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THE PROBLEM

Provide in a single reforence the analytical expressions for the response

of transducer arrays of standard form. Establish the most important factors in se-

lecting a particular configuration for target detection and ‘or bearing estimetion. .
|
~
RESULTS
1. Analytical expressions of responses for linear, planae, cylindrical,
and spherical arrays are given.
2. Additive arrays are “hest” for detection of a point target in a uniform
noise field. -
3. Split-beam multiplicative arrays are **best” for bearing estimates of
z single point target.
N _ o .
RECOMMENDATION -
Use the analvtical expressions of array response as a basis for computer
programs used in predicting sonar performance.
! A N Al Al Al 1
ADMINISTRATIVE INFORMATION
Work was porformed smder S273-26, Task 8353 (NEL 801730 The report
covers work tront-Julv 1966 to Febrone v 1967 and was approved tor publication
21 April 1967,
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INTRODUCTION

In the continuing effort to umprove the capabilities of sonar systems, the
most common form of signal processing, and one of the most uzeful, has been by
the use of directional transmitting and receiving transducer arcavs, The array
arrangement makes it possible to place greater power n the water and direct that
power as desired. Directivity offers important advantages over omnidirectional
syvstems.  In the transmitting teansducer. directivity provides a greater percent of
the output energy in a desired direction (in the main beam) and thus provides more
energy on target (if it is in the main beam) than would be provided by an omnidi-
rectional transducer. In the receiving array, the directivity disceriminates against
any noise sources wiaich are not in the main beam, and thus improves the signal-
to-noise ratio. Considering the reciprocity of antenna systems, all transducer
svstems may be considered to operate as receivers.

In the study to be reported here, arravs of isotropic elements were used
to provide directionality and so improve detection probability and parameter
estimation -- the two major aspects of signal processing. For detection, the pri-
mary problem is to maximize the signal-to-noise ratio and at the same time meet
other system requirements of size. frequency. bandwidth, scan time, time on target.
ete. For parameter estimation (in this case direction of arrival of the wave front),
improved sensitivity of the output to changes in the parameter is of importance,
as well as signal-to-noise ratio.

The following section describes various arrays of isotropic elements to
provide directionality. Subscequent sections are concerned with shading or weight-
ing of the elements (o reduce side-lobe level, and with some of the common forms

of tracking systems used for bearing estimation.
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ARRAYS OF ISOTROPIC ELEMENTS

Linear Arrays

The first arroy considered is a line of equally spaced isotropic elements
(the response of an isotropic element is constant in all directions) as shown in
figure 1. To oblain the far-field response due to a plane wave arriving at the
array from an angle ¢ relative to the normal to the array, the output of each ele-

ment 1s determined and then summed:

R{9) = Z Rplexp(iv))
k

where
R(&) is the array response
R, is the amplitude response of the k"' element
Wy, is the phase at the kY element

Since only the far-field response is being considered, the ampliiude at each ele-
ment is assumed equal and the response becomes

RB) = A Z exp (i)
k

Figure 1. Geometry for uniform line array.




Referring again to figure 1, the phase at the Eth element relative to the center
element is given by

kA2 27k
U = > ”=—;— d cos =kd _cosf
where d is the element spacing, d, = Z ;d.

and A is the wavelength of the source. Thus

R = A z exp (ikd,cos 9)
k

The sum from -k, to k, is of the form

ko
% = exp (ik6) = exp (~ike)
k=-k°
+vexpl=itho=1p+-+-+1+--.sexpli ko~ 1] +expik,d)
and
.explikod) - g— =1+ exp(id) + oxp (i26) + - - - + eXp (i2k)
But
1- X" PP n-1
=2 =1+X4+ X0 +X
1-X *
Therefore
. R l-expli2k, - 1]
xp ik -=
exp (ikoc) A 1-explid)
and
o (er 1y (g ]
R oxp (- ikod) oxplilhe + D) _ exp(-:d))( 2 )e.\p(zé)( 2 )
A 1-cxplic) exp (- i?)-exp <1C75)

Since 2k, + 1 = n. the total number of elements,

n o fn . nd
exp(— 65)- e.\p(lé 2)= 51“2—
o5y w(3)
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and
]
nd
. r
A sin—— cosf) .
Rty - R -
d,
. r
sin=— cosd
2 -
"4 1s chosen to normalize the output to 1 when 0 = 0, then A4 = 1.n and !
nd
. r
Sin -5~ cos
R(H) = ~—=
d
. r
131 ==~ COS{/
2 '
If a phase delay o is added to each element output such that the delay for the
KN element is ki, the recponse for the array will be given hy
, }
0[928
sin 5 3 5
R - ——— i
( r d)l
s5inlw- cos -5
nsin{s 5
]
The proper phase deiay between adjacent elements *» steer the center of the main
beam to f, is &, - ¢, cos 0. acd the response is given by
nd, v
sin —- (Cos - cosily)
R, 0,) = -
od,
nS M (Cos - cosily)
The respense R(6,6,) is an amplitude pattern or directivity function or arvay factor.
P . .. . \ . . - !
in determining directivity index ard sigral-to-noise vower at the receiver, the
power patter s often of interest. The power pattern is proportional to the square
of the magnitude of the directivity function:
Py KRl
)
]




Planar Arrays

The directivity function of an array of isotropic elements is given by:

R =ZRk exp(d,)
k

kth

where R, is the amplitude of the element

&, is the phase of the Ekt? element referenced to the origin.

The phase term is given by

>3

$p= 22 A

where A is the difference in the distance from the source to the origin, D, and
the distance from the source to the k'" clement, D,

D Do’-Dk’ DO"'Dh,
“UkTD,+D, ~2Ds-A

A=Do

If the source has coordinates x, v, z and the Kt? element Xps Ypo 2, then

x=D, cosa, . X} = Ppp COS ayy
y =D, cos a, Yp = Pp COS ay,
2=D, cosa, 2,=p,CoSa,,

with p, the distance from the origin to the Kt element and a. a, a, the angles
shown in figure 2. Using these equations

A= 2001_ A[D,’ ~(xex, Py -y, )-(2-~ zk)’l

__1
" 2D,-A

I2xxk+2yyk+222.k-(xk’+yk’+zk’)]

~ 2D, py cos a cos a,, + 2D, p), cos a, cos a,,, + 2D pj, COS @, COS @, - p)’
B 2D, - A

cos ax Cos ayp + cos ay Ccos dyk + COS a, cos a,p -~ 2'5:




i ol bt T T W B divri S S A etdi i Ao sl B dnoll Bl i Mhuis ol T % "y Y

L]
@

v
®
Frgure 2. Geometry for planar array.
Since oniy the far ficld i+ of interest, 2D, - - N and 20, - - p,. The phase of the -
B element is given by "

LIRY ‘__’npk

hy . . (COSeCOeS @y« COS a COS @yt COSa, oS )

; )
‘ Ty, o V,Cos > CON ®
Sy, L (Vg eodu oy, voN g el e (11)

For the special case of an equally spaced Tine array along the X-axis,
, > {
X, kd Ve Tp D

and

O hd

which o the same as obtaidnied in the first section for 4 hine array,




For the case of a rectangular array of equally spaced sources in the
X-Y plane the phase of the mn'? element is

2r 2amdx 27ndy
d’mn:T (md . cos a, +nd, cos a ) ==——=cos a, + - Cosa

y A x y

Pmn = Pm + Pp

and the directivity function is given by

MN
Rlaga,) = Z IR,,,| exp(,y) - explch,)
If the amplitude, |R, |, is of the form
IRpn! = IRyl - (R

then the directivity function can be separated into a product of two factors

M N
Rz ay) = Z IR, | exp(s,) Z IR, | expla, )

where each term is of the same form as for a linear array. Using the same reason-

ing as in the section on linear arrays, the case of |[R| = IR | = {%ﬁ is given by
sin(’“:dx c05ax>. sin(’\’;’dy cos:z_\,)

R (a,.ay=
(B%) Msin(f'% cos::x) Nsin(-’l‘f c05a})

Thus

R(a,.a,) = R(a . 7/2) - R(7/2.a,)

and the response is specified by the product of the response in the Y-Z plane
and the response in the Y-Z plane.  To use this separation of variables it is
important to use the proper coordinate system. As an example, choose the 9, &
system shown in figure 3 and transform the response:

11



cosa, = sin ¢

cosa, = cos ¢ cos 6

Mnd Nmd
sin( Jtsinq&) sin( - Y cos ¢ cos 0)
R4, ) = A :

md md
M sin (f-siné) N sin()\—”cosd;cos 6)

which is no longer a product of two functions each of which is a function of a
single variable.

‘<

Figure 3. Geometry for azimuth-elevation coordinate system.

Introducing a phase shift between elements to steer the main beam to a

direction cosa, & COSa and writing the response in terms of the differences
of the direction cosines results in the following:



(M, _[Nd,
Sin —2 T sin —2-ry

¥) d d
. . r
M sm(arrx) N sm(—i ry)

T, = cosa, - CoSa,q

R(rx, r

where

T
y =cosa, -~ COSay,

d =

r

Qmdx  2mdv
A

A

i'rr elements which are closely spaced in terms of wavelengths, the sine terms in
the denominator may be approximated by their argument and the response is given
by .

X Y
_M@r_Md
T2 x oy
M, mNd
= 2 .T.v:)\—o r,V

Figure 4 is a plot of these equations near the main beam. Note that for
a square array (M =N) the main beam is circular in cross section at the half-power
points, and it is found to be elliptical for M £ N. As R approaches the first null,

v=1/2Nd, -,

+3

sttt
SO L ~ID UL WD

Figure 4. Constant amplitude plots of
the beam from a uniformly illuminated
\i-by-N planar array.
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A broadenimng of the beam aloug Bue diagonal 1= noted. The half-power Leam width

of @ wniformly illuntinated square array 18 given in r-space as

where

Ty DLHER

A Nd Uength of the aperture)

Other coetficients are applicable for other types of aperture illummation.
In general, the main beam broadens and the side-lobe level is reduced as the
iHuamination funciion is tapered.  Further discussion of tapering or shading the
iHumination will appear later in the report.

The main advantage inusing the r-space is that the beam shape is not a
function of the scan position of the beam when plotled in r-space. The heam
maximurn s scanned by introdacing a shase difference v and U between ele-

ments in the array. ‘The direction coxines corresponding to the phase shiits are

l‘//,v. “'/Iv
(()"»(IXS S COs Gy ™7
g, : d,

If a complex T-plane is defined by

T =cosa, v iCoSa,

el el e AETE R REIE A ——

and .
B v .
. . ®
! 5 O8N (Zx."‘ + 1 COS (z:‘s
then o
7
s '
, v
I P ®
s d o
r r
) .
and
Y I
X 3y
The complex s -plane now hocomes
C i T o
K
i -
[
I A T U T L LT L i P R G L v WO O ST SR i i T ST PO




The array response, which is a function of the complex variable -, is in-
variant in the T-plane. Scanning the beam by introducing the complex phase delay
U=y, + i v, simply translates the pattern in space so that the pattern center

moves to T = % (See fig. 5.) If the phase delay is chosen such that |T|>1 the

half-power contour moves outside the unit circle and becomes imaginary (i.e.. un-

observable).
COS a ¥

N

A
L/

L
N
1.0

N\
B
\ —» COSa

0.5 7
N
//

DX
C
\J/

X

A

A

N

Figure 5.  Scanning in the complex T plane with one
wavelength element spacing.

D

a7%
)K r*éC) Hg

\E

C

The effects of scanning the main beam may now be considered in the T-
plane with only a translation of the pattern heing considered. Figure 5 shows the
main beam and the secondary maxima of a square array of isotropic elements. The

. A . .
secondary maxima are spaced sy = 7yo - -(-;- apart and there are an infinite number

of them. It must be remembered that only those contained within the unit circle
are real. The larger the clement space the closer the spacing of the secondary
maxima and hence the greater number contained in the unit cirele. If the elements
are spaced one wavelength apart. the main beam and four end-fired secondary
beams are visible and any scamning from broadside will move the end-fired beams
within the unit circle. Closer spacing of the clements can suppress the secondary

o)\
- = . . v N
beams. For example. with d .- —; no secondary maxima occur if T < 1 2 (fig. 6).

Further suppression of secondary maxima is possible when using nonisotropic
sources with low gain in the direction of the expected secondary maxima.

15
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CoS a,

i
[

ke

N
L/
=]

1.0
C\ » COS a,

S~

Figure 6. Secondary maxima of a scanned array with two-thirds
wavelength element spacing.

The value of using the T-plane or direction cosine space when examining
the effects of scanning the main beam of the array has been shown. However, to
pernit a physical interpretation, a transformation to a spherical coordinate system
is necessary. The proper transformation is found by expressing the complex di-
rection cosine, T. in polar coordinates:

T = cosa, + i cosa,, =sin 6 cos & + i sin 6 sin &

T = sin 6 (cos ¢ + i sin @) = sin 9 explid)

Hence, the desired transformation is the projection of the unit circle in the T-
plane onto a unit sphere (fig. 7). By limiting the values of 0 to 0 < 6 < % only

the positive hemisphere is of interest. In the case of a rectangular array (M £ N),
the transformation is the same but the main and secondary maxima will be approx-
imately elliptical in cross section rather than circular as discussed earlier.
Referring to figure 7, as the main beam is scanned away from the broad-
side position, the beam width changes. The reference beam width at broadside is

B, = 2 sin-t (Ar)
where
Cy 2o

Af = 2A
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Thus, as the beam is scanned away from the normal. it broadens in the
@ direction and the half-power contours for a square array change from circular to
elliptical.

Because of the change in the beam shape, its maximum point is not cen-
tered between the half-power points. A beam eccentricity can be defined by

(6,-6,) (0~ 6)

%0, (6,

Using the above equations as they apply to the half beams 6, - §, and
8, - 0, yields

2e =tan 1/4 (6, + 6, + 26,) tan 174 (9, - 6,)
. By
Approximating 6, + 6,=2 6, and tan 1/4 (A, ~ 9‘):.47

yields

The difference between the beam maximum and the center of the half-power contour,

8+ 6: s then
2

By’
A9=—8-— tan 6

Thus, for narrow beams (i.e., By small) the eccentricity may be neglected. Figure
8 is a plot of the pointing error vs scanning angle as a function of the broadside
beam width.
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BROADSIDE
BEAM WIDTH

1.0

POINTING ERROR (MINUTES OF ARC)

0 20 40 60
SCANNING ANGLE, 9 (9

Figure 8. Pointing error vs scun angle as a function
of the broadside beam width,

Nonuniform Illumination

The principles which have been developed will be applied to tapered il-
lumination. The side-lobe level of a uniformly illuminated array is 13.2 dB below
the main-beam intensity. To achieve lower side-lobe levels. tapering of the illum-
ination across the array or weighting the output of cach clement is used.  Many
types of illumination tapers have been proposed for giving various relationships
between gain, beam width, and side-lobe level. The choice of illumination taper
will depend upon the relative emphasis placed on these three parameters.

The uniform distribution gives the 13.2-dB side-lobe level. theoretically
the highest array gain for a uniform phase distribution and moderate beam width.

A second important illumination taper is shown as the Dolph-Chebyshev
distribution. Using Chebyshev polynomials. Dolph has synthesized an illumination
distribution giving uniform side lobes of any desired amplitude.® It was shown by
Dolph that this distribution gives the narrowest beam width for any specified side-

!Superscript numbers identify references listed at end of report.

19
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lobe tevel and conversely gives the loweast side-lobe level for a given heam width,
In this respect, it is optimum, The distribution, being spocitied by polsuomials,
s given at diserote intervals only and is, therefore, ideally applicable only to
arravs.  The distribution s charncterized by current peaks in the end elements
which become inconveniently high for very long arrayvs with very low side lobes.,
For this roasonr, the Dolph-Chebyshev distribution is usually used only with arravs
of moderate length.

Van der Maas? adapted the Dolph-Chebyshev distribution to a continuous
aperture by allowing the number of elements to approach infimity. In the limit the

far-field distribution approaches the function

F LA - cos plli-An%

where

. Nd

[/~ — CoSu-cosa.
N N
Ao

and
n = cosh 7 A 1s the side-lobe ratio

This radiation pattem is physically unrealizable because of the requirement for
infinite current peaks at the edges of the aperature.

Tavlor® has modified Van der Maas's distribution, giving slightly greater
heam width and higher gain for the same lobe level. The far-field pattern for a

line array is given by*

NIRE _r;--1 2
U, A9 “:"_U—H‘T'LETL!"—",' I 2 U
FG- OG-0y @[ A2 (=)

where

]
(A7 (= 102]h

The constant  is arbitrary but if it is set equal to cosh 7 A then F' (U, A7) may

be quite closely approximated in the region il—/l < A by the function
o

F U A= cos nl/\‘—(y)z} :
[¢4

Using this approximation, the beam widih of the modified Tavlor distribution is

greater than that of the Dolph-Chebyshev limit by the factor 0. Figure 9 1s a plot

-

w:
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of the beam widths us a function of the highest sido-lobe Tevel for aounitorm illumi - -
nation, the Dolph-Chebyshoy Timit, and the Tavlor modified disteibution, with

i 2046, and 80 Note that the Dolph-Chebyshev Linit has the nareowest seam

width of any distribution at the same side-lobe level,
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Figure 90 Normattzed beam width as o function ot design
sidelobe level for a numbere of distributions.

The field pattern of the Tavior distribution has (- 1) side lobes of alinost
equal anplitude adjacent to the main beam. followed by a region of monotonic de-
creasing side lobes. The power in the far-out sidelobes is reduced. veturning it

to the main beam and thus nereasing the gain over that of the “ideal™ Dolph-
Chebyshev distribution. [Figure 100 gives the plots of the gam for o Dolph- -
Chebyshev Himited distribution as o function of the array length for several side-

lobe Tevels. Figures 108 and 100 give the same information for the Tavior dis

tributions with the number o anitorm side lohes equal to halt the total namber and

to a quarter of the totad number. It is seen that theso two distributions have the

same gadins for very low side-lohe fevels but the gain deteriorates most rapidiy for
the Dolph-Chebyshev T as the antenana size s omereased and the side-lobe

level is raised.
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A number of other illumination tapers are frequently used when moderate
side lobes are required and the primary requirement is convenience and ease of
calculation. A number of these, such as *‘truncated gaussian’ and *‘cosine squared
on a pedestal,” give excellent results with side lobes approximately 25 dB down.

A comparison of the change in beam width, pointing error. and gain will now be
made for a 34 A linear array at scan angles of 30 to 55 degrees. with uniform illu-
mination versus a modified Taylor distribution. A 34 A linear array of isotropic
elements has a broadside half-power beam width of *

_0.888 _ s 1 ean
6,) v 0.0261 radian = 1,496 degrees

The gain at broadside is®

c .2L

== -68=18.32dB
"X

and the first side lobes are 13.2 dB helow the main beam. When scanned to 30
degrees from the normal. the half-power beam width is increased to*

0

O = T
7 cos % (0, + 0,)
where
. . . 0,,
sin 6, = sin 30 - sin —
2 "
. . . O
sin 0, = sin 30 - sin 5
Therefore

v = 0.49372 radian
0, =0.55398 radian
Oso = 0.0301427 radian = 1.727 degrees

The point of maximum gain is displaced from halfivay between the half-power
points by

A2
AY/ IS —§- tan 30° = 6.55769 10~ radians

L

= 13.526 seconds
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and the gain is reduced by the ‘‘projected area”

Gy = Gq cos 6, = 58.89 =17.70 dB

or a loss of 0.62 dB compared with the gain at broadside. All calculations are
based on isotropic elements. The directivity of the elements may be taken into
account as outlined by Von Aulock.*

With a scan angle of 55 degrees from the normal, the half-power beam
width is

7]
Oy = ——ml
cos % (9,+6,)

8, =0.93764 radian
6, =0.98311 radian
05 = 0.,0455 radian = 2,607 degrees

The maximum gain is displaced by

64
AG,, = Ttan 55

Afy, = 3.6959 x 107 radians = 0.021176 degree

= 76.73 scconds
The gain at the can angle of 55 degrees is

Gss = G,, cos 6, = 39.00 or 15.91 dB

for a 2.41-dB reduction compared to broadside.

The modified Taylor distribution chosen for comparison has a side-lobe
level of 30-dB (power) below the main beam and 7 = 6. The ratio of the beam
width of the main lobe compared to that of the Dolph-Chebyshev is given by

n
0= —
(A2 (5-1)7] %

where

n = cosh 7A is the voltage side-lobe ratio



Thus.

o= 8 -8 . 1.0608
[1.74229 + (6--142] 1 5.636

and the main lobe is approximately 6 percent wider than a Dolph-Chebyshev (DC)
with the 30-dB side-lobe level which is given hy

A
Opc = 60.6 = (degrees)
L

compared to that of a uniform illumination given by

l\
7 - 50.9 Tj- (degrees)

The ratio of the main beam of a modified Tavlor distribution with side lobes 30 dB

down to a uniform illumination with side lobes 13.2 dB down is

S 10056 - 1.262946

P=9"509

given a beam width at broad side for a 34 A linear array of

"

0. =g 60.6 /\—Ij ( -30 dB side lobes)

1.890 degrees = (0,03299 radian

The gain of the modified Tavlor distribution relative to the uniform is
given by ?

-

G 2 5t
2L7193 A 92 2(3-D

for
=10
A =132
n =6
AG

=0.782 or -1.06 dB

'l

o
-



or
G =53.18 or 17.26
At a scan angle of 30 degrees, the half-power beam width has increased to
Ao = 2.18 degrees = (0.038048 radian
and the gain decreased to
G = 46.05 or 16.63 dB

The displacement of the maximum gain point from midway between the half-power
points is

2
Ay = %— tan 30 (radians)

_ 0.38038):
8

(0.5774)
= 1.0448 x 10~* radians = 21.55 seconds

With a phase delay between elements to give a 535-degree scan angle. the half-
power beam width is increased to

0, =0.9318

#, =0.9893

O, s = 0.57519 radian = 3.295 degrees
The gain at 55-degree scan angle is reduced to

Gss = 53.18 cos 55 = 30.5 or 14.84 dB

The displacement of the maximum gain point is

Al = Q_O_jg_ﬂ_‘”_ « 1.4282

= 5.906 x 10-* radians = 121.83 scconds
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Table 1 summarizes the above results for a linear array of isotropic elements 34

wavelengths long.

TABLE 1.

SIDE-LOBE LEVEL FOR UNIFORM AND

MODIFIED TAYLOR ILLUMINATION

Scan Angle from Broadside (9

0 30 3
Uniform lumination:
Side-lobe level (dB down from main beam) 13.2 13.2 13.2
Half-power beam width (degrees) 1.496 1.727 2.607
(radians) 0.0261 0.03014 0.0455
Gain (ratio) 68.0 58.9 39.0
(dB) 18.32 17.70 15.91
Displacement of beam center (radians) -- 6.558 « 10 36.959 ~ 10-
(arc scc.) -- 13,33 76.23
Modified Taylor Illumination (3 = 6):
Side-lobe level (dB down from main beam) | 30.0 30.0 30.0
Half-power beam width (degrees) 1.890 2.18 3.296
{radians) 0.03299 0.03805 0.057519
Gain “(ratio) 53.18 16.03 30,5
(dB) 17.26 16.63 14.84
Displacement of beam center (radians) - 10.448 < 16* 59.06 « 10
(arc sec.) - - 21.55 121.83

Cylindrical Arrays

Referring to figure 11, the response or directivity function for a cyvlindri-

cal array is given by

R= > IRyjew %,

s, t

where ¢ is an index for the stave of the clement and s is an index for the clement
location on the stave with the (0.0) element being located on the 7 axis.
The phase, ¢,,. referenced to the origin is given by

&

st

27 .
=T ('\st COSax+ -‘s

cosa,+2Z  COSa,)

i~
-1



- i

\
\
aZ

[}
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S T T ==pe(s,t)
4 \\p‘s’t . I

Figure 11. Geometry for cylindrical array.’

The coordinates for the s, ¢ element are given by

where

d, is the element separation in the x direction
d, is the arc distance between staves

r is the radius of the cylinder
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and

sd td td
by = 27’" [—? cosa, + sin(—r—’)cos ay,+ cos(;—')cos a z]

r

If phase compensation is added to give a maximum response in the (ax . ay,.az))
direction the phase of the (s, {) element is given by

2., [, . {4d] i, ]
o= -—,\— v (COSax- cosa,) + SIn T(COSay-COSaYSI\ + Cos - (Coaa‘_ -~ C()M:ZS)J

For the special case of compensation for a plane wave along the Z-axis the phase is

cosa, =0 COSa.\,=0 cosa, =1

sd td td
S CONRI CI SRR

The first term in the equation for phase with general compensation is the only term
which depends on the index s and it is in the same form as the response for a lin-
ear array. Thus if the amplitude term is not a function of s the response may be
written in the form

R =z exp(id ) T IR, exp(id,)
: 4
R,=nR_;

b

2
D =T Sds ((,OSax-COSaxs)

r td td
&, = =2 |sin — (cosa ~C0Sa + cos — CO0Sa,-COSa
t r ( ¥ _\'s) * r ( 2 zs)

and

nnd 1
sin[T‘s (cos at—COSaH)J
R, - Z exp(id,) = ' —

s

. . ”ds
s n sin|—=(cos, -cos

where n is the number of elements in a stave. The response of the eylindrical
array with no shading along tha axis of the cylinder may be viewed as the product
of the response due to a line array and an arc array. The response for the arc of
a circle is
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; ot
R V/\ Rr exXp(ich,) .
dtnd
!
oo |, i, ) —_—
o, N sin = (COSu oS a ) L()S—r-— (COS 2, = €08y ) .
For the special case where the array is compensated for a plane wave
arriving in the x-2 plane but with a tilt angle of ¢ the response is giver by
R R R
t s
nad
PR ETY [E—— Oy 1 2
s / ((.Dhu.\_ sin <.)“)
R, ;
u C wd . ki
NS e (COE ¢, 510 <.’;“) .
/\
r, T R, explid) -
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t
Do . ,d[ N ‘ ’d X
(/), [ sil=—1- cosa s cos{—{cos e, Cos I8 )
A v A r 7 ¢
/
.. ) ) ) i ) ) e en
Since compensation in azimuth is normally done by selecting the stave in the de- \
sired direction as the centor of the are the above case is a very general one.
Figure 12 is an example of a pattern calenlated for the case of i
, .
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e
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vhieh are themsewves divectionad . biving very low response in the rear hemisphere,

A

v . [ T T T T e T PO
- ST . D -l

T TP

ot - v ) -\- '“.>~~.'>'-"-'<h
. .

S T T T TN I P R Tl T R
A A R TR R I T T A O Y VA I A W . T WY PR VR VR A YW L VR R YR . . W




Figure 12. Response in Y-Z plane for cylindrical array..

Spherical Arrays

The equations for the response of an array of point sources is easily
extended to the case where the sources are arranged on the surface of a trans-
parent sphere with diameter p. The general equation for the phase of the R
element with direction cosines a . a . a,;, and distance from the origin p), is
given by

2‘7pk

Sy -

(COSaxkCOSaxJ-COSakaOSayJ-COSazk COSaz)

where the reference point is the origin and the incoming plane wave has direction
cosines a,. a,. a,(sce fig. 13). If the array is compensated to give a maximum

response in the (a,,. a, . a, )direction the resulting phase for the kP element
is given by:



‘) -
/ ST v L on . L 00Q
Gy _r.. [( 08« (L()h (t, - €08 "v\-s) CcO8 @y, (u)e-. . —Co8 a»ﬁ,)
b
S LOS A,y (COSa, - COSa, )]
where the subscript was dropped from p since the distance from the origin is the .
same for each element of the spherical arrayv. Because of the targe number of pos- A
sthle arrangements of the elements on the sphere and the fact that most of those )
arrangements used in practice do not result in any great simplification of the equa-
tions. they shall be left in the general form as given. The resulting response is
given by
Ro= p Ry exp(icy) ’
k
The amplitude term is used to account for the sphere not being transparent.
the directional response of the individual elements, and any shading function which
is incorporated. b
X )
'
]
———g
]
)
\ " >'-
Figure 130 Geometny For spher cal arriy . )
)




ANGULAR TRACKING SYSTEMS

The characteristics of several sonar tracking techniques were studied to
determine the most suitable for an ASW system emploving a planar transducoer
array. The choice of the best™ technique from those available was approached
hy comparing their performance trade-offs in applications to an ASW planar wray
with their characteristics in applications to an array of equally spaced elements.

The characteristics of the various tracking techniques were summarized
after a study of the literature.* The following section presents comparative dis-
cussions of the techniques studied, and summaries of their major features.

The main basis for comparison in the studyv was an additive system which
forms a narrow beam by the summation in phase of all the outputs of the arrav ele-
ments. Of particular interest are sum and difference systems such as those used
in monopulse tracking and the “split-beam™ multiplicative arrays often used in
passive systems,

Ot special concern in the siudy were the directicnal pattern. noise factor,
and tracking sensitivity. The directional pattern defines the cne-way array gain
when evaluated along the boresight, and the main Jobe size as measured between
the first set of nulls. In general, each system wiil provide an even-order pattern
with a maximum at boresight tor detection and an odd-order pattern with a null at
boresight for use in tracking the detected target.

kth

One other form of the phase for the element may be useful. If the

difference of direction cosines are replaced by the r

ST and r, terms and the
/‘th ;

X

location of the elements is left in rectangular coordinates . then &, is given by
h g N

d)k (YpTyr Ve e T, )

- 2an, 1 2mv,r 2wz, 7
. k =Tk - e &
R X R, l-vxp(—-—-——'f> (‘xp(-———/-'—‘> exp (—-—’—)
pa, L A A A
k

In the next section the effect of the array configuration on angular tracking

2
A

of the target will be examined.

* Specifie references are cated an the discus<ston; other pertaent Jiterature s atso mneluded
1 the Reterences section, Pt Gl

- oaw
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Additive Linear Array

The general configuration of an additive line array. which will be used as
the basis of comparison between systems. is shown in figure 14. The overall
length of the array is D with n elements spaced d apart. With an input signal of

A Cos o !, the summing of the n equally weighted transducers outputs gives the

following®

i sin(n :(—1 sine)
S L A A cos wel

. I.rd .
sin{~ s
1()\ :mG)

The syvmbol X shall be used for the output of each beam-forming channel and A for
the output of the nulling channels even though they are most often associated with
the sum and difference channels of monopulse systems. The context will make
clear the system being considered.

-
-
-
A COS wot .-
_ -
- |
-
- 6=
-
-~ —
/
-
- —d (] f—
-
172 -~ T n
P
P )
/
- - SUMMED OUTPUT OF
— n ELEMENTS
.~\n[5‘-\' ’”j COS ol
np

v

DETECTOR

v

Figure 14. Block diagram of additive line array.




Using the variable po 77 sin o and noting that tor closely spaced elements

‘

the sine function in the dernominator may be replaced by its argument gives

&

s np
An (——--—-’-)cns ered
np

The introduction of time delayvs botween the elements and summing network pro-
vides tor steering the main beam. Since the only change in the eapression given
is that p is replaced by ptwhere ptmd L o(sin g sin 7. and 0, is the steering
angle introduced. the effects of beam steering will not be included.

When a beam-forming svstem is usea to estimate the angular location ol
the target as well as to detect the target, the best estimate of target hearing is the
boresight of the beam with o standard deviation of approximately the hall-power
heam width thalf angle). Thus very Little can be said about the bearing except that
the target is contained within the beam (assuming that the side lobes have heen
reduced to a negligible level.

In radar and some tvpes of sonar systems, @ moving antenna lobe ix used
to improve the angular accuracy. Many types of lobe-switching and beam-scanning
tracking systems have been developed, ail of whick have the common disadvantage
of requiring several samples of target data to give an estimate of the angle of
arrival. This is undesirable in systems where the tarset returns undergo {luctu-
ations between sample points. In the case of sonar these fluctuations are due ro
target motion between samples. changes in the propagation path. platform motion,
cte. ]

Svstems which obtain the information necessary to make an estimate of
the angle of wirival on the basis of a single sample or pulse are classed as simul-
toncous-lobing, or monopulse. svstems.

Figure 15 shows one way of processing the outputs of the Hnear wiray to
obtain a better estimate of the target bearing. The array 15 divided into two equal
sub-arravs where cutputs are summed and differenced. The sum channel wili pro-
vide a beam at horesight for use i detection and the ditference channel will give
a null at boresight to he used in tracking.

The outputs of cach of the sub-arravs are given by

oo
| S —— / y
o8 _17.’ ——— Cos et (_))
2 np \ 2
-
1
\ ~1n ’L ‘
| 2 — Cos (zr;‘.[ (—))
2 np 2/

T/

PR - “
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Figure 15.  Split-beam additive array.




where

(;s:n—:\'-ésin(i:np

The sum of the two sub-arrays is

. np
sin —
2 n
X=E +E,= # np-‘ [cos(wol —%’-’)+ cos(mo! *—5)
2
. np
sin —
)
= An = [2 (cos wol) (cos -'E-)l
2 np 2
El
= A [2 (sin ﬂ’)(cos n_p)‘ COS wol
p 2 2
S - Ap S0 np COS wol
np

which, as would be expected, is the response previously stated for the summed
output for the full array. The difference channel output is given by

A=E,-E,= A—; . ’cos (wol - %’)-COS (")0’ ‘%p)]

sin 2P '
- %ﬂ' 222 (2 $in wol sin "?p)
2
(sin ;—p-)z
= An Sin wo’
np
2

The difference function, A, is an odd function with a null at p = 0 which makes it
a useful function for tracking a target in angle. Since the accuracy with which the
null point can be determined is limited by the noise present in the difference chan-
nel and is proportional to the slope of the function at the null, a measure of the
system sensitivity is the ratio of the slope of the direction pattern at p = 0 to the
rms noise level in the difference channel for some normalized input signal. The
slope of the split-beam additive system difference channel envelope is
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Thus the sum channel may be used to detect the signal and the difference channel
used to track the target within the beam width of the sum channel. If it is desired
to estimate the position of the target relative to the boresight rather than maintain
the target at the null. it is necessary to eliminate the dependence on the signal
amplitude in the difference channel. It was shown tbat for the additive linear array
the difference signal and the slope of the difference signal with respect to angle
of arrival are both functions of the input signal amplitude. To eliminate this de-
pendence on signal amplitude the sum-channel signal may be used to control an
AGC loop in the difference channel. A system of this type is known as a phase-
sensing monopulse system. '

Monopulse Tracking Systems

The two basic types of monopulse systems are classed as amplitude
sensing and phase sensing. They are distinguished by the tvpe of antenna Sys-
tem used to produce the sum and difference signals. After the sum and difference
signals are produced, their processing may be the same in either system. A sum-
mary of each type will be given here; a detailed development and analvsis of each
may be found in references 9, 10, and 11.

Two of the requirements of a true monopulse system are that an odd func-
tion of the angle of arrival be formed and that this function be normalized so that
it is not a function of the ahsolute value of the received signal. By using only
the ratio of the signal amplitudes the system is made insensitive to target-strength
fluctuations due to variations in the propagation media or target scintillation.

In the amplitude-sensing system (fig. 16) two beams are formed with the
axis symmetrically displaced from the desired boresight by a squint angle 7, The
phase centers of each lohe are made to coincide and the amplitude patterns are
mirror images of one another about the boresight. When using an array of trans-
ducers the pair of overlapping lobes may be produced in the beam former with a
power splitter and two fixed delays for each element prior to summing. as shown
in figure 16. Thus, the beam-steering delays are not affected by the use of
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Figure 16. Amplitude-sensing monopulse.
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monopulse tracking. For the case of uniform weighting of the elements. the outputs
of the adjacent beams are given by

E, = D(p,) A cosmol
F, D) Acoswmyt
where

sinnp; sinnp;
D(pi): =— 1.2

nsinp,. np,

p. = Zg(sin f-sinf )

1

od
pz:",\—

(sinf--sind )

The sum and difference signals are
SoE, - E; = ADp)-D(p )] coswel
N=FE, B = ADp) D(p)lcosawl

The normalized difference signal is

A [Dpy) - D(py))
T D(py) - Dipl

Figure 17 is a plot of the sum and difference patterns vs p for a cosine
illuminated array. It is noted that one tmportant parameter of the amplitude mono-
pulse system is the squint angle. #_. The squint angle is usually chosen to give
maximum linearity of the angle output, or for maximum sensitivity on the boresight.
for a given illumination function. The Ker-Murdock condition ' shows that if the
illumination function is a positive power of a half-cvele cosine. a squint angle of
np = #/2 gives an output which is linear with angle off boresight. For the case
where it is desired to maximize the horesight sensitivity the choice is not as
simple. The sensitivity on horesight of the normalized difference signal is given
by A TM-2(0). Figures 18 and 19 show a plot of this function vs squint angle for
uniformly illuminated and half-cvele cosine illuminated apertures. In both cases
the sensitivity is a monotonically increasing function of squint angle and thus has
no maximum within the sum beam width. In radar and sonar applications where the
target is illuminated by the sum beam, there is logic in the selection of a squint
angle which gives a maximum sum slope product. As is scen in the figures thesce
maxima do exist and are found to be very close to the 3-dB power point independent



of the type of illumination function chosen. For uniform illumination the maximum
is at np = 1.30 which is 2.6 dB down on the sum pattern. The 3-dB point is np =
1.39 and the 6-dB point is at 1.894. It was found that the sum slope product at the
6-dB point is about 0.8 of the sum slope product at the 3-dB point, or a loss of less
than 1 dB.
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Figure 17. Sum and difference functions for a
cosine-weighted additive array with O = 0, 443,

0) / A10)
/ =0

AT

,—mTm
7 S0) A(0) N

Figure 18. Functions of squint angle for uniform illumination.
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Figure 19. Functions of squint angle for cosine illumination.

~ Figure 20 is a block diagram of a processor for the sum and difference
channels. Both channels are heterodyned to an i-f where they are amplified. The
gain of the i-f amplifiers is controlled by the signal in the swn channel through the
instantaneous automatic gain control (IAGC). Both channels are then applied to
a phase comparator or phase-sensitivity amplitude detector which provides an out-
put proportional to the difference over the sum and with the sign indicating sense.

A ()
ISz @ > LF AP

\ 4
LOCAL - PHASE Ap)
OSCILLATOR IAGC COMPARATOR [ Sim
S(p)
» 1-F AP

Figure 20. Example of monopulse processor for sum and difference channels.



The rms error in the estimate of angle of arrival using the monopulse will be many
times less than the beam width of the sum channel for large signal-to-noise ratios.
An estimate of that error is given by

<D

0

1
K4

t
w

og = K(.)

)

=

where

6, is the half-power beam width
% is the i-f signal-to-noise power ratio

K is the slope of the normalized difference signal in rms volts per
beam width.

For the amplitude monopulse system with the squint angle equal to the
3-dB beam width, the slope is approximately 1.5 with uniform weighting. Thus.
the normalized rms angular variance is

(?) - 2-%:0.222(%)

The phase-sensing monopulse system also forms sum and difference sig-
nals which may be processed in the same manner as for the amplitude-sensing
system previously described. The difference is in the way the sum and difference
signals are obtained. Figure 15 shows an additive array which forms a sum and
difference signal by splitting the array into two sub-arrays. Since the arrays are
the same size and both have parallel boresights, the far-field amplitude patterns
will differ very little and only the phase of the sub-array outputs will differ. with
the phase being a function of the angle of arrival. The amplitude of the i-f signal
in the sum and difference channels was shown to be

S| = An sin np
np

=
A = An %
2

For a fixed-length array. greater displacement of phase centers can be achieved
by using only part of the array located near the extremes with an associated
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increase in sensitivity to angle of arrival. However the maximum amplitude of the
sum channel will be reduced in proportion to the percent of the array not used. and
Rhodes !* has shown that the maximum sum slope product is achieved when the full
array is used with a phase center separation equal to half the array length. The
normalized slope. k. used in estimating the rms angular error for the phase-sensing
monopulse is approximately 1.4 for uniform weighting of the elements. Thus the
normalized variance is

() -02(3)

Some comments on the cffects of phase and amplitude errors in the two types of
systems may be helpful. In the amplitude-sensing system, any voltage unbalance
prior to forming the sum and difference signals will cause a shift in the horesight:
in the phase system any phase shift prior to forming sum and difference will cause
a horesight shift. A shift in phase with the amplitude-sensing system will reduce
the null depth. while with the phasc-sensing system any voltage unbalance will
cause a reduction in null depth. Phase shifts and voltage unbalances after the
formation of the sum and difference signals will not affect the position or null
depth. but will influence the sensitivity of the detector.?

Multiplicative Arrays

Multiplicative or cross-correlation receivers have been used to great ad-
vantage in many fields as a means of reducing the effective beam width of a system
and thereby improving the angular resolution (ability to distinguish two adjacent
targets). Most of these applications have involved (1) very long integration times.
where the signal-to-noise ratio may be made as large as desired. and (2) passive
detection techniques. The performance of the multiplicative array will be com-
pared here with that of an additive array. for application to an active sonar or
radar system.

In general. a line array of n elements may be combined in many ways by
using only multiplication and averaging. Many interesting and unique dircctional
patterns may he svnthesized by this method. but all have the major disadvantage
of having an output signal-to-noise ratio which is generally poorer than that of the
smallest sub-array used. In addition. the response to multiple targets cannot in
general be related to the position and relative amplitude of cach target. because of
the cross terms which arise in the multiplication. Reference 12 has a discussion
for the response for two targets when u singie multiplication is used. If only a
single multiplication is allowed. an amray of n elements may be divided into two
sub-arrays of n, and n, elements. Each sub-array is operated as an additive line



array, and the outputs are then multiplied and averaged to produce a term

whica s proportional o th input stignal (Fg, 2D,
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Figure 21, Multiplicative line array.

The directional function of cach of the additive sub-arravs is given

swmnp
— 2
n,sinp

D
1

ad . . . .
where p o = sin ¢ and d is the distance between coually spaced elements .
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The phase difference between the outputs of each array is a function of the dis-
tance hetween phase centers, s. and the angle of arrival of the plane wave relative
to broadside (no steering delays applied). Thus

n 2a2d
Xi= g T sind
Ra+m (2 7d
X1~ X1 5 L Sind)=np

The output after multiplying and averaging as a function of p is proportional to

sin n sin n
D, { .‘[))( - 2p)cos np
n, sin pf\n, sinp

or since n, - n, = n and sin p=p for small element spacing

sin n sin(n-n
D _(p)= Inmpy (smin-n)p cos np
m nmp (n-n)p

Note that the location of the first null is determined by the cos np term which is
not a function of n, or n,. The sclection of n, and n, does affect the shape and
side-lohe levels of the direetional pattern as well as the signal-to-noise perform-
ance. (Reference 12 discusses the effect on side-lobe level.) The directional
pattern of an additive array of n elements was shown to be proportional to

sin np
D (P =
Note that the first null for the additive array occurs at #p - 7 while the first null
for the multiplicative array is located at np = =2, Thus the angular heam width

to the first null of the multiplicative array is half that of the additive array of the
same length,

In considering the effect of uncorrelated background noise on the reception
of a single coherent signal. Welshy and Tucker ** have shown that the rms sigmal-
to-noise ratio. R (defined as the ratio of the de terms to the ac terms out of the
multiplicr). is given by

R.R,
R = -
[15(1 "Rli’Rzz)]

"~
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where R, and R, are the rms signal-to-noise ratios at the two inputs to the multi-
plicr. If R, denotes the rms signal-to-noise ratio at each element and all elements

have equal weighting, then R, /i Ry and R, i Ry and

vnon, By
[ (1en, Re? v n, Ros]h

R -

If R, and R, are large compared to 1. then

) 1

2 n, ?
R"Ru —_—

Hy - n,

or since n, - n, = n

N L

3 ,
R =RBown [ —=—
n n
n, n,

Butyr R, 1s just the signal-to-noise ratio for an additive array of n elements: thus.
the noise figure of the multiplicative array 18 given by

U N SV AY
(SN, 12\n,

[1 1/n, n\l'":
2\n, n,
Figure 22 is a plot of the noise figure as a function of the ratio of n, n, assuming

R v Ry 1

the multiplicative array has a signal-to-noise degradation of at least 3 dB com-

The minimum noise figure is equal to /2 whenn, n, 1. Thus.

pared to an additive array of equal length. As the ratio of n, », becomes large the

) " . DR
nose tlg{lll't’ i\()})l'()ilk‘h(’h (n 2) ..

gressively worse as the number
signal-plus-noise for the single
plier and output signal-to-noise
element.

Setting n, r, 1 2to

Thus when n, 1 the noise figure becomes pro-
of elements s increased. This is because the
element is alwavs one of the inputs to the muli-

ritio cannot be greater than that of the single

maximize the signal-to-noise ratio, the output of

cach sub-array due to a signal |V cos wof insistent at an angle & (g, 23 is given

by
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sin —
P
E,= f-\-'-' = }cos (wol ~ x)
2\ np
2

PN
. An\? Sy .
> -EE :(__’) np- [cos (wol = x) - €OS (wol ~ x)]

n_'p 2
_<L'i'1): o 2 (lcos‘) ,)
\2 np 3" =X
2
(neglecting the 2 (6t torm)
. np\?
Sin —
- 1 92
.‘.:EJZ,:M = cos np
B\ m
2

3.0
/

2.0

1.0
: 6 8 10 12

nyn,

Figure 22. Noise figure of multiplicative array as a
function of the ratio n,/n,.
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Figure 23, Splu-beam muitiplicative line array.
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Figure 24 is a plot of the array response vs the parameter p for the split-
beam multiplicative array with n,/n, = 1 and n,/n, = 8 compared with that of a
uniform additive array.

1.0
\Y
\
\ \\
0.8 \\
\
0.6 P,

Y
\
\
0.4 ‘\—
‘ \ A DDITIVIE
0.2 — /-
< 4
0
0.2
0.4
~0.6
-0.8 -
g 2= 3z
np

Figure 24. X pattern for multiplicntive arrays.

For bearing determination using a split-beam multiplicative svstem. a
phase shift of = 2 radians is introduced in one channel hefore multiplication to
provide a signal which is an odd function of angle of arrival and has a null at
horesight:

sin 22
K . An 2 COs (ol + \)
-1 2 np S L \
Fl
\ sin f’;?
An . .
T — o S ( 1 -\
E, T N (el - 3
2
2
n\e sin '—;B
AN=E,E,= (_T) np~ fcos (el - NS laol -\
>



This function is plotted in figure 25 with An = 1. The slope of this function at
boresight (p = 0) is twice that of the split-beam additive array null function. Since
the signal-to-noise voltage ratio is down by the ﬁ , the multiplicative split-beam
system is the \."5 more sensitive to arrival angle near the boresight when using
normalized sum-and-difference systems.

npl?
0.8 SIN &
SIN np|—2 \\/ ><'
0.6 i’é‘—’ A \
0.4 //
0.2
\(sm"—”)’ x
A0 2
np
-0.2 / / 2
i\
DI 4V
-0.8 4
-1.0
- -n/2 /2 7

np

Figure 25. A pattern for split-beam
multiplicative array.

Interferometers

For the purpose of completeness, the characteristics of the two-element
additive and multiplicative interferometers will be given. Figures 26 and 27 show
a two-element interferometer separated by a distance D = nd. The output of each
element as a function of the angle of arrival is given by

E,.=A %) cos (wol +x)



E,=4 Sinp o (wol - x)
p

nd .
= m— 9
p="=sin
X = np
|
9+
~
- -
-~
—~
-~
-~
-
1 I ovam— —— ME. s e cem— — ct— o—— oy 1]
-
~
-
-
— = OUTPUT OF
P -~ SINGLE ELEMENT
A [__SIPN ”] COS (wol +1p) A [&I})}_p] COS {wel =np)
—p  SUM ¢~
4
< _oySIND
> =24 D COS np| COS «wa! PHASE
REVERSAL
>  SUM (&

v

A==24 [Slp\ PsIN nn] SIN wol

Figure 26. Additive interferometer.
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For the additive interferometer (fig. 26) the sum channel output is given by

Y=E,+E, =4 (ii.gi))[Z(cos wot) (cos x)]

=24 <51—;’-’ cos np) COS wol
and the difference channel by

A =24 (E%E)[Z(sinwot)(sin-x)]

A=-2A (.s_.‘l‘.E . sinnp> Sin wo!
p

Thus the additive interferometer has a main heam width half that of a full
additive array whose length is equal to the interferometer spacing. This is because
the phase centers are approximately twice as far apart. However, the signal-to-
noise performance is down by \/n/2 because of the use of tewer elements, and
grating lobes of almost equal gain as the main lobe will appear at np = kn, k = 1,
2, 3, -+ - giving angular ambiguities.

For the multiplicative interferometer the beam-forming channel output
(fig. 27) will be

S -E,E, = Az(s—‘:—p)’w, cos 2y)

=AQ<S’L’))2 cos 2 np
2\ p

The null channel will give

A= A? (Sl—gp)2 (é sin - 2,\’)

-
= _A_(.SLP) * sin 2np
2\p
Thus the multiplicative interferometer reduces beam width by a factor of 2 and

gives twice as many grating lobes as the additive interferometer. The power sig-

nal-to-noise ratio for the multiplicative system is reduced by 3 dB over the ad-
ditive system, as expected.



Comparison ¢f Systems :

A summary of the characteristics of the various systems is contained in
tables 2 and 3. Table 2 gives the directional patterns for the beam-forming sys-
tems where the amplitude of the additive array has becn normalized to 1 at the Coe
peak response and all other systems are ceferenced to the additive system.  Che R
location of the first null is us2d as an indication of the main lobe width and the
noise factor is defined as the ratio of the signal-to-noise for the additive system
over that of the system considered. Thus un increase in the noise factor repee-
sents a poorer signal-to-noise performance for a coherent signal and for uniformiy

distributed, uncorrelated noise.

)
TABLFE 2. CHARACTERISTICS OF BEAM-FORMING SYSTEM
Noise Noise
Location of Factor Factor
Technique Dirccrional Pattern 1st Null (ratio) {dB) ;'
Uniformly illuminated sin np p-= 1 0 S
additive array np n (ref.) T
. i |
Cosine taper additive . m . ) -
sin (izp—;)— sin{np +~-;) . . i
array 2 \ A 37 . )
b ' p='= 1.1 0.92 :
. _ kn / ™\ / 7 2n
2cos L np-- np +z
n | 2/ \ 2 -
b= ), 21, 2, tn'2 ce
Split-beam win P\ 3 _
A 5in — ;<
multiplicative arra 2 ~ .‘
price array LE 2 cos np p - —;L SNo1 4 3.0
8 np 2n
2
Additive ) L ” B
. cos i1p p = — W2 -
interferometer 2n
Multiplicative sin ph ? . T v - -
liu ; licative k_l‘ (sm i \) cos 2np P o
interferometer i v P dn SN .
Table 3 compares the same systems when nsed for estimating bearing with .
a null pattern. Again the additive array is taken as a reference with its amplitude
normalized. The measure of performance for o nulling system is the slope at the -
null, sormabized by the peak value of the signal | times the signal-to-noise ratio. T
The sloge at the null is a function of the peak signal valee unless the nali chan- R
nel s normalized by the beam furming channel such as is done with a true
Wy o
R A T T T T I A T T N R S A N R




nonepulse system. The SN ratio is important in locating the null since the nose
in the nutl channel is the factor which produces an crror in estimating the angle,

A comparative ratto similar to that definag the noise figure is given hy
ey )
[\ g g 2 g oY

r——- ; v
@, L5, G

where \ is the null channel directional pattern and Y is the beam-forming channel

additive .
{

system

directionai pattern. The numerator is related to the adaitive array which is used

TABLE 3. CHARACTERISTICS OF NULL SYSTEM

Svstem [ rate)l  Nratio)  [1'(dB)
Unifornily illuminated {sin np)’
5in =P
p )y 2l e = r)
difference system \ 2 1 1 0
np .
5 -
Sine taper . ) . 7
sxn<n1)-;)-) sin np—;) S
o km =/ . - r (.87 -1.2 '
2 sin (-—) np-m2 np - 4 .
A
=0, 1, 22, *tn'2 T
Split-he: . ’
plxt. l’s - in P |
multiplicative array 1 2 - 1 == . -
= f—-——-— sin ap = 5) -3.0
H ny 2 N
\ o 5\ i
L
Additive 2sinp . 1 3
) N ~ - =S - -\ n oz - -
nterferometer n p 7 2
g . ; 7 1 - -
Ve IR . 2 N -
,'\hlltlg)]l(dll\( 1 (hm 1)) “in 2ap 1 T . -
interferometer Qi \op 1 ‘
SNV

for reference and the decomimator is related to the system being compared  Table

L also @ives the vatio of the normadized slopes or




-0 ;uldir,_i_\_’s

At g

system

therefore
Y o
additive
| ..-.._'_(.._‘_...‘..,
! 3 s
(z)
' svstem
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SUMMARY AND CONCLUSIONS

A comparison of the technigues for processing the information froim a line
array of elements has shown that it is possible to obtain improvement in one svs-
‘em characteristic (i.e., angular resolution; at the expense of another (1.e.. signal-
to-noise). The criterion for selecting anv pasticular technique is the importance
oi each system parameter to overall systew performance. If, as is otten the case.
the maximization of signal-to-noise ratio is most important. it was shown that a
uniformly illuminated additive array provides the best signal-to-noise ratio for a
given array size and for uncorrelated wnitormly distributed noise hackground. Anv
reduction in signal-to-noise ratio will result in a reduced probability of detection,
Thus, for detection in a ncise background, the additive array i1s best. If. on the
other hand, some sacrifice i1 detection probability can be tolerated in exchange
for improved angular resoiution, 1 split-heam multiplicative system provides a
main-lobe beam width half as wide as that of an additive array of the same length
with a loss of 3 dE in signal-to-noisc power ratio.

The use of caly the two ead elements of the array in an additive inter-
ferometer provides the same anguiar resolution that is possible with the split-beam
multiplicative array, but at a great loss in signal-to-noise and with the addition of
ambiguities in angle due 1o the grating lobes. The use of the same two end ele-
ments in 8 multiolicative interferometer provides improvement in angular resolution
(by a factor of 2) over the additive interferometer. in exchange for a 3-dB loss in
signal-to-noise tatio and a doubling of the number of grating lobes.

The multiplicative svstem produces cross terms which, in the case of
multiple targets, may cesult in outputs tuat have no correlation with the target
positiens. To prevent these undesired outputs, range gating within each beam will
be necescary to provide resclution in range.

[}

To improve the accuracy of the estimate of bearing, a “‘nulling' svstem
may be used with any of the beam forming systems discussed. o general the
nulling systems are the same as the beam-forming systems, except that in the ad-
ditive systens a phase shift of 7 radians is introduced in one arm prior to summing
and in the multiplicative systems a shift of 72 radians is made prior to multi-
plying. In comparing the nulling systems, two parameters are important. The
slope of the function near the null is related both to the sensitivity to displace-
ments feorn he null and to the rms value of the noise present in the null channel
for some standard tnput, since wt the null the noise level produces the error in tie
angular estimate, In table 3 the dircetional patterns of the nulling svstoms as-
soctawd with the beam-fonning systems of table 2 are given, The ratio [ is the
slope of the directional function at the null normalized by the peak signal from the
beam-forming function. These have been compared with the uniformiv illuminated
additive array again and the smaller the rotio the greater the slope. The function

[ s equal to /4 times the ratio of the signal-to-noise ratios (the noise factor

e srve e

YR



given in table 2. Table 3 shows that the sine taper provides slightly (1.2 dB)

better angular accuracy despite the slightly (0.92 dB) poor signal-to-noise per- ®
. . . SRETUNT . . N . S
tormance,  The split-heam maltiplicative array provides a tactor of | 2 improve- e
ment in angular aceuracy and a factor of 2 improvement in angular resolution, in ST
: . 5 : : : ,“' "‘“‘
exchange tor the 3-dB loss in signai-te-noise ratio. All the nulling svstems as-
sume that only a single target is present within a resolution cell. _
It appears that the small imorovewent in angular accuracy and resolution
available with the split-beam multiplicative systems are not worth the price of a
3-dB loss in signal-to-noise fvan ASW situation where detection is of prige im-
portance,
]
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LIBRARY
NAVAL RESSARCH LABORATORY
COUE 2027
CODE &54n
NAVAL ORONAMCE LAEOQRATORY
WHITE QAK
DIVISION 221
DIVISION 730
DIVISION 880
NAYY UNDERWATLR SOQUND REFERE!'CE LASORATORY
LIBRARY
NAVAL UNDERWATER WEAPONS RESEARCH &
ENCIVEERING STATION
LIBRARY
OFFICE OF NAVAL NESEARCH BRANCH OFFICE
PASADENA
CHIEF SCIENTIST
NAVAL POSTGRADUATE SCHOOL
<TERARY (2D
NAVAL APFLIEC SCIENCE LABGRATORY
CODE 9200
CODE 9832
NAVAL WAR COLLEGE
ARMED FORCEY STAFF COLLECE
ADMINIS RATIVE COMMAND
ASSISTANT £CRETARY QOF THE NAVY
(RESEARC: & DEVELOPMEMNT)
DOD RESEARCH & ENGINEERING
TECHNICAL LIBRARY
WEAPONS SYSTEMS EVALUATION GROUP
DEFEMNSE DOCUMENTATION CENTER  (20)
ARMY RESFARCH & DEVELOFMENT ACTiVITY
ELECTRONIC WARFARE DIVIS{ON
REDSTONE SCIENTIFIC INFCRMATION CENTEFR
ARMY ELECTRONICS RESEARCH & CEVELOPMENT
LABORATORY
ARMY ELECTROMICS COMMAND
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ELECTRONICS SYSTEMS DIVISION
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