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PREFACE 

This report presents the work since the previous semiannual 

report on Contract Nonr 4647(00).  It also summarizes the previous work 

on the contract toward the development of quantitative models for high 

energy pulsed arcs of tho type that are used for the optical pumping 

of high energy iaiers. The studies in this contract have been concei-ned 

primarily with xenon as this gas has been used most successfully for 

high energy laser pumping; the principles contained in the models for 

the arcs are applicable to other highly radiative arcs, though in many 

cases the necessary quantitative descriptions of the physical properties 

of the arc plasma are not available at the present time. 

Recent developments in pumping geometries and in additive 

lamps, arising, in part, from this work and from work in a closely 

related area, the optical pumping of continuous lasers, under Contracts 

DA-28-043-AMC-00292(E) and DA-28-043-AMC-02097(E), Indicate new promise 

for efficient optically pumped lasers. The principles discussed in this 

report provide a basis for an understanding of the optical pumps for 

lasers. 
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ABSTRACT 

This report summarizes the studies made on Contract Mom 

4647(00) towards the development of models for the highly radiative 

arcs used for ti.e high energy pumping of lasers. The report alsi 

presents the experimental and theoretical studies since the last semi- 

arnual report. The experimental investigations were primarily concerned 

with more extensive measurements of the speccral radiance of the plasma 

to provide verification for the models. The theoretical work 

has resulted in computei.- methods, described in the appendices, to calcu- 

late the transport properties, the spectral abs-orptlvities for the 

lines and the continuum of xenon, and the spectral radiance and 

tamperature profiles in cylindrical arcs. Also included as an appendix 

is a theoretical analysis of the xenon arc using radiative transport 

techniques developed In other studies. 
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I.  INTRODUCTION 

The optically pumped solid state laser provides the highest 

peak powe'- and highest peak energy available from coherent sources. 

This report summarizes the work on Contract Nonr 4647(00) toward the 

development of quantitative models for the highly radiative arcs used to 

excite these lasers. Contained in the appendices to this report are 

computer programs developed in this work for the calculation of many 

features of these arcs. The calculation procedures are for xenon, 

thou h in principle, they are applicable to other atomic systems. 

The theoretical and the experimental research on this contract 

has been directed towards the creation of quantitative models for the 

flash lamps that in turn wo'-ld be useful in the improvement of high 

energy lasers. The development of the models required basic studies of 

the many aspects of highly radiative arcs, and lead to considerabl j. 

expansion of the experimental techniques available for the study cf these 

dense plasmas. These plasmas may be encountered in many situations other 

than the flash tubes for pumping high energy lasers, including re-entry 

shock waves and high voltage switch gear. 

The effort in this contract can be divided into three areas: 

(1) the development of theoretical techniques to calculate the necessary 

physical properties of arc plasmas, (2) the applications of these tech- 

niques to create models for the high radiative arcs, and (3) the experi- 

mental measurements required to formulate and then to verify the models. 



The earlier reports (references 1, 2, 3 & 4) described many aspects of 

the problem more fully.  The computer programs resulting from this work 

are all in the ALGOL language for a Burroughs B5500 DISK computer. 

The development of the models required techniques for cal- 

culating the. transport properties (electrical and thermal conductivity), 

and the spectral absorptivity (the broadened spectral lines plus the 

continuum) as a function of temperature and pressure.  In addition, 

methods for handling energy transport within highly radiative mhomo- 

geneous temperature arc plasmas were required. 

For the transport properties of xenon, we were fortunate in 

obtaining the assistance of Dr. R. S. de Voto of Stanford University, 

who has developed computer programs for calculating the properties of 

partially ionized monatomic gases. His program for the calculation of 

the electrical and thermal conductivities of xenon as a function of 

temperature and pressure is in Appendix A. 

The calculation of th«, spectral absorptivity of xenon required 

consideration of the broadened lines and the continuum. The final pro- 

gram given In Appendix B is due to the efforts of many people, partic- 

ularly D. Sun of California Institute of Technology, E. Corinaldesi, now 

at Boston University, and R. G. Schlecht, now at Aeroneutronics Division 

of Ford Motor Company. Appendix C uses the bound-bound transition prob- 

abilities and other information on xcaon to calculate the optical 

radiation emitted by a cylindrical arc of a given temperature profile 

and pressure. Appendix D presents calculations for Whittaker functions 

of real and imaginary argument for use in calculations of the matrix 

elements for bound-free and free-free transitions. We will discuss 

details of these calculations in a later section. 

Two approaches were followed in the creatirn of the models for 

the arc.  In one approach, we assumed the arc to be homogeneous in tem- 

perature and neglected thermal conduction to the walls.  Experimental 

measurements had indicated that this was a reasonable assumption for the 

central core.  Such model would explain a number of the observed chprac- 

eristics, such as the arc radiant emission saturation in the infrared 

and in the visible, and account for a major portion of the input power. 



The pressure to be used for this horoogenaous temperature model is open 

to question due to the actual temperature gradient which exists near 

the walls.  ^n the other approach, the electric field across the arc, the 

inside diameter of the arc ube, and the pressure of heavy particle 

number density are to be specified and the radial absolute temperature 

distribution is to be sought. With the temperature distribution, we 

could calculate all of the observed properties of the arc including 

the spectral radiance at the walls (Appendix C). This calculation re- 

required the solution to the energy balance equation for a nou-gray, 

nonhomogeneous temperature plasma.  An approximate analysis described 

in Appendix E was applied to this problem to obtain a better initial 

temperature distribution. The final program developed in this work is 

given in Appendix F. 

The experimental measurements were Intended to aid in Che 

formulation and verification of the models.  In the course of the work, 

the flash lamp or more completely, the confined wall-stabilized pulsed 

arc discharge, was found to be a useful vehicle to study hissh power 

density, high pressure, highly radiative plasmas. Plasmas with these 

characteristics 5n gases other than xenon are of interest to workers 

in many fields or research and applications.  In the course of this work 

and in the closely associated company sponsored research, techniques have 

been and are boing develo^cl to study these plasmas. These techniques 

have included two rapid scanning spectrometers, one of high resolution 

th 
(7) 

seaming over a limited range   the other of decreased resolution but 

with a much wider spectral range 

A problem still exit ■ in the accurate measurement of the 

instantaneous pressure. The pressure is crucial to an accurate descrip- 

tion of the arc as the pressure varies widely with the temperature 

gradient near the wall. Currently a laser interferometer similar to that 

of Gerardo et al.   is being set up to allow electron density measure- 

ments.  These electron density measurements will serve to check the 

values we have assumed in ehe calculations. 



II.  BASI. PRINCIPLES OF HIGHLY RADIATIVE ARCS 

The arcs used for pumping high energy lasers have many 

features in common with arcs used for continuous laser pumping. The 

pi K ,ry difference between these arcs lies in the size of tne arc 

column, and •■he povar density in the arc.  In both cases, the arcs are 

near or above atmospheric pressure. As the efficiency of the laser 

systems ircre^ae, the differences between the two arc applications 

are becoming less marked. 

X'ha usual corm of the arc used in high energy laser jumping 

is a cylindrical arc surrounded by a wall. We have only investigated 

this wall stabilized arc.  in the arc, current flow carries power into 

the arc; radiation external to the arc and thermal conduction to the 

arc surroundings (i.e.: the wall) carry power awv from the arc. 

Convective power transport can be neglected in this type of wall stabi- 

lized confined arc unless there is gas floT-—which we have not considered 

in this work. A wal. stabilized highly radiative arc such as those used 

for high energy laser pumping has a central plasma core at the tempera- 

ture of the fully ionized plasma (the actual temperature varying with 

the composition of the plasma) with the temperature at ihe wall dependent 

upon ehe rate at which power is carried away from the walls.  (A fully 

ionized plasma may be only .01% ionized.  It is characterized by the 

doninance of the electron-electron and electron-ion interaction over 

the other particle Interaction). 

The relation; between the input pewer and that carried away 

from the arc by radi ition and conduction can be put into equation form. 

Figure 1 present, the faaily of equations that relate the power input 

per unit volume to the powe»- carried away by radiation and -onduction. 

«e consider the arc to be in local thermal equilibrium (LTE) and 

thus describable by Boltzmann's equation, Saha's equation and a 

simple radiation law. The electrical and thermal conductivities as 

well as the spectral absorptivities are functions of the local tempera- 

ture and pre'- ure for each constituent.  The various constituents 

of the pl?sma interact with e^ch other throi- h the ionization law 
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The Energy Balance 

■   •   rFRAD + ^TC'  " 0   (P'T)  E2 

where E Is the electric field in Volts on , a Is the elecTical conductivity in 

(ohra cm)  and is dependent uoon the pressur? (p) and the temperature fT)• P 
_2 T.C. 

is the thermnlly conduct^'', power flux In Watts cm  and is  given hv 

FT c - -K(p,T) erad T 

-2  -1 
K Is the thermal conductivity in Watts cm  °K  cm.  F „ is the radiant emittcnce 

_2 l<AD 

(I.e. radiative flux) in Watts cm ~ and is expressed in terms of F   , or F 

The spectral radiant emlttance RAD     RAD 

FRAD " ^f«   d- " P'   d' **"      0       RAD     0  RAD 

where ■ is the frequency and > the wavelength in covisistent inits.  Consider the 

■■  component of F   ; it is expressed in terms of I ■ 
VRAD v 

F  • / I (S) Cos (x,S) d^ 
"x  u 

I  is the spectral radiance (i.e. specific intensity) in Watts cm" Steradian 
v -1 
frequency unit   along the S direction.  u is the sclid angle over which the 

integral is to be taken.  I  is the solution to the equaticn of transfer for the 

geometry being considered: 

dl (S) 
—^  - <   '(o.T) (B (T) - I (§)) 

as      v        .      . 

in whiCh s is the magnitude of the direction vector S a.id K   '   is the spectral 
-1 absorptivity including stimulated emission in cm  and Is given by 

<  - K (p,i)(l-e     ) v    v 

B (T) is the Plane: distribution function, h is Planck's constant, ^ is Boltzmann's 

ronstant and are to be in units consistent with T and v.  K is the spectral 

absorptivity in cm  which in turn is the sum of the spectral absorptlvitles 

for bound-boi-nd transitions, ^  , the spectral absorptivity for bound-free 

transitions,.   .and the spectral absorptivity for free-free transitions,.   : V v 

bb    bf ^  ff 

The relations between the spectral absorptlvitles and the transition probabilities 

for these processes will be presentee, in Appendix C. 

FIGURE 1 

The equations relating the electrical power 
input to the optical radiation »M thermal conduction. 



(Saha s equation) and thus the electron density, and in broadening 

the lines through electron, ion, and Van der Waals mechanisms. 

2.1 Electrical and Thermal Conductivity 

The transport properties (i.e., the electrical and thermal 

conductivities) of partially ionized gases are currently under extensive 

investigation in many laboratories.  We have used de Veto's calculc1- 

tions  "    as applied to xenon using the momentum transfer cro^s sec- 

tion of Frost and Phelps.     The program for the electrical and ther- 

mal conductivities of xenon is given in Appendix A. 

2 2 The Spectral Absorptivity 

The spectral absorptivity of atomic species can now bp calcu- 

lated (in theory) to a relatively high precision without exorbitant 

computer time using "quantum defect" metl.ods to obtain the transition 

prouabilikics for bound-bound transitions and the cross sections of 

the bound-free and free-free transitions.  The electron broadening was 
(12) 

calculated using the line broadening theory outlined by Griem    as 
(13) 

applied by Corinaldesi.     Figure 2 shows schematically the calcula- 
(3) tion   of the spectral absorptivities which are carried out in appen- 

dices C and D and how they relate to the other programs. 

The population of the initial level is one of the most impor- 

tant determinants of the strength of an absorption as the population 

in the initial level can vary in orders of magnitude as the temperature 

changes a few thousand degrees.  If the line in bound-bound transition 

arises from a ground or very low lying state, the population in the 

level is very hi^h in the cooler gas near the walls, thereby leading 

to a high spectral absorptivity.  Examples for these ground state 

transition are the resonances lines of xenon lying in the vacuum ultra- 

violet and the yellow doublet of sodium.  The high spectral absorptivity 

will be manifested in the arc discharge by ve-" broadened and self 

reversed emission bands. 
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Fig. 2-The information flow for the calculation procedures in the appendixes 



The shape of the line determines how the abjorption varies 

witn wavelength.  We have considered Che lines in the dense highly 

radiative plasmas treated herein to have a Lorenfian shapt.  The line 

width, w, and the shift, d, arises in the cases being considered from 

electron broadening in the center of the arc (Stark broadening theory), 

and neutral particle broadening near the edge (Van de Waals or 

resonance broadening). 

The various broadening mechanisms are calculatable (in theory 

at least) for atomic systems such as xenon.  Figure 3 shows the 

spectral absorptivities for xenon for a range of temperatures at the 

same pressure; 5 atm. The program for this is in Appendix C.  The 

spectral absorptivities shown in Figure 3 include the broadened lines 

and the conrinuum.  The lines were calculated using an intermediate 
(A) 

coupling program described in the last report   and in Appendix B which 

was the extension to xenon of the calculation of Garstang and Van 

Blerkom. The continuum was that calculated by Schlüter  and is 

described in an earlier report and in Appendix C-  The upper limit or. 

the spectra.! absorptivities that may be calculated by this program is 

limited to below chose temperatures for which Xenon II becomes 

appreciable (- < 14,000oK) (We are modifying the programs to include 

Xell, but this work was not available for this report.)  The effect of 

the Xell viill be to increase the continuum and the emission in the blue 

and ultraviolet as Xell does not have the strong infrared lines that 

Xel exhibits. 

2.3 The Arc Models 

Two approaches were used in the ertation of models for the 

arc.  In the simplest, the arc was assumed to be homogeneous in tempera- 

ture and thermal conduction to the walls was neglected.  In Che more 

complete approach, the absolute tr-ievature profile is calculated for 

& given electric field and tube diameter.  From the Cemperature profile, 

the spectral radiance through the arc, ehe radiation external to the 

arc, and the thermal conduction to the w<ills can be calculated. 
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The Inclusion ot  the free-free transitions and the more com- 

plete calculations of the bound-free transitions required more extended 

application of the quantum detect methods of Seaton   , and Burgees and 

Seaton   , Peach    '  , Schlüter   , and a series of papers by 

Blberman and Norman and their collaborators    have indicated improve- 
(21) (22) 

ments using the Coulomb field; Stewart and Rotenberg    and McGuire 

have extended the theory to the non-Coulomb potential found in the inner 

part of the atom. The rise of these methods required programs for cal- 
(23) 

culating Whlttaker functions    of real and imaginary argument. Appen- 

dix D presents ALGOL translation of and corrections to the FORTRAN pro- 
(24) 

grams of McGuire   . These programs are to be used as entry points for 

the numerical integrations of the radial matrix elements for bound-free 

and free-free transitions. 

The homogeneous temperature models considered the  arc to be 

a cylinder of uniform temperature with the arc diameter to be an input 

parameter. The homogeneous temperature models for the pulsed arcs were 

found to give reasonable agreement with experiment if the arc diameter 

were properly chosen.  In the previous report, the electrical conduc- 

tivity determined from a .41 cm bore tube was used to calculate the 

arc core diameters for the larger tubes at the same temperatures using 

temperatures measured from a region of the spectrum that was assumed to 

be radiating like a black body. The radiant emittances (neglecting lines) 

calculated for the respective core diameters at the temperatures studied 

were found to account for the major portion of energy delivered to the 

flash tube. 

The spectral radiance along a .8 cm diameter for a homogeneous 

temperature discharge of 12,000 A and 5 atm. is shown in Figure 4. 

The spectral radiant emittances fcr two homogeneous temperature 

cylindrical arcs of .8 and 1.4 cm diameter are shown in Figure 5.  The 

radiant emittance (i.e. radiative flux) is shown in the figure.  The 

radiated power per unit length is simply the product of the radiant 

emittance and the surface area of the arc.  The program for the calcu- 

lation of the radiant emittance is part of Appendix C. 

10 
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The ideal model for the arc is one in which the characteristics 

of the arc discharge art determined by the input parameters:  the 

electric field across the arc, the p^oroetry of the a^c container (i.e., 

the inside di-meter of the cylinder), and the pressure and composition 

of the fill gas.  But this model requires the solution to an integral- 

differential equation, called the energy balance equation, shown in part 

in Figure 1. The result of the application of the equation is simply the 

temperature distribution within the arc column. 

We have explored a few methods for solving the energy balance 

equation for non-gray, nonhomogeneous plasma. The problem may be divided 

into two phases: determining the radiative flux (i.e., radiant emitfance) 

throughout the arc column, and using the radiative flux together with the 

transport properties to find the temperature profile that satisfies the 

Integral differential equation. 

In this work, on Contract Nonr 4647(00), the radiative flux wa^ 

calculated using an exact Integration (described in Reference 2 and 23) 

and an approximate integration based upon a technique of Sampson 

The latter method was approximately ten times faster to compute than the 

former, and has given good agreement for the cases tested though it 

does not as yet include lines nor very steep ionlzation edges. 

The temperature profile is calculated by using a relaxation 

method applied to the energy balance equation.  In this, the radiative 

flux for an assumed (best guess) temperature profile is calculated.  Using 

this radiative flux An a time dependent energy balance equation, the con- 

tributions of the other components of the energy balance equation are 

then calculated. By iterating the process over and over, a temperature 

profile that satisfies the equation could be calculated (i.e., where the 

time dependent part equals zero). This is described in Appendix E. 

A program has been developed which combines the exact and 

approximate calculations to obtain a profile. The results of a sample 

calculation together with the program are given in Appendix E also. 

To provide further insight into this calculation, an analysis 

procedure devised in other work was applied to the xenon arc. The complete 

analysis together with calculated fluxes and temperature profiles is in 

Appendix F. 

13 



In all of these calculations, the pressure throughout the 

discharge is considered to be constant; that is, radiation and magnetic 
(1 2) 

effects upon the pressure were neglected '  . The gas pressure before 

the initiation of the discharge is known (typically. It is 150 to "WO 

torr for the xenon-filled flash tubes).  Recent calculations have indi- 

cated that the final pressure in the fully developed arc is strongly 

dependent upon the temperature profile,  A simple example will illustrate 

this dependence.  Consider a simple two temperature confined arc in which 

the arc core is at 10,000 K, the volume near the walls is at 1000OK, 

and neglect the electron contribution to the pressure.  It is simply 

shown that a cool arc \ olume of only 10% of the central core volume will 

reduce the arc pressure by a factor of two from the pressure that would 

occur if the central core occupied the whole volume as we had assumed 
(1 2 3) 

in the earlier homogeneous temperature models      . This consideration 

in 'he pressure becomes very important for the larger diameters with 
(4) 

larger cool portions 

III.  COUPLING THE PUMP INTO THE LASER ROD 

The ideal pump for optical lasers is one in which a major 

fraction of the energy radiated can be coupled or at least Incident upon 

the laser rod.  There are two general methods to do this!  the diffusely 

reflecting cavity and the focussing cavity. We have investigated a 

particular diffusely reflecting cavity» the coaxial laser pump, which is 

well suited for use with large high energy pulsed laser, and a high image 

quality focussing system, the spherical cavity, which has demonstrated 
(28) 

high efficiency in continuously operating laser systems 

Figure 6 shows a cross sectional drawing transverse to the red 

of a current design coaxial lamp. The radiation from the plasma surrounds the 

laser rod.  The MgO layer diffusely reflects the radiation back toward 
(29) 

the laser rod.  As Whit .le and Skinner    point out, in a recent paper, 

the efficiency of the system may be obtained roughly by comparing the 

product of the area and energy absorbed by the rod with the sum of the 

products of areas and absorptions for the whole system.  In this analysis 
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Ky is Independent of R 

Fig 6-Simplified representation of laser rod-coaxial laser pump system 
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an open area is considered to be complete absorption.  Good laser pump 

design would seek to minimize openings (as for electrodes) and minimize 

non-laser rod area. This line of reasoning ^s counter balanced partially 

by the need to miniuiize thermal conduction which varies with the gradient 

and may vary with plasma whickness. An unknown quantity in the analysis 

of an MgO reflector coaxial lamp is the reflectivity of the rfgO layer 

under the conditions in the flash tube.  This important parameter would 

need to be determined for a qu^.:'itative analysis of this pumping 
geometry. 

Figure 7 is of a possible evolution of the coaxial laser pump 

which minimizes thermal losses, and allows very high energy outputs from 

energy limited laser rods. The minimizing of the thermal losses arises 

from the reduction per unit laser rod area ot absorbing diffusely re- 

flecting surfaces and of thermally conducting walls 

To date our efforts c- the use of the spherical cavity have 

been with small rod" -.hough the geometry ne^d not je limited to then. 

Figure 8 from Ref;   e 28 shows the geoiuetry of the spherical cavity 

with the laser rod and laser pump symet-lcally disposed about the radius 

of curvature.  If the laser rod length is small enough relative to the 

diameter of this sphere (and the spherical mirrrrd .e  of optical quality), 

the image of the lamp can be placed upon the rod for a very large fraction 

of the total solid angle. The data we have at present were obtained on 

3 x 30 mm laser rods in which were obtained an efficiency of 1.15% and a 

total power of 3.6 watts for a Nd:YAG rod with erternaJ   resonators. The 

application of this high efficiency system to larger laser rods is 
underway. 

The spherical cavity has many advantages for laser pumping ard 

a major disadvantage, this t^ing the size sphere required for a rod of a 

given length (the diameter of the sphere should be considerably larger 

than the rod length).  Some of the advantages include a high transfer 

efficiency (that can be calculated and ray traced readily) , and a 

relatively reirote reflecting surface (less subject to radiation damage). 
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The sphere may be fabricated in large sizes readily to optical tolerances. 

The rtfuius obtained with the spherical cavity indicate promise for use 

in hiph energy laser pumping. 

IV.  RECENT EXPERIMENTAL MEASUREMENTS ON THE ARC 

The experimental measurements taken throughout this work, have 

been directed towards improving and verifying the information used in th 

models.  Early in the work, we developed a technique to measure the tem- 

perature of the plasma (More correctly we developed a technique to measure 

the lower bound of the temperature - we will treat this more thoroughly 

in the discussion in double pulsed arcs).  To calculate the spectral 

properties, WP needed to know the pressure in the discharge. As we had 

the initial pressure of the gas (typically 150 torr) and the arc filled 

the tube to a first approximation, we initially assumed &  homogeneous 

temperature. The. arc was measured from the radial distribution of the 

spectral radiance in the ultraviolet to be relatively homogeneous for a 

large fraction of the radius - though subsequent estimates from the 
(4) 

electrical conductivity discussed In the last semi-annual report 

indicated this fraction varied with flash tube inside diameter.  Recent 

analysis of the effect upon the pressure of the temperature profile 

within the tube indicated that measurements of the pressure or the 

electron density were required. 

The experimental work in the past few months has been concerned 

with measurements of the pressure using a piezoeleccrlc transducer, a 

Kistler Instrument Co. 603A, and of the spectral radiance in the vicinity 

of some lines and in various continuum regions for the arc under power 
3 '7) 

densities over 1.5 MW/cm  (using pulse preionlzatior. ' ).  Measurements 

were also made of the spectral radiance in the ultraviolet (at 3000.0 for 

the arc viewed tide in and viewed end on.  These measurements from the 

side and end would give a path length difference of ten or more depending 

upon the tube. 
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The pressure measurements for the 12.7 and 19 mm insiot 

diameter tubes had shown a pressure conslderal^y lower than that cal- 

culated for a homogeneous temperature distribution. The transducer output 

was very oscillatory reducing the accuracy.  These measuremtnts indicated 

that there was a cool volume near the wails which could change consid- 

erably during rl-i arc cycle. A laser interferometer is being set up to 

measure the electron density in the center of tne arc, lut no rinal 

results are available for this report. The interferometer is similar to 

that of Gerardo et. al.   in which the flash tube is inside a reference 

cavity which is in series with the laser cavity. Measurements of the 

electron density with the interferometer together with those of temper- 

atures will characterize more "ully the arc plasma. 

The measurements of the temperature in the double pulsed arc 

required finding spectral regions in which the emission from the arc was 

not self-reversed but still optically thick. The 8231.6A line of Xel 
3 

van  suspected to be self-reversed at power densities above about .1 MW/cm . 

This was confirmed using the high resolution rapid scanning spectrometer 

Calculations of the spectral radiance (using the program in Appendix C) 

for a temperature profile similar to that expected in the arc showed self 
o 

reversal in the immediate vicinity of the 8231.6 A lines. 

The spectral radiances measured for the lines and the continuum 
3 

are shown in Figures 9 through 12 for power densities over 1.5 MW/cm . 

In Figi res 9 and 10, the bpectnl radiance is plotted in terms of the 

equivalent black body temperature. The power is the input power dissipated 

in the lamp per unit volume. The flash tube diameters ranged from .41 cm 

to 1.94 cm. The tubes were preionized with a .5 ms pulse (100-600 uF in 

series with 100 yHy). The main pulse was about 50 us  long (50-100 pF  and 

the residual inductance ''3MH). The main pulse was switched in by means 

of an ignitron using the circuit shown in Reference 6. The self reversal 
o 

of the 8231.6 A line of Xel was considered to be the primary reason for 

the reduction in the spectra] radiances for the larger diameter flash 

tubes.  Figure 13 gives the spectral radiance distribution for an EG & G 

Inc. FX-52 flash tjbe under single and double pulsed conditions. The data 
o 

was taken with a spectral width of about 1 A at the wavelengths indicated. 

20 



;1 

I 
I 

cr   O a.   C 
uo i/i uo oo t/> 
a> .*! CO (V 

"k_ 'k_ w- k. 
— 
1— 

d) OJ a> 0) 0) 
UO ^ on t>n oo 

o o -^ o s 
e E E c: E 
E E E E E 
oo r^v a? m a- ^—^ <—H ^H 

a> a> 
c c -^ ■♦-* *-» 
l_i ' i c c ta o o o 
«t °< o <J (j 

<»    oo   OO    OO    OO 

<^    ®    o    o   a 

s" 

c 

1 
(T3 

E 

« c 
o 

a. 
(/i 

■s 
3 

Qj   MB 

E^ 
2^ 
en L- 

•- ^ 

It 
CJ a. 

a> »_ — 
ö      u "o 

E « 
*-   oo 

CO 

en 

a. 

s 



u-\ 

«! > ^^ 
3 -C 
(J en 

c 

5 c 
O O a O) <u l_ 

■o ■CJ ■o ^ 
(^ Lo C E 

UJ   u 
«C «c a-ir\ (^ CVJ IA     . l5 r^i o o 
ijr\ cv . •—t oo oo r—1   — 

a> 

to 

E 
E 
rr\ 
r—1 

I/» 

CD 
o 
C 

fO c w> a> ^-* ■C3 
Srf l_ S. OJ 
io S 
<u 
e a 
(\3 ^ 

r>. 
O c 
cn H_ 
C o 

■o c 
c o 
g-'-G 
to 

3 
i_ <*- 
O ro 
Ki «/» 
UJ «n 
k_ 
Zi 
fD 
l- 
OJ 
Q. 

P 
•*/ 

■f 

^ 
'S 
-Q 

-^ 
« 

CQ 

i 
i—* 

C71 

22 



y 

l 
l 
l 

CO IV. so U> "a"       ro      cvj       _< 

23 



CO 

CSO^OOf^-vOLTk^a-rriCM •—I 

2^ 



ü 

I 
I 
I 
I 
I 

a) 

fl 
£   II 
—•   ^ 

E 

a> <t 

is 
CNJ 

^   "   a> 

+  ^i o 
go c -• 
t^ Q ?\ 
Sea, 

^^ 

S S  = ^ f O   QJ   o   cu   E Q Q_ o Q. ^o 

o a, 

—    OJ 
3   »~ 

^ O 

-2?      £?       u 

< 

"<>■ - - « 

a. 

o 
■o 

^0, 

irt" 

Cf\ 

Z3 

in 
I 

X 

c 
I—I 

O 

O 

c 

c 
o 
3 

CM 

a» 

c 
.2 
L_ 

"'S 

a. 

S       «^       oo <o        m 
«^        cvj      ^_ 

U- 

25 



The measurements of thu spectral radiance at 3000 A on flash 

tubes viewed side on and viewed ^nd on yielded the theoretical ratio of 

the length of the tube to diameter of the tube for lower energies only 

when the tungsten electrodes were moved back out of the arc. The ratio 

again deviated at the higher currents as shown in Fipnre 14. This may 

arise in part from further tungsten injection, but also may be due to the 

plasma becoming thick for the flash tube length being viewed. 

We have not yet made a detailed comparison of the calculated 

radiances with those measured experimentally. This requires a more 

accurate knowledge of the pressure and/or the electron density than we 

currently have. We shall be making these comparisons after th^ laser 

interferometer is completed. To compare the spectral radiances observed 

in Figure 13 with the calculated values in Figure 4, multiply the values 
8 2 

in Figure 13 by 10 to obtain the values in Figure 4 (W/cm Ster cm). 

The single pulsed values correspond with those for the plot in Figure 4; 

the exact agreement requiring better values of pressure than we 

currently have. 

I 

i 1 
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V.  SUMMARY AND CONCLUSIONS 

This report presents a description of the work carried out ru 
S 

Contract tjnr 4647(00) towards the creation of quantitative modsls for 

the pulsed arc discharge that is used for the optical pumping of high 

energy solid state lasers. The primary results of these studies are 

computer progranis for the calculations of the physical properties of the 

arc plasma, using xenor. as the working gas, and for determining the 

balance within the arc between r-diation external to the arc and thermal 

losses to the walls.  The experimental results obtained since the last 

semiannual reports are also described.  The experimental studies have 

been concerned with measurements of the pressure within the arc, and the 

characterization of the arcs at very high nower densities. 

The models for the arc developed in this work are at present 

only semi-quantitative. They possess the main features of the arc, 
i 

exhibiting the saturation of the radiation in the infrared, the strong 

dependence upon power der.slty of the radiation emitted in the ultraviolet; 

and the nearly homogeneous temperature distribution chat have been 

observed in these arcs.  To improve the accuracy of the models, more 
I 

complete and accurate measurements of the physical properties need to be 
i 

siade. Through the use of the model calculations, quantitative coF.pari.ono 

can be made between the power input, the average electrical conductivity, 

the spectral absorptivities in various regions of t*tt continuum and in the 

vicinity of selected lines, and of the pressure and electron density to 

make a consistent picture. 

The full i-nplications of these models are still being explored. 

The models are allowing a ; ew insight into the behavior of the "..ig . density 

arc. The arc models help to remove the high density plasma - the light 

emitting -lasnas -from rhe "art" area of technology. 

We hope that ehe work described in this series ot reports will 

assist the designer of optically pumped lasers in the oeveiopment and 

improvement of this area of laser technology. 

Through this work, we hope that v,e are bring to bear on an old 

problem— light sources—some of the new techniques in both theory and 

experimerit that were developed by a wide variety of people working in 

areas far removed from the optical pumping of laserr 
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APPENDIX A 

A PROGRAM FOR THE CALCULATION OF THE ELECTKICAL AND THERMAL CONDUCTIVITY 
OF XENON AS A FUNCTION OF TEMPERATURE AND PRESSURE 

by 

R. S. deVoto 
Stanford University 

This program, ELEC/THERM, calculates the various components of 

the electrical and the thermal conductivities of xenon as a function of 

pressure and temperature under local thermal equilibrium conditions. 

The program will calculate these quantities for argon also. 

The input data for argon is: 

1. "ARGON", number of species - 1 (we used 2) 

2. initial temperature, temperature step size, maximum temperature 

desired 

3. number of pressures; the pressures in atmospheres 

4. PHIOA (3.23 Q  4), RHOA (.224), PHIOI (5.38 (3 6), RHOI (.1965), 

AC (25.615), BC (1.1960), HIER (must be 0;. 

5. electron mass (9.1091 at -28), molec. wt. of atom (39.944), 

molec, wt. of first ion (39.944), molec. wt. of any other ions 

used. 

For xenon the data required is similar to the ARGON program. 

1. "XENON", 2, 

2. initial temperature, step size, maximum temperature desired 

3. number of pressures, the pressures (in atmospheres) 

4. 3.11 @ 6, .208,0,0, 25.639, .99752,0, 9.109 @ -28, 131.3.131.3. 
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APPENDIX B 

CALCULATION OF BOUND-BOUND TRANSITION PROBABILITIES 

by D. Sun 

The overall purpose of the system ot programs being developed 

is to represent the spectrum of an atomic species in a plasma, including 

ail lines and portions of the continuum which carry a significant portion 

of the energy.  Hence it will oe necessary to calculate large numbers of 

transition probabilities for bound-bound, bound-free, and free-free 

transitions. 

Calculation of the  bound-bovnd case to be discussed here is 

fairly complete; the other two types of transitions have not been ad-'ed 

yet.  The program to be described- presently called GIANT/FIASCO, con- 

sists uf four sub-programs, (following the format of E. Corinaldesi) 

between which information is transferred by three disc files, READF1, 

REJ)F2, and REA0F3.  Programs 1 and 2 are run together, and accepting 

as their input the quantum numbers and energies of the various energy 

levels of a species as they are given in Moore's tables.  Program 2 

prints out t.insition probabilities for all transitions allowed by the 

selecti i rules within the range ronsidered. These are also placed on 

the disc READF2 where they may be tapped by Program 3 or by an auxiliary 

program FIASCO/RESULTS, which merely prints out the results in a number 

of convenient forms.  Program 3 calculates the Stark shift and broadeni».' 

of each level, while Program 4 combines these into the shift and broaden- 

ing of each spectraj. line. However, this paper is concerned primarily 

with Programsl and 2, the calculation of bound-bound transition probabili- 

ties. 

where li , and * are the two states between which a transition may occur 
n      m J 

C- Moore, Atomic Energy Levels', National Bureau of Standards, Circular 
467, U.S. Government Printinp Ofrire, Wa3hington, D.C. 

*''. Corinaldesi, to be published. 
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and z-r cos 0 is the electric dipole operrtor.  (Quadrupcle and magnetic 

dlpole transitions are ignored.) Although ty  f v   ,  and z  actually involve 

all the electrons in the atom, in practice, it is possible to use the 

one-electron wave functions of tht     uter electron which makes the transi- 

tion (Condon and Shortley^ Section ö ).  Now each energy level conslsis 

of 2J+1 states with different z-components of angular momentum.  For 

transitions froüi n to  m, it is necessary to sum the square of the natrix 

element for all of the m-states, and average it ov^r all of the initial 

n-stales.  The oscillator strength f  is —r-— times this quantity, and 0   nm    f ~i J t 

the following relations hold: 

(2 J + l)f  - gf • (2 J + l)f n n     nm m     ran 

_7       _       _i 
A  ■ 0.667 x v   where v is ia cm nm 

(2 J + 1)A  = (2 J + 1)A 
n    nm     m    mn 

The solutions to Schroedinger's equation separate into two 
R(r) 

parts, giving the form v / Y(0, 4i). R(r) is known as the radial wave 

function while Y(0S $) is the angular part  Hence the problem separates 
/CO 

R R rdr, and an averaging and summing process 

which is carried out using Racah coefficients of the quantum numbers of 

the initial and final states. 

THE ANGULAR PART (COUPLING SCHEMES) 

When an atom with more than one electron is being considered, 

there are several ways to add the multiple orbitcil and spin angular 

momentums. For example, one might add all the orbital angular momentum 

E. Condon and G. Shortley, Theory of Atomic Spectra, Cambridge University 
Fress, London (1935) hereafter reft rred toanCondon and Shortley and the 
Section. 
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operators to get a total orbital angular momentum operator, and do the 

same with the spin operators.  Then the total orbital ingular ...omentum 

operator and the total spin angular momentum operator might be added to 

give a total  agular momentum.  If the actual states of the atom closely 

approximate the eigenstatci of the total orbital and spin angular momentum 

operators, then the atom is said to be LS coupled, the L and S repre- 

senting good quantum numbers of the operators. One way to express the 

states is to puf the quantum numbers of two operators in brackets to the 

left of the quantum number for the sum of ehe two operators.  An LS state 

is written l[S. (L   , £)L]J>, where L    is the total L of the inner 
'     core core 

electrons, i  is the orbital quantum number of the oi'ter electron, and I 

is the total angular momentum.  A form of coupling commonl; found in the 

rare gases is j£ coupling, given by j [ (J   , il)K, S],J>, where J    is 

the total angular momentum of the core, s is the spin of the outer 

electron, and K is the intermediate quantum number. 

The average and sum over the initial and final states for 

|<){' jzjip >|  is easily seen to be equ. i to one third of the same average 
i   t"*"i   12  ■* ± 

and sum for |<* |r|!l) >| .  r turns out to be a class T operator with 
n 3 

respect to J (See Condon and Shortley, 8 ). Here it is convenient to 

introduce a quantity <j;T:jl> which can be related to the components 

of the matrix element ^jm| f | j''"'> but is Itself independent Df m and m', 
3 

the z-components•  (3ee Condon and Shortley, 9 ). Now if [P,.!,] ■ 0 

and P is class T with to J = J.. + J„, then the ratio 

l<J1J2J:Pij1J2
,J,>|2 

K^i^iV^2 

3 
is given by Equation 11 8 of Condon and Shortley, or by 

(2j' + l)j2>(2j2 + l)(2j2' + L)w
2(j2:j,j2

,,j';j1)/T (j,j') where 

j2> = max(j2,j2'), W(J2,j,j7
,,j,;J1) is the Racah coefficient, and 

2 (j.j') is defined by: 
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^ a.j+i) - (j+i)(2j+3) 

^  (J.j) - J(J+1) 

^ (j.J-1) - j(2j-l)      See Condon and Shortley, 745 

In the program there are two procedures, XI and W2M0D, with XKj.j1) 

S (j.j') and with WZMOD^.j.j^.j'.J^/XKj.j') equal to the above 

ratio. 

Returning to LS and jl coupling, we have: 

2 
|<[S,(L   ,£)L]JErHS,(L   ,£,)L,].J'>i - 1     core   J : . l 'v core'  '  J   ' 

XI(J,J!)       ' ^core^^'^^o.e'* '• 

WZMODCL.J.L'.J'.S) W2M0D(£,iM£
,,L,,L   ) 

|2 > 

zz*- \<iu\v>\2 
XKJ.J') XI(L,L ) 

for LS coupling, and 

:[(J   ,£)K,s]JJri[J   .VW ,s]5y>\2 
: < I  - - .-,■-, . . ..■ core core 

XI(J,J )      '  core'  • • core 

W2M0D('rt,J,K
,,J,,s) waMODU.IC.C'^'.J   ) 

>!2 

core 
XKJ.J') XKK.K') |<£:r; t'H2 

for JÄ coupling. 

Sunning over all z-components of J for both Initial states and final 

states and dividing by (2J+1) is equivalent to multiplying by XI(J,J') 
4     3 

(See Condon and Shortley, Equations 7 5 and 9 11) 
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r V>\2  =  ±— [TR R' rdr]' 
hi    -1  0 

(R and R' are radial functions although the 

quantum numbers pertaining to the radial part have not been written in 
2 

the abc-e equations.)  ihe final result for 3|<nizjm>[  summed over final 

states and averaged ever initial states is: 

W2M0D(L,J,L,,J,,S) WlMODU.L.fc'.L'.L )   [TR R'   rdr]- 

                                                  core     J^ 
XKL.L') (2M-l)(2il'+l) 

for LS coupling,  and 

WZMODa.J.K'.J'.s) W2M0D(ll,K,ilr,K,,J         )   [TR R'   rdr]2 

  core      t  
XKK.K') "   ~ (2£+l)(2£,+l) 

When these quantities are multiplied by (2J+1) and summed over 

all possible J and J' in the initial and final wultlplets, the result is 

/p(7fly in the notation used by ^ehrlich and Griem, the 7H standing for 

"multiplet". Qi (X. )0(7W) is then (2J+1) times the above quantities, 

the*C standing for "line". (ST ÜL) obviously was defined to satisfy the 

rule 10      (aC) - I- 
J  T < m 7 

A sum rule derived from first principles states that vj<njz|m>! 

summed over all discrete final states and integrated over continuum final 

states should equal the Rydberg constant in the same units a,«5 v. In the 

program print out the quantity S3 or SUM3 is the sum over discrete states 
—        2     —     — 1 

of 3 vj<njz|m>j  with v in era  .  It should approach 329,212. 

4F. Rohriich, Ap. J, 129, 441,449 (1959). 

H. Griem, Plasma Spectroscopy, McGraw Hill Book Company, New York (1964). 
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Intermediate Coupling 

Most elements do not fit a well-defined coupling scheme as 

nicely as might be desired.  In other words, their states are mixtures 

of pure states. No matter what basis is chosen—LS, jl, jj, etc.— 

the actual states are linear combinations of the basis states, and a 

transformation matrix between the actual states and the pure states 

exists. 

For the intermediate coupling (IC) program, an LS basis was 

used, and the elements of the transformation matrix between states of 

different configurations were assumed to be zero.  For each type of con- 

figuration Involved, a theoretical matrix expression for the electro- 

static and spin-orbit perturbations to the Hamiltonian was generated in 

terms of F., Gn, F„, G?, £, and C1- The electrostatic parameters, F , 

G-, F-, and G2, appeared only on the diagonal for ehe LS basis (See 

Condon and Shortley, 1 ), while the two spin-orbit parameters ? and c,' 

appeared in many off-diagonpl positions (Condon and Shortley, I ). 

However, no cross terms exist between states of different J, implying 

that J is a good quantum number in ail coupling schemes. 

If the theoretical expression is correct and if it is valid 

to ignore configuration interaction, then it shouxd be possible to choose 

values for the parameters such that the diagonalized matrix corresponds 

closely to the observed energies, in spite of the fact that the number 

of energies in a configuration (the number of conditions that can be 

imposed on the parameters) is larger than the number of parameters.  In 

practice, the parameters are adjusted to give a least squares fit between 

the energies calculated by dlagonalizatlon and the observed energies. 

This is done; by using trace conditions from the blocks of different J 

within a configuration (There are no Interaction terms between states 

of different J.) to set several of the parameters Initially, As a first 

guess, the less significant parameters are set equal to zero. The matrix 

is then diagonalized and partial derivatives of the eigenvalues with 

resper*: to the parameters are calculated.  A multiple-dimensional Newton's 

method is applied to readjust the parameters. The process is repeated 

until the sum of the squares of the energy differences changes by less 

than 0.1% from its previous value. 
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The mitrix elements for z between various LS states are easy 

to calculate, although phases are somewhat of a problem.  (See Condon 

and Shortley, 4  ).  Using the transformation matrices, calculation of 

oscillator strengths is straightforward. 

THE RADIAL INTEGRAL 

Schroedinger's equation for the radial wave function is: 

R = R /r = P /r — + [-2V(r) - ^ - ^ + e]R = 0 

where r is in Bohr radii 

and c is in Rydbergs 

Both of the methods used in these programs for solving this 

equation, the Bates-Damgaard approximation and the scaled Thomas-Fermi 

method,  are semi-empirical—that is, e is set equal to the observed 

energy of a known level. The difference between the two approaches lies 

in the potential V(r) that is chosen. 

The Bates-Damgaard or Coulomb Approximation 

As a first approximation one guesses that the potential in 

which the outer electron moves is simply a Coulomb field due to a nucleus 

of charge +Z shielded by NEL-1 electrons very close to the nucleus. 
Q 

Thus V(r) = -—where C = Z-NEL+1 is the effective core charge.  (C = 1 
C2 

for neutral atoms.)  Letting £ = —- the differential equation is now: 

JL| + j 2£ _ m±iL _ c: j R = 0 
9r r"     n 

L.   Bates and A. Damgaard, Phil. Trans. Roy. Soc. (London) 242A, 101 (1949). 

J. Stewart and M. Rotenburg, Phys. Rev. IAO, A1508 (1965). 
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There are two boundary conditions, that R-+0 at the origin and 

infinity. They can both be met only when n is an integer.  In complex 

atoms n is generally non-integral, and one condition must be dropped. 

Since the major contribution to I  R R rdr comes from iaree r for most 
•■' ^  n m 0 

transitions, it is reasonable to forget the condition at the origin. 

The wave function then blows up at zero and is not normaiizable. 

A mathematical trick is applied at this point. An asymptotic 
cr 

expansion for large r is generated by making the substitution R=ue n 

and finding a recursion relation for u. 

_ct 

R - e " (■^)n [14- I   ^ ] 
t=l r 

a is given by a recursion relation in reference 6. 

As long as the £ contains a finite number of terms, the condition at 

infinity holds  and the one at zero does nc-  But, a quick check shows 

that the differential equation has an irregular singularity at infinity. 

Therefore, a power seriec expansion in (1/r) does not necessarily con- 

verge to a solution.  In fact, the sum diverges here.  In spite of this, 

if the series is terminated at the proper term, it gives vary good fit 

to the actual solution for r>2 or 3 (depending upon n and 1, of course). 

I R R rdr is now aa integral of an exponential term times a 
o    ri m 

power series in r, and may be expressed as a sum of gamma functions. 

Because the function does not have to be evaluated numerically at a number 

of points, very rapid computer calculations are possible.  (The normali- 

zation is also given analytically. ) To overcome the problems of the 

singularity of the origin and of the diverging series, all powers of r 

less than 2 in the quantity R R r are removed.  These terms do not exist n     -^  n m 
physically since the actual potential is not a Coulomb field near the 

origin.  For the details of tne theory and calculation, see References 6 

and 8 • 

c 
E. Coriraldesi. and E. Geil, Computer Program for Pates-Damgaard Integrals, 
Vtestinghouse Research Laboratories Scientific Paper 66-1C1-BPLAS-P4 (1966), 
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The Thomas-Fermi Method 

The Thomas-Fermi approach utilizes a somewhat more realistic 

potential.  Instead of assuming that the N -1 shielding electrons are 

clustered within an infintesimal distance of the nucleus, it predicts a 

distribution of the shielding electrons based on Fermi-Dirac statistics. 

The fact that the potentials formed in the above manner bring the wave 

functions much closer to fitting the boundary condition at the origin 

justifies the use of the method. Moreover, the fit can be made perfect 

by linearly expanding or contracting the potential in space by a scaling 

factor close to one.  The latter is the scaled Thomas-Fermi method. 

The easiest way to understand the method is to look at the net 

charge contained within a sphere of radius r as a function of r. 

shaded area is $(—) 

The contained charge must obviously go to Z as r-K), while for r>r^— 

that is, for r outside of the core—the contained charge is exactly C, 

as in the Bates-Damgaard method. 

containing   \  Z[d»(-) + —] 
charge    \ o V(r) = 

-ZU (7) +F1] 

- C/r 

r<r 

r>r 

where (Ho) « 1 , cj) (x ) = 0 , *' (x ) 
o o x Z 

o 

with 
o 

x = — 
o   u 

According to Fermi-Dirac theory: 

u = 0.8853 Z 
.-1/3 

ill _ .3/2 -1/2 
9   T    X 

dx" 
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At first glance th«re appears to be one extra boundary condition 

on the differential equation for ^.  However, x has not been specified, 

and all three conditions are needed to uniquely determine $.  The equation 

must be solved numerically, but without x the calculations are quite 

extensive.  Luckily, the work has already been done, and a polynominal 

fit for the value of x as a function of (C/Z) has been made.  The 
o 

present jl and IG programs merely solve for x using the polynomial and 
r 

then generate $ by starting at x with «^(x ) » 0 and ^'(x ) r . ^ 

automatically becomes one at zero.  This calculation need only be performed 

once for each atomic species, for ^ Is completely determined by C and Z. 

e solution to Schroedinger's equation must also be dons 

numeric      No analytical solution Is possible because V(r), which 

depends c ♦.is on^y known numerically. Two transformations are made:' 

P(r) - p(y2) , r - y2  ,    R(r) - R(y2) 

1/2 
and p(y) - y   q(y)    .       dr - 2ydy 

giving: 

3 q  jl6 U A+ 1) ±  3 . . 2..,,, 2,   , 
—* -( -4—=—' + 4y [2V(y ) - e]  q 
ay2  ^    4y

2 J 4 

This is solved by Numerov's method which has an ^rror in each step on the 
6 1 /? 

order of h  (h • step size).  In the program h was y /32 where y = r 
o        ^oo 

The integration was started at a y quite a bit larger than y 

by evaluating the asymtotlc expansion of the Bates and Damgaard (BD) 

function at two points, separated by h.  Care must be taken that y is 

large enough for the asymtotlc expansion to be sufficiently accurate and 

for the tall of the wave function to be negligible beyond y.  Still, tha 

starting point must not be oo far out that Numerov's method drifts from 

the actual solution.  The first term of the asymtotlc expansion is of 
""V 

the form e ,   , and such functions do exhibit considerable drift when 

Numerov's method Is started too far out.  (The higher derivatives of 
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e -  are very large coinpared to the function itself when y is large.) 

in this program the integration was started at the point where the first 

term of the Bates and Damgaard expansion has dropped to about 1/3000 of 

its maximum value. 

If the scaled Thomas-Fermi method is being done, the Integration 

is stopped at one step from the origin and the number if nodes in the 

wave function is checked to see if it is equal to n,  -  i -  I.     n. 
int int 

is the given principal quantum number, not the effective n calculated 
(]2 

from c= —j •  n   is always an integer.  If the number of nodes is 
n     * 

not correct, then the direction in which the scaling factor must be 

changed is immediately determined.  On the other hand, if it is correct, 

then the ratio of the two points closest to the origin i^ checked against 

the ratio predicted by a special asymtotic expansion for small y, obtained 

from a recursion relation for the approximate equation: 

A _ IM u + j)+ 3 
3y      ^y" 

From this the direction of the next -Lange is found. Tne scaling factor 

steps in the proper direction by 0.05, to either 1.05 or 0.95, and the 

diff. eqn.is resolved with the appropriately changed potential^.  The 

scaling factor continues to move in one direction until the value which 

gives a boundary fit is overstepped.  Then the step size Is cut in half 

each time a new step is made.  In this manner, th^ Interval in which the 

correct value falls is bisected with each step.  The iteration goes oi 

until the step size is less than 1/2000 or until the ratio of the two 

points next to the origin is within one percent of its predicted value. 

In the rare gases the gr. 'nd state has too «mall an n ,.r to be 
ei f 

put into the Bates and Damgaard (BD) method.  Instead the wave function of 

the ground state Is calculated numerically by the scaled Thomas-Fermi 

methoo.  Therefore, when the ground state is involved the / R R  rdr ia 
Q    n m 

done numerically, implying that the wave functions of ail upper plates 

that make transitions to the ground state must be known numPirically. 

One way of getting the upper state wave function would he to sum BI) 
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asymtotic expansion at each point desired. However, it is quicker to 

slaply solve Schroedinger's equation numerically since Numerov's method 

requires only a small number of operations at each point, whereas summing 

the asymtotic expansion is somewhat involved. As long as the differential 

equation is being solved numerically, it is just as easy—and certainly 

more accurate—to use the Thomas-Fermi potential in place of a pure 

Coulomb potential. This constitutes the unsealed Thomas-Fermi method 

and has roughly a factor of ten advantage in computer time over the 

scaled TF method.  In general, wave functions generated this way will 

blow up at the origin and must be chopped off near r - 0. The program 

imposes the form r  , the first term of the expansion of the wave 

function for small r, when the centrifugal potential term  ^— 
by1 begins to dominate. 

GIANT/FIASCO first solves for 4> and then generates a scaled 

Thomas-Fermi wave function for the ground state and unsealed Thomas-Fermi 

wave functions l'or all other states up to the point where n ff is greater 

than the n ,f of the ground s'ate by more than DNEFF an arbitrary limit 

fed into the program.  (Transitions with a difference in n ,, greater 

than DNEFF are not considered. This is true of non-ground state transi- 

tions as well.) All generation of any kind of TF wave functions is 

performed by an internal procedure called THOHASFERHI. The integration 

of J R R rdr is carried out numerically when both wavs functions are 

known numerically and is done by the Bates and Oamgaard method in other 

cases. Uf course, it is not done at all if the difference in the n f,'s 
is larger than DNEFF. 

i 

qUAfijVm vuviSr >ix 
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There are several arbitrary conditions dealing with the Thomas- 

Fermi method specifically that are built into the program and may require 

modification in the futu-e.  They are: 

1) the step size h for solving differential equations—it is 

x x /4096 for $, and y /32 for the wave functions o o 

2) the conditions lor stopping the itera' ion in the scaled 

TF method 

3) the method of chopping off the singularity at the origin 

in the unsealed TF process 

4) choosing the y outside of y at which to start solving 

Schroedinger's equation 

5) deciding which transitions should be done by the BD method 

and which should be done numerically 

6) deciding which levels should be scaled TF and which should 

be unsealed TF. 
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SYMBOL TABLE 

Z:  the atomic numbe.- 

NEL:  the number of electrons 

C:  the core charge seen by the outer electron  CZ-NEL+l 

the Rydberg constant in reciprocal centimeters  R..109737.31 

an index running over the energy levels 

orbital angular momentum of the outer electron 

R: 

N: 

L: 

J: 

T: 

total angular momentum of the atom 

energy of the level in cm 

-1 TINF: energy limit of the level in cm' 

In the LS program only 

MULT: multiplicity -2S+1 where S is the total spin of the atom 

LT:  total orbital angular momentum of the atom 

P: parity of the state 

In the jl and IC programs only 

CORE:  total angular momentum of the core 

K;  intermediate quantum number 

TINPO:  the value of TINF if CORE-1.5 ^r 0,5 

TINF1:  the value of TINF if CORE-1.5 

TINF2:  the value of TINF it CORE-0.5 

NEFF:  the effective principal ciantum number of the outer electron 

Program II 

L, J, T, MULT, LT, P, CORE, K, and NEFF have the same meaning as in 

Program I but aie now arrays. Z, NEL, and C also have the same 
meaning. 

an index running over the states.  In particular, it ic the index of 

»:he initial state when dealing with a transition.  In PROCEDURE 

THOMASFERMI, however, it has the value of NEFF. 

an index running over the final states. 

in the LS program only, means the same thing as M does in the Jl and 
IC programs 

N 

M: 

K; 

. : 
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DNEFF:  the largest difference In NEFF for which the program will consider 

a transition between two levels. Also, in the jl and IC programs, 

Thomas-rerml wave functions are calculated for all levels whose NEFF 

Is :.e.3S than DNEFF&greater '..han NEFF of the ground state, 

NMAX:  the highest energy level index to be considered. 

NNMAX:  the hip.iest energy level index to be considered for the initial 

state. 

OS:  the square of the matrix element of r summed over the M^ in the final 

level and averaged over the M.  in the Initial level. 

LAMBDA:  the wavelength in angstroms 

TT:  the energy of a transition In cm 

Cl: a constant ■0.58723A 

YY: Cl x TT 

SUM1:  the sum of the OS's for all transitions to a given level 

SUM2:  the sum of the quantity OS/TT for all transitions to a given 

level 

SUM3:  the sum of the quantity OSxTT . r all transitions to a given level 

SI. S2, -nnd S3 have the same meaning In the LS program. 

A:  the transition rate in sec 

II, 12, and 13 are indices used in the Thomas-Fermi and intermediate 

ccupllng sections of tne jl and IC programs. 

Variables Associated with the Thomas-Fermi Method 

QQ: the Independent variable in the pclynomials used to initialize the 

ionic ..adius.  See Stewart and Roteid)erg. Appendix A. 

QQS'uM:  the sum of the QQ polynomial 
1/3 

XO:  the ionic radius times Z   /0.8853 

AA, BB, and CC:  the coefficients in the initialization polynomials 

PHIM1, PHIO, and PHIP1 are <'..,, *,. and (j) . respectively. The ^-function 

is found by solving the differential equation *"(x) ■ l0(x)/x] 

from x inward, 
o 

ili       the step flze used in this iteration.  It is - to XO/4096. 

H32: a variable = to H3/2 
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J1STAN:  the step size used in solving for the actual wave functions.  It 

is - tc v^ /•*2,  The independent variable in the wave function is 

2 
VMÖD:  8y times the Thomas-Fermi potential in Rydbergs.  It is given as 

a function of y, at points separated by HSTAN/2. 

WF:  a 2-dimensional array giving R(y")Aj^as a function of the index of 

tiie  energy leveJ and y, at points separated by HSTAh. 

NORM:  the normalization factor by which WF for a given level must Le 
multiplied. 

NTF:  the index of the highest energy level for which a Thomas-Fermi wave 
function is calculated 

NPOINTS:  for each level, the number of points at which WF is given.  It 

is - to the maximum y considered divided by HSTAN. 

NINT:  the principal quantum number of the outer electron for a given 

state.  (NINT stands cor N integral, as opposed to N effective.) 

The number of nodes expected in the wave function is NTNT-L-1. 

The following variables are declared inside PROCEDURE THOMASFERMI. 

WFn, WFO, and WFK1:  values of WF around a given y 

KSP1, KSO, and KSM1:  values of K. where the differential equation is 
,2 

"^WFCy) - K (y). 
dy2 s 

FACT0RP1, FACTORO, and FACT0RM1:  values of the quantity (1 - H2K /12) 

Note: PI and Ml stand for +1 and -1.  PI means thac the value is given 

for a y one st»p closer to the origin, while Ml corresponds to a y 

one step farther from the origin.  (The integration proceeds inward) 

EPSILON':  the energy eigenvalue In Rydbergs. 

H (already declared outside the procedure):  the step size used in 

solving for WF.  It is readjusted as the scale factor a is varied. 
2 H2:  a variable set equal to H 

H2TA:  4K2 

H2012: H'?/12 

H2T506:  5H2/6 

Y2T4:  4y2 
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RMAX:  the largest value of r considered.  Outside of RMAX the wave 

function is assumed to be too small to make any significant contri- 

bution. 

INVR:  I/RMAX 

SCALE:  the scale factor a in the scaled Thomas-Fermi method 

JUMP:  the amount by which SCALE Is varied between successive trials. 

DIRECTION:  the direction in which SCALE is varied.  It is +1 for an 

increase and -1 fur a decrease. 

OLDDIRECTION:  the previous value of DIRECTION 

BEFORE:  a Boolean variable which is true as long as SCALE continues to 

jump in one direction by steps of 0.05. When the proper value of 

SCALE has been overstepped, BEFORE becomes false, SCALE converges 

by a bisection procedure. 

LASTTIME:  a Boolean variable which becomes true when SCALE has converged 

sufficiently.  It activates the normalization and cut-off procedures. 

VARYSCALE:  a Boolean variable which determines whether a scaled or un- 

sealed Thomas-Fermi method is to be used.  In the present program 

VARYSCALE is true only for the ground state. 

NEW12:  the number of points at which WF is known after it has been 

interpolated so that the spacing between points is HSTAK 

I.POLY:  a function of L which is used a large number of times.  It Is ■ 

to  i6L(L+l)+3. 

NODES:  the number of times that the wave function crosses the axis 

each time the differential equation is solved. 

RATIO:  the ratio of the values of the wave function between the two 

points closest to the origin. 

DRATIO:  the change in RATIO between two successive iterations. 

INSIDE:  a variable which—on the last iteration—goes to true as soon 

as y moves from the exponential region into the oscillatory region. 

NORMOD:  a non-array quantity which 4' summed to fr>rm the array NORM, 

the normalization factor. 
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Varlahles Aasoclated with Intermediate Coup]ln£ 

(Not a]l of the variables declared are described here, but most of the 

Important ones are mentioned.) 

SPORBMATRIX (4D or 3D):  the coefficients of the first spin-orbit para- 

meter In the theoretical Hamiltonian matrix.  In the 4D case, the 

first Index is the 1  of the configuration, the second index is the 

J, and the last two are the row and the column within a J-block. 

The 3D (I.e. 3-dimensional) array is missing tne first index. 

SPORBMATRIXP (4D or 3D):  the coefficients of the second bpin-orbit 

paracet&r lu tiie Hamiltonian. 

ET.ECMATRIX (4D or 3D): the theoretical Hamiltonian for the electro- 

static parameters. In the AD array, the first three indices are 

the same as in SP0RBMATRIX4D while the last index identifies the 

electrostatic parameter under cons'deration. No -olunm *~-'ex is 

necessary since the electrostatic Interaction is diagonal xn the 

LS basis. 

IELEC and NELEC:  the index and total number of the electrostatic 

parameters. 

IPARAM and NPARAM:  the index and total number of parameters. 

ELECPARAM:  an array containing the values of the electrostatic para- 

meters as they are adjusted by PROCEDURE DIAG. 

SPORBPARAM and SPuKBPARAMP:  the values of the two spin-orbit parameters. 

IGREATER:  the greater of the two I's  of two states under consideration. 

STLS3D:  the matrix elements of cos© between pairs of LS states. The 

tirac index is LGREATER and the other twj are the rows and columns. 

J2, J3, S2, S3, L2, and L3;  the variabler; used to represent quantum 

numbers in generating the Hamiltonian matrices and the LS strengths. 

HOLD:  the variable that holds on to the value of L as the energy levels 

are read in.  When the end of a configuration is reached, the next 

L is no longer - to HOLD and PROCEDUHE DIAG is called. 

^20 and N2D:  arrays holding the values of T and N for the levels of a 

given confiRuration.  The first index is the J of the level and the 

second puts the states of a given J-block in order of increasing 

energy. 
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IJ, IJMIN, and UMAX:  the index and limits for the J-blocks of a piven 

configuration. 

INDEX and BLOCK:  arrays over N giving the J-block and the position in 

that block of every level fed into the program.  The number BLOCK 

is distinct from one configuration to the next. 

LOWERBLOCK:  the lowest BLOCK in a given configuration. 

SIZE2 and SIZE3:  the sizes of the J-blocks as predicted by the sections 

which generate the theoretical Hamiltonian matrices and the LS 

strengths. 

SIZE:  the size of the J-blocks in the observed levels which are read by 

the program. 

I2L0WKR and I3L0WER:  integer arrays which indicate what position in the 

STLS3D matrix to look for a given pair of L's and J's. 

TRACE and TRACES:  the traces of the J-blocks.  Since the traces of the 

unäiagonalized theoretical Hamiltonian and the traces of the observed 

energy matrix should be the same, enough information is present to 

initialize the values of the parameters for a given configuration. 

H:  a matrix for the Hamiltonian formed from the theorecical expressions 

for the Hamiltonian and the values which the parameters happen to 

have €.t the moment. 

TCALC: in  array containing the energies calculated by diagonalizing the 

H-matrix. 

V3D, V2D, and VTEMP: various forms of the matrix which diagonalizes the 

Hamiltonian. 

DERIV:  a matrix of the derivatives of the calculated energy eigenvalues 

with respect tc the parameters. 

ALPHS:  the coefficients of the set of simultaneous equations which arc* 

solved for the corrections to the parameters. They are calculated 

from the DERIV's and the differences betveen the observed and 

calculated T's. 

IT:  the number of times that the parameters for a configuration have 

been readjusted for a better least-squares fit to the observed 

energies. 
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SJMSQÜARES:  f - 8ua of the 8qüare8 of the differenceg of the obgerved 

•nd calcwjiated enevgles. 

HCLDSUM:  the value of SUMSQÜARES from the pievlous Iteration.  If 

SÜMSQUARES has changed by leas than 0.1%. the iteration is terminated. 
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REAL PROCEDURE XI is the same as -(J, J') 

(J + 1)(2J + 3) 

= J(J + 1) 

J(2J - 1) 
I 

\ 

if J' = J + i 

J' = J 

J* = J - 1 

REAL PROCEDURE W2MOD is a modified Racah coefficient squared. 

W2M0D(L, J, L', J', S) - (2J'  +  1) L (21, + D^L' + 1) VT (L, J, L', J^S) 

Moreover, 

W2M0D(1. J. L'. J*. S) 
XI(J, J') 

|<SLJ P SL'J'>|' 

i<L P L^l2 

where P is class T with respect to J and [S, P] 

REAL PROCEDURE I calculates the radial integral / R (r)R (r) rdr by 
^ n   m 

numerical integration it both N and M are less; than the -"ndex of 

the highest state for which a Thomas-Fermi wave function has been 

calculated. For all other pairs the Bates-Damgaard method of 

integration is called through REAL PROCEDURE BD. 

PROCEDURE THOMASFERMI takes NEFF, NINT, and L for the Kth level and 

produces a wave function. 

PHI/GENERATOR produces the Thomas-Fermi potential by numerically solving 

a differential equation derived from the theory. All quantities 

calculated in this section pertain to all levels for which 

PROCEDUFE THOMASFE(<MI is applied. 

Section in the program which sets NlflTtrr] for all the energy 

levels for which Thomas-Fennl wave functions are calculated 

must be changed for every different atomic or ionic species. 
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The IC Program 

2iÄTRIX/GENERAT0R - the part of prcgram which e^nerates the theoretical 

expressions fo: electrostatic and spin-orbit perturbations to the 

Hamiltonlan.  Th? LS basis is us^d and matrices similar to those 

on pages 268-269 of Condon ai:Q Shortley 1  are produced for each 
13 

parameter.  Section 1  page 29S gives the actual coefficients 

generated, since the pr .gram is at present designed to do the rare 

gases. 

LS/STRENGTtIS - prodeces a matrix for the angular part of the dipole 

operator. All possible pairs of LS states ars considered. When 

PROCEDURE DIAG has expressed each energy level as a linea'- combi-a - 

tion of LS states, it is then easy to calculate the angular matrix 

element between any two of the actual seated. 

A section ..n the program takes the energy levels in each configuration 

as a group, places them in blocks of different J, and then re-ord«rs 

each J-block in order of increasing energy, which are then fed into 

PROCEDURE 1 IAG, one configuration at a time. 

PROCEDURE DIAG takes each configuration fed into it and compares the 

actual obser'^d energies with the theoretical expressions for the 

Hamiltonlan which have been generated by MATRIX/GENERATOR.  DIAG 

then adjusts the theoretical parameters so that the diagonalization 

of the theoretical Hamiltonlan gives a least-squares fit to the 

observed energy ig?nvalues.  Once this is done, the matrix which 

di<igonalizes the Hamiltonlan is merely an expansion of the observed 

levels in t^i.ss of LS basis states.  This matrix saved for the final 

computation of the oscillator strengths. 
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INPUTS TO PROGRAMS 1 AND 2 OF GIANT/FIAfCO (LS PP GRAM) 

under "FIASCO" (input to Program i): 

a card with Z, the atonic number and N ,, the number of electrons 
ei 

a card with the value of T, , 
inf 

for each level of MOTS's tables a card giving; 

L (orbital angular momentum of the outer electron) 

MULT (multiplicity « 2S + 1) 

LT (total orbital angular momentum) 

P (parity + +1 even, - -1 odd) 

J (total angular momentum) 

T (energy of the level in cm ) 

under "k£ADER2" (input to Program 2): 

a card with NMAX (the maximum N to be read) and NNMAX (max on the 

index of the initial state) 

a card with DNEFF (the limitation on interacting levels) 

INPUTS TO PROGRAMS 1 AND 2 OF GIANT/FIASCO (Jl and IC PROGRAM) 

under "FIASCO" (input to Program D- 

a card with Z, ';he atomic nmn . - and N ,, the number of electrons 
el 

a card with the value of T. , for CORE - 0, the value of 
inf 

TJ , for CORE » 1.5, the value of TJ   ,  for CORE - 0.5 inf inf 
for each level of Moore's tables a card giving: 

CORE (total angular momentum of the core) 

L (orbital angular momentum of the outer electron) 

K (intermediate quantum number) 

J (total angular momentum) 

T (energy of the leval in cm ) 

under "READER2" (input to Program 2): 

a card with NMAX (the maximum N to be read) 

a card with DNEFF (the limitation on interacting levexs) 
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15 ^ards giving the coefficients rf the three initialization 

polynomials for the Thomas-Fermi function. Each card has 
four numbers: 

the index of the coefficient, 
A(Index), 

B(index), 

C(index), 

(See Stewart and Rotenberg , Appendix A) 

and, for the IC program only, for each possible L (L » 0, 1, 2, 3) 
a card with: 

LMi (coeff of F. if L   .. - L - 1), 

LSAME (coeff of F,, if Ltotal - L), 

LF1 (coeff of F2 if Ltotal - L + 1), 

LM1SC (coeff of G0  if ltotal  » L  1 and S = 0), 

LP1S0 (coeff of G2 if L   l - L + 1 and S = C}, 

(See Condon and Shortley, pp 2i>299). 

ON EXTENDING PROGRAMS 1 AND 2 

LS Program: For elements in which the L of the parent term is non-zero, 

the expression for OS must be changed from W2M0D (1, J, L', J1, S)a to 

W2M0D (1, L, 1', L', L   _ ) 
-'2M0D (L, J. L', J . S)  XI(L. L')   P   ^ 0 

In more complex elements, coefficients of fractional parentage must 
also be added. 

jl and IC Programs: To do other rare gases, the only change necessary 

is the setting of NINT (the principal quantum number) for all of 

the levels to be done by Thomas-Fermi method. 

To do other elements the cards which define the ground state as a 

'S state and multiply the strengths of ground state transitions by 
six, must be altered. 
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IC Program: NMAX must be set low enough that no configuration with fewer 

than the predicted number of levels gets read by Program 2. NM.*X 

should be one greater than the last le" JI in the highest configura- 

tion to be done. Although this grea ly limits the IC Program, it 

would be possible to do many more transitions if PROCEDURE DIAG 

expanded the actual states in terms of jl basis states instead of 

LS states. Higher states in incomplete configurations could then 

be approximated as pure jl states. Therefore, a matrix which 

transforms the LS basis to the jl basis would be a useful addition. 

For elements with rnor« complex configurations, the variable which 

identify the states and the J-falocks must be changed, alon  .ith 

th ■ generator ol  the theoretical Hamiltonian and the LS st engtht. 

This involves rewriting most of the procedures. 
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OUTPUT FROM PROGRAM 2 OF GIANT/FIASCO 

Following the listing of the energy levels from Program 1, 

Program 2 will print out varying quantities of fairly self-explanatory 

information, depending upon the coupling scheme—that is, LS, jl, or IC. 

The Jl and IC programs will first list all the Thomas-Fermi 

wave functions ss  a function of the number of steps from the origin in 

y.  (The function printed is actually q(y); see the section describing 

GIANT/FIASCO.) Note that the first ten steps are given, and then jumps 

of five steps are taken to save space.  Immediately below each wave 

function is printed the expected number of nodes, which is simply n  -1-1, 

and the actual number of nodes in the wave function shown. The two 

numbers are always the same for levels done by the scaled TF method, but 

in the unsealed cases (These can be identified by the fact that SCALE = 

1.300.) there is no guarantee that this is so. When the two are the 

same, it is an indication that the Thomas-Fermi method is valid. 

The IC program will now print out the transformation matrices 

irom LS states to the observed statas. Double lines separate different 

configurations, wh*1» single lines separate the Iterations approaching 

a leastsquares fit for a given configuration. For each block of a dif- 

ferent J, the observed energies and the energies calculated by diagonal- 

izing the theoretical Hamiltonian appear next to the corresponding rows 

of the transformation matrix.  (Note that some of the matrices are 

rectangular although all of them should be square. Extra columns on 

the right should be ignored.) Directly below, and within the same J 

block, are the derivatives of the calculated energy eigenvalues with 

respect to the various adjustable parameters. The rows are in order of 

increasing energy eigenvalues, and the columns are in the same order as 

the list of parameters, which appears once for each iteration.  (Deriva- 

tives for parameters which are not involved—that is, parameters which 

are zero after the first iteration—should be ignored.) 

Finally, the LS, jl, and IC programs all print out the transi- 
2 

tion probabilities in the form 3|<niz|m>| , which had already been summed 
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over final states for m and averaged over initial states for n. At the 

far right is Einstein's spontaneous emission coefficient in the form 
-8 

A  x 10 .  However, at present the jl and IC programs have a card near 

the end of Program 2 which reads: 

A*-\x(2xJ(N)+l/(2xJ(M)+l); 

-8 
This reverses the indixes n and m so that A  x 10  is printed out 

-8 mn 

instead of A  x 10  as the comment cards in Program 2 claim, 
nm 0 

AUXILIARY PROGR^' FIASCO/RESULTS 

This pro^ :am merely reads the stored output of Program 2 from 

Ihn  disc READF2 and prints out the transition probabilities in several 

forms.  GF is gf, FNM is f  , ANM is A  , and AMN is A  .  Input is just 
ran        nm mn 

the levels of Moore's tables with the same cards that go into Program 1. 
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tJi|*l(*  HWISO««»   ntf   19.   IW ML  «HOL   »IMIO*  or     l/OI/*' 

st««T or tcs"i»T         i riU  OUT  »«!|NTt*   «(I.tlll it tt 010 
rut OUT noeri on« stiiUkifOit») >ic>c* -«t*ort-(j.io.JOO.i«vt  io) i tc     ti )■> 
rue OUT «»or? DIM unuKtouoj -ic«t" -(ic*j»<-<i.io.»»o.««»t 10) i se ii "o 

eOaatNT iMiCT »xatoCNixe ixo »Mirr or jricnxn. ilNti IT IktCT»OM« ic ti ion 
•••MO»«»»   I«"rO»  Mt««T   CU«C«rt   f7lllT«TI »!)••• IC ll (Oil 
IMuTl   CM»   «I'«   <   tlTOmt   «UMC«)   «NO   »CL   (MUM«  Or  tUCTftONS) »c t, 1011 

»C»»0   >tTK   TINf   rc«   CUHCO.   Tluf   fO*   COKC'ttSf IC il 1011 
wr ra* co»c«o,». ic n io>z 

• ODD rot («c» LtvtL or «OOMI T<(i.ri (ivimoi ic ti ton 
COM (tot.i, «NsuL«« noniKtu" or TMC ca*c>> »c ii ion 
t (OMitti »«sm«" »OMtNtu« or OUTC« tttctHo«), ir n ion 
■ (iNTtmcDXTf «UMTU« ku»if>. tt ii ion 
j (»ot»t «NGok** ■extwtu«). 
T   (tNt«6»   or   LUli) 

IC II 
»e Ii 
IC II 
»e II 
»c It 
•c Ii 
IC Ii 
IC II 
tc II 
«c Ii 
ir II 
»c II 
IC II 
IC II 
•c Ii 
ic II 
•c II 
IC II 
K ll 
IC Ii 
IC Ii 
IC II 
IC II 

tc 
.NT   •••••• 

II 
• ••• 

ic ii ion ..„._.   «r   kOtL) IC ll ion 
0Ut*UT<T4«i,t   4KIN«   I>   NtL   ««0   t«J-"CL»l It tl lOH 

*w. roi> tttm ititi. tt ii ion 
i (IMTCM* ^■Mmm iittt. ro* •(riDtucr). K i< ion 
Mtrr (trrccT|T( MIMCIMI «U«>ITU« NWMIC* IC II ion 

or outt« ti.iCT»o>i). ic li ion 
coiii,t..«.j,T.Ti'.r. sc II ion 
CAM  HITH   S.HIL.C IC ll 1011 
» c»«o ran i«c» tttti iivimsi ic n ion 
N.«err,cent.Ltii>j>Ti tc n ion 

rut I» Miof* "ruico- (».ion sc n ion 

ITMT   or   IttntNT ••.. ) roM*T rtc*t>*tii>»«*»u*-.ti>a*.-c*i>«t;.M«->iii< »e ii in 

•Tiwi, »e »i in 
rj(ij.iu.«i«.n.<..>.s.i.«j.ij.«i,«j.i.«i.«i.i.o.«i».).«i.»ir,i). tc «i )n 

mil.••"»««.ii«"••••}.i.-.•«ii.".".»».i.■.".»i.i»'»"«»!».!»"»")» te •• in 
L»Otl.  ITtllT.ttSTl SC «1 in 

•   II       Tt  LOkS>  «Wit ltd I tnrtMii i.HL.L.c«; sc ii in 
Hti titrfo.Tiwi.Tmrn »c ii in 
M«k COM««.Jx.TINT.M...*I sc ii m 
••losTir.iu sc ii in 
HU  («I«OC«./W.liCt)i *C ll •>t 
COI-HCL*!! SC 1.      IIU 
MiiTt (Mi>irto{0OLi>rj.{.iiCktC)i ic n   mi 

»•ITC   !M«0ri.f../.»H.,C)i 
MiTt (nnnrioiaOD.rut 

«C40(«t»OI«./.TI»f o.tlNf 1. Tmr?)) 

tr co«.i.s imtH Tt«ir.tii,ri n.sf 
ir C9M<0,S tutu tinr.tinri ti« 
Tmr.rriirei 
«Tr.c.s««f(»/<tiii»-'))i 
«•«.it 
••Itl   (»iil>flii.r !,s,i.in,CL-f,..«.   ,T,vsr   . 

SO TO lt*«T| 
filTi ■t*i»u tuitoriii co'.i 

1   II      HI   LOU« US Ik 
rue in n«ot» 'n*äi*i' (i.iox 

it*#'  or st»«CNT to»"»'.' i»r»cr i«040i«i>it t«D SnirT or !»tr'«»L ilxcs ii ttlcTiOKS 
•••moM» !i».-ro» iic«»t lUmfHH (tintAttvn— 
{«ruTI   CtKO   «IT»   •><m   (•   ««ll«.,!.  «   TO   SC   "C«0)     sue   (•«■<> 

(. »««i.u» i TO »r consiocno ro* t-t INITUL itmi. 
CSIIO *tr« Oncrr (LIKITITIOS OH mtiiitCTiM ir»cts) 
«no. it c**os si»!«« Tut cscrriciCKTt or TMC .1 
INITULUITIO* »OL'tomm or '*c i"0>«»s-rt««i runctiON, 
CSCM   L«»0   ".J   •   »U'lClIi 

tNt IKOCI or trt cotrr. xikoci). jimoKi. cdxocii. 
•■to, ro* («CM »aislii.c i  u.o.i.i.t, < c«»n «I'HI 

l.>l.kttiiC.l.ri.|.l>ltO.L»IIO. 
t»csi «.c THI cocrricifNti m t»c   ctceT»osT»Tic mtm«. 

t'l.CSirr or »i  ir tT.t.i, 
iSiKt'COcrr 0'- fl jr LT.I., 
L"iJC"COCrr or sc  I' LT.I-I  «no t«o. 
.'ISO.COCfr   Of   61   If   U"L.l   «»o   S«0). 

r*o« r.nsnta II 
C»«C  altM  ;,«t,.c 
1  COD  ro* etc« LOCI.  «It* «..»I",i.0«C.i..«..».-. 
(ccs «IT« »»«■•I .ILU »et sc K>U) 

outruti TSILCS «:>I«« {.»ci,.c.Kii<i>o*trr, 
t«D. ro» OCH NuuCMCtLit jfoiin'r. »«»c rumcrtoK 
» '«itC or .(..? w5«»'( -:,  ,r»Sui tue »uMf* or itcrs or 
st<c * fH»T t "*s ti«c« ms« t.o 
M<t*C   •   IS   THC   *.0ItL   >>«C  rjuctia«   ««0   t.ss*t(*tOM). 
•»o. ra« t«i etmcKitio« or T»C ic cou»H»s «ttRiccii 

S>2S 

IC ii 1011 
IC ll «in 
5C ll ««ll 
sc ll • no 
JC 11 ^•11 
IC ll •HI 
sc ll 'TIJ 
sc ll •no 
IC Jl mil 
sc 5l SMI 
sc ll SSI] 
IC ll lO'll 
JC ll 1»SI1 
tc ll litu 

I.   KC« »   3C« I 
sc II mo 
IC II 1110 

i 
JC 111 
IC 311 
IC ]>I 
IC III 
JC III 
St 111 
IC ill 
IC in 
JC in 
JC in 
IC in 
JC m 

HI 
in 
in 
in 
in 
in 
in 
in 
in 
HI 
in 
in 
lu 
Ml 
lU 



roaatT  ri(«7- 

17' 

»   ODUfLC   U«!   ttCN  Tint 
•   ilmfilt   UNC   OCH   "Jrt 

cn«(rlau«»Tia« u »If» 
Lf»<IT-S»«»l»   riT 

fo« r»!« line« nr  ■ otfr 
C0«ift«u««Tin%.   •   T««l.l   s 

rn» t»t" tut»»' ilvU 
tn«<r»vfo.   'ft^CUL 
TNf   {"»»»«»OWCIfft 

iiOi f"• t'c« itvni 

PJTH   *(   VH 

»«ic »•ninitJu»")»um 
tiiiii|«»li.« OJfü),   Stwf.tin  ( 

T»««iSiTiei,» r»n« v TO » 

C«»C  «I»«   r,sri..C,»»«i.n«((l 
4*0,   mi   f»c«   ufvtl,   *, 
t   C»»Li   nlTu «i,3,Cn«r,i 

•   Cine   »ItM ««.N.SUXHU" 
t  c»»D rn» rjc LfvCl • I1"' 
«IT» "..«.OK»).»» 

•">i?<»«."i«ri.»"' !?.«»."c«".t 

i Hit  eonrituCtrtOH ttttNt 
7«r oittoMtLiiiTiai« or > 
C"«TfC   TO   B|>l   1   lifTt» 

r'CNT   J   ll!T»<|lt   1 
|VI«(I 

ttrn UV [it»r.eii»tu»Tio». two 
■oa »f T«r Titii<re*«>Tie>i 

• l>   nr   TMF   or»I»«'Ivf|  Of   TK 
'{»   Tf   IxC   »««IfluS   •»•«»rTf»» 

a   111   »TtTtl  II   INTIMCMK« 
Of» tl»lt»tloii "»rrr 

f»(»l/(T(a)-T»»))i 
• u Txc tiis'tix « rn» 

r . 

J.T. 
ttO'tttt 
fa«ctia.   «ITH  N   (■•«  >X0  ■««) 
("S.O.Ö.O, I 
;,l<,-ii«l>>-.I),lt,''Oiitr'--> 

IT««?   Of   Jf«afNT 

fL( " 
raiatar-aiaiHC T 
'Ut'tLOC»".!«) 
fVf?«l*.1.>!0>« 
fff»!vr«B7^t J)) 
rc-TC'Oio.-in» 

r?ij"<"Vi"50H«at 
rrrt-x«",il.ia 

ail.it >> 
fafMlO.I J.CJO. 
fiia«i(««0«a«".ai 

"»CTü»L   a 
rim--' 
f Jen««. 

•jo.i 

"if 

taj -.»an,«), 

ajo.ll). 

".a?i,n.**»"T»««-»a7n,n»,*."CT*".I*>» 
IS   ««£(   ^TtTrafNT   1^   It»""!. 
<i«"raS0.11.«10.-:Tta»TIBNS»".ia). 
-NCff*'>»la.lt>>«i*S*4|.faat*il.llt>**>*Stt>   ^III   »a», 

ic;. 
».ll.«6."r»atCTtO   10.    Of   NO"rSa",IJ,n, 
o. or aootJ«-.!?). 
•.I».".".IJ.»,".IJ<->">I?>"'")> 
IJ.l1."Suat«».»J0.1W«a."«u"Ja'>a»n.Il»««>"JU»Ja". 
1)1 

sc lit 
•c 
it 
IC 
•c 
^c 
IC 
Ji- 
lt 
»f 
Jt 
V 
it 
•c 
IC 
It 
K 
It 
IC 
»c 
IC 
5C 
»C 
IC 
IC 
ic 
IC 

te 
sc 
IC 
5C 
JC 
s? 
»r 
IC 
sc 
»' 
5C 
SC 
sc 
If 
IC 
SC 
If 

10."J(   III   ).>•.>;«.•"-,in,-i.»»«o»-.US. f»(I«•-,•■•.»'., 

•«»••§•>, 
fS(«>.|}.I5.M.«'.a?".tl.a?n,ll.a?0.ll.a?0,ll 1. 
rmii,-.-,ij,-,-,a?n,ii.-.-.«so,ti,".o.o.o.*). 
r»in.-.-.-.iij.i.-.-,t?.-.-,ai,i.-.-.aj.i,.,-,a(?.|.-,»)| 

af4L  «■J.OO!i,».«n.»»i!;.»>'I»l.»"Iai,",><3j,M5T»«) 
»aa«>  •«.«a.rc; "i i«)."'r'um.'■i?«ei.¥""•)( 'iSooi.aoa«!fiiio"H 
IStlGC"    I 1 . 17. :<i 
I\Tr6l»   «IT'I 
:«iTt«Ca   «an-   urSIITStilltOOll 
IVTtSIM   «O01>   NIHTtOHO"!) 
TUt  sa.sa'.Cil 
• »air  KOaiutTai itc. «a^dmitai taac'3 11.0 iS.C l*>0 l« 11 
INTteta   »0ir,.ICl.rC.j2.l,?.Ll.5?.S3l 
INTCkfa  Lai.LS'"t...»l.L«lS0.Lai5')l 
INTrGta taair tLft»«'»! upr' n.c t«." ■«." i»-. I?"««t0i j,c ID i 
«aa«T fjo.ijoiono.ois)! 
I»U»ta   L0ara«l.0C«.Ija»«.lJ«I>i.IJI 
TfcTtOt»   »»a»»   l»iItClll1.l'<eC>>aiOC«tOn005l 
•C«L   1^1.5) 
»aan  ITtllotO« J.OUJ.OHJll 
INTrsta  jl.L6»tmai 
!«iTt5t«   »aa,T   l!i.Oata,IJLDafar''ll.OlHl 
»a»«»  viOtoi!l>»JO<o:?~n.oii.''iS)l 
iNTtsia iwr?,ii«i.tJLnat«r o.l3LO»taorn 
at»L  $U"t.»i'»J.*u'<>.C|.05.TT,r».ta»«o«i 
aetu  »i 
taaiT  Nrrr.trot.*. J.TIUHO"" ! 
ixrtsca «••i.Naaii.oaC'f.{•■■rL.C.N.ai 
t*  ti,l*  «aan     iteiaoeil 
CP"»tNT 0««TIatI 

COaaCxr ^AWMAJ 

COawtxT Nfalafttl 

COa«C«T J4C8IIII 

■C>L  »anctCuat  »1<(*>«II   »»lul  a.91  »Hi  '.«) 
»IGI«   ir   a»(   Ta(M  •»■♦a  tilt   • «>•«  tNO) 
•f«L aanctouat    >t(j>j*il    HL  r j.^ai    a[4t  j.j») 
•C«ta If ja.j.;  Tata il»<ja|)>'?>j«i» rill 

If   ja»j   Taf»   «!»J»(J»1)   flSf 
I|»jl(?a4at)|     t*OI 

»-J» 

»u 
»i» 
Ml 
Ji? 
Jl? 

OS   LGNS, Mf «» tr» 5 
»U 
1>.» 

MM 
till 
HU 
me 
(•11 
H'l 
t'l» 
I'll 
I'll 
mo 
KM 
MM 
»«10 
»no 
I0M 
»Oil 
"1? 
1»II 
«•11 
Ml} 
1«II 
nn 
«♦ii 
«no 
«lie 

eoeooooo • ii" 
• HO 

eenoAooo • nc 
taaataat mo 
oooooeoo «HP 

l\>r 

4110 
• no 
«»10 
4»IP 
•HI 
«•in 



•HIN  ■KL   «U«.0» 

ir J»*4«I TMOI C>J»>I>>J«I> ctK 
If  .>».J  lack 0»."lJ.n  list 

If   u'-t.l   Tirt« 

ir   J»»v«l   Tutu   «u««<j»»J«L<')"tJ»»»«l»»l),(J''»«!.)'!J»«»»L')   r' 

I»  l»»l   Tin» 

ir   J^.J   I»Ct»  lll««<Ji(v*l>»»«(»«ll»4.«ll«U)«»  «Lit 

>t 
tktf 

CkM 

ir   J».J   TMIII  >.gl<»(j.5.L )•( J.J.L»l »•<S«VJ)ii(J.S-l.»)   'til 

II II Mac MOCICuW kM (   « .  >0 .  01 .   r . N ) I 

tlllM.1   MKMDlT.IMKMMOtllT   «»«Uitl.tlTi4mi.4Tt   If   NOT   »««H«0.».C<, 
I    • MtlMD  INMNiiKNT  »»Lut 
I« •  riM'   iMMWMtiir VHüt  0'  '  TiKt  (fg«  »(C!) 
BM • ii.tu »TIP ro» uocnNomT 
V     •   MW.MKNK/T   .«•UIU    »«LUC   T*Kt   (NUIT   K   »I»KI   KlMCil'T) 
«     •  Ml   iKflt»   Of   '   T«iltl   (»«If 

»*t.Uf  I   .   10  .   c>   ■   ■<   I 
nn, i . le > 0« i iNTCif« « i »»•«»   nei i 
•tim 

INTfUM   1   I   «Hi.   I   I 

»TIHT  or ir   (I   •  IkTItIKO   •   >S)/0l   •   D)   4   0   TMfM   I   •   0   ILIf 
If   I   »   )   >   •>   TMCN   I   •   \   -   3   / 

j . (« . >o:/u> - i i 
i.«4   •    ((Til    »    JI    •   J    -    »(11    ■    (I   •    »))    «    «II   •    IJ   •   I   •   f>/» 

.  (»11   •   1)   •   IS  -  I)  -   TfJ   .  »J   •   (I  -   ll>   a  (I .   I)   .   t},i IM i*6  ) 

II   15 «fit MOCtDuX •«(•»ktoltkUOl 

INT(W*   t.TU 

tl •oto 
il S0I0 
il »010 

'  »t«"t»r *«•• ••••..     11 
Ml 010 
II ■ • 10 
II • »1» 
II 1011 
1 t l in? 
III I-CIIJ 
Hi »•10 
11 i I«I2 
11 i »no 
;1 1 *Af 0 
111 Slig 
HI '»10 
111 «Oil 
III «au 
111 »Til 
in »*u 

1»   L0»6, >   »tlT   jrc t        s 
kit JC »i V010 
I»» If Si »010 
I,»« IC ^I «OlO 
L«6 1C Si • 010 
t*o IC SI »OlO 
l*« IC SI eoio 
Li« IC SI 6015 
Liu IC SI toiu !.«> •e SI •QIC 
L»6 IC SI iOlO 
LUC IC SI ISO 10 
L«a •c SI »010 

ltB<( KT    • • «•• 11 
L«'i tc Ui OlO 
kit IC Ul S(0 
L«<i IC 121 1010 
1*1 5C l?l UM 
L*C ic 121 I'll 
Li« IC 12. 2*10 
1«   kO*i, Nt«T St« 5 

IC Si »010 
IC SI «010 
tc SI 6010 

HSkfN?   ., »•♦• 11 

Wit «Cn.i.'.J.tu-.lMlSii«) 
iMit i,ii ioi«.«in 

■*H«*|INtk*      »/IH'HU) 
i*it*«)Mii«iiii*i))*m*(«*im 

?.S««»«{«.«i.-l l«r«"<i«(li-L)«6»»»»('il.|,l»l )■   G«»««!»l«Ll>l 
«tOl.llfO«   T.|   IT(»   I   —ILt   T«»-l   DO 

• (Tl.(-«i/l<«T      D'Ocu^TIXK^L'l-ri'tiT^Dt 
«IrOI.ll'C   Tl.l   JTt*   1   BHlif   TJ,».!   00 

«l(f   ).l«M/(J«Tl      !l"(i.1-^l»?l )'tM.tl.l-Tl )•   »KTfH) 
$K«.0J   rO»   T.O  ITf»   1   .«JU   TJ..I   91 

*C«IS      »JlllU»»OI   »O«   TJ.O   ITt»   I    a-i^l   Tll.-I-T   00 
»Uli   lt"IUIi»iuS5tf«»»imi>(»C»»T!)«l««lMl«(li.»»T«Tl)   tHOI 

•e*>'iu« / (»■it"T(i))i 
tkO or »«actuu«! toi 

II   IS KUN 
•ItL kual' 
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APPENDIX C 

CALCULATION OF THE OPTICAL RADIATION EMITTED BY A 
CYLINDRICAL ARC OF KNOWN TEMPERATURE PROFILE 

by, R. Liebermann 

INTRODUCTION 

In order to compare measurable physical properties of an 

emitting plasma with theory, a computer program has ben written to 

calculate at the surface of a cylindrital arc discharge: 

(1) the spectral radiance (normal to the surface) due to 

radiant contribution from along the line of sight of 

the diameter which has a spatial temperature gradient, 

and 

(2) the spectral radiant emittance due to contributions from 

all radiating volume elements of a homogeneous temperature 

arc column. 

The above calculations involve self-absorptioii processes within the arc 

column and therefore are solutions of a radiant heat transfer equation. 

A. Radiant Heat Transfer Equation 

With the assumption that the plasma is in local thermal 

equilibriun (LTE) the spectral radiance is related to the properties of 

the medium through the radiant heat transfer equation 

(1) 

which describes the spatial gradient of intensity along the line of 

sight at some point x where I  is the spectral radiant intensity at 

frequency v in the proper direction, B is the corresponding black 

body intensity and T  is the optical depth as measured from x « -" to x. 

We define the r tical depth as 

- d   I 
-   B 

d   T               V V 
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VT) i 
fX 

<; a) d8 (2) 

where <'   (T) is the spectral absorptivity coefficient f^i ,. -u.« due t0 ,_,„.. b0,md,„ei :nd bou::::„:i:::ra::;
ti-i-d 

processes. The solution of 1 u. given a8 

r T 

Iv<Tv) W exP { -Tv + O dv (3) 

whare f 1. 

<l  (T) ds (4) 

with L corresponding to that location along t'.e line yf sight (at the 

surface of the arc column) having spectral radiance I (T ). In 3 it was 

assumed for x < 0 that no contribution to I  (T ) is made (I.e., no 

external radiation field is present). 

1•  Spectral Radiance 

If our Interest is radiance at the arc column's surface due 

to contributions from along the line of sight of the diameter, equation 

3 by an assumption of radial symmetry can be placed in the following 
form. 

W " Vr-R) 5v(Z) exp { Z } + eXp {-2} exp {_-} dZ 

(5) 
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1 
where Z is an optical depth measured from the center of the arc column 

to some radial point r along the radius which har, a maximum dimension 

R.  The correspondence is Z = o at r » o and Z = Z at r « R thus 

fR j-r 

Z = K' (T(r)) dr ; Z 
v 

<l  (T(r)) dr 

For programming purposes Equation 5 is the better form of 3.  In order 

to solve 5 it is first necessary to h^ve prior knowledge of the tempera- 

ture profile T(r) and for a given gas vapor pressure a method by which 

IC ' can be dete.■mined such that solutions of 6 are obtainable. Part D 
v 

of this section describes the general theory involved for determining 

ic'CT). 
v 

utilizing the theory of Part D we are then prepared to 

numerically integrate Equations 6 and thus 5. The method of approach was 

as follows. For a specified temperature profile and frequency the 

integrand of 6 was determined at division points in r and interpolated 
2 2 

in r between division points. Using a linear expansion of< ' in r 

a closed form integration was performed between division points and a 

summation yielded Z(r).  In similar fashion the black body U-rm in the 

integrand of 5 was calculated at divisioi points in r and linearly 
2 

expanded in Z . A closed form integration of 5 was then possible 

between division points of Z(r) and was summed to yield I (x ). Although 
v v 

the latter integration can be performed for all values of the parameters 

serious errors (due to cancellation effects) may develop when AZ Is 

small between end points of the intervals.  Hence for AZ <.01 the 

solution was expanded in terms of AZ whereas for ÄZ>.01 the closed 

form was used.  SoluMon of 5 was then repeated for other selected v 

values of the specified band paas to yield a representative spectrum. 

2.  Spectral Radiant Emittance 

If our interest is spectra] emittance at the arc column's 

surface due to contributions from all radiating volume elements with the 
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discharge assumed homogeneous in temperature then Equation 3 

which yields the spectral radiance along a particular line of sight 

reduces to 

I (T,S) « B (T) 
v       v 

where now from Equation 4 

1 - exp { - r  } (7) 

T - K* (T) S 
V     V 

(8) 

S being the distance through which radiation travels along a particular 

line of sight and is a function of arc geometry. 

The spectral radiant emittance at the surface of the arc 

column can be calculated using 7 by applying the cosine law ind 

integrating over solid angle. Using the geometry shown in Reference 1 

the spectral radiant emittance is given as 

f*/2 r1    r 

^1- K'(T) Du 
Fv(T) - Bv(T) ir - 4 

} 
o 

exp 
! u2 f (1-u2) Sin2(j>j 

(9) 

ududif 

where D is the column diameter 

The radiant emittance is then determined by 

.to 

F(T) F (T) dv 
v 

UO) 

Equations (9) and (10) were solved using straightforward numerical 

techniques. 
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B. Input to Arc Intensity Program 

The input required for the above calculations is fully 

described within the program itself which is shown in Part E of this 

Section.  In brief the basic required input is as follows: 

(1) Spectroscopic data involving bound-bound transitions 

such as 

(a) oscillator strengths 

(b) electron impact line shifts and widths 

(c) excitation energies 

(d) statistical weights 

(2) theraodynamic properties juch as  tables of 

(a) electron number densities 

(b) neutral particle number densities 

(c) internal partition functions 

(d) ionization lowering values 

(3) temperature profile 

(4) specified wavelength band pass. 

C. Output of Arc Intensity Program 

The output of the program provides plots as well as printouts 

of the spectral radiance and spectral radiant emittance.  In addition 

plots of spectral absorptivltles are obtainable. Samples of these 

plots are shown in Figures  3, 4,  and  5. For particulars on how 

to obtain these plots see program Part E. 

D. Spectral Absorptivities 

The net absorption coefficient *'  which is the difference 

between true absorption and Induced emission coefficients is in a 

spect.illine for a given frequency v and temperature T (assuming LIE) 

^(T) - wr c f  N 
v      o  mn n Wh l-exp <-~>Uv)       (11) 
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where ir, r , t., h and k. are the usual constants, t  is the absorption 

oscillator strength for transitions from state n to m (n being the 

lover energy level statr), N is the population density of the iuicial 

state, and L(v) is the line profile normalized such that 

L(v)dv (12) 

} ~a 

where L(v) is a function of the lines, shifts, widths etc. all a function 

of temperature and pressure. 

For conditions of LTE the population density N can be 

expressed in terms of N (the total number of atoms or ions in question) 

by use of the Boltzmann relation 

g N 
*n o exp (13) 

where g is the statistical weight of the initial level, E is the 
n n 

excitation energy of the initial level, U  is the atomic (or ioni:') 

internal partition function and T is the absolute electron temperature. 

The line profile L(v) is course dependent on the mechanisms of 

line broadening. The stark effect due to electron impact has the 

Lorentz dispersion profile given as 

L(v) - ~ 
1, 
7!U 

v-(v -hi)  f 1 (14) 

where u is the half width of the line at half intensity and d is the 

electron impact shift,  v is the observed frequency of the line in an 

unperturbed condition. 

When resonance broadening mechanisms are of irnportance, one 

must add to the electron impact half width w the resonance half width 

ui which from first order approximation can be expressed for resonance 

lines as 

C-6 

: I 



3r c 
o 

Air 
1 

i/; f N 

(IS) 

where R, and g„ are respectively the lower and upper states' statistical 

weight  factors of the resonance line, N is the ground state population 
ft 

density and f is the absorption oscillator strength of the transition 

(actually f as defined here is the average value for the resonance 

multiplet transition obtained by a sum of the multiplet's individual 

f's over final states which are then averaged over initial states).  In 

equation 15, N are neutral perturbers of the same kind (radiating atoms). 

For the case when perturbers of unlike kind are of such abundance 

(e.g. a strong concentration of another gas specie is present.) then 

Van der Waals broadening may be of some importance and should be 

included in the dispersion profile. 

Besides line broadening due to charge perturbers (Stark 

effect) or neutral atoms (Resonance and Van der Waals effects) there 

exists other broadening mechanisms which must also be considered, 

namely Doppler broadening, which results in a Gaussian line shape 

profile.  This type of profile is dominant when collisions are negligible 

and the velocities of the radiating systems have a thennal distribution. 

The Gaussian line shape is given as 

1/2 
1 exp ^(A.)^ V (16) 

with Av = v-v and where u)_ Is the Doppler half (half) width 
o D 

2mn2 
Mc2 

1/2 
(17) 

M being the mass of the radiating system.  When collision effects cannot 

be neglected (e.g. when w, wD etc. are of the same order of magnitude as K 
w ) then joint effects of Doppler and the more important pressure 
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broadening mechanisms should be considered.  The observed line shape 

is then the so called Voigt profile provided the broadening processes 

are statistically independent.  From 17 it is obvious that lines 

occurring in the Uy regions will tend to be more of a Voigt profile 

type. 

The net absorption coefficient <.'  as expressed in 6 is not 

only due to bound-bound transitions but also includes bound-free and 

free-free processes as well.  Therefore, one must add to a sum of 

Equation 11 these other processes to obtain representative values of 

5 in the spectral regions wheie bound-bound transitions are not 

dominant.  For conditions of LTE the bound free absorptivity K  (vtT) 

can be expressed in terms of a sum over excited states designated by 

quantuir numbers n and I  having corresponding photoionization cross- 

sections o , and population density N , whose edge frequencies v „ nl r r J    n,£       on       n£ 
are less than or equal to v 

(v,T) bf Z vNni 
(18) 

ni<v 

The net bound-free absorptivity is  then expressed as 

r    1 
VM (v.T) Kbf(v.T) 1 - exp m (19) 

Solution of 18 is a formidable task since o  for each level requires 

numerical solutions of the Schrodlnger equation.  A äimp.lifled approach 

is to separate 18 into two distinctive regions i.e., into levels which 

are hydrogen like and into levels which are non hydrogen like thus 

St' "•T) ■ E \ \+ E \ K (20) 

See fov. example Ref. 1. 
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where in general for the hydrogen like terms t»>l. The sum over the 

hydroger.l>: levels can be simplified further as follows. Starting with 

a sum rule analogous to that for bound-bound transitions 

0nJdv = "o Cfn* (21) 

H   -3 
and using the proportionality o  " v  the hydrogenic photoioniza'cion 

^   H ^ cross section a   , is 

a  „ *  27rr c ——  f „ (22) 
n«.     o        3      ni 

v 

where f , corresponds to the excited n,£ state's continuum oscillator 
n£ 

strength. Using the Rydberg formula for hydrogenic energy levels, the 

binding energy ED of the excited level is (E , I E ) 
D px   n 

E Z2 

E_ = hv . - E - E . = -~- (23) 
B    nl       *>       ni 2 

n 

where Z refers to the ionization stage, n is the principal quantum numbCi:, 

E^ is the ionization potential, E  is the excitation energy of the 

excited level and £„ is the Rydberg constant. From 23 we see that the 

rate at which the binding energy changes with respect Co unit change in 

principal quantum number for n>>l is 

2 
-2E ZZ 

AEB = -—|- (2.; 
n 

We new define an average hydrogenic cross section o for all i  states 

with same quantum number n as 
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,n. ^ ,2.«, on;/^ (21+1) (25) 

where £ Is the orbital-angular momontum quantum number.  Thus using 

the hydrogenic relations 

and 

I 
y 

(2M-l)f e: .5n 

(24+1) 

I n=constanc 

(26) 

Equation 25 takes the fom  f 

o - 4-!i aa l^—| Z 
o Ihv (27) 

where a and a are the usual constants.  Equation 25 is the familiar 

hydrogenic cross section less the Gaunt factor G.,. Using Equation 13, 
bt 

and not.ng for atomic gases, who ;e higher levels are hydrogen like but 

dagenerate in J (total angular momentum quantum number) that 

■•■I (2J+l)n = 2n g1 (28) 

where g is the statistical weight factor of the ground state of the 

parent term; and using the relationship of Equation 2k  the hydrogenic 

sum term of 20 becomes 

,3 

)    H M
H 

/ „  n2. ni 

. 2  2 
-4i! aa g o 0 

U E, 
n^ 

Mr«P»&{£} ÄEB • Gbf 

(29) 
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For hydrogen the excitation energy E is approximately equivalent to 
n ' 

E  .  However, for other gases whose higher levels are hydrogen like 

but degenerate in J then E  should be averaged over these J.C states 

which have E  excitation energies such as 

;N (2J+1)  E /2n g 
n JK    j (30) 

Thus with E as defined in 30 obeying Equation 23 wherein E  is 

replaced bv E then 29 takes the form of 
n 

n«. 

H      H 
2    2 

'4n  C'an81     lEHi3     ? 
— hr    ZN   G t hv I o 

o   y 
hi 

ie 

-E»'> exp 'fkjf • 

\ 
^exp (kl] AEB (31) 

with the assumption that G,     = constant forn >>1. 
bf 

The sum on the right of 31 may for practical purposes be taken as an 

integral with lower limit E B hv and upper limit £„«0.  Hence for 
n r B 

^ representing the maximum edge frequency of the merged levels where 

n>>l with v < v then 
n 

H v H 

n£ nH 

. 2 2 
tfa  aa  g 

nl 

hv^ 
< 

U    |EJ 
Z »„.hv) exp 

I kT, 

hv ,   1 

exp 

(32) 

bf 

24 HT    2  No 
r 

1.8? x !()"* _±- z' -~ exp ^' — ^ 
U     3  '  1 kT 1 o   v      {_  J 

exp 
: kT 

1 ; G bf 

or for the case when v is less then the maximum edge frequency of the 

merged levels (v<v ) then 
n 
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,  anÄ
Nn£ "  1-82X 10      —^    -    exp ri?    j' i exP 

(33) 

Eq>. tlcns 32 and 33 are equivalent to those presented by Bibennan, 

Norman and Ulyanov less their correction factor which for car high n 

levels is approximately one and equivalent to the Gaunt factor.  It is 

of interest tr  note that in the form of 31 if the right hand sum is 

taken as an integral with lower limit set to E «o and upper limit 

E_" - • representing unbound electrons we obtain at once the familiar 
o 
free-free absorptivity expression 

.2 
g T NT 

icff = 1.82 :r 10^ — f  exp ^-^r) ■  Gff    (34) 
U v o 

IM 

where the G^, term has been introduced and is the free-free Gaunt factor. 

Thus equation 20 takes the form (including the f-f absorption) 

r 
j-E« 

r~—* T  N   7 

Kbf+tf "  zL0r-Nn£  + 1-82 S 1024    '        3 ^ ^ 
o ^        -I 

[id ^f + Gbf  (  exM—j.   1)J (35) 

whereby previous definitions v' = v  if v> v and v' ■ v if u<v , n       n n 
In equation 35 the non-hydrog^nic sum term then only includes such 

levels having edge frequencies v which meet the requirement that 

v < v,, i v.  In the above derivations the arsumption that G,, is 
n   E r ff 
constant independent on temperature and frequency is valid provided 

T < 2 ev (see Ref. 3 ) however when T is of greater value than G,f 

increases and varies somewhat with frequency.  Likewise when n is 

of soms lower value then G. ,. is no longer a constant but varies with bf 
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quantun number and frequency.  The accuracy of 35 Is thus better 

enhanced when the sum term includes the majority of the excited levels. 

Such calculations Involving the sum term have been made by Ref. 2 

and ^  who have utilized the techniques proposed by Ref. 1  for 

determining photoionizatlon cross sections for ionized gases other 

than hydrogens.  However their results differ somewhat in that they 

have chosen different normalization factors.  In essence (using their 

results) Equation 35 remains the same with the exception of replacing 
2 

the factor Z G. r with a C,   (Zeta) factor, and in addition when using the 
or 

C factor of Ref. ^ .  v' is to be replaced by v for all values.  Their 

sum term then only includes a limited number of lower excited levels 

(including the ground state). 

Since several b-b transitions usually occur for a given lower 

excited state near the frequency f its continuum photoionlzation 

edge (the upper excited state being near the ionization limit) 

there results a pseudo continuum (i.e. the lines in question merge with 

the continuum causing in appearance a false photoionlzation edge at 

a slightly lower frequency).  When these b-b transitions are not included in 

the sum of Equation 11 near such corresponding photoionlzation edges 

then serious errors may develop in solutions of radian heat transfer 

problems.  Therefore in order to avoid such difficulty (when all such 

b-b transitions are not fully resolved) one should assign a correction 

term to the photoionlzation edge v  to yield an apparent edge v' such as 

E   E 
-AE^h (36) 

where h is the usual constant and &E    is the so called advance of the 

series limit (see Ref. 5 ), and let the photoionlzation edge cross- 

section ö(v ) for this particular level be defined at v'.  In addition 

the lowering of the ionization potential AE^ should be Included in 

the calculation of v> such as 
E 
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hv_ - E^ - AE^ - Enn (37) 
tu 

where E^. is the ionization potential and E  is the excitation energy 

of the level in question. 
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APPENDIX D 

•*.THTTAKER AND GAMMA FUTICTICNS - 
DEGCRIPTiniJ OF TMO ALGOL PROCEDURES 

By G. Basi 
Conputer Sciences R 8e D 

/iBSTRACj 

Thin report describes the development and testing of two conputer 

algorithms V.'OG and GAMMAC required in connection with computation of spectral 

properties of plasma arcs being carried out for Dr, C. H. Church of Quantm 

Electronics R&D. "The algorithm WOG computes the irregular VThittaker 

function U   .j0 for  real positive non-integral r\,  and for £  a non-negative 

integer. GAMMAC computes the function p(2) for z real or c implex. A very- 

good accuracy has been obtained from both of these algorithms. GAMMAC i^ ur - 

in VJOG, which calculates one of the four confluent hypergeometric functiorr- 

needed in the calculation of transitions between elgenstates described by th' 

Coulomb wave functions. 
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APPENDIX D 

w-HITTAKER AHD GAl-ülA FUNCTIONS - 
DEGCRIPTinN OF TMO ALGOL PROCEDURES 

By G. Basi 
Conputer Gciences R&D 

y\BSTRACT 

Thin report describes the development and testinc of two computer 

alr.orithms V.'OG and GAIIMAC required in connection vith computation of spectral 

properties of plasma arcs being carried out for Dr, C. H. Church of Quantrn 

Electronics R&D. The  algorithm V/OG computes the irregular Whittaker 

function U „.i/o for real positive non-integral T[,  and for £  a non-negativj 

integer. GAl-IMAC compvites the function ^(z) for z real or omplex. A ver\- 

good accuracy has been obtained from both of these algorithms. CAMKAC ic used 

in \10G,  vhich calculates one of the four confluent hypergeometric functions 

needed in the calculation of transitions between eigenstates described by the 

Coulomb vave functions. 

i 
i 
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Gurnnary 

Thic report describes the development and testing of two computer 

alGorithms WOG and QiUflAC required in connection with computation of spectral 

properties of plasm arcc being carried out for hr.  C. H. Church of ..uar.tum 

Electronics H & D. The al^orithn LOG computes the irrerular l.hittaher 

function i.  ,.1/« f3r real positive nor-inte^ral T), and for ,: a non-negative 

integer. G/J-IIIAC conputec the functior piz)  for z real or complex. A vcrj 

good acciu^icy has been obtained from both of these algorithms. GAMKAC is  uced 

in LOG/ which calculates one of the four confluent hypergeometric functions 

needed in the calculation of transitions between eigenstates described by the 

Coulomb wave functions. 

Purpose of this study was to translate two subroutines WOO and GAMMAC 

from fortran into Algol and improve upon them. Ae received neither of the 

Bubroutineswere in usable form, and considerable revision has been necessary. 

These algorithms will be used In a program to calculate the transitions between 

the eigei*jtates described by the Coulomb wave function. 

The calculation of the transitions involves the use of confluent 

hypergeometric functions. Two of the four confluent hypergeometrlc functions 

are the solutions to Kummer's equation 

.2 

^ + (b-x) ^ - av = o 

^ tW0 SOlUti0nS 0f the — - —s functions    ,    (a. b. x) ^ 
"(a; b; x) defi„ed as foUows: * ' ' ^ ^ 

^   (a;  b; x) ri 1 TO ^r 
n=0 

D-2 

  



Where (a)n = a(.-i+l)   (a+n-l) for n?l and (a) = 1 

(b)n is similarly defined. 

1-b 
y .-  U(a;   b;  X)  = «,   j iV"^/;.  .  iVlOWbjx) 

smnb i r{i+a-b)r(b) rTOf^b)     • 

The other two confluent hypergeometrie functions are the solution« 

to Whitt'iker's enuation 

dz 2 
+    -? + z ■ ~r   y =0 

Two solution.areWhittaker's functions M^^C«) and W^ /+1/2{z), 

Whlttaker's functions are defined as follows: 

Mn,i+i/2
(z) - ^+1e-1/2z ^(M-^ai^u). 

1.1 Available programs 

on Two programs that calculate the generalized hypergecMsetric functi 

F (a,,a_,...a ; b .b„,...b ;z) are available in Algol B5000. pql2    pl2    q 

These programs were written by Hammers . One of these two programs computes 

a general hypergeometric function which has a complex or real argument and 

any number of real parameters. The other program computes the same function 

for any number of real or complex parameters. 
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There are three programs called BEAUTY, BEAST, and CHIC in Fortran II. 

These programs were written by Johnson and Sangren and calculute any generalized 

hypergeometric functions. Program BEAUTY can be used to calculate any generalized 

hypergecwetric function with up to ten numerator and ten denominator parameters 

and one argument. Program BEAST can be used to compute analytical continuation 

of an ordinary hypergeometric function. The program called CHIC can be used 

for calculating 3U distinct hypergeometric series in two variables. 

Two other programs WOG and HLIGAM are obtained from McGuire . Both 

these programs were obtained in Fortran. Prograa WOG calculates the irregular 

Whittaker function W   ,/0(z) for T))o, real, and r.on-integral.  Program HLIGAM 

calculates the same function where T) is a pure imaginary number. 

Both of these programs call for another program--GAMMAC-- which calcu- 

lates the function r(z) for any z real or comples. GAMMAC was obtained in 

Fortran from Dr. Mcguire. 

2. Computation of GAWWC 

Procedure GAMMAC computes the value of r(z) in the following way: 

Let z m  (x,y) >i.e. z = x+iy ■. The notation z. = (x.,yi) will be 

used during the discussion and shall be understood for i » 1,2,3»^.  z will 

denote the complex conjugate of any complex number z. 

For positive real integral values of z,  r(z) is computed as (z-l)l, 

for non-positive real integral values of z,  the procedure does not work. 

If x<0, then the procedure uses the following recurrence relation to relate 

r(z) to r{z ) where the real part of z is positive. 

r(z) = -;r(z+i) 
or 1 

r(x,y) = -p--^ r(x+l,y). 
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Now if y (which is the  same as y), in z is negative,the r(z,) is 

related to r(2), where y is positive, by the following relation 

i.e.  «2 ■ I., or y2 « -y1  and x2 . x. 

with the use of the above relations the computation of r(z) for general z 

reduces to the computation of r(Zp) whose both real and imaRinary parts are 

positive. 

The next step is to relate r(zJwith r(z ) where 0 « y < 1. This 

is done by making use of Gauss' multiplication theorem. Gauss' multiplica- 

tion theorem asserts that if z,. « nz,, where n is an integer then 

rU). ±£üsi±£l ■: ■ ■ • ^t 
(2 it)      n 

In our case integer n is chosen to be the nf.xt greater integer than y^ so that 

y2/n ■ y < 1. Next we relate rUJ to r(z^) where z^ Is such that both x^ 

and y^ satisfy the inequalities 0 < x^ i 1, 0 i yk < 1.    In fact y^ « y^ and x_ 

x- - fxolln ^ase «o i» « nonintegral real -     ^d if x_ is an integer x^ = 1 

where ["x I is greatest integer contained in x». The relation bet-een r(x-) and 

r(z>) can conveniently be expressed as follows. 

r(x3) - (z^-iHz^Hz^)   izk)r(tk) 

Now the computation of r(z) for any complex number z has been related to "(z^) 

where z^ is such that 0 < X^ i 1, 0 » y^ < 1. r{zk)  is determined by the 

Padö power approximation of l/"(z). 

The procedure GAMMAC was obtained in Fortran and has been translated 

into Algol. Some changes were made during the translation to make the program 
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more efficient and clear. A basic constant was defined to greater accuracy 

to reduce the error. At present it is as discussed above, and calculates 

the function r(z) for z  real or complex. The values were cbecRea against 

the available tables and found to be accurate to eight significant figures 

in the region 

x = -2.0 (.25)  2.0 

y = -2.0 (.25) - 2.5  and 

y - .25 (.25) 2.0 

3. Computation of Irregular V*Mittaker Function W    y (z) for TJ real, 
positive and non-integral. 

Progifsm WOG calculates the irregular Whittaker function W ..woCz) 
T}, 1+1/ ä 

for TJ real, positive aud non-integral. The function is \ r-  / 

computed by two differenc expressions for smaller and larger values of 2R/ 

where 2R/ • *>     The expression used to compute the function for small values 

of z is given by Hartree and is as follows. 

i+1 \*IIZ{%)    . Sin^Lll e-l/2z (tj2)-i 

-4" *Jk!ttk riatill)   (g/-a) ». 
Pf rjfi+l-m)    ^Ts— 

tmZItl r(V#fl-a)  m'(m-2i-l)'. 

I 

« log Z + K cot «T, + ♦(rffi+l-ni).^{nH.1).^ln.pf)| 
(1) 
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Son,e important aspects of the evaluation of this expression are worth 

mentioning. Computation of the multiplying factor .akes use of the idenUty 

i 

L      J 

In computing the finite sum in Equation (l),uSe is made 

r 

ie of the identity 

m 

TT 
k-l 

{A5) 

In summing the infinite series in Equation (l) the summation parameter is tr^n.- 

Tormed by k - m - 2/ - 1 where k goes from 0 to*.    The tenr, when k - 0 is 

obtained separately. The expression containing » functions is computed in thr- 

different ways depending upon the value of r,. m case TJ < i and T, < 60 the 

identities 

n-1 

^^■"l ' (n*2) (2) 

*(1+2) —   > kT^T z ^ -1, -2, -3,  (3) 

are used. 

<r(l-z) e ♦(£) + » Cot i z 

If i < t) < 60 the following additional relation is used, 

.1 

CO 

♦(n + z) - T-J——  +    1 + 
(n-l)+z     (n-2)+z + * Hz)        (5) 

In the case T, > 60 the asymptotic expansion of the t function is u spd, 
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^z 121 120z   252z 
F + 

(* in | arg z | < r) (6) 

When the argument z of the Whittaker function is large, the asymp- 

totic expansion is used for the computation in place of Equation (l).  This 

expansion is given by Whittaker and Watson . 

\i+l/2 (z)^« z 11 
n=l 

+£  ^glfda^gfl  h^vg)2-(ti-3/g)^ 

'(/^•i/g)' ■.(r)-n>l/2}l 

Q!    zn      / 
(7) 

Some test runs with McGuire's program gave results of rather low 

accur8cy--two or three significant figures, and some steps were taken to im- 

prove this. The major source of error appeared to be the summation for the ^ 

function in Equation (3), which is slowly convergent. McGuire truncated this 

summation at 50 terms. We have summed greater numbers of terms and also intro- 

duced a correction for the remainder term by consideration of the integral 

oo 
dx 

x( xa)' 
i inpl. 
a   jxo-a 

xo 

By approximating to the integral in two different ways, we determine the errj» 

bounds for the remainder 

a 
N-l 

N-l-a 2(N-l)(N-l-a) < 2. 
J-N 

1  . 1 , W-l/2 i 
N-l/2-a j 

The remainder term is approximated by the mean of the two bounds and good 

accuracy is obtained by taking N ■ 1001. In the case of the infinite CUM involved 
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in (l), the series was being truncated when the temä became less than 10 

of the sum. In the modified version, the summation is truncated when the 

term becomes smaller than 10"" of the sum and when at least 10 termn nave 

been summed. 

In computing the asymptotic expansion of Whittaker's function, the 

number of terms summed by McGuire was the greatest integer ccr.tained in / + TJ. 

The reason for this choice is not clear and it was found that improvement could 

be obtained by summing up to, but excluding, tne smallest term (normal procedure 

with an asymptotic series). This method was, therefore, adopted. 

With these modifications, a considerable increase in accuracy has 

been obtained, at the expense of some increase in computer time. Tables of the 

Whittaker's irregular function were not available. For checking the accuracy 

of the results Coulomb tables were used. Coulomb tables list the functions 

P (i_ R) and Q.(^,R). The relation between Whittaker's function and the 
n      1 *»     1 

functions P.(=«>R) and Q(-w>R) is given by the equation 

t|,*| n       (2i+l)I        ^ I2 ** 

The results of the program have been found to agree with the results obtained 

by using the tabulated values to six or more significant figures for the 

ranges i ■ 0, 1, 2, 1/TJ ■ -2.0(,2)-.2, 2 ■ .5(.5)U.O. Prom results obtained 

in these ranges, it appeared appropriate to switch the computation from the 

series (l) to the asymptotic form (7) at the value 2=9, 
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Our next step in the project of writing a compu^r program for 

the calculation of transitions between eigenstate? will be to check the 

results for the ooher program called HUGAM against the available Coulomb 

tables and luake tha possible changes if necessary to improve  its accuracy. 

Procedure HLIGAM calculates the function 

Üa2 ihi 
w. (i) rU-KUiti) witi,i+i/2 

zr other ^IaIoAM, ^ ■" ^^ - -^ - ~- 
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Appendix Program Usage 

Al. GAMMAC (x,y,u,v); An algol procedure to compute r(2) for real or complex 

values of the argument z. 

Procedure GAMMAC (x^y^u^v) computes the function ; fz) for any 

argument z,  real or complex. This procedure can be included in any main 

program by including the followii.«: two cards in the proprume declarations 

$$ A GAMMAC 

COMMENT HIGHER S^QUENCr: CARD ; 

Both the cards must have some sequence number in the column 73-80. and the 

sequence number on the comment card mv-t be higher than that on the $$ f\ GAMMAC 

card. The formal parameters x and y are the input parameters, x anO y are 

b<rth real and respectively are the real and imaginary part of the complex 

number z,  whose gamma function is required, u and v are the output parameters 

and respectively eure the real and imaginary parts of the complex number r(2). 

For example if one vants to calculate r(2 ) and store the value at 

z2 where z. =• (x.,y.) for i = 1,2, are complex numbers then one would do so 

by including a card, at the desired place, in the main program with the 

following inibrmation on it. 

GAMMAC (x;L,y1,x2,y2)j 

Either one or both of the input parameters x and y can be real valued aritnmetic 

expressions. There is no loss of efficiency caused by using the expression as an 

actual input parameter since it is called by value. 
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i 
Limitations. The procedure has tne following limitations. 

For the non-positive integral values of the argument an error 

message of divide by zero vould occur since the gamma function is singular 

at such points. For the rest of the negative real values of the argument 

procedure calculates i(z) except very close to the negative integers where an 

exponent overflow message would occur. For positive real values of the 

argument procedure computes r(z) for z <_ 53.3« For larger values of z 

an error message of exponent overflow occurs. For very small values of z 

(z < 8.75Ö ß-kf)  an error message of divide by zero occurs since computer 

sets such numbers to zero. 

For pure imaginary argument |z| > 66.. the value of |r(z)| is 

so small that it is set to zero by the computer. 

For z = a complex number on the digonal x = y or x = -y and x > 0. 

While computing '"(z) of z such that > >  4^.00 an error message of maxinum 

argument of exponent would occur. On the diagonals x = y and x = -y for 

x < 0 the value of r(z) is so small for x < -22.60 that it is set to zero by 

the computer. 
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Ä2._  WOG (L, ETA, R, w); An algol procedure to compute the irregular I 

( 

I 

Whlttaier fuiiCfion     lUiHlÜL—L- 
r(n+i+l) 

The procedure WOG(L,ETA,R,W) calculates the function 

r(n+e+i) 

A deck of v,c:.rdE for this procedure, tc be included in the main program, I 

may be obtained from the writer. The formal parameters L, ETA and R , 

correspond to the variables £. n and R in the Whittaker function w » , ,, (~) 

Either one or any number of these input variables L,  ETA, and R can be 

a real valued arithmetic expression. There i.t  nc loss of efficiency caused 

by using an expression as an actual parameter sinne  it is called by value. f 
,2R> W is the output parameter, which has the value of the function w , .-,/p ^~' . 

■ 

I 

as computed by the procedure. ■ 

One of the infinite series involved in computation is a function        I 

of i  and n but not R. This summation is the most time-consuming part of the 

computation. To increase efficiency when successive values of W are to be I 

calculated with constant i  and n , varying R, the procedure has been written 

so that this particular sum is preserved between calls. It is recomputed only     l- 

when either £ or n changes. Therefore it is recomaended that the user arrange     I 

his program so that consecutive calls on the procedure WOG are made, as far 

as possible, with constant i  and n (i.e. variation of R should be the inner- 

most loop). 

Limitations. This procedure is limited to the real values of R, to n 

positive and nonintegral, and to I  integral only. 
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I APPENDIX E 

RADIATIVE TRANSPORT IN A XENON ARC 

by 

B. W. Swanson 

I.  INTRODUCTION 

The problem of interest has been to determine the steady state 

temperature profile in a Xenon arc, which requires a solution of the 

energy equation 

a s , i as 
9r 

2+7ä7- v ' F + OOP.S)EZ = o (i) 

where F(r) is the radiative flux vector, T the plasma temperature, a the 

electrical conductivity, P the pressure and E the electric field. The 

Schmitz function S is defined by the equation 

T 

S(T) » j    K(T)dT (2) 

TW 

and the divergence of F is given by 

dr  r (3) 

where the radiative flux F is found from the equation 

no 

F(r) =   j    j-    h(rtl jCü^ojdwd A (4) 

In equation 4,u) is a unit direction vector and I^Cr,^) is th 

tic intensity of radiation. 
e monochroma- 
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The first phase of this program consisted of writing a compu- 

ter program for calculating the radiative flux, which can be expressed 

as 

Amax n RwC")») 

F(r) - -4 j  f  j  KA(8) Bx(s) G1(ßA(8)]cos * dsd^dA      (5) 

Xmin o  o 

where 

■ 2 

B(8) - |   BAtT(8)]dA (8) 

and the mean abscrotlon coefficient K (s) is defined by the equation 
a 

E-2 

In equation 5, K (T) is the spectral absorptivity,  Amin and Amax the 
/- s 

wavelength band of interest, B is the Planck function, ß : 1 K (Od; 
n A   I    A 

and the function G is given by o 
S. x 

T  2  - sine 
G(3i    /     e      (sine)" de &> 

and accounts for the  attenuation of radiation by self absorption. The 

geometry for the evaluation of equation b is shown in figure 1. 

Since the numerical evaluation of the triple flux integral is 

expensive the second phase of the program sought a faster flux approxi- 

mation method. An analysis was made which permitted an a'priori integra- 

tion with respect to wavelength to reduce computation time. The approx- 
2 

imate flux integral is given by the equation 

F(r) - -4 I  J   Ka(s) B(s) Gj [ j  K^Odclcos $ dsd^    (7) 

0   0 s 



1 K  (s) 
e 

T    (s) 
[b-ry7r] cir-T-^rrJ K

P<
8)
 

+ [
VTTPU)

]
 

K
R
(8) (9) 

The term b in a constant of the order of unity whicli can be 

varied to Improve the approximation. The terms T and T are the 
KP 

Rosseland and Planck optical lengths along the ray ;:rom point M to 

point R in figure 1 and are given by 

s 

0 (10) 

/-« 
TP(S) "J  KpCOdC 

o 

TR(S) 

where the Planck and Rosseland absorption coefficients are given by 

■f2h 

and 

Kp(T)  = 
.A(T)   BA(T)dA 

B(T) 
(11) 

2     1 

h™  'j       K 
dB, 

(T)     dT 

~dB 
dT 

dA 

B(T) 

A 

/ 
BA(T)dA (12) 

The form of the approximation is such that under optically 

thin conditions when TD and T are much less than unity, the mean absorp- 
r      K 

tion coefficient K^ approaches the Planck absorptivity K^  and equation 7 

is exact. Under optically thick conditions, when T„ and T are much 
r       R 

greater tlian unity, K approaches the Rosseland mean 1C and equation 7 

is a good approximation. 
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The subject of this report, which is the third pha^e of the 

program, consists of the numerical solution of equation 1 utilizing the 

exact and approximate flux programs. 

II.  XENON PROPERTIES 

The initial data needed for a numerical solution consists of 

the electrical conductivity, thermal conductivity and spectral absorp- 

tivity as functions of temperature and pressure. The temperature de- 

pendence of the S integral is shown in figure 2 for a pressure of 11 

atmospheres, and the electrical conductivity o is shown as a function 

of S in figure 3.  The variation of  spectral absorptivity with tempera- 

ture is shown in Table I. An inspection of the table reveals that the 

spectral absorptivity in the ultra violet region is orders of magnitude 

greater than that in the visible region.  Therefore, the flux computer 

program consists of an exact flux program for the Ü. V. and an approxi- 

mate flux program for the visible.  The wavelength bands defining these 

regions are given by the equations 

ü  v   , Amin - .0612 X 10"4 cm 

max « .0952 X 10"A cm 

Visible 
X-,   - .1034 X 10 4 cm 

X2 - 2.0 X 10~
4 cm 

III.  NUMERICAL ANALYSIS 

A steady state solution of the energy equation can be obtained 

by solving the "transient" equation 

dS       ä2S  ^ 1 3S   rdF  F, ^ ,   ,„2 .,,, 
Tt-^ + 717- ld? + 7] + 0(S)E (13) 

until a steady state solution is achieved.  The following calculation 

procedure was followed: 
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Table I - Spectral Absorptivity of Xenon v 
-1, 

XxlO 
cm 

'1 

.1132 

1034 

I^KI 

3000 6000 10000 

2.376(3-10 2.295@-05 .00543 

1.813(3-10 1.751(3-05 .00414 

14000 

,0387 

.0295 

18000 

.0186 

.0142 

[2.0 1.25:1-14 4.9090-05 •. .2502 3.046 2.406 

'.7500 2.616(3-14 1.679(3-05 .0523 .5612 .4115 

.4615 1.2240-12 1.052(3-04 .1352 .9441 .5476 

.3333 8.184(?-12 9.594(3-05 .0768 .5461 .3027 

.2609 6.?75(§-ll 1.076(3-04 .0511 .3594 J872 
1 .2143 5.5573-10 1.194@-04 .0345 . 2446 .1193 
;     r4 co .1818 9.8420-10 9.506@-05 .0225 .1598 

'■■'■' 

.0761 

> .1579 6.446(3-10 6.226(3-05 .0147 .1049 .0501 
■ 

.1395 

.1250 

4.449^-10 ä.?.97@-05 .0107 .0725 .0347 

3.198(3-10 3.089@-05 .00731 .0521 .0250 

.0952 2.269.0 1.134.0 614.1 145.9 13.07 

.0882 2.094.0 1.047.0 56  .0 135.7 12.07 
5 .0822 1.920.0 959.7 519.8 124.4 11.07 
o 
> .0769 1.746.0 872.6 472.6 113.1 10.06 

3 .0723 1.572.0 785.5 42'J. 4 101.8 9.06 

.0682 

.0645 

1.397.0 698.4 378.3 90.51 8.05 

1.223.0 611.3 331.1 79.22 7.05 

.0612 1.049.0 524.2 :.83.9 67.94 6.04 
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(a) specify arc radius and central core temperature 

(b) specify an initial temperature profile 

(c) calculate a radial flux profile 

(d) define E by the equation 

E- y-^s(o) +1 .r 
_ dF(o) 

(e) select a time step &t and solve for a new S profile 

(f) repeat steps c,d, and e until the solution converges 

to a steady state 

The field E is so defined as to keep the central temperature 

essentially constant. This procedure was adopted to avoid large central 

temperature variations which would greatly affect the flux and its 

divergence. The finite difference equation used to replace equation 

13 is 

£LliI ■ ^1»- £l<l * a - ^stl - <', 

-   I" 
Fn       -  Fn Fn 

h+i    Fi-i    F 

(14) 

^Ä7^i + 7:l + <)<En), 

where the subscript 1 denotes a radial position.  Equation 14 is an -im- 

plicit difference equation, which for linear equations, is known to be 

unconditionally stable.  Now let 0 ■ —j and define the coefficients 

C. . bv the equations 

ci.i-i - -e<1 ■ £r> 

Cl.l • (1 + 2e> (15) 

''l.i+l   ^l * Iri' 
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Then equation 14 can be written as 

where 

i,i~l 1-1   1,1  1   1,1+1   1 (16; 

2  d - Fn !  r? Dn   .^nv,,,.-    . H-l i-l   1 
B. Sa(ai)(E , - [—- + -] (17) 

Let S and B define the vectors 

5" = 

B; 

n 1        ;  n 

? 1;   i"-! B? 

* s 
•, N 
,n ' 

(18) 

form as 

Then the finite dltTerence equations can be written In matrix 

<C> S B" (19) 

The k  row of <C> contains only the oefficlents C^ „ , 

Cv v    C „., and the matrix Is trl- diagonal. The matrix <C> can be 

"inverted" very efficiently by Gaus's elimination method. The first 

equation (1*1) is used to eliminate S^  from the second equation (1*2) 

the new second equation used to eliminate S.  from the third equation 

and so on until finally the new last but one f ation can be used to 

eliminate S „ from the last equation, giving only one equation with 
.      .'    „n+l  _.   .     „n+l „n+1   „n+l only one unknown S., ,. The unknowns S., „, S.. », 

N-l N-2  N-3 
S" "" can then be found 

in turn by back substitution. The method provides a fast computational 

p-ocedure for large numbers of equations.  In the numerical solution. 
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30 radial Increments were employed. The flux ptogram was used to eval- 

uate the *lux at 9 points and intermediate values were obtained with the 

use of a quadratic interpolation program. 

IV.  NUMERICAL SOLUTIONS 

Numerical solutions were obtained for n  pressure of 1.1 .tm. 

and central arc temperatures of 10,000oK and 18,000CK.  For the 'irst 

example, several iterative S profiles are shown in figure 4.  S denotes 

the initial profile, and S?,. denotes the final profile obtained after 29 

time Increments.  The final solution has a maxiraun; error E of .03% where 

E is defined as 

e r ~ (20) 
oE 

In figure 5 are shown several iterative flux profiles.  For 

the final S profile (S»-). the approximate flux calculations were com- 

pared with exact calculations over the range X.-X» and were found to 

agree to within 1%.  In figure 6 is shown the final temperature profile 

corresponding to S.Q. The temperature profile is very flat with a 

narrow conduction layer near the tube wall. The total current was evalu- 

ated from Ohm's law as 

r" 1 - 2TtE j        ro[S(r)]dr (21) 
•'o 

In figure 7 is given the variation of E with "t Ime", showing a conver- 

gence to 20.69 volts/cm. 

The iterative S profiles for the second example are shown in 

figure 8. A total of 80 time increments was required for convergence 

and the final profile Son differs markedly from the initial S profile. 
ou o 

The final solution S_0 has a maximum error of 0.2%.  In figure 9 are shown 

the initial and final flux profiles. A comparison of approximate and 

exact flux calculations over the range ^,-^2 8ave agreement to within 

E-8 
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10%.  Therefore the '"final" solution SRQ  must still be considered an 

approximation to the exact solution.  The temperature profile corre- 

sponding to S- is shown ir. figure 10.  Lowke and Capriotti have shown 

that the curvature of the temperature in the central core region is due 

to self absorption effects. Also, the thermal conduction edge is 

smaller than in the first example.  The iterative variation of E is 

given in figure 11 showing convergence to a final value of 68.95 volts/cm 

and the corresponding current is 5795 amps.  In summary, these examples 

indicate that the numerical method employed is stable and provides a 

convenient method for obtaining steady .ocate solutions to the energy 

equation.  Furthermore, with slight modification, the method can be used 

to calculate actual thertnai transients in radiative plasmas, for 

applications where transient effects are important. 
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NOKENCLAVURE 

Planck function ß 2c  h 
^      ,5,       .ch x  ,, X   I exp (—-)-!] 

AKT 

B(T) B(T) J 
A 

.   max 

x BA(T)dT 
mln 

constant in equation 9 

*t^-i   - F. 
BjH  a(s")(En)2  -  [-i±i-r^=l + lij 

1 * 2Ar r 

E11 
S" - COKB"   B"   •••B"-*-BS) 

*•       * in 

i.1-1 9(1^) 

'lj C^, -  (1 + 2 9) 

^.i.l--^1-^ 

< C> matrix < C > -   (C,   ) 

Electric Field   (volts/cm) 

value of E for nut   (volts/cm) 

radiative  flux vector   (watt/cm2) 

F - r F(r) 
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\ 
max /max   . • 

i ^(r.^^dA; equation 5 
A ,   - W=4TI min 

F(r)     approximate flux; see equation 7 

G(x)    G (X) - 1 2 e  Sln9  (Sine)nd9 n       n j 
o 

I       current (amperes) 

I (r,u))  intensity of radiation at r in direction w  (watts/cm ) 

K(T)     thermal conductivity  (watt/cm0K) 

K       mean absorption coefficient in equation 9 (cm' ) 

iC       Rosseland mean absorption coefficient (cm ) 

X2 

N 

^        j   ,       K,     dFVdT X1     "A 

Kp Planck mean absorption coefficient   (cm-1) 

Kp "j KX(T)   BA(T)dX/B(T) 
. x1 

number of radial subdivisions 

number of "time" steps 

arc pressure  (atm) 

E-ll 
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R       tube radius  (cm) 

radial coordinate  (cm) 

r.      1  radial position (cm) 

Ar      Ar - r. - r,,  (cm) 

S(T)     S - I   KdT (watt/cm) 

Tw 

position along a ray (cm) 

n ♦'h 
G.      value of S(r.) at the n' time step 

temperature ( K) 

T       wall temperature ( K) 

At time step 

S 

'"/. ^ h V Kxa)dc 

G - At/Ar2 

K^      spectral absorptivity (cm ) 

wavelength (cm) 

Xj^      Xj^ - .lOSA x 1C"4 cm 

-4 
Xr       X- ■ 2 x 10  cm 
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^nln     'V.ln " ■0612 *  10 
-4 

cm 

Vniax     A
max 

= •0952 ^ 10 4 cm 

electrical conductivity (mho/cm) 

r
R      Rosseland optical length; T 

1^(5)0? 

Plauck optical length; T *    [  '\  ($)dC 
P  j o p ' 

spherical coordinate measuring azimuth angle of 

figure 1. 
a ray in 

u unit direction vector of a ray 
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APPENDIX F 

Analysis of Xenon Discharges 

J. J. Lowke 
Westinghouse Research Laboratories 

Pittsburgh, Pennsylvania 15235 

I.  INTRODUCTION 

Calculations have been performed deriving temperature profiles 

of discharges in xenon flash tubes from given nüterial functions for xenon, 

at a specified experimental value of current and electric field strength. 

The calculations include r.he effects of conduction, radiation, and self 

absorption of radiation. Comparisons are made of three different methods 

of doing these calculations.  Results of these calculations indicate that 

for typical values of electric field strength and current the temperature 

profiles are .adiation dominated if the pressure is equal to or higher than 

four atmospheres, the profiles are relatively fiat, the influence of 

o 
radiation at wavelengths less than 1000A is negligible, and the effect of 

self absorption in the visible continuum is of only secondary importance in 

determining the central temperature. 

An analysis has been made of the time dependence of the experimental 

data of electric field strength, current and radiation. The radiation 

measurements suggest that the xenon discharge should be treated as a ti 

dependent problem rather than a wall stabilized, steady state a*-;, which is 

the basic of the present calculations. 



II.  TEMPERATURE PROFILE CALCULATIONS 

Calculations of the temperature profile for a wall stabilized 

steady state arc for a gi -»ti "lectric field strength, current and gas 

pressure have been made using (1) the Eddington Approximation, (2) a pseudo 

time dependeitt equation and an exact radiation flux calculation and (3) a 

pseudo time dependent equation and an exact radiation intensity calculation. 

It is considered that method (3) is the least expensive. However, for 

comparison of calculated values of central temperature and arc radius with 

experiment, a simple constant temperatvta model is adequate. 

The   it  material functions for the calculations am  those supplied 

jy C. H. Church.  The spectral abst.btivitles are an estimate of the continuum 

and naglect line radiation. Thermal and elect   tl conductivities are calcu- 

lated using a program of De Voto. The effects of radiation were determined 

by dividing the spectrum into 20 equal frequency bands extending to 

5 x 1016Hz(600A). 

1.  Method using Eddington Approximation 

This method is outlined in reference (1).  The following equations 

are solved nntüerically. 

n 

. i 



V.(Fc+FR) oE (1) 

-kVT 

FR 
- F„ dv Rv 

VJRV 
-   47T    (£      -   J   K   ) 

V             V   V 

^Rv 
m • 4T'     7J 3K      VJv 

V 

(2) 

(3) 

W 

(5) 

The nomenclature is given in Table I. 

Equation (5) is the only inexact aquation and is known in astro- 

physics as the Eddington apprcximatirn. The equation Is in 

effect a diffusion approximation for the radiation flux and is equal 

to a constant multiplied by the gradient of the radiaticn energy 

density, which is proportional to VJ^ . An iterative procedure la 

used to satisfy the boundary conditions which are as follow» 

at r F - 0 
Rv and F„ 

at r = R 
W end J 

2 FRv 
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Table I 

-♦ 
FR 

k 

K 

Rv 

I 

r 

T 

Nomenclaf.u^e 

Conduction Flux Density 

Radiation Flux Density 

Thermal Conductivity 

Electrical Conductivity 

Spectral Absorbtivity 

Spectral Emission Coefficient 

Radiation Flux Density per unit Frequency 

Radiation Intensity per unit Frequency 

Temperature 

Electric Field Strength 

Electric Current 

Radius 

Wall Temperature 

Specific Heat at Constant Pressure 

Density 

Integrated Emission Coefficient 

Time 

Planck Function 

Pressure 

_2 
(watts cm ) 

_2 
(watts cm ) 

(watts cnT^K-1) 

(mho cm ) 

(cm-1) 

(watts cm" ster" sec) 

(watts cm 'sec) 

-2   -1 
(watts cm ster sec) 

(0K) 

(volt cm" ) 

(amps) 

(cm) 

CK) 

(Joules gm" "K"1) 

(gm cm ) 

(watts cm ster" ) 

(sec) 

(watts cm ster sec) 

(Atirospheres) 

i    ^   ^ 



Input values are the material functions k, o,  K^ and e  (which 

are functions of temperature), and the experimental values of 

I and E. R is determined from 

2rR(F
C 

+ Vr^R = IE (6) 

The solution of these equations giving T, F and F_ as 

a fuaction of radius for E = 29 volt/cm and I ■ 1140 amps at a 

pressure of 11 atmospheres is shown in Fig. 1. 

2. Method using a pseudo time dependent equation and an exact 

radiation flux calculation 

This method has been suggested by B. Swanson. 

Rather than iterate to sat:ify  split boundary conditions 

as in the former method, an assumed initial temperature profile 

is modified using the time dependen*: equation to obtain the 

steady state solution. 

The time dependent equation, neglecting effects of mass 

floa is given by equation (7) 

3T       7 •* ■* 
C p -77 = oE^ -V.F„ - V.F- (7) 
p  ot C       K 

r i 
i 
t 



As wc are only interested in obtaining the sterdy state solution, 

C p is made equal to 1, a constant.  F is obtained using 

equation (2) and F is obtained exactly using the integration 

2 
procedure of Swanson.  A number of difficulties associated with 

this method are overcome as described below. 

(1) The numerical solution of this equation is unstable 

for large step sizes in time. This instability is described by 

3 
Rich'.jjyer and in the present method of solving the equation, the 

size of the time step for stability has been empirical]y found 

to closely follov the requirement cited by Richtmyer that 

(A   I2 

At < ■«§*■ where F = k/pC , (8) 
IF p 

Censrally the small step size requirement makes computing times 

prohibitively large. However in radiation dominated arcs, the 

temperature of most of the arc is controlled by the rerms 

2   + 
oE - '.F of equation (7) and not by VF which causes the 

R C 

instability.  By initially dividing the termV.F by a factor of 

the order of 30 and increasing the step size by the same factor 
- 

the rate of convergence to the final profile is greatly increased- 

The multiplying factor is then removed to determine the outer small 

region of the profile, which is controlled by conduction.  In this 

latter stage of the calculation it is only necessary to recalculate 

F_, whi^h is the most time consuming part of the calculation, at 
K 

->■ 

say every twentieth time s^ep, for F is determined primarily by 
K »• 

I 
.. 

^;* --:_  :.J     ■:- 



the temperature of the inner region of the arc. With this 

simplification any initial temperature profile can be made to 

rapidly converge to the fir.al solution. 

(2) In the present, problem, current and electric field 

strength, are Input values and the radius and the temperature 

profile ?.xe the  output.  After each time step the radius is 

recalculated using equation (9), where the temperature profile 

is regarded as a function of r/R 

R2 - I[2TTE xodx]"1 (9) 

where x = r/R. 

In this way the correct current is maintained as the 

temperature profile is varied. 

(3) It is found that the temperature profile can vary 

monotonicaJly and very slowly in a way making it difficult to 

determine the error from the true steady state solution. To 

test for convergence, after calculating each new temperature 

profile, equations (1) and (2) are solved to obtain F as a 
R 

function of r.  If the temperature profile is correct, the values 

> ■+ 

of F will agree with the values of F obtained from the spectral 
K R 

absorbtivities using the Swanson exact integration procedure. 



In the numerical results presented using this method the two 

values of f    agree to IX  in each case.  The method was used for R 

the conditions of Fig. 1 and the temperature profile is shown 

as the broken curve.  The small difference in the profiles near 

the outer wall is considered to be due to an insufficiently small 

step size in method 2 and not due to the Eddington approximation. 

The step size in r/R near the wall in method 2 was 0.01 whereas 

in the Eddington method it was 0.0001. 

The method was also used for p = A Atmospheres with 

E « 29 volt cm  and I ■ 1140 amps giving results insignificantly 

different from those shown in Fi%. 2, which were obtained using 

method 3.  Fig 3 gives results obtained uding method 2 showing 

the variation of F  with r at two different frequencies. The 

radiation flux Integrated from the absorption edge at u = 2.9 x 10 

to v = 5 x 10  Hz attains a maximum of only 2% of the total 

radiation flux at r/R = 0.87 for the conditions of Fig. 2. 

The inclusion of lines in this region of the spectrum will only 

decrease the radiation flux as, from the Eddington Approximation, 

which is equation (5), K is increased in the region of lines and 

J  - B  (see Fig. 4).  Consequently it is concluded that, except 

for very b gh powers where the central temperature is greater than 

14000oK, the effect of radiation for wavelengths less than 1000A 

can generally be neglected in the present calculations. 

I — : 



3. Method using a pseudo time dependent equation and exact 

radiation intensity calculations 

For the conditions of the present problem it is of 

considerable advantage to express equation (7) in the form 

3T 
p  3t 

= oE - V.F - 
c 

Air(e - J K dv) (10) 

where use is made of the continuity equation for radiation, 

equation (4).  From Kirchoff's Law e ■ B K dv and e is simply 

i 
v v 

a function of temperature.  J can be obtained exactly from a 

modification of the Swanson integration procedure used to obtain 

-►• 

FR- 

The advantages of this modification to method 2 are 

a. The Increment in temperature does not depend on 

the gradient of a computed quantity.  In 

method 2 to determine V.FD, F needs to be 
K   R 

calculated to high accuracy and at many 

radial steps. 

For typical experimental conditions in xenon, 

J K dv Is small compared with e, provided that 

ultraviolet radiation can be neglected.  Then 

the integral need only be calculated at say 

every 100th step, instead of after every 20th 

step, as outlined in the latter part of Section 



• 
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II 2 (1).  In fact if the integral in the 

visible range of the spectr .m is set at zero, 

the central temperature is decreased by only 

200oK for Fig. 1 and 300oK for Fig. 2. 

Instead of having E and I as the input, as in method 2, 

E and R are treated as the input and the value of I is calculated 

as output. The difficulty outlined in II 2 (2) is thus removed 

and the stability of the numerical solution is also improved. 

The profile obtained using this method, with E ■ 29 

and R ■ 0. '  as input at a pressure of 4 atmospheres is shown 

in Fig. 2.  Fig. A gives J as a function of frequency at two 

radial points. 

Constant temperature model 

In any comparison of theoretically derived temperature 

profiles with experiment one of the principal interests is to 

compare, for any value of I and E, the theoretical central tempera- 

ture and radius with experimental observations. An assessment 

can then be made of the accuracy of the input material functions, c 

and K , assuming that the experimental arc is wall stabilized and 

in an effective steady state condition.  For this purpose, for the 

experimental conditions considered in this paper, the central 

temperature and R can be computed to witK'. 5% simply by assuming 

that the arc is at constant temperature, without computing the 

temperature profile. 

- 



For radiation dominated arcs, loss of energy by conduc- 

tion at the center of the arc is negligible compared with radiation 

losses. This the innut electrical energy equals the net emission 

of radiation energy, as expressed in equation (11), i.e., 

f 
OE « 4ir(c - j JvKvdv) (11) 

At the center of a cylindrical plasma of radius R and aniform 

temperature T, J can be calculated using the two radiation 

equations (4) and (5) again given below 

7.F  - 4Ti(e - J K ) 
RV     v   v v 

V 

As e and K are constant the equations can be solved analytically 

to give 

Jv(0) - Bv {1 - .l/(Io(y) + -j—  I (y))}        (12) 
v3  IT 

where y = »T KvR and Io and ^ are modified Bessel Functions, 
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In this way the integral in aquation (1J) can be evaluated, and 

the equation used to determine E for any given cylinder of "adius 

R and temperature T  The current I is then obtained from the 

conductivity equation (13) 

I/E - nR2o in) 

Curves computed using equaticmo (11), (12) and (13) are given in 

Figs. 5, 6 and 7 for pressures of 2.5, 4 and 11 atmospheres 

reapectively.  The agreement of the central temperature and radius 

predicted for pressures of 4 and Äl atiaospheres for E = 29 and 

I • 1140 with the temperature profiles of Figs. 1 ar.d 2 is within 5 

For p ■ 2.5 Atmospheres, the point at E « 29 volt cm 

and I ■ 1140 amperes appears to be iust in the folded region of 

the curves of Fig. 5 where multiple solutions are possible.  The 

existence of multiple solutions has been investigated cut for 

other input material functions and for a different gas and will he 

reported later.  For xenon at 2.5 Atmospheres, for E greater than 

30 and I • 1140 the only solution that exists is for a conduction 

dominated am where the central temperature is controlled by 

thermal conduction and not by radiation. At E = 29 volt cm 

I ■ 1140 amperes the only solucicn that was found was that of a 

conduction dominated arc with a central temperature above 19,000oK. 

At these temperatures the input material functions are unknown. 

No detailed search was made for the existence of a solution 

ponding to a radiation dominated arc for this value of E and I 

corres- 

■ 
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III.  COMPARISON WITH EXPERIMENT 

1.  Steady state condition 

For a tube of R ■ 0.63 cm the peak values of I, E and 

temperature that have been measured are E ■ 29 volt cm , I * 1140 

amps, central temperature * ll,500oK and pressure «4.2 atmosphCi.'es. 

3T 
As these quantities apply for a time, corresponding to T~ " 0 

o t 

it ihould be appropriate to compare with the steady state theoretical 

solution. Upper and lower limits of the possible gas pressure are 

11 and 2.3 Atmospheres. 

Results obtained from Fig. 6, and for similf r curves at 

4 Atmospheres but with different values of a and K are given 

in Table 2. 

Table 2 (p - 4, E - 29, I - 1140) 

Inout 

De Votto Values 

De Votto Values 

1/2 x De Votto 

1/2 x De Votto 

t Output 

K 
V 

R T 

Normal Continuum 0.4 13 300 

2 x Continuum 0.42 11 700 

Normal Con'.lnuum 0.6 11 700 

2 x Continuum 0.62 10 800 
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If lines are included in the spectral absorbtivity data, 

the integratsii emission coefficient may be increased by a factor of 

tvo.  i jwever, as Is seen from Table 2, the computed radius is stiii 

only 0.42 cm and o would stillneed to be decreased for the arc 

r.o fill the tube. 

Unfortunately meäfauiements of the discharge radius are 

difficult to make. Furthennore no accurate experimental measuremencs 

of a for xenon are known.  It is seen that the theoretical predic- 

tions are in very approximate agreement vith experiment, but if the 

dischavge doe? indeed fill the discharge tube it would appear that 

the De Vott ) values of a are too high. However an analysis of the 

time dtoendence of the experimental parameters suggests tha the 

discharge does not fill the rube. Therefore it should not be 

concluded that ue believe that the a or : data is in error. 

2. Time dependence of the discharge 

From the time dependence of the experim^rt-illy observed 
o 

value's of E, I and radiation intensity at 8232A, the curves of 

F-i^. ? *nd  9 have been prepared.  In Fig. 8 it is s0^nthat the 

turves for differing discharge energies are in reasonable coincidence 

for the latter portion of the discharge time.  However it is ssen 

in Ftg. 9 that the radiation intensity at a particular value of I 

varies markedly for dist.ha'-ges of differing input power.  If the 

discharge were to be wall stabilized and effectively in the steady 

state condition, the value of E and central temperature (and thus 

I 
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the radiation Intensity) would be determined for any ^alue of 

R and I,  If the experimeital measurements are correct, it appears 

that the arc cannot be regarded as being wall stabilized and in 

the steady state at times after t e peak, radiation intensity. 

It is known that the pressure inside of the discharge 

tube is determined not only by the core temperature, but is con- 

trolled to a large excent by the temperature of the gas near the 

tube wall.  It is suggested that this gas is continually heated 

throughout the duration of the pulse, thus increasing the pressure. 

The centra.1 temperature, hich in  determined from equation (11), 

xs thus lower at a given I for pulses of high power because the 

gas pressure is higher. In this way it may be possible to exp]".in 

the radiation .aeasurements of Fig. 9. It would then be expected 

that the radius of the central portion of the arc does not fill 

the tube, and increases throughout the duration of the pulse. 

Measurements of the temperature profile at peak power 

are consistent with the theoretical predictions that the tempera- 

ture profile is very flat. 

IV.  CONCLUSIONS 

For the experimental parameters typical for the operation of xdnon 

flash tubes, the following generalizations can be made. 

1. The temperature irofiles are very flat and are radiation 

dcminated, provided the gas pressure equals or is greater 

than 4 Atmospherea. 
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2. Except for very high powers whare the central temperature is 

above 14,000oK, the effect cf radiation of wavelengths less 

than 100UA can be neglected. 

3. Self absorption effects in the visible continuum generally 

effect the central temperature by less than 1000oK. 

4. The constant temperature model in which account is taken of 

absorption, can be used to predict the central temperature 

and outer radius of wall stabilized arcs to within 10%. 

5. Of the three methods used to compute temperature profiles of 

steady state, wall stabilized arcs from input material functions, 

it appears that the time deperdent method using an exact 

radiation intensity calculation is the most economic. 

6. Experimental measurements indicate that th^ arc discharge is not 

wall stabilized and that time dependent studies are needed. 

V.  POSSIBLE FUTURE WORK 

1.  Experimental 

(1) Time dependent studies of the radiation intensity as a 

function of radius are noeded to determine whether the 

radius varies with time. 

(2) Improved measurements of the pressure as a function of time. 

(3) Measurements of temperature profiles of a cascade arc in 

xenon.  Such a measurement would enable a determination 

of electrical conductivity, which is a crucial input parameter 

in the theoretical calculation of temperature profiles. 



17 

Theoretical 

(1) If the pressure and E were known as a function of time, a 

time dependent study using equation (10) could be made to 

predict the current and the temperature profile as i 

function of time. The self-absorption integral of 

equation (10) could be neglected giving very considerable 

imnrovement in computation time and an error of only a 

few hundred degrees in the central temperature. It is 

proposed that for a given I the temperature of the gas 

near the quartz walls which contain the arc, is dependent 

on the total power fed into the pulse, but t'-at the 

temperature profile of the arc core at late times is 

relatively insensitive to the initial temperature profile 

that is assumed for the calculations. The gas pressure 

as a function of time could be derived from the computed 

temperature profiles and compared with the input pressure 

as a function of time. 

(2) A more involved computation could be carried out solving 

equations (14), (15) and (16) 

C p (~~    + v. V T) - V.(kVT) + v 77 + v v.Vv 
p   at    ~ dt      — 

oE 
2 4n _ i .i£ = 0 (14) 

p at 

3 v 
p —r-~   + p v.V v = -V p (15) 

-£• + V . pv = 0 (16) 
dt "~ 



1.8 

As p and p determine T; p, p, v and T can be detevciined as a 

function of time and compared with experiments. 
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