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FOREWORD

For planning purposes and questions concerning sensor coverage,
it is useful to know the analytical ground track of an earth satellite.
This report provides methods for determining this ground track.

This technical report has been reviewed and is approved.
THOMAS 0. WEAR, Colonel, USAF

Director, Space Defense Systems Program Office
Deputy for Surveillance and Control Systems
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ABSTRACT

This report derives the analytical expressions for an earth
satellite ground track for a general elliptical, a circular and a
circular-synchronous orbit under the assumptions of two-body
conditions and in the absence of perturbations.
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SECTION I

INTRODUCTION

The purpose of this paper is to derive parametric formulas for
the ground track of an artificial earth satellite. Certain assumptions
are made, namely, that the earth is a sphere and that two-body orbital
mechanics hold, i.e., the satellite undergoes no perturbations. After
deriving the general expression, two particular cases are considered.
These are the case of a circular orbit and the case of a circular
orbit of 2h-hour period which is inclined to the earth's equator. In
these cases, time is eliminated from the expressions and the longitude

of the sub-satellite point is expressed as a function of latitude.




SECTION II

GENERAL CASE

Consider a right handed inertial x-y-z coordinate system with
origin at the center of the earth, with the x-y plane coincident with
the plane of the earth's equator and with the z-axis intersecting the
north pole. Finally, let the x-axis point towards the vernal equinox.
Also consider a rotating coordinate system, X1=¥1=215 with origin at
the center of the earth, the X1=Y plane rotating in the x-y plane

. - - . h A A
and with the z]-axis coincident with the z-axis. Let i, j and k be
R r~ ~ ,r
orthogonal unit vectors in the x-y-z system and i], j] and k] be
-
orthogonal unit vectors in the X17Y172, system. Let R be a vector
from the center of the earth to the satellite and let the satellite
have coordinates (x, y, z) in the x-y-z system and (x], Yy zl) in

the x,-y -z, system. Finally, let the period of the rotation of the

X1=Y4 plane be 24 hours so that its angular frequency

-
G = 20 (hrs.)") R
2L (x, y, 2)

(XI,YI:ZI)




From the above diagram,
- A A+I\ ~ Vo
= xi i = i, + 1. +
R=xi +yj zk X0t yd, zlk]
so that
1=

Now, the angle between the x and the x, axes will beCdEt if the X

axis pierces the point of intersection of the prime meridian and the

A D A A ~ A~ ~ N
TR = xigad +yiojo+ozi ke

earth's equator and t is the time in mean siderial hours from when

these two axes coincide. Therefore,

~r n ~ A

i].i = cosbJEt and i].j = sinooEt.

Also,

™~

’\
0 since k = k].

=Y
Y

T
4
n

Thus,

. ~reL S0
x] = xcosLuEt + ys1naJEt, y] = XJI.1 * YJI.J =

- xsin(dEt + ycosWet, and z, =z

From any book on celestial mechanics,

X = an (cosE-e) + besinE

= aP (cosE-e) + bQ sinE
y y( Qy
z:

aP_ (cosE-e) + bQ_sinE

z z
where a is the semi-major axis of the satellite's orbit, e is the
orbit's eccentricity and E is the eccentric anamoly of the satellite

at time t. E is given by Kepler's equation

E - esinE=2w (t-T)

P
(o)




where T0 is the time of perigee passage of the satellite and Po is
the orbital period of the satellite. All times are measured in the
same units as t. The semi-minor axis of the satellite orbit

b=a (1 - ez)%.

The direction components Px, Qx’ Py’ Qy’ Pz and Qz are defined

as follows:

Px = cos Lk cosw- sinfL sinwscosi
Qx = -cosf) sinw- sin £ cos Wcosi
Py = sindl cosW+ cosShsinecosi
Qy ==sin fk sinw+ cos AL cos!cosi
Pz = sinWsini
Qz = cosWsini

where 1 is the right ascension of the ascending node of the orbit
relative to the vernal equinox,&is the argument of perigee of the
orbit and i is the inclination of the orbit to the earth's equator.
Substituting,
Xy = [a (cos fL cosw - sinfL sinwicosi) (cosE - e) - b x
(cosdL sinw+ sinfL coswcosi) sin E] cos Lyt +

[_a (sin £ cosW+ cosfLsinwcosi) (cosE - e) - bx

(sindY sin&- cos£) coscosi) sinE-_[ sin_t;

E
Yy = [a (sind)L cost+ cos N sintcosi) (cosE - e) + b %
(cosd) costwcosi - sinfLsinw) sinE] cost -

[a (cos Ll costs- sinfLsincosi) (cosE-e) - b (cosfLsinw+
sindL coswcosi) sinE] sinlt;

z, = a (sinwsini) (cosE - e) + b (coswsini) sinE.

L




Let A be the longitude of a point on the earth's surface measured
from the prime meridean eastward from 0° to 360°. Let, & be the latitude
of the same point measured north of the equator from 0° to +90° and
south of the equator from 0° to -90°. If this point is the sub-satellite
point of the ground-trace, then the satellite's location on the celestial
sphere will have the same latitude and longitude as the sub-satellite
point, since the celestial sphere is concentric with the sphere of the

earth. Also, let

->
R = 1IR].
Then,
X, = Reos A cosB , y; = Rsin Acosg ,
and
z, = Rsin[? so that cos A.co§/9 = % (xcosdet +
ysintgt),
sin A cos@ = 1 (ycostJ .t - xsinl t),
43 - E E
and

sin8 =z .
R?
substituting
R =a (1 - ecosE)
and using
1
b=a (1 -ed)7,
tan A = {[(sinﬂ. cosw+ cosdf sinwecosi) (cosE - e) +

1
(1 = e2)2 (cos ), cosicosi - sinfl sinw) sinE]x




coswgt - [(cosﬂcosw- sinf) sinwWcosi) (cosE - E) -

(1 - ez)% (cos L sinw+ sinS) coswcosi) sinE] sinwEt}X
{[(cos.Q cosw- sinfLsinwcosi) (cosE - e) - (1 - ez)}’- %
(cosfL sinw+ sinfL coswcosi) sinE] cosGyt +

[_(sin.ﬂ_ cosw+ cosf) sinwcosi) (cosE - e) - (1 - ez)%-t
(sinflsinw- cosSLcoswecosi) sinE] sinwEt} -1
sing = [(sinwsini) (costE - e) + (1 - ez)% (coswsini)x
sinE][ 1 - ecosE] -

The quadrants of A and & are easily determined from the following
considerations./§ must be between +90° and -900. If sin/@ is +, the
ground track is in the northern hemisphere, and/«;‘is between 0° and 900.
If sin/g is -, the ground track is in the southern hemisphere and/@is
between -900 and 0°. The quadrant for A is determined in the conventional

way be considering the signs of x, and Y3 1h. €%,

1
tanp = Yy -

1




SECTION III

CIRCULAR ORBIT

Two special cases, often useful for various planning purposes,
are discussed next. The first of these is the circular orbit. Here,
e = o. Also, E = Wt where & is the angular frequency of the

satellite and

Since the argument of perigee is arbitrary for a circular orbit,
we may set W= o, i.e., the line of apsides coincides with the line of
nodes. Also, R = a for all t. Substituting these values,

tanA = [(sinjl cos . t + cos L cosisincust) cosLJEt -
(cosf) cos&Jst - sinJ).cosisinLd;t) sinLdEtt![ (cosfL »
cost t - sinﬂcosisinwst) cos Wt + (sinf) cos Wt +
cos {1 cosisin(cst) sinoJEt] '];

sin/@= sinisinwst.

Since from this relation for siqz? it follows that

t =1 sin-] sing® ’
W sini

we can write >\exph'citly as a function of /7 :

tan A= [(sinﬂcos sin-l sin +
sini
cos.ﬂ_ctnisinﬁ)co{wE sin~! ( sin ) } >
—_— sidi
Wy




sinf) ctnisil}d)sin{wE sin’ (sin }] .
— sini

Ws

cos S Lcos sin! (sin,{z -
sini
-1
sindlctnising |cos| ¢y sin sin &
/A?) {;—E- (.si i )‘}
L
+ [ sinflcos sin'] sinkS +
sini
. =1 -1
cosf) ctnisinQlsinfey. sin sin
S & (S]]
s

It should be noted that for a giveq/? there will be two values

of A per orbit,

one for
t=1__ sin”! (sing
W g simi
and one for
t=1_ sin-] sinés + _ZE_] -
simi 2

o

the sign of + g corresponding to the sign of sin-] (siné ) .
2 sirfi

A further simplification will result if the x-axis is rotated such
Then

that it coincides with the ascending node, i.e., such thatfL = 0.

the longitude of the ascending node relative to the prime meridian,j]cf




must be used in constructing plots.

in the next section.

This simplification is utilized




SECTION IV

CIRCULAR SYNCHRONOUS ORBIT

The next interesting special case occurs when the orbit is
circular with the period the same as that of the earth, i.e.,
CL)S =,
and when the direction of motion is the same as the direction of the
earth's rotation. Here we may, for convenience, let the x-axis pierce
the ascending nodal point of the orbital plane, that is, setfl = 0.
We again get A as a function of (§ by the following method:

sin /\cosﬂz cosisinti t cosw t

E
= sinLJEt COSL&%t =

(cosi - 1) sino)Et cosu)Et;

sin(~%t = sinf
sifni

therefore, sin A co§(§

+ singQ(cosi - 1) (1 -[sinzés_’])%,_or

7 sini . 2.
sin“i

1
sim A = + tan L (cosi - 1) (sinzi - sini(? )2,
;oL 2.
sin”i
By knowing the inclination of the orbit of such a satellite, we
may easily compute its ground-trace and from this deduce the satellite's
earth coverage at any instant of time.
It is necessary to reiterate that this ground-trace will not be

relative to the vermal equinox but will be relative to the ascending

10




node of the orbit. Also, when i = 0, the orbit is synchronous -

stationary, i.e.,/@ = Az 0 for all t.

11




SECTION X

CONCLUSIONS

In many instances, where only a rough approximation is required,
the two-body ground-trace will suffice. The analytical formulas
presented will rapidly provide the trace and a particularly interesting
case, the circular synchronous orbit, is especially amenable to hand

calculation.

12










Unclassified
Security Classification

DOCUMENT CONTROL DATA-R&D

(Security classification of title, bc y of abstract and indexing annotation must be entered when the overall report is classified)

1. ORIGINATING ACTIVITY (Corpornfe aurhor)
Space Defense Systems Program Office
Electronic Systems Division
L. G. Hanscom Field, Bedford, Mass. 01730

2a. REPORT SECURITY CLASSIFICATION

Unclassified

2b. GROUP

N/A

3. REPORT TITLE

AN ANALYTICAL FORMULATION FOR A SATELLITE GROUND-TRACE

4. DESCRIPTIVE NOTES (Type of report and inclusive dates)

8. AUTHORI(S) (First name, middle initial, last name)

b. PROJECT NO.

ESD-TR-67-351

H. R. BETZ

6. REPORT DATE 78. TOTAL NO. OF PAGES 7b. NO. OF REFS
J 1967

8a. CONTRACT OR GRANT NO. 9a8. ORIGINATOR'S REPORT NUMBER(S)

cJn=House Report m

d.

this report)

None

. OTHER REPORT NOI(S) (Any other numbers that may be assigned

10. DISTRIBUTION STATEMENT

This document has been approved for public release

and salex Its distribution is unlimited.

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Electronic Systems Division(ESSX)
L. G. Hanscom Field, Bedford, Mass. 01730

13. ABSTRACT

This report derives the analytical expressions for an earth satellite ground track
for a general elliptical, a circular and a circular-synchronous orbit under the
assumptions of two-body conditions and in the absence of perturbations.

DD IFNOORVMG51 473

Security Classification




Security Classification

KEY WORDS

LINK A

LINK B

LINK C

ROLE wT

ROLE wWT

ROLE WT

Security Classification




Printed by

United States Air Force
L. G. Hanscom Field
Bedford, Massachusetts







