1250 1200 2000 
(stroke deg 25 10 30 

2 weight dry lb 27, double 16.6, complete 30 (catalog 
pump unit with transmission value) 
auxiliaries (measured) 
(approx) 

3 maximum rated pressure ? psi 1000 1200 2000 

4 maximum displacement in."/radian 0.0509 0.0332 0.153 
at stroke deg 25 10 30 

5 volume subject to high in." 0.62 only total oil 1.71 
pressure vol known 

6 minimum cylinder in.3 0.0117 0.0399 0.019 
clearance (estimated) (estimated) (estimated) 

7 total leakage ?? in."/sec 0.22 a t 1000 psi only over-all 0.4 at 1000 psi 
leakage 0.8 at 2000 psi 
known 

tMaximum rated pressure for continuous operation for normal life. 

!!Leakage at operating speed with fluid described in Tab le 14-8. All leakage data is approximate. Manufacturer's information 
used except for Transmission II where measurements on unit were made. All leakage data compensated for viscosity and tem­
perature deviations. The breakdown of total leakage into direct and differential for Transmission I is estimated. 

Adapted by permission from the .Journal of The Franklin 
Institut e, Volume 2H, No. 6, June , 1947, from a rticle entitled 
'Hydraulic Variable-Speed Transmissions as Servomotors', by G. 
C. Newton, Jr. 
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TABLE 14-7 TRANSMISSION DATA- HYDRAULIC MOTORS 

Item Information Units Transmission I l'ransmission II I'ransmission III 

1 approx power hp 4.3 6.5 26 

~speed rpm 3600 3600 2200 
at pressure psi 1250 1200 200 

[stroke deg 30 30 30 

2 weight dry lb 2.5 (measured) see pump 30 (catalog 
value) 

3 maximum rated pressure? psi 1000 unknown 2000 

4 maximum rated speed? rpm 3600 unknown 2200 

5 displacement in. 3 /radian 0.0602 0.0954 0.384 
at stroke deg 30 30 30 

6 volume subject to high in.' 0.22 only total oil 2.52 
pressure vol measured 

7 total leaka ge?? in."/se<: 0.22 at 1000psi only ,over-all 0.6 at lOOOpsi 
leakage 1.2 at 2000 psi 
known 

8 inertia in.-lb-sec• 0.000669 0.00144 0.0147 

radian (measured) (estimated) (estimated) 

!Maximum rated speed and pressure for continuous ope ration for normdl life. 

ttLeakage a t operatin g speed with fluid described in Table 14-8. All leakage data is approximate. Manufacture r' s information 
used except for Transmiss ion II where measurements on unit were made. All leakage data compensated for viscosity and tem­
pe rature deviations. The breakdown of total leakage into direct and differential for Transmission I is estimated . 

Adapted by permission f rom the Journal of The Franklin 
Institute. Vo lume 243, No. 6, June , 1947, from article entitled 
'Hydraulic Variab le-Speed Transmis sions as Servomotors', by G. 
C. Newton. Jr. 

TABLE 14-8 TRANSMISSION DATA- FLUID 

Item Information Units 

~ viscosity centistokes 

2 specific gravity 

3 compressibility? in."/lb 

t Re<ipre>< a l of bulk modulus. 

Adapted by pcnni ssion from the Journal of The F ranklin 
Institute. Volume 243. No. 6, June , 1947, from article entitled 
'Hydrauli c Variable-Speed Transmissions a. Servomotors', by G. 
C. Newton , Jr. 

Transmission I 

7.5 at 158°F 

0.84 

4.0 X 10_. 
at 0-2000 psi 

1441 

Transmission II 
1 

Transmission III 

10 at 150°F 23 at 140°F 

0.84 (approx) 0.84 (approx) 

4.0 X 10-• 4.0 X 10-• 
at 0-2000 psi at 0-2000 psi 
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TABLE 14·9 TRANSMISSION DATA- GENERAL 

Item Information Units Transmission I Transmission II Transmission III 

1 pump operating speed rpm 4500 3500 3500 

2 ambient temperature "F 77 75 (approx) 68 (approx) 

3 fluid temperature "F 158 150 (approx) 140 (approx) 

4 replenishing pressure psi 50 (gauge) 35 (gauge) 50 (gauge, 
approx) 

5 load inertia in.-lb-sec' 0.0159 0.0648 1.80 

6 load damping in. -lb-sec negligible negligible negligible 

7 total output-shaft inertia in.-lb-sec' 0.0166 0.0662 1.81 

8 total damping in.-lb-sec 0.0093 unknown unknown 

9 total volume of high- in. II 3.84 1.65 31.0 
pressure oilt 

10 over-all leakage constant in.''/ lb-sec 4.4 X lO-' 3.67 X 10-• 1.0 X 10-• 

11 approx max power hp 4.3 2.2 8.5 

tSlight differences in volumes (or lengths) of conduits, fi tt ings, etc .. communicating with th e two pump connections have been 
averaged so th a t the data represent s the mean volume (or length) of a high-pressu re oil pa th . 

Adapted by permi ssion from the Journal of The Franklin 
Institute. Vo lume 243, No. 6, Jun e, 1947. from artic le entitled 
'Hydrau lic Variable-Speed Transmi ss ions as Servomotors', by G. 
C. Nc\Yton , Jr . 

TABLE 14-10 COMPARISON CF PREDICTED AND 
MEASURED PARAMETERS 

Parameter Transmission I I Transmission II I Transmission III I 
1/wn predicted 5.27 X 10-2 

(sec/rad) measured 8.50 X 10-2 

~ 
predicted 0.153 
measured 1.14 

Adapted by permi SSIOn from the Journal of The Franklin 
In stitute. Vo lum e 243, No . 6, Jun e , 1947, from article entitled 
'Hydraulic Variable-Speed Transmissions as Servomotors', by G. 
c. Nc\Yion, Jr. 
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0.226 0.173 
0.234 0.332 



FOI\ER B..EIVENlS USED IN ~S 

The effect of air entrainment is discussed 
later in this chapter. Pressure-control valves 
lessen the compressibility effect since they, 
in effect, provide a pressure at the piston 
independent of the flow to the piston which 
includes, of course, compressibility flow. If 
pressure-control valves are to be successful 
in this function, they must behave as ideal 
pressure sources, dynamically as well as stat­
ically. 

14-4.5 APPROXIMATE DYNAMIC BEHAVIOR 
a= HYDRAULIC TRANSMISSION 

It is usually possible to neglect line inert­
ance, although this may not be the case if 
small diameter lines are used. (For the inert­
ance formula, see Par. 13-6.27.) If the load 
has negligible damping and line inertance is 
neglected, then 

w (s) 

dp X(s) _L.u:(1+C.l11's)T(s) 
D.1r D.~,- L.11P 

1 +2 ~ _£_ + ( s ) 2 
w, (t), 

(14-86) 

where 

= D.lt II B 
V JV.11P 

=~ ~,v:,~p 
L.lfl' =total leakage: pump and motor 

c.lll' =total compressibility: pump, motor, 
and line 

V.1rP =total oil volume: pump, motor, and 
line 

Typical values of ~ and W 11 are about 0.3 and 
20 rad/sec, respectively, if the load inertia is 
substantially greater than the motor inertia 
and air entrainment is absent. (See Table 
14-10 for typical performance data.) 

14·4.6 PARAMETER EVALUATION FOR 
ROTARY MOTOR 

The essential parameters are leakage co­
efficient L,,compressibility coefficient C,,pis­
placement coefficientD"', and inertia J..,. 

Leakage can be determined from static 
speed-torque curves once D,, is known. From 
Eq. (14-81), the slope of the speed-torque 
curve is 

(14-87) 

or, solving Eq. (14-87) for Lm 

L"' =D,/ ow 
aT (14-88) 

The value of D,, is usually available from the 
manufacturer. If unavailable, it may be 
measured by causing the motor to act as a 
pump with zero terminal pressure drop. The 
flow Q at motor speed co is measured. Then 

Dm = -Q- (14-89) 
(I) 

If facilities for driving the motor are unavail­
able, measure the motor torque T and the 
pressure drop P across the motor while run­
ning the motor at a convenient constant 
speed. Then 

T 
Dm= p (14-90) 

Leakage is a function of temperature, since 
it is inversely proportional to the viscosity, 
whose tern perature dependence is shown in 
Par. 20-2. 

Compressibility depends upon the motor 
oil volume being compressed. This volume 
equals one half the displacement per revolu­
tion, d,, for the motor alone. The volume of 
connecting lines must be taken into account. 

Thus 

d,. 
Cm= 

2~ 
(14-91) 

where ~ is the bulk modulus of the fluid used. 
The effect of entrained air can be substantial, 
causing ~ to increase by a factor of 5 to 10. 
(See Par. 13-6.27for discussion.) 

The motor inertia is usually available from 
the manufacturer. If not, it may be meas­
ured by a retardation run as described in 
Par. 14-2. 
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The load and gear inertia are reflected to 
the motor shaft. The numerical value of the 
reflected inertia at the motor shaft is ob­
tained by dividing the load and gear inertia 
by the square of the gear ratio between the 
motor and the point where the load or gear 
inertia occurs. 

14-4.7 PROBLEMS ENCOUNTERED WITH 
HYDRAULIC MOTORS 

The problems encountered with hydraulic 
motors are similar to those discussed under 
hydraulic amplifiers. Rotary-motor commuta­
tion causes a power loss proportional to the 
speed of rotation. The power is dependent 
upon position and gives rise to pressure pul­
sations observed as noise. <~ 4 ) 

Translatory motor or piston-end seals pre­
sent a problem. High packing pressure to 

prevent leakage to the atmosphere is accom­
panied by coulomb friction which appears 
as a nonlinear component of FL. Coulomb 
friction gives rise to a dead spot, since a 
certain pressure must be developed to over­
come this friction before any motion can oc­
cur. If stiction occurs (high breakaway fric­
tion), this may cause unstable operation. 
Analysis using describing-function or phase­
plane methods may be carried out. 

The nonlinear effect of piston compressi­
bility has been cited. Flexible hose, although 
convenient, is more elastic than steel tubing 
and may contribute to the total compressi­
bility coefficient (see Par. 13-6 for formulae). 
Long lines between the motor and the pump 
should be avoided to prevent standing waves 
of pressure. At the very least, the large v.l/P 

resulting causes both t and w to decrease. 
Such effects are generally undesirable. 

14-5 PNEUMATIC MOTORS 

14-5.1 PRINCIPAL TYPES 

A pneumatic motor is an air-operated de­
vice wherein a change in input air pressure 
produces a mechanical output motion. Pneu­
matic motors are of two basic kinds: trans­
lational and rotary. Current applications 
make wide use of the translational or linear 
motor. The principal types of translational 
motors are the capsule, bellows, diaphragm, 
ram, and piston. These types are shown func-

tionally in Figs . 14-31 through 14-35. In 
these figures, Pa and Wa are input load pres-
sure and flow respectively controlled by a 
pneumatic valve, and Y is the motor-shaft 
displacement resulting from an input to the 
pneumatic valve. All of the motors illus­
trated, except the piston, are single acting; 
i.e., air pressure is applied on one side only, 
and motion is opposed (or assisted) by a 
spring. Since only one source of pressure is 
needed, the single-acting motor can be opeJ;"­
ated from a three-way valve. The piston is 
operated with air at each end (with or with­
out springs) and hence requires the use of a 
four-way valve. 

14-44 

NOTE: SPRING MAY BE OMITTED 

Fig. 7 4·3 7 Typical pneumatic capsule. 
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inherent damping is greater than that of the 
motor alone because direct currents in the 
motor windings produce eddy-current damp­
mg. 

Figures 14-20 and 14-21 show two circuits 
proposed by Storm, <H> both using a d-e con­
trol signal. Figure 14-20 shows a circuit with 
only one motor phase controlled, while Fig. 
14-21 shows a circuit with both phases con­
trolled. If both phases of the motor are con­
trolled, the damping due to 2-phase action 
will be zero, with zero excitation at stall. If 
some direct current flows in the motor wind-

c SR 1- F 1 

D-C CONTROL 
SIGNAL 

• 
SR2 - F 1 

.J 
SR 1- A 

SR 2 - A 

1 

+ 

l 

ings, eddy-current damping will result. 

14-3.3 Types of Cl·c Motors Used in 
Relay Applications 

The following types of a-c motors are suit-
able for relay applications : 

(a) Split-phase, reluctance-type motors 
(b) Series (universal) motors 
(c) Torque motors 
(d) 2-phase motors 

(e) 3-phase motors, for high-power opera­
tion 

(f) Shaded-pole motors 

D-C 
SUPPLY 

l 
J L -SR 2 - B 
~ 

• 
VFIELOS 

2 ~ 
~ 

_j 

~ 
~ SR 1- B 

.1 

Fig. 7 4-20 A-c motor control (one phase fixed).' 

Reprinted with I>ermission from Magnetic Amplifiers, b~· H. F. 
Storm, Coi>~·right, 1963, John Wile~· & Sons, Inc. 
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In the usual application, the motor must be 
reversible and have a starting torque about 
as large as the running torque or a little 
larger. High starting torque may be obtained 
from standard-design motors by increasing 
rotor resistance . This can be achieved by 
reducing the thickness of the rotor end piece. 
Shaded-pole motors can be used in pairs to 
obtain reversible operation -one motor for 
clockwise rotation, the other for counter­
clockwise rotation. 

14-3.4 Typical relay-servo circuits. The series 
(universal) motor can be used with an a-c 
supply by employing the circuits described 
in Par. 14-2. Two-phase servomotors can be 

D.C CONTROL 
SIGNAL 

A.(; 
SUPPLY 

relay-controlled by using a circuit such as 
that shown in Fig . 14-22. The latter circuit 
is also usable with wound-shading-coil a-c 
motors . The only damping present is the in­
herent damping of the motor. Dynamic brak­
ing by eddy-current action can be provided 
as shown in Fig . 14-23 . Proper choice of cir­
cuit elements will bring the motor to a dead 
stop from full speed within one revolution 
from the instant the relay contacts connect 
in the braking circuit. Capacitor Cl can be 
an electrolytic element. However, capacitor 
C2 should be an oil-filled unit , not an a-c 
electrolytic that is designed only for infre­
quent service such as starting. Choice of 
circuit-element values is discussed in detail 
in Par. 13-5. 

D-C 
SUPPLY 

MOTOR 
ARMAT\JRE 

2-PHASE 
INDUCTION MOTOR 

Fig. 74-27 A-c motor control (both phases variable). 

Reprinted with perm iss ion from Magnetic Amplifier3. by H. F. 
Storm. Copyri ght, 1953, John Wiley & Son s, Inc. 
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A-C SUPPLY 

F 1 - SHA.DtHG COIL J SHADED-POLE 

F
2

- MAIN COIL J MOTOR 

0)-. TOGEA.R 
TRA.IH 

Fig. 74-22 Relay servo using wound-shading­

coil cr 2-phase motors. 

ROTOR 
C2 

:.::?l TRA.IH 

L---+--+--+---o 
HA.RT-RUM 
CA.PA.CITOR 

A-CSUPPLY 

SLAVE RELAY 
NO. 1 

o.c SUPPLY 

SLAVE RELAY 
NO.2 

Fig. 14-23 Relay servo using capacitor-start­

and-run motor. 

14-3.5 STATIC CHARACTERISTICS OF 
A-C MOTORS 

14-3.6 Typica12-Phase Servomotor 

The static torque-speed curves of a typical 
2-phase servomotor are shown in Fig. 
14-24. (l :i l These curves can be used to deter­
mine the motor parameters that influence 
dynamic performance . 

14-3.7 Relay Servos 

Analysis of relay servos can be accom­
plished by either of two methods: the de­
scribing function approach ; or the phase­
plane method. In each case, the objective is 
to determine the motor-speed response from 
an arbitrary initial speed to full speed, or to 
a dead stop. Such responses may be calcu­
lated from the speed-torque curve of the 
motor used in the servo . Reference 15 pro­
vides typical characteristics of various sin­
gle-phase a-c motors that can be used in 
relay servos. It also indicates the method of 
approximating the transient response of such 
motors . 

14-3.8 DYNAMIC BEHAVIOR OF 2-PHASE 
SERVOMOTORS 

At the present time, the 2-phase servo­
motor is the type used in servomechanisms 
more often than any other type . Therefore, 
its dynamic behavior will be considered. The 
effect of electrical transieiits caused by wind­
ing inductance and resistance is negligible 
in most applications. Where this effect is 
important, an additional time constant can 
be introduced to account for the effect. The 
break frequency associated with this time 
constant is in the order of 400 to 800 radians/ 
sec for 60-cycle motors. 
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14-3.9 Equations 

The curves in Fig . 14-24 may be used to 
evaluate the partial derivatives in the repre­
sentation of the motor as a torque source 
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having some associated damping. The equa­
tion is 

dT = [oT/Tma.t] [~]dE+ [oT/T"'"·'] [Tmu.~] dn 
oE !Ema.r EII/(/,C ()D./D.sunc D.sync 

where 

aT /Tma.r d. . l . 
.:::.......!....--....:::..;:.::... = non 1menswna torque gam 
oE/E.,a.~ 

Tma.r 

oT/Tmax d. . l d . =non 1menswna ampmg 
()0/08//IIC 

PER UNIT SPEED 

-1.0 -0.8 -o.6 -0.4 -o.2 0 0.2 

UJ 

5 
a< 
0 .... 

1.0 

0.8 

0.6 

.... 0.4 
% 
a 

0.2 

0 

-o.2 

r-
I-

..... 

2.0 

I I I 

1- Y a~ 1.0 

I 

0.8 
I 

I 
I 

0.6 

J 

0.4 

r-
~ r-

....... 

~ 
0 ~ r-

1.8 1.6 

r-r--
r--
I--

,_ 
_,_ 

r--- -1--1--,_ 

1A 1.2 

Tfo•l 

Tfol 

10 
SLIP 

r--

~ 

-r-

r-

-r-

r-

....... 

....... 

r-

1--~-o. 

1--1--

0.8 

{14-68) 

= stall torque with full motor 
excitation 

= synchronous speed 

= rated reference voltage 
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fig. 14-24 Torque-speed curves of a 2-phase servomotor. 

By permission from Electric Ma chinery, by A. E. Fitzgerald and 
Charles Kingsley, Jr., Cop~-right. 1952. McGraw-Hill Book Com­
pany, Inc. 
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The nondimensional gain and damping con­
stants are plotted in Figs. 14-25, 14-26, and 
14-27. An approximate method of obtaining 
the damping constant oT/oO from the manu­
facturer's curve (which is almost universally 
made for full motor excitation) is to divide 
the damping by two (damping measured at 
stall and with rated motor excitation). The 
resultant damping is pertinent for low con­
trol-winding voltages. The torque gain can 
be derived from the manufacturer's curve by 
dividing the stall torque at full excitation by 
the full excitation voltage. Stall torque is 
theoretically and actually linear with applied 
voltage. 

14-3.10 Alternatives. If more partial­
coefficient information is desired, obtain the 
torque-speed curves for the motor to be used, 
measured at full and also at partial excita­
tion. These curves can be obtained from the 
manufacturer or measured by the designer. 
The desired partial derivatives can be meas­
ured from these curves. A third method is to 
obtain the curves by calculation from the 

t 2.0 

\l ~ 1.5 

.., 
z: 
a:: 
~ 1.0 0 
..J -c 
! 

I 0.5 
i5 
:z: 
0 :z: 

nL-----~----~----~----~--_j 
0.2 0.4 0.6 0.8 10 

CONJROLVOLJAGE ---.. 
RATEDREFERENCEVOLJAGE 

Fig. 7 4-25 Damping factor for motor having 

torque-speed curves shown in Fig. 74·24. 
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Fig. 74-26 Damping factors for some typical motors, 

taken with zero speed, n/n sync= 0. 
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curve for full, rated excitation. This calcula­
tion can be performed by using symmetrical 
component voltages. It is necessary to have 
the torque-speed curve for negative as well 
as positive speeds. The manufacturer's curve 
for positive speeds can be extrapolated to 
negative speeds by assuming a power-series 
representation of the given nondimensional 
torque-speed curve : 

T* = a0 + a 1n* + a~n* 2 + a:~n*~ + a4nH 

(14-69) 
where 

T* = T/Tma.c 

The "a" coefficients can be evaluated by 
choosing five points on the given curve and 
finding a set of a's consistent with these 
five values. For less accurate results, the 
higher-power coefficients can be discarded. 

14-3.11 Torque at partial excitation. The 
torque at a given speed, with less than full 
rated excitation, is found by subtracting the 
partial torque due to the voltage set which 
causes backward rotation from the torque 
due to the forward set. If the voltages Vo and 
V1 (Fig. 14-28) are found by the equations 
in the figure, the torque at speed n 1 * is given 
by 

where 

T* 
fc~l 

(14-70) 

=per unit torque Trrt evaluated at 
TmaJ' 

forward speed n7 
= per unit torque evaluated at back­

ward speed n7 

The values of r,: 1 and T!~1 for n* of 0.4 
are shown in Fig. 14-24. The relationship be­
tween stall-torque damping at zero control 
voltage and at full control voltage may thus 
be determined. This relationship permits cal­
culation of the inherent motor damping for 
zero or small control-field voltages, using the 

IN lHIS EXAMPLE RAlED r CONTROL VOLTAGE~ RATED 1.0 REFERENCE-WINDING VOLTAGE 
REFERENCE VOLTAGE R .. TED VOLT AGE ~-

(iDENTICAL WINDINGS) 

UNBALANCED SET 

• 
0.5 ~ e• ~ CONiRGL.-WINDING VOL TAG a 

RATED VOLIAGE 

10.75 

~ o:( 0.25 I 0.75 "':...._:...._ ____ ... 
Vb, ~~~ g~~~~~TAGE V., PER UNIT VOLTAGE 

SET CAUSING 
FORWARDTORQUE REVERSE TORQUE 

FORMULAE: V, ~ r t e• v - 1- e • 
b ~-2-

Fig. 14-28 Illustrating the forward and backward 

sets of voltage derived from an unbalanced 

excitation for a 2-phase motor. 

full-excitation curve furnished by the manu­
facturer as a basis. 

14-3.12 Nondimensional damping. Fore* = 0 
and V1 = Vb = 0.5, the nondimensional damp­
ing will be the total damping due to both the 
forward and backward components: 

-gT* ar: -gr; 
on'~'-= ~ + -on'''· (14-71) 

where 

(0.5F oT7,o + (0.5)~ oT;,_o 
an* on* 

= 0.5 oT;eO 
on* 

(14-72) 

(14-73) 

= full-excitation stall torque at zero 
speed 
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T* fe-0 

= full-excitation stall torque at neg­
ative zero speed 

T* = T* (1'0 fe-0 

aT*,,." = full-excitation nondimensional CO-

on* efficient measured at stall 

The dimensionalized dam ping constants at 
zero excitation and full excitation are also 
related by a factor of 0.5. 

14-3.13 Motor equations. The motor equa­
tions are 

T =Tr~ +Jswm +Bwm 

K 111E-B111 Cu 111 = T1, +Jswm + Bw111 

where 

(14-74) 

(14-75) 

Km dimensionalized torque gain 

Bm dimensionalized damping 

E 

CONTROL FIELD 
VOLTAGE 

AVAILABLE 
MOTOR 

TORQUE 
T 

J total inertia referred to the motor 
shaft 

TL - load torque referred to the motor 
shaft 

B 

T 

viscous-friction constant associated 
with the load 

motortorque 

motor-shaft speed 

The factor E is the control-field voltage when 
the amplifier internal resistance is substan­
tially lower than the motor impedance. Al­
ternatively, when the motor partial deriva­
tives have• been measured with the motor 
driven by its amplifier, E is the amplifier 
voltage input and Km includes amplifier gain. 
Figure 14-29 shows the block diagrams cor­
responding to the equations. 

MOTOR-SHAFT 
LOADTORQUE 

TL 
MOTOR-SHAFT 

[!]
_,!ED 

m -. 

'----n _.--------' 
~ :p 1 1/ (8 + P.,) I· "'m 

K,. T1 + I 
E 

T = J/(B + Bm) 

Fig. 74-29 Block diagrams of 2-phase motor and load. 
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TABLE 14-3 COMPARISON OF TYPICAL MOTORS 

Motor 1* 2* 3* 4* 5** 

) reference 115 115 110 115 115 
Rated voltage 1control 150-300 115 110 115 115 

Frequency (cps) 400 400 400 400 60 

Number of poles 8 8 4 4 2 

Synchronous speed (rpm) 6000 6000 12,000 12,000 3600 

Total weight (oz) 13.55 14.24 14.39 13.33 25 

Rotor weight (oz) 0.91 - 1.13 0.89 -

Rotor inertia (gram-em') 4.17 5.26 9.83 3.82 14.1 
(oz-in?) 0.0228 0.0288 0.0537 0.0209 0.077 

Torque/inertia ratio 
(stall) ( 1/sec") 33,100 17,500 7630 46,000 27,600 

Winding impedance (ohms) 
500 + j1050 485+ jll30 870 +j745 300 + j370 720 + j330 stall 

{no load 270+j1240 212 + j1230 435 + j1490 170 + j550 430 + j860 

f stall Z= 670 same as same as same as same as 
re {no load control control control control 

Max power output 
watts 2.6 1.7 3.1 6.1 5.5 
at speed 3300 3200 6800 5400 2100 

Rated control 
phase power {watts 7.7 5.0 8.5 17.2 6 
at stall milliamp 124 102 102 245 120 

Stall torque (oz-in.) 1.95 1.~ 1.06 2.49 5.5 
(a t full excitation) 

Inherent motor damping (see also 
Fig . 14-16) oz-in.-sec/rad 23 x 1o-• 1s x 1o-• 4.8 X Io-• 17 X 10-• 72 X 10-• 

(at full excitation) 

Torque-to-inertia ratio 
sync speed 

( 1/sec) 52.7 27.9 12.1 36.6 73 

"""'JWoa 
( OZ·i~) 

sec' 
6.4X 10' 2.25 X 10' 0.003 X 10' 11.4 X 10' 15.2X 10' 

Figure of Merit"""" (1/sec) 72 34.4 3.9 53.7 80 

*From Kaise r <'") 

** From manufacturer's data 

'' **From Ferrell<16! 
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14-3.14 FIGURE CF MERIT 

Several methods for determining a Figure 
of Merit have been proposed for servomotors. 
The three most common are: 

(a) Torque-to-inertia ratio. In comparing 
motors, it is necessary to reduce motors to a 
common speed base by dividing by synchro­
nous speed. 

(b) Gain-bandwidth. This Figure of 
Merit<16 > is the product of bandwidth and the 
square root of the power-transmission effi­
ciency. The bandwidth is taken as 2/m/J., the 
power output Po is T.~/4/,., and the power in­
put PIC is the quotient of the control-winding 
voltage (squared) divided by the control­
winding impedance (real part). The Figure 

. of Merit becomes 

Figure of Merit = 21•" Pn 
Jm PIC 

where 

T, stall torque 

fm damping factor= Em 

J m motor-rotor inertia 

(c) Torque-to-inertia ratio divided by base 
(synchronous) speed. This Figure of Merit, 

proposed by Harris07) and Newton,08 l uses 
the ratio of peak motor torque (squared) to 
inertia, divided by the base (synchronous) 
speed. 

14-3.15 COMPARISON CF TYPICAL 
MOTORS 

Table 14-3 is a summarization of a survey 
of some typical motor characteristics. <WJ The 
report from which this data was taken is 
also the source of data used to plot Fig. 
14-26. An additional tabulation can be found 
in Ahrendt. <~ 1 l 

14-4 HYDRAULIC MOTORS 

14-4.1 INTRODUCTION 

Hydraulic motors or actuators are of two 
general types: those producing a linear or 
translatory motion and those whose output 
is rotational. Either type may be supplied 
from a variable-output source. Sources are 
either control-valve amplifiers (see Par. 13-
6) or variable-displacement pumps. A vari­
able-displacement motor with a constant sup­
ply pressure source could also be used. Such a 
device would provide a torque source which, 
if used with an inertia load, would provide a 
system with an infinite velocity constant. Of 
course, suitable stabilization would be re­
quired in the hydraulic amplifier used to 
stroke the motor or in the stage preceding 
the hydraulic amplifier. Use of such a system 
is not wide-spread at the present time. 

Linear hydraulic motors may be divided 
into single-ended (spring-opposed) and dou­
ble-ended types. Rotary hydraulic motors 

used in servomechanisms are generally of 
the positive-displacement type. Piston motors 
of either radial or axial construction and 
ball-piston motors are used. Vane-type motors 
are used where relatively large leakage is 
tolerable. A single-vane rotary motor of lim­
ited travel is useful if restricted rotary mo­
tion is needed. 

14-4.2 STATIC CHARACTERISTICS CF 
PISTON-TYPE ROTARY MOTORS 

The static behavior of the piston-type ro­
tary motor may be seen by simplifying the 
motor flow and torque equations. These equa­
tions, in Laplace notation, are 

Q(s) = Q,(s) +Qc(s) + Dmw(s) 

T(s) = DmP(s) 

Ql (s) = LmP(s) 

Qc(s) = Vm sP(s) 
e 

(14-76) 
(14-77) 

(14-78) 

(14-79) 
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where 

Q total flow to the motor, in in.a /sec 

(1) 

T 

p 

T,, 

leakage flow, in in.ajsec 

compressibility flow, in in.3/sec 

motor speed, in rad/sec 

torque produced by motor, in in.-lb 

differential motor pressure , in 
lb/in.2 

load torque , not including viscous 
torque , in in.-lb 

motor displacement, in in.3/rad 

motor leakage coefficient, in in. 5 jib­
sec 

viscous damping of motor rotor, in 
in.-lb-sec 

volume of oil under compression in 
motor, in in.3 

bulk modulus of fluid , in lb/in.2 

J ~ motor-rotor inertia, in in.-lb-sec2 

The steady-state equations are found by let­
ting s be zero. Then 

Q= LmP + D,w 

or 

w =!l__-~ T 
Dm Dm2 

(14-81) 

It is convenient to nondimensionalize Eq. 
(14-81) before plotting it. Thus 

w= 

(1) 

or 

_I__ - _g_ - (1) 

T.IU.t Q .li .Lt WJIAX 

(14-82) 

smce 

wJ1.u =Q.JrA~no-load flowvs speed relation) 
Dm 

and 

D 2 
TMAX = L: w.u.u: (the stall torque) 

A plot of Eq. (14-82) is shown In Fig . 14-30. 

The analogy between the constant-displace­
ment motor and the electric shunt motor has 
been pointed out by Chu and Gould(~3 > and is 
shown in Table 14-4. Although the analogies 
shown are not the ones most often used in 
elementary physical reasoning , they are 
proper and lead to an identical mathematical 
form for the block diagrams and equations 
of electrical and hydraulic transmissions . 
Compare the expression for speed in Eq. 
(14-81) with that in Eq. (14-76). 

1638 
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CONTROL FLOW Q/ QMA X ~ 1.0 

SPEED .,,.,MAX 

fig. 14-30 Torque-speed curves, constant­

displacement hydraulic motor. 
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TABLE 14·4 ANALOGOUS PARAMETERS OF 
CONSTANT-DISPLACEMENT HYDRAULIC 

MOTOR AND ELECTRIC SHUNT MOTOR 

Hydraulic Motor Electric Shunt Mot01 

Total flow, Q Terminal voltage, V 

Leakage flow, LmP Resistance drop, IR 

Compressibility flow, Inductance drop, 
v dP L dl 
(3 dt dt 

Pressure, P Current,/ 

Displacement, Dill Motor constant, Kill 

14·4.3 STATIC EQUATIONS OF 
TRANSLATORY MO~ 
(MOVING PISTON) 

The equations pertinent to the piston are 
given in Par. 13-6. Transfer functions, relat­
ing input motion to the hydraulic amplifier 
to the output piston motion, are also pre­
sented in Par. 13-6. The static equations of 
the motor itself are 

Q 

F 

where 

Q = total flow into cylinder 

(14-83) 

(14-84) 

LP leakage coefficient (piston-cylinder 
wall leakage) 

AP area of piston 

V - velocity of piston motion 

F = force available to do work 

P = pressure difference across the piston 
load 

Note that AP is similar to Dn, and that Lp, the 
piston leakage coefficient, is similar to L'", the 
motor leakage coefficient. Thus 

F Q V ---- = ----------- (14-85) 
FM.4X QJ£.4.\: 

where 

Q =total flow 

Q,,,., = flow with zero load force. 

V.~Eu =maximum velocity= Q.~E.u/AP 

The plot of Eq. (14-85) is identical with 
that of Eq. (14-82) shown in Fig. 14-30 if 
torque is replaced by force and rotary speed 
is replaced by linear velocity. 

14·4.4 DYNAMIC BEHAVIOR OF HYDRAULIC 
TRANSMISSIONS 

The combination of rotary pump and 
motor, termed the hydraulic transmission, is 
discussed in Par. 13-6, where its equivalent 
hydraulic circuit, equations, and block dia­
gram are given. Transfer functions available 
in Par. 13-6 are summarized in Table 14-5. 

Typical dynamic and static performance 
data on transmissionsn8 > are summarized in 
Tables 14-6 through 14-10. Each transmis­
sion consists of a variable displacement hy­
draulic pump and a fixed displacement hy­
draulic motor. Weights and operating pres­
sures are summarized in Table 14-6. 

The compressibility effect in the case of 
the rotary motor is relatively constant as far 
as load motion is concerned, since quite a 
few motor revolutions occur for normal load 
travel and each revolution averages a num­
ber of cylinders. However, the compressibil­
ity effect in the case of the piston and cylin­
der is different since, from one extreme of 
piston movement to the other, the volume of 
oil under compression (V,,) varies from per­
haps 0.1 to 0.9 of the total net cylinder 
volume. The result is a nonlinear equation, 
since V'" = (Xo ± x) A. To han.dle the prob­
lem analytically, an analog computer study 
may be made or else the equation may be 
linearized about some average value other 
than the centered one. 
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TABLE 14-5 REFERENCES TO TABLE LISTING HYDRAULIC TRANSMISSION 
TRANSFER FUNCTION 

Source Load Refer to Table 

Rotary pump rotary motor 13-17(a) 

Rotary pump translatory motor (spring-opposed) 13-17(b) 

Rotary pump translatory motor (not spring-opposed) 13-17(a) 

Spool valve translatory motor (spring-opposed) 13-16(a) 

Spool valve translatory motor (not spring-opposed) 13-16(b) 

TABLE 14·6 TRANSMISSION DATA- HYDRAULIC PUMPS 

Item Information Units Transmission I Transmission II Transmission III 

1 apr.rox power hp 4.5 2.2 8.5 

Jspeed rpm 4500 3500 1750 
at pressure psi 1250 1200 2000 

[stroke deg 25 10 30 

2 weight dry lb 27, double 16.6, complete 30 (catalog 
pump unit with transmission value) 
auxiliaries (measured) 
(approx) 

3 maximum rated pressure ? psi 1000 1200 2000 

4 maximum displacement in."/radian 0.0509 0.0332 0.153 
at stroke deg 25 10 30 

5 volume subject to high in." 0.62 only total oil 1.71 
pressure vol known 

6 minimum cylinder in." 0.0117 0.0399 0.019 
clearance (estimated) (estimated) (estimated) 

7 total leakage ?? in.'/sec 0.22 at 1000 psi only over-all 0.4 at 1000 psi 
leakage 0.8 at 2000 psi 
known 

tMaximum rated pressure for continuous ope ration for normal life . 

!!Leakage a t operating speed with fluid described in Table 14-8 . All leakage data is approximate . Manufacturer's information 
used except for Transmission 1I where measurements on unit were made. All leakage data compensated for viscosity and tem­
pe rature deviations . The breakdown of total leakage into direct and differentia l for Transmiss ion 1 is estimated. 

Adapted by permission from the .Journal of Th-. Franklin 
Institute. Volume 2H. No. 6, June, 1947, from a rticle entitled 
'Hydraulic Variable -Speed Transmissions as Servomotors', by G. 
C. Newton, Jr . 
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TABLE 14-7 TRANSMISSION DATA- HYDRAULIC MOTORS 

---
Item Information Units Transmission I Transmission II Transmission III 

---
1 'Pi;" pow" 

hp 4.3 6.5 26 
speed rpm 3600 3600 2200 

at pressure psi 1250 1200 200 
stroke deg 30 30 30 

2 weight dry lb 2.5 (measured) see pump 30 (catalog 
value) 

3 maximum rated pressure? psi 1000 unknown 2000 

4 maximum rated speed? rpm 3600 unknown 2200 

5 displacement in.'/radian 0.0602 0.0954 0.384 
at stroke deg 30 30 30 

6 volume subject to high in.3 0.22 only total oil 2.52 
pressure vol measured 

7 total leakage?? in."/ sec 0.22 at 1000 psi only over-all 0.6 at 1000 psi 
leakage 1.2 at 2000 psi 
known 

8 inertia in.-lb-sec2 0.000669 0.00144 0.0147 

radian (measured) (estimated) (estimated) 

tMaximum rated speed and pressure for continuous operation for norma'l life. 

t\Leakage at operating speed with fluid described in Table 14-8. All leakage data is approximate . Manufacturer's information 
used except for Transmission II where measurements on unit were made. All leakage data compensated for viscosity and tem­
perature deviations . The breakdown of total leakage into direct and differential for Transmission I is estimated. 

Adapted by permission from the Journal of The Franklin 
Institute. Volume 243, No. 6, June. 1947, from article entitled 
'Hydraulic Variable-Speed Transmissions as Servomotors', by G. 
C. N ewton, Jr. 

TABLE 14-8 TRANSMISSION DATA- FLUID 

Item Information Units 

1 viscosity centistokes 

2 specific gravity 

3 compressibility? in!/lb 

Adapted by pennission from the Journal of The Franklin 
Institute. Volume 243, No. 6, June . 1947. from a rticle entitled 
'Hydraulic Variable-Speed Transmissions as Servomotors', by C. 
C. Newton, Jr. 

Transmission I 

7.5 at 158°F 

0.84 

4.0 X 10-• 
at 0-2000psi 

14-41 

Transmission II 

10 at 150°F 

0.84 (approx) 

4.0 X 10-• 
at 0-2000 psi 

Transmission III 

23 at 140°F 

0.84 (approx) 

4.0 X Io-• 
at 0-2000 psi 
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TABLE 14-9 TRANSMISSION DATA- GENERAL 

Item Information Units Transmission I Transmission II Transmission III 

1 pump operating speed rpm 4500 3500 3500 

2 ambient temperature "F 77 75 (approx) 68 (approx) 

3 fluid temperature "F 158 150 (approx) 140 (approx) 

4 replenishing pressure psi 50 (gauge) 35 (gauge) 50 (gauge, 
approx) 

5 load inertia in.-lb-sec" 0.0159 0.0648 1.80 

6 load damping in.-lb-sec negligible negligible negligible 

7 total output-shaft inertia in.-lb-sec' 0.0166 0.0662 1.81 

8 total damping in.-lb-sec 0.0093 unknown unknown 

9 total volume of high- in. II 3.84 1.65 31.0 
pressure oilt 

10 over-all leakage constant in.''/lb-sec 4.4 X 10-• 3.67 X 10-• 1.0 X IO-' 

11 approx max power hp 4.3 2.2 8.5 

!Slight differences in volumes (or lengths) of conduits, fi ttings, etc ., communicating with the two pump connections have been 
averaged so tha t the data represents the mean volume (or length) of a high-pressure oil path. 

Adapted by permission from the Journal of The Franklin 
Institute, Volume 243, No. 6, June, 1947, from a rt icle entitled 
'Hydraulic Variable-Speed Transmi ssions a s Servomotors', by G. 
C. Newton, Jr. 

TABLE 14-10 COMPARISON CF PREDICTED AND 
MEASURED PARAMETERS 

Parameter Transmission I 

1/wn predicted 5.27 X 10-2 

(sec/rad) measured 8.50 X 10-2 

~ 
predicted 0.153 
measured 1.14 

Adapted by pennission from the J ournal of The Franklin 
Institut e. Volume 243, No . 6, June, 1947, from article entitled 
'Hydraulic Variable-Speed T ransmissions as Servomoto rs', by G. 
C. Newton . Jr. 
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Transmission II 

4.35 X 10-2 

7.27 X 10-2 

0.226 
0.234 

Transmission III 

2.45 X 10-1 

2.84 X 10-1 

0.173 
0.332 
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The effect of air entrainment is discussed 
later in this chapter. Pressure-control valves 
lessen the compressibility effect since they, 
in effect, provide a pressure at the piston 
independent of the flow to the piston which 
includes, of course, compressibility flow. If 
pressure-control valves are to be successful 
in this function , they must behave as ideal 
pressure sources , dynamically as well as stat­
ically. 

14-4.5 APPROXIMATE DYNAMIC BEHAVIOR 
a= HYDRAULIC TRANSMISSION 

It is usually possible to neglect line inert­
ance, although this may not be the case if 
small diameter lines are used. (For the inert­
ance formula , see P ar. 13-6.27.) If the load 
has negligible damping and line inertance is 
neglected, then 

dr X(s) _ L.u: ( 1 + C.1rr 8 ) T(s) 
w(s) = D.lr D.u- L.JrP 

1 +2t- + -s ( s )!! 

where 

w.. = n.~~ 1 r-E­
v JV.lll' 

1 L VBJ 
=2 n.~~ v.~rr 

<u, m, 
(14-86) 

LJH' = total leakage: pump and motor 

C.Jrl' = total compressibility : pump, motor, 
and line 

V.1rr> = tptal oil volume: pump, motor, and 
line 

Typical values of ~ and w, are about 0.3 and 
20 radjsec, respectively, if the load inertia is 
substantially greater than the motor inertia 
and air entrainment is absent. (See Table 
14-10 for typical performance data.) 

14-4.6 PARAMETER EVALUATION FOR 
ROTARY MOTOR 

The essential parameters are leakage co­
efficient L,, compressibility coefficient C,,dis­
placement coefficient D, ,l}nd inertia J,. 

Leakage can be determined from static 
speed-torque curves once D, , is known. From 
Eq. (14-81), the slope of the speed-torque 
curve IS 

ow 
aT Dm:.! 

or, solving Eq. (14-87) for L, 

L, = D,~ ow 
aT 

(14-87) 

(14-88) 

The value of D,, is usually available from the 
manufacturer. If unavailable, it may be 
measured by causing the motor to act as a 
pump with zero terminal pressure drop . The 
flow Q at motor speed co is measured. Then 

D..,= t ( 14-89) 

If facilities for driving the motor are unavail­
able , measure the motor torque T and the 
pressure drop P across the motor while run­
ning the motor at a convenient constant 
speed. Then 

T 
D,=-

p (14-90) 

Leakage is a function of temperature, since 
it is inversely proportional to the viscosity, 
whose temperature dependence is shown in 
Par. 20-2. 

Compressibility depends upon the motor 
oil volume being compressed. This volume 
equals one half the displacement per revolu­
tion, d"" for the motor alone . The volume of 
connecting lines must be taken into account. 

Thus 

d, 
C,= 

2~ 
(14-91) 

where ~ is the bulk modulus of the fluid used. 
The effect of entrained air can be substantial, 
causing~ to increase by a factor of 5 to 10. 
(See Par. 13-6.27 for discussion. ) 

The motor inertia is usually available from 
the manufacturer. If not, it may be meas­
ured by a retardation run as described in 
Par. 14-2. 
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The load and gear inertia are reflected to 
the motor shaft. The numerical value of the 
reflected inertia at the motor shaft is ob­
tained by dividing the load and gear inertia 
by the square of the gear ratio between the 
motor and the point where the load or gear 
inertia occurs. 

14-4.7 PROBLEMS ENCOUNTERED WITH 
HYDRAULIC MOTORS 

The problems encountered with hydraulic 
motors are similar to those discussed under 
hydraulic amplifiers. Rotary-motor commuta­
tion causes a power loss proportional to the 
speed of rotation. The power is dependent 
upon position and gives rise to pressure pul­
sations observed as noise. <~•> 

Translatory motor or piston-end seals pre­
sent a problem. High packing pressure to 

prevent leakage to the atmosphere is accom­
panied by coulomb friction which appears 
as a nonlinear component of FL. Coulomb 
friction gives rise to a dead spot, since a 
certain pressure must be developed to over­
come this friction before any motion can oc­
cur. If stiction occurs (high breakaway fric­
tion), this may cause unstable operation. 
Analysis using describing-function or phase­
plane methods may be carried out. 

The nonlinear effect of piston compressi­
bility has been cited. Flexible hose, although 
convenient, is more elastic than steel tubing 
and may contribute to the total compressi­
bility coefficient (see Par. 13-6 for formulae). 
Long lines between the motor and the pump 
should be avoided to prevent standing waves 
of pressure. At the very least, the large v.IIP 

resulting causes both ~ and w to decrease. 
Such effects are generally undesirable. 

14-5 PNEUMATIC MOTORS 

14-5.1 PRINCIPAL TYPES 

A pneumatic motor is an air-operated de­
vice wherein a change in input air pressure 
produces a mechanical output motion. Pneu­
matic motors are of two basic kinds: trans­
lational and rotary. Current applications 
make wide use of the translational or linear 
motor. The principal types of translational 
motors are the capsule, bellows, diaphragm , 
ram, and piston. These types are shown func­
tionally in Figs. 14-31 through 14-35. In 
these figures, P, and W,are input load pres­
sure and flow respectively controlled by a 
pneumatic valve, and Y is the motor-shaft 
displacement resulting from an input to the 
pneumatic valve. All of the motors illus­
trated, except the piston, are single acting; 
i.e., air pressure is applied on one side only, 
and motion is opposed (or assisted) by a 
spring. Since only one source of pressure is 
needed, the single-acting motor can be oper­
ated from a three-way valve. The piston is 
operated with air at each end (with or with­
out springs) and hence requires the use of a 
four-way valve. 
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........ L.L.I-"-u..-,.Y 

rr77T"~I"T"l .......... 

NOTE: SPRING MAY BE OMITTED 

Fig. 74-32 Typical pneumatic bellows. 

P •• ':1 

(FROM VALVE) 

Fig. 7 4-33 Typical pneumatic diaphragm motor. 

Fig. 74-34 Typical pneumatic ram. 

SPRINGS 

NOTE: SPRINGS MAY BE OMITTED 

Fig. 7 4-35 Typical pneumatic piston. 

Capsules and bellows are used at the lower 
force levels. For highest sensitivity, the op­
posing spring is eliminated and the spring 
effect of the capsule or bellows provides the 
only opposition to the applied pressure. At 
the higher force levels, diaphragms , rams , 
and pistons are used. 

14-5.2 STATIC BEHAVIOR 

The static behavior of pneumatic motors 
is unaffected by the compressibility of air. 
The static behavior is identical with the 
static performance of translational hydraulic 
motors (see Par. 14-4.3). 

14-5.3 DYNAMIC BEHAVIOR 

The dynamic behavior of three-way valves 
combined with various translational motors 
is discussed in Par. 13-7.10. For small dis­
placements about an operating point where 
the load (motor) pressure has some average 
value, or for small step changes, it is possible 
to linearize the valve and motor behavior. 

The compressibility effect associated with 
the volume of air within the motor is non­
linear. It can be represented by the compres­
sibility flow We defined as 

dP 
Wc=C 

dt 
(14-92) 

where C = pg (~)or pg (l.:P), as ex-
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plained in Par. 13-7.13 and the symbols cor­
respond to those used in Par. 13-7. The com­
pressed volume V varies with output dis­
placement, and the pressure P varies with 
loading and input. The result is that Eq. 
(14-92) is nonlinear. For investigation of 
transient behavior associated with large 
changes , Eq. (14-92) together w ith the 
orifice equations should be represented on an 
analog computer. 

Stabilization of the valve-motor combina­
tion for the case of ram and piston motors 
can be aided by the use of tanks connected 
to each end of the cylinder by means of 
capillary tubes . This method has been re­
ported by Shearer <~ :; ) and is shown in Fig. 
14-36. 

14-5.4 DIFFICULTIES ENCOUNTERED WITH 
PNEUMATIC MOTORS 

The following difficulties are encountered 
in the use of pneumatic motors: 

(a) Capsules and bellows used without op­
posing springs are subject to the same limita­
tions as linear springs , namely saturation 
(nonlinear performance) and hysteresis . In 
addition, their spring constant is tempera­
ture sensitive . All of these effects are more 
serious in open-loop devices, such as measur­
ing instruments , than in closed-loop position­
ing systems. 

(b) Rams and pistons exhibit air leakage 
to atmosphere . The principal disadvantage 
of this leakage is the inherent inefficiency in­
volved. Various packing and sealing schemes 
are used to limit air leakage, but all produce 
a load force tending to oppose ram or piston 
motion. An approximation of the force re­
quired to preve nt air leakage may be found 
as follows: 

Consider a piston rod with the elementary 
packing gland shown functionally in Fig . 
14-37 and assume the packing to be a fluid . 
In order to prevent leakage, the gland must 
be tightened until the pressure in the pack­
ing is at least equal to or greater than 
(P2 - PJ). The packing will exert this same 

pressure on the shaft. The packing-material 
area that bears on the shaft is rrdL. The bear­
ing force F is 

(14-93) 

where 

F =packing-gland force opposing ram or 
piston motion, in lb 

P2 :::::cylinder pressure , in psi 

PRESS \ME 
TANr 

PRESSURE 
TANK 

Fig. 74-36 Typical piston and cylinder with 

stabilizing capillaries and tanks. 

SHAFT 

P 1 - PRESSURE OF SURROUNDING ATMOSPHERE 

P 2 • CYLINDER PRESSURE 

Fig. 14-37 Simplified packing gland. 
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P1 =pressure of surrounding atmosphere, 
m ps1 

d = diameter of shaft, in in. 

L = length of packing along axis of shaft, 
Ill Ill. 

c1 = coefficient of friction of packing mate­
rial, either sliding or static (values of 
c1 can be found in a standard mechani­
cal engineers' handbook or from man­
ufacturers' data) 

(Teflon and teflon-asbestos mixtures are good 
packing materials. They provide dimensional 
and thermal stability and have a low co-

efficient of friction -about 0.1 as compared 
with 0.4 to 0.6 for many common packing 
materials.) 

(c) The problem of maintaining seals is 
more difficult with air than with oil because 
air is a poorer lubricant and is more difficult 
to contain. 

(d) Manufacturing imperfections can re­
sult in rams and pistons being out of round, 
crowned, or tilted. All of these defects must 
be guarded against as they tend to cause 
excessive leakage or friction or both. 

(e) Differential thermal expansion may 
cause difficulty if it occurs between parts 
having close tolerances. 

14-6 MAGNETIC-PARTICLE CLUTCHES 

14-6.1 DESCRIPTION 

A magnetic-particle clutch uses a dry or 
liquid mixture of powdered iron particles 
and one or more other materials to transfer 
the torque from the driven member of the 
clutch to the load member. Silicon oil is often 
used as a vehicle for the particles. The parti­
cles are magnetized by an electromagnet coil 
that is usually imbedded in the load member 
(stator) of the clutch. The electromagnet 
coil is energized by a d-e control signal. When 
magnetized, the particles adhere to each 
other, forming a bond between the driven 
member (rotor) and the load member 
(stator) of the clutch. Examples of magnetic­
particle clutches are shown in Figs. 14-38 
through 14-41. 

14·6.2 METHODS OF USE 

Magnetic-particle clutches are reversible 
and can be used with almost any type of 
a-cor d-e drive motor. Where a nonreversible 
motor is used, output rotation in either direc­
tion can be achieved by using the dual­
clutch arrangement shown in Fig. 14-41. A 

linear relationship between clutch-coil cur­
rent and the transmitted torque can be ob­
tained by adjusting the bias current and 
avoiding operation near saturation. 

14-6.3 ADVANTAGES 

Magnetic-particle clutches have a very 
small inertia and therefore provide extremely 
large torque-to-inertia ratios in the order of 
5 00,000 radians/sec~. Magnetic-particle 
clutches are small and are adaptable to appli­
cations where several controlled motions are 
required in a restricted space, since one motor 
can drive many clutches. In addition, a mag­
netic-particle clutch can be used as a brake, 
or in a relay servo application, where it pro­
vides excellent performance. An additional 
clutch should be used as a brake in the relay­
servo dead zone. 

14-6.4 DISADVANTAGES 

The disadvantages of the magnetic-particle 
clutch are as follows: 

(a) Relatively short life expectancy when 
operated continuously at rated load. 
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(b) Particle separation. 
(c) Lubricant breakdown (some mag­

netic-particle clutches are designed to be 
operated without additive lubricants). 

(d) Particle oxidation (ratings of clutch 
must be held low enough to retard oxidation 
of iron particles which results in reduced 
torquejcurrent gain). 

PARAMAGNETIC 
SEPARATOR 

(e) Contamination of bearings by iron 
particles. 

(f) Deterioration of seals (various addi­
tives have been tried to overcome tendency 
for seals to deteriorate). 
The clutch is a dissipative device; i.e., con­
trol is achieved at the expense of a substan­
tial heat loss caused by clutch slippage. For a 

Fig. 14·38 Cross section of magnetic-particle clutch. 

B~· permiss ion from El.ectr011 ic1, \bl . 22, NoYember, 1949, from 
article entitled 'Magnetic Fluid Clutcb in Sen·o Alllllications', 
by G. R. Nelson. 
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CLUTCH GAP {OR DISC) 
CENTERING NUTS 

Fig. 7 4-39 Cross section of magnetic-particle clutch. 

By permission from T~amacti01U of til• AZEE, Volume 69, Part 
I. 1950. from article entitled ' C haracteristics of Some Magnetic· 
Fluid Clutch Servomechanism', by A. J. P a n:iale and P. D. 
Tilton. 
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BRUSH HOLDER DURAL SPACER 

CLUTCH 
GAP 0.015 IN. 

Fig. 7 4-40 Cross section of magnetic-particle clutch. 

By permission from Transactions of th e AlEE, Volume 69 , Part 
I. 1950, from article entitled 'Characteristics of Some Magnetic­
Fluid Clutch Servomechanisms', by A. J. Parziale and P. D. 
Tilton. 

OUTPUTGEAR 

CLUTCH 
DISC 

PRIME MOVER 
(CONSTANT SPEEDt 

SERVO OUTPUT 
(VARIABLE TORQUE) 

INPUT GEAR 

Fig. l4-4l Pictorial diagram of push-putt arrange­

ment of dual-clutch servomechanism. 

By permission from Transactions of th e AlEE, Volume 69, Part 
I, 1960, from article entitled 'Characteristics of Some Magnetic­
Fluid Clutch Servomechanisms'. by A. J. Parzia le and P. D. 
Tilton. 

torque TL transmitted to the load at half 
the prime-mover speed, the torque-speed at 
the prime mover is TLili·.u, in the load it is 
TLn/'_1//2, and in the clutch it is TrJh•11/2, the 
last amount appearing as heat. 

14-6.5 STATIC BEHAVIOR 

Figure 14-42 shows the torque-speed curves 
for a typical magnetic-particle clutch ; Fig. 
14-43 shows the torque-versus-coil current 
characteristic.< 26> The use of high-nickel steel, 
such as Allegheny 4750, is recommended for 
minimizing hysteresis. <27> 

A list of static properties of a line of com­
mercial clutches is given in Table 14-11. 
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Fig. 7 4-42 Typical static torque-speed curves 

for magnetic-particle clutch. 
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i 

VISCOUS DRAG 

• I CURRENT-

Fig, 14-43 Torque vs coif current of single 

magnetic-particle clutch. 

e ln K 
(T1S-t!l(T 2 s + l) 

VOLTAGE TO 
AMPLIFIER 

DRIVING COILS 
IN PUSH-PULL 

TORQUE 

+ 

lWIN CLUTCH 
OUTPUT POSITION 

Fig. 14-44 Block diagram for magnetic-particle 

clutch and preamplifier, inertia toad. 

14-6.6 DYNAMIC BEHAVIOR 

The steady-state torque shown in Fig. 
14-42 does not develop suddenly following a 
change in coil current. Instead , a finite length 
of time is required . Torque build-up can be 
approximated by a first-order time lag , the 
value of which depends upon whether cur­
rent is increasing or decreasing. Table 14-12 
lists typical time constants of some magnetic­
particle clutches as determined by several 
independent workers. C26-27,2s) 

14-6.7 Voltage-to-Position Relationship 

If two magnetic-particle clutches are used 
to drive an inertia load, as is the normal 
case, the voltage-to-position relationship will 
be as shown in block diagram form in Fig . 
14-44. The two time constants are generated 
by the existence of the primary coils, plus a 
loosely coupled shorting coil formed by the 
rotor structure . The torque build-up time 
constant attributed to the shorted turn is 
due to eddy currents in the clutch struc­
ture.C28> This constant is proportional to fliP 
for the steel used in the rotor . A small time 
constant can be achieved by using 2.5 per­
cent silicon iron. Magnetic clutches with a 
total time constant of 12 to 18 milliseconds 
(from the instant the signal is applied to the 
grids of the amplifier output stage to the in­
stant actual torque is produced by the clutch) 
are now claimed by clutch manufacturers . 
The existence of the double integration indi­
cates the possibility of achieving an infinite 
velocity constant and also the necessity for 
providing stabilization ;e.g., a tachometer or a 
cascade lead network. 

14-6.8 LIFE EXPECTANCY 

Manufacturers' claims and experiments by 
independent workersC28·29 > indicate that a life 
from several hundred to a thousand hours 
can be expected. Table 14-13 is a summary 
of results obtained with different magnetic­
particle mixtures. c~o> 
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POWER ELEMENTS AND SYSTEM DESIGN 

TABLE 14-11 PROPERTIES CF A TYPICAL LINE CF 
MAGNETIC-PARTICLE CLUTCHES 

Torque Production Normal 
Constant Unit Coil Coil Operating Maximum 
(lb-in./ Turns (wire Resistance Torque Torque 

amp-turn) size) (ohms) (in.-lb) (in.-lb) 

0.016 1200 (36) 80 0-0.5 1.5 

0.04 3500 (39) 700 0-2 3.75 

0.08 15,000 (43) 10,000 0-8 12 

0.3 3000 (38) 400 0-2 4 

0.5 10,000 (34) 2000 0-120 160 

2.0 1650 (25) 80 0-1000 2000 

Excitation Max. Allowable 
Maximum Torque-Inertia Power for Heat Dissipation 
Rec. Speed Ratio (clutch Max. Torque Due to Slippage 

(rpm) only) (rad/sec2) (watts) (watts) 

2000 350,000 0.5 5 

2000 440,000 0.7 10 

1500 200,000 1 15 

2000 440,000 0.7 10 

1500 200,000 10 60 

1000 20,000 13 500 

Inertia of 
Drag Torque Clutch Output Weight of 

At Zero Excitation Shaft Clutch 
(in.-lb) (lb-in.-sec2) (lb) 

0.2 4.5 X 10-6 0.34 

0.2 9 X 1()-6 0.45 

0.2 5.7 X 1()-6 0.95 

0.2 9 X 1()-6 10 

1.5 8.5 X lo-~ 7.5 

20 0.1 80 



TABLE 14-12 TYPICAL TIME CONSTANTS 

Source 
of Time Constant 

Data Clutch (millisec) 

clutch A, increasing current 120 

Reference (26) 
clutch A, decreasing current 80 

clutch B, increasing current 40 

clutch B, decreasing current 20 

increasing current to 1/3 rated 20* 

Reference (27) increasing current to 1/2 rated 15* 

increasing current to full rated 7* 

Reference (28) soft-iron core of variable size I 40-70 

*Refers to Tn, and equivalent dead time.!27) 
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TABLE 14·13 SUMMARY OF CLUTCHES USING VARIOUS MAGNETIC-PARTICLE MIXTURES 

Cake Clutching Action Torque,** (oz-in.) Duration? 
Forma- of Run 

Mixture tion Initial Final Initial Average Final (hr) Remarks 

Iron and acetylene black ............... none poor poor 156 95 171 41 Mixture packed causing sintering. '"'tl 
0 

Iron and boron nitride .................. soft good good 153 110 113 210 ~ 
m 
:;:c 

Iron and cadmium sulfide ........... none poor poor 120 95 72 30 Loss of mixture . Rough operation . m ,..... 
Iron and copper tin 

m 
~ 

phthalocyanine ......................... soft poor poor 174 70 30 97 Loss of mixture . Rough operation. m z 
Iron and graphite .......................... none good good 138 95 48 48 Mixture did not remain in gap. -t 

VI 

t- Iron and hi sil )> 
VI (s ilicon dioxide) soft good good 107 108 116 228 Uniform and smooth torque. z ~ ........................ 

0 
Iron and lamp black ...................... none poor poor 146 95 55.5 122 Rough clutching , gradu a l torque VI 

loss. -< 
VI 
-t 

Iron and lead oxide ........................ none poor poor 156 60 27 88 Continued torque loss. m 
~ 

Iron and molybdenum sulfide ...... soft good good 125 94 103 193 0 
m 

Iron and oil hard good poor 120 102 78 12.5 Mixture was dry and packed when VI 
......... . ..... .. ................... 

clutch was disassembled. G) 
z 

Iron and santocel none good good 133 90 77 234 Gradual torque loss stabilized at 
(silicon dioxide) .................... low value. 

Iron and silicon dioxide ...... . ....... none good good 141 130 110 327 

Iron silver coated ............ none good poor 146 110 100 197 Coated by Brashear method. Coat-
ing wore off during operation. 

Iron and sodium nitrite ............... . hard poor 168 Extreme initial packing of mix-
ture. 



Iron sodium nitrite and 
molybdenum sulfide ... ...... ..... .. soft poor poor 

Iron sodium nitrite and zinc 
oxide ..... ... ····· ······· ····· ··· ···· ·· ·· ·· · non e poor poor 

Iron and spheron number 6 
(carbon black) ·················· ······· none poor poor 

Iron and stearic acid ···················· hard poor poor 

Iron and talc hard poor poor 

Iron and va por phase inhibitor hard poor poor 
260 (oxidation inhibitor) 

Iron and zinc oxide none good good 

Iron and zinc s tearate soft poor poor 

Iron and zinc sulfide soft good good 

*':' Measured at 0.8 ampere. t36 oz-in. torque at 1700 rpm. 

B~, permission from the Transa ction.'i of the AlEE, Volume 72. 
Part III, 1953, from article entitled ' InYCstigation of Ma gnetic 
Mixtu res for Clutch AJ!Jllication' , b~· W. P. Jones. 

123 

192 

IJ7 

132 

103 

120 

133 

165 

142 

63 3 18 

192 1 

55 52 200 

40 18 90 

55 54 37 

88 56 3 

118 123 429 

35 8 65 

105 77 204 

Loss of mixture . 

Extreme packing. 

Clutching action rou gh. 

Additive melted, adherin g to clutch 
surfaces. 

Rough clutching act ion. 

Loss of mixture . Volatilization of 
vapor phase inhibitor. 

Additive melted, adhering to clutch 
surfaces. 

Continued torque loss. 

"'0 

~ 
m 
;:lC 

m 
r­
m 
~ 
m 
z 
~ 
Ul 

c 
Ul 
m 
0 
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CHAPTER 15 

MECHANBCAL AUXILIARIES USED IN CONTROLLERS* 

15-1 GEAR TRAINS 

1 S · 1.1 PURPOSE 

Gear trains are most frequently used in 
controllers to transmit motion from the ser­
vomotor to the load with an appropriate 
change in speed. The transmitted power can 
range from a small fraction of a horsepower 
for instrument-type servomechanisms to sev­
eral horsepower for large gun or launcher 
drives. 

Gear trains are also used to transmit input, 
feedback, and error-signal information, when 
an advantage will be gained by this use of 
gear trains, as in a completely mechanical­
hydraulic servomechanism. In most cases, 
such gear trains transmit very small amounts 
of power. 

The discussion of gear trains will be con­
fined to gears with involute tooth form, be­
cause this tooth form is used almost exclu­
sively for engineering purposes. Other tooth 
forms which result in rolling action between 
meshing teeth have been made, but these 
special tooth forms are confined to very spe­
cial applications, and cutters for their manu­
facture are not normally available. 

15-1.2 DEFINITIONS 

The most important parts of a gear are 
defined in the following subparagraphs (Fig. 
15-1): 

•ByJ. O.Silvey 

(a) The p tch line or pitch circle of a gear 
is that circle which has the same tangential 
velocity as the pitch circle of a second gear, 
when the two gears are properly meshed and 
rotated together. The pitch circle is located 
slightly closer to the tops of the gear teeth 
than it is to the bottoms of the spaces be­
tween teeth. 

15-1 

(b) The pitch diameter of a gear is the 
diameter of the pitch circle. In bevel gears, 
it is the largest diameter of the pitch cone. 

(c) The circular pitch is the distance 
(normally expressed in inches) on the cir­
cumference of the pitch circle between cor­
responding points of adjacent teeth. Circular 
pitch is' equal to Jt times the pitch diameter 
divided by the number of teeth on the gear. 

(d) The diametric pitch is equal to the 
number of teeth on the gear divided by the 
pitch diameter. 

(e) The addendum is the radial distance 
between the pitch circle and the tops of the 
teeth. 

(f) The dedendum is the radial distance 
between the pitch circle and the bottoms of 
the spaces between the gear teeth. The de­
dendum of a gear is always slightly larger 
than the addendum to provide clearance for 
the cutter of generated gear teeth, and for 
the tops of the teeth of a mating gear. 

(g) The face width is the length of the 
teeth along the axis of the gear. 



PCN\ER B.BVENlS AND SVSTB\11 DESIGN 

PITCH DIAMETER 

PITCH 
CIRCLE 

AXIS 

PITCH 
CIRCLES 

CENTER DISTANCE 
c 

PRESSURE ANGLE .p 

-
I 

I---RADIAL I LINE 

BACKLASH 

Fig. 15-l Most important parts of a gear. 

15-2 

AXIS 
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(h) The pressure angle is the angle be­
tween a tangent to the tooth profile at the 
pitch circle and a radius to this pitch point. 
Pressure angle is also the angle of inclina­
tion of the sides of the teeth in the basic 
rack. 

(i) The center distance is the shortest dis­
tance between gear axes of a pair of mating 
gears. For gear pairs with parallel shafts, 
the center distance is the distance between 
axes. 

(j) The backlash is the play between mat­
ing teeth or the shortest distance between 
the nondriving surfaces of adjacent teeth. 

(k) The gear ratio of a pair of mating 
gears is the ratio of the number of teeth on 
the gear divided by the number of teeth on 
the pinion. 

15-1.3 GEAR TYPES 

The following five types of gears are in 
common use (Fig. 15-2) : 

(a) Spur gears (Fig. 15-2A) are used 
more in control work than any other type 
gear. They are the least expensive to manu­
facture, have high mechanical efficiency, and, 
except where the gear ratio is high, can be 
operated to either increase or decrease speed. 
Spur gear teeth are parallel to the gear axis, 
producing negligible thrust along their shafts 
when driven. Four spur-gear systems will 
satisfy most requirements. They are classi­
fied by pressure angle and tooth form, and 
have been standardized by the American 
Standards Association. (1) These four systems 
are as follows : 

(1) 14-1 /2-deg composite. Gears of this 
system are machined by milling one tooth 
space at a time, a series of eight cutters 
being required to cover the range between 
a 12-tooth gear and rack. Gears of the other 
three systems are machined by a hob or 
shaper. 

(2) 14-1/2-deg full-depth tooth. Gears of 
this system are usually produced by hob­
bing and have the same strength as gears of 
the composite system. However, full-depth 

pinions of standard proportions but with le:- s 
than 32 teeth will have the teeth undercut, 
and the undercut may become excessive for 
smooth operation of gears with less than 22 
teeth. 

( 3) 20-deg full-depth tooth. This system 
produces stronger gear teeth than the 14-1/2 
degree system. Teeth are produced by hob­
bing or shaping and are not undercut in 
gears with more than 18 teeth. Undercut 
may be excessive in gears with less than 14 
teeth. 

( 4) 20-deg stub tooth. This system pro­
duces the strongest teeth, which are hobbed 
or shaped. It also produces pinions with the 
least number of teeth without undercut. By 
increasing the diameter of the pinion above 
that specified by standard gear proportions, 
the undercut of small pinions can be reduced. 
The center distance of the gear pair must be 
increased to accommodate the larger-diameter 
pmwn. 

(b) Helical gears. The teeth of helical 
gears (Fig. 15-2B) are cut in the form of a 
helix on the pitch cylinder, the helix angle 
variable between widely separated limits. 
Some end thrust is developed when helical 
gears are driven. Helical gears operate 
quieter, and produce smoother action than 
spur gears of equal precision. However, heli­
cal gears are more expensive to produce. 
When helical gears are mounted with their 
shafts at right angles to each other, they are 
called spiral gears, or crossed helical gears. 
Two side-by-side helical gears, with equal 
pitch diameters and equal but opposite heli­
cal angles, comprise a herringbone gear. Such 
a gear can be cut in a single piece of stock, 
or it can comprise two separate gears 
mounted together (side-by-side as a unit) 
on the same shaft. Herringbone gears trans­
mit no thrust to their bearings because the 
thrusts of the two helical gears are equal but 
act in opposite directions. 

15-3 

(c) Internal gears. The primary uses for 
internal gears (Fig. 15-2C) are as clutches, 
splines, and as components of planetary-gear 
systems. 
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(d) Bevel geum. These gears (Fig. 15-2D) 
are mounted with their shafts at an angle 
to each other. When the gear ratio is unity, 
and the shafts are at an angle of 90°, bevel 
gears are called mitre gears. The teeth of 
bevel gears may be straight or helical, either 
type always producing end thrust when 
driven. To change the gear ratio of bevel 
gears, both gears of a pair must be changed. 

(e) Worm8 and worm gears. Worms and 
worm gears (Fig. 15-2E) are mounted with 
their shafts at right angles to each other. 
The worm may have a single thread or sev­
eral threads. Worm-and-gear systems are 
often used to obtain a large speed reduction 
in a small space, but the mechanical efficiency 
is low because the action between teeth is of 
a sliding nature, instead of rolling. Normally, 
worm drives can only be driven by rotating 
the worm, not by rotating the gear, be::ause 
of the low helix angle of the worm. 

15-1.4 DESIGN FUNDAMENTALS<3 > 

The subsequent paragraphs cover in some 
detail the following design fundamentals: 
backlash, dynamic load, gear accuracy, beam 
strength of teeth, Y factor , margin of safety , 
and limit load for wear. Equations and tables 
are supplied to supplement the descriptive 
text. The presented method of computing 
permissible gear load is adequate for the 
great majority of gearing problems encoun­
tered in control systems. If extremely small 
size or high speed is required in a gear train, 
other methods, such as those employed by 
Almen, <27 > McFarland, <28 > and others should 
be used. In general , the design of such gears 
requires a great deal of experience and should 
be done by a gear expert. 

1 5-1.5 Backlash 

Backlash between meshed gears is the gap 
or clearance required between nondriving 
surfaces of adjacent teeth to prevent bind­
ing. High-speed gearing requires more back­
lash than low-speed gearing. If appreciable 
heat is generated by the gears , enough addi­
tional backlash must be provided to permit 
thermal expansion of the gear material. In 
any gear-train design, the backlash between 

gear pairs must also be great enough to pre­
vent binding due to eccentricities of the bear­
ings, shafts, and gear-pitch circles. Backlash 
standards for general-purpose spur gearing 
have been established by the American Stand­
ards Association, <2•3•4> and a method of speci­
fying backlash in fine-pitch gearing has also 
been adopted.<"> 

The required amount of backlash can be 
obtained by cutting the teeth thinner than 
the theoretical optimum dimensions. This is 
achieved by cutting the teeth deeper than 
normal. In most cases, the teeth of each gear 
of a mating pair are cut thinner by an 
amount equal to half the required backlash 
to retain as much strength as possible in 
each gear. However, where small pinions are 
used, all of the backlash should be obtained 
by cutting the teeth of the mating gear thin­
ner by an amount equal to the total required 
backlash. The excess depth of cut X to pro­
vide the required backlash when both gears 
are cut deeper is 

~ (forbothgears) 
4 Slll cp 

(15-1) X= 

and, when only one gear is cut deeper 

X= B . (one gear only) 
2 Slll cp 

(15-2) 

where 

B = amount of backlash, in in. 

X= excess depth of cut to provide back­
lash, in in. 

4 = pressure angle of generating tool 

15-1.6 Dynamic load 

The maximum momentary load set up by 
the operating or dynamic conditions is called 
the dynamic load and is given by 

Wa = 0.05V (Fe+ W) + W 
0.05V +yFC + W 

where 

(15-3) 

W 33,000 HP l 1" d l d . = V = tota app 1e oa , m lb 

wd =total dynamic load, in lb 
(15-4) 

15-5 
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V = pitch-line velocity, in fpm 

HP =number of horsepower transmitted 

C =deformation factor (see Table 15-1) 

F = face width of gears, in in. 

For planetary and differential gear trains, 
the velocity of actual tooth engagement must 
be used to determine the amount of dynamic 
load. For. materials not listed in Table 15-1, 
the value of deformation factor C may be 
determined as follows : 

C _ 0.107e (for 14-1/2-deg tooth 
- 1 . 1 form) 
-+-E, E~ 

(15-5) 

C= O.llle (for 20-deg full depth 
_1_ + _l_form) 
E1 E~ 

(15-6) 

C _ 0.115e (for 20-deg stub tooth 
- 1 1 form) -+-E, E2 

(15-7) 
where 

e = error in action, in in. 

E, and E, = modulus of elasticity of mate­
rials 

To solve Eqs. (15-5) through (15-7) the 
error in action e of the gears must be known. 
Judging from test results, the error in action 
on well-cut commercial gears ranges from 
about 0.002 inch on gears of 6 dp (diametric 
pitch) and finer, to about 0.004 inch on gears 
of 2 dp. When the gears are cut with great 
care, these errors are reduced. On ground 
gears made with extreme care, as well as on 
cut gears where every effort is made to 
achieve the utmost accuracy, the errors are 

TABLE 15-1 VALUES 0 F DEFORMATION FACTOR C 

Tooth Form 
Material (deg) 

Cast iron and cast iron 14-1/2 
Cast iron and steel 14-1/2 
Steel and steel 14-1/2 

Cast iron and cast iron 20 (full depth) 
Cast iron and steel 20 (fulldepth) 
Steel and steel 20 (fulldepth) 

Cast iron and cast iron 20 (stub) 
Cast iron and steel 20 (stub) 
Steel and steel 20 (stub) 

Adapted from Marnwl of Gntr Design, Vol. II, by Earle Bucking­
ham, The Industrial Pr·ess, Ne'" York City, '"ith permission. 

0.0005 

400 
550 
800 

415 
570 
830 

430 
590 
860 

15-6 

Error in Action (in.) 

0.001 0.002 0.003 0.004 0.005 

800 1600 2400 3200 4000 
1100 2200 3300 4400 5500 
1600 3200 4800 6400 8000 

830 1660 2490 3320 4150 
1140 2280 3420 4560 5700 
1660 3320 4980 6640 8300 

860 1720 2580 3440 4300 
1180 2360 3540 4720 5900 
1720 3440 5160 6880 8600 
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reduced to even smaller amounts. The fore­
going conditions of error in action are listed 
in Table 15-2 and are designated as Classes 
1, 2, and 3. 

15·1.7 Gear Accuracy 

The noise of gear operation is usually a 
very good indication of gear accuracy. Table 
15-3 gives some idea of the order of accuracy 

required at different pitch-line velocities, and 
should serve as a guide for selection of the 
proper class of gear to meet specified speed 
conditions. Where extreme quietness of gear 
operation is required, a higher order of ac­
curacy than shown in the table will be re­
quired. However, the values in the table 
should keep operating noise and the intensity 
of the dynamic load within reasonable limits. 

TABLE 15·2 MAXIMUM ERROR IN ACTION BETWEEN GEARS AS A 
FUNCTION CF CLASS 

Diametric 
Pitch Class 1 

1 0.0048 

2 0.0040 

3 0.0032 

4 0.0026 

5 0.0022 

6 0.0020 
and finer 

Adapted from Manual of Gear D esign, Vol. II. by Earle Bucking­
ham, The Industria l Press, New York C ity, ,,..ith permission. 

Class 2 

0.0024 

0.0020 

0.0016 

0.0013 

0.0011 

0.0010 

TABLE 15·3 MAXIMUM ERROR IN ACTION BETWEEN GEARS AS A 
FUNCTION a= PITCH LINE VELOCITY 

v Error I (ft/:in) 
Error 

(ft/min) (in.) (in.) 

250 0.0037 1500 0.0019 

500 0.0032 1750 0.0017 

750 0.0028 2000 0.0015 

1000 0.0024 2250 0.0013 

1250 0.0021 2500 0.0012 

Ada pted fr om MttTtuttl of (;t!aT /)t:s·o n, Vol. II, by E a rle Buckinp:­
ham, The Industrial Press, New York City, ,,..ith permission. 

v Error v 
(ft/min) (in.) (ft/min) 

2750 0.0010 4500 

3000 0.0009 5000 
and 

3250 0.0008 over 

3500 0.0007 

4000 0.0006 

15-7 

Class 3 

0.0012 

0.0010 

0.0008 

0.0007 

0.0006 

0.0005 

Error 
(in.) 

0.0006 

0.0005 
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15-1.8 Beam Strength of Teeth 

To calculate the beam strength of the gear 
teeth, the Lewis equation can be used to 
determine the safe static strength. 

( 15-8) 

where 

W, =safe static beam load on teeth, in lb 

p = circular pitch, in in. 

F ='face width, in in. 

St =safe static bending stress for mate­
rials, in psi 

y = tooth form factor 

Values of y for various tooth forms are given 
in Table 15-4. The flexural endurance limit 
of a gear material will give a satisfactory 
value for the safe static bending stress St. 

Fatigue tests on steel indicate that this en­
durance limit follows the Brinnell hardness 
number quite closely. Endurance limits are 
listed in Table 15-5. The static beam strength 
of the gear tooth should always be greater 
than the dynamic load; thus 

wb = 1.25 wd for steady loads (15-9) 

wb = 1.35 wd for pulsating loads (15-10) 

wb = 1.50 wd for shock loads (15-11) 

where 

wb =safe static beam load on teeth, in lb 

W d = total dynamic load, in lb 

These values should be modified when found 
desirable by experience. 

15-1.9 limit load for Wear 

The limit load for wear depends upon the 
surface endurance limits of the materials, the 
radii of the curvature of mating profiles, and 
upon the relative hardness of the mating sur­
faces. A harder material in the pinion will 
cold-work the surface of the softer and more 

15-8 

malleable material in the mating gear, and 
will thus materially increase the surface en­
durance limit of the gear. The value of the 
limiting static load for wear should be equal 
to or greater than the value of the dynamic 
load, and is given by 

W,. = DFKQ (15-12) 

where 

W,. = limiting static load for wear, in lb 

D = pitch diameter of pinion, in in. 

F = face width, in in. 

K =load-stress factor 

Q = ratio factor 

For spur gears 

2Na Q 
Np+Nu 

For internal gears 

K 

where 

2N" 

s,.Jsincp 

1.400 

Na =number of teeth in gear 

NP =number of teeth in pinion 

q, = pressure angle of gears 

(15-13) 

(15-14) 

(15-15) 

sc = surface endurance limit of material, 
m ps1 

E, and E, =modulus of elasticity of mate­
rials 

Values of the load-stress factor K are given 
in Tables 15-6and 15-7forvarious combina­
tions of materials, taking into consideration 
the cold-working received in operation. The 
classification "cast iron" also includes the 
ordinary semi-steel. Some of the high-test 
and semi-steels, and other special alloys of 
cast iron, have a greater modulus of elasticity 
than cast iron. For these materials, the value 
of K and the value of the dynamic load W,1 

for such materials must be calculated directly 
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TABLE 15-4 VAUJES OF TOOTH FORM FACTORy FOR VARIOUS 
TOOTH FORMS 

14-1/ 2° Composite 20° Full Depth 20° Stub 
of Teeth and Involute Form Involute System Tooth System 

12 0.067 

13 0.071 

14 0.075 

15 0.078 

16 0.081 

17 0.084 

18 0.086 

19 0.088 

20 0.090 

21 0.092 

22 0.093 

24 0.095 

26 0.098 

28 0.100 

30 0.101 

34 0.104 

38 0.106 

43 0.108 

50 0.110 

60 0.113 

75 0.115 

100 0.117 

150 0.119 

300 0.122 

Rack 0.124 

Adapted from Manual of Gear Design. Vol. 11, by Earle Bucking­
ham, The Industrial Press, New York Citr, with permission. 

0.078 0.099 

0.083 0.103 

0.088 0.108 

0.092 0.111 

0.094 0.115 

0.096 0.117 

0.098 0.120 

0.100 0.123 

0.102 0.125 

0.104 0.127 

0.105 0.129 

0.107 0.132 

0.110 0.135 

0.112 0.137 

0.114 0.139 

0.118 0.142 

0.122 0.145 

0.126 0.147 

0.130 0.151 

0.134 0.154 

0.138 0.158 

0.142 0.161 

0.146 0.165 

0.150 0.170 

0.154 0.175 
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TABLE 1 5-S VALUES OF SAFE STATIC BENDING STRESS s, (psi) 

Brinnell Hardness 
Material 

Gray iron 

Semi-steel 

Phos. bronze 

Steel 

Steel 

Steel 

Steel 

Steel 

Steel 

Steel 

Manual of Goar ncsign.. Vol. II. by Earle Buckingham. The 
Industrial Press, New York City. with permission. 

from their own specific properties. The sur­
face endurance limit of gear material is a 
measure of the load limit in psi that the ma­
terial will tolerate before deformation oc­
curs. The values of surface endurance limit 
Sc for steel appear to vary quite consistently 
with the Brinnell hardness number up to 
about 400 Brinnel hardness. Values of sc for 
hardness numbers from 150 to 400 are listed 
in Table 15-6. When the Brinnell hardness 
number is much higher than 400, the steel 
does not appear to have a definite endurance 
limit. The values given in Table 15-7 are sug­
gested for use with steels harder than 400 
Brinnell hardness. Table 15-7 also gives 
values for the load-stress factor K for these 
harder steels. The load-carrying ability of a 
pair of metal spur gears, for example, may be 
limited by either the beam strength of the 
gear tooth, or by the surface endurance limit 
of the material. The lower of these two 
values should be used to establish the load­
carrying ability of any given pair of gears. 

Number St 

160 12,000 

190 18,000 

100 24,000 

150 36,000 

200 50,000 

240 60,000 

280 70,000 

320 80,000 

360 90,000 

400 100,000 

Spur gears designed to conform to the pre­
ceding requirements can be expected to op­
erate successfully with average loads. How­
ever, if heavy inertia loads are to be coupled 
rigidly to the gears, the dynamic load should 
be calculated in accordance with the method 
described by Buckingham. <s.s> 

Other types of gears such as internal, heli­
cal, bevel, and worm gears are used so infre­
quently in control work that the particulars 
of their design are not included here. If use 
of any of these types is contemplated, the 
follpwing references should be consulted : 

(a) Internal gears - Buckingham<aJ and 
Kent<•> 

(b) Helical gears -Kent<•l and 
Buckingham (0> 

(c) Bevel gears -Jones< 7l 

(d) Worm gears -Kent,<•> Bucking­
ham,«:) and Jones 
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TABLE 15-6 VALUES OF LOAD-STRESS FACTOR K FOR VARIOUS MATERIALS 

Material I Brinnell I Material 
in Pinion 'Number in Gear 

Steel 150 Steel 
Steel 200 Steel 
Steel 250 Steel 

Steel 200 Steel 
Steel 250 Steel 
Steel 300 Steel 

Steel 250 Steel 
Steel 300 Steel 
Steel 350 Steel · 

-
Steel 300 Steel 
Steel 350 Steel 
Steel 400 Steel 

Steel 350 Steel 
Steel 400 Steel 
Steel 400 Steel 

Steel 150 Cast iron 
Steel 200 Cast iron 
Steel 250 Cast iron 

Steel 150 Ph. bronze 
Steel 200 Ph. bronze 
Steel 250 Ph. bronze 

Cast iron I Cast iron 

M anual of Gear De3ign, Vol. II, by Earle Buckingham, The 
Industrial Press , New York City, '"ith permission. 

Brinn ell 
Number 

150 
150 
150 

200 
200 
200 

250 
250 
250 

300 
300 
300 

350 
350 
400 

15-11 

K K 
Se (14-1/2°) (20°) 

50,000 30 41 

60,000 43 58 
70,000 58 79 

70,000 58 79 
80,000 76 103 
90,000 96 131 

90,000 96 131 
100,000 119 162 
110,000 144 196 

110,000 144 196 
120,000 171 233 
125,000 186 254 

130,000 201 275 
140,000 233 318 
150,000 268 366 

50,000 44 60 
70,000 87 119 
90,000 144 196 

50,000 46 62 
70,000 91 124 
85,000 135 204 

I 90,000 I 193 I 284 
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TABLE 15·7 VALUES OF LOAD-STRESS FACTOR K FOR HARDENED STEEL 

10,000,000 Repetitions of Stress 

Brinn ell K K 
Number Sc (14-l/2°) (20°) 

450 188,000 421 575 

500 210,000 525 718 

550 233,000 647 884 

I 50,000,000 Repetitions of Stress 

450 147,000 257 351 

500 165,000 324 443 

550 182,000 394 544 

600 200,000 476 651 

Manual of Gear Design, Vol. JI, bv Earle Buckingham, The 
Industria l Press, New York City, ~ith permission. 

15-1.10 NONIDEAL CHARACTERISTICS OF 
GEARS AND GEAR TRAINS 

In many control applications , the nonideal 
characteristics of gears are of extreme im­
portance. In some applications , for example, 
the choice of gear trains is actually dictated 
by these characteristics . The subsequentpara­
graphs cover the following nonideal charac­
teristics :inaccuracies, friction, inertia, back­
lash, and compliance. 

15-1.11 Inaccuracies 

Three types of inaccuracies are present to 
some extent in all gears. <J) These inaccuracies 
are: 

(a) Departure of tooth form from the true 
involu te. The error in action figures given in 
Table 15-2 indicate the deviation from the 
true involute form that may be expected in 
actual production gears. Tooth errors of less 

I 

20,000,000 Repetitions of Stress 

Brinn ell K K 
Number Sr (14-1/2°) (20") 

450 170,000 344 470 

500 190,000 430 588 

550 210,000 525 718 

100,000,000 Repetitions of Stress 

450 132,000 208 284 

500 148,000 261 356 

550 163,000 316 432 

600 179,000 382 522 

than 0.0002 inch at the pitch line are diffi­
cult to achieve, and are obtained only by a 
high degree of accuracy in the machine on 
which the gears are cut. Often, however, such 
highly accurate gears are obtained from a 
routine production run by careful selection. 
In general , the more-precise profiles are ob­
tained only at increased cost. Most gears for 
use in control work can be obtained with 
tooth-profile errors of less than 0.001 inch, 
and gears of 20 diametric pitch or finer can 
be produced with tooth errors of less than 
0.0005 inch at little additional cost. 

(b) Errors .in tooth spacing. Tooth-spac­
ing errors are the result of indexing errors , 
and usually are a result of the inaccuracy of 
the machine on which the gear is cut. Gears 
with a maximum tooth-spacing error below 
15 seconds of arc are seldom produced, the 
usual maximum accumulated spacmg errors 
being about 3 minutes of arc. 
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(c) Eccent1'icity of the gear pitch circle. 
Eccentricity is produced primatily by errors 
in holding the gear blank in exact alignment 
while the teeth are being cut. Eccentricities 
can be held as low as 0.00025 inch on suit­
ably designed gears, but larger values should 
be specified as permissible if they are com­
patible with other design values. It should be 
remembered that bearing and shaft eccentri­
cities also contribute to the total pitch-line 
eccentricity of a gear when it is installed in a 
gear train. 

In the majority of control system applica­
tions, gear inaccuracies become calibration 
errors. Two examples of applications where 
this occurs are: the gears driving the feed­
back synchros of a gun mount ; and the gears 
driving the synchros of a gun director. Unless 
extreme accuracy is required, gear inaccura­
cies in themselves contribute little to control 
system inaccuracies. However, eccentricities 
of the gears may necessitate an excessive 
amount of backlash in the gear train, and this 
may produce system instability or low system 
gain. The designer must therefore consider 
the accuracy requirements of a system when 
specifying permissible tolerances in gear ac­
curacy. 

15-1.12 Friction(29, 30) 

Spur, internal, and bevel gearings usually 
do not have sufficient friction to warrant con­
sideration. Spiral gears or worms with helix 
~ngl~s. below 10°, however, are extremely 
m~ff1c1ent because of friction. In general, 
spiral gears or worms with helix angles 
below 20° are not reversible; i.e., the worm 
cannot be rotated by applying torque to the 
worm gear. In control systems, nonreversible 
gearing should not be used between the 
servomotor and the feedback device if the 
load has any inertia or other source of over­
driving torques. When the load tends to 
overhaul the servomotor, the worm or heli­
cal gear locks, and the result is extremely 
poor servo performance. Improperly designed 
planetary-gear drives sometime exhibit the 
same characteristics because high stresses on 

the gear teeth produce excessive deformations 
and consequent high friction. 

15-1.13 Inertia 

. Gearing inertia is often an important por­
tion of the load on a servomotor. The inertia 
of any gear in a gear train, referred to the 
driving point, is 

J 
lr= -­

N~ 
(15-16) 

where J is the actual gear inertia, and N is 
the gear ratio between the reference point 
and the gear being considered. If the con­
sidered gear rotates slower than the refer­
ence point, N is greater than unity. If the 
considered gear rotates faster than the refer­
ence point, N is less than unity. The total 
moment of inertia of the gear train is the 
sum of all the reflected inertias. The inertia 
of small-diameter gears is obviously lower 
than the inertia of larger gears, and the size 
of t~e gears in a train can be kept small by 
matmg them with pinions having a minimum 
number of teeth. In practice, therefore, the 
total reflected inertia of a gear train can be 
reduced by using several gear pairs with ra­
tios of 2:1 or less, instead of a single pair 
with a large ratio. It is often necessary to 
compromise between reflected inertia and the 
backlash introduced by a large number of 
gear meshes. 

1 5-1. 1 4 Backlash 

Backlash results in a region of input mo­
tion within which no variation of the output 
can be detected. When placed within a con­
trol-system closed loop, this type of "dead 
zone" may produce system instability , and 
usually causes the system to oscillate at a low 
frequency , through an angle of one to five 
times the backlash angle. Backlash can be re­
duced by making the driving gear large (to 
reduce the angle of backlash) or by using 
gears with small backlash. Backlash can be 
eliminated by spring loading the gears. 

~hree me~hods of eliminating backlash by 
spnng loadmg are shown in Fig. 15-3. The 
method shown in Fig. 15-3A uses a spring 
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A. GEAR TRAIN SPRING LOADING 

COMPRESSION 
SPRING 

B. SIHCLE IVESH SPRING LOAD 

C. SPRING-LOADED DOUBLE GEAR TRAIN 

Fig. 15-3 Methods of eliminating backlash. 
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on the output shaft to exert enough continu­
ous torque to maintain a load on one side of 
the gear teeth. This method can be used only 
when there is ample torque available to drive 
the load, and only when the angle of rota­
tion of the gear is limited to a few revolu­
tions. In Fig. 15-3B, the gear is split in half, 
forming two identical gears. One gear is at­
tached rigidly to the shaft, and the other is 
free to rotate on the shaft when driven by 
expansion of the spring. When the gears are 
to be meshed with a pinion, the free gear is 
rotated manually on the shaft to compress 
the spring. After meshing, the free gear is 
released and the spring presses the teeth on 
the two halves of the split gear against op­
posite sides of the pinion teeth, thus main­
taining bidirectional contact between pinion 
and gear teeth. The method shown in Fig. 
15-3C is similar to the split-gear method, ex­
cept that it can be used to simultaneously 
load several gear meshes. In this method, the 
pinion on shaft A is split and spring loaded, 
thereby loading the entire train. The gear 
trains shown in Fig. 15-3B and 15-3C are 
capable of revolving continuously and there­
fore have a constant loading torque. Any of 
the three spring-loaded gear-train systems 
shown in Fig. 15-3 adds to the torque required 
to drive the gear train because it adds to the 
load on the bearings and to deformation of 
the gear teeth. 

The optimum amount of spring loading 
applied to a gear train can sometimes be de­
termined only by trial-and-error. Theoreti­
cally, the spring load should be at least equal 
to the maximum torque the gears are required 
to transmit. In practice, however, the spring 
load can often be reduced below this value, 

with a resulting decrease in friction in the 
train. Such decreased loading torques are 
practicable in applications where the load is 
primarily inertia, and errors during accelera­
tion are permissible. 

15-1.15 Compliance 

All gear trains have an effective spring con­
stant as the result of elasticity of the mate­
rials. In the presence of heavy inertia or 
coulomb-friction loads, the compliance (re­
ciprocal of spring constant) of the output 
gear train of a servomechanism may result in 
a low system gain, or a highly undesirable 
resonant frequency. Gear-train compliance 
comes from the following three sources : 

(a) Elastic deformation of the gear teeth 
(b) Torsion and bending of the shafts 
(c) Deformation of the bearings and hous­

mg. 

Normally, torsion and bending of the shafts 
are the only significant factors. The total 
compliance of a gear train can be computed 
by adding the compliances of each gear shaft 
after referring them to a common point. The 
referred compliance of a shaft is 

C, = N~c 

where 

(15-17) 

C =actual compliance of the shaft 

N = gear ratio between shaft and 
reference 

C,. =referred compliance 

N is greater than 1.0 when the actual shaft 
rotates slower than the reference shaft, and 
is less than 1.0 when the actual shaft rotates 
faster than the reference. 
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15·2 MECHANICAL DIFFERENTIALS 

15-2.1 PURPOSE 

Mechanical differentials are used to obtain 
the algebraic sums of two or more motions . 
When more than two motions are to be 
summed, two or more differentials are em­
ployed to achieve the required result . The 
following discussion covers geared differen­
tials and differential linkages. 

1 5-2.2 GEARED DIFFERENTIALS 

The geared differential is the conventional 
type of mechanical differential. The most 
common configurations are shown in Fig. 
15-4. Differentials constructed entirely of 
spur gears are made. However, most differen­
tials incorporate bevel-gear meshes . Bevel­
gear differentials are shown in Figs. 15-2A 

A. AUTOMOTIVE-TYPE DIFFERENTIALS 

and B. In both typ es of differentials, the re­
lation between the rotation of the three 
shafts is 

(15-18) 

where 81, o~. and 8:1 are the angles shown in 
Fig . 15-4. 

The number of teeth on meshing gears of 
a differential is usually selected so that sev­
eral revolutions of the gears will be made be­
fore any particular mesh of gear teeth is re­
peated. This design reduces and distributes 
gear wear. Both the good and bad character­
istics inherent in any other type of gear train 
are also existent in geared differentials. Be­
cause of the large number of gear meshes in 
a differential, the amount of backlash is 

B. BEVEL-GEAR DIFFERENTIAL 

Fig. 7 5-4 Geared differentials. 
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sometimes undesirably high. Some servomech­
anisms use geared differentials to obtain the 
system error from input-shaft and output­
shaft rotations. Since motion of the error­
motion-driven device (potentiometer, pilot 
valve, etc.) is usually limited, a torque-limit­
ing device such as a slip clutch must be used 
in the system to avoid damage to the gearing 
or to the driven device when large errors oc­
cur. Commercial gear differentials are listed 
by Michalec.<WJ 

15-2.3 DIFFERENTIAL LINKAGES 

Differeiitiallinkages are sometimes used to 
add two rectilinear motions (Fig. 15-5). In 
this type of linkage, one motion must be 
transmitted to the main link through one 
pivot, to prevent collapse of the linkage, and 
the other two motions must pass through 
auxiliary links to prevent binding. An exact 
relation between the motions is complicated, 
and depends upon the lengths of the auxil­
iary links as well as upon the spacing of 
pivots in the main link. For small motions 
of the linkage from the position in which the 
links are perpendicular to each other, an ap­
proximate relation between motions (Fig. 
15-5) is 

(15-19) 

Differential-linkage motions are seldom used 
when the angle between the main link and 
the line-of-motion of inputs and outputs be­
comes less than 75° 

~---·--~~------

Fig. 15-5 Differential lever. 

15-3 LINKAGES AND LEVERS 

1 S-3. 1 BASIC PURPOSE 

Linkages and levers are used for the fol­
lowing purposes : 

(a) To obtain the sum or difference of two 
motions. 

(b) To transmit motion in such a way that 
the ratio of output-to-input motions is essen­
tially constant over the range used. 

(c) To transmit motion in such a way that 
the ratio of output-to-input motions varies 
with input position. 

(d) To sum forces or torques . This usually 
involves the use of springs as well as link­
ages. 

15-3.2 PRACTICAL APPLICATIONS 

Linkages have been used in servomech­
anisms for the following purposes: 

(a) To elevate or depress a gun, using the 
rectilinear motion produced by a hydraulic 
cylinder. 

(b) To obtain a nonlinear scale for a 
servo-driven instrument. 

(c) To operate a low-level hydraulic am­
plifier. 

(d) To introduce time lags from spring 
and dashpot systems. 
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POWER ELEMENTS AND SYSTEM DESIGN 

A 

A 
A. SIMPLE LEVER 

0 

C. FOUR-BAR LINKAGE 

E. SLIDING LINKAGE 

c 
I 

A 8 

B. FOUR-BAR LINKAGE 

8 

c 

D. SCOTCH YOKE 

F. TORQOE-SUMMATIOtl SYSTEM 

Fig. J 5-6 Typical linkages. 
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15-3.3 EXAMPLES 

Figure 15-6 shows typical arrangements of 
linkages and levers. A simple first-class lever 
is shown in Fig. 15-6A. The simple levers­
first, second, or third class -are normally 
used to obtain an essentially linear character­
istic between input and output motions. 

Two configurations of four- bar linkages 
are shown in Figs. 15-6B and C. In these 
linkages, two cranks AC and BD are pivoted 
on a fixed base AB, and connected by a float­
ing link CD. If AC is the driving crank, out­
put motion may be taken either from crank 
BD or from some point on the connecting 
link CD, such as pointE of Fig. 15-6B. Some 
properties of the four-bar linkage and the 
resulting motions are 

(a) If (AB + AC) < (BD + CD), and 
(AB -A C)< (CD - BD), an oscillating 
motion of crank BD is produced by con­
tinuous motion of crank A C. 

(b) IfAC <<AB,BD,CD,andtheangle 
ACD = 90" when angle BDC = 90°, the 
rotation of crank BD is approximately pro­
portional to the sine of the angular position 
of crank AC. AC can rotate continuously. 

(c) If AC = BD, and AB = CD (in Fig. 
15-6B only) , the angles through which the 
two cranks rotate are equal. The angle of 
rotation of the cranks is limited to 180°, 
unless the output has appreciable inertia to 
carry it through the dead-center position. 

Four-bar linkages have been in use for 
many years. Consequently, they have received 
considerable study. Hrones and NelsonU7> 

show the path of point E of Fig. 15-6B for 
five-degree increments of the position oi 
crank AC for various linkage proportions 
that permit continuous rotation of AC. 
SvobodaOs) shows methods of determining 
linkage proportions that will produce a mo­
tion of crank BD that satisfies a desired ana­
lytical function. Most analyses of four-bar 
linkages are performed graphically. U9> 

The scotch yoke shown in Fig. 15-6D is 
sometimes used to convert a rotary motion 
into a sinusoidal motion. In this device, ro­
tary input crank AB is fitted with a roller at 

B, which fits into a vertical slot in slide C. 
As crank AB rotates around point A, it im­
parts a motion to slide C that is proportional 
to the sine of the angle of the input crank. 

Sliding linkages similar to that shown in 
Fig. 15-6E are sometimes used to obtain a 
nonlinear relation between input and output. 
A roller or slide on input crank AC fits into 
the slot in the arm pivoted at B. The relation 
between the angles for this linkage is 

sin a 
tan cf> = AB 

cosO-­
AC 

(15-20) 

The torque-summation system shown in 
Fig. 15-6F is occasionally used at low torque 
levels. In this system, a torque motor at A 
produces a torque T1, which tends to rotate 
arm BC against the restraining springs K1, 

producing a torque on lever EH. Motion X 
compresses spring K 2 , producing a second 
torque on EH. When EH is turning about F, 
the dashpot at G will produce a resisting 
force and hence a torque on EH. By the 
proper selection of springs, lever ratios, and 
dashpot, the position of arm BC can be 
changed instantaneously by changing torque 
T1 and, with a time lag, by changing 
motion X. 

15-3.4 NONIDEAL CHARACTERISTICS 

15-3.5 Mass of Links and Cranks 

Linkage mass is usually small enough to 
contribute a negligible lag to servomechanism 
response. However, in the case of systems 
subject to high extraneous accelerations, such 
as gunfire or road shocks, the mass of a link­
age in a servo error system may produce 
spurious input signals. In addition to making 
the linkage light in weight, the following 
procedures will reduce the effects of accelera­
tion: 

(a) Eliminate all possible coupling by 
mounting the linkage with its pivot axes at 
right angles I o the axis of angular accelera­
tion or parallel to the direction of linear ac­
celeration. 
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(b) Balance the cranks by placing their 
center of gravity on their rotation axis to 
eliminate the effect of linear acceleration. 
This increases the effect of angular accelera­
tion because it increases the total moment of 
inertia. 

(c) Mount the linkages close to the center 
of rotation to make centrifugal forces small. 
Linkage systems with floating links, such as 
the four- bar linkage, cannot be completely 
balanced in all linkage positions against 
either linear or angular accelerations. 

15-3.6 Compliance 

Linkage compliance is a result of the fol-
lowing: 

(a) Torsion of crank shafts 

(b) Bending of cranks 

(c) Stretch or compression oflinks 

(d) Torsionofcranks (insomesystems) 

These are functions of the particular linkage 
design and load. The calculations of the ef­
fect of these factors are covered in many of 
the standard texts on strength of materials . 
To refer the compliance to a particular point 
in the linkage, use the method of geanng 
outlined in Par. 15-1. 

1 5·3.7 Backlash in Pivots and Slides 

When linkages have only very small mo­
tions, backlash can be eliminated by using 
flexure or spring pivots that have no free 
'play. Many linkages can also be spring 
loaded to eliminate free play at the pivots . 
For example, the four-bar linkage shown in 
Fig. 15-6B can be loaded by connecting a 
spring between cranks AC and BD. If the 
linkage can be made larger without increas­
ing pivot clearance, the resulting angular 
free play will be reduced. Backlash of a slid­
ing pivot can also be eliminated by spring 
loading. 

15-4 SHEAVES AND TAPES 

15-4.1 PURPOSE 

Metal tapes can be used to transmit rotary 
motion (through limited angles) in much the 
same way that belts and pulleys are used 
(Fig. 15-7). With careful design, very accu­
rate transmission of motion can be achieved. 
The two active sheaves shown in Fig. 15-7 
are A and D; B and C are idlers . Tape ten­
sion is maintained by the expansion spring 
attached to B. The tape is securely fastened 
to sheaves A and D to prevent relative mo­
tion (slippage) between the tape and the 
sheaves ; motion is thus limited to 180°, or 
one half a revolution of A. 

15-4.2 STRESS 

The stress of the outer fibers of the tape 
(due to bending only) IS 

Sb=~E 
R 

where 

(15-21) 

sb = tensile stress due to bending, in psi 
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RANGE OF 
MOTION 

CLAMP 

CLAMP 

A, D ~ ACTIVE SHEAVES 

B, C • IDLERS 

Fig. 15-7 Metal tape and sheaves. 
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c = one half of tape thickness, in in. 

R = sheave radius, in in. 

E =modulus of elasticity, in psi 

1 5-4.3 TENSION 

Because the tape can support no load in 
compression, a tension force is required for 
successful operation of the system. The total 
stress due to both bending and tension is 

c p 
S = Sb + Sr = - E +-

R A 
where 

S = total maximum stress, in psi 

Sr = stress due to tensions, in psi 

P = applied tension, in lb 

(15-22) 

A =tape cross-sectional area, in in.~ 

1 5-4.4 51-EAVE SIZES 

Values of sheave diameters that can be 
used for different tape materials of various 
thicknesses are given in Table 15-8. The as­
sumed bending stresses are approximately 16 
percent of the yield stress of the material. If 
heavy friction or inertia loads are to be 
driven by these tapes, the sheave diameters 
given in Table 15-8 should be increased to 
make the combined stress under load less 
than the yield point of the material. 

1 5-4.5 COMPUANCE 

When using tape-and-sheave systems, the 
compliance of the system should be computed 
to be sure that adequate stiffness is provided. 
Care must also be taken to ensure that ther­
mal effects do not alter the desired relative 
positions of input and output sheaves. 

TAB.E 15-8 SI-IEAVE DIAIVElERS (in.) 

Tape Material 

steel chrome 
(AISI 1020) steel or nickel 

Tape and (Type 304) (AISI 1090) steel phosphor 
Material stainless (tempered) (tempered) bronze 

Thickness E = 29 X 106 E = 29 X 106 E= 29 X 106 E = 15 X 106 

(in.) sb = 5ooo sb = 104 sb = 2 x 104 sb = 1.25 x 104 

0.001 2.9 1.43 0.73 0.06 

0.002 5.8 2.90 1.45 0.12 

0.004 11.6 5.80 2.90 0.24 

0.010 29.0 14.50 7.24 0.60 

0.015 43.6 21.80 10.80 0.90 

1/32 90.6 45.20 22.60 1.87 

1/16 181.0 90.60 43.20 3.74 

l/8 362.0 181.00 90.60 7.50 

l/4 724.0 362.00 181.00 15.00 

l/2 1450.0 724.00 362.00 30.00 
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15-5 MECHANICAL COUPLING DEVICES 

15-5.1 COUPLINGS 

The shafts of two rotating devices are 
often connected together with flexible cou­
plings. To be adequate for most applications, 
a coupling must permit some shaft misalign­
ment in each of the following ways: 

(a) Angular misalignment of shafts (shaft 
centers intersect at an angle) 

(b) Lateral misalignment (shaft centers 
do not intersect) 

(c) Shaft end play 

In addition, it is often convenient to use cou­
plings that can be disconnected easily so that 
either the coupling or the devices to which it 
is attached can be serviced. Many couplings 
that are completely satisfactory when driving 
devices at constant speed are unsatisfactory 
in some control applications because of back­
lash, compliance, and motion irregularities 
introduced by coupling action. Because the 
required accuracy as well as the permissible 
backlash and compliance vary widely between 
particular systems, no definite rules can be 
made. Figure 15-8 illustrates a few commer­
cially available couplings. Many other equally 
satisfactory couplings are also available. The 
manufacturer should be consulted for torque 
and speed ratings. 

The universal joint shown in Fig. 15-8A is 
seldom used because of backlash and output­
speed variation. A double unit is required to 
accommodate lateral shaft misalignment. The 
spring universal joint shown in Fig. 15-8B 
accommodates angular misalignment only 
and produces output-speed variations. There 
is no backlash from this coupling, and little 
compliance. This coupling can be used at 
both high and low power levels. The double­
spring universal coupling shown in Fig. 
15-8C is one of the best couplings for all 
power levels, as it accommodates angular and 

lateral misalignments and produces uniform 
output. The bellows coupling shown in Fig. 
15-8Daccommodates angular and lateral mis­
alignments, but care is required in selecting 
bellows material to avoid hysteresis effects. 
This coapling is normally used in instrument 
systems. The sleeve coupling shown in Fig. 
15-8E accommodates no misalignment and 
must be very accurately machined and in­
stalled for satisfactory operation. The paral­
lel-face coupling shown in Fig. '15-8F is us­
able for constant-speed drives, but has too 
much backlash for use in most control loops. 
Lateral misalignment causes variation in out­
put speed. This type is not usually available 
at instrument levels. The ribbon coupling 
shown in Fig. 15-8G is suitable for use in 
control loops if the ribbon provides an effec­
tive spring force which eliminates backlash. 
This type is not generally suitable for instru­
ment systems. The spring-loaded pin cou­
pling shown in Fig. 15-8H is sometimes used 
in precision instrument systems ; however, 
for accurate motion transmission, the shafts 
must be exactly in line. The Oldham coupling 
of Fig. 15-81 probably requires less space 
than any other coupling, as the slots can be 
machined directly into the shafts to be cou­
pled. It accommodates both lateral and angu­
lar shaft misalignments; it produces output­
speed variations as a result of lateral mis­
alignment ; and it has some backlash. Because 
lateral misalignment produces sliding be­
tween components of the Oldham coupling, 
a judicious choice of materials and, in some 
instances, lubrication is required when this 
coupling is used to drive heavy loads. The 
rubber coupling of Fig. 15-85 consists of a 
rubber cylinder vulcanized to two metal end 
pieces. For some applications, it can accom­
modate both lateral and angular shaft mis­
alignment without producing excessive out­
put-speed variations. Although the rubber 

15-22 



MECHANICAL AUXILIARIES USED IN CONTROLLERS 

D. BELLOW5 

B. SPRING UNIVERSAL JOINT 

C. DOUBLE UNIVERSAL JOINT 

F. PARALLEL FACE 

Fig. 15-8 Coupling types. (Sheet 7 of 2) 
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G. RIBBON 

FLEXIBLE 
RIBBON 

Oc{I]D 
DllfD 

I. OLDHAM COUPLING 

K. MUL TI.JAW COUPLINGS 

H. SPRING LOADED PIN 

J. RUBBER COUPLING 

Fig. 15-8 Coupling types. (Sheet 2.of 2) 
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exhibits compliance, it also exhibits damping 
and hysteresis . The coupling can conse­
quently be used for tachometer drives if rapid 
transmission of speed changes is not required. 
The multi-jaw couplings of Fig. 15-8K have 
appreciable backlash and consequently are 
seldom used when reversal of shaft rotation 
occurs. 

15-5.2 KEYS AND SPLINES 

Keys and splines are used to prevent rela­
tive motion (slippage) between couplings 
and the shafts to which they are attached. 

15-5.3 Keys 

Many types of keys have been used. <4.2!,23) 

Keyways are usually broached into the 
coupling hubs , and keyseats are milled into 
the shafts . Dimensions for some standard 
sizes of square-parallel keys (Fig. 15-9) are 
given in Table 15-9. Woodruff keys (Fig . 
15-10) are circular on the key-seat side to 

HUB 

prevent movement of the key along the shaft 
when the coupling hub is installed or re­
moved. Dimensions of some of the smaller 
sizes of Woodruff keys are listed in Table 
15-10. (l.~l.~a.~;.) 

1 5-5.4 Splinesl22l 

The simplest form of spline is a taper pin 
(Fig . 15-ll), often used to transmit light 
loads . Taper pins have the advantage of zero 
backlash when properly fitted. The tapered 
hole into which the pin fits is formed by 
taper-reaming the two members while they 
are clamped together. Dimensions of taper 
pins are given in Table 15-11. 

A system of square-sided splines having 4, 
6, 10, and 16 splines has been standardi zed 
by the SAE (a four-spline hub is shown in 
Fig. 15-12) . These splines are intended to be 
used with soft, broached hubs . Tolerances 
can be adjusted so that contact between hub 
and shaft occurs at either the large diameter, 

SHAFT 

Fig. 15-9 Square-parallel stock key. 

Fig. 15-70 Woodruff key- SA€ standard. 
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TABLE 15-9 DIMENSIONS FOR SQUARE-PARALLEL STOCK KEYS 

Width and Thickness Bottom of Keyseat to 
of Key Opposite Side of Shaft 

Shaft Diameter w 5 
(in.) (in. ± 0.002 in.) (in.) 

1/ 2 1/8 0.430 
9/16 1/ 8 0.493 
5/ 8 3/16 0.517 

11/16 3/1 6 0.581 
3/4 3/16 0.644 

13/16 3/16 0.708 

7/ 8 3/16 0.771 
15/16 1/ 4 0.796 

1 1/4 0.859 

1-1/16 1/ 4 0.923 
1-1/8 1/4 0.983 
1-3/16 1/4 1.049 

1-1/4 1/4 1.112 
1-5/16 5/16 1.137 
1-3/8 5/16 1.201 

1-7/16 3/ 8 1.225 
1-1/2 3/ 8 1.289 
1-9/16 3/ 8 1.352 

1-5/8 3/ 8 1.416 
1-11/16 3/ 8 1.479 
1-3/4 3/ 8 1.542 
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TABLE 15·1 0 DIMENSIONS a= SOME WOODRUFF KEYS, KEYS LOTS, 
AND KEYWAYS 

I I Key 

SAE A B c 
Nominal +0.001 +0.000 +0.000 

Size --o.ooo -0.010 -0.005 
(in.) (in.) (in.) (in.) 

1/16X 1/4 0.0625 0.250 0.109 

1/16X 5/16 0.0625 0.312 0.140 

3/32X 5/16 0.0938 0.312 0.140 

1/16X 3/8 0.0625 0.375 0.172 

3/32X 3/8 0.0938 0.375 0.172 

1/8X 3/8 0.125 0.375 0.172 

1/16X 1/2 0.0625 0.500 0.203 

3/32X 1/2 0.0938 0.500 0.203 

1/8X 1/2 0.125 0.500 0.203 

1/8X 5/8 0.125 0.625 0 .250 

3/16 X 5/8 0.1875 0.625 0 .250 

3/16X 3/4 0.1875 0.750 0.313 

3/16X 7/8 0.1875 0.875 0.375 

1/4X 1 0.250 1.000 0.438 

7/32X 1-1/8 0.2188 1.125 0.484 

3/16X 1-1/4 0.1875 1.250 0.547 

3/8X 1-1/4 0.375 1.250 0.547 

Adapted by permiss ion from SA E Handbook. !956, from T ables 
Ia and 2a. Society of AutomotiYe Engineers, Inc. 

Keyway 

G I H 
+0.002 +0.005 
--o.ooo --o.ooo 
(in.) (in.) 

0.0635 0.0372 

0.0635 0.0372 

0.0948 0.0529 

0.0635 0.0372 

0.0948 0.0529 

0.1260 0.0685 

0.0635 0.0372 

0.0948 0.0529 
0.126 0.3685 

0.126 0.0685 

0.1885 0.0997 

0.1885 0.0997 

0.1885 0.0997 

0.2510 0.1310 
0.2198 0.1153 

0.1885 0.0997 
0.3760 0.1935 

15-27 

Keyslot 

A B 
min min 
(in.) (in.) 

0.0615 0.250 

0.0615 0.312 

0.0928 0.312 

0.0615 0.375 

I 0.0928 0.375 
I 

0.1240 0.375 

0.0615 0.500 
0.0928 0.500 

0.1240 0.500 

0.1240 0.625 

0.1863 0.625 
0.1863 0.750 

0.1863 0.875 
0.2487 1.000 
0.2175 1.125 

0.1863 1.250 
0.3735 1.250 

E 
+0.005 
-0.000 

(in.) 

0.0728 

0.1038 

0.0882 

0.1358 

0.1202 

0.1045 

0.1668 
0.1511 

0.1355 

0.1825 

0 .1513 
0.2143 

0.2763 
0.3080 

0.3697 

0.4483 
0.3545 



Number 

7/0 
6/0 
5/0 

4/0 
3/0 
2/0 

0 
1 
2 

3 
4 
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TABLE 15-11 DIMENSIONS OF TAPER PINS 
(Taper: 1/4 in. per 12 in.) 

Diameter Diameter 
of Maximum of 

Large End Length Large End 
(in.) (in.) Number (in.) 

0.0625 3/4 5 0.289 
0.0780 1 6 0.341 
0.0940 1 7 0.409 

0.1090 1 8 0.490 
0.1250 1 9 0.591 
0.1410 2-1/2 10 0.706 

0.1560 3 11 0.860 
0.1720 3 12 1.032 
0.1930 3-1/2 13 1.241 

0.2190 3-1/2 14 1.523 
0.2500 4 

Maximum 
Length 

(in.) 

4 
5 
5 

5 
6 
6 

9 

9 
11 

13 

h 

Fig. 75-77 Taper pin. Fig. 75-72 SAE square-spline hub. 
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the small diameter, or on the sides of the 
splines. The torque available from a spline 
of this type, for a compression stress of 1000 
psi at the spline side, is 

T = lOOOn r h L 

where 

T = torque, in in.-lb 

n = number of splines 

r = mean radius, in in. 

h = spline depth, in in. 

L = spline length, in in. 

(15-23) 

15-5.5 Involute Splines 

A single system of involute splines has 
been adopted by the SAE, ASA, and AGMA. 
These splines consist of two 30-degree pres­
sure angle involute gears, one external and 
one internal, fitted together in the desired 
manner. The nomenclature of involute 
splines is identical with that of involute 
gears, except that "major diameter" and "mi­
nor diameter" are substituted for "outside 
diameter" and "root diameter". As in the case 
of square splines,' the internal spline is usu­
ally broached, and the dimensions of the ex­
ternal spline are adjusted to produce the de­
sired fit. (22,~4) 

15-6 BEARINGS 

15-6.1 Ra...1.ER BEARINGS 

Roller bearings consist of an outer race, an 
inner race, and a number of rollers to pro­
vide rolling action when either or both races 
are rotated in relation to each other. The 
rollers are usually separated by a retainer, or 
spacer, to prevent the rollers from rubbing 
against each other. The rollers and races are 
usually made of hardened alloy steel. The 
generally used types are shown in Fig. 15-13. 

The straight roller bearing shown in Fig. 
15-13A can sustain no end thrust at all; in 
fact, a very light force will cause the bearing 
to come apart. Therefore, some type of thrust 
bearing must be used with straight roller 
bearings on all applications. 

The solid roller bearing shown in Fig. 
15-13B is made with lips on the races that 
extend around the ends of the rollers, 
thereby preventing inadvertent disassembly. 
These bearings will sustain a light end-thrust 
load and, for such conditions, need no addi­
tional thrust bearings. 

Needle bearings (Fig. 15-13C) use rollers 
with a large length-to-diameter ratio. They 
are made in two types- one with only an 

outer race, the shaft being used for the inner 
race (as shown) ; the second with both inner 
and outer races. Needle bearings are gener­
ally used where space is limited, or for high­
speed operation. They are usually made with 
a full complement of rollers and can sustain 
no end thrust. 

The rollers and races of a tapered-roller 
bearing (Fig. 15-13D) are made in the form 
of sections of right circular cones. These 
bearings can sustain large end thrusts and 
radial loads. They are frequently used in op­
posed pairs, with a thrust preload between 
them, to obtain a shaft with zero end play. 

Several other types of roller bearings are 
manufactured. All types range in size from a 
minimum of approximately 1.5-in. inside di­
ameter (bore) to any desired maximum. 

15-6.2 BALL BEARINGS 

In control systems, ball bearings are used 
much more frequently than any other type of 
bearing because of their small size, low radial 
and axial play, rigidity, low friction, precise 
dimensions, and low maintenance require­
ments. Usually, the load-carrying capacity of 
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A. STRAIGHT ROLLER 
BEARING 

C. NEEDLE BEARING 

B. SOUD ROLLER 
BEARING 

D. TAPERED-ROLLER 
BEARING 

Fig. 15- 13 Roller bearings. 

the bearing far exceeds the applie( load. 
Two types of single-row ball bearings are 

shown in Figs. 15-14 and 15-15. The grooves 
in the races, the thickness of the races, and 
the number of balls are varied to produce 
bearings with different radial and end-thrust 
load ratings . Ball retainers are used for high­
speed operation, but are omitted for slow­
speed operation to permit the use of the 
maximum number of balls for heavy loading 
of the bearing. 

Double-row ball bearings (Fig. 15-16) 
have two grooves in both the inner and outer 
races, each groove containing a full comple­
ment of balls . Separable bearings are made 

by finishing one side of the inner or outer 
race to the depth of the groove. Self-aligning 
bearings are made by making the outer race 
spherical and without grooves. 

Standard metric bearings are manufac­
tured in a wide variety of sizes and types by 
many companies, but will not be discussed 
here. Very special types, used on tank turrets , 
require extensive design and are beyond the 
scope of this publication. 

Inch-type ball bearings are used extensive­
ly in servomechanisms. Some commercially 
available inch-type models are similar to 
those listed in Air Force -Navy Aeronauti­
cal Standards AN200 through AN208. Table 
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c 

IHHER RACE OUTER RACE 

Fig. 7 5· 7 4 Flange-type ball bearing. 

Fig. 15- I6 Double-row ball bearing. 

Fig. 7 5· I5 Torque-tube bearing. 
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15-12 lists the dimensions of some of the 
smaller commercial, unshielded, inch-type 
bearings with retainers. 

Additional load capacity can be realized on 
some types of bearings without affecting di­
mensions by using bearings without retain­
ers. Shielded bearings are available in some 
types, but with an increased width. It is some­
times desirable to use flange bearings (Fig. 
15-14), the flange on the outer race replacing 
a retainer ring in many applications. The di­
mensions of some commercial bearings of 
this type (Fig. 15-14) are given in Table 
15-13. 

TABLE 15-12 DIMENSIONS OF COMMERCIAL 
UNSHIELDED INCH-TYPE BALL BEARINGS 

WITH' RETAINERS 

Bore OD Width 
(in.) (in.) (in.) 

0.0469 0.1562 0.0625 
0.0781 0.2500 0.0937 
0.0937 0.3125 0.1094 

0.1250 0.2500 0.0937 

0.1250 0.5000 0.1719 

0.1562 0.3125 0.1094 

0.1875 0.3125 0.1094 

0.1875 0.5000 0.1562 

0.2500 0.6250 0.1960 

0.3750 0.8750 0.2188 

0.5000 1.1250 0.2500 

0.6250 1.3750 0.2812 

0.7500 1.6250 0.3125 
0.8750 1.8750 0.3750 
1.0000 2.0000 0.3750 

1.1250 2.1250 0.3750 

1.2500 2.2500 0.3750 
1.3750 2.5000 0.4375 

For some applications, a thin bearing with 
a large-diameter bore, known as a "torque­
tube" bearing (Fig. 15-15), is desirable. Di­
mensions of a few of these bearings are given 
in Table 15-14. Torque-tube bearings are de­
signed primarily for heavy radial loads and 
oscillating motion, but are not satisfactory 
for continuous high-speed operation. As the 
races are thin and flexible, dependence is 
placed upon the rigidity of the bearing hous­
ing and the shaft to maintain the circular 
shape of the races. 

15-6.3 LUBRICATION 

For a reasonable life expectancy, ball and 
roller bearings should be lubricated, al­
though in most applications they need very 
little lubricant. For low and moderate speeds, 
grease is adequate; at high speeds, light oil 
is preferable because friction between the 
lubricant and the balls or rollers generates 
less heat. For ordnance material that is to be 
operated at low temperatures, standard ord­
nance lubrication procedures should be fol­
lowed., 

15-6.4 FRICTION 

Little has been published about ball-bear­
ing friction. For a ball or roller bearing with 
standard proportions, the coefficient of fric­
tion ~~ can be defined as 

T 
f.l=-

RP 

where 

T = friction torque, in lb-in. 

R =bearing bore radius, in in. 

P = radial load, in lb 

(15-24) 

An average value of !A for ball bearings is ap­
proximately 0.0025 and ranges between 0.003 
and 0.001 (4•25 l. An empirical equation for the 
friction torque produced by small, lightly­
loaded ball bearings is given in reference 29. 
Ball bearing friction is also discussed in ref­
erence 31. 
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TABLE 15·13 DIMENSIONS OF COMMERICAL UNSHIELDED 
FLANGE-TYPE BEARINGS 

Flange Outside 
Bore Race O.D. O.D. 

B I c D 
(in.) (in.) (in.) 

0.0550 0.1875 15/64 

0.0781 0.2500 19/64 

0.0937 0.3125 23/64 

0.1250 0.3125 23/64 

0.1562 0.3125 23/64 

0.1875 0.3125 23/64 

0.1878 0.4382 0.500 

0.2503 0.6257 0.6875 

TABLE 15-14 DIMENSIONS OF 
TORQUE-TUBE BEARINGS 

B c 
(in.) (in.) 

0.6250 1.0625 

0.7500 1.1875 

0.8750 1.3125 

1.3125 1.7500 

1.5625 2.0000 

1.8125 2.2500 

2.0625 2.6250 

2.3125 2.8750 

15-6.5 SLEEVE BEARINGS 

Width 

E 
(in.) 

0.0781 

0.0937 

0.1094 

0.1094 

0.1094 

0.1094 

0.1630 

0.2260 

Sleeve bearings have two primary disad­
vantages that make them inappropriate for 
ordnance servomechanisms : ( 1 )they have a 
decided tendency to greatly increase their 
friction level when they stop; and (2) they 

Inside Flange 
Width Width 

F G Taper of Outside 
(in.) (in.) Diameter (in. per ft) 

0.0781 0.023 0 

0.0937 0.023 0 

0.1094 0.023 0 

0.1094 0.023 0 

0.1094 0.023 0 

0.1094 0.023 0 

0.188 0.041 0.068 

0.250 0.042 0.068 

require periodic maintenance. For these rea­
sons, sleeve bearings are seldom used, unless 
the loads are very light and the lubrication 
is either available in the bearing itself or 
the bearing is flooded with lubricant. 

Linkage pivots that operate under oil, or 
that can be drip-lubricated or spray-lubri­
cated while the equipment is running, have 
been successfully used. In this type of equip­
ment, the pins are hardened to approximately 
45 Rockwell C, and the links are approxi­
mately 35 Rockwell C. Pin diameters of 1/8 
to 1/4 inch can be used. 

Bearings requiring no lubrication have 
been successfully used on the low-speed 
shafts of instrument-type servomechanisms. 
These bearings are made by press-moulding 
powdered metal to make it porous, and then 
the pores are filled with oil. Care must be 
exercised in both the selection and installa­
tion of these bearings if satisfactory opera­
tional results are to be realized. 

A great amount of theoretical and testing 
work has been done on sleeve bearings for 
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continuously rotating shafts. If a sleeve bear­
ing must be designed, consult standard me­
chanical engineers ' handbooks and the Trans­
actions of the ASME. 

15-6.6 MISCELLANEOUS BEARINGS 

Many other types of bearings have been 
made, such as: fluid, air, knife-edge, jeweled 
pivot, ball-bearing pivot, jeweled journal, 
flexure, and ligament. These bearings are 
used occasionally in control systems. 
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CHAPTER 16 

TYPICAL PROCEDURE* 

16-1 INTRODUCTION 

The design of servo systems to meet a set 
of specifications can be carried out by either 
a trial-and-error or an optimization proce­
dure. The method .used for a particular de­
sign depends to a large extent upon the na­
ture of the specifications and the manner in 
which they are stated. In many cases, the 
way the specifications are stated is controlled 
by the techniques that are most familiar to 
the specifier. 

The trial-and-error design procedure is 
widely used and has the advantage of being 
based on well-established and familiar tech­
niques. An optimization procedure, as de­
scribed in Ch. 8, is tied very closely to the 
performance index that is being optimized. 
If the performance index is representative 
of actual conditions, the optimization proce­
dure is able to determine once and for all 
whether the specifications are compatible 
and if so, whether they can be met. No such 
certainty is possible if a trial-and-error 
method is used. The major disadvantage of 
the optimization procedure is that the per­
formance indices which are easily handled 
by analytical techniques do not correspond 
too closely to the behavior that is significant 
to the specifier. Most performance indices 
that are close approximations to significant 
behavior are thus far practically impossible 
to treat by analytical methods, although ana­
log computers can be used in some cases. An 

*By L.A. Gould, P.E. Smith, Jr., and J.E. Wa rd 
(Par. 16-8 by J.E. Ward) 
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idealization of a practical performance index 
can be made, however, so that the idealiza­
tion is amenable to analysis. An example is 
the use of the integral-square error criterion 
as an approximation to the peak error criter­
ion for transient inputs. This is justified 
since systems designed to minimize the in­
tegral-square error will probably also mini­
mize the peak error. An example of a practi­
cal performance index significant to the spe­
cifier and still analytically convenient for 
the designer is the use of the mean-square 
error criterion in applications where noise 
is present at the input or where the input is 
best represented as a stochastic signal. 

Because of the difficulties involved in the 
use of optimization procedures in practical 
cases, a compromise is needed. One possibil· 
ity is to use idealized performance indices in 
an optimization procedure and then use the 
resulting optimum system as a guide in the 
trial-and-error method. 

For those cases where the specifications 
are direct descriptions of the desired closed­
loop transfer function (bandwidth, settling 
time, peak overshoot, etc.) , the design proce­
dure is reduced to one of merely synthesizing 
a transfer function having the desired char­
acteristics. Since the direct specification of 
the system transfer function is a statement 
that omits inputs and disturbances, the free­
dom of the designer is severely limited. The 
specifier should be sure to specify inputs 
representative of the actual inputs that the 
servo will encounter during operation. 
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16-2 GATHERING OF SPECIFICATIONS 

The first step in the design of a servo­
mechanism is to define what the system is 
to do and how well it is to do it. As pointed 
out in Ch. l,a servomechanism may perform 
any or all of the following functions: 

(a) Bring about a change in the actual 
value of the output so that it is in conformity 
with a desired value at all times. 

(b) Minimize the effect of disturbances; 
i.e., variables other than the desired value of 
the output. 

(c) Minimize the effect of varying compo­
nent performance on the output. 

The designer must'first determine which one, 
or combination, of these functions is to be 
achieved. 

The degree of excellence to which the ser­
vomechanism must carry out the above func­
tions is established by the servo performance 
specifications. These specifications, furnished 
by the system designer, are based on a set 
of system specifications established by the 
ultimate user of the system. 

Servo performance specifications must be 
given in terms of the desired value of the 
output of the servomechanism for a given 
value of the input signal to the servomecha­
nism. The input signal encountered may be 
one of the following types : 

(a) Aperiodic, noise free 

(b) Aperiodic, with noise 

(c) Periodic, noise free 

(d) Periodic, with noise 

(e) Stochastic, noise free 

(f) Stochastic, with noise 

Noise is regarded as any input-signal varia­
tion that is not a measure of the information 
carried by the input. The desired value of 
the output will be expressed in terms of a 
signal consistent with the input signal and 
will therefore be one of the types listed. 

Some typical specifications for the six types 
of input signals listed above are as follows: 

(a) Aperiodic, noise free (step input). 
(1) The system error shall neither exceed 

a specified maximum value at any time nor 
exceed a specified value after the transient 
is over; or, alternatively 

(2) The integral-square system error shall 
not exceed a specified value; or, alternatively 

(3) The integral of the time-multiplied 
absolute value of the system error shall not 
exceed a specified value. 
In addition to one of the preceding require­
ments, it may also be specified that, after the 
transient due to the step input has died out, 
the system error shall not exceed a specified 
amount in the presence of a specified load 
(disturbance) that occurs at some specified 
point in the system. Other possible error 
specifications are listed in Ch. 7. 

(b) Aperiodic, with noise (step input). 
(1) The square root of the sum of the 

squares of the two components of system 
error shall not exceed a specified value. The 
first component of the system error is that 
found for an input step with zero noise; the 
second component i~ the value of the output 
when the input is the noise alone. 
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Other aperiodic signals commonly considered 
are ramps, impulse, pulse, and various inputs 
chosen to simulate target behavior, such as 
arc-tangent curves or an input expressed as 
a power series in time t. For inputs of the 
latter class, it may sometimes be specified 
that the error coefficients or the error con­
stants, such as the velocity constant or the 
torque constant, shall have certain maximum 
or minimum values, respectively. These con­
stants, in a sense, are derived specifications 
for they actually are chosen with the idea of 
meeting a certain maximum allowable value 
of the system error. 

(c) Periodic, noise free (only fundamen­
tal frequency present). 

(1) The output/input frequency response 
shall be characterized by a specified M P oc­
curring at a frequency of w r J;apiansjsec; or, 
alternatively 
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(2) The output/input magnitude ratio 
shall be within a band of some specified num­
ber of decibels over a specified frequency 
range, and the phase shift shall not exceed a 
specified number of degrees over this same 
frequency range. 

(d) Periodic, with noise. 

(1) The square root of the sum of the 
squares of the two components of the system 
error shall not exceed a specified value. The 
first component of system error is the magni­
tude of the error due to a sinusoidal input 
of specified amplitude and frequency. The 
second component is the rms value of the 
output when the input is the noise alone. 

(e) Stochastic, noise free. 

( 1) The system error shall not exceed a 
specified rms value when the input autocor­
relation function has a given value. 

(f) Stochastic, with noise. 

( 1) The system error shall not exceed a 
specified rms value when the input-signal 
autocorrelation function, the input-noise 
autocorrelation function, and the signal-to­
noise crosscorrelation function are given. 

System performance in response to a given 
load, disturbance, or combination of disturb­
ances occurring at points different from the 
input must also be specified. The load or dis­
turbance can be classed as aperiodic, periodic, 
or stochastic. Typical load specifications, 
given in terms of the load signal, are as 
follows: 

(a) Aperiodic load. 

( 1) The output shall not deviate from the 
desired value by more than a specified 
amount in the presence of a step change in 
load of a given value; and 

(2) The output shall not deviate from the 
desired value by more than a specified 
amount for a steady load of specified value; 
and 

(3) The output shall recover to within a 
specified value of deviation before the elapse 
of a given time. 

(b) Stochastic load or disturbance. 

( 1) The output due to a stochastic load 

or disturbance of given autocorrelation func­
tion shall not have an rm s value in excess of 
a specified value. 

In addition to the specifications on system 
performance discussed above, the servo­
mechanism design is influenced by environ­
mental conditions. The designer must know 
the allowable values of such physical proper­
ties as over-all servo weight and size. Char­
acteristics of the available source of power 
must also be known. Important among 
these characteristics are : 

(a) Form, such as 60-cps or 400-cps alter­
nating current, hydraulic oil at 3000 psi, 
compressed air at 10 psi, 440-volt direct cur­
rent, etc. 

(b) Capacity, such as 115 volts, 15 am­
peres, 3000 psi at a maximum of 2 fP/min, 
etc. 

(c) Regulation, such as 115 ± 1 volt at 
400 ± 2 cps. 

The ambient temperature range is significant 
since it may necessitate the choice of compo­
nents having special temperature character­
istics. Other ambient conditions such as pres­
sure and humidity may be significant. Ap­
plicable military specifications for fulfilling 
environmental conditions must, of course, 
be followed in the production model. The 
constraints imposed by safety requirements 
should also be known; e.g., flammable hy­
draulic oil may be forbidden in certain ap­
plications. Finally, cost may be an important 
consideration, especially if large numbers of 
units are to be constructed. 

It may often happen that the specifications 
given to the servo designer are either incom­
plete, incompatible, or incomprehensible. In­
compatibility has been discussed in the begin­
ning of this chapter. Incomplete specifica­
tions are those that fail to limit the designer 
to any particular servo performance. Incom­
prehensible specifications must be clarified 
through consultation with the specifier. In 
the event that the specifier does not have 
information about the input signal or· dis­
turbance, it may be necessary to take suffi­
cient measurements in order to determine an 
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autocorrelation function. Radar nmse may 
have to be measured and its autocorrelation 
function found. Typical target paths may 
have to be decided upon and translated into 
input-signal variations. In general, designer 
and specifier have to work together to resolve 
the difficulties raised by incomplete specifica­
tions. As a last resort, where formulation of 
precise and complete specifications is impos­
sible, estimation based on past experience or 
on the experience of similar servomechanisms 
must be used. 

As a rule, it is more convenient to carry 
out the trial design in terms of frequency 
response as discussed in Chs. 5 and 6. Since 
the input-output specifications may be in 
terms of transient behavior, some means of 
conversion is useful. Once the synthesis has 
been completed, analytical determination of 
the exact transient response will have to be 
carried out. For example, if transient rise 

time and output overshoot are specified, the 
approximate equivalent frequency-response 
specifications may be deduced through use 
of the methods outlined in Ch. 7. If the input 
is given in terms of a specified time function , 
and if the maximum allowable system error 
is specified, it may be feasible to determine 
the various rates of change of input, estimate 
the error coefficients that result in a total 
error within specifications, and then proceed 
with the design to achieve these error co­
efficients as outlined in Ch. 7. 

If the performance specifications do not 
include a degree of stability in terms of over­
shoot or frequency response, the designer 
may arbitrarily pick a value of MP to be used 
in the trial-and-error method employing fre­
quency-response techniques. A value of 1.5 
decilogs is a reasonable start for many sys­
tems. The effect of varying the Mp on the 
different performance indices should be as­
sessed. 

16-3 CHOICE a= TRIAL COMPONENTS* 

16-3.1 GENERAL 

Once the servo performance specifications 
have been assembled, a list of suitable power 
elements, sensing elements, error detectors, 
and amplifiers can be drawn up. If the load 
imposed on the servomechanism is known, 
the size of the output member or power mem­
ber may be determined. The procedure sug­
gested by Newton <1) may be followed. The 
method that leads to a choice of motor and 
gear train (gear ratio) is summarized in 
this section. Newton's method is applicable 
to any sort of power element. (See Chapter 
14 for descriptions of various sorts of power 
elements). It is necessary to characterize the 
power element in terms of itS" peak available 
torque, T1 11., its maximum allowable velocity, 

*See Appendix on page 16-8 for equation derivations . 

v.1u•, and the inertia associated with its output 
shaft, J,,.Other procedures for choice of out­
put motor can be found in Chestnut and 
Mayer<5> and Ahrendt. (6) 

16-3.2 DETERMINATION OF MOTOR SIZE 

To determine motor size, the following 
trial-and-error procedure is used : 

(a) On the basis of the application specifi­
cations, compute the load peak power PLP and 
the load time constant t 1,p by means of the fol­
lowing equations : 

~ 
Pu• = Vu• (J,.a,p + Tu.) 

~ v,,P 
l:[,p = 

where 

P 1,1• = load peak power 

16-4 
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Vr.P = load peak velocity 

J L = load inertia 

aLP = load peak acceleration 

Tr.l' = load peak torque other than inertial 

-r:LP =load time constant 

vr.P, TLP, ar.p are assumed to act at random, and 
a consistent set of units are used so that TLP 

has a dimension of seconds . One consistent set 
of units might be the following: Vr.P in ra­
dians/sec, TLP in ft-lb, ar.P in radiansjsec2 , h 
in ft-lb-sec2, and Pr.P in ft-lb/sec. Other equal­
ly correct sets could be used if desired. 

(b) Estimate a preliminary figure for the 
required motor peak power P,,,p. (This first 
guess may be taken to be the load peak power 
multiplied by a factor equal to one plus a frac­
tion indicated by the designer's experience. A 
good number is 1.3.) 

(c) Referring to data tables for the line 
of motors under consideration, tentatively 
choose the motor with the next greater peak 
power than the estimated figure. Denote this 
motor peak power by PJtP-.H'T· 

(d) Compute the ratio of the motor time 
constant T:.1rP to the load time constant T:r.p by 
use of Eq. (16-3) and the value previously 
found in Eq. (16-2). 

T: ~ VJtp T.'t!P ~ PJIP 

JJP::: ( TMP2) ::: ( T,11p2) 

J.'t! J.u 

(16-3) 

where 

TMP =motor time constant 

vMP =motor peak velocity available for the 
motor chosen in (c) 

T MP= motor peak torque available for the 
motorchosenin (c) 

JM =motor inertia for the motor chosen 
in (c) 

PMP= motor peak power = VJip T.11P 

and a consistent set of units are used so that 
T:JrP has a dimension of seconds. 

(e) Find the minimum motor-to-load peak 
power ratio PMP!PLP for this time-constant 
ratio by means of 'the appropriate relation 

PMP > 1 'if t .lfP ::: 1 
PLP 1 - l:JIP "'CLP 2 

"'CI.P 

or 

PMP ::::: 4 "'CMP ' if l:[,p > ~ 
PLP T:.!fp l:LP 2 

(f) Using this minimum power ratio and 
the value of PLP from Eq. (16-1), compute the 
minimum allowable motor peak power 
P .,fP-MIN· Find PMP-.wT/ P,,rP-JttN, which is de­
fined as an "over-power" factor F,. F, must be 
equal to, or greater than, unity. If it is not, 
return to step (c) , pick a larger motor, and 
repeat steps (d) to (f). Continue until a mo­
tor with F , > 1 is found. 

16-3.3 DETERMINATION OF GEAR RATIO 

The gear ratio R between motor and load 
can be found from the following equations , 
which yield minimum and maximum values 
of R: 

R 1 1 !·-v ,_. [ (:::l - cMPr 

Jl 
=-X ---

(VMP) 
2 

CMP) (16-4) T:r.P 
VLP min T:r.p Fo 

for T:.up < _..!._ 
T:1.P = 2 
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R 1 1 
[ l-v 1- ~J =-X --- (16-5) 

(VJIP) 
2 

c.HP) 
VI.P mlu 't1.P 

for 't.11P > _!_ 
l:J.p = 2 

R 1 
1+V1-=!:= 

( VJIP) Fn (16-6) 
VJ.p n)OX for 't.11P ~ 

'tLP 2 

R 

(
V.ItP) 

1 
=-X 

2 
-- 1+ 1 .i 1 [ v-1 1 
(:::) - Fa 

VJ.P mnx 

f 't.uP > or--= 
'tJ.p 

1 
_1 + V 1 -- Fn 

:;:: 

16-3.4 SELECTION a= OUTPUT MEMBER 
AND RIMAINING ELEMENTS 

The proper size motor may be available in 
either hydraulic or electric form. The choice 
between the various types of output members 
must be made on the basis of available power 
supply and on the relative advantages and 
disadvantages of the various output mem­
bers cited in Ch. 14. Although it is possible 
to find some hydraulic or electric motor to 
position any given load, it may be found that 
the weight of the hydraulic motor is sub­
stantially less than that of the electric motor 
in certain cases (see Newton (I)). However, 
the total weight of the servo including ampli­
fiers and auxiliaries must be considered; it 
is possible that the weight of power supplies 
may lessen the comparative advantage of the 
hydraulic motor in some applications. Ready 
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availability of energy in convenient form 
elsewhere in a system may vitally influence 
the choice of which type of servomotor to 
use. Ease of maintenance and trouble-free 
operation are factors which must be consid­
ered in the light of expected ambient condi­
tions. Up-to-date manufacturers' data should 
be considered for these items as well as in 
matters of size, weight, and cost of modern 
component parts. A general comparison of 
motor types which serves to illustrate some 
of the significant relative factors appears in 
Table 16-1. Final choice must be guided by 
up-to-date manufacturers' information. 

Having chosen the output member, the 
designer must now choose the remaining ele­
ments. The set selected must be compatible; 
e.g., the output member may require force 
to cause its output to vary. Hence, a source 
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of force (such as a hydraulic amplifier or 
an electromechanical transducer) must be 
chosen based on availability and capabiiity 
of the various types. An amplifier with an 
output of proper form and capability must 
then be chosen to drive the force source. The 
dynamic behavior of the various components 
chosen for the trial set should be reasonably 
compatible. For example, if a hydraulic valve 
and piston are chosen as an output member 
in order to achieve a servo natural frequency 
of 30 cps, it would be poor practice to stroke 

the valve from a synchro differential having 
a 2-cps natural frequency. On the other hand, 
if a servo with a narrow bandwidth is de­
sired, the use of expensive hydraulic compo­
nents with wide frequency response is not 
recommended. The measuring and error­
sensing device (including the reference) 
must be chosen with particular attention 
given to accuracy, since the accuracy of the 
servomechanism is based on that of its meas­
uring device. 

TABLE 16-1 COMPARISON OF SERVOMOTORS 

Magnetic-
D-C A-C Pneumatic Hydraulic Particle 

Servomotors Servomotors Actuators Motors Clutches 

Efficiency High Low High High Low 

Commutators 
Problem None None None None 

and brushes 

Electrical Remove Remove 
Filter required Radio Noise None foreign foreign None 

Suppression particles particles 

High 

Flammability Low Low None 
(unless 

Low special oils 
used) 

Explosionhazard I High I Medium I Low Low Medium 

Coulomb friction, High Low Medium Medium Medium 
stiction,dead-spot 

Lifetime Medium Long Medium Medium Short 

16-7 
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APPENDIX FOR PARAGRAPH 16·3 

DERIVATION a= EQUATIONS PERTAINING 10 CHOICE 
a= MOTOR AND GEAR TRAIN 

Assumptions 

Motor has capability of delivering peak torque T.11P 

Motor can operate at peak velocity vJTP 

Motor has an inertia J.11 

Load requires a speed-independent torque Tu 

Load requires a peak velocity v,>r 

Load requires a peak acceleration au· 

Load inertia ish 

Gear-train reduction ratio from motor to load is R. 

Units. Any self-consistent set can be used. Two examples: 

Torque Velocity Acceleration Inertia 

newton-meters radians/sec radians/sec~ kg-meter2 

foot-lbs radians/sec radians/sec2 lb-ft-sec~ 

Derivation 

Peak motor torque must at least equal total load torque referred to meitor; thus: 

T > J,. au,+ Tu, + RJ a .\//' = R .11 J.P 

Peak motor speed must at least equal required load speed referred to motor; thus: 

v-'II' > Rv T.P 

From Eq. (2), the gear ratio must be as follows: 

V u• 

(1) 

(2) 

(3) 

Eq. ( 1) sets upper and lower limits on R. Equation (3) sets an independent upper limit on 
R. In order for the motor to drive the load, the minimum ratio allowed by Eq. (1) must 
be less than or equal to the maximum value allowed by Eq. ( 3). Solve Eq. (1 )for minimum 
value of R; thus: 

R,.;. = __ T..;;;c-'l..:....r __ v T_~11.~ 
2J.~, a1.r 4Ju~ a~"' 

_ J 1, a,,r + Tu· 
J,\1 a1,r 
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Combine the limits from Eqs. ( 3) and ( 4) ; thus: 

VJtP > T.ltr 11 -v 1 - 4ai,P (JD au• ~ TI.P) l 
v 1,r 2J.~1 ai.I. TuP 

Ju 

(5) 

Note that Eq. ( 5) involves motor capabilities and load requirements independent of gear 
train. Two conditions can be found from Eq. ( 5). First , the radical must be real ;therefore: 

T.ur
2 

> 4aLr (JL a1,p + TLP) 
J .ll 

To find another condition, rewrite Eq. ( 5) as follows : 

Two cases arise . Case I. If 

2a,,r X v ,ltP T .vP > 1 
Vw (TJt/'2/J.u)-

V.up TJJP 

TMP2 

JM 

(6) 

(7) 

then the right side of Eq. ( 7) will be less than zero, and so long as the radical is real, Eq. 
(7) will be satisfied. Thus , for Case I, no additional constraint is found from Eq. (7). 

Case II. If 

2aLP -- X 
VT~P 

V.ltl' T .11P < 1 
T.~,,~/J .v -

when Eq. (7) is satisfied, then Eq. (6) will automatically be satisfied. To find the condi­
tions for satisfy ing Eq. (7), square both sides . There results : 

(8) 

J M 

To summarize : 

Case I. If 

then 

(9) 

Case 11. If 

aLP X vMr TMP > _!_ 
VLP TMr2/Jilf = 2 {10) 

then TMP2/JM must be greater than 4aLP (JL aLP+ T LP) . 
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The requirements for Cases I and. II can be rewritten by multiplying the equations respec­
tively by 

1 

and 

VJIP TJ/P 

a/,P X 
VLP 

v.JFP T.1JP ]) 

T.l/P~!J.ll 

Now, define certain characteristic times or time constants. Thus : 

't.!!P = V.lJP TJIP 

TMP~!JJI 

Also define peak-load and peak-motor powers as: 

VI,P <Jr. aw + T1,p) = PLP 

VJFP X T.l/P = p.llP 

In terms of these constants, the rewritten Cases I and II become : 

Case I. 

p.llP > 1 "f 't.lfl' < 1 __,--_ 1 -- -
P/,P - 1- 't.I!P ' 'tJ,p = 2 

Tr~I~ 

:Jase 11. 

The results are used in the manner described in Par. 16-3.2. 

Gear Ratio 

(11) 

(12) 

(13) 

(14) 

The following derivation is for the equations used in the choice of a gear ratio. As mentioned 
in the chapter, it is always possible to find a motor to drive any load as specified. Then it is 
only necessary to find a gear ratio. The procedure ensures that once the motor is found, a 
realizable gear ratio will result. 

Multiply Eq. (l)by the factor 

(~) (R) 
PMP 

(~)(.3!.!!..!:....) 
'tLP VLP 

and rearrange Eq. (2). Introduce the time constants. 
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The result is : 

(15) 

and 

R 
-V-.1-1 p-~-V-1.-P :S:: 1 (16) 

R 
Consider a nondimensional gear ratio and combine Eqs. (15) and (16) so that the 

VJfpfVLP 

result is : 

1 

4 c·) or 

1-V1-
4 ('fJrp/tLP) < 

{ V.Jrp~VJ.P} < l+v (17) 
PJJP!Pw 1- 'fLP I 

2 CJ/P) PMP!PLP 

'fLP 2 ( 't.!tP/'fLP) 

The lower value of the two upper limits sets the upper bound on R. Define a motor over 
power factor as 

F.= 
p.IIP-.tCT 

PLP 

1 

X P.uLI (18) 

Pl.P I,;,. 

where ~ is the minimum allowable power ratio and P .uP-.H:T is the actual power ratio 

for the motor chosen. From Eqs. (13) and (14), it is seen that 

P.lll' I 
Pt.P .. ,H 

1 

for the case where 

'f,IJP < _!_ 
TJ.p = 2 

and 

p.IIP I 
PLP ,.;,. 

1 

'f,I/P 
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for the case where 

Solve Eq. (18) for the actual value of PP.u!PLP; thus: 

P.llP-ACT 

PLP 

- F p.liP I 
- 0 

PLP min 

Substitute the values for P.1IP into Eq. (19) to find : 
PLP 

p.l/P-ACT 

PLP 

and 

- -F--'o'--- .f 't.11P < 1 ,1 ----
l _ LJ/P LLP - 2 

TJ,P 

P.lrP-ACT = 4 Fo LJJP , if T.lfP > _!_ 
PLP LLP T[,p - 2 

(20) 

Substitute Eq. (20) into Eq. (17). The two minimum values of R/(VJrP/v~.P) are found 
directly from the left-hand side of Eq. (17). The maximum values of R/(VJrP/VJ,p) are 
found from either the upper or lower inequality of the right-hand side of Eq. (1 7). The 
condition as to whether the upper or lower inequality of Eq. (17) holds depends upon which 
of the two is the greater. These results all appear as Eqs. (16-4) through (16-7). 
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16-4 ANALYSIS a= TRIAL SYSTEM 

When the trail system has been chosen, 
analysis of its performance is the next step 
in the design procedure. As outlined in Ch. 
6, the trial-and-error design method starts 
with the simplest form of compensation, 
namely, a pure gain. Stability is checked. If 
the system is unstable, suitable stabilization 
networks are added, using either cascade or 
parallel compensation. Then the gain is ad­
justed to meet the degree-of-stability speci­
fication . At this point, the system and its 
compensation are defined and the perform­
ance can be analyzed to verify whether the 
error specifications are met. If the error 
specifications are not met, the compensation 

is modified so as to permit an increase in gain 
while maintaining the specified degree of 
stability. Again, the performance is analyzed 
and the error specifications are checked. 
This procedure is continued until all specifi­
cations have been met. Since there is no 
guarantee that the trial system can be forced 
to meet the specifications, the designer should 
become suspicious if unduly complex com­
pensation functions do not produce satisfac­
tory performance. This is so because the 
idealizations required to obtain a mathemati­
cal model for the physical hardware neglect 
secondary effects that become primary when 
excessively complex compensation is at­
tempted. 

16-5 MODIFICATION CR REDESIGN a= TRIAL SYSTEM 

If, after try ing a few simple compensation 
functions, the designer finds that the per­
formance of the trial system is unsatisfac­
tory , he may choose one of two possible direc­
tions. The trial system may be modified by 
means of new components that give promise 
of better performance than those used in the 
initial trial. An example of this is the re­
placement of an electric drive by a hydraulic 
drive to obtain a faster output member. Al­
ternatively, the designer may suspect that 
the specifications are either incompatible or 
cannot be met by any known system. Since 
there is no way the incompatibility can be 
disclosed by the trial-and-error method, the 
designer is forced, in practice, to try various 

new components. If no available components 
lead to a system where the specifications are 
met, the designer can only conclude that the 
specifications are too stringent and ask for 
their revision. Should this be deemed impos­
sible, two courses of action rem a in: ( 1) 
present the problem to a different design 
group in the hope that a fresh approach 
will lead to success; or (2) design and build 
new components that will enable specifica­
tions to be met. Because of the time, cost, 
effort, and nonguarantee of success, this final 
approach should be used only as a last resort. 
It is conceivable, of course, that the present 
state of the art is such that it may be im­
possible to meet a certain set of specifications. 
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16·6 CONSTRUCTION AND TEST a= EXPERIMENTAL EQUIPMENT 

Once the design has been completed and 
the specifications apparently met, the next 
step is to obtain a set of the proposed com­
ponents and then proceed to assemble and 
test. Construction of experimental equipment 
may be facilitated by the use of commer­
cially available clamps, motor brackets, and 

various prefabricated parts such as base 
plates , bearing supports , standard shafting , 
gears, etc. 

Dynamic and static testing should be car­
ried out under conditions as similar as possi­
ble to those to be met in the field. Environ­
mental testing should also be performed. 

16-7 TRANSLATION a= EXPERIMENTAL EQUIPMENT INTO 
PRODUCTION MODEL 

When the experimental model has been 
tested and the designer is satisfied that the 
specifications have been met, the specifica­
tions for a prototype should be drawn based 
on the components used in the experimental 
model. The prototype will differ from the 
experimental model in that production-type 
construction will be employed wherever pos­
sible. It should be designed so that the pro­
duction model can be made essentially identi­
cal. Standard components meeting military 
specifications should be used, and the proto­
type should be subjected to performance and 
environmental tests. Shock testing should 

also be carried out and accelerated life tests 
made. It is important that every effort be 
put forth to expose component weaknesses 
at this point. Deterioration of performance 
with aging should be such that the specified 
performance is still available . 

When the designer is satisfied that the pro­
totype meets all specifications, he may draw 
specifications for the production model and 
let contracts. Servos taken from actual pro­
duction should be rigorously tested to ensure 
that all specifications are met. Acceptance 
tests should be made in accordance with ac­
cepted practice. 

16-8 ILLUSTRATIVE EXAMPLE- DESIGN a= A 
SERVO DATA REPEATER 

16-8.1 NATURE OF THE MEASUREMENT 
PROBLEM 

Accuracy assessment of modern automatic 
fire-control systems has posed a number of 
difficult instrumentation problems. In the 
assessment method commonly used for 
manned aircraft at the present time, data for 

analysis are taken during nonfiring engage­
ments, and it is necessary to measure and re­
cord a number of physical angles in the fire­
control system under test very accurately and 
with a high degree of resolution. 

A typical example will serve to illustrate 
the nature of the requirements. Suppose it is 
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desired to sample the azimuth and eleva­
tion angles of a moving radar antenna a 
number of times per second, with an accu­
racy of ±0.5 milliradian throughout a total 
angular coverage of 120° in each axis. An 
over-all dynamic accuracy of ±0.03° and a 
resolution of approximately one part in 4,000 
are therefore required in a process which in­
cludes :measuring ; recording in the aircraft; 
and later, reading on the ground for data 
analysis. Recording is the most critical part 
in this process since there are chances for er­
ror in transferring measurements to the stor­
age medium, in the medium itself, and in 
reading out of the medium. 

Of the available recording methods, ana­
log recording by means of direct-writing os­
cillographs or physical displacement of im­
ages on photographic film is out of the ques­
tion where such accuracy and resolution are 
concerned. The alternative is a numerical, or 
digital, representation which permits storage 
and recovery without loss of accuracy. One 
common method of digital recording is to 
display the desired information numerically 
on a dial where it can be photographed and 
later recovered without loss of accuracy. In 
most present applications, fire-control instru­
mentation takes this form. Since the dial can 
seldom be connected directly to the device to 
be measured, there remains the problem of 
driving a remote indicating dial so that it re­
peats accurately the position of the device 
being measured. 

Environmental conditions for airborne 
equipment are severe and variable. They in­
clude large temperature changes under dif­
ferent operating conditions, continuous vi­
bration, acceleration loadings, and unstable 
voltage and frequency of power sources. An 
analysis of simple synchro transmitter-motor 
links to drive the indicating dials under these 
conditions quickly led to their rejection. The 
problem is not with the electrical accuracy of 
the synchro motors, but rather with the low 
torque gradient available to position the ro­
tor. As a result, large errors occur if shaft 
friction or disturbing forces exist. Also, the 

low torque that is available limits the accel­
eration capability of the rotor and therefore 
the frequency response of the indicator. 

If a synchro is used only as the error detec­
tor in a feedback-control loop, the error sig­
nals can be used to control any level of 
torque desired, and the torque gradient can 
be made almost infinite compared with the 
synchro motor. This section describes the de­
sign of a servo repeater to drive the dials 
indicating antenna azimuth and elevation an­
gles. 

16-8.2 DESIGN CF THE SERVO 

16-8.3 Accuracy Determinations 

16-8.4 Antenna characteristics. The radar 
antenna whose position is to be indicated has 
a maximum velocity of 120 deg/sec and a 
maximum acceleration of 600 degjsec2• The 
performance of the servo repeater should 
equal or exceed these values. Also, the an­
tenna servo-drive bandwidth (defined as the 
frequency at which antenna-drive phase lag 
is 60") is 5 cps. If the repeater is to follow 
antenna motions up to 5 cps faithfully, no 
amplitude peaking and negligible phase shift 
(less than 5") in this band are desired. The 
repeater must therefore have a bandwidth 
several times that of the antenna. 

16-8.5 Synchro accuracies. The antenna is 
equipped with 27-speed and 1-speed synchro 
transmitters. These are 400-cps types with a 
maximum error of ± 7 minutes of arc for 
each synchro. If the gear errors in the an­
tenna and in the repeater are neglected, the 
greatest synchro error, when a 27-speed 
transmitter is used at the antenna and a 27-
speed control transformer is used at the re­
peater, is 

~ ~ --1-minute 
27 2 

= 0.008" 

referred to the 1-speed shaft. This is well 
above the required 0.03" system accuracy and 
hence no special synchro selection is neces­
sary. 
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16-8.6 Dials. In order to rear the repeater 
output without introducing excessive errors, 
two dials are used. For ease in reading, one 
turns at 36 times antenna speed (10' of an­
tenna motion/dial revolution), permitting di­
rect division of the dial at 0.1' intervals. A 
vernier then permits accurate readings to 
O.OP, again well above the required system 
accuracy, prcvided that the dials themselves 
are absolutely accurate. Although even 
higher speed dials would make reading 
easier, gear errors between the finest dial and 
the 27-speed synchro would increase, and the 
system inertia would become excessive, since 
the inertia of each dial must be multiplied by 
the square of the dial gear ratio. 

16-8.7 Friction and drift. Friction levels in a 
mechanism are difficult to estimate in ad­
vance. Knowledge of the friction ratings for 
the synchros and the servomotor and esti­
mates for the gear train indicate that angu­
lar errors are negligible if a very high torque 
gradient is obtained in the servo. Hence, a 
tolerance of 0.005" is tentatively established 
for errors due to static or running friction. 
Drift is also considered a serious problem be­
cause of the environmental conditions, and 
its reduction becomes a major factor in se­
lecting the method of servo compensation. 

16~8.8 Dynamic errors. The greatest sum of 
the forementioned static errors is 0.008' 
+ 0.01 <> + 0.005" = 0.023°, leaving 0.007° 
for dynamic errors caused by constant veloc­
ity inputs and input accelerations. Maximum 
possible error is used as a criterion, rather 
than an rms combination of errors, to allow 
a margin of safety. Since the highest input 
velocity for which accurate following is de­
sired is 20 degjsec, the required velocity con­
stant is 

K,.= 
20 deg/sec 

2860 
_

1 """" sec 
0.007" 

Since no information is available on sus­
tained antenna accelerations likely during 
airborne tests, it is therefore specified only 
that repeater acceleration capability exceed 
that of the antenna. 

16-8.9 Choice of Servo Compensation 
Method 

In order to meet the requirements of ex­
treme accuracy and stability in the repeater 
design, the obvious choice is an all a-c system 
with synchro data transmission. D-e com­
pensating networks are discarded because of 
drift in the associated modulators and de­
modulators. Carrier compensation is also 
considered a poor choice because the a-c sup­
ply frequency in aircraft. is not held to close 
limits. Three remaining possibilities are: ta­
chometer feedback, viscous damping, and 
viscous-coupled inertia damping. The form 
of compensation chosen for this application 
after a complete study of the requirements 
was the viscous-coupled inertia damper. <2l 

A simple damper consists of an inertia 
slug coupled viscously to the motor shaft. In 
one practical form shown in Fig. 16-1, the 
heavy inertia slug is mounted on ball bear­
ings riding on the motor shaft and is com­
pletely surrounded by a light fluid-tight shell 
pinned directly to the motor shaft. The space 
between the shell and the inertia slug is 
filled with a silicone damping fluid. A practi­
cal way of looking at the damper is that, for 
small high-frequency oscillation, the damper 
acts like a direct viscous drag to stabilize the 

DAMPER CASE 
(FIXED TO MOTOR SHAFT) 

STATIC 
OIL SEALS 

OAMPI~G FLUID 

Fig. 76-I Viscous-coupled inertia damper. 

From 195-' National Td11mcterino Confe rence Record, from 
article entitled "'A Damper Stabi1ized Servo Data Repeater", 
by J. E . Ward. 
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servo. At sustained motor velocities, how­
ever, the slug eventually attains the same 
speed as the motor. This property overcomes 
the major disadvantage of direct viscous fric­
tion damping because no power is dissipated 
at constant velocities. 

Because the damper is a load compensa­
tion device, rather than a cascade or feed­
back device, the amplifier need provide only 
a-c gain from the synchro to the a-c control 
motor. This feature minimizes any possibil­
ity of drift , which was one of the design 
goals. 

The transfer function for a damper has 
the same form as that for a conventional d-e 
lead network and is derived in Par. 16-8.10. 
For equal servo bandwidths, however, the 
damper-compensated servo has considerable 
advantage over both lead-network compensa­
tion and tachometer compensation. A lead 
network provides a high velocity constant 
and a relatively low torque constant, whereas 
tachometer feedback provides a high torque 
constant and a relatively low velocity con­
stant. A damper provides both a high torque 
constant and a very high velocity constant. 
Figure 16-2 compares the magnitudes of 
typical loop transfer functions for all three 
types of compensation, with the gains ad­
justed for the same servo bandwidths , and 
indicates the relative velocity constants that 
are obtained. Because of the large increase 
in motor-shaft inertia, the damper provides 
a transfer function that can only be dupli­
cated by either a combination of tachometer 
feedback and an integral network or a ta­
chometer feedback with a high-pass filter, 
both of which would require d-e networks . 
Figure 16-3 compares the magnitudes of the 
torque-error transfer functions and indicates 
that the lead network provides a smaller 
torque constant than a damper or tachometer 
except at very high frequencies. A high 
torque constant at zero fre quency is desirable 
to combat friction errors. 

The damper has an additional advantage 
in that it directly attenuates any system 
noise that may have reached the motor shaft. 
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An outstanding feature of a damper-compen­
sated servo is extreme smoothness of opera­
tion. Also, because of the noise attenuation, 
a damper servo is much more tolerant than 
any other servo type with regard to backlash 
between the motor and the feedback syn­
chro. The penalty which must be paid is that 
the additional inertia added to the system 
seriously limits the accelerating capabilities 
of the servo motor and, in order to maintain 
load accelerations, the gear ratio between 
load and servomotor must be kept quite low 
compared with normal practice. However, 
this is not a serious objection in instrument 
servos, which usually do not require high 
torque levels at the output shaft. Also, the 
damper attenuates the effects of motor cog­
ging and other motor-torque irregularities 
that are usually objectionable at low gear 
ratios. 

The damper-compensated servo is insensi­
tive to power-supply voltage changes , since a 
± 2:1 change in loop gain is possible with 

negligible change in performance. Also, be­
cause there are no frequency-sensitive ele­
ments such as lead networks, the servo is 
insensitive to changes in the prime power 
frequency which excites the synchros and 
the motor. The servo operates without 
noticeable change for power frequencies of 
400 ± 100 cps. The high torque constant 
makes the repeater insensitive to vibration . 
The only remaining problem, therefore, is 
the effect of temperature on the viscous 
dam ping fluid. Silicone fluid has excellent 
temperature characteristics, and a variation 
of ± 50°F results in negligible performance 
change in the servo. For airborne applica­
tions , a heater and thermostat are generally 
used to keep the damper at 160 ± 25°F. 

16-8.10 Design of the Damper-Stabilized 
Servo 

16-8.11 Detailed analysis. The functional 
block diagram of the servo data repeater is 
shown in Fig. 16-4. A fine dial diameter of 

c ~ 
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~ 
~ 
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Fig. 16-4 Functional block diagram of servo clata repeater. 

From 195-'t National Telemetering Conference R ecord, from 
article entitled "A Damper Stabilized Servo Data Repeater", 
by J. E. Ward. 
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2 inches is chosen for readability with a 
vernier to 1 part in 1000, and, since the dial 
turns at 36-speed, fine dial inertia becomes 
the predominant factor in choosing the motor 
gear ratio. It was later found that a gear 
ratio of 3:1 from motor to dial, giving a 
motor speed of 108 times antenna speed, 
maximized the output acceleration. In the 
following, output refers to the 1-speed syn­
chro shaft of the repeater, which corresponds 
to antenna speed. Gear ratios are indicated 
in Fig. 16-4. The first step in analyzing the 
system is to derive the transfer function for 
the motor and damper. (A pictorial repre­
sentation of the damper-motor is shown in 
Fig. 16-5.) The following nomenclature is 
used in the derivation : 

a, 

Ia 

n 

J, , 

J,l 

J. 

K1 

K~ 

Kt 

K,. 

8 

maximum output acceleration, in 
radjsec2 

damping constant of damper, in in.­
oz-secjrad 

internal damping of motor, in in.-oz­
secjrad 

gear ratio from motor shaft to out­
put 

inertia of damper slug, in in .-oz­
sec2jrad 

inertia of motor rotor, gears, and 
load in in.-oz-sec~ /rad 

total motor-shaft inertia = J"' + J, 

inertia of damper shell, in in.-oz­
sec~ jrad 

ljgear ratio from fine synchro to 
output 

synchro output constant, in 
voltsjdeg 

amplifiergain 

conversion factor from radians to 
degrees= 180/rr 

system torque constant (output 
torque per deg error), in in.-oz/deg 

motor torque constant, in in.-ozjvolt 

system velocity constant, in sec-1 

Laplaceoperator 

T 

fig. 76-5 Pictorial diagram of damper-mofor. 

Adapted by permission from TransactionS of th e ASME, Volume 
79, April, 1967, from article entitled 'A Dual-Mode Damper­
Stabilized Servo', by J. Jursik, J. F. Kaiser, and J. E. Ward. 

T internal motor torque, in in.-oz 

T. 

v 
a 

E 

R, 

n .• 

stall torque of motor at rated con­
trol voltage, in in.-oz 

applied motor voltage, in volts 

attenuation ratio defined by Eq. 
(16-15) 

servo error, in deg 

saturation error, in deg 

input (antenna) position, in deg 

motor angular position, in rad 

output position, in deg 

major velocity build-up time con­
stant, in sec 

damper angular velocity, in radjsec 

motor angular velocity, in radjsec 

maximum velocity of motor, m 
radjsec 

maximum output velocity, in degjsec 

motor break frequency, in radjsec 

damper break frequency, in rad/sec 

ffic gain-crossoverfrequency, in rad/sec 

From Fig. 16-5, the transfer function for 
the motor-damper is derived as follows : 

T= K7'V (16-8) 

T = (J,. + J.)sn,,. + fd(n., -n,1) + /,n, 

(16-9) 
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(16-10) 

Eliminating O,r gives 

(16-11) 
T (J,. +J.) [ 8 2 + 8 ( 

fa + fr~ + fm ) + fmfd ] 
J, + Js J11 J.., +Js (Jm + JJJd 

Eq. (16-11) can be written more simply in the approximate form 

n,., _ (8 + <.o,r) 

T - (Jm + J,) ( 8 + :")(8 + aw11) 
(16-12) 

where 

(16-13) 

( 16-14) 

(16-15) 

(16-16) 

The motor-damper transfer function is there­
fore 

~= _________ K~T~(~8_+~w~d~) ______ __ 

V s(Jm + J.) ( 8 + w:) (s + aw11) 

(16-17) 

The operational block diagram for the com­
plete system is shown in Fig. 16-6. The con­
stants have the following values: 

K1 = 27 

Kz 0.4 volt/deg 

Ka 375 

K4 57.3 degjrad 

w 2nf 
n 108 

Kr 0.016 in.-oz/volt 

J ... 0.72 X 10-4 in.-oz-sec2/rad 

J. 1.41 X 10-4 in.-oz-sec2/rad 

Jll 1.69 X 10-3 in.-oz-sec2/rad 

fm 1.23 X 10-3 in.-oz-secjrad 

!11 0.156 in.-oz-secjrad 

T, 2.4 in.-oz 

n. 600 radjsec 

Using these values, the damper-motor trans­
fer function of Eq. (16-17) is found to be 

8111 75 (s + 92.3) 
V = s(s + 0.65) (s + 824) 

(16-18) 

The remaining constants are 

K1K~KaK4 = 2.15 X 103 motor volts/motor 
n radian 

so that the complete loop transfer function is 

!!f!.. _ 161.25 X 103 (8 + 92.3) 
E- s(s +o.65) (s+824) 

(16-19) 

The velocity constant is found by multiply­
ing through by s, and then letting s go to zero : 

f E 

(161.25) (92.3) X 103 

(0.65) (824) 

27,800 sec-1 

(16-20) 

However, this value depends greatly upon the 
assumptions made concerning the motor 
damping fm and upon friction effects in the 
gearing. In practice, the K,. for this servo is 
difficult to measure, but is found to exceed 
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+ v 
K~ 
n 

Fig. 16-6 Operational block diagram for servo data repeater. 

By permiSSion from Transactions of the ASME, Volume 79. 
April. 195 ; , from article entitled 'A Dual-Mode Damper-Stabili zed 
Servo'. by J . Jurs ik . J . F . Kaiser, and J . E. Ward . 

10,000 sec-1 • Thus, error for the maxim urn in­
put velocity of 120° / sec is only 0.012°. The 
torque constant at the output shaft is 

Kt -= KrK~K~K:~(n) (16-21) 

= (0 .016) (27) (0.4) (375) (108) 

= 7000 in.-ozjdeg 

This value is so large that friction errors in 
the servo are indeed negligible. 

The linear range of the servo is found by 
determining the error E., at which the ampli­
fier output voltage saturates (reaches maxi­
mum value). For the amplifier used, the satu­
ration voltage V, is 150 volts. Therefore 

"··= ± 
v.. 

=± 
(27) (0.4) (375) 

= ± 0.037' 

(16-22) 

This corresponds to a motor-shaft angle of 
only 20.037 X 108,or±4°. 

Perhaps the best measure of the system 
bandwidth is the gain-crossover frequency 
W 0 at which the magnitude of the loop transfer 
function Oo/E is equal to unity. This value de­
pends upon the loop-gain setting and is found 
to be approximately 

We= 250 radjsec = 40 cps 

for best performance. The acceleration con­
s tan t of the system is equal to 

(16-23) 

= (250) (92.3) 

= 23,000 rad/sec~/rad error 

Finally, the maximum output velocity is 

600 rad/sec 
108 

(16-24) 

= 5.56 radjsec = 320 degjsec 

and the maximum output acceleration is 

a,,= T. X _2_ (16-25) 
Jm+ J . +Jc/. n 

2.4 
(0.72 + 1.41 + 16.9) X 10-4 X (108) 

24,000 
(19.03) (108) 

= 11.7 rad/sec2 = 670 deg/sec2 

Both of these figures are in excess of those 
required. 

16-8.12 Performance of the completed servo. 
The servo data repeater is shown in Fig. 16-7. 
The mechanism is packaged in a 3-inch di­
ameter aircraft instrument-type case, re­
qmres a 9-inch space behind the panel, and 
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Fig. 16-7 Servo data repeater. 

From 1.95* Nation al Telemetering Conf erence R ecord, from 
article entitled "A Damper Stabilized Servo Data Repeater", 
by J. E. W ard. 

weighs 3.5 pounds. The unit has a fine dial 
that indicates 10° per revolution in 0.1' in­
crements , and a coarse dial that indicates 120° 
in 10° increments (total coarse dial travel is 
180') . The vernier permits fine dial readings 
to 0.01'. Reference to Fig . 16-4 shows that 
there are only two important gear meshes in 
the repeater -that between the motor and 
the 27-speed synchro, and that between the 
motor and the fine dial. Backlash in these 
meshes represents an error of less than 0.005' 
in the dial indication. Dial engraving errors 
are about 0.01° at the worst point. 
· A conventional a-c amplifier with trans­

former output is used to drive the repeater. 
A gain of 375 is required, and a fine-coarse 
switching circuit is provided for 1-speed 
synchronization. The amplifier is about 4 X 5 
X 6 inches in size. Magnetic amplifiers can 
also be used, but servo bandwidth must be 
reduced as a result of time lags in the magnet­
ic amplifier. Also, magnetic amplifiers usu­
ally have a d-e drift , which introduces error. 

The transient response of the repeater to a 
small step within the linear range is shown 
in Fig . 16-8. Also shown are the responses 

to larger steps, which indicate the deteriora­
tion that occurs with increasing saturation 
in the system . The long settling time for 
large input steps, such as are encountered 
in initial synchronization, is not critical for 
this application. 

The repeater has been used successfully 
for the original antenna follow-up applica­
tion and for many others. A later variation 
in the design substitutes a 10-turn poten­
tiometer for the synchros as the feedback 
element, and an accuracy of 1 part in 4000 
has been achieved in measuring voltage ratios. 

K -1~~0.02° STEP -1~~1.0° STEP -I m53o STEP 

fl 0 0 0 

"' w . 

+I +I +I 
0 0.1 0.2 0 0.1 0.2 0 1 2 3 4 

SECONDS SECONDS SECONDS 

Adapted by permission from Tramactiona of th e ASME, Volume 
79, April, 1957, from article entitled 'A Duai·Mode Damp er­
Stabilized Servo', by J. Jursik. J. F. Kaiser, and J. E. Ward . 

Fig. 16-8 Transient response of servo data 

repeater to various steps. 
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16-8.13 Improvement by using dual-mode op­
eration. The large-step response of the re­
peater is rather poor because kinetic energy 
stored in the damper slug during slew condi­
tions cannot be dissipated rapidly by the 
limited motor torque available. One solution 
is to use a separate mode of operation for 
large transients, in which case the damper 
is temporarily disconnected to prevent en­
ergy storage. An error-actuated clutch is 
used to couple the damper to the motor. 

A cross-sectional view of the dual-mode 
damper package attached to a servomotor 
is shown in Fig. 16-9. The damper consists 
of a sintered-tungsten slug mounted on bear­
ings within a spun-aluminum case filled with 
a silicone damping fluid. The aluminum 
damper case is supported by two bearings 
- one fixed in an extension of the motor 
housing, and one running on the motor shaft. 

The clutch is composed of a small collet 
attached to the damper case. The collet can 
be expanded into a drum attached to the 
motor shaft. 

Normally, the clutch is kept engaged by a 
spring that acts on a push rod so as to ex­
pand the collet. The means for controlling 
this clutch is provided by the solenoid, which 
releases the collet by acting on the push rod 
in opposition to the spring . A 4-pound force 
is required to release the clutch, and the 
necessary push-rod travel is 0.005 inch. The 
solenoid is constructed very much like a tele­
phone receiver. It has a circular armature , 
which is pulled down toward the center post 
when the coil is energized. The return spring 
for the armature is provided by the thin 
diaphragm attached to the armature at its 
center. The clutch can be disengaged by ap­
plying approximately 2.5 watts to the sole­
noid coil. The operating time for the clutch 

CLUTCit 

Fig. 16-9 Cross section of c/utch·damper. 

By permiSSIOn from Tran.saction• of th e ASME, Volume 79, 
April. 1957. from article entitled 'A Dual-Mode Damper-Stabilized 
Servo', by J. Jursik. J. F. Kaiser, and J. E. Ward. 
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is less than 10 milliseconds. Adjustments are 
provided for setting the maximum slip torque 
of the clutch and for setting the free play 
between the solenoid armature and the push 
rod. The total armature travel is established 
by grinding the center post during manu­
facture. The entire assembly is 2-3/8 in. long 
by 2 in. in diameter and has been designed to 
operate with a Mk 8 400-cps servomotor. A 
view of the complete dual-mode package is 
shown in Fig. 16-10. The functional block 
diagram of the dual-mode servo is shown m 
Fig. 16-11. 

As stated previously, the transient per­
formance of a damper-stabilized servo for 
large signals, such as those encountered in 
synchronizing to a new position, is sometimes 
undesirable. A typical large-signal transient 
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for single-mode operation of the damper sys­
tem is shown in the upper part of Fig. 16-12. 
Note that the repeater output has an 80 per­
cent initial overshoot and requires at least 6 
complete cycles to reach and stay within the 
linear range of operation. 

With dual-mode operation, the transient 
shown in the lower part of Fig. 16-12 is ob­
tained. In this mode, the repeater initially 
reaches the desired position more rapidly be­
cause of the reduced system inertia with the 
dam per disconnected. Reconnection of the 
damper just before the repeater reaches the 
desired position results in an exceedingly 
high rate of deceleration which prevents an 
overshoot of more than about 1 percent. Once 
within the linear range , the synchronization 
is completed rapidly because of the wide 
bandwidth of the normal servo loop. The re­
peater servo completely settles in less time 
than is taken to reach the first overshoot in 
single-mode operation. 

The optimum response for large steps is 
obtained with the clutch adjusted to operate 
at an error of about 4". Dual-mode operation 
is therefore obtained only for inputs that are 
larger than 4" .. 

"" ~ 0 ~~~~-r-+~~~~~~~~~ .. 

0 

TIME IN SECONDS 

"" 0 0 "-"" .. DUAL·MODl: 

+I 
0 2 3 

TIME IN SECONDS 

Fig. 76-72 Comparison af large-step (53°) 

servo response for single-mode and 

dual-mode operation. 

4 

4 

Adapted by permis sion from Transactions of tire A SME, Volume 
79, April , 1957, from article entitled 'A Dual-Mode Damper­
Stabilized Servo' , by J. Jursi k, J . F . Kaiser, and J. E. W ard. 
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CHAPTER 17 

REPRESENTATIVE DESIGNS* 

17 ·1 INTRODUCTION 

The examples of servomechanism systems 
described in this chapter have been selected 
from Army equipments which now carry an 
unclassified designation. The objectives of 
presenting these designs is to illustrate the 
analytical procedures discussed in the earlier 
chapters and to show how various compo­
nents may be integrated to meet a set of 
over-all requirements. It should be borne in 

mind that each new requirement necessitates, 
in general, a fresh approach to system syn­
thesis in order to achieve best results, and 
that no single type of system organization 
can be regarded as the best design for all 
purposes. The user of the handbook is there­
fore cautioned against applying the repre­
sentative designs in this chapter to new sit­
uations. 

17-2 A SERVO SYSTEM FOR A TRACKING-RADAR ANTENNA 

17-2.1 GENERAL 

The M33 Antiaircraft Fire-Control System 
employs electrical servos for driving the 
tracking-radar antenna in azimuth and ele­
vation during the tracking of a target. A 
functional block diagram showing the inter­
connection of the units is drawn in Fig. 
17-1. Only the elevation-control channel is 
illustrated since both channels are identical 
with the exception that the azimuth power 
servo amplifier drives four motors whereas 
the elevation servo amplifier drives a single 
motor. The units shown are those used in 
the automatic-tracking mode. 

17 ·2.2 PURPOSE 

The primary purpose of the azimuth and 
elevation servos is to steer the tracking­
radar antenrra so that an airborne target 
may be tracked automatically in two co-

"'By J. F. Reintjes and L.A. Gould 
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ordinates as it moves through space. An­
other purpose of the servos is to provide for 
rapid slewing of the tracking antenna to the 
angular position of the associated acquisi­
tion-radar antenna. Still another purpose is 
to provide alignment (in elevation) of the 
optical system with the tracking-radar an­
tenna. The two servos also supply angular­
position data to a computer and to remote 
indicators. 

17-2.3 OPERATION 

An 1800-rpm conical-scan drive motor at­
tached to an off-axis antenna feed (see Fig. 
17-1) spins the beam in space and, in so 
doing, places 30-cps amplitude modulation on 
the chain of echo signals received from a tar­
get. After amplification and detection by the 
radar receiver, the 30-cps amplitude-modu­
lated video echo pulses are applied to a pulse 
demodulator where the modulation signal is 
recovered from the video pulses. The 30-cps 
signal is then applied to an elevation-angle 
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phase-sensitive detector (see Par. 12-4) to­
gether with a 30-cps signal from a reference­
signal generator coupled to the conical-scan 
drive motor at the antenna. The reference 
signal serves as a phase reference for the 
elevation angle of the antenna-beam axis 
measured with respect to the parabolic-reflec­
tor axis. If the antenna is on target, no error 
signal is generated in the phase-sensitive 
detector. If the antenna is off target in eleva­
tion, there is generated an error signal whose 
magnitude is a measure of the amount the 
antenna-beam axis is off target and whose 

'polarity with respect to the elevation refer­
ence signal depends upon whether the beam 
axis is above or below target. Y ence, as the 
antenna tracks a moving target, the output of 
the phase-sensitive detector is a slowly vary­
ing positive or negative voltage, the magni­
tude and polarity of which are a measure of 
the elevation tracking error. 

The error signal from the phase-sensitive 
detector modulates a 400-cps carrier voltage, 
and the modulated carrier is then amplified in 
a low-power electronic servo amplifier. This 
amplifier consists of two stages of voltage 
amplification, a phase inverter, and a push­
pull output stage (see Par. 13-1). The phase 
inverter provides two signals, 180" out of 
phase, for driving the push-pull output stage. 
The output of the low-power servo amplifier 
is then applied to the input of a 400-cps high­
power servo preamplifier. Also applied to the 
preamplifier input is a 400-cps feedback volt­
age from an a-c tachometer generator (see 
Par. 11-5) that is coupled to the elevation 
drive shaft of the antenna. An a-c velocity 
feedback voltage is thus provided in the servo 
system. Because the high-power servo-ampli­
fier stage requires a push-pull d-e voltage 
input signal, the preamplifier also includes a 
demodulator. The input signal to the pream­
plifier is therefore a modulated 400-cps car­
rier signal and the output is the modulation 
envelope. 

The high-power servo amplifier controls 
the 400-cps 2-phase elevation drive motor and 
consists of a push-pull d-e amplifier driving a 
400-cps magnetic modulator (see Par. 12-3). 

The output of the magnetic modulator is a 
400-cps voltage whose amplitude is propor­
tional to the difference between the output 
currents in each tube of the push-pull ampli­
fier and whose phase is equal or opposite to 
that of the 400-cps excitation voltage of the 
magnetic modulator, depending upon which 
of the two tube currents is greater. The out­
put signal is applied to the control winding 
of the 2-phase motor. 

17-2.4 OPERATIONAL BLOCK DIAGRAM 

The operational block diagram of the servo 
system for controlling the tracking-radar 
antenna in elevation is shown in Fig. 17-2. In 
this figure 

17-3 

r = line-of-sight elevation angle 

c = antenna elevation angle 

e = actuating signal of servo system 

n =radar noise 

(I"' = angle of servomotor shaft 

b = tachometer-generator feedback 
signal 

u =load-torque distu:·bance at anten-
na reflector 

G, (s) =transfer function of radar set, 
elevation phase-sensitive detector, 
400-cps modulator, and low-power 
400-cps amplifier 

G" ( s) =transfer function of high-power 
400-cps preamplifier and phase­
sensitive demodulator, high-power 
servo amplifier, and servomotor 
control field 

Ga ( s) = transfer function of servomotor 

G4 (s) =transfer function of antenna me­
chanical assembly 

H, ( s) =transfer function of tachometer 
generator 

H" ( s) =transfer function due to imperfect 
coupling between antenna reflec­
tor and servomotor shaft 
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Fig. 17-2 Operational block diagram of servo system for controlling 

M33 tracking-radar antenna in elevation. 

K = stiffness of antenna structure 

The rate feedback supplied by the a-c tach­
ometer generator [H1 (s)] is imperfect be­
cause the antenna structure is not absolutely 
rigid . The rate feedback therefore tends to 
improve the performance of the servomotor 
but is not completely effective in reducing the 
mechanical resonance of the antenna struc­
ture. The dynamic behavior of the servo­
motor and the antenna structure cannot be 
separated in the system, as indicated by the 
mechanical coupling loop. However, if the 
resonant frequency of the antenna structure 
is very high, only the inertia of the structure 
is important; the rate feedback is then a 
direct measure of the elevation angular veloc­
ity of the antenna reflector. 

17·2.5 NOISE 

The presence of radar noise in the line-of­
sight signal prevents the actuating signal e 

from being a true measure of the system 
error, Ye = 1·-c. In order to minimize the 
effect of noise, the bandwidth of the system 
has been kept at a low value so that the servo­
mechanism acts as a low-pass filter . 

17-2.6 DESIGN CHARACTERISTICS 

The following is a list of characteristics of 
the elevation servo system : 

Maximum power output 120w 

Maximum velocity 500 mils/sec 

Maximum acceleration lOOOmilsjsec~ 

Maximum static error 0.04mil 

Main power requirements 360 va 

Control power requirements 360 va 

Resonant frequency 

Mv 
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17-3 A POWER CONTROL SYSTEM FOR THE 
M-38 FIRE-CONTROL SYSTEM 

17-3. 1 GENERAL 

The M-38 Fire-Control Systemt is a mobile 
75mm antiaircraft weapon designated as the 
Skysweeper. The power control system for 
this weapon (see Fig. 17-3) is an electrically 
controlled hydromechanical drive mounted on 
the carriage of the gun mount, and serves 
to position the gun in azimuth and elevation 
in accordance with command signals from the 
fire-control computer. The azimuth and ele­
vation servo systems are essentially identical. 

17-3.2 OPERATION 

The fire-control computer provides either 
present or future target position data, de­
pending upon the mode of computer opera­
tion. These data are compared with positional 
data from the gun. If the desired and actual 
positions do not correspond, there is gener­
ated an error-signal voltage whose amplitude 
is proportional to the difference between the 
desired and actual gun positions and whose 
phase is a measure of whether the gun lags 
or leads the desired position. The error signal 
is then amplified in a servo amplifier to a 
power level sufficient to drive a stroke-control 
servomotor. This servomotor, in turn, is 
geared and linked mechanically to the follow­
valve control (pilot valve) of a power piston 
that regulates the oil delivery rate of a hydrau­
lic pump and therefore the output velocity of 
the hydraulic motor connected to the output 
geanng. 

As indicated in Fig. 17-3, voltages from the 
computer are supplied to synchro control 
transformers as 1:1 coarse data and 16:1 fine 
data. The rotors of the synchros are con­
nected mechanically to the output gearing. 
The resultant error-signal voltages, after be­
ing combined with secondary signals to be 

tFormerly called the T-38 Fire-Control System. 

discussed below, are amplified and applied to 
the power amplifier. For large error-signal 
voltages, the coarse error signal predomin­
ates and serves to swing the gun approxi­
mately on target. For smaller angular errors, 
the fine error signal predominates and serves 
to keep the gun precisely on target. 

The coarse synchro control transformer 
rotor is geared to make one revolution for 
each revolution of the gun, whereas the fine 
synchro control transformer rotor makes six­
teen revolutions for each gun revolution. As 
a result, the envelope of the coarse synchro 
signal undergoes two phase reversals for each 
revolution of the gun, while the envelope of 
the fine synchro signal undergoes thirty-two 
phase reversals. At the 3200-mil azimuth gun 
position, therefore, the coarse and fine volt­
age envelopes are exactly 180" out of phase. 
Because of this 180" phase relationship, it is 
possible to synchronize the gun exactly 180° 
away from its correct position. 

To avoid this false synchronization, a small 
a-c synchronizing voltage, called an antistick­
off voltage, is placed in series with the rotor 
voltage of the coarse synchro control trans­
former. By proper adjustment of the phase 
angle and amplitude of this auxiliary voltage, 
it is possible to bring the coarse and fine 
synchro voltage envelopes into phase agree­
ment in the region of possible false synchroni­
zation (see Par. 11-3). 

17-5 

The error signals from the coarse and fine 
synchro control transformers are in the form 
of sinusoidal voltages. The error voltage 
from the fine synchro control transformer is 
passed through an amplitude limiter so as to 
limit the maximum error it can correct to ap­
proximately 25 mils. The coarse error-volt­
age waveform, on the other hand, is reshaped 
so that its amplitude is essentially zero for 
signals corresponding to an error of 25 mils 
or less. Hence, the coarse error signal effec­
tively controls circuit operation for tracking 
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errors greater than 25 mils and the fine er­
ror signal controls circuit operation for er­
rors less than 25 mils. 

The summing amplifier in Fig. 17-3 is sim­
ilar to that described in Par. 13-1; the power 
amplifier consists of a phase inverter and a 
push-pull amplifier. The output of the latter 
stage drives the control winding of a 2-phase 
stroke-control servomotor, the direction and 
speed of motor rotation being dependent 
upon the amplitude and phase of the ampli­
fier output signal. The servomotor controls 
the position of a follow valve in a hydraulic 
servo cylinder (see Par. 14-4) and thus regu­
lates the volume and direction of fluid de­
livery to the fixed-displacement hydraulic 
motor geared to the gun. Controlling fluid 
delivery controls the speed and direction of 
the hydraulic motor and hence the speed and 
direction of gun travel. 

The coarse and fine positional-signal-con­
trol channel described above contains several 
internal feedback loops. In addition, an aux­
iliary error-rate servo with its own error and 
feedback voltages, mixing circuit, amplifier, 
and servomotor is included in the over-all 
power control system. To reduce overshoot 
and to eliminate hunting of the stroke-con­
trol servomotor, a stroke velocity signal is 
fed back to the summing amplifier through a 
phase-correcting network. The feedback volt­
age is obtained from an a-c eddy-current gen­
erator attached directly to the shaft of the 
stroke-control servomotor. The amplitude of 
the generator output voltage is proportional 
to the speed of shaft rotation of the servo­
motor, and the phase of the voltage is de­
pendent upon the direction of rotation. 

A second feedback path from stroke-con­
trol servomotor to summing amplifier serves 
to suppress small oscillations of the servo­
motor output shaft that would otherwise be 
transmitted to the gun. The stroke antijitter 
voltage is obtained from a modified synchro 
control transmitter that is friction-coupled to 
the stroke-control servomotor shaft. The 
transmitter rotor is excited from a potenti­
ometer connected to a 6.3-volt a-c source. 
The potentiometer is adjusted to provide the 

mm1mum voltage consistent with the elL. -
nation of gun jitter. The output of the trans­
mitter is taken from two series-connected sta­
tor windings, and thus the magnitude of the 
output signal is a function of the displace­
ment of the rotor. The rotor is limited by 
means of stops to ±30° displacement. The 
output voltage of the transmitter is then rec­
tified, filtered, and differentiated in a rate cir­
cuit. All steady voltages are therefore 
blocked, but transient signals are passed on 
to the diode modulator circuit. 

The diode modulator circuit supplies the 
summing amplifier with square-wave signals 
that are in phase with the coarse and fine 
error signals and that vary in amplitude in 
proportion to the sum of the stroke antijitter 
signal and an acceleration signal. The latter 
signal provides a means of anticipating sud­
den changes in speed or direction of the gun 
and is obtained from a velocity signal in the 
computer. The velocity signal is supplied as a 
d-e voltage from a permanent-magnet gen­
erator. After filtering to remove commutator 
ripple, the velocity signal is differentiated in 
order to obtain a voltage that is proportional 
to acceleration. The acceleration signal is 
then combined with the stroke antijitter sig­
nal as indicated above. 

17-7 

The error-rate servo in Fig. 17-3 receives 
its input signals from the 16:1 speed trans­
mitter in the computer. These signals are am­
plified to drive the rotor of an a-c tachom­
eter generator, the stator of which is driven 
by the gun gearing. The error voltage thus 
generated is applied, after being phase-syn­
chronized and mixed with the other feedback 
signals, to the main summing amplifier. As 
long as the gun turns in synchronism with 
the fine-speed data from the computer, there 
is no relative motion between rotor and sta­
tor of the a-c tachometer generator and no 
signal voltage is generated. Should the gun 
begin to lead or lag the point of synchroniza­
tion, the phase and magnitude of the error­
rate signal will accelerate or decelerate the 
gun and thus bring the gun velocity into 
agreement with the velocity of the computer 
synchro-transmitter rotor. 
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17-3.3 OPERATIONAL BLOCK DIAGRAM 

The detailed operation block diagram of 
the fine-speed portion of the power control 
system for the M-38 Fire-Control System is 
shown in Fig. 17-4. The nomenclature for 
this diagram is presented in Table 17-1. If 
the dynamic lags ( G8, Gg, G10 ) associated 
with the motors and their driving members 
are neglected, and only low-frequency be­
havior is considered, the block diagram can 
be reduced to the form shown in Fig. 17-5, 
where 

u)) = magnitude crossover frequency of 
error-rate servo 

w2 = resonant frequency of mam control 
loop 

T 1 =gain factor associated with error-rate 
stabilization 

T2 =gain factor associated with antici­
patory acceleration signal 

dr 
ar r-, m B + !"":'\. -
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Fig. 17-4 Operational block diagram of fine-speed portion of power control 

system for M-38 Fire-Control System. 
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It is evident that the main control loop of 
this system is inherently unstable because of 
the presence of two integrations, one due to 
the stroke-control servomotor and one due to 
the hydraulic motor. The error-rate stabiliza­
tion signal is therefore introduced to supply 
the damping that is necessary for stable oper­
ation of the main control loop. If the magni­
tude crossover frequency <o 1 of the error-rate 
servo is high compared with the resonant fre­
quency w2 of the main control loop, the dia­
gram in Fig. 17-5 can be reduced to the form 
shown in Fig. 17-6. In this form, it is evident 
that the gain factor T1 associated with the 
error-rate stabilization directly controls the 
damping of the main control loop. Further­
more, the addition of the acceleration signal 
raises the possibility of cancelling the transfer 
function of the main control loop (by setting 
T 2 = 1/w2 ) and thus producing an extremely 
rapid response for the system. Because of the 
approximations made in the successive block 
diagram reductions, such a cancellation will 
not actually occur, but the response of the 
system can be effectively speeded up. This 
improvement, of course, is limited by the 
dynamic lags that have been neglected and by 
the restriction of linear operation that is im­
plicit in the analysis. 

17-3.4 DESIGN CHARACTERISTICS 

The over-all azimuth servo characteristics 
are as follows : 

Maximum power output 5 hp 

Maximum velocity 

Maximum acceleration 

1050 mils/sec 

2000 mils/sec2 

Maximum static error 0. 75 mil 

Main power requirements 12 kw 
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Control power 
requirements 

Resonant frequency 

(T 2 s)2 

_____. 
4CCELERAT10H 

SIGNAL 

ERROR-RATE 
SERVO 

200w 

0.5 and 3 cps 

T I 1 • ERROR.RA TE I STABIUlATIDH 
$1Ct4AL 

Fig. 17-5 Simplified block diagram of power 

control system for M-38 Fire-Control System. 

ANTICIPATORY 
ACTION 

STABILIZED MAIN 
CONTROL LOOP 

Fig. 17-6 Final block diagram of power control 

system for M-38 Fire-Control System. 
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TABLE 17-1 NOIVIENCIATURE FCR M-38 POWER CONTROL SYSTEM 

= fire-control-computer target position data (reference input) 

= fire-control-computer velocity data 

=gun position (controlled variable) 
= difference between reference input r and gun position c (main-loop actuating 

signal) 
=difference between reference input r and error-rate-servo output position m 7 

(error-rate-servo actuating signal) 
=output signal of main-loop fine-speed control transformer 
=output signal of main-loop summing network 

=sum of stroke antijitter feedback signal b1 and output signal m2 of main-loop 
summing network 

= stroke-control servomotor position 

= output signal of error-rate-servo control transformer 

= output signal of error-rate-servo summing network 

= error-rate-servo output position 

= acceleration signal 

=stroke antijitterfeedback signal 

= stroke velocity feedback signal 

= error-rate feedback signal 

= error-rate-servo velocity feedback signal 

= smoothed and differentiated synchro-transmitter signal 

=main-loop control-transformer sensitivity 

K 2 =error-rate-servo control-transformer sensitivity 

K3 = gain factor relating stroke velocity feedback signal b~ to stroke-control servo-

K, 

GH (s) 

motor velocity dm 4/dt 

=gain factor relating differentiated synchro-transmitter signal b:, to stroke-con­
trol servomotor velocity dm 4 jdt 

=gain factor relating acceleration signal mH to rate of change djdt(drjdt) of 
computer velocity data 

=gain factor relating error-rate-servo velocity feedback signal li, to error-rate­
servo output velocity dm;/dt 

=gain factor relating error-rate feedback signal h:1 to difference between error­
rate-servo output velocity dm;/dt and gun velocity dcjdt 

= transfer function relating stroke-control servomotor velocity dm, I d t to sum 
of stroke antijitter feedback signal b1 and output m~ of main-loop summing 
network 

Gn (s) =transfer function relating gun velocity dcjdt to stroke-control servomotor posi­
tion m, 

G1o (s) '=transfer function relating error-rate-servo output velocity dm,jdt to output m,; 
of error-rate-servo summmg network 

17-10 
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CHAPTER 18 

AUXILIARIES ASSOCIATED WITH SERVOMECHANISMS* 

18-1 AUXILIARY PUMPS 

18-1.1 PURPOSE 

In a servo system incorporating a hydrau­
lic transmission , hydraulic fluid (oil) lost by 
leakage from the main hydraulic pump and 
motor must be replaced, otherwise the system 
eventually runs dry and ceases to function . 
Automatic, continuous replacement of lost oil 
is accomplished by means of auxiliary pumps 
operating in conjunction with regulating de­
vices. When it is used for this purpose, an 
auxiliary pump is called a replenishing pump, 
a supercharging pump , or a make-up pump . 
The replenishing pressure is usually below 
100 psi. 

Many hydraulic-transmission servo sys­
tems also include hydraulic amplifiers, which 
control the stroke of the main hydraulic 
pump. Hydraulic amplifiers require oil at a 
pressure that may be as high as 1000 psi. 
Because of high pressure in large servo sys­
tems of this type, two auxiliary pumps may 
be used :one to feed the amplifier and one to 
feed the replenishing system . In smaller 
servo systems of this type, one auxiliary 
pump may perform both functions. In a servo 
system utilizing a valve-controlled ram or 
hydraulic motor, the pump used to feed the 
valve is often considered a subsidiary device 
because the pump is not in the closed-loop 
control system. 

•nyJ .O. Silvey 
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18-1.2 TYPES CF AUXILIARY PUMPS 

Any type of pump that supplies the neces­
sary pressure and rate of flow is usually 
adequate for auxiliary service in a servo sys­
tem. The type generally used in practice is 
the fixed-displacement pump driven at a con­
stant speed. The fluid pressure is controlled 
by means of automatic pressure regulators or 
unloading valves and accumulators. Occasion­
ally, variable-delivery piston-type pumps are 
used to maintain a constant pressure at all 
flow rates between zero and their rated maxi­
mum. When used for this purpose, however, 
the pump is considered as merely one com­
ponent of a pressure-control system. Vari­
able-delivery pumps are discussed in Par. 
13-6. The fixed-displacement pump types dis­
cussed in the following paragraphs are : 

(a) Gear pumps 
(b) Vane pumps 
(c) Piston pumps 

18-1.3 Gear Pumps 

A gear pump comprises two meshed gears 
enclosed by a close-fitting housing equipped 
with an inlet (suction) port and a discharge 
port (Fig. 18-1). One gear is shaft-driven 
by an external motor. Oil is carried from the 
inlet port to the discharge port in the spaces 
between the gear teeth , and is forced from 
these spaces where the gears mesh. 

Usually, spur or helical gears are used in 
gear pumps. Gear materials range from cast 
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INLET (SUCTION) PORT 

1 
DISCHARGE PORT 

Fig. 18-1 Gear pump. 

iron through hardened alloy steel. The mate­
rial used depends upon the service expected 
from the pump. 

Capacities of gear pumps normally used 
as replenishing pumps range from 1 to 60 
gpm (gallons per minute). Rated output 
pressures range from 15 psi for replenishing 
service to 2000 psi for intermittent heavy 
duty. 

Oil leakage from the high-pressure (dis­
charge) side of the gears to the low-pressure 
(inlet) side is held to a minimum by the close 
fit of the housing along the sides of the gears 
as well as at the tips of the teeth. Because 
clearances cannot be held lower in a small 
pump than in a large one, internal leakage 
is larger fraction of the output flow in a 
small pump. For this reason, small-size gear 
pum~s are less efficient than large pumps 
and are rated at lower pressures. The maxi­
mum efficiency obtained from a large gear 
pump is about 80 percent. Small-pump effi­
ciencies are below this figure. Leakage is also 
largely dependent upon operating pressure 
and the viscosity of the hydraulic fluid. The 

pump manufacturer's recommendations 
should be followed when choosing a hydrau­
lic fluid. If a particular hydraulic fluid has 
been specified, a pump designed to operate 
efficiently with that fluid should be used. 

In some gear pumps, the pressure on 
opposite sides of the gears is equalized by 
means of passages cut into the shaft of the 
driven gear. This prevents the gears from 
being forced against one side of the housing 
by unbalanced pressure, thereby decreasing 
wear and increasing efficiency. Some gear 
pumps are equipped with "wear plates" 
which are forced against the sides of the 
gears by discharge pressure. Wear plates 
decrease oil leakage, but they also increase 
mechanical friction within the pump, neces­
sitating more driving power and increasing 
the wear rate. In some gear-pump designs, 
discharge pressure is used to lubricate the 
gear-shaft bearings through small holes in the 
housing between the discharge port and the 
bearings. 

18-1.4 Vane Pumps 

The simplest form of vane pump (Fig. 
18-2) consists of a stationary housing 
(stator) within which is a rotating, slotted 

cylinder (rotor) fitted with movable, radial 
vanes. The rotor is mounted eccentrically in 
the cylindrical interior (bore) of the stator. 
As the rotor turns, the vanes are forced 
against the hardened-steel ring (cam) on the 
outer periphery of the bore by centrifugal 
force, assisted by discharge pressure. In this 
way, the vanes move the oil from the inlet 
port to the discharge port. 

Most vane-pump designs specify hardened 
steel for the slotted rotor and the cam. High­
speed steel is specified for the vanes in order 
to prevent rapid wear caused by heating of 
the vane tips as they rub against the cam. 

18-2 

During each revolution of the rotor, the 
eccentricity of the device forces the vanes 
in and out of their slots. Thus, the volume 
of oil between any two vanes decreases and 
increases accordingly . The ports, at the top 
and bottom of the stator bore, extend along 
arcs concentric with the circumference of 
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DISCHARGE PORT 
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Fig. 7 8-2 Vane pump. 

the bore. The angular distance between the 
ports is made slightly greater than the angle 
between two adjacent vanes to prevent inter­
mittent direct connection between the ports. 
In some vane-pump designs, the stroke can 
be varied by shifting the stator in relation 
to the rotor, thereby varying the eccentricity . 

High radial loads act on the shaft bearings 
of the vane pump shown in Fig. 18-2because 
the discharge pressure prevails over one half 
of the rotor. Some vane-pump designs avoid 
these radial loads by using a double cam in 
the housing, as well as dual and diametrically 
opposite inlet and discharge ports, In such 
a design, each vane passes through two 
suction and two discharge cycles during each 
shaft revolution. Since the two rotor areas 
subjected to high pressure are equal and 
since the forces acting on the areas oppose 
each other, no net force acts on the shaft 
bearirtgs. 

The rated discharge of vane pumps ranges 
from 1 to 60 gpm. Continuous-pressure rat­
ings are usually about 1000 psi ; intermittent 
ratings run to 1500 psi. Some vane pumps 

have been built that could deliver 3000 psi. 
The maximum over-all efficiency of the larger 
sizes of vane pumps is about 85 percent; 
smaller vane pumps are somewhat less 
efficient. 

18-1.5 Piston Pumps 

Piston pumps are almost always selected 
for auxiliary service when the required 
delivery pressure is more than 1500 psi. They 
may be used either as adjustable-delivery or 
fixed-delivery pumps. Their maximum deliv­
eries range from 1 to 60 gpm. Rated pres­
sures are as high as 5000 psi. The maximum 
mechanical efficiency obtained is about 85 
percent for pressures below 2000 psi and 
usually less than that above 2000 psi. There 
is no significant difference between the char­
acteristics of axial and radial piston pumps. 
The operation of piston pumps is described 
in Par. 13-6. 

18-1.6 MAINTENANCE 

Most hydraulic pumps used on ordnance 
equipment evolved from industrial designs. 
Since industrial pumps are subjected to a 
use more severe than that found in most mili­
tary systems, they are usually rugged enough 
for most types of military service, provided 
they receive an adequate supply of clean oil. 
The clean-oil requirement is the price that 
must be paid for continuous, trouble-free 
operation. Foreign particles in the oil abrade 
the close-fitting operating surfaces of a pump 
and ruin them. Excessive heating can also 
produce this result. Routine maintenance 
consists almost entirely of periodic inspec­
tion of the oil supply and filters. The oil 
supply should be maintained at an adequate 
level; the filters should be cleaned regularly 
and replaced when they no longer perform 
their function. 
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18-1.7 LEAKAGE AND DRAINAGE 

A properly assembled pump should not 
leak at any point, except possibly around the 
drive shaft where it is almost impossible to 
make an absolutely oil-tight seal. Most pumps 
are fitted with shaft seals. which control oil 
leakage. These seals are usually not intended 
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to sustain case pressures of more than 10 
psi but, in fact, depend upon the hydraulic 
fluid in the pump for lubrication of the shaft 
(see Par. 18-3). Most pumps are also fitted 
with drain ports to prevent build-up of 
excessive pressure within the pump case. 
Drain ports should be vented to the system 
sump from the top of the pump case. The 
drain ports should not be vented to the 

suction line because the vacuum of the suc­
tion line may entrain pump-case air in 
the oil. 

18-1.8 COST 

Of the three types of pumps described 
above, vane pumps are the least expensive 
and piston pumps are the most expensive. 
The cost of gear pumps is between the costs 
of the other two. 

18·2 HYDRAULIC AUXILIARIES 

18-2.1 HYDRAULIC SYSTEMS 
INCORPORATING AUXILIARIEs<n 

Figure 18-3 shows the hydraulic circuit 
and auxiliaries that are commonly used in 
a hydraulic transmission. Relief valves are 
connected across the output of the variable­
delivery main pump to limit pressure if the 
hydraulic motor is overloaded. A fixed­
delivery auxiliary pump supplies fluid to the 
hydraulic stroke control and replenishes any 
leakage from the main pump and hydraulic 
motor. Pressure to the hydraulic stroke con­
trol is held at pressure P 1 by a pressure 
regulator, while the pump-replenishing pres­
sure is held at pressure P~ by a throttling 
pressure regulator. Replenishing pressure is 
admitted to the main pump lines through 
check valves to make sure that it is admitted 
to the low-pressure line. In practice, the 
throttling pressure regulator is sometimes 
omitted and the hydraulic stroke control 
pressure is also used for replenishing. 

The auxiliaries used in a control-valve 
and hydraulic-ram system are shown in Fig. 
18-4. Fluid is supplied by a constant-delivery 
pump to an unloading valve. An accumulator 
performs two functions: (1) it stores fluid 
under pressure when system demand is low; 
and (2) it supplies fluid to the system when 
the unloading valve is returning pump 
delivery to the sump or when the system 
demand cannot be met by the pump alone. 

Pressure-relief valves prevent excessive pres­
sures in the lines to the ram. 

18-2.2 a-ECK VALVES 

Check valves are automatic devices that 
permit a liquid or gas under pressure to flow 
through them only in one direction. In the 
flow direction, the valves open when the 
applied pressure reaches a small predeter­
mined level and close again when the pres­
sure drops below that level. Pressure in the 
opposite direction reinforces the force that 
keeps the valve closed. 

18-2.3 Ball Check Valves 

Figure 18-5 illustrates the ball check type 
of valve. When fluid under pressure is applied 
to port C, ball A is forced upward against 
compression spring B, and the fluid flows 
through the valve and out through port D, 
as the flow arrows indicate. If the pressur­
ized fluid were applied to port D instead of 
to port C, ball A would be held more firmly 
in place on its seat and no flow would result. 
Valve spring B is made with a low spring 
constant and is installed with only a slight 
preload to minimize pressure drop through 
the valve. Other types of check valves operate 
on the same principle as the ball check valve, 
but use flat buttons instead of balls, and 
either lapped or resilient-plastic seating 
surfaces. 

18-4 
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Fig. 18-3 Typical auxiliaries used with hydraulic transmission. 

NOTE: DASHED LINES INDICATE LEAKAGE DRAINS 

Fig. 7 8-4 Auxiliaries used in control-valve and hydraulic-ram system. 
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PORTC 

Fig. 78-5 Batt check valve or relief valve. 

18-2.4 PRESSURE-RELIEF VALVES 

For equipment protection, the pressure in 
hydraulic lines is relieved, or prevented from 
exceeding a predetermined value, by pres­
sure-relief valves. Ball relief valves (Fig . 
18-5) are frequently used for this purpose. 
The ball spring is preloaded to the point 
where the valve will open when the pressure 
reaches the predetermined value. The valve 
opens when 

F 
P=­

A 

where 

(18-1) 

P = pressure at port C above the pressure 
at port D, in psi 

A = cross-sectional area of the ball at its 
seating surface, in in.2 

F =spring preload, in lb 

As the flow increases, the pressure at port G 
(Fig. 18-5) rises somewhat, because the 
spring must be compressed to accommodate 
the higher flow and because the high velocity 
of the oil between the ball and its seat reduces 
the pressure applied to a small area of the 
ball surface. 

For prevention of damage, it is desirable 
to limit the pressure in the two main lines of a 
hydraulic system and to permit excess oil 

to flow from the high-pressure line to the 
low-pressure line (see Fig . 18-4 ). Two ball 
relief valves are often used for this purpose 
and are connected between the main lines so 
that they permit flow in opposite directions. 
The main line carrying the higher pressure 
(beyond the predetermined level) discharges 
the excess oil to the other main line through 
the ball check valve connected for that flow 
direction. 

A double-acting relief valve (Fig. 18-6) 
can be used in place of the two ball check 
valves discussed above. In Fig. 18-6, ports 
A and B are connected to the main lines to 
be relieved and the drain i 'nnected to the 
system sump. Pressure P1 pplied over a 
piston area of rt(a/2) 2, and .., .. ·essure P2 over 
a piston area of (n:/4) (b 2 - a 2

). If pressure 
P 1 is higher than pressure Pz and also high 
enough to force the piston downward against 
the compression spring , oil will flow from 
port A to port B when the passage between 
the ports is opened. The flow is in the opposite 
direction (from port B to port A) if pressure 
P2 is higher than pressure P1 and also high 
enough to force the piston down far enough 
to open the passage between the ports. 

18-2.5 PRESSURE-REGULATING VALVES 

In some small hydraulic systems, it is 
economically advantageous to use a single 
fixed-delivery pump that has a delivery rate 
slightly higher than the maximum system 
demand. The pressure in the system is con­
trolled by a pressure-regulating valve similar 
to that in Fig. 18-7. When the hydraulic sys­
tem uses the entire pump delivery, keeping 
pump pressure low, the valve is held in the 
closed position by the compression spring . 
When the system uses only part of the 
delivery, the pump pressure rises and the 
piston is forced downward against spring 
tension until the port connected to the sump 
is uncovered. In this way, the unused portion 
of the delivery is returned to the system 
sump. If none of the delivery is used by 
the system, the entire delivery returns to 
the sump through the pressure-regulating 
valve. 

18-6 
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Fig. 18-6 Double-acting relief valve. 
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Fig. 18-7 Pressure-regulating valve. 

One problem presented to the designer of 
the pressure-regulating valve shown in Fig. 
18-7 is the noise produced by the mechanical 
oscillation of the piston about its regulating 
position. Oscillations of the piston are re­
duced by means of damping chamber A 
formed by using a valve piston with two 
diameters. The damping chamber is con­
nected to the pressure side of the piston by 

a small channel cut along the length of the 
smaller part of the piston. When the piston 
is forced downward by oil pressure, a small 
amount of this pressure is used to force oil 
through the small channel into the damping 
chamber, thereby slightly reducing the pres­
sure on the small diameter of the piston. At 
the same time, the damping chamber is filled 
with oil. After the excess delivery has been 
discharged to the sump, the normal tendency 
of the compression spring is to rapidly force 
the piston upward. However, the oil trapped 
in the damping chamber opposes this action 
by compelling the spring-driven piston to 
force the trapped oil through the small chan­
nel in the piston. In this way, rapid motion 
of the piston is damped out. The channel is 
small enough to stop oscillations of the 
piston, yet large enough to permit adequate 
regulator response speed. Actual channel 
dimensions are usually determined by experi­
ment. 

Ball check valves (Fig. 18-5) are some­
times used as pressure regulators, but are 
almost invariably noisy. However, some com­
mercial regulators use ball check valves as 
pilot valves to actuate the main regulator. 
This combination of valves is usually quiet, 
but the speed of response may not be rapid 
enough for some applications. 

One important disadvantage of the pres­
sure-regulating valve of Fig. 18-7, as well 
as the ball check valve used as a pressure 
regulator, is the amount of heat generated in 
the pumping of oil not used by the system. 
The work lost in generating this heat reduces 
the efficiency of a system using one of these 
pressure-regulating valves. In addition, the 
heat must be dissipated in some manner, 
either through water-cooled heat exchangers 
which occupy relatively little space or 
through air-cooling of the sump. The air­
cooling method must be used in most ord­
nance equipment because water is unavail­
able. 

A throttling pressure regulator (Fig. 18-8) 
drops pressure from a regulated high pres­
sure to a regulated lower pressure. When 
the lower pressure is too low, the compression 

18-7 
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Fig. 18-8 Throttling pressure regulator. 

spring opens the valve by pushing the piston 
downward until passage A between the high­
pressure and low-pressure ports of the valve 
is open. This permits the high-pressure oil 
to flow to the low-pressure side of the system . 
When the pressure in the low-pressure side 
reaches its normal value, the piston is forced 
upward , closing the passage. This type of 
regulator permits no more oil to flow from 
the high-pressure side than that required by 
the low-pressure side (the load). For this 
reason, it is not suitable for use as the sole 
regulator of the output of a fixed-delivery 
pump. When supplied with a regulated pres­
sure of approximately 500 psi, throttling 
pressure regulators of this type can be 
used to regulate the replenishing pressure 
(approximately 50 psi) of a hydraulic 
transmission. 

18-2.6 ACCUMULATORS!2J 

Accumulators are used to store hydraulic 
fluid under pressure. They therefore contain 
stored energy that is available on demand. 
Accumulators are used in some guided 
missiles as the sole source of energy used 
by the control system of the missile during 
flight. In other applications, accumulators 
store energy when the system demand is low 
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and make it available for use when the sys­
tem demand suddenly increases, thereby 
decreasing the average power demand of 
the system. 

18-2_7 Gravity Accumulators 

The simplest form of accumulator (Fig. 
18-9) consists of: ( 1) a vertical cylinder 
with a port at the bottom ; (2) a single-ended 
piston inside the cylinder, with the piston 
rod pointed upward; and (3) a weight 
secured to the piston rod.· Oil under pressure 
is forced into the cylinder port, pushing the 
weighted piston upward to its limit of travel 
in the cylinder. Assuming there are no 
friction losses, the stored energy thus made 
available is the product of the weight (in 
lb, oz, etc.) and the downward distance the 
weighted piston travels to its lower limit 
when discharging the oil to the system. The 
gravity accumulator is suitable only for fixed 
installations and normally only for low pres­
sures. However, It does have the advantage 
that its discharge pressure is constant for 
the entire distance of piston travel. Another 
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version of the gravity accumulator uses 
compression springs instead of a weight, but 
this type is usually large and high pressures 
are difficult to obtain. 

18-2.8 HydropneumaticAccumulators 

Gas-filled, or hydropneumatic, accumula­
tors are often used in ordnance equipment 
because of their small size and high pressure 
and because of the large quantity of available 
energy that they provide. 

A piston-type hydropneumatic accumulator 
(Fig. 18-10A) usually consists of a cylinder 
within which the gas and fluid are confined, 
and uses either a single-piece piston or a 
pair of opposed pistons operating in cylinder 
bores of different diameters. A drain is 
usually provided, as shown in Fig. 18-lOA, 

SHUTOFF 
VALVE 

GAS 
PRESSURE 

to avoid possible seepage of hydraulic fluid 
into the pneumatic system, or vice versa. The 
gas is first brought up to specified pressure 
and the gas shutoff valve is closed. Then the 
fluid is brought up to pressure, thereby 
forcing the piston to compress the gas still 
further. The relation between the two pres­
sures, assummg no friction at the piston 
seals, is 

where 

P, = hydraulic pressure , in psi 

P" = gas pressure, in psi 

A,= area of hydraulic piston, in in. 2 

A, = area of gas piston, in in.2 

(18-2) 

A. PISTON TYPE 

FLEXIBLE 
l.t.G 

STOP 

B. BAG TYPE 

METALLIC 
CHAMBER 

Fig. 7 8-10 Hydropneumatic accumulators. 
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Assuming that the gas expansion is iso­
thermal, the energy available when the accu­
mulator is discharged can be expressed by 

W=PoVo In (p1
) 

p2 
where 

W = energy released, in lb-in. 

(18-3) 

Po = pressure in gas chamber when fluid 
chamber is empty, in psi 

Vo =maximum volume of gas chamber, in 
in.3 

P1 = initial gas pressure, in psi 

P2 = final gas pressure, in psi 

Efl = natural logarithm (base e) 

Piston-type hydropneum a tic accumulators 
have been made with capacities up to approx­
imately 230 in.3, for a nominal system pres­
sure of 3000 psi, but there is no reason why 
accumulators with larger capacities could 
not be made. For system pressures much 
above 3000 psi, however, providing adequate 
piston seals in this type of accumulator is 
a difficult problem. 

The bag-type hydropneumatic accumulator 
(Fig. 18-10B) consists of an outer metallic 
chamber and an inner flexible synthetic­
rubber bag which separates the gas and the 
fluid. Customarily, the chamber is spherical 
or cylindrical with hemispherical ends. When 
an initial charge of gas is placed in the bag, 
a spring-actuated piston-type stop covers the 
hydraulic port to prevent extrusion of the 
bag into the port. Then hydraulic fluid is 
forced into the space between the bag and 
the interior wall of the chamber, thus produc­
ing higher compression of the gas within the 
bag , until the gas and hydraulic pressures 
are about equal. The stored energy thus 
obtained is the same as in the piston-type 
accumulator. Commercial bag-type accumu­
lators are available with total capacities 
ranging from 2 to 2300 in.3

; maximum pres­
sure is 6000 psi. 

Low-pressure hydropneumatic accumula­
tors have been made in which the gas and 
fluid are in direct contact (no bag or piston 
is used). This type of accumulator is not 
generally recommended because the gas dis­
solves in the fluid at high pressure and comes 
out of solution when the pressure is removed, 
producing gas bubbles that may cause serious 
difficulties in the hydraulic system. 

18-2.9 UNLOADING VALVES 

Unloading valves (Fig. 18-11) are devices 
that: (1) permit delivery of pumped oil to 
the load when the load pressure is below a 
particular value; (2) permit return of 
pumped oil to the sump at a low pressure 
when the load pressure is above a preset 
value ; and ( 3) prevent return of the system 
fluid to the sump when the pump is unloaded. 
Unloading valves are generally used with an 
accumulator connected to the load to provide 
a source of available power while the pumped 
oil is being returned to the sump. Unloading 
valves actually comprise a number of com­
ponents within a common housing. In the 
type shown in Fig. 18-11, port P is con­
nected to the pump, port S to the load, and 
port R to the sump. Port D is also connected 
to the sump, but through a separate line. 
When the system pressure is low, pump pres­
sure opens check valve C which permits oil 
to flow to the system. Pilot valve V is held 
against its smaller upper seat by compression 
spring A, thereby connecting piston chamber 
L to port D. Bypass valve M is held against 
its seat by compression spring B and, con­
sequently, full pump delivery flows to the 
system. 

When the system pressure rises above a 
predetermined value, it forces pilot valve V 
downward against the force of compression 
springA (Fig. 18-11). Since the lower sphere 
and seat diameters of pilot valve V are larger 
than those of the upper sphere and seat, 
entrance of pressure into the upper valve 
chamber forces V to close on its larger seat. 
Oil from the system pressure line then flows 
into piston chamber L, forcing bypass valve 
M downward against the force of spring B. 
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PORT P 
(FROM PUMP) 

BYPASS VALVE 
M 

PORT R 
(RETURN 

TO SUMP) 

SPRING B 

PILOT VAL ~·E 
v 

SPRING A 

fig. 18-1 J Unloading valve. 

Pumped oil is now free to flow back to the 
sump from port P, past bypass valve M, and 
out through port R. Check valve C closes 
(as shown in Fig. 18-11) because the pumped 
oil is bypassed to the sump, making pump 
pressure lower than the system pressure. 

When the system pressure drops low 
enough to permit spring A to lift pilot valve 
V from its larger seat, V closes again on its 
smaller seat because of the valve proportions ; 
piston chamber L is connected to port D 
through V ; spring B forces bypass valve M 

to close the passage between P and R; and 
pump pressure opens check valve C, permit­
ting delivery to the system . 

In some unloading valves of the type 
shown in Fig. 18-11, the passage to chamber 
L is restricted to prevent flutter of bypass 
valve M. Most unloading valves require 
extremely clean oil because even the slightest 
amount of foreign matter in the oil could 
prevent proper operation of pilot valve V, 
which moves only a few thousandths of an 
inch between its upper and lower seats. 
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18-3 ROTARY JOINTS 

18-3.1 DYNAMIC SEALS 

Dynamic seals must be used when a rotat­
ing or translating shaft must pass through 
the wall of a chamber in which fluid must 
be confined. To obtain a reasonable life 
expectancy from the seal, it must be lubri­
cated by the confined fluid . For this reason, 
successful seals always leak enough fluid to 
keep the shaft moist at the sealing surface , 
but this leakage should be extremely small. 

18-3.2 Glands 

One of the oldest and simplest forms of 
dynamic seal is the stuffing box or packing 
gland shown in Fig. 18-12. A soft, compres­
sible material (for hydraulic fluid this is 
usually lead wool or asbestos) is packed into 
the hollow recess of the gland and com­
pressed by the screw. These seals usually 
have relatively high friction and leakage, 
and their use is confined to applications 
involving low-speed shafts with rotary or 
translatory motion. When properly installed, 
glands are effective for low-pressure applica­
tions. In most cases, glands are considerably 
larger than some other types of seals. 

18-3.3 0-Rings(l, 6, 7) 

0-rings are employed primarily to seal 
translating shafts. They are not recom­
mended for high-speed continuously rotating 
shafts , although they have been used for 
sealing oscillating shafts that rotate a maxi­
mum of one revolution or less. As some com­
pression of the 0-ring is required to produce 
a seal, some friction is always present, even 
with zero pressure differential across the 
ring. For this reason, 0-rings should not 
be used when friction forces must be mini­
mized. Compared with 0-rings, U-cups and 
V -ring seals produce somewhat lower friction 
forces at low pressure differentials. Two 
applications of 0-rings are shown in Fig. 
18-13. The dimensions of standard 0-rings 
are given in Air Force-Navy Aeronautical 
Standard AN6227. 0-rings are usually fitted 

into rectangular grooves. For applications 
similar to the piston seal of Fig . 18-13A, 0-
rings can be used with leather backing rings 
to increase the permissible pressure differ­
ential across the piston from 1500 psi with­
out the backing ring to 3000 psi with the 
backing ring. When 0-rings are being in­
stalled, they must be protected from 
scratches or cuts because even small surface 
defects produce high oil leakage. The surface 
against which the 0-ring slides, as well as 
the bottom of the groove in which it is in­
stalled, must be well-polished. 

18-3.4 U..Cup and V-Ring Packings 

These types of packings are commonly 
used to seal translating surfaces. Applica­
tions and characteristics of U-cup and V­
ring packings are given in the Mechanical 
Engineer's Handbook. (-t) 

18-3.5 Shaft Seals(5 l 

Shaft seals are used to seal continuously 
rotating shafts when the pressure is below 
35 psi. Three types of construction are in 
general use (Fig. 18-14). In the construction 

~· PACKIHG.GLAHO 
•cREW ~ 

Fig. 78-12 Packing gland. 
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A. PISTON SEALED WITH 0-RING 
B. LIMITED-TRAVEL 
VANE MOTOR SEALED 
WITH 0-RINGS 

0-RIMG 

Fig. 7 8-7 3 Applications of 0-rings. 

DIRECTION OF OIL PRESSURE 

A B c 

fig. 78-14 Shaft seals. 

illustrated in Fig. 18-14A, no bacl{-Up spring 
is used. The elasticity of the sealing material 
is utilized to keep the sealing material in 
contact with the shaft. In Fig. 18-14B, leaf­
spring fingers are used to reinforce the sealing 
material elasticity. In Fig. 18-14C, a helical 
spring formed into a circle serves to keep the 
sealing lip in contact with the shaft. There 
is little difference in sealing efficiency between 
these three types. The sealing-lip material is 
usually leather or synthetic rubber. 

Installation of shaft seals requires great 
care in order to avoid even the slightest 
damage to the sealing lips. An arbor or 
collar, with one end rounded or tapered, IS 

sometimes used to open the seal to the shaft 
diameter and to start it over a smooth por­
tion of the shaft. Before shaft seals with 
synthetic-rubber sealing lips are installed, 
both the shaft and the installing tool must 
be oiled. Shaft seals are installed by pressing 
the external metal shell of the seal into a 
recess in the housing, with the seal oriented 
so that pressure of the fluid being sealed 
forces the sealing lip against the shaft 
(unless the pressure is very low) . 

18-3.6 Face Seals 

High-speed shafts are sometimes sealed 
with face seals (Fig. 18-15) when the oil 
pressure ranges as high as 2000 psi. In this 
type of seal, two materials that have a low 
coefficient of friction are used to establish 
the dynamic seal and the dynamic sealing 
surfaces are lapped to obtain a very smooth 
finish. The static seal betw·een the shaft an~ 
the rotating face of the dynamic seal must 
be flexible enough to accommodate a small 
amount of runout between the surfaces of 
the dynamic seal. Many arrangements are 
used to drive the rotating face and to provide 
the static seal. The dynamic sealing surfaces 
must be lubricated at all times; otherwise, 
the face seal will be damaged quickly by the 
heat resulting from dry friction. Descrip­
tions of seals used to prevent low-pressure 
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Fig. 78-75 Face seat. 
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gas from leaking past a small shaft are 
given in references 8 and 9. 

18-3,7 High-pressureSeals 

For high-pressure seals with low friction, 
an arrangement similar to that in Fig . 18-16 
is sometimes used. This seal is not recom­
mended for high-speed shafts or in applica­
tions requiring extremely low leakage from 
the pressure vessel. The seal will reduce 
leakage from the end of the shaft to a very 
small amount. Basically, the seal comprises 
a series of grooves around the shaft approxi­
mately 1/16-inch wide and 1/32-inch deep. 
The effect of the grooves is to equalize the 
pressure around the entire shaft circumfer­
ence and to keep the shaft centered in the 
housing. Oil leaking past the grooves is carried 
away by a drain line to the sump. Oil flow 
from the end of the shaft is prevented by 
a commercial shaft seal. The shaft and hous­
ing should be made of materials having low 
coefficients of friction, preferably hardened 

SHAFT 

Fig. 18- IE High-pressure seat. 
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steel which also prevents foreign particles 
from being embedded in the material. Clear­
ance between the shaft and its passage in 
the housing should be low, and the edges of 
the grooves at the shaft surface should be 
sharp and clean. 

18-3.8 Friction 

All dynamic seals produce some friction 
and should not be used on shafts where 
friction must be kept to an absolute mini­
mum. For example, the shafts of torque 
motors or free synchro receivers should not 
be sealed. These devices, provided they have 
no slip rings, can usually be submerged in 
oil with no ill effects; in fact , submerging 
them in oil appreciably decreases their tem­
perature rise. 

Little quantitative information about seal 
friction is available, probably because of the 
wide variations that occur between seals that 
should produce the same frictional torque or 
force. Nevertheless, the following general 
comments can be made: 

(a) Synthetic-rubber packings have a 
tendency to break through the lubricating­
oil film while a shaft is at rest and, con­
sequently, may exhibit an initial starting 

friction that is considerably higher than the 
subsequent running friction. This tendency 
is much less pronounced with leather pack­
ings, possibly because leather can absorb oil 
and thus become partially self-lubricating. 

(b) A smooth surface on the moving mem­
ber of the seal produces less friction than 
a rough surface. 

(c) Synthetic-rubber seals cannot be used 
with fluids that produce excessive swelling 
of the rubber because high friction and rapid 
wear will result. 

(d) For 0-rings :<7) 

(1) The use of leather backing rings m­
creases seal friction on the shaft. 

(2) The squeeze of the 0-ring should not 
be excessive. 

(3) The clearance between the shaft and 
the bore in which the 0-ring moves should be 
held as low as practicable on the low-pressure 
side to prevent extrusion of the ring into the 
clearance. 

( 4) 0-rings with a duro meter hardness 
reading of approximately 65 have somewhat 
lower friction than 0-rings with a durom­
eter hardness reading of approximately 90, 
provided there is no extrusion. 

18-4 LIMIT STOPS AND POSITIVE STOPS 

18·4. 1 PURPOSE 

Stops are often desirable or even necessary 
in servomechanisms to limit output motion 
or travel. For example, azimuth drives of 
antiaircraft guns might well be limited to 
avoid the possibility of firing in a direction 
that would cause shells to fall on friendly 
troops. The elevation motions of tank and 
artillery guns are always limited, and stops 
are necessary to prevent equipment damage 
that might occur if it were possible to drive 
the guns into the travel limits at full speed 
and torque. 

18-4.2 CHARACTERISTICS 

Limiting stops may be either positive 
stops, which halt the output motion by over­
powering the servomotor, or limit stops. 
Limit stops disconnect the normal servo­
mechanism error signal and replace it with 
a signal originated by the output motion, 
which causes the output to stop. Because 
positive stops are easy to make, and operate 
directly on the output, some devices are 
equipped with both positive and limit stops. 
Positive stops are often necessary to avoid 
damage during manual operation of a device 
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that is operable either manually or by means 
of a servomechanism. 

When used alone (without limit stops), 
positive stops possess the disadvantage that 
it is possible to drive into them at full servo­
motor speed. Under such conditions, the 
positive stops and the output drive system 
must be capable of withstanding the full 
output torque plus whatever acceleration 
torques may be originated in the stopping 
process. Usually, positive stops are not 
easily changed, However, because they are 
simple mechanical devices, they ordinarily 
require little or no maintenance. 

184.3 LIMIT STOPS 

Limit stops restrict the travel of a servo­
mechanism by replacing the normal error 
signal with a signal that is a function of 
the system output. The replacement signal 
can reverse the direction of output motion, 
cut off output power, or cause the output to 
stop until a signal to move in the opposite 
direction is received. The simplest form of 
limit stop merely disconnects power from 
the control circuit. Limit stops of this type 
are seldom used because of the difficulty of 
starting the drive in the opposite direction, 
away from the limit. 

A limit-stop system utilizing switches in 
a simple reversing circuit is shown in Fig . 
18-17. In this system, two limit switches are 
actuated by a cam that is driven by the servo 
output. When either switch is actuated by 
the cam, the associated limit relay is ener­
gized, thereby disconnecting the error signal 
from the servomotor and connecting one of 
the fixed reversing voltages (Vt or V~). 

The reversing voltage drives the servo­
motor cam away from the limit but, because 
of the switching arrangement involved, the 
servo output oscillates at the limit until the 
error signal is reversed . However, if the 
error signal is reversed, the servomotor 
moves the cam away from the limit switch 
and normal operation is resumed. Two vari­
ations of this circuit are: (1) omission of 
the relays by using switches capable of carry­
ing the motor current; and (2) insertion of 
the reversing voltage ahead of the amplifier 
where current and voltage requirements are 
low. The switching circuit of Fig 18-17 is 
not recommended for large servos, but oper­
ates very well with servos of moderate or 
low power that only go into their limits 
occasionally. 

Figure 18-18 shows a limit-stop system 
that is applicable to an electric servomecha­
nism. In this system, a cam driven by the 

llloiiT 
5WITCH 

MOTE: SWITOIES HORMALL Y OPEN, EXCEPT 
WHIM ACTUATED BY CAM 

Fig. 18-17 Switching limit-stop system. 
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servomotor actuates the arm of a spnng­
centered potentiometer, near either end of 
the prescribed output travel. The output 
voltage of the potentiometer network is zero 
when the potentiometer arm is centered and 
increases when the arm is moved in either 
direction from center. The phase or polarity 
of the output voltage is governed by the 
direction of arm movement. 

The maximum output voltage of the 
potentiometer network (Fig. 18-18) is higher 
than the maximum output voltage of the 
saturating error amplifier. The potentiometer 
and the saturating error amplifier are both 
connected to the output-amplifier input 
through a summing network, the entire 
arrangement being set up in such a way that 
the potentiometer-network voltage always 
subtracts from the error voltage. When 
servomotor rotation nears either limit, the 
cam moves the potentiometer ann , thereby 
increasing the potentiometer-network output 
voltage. Thus, the voltage input to the output 
amplifier is reduced to zero and the servo­
motor is stopped. This limit-stop system is 
a position servomechanism that uses the out­
put of the saturating error amplifier as its 
command signal. Therefore, the exact posi­
tion at which the servo output stops depends 

SATURATING 
ERROR 

AMPLIFIER 
OUTPUT 

AMPLIFIER 

upon the magnitude of the saturating-ampli­
fier output voltage. This system operates with 
little difficulty if d-e voltages are being 
summed. However, some difficulty can be 
expected if a-c voltages are used, because 
of the phasing of the two signals and because 
the waveforms of the mixed signals differ 
(the output of the saturating error amplifier 
is clipped, while the output of the potentiom­
eter network is essentially sinusoidal) . 

A mechanical limit-stop system, a form 
of position servo, is shown in Fig. 18-19. 
Error motion at a reasonably high force level 
is transmitted through both the spring­
loaded force limiter and the box around the 
spring-centered limit-stop arm to the control 
valve. The valve controls the direction of 
rotation as well as the starting and stopping 
of the hydraulic motor, thereby controlling 
the position of the cam that actuates the 
limit-stop ann. When the cam is well clear 
of the limits, error motion is transmitted 
without interference to the control valve, 
which opens one valve port and causes 
rotation of the motor. If the cam eventually 
turns the limit-stop ann to one side, the boss 
on the arm shifts its enclosing box, forcing 
the control-valve piston back to neutral. This 
stops the hydraulic motor. The control valve 

POTENTIOMETER 
NETWORK 

SUPPLY { 
VOLTAGE ----

SERVOliiOTOR 

y-______. 
L SPRING­

CENTERED 
ARM CAM -' 

Fig. 7 8 ·18 Electrical limit-stop system. 
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Fig. 78-79 Mechanical limit-stop system. 

can be moved far enough to-stop the motor 
without damaging the error-input mechanism 
because of the spring buffers provided in the 
force limiter. If error motion is obtained 
from a source that is not damaged when it 
is forcibly reversed against its full torque 
(as would be the case if a synchro or torque 
.notor were used) , the force limiter can be 
omitted. 

When the limit-stop arm is actuating the 
control valve, the motor, cam, and valve com­
prise a closed loop which can be considered 
as a position servomechanism. As a result, 
the mechanical limit-stop system must be 
designed to suit the requirements of the 
servomechanism with which it is to operate 
in order to obtain stability (nonoscillating 
operation) of the device at the limits . 

In general, limit stops should be designed 
to rely on a minimum number of other 
devices for their operation. Electronic ampli­
fiers or other devices that can be expected 
to fail occasionally should not be placed in 
the limit-stop closed loop. 

18-4.4 POSITIVE STOPS 

The simplest form of positive stop consists 
of a lug, attached to the moving member, 
that strikes a fixed member at the end of the 
desired travel (Fig. 18-20). If the output 
motion exceeds one revolution, lugged 
washers can be stacked on the output shaft 
so that their lugs overlap, as shown in Fig . 
18-21. The lug of the washer at one end of 
the stack is engaged by a lug on the shaft. 
As the shaft rotates, the lug pick-up action 
is cumulative until the lug on the washer at 
the other end of the stack is engaged by a 
fixed block or pin at the completion of the 
required number of revolutions. Lugged 
washers are often used on instrument servo­
mechanisms. 

18-4.5 Buffers 

Springs are often incorporated in positive 
stops to produce buffer action that reduces 
the acceleration produced when the stops are 
engaged. Often, the addition of a piece of 
thick synthetic rubber to each side of the 
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FIXED IVEMBERS 

Fig. 78-20 Positive stop. 
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SHAFT 
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STOP 

Fig. 78-27 Stop with tugged washers. 

lug arrangement of Fig. 18-20 produces 
sufficient shock-absorbing action to prevent 
damage. In other applications , it is necessary 
to resort to a combination of spring and dash­
pot type damping, similar to the system of 
Fig. 18-22, to obtain the desired deceleration 
without damage. 

Hydraulic cylinders can be equipped with 
buffer stops at each end of piston travel , as 
shown in Fig. 18-23. In this system, oil is 
trapped in the recessed end of the piston by 

VENT AND 
FILLING SPOUT 

-ORIFICE 

Fig. 78-22 Spring and buffer stop. 

Fig. 78-23 Buffer stop in hydraulic cylinder. 

the cylinder projection as the piston nears 
the end of the cylinder. The trapped oil can 
escape from the piston recess only through 
the restricted space between the wall of the 
piston recess and the surface of the cylinder 
projection, thereby producing viscous damp­
ing of piston movement. Either the cylinder 
projection or the piston recess , or both, can 
be shaped to produce any desired retardation 
rate. Check valves are sometimes used to 
permit unrestricted flow of oil from the 
supply line into the damping chamber but to 
force oil flowing from the chamber to the 
line to pass through the restricted passage. 
This arrangement reduces the time required 
to move the piston away from the end of the 
cylinder. 
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CHAPTER 19 

CONSTRUCTIONAL TECHNIQUES* 

19-1 BASIC CONSIDERATIONS 

In the design of any servomechanism or 
control system, a great many factors besides 
the response characteristics must be con­
sidered. Many systems that have adequate 
response characteristics are completely un­
satisfactory because too many adjustments 
are required, the adjustments must be made 
too often, maintenance is difficult, or the 
equipment cannot withstand environmental 

conditions. In ordnance equipments, it is par­
ticularly important that much attention be 

paid to these details, not only because the 

equipment must be made reliable and simple 
to operate under conditions normally im­
posed upon equipment and operator, but also 
to minimize the time required to train 

operators and maintenance organizations. 

19-2 COMPONENT LAYOUT 

19-2. 1 PHYSICAL ARRANGEMENT 

Several physical aspects of component lay­
out should be considered carefully during 
the design of a servomechanism. 0.21 Controls 
that must be used by the operator for success­
ful operation of the device should be acces­
sible at all times. For example, an amplifier 
balance control that must be adjusted each 
time the amplifier is turned on, or readjusted 
as the amplifier warms up, should be easily 
available to the operator. However, the con­
trol should not be placed where it can be 
moved accidentally. Switches should be 
placed for convenient use and the switch 
position (on, off, or other) should be marked. 
If several switches are included on a panel, 
the function of the switch should also be 
marked. 

"By J. 0 .Silvey 
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Controls reqmnng readjustment during 
maintenance should be inaccessible to operat­
ing personnel. However, the controls should 
be easily accessible to maintenance personnel, 
perhaps requiring only the removal of a 
simple cover or cap. It should not be neces­
sary to remove an entire unit to readjust 
the gain control of the main loop of a servo­
mechanism incorporating an electronic am­
plifier. Also, this control should not be 
accessible to the operator so that he can mis­
adjust the system gain to an extremely 
oscillatory or badly overdamped condition. 
Access for routine maintenance should re­
quire only the removal of a few covers, not 
the removal of an entire assembly. Also 
parts with finite useful lives should be easily 
replaced. The replacement of electron tubes , 
for example, should be a simple task. Filters 
for hydraulic fluid should be arranged so 
that they can be removed for cleaning or 
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replacement without disturbing anything but 
the filter element ; they should be connected 
so that only a negligible quantity of fluid· is 
lost when a filter is removed. Controls and 
adjustments necessary for the initial align­
ment of the device, but not requiring sub­
sequent readjustment, should be arranged 
to prevent unintentional readjustment. Fur­
thermore, these controls should be placed 
where only authorized ordnance maintenance 
personnel are permitted to make adjustments. 

Dials and instruments that must be read 
quickly and accurately should be placed 
where they can be seen easily and should 
be marked distinctively. Considerable psycho­
logical testing to determine the most read­
able instrumentation layouts has been done 
by the military(~>. Although the problems 
encountered in ordnance equipment are not 
identical with those for which the experi­
ments were made, the general results of the 
tests are applicable. 

Components should be arranged within an 
assembly so that it can be disassembled and 
reassembled with no special knowledge or 
special tools. It is also very desirable that 
the number of parts be kept as low as prac­
tical and that there be only one way of 
putting the parts together. 

19-2.2 THERMAL CONSIDERATIONS AND 
HEAT GENERATI0N(3, 4, 51 

Many of the devices used in servomecha­
nisms develop undesired heat which must be 
dissipated. Where space is not a limitation 
and air is free to circulate around the device, 
heat dissipation to the atmosphere may be 
accomplished with a temperature rise of only 
a few degrees above the ambient tempera­
ture. However, if the volume and hence the 
area of the devices is small, the resulting 
temperature rise may be sufficiently high to 
damage the equipment. The high ambient 
temperatures that cap be encountered by 
ordnance devices should be considered when 
designing control systems. 

The sources of heat in various control sys­
tems differ so greatly from one another that 

it is necessary to evaluate each source separ­
ately. Some of the most common heat sources, 
as well as the representative rates at which 
they liberate heat, are listed in Table 19-1. 
If the temperature at which a control system 
of a particular design is to operate appears 
to be excessive, the heating rates of the 
actual components should be obtained under 
service conditions. 

The heat generated in a control system 
must be adequately dissipated to prevent 
excessive temperature rises. In general, it is 
preferable that auxiliary cooling devices such 
as fans and heat exchangers should not be 
used. However, in some instances, auxiliary 
cooling devices may be required (for 
example, to avoid excessive size of the 
control system). 

The mounting of electronic components so 
that air can flow freely past the heat sources, 
particularly in an upward direction, is a well­
established method of cooling amplifiers. 
Attaching a heat source (for example, a con­
trol motor) to a large plate or structural 
member of high heat conductivity helps to 
decrease the temperature rise of the heat 
source. In hydraulic systems, the temperature 
of electrical equipment can often be lowered 
by submerging the electrical device in the 
hydraulic fluid. Because the fluid is in motion 
and has much greater thermal capacity than 
air, the temperature rise of the· submerged 
electrical device will be much less than it 
would be in air. Normally, hydraulic fluid 
can be kept adequately cool by using a suffi­
ciently large sump which, in turn, is air 
cooled. 

In most ordnance control equipment, the 
generated heat is transmitted to the sur­
roundings by radiation or by convection of 
the air. Unfortunately, the laws of convection 
and radiation are so complicated that it is 
not usually practical to establish a single 
simple relation that will quickly give the 
heat dissipated by a hot body. 

19-2 
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TABLE 19-1 HEAT LIBERATED BY CONTROL DEVICES 

II 
Rate of Heat 

Device Liberation Remarks 

Vacuum-tube voltage-amplifier triode 4 watts 

Vacuum -tube voltage-amplifier pentode II 3 watts I 
Vacuum -tube power pentode (Type 6L6) II 25 watts I 
Constant-speed 60-cps no load 9% outputrating 
induction motor 

full load 18%output rating 

Armature-controlled field only 6% power rating 
d-e motor 

no load 15 o/o power rating 

full load 25% power rating I 
2-phase control motor no iP~S ~~~:~ 8f m~~ 8\ilfBm Heating with only ref-no oa 

ower 
erence field excited is ower 

~~!H~a ~@@~ s£ miH oiitriit approximately equal to 

I rated power maximum power out-

voltage 
put. 

Auxiliary pump 20% of input power Minimum heat equals 
15% of input power. 
Actual loss depends 
upon duty cycle and 
pressure. 

Hydraulic motor 15% of input, 
mm1mum 

Hydraulic amplifier 
II 

50% of input power Minimum heat usually 
about 30% of input. 

Variable-delivery pump 

II 
15% of input, 

m1mmum 

19-3 
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19·2.3 Radiation 

Heat radiated by a hot body to a large, 
cool, black body that completely surrounds 
the hot body can be determined by 

Qx = 36.9 X 10-12e(Tt4 - T2
4 ) 

where 

(19-1) 

Q1 = radiated heat, in wattsjin.2 

e = emissivity of hot body (see Table 
19-2) 

T1 =absolute temperature of hot body, 
in °K 
(TemiJerature in degrees Kelvin = 
273 T temperature in degrees 
Centigrade.) 

T 2 = absolute temperature of cool sur­
rounding body, in °K 

The heat radiated by a hot body can also be 
determined by 

(19-2) 

TABLE 19-2 EMISSIVITY OF VARIOUS 
SURFACES 

Surface (100°F) Emissivity 

Polished aluminum 0.04 

Polished copper 0.03 (approx .) 

Copper covered with 0.78 
oxide 

Polished iron 0.24 

Oil paint 0.94 

White paint 0.90 to 0.95 

Black paint 0.96 

Aluminum paint 0.3 to 0.6* 

*Dependingupon amount of aluminum and kind 
of lacquer. 

where 

Q2 = radiated heat, in Btu/ (hr) (ft2) 

e = emissivity of hot body (see Table 
19-2) 

T" = absolute temperature of hot body, 
in oR 
(Temperature in degrees Rankine 
= 460 + temperature in degrees 
Fahrenheit.) 

T1. =absolute temperature of cool sur­
rounding body, in °R 

When the radiation loss is to be computed 
for a device that is enclosed in a chamber, 
the temperature to be used for Tz or Th in 
Eqs. (19-1) or (19-2) is the temperature 
of the chamber walls . If the device is out­
doors, the temperature to be used for the 
surroundings is not so 'easily obtained. The 
safe approach is to use the temperature of 
the surrounding outdoor air as the value of 
T2 or Th, although this will, in nearly all 
cases, yield values for heat dissipation which 
are lower than those actually encountered. 
A clear, blue sky reflects little radiant 
energy. In calculations involving heat dis­
sipation of devices exposed to direct sunlight, 
it is necessary to dissipate the heat absorbed 
from solar radiation as well as the heat 
generated within the device. Neglecting 
atmospheric absorption and assuming that 
the solar radiation falls on a black body, the 
heat resulting from the sunlight is approxi­
mately 420 Btu/fV (hr) if the surface is nor­
mal to the solar rays. cs> Dust, water vapor, 
ozone, and other substances in the atmos­
phere reduce the solar heat to a value of 
approximately 290 Btu/fV (hr), or lower, at 
the surface of the earth. 

19·2.4 Free Convection by Air 

9-4 

Free convection by air occurs when the 
air is initially at rest; subsequent air motion 
results from the expansion produced by the 
heat extracted from the warm body. In ord­
nance equipment that is operated outdoors, 
this type of convection occurs only when 
there is no wind. Heat loss due to convection 
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is dependent upon the attitude of the surface 
relative to the vertical, the dimensions of 
the surface, and the tern perature difference 
between the surface and the surrounding air. 

For a high vertical surface, the process of 
free convection by air is somewhat as 
follows: Cool air is drawn in toward the 
surface at the bottom. However, because of 
the viscosity of the air, the layer of air in 
immediate contact with the surface does not 
move, forming a boundary layer through 
which the heat must be conducted. When the 
air close to the surface becomes heated, it 
rises slowly, and the flow is laminar or 
viscous. As the heated air moves upward 
along the surface, the air becomes increas­
ingly warmer, its cooling ability decreases, 
and its velocity increases. Eventually, the 
air flow becomes turbulent, and as cooler air 
is brought in by the eddies of the turbulence, 
the cooling ability of the air increases. 

Experiments(4) indicate that heat loss by 
air convection from a surface may be 
approximated by the expression 

( 19-3) 

where 

He = heat loss, in microcalories/cm2 (sec) 

8, =temperature difference between sur­
face and air, in oc 

log (Ac- 50)= 2.22- -ft-
20 

h = height of surface, in em 

A more convenient approximate relation for 
heat loss by air convection is 

Q,. = Al<HFfh.• 

where 

Q'" = heat loss, in Btu/hr 

(19-4) 

AF = area of vertical surface, in ft2 

(JF = temperature difference between 
surface and air, in °:B' 

1l ,. = variable whose value is obtained 
from Table 19-3 

The values of H F in Table 19-3 are based 
on values in Table 8B of reference 4 that 
were obtained from tests made with heated 
cylinders which were either suspended in air 

TABLE 19-3 VALUES OF HF [H1,. in Btu/(hr)(ft2 )(°F)] 

Surface OF 
Height 

(in.) 20°F 40°F 60°F 80°F 100°F 120°F 140°F 180°F 

100 0.60 0.75 0.87 0.93 1.01 1.06 1.12 1.23 

69 0.65 0.75 0.88 0.96 1.03 1.10 1.15 1.24 

35 0.65 0.8 0.87 0.92 0.98 1.02 1.07 1.13 

23 0.7 0.8 0.88 0.95 1.0 1.05 1.10 2.17 

11.3 0.75 0.9 1.00 1.06 1.12 1.17 1.23 1.32 

5.9 1.10 1.3 1.38 1.44 1.51 1.55 1.60 1.66 

3.2 1.65 1.8 1.95 2.03 2.12 2.2 2.27 2.38 

1.8 2.0 2.4 2.55 2.70 2.86 2.98 3.10 3.28 

19-5 
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by thin supports or supported by columns no 
larger in diameter than the heated cylinder. 
Other tests made with a vertical, flat plate 
(34inches square) indicate that a decrease 

of approximately four percent in convection 
cooling results when a floor is placed immedi­
ately below the vertical plate. The reduction 
in natural convection cooling that would 
result from a floor placed immediately below 
the cylindrical surfaces used for Table 19-3 
is not known. A second plate placed parallel 
to, and at a distance of more than two inches 
from, a vertical heated surface has no effect 
on the air convection cooling. Large hori­
zontal heated surfaces facing upward release 
approximately 30 percent more heat than 
the vertical cylinders tested for Table 19-3. 
Also, large horizontal heated surfaces facing 
downward release approximately 30 percent 
less heat by convection than the cylinders 
tested for Table 19-3. 

19-2.5 Conduction 

Heat transmitted through a material by 
conduction follows the law 

AKO 
Q·r= 

L 
where 

Q1' =heat transmitted, in Btu/hr 

(19-5) 

A =area of path of heat flow (perpen­
dicular to direction of heat flow), 
in ft2 

K =thermal conductivity of material, in 
Btujhr (ft) (F") 
(F 0 =temperature difference, in °F) 

() = difference in tern perature of two sides 
of material, in oF 

L =thickness of material, in ft 

The thermal conductivities of some materials 
are listed in Table 19-4. The conversion fac­
tors for the coefficients of heat transfer are 
given in Table 19-5. 

19-2.6 EQUIPMENT AND PERSONNEL 
SAFETY MEASURES 

Ideally, any failure of a servomechanism 

TAB..E 19-4 lHERIIIIAL CONDUCTIVITY OF 
IVETALS AND ALLOYS AT 212°F 

Thermal Conductivity 
Material (Btu/ (hr) (ft) (F0

)] 

Aluminum 119 

Brass (70-30) 60 

Copper 218 

Lead 20 

Silver 238 

Steel AISI-1020 26 

Stainless steel 9.4 
AISI-304 

Pine wood- 0.09 
across gram 

should cause an alarm indication and result 
in complete cessation of the output. Also, 
the d~vice should be constructed so that 
personnel injury or equipment damage is 
impossible. It is difficult, however, to elimi­
nate a servomechanism output for all system 
failures and to make an alarm system that 
will indicate failures reliably. The practical 
requirements that arise in the use of many 
service equipments make the exercise of 
common sense and · the fulfillment of an 
adequate training program the only real in­
surance against injury to personnel. Never­
theless, much can be done to reduce the 
probability of equipment damage and injury 
to personnel. Each device should be studied 
with regard to its specific requirements in 
order to properly evaluate the safety devices 
that should be included. 

19-6 

Limit stops and positive stops (Par. 18-4) 
are often used to prevent damage to equip­
ment. Positive stops are usually accom­
panied by slip clutches, over-current relays, 
or hydraulic relief valves so as to avoid 
damage to the servomotor or associated 
devices when the servomechanism output 
strikes the positive stop. 
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Interlocking relays are often used to pre­
vent operation of a servomechanism when 
a component has failed ; for example, loss of 
plate voltage to a vacuum-tube amplifier 
can be used via an interlocking relay to de­
energize the motor of an associated ampli­
dyne. Solenoid-operated bypass valves and 
disconnect-linkages are often used to prevent 
motion of hydraulic or mechanical devices 
when the servo electric power fails. When it 
is necessary that the output of the servo go 
to one limit in case of failure , it is some­
times possible to use .relays or spring-loaded 
solenoids to apply a false error signal--'that 

will cause the output to slew to the prop 
limit. 

Most power servomechanisms used to drive 
guns and tank turrets have more than enough 
torque to crush any portion of the human 
anatomy that happens to be in the path of 
the output. It is important that the output 
be equipped with guards to prevent personnel 
injuries where moving members are close to 
fixed members . These guards must not inter­
fere with normal operation of the weapon. 
Adequate protection against accidental con­
tact with high-voltage electric circuits should 
also be provided. 

TABLE 19·5 CONVERSION FACTORS FOR COEFFICIENTS 0 F 
HEAT TRANSFER 

Multiply .-.. 
0 

number - Q 
'-' 

of 0 .-.. Q ., 
~ 

'-' E - <:,.) 
0 1 '-' - .-.. E .-.. 

0 <:,.) <:,.) 
0 

~ .-.. - ..__, Q) 
~ '--" 0 0 - 00 
'--" ~ Q ;.., '-' - ..s::: ......... By - ,, .._, .._, 

00 ,, .s .._, 

~ 
...., - .-.. ......... Q) 
'+-< "' 01 ·;::; 
'--" '--" ~ E rf.l 

<!) 0 - - ..... u ..... -;.... ;.., .._, .._, ;.... ro 
To ..>:::: ..s::: ......... ......... 0 <:,.) 

'--" .._, 00 rf.l '@ I 

obtain ......... ......... ....., ...., 
<:,.) E ...., ....., 

::l ::l ro ell I 

~ 
1 

....., ...., 
~ ~ 

b.O 
~ ~ ~ 0 

Btu/(hr) (ft2 ) (F 0
) 1 144 490 1760 2050 7380 

Btu/ (hr ) (in. 2
) (F") 6.94 1 3.424 12.2 14.2 51.3 

x 1o-s 

Watts/ (in.2 ) (F0
) 2.04 0.292 1 3.58 4.16 15.0 . 

X 10-1 

Watts / (cm2
) (C 0

) 5.68 8.19 0.279 1 1.16 4.2~ 

X l04 xto-2 

Kg-calories/ (hr) (cm2 ) (C 0
) 4.88 7.04 0.240 0.859 1 3.6( 

Xl04 Xl0-2 

Gram-calories/ (sec) (cm2
) (C 0

) 1.355 1.95 6.67 0.236 0.277 1 
X l04 x 1o-z x i0-2 
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19·3 VIBRATION ISOLATION<•·•·'·10
'
11

'
12

> 

The necessity of vibration isolation for the 
proper functioning of any piece of ordnance 
equipment is undesirable. A thorough search 
for an alternate device should be made before 
using a device that requires vibration isola­
tion. Some devices are sufficiently delicate 
to require isolation from the vibration of the 
base upon which they will be mounted; other 
devices produce vibration which must not 
be transmitted to the base. For such devices, 
vibration isolation is necessary. 

Figure 19-lA shows a typical vibration 
isolation mounting. The vibration mounts 

[s~J, 1-____ :.J 

LOAD 

RUB BER 

A. 

B. 

I r-;.:;--, 1..}-_-:-_J_ 

Fig. 19-J Vibration isolation mounting. 

METAL 
PLATE 

BASE 
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consist of a piece of rubber bonded to two 
pieces of metal in such a way that any motion 
transmitted from one piece of metal to the 
other must pass through the rubber. One 
piece of metal is attached to the base, and 
the other is attached to the device that is 
to be isolated. The elastic and internal damp­
ing properties of rubber make it well-suited 
for use in vibration isolation devices , 
although metallic springs, cork, and other 
materials are also used. Vibration isolation 
is obtained by making the resonant frequency 
of the device and its vibration mounts 
appreciably lower than the forcing frequency 
which is to be attenuated. 

By analysis of the equivalent circuit (Fig. 
19-lB) of the vibration isolation mounting 
(Fig. 19-lA), an expression for the ampli­
tude of vibration of the isolated load is 
given as 

(19-6) 

where 

y = amplitude of vibration of isolated load 
in ft 

x = amplitude of vibration of base, in ft 

~ = ~ V ,:k =damping ratio 

f =damping of vibration mounts , in 
lb-sec/ft 

g = 32.2 ft/sec~ = acceleration of gravity 

m = mass of isolated load, in lb 

k = combined spring constant of vibration 
mounts , in lb/ft 

s = Laplace operator 

= undamped resonant fre­
quency in radians/sec 
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The amplitude of the ratio yjx as a function 
of the ratio of the forcing frequency (w) 
to the resonant frequency (w,) is plotted 
in Fig. 19-2 for values of ~ equal to zero 
and 0.2. It can be seen that, for the damped 
or undamped condition, extremely large am­
plitudes occur when the forcing frequency 
equals the resonant frequency. Most devices 
equipped with vibration mounts either pass 
through the mount resonant frequency 
quickly or are only occasionally excited by 
a forcing frequency equal to the resonant 
frequency. Most vibration isolation mount­
ings have a resonant frequency that is less 
than half the forcing frequency. The reson­
ant frequency must be in the order of one­
tenth of the forcing frequency if less than 
5 percent of the amplitude of the forcing 
frequency is to be transmitted through the 
vibration isolation mounts. 

The natural frequency of a mass that is 
mounted for vibration isolation in the ver­
tical direction is determined by the weight 
of the load and the static deflection of the 
mounts when supporting the weight of the 
load. As the deflection y ( ft) produced by a 
weight w (lb) acting on a spring with a 
constant k (lb/ft) is 

Y=W/k (19-7) 

the natural frequency of the mass will be 

V{i 5.67 d. I 0.902 
w, = Y = V Y ra 1ans sec = VY cps 

(19-8) 
where y is in feet, or 

3.13 
w, = --=-CPS 

VY 

where y is in inches. 

The analysis given here is simplified to 
include only motion along a line perpendic­
ular to the mounting surface, assuming loads 
for which the center of mass is equidistant 
from the isolation supports. In practice, it 
is necessary to consider rotary vibration of 
the load, particularly if vibrations can occur 
parallel to the mounting surface or if rotary 
forcing vibrations can occur about any axis. 

Vibration isolation can be made unneces­
sary in some cases by eliminating the vibra­
tion at its source. Various friction, viscous, 
and tuned dam ping devices have been used 
for this purpose. Static and dynamic balanc­
ing are also used to eliminate vibration 
caused by rotating devices. 

19-4 SHOCK ISOLATION<6
'
7

'
10

'
11

'
12

> 

The indiscriminate use of shock isolation 
devices should be avoided because their use 
often makes conditions worse instead of 
better. Therefore, servomechanisms should 
be equipped with shock mounts only when 
absolutely necessary. A large variety of elec­
trical and mechanical devices are available 
which, without shock protection, will with­
stand shocks higher than those normally 
encountered under service conditions. Even 
electron tubes, delicate as they may seem, 
can often operate satisfactorily without shock 
protection. If precautions are taken in the de­
sign of the control system components, there 
should be no need for devices to reduce shock 

intensity in the majority of ordnance servo­
mechanisms. Table 19-6lists typical vibration 
and shock values encountered in ordnance 
equipment. 

The physical construction of mounts for 
shock isolation is identical with that of 
mounts for vibration isolation. In general, 
the underlying basis for both types of mounts 
is the same in that they serve to lower the 
acceleration and hence the force applied to the 
device to be protected. The resonant fre­
quency of loads supported by resilient shock 
mounts is often set at approximately 20 cps 
because a resonant frequency of 20 cps 
provides adequate protection against most 

19-10 
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TABLE 19-6 TYPICAL VIBRATION AND SHOCK VALUES ENCOUNTERED IN 
ORDNANCE EQUIPMENT 

I l Frequency Maximum Acceleration 
Equipment Source (cps) in g'st 

Trucks and on- spnngs 2-5 
carnage guns tires 8-15 5-7 

structures 60-200 

Tank 3 tirP" 'kf)rrl 5 (on black top road) 
' 

o tan m 

mph) 
25 (cross country) 

2 (on level gravel road) 

muzzle blast 6ft impulse 1000-1500 (exterior) 
from equipment 300-1250 (interior) 

moderate non- impulse 400 
penetrating 
ballistic impact 

heavy non- impulse r800 (fo<c& aft) 
penetrating vehicle 900 (lateral) 
ballistic impact 275 (vertical) 

. 1260(fore&aft) 
eqmpment 375 (lateral) 

tMaximum damage due to ballistic impact appears to be caused by accelerations of approximately 3000 g. 

Data from letter to Jackson & Moreland, Inc., Boston, Mass., 
Record No. 5817, from Ordnance Corps, Frankford Arsenal, 7 
August 1956. 

shocks. Furthermore, most vibrations that 
might excite the system and cause the spring­
mass system to resonate are below 20 cps 
and hence are not amplified by the shock 
mounts through sympathetic vibration. 

The analytical model of a shock-mounted 
device is shown in Fig. 19-3. In the figure, 
km is the spring constant and [, is the damp­
ing of the shock mount. The mass of the 
frame to which the shock mounts are 
attached to support the load is m1. The mass 

19-11 

of the protected device is m2, kd is the spring 
constant, and fd is the damping of the sup­
port. An example of a shock-mounted device 
is an instrument mounted in a heavy cabinet 
which, in turn, is mounted on resilient shock 
mounts. The amount of protection provided 
by the shock mounts depends as much upon 
the dynamic characteristic of the system 
involving ku, f "' and m2 as it does upon the 
dynamic characteristics of the shock mounts 
and the mass mt. If it is assumed that m 1 
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tl 
Fig. 19-3 Analytical model of shock­

mounted device. 

is so large that its motion is unaffected by 
motion of m 2 , the following general charac­
teristics are true of the system: 

(a) To be of any significant value, the 

shock mounts must be such that the resonant 
frequency of m1-k.,. system is less than half 
the resonant frequency of the m 2-kd system. 
This means that the mounting of the pro­
tected device on the chassis or frame must be 
relatively stiff. If the two frequencies co­
incide, the acceleration of m 2 becomes ex­
tremely large for any reasonable value of 
damping. If the resonant frequency of the 
m1-km system is much above the resonant 
frequency of the m2 -kd system, the result­
ing acceleration of m 2 is essentially the same 
whether or not shock mounts are used. 

b) The acceleration of m2, as well as the 
acceleration of m 1 , rises when the shock­
mount damping fm is increased. However, 
some damping is necessary to prevent vibra­
tion for excessive lengths of time after a 
shock occurs. 

(c) For a shock consisting of an impulse 
(which might be represented by a sine wave 
with a time duration of a half-cycle) at posi­
tion x in Fig. 19-3, the acceleration of m1 
is greatest when the shock duration is half 
the resonant period of the m1-km system, 
provided there is no dam ping <fm) • The peak 
acceleration occurs after the shock impulse 
has again returned to zero. 
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CHAPTER 20 

SUPPLEMENTARY TABLES, FORMULAS, AND CHARTS* 

20·1 MASS MOMENT a= INERTIA 

20-1.1 DEFINITION 

The mass moment of inertia of a body with 
respect to any axis is defined as 

(20-1) 

where J is the moment of inertia of the body, 
dm is an element of mass of the body, and r is 

thE: perpendicular distance of dm from the 
axis about which the inertia is to be found. 
The integral must be evaluated over the entire 
volume of the body. The dimensions of mass 
moment of inertia are M L2. The relations be­
tween the commonly used units of mass mo­
ment of inertia are listed in Table 20-1. 

20-1.2 DATA FOR EQUATIONS 

Table 20-2 is included to facilitate writing 
equations involving torque, moment of inertia, 
and acceleration. When writing equations 
using torque in units of the first column of the 
table and moment of inertia in units of the 
second column, divide the moment of inertia 
by the number in the third column of the table 
to obtain acceleration in terms of radians per 
second per second. 

20-1.3 PARALLEL-AXIS THEOREM 

If the moment of inertia of a body about an 
axis through its center of mass is known, and 
if it is desired to obtain the moment of inertia 
about an axis parallel to that particular 

centroidal axis, then 

I =I,+ Mr2 (20-2) 

*By J. a .Silvey 

2o-1 

where 

I = moment of inertia about the new axis 

I, = moment of inertia about the centroidal 
axis 

M =mass of the body 

r =distance between centroidal axis and 
the new axis 

Equation (20-2) is called the parallel-axis 
theorem and is proven in most kinematics 
tests. 

20-1.4 PRINCIPAL AXES CF INERTIA 

For any particular point within a body, 
there is one axis about which the moment of 
inertia is a maximum and another axis about 
which the moment of inertia is a minimum. 
These two axes are perpendicular to each 
other. These axes, together with the axis 
through their point of intersection and per­
pendicular to the plane formed by them, are 
called the principal axes of inertia of the body. 

20-1.5 PRODUCT a= INERTIA 

The product of inertia of a body with re­
spect to two mutually perpendicular planes is 
defined as 

Gab =Jab dm (20-3) 

where a and b are the perpendicular distances 
from mass element dm to the two planes. A 
body must have three products of inertia 

Gxv = f xy dm, G11z = f yz dm, Gz.e 
= f xz dm (20-4) 
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TABLE 20-1 RELATIONS BETWEEN UNITS OF MASS MOMENT OF INERTIA 

Multipl~ 
number 
of-

To 
obtain~ B~ gram-cm2 oz-in.2 lb-in.2 lb-ft2 slug-ft2 

gram-cm2 1 182.9 2926 I 4.214 X 10-5 1.356 X 101 

oz-in.2 15.467 X 10-3 I 1 16 2304 7.412 X 104 

lb-in.2 I3.4J8 X 10-4 I 0.0625 1 144 4632 

lb-ft2 12.373 X 10~ I 4.340 X 10-4 6.944 X 10-3 1 32.17 

slug-ft2 17.375 X 10-8 I 1.349 X 10-5 2.159 X 10--4 I 0.03108 1 

TABLE 20-2 RELATIONS BETWEEN TORQUE, MOMENT OF INERTIA, 
AND ACCELERATION 

Will accelerate a body having a 
A torque of moment of inertia of To 

1 dyne-em 1 gram-cm2 1 

1 gram-em lgram-cm2 980.7 

1 oz-in. 1 oz-in.2 386 

lib-in. llb-in.2 
rad/sec2 

386 

llb-ft llb-ft2 32.17 

llb-ft 1 slug-ft2 1 

20-2 



SUPPLEMENTARY TABLES, FORMULAS, AND CHARTS 

1000 

~~ 

100 
~ ~ .......: 

,___ 
~NOTE: TO OBTAIN INERTIAS OF CYLINDERS r.r 1/ 

WITH DIAMETERS BETWEEN 0.1 AND w / r- 1.0, MULTIPLY ABSCISSA BY tD-1 AND h / r- ORDINATE BY 10-4, 
A v 

10 ~ 
~f' 

/ 
v 

/I' ./ 
/7 / 

BRAS~ r / 

/. ~EL /'UMINUM 

/. ./ 
// / 

ff ./ 
§ ~ / 

v 
OJ 

// 
LL / 

,;'/ / ASSUMED DENSITIES: 

./ ALUMINUM - 0.0959 lblin. 3 

/ 
BRASS - 0.313 lb/in.3 

STEEL - 0.283 I blin. 3 

0_01 

0.001 
2 3 4 5 6 7 8 9 1 0 

CYLINDER DIAMETER (INCHES) 

Fig. 20-1 Moments of inertia about the principal axes of cylinders one inch tong. 

20-3 



POV\ER ELEIVENlS AND SfSTEIVI DESIGN 

The product of inertia of a body with respect 
to any two of the planes formed by the prin­
cipal axes of the body is zero. 

20-1.6 INERTIA WITH RESPECT TO A LINE 
THROUGH 1l-E ORIGIN 

The moment of inertia of a body with re­
spect to any line passing through the coordi­
nate origin is 

J = J, cos2 a + J 11 cos2 ~ + J, cos2 y 

- 2G.,11 COS a COS P - 2G11z COS P COSy 

- 2G:.c COS y COS a 
(20-5) 

where 

J, J, J, = moments of inertia about the 
x-, y-, and z-axes, respectively 

a, p, y = angles between the x-. y-, and z­
axes, respectively 

G.,11 , G,, G" =products of inertia with re­
spect to the yz- and xz-planes, the xx- and xy­
planes, and the xy- and yz-planes, respectively. 

If the coordinate system is so chosen that 
the x-, y-, and z-axes lie along the principal 
axes of the body, the products of inertia are 
zero and Eq. (20-5) reduces to 

J =J:c a:s• a+ J 11 cos2 P + J. cos2 y 
(20-6) 

20-1.7 T~TED MOMENTS OF INERTIA 

Expressions for the moments of inertia of a 
large number of bodies are tabulated in the 
Handbook of Engineering Fundamentals<o 
and the Handbook of Chemistry and 
Physics.<2> The moments of inertia of cylin­
ders frequently used in control work are 
plotted in Fig. 20-1. 

20-1.8 e<:::lii.PUCA.lED SHAPES 

The moment of inertia of a body with a 
complicated shape can be approximated by 
dividing the body into a number of parts hav­
ing simple shapes, computing the inertia of 
each part, and then adding the inertias of the 
individual parts. If the shapes of the parts can 
be approximated by simple geometric shapes, 
the tabulated expressions for moments of in­
ertia and the parallel-axis theorem can be used 
to compute the total moment of inertia of the 
body. If the body is extremely irregular, it 
sometimes is more convenient to plot its 
cross section on graph paper, using either 
Cartesian or polar coordinates (depending 
upon the problem), and to compute the mo­
ment of inertia of the rectangles or arcs cov­
ered by the figure. For bodies such as tank tur­
rets, the moment of inertia must be computed 
at several elevations, and the inertias of the 
various cross sections must be added to obtain 
the total inertia. 

20-2 DAMPING AND FRICTION 

20-2.1 VISCOSITY 

20-2.2 Definition 

Viscosity is that characteristic of a fluid 
which produces a resistive force when there 
is relative motion between a solid body and a 
liquid with which it is in contact. This resist­
ive force, proportional to relative velocity be­
tween the solid and the fluid, is known as 
viscous friction and produces damping. The 
viscous properties of fluids produce damping 
whenever relative motion between a fluid and 

20-4 

a solid body with which the fluid is in contact 
occurs. Dampers are made that consist of two 
parallel discs or concentric cylinders which 
are separated by a small gap filled with viscous 

fluid and which are capable of moving rela­
tive to one another. Viscous damping also 
occurs h . fl "d fl . . W en a VISCOUS Ul OWS lD p1pes 
or tubing. 
20-2.3 A'bsolute (Dynamic) Viscosity 

If the space between two large parallel 
plates of area a, separated by a distance l, is 
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filled with a fluid of viscosity fl, and if one 
plate is moved relative to the other with veloc­
ity v, the separation being kept constant, then 
the force f required to sustain the motion of 
the moving plate is 

f=f.laV 
1 

(20-7) 

From Eq. (20-7) , the viscosity is fl = fl/av 
and has the dimensions ML-1T-1 or F£-!!.T. 
Viscosity defined in this way is called absolute, 
or dynamic , viscosity. The only unit of abso­
lute viscosity that has a name is the poise, 
which is one dyne-second per square centi­
meter, or one gram mass per centimeter-sec­
ond. Table 20-3 lists the relations between 
various units of absolute viscosity. 

20-2.4 Kinematic Viscosity 

Kinematic viscosity is defined as the abso­
lute viscosity of a fluid divided by its density. 
When a dimension system of force, distance, 
and time is used, the dimensions of kinematic 
viscosity are UT-1

• The centimeter-gram-sec­
ond (cgs) unit is the stoke, which has the 
dimensions centimeter squared per second. 
The English unit, which would be used with 
the pound force-foot-second system commonly 
employed in engineering work, is the foot 
squared per second. The relations between the 
three commonly used units of kinematic vis­
cosity are: 

(a) stokes X 100 = centistokes 

(b) ( W/sec) X 929 = stokes 

TABLE 20·3 RELATIONS BETWEEN UNITS a= ABSOLUTE VISCOSITY 

Multiply 
""' number rn~ rn rn rn - '"0 Q) '"0 '"0 '"0 

of ""' ""' I=: s I=: I=: I=: Q) Q) 
0 0 0.+" o .... 8..s::: C)+" C),.s::: C)+" rn cv Q) I=: Q) C) Q) C) Q) 0 

~ 
'"0 s rn <V rn I=: 'f I=: rn o * I=: ..... ~ C) I ''"' Q)''"' ~'+-< Q) 0 +" C) Q) Q) Q) C) Q) C) Q) rn C) I=: 

""' ""' C) ""' ""' ""' ""' ""' 
..... Q) Q) 

0 ~ s ~ 0 ~ .B ~ o rn C) 
O.ocv '+-< =' '+-< =' '+-< =' =' 

ob1Zin ~ Q) ""' s o' Q) 0' '"00' '"0 0' 
I=: ~ rn C) rn I=: rn I=: rn »::3 ~ ""' I=: 

""' =' ""' =' ""' ~ '"Oo< 
""' Q) =' Q) 0 Q) 0 Q) ._. rn bOO. 0 0. 0.0. 0.0. -

poise* 1 980.7 4309 6.89 479 
(dyne-seconds per X 104 
square centimeter) 

gram force-seconds 1.020 1 28.35 454 3.15 
per square centimeter X 10-3 

ounce force-seconds 2.33 0.03527 1 16 0.111. 
per square inch X 1<>-' 

pound force-seconds 1.451 2.202 0.0625 1 6.94 
per square inch X lQ--6 X lQ-3 X 1Q-3 

pound force-seconds 2.09 0.317 9 144 1 
per square foot X lQ-3 

*To obtain centipoises, multiply number of poises by 100. 
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The time required for a fluid to drain from a 
viscometer by the action of gravity is a func­
tion of the kinematic viscosity of the fluid. In 
the United States, the kinematic viscosity of 
lubricating oils and hydraulic fluids is usually 
expressed in Saybolt seconds universal (ssu). 
This is the time, in seconds, for a particular 
quantity of fluid to escape from a specified ves­
sel through a specified capillary tube. The con­
version between the time of discharge and the 
kinematic viscosity of the fluid, in units suit­
able for calculations, has been determined em­
pirically and is shown· in Fig. 20-2. The con­
version for various viscometers used in 
Europe is given in reference 1. 

20-2.5 Effect of Temperature 

The viscosity of all lubricating oils, hy­
draulic fluids , and dam ping fluids increases 
when their temperature is lowered. However, 
most hydraulic fluids contain additives that 
reduce the change in viscosity below that ex-

hibited by pure petroleum-base oils. The rela­
tion between temperature and viscosity for 
some oils and fluids is shown in Fig. 20-3. 

20-2.6 FRICTION 

Friction that is proportional to velocity is 
called viscous friction and is usually associ­
ated with fluids . Friction that is constant re­
gardless of velocity, but which always opposes 
motion, is called coulomb friction and is associ­
ated with poorly lubricated sliding surfaces. 

20-2.7 Coefficient of Friction 

The coefficient of friction between two 
sliding surfaces is defined as the tangential 
friction force divided by the normal force. 
When no motion occurs, the quotient is called 
the coefficient of static friction. The value of 
the coefficient of static friction is determined 
by the maximum friction force that will not 
produce slipping. When one surface slides 
relative to the other, the quotient is called the 
coefficientof kinetic friction. Both coefficients 

TABLE 204 COEFFICIENTS CF FRICTION FOR VARIOUS METALS 

Coefficient Coefficient 
of of 

Kinetic Static 
Material Condition Friction Friction 

Cast iron on cast iron dry 0.152 0.162 

Cast iron on cast iron greased 0.08-0.10 0.16 

Cast iron on bronze dry 0.213 

Cast iron on bronze greased 0.132 

Wrought iron on wrought iron dry 0.44 

Wrought iron on wrought iron greased 0.08-0.10 0.11 

Wrought iron on bronze dry 0.18 0.19 

Wrought iron on bronze greased 0.07-0.08 

Steel on steel dry (10ft/sec) 0.09 0.15 

Steel on steel dry (100ft/sec) 0.03 

Steel on bronze dry 0.152 

20-8 
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of friction are independent of pressure on the 
surfaces, and hence independent of the sur­
face area, when the pressure is between .3/4 
psi and 100 psi. For pressures below 3/4 psi, 
the coefficient of friction increases somewhat. 
It also increases for extremely high pressures. 

20-2.8 Characteristics of Coefficient of 
Friction 

The coefficient of static friction is always 
higher than the coefficient of kinetic friction. 
The coefficient of kinetic friction is independ­
ent of velocity for average relative velocities. 

However, the coefficient of kinetic friction de­

creases at extremely high velocities and in­

creases at extremely low velocities. Since the 

coefficient of friction, either static or kinetic, 

is dependent upon the condition of the sur­

faces and the presence or absence of small 

amounts of lubricants, any quoted value 

should be considered as an approximation. 

The coefficients of friction for various metals 

are listed in Table 20-4. 

20·3 SPRINGS 

20-3.1 HEUCAL SPRINGS 

20-3.2 Stress 

Neglecting end effects and curvature cor­
rection and assuming round wires, the stress 
in loose-wound tension helical springs or com­
pression helical springs is 

where 

S = maximum fibre stress, in psi 

W = load, in Jb 

D = mean coil diameter, in in. 

d = wire diameter in in. 

(20-8) 

Equation (20-8) results in an error of more 
than ten percent if the spring index (D/d) is 
less than 13. Neglecting end effects, assum­
ing round wire, and taking curvature correc­
tion into account 

(20-9) 

where S, W ,D ,and dare defined in Eq. (20-8) 
and 

K _ 4(D/d) -1 0. 615 
- 4(D/d) -4 + D/d 

K is known as the Wahl correction factor. (9l 

20-9 

20-3.3 Deflection 

The deflection of a helical spring, neglecting 
end effects, is 

y = .SW DJn (20-1 0) 
E,d4 

where W, d, and D are defined in Eq. (20-8) 
and 

n = number of active coils 

E , =torsional modulus of rigidity, in psi 

Y = spring deflection, in in. 

20-3.4 Torsional Elasticity 

The torsional elastic properties of some 
spring materials are listed in Table 20-5. The 
values of working stress in this table are quite 
conservative and, in most cases, can be ex­
ceeded without over-stressing the spring. 

20-3.5 Design Table 

Table 20-6 can be used to choose a helical 
spring size quickly if the desired spring con­
stant is known. The spring constant in pounds 
per inch of deflection is the spring scale (lower 
entry) of the table divided by the number of 
turns in the spring to be used. The upper entry 
of the table is the spring load that will produce 
a stress of 100,000 psi, and is independent of 
the number of turns in the spring. Loads cor­
responding to higher or lower stresses are 
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equal to the tabulated loads multiplied by the 
desired stress in psi and divided by 100,000. 
Linear interpolation to obtain the spring scale 
and load for any spring coil diameter or any 
wire size will result in an error of less than 
5 percent ; obviously, double interpolation is 
required if the desired coil diameter and wire 
diameter both fall between values entered in 
the table. It should be emphasized that this 
table is valid only for round wire with a tor­
sional modulus of 11 X 106 psi. An example 
illustrating the use of this table follows: Find 
a steel spring with 0.5-inch outside diameter 
which will deflect 0.5 inch under a load of 7 lb, 
and which can be deflected 1.0 inch without 
exceeding 100,000 psi stress. The maximum 

load will be 7 ( l.O ) = 14 lb. From the table, 
0.5 

a wire diameter of 0.059 will produce a spring 
of 0.5-inch outside diameter which will carry 
15.3lb., which is adequate for this application. 
From the table, the spring scale for a single 
coil of this spring will be 204 lb/inch. The de-

sired spring constant is .!..__= 14lb/inch. The 
0.5 

required num her of coils is therefore 
204 
14 

= 14.6 coils. Minimum length of a tension 
spring having the desired characteristics, ne­
glecting length of spring ends, is (14.6) 
(.059) = 0.8614 inch. A compression spring 
having the desired characteristics would be 
one inch longer to accommodate the required 
deflection of one inch before it is compressed 
solid. Table 20-6 is a condensed version of the 
table given by Ross. <51 Other spring design 
tables appear in the literature, <6•7·81 as well as 
in standard mechanical engineers' handbooks. 

TABLE 20-5 TORSIONAL ELASTIC PROPERTIES OF SOME SPRING MATERIALS 

Recommended 
Elastic Working Modulus 
Limit* Stresst Rigidity 

Material (psi) (psi) (psi) 

Music wire 130,000 70,000 11 X 106 

Hot rolled steel (SAE 1095) 
hardened to Rockwell C43 92,000 60,000 11 X 106 

Stainless steel (Type 302) 95,000 35,000 11 X 106 

Phosphor or silicon bronze 67,000 30,000 6.2 X 106 

Beryllium copper 80,000 50,000 
i 

6.5 X 106 

80% 

20-10 
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20-3.6 CANTILEVER SPRINGS 

20-3.7 Definition 

A cantilever spring (Fig. 20-4) is made by 
clamping one end of a bar and applying a load 
at the other end. In effect, the spring is essen­
tially a cantilever beam and ordinary beam 
theory can be used to obtain stress and de­
flection. 

20-3.8 Stress and Deflection 

The stress of a cantilever beam is 

S= MC 
I 

where 

(20-11) 

S = maximum tensile fibre stress, in psi 

M = moment on beam, in in.-lb 

C = distance from neutral axis to outer 
fibre, in in. 

I = moment of inertia of cross section of 
the beam about the neutral axis, in in.4 

For a cantilever beam with a rectangular cross 
section along its entire length (Fig. 20-4), the 
stress is 

(20-12) 

where 

S = maximum stress, in psi 

W = load, in lb 

l = distance between clamp and point of 
application of load, in in. 

b and h = cross-sectional dimensions, in in. 

The deflection of a cantilever beam under a 
load W is 

WlN 
Y= --

3EI 
(20-13) 

where/, W, and l are defined in Eqs. (20-11) 
and (20-12), and 

Y = beam deflection, in in. 

E =Young's modulus for the beam ma­
terial, in psi 

Fig. 20·4 Cantilever spring. 

For a rectangular beam (Fig. 20-4 ), the de­
flection becomes 

4WZS 2Sl~ 
Y---- --

- Ebh3 - 3Eh 
(20-14) 

20-3.9 Tensile Elastic Properties 

A cantilever beam bends instead of twist­
ing. Therefore, the modulus of elasticity and 
the allowable stresses are not the same as for 
a helical spring. Table 20-7 lists the tensile 
elastic properties of some spring materials. 

20-3.1 0 TORSION BAR SPRINGS 

20-3.11 Definition 

Torsion bar springs have one end clamped 
while a torque is applied to the other end. 

20-3.12 Stress and Torque 

The equation for stress in a torsion bar 
spring, assuming a round bar of uniform 
diameter, is 

(20-15) 

where 

S = shearing stress, in psi 

E.= torsional modulus of rigidity, in psi 

r = bar radius, in in. 

0 = angle of twist, in radians 

= length of spring, in in. 

20-11 



Wire 
Diameter 

(in.) 
1/8 

0.010 0.305 
9.47 

0.012 0.522 
20.7 

0.014 0.823 
40.3 

0.016 1.21 
72.9 

0.018 1.71 
124 

0.020 2.32 
200 

0.024 3.90 
464 

0.029 6.61 
1160 

0.033 

0.037 

0.043 

0.051 

0.059 

0.071 

0.085 

TABLE 20-6 PERMISSIBLE LOAD AND SPRING SCALE OF HELICAL COMPRESSION SPRINGS 

Outside Diameter 
of Coil (in.) 

5/32 3/16 1/ 4 5/16 3/R 7/16 1/2 5/8 3/4 7/8 1 -1 / 4 1-1 /2 1-3/4 2 2-1/2 3 

Load in lb. at I 00,00 0 psi -Wahl's Factor (Kl included 
Spring scale per single turn. in lb/ in. 

0.421 0.350 
10.0 5.43 

0.669 0.560 0.422 
19.4 10.5 4.18 

0.983 0.824 0.626 
34.4 18.4 7.37 

1.040 1.17 0.889 
57.4 30.7 12.1 

1.89 1.60 1.22 ).972 
91.3 48.6 18.9 9.06 

3.22 2.72 2.09 1.68 1.41 1.21 
208 108 41.4 19.9 11.1 6.67 

5.55 4.71 3.64 2.94 2.50 2.13 1.87 
496 253 94.1 44.6 24.6 14.9 9.75 

7.97 6.85 529 4.31 3.61 3.11 2.74 2.21 
916 460 166 77.5 42.4 25.6 16.7 8.26 

10.9 9.42 7.41 6.01 5.07 4.41 3.88 3.10 2.61 
1580 785 280 128 69.6 422 27.3 13.3 7.43 

14.4 11.4 9.33 7.91 6.82 6.07 4.89 4.10 3.62 
1618 559 249 134 80.0 51.6 25.0 14.0 8.60 

18.5 15.3 13.0 11 .3 10.0 8.01 6.78 6.79 5.14 
1233 543 288 168 107 51 .1 28.6 17.3 11 .4 

27.6 23.2 19.9 17.3 15.3 12.4 10.4 9.01 7.89 6.33 
2509 1059 554 322 204 96.3 52.7 32.2 21 .1 10.3 

38.7 33.4 29.4 26.1 21.3 18.0 15.5 13.6 11.1 9.21 
2663 1295 741 463 215 117 70.6 45.3 22.4 12.6 

55.5 492 44.1 36.1 30.5 26.6 23.3 18.8 15.8 
3083 1708 1053 478 255 153 97.5 47.4 26.6 
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Wire 
)iameter 

(in.) 
118 6/32 3/16 1/4 6/16 3/8 7/16 

0.0!12 E9.3 61.0 
4630 2490 

0.106 91.0 
4973 

0.126 

0.148 

0.177 

0.2!JI 

0.244 

0.283 

0 . 331 

0 .376 

0 . 4375 

O.&XJ 

0 . 6626 

0.626 

Adapted by permission from Machine De•igtt , Volume 19, No. 3, 
March, 1947 , from article entitled "Helical Sprin g Design Tables". 
by H. F. :R::es. 

1/2 6/8 

66.1 46. 6 
1616 683 

81.9 68 .3 
2967 1298 

130 109 
6710 !817 

Outside Diameter 
of Coil (in .) 

3/4 7/8 1 1-1/4 1-1/2 

38.4 33. 4 29.6 23.8 19.9 
363 216 136 66.4 36.8 

E'll.l E1J .8 44.8 36.2 3:l.l 
679 400 266 121 66.6 

93 .8 81 .9 72.6 68.8 49.4 
1436 832 626 246 136 

161 133 119 96.3 81.2 
3166 1802 1119 614 279 

260 222 198 163 137 
7486 4160 2626 1146 609 

341 307 266 217 
8867 6266 2320 1218 

484 406 349 
11806 4988 2662 

614 634 
10199 6164 

824 
10786 

1166 
19966 

1-3/4 2 2-1/2 

17.1 
Z!.6 

26.1 Z!.8 
«l .9 26. 6 

42.06 37.6 33 .2 
82.0 63.3 26.2 

70 . 6 62 .0 49 .7 
168 109 63.1 

119 106 84.7 
361 234 113 

188 166 134 
716 467 218 

306 269 218 
1488 941 443 

467 416 338 
2919 1820 849 

733 662 634 
6048 3713 1693 

1038 932 767 
10903 6662 2960 

1687 1433 1201 
23202 13869 6006 

2073 1742 
26646 11268 

2426 
19863 

3230 
33289 

3 3-1/2 

41 .7 
29.7 

71.0 61.2 
63.2 38.4 

113 '>1 .2 
121 74.1 

183 168 
243 148 

286 247 
460 276 

463 391 
911 643 

662 667 
1676 933 

1019 888 
3132 1836 

1600 1310 
6736 3330 

2096 1832 
9967 6686 

2826 2491 
16386 9240 

4 

86.2 
48. 6 

139 
96. 9 

216 
180 

343 
348 

497 
697 

783 
1166 

1160 
2097 

1628 
3646 

2221 
6710 

4-1/2 

76.0 
33.6 

126 
66.7 

194 
123 

308 
238 

446 
406 
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785 

1041 
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1468 
2369 
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3773 
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POIVER ELEMENTS AND SYSTEM DESIGN 

The torque is 

T = E.Je = ][E.r46 

resonance m the spnng itself IS of little 
interest. 

l 21 
(20-16) 

20-3.14 Natural Frequency 

where E, e, and l are defined in Eq. (20-15) 
and J is the polar moment of inertia of the 
cross section of the bar about its geometric 
center, in in.-~. The torsional elastic properties 
of some spring materials are listed in Table 
20-5. For discussions of Bellville spring wash­
ers, helical springs used as torsion springs, 
and clock or spiral springs, see Wahl. w 

The natural frequency of a helical spnng 
with both endsfixedis(9l 

1=-d-V E.g 
2][r~n 32p 

(20-17) 

where 

20-3.13 VIBRATION IN SPRINGS 

d = spring wire diameter, in in. 

p = density of spring material, in lb/in.3 

g = acceleration of gravity, in in./sec2 

E, = torsional modulus of rigidity, in psi 

r = mean radius of spring coil, in in. 

n =number of active turns 

f = low~st n;:ttural frequency of the 
spnng,m cps 

All springs can be considered as systems of 
distributed mass, elastance, and damping. In 
most springs, the damping is extremely small. 
Therefore, they will resonate at a large num­
ber of frequencies with different modes of 
vibration. Because the damping is low, the 
magnitude of the spring motion may become 
extremely high. In most control applications, 
however, the resonant frequency of springs is 
above the system forcing frequency, and 

For a steel spring 

E , = 11.5 X 10u psi 

p = 0.285 lb/in.3 

TABLE 20-7 TENSILE ELASTIC PROPERTIES OF SOII/lE SPRING MATERIALS 

Recommended 
Elastic Working Modulus of 
Limit* Stresst Elasticity 

Material (psi) (psi) (psi) 

Clock spring steel 200,000 100,000 32 X 106 

Music wire 200,000 110,000 30 X 106 

Hbt rolled steel (SAE 1095) 
hardened to Rockwell C43 120,000 80,000 28 X 106 

Stainless steel (Type 302) 150,000 40,000 28 X 106 

Phosphor or silicon bronze 80,000 40,000 15 X 106 

Beryllium copper 130,000 75,000 17 X 106 

*An average value of elastic limit is given here. Actual values vary widely. 

:!:The recommended working stress given here is approximately 80% of the minimum elastic limit of the 
material 
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Thus, the lowest natural frequency of the steel 
spnng1s 

3510d 
f = ~~~w cps 

(20-18) 

There will also be natural frequencies at 2, 3, 
4, etc. times the lowest natural frequency. The 
natural frequency of helical compression 
springs is also discussed by Maier(8l. 

20-4 MISCELLANEOUS CONSTANTS OF FLUIDS AND 
TUBING USED IN HYDRAULIC SYSTEMS 

20-4.1 BULK MODULUS 

The bulk modulus of a liquid is a measure 
of the amount the liquid is compressed when 
the pressure applied to the liquid is increased. 
Bulk modulus can be defined as 

where 

B = bulkmodulus 

AP = change in pressure 

AV = change in volume 

(20-19) 

V = volume of liquid to which pressure is 
applied 

Bulk modulus has the dimensions of FL-:! and 
is usually expressed in lb/in.!!, although nor­
mal atmospheric pressure is sometimes used 
as the basic unit. Although bulk modulus 
changes somewhat with pressure, it is essen­
tially constant for petroleum-base hydraulic 
fluid at pressures between 15 and 3000 psi. A 
good average value is 2.5 X 10; psi. 

20-4.2 C 0 MPRESSIB ILITY 

Compressibility is the reciprocal of bulk 

modulus. For most hydraulic fluids, it is ap­
proximately 4 X 10-0 in.!!jJb. 

20-4.3 SPECIFIC GRAVITY 

The specific gravity of most petroleum prod­
ucts is expressed in terms of degrees Baume 
or degrees API. These units are the readings 
of particular hydrometers. Conversion factors 
between API degrees and specific gravity are 
given in most handbooks for mechanical engi­
neers. Most hydraulic fluids have a specific 
gravity of between 0.85 and 0.90 (density be­
tween 0.0307 and 0.0325lb/in.3 ) at a tempera­
ture of 60°F. 

20-4.4 ELASTIC PROPERTIES a= TUBING 

The elastic properties of the materials most 
commonly used for tubing in hydraulic sys­
tems are listed in Table 20-8. In general, the 
factor of safety used should depend upon the 
nature of the driven load. For copper and 
aluminum, which have no definite yield point, 
a factor of safety below 2 is never used. It is 
usually kept above 4. Heavy pulsating loads 
require an even higher factor of safety. The 
tensile modulus of elasticity is included in 
Table 20-8 for use in computing the increased 
volume of tubing when the tubing is subjected 
to internal pressure. 
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TABLE 20-8 ELASTIC PROPERTIES OF TUBING MATERIAL 

Tensile 
Yield Ultimate Modulus of 
Stress Strength Elasticity 

Material (psi) (psi) (psi) 

Soft-drawn copper* 7000 33,000 15 X 106 

Hard-drawn copper* 49,000 55,000 15 X 106 

Soft aluminum* 3000 9000 10 X 106 

Alloyed, heat-treated aluminum* 30,000 45,000 10 X 106 

Steel (SAE 1020) 40,000 65,000 29 X 106 

Stainless steel (AISI 302) 40,000 90,000 29 X 106 

*These materials have no well-defined yield point. Values are for 0.2% offset. 
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choice of trial components, 16-4 
construction and test of experimental 
equipment, 16-14 
gathering specifications, 16-2 
illustrative example, 16-14 
modification or redesign of trial system, 
16-13 
translation of experimental equipment 
into production model, 16-14 

Vibration isolation, 19-8 

1v transform, 9-5 

z transform, 9-4 
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The Engineering Design Handbook Series is intended to provide a compilation of {)rinciples and fundamental data to supple­
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Experimental Statistics, Section 4, Special 
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for Projectiles 
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Introduction, Kill Mechanisms, and 
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16l(S) Elements cf Terminal Ballistics, Part Two, 
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ing Targets (U) 
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Application to Missile and Space Targets (U) 
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344 
345 
346 
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Recoil Systems 
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Bottom Carriages 
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Elevating Mechanisms 
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Materials Handbooks 
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305 Titanium and Titanium Alloys 
306 Adhesives 
307 Gasket Materials (Nonmetallic) 
308 Glass 
309 Plastics 
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Surface-to-Air Missile Series 
29 I Part One, System Integration 
292 Part Two, Weapon Control 
29 3 Part Three, Computers 
294(5) Part Four, Missile Armament (U) 
295(8) Part Five, Countermeasures (U) 
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