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PREFACE

This report presents the work since the previous semiannual
report cn Contract Nonr 4647(00). It also summarizes the previous work
on the contract toward the development of quantitative models for high
energy pulsed arcs of tha type that are used for the optical pumping
of high energy lesers. The studies in this contract have been concerned
primarily with xenon as this gas has been used most successfully for
high energy laser pumping; the principles contained in the models for
the arcs are applicable to other highly radiative arcs, though in many
caseS the necessary quantitative descriptions of the physical properties
of the arc plasma are not available at the present time.

Recent davelopments in pumping geometries and in additive
lamps, arising, in part, from this work and from work in a closely
related area, the optical pumping of continuous lasers, under Contracts
DA~28-043-AMC-00292(E) and DA-28-043-AMC-02097(E), indicate new promise
for efficient optically pumped lasers. The principles discussed in this
report provide a basis for an understanding of the optical pumps for

lasers.
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ABSTRACT

This report summarizes the studies made on Contract Nonr
4647(20) towards the develcpment of models for the highly radiative
arcs used for tue high energy pumping of lasers. The report alsc
presents the experimental and theoretical studies since the last semi-
arnual report. The experimental investigations were primarily concerned
with more extensive measurements of the speccral radiance of the plasma
to provide verification for the models. The theoretical work
has resulted in computer methods, described in the appendices, to calcu-
late the transport properties, the spectral abecorptivities for the
lines and the continuum of xenon, and the spectral radiance and
temperature profiles in cylindrical arcs. Also included as an appendix

is a theoretical analysis of the xenon arc using radiative transport

techniques developed in other studies.
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I. INTRODUCTION

The optically pumped solid state laser provides the highest
peak power and highest peak energy available from coherent sources.

This report summarizes the work on Contract Nonr 4647(00) toward the
development of quantitative models for the highly radiative arcsused to
excite these lasers. Contained in the appendices to this report are
computer programs developed in this work for the calculation of many
features of these arcs. The calculation procedures are feor xenon,
thou-h in principle, they are applicable to other atomic systems.

The theoretical and the experimental research on this contract
has been directed towards the creation of quantitative models for the
flash iamps that in turn would be useful in the improvement of high
energy lasers. The development of the models required basic studies of
the many aspects of highly radiative arcs, and lead to considerab: :
expansion of the experimental techniques availahle for the study cf these
dense plasmas. These plasmas may be encountered in many s{ituations other
than the flash tubes for pumping high energy lasers, including re-entry
shock waves and high voltage switch gear.

The effort in this contract can be divided into three areas:
(1) the development of theoretical techniques to calculate the necessary
physical properties of arc plasmas, (2) the applications of these tech-
niques to create models for the high radiative arcs, and (3) the exneri-

mental measurements required to formulate and then to verify the models.




The earlier reports (references 1, 2, 3 & 4) described mauny aspects of
the problem more fully. The ccmputer programs resulting from this work
are all in the ALGOL language for a Burroughs B5500 DISK computer.

The development of the models required techniques for cal-
culating the transport properties (electrical and thermal conductivity),
and the spectral absorptivity (the broadened spectral lines plus the
continuum) as a function of temperature and pressure. ln addition,
methods for handling energy transport within highly radiative inhomo-
geneous temperature arc plasmas were required.

For the transport properties of xenon, we were fortunate in
obtaining the assistance of Dr. R. S. de Voto of Stanford University,
who has developed computer programs fo. calculating the properties of
partially ionized monatomic gases. His program for the calculation of
the electrical and thermal conductivities of xenon as a function of
temperature and pressure is in Appendix A.

The calculation of th. spectral absorptivity of xenon required
consideration of the broadened iilnes and the continuum. The final pro-
gram given in Appendix B is due to the efforts of many people, partic-
ularly D. Sun of California Institute of Technology, E. Corinaldesi, now
at Boston University, and R. G. Schlecht, now at Aeroneutronics Division
of Ford Motor Company. Appendix C uses the bound-bound transition prob-
abilities and other information on xc<uon to calculate the optical
radiation emitted by a cylindrical arc of a given temperature profile
and pressure. Appendix D precents calculations for Whittaker functions
of real and imaginary argument for use in calculations of the matrix
elements for bound-free and frce-free transitions. We will discuss
detalls of these calculations in a later section.

Two approaches were followed 1n the creatirn of the models for
the arc. In one approach, we assumed the arc to be homogeneous in tem-
perature and neglected thermal conduction to the walls. Experimental
measurements had indicated that this was a reasonable assumption for the
central core. Such model would explain a number of the observed chalac-

eristics, such as the arc radlant emission saturation in the infrared

and in the visible, and account for a major portion of the input power.




The pressure to be used for this homogenavus temperature model is open
to question due to the actual temperature gradient which exists near
the walls. .n the other approach, the electric field across the arc, the
inside diameter of the arc ‘:ube, and the pressure of heavy particle
number density are to be specified and the radiai absolute temperature
distribution 1s to be sought. With the temperature distribution, we
could calculate all of the observed properties of the arc including
the spectral radiance at the walls (Appendix C). This calculation re-
required the solution to the energy balance equation for a nou-grav,
nonhomogeneous temperature plasma. An approximate analysis described
in Appendix E was applied to this problem to obtain a better initial
temperature distribution. The final program developed in this work is
given in Appendix F.

The experimental measurements were intended to aid in the
formulation and verification of the models. 1In the course of the work,
the flash lamp or more completely, the confined wall-stabilized pulsed
arc discharge, was found to be a useful vehicle to study high power
density, high pressure, highly radiative plasmas. Plasmas with these
characteristics in gases other than xenon are of interest to workers
in many fields or research and applications. In the course of this work
and in the closely assoclated company sponsored research, techniques have
been and are being develosed to study these plasmas. These techniques
have included two rapid scanning spectrometers, one of high resolutiion

(6)

scam.ing over a limited range the other of decreased resolution but

with 2 much wider spectral range(7).

A problem still exis  ° in the accurate measurement of the
instantaneous pressure. The pressure is crucial to an accura.e descrip-
tion of the arc as the pressure varies widely with the temperature
gradient near the wall. Currently a laser interfercmeter similar to that
of Gerardo et al.(8) is being set up to allow electron density measure-
ments. These electron density measurements will serve to check the

vaiues we have assumed in the calculations.
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IT. BASI. PRINCIPLES OF HIGHLY RADIATIVE ARCS

The arcs used for pumping high energy lasers have many
fearures in common with arcs used for continuous laser pumping. The
o« mury difference between these arcs lies in the size of tne arc
column. and the powzr density in the arc. In both cases, the arcs are
near or above atmospheric pressure. As the efficiency of the laser
systems iruresse, the differences between the two arc applications
are becoming less marked.

fhe usual “orm of the arc used in high energy laser pumping
is a cylindrical arc surrounded by a wall. We have only investigated
this wall stabilized arc. 1n the arc, current flow carries power into
the arc; radiation external to the arc and thermal conduction to the
arc surroundings (i.e.: the wall) carry power avrv firom the arc.
Convective power transport can be neglected in this type of wall stabi-
lized confined arc unless there is gas flow--which we have not considered
in this work. A wal. stabilized uighly radiative arc such as those used
for high energy laser pumping has a central plasma core at the tempera-
ture of the fully ionized plasma (the actual temperature varying with
the composition of the plasma) with the temperature at the wall dependent
upon che rate at which power is carried awav from the walls. (A fully
ionized plasma may be only .01% ionized. It is characterized by the
doninance of the electron-electron and eiectron-ion interaction over
the other particle interaction).

The relation: between the Input pcwer and that carried away
from the arc by radiation and conduction can be put into equation form.
Figure 1 present. the family of equations that relate the power input
per unit volume to the power carried away by radiation and -~onduction.
~e consider the arc to be in local thermal equilibrium (LTE) and
thus describable by Boltzmann's equation, Saha's equation and a
simple radiation law. The electrical and thermal conductivities as
well as the spectral absorptivities are functions of the local tempera-
ture and prec wure for each constituent. The variocus constituents

of the plesma interact with e=2ch other thror h the ionization law
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The Energy Balance

S - 2
T . (FRAD + FTC) = ¢ (p.T) E

vhere E is the electric field in Volts cm_l. o is the elecrtrical conductivity in

(ohm cm)-1 and is depsndent unon the pressure (p) and the temperature (T}, F

T.C.

is the thermally conducted power flux in Watts cm-2 and :is given bv

FT.C. = -K(p,T) grad T
K 1s the thermai conductivity in Watts cm_2 °K-1 cm. FRAD is the radiant emittence

-

(i.e. radiative flux) in Watts cm ~ and is expressed in terms of FV , or FX
The spectral radiant emittance L3 g

= I ez

F = | F dv = T F d:

RAD 5 vrap o Rab

where v is the frequency and * the wavelength in coasistent mits. Consider the
= component of F v it is expressed in terms of I °
RAD -

F o=/ 1(5) Cos (x,5) du

X @

IJ is the spectral radiance (i.e. specific intensity) in Watts cm © Steradian
frequency unit -1 along the § direction. w is the sclid angle over which the
integral is to be taken. Iv is the solution to the equaticn of transfer for the

geometry being considered:

dlv(S)
ds

=« o) (BT -1 (D)

in which s is the magnitude of the direction vector § aud <V' is the spectral

absorptivity including stimulated emission in <:m_l and is given by

=h./«T
Al - - -
<, x (p,T)(1-e )
B (T) is the Planc.. distribution function. h is Planck's constarnt, « {s Boltzmann's
constant and are to be in units consistent with T and . <, is the spectral
absovptivity in cm-l which in turn is the sum of the spectral absorptivities
for bound-bound transitions, bb. the spectral absorptivity for bound-free

transitions, . bf.and the specfral absorptivity for free-free transit!ongr\|ff:
A\

The relati‘ons between the spectral absorptivities and the transition probabilities

for these processes will be presentec in Appendix C.

FIGURE 1

The equations relating the electrical pover
input to the cntical radiation andi thermal conduction.

wn
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(Saha s equaticn) and thus the electron density, and in broadening

the lines through electron, ion, and Van der Waals mechanisms.

2.1 Electrical and Thermal Conductivity

The transport properties (i.e., the electrical and thermal
conductivities) of partially ionized gases are currently under extensive
inyestigation in many laboratories. We have used de Voto's calcula-

tions(g’ 10) as applied to xenon ucing the momentum transfer croes sec-
tion of Frost and Phelps.(ll) The program for the electrical and ther-

mal conductivities of xenon is given in Appendix A.

2 2 The Spectral Absorptivity

The spectral absorptivity of atomic species can now be calcu-
lated (in theory) to a relatively high precision without exorbitant
computer time using '"quantum defect' metl.ods to obtain the transition
pronsabilicies for bound-bound transitions and the cross sections of
the bound-free and free-free transitions. The electron broadening was
calculated using the line broadening theory outlined by Griem(lz) as

applied by Corinaldesi.(13)

(3)

Figure 2 shows schematically the calcula-
tion of the spectral absorptivities which are carried out in appen-
dices C and D and how they relate to the other programs.

The population ~f the initial level is one of the most impor-
tant determinants of the strength of an absorption as the population
in the initial level can vary in orders of magnitude as the temperature
changes a few thousand degrees. 1If the line in bound-bound transition
arises from a ground or very low lying state, the population in the
level is very hirh in the cooler gas near the walls, thereby leading
to a high spectral absorptivity. Examples for these ground state
transition are the resonances lines of xenon lying in the vacuum ultra-
violet and the yellow doublet of sodium. The high spectral absorptivity
will be manifested in the arc discharge by ve~ broadened and self

reversed emission bands.
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Appendix A
Calculation of
Electrical & Thermal
Conductivities as
Functions of
Temperature & Pressure

|

Appendix 8
Calculation of
Transition Probabilities,
Shift & Width of Bound-~
Sound Transitions

Appendixes " & F
Calculating the
Temperature Profile

Appendix D
To Be Used in Calculation
of Bound-Free & Free
Free Spectral Absorptivities

—

Program for Bound Free &
Free Free Matrix Elements
Being Developed

for Given Electric ,;
Field, Tube Diameter, '
& Gas Pressure :
]
_______ ———d
l!- Spectral
Appendix C Absorptivity
Calculation of Spectral 3
Absorptivity, Spectral Spectraatlxgtlillances
Radiance, & Radiant
Emittance for Cylindrical Iy
Geometry of Given Rad'a:: ér:lllttance
Temperature Profile
& Pressure

Program C is Using
Schluter's Calculations

Fig. 2—The information flow for the calculation procedures in the appendixes
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The shape of the line determines how the absorption varies
with wavelength, We have considered the lines in the depse highly
radiative plasmas treated herein to have a Lorent~icn shape. The line\
width, w, and the shift, d, arises in the cases being considered from
electron broadening in the center of the arc (Stark broadening theory),
and neutral particle broadening near the edge (Van de Waals or
resonance broadening).

The variouvs broadening mechanisms are calculatable (in theory
at least) for atomic systems such as xenon. Figure 3 shows the
spectral absorptivities for xenon for a range of temperatures at the
same pressure; 5 atm. The program for this is in Appendix C. The
gpectral absorptivities shown in Figure 3 include the broadened lines
and the continuum. The lines were calculated using an intermediate

14)

coupling program described in the last report' aud in Appendix B which

was the extension tc xenon of the calculatlon of Garstang and Van
Blerkomgquhe continuum was that calculated by Schluter(lsgnd is
described in an earlier report and in Apperdix C. The upper limit on
the spectral absorptivities that may be calculated by this program is
iimited to below those temperatures for which Xenon 11 becomes
appreciable (- < 14,000°K) {We are medifying the programs to include
Xell, but this work was not available for this report.) The effect of
the XelIl will be to increase the continuum and the emission in the blue
and ultraviolet as Xcll does not have the strong infrared lines that

Xel exhibits.

2.3 The Arc Models

Two approaches were used in the creution of models for the
arc. In the simplest, the ar~ was assumed tc be homogeneous in tempera-
ture and thermal copnduction to the walls was neglected. In the more
complete approach, the absolute te~nerature profile is calculated for
a given electric field and tube diameter. From the temperature profile,
the spectral radiance through the arc, the radiation external to the

arc, and the thermal conduction to the walls can be calculated.
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The inclusion of the free-free tramsitions and the more com-
plete calculations of the bournd-free transitions required more extended

application of the quantum detect methods of Seaton(lﬁ)

(17). Peach ([@ote) (15), and a series of papers by

, and Burgess and

Seaton , Schluter

Biberman and Norman and their collaborators(zo) have indicated improve-
ments using the Coulomb field; Stewart and Rotenberg(21) and McGuire(zz)
have extended the theory to the non-Coulomb potential found in the inner
part of the atom. The rise of these methods required programs for cal-
culating Whittaker functions(23) of real and imaginary argument. Appen-

dix D presents ALGOL translation of and corrections to the FORTRAN pro-

grams of McGuire(za). These programs are to be used as entry points for

the numerical integrations of the radial matrix elements for bound-free
and free-free transitions.

The homogeneous temperature models considered the arc to be
a cylinder of uniform temperature with the arc diameter to be an input
parameter. The homogeneous temperature models for the pulsed arcs were
found to give reasounable agreement with experiment if the arc diameter
were properly chosen. In the previous report, the electrical conduc-
tivity determined from a .41 cm bore tube was used to calculate the
arc core diameters for the larger tubes at the same temperatures using
temperatures measured from a region of the spectrum that was assumed to
be radiating like a black body. The radiant emittances (neglecting lines)
calculated for the respective core diameters at the temperatures studied
were found to account for the major portion of energy delivered to the
flash tube,

The spectral radiance along a .8 cm diameter for a homogeneous
temperature discharge of lZ,OOOoA and 5 atm. is shown in Figure 4.

The spectral radiant emittances fcr two homogeneous temperature
cylindrical arcs of .8 and 1.4 cm diameter are shown in Figure 5. The
radiant emittance (i.e. radiative flux) is shown in the figure. The
radiated power per unit length is simply the product of the radiant
emittance and the surface area of the arc. The program for the calcu-

lation of the radiant emittance is part of Appendix C.

10
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The ideal model for the arc is one in which the characteristics
of the arc discharge are determined by the input param~ters: the
electric field across the arc, the peometry of the a.c container (i.e.,
the inside di-meter of the cylinder), and the pressure and composition
of the fill gas, But this model requires the solution to an integral-
differential equation, called the energy balance equation, shown in part
in Figure 1. The result of the application of the equation is simply the
temperature distribution witiin the arc column.

We have explored a few methods for solving the energy balance
equation for non-gray, nonhomogeneous plasma. The problem may be divided
into two phases: determining the radiative flux (i.e., radiant emittance)
throughout the arc column, and using the radiative flux together with the
transport properties to find the temperature profile that satisfies the
integral differential equation.

In this work, on Contract Nonr 4647 (00), the radiative flux wa.
calculated using an exact integration (described in Reference 2 and 25)
and an approximate integration based upon a technique of Sampson(26).

The latter method was approximately ten times faster to compute than the
former, and has given good agreement for the cases tested though it
does not as yet include lines nor very steep ionization edges.

The temperature profile is calculated by using a relaxation
method applied to the energy balance equation., In thié, the radiative
flux for an assumed (best guess) temperature profile is calculated. Using
this radiative flux 7n a time dependent energy balance equation, the con-
tributions of the other components of the energy balance equation are
then calculated. By iterating the process over and over, a temperature
profile that satisfies the equation could be calculated (i.e., where the
time dependent part equals zero). This is described in Appendix E.

A program has been developed which combines the exact and
approximate calculations to obtain a profile. The results of a sample
calculation together with the program are given in Appendix E also.

To provide further insight into this calculation, an analysis
procedure devised in other worg)was applied to the xenon arc., The complete
analysis together with calculated fluxes and temperature profiles is in

Appendix F.

13




§
g
: 9

A0 Moot 101059 O O 0 AE0  e

In all of these calculations, the pressure throughout the
discharge is considered to be coustant; that is, radiation and magnetic
effects upon the pressure were neglected(l’z). The gas pressure before
the initiation of the discharge is known (typically, it is 150 to “00
torr for the xenon-filled flash tubes). Recent calculations have indi-
cated that the final presaure in the fully developed arc is strongly
dependent upon the temperature profile. A simple example will illustrate
this dependence. Consider a simpie two temperature confined arc in which
the arc core is at 10,000°K, the volume near the walls is at 1000°K,
and neglect the electron contribution to the pressure. It is simply
shown that a cool arc volume of only 10% of the central core volume will
reduce the arc pressure by a factor of two from the pressure that would
occur if the central core occupied the whole zolumg)as ve had assumed
1,2,

in the earlier homogeneous temperature models This consideration

in rhe pressure becomes very important for the larger diameters with

4)

larger cool portions .

ITI. COUPLING THE PUMP INTO THE LASER ROD

The ideal pump for optical lasers is one in which a major
fraction of the energy radiated can be coupled or at least incident upon
tne laser rod. There are two general methods to do this: che diffusely
reflecting cavity and the focussing cavity. We have investigated a
particular diffusely reflecting cavity, the coaxial laser pump, which is
well suited for use with large high energy pulsed laser, and a high image
quality focussing system, the spherical cavity, which has demonstrated
high efficiency in continuously operating laser systems(ze).

Figure 6 shows a cross secticonal drawing transverse to the rcd

of a current design coaxial lamp. The radiation from the plasma surrounds the

laser rod. The Mg0 layer diffusely reflects the radiation back toward
the laser rod. As Whit:.le and Skinner(zg) point out, in a recent paper;
the efficiency »f the system may be obtained roughly by comparing the
product of the area and energy absorbed by the rcd with the sum of the

products of areas and absorptions for the whole system. In this aralysis

14
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an open area ig considered to pe complete absorption. Goca laser pump
design would seek to minimize openings (as for electrodes) and minimize
non-laser rod area, This line of reasoning is countex balanced partially
by the need to niniuize thermal conductiovn which varies with the gradient
and may var: with Plasma .hickness. an unknown quantity in the analysis
of an Mg0 reflector coaxial lamp is the reflectivity of the Mg0 layer
under the conditions in the flash tube. Ttis imporiant parameter would
need to be determined for a qu..’Z:zative analysis of thig pumping
geomctry,

Figure 7 is of a possible evolution of the coaxial laser pump
which minimizes thermal losses, and allows very high energy outputs from
énergy limited laser rods. The Dinimizing of tha thermal losses arises
from the reduction Per unit laser rod area of absorbing diffusely re-

flecting surfaces and of thermally concucting walls

been with small rog- “hough the geometry need not Le limited to then.
Figure 8 from Ref: . e 28 shows the geocuctry of the spherical cavity
with the laser rod and laser pump Symet—ically disposed about the radius
of curvature. If the laser rod length is small enough relative to the
diameter of thig sphere (and the spherical mirrery . of optical quality),
the image of the lamp can be placed upon the rod for a very large fraction
of the total solid angle. The data we have at present were obtained on
3 x 30 mm laser rods in which were obtained an efficiancy of 1.15% and a
tocal power of 3.6 watts for a Nd:YAG rod with erternal .esonators. The
application of thig high efficiency system to larger laser rods is
underway.

The spherical cavity has many advantages for laser pumping ard
a major disadvantage, this tzing the size sphere required for a rod of a
given length (the diameter of the sphere should be considerably larger
than the rod length). Some of the advantages include a high transfer
efficiency (that can be calculated and ray traced readily), and a

relatively rernte raflecting surface (less subject to radiation damage).

16
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The sphere may be fabricated in large sizes readily to optical tolerances.
The recsulcs ~btained with the spherical cavity indicate promise for use

in hirh energy laser pumping.

IV. RECENT EXPERIMENTAL MEASUREMENTS ON THE ARC

The experimental measurements taken throughout this work have
been directed towards improving and verifying the information used in th
models. Early in the work, we developed a technique to measure the tem-
perature of the plasma (More correctly we developed a technique to measure
the lower bound of the temperature - we will treat this more thoroughly
in the discussion in double pulsed arcs). To calculate the spectral
properties, we needed to know the pressure in the discharge. As we had
the initial pressure of the gas (typically 150 torr) and the arc filled
the tube to a first apprevimation, we initially assumed a homogeneous
temperature. The arc was measured from the radial distribution of the
spectral radiance in the ultraviolet to be relatively homogeneous for a
large fraction of the radius - though subsequent .stimates from the
electrical conductivity discussed in the last semi=-arnual report(a)
indicated this fraction varied with flash tube inside diameter. Recent
analysis of the effect upon the pressure of the temperature profile
within the tube indicated that measurements of the pressure or the
electron density were required.

The experimental work in the past few months has been concerned
with measurements of the pressure using a piezoeleccric transducer, a
Kistler Instrument Co. 603A, and of the spectral radiance in the vicinity
of some lines and in various continuum regions for the arc under power
densities over 1.5 Mwlcm3 (using pulse preionization!;7)). Measurements
were also made of the spectral radiance in the ultraviolet (at 3009..) for
the arc viewed cide in and viewed end on. These measurements from the

side and end would give a path length difference of ten or more depending

upon the tube.

19
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The pressure measurements for the 12.7 and 19 mm insiac
diameter tubes had shown a pressure consideral .y lower than that cal-
culated for a howogeneous temperature distribution. The transducer output

was very oscillatory reducing the accuracy. These measuremeats indicated
that there was a cool volume near the walls which could change consid-

erably during tl= arc cycle. A laser interferometer is being set up to
measurc the electron density in the center of cac zrc, tut no :rinal
results are available for this report. The interferumeter is similar to
that of Gerardo et. al.(s) in which the flash tube is inside a reference

cavity which is in series with the laser cavity. Measurements of the

electron density with the interierometer together with those of temper-
atures will characterize more “ully the arc plasma.

The measurements of the temperature in the double pulsed arc
required finding spectral regions in which the emission from the arc was
not self-reversed but still optically thick. The 8231.6A line of Xel
was suspected to be self-reversed at power densities above about .1 Mwlcma.
This was confirmed using the high resolution rapid scanning spectrometer(6).
Calculations of thc spectral radiance (using the program in Appendix C)
for a temperature profile similar to that expected in the arc showed self
reversal in the immediate vicinity of the 8231.6 g lines.

The snectral radiances measured for the lines and the continuum
are shown in Figures 9 through 12 for power densities over 1.5 MW/cmB.

In Figi.res 9 and 10, the spectril radiance is plotted in terms of the
equivalent black body tewmperature. The power is the input power dissipated
in the lamp per unit volume. The flash tube diameters ranged from .41 cm
to 1.94 cm. The tubes were preionized with a .5 ms pulse (100-600 uF in
serieg with 100 pyHy). The main pulse was about 50 ks long (50-100 uF and
the residual inductance "3uH). The main pulse was switched in by means
of an ignitron using the circuit shown in Reference 6. The self reversal
of the 8231.6 R line of Xel was considered to be the primary reason for
the reduction in the spectral radiances for the larger diameter flash
tubes. Figure 13 gives the spectral radiance distribution for an EG & G
Inc. FX-52 flash tube under single and double pulsed conditions. The data

o
was taken with a spectral width of about 1 A at the wavelengths indicated.
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The measurements of tha: spectral radiance at 3000 R on flash
tubes viewed side on and viewed end on yielded the theoretical ratio of
the length of the tube to diameter of the tube for lower energies only '
when the tungsten electrodes were moved batck out of the arc. The ratio
again deviated at the higher currents as shown in Figure 14. This may
arise in part from further tungsten injection, but also may be due to the
plasma becoming thick for the flash tube lergth being viewed.

We have not yet made a detailed comparison of the calculated
radlances with those measured experimentally, This requires a more
accurate knowledge of the pressure and/or the electron density than we
currently have. We shall be making these comparisons after the laser
interferometer is completed. To compare the spectral radiances observed
in Figure 13 with the calculated values in Figure 4, multiply the values
in Figure 13 by 108 to obtain the values in Figure & (w/cm2 Ster cm).

The single pulsed valuescorrespond with those for the plot in Figure 4;
the exact agreement requiring better values of pressure than we

currently have.
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Relative Spectral Radiance, 3000 A
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Fig. 14-The spectral radiance viewed at 3000 A end on and side on
for 3 13 mm diameter arc tube
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§ V. SUFMMARY AND CONCLUSICNS

This report presents a description of the work carried out cu
Contract t .nr 4647(00) tcwards the creation of quantitative models for
the pulsed arc discharge that is used for the optical pumping of high
energy solid state lasers. The primary results of these studies are
computer projrams for tne -~alculations of the physics2l properties of the
arc plasma, using xenca as the working gas, and for determining the
balance within the arc between r.diation external to the arc and thermal
losses tc the walls. The experimental results obtained since the last
semiannual reports are also described. The experimental studies have
been concerned with measurements of the pressure within the arc, and the
characterization of the arcs at very high oower densities.

The models for the arc developed in this work are at present
only semi-quantitative. They possess the main f-atures of the arc,
exhibiting the saturation of the radiation in the infrared, the strong
deperdence upon power deansity of the radiation emitted in the ultraviolet;
and the nearly homogcneous temperature distribution that have been
observed in these arcs. To improve the accuracy of the models, more
complete and accurate measurewents of the physical prope-ties need to be
made, Throupgh the use of the model calculations, quantitative compari_ono
can be made between the power input, the average electrical conductivity,
the spectral absorptivities in various regions of the continuum and !n the
vicinity of sele:ted lines, and of the pressure and electron density to
make a consistent picture.

The full implications of these models are still being explore<.
The models are allowing a : ew insight into the behavior of the ..ig. density

arc. The arc models help to remove the high density plasma - the light

emitting ~lasmas -irom rhe "art" area of technology.

We hope that che work described in this series ot reports will
assist the designer of optically pumped lasers in the aevelopment and
improvement of this area of laser technology.

Through this work, we hope that e are bring to bear on an old
problem-~ 1light sources--szome of tue new techniques in both tueory and
experiment that were developed by a wide variety of people working in

areas far removed from the optical pumping of laserc.
28
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APPENDIX A

A PROGRAM FOR THE CALCULATION OF THE ELECTKICAL AND THERMAL CONDUCTIVITY
OF XENON AS A FUNCTION OF TEMPERATURE AND PRESSURE

- A “ .

by

Nepasianagsd

R. S§. deVoto
Stanford University

This program, ELEC/THERM, calculates the various components of
the electrical and the thermal conductivities of xenon as a function of
pressure and temperature under local thermal equilibrium conditions.

The program will calculate these quantities for argon also.
The input data for argon is:

1. "ARGON", number of species - 1 (we used 2)

2. 1initial temperature, temperature step size, maximum temperature

desired

3. number of pressures; the pressures in atmospheres

4. PHIOA (3.23 @ 4), RHOA (.224), PHIOI (5.38 @ 6), RHOI (.1965),

AC (25.615), BC (1.1960), HIER (must be 0.

5. electron mass (9.1091 at -28), molec. wt. of atom (39.944),
molec. wt. of first ion (39.944), molec. wt. of any other ions
used.

For acnon the data required is similar to the ARGON program.
""XENON", 2,

initial temperature, step cize, maximum temperature desired
number of pressures, the pressures (in atmospheres)

3.11 @ 6, .208,0,0, 25.639, .99752,0, 2.109 @ -28, 131.3,131.3.
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APPENDIX B

CALCULATION OF BOUND-BOUND TRANSITIGN PROBABILITIES
by D. Sun

The cverall purpose of the system or programs being developed
is to represent the spectrum of an atomic species in a plasma, including
ail lines and portions of the continuum which carry a significant portion
of the energy. Hence it will ve necessary to calculate large numbers of
transition probabilities for bound-bound, bound-free, and free-free
transitionrs.

Calculation of the bound-bovnd case to be discussed here is
fairly complete; the other two types of transitions have not been ad’ed
yet. The program tc be described. presently called GIANT/FIASCO, con-
sists uf four sub-programs, (following the format of E. Corinaldesi)
between which informatior is transferred by three disc files, READFI,
RE.DF2, and READF3. Programs 1 and 2 are ruu together, and accepting
as their input the quantum numbors and energies of the various energy
levels of a species as they are given in Moore's tables.1 Program 2
prints out trinsition probabilities for all tramsitions allowed by the
selecti 1 rules within the range ronsidered. These are also placed on
the disc READF2 where they mav be tapped by Program ! or by an auxillasry
program FIASCG/RESULTS, which merely prints out the results in a number
of cunvenient forms. Prcgram 3 calculates the Stark shift and broadeni.:;
of each level, while Program 4 combines these into the shift arnd broaden-
ing of each spectrar line. However, this paper is concerned primarily
with Programsl aund 2, the calculatior of bound-bound transition probabili-
ties.

The heart of the matter is the calculation of {<wnlz|wm !2

where wn, and wm are the two states between which a transition may occur

1C_ Moore, Atomic Energy Leveis, Nacional Bureau of Standards, Circular
467, U.S. Govermment Printing Jfri-e, Washington, D.C.

5
‘¥, Corinaldesi, to be published.
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and z=r cos © is the electric dipole operetor. (Quadrupcle and magnetic
dipole transitions a<e ignored.) Although wn’ Voo and z actually ianvolve
all the electrons in the atom, in practice, it is possible to use the
one-electron wave functions ¢t the <ter electron which makes the transi-
tion (Condon and Shortley, Section 67).3 Now each energy level consisus
cf 2J+1 states with different z-components of angular momentum. For
transitions from nto m, it is necessary to sum the square of the natrix
element for all of the m-states, and average it over all of the initial
n-states. The oscillator strength fnm is ﬁ%ggg times this quantity, and

the following reiations hold: n

= pf = {
(23_+1)f_=gf= (23 +1F_

2

A =0.667 x v°  where U is in cm b
nm

(2 Jn + l)Anm = (2 Jm + l)Amn

The solutions to Schroedinger's equation separate iato two
parts, giving the form 5551 Y(8, ¢). R(r) is known as the radial wave
function while Y(8, ¢) is the angular part Hence the problem separates
into a radial integral gw Ranrdr, and an averaging and summing process
which is carried out using Racah coefficients of the quantum numbers of

the initial and final states.
THE ANGULAR PART (COUPLING SCHEMES)
When an atom with more than one electron is being concidered,

there are several ways to add the multiple orbital and spin angular

momentums. For example, one might add all the orbital angular mouentum

3E. Condon and G. Shortley, Theory of Atomic Spectra, Cambridge University

Fress, London (1935) hereafter referred to asCondon and Shurtley and the
Section.
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operators to get a total orbital angular momentum operator, and do the
same with the spin operators. Then the total orbital .ingular ..omentum
operator and the total spin angular momentum operator might be added to
give a total oagular momentum. If the actual states of the atom closely
approximate the eigenstates of the total orbital and spin angular momentum
operators, then the atom is said to be LS coupled, the L and S repre-
senting good quantum numbers of the operators. One way to express the
states is to put the quantum numbers of two operators in brackets to the
left of the quantum number for the sum of the two operators. An LS state

is written |[S, (L , L)L}J>, where Lcore is the total L of the inner

core
electrons, £ is the orbital quantum number of the ouvter electron, and .J
is the total angular momentum. A form of coupling commonl’ found in the
1 'V {
rare gases is ji coupling, given by '[(Jcore’ £)K, SlJ>, where Jcore is
the total angular momentum of the core, s is the spin of the outer
electron. and K is the intermediate quzatum number.
The average and sum over the initial and final states for
2
< z|'>
l<v |zl >]

- 2 -> -+
and sum for |<wn'r|w >l . T turns out to be a class T operator with

is easily seen to be equ.l to one third of the same average

respect to J (See Condon arnd Shortley, 83). Here it is convenient to
introduce a quantity <jiTij'> which can be related to the components

of the matrix element <jmlf}j'm'> but is itself independent >f m and m',
the z-components. (3ee Condon and Shortley, 93). Now if [P,Jl] =0

and P is class T with to J =J, + J

1 2 then the ratio

_ ' 12
1<3;3,3:Pe3,3,"3">]

CL T 2
. > s 1
'<jlj2:P:Jl‘]2 >|

is given by Equation 1138 of Condon and Shortley, or by

; ' .2 - ) .
23' + 1)j2>(2j2 + 1)\232 + L)W (jz,J,Jz',j';jl)/z (3,3") where
j2> = max(jz,jz'), W(jz,j,jz',j';jl) is the Racah coefficient, and
= (j,j') is defined by:

bl
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X (J,3+1) = (3+1)(23+3)

E (1) = 3(3+D)

X (§,3-1) = j(z3-1) See Condon ard Shortley, 745

In the program there are two procedures, XI and W2MOD, with XI{(j,j') =
= (3,3') and with WZMOD(jz,j,jz',j',_jl)/XI(j,j') equal to the above

ratio,
Returning to LS and j] coupling, we have:

2
o DLIEE S, (L 2L "> =

l<ts, (L .

WZMOD (L, J,L',J",S) 2
X1(J,3") <L |

L] [ AN }
core’l)L'r'(Lco.e’2 ):t>

w2Mob(L,J,L',J',S) WZMOD(E,L,E',L',Lcore)
XI1(35,J') XI{L,L")

.
El

BHEEY

for LS coupling, and

- 2
4 .' ] 1 ] 1 ] =
|00, o WKoslTExE [T 2K ,s13">]

W2MOD(K,J,K',J',s) |<(J

ipi ot ]2 _
X1(J,3") et VKITEE 2K >|¢ =

co ore

WZMOD (%, J,K',J',s) W2MOD(%,X,8',K',J )

core g2
XI(J,1') XI(K,K") [<iirss'>]

for j& coupling.
Summing over all z-components of J for both {uitial states and final

states and dividing by (2J+1) is equivalent to multiplying by XI(J,J').
(See Condon and Shortley, Equations 7%5 and 9311)
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(R and R' are radial functions although the
quantum numbers pertaining to the radial part have not been written in
the abore equations.) ‘the final result for 3|<niz|m>l2 summed over final

states and averaged cver initial states is:

W2MOD(L,J,L",J",8) W240D(2,L,¢",L"L ) [['R R' rdr)?
XT(L,L) (2+1) (22°+1)

for LS coupling, and

] ] ] ] & ' 2
W2MOD(L,J,K",J",8) W2MOD(L,K,2",K",J__ ) {i,R R' rdr]
XI(K,K") (20+1) (22 '+1)

When these quantities are multiplied by (2J+l) 2nd summed over

all possible J and J' in the initial and final wultiplets, the result is
é;%?ﬂ) in the notation used by Qohrlicha and Griem,5 the M standing for
"multiplet". & G()EB()”) is then (2J+1) times the above quantities,

ther standing for "line". & Gf) cbviously was defined to satisfy the

rule 26 (x) =1,
J J'

A sum rule derived [rom first principles states that v <u|z|m>|2

summed over all discrete final states and integrated over continuum final
states should equai the Rydberg constant in the same units as V. In the
program print out the quantity S3 or SUM3 is the sum over discrete states

of 3 3|<n|z|m>|2 with 5 in em 1. It should approach 329,212,

AF. Rohrlich, Ap. J. 129, 441,449 (1959).

5H. Griem, Plasma Spectroscopy, McGraw Hill Book Company, New York (1964).
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Intermediate Coupling

Most elements do not fit a well-defined coupling scheme as
nicely as might be desired. In other words, their states are mixtures
of pure states. No matter what basis 1ls chosen--LS, jl, jj, etc.--
the actual states are linear combinations of the basis states, and a
transformation matrix between the actual states and the pure states
exists.

For the intermediate coupiing (IC) program, an LS basis was
used, and the elements of the transformation matrix between states of
different configurations were assumed to be zero. For each type of con-
figuration involved, a theoretical matrix expression for the elnctro-
static and spin-orbit perturbations to the Hamiltonian was generated in
terms of F., G F2, GZ’ £, and ¢'. The electrostatic parameters, F

0) ’
GO’ F2’ and GZ’ appeared only on the diagonal for cthe LS basis (See

O’

Condon and Shortley, 113), while the two spin-orbit parameters £ and ¢'
appeared in many off-diagons! positions (Condon and Shortley, 111).
However, no cross terms exist between states of different J, implying
that J is a good quantum number in all coupling schemes.

If the theoretical expression is correct and if it is valid
to ignore configuration interaction, then it shouid be possible to choose
values for the parameters such that the diagonalized matrix corresponds
closely to the observed energies, in spite of the fact that the number
of energies in & configuration (the number of conditions that can be
imposed on the parameters) is larger than the number of parameters. In
practice, the parameters are adjusted to give a least squares fit between
the energies calculated by diagonalization and the observed energies.
This is done by using trace conditions from the blocks of different J
within a coufiguration (There are no interaction terms tetween states
of different J.) to set several of the parameters initially. As a first
guess, the less significant parameters are set equal to zero. The matrix
is then diagonalized and partial derivatives of the eigenvalues with
respec* to the parameters are calculated. A multiple-dimensinnal Newton's
method is applied to readjust the parameters. The process is repeated
until the sum of the squares of the energy diffcrences changes by less

than 0.1% from its previous value.
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The matrix elements for z between various LS states are easy

to calculate, although phases are somewhat of a prcblem. (See Condon
11, , . .

and Shortley, 477 ). Using the transformation matrices, calculation of

oscillator strengths is straightforward.
THE RADIAL TNTEGRAL

Schroedinger's equation for the radial wave function is:

2
_ _ , 3R A1) o
R = Rm{r = Pnl’r + [-2v(r) > + c]R=0

Brz r
where r is in Bohr radii
and € is in Rydbergs
Both of the methods used in these programs for solving this
equation, the Bates-Damgaard approximation6 and the scaled Thomas-Fermi
method,7 are semi-empirical--that is, € is set equal to the observed
energy of a known level. The difference between the two approaches lies

in the potential V(r) that is chosen.

The Bates-Damgaard or Coulomb Anproximation

As a first approximation one guesses that the potential in
which the outer electron moves is simply a Coulomb field due to a nucleus
of charge +Z shielded by NEL-1 electrons very close to the nucleus.

Thus V(r) = -%'where C = Z-NEL+1 is the effective core charge. (C =1

. c2 . L
for neutral atoms.) Letting ¢ = —-;-the differential equation is now:

2 2
i G R 1025 M B
31’4 r r./. né

(Ga)

J. Stewart and M. Rotenburg, Phys. Rev. 140, A1508 (1965).

. Bates and A. Damgaard, Phil. Trans. Roy. Soc. (London) 242A, 101 (1949).
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There are two boundary conditions, that R+*0 at the origir and
infinity. They can both be met only when n is an integer. In complex
atoms n is generally non-iutegral, and one condition must be dropped.
Since the major contribution to gw Ran rdr comes from large r for most
transitions, it is reasonable to forget the condition at the ocrigin.
The wave functiorn then blows up at zero and is not normalizable.

A mathematical trick is applied at this point. An asymptggic
expansion for large r is generated by making the substitution R=ue 0
and finding a recursion relation for u.

CL

_— a
n (2cr)n

t
R =e¢e {
n

1+ ] —1
r=]1 rt

a, i3 given by a recursion relation in reference 6.

As long as the Z contains a finite number of terms, the condition at
infinity holds * and the ore at zero does ue But, a quick check shows
that the differential equation has an irregular singularity at infinity.
Therefore, a power seriec expansion in (1/r) does not necessarily con-
verge to a solution. In fact, the sum diverges here. In spite of this,
if the series is terminated at the preper term, it gives vaery good fit
to the actual colution for r>2 or 3 (depending upon n and 1, of course).
ganRm rdr is now an integral of an exponential term times a
power series in r, and may be expressed as a sum of gamma functions.
Because the function does not have to be evalnated numerically at a number
of points, very rapid computer calculations are possible. (The normali-
zation is also given analytically.6) To overcome the problems of the
singularity of the origin and of the diverging series, all powers of r
less than 2 in the quantity Ranr are removed. Thesc terms do neot exist
physically since the actual potential is not a Coulomb field near the
origin. For the details of the theory and calculation, see References 6

and 8 -

BE. Coriraldes: and E. Geil, Computer Program for Rates-Damgaard Integrals,

Westinghouse Research Laboristories Scientific Paper 66-~1C1-BEPLAS-P4 (1966).
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The Thomas-Fermi Method

The Thomas-Fermi appreoach utilizes a somewlat more realistic

potential. Instead of assuaing that the Ne -1 shielding electrons are

clustered within an infintesimal distance o; the nucleus, it predicts a
distribution of the shielding electrons based on Fermi-Dirac statistics.
The fact that the potentials formed in the above manner bring the wave
functions much closer to fitting the boundary condition at the origin
justifies the use of the method. Moreover, the fit can be made perfect
by linearly expanding or contracting the potential in space by a scaling
factor close to one. The latter is the scaled Thomas-Fermi method.

The easiest way to understand the method is to look at the net

charge contained within a sphere of radius r as a function of r.

453 shaded area 1is ¢(§)

amel
rre

¢

0215

<

'U: Y5 Y vadivs of atery
The contained charge must obviously go to Z as r»0, while for r>r --
that is, for r outcide of the core--the contained charge is exactly C,

as in the Bates-Damgaard method.

C
containing _ Z[¢(ﬁ) + ;E] -Z[¢(E) + %E] r<r
charge o V(r) = 0 o
. 13
c § -~ C/r r
o

0,<b’(x)==-L

\ -
where d(0, 1, @(Xo) o xoz

. 0
with X -2 y X = —;

L=t

According to Fermi-Dirac theory:
b= 0.8853 72/3
L2

3/2 -1/2
1%=¢>/ <L
dx -~

mlh

S
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At first glance there appears to be one extra boundary condition
on the differential equation for ¢. However, X, has not been specified,
and all three conditions are needed to uniquelv determine ¢. The equation
must be solved numerically, but without X, the calculations are quite
extengive. Luckily, the work has already been done, and a polynominal
fit for the value of x, as a function of (C/Z) has been made.S The

present J1 and IC programs merely solve for X using the polynomial and
C

— ¢

then generate ¢ by starting at X with ¢(xo) = 0 and ¢'(xo) ==
automatically becomes one at zero. This calculation need only be performed
once for each atomic species, for ¢ is completely determined by C and Z.

‘e solution to Schroedinger's equation must also be done
numeric No analytical solution is possible because V(r), which

depends ¢ ¢, is on.y known numerically. Two transformations are made:~

2 %
R() = pyD) , r=y2 .  R@) = RGO
and p(y) = yl/2 q(y) ’ dr = 2ydy
giving:
2 - b
g _{16 LD 3, 2iye?) - o) g
ay . 4y

This is solved by Numerov's method which has an error in each step on the
order of h6 (h = step size). In the program h was y°/32 where 571 rol/z.
The integration was started at a y quite a bit larger than Yo
by evaluating the asymtotic expansion of the Bates and Damgaard (BD)
function at two points separated by h. Care must be taken that y is
large enough for the asymtotic expansion to be sufficiently accurate and
for the tail of the wave function to be negligible beyond y. Still, tha
starting point must not he go far out that Numerov's method drifts from
the actual solution. The first term of the asymtotic expansion is of
the form e’ , and such functions do exhibit considerable drift when

Numerov's method is startwd too far out. (The higher derivatives of

B-10
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e—y2 are very large cowmpared to the function itself when y is large.)
In this program the integration was started at the point where the first
term of the Bates and Damgaard exparsion has dropped to about 1/3000 of
its maximum value,

1f the scaled Thomas-Fermi method is being done, the integration
is stopped at one step from the origin and the number >f nodes in the
© Mype TPl Mg
is the giveg principal quantum number, not the effective n calculated

wave function is checked to see if it is equal t

from €= ,;2 S P is always an integer. If the number of nodes is

not ccrrect, then the direction in tvhich the scaling {actor must be
changed is immediately determined. Onr tne orher hand, if it is correct,
then the ratio of the two pcints closest to the origin is checked against
the ratio predicted by a sprcial asymtotic expansion for small y, obtained

from a recursion relation for the approximate equation:

2
AU U ORI B

2 5
3y 4y

From this the direction cf the next :zl..ige is found. Tne scaling factor
steps in the proper direction by 0.05, to either 1.05 or 0.95, and the
diff. eqn.is resolved with the appropriately changed potential;. The
scaling factor continues to move in one direction until the value which
gives a boundary fit is ovarstepped. Then the step size is cut in half
each time a new step is made. In this manner, the interval in which the
ccrrect value falis is bisected with each step. The iteration goes on
until the step size is less than 1/2000 or until the ratio of the two
points next fo the origin is within ore percent of its predicted value.
In the rare gases the gr. 'nd state has too small an Norg to be
put into the Bates and Damgaard (BD) method. Instead the wave function of
the ground state is calculated numerically by the scaled Thomas-Fermi
methoa. Therefore, when the ground state is involved the [TRan rdr is
done nvmerically, implying that the wave functions of alil upper =tates
that make transitions to the ground state must be known numeiically.

One way of getting the upper state wave function would ve to sum BD

B-11




&symtotic expansion at each point desired. Howaver, it ig quicker to
simply solve Schroedinger's equation numerically since Numerov's method
requires only a small number of operations at each point, whereas summing
the asymtotic expansion is somewhat involved. As long as the differential
equation is being solved numerically, it is just as easy-—and certainly
more uccurate--to use the Thomas-Fermi potenti_l in place of a pure
Coulomb potential. This constitutes the unscaled Thomas-Fermi method
and has roughly a factor of ten advantage in computer time over the
scaled TF method. 1In general, wave functions generated tnis way will
blow up at the origin and must be chopped off near r = 0, The prs gram
imposes the form rz+1, the first term of the expangion of the wave
function for small r, when the centrifugal poténtial term lﬁ.&i&%ll;:Li
begins to dominate. by

GIANT/FIASCO first solves for ¢ and then generatrs a scaled
Thomzs-Fermi wave function for the ground state and unscaled Thomas-Fermi
wave functions for all other states Up to the point where D ¢¢ 1S greater
than the LI of the ground s‘ate by more than DNEFF an arbitrary limit
fed into the program. (Transitions with a difference in n_g¢ 8recter
than DNEFF are not considered. This is true of non-ground state transi-
tions as well.) All gencration of any kind of TF wave functions is
performed by an internal procedure called THOMASFERMI. The integration
of ! RnRin rdr is carried out numerically when both wavz functions are
known numerically and is done by the Bates ani Damgaard method in other
rases. Uf course, it is not done at all if the diffevence in the neft's
is larger than DNEFF.

Diffecence in
_s Nesf >
t DNEFF
t Brics +~

Danonats

} / (o ¥4
} Numevical l " D.oferenre \n
i{ inhqraﬁw' Ne(f > DNETF

c]uan‘h/m Mombtr yv
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4)

3)

6)

There are several arbitrary conditions dealing with the Thomag-

Fermi method specifically that are built into the program and may require

A

modification in the futu-e. They are: §
the step size h for solving differential equations~-it is %
x xo/4096 for ¢, and y°/32 for the wave functions i
the conditions 10r stopping the itera‘ion in the scaled
TF method |
the method of chopping off the singularity at the origin %
in the unscaled TF process
choosing the y outside of ¥, at which to start solving g
Schroedinger's equation
deciding which transitions should be done by the BD method
and which should be done numerically
deciding which levels should be scaled TF and which should
be unscaled TF. ;

A 11, S ke et O s

e
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SYMBOL TABLE

Prograv 1

2: the atomic number
NEL: the number of ele-trons
C: the core charge seen by the outer electron CwZ-NEL+1
R: the Rydberg constant in reciprocal centimetersg R:109737.31
N: an index running over the energy ievelg
L: orbital angular momentum of the outer electron
J: total angular momentum of the atom
T: energy of the level in cm'l
TINF:  energy limit of the level in cg~l
in the LS program only
MILT: multiplicity =2S+1 where S is the total spin of the atom
LT: total orbitai angular momentum of the atom
‘P: parity of cthe state
In the j1 and IC programs only
CORE: total angular momentum of the core
K: intermediate quantum number
TINFO: the value of TINF if CORE=1.5 rr 0.5
TINF1: the value of TINF if CORE=}].5
TINF2: the value of TINF if CORE=Q,5
NEFF: the effective principal ¢iantum number of the outer electron

Program 11

L, J, T, MULT, LT, P, CORE, K, and NEFF have the same meaning as in
Program I but a-e now arrays. 2, NEL, and C also have the same
meaning,

N: an index running over the states. In Particular, it i: the index of
the initial state when dealing with a transition. In PROCEDURE
THOMASFERMI, however, it has the value of NEFF,

M:  an index running over the final states.

K: in the LS program only, means the same thing as M does in the j1 and
IC programs

B-14
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DNEFF: the largest difference in NEFF for which the program will consider
a transition between two levels. Also, in the jl and IC programs,
Thomas-rermi wave functions are calculated for all levels whose NEFF
is le3s than DNEFF&greater _‘han NEFF of the ground state,

NMAX: the highest energy level index to be considered.

NNMAX: the higuest energy level index to be considered for the initial
state.

0S: the square of the matrix element of r summed over the Mj in the final
level and averaged over the Mj in the initial level.

LAMBDA: the wavelength in angstroms

TT: the energy of a transition in cm—l

Cl: a constant =0.587234

YY: Cl x IT
SUM1: the sum of the 0S's for all transitions to a givea level

SUM2: the sum of the quantity OS/TT for all transitions to a given

level

SUM3: the sum of the quantity OSxIT . r all transitions to a given level
S1. S2, and S3 have the same meaning in tlke LS program.

A: the transiticn rate in sec.1
I1, 12, and I3 are indices used in the Thomas-Fermi and intermediate

ccupling sections of the j1 and IC programs.

Variables Associated with the Thomas-Fermi Method

QQ: the independent variable in the pclynomials used to iniitialize the

ionic .adius. See Stewart and Rotenberg,lAppendix A.

QQSUM: the sum of the QQ polynomial
X0: the ionic radius times 21/3 /0.8853

AA, BB, and CC: the coefficients in the initiulization polynomials

PHIM]1, PHIO, and PHIP1 are ¢,, ., ¢
i+l i 1/2
is found by solving the diffcrential equation ¢''(x) = [¢(x)/x]
from X, inward.
il: the step size used in this iteration. It is = to X0/4096.

H32: a variable = to H3/2

B-15
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ilSTAN: the step size used in solviung for the actual wave functions, It
is = t¢ \[;: /32, The independent variahie in the wave function is
y~¥Vr

VMOD: 8y2 times the Thomas-Fermi potential in Rydbergs. It ig given as
a function of y, at points separated by HSTAN/2.

WF: a4 2-dimensional array giving R(yg)/1§’as a function of the index of
the energy level and Y, at points separated by HSTAn.

NORM: the normalization factor by which WF for a given level must Le
multiplied.

NTF: the index of the highest energy level for which a Thomas-Fermi wave
functicn is ralculated

NPOINTS: for each level, the number of points at which WF is given. It
is = to the maximum Yy considered divided by HSTAN,

NINT: the principal quantum rumber of the outer electron for a given
state. (NINT stands ‘or N integral, as opposed to N effective.)
The number of nodes expected in the wave function is NINT-L-1.

The following variables are declared inside PROCEDURE THOMASFERMI. {

WFT'1l, 4FO, and WFM1: values of WF around a given y

KSP1l, KSO, and KSM1: values of Ks where the differential equation is

42
"= WF(y) = K. (y).
dy

FACTORP1, FACTORO, and FACTORM]: values of the quantity (1 - H2Ks/12)

Note: P1 and M1 stand for +1 and -1. Pl means that the value is given
for a y one step closer to the origin, while M} corresponds to a y
one step farther from the origin. (The integration proceeds inward )

EPSILOY: the energy eigenvalue in Rydbergs.

H (already declared outside the procedure): the step size used in
solving for WF. It ig readjusted as the scale factor o is varied.

H2: a variable set ejual to H2

H2T4: 4h2

H2012: H2/12

H2T506: 5H2/6

Y2T4: 4y2
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RMAX: the largest value of r considered. Outside of RMAX the waie
function is assumed to be too small to make any significant contri-
bution.

INVR: 1/RMAX

SCALF: the scale factor a in the scaled Thomas-Fermi method

JUMP: the amount by which SCALE is varied between successive trials.

DIRECTION: the direction in which SCALE is varied. 1t is +1 for an
increase and -1 for a decrease.

OLDDIRECTION: the previous value of DIRECTION

BEFORE: a Boolean variable which is true as long as SCALE continues to
juwmp in one direction by steps of 0.05. When the proper value of
SCALE has been overstepped, BEFORE becomes false, SCALE converzes

by a bisection procedure.

LASTTIME: a Boolean variable which becomes true when SCALE has converged

sufficiently. It activates the normalizaticn and cut-off proceduras.

VARYSCALE: a Boolean variable which determines whether a scaled or un-

scaled Thomas-Fermi method is to be used. In the present program
VARYSCALE is true oniy for the ground state. :
NEWI2: the number of points at which WF is known after it has been g
interpolated so that the spacing between points is HSTAN
LPOLY: a function of L which is used a large number of times. It is =
to 16L(L+1)+3.
NODES: the number of times that the wave function crosses the axis
each time the differential equation is solved.
RATIO: the ratio of the values of the wave function between the two
points closest to the origim.
DRATIO: the change in RATIO between two successive iterations.
INSIDE: a variable which--~on the last iteration--goes to true as soan
as y moves from the exponential region into the oscillatory region.
NORMOD: a non-array quantity which - summed to form the array NORM,
the normalization factor.
B-17
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Variables Associated with Intermediate Coupling

(Not all of the variables declared are described here, but most of the

important ones are mentioned.)

SPORBMATRIX (4D or 3D): the coefficients of the first spin—~orbit para-~
meter in the theoretical Hamiltonian matrix. In the 4D case, the
first index is the 2 of the configuration, the sccond index is the
J, and the last two are the row and the column within a J-block.
The 3D (i.e. 3-dimensional) array is missing the first index.

SPORBMATRIXP (4D or 3D): the coefficients of the second spin-orbit
parareter in tue Hamiltonian.

ELECMATRIX (4D or 3D): the theoretical Hamiltonian for the electro-
static parameters. In the 4D array, the first three indices are
the same as in SPORBMATRIX4D while the last index ideatifies the
electrostatic parameter under cons'deration. No ~olum. i-dex is
necessary since the electrostatic interaction is diaginal in the
LS basis.

IELEC and NELEC: the index and total number of the electrostat:ic
parameters.

IPARAM and NPARAM: the index and total number of parameters.

ELECPARAM: an array containing the values of the =iectrostatic para-
meters as they are adjusted by PRICEDURE DIAG.

SPORBPARAM and SPURBPARAMP: the values of the two spin-orbit parameters.

IGREATER: the greater of the two £'s of two states under consideratior.

STLS3D: the matrix elements of cos® between pairs of LS states. The
tirac index is LGREATER and the other two are the rows and columns.

J2, J3, s2, s3, L2, and L3: the variablec used to represent quantum
numbers in generating the Hamiltonian matrices and the LS strengths.

HOLD: the variable that holds on to the value of L as the energy levels
are read in. When the end of a configuration is reached, the next
L is nc longer = to HOLD and PROCEDURE DIAG is called.

72D and N2D: arrays holding the values of T and N for the levels of a
given configuration. The first index is the J of the level and the

second puts the states of a given J-block in order of increasing

energy.
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1J, IJMIN, and IJMAX: the index and limits for the J-blocks of a given
configuration.

INDEX and BLOCK: arrays over N giving the J-block and the position in
that block of every level fed into the program. The number BLOCK
is distinct from one configuration to the next. ‘

LOWERBLOCK: the lowest BLOCK in a given configuration.

SIZE2 and SIZE3: the sizes of the J-blocks as predicted by the sections
which generate the theoretical Hamiltonian matrices and the LS
strengths.

SIZE: the size of the J-blocks in the observed levels which are read by
the program.

I2LOWER and I3LOWER: 1integer arrays which indicate what position in the
STLS3C matrix to look for a given pair of L's and J's.

TRACE and TRACES: the traces of the J-blocks. Since the traces of the
undiagonalized theoretical Hamiltonian and the traces of the observed
energy matrix should be the same, enough information is present to
initialize the values of the parameters for a given configuration.

H: a matrix for the Hamiltonian formed from the theorerical expressions
for the Bamiltonian and the values which the parameters happen to
have ot the moment.

TCALC: &¢n array containing the energies calculated by diagonalizing the
H-matrix.

V3D, V2B, and VTEMP: various forms of the matrix which diagonalizes the
Hamiltonian.

DERIV: a matrix of the derivatives of the calculated energy eigenvalues
with respect tc the parameters.

ALPHS: the coefficients of the set of simultaneous equations which are
solved for the corrections to the parameters. They are calculated
from the DERIV's and the differences between the observed and
calculated T's,

IT: the number of times that the parameters for a configuration have
been readjusted for a better lcast-squares fit to the observed

energiles,
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3. MSQUARES: t - sum of the squares of the differences of the obgerved

and calcu.ated energies.

HCLDSUM: the value of SUMSQUARES from the pievious iteration. If

SUMSQUARES has changed by less than 0.1%

3-20
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REAL PROCEDURE XI is the same as -(J, J')

3+ 1)+ 3) ifJ'=J+1
= J( + 1) J' =
J(23 - 1) J'=J -1

1

REAL PROCEDURE W2MOD is a modified Racah coefficient squared.
W2MOD(L, J, L', J', §) = (2" + 1) L (2L + 1)(2L' + 1) W (L, J, L', J3';8)

Moreover,

w2MoD(l, J, L', J', 8) _ J<SLI P sL'g ">
XI(J, I

<L P L'>|2

-> -»> > > >
where P is class T with respect to J and [S, P] = 0
REAL PROCEDURE I calculates the radial integral f Rn(r)Rm(r) rdr by
numerical integration it both N and M are less. than the “ndex of
the highest state for which a Thomas-Fermi wave function has been

calculated. For sll other pairs the Bates-Damgaard method of

integration is called through REAL PROCEDURE BD,

PROCEDURE THOMASFERMI takes NEFF, NINT, and L for the Kth level and
produces a wave function.

PHI/GENERATOR produces the Thomas-Fermi potential by numerically solving
a differential equation derived from the theory. All quantities

calculated in this section pertain to all levels for wiich

PROCEDURY. THOMASFERMI is applied.
Section in the program which sets NINTIR] for all the energy

levels for which Thomas-Fermi wave functions are calculated

must be changed for every different atomic or ionic species.
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The IC Program

HATRIX/GENERATOR - the part of prcgram which gonerates the theoretical
expressions fo: elecirastes-ic and spin-orbit perturbations to the
Hemiltonian. The LS basis is used and matrices similar to those
on pagss 268-269 of Condon aud Shortles; 111 are produced for each
parumeter. Soction 11'3 Page 29% gives the actual coefficients
generated, since the prigram is at present designed to do the rare

gases,

LS/STRENGTHS - prodvces a matrix for the angular part of the dipole
operator. All possible pairs of LS states are considered. When
FROCEDURE DIAG has expressed each energy level as a linez* combi-a-
tion of LS states, it is then easy to calculate the angular matrix

element between any two of the actual states.

A section _n the prograr takes the energy levels in each configuration
as a group, places them in blocks of differant J, and then re-orders
each J-block in order of increasing energy, which are then fed into
PKOCEDURE .'IAG, ore configuration at a time.

PROCEDURE DIAG takes each configuration fed into it ang compares the
actual obser—:d energies with the theoretical expressions for the
Hamiltonian which have been generated by MATRIX/GENERATOR. DIAG
then adjusts the theoretical parameters so that the diagonalization
of the theoretical Hamiltonian glves a least-squares fit to the
observed energy 1geavalues. Once this is done, the matrix which
dizgonalizes tbz Hamiltonian is merely an expansion of tha observed
levels in t<.1s of LS basis states. This matrix saved for the final

ccmputation eof the sscillator strengths.
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INPUTS TO PROGRAMS 1 AND 2 OF GIANT,/¥FJASCO (LS PP 'GRAM)

under "FIASCO" (input tc Program i):
a card with 7Z, the atonic number and Nel’ the number cof electrons
a card with the value of 'I‘inf
for each level of Morre's tables a card giving:
L (orbital angular momentum of the outer electron)
MULT (multiplicity = 25 + 1)
LT (total orbital angular momentum)
P (parity + +1 even, = -1 odd)
J (total angular momentum)
T (energy of the level in cm-l)
under ''AEADER2" (input to Program 2):

a card with NMAX (the maximum N to be read) and NNMAX (max on the

index of the initial state) i
a card with DNEFF (the limitation on interacting levels) %
INPUTS TO PROGRAMS 1 AND 2 OF GIANT/FIASCO (31 and IC PROGRAM) 1

under "FIASCO" (input to Program 1):
a card with Z, :he atomic nuu. .- and Nel’ the number of electrons
a card with the value of Tinf for CORE = 0, the value of
Tinf for CORE = 1.5, the value of Tinf for CORE = 0.5
for each level of Moore's tables a card giving:
CORE (total angular momentum of the core)
L (orbital angular momentum of the outer electron)
K (intermediate quantum number)
J (total angular momentum)
T (energy of the leval in cm-l)
under "READERZ" (input to Program 2):
a card with NMAX (the maximum N to be read)

a card with DNEFF (the limitation on interacting levels)

B=-23
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15 :ards giving the coefficients ¢f the three initialization

polynomials for the Thomas-Fermi function, Each card has
four numbers:
the index of the coefficient,
A(index),
B(index),
C(index),
(See Stewart and Rotenbergs, Appendix A)
and, for the IC program only, for cach possible L (L = 0, 1, 2, 3)
2 card with:
IMi (coeff of F2 if Ltotal =1L -1),
LSAME (coeff of F2 1f Ltotal = 1),
LP1 (coeff of F2 if Ltotal =L+ 1),
LM1SC (coeff of GO if Ltotal =L -1and S = 0,
LP1SO (coeff of G2 if L =L+ 1and S =2,

tot 1°
(See Cordon and Shortley, pp 2::-299),

ON EXTENDING PROGRAMS 1 AND 2

LS Program: For elements in which the L of the parent term is non-zero,
the expression for 0S must be changed from W2MOD 1, J, L', J', S)o2 to

w2Mop (1, L, 1', L', L )

i ' parent 2
240D (L, J, L', J , s) XI(L, L") ’

In more complex elements, coefficients of fractional parentage must
also be added.

31 and 1IC Programs: To do other rare gases, the only change necessary
is the setting of NINT (the principa: quantum number) for all of
the levels to be done by Thomas-Fermi method.

To do other elements the cards which define the ground state as a

'So state and multiply the strengths of ground state transitions by
8ix, must be altered.
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IC Program:

than the predicted numher of levels gets read by Program 2. NM:X
should be one greater than the last le :1 in the highest configura-
tion to be done. Although this grea ly limits the IC Program, it
would be possible to do many more transitions if PROCEDURE DIAG
expanded the actual states in terms of j1 basis states instead of
LS states. Higher states in incomplete configurations cculd then

be approximated as pure jl states. Therefore, a matrix which

transforms the LS basis to the ;" basis would bte a useful addition.

For elements with more complex configurations, the variable: which
identify the states and the J-blocks must be changed, alon .ith
thk : generator of the theoretical Hamiltonian and the LS st-engths.

This involves rewriting most of the procedures.

B-25

NMAX must be set low enough that no configuration with fewer

HFTHITRITT I R

oAb o MR ML LIS TR

o

e




PR s S SS—— Y T T

T TS,

e

OUTPUT FROM PROGRAM 2 OF GIANT/FIASCOC

Following the listing of the energy levels from Program 1,
Program 2 will print out verying quantities of fairly self-explanatory
information, depending upon the coupling scheme--that is, LS, j1, or IC.

The jl and IC programs will first list all the Thoma~-Fermi
wave functions e3 a function of the number of steps from the origin in
y. (The function printed is actually q{y); see the section describing
GIANT/FIASCO.) Note that the first ten steps are given, and then jumps
of five steps are taken to save space. Immediately below each wave

function is printed the expected number of nodes, which is simply nint-l-l,
and the actual number of nodes in the wave function shown. The two
numbers are always the same for levels done by the scaled TF methcd, but
in the unscaled cases (These can be identified by the fact that SCALE =
1.000.) there is no guarantee that this is so. When the two are the
same, it is an indication that the Thomas-Fermi method is valid.

The IC program will now print out the transformation matrices
irom LS states to the observed statezs. Double lines separate different
configurations, whi'e single lires separate the iterations approaching
a leastsquares fit for a given configuration. For each block of a dif-
ferent J, the observed energies and the energies calculated by diagonal-
izing the theoretical Hamiltonian appear mext to the corresponding rows
of the transformation matrix. (Note that some of the matrices are
rectangular although all of them should be square. Extra columns on
the right should be ignorea.) Directly below, and within the same J
block, are the derivatives of the calculated energy eigenvalues with
respect to the various adjustable p.rameters. The rows are in order of
increasing energy eigenvalues, and the columns are in the same order as
the list of paraueters, which appears once for each iteration. (Deriva-
tives for parameters which are not involved--that is, parameters which
are zero after the first iteration--should be ignored.)

Finally, the LS, jl, and IC programs all print out the transi-
tion probabilities in the form 3]<n]z]m>|2, which had already been summed
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over final states for m and averaged over initial states for n. At the
far right is Einstein's spontaneous wuission coefficient in the form
Anm b 4 10—8. Hovever, at present the jl and IC programs have a card near

the end of Program 2 which reads:
AcAx (2xJ (N) 41/ (2xJ (M) +1) ;

This reverses the indixes n and m so that Amn X 10-8 is printed out

instead of Aﬁm X 10-8 as the comment cards in Program 2 claim.
AUXILIARY PROGRA FIASCO/RESULTS

This prog :am merely reads the stored output of Program 2 from
the disc READF2 and prints out the transition probabilities in several
forms. GF is gf, FNM is £ , ANM is A, and AMN is A__. Input is just

rm nm mn

the levels of Moore's tables with the sam2 cards that go into Program 1.
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APPENDIX C

CALCULATION OF THE OPTICAL RADIATION EMITTED BY A
CYLINDRICAL ARC OF KNOWN TEMPERATURE PROFILE

by. R. Liebermann

INTRODUCTION

In order to compare measurable physical proper=ies of an
emitting plasma with theory, a computer program has bera written to

calculate at the surface of a cylindrical arc discharge:

(1) the spectral radiance (normal to the surface) due to
radiant contribution from along the line of sight of

the diameter which has a spatial temperature gradient,

and

(2) the spectral radiant emittance due to contributions from

all radiating volume elements of a homogeneous temperature

arc column.
The above calculations involve self-absorption processes within the arc

column and therefore are solutions cf a radiant heat transfer equation.

&. Radiant Heat Transfer Equation

With the assumption that the plasma is in local thermal
equilibriur (LTE) the spectral radiance is related to the properties of

the medium through the radiant heat transfer equation

v
i: - I -8B (1)
v

which describes the spatial gradient of intensity along the line of
sight at some point x where Iv is the spectral radiant intensity at
frequency V in the proper direction, Bv is the corresponding black
body intensity and T is the optical devth as measured from x = -~ to Xx.

We define the r~ tical depth as
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X
T () = L‘; (T) ds )

where K; (T) is the spectral absorptivity coefficient

emission) due to free~free, bound~free, and bound-bound radiative

processes. The solution of 1 1 given as

;;
Iv(;;) ) B,(t,) exp { —;; + Tv} dv &
o
where L
T, s ' (T) ds (4)

with L corresponding to that location along tl.e line of sight (at the

In 3 it was

(?V) is made (i.e., no

surface of the arc column) having spectral radiance IV(?V).
assumed for x < 0 that no contribution to IV
external radiation field is pPresent).

1. Spectral Radiance

If our interest is radiance at the arc column's surface due

to coniributions from along the line of sight of the diameter, equation

3 by an assumption of radial symmetry can be placed in the fol

lowing
form.

[Z
Iv(;v) - Iv(r-R) - ) Bv(Z) [ exp { Z } + exp {-2)
o

]exp {-Z} dz

(5)
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vhere Z is an optical depth measured from the center of the arc column
to some radial point r along the radius which bar a maximum dimension
R. The correspondence is Z = o at r = 0 and Z = Z at r = R thus

(R r

™~
L]

*, (T(r)) dr 5 2 = k! (T(r)) dr (6)

J
o

Q

For programming purposes Equation 5 is the better form of 3. In order
to solve 5 it is first necessary to have prior knowledge of the tempera-
ture profile T(r) and for a given gas vapor pressure a me*hod by which
K; can be dete. mined such that solutions of 6 are obtainable. Part D

of this section describes the gecneral theosry involved for determining
k(D).

Utilizing the theory of Part D we are then prepared to
numerically integrate Equations 6 and thus 5. The method of approach was
as follows. For a specified temperature profile and frequency the
integrand of 6 was determined at division points in r and interpolated
in r2 between division points. Using a linear expansion of <; in r2
a closed form integration was performed between division points and a
summation yielded Z(r). In similar fashion the black body tvrm in the
integrand of 5 was calculated at divisior points in r and linearly
expanded in 22. A closed form irtegration of 5 was then possible
between division points of Z(r) and was summed to yield Iv(?v). Although
the latter integration can be performed for all values of the parameters
serious errors (due to cancellation cffects) may develop when AZ is
small between end points of the intervals. Hence for AZ <.0l the
solution was expanded in terms of AZ whereas for AZ>.0l1 the closed
form was used. Solu“ion of 5 was then repeated for other selected v

values of the specified band pass to vield a representative spectrum.

2. Spectral Radiant Emittance

If our interest is spectral emittance at the arc column's

surface due to contributions from all radiating volume elements with the

c-3




discharge assumed homogeneous in temperature then Equation 3
which yields the spectral radiance along a particular line of sight
reduces to

IV(T,S) ~ Bv(T) [1 -exp | - i }] 7
where now from Equation 4

T, = kK, (1) s (8)
S being the distance through which radiation travels alcong a particular
line of sight and is a function of arc geometry.

The spectral radiant emittance at the surface of the arc
column can be calculated using 7 by applying the cosine law and
integrating over solid angle. Using the geometry shown in Reference 1

the spectral radiant emittance is given as

[n/z 1 -
- L
F (T) = B (T) [n -4 j epr‘zK (1) DZ“ 5 fududo]
° ° tu +# (l-u”) Sin“¢
9)
where D is the column diameter
The radiant emittance is then determined by
F(T) = ‘ F (T) dv (10)

Js

Equations (9) and (10) were solved using straightforward numerical

techniques.




B. Input to Arc Intensity Program

! The input required for the above calculations is fully
described within the program itself which is shown in Part E of this
l Section. In brief the basic required input is as follows:

(1) Spectroscopic data involving bound-bound transitions

such as

(a) oscillator strengths
(b) electron impact line shifts and widths
(c) excitation energies

(d) statistical weights
(2) thermodynamic properties such as tables of

(a) electron number densities
(b) neutral particle number densities
(c) 1internal partition functions

(d) ionization lowering values
(3) temperature profile
(4) specified wavelength band pass.

C. Output of Arc Intensity Program

The output of the program provides plots as well as printouts
of the spectral radiance and spectral radiant emittance. In addition
plots of spectral absorptivities are obtainable. Samples of these
plots are shown in Figures 3, 4, and 5. For particulars on how

to ootain these plots see program Part E.

D. Spectral Absorptivities

The net absorption coefficient X’ which is the difference
between true absorption and induced emission coefficients is in a

spect.1l line for a given frequency v and temperature T (assuming LTE)

VK\"(T) = nr.c fmn Nn [l-exp {-.-:—,\I’.-}]L(v) (11)

c-5
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where n, ro, ¢, h and k are the usual constants, f is the absorption

mn
oscillator strength for transitions {rom state n to m (n being the
lower energy level state), Nn is the population density of the inicial

state, and L(v) is the line profile normalized such that

L(v)dv = 1 (12)

where L(v) is a function of the lines, shifts, widths etc. all a function
of temperature and pressure.
For conditions of LTE the population density Nn can be

expressed in terms of No (the total number of atoms or ions in question)

by use of the Boltzmann relation

2 NO ex :"En
P \Tkr

(13)

wﬂete -3 is the statistical weight of the initial level, En is the !
excitation energy of the initial level,Uo is the atomic (or ioni:)
internal partition function and T is the absolute electron temperature.
The line profile L(v) is course dependent on the mechanisms of
line broadening. The stark effect due to electron impact has the

Lorentz dispersion profile given as

1
L(v) = ﬂ—t' [v-(vo+d)]2 + ‘]_ (14)

- <
where w is the half width of the line at half intensity and d is the
electron impact shift. Yo is the observed frequency of the line in an
unperturbed condition.

When resonance broadening mechanisms are of importance, one
must add to the electron impact half width w the resonance half width
w,. which from first order approximation can be expressed for resonance

R
lines as

C-6
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y 1/2
3r ¢ |g {f N
o 1 £
Wy = ——— |—= (15)
R G g,) \)D

where 8, and g, are respectively the lower and upper states' statistical
weight factors of the resonance line, Ng is the ground state population
density and f is the absorption oscillator strength of the transition
(actually f as defined here is the average value for the resonance
multiplet transition obtained by a sum of the multiplet's individual

f's over final states which are then averaged over initial states). In

equation 15, Ng are neutral perturbers of the same kind (radiating atoms).

For the case when perturbers of unlike kind are of such abundance
(e.g. a strong concentration of another gas specie is present) then
Van der Waals broadening may be of some importance and should be
included in the dispersion profile.

Besides line broadening due to charge perturbers (Stark
effect) or neutral atoms (Resonance and Van der Waals effects) there
exists other broadening mechanisms which must also be considered,

namely Doppler broadening, which results in a Gaussian line shape

profile. This type of profile is dominant when collisions are negligible

and the velocities of the radiating systems have a theirmai distribution.

The Gaussian line shape is given as

;
1/2 1

Ly(av) = [2n2 L o2 By (16)
V7 ) wDZ :
o L -l

with Av = vV and where wyy is the Doppler half (half) width

1/2
b = 2kTin2 v (17)
D Me2 o

M being the mass of the radiating system., When collision effects cannot
be neglected (e.g. when w, o etc. are of the same order of magnitude as
wD) then joint effects of Doppler and the more important pressure

c-7
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broadening mechanisms should be considercd. The cbserved line shape

1s then the so called Voigt profile provided the broadening processes
are statistically independent. From 17 it is obvious that ‘lines
occurring in the UV regions will tend to be more of a Voigt profile
type.

The net absorption coefficient mc as expressed in 6 is not
only due to bound-bound transitions but also includes bound-free and
free-free processes as well. Therefore, one must add to a sum of
Equation 11 these other processes to obtain vepresentative values of
5 in the spectral regious wheie bound-bound transitions are not
dominant., For conditions of LTE the bLound free absorptivity be(v,T)
can be expressed in terms of a sum over excited states designated by
quantur numbers n and £ having corresponding photoionization cross-
sections on2 and population density Nn,z whose edge frequencies Vo

2
are less than or equal to v

Kpg (V) = Z e Nag (18)

n,% v
’ ne<y

The net bound-free absorptivity is then expressed as

r
Kt eV, T) =« (v,T) |1 - exp ‘h—"f] (19)
b bf* " kT |
Solution of 18 is a formidable task since Coe tfor each level requires
*
numerical solutions of the Schrodinger equation. A simplified approach
is to separate 18 into two distinctive regions i.e., into levels which

are hycdrogen like and into levels which are nen hydrogen like thus

o] H N H
be(v,T) = onz an + n,om, (20)

n,L n,%

*
See foi example Ref. 1,

Cc-8
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where in gercral for the hydrogen like terms p>>1. The sum over the
hydrogeri: levels can be simplified further as follows. Starting with

a sum rule analogous to that for bound-bound transitions

oo

g dv = LL cf (21)

and using the proporticnality ogt' v_3 the hydrogenic photoionizatinn

H
cross cection o is
ni

H Vng?
Ong = anoc v3 fnl (22)

where fnl corresponds to the excited n,% state's continuum oscillator
strength. Using the Rydberg formula for hydrogenic energy levels, the
binding energy EB of the excited level is (Epz s En)

B nf = ni 2 (23)

where Z refers to the ionization stage, n is the principal quantum numbe:,
E_ 1s the ionization potential, Enl is the excitation energy of the
excited level and EH is the Rydberg constant. From 23 we see that the
rate at which the binding energy changes with respect to unit change in

principal quantum number for n>>1 is

AEB = (24)

We ncw define an azverage hydrogenic cross section % for all % states

with same quantum number n as

c-9
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- H
o = Z (22+1) onl/z (2241) (

1 £

where 2 is the orbital-angular momentum quantum number. Thus using

the hydrogenic relations

\
Z (29.+1)an 2 .5n

] > (26)

Z (2041) =l
|

2 n=constant /

and

Equation 25 takes the forv -f

9
(%]

2 nl” 4
6 = 41" qa hv' YA

/

(27)

ok

where a and a  are the usual constants. Equation 25 is the familiar

hydrogenic cross section less the Gaunt factor G Using Equation 13,

bf*
and not./ng for atomic gases, who.:e higher levels are hydrcgen like but

dzgenerate in J (total angular momentum quantum number) that

2
g, =Z(2J+1)n = 2n g (28)

where 8, is the statistical weight factor of the ground state of the
parent term; and using the relationship of Equation 24 the hydrogenic

sum term of 20 becomes
2 2 3 r
PO Y Y N S A GRS
n2 “ag " U_E, hv PY kT B~ Ubf
(29)
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Fcr hydrogen the excitation energy En is approximatelv equivalent to
Eni' However, for other gases whose higher levels are hydrcgen like
but degenerate in J then En should be averaged over these J,% states

which have EJQ excitation energies such as

E =) () By, in’g) (30)

Thus with Enas defined in 30 obeying Equation 23 wherein F . is

ag
replaced by En then 29 takes the form of
2 2 )
—‘-.—,o Hydo ———»-4" o1 f-—“-r 22N ¢ e ('Em\)
/' “ng ag U Ep hv o 'bf P | KT |

F/] N

{ )

— k]

Lk (21)

with the assumption that be = constant forn >>1.

The sum on the right of 31 may for practical purpcses be taken as an
integral with lower limit EB = hvn and upper limit EB-o. Hence for

Vn representing the maximum edge frequency of the merged levels where

n>>1 with 61 < v then
1

——

drzaazg ' Ey \3
3 ' 5 ~E:
\ OH N H = _‘_Q_I(H\ Z“N !._. exp é»——c:\ [exp

— nd ng U, Ey | o‘h‘
A
ho (32)
e
kT bf
r o (=
g.T . N r. !h\) .
- 26 21,2 o o (zE= —nl ..
1.82 x 10 U Z 3 exp ) T | [exp T 1 i be
o v L A L -

or for the case when v is less then the maximum edge frequency of the

merged levels (v<5q) then

~-11




A TN e v

ol

T N :
E H 24 B1' 2 % -E® §
) %na an 1.82 x 10 TG :? exp _KEj lexp

(A% ]

Gy ¢ (33)

Eq.. 'ticns 32 and 33 are equivalent to those presented by Biberman,
Norman ard Ulyanoszaess their correction factor which for cir high n
levels is approximately one and equivalent to the Gaunt factor. It is
of interest tr note that in the form of 31 if the right hand sum is

taken as an integral with lower limit set to E_=o0 and upper limit

B
EB- - o reprasenting unbound electrons we obtain at once the familiar

free-free absorptivity expression

T NOZ2 -E_
3o T G O9

g

' = 1.82 x 1024 1
ff

Uwv

0

where the fo term has been introduced and is the frée-free Gaunt factor.

Thus equation 20 takes the form (including the f-f abscrption)

2 r
g, TN 2Z i
; 24 P11 ) ~Ex
= L _° B2
Kb E+Ef : onan + 1.82 s 10 3 exp T
Uo\) .
) l
hy'
[Fff + be ( exp IFT J- l)} (35)

whereby previous definitions v' = Gn if v> ;n and v' = v if v<3n.
In equation 35 the non-hydrogenic sum term then only includes such
levels having edge frequencies Vg which meet the requirement that
Un < vp & V. In the above derivations the assumption that fo is
constant independent on temperature and frequency is valid provided
T < 2 ev (see Ref. 3 ) however when T is of greater value than Cff
increases and varies somewhat with frequency. Likewise when n is

of som2 lower value then be is no longer a constant but varies with




quantum number and frequencv. The accuracy of 35 is thus better

l enhanced when the sum term includes the majority of the excited levels,
Such calculations invelving the sum term have been made by Ref. 2

i and 4 who have utilized the techniques proposed by Ref. 1 for
determining photoionization cross sections for ionized gases other
than hydrogens. However their results differ somewhat in that they
have chosen different normalization facters. In essence (using their
results) Equation 35 remains the same with the exception of replacing
the factor ZZbe with a § (Zeta) factor, and in addition when using the
¢ factor of Ref. 4 ., ' is to be replaced by v for all values. Their
sum term then only includes a limited numb2r of lower excited levels
(including the ground state).

Since several b-b transitions usually occur for a given lower

excited state near the frequency f its continuum photoionization
edge (the upper excited state being near the ionization limit)
there results a pseudo continuum (i.e. th2 lines in question merge with
the continuum causing in appearance a false photoionization edge at
a slightly lower frequency). When these b-b transitions are not included
the sum of Equation 11 near such corresponding photoionization edges
then serious errors may develop in solutions of radian’ heat transfer
probiems. Therefore in order to avoid such difficulty (when all such
b-b transitions are not fully resolved) one should assign a correction

term to the photoionization edge Ve to yield an apparent edge vé such as
1) = - '
Vi Ve AE s/h (36)

where h is the usual constant and AES is the so called advance of the
series limit (see Ref. 3 ), and let the photoionization edge cross-
section o(vE) for this particular level be defined at vé. In addition
the lowering of the ionization potential AE_ should be included in

the calculation of Ve such as

C-13
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hvy = E, - 8E_ - E__ (37)

nx

where E_ is the ionization potential and En is the excitation energy

2
of the level in question.
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APPENDIX D

VHITTAKER AND GAMA FUNCTIONG -
DEGCRIPTION OF TWO ALGOL PROCEDURES

By G. Basi
Cormputer Sciences R & D

ABSTRACT

This report describes the development and testing of two computer
alrorithms L0G and GAMMAC required in connection with computation of spectral
properties of plasma arcs being carried out for Dr. C. H. Church of Guantim
I’lectronics R & D. The algorithm V0G computes the irrepgular vhittaker
function Wn,t+1/2 for real positive non-intepral n, and for £ a non-negative

intcger. GAMMAC computes the functior f*(z) for z real or complex. A very

good accuracy has heen obtained from both of these algorithms. GAMWC ic ur-

in 0G, vwhich calculates one of the four confluent hypergeometric functions
needed in the calculation of transitions between eigenstates described by the

Cowlomb wave functions.
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APPENDIX D

VHITTAKER AND GAMMA FURCTIONS -
DEGCRIPTION OF TWO ALGOL PROCEDURES

By G. Basi
Corputer Sciences R & D

ABSTRACT

This report describes the development and testing of two computer
alrorithms WOG and GAMMAC required in connection with computation of spectral
proprrties of plasma arcs being carried out for Dr. C. H. Church of Quantim
Illectronics R & D. The algorithm VOG computes the irregular Vhittaker
function wﬂ:3+1/2 for real positive non-intepgral n, and for ¢ & non-negative

intcger. GAMMAC computes the function{*(z) for z real or coimplex. A very

good accuracy has heen obtained from both of these algorithms. GAMWNC is urced

in V0G, vhich calculates one of the four confluent hypergeometric functions
needed in the calculation of transitions between eigenstates described by the

Coulomb wave functions.
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Surary

This report describes the development ang testing of two computer
algoritums wCG and GAMNAC required in ¢onnection with Corputation of speciral
Properties of Plasma arcs being carried out for pr. c. y. Church ol «wuy sy
Electronics R&D. The algorithn 1,0g computes the irre/ular whittaker
funetion v

71 *+J/2 for real Positive non-intepral N,
3 A

integer, GAMMAC corputes the functior

and tor g Non-negutive

N(z) for » real o complex. A4 ver,

good accuracy has been obtained from both of thesge algorithms, GAMMAC iz used

in 170G, which calculates ope of the four confluent hs Pergeonetric Tunctions
’ Ve €

needed in the caleculation or transitions betveer, eigenstates descriled by the
Coulomb wave functions,

Introduction
——vion

Purpose of this study was to translate two subroutines woG and GAMMAC

from fortran into Algol ang improve upor: As received neither of the

them,
subrcutines were in usabie form, and considerable

B, n

iagn x

y=1Fl(a;b;x)-an;!-
=0
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Sumesteninish

Where (a)n = a(a+l) .... (a+n-1) for n2l and (a}o =1

(b)n is similarly defined.

i 1-b
; lFl(a. b; x) X 1F1(1+a-b,2-b;x)

y = Ua; b5 x) = = {
l

Sinnb ' P(1+a-b)T(b) r(a)r{e-b)

The other two confluent hypergeometric functions are the soluticns

to Whittsker's equation2

2 ! 2
4y + 1 + g - &-;i\ y=20.
dz z° /

. i 2 1
Two solutionsareWhittaker's functions Mn,t+1/2(z) and Wn,l+1/2(z).

Whittaker's functions are defined as follows:

_ 44l -1/2z _ _
Mn,z+1/2(z) = gime 1F1(6+1-n52442:2).

i

. (z) = n ) : 'Mq,t+1/2(z) . M. 24172 (z)‘
n,£41/2'%) = Sin(epel)n ?r(«z-n)r(21+§7 riz+1-n5rl-2z$(
| |

1.1 Available programs

Two programs that calculate the generalized hypergeometric function

qu(al,ag,...ap; bl,bg,...bq;z) are available in Algol B5000.

These programs were written by Hammers3. One of these two programs computes
a general hypergeometric function which has a complex or real argument and
any number of real parameters. The other program computes the same function

for any number cof real or complex paramevers.
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There are three programs called BEAUTY, BEAST, and CHIC in Fortran II.

These programs were written by Johnson and Sangrenh and calculute any generalized
hypergeometric functions. Program BEAUTY can be used to calculite any generalized

hypergeometric function with up to ten numerator and ten denominator parameters

and one argument. Program BEAST can be used to compute analytical continuation
of an ordinary hypergeometric function. The program called CHIC can be used
for calculating 34 distinct hypergeometric series in two variables.

Two other programs WOG and HLIGAM are obtained from McGuireS. Both

these programs were obtained in Fortran. Program WOG calculates the irregular

Whittaker function wn l+1/2(z) for n)o, real, and non-integrai. Program HLIGAM
’

calculates the same function where 7 is a pure imaginary number.
Both of these programs call for another program--GAMMAC-- which calcu-

lates the function r(z) for any z real or comples. GAMMAC was obtained in

Fortran from Dr. Mcguire.

2. Computstion of GAMMAC

Procedure GAMMAC computes the value of I'(z) in the following way:

Let z = (x,y) di.e. z = x+iy}. The notation 2, = (xi,yi) will be
used during the discussion ang shall be understood for i = 1,2,3,k, z wii;
denote the complex conjugate of any complex number z.

For positive real integral values of z, r(z) is computed as (z-l)l,
for non-positive real integral values of z, the procedure does not work.
If x{0, then the procedure uses the following r-currence relation to relate
r(z) to P(zl) where the real part of 2, is positive.

r{z) = ir(z+1)
or

1
l‘(x,y) = 'rx"'y-) P(x+lJY) -

D-4
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Now if y, (which is the same as y), in 2, is negative,the P(zl) is

related to P(zz),where ¥, is positive,by the following relation

r(z)) = r(?l) = r(z25

i.e. 22 = zl, or y2 = -yl and x2 - xl
with the use of the above relations the computation of ™(z) for genersl z

reduces to the computation of r(zz) whose both real and imaginary parts are

positive.

The next step is to relate F(zz)with F(z3) where 0 < ¥y < 1. This
is done by making use of Gauss' multiplication theorem. Gauss' multiplica-

tion theorem asserts that if ZE ~ nz, where n is an integer then

J

r(z3)r(z3+%)r(z3+§) P A €4 +E§l)

3

F(z2) =

1 1
(02 (n-1) 5%

In our case integer n is chosen to be the next greater integer than Y, 80 that

ya/n = Y3 < 1. Next we relate P(z3) to I'(z,) where z) 1is such that both x

and ¥y, satisfy the inequalities 0 < X, £1, 0= , <1l. In fact ¥y, = y3 and X, =

3
where [x3] is greatest integer contained in x3. The relation between P(x3) and

Xy - [x3]in case x5 is a nonintegral real - -d if x, is an integer x; = 1.

P(zu) can conveniently be expressed as follows.
r(x3) - (23-1)(23-2)(23-3) covens (z)1(z))
Now the computation of I'(z) for any complex number 2z has been related to P(Zh)
where z) is such that 0 < x), 51, 0 3y, < 1. r(zh) is determined by the
Pad¢ power approximation of 1/r(z).

The procedure GAMMAC was obtained in Fortran and has been translated

into Algol. Some changes were made during the translation to make the program
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more efficient and clear. A basic constant was def'lned to greater accuracy
to reduce the error. At Present it is ss discussed above, and calculates
the function I'(z) for z real or complex. The values were checked against

the available tables and found to be accurate to eight significant tigures

in the region

=
it

-2.0 (.25) 2.0

-2.0 (.25) - 2.5 and

<
[}

Y = .25 (.25) 2.0

3. Computation of Irregular Whittaker Function W l+lf2<z) for n real,
positive and non-integral.

Program WOG calculates the irregular Whittaker function W l+122(z)
for n real, positive s.d non-integral. The function is T £41
computed by two cdifferenc expressions for smaller and larger values of 2R/q

where 2R/ﬂ ® 2. The expression used to compute the function for small values

of z is given by Hartrees and is as follows.

"o es1y2(2) . Sin®q . -1/22

-2
4] (nz)
- X
(-) tr(n-2)
24
I S r 241 §25-m2 ' .0
%—- Minti+l-m m
= ymel D(pel) 2"
P N (v T
T t+l m * «\N s

—

-
| .!
log z + x cot xn + w(q+£+1—m)-w(m+1)-w(m-?z)-

! |

-

(1)

—
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Some important aspects of the evaluation of this expression are worth

mentioning. Computation of the multiplying factor riakes use of the identity

1 P(n+e+1) = T% ,1-(5)2
Tl.214-1 r(n-2 NN «} ) (22)
L
In computing the finite sum in Equation (1),use is made of the identity

m r ! 341 k 2 M £+1 2f-m) L om (£5)
T tk 24+1-k J © Tnwesl-m) mi(22) ®
k=1

In summing the infinite series in Equation (1) the summation psrameter is trens-
Jormed by k = m -~ 22 - 1 where k goes from O toc. The tern when k =0 is

obtained separately, The expression containing ¥ functions 1is computed in three

different ways depending upon the value of M. In case < ¢ and n < 60 the

identities
n-1
¥n) = - v 4 Z : (n22) (2)
k=
¥(14z) = o o T 24 -1, -2, =3, .......(3)
k=
¥(1-2) = ¥(z) + ¥ Cot 7 2 (1)

are used. If £ < 4 < 60 the following additional relation is used,

t(n + Z) = zﬁ)*’—z + (T-I'-—Q)ITZ-“ . ..‘%4’ W(Z) (5)

In the case n > 60 the asymptotina expansion of the ¥ function is used,

bD-7
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1 1 1 1
Vv(z)~1n(2) - 55 - —5 + - * ..
22 15,2 100z2°  2522°
(z > in | arg z | < »). (6)

When the argument 2z of the Whitteker function is large, the asymp-
totic expansion is used for the computation in place of Equation (1). This
expansion is given by Whittaker and Wataona.

r

i

aoa"

il: 1 K

L e i) (oo eard
Wq’lm/a(z)vwe z“i 1+Z gﬂ”ﬁ) (111/2)1 f“u+1/2) (33/2)?_

(£41/2)%- (n-ne1/2) t,

f n
n! 2 '

r'd

(7)

Some test runs with McGuire's program gave results of rather low
acruracy--two or three significant figures, and some steps were taken to im-
prove this. The major #ource of error appeared to be the summation for the ¢
function in Ecuation (3), which is slowly convergent. McGuire truncated this
summation at 50 terms., We have summed greater numbers of terms and also intro-

duced a correction for the remainder term by consideration of the integral

o0
dx -
x( xa)
X0

By approximating to the integral in two different ways, we determine the errsr

o fr
£
&

bounds for the remainder

N-1 1 ' 1
W-i-a ) - WD (N-1-a) € Z TG <a 1
J=N

N-1/2 |
N-1/2-a |

b

The remainder term is approximated by the mean of the two bounds and good

accuracy is obtained by taking N = 1001. In the case of tiie irnfinite swa involved
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in (1), the series was being truncated when the teim became less than l()"3
of the sum., 1In the modified version, the summatiop is truncated when +he
term becomes smaller than 10'8 Or the sun and when gt least 10 terms nave
been summed.

In computing the asymptotic expansion of Wnittaker's function, the
number of terms surmed by McGuire was the greatest integer ccitaineqd in £ + 7.
The reason for this choice is not clear and it was found that improvement could
be obtained by summing up to, but exclvding, tne smaliest term (normel Procedure
with an asymptotic series). This method was, therefors, adopted,

With these modifications, a considerable incresase in accuracy has
been obtained, at the expense of some increase in computer time, Tables of the
Whittaker's irregular functioa were not availacle, For checking the accuracy
of the results Coulomb tables7 were used. Coulomb tables 1ist the functions
P‘(%EyR) and Q!(lzyR). The relation between Wnittaker's function and the

i
functions P (1 »K) and Q(l sR) 15 given by the equation
2 "

=a ' +rl ) j,
W (%)_(.1)“I‘(4.1_ Q

1 =

5(3393) Sinm + P‘(l‘,R) Cosan
Ny bez (2241): l 1 n

The results of the program have been found to agree with tiue results obtained
by using the tabulated velues to six or mere significant figures for e
ranges L= 0, 1, 2, /1% « -2.0(.2)-.2, z - -5(.5)4.0. From results obtaiped
in theae ranges, it appeared appropriate to swiich the computation from the

series (1) to the asymptotic form (7) at the value z = 9.
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Our next step in the project of writing & compui-r program for
the calculation of transi+tions between elgenstatesa will be to check the

results for the ouher program called HLIGAM against the availeble Coulomb

tables and rnake the possible changes 1if necessary to improve its accuracy.

Procedure HLIGAM calculates the function

i 2l . g)
Ple+l+1in in,2+41/2 (In

for in a pure imaginary number. Then both of these functions (one calculated

by WOG and the other by HLIGAM) will ,e integrated to determi
Probabilities,

he the transitiops

The result of integration wiil be checked against the tables
given by Peach9.
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Appendix Program Usage

Al. GAMMAC (x,y,u,v); An algol procedure to compute '(z) for real or complex

values of the argument z.

Procedure GAMMAC (x,¥,u,v) computes the function !'(z) for any
argument z, real or complex. This procedure can be included in any main
program by including the followirg two cards in the progrume declarations

$$ A GAMMAC

COMMENT HIGAER SEQUENGE CARD;

Both the cards must nave Scme sequence number in the column 73-80. and the
seéquence number on the comment card mr-t be higher than that on the $$ A cAMMAC
card, The formal parameters x and y are the input parameters. x anl y are
both real and re’pectively are the real and imaginary part of the couplex
number z, whose gamma function is required. u and v are the output parameters
and respectively are the real and imaginary parts of the complex number r(z).

For example if one wants to calculate r(zi) and store the value at
z, wkere 2y = (xi,yi) for 1 = 1,2, are complex numbers then one would do so
Ty including a card, at the desired place, in the main program with the
followirg information on it.

GAMMAC (x1,Y,,%,,¥,);

Either one or both of the input parameters x and Yy can be rcal valued aritnmetic
expressions. There is no loss of ffficiency caused by using the expression as ap

acvual input parameter since it is called by value.
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Limitations. The procedure has the following limitations,

For the non-positive integral values of the argument an error
message of divide by zero would occur since the garmma function is singular
at such points. For the rest of the negative real values of the argument
procedure calcuiates ['(z) except very close to the negative integers where an
exponent overflow message would occur. For positive real values of the
argument procedure computes I(z) for z < 53.3. For larger values of 2z
an error message of exponent overflow occurs. For very small values ol 2z
(z < 8.758 €-47) an error message of divide by zero occurs since computer
sets such numbers to zero.

For pure imaginary argument |z| > 66.. the value of [I(z)] is
so small that it is set to zero by the computer.

For z = a complex number on the digonal x = y or X = -y and x> O.
While computing (2z) of 2 such that x > 42.00 an error message of maxinum
argument of exponent would occur. On the diagonals x = y and x = -y for

x < 0 the value of I'(z) is so small for x < -22.60 that it is set to zero Ly

the computer.
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A2. WG (L, ETA, R, W); An algol procedure to compute the irregular
R
Whittaker fuwiction wn,1+l/2(‘;{
r{n+2+1)
The procedure WOG(L,ETA,R,W) calculates the function

2R
wn,z+1/2("ﬁ)

F(n+e+l)

A deck of .ards for this procedure, tc be included in the main program,

may be obtained from the writer. The formal parameters L, ETA end R

. 2
Hn ,l*’ll‘,L n
Either one or any number of these input variables L, ETA, and R can be

correspond to the variables £, n and R in the Whittaker function

a real valued arithmetic expression. There jc¢ nc loss of efficiency caused

by using an exprecsion as an actual parameter since it is called Dy value.
(£5)
nf+1/2 10

I(n+e+1)

W is the output parameter, which has the value of the function W

as computed by the procedure.
One of the infinite series involved in computation is a function

of £ and n but not R. This summation is the most time-consuming part of the

computation. To increase efficiency when successive values of W are to be

calculated with constant 4 and n , varying R, the procedure has been written

s0 that this particular sum is preserved between calls. It is recomputed only

when either ¢ or n changes. Therefore it is recommended that the user arrange

his program so that consscutive calls on the procedure WOG are made, as far

as possible, with constant £ and n (i.e. variation of R should be the inner-

mos*t loop).

Limitations. This procedure is limited to the real values of R, to -

positive and nonintegral, and to i integral only.
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APPENDIX E

RADIATIVE TRANSPORT IN A XENON ARC
by

B. W. Swanson

I. INTRODUCTION

The problem of interest has been to determine the steady state
temperature profile in a Xenon arc, which requires a solution of the

energy equation

2
38 . 138 » = 2
— +Z5 -V F+o(@,9E =0 (1)

where F(r) 1s the radiative flux veector, T the plasma temperature, o the
electrical conductivity, P the pressure and E the electric field., The
Schmitz function S is defined by the equatior

T

S(T) = j( K(T)dT (2)

TW

and the divergence of F isg glven by

S .7. 4 F

v Fe ot (3)
where the radiative flux F is found from the equation

F(r) = j /’ I (r,w)wdwd\ (4)

W=47

In equation 4 w is a unit direction vector and 1 (r,u) is the monochroma-~

tic intensity of radiation.



e oS A

The first phase of this program consisted of writing a compu-

ter program for calculating the radiative flux} which can be expressed
as

Amax 1 RM(¢)
F(r) = -4f f j K (s) B (s) G [B (8)]cos ¢ dsdédr (5)
Amin o

In equation 5, KA(T) is the spectral absorptivity,
wavelength band of interest, B

and the function G is given by
hif X

2 =~ gind n .
G G e (sing)  do (6

Amin and Amax the
s
3 is the Planck function, sz‘j’ KX(C)dC

(o}

and accounts for the attenuation of radiation by self absorption. The

geometry for the evaluation of equaticn 5 is shown in figure 1
Since the numerical evaluation of the triple flux integral is

expensive the second phase of the program sought a faster flux approxi-

mation method. An analysis was made which permitted an a'priori integra-

tion with respect to wavelength to reduce computation time. The approx-

imate flux integral is given2 by the equation
RM(M Ry (¢)
F(r) = -4j j ka(s) B(s) G1 [f Ka(c)dclcos ¢ dsd¢ (7)
s

where

B(s) = BA[T(s)]dA (8)

and the mean abscrption coefficient Ka(s) is defined by the equation




-

p——_ e ]

RETTRT
[

(s)
b b + 1n(s8) , Tp
| K© = g e B G oey) e (9)

| The term b in a constant of the order of unity which can be

i varied to improve the approximation. The terms R and Tp are the

Rosseland and Planck optical lengths along the ray irom point M to

point R in figure 1 and are given by

S
1(8) -[ K (£
[o]

(10)

]
Tple) f Kp(£)de
o]

where the Planck and Rosseland absorption coefficients are given by

2
(D) =f K, (T) B, (T)dA

B(T)
1 (11)
-1 Y2 1 4B,
g (D 'j K (D) a4
A —_—
1 7
dT
and
Ao
B(T)=j B, (T)d) (12)

A

Thz form of the approximation is such that under optically

thin conditions when Tp aand 1, are much less than unity, the mean absorp-

R
tion coefficient K _ approaches the Planck absorptivity KP and equation 7

is exact. Under optically thick conditions, when 1, and 1, are much

P R
greater tuan unity, Ka approaches the Rosseland mean KR and equation 7

is a good approximation.

|
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The subject of this report, which is the third phase of the
program, consists of the numerical solution of equation 1 utilizing the
exact and appsoximate flux programs.

II. XENON PROPERTIES

The initial data needed for a numevical solution consists of
the electrical conductivity, thermal conductivity and spectral absorp-

tivity as functions of temperature and pressure. The temperature de-

pendence of the S integral is shown in figure 2 for a pressure of il

atmospheres, and ihe electrical :conductivity o is shown as a function

of § in figure 3. The variation of spectral absorptivity with tempera-

ture is shown in Table I. An inspection of the table reveals that the

spectral absorptivity in the ultra violet region is orders of magnitude

greater than that in the visible region. Therefore, the flux computer

program consists of an exact flux program for the U. V. and an approxi-

mate flux program for the visible. The wavelergth bands defining these

regions are given by the equations

- -4
U.V. Amin = ,061Z2 X 10 cm

max = .0952 X 10”2 em

-4
Vieible | = -1036 X 107" cm

Ay = 2.0 X107 cm

ITI. NUMERICAL ANALYSIS

A steady state solution of the energv equation can be obtained
by solving the 'transient” equation

3s o2

1 3S dF F 2
at = 2 + r ar [dr + r] + a(s)E

(13)
dr

until a steady state solution is achieved.

The following calculation
procedure was followed:

E~4

1




Table 1 - Spectral Absorptivity of Xenon :m-l)

w10 4 T [K]
cm 3000 f 6000 . 10000 ' 14000 | 18000 ‘
| 2.0 1.2572-14 , 4.909@-05 .. _.2502 3.046 . 2,406 ¢
! 7560 2.616@ 14 ; 1.679¢-05 ' .0523 .5612 L4115 g
.4615 1.224@-12 | 1.052@-04 .1352 9441 5476 5
.3333 8.184@-12 | 9.594@-05 .0768 .5461 .3027 i
! .2609 6.775@-11 | 1.076@-G4 .0511 . 3594 1872 !
" .2143 5.557@-10 1.194@-04 .0345 . 2446 1193 i
a ,1818 9.842@-10 9.506G-05 .0225 .1598 0761 _;
E .1579 6.446@-10 6.2263-05 .0147 .1049 L0501
! .1395 4,449 -10 4.297@-05 .0107 .0725 L0347
; .1250 3.198@-10 3.089@-05 .00731 .0521 .0250 g
? L1132 2.376@-10 2.295@-05 .00543 .0387 0186
; .1034 1.81%-10 1.751@-05 .00414 .0295 0142
: 20952 2,269.0 1,134.0 614.1 145.9 13.07
: .0882 2,094.0 1,047.0 56..0 135.7 12.07 .
E .0822 1,920.0 959.7 519.8 124.4 11.07
E .0769 1,746.0 872.6 472.6 113.1 10.06
S .0723 1,572.0 785.5 425.4 101.8 9.06
E .0682 1,397.0 698.4 378.3 90.51 8.05
. 0645 1,223.0 611.3 331.1 79.22 7.05
.0612 1,049.0 524.2 .83.9 67.94 6.04

g




(a) specify arc radius and central core temperature.
(b) specify an initial temperature profile
(¢) calculate a radial flux profile .

s

(d) define E by the equation .

2, dF(o)
E = v/—vrsw) +24

r
c(o)

(e) select a time step At and solve for a new S profile

(f) repeat steps c,d, and e until the solution conver es

to a steady state

The field E is so defined as to keep the central temperature

essentially constant. This procedure was adopted to avoid large central
temperature variations which would greatly affect the flux and its -

divergence. The fiuite difference equation used to replace equation
13 is

n+l n 1 Ar n+l Ar n+l n+l
U S SICRE TR SRS —e DR
| At (16)
& n n n

F - F F
i+l i-1 i n n
-1 e + r‘] + 0(51)(5 )

o -

i where the subscript i denotes a radial position. Equatiou 14 is an im-
plicit difference equation, which for linear equations, is known3 to be

i unconditlonally stable. Now let O = At and define the coefficients

2 .
C1 by the equationms AE
’j ¥
3 - - s L Y
,0-1 7 - 01 -39
: Ci’1 = (1 + 20) (15) :
E -
A
S e
; Ci,141 ol + o)

| |
|

E~-6 =




imssira essbemssenee aserasse st SOOONE
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[S————

o

Then equation 14 can be written as

o n+l n+l n+il n R
Ci,0-1 55-1 v €41 51 G444 = By (16,
where
n n n
2 F - F F
- = i+1 i-1
Bz = o(ar;) (B, - [——Z'Ar—— + -;i-] (17)
Let §n and En define the vectors
n n
Sl \ ‘ Bl
n ! ! n
) \ B
L I 1; B" = z 2 (18)
n " .on
Si : Bi
‘ oo b 3
‘ . 'i B . ;
V<N n
sN '. By i

Then the finite ditiference equations can be written in matrix

form as

W |
«c> §™° « 3" (19)

The kth row of <C> contains only the -ocefficients CK k-1
? ?

C c and the matr.x is tri- diagonal. The matrix <C> can be
K,K, “K,K+l p
"inverted" very efficiently by Gaus's elimination method. The first

equation {i=1l) is used to eliminate S?fl from the second equation (i=2),
the new second equation used to eliminate S;+l from the third equation
and so on vntil finally the new last but one e~ ation can be used to

eliminate S:té from the last equation, giving only one equation with

i + i
only one unknown Sgri. The unknowns Sgti, Sgté,...S? L can then be found
in turn by back substitution. The method provides a fast romputational

p-ocedure for large numbers of equations. In the numerical solution,




iase

RS pe R

50 radial increments were employed. The flux program was used to eval-
uate the flux at O points and intermediate values were obtained with the

uge of a quadratic interpolation prcgram.

IV. NUAERICAL SOLUTIONS

Numerical solutions weve obtained for A pressure of 11 ..tm.
and central arc temperatures of 10,000°K ard 18,000°K. For the first
example, several iterative S profiles are shown in figure 4. So denotes
the initial profile, and 529 denotes the final profile obuvained after 29
tire increments. The final solution has a maximum error c¢ of .03% where

€ 18 defined as

[-SF [-¥]
(2]

£ = (20)

N

oE

In figure 5 are shown several iterative IZlux profiles. For
the final S profile (529), the approximate flux calculations were com-

pared with exact calculations over the range A and were found to

=X,
agree to within 1Z. In figure 6 is shown the :1n§1 temperature profile
corresponding to 329. The temperature profile is very flat with a
narrow coanduction lay:r near the tube wall. The total current was evalu-
ated from Ohm's law as
R
1 = 27E J[ ro[S{r) ]Jdr (21)
o
In figure 7 is given the variation of E with "‘ ime", showing a conver-
gence to 20.69 volts/cm.
The iterative S profiles for the second example are shown in
figure B. A total of 80 time increments was required for convergence

and the final profile S, differs markedly from the initial So profile.

80

The final soluticn 580 has a maximum error of 0.2%Z. In figure 9 are shown

the initial and final flux profiles. A comparison of approximzate and

exact flux calculations over the range Al-AZ gave agreement to within

:mw;’




S g

dae

10%. There:fore the "final" solution 580 must still be considered aun
approximation to the exict soluticn. The temperature profile corre-
sponding to 580 is shown irn figure 10. Lowke and Capriatti5 have shown
that the curvature of the temperature in the central core region is due
to self absorption effects. Also, the thermal conduction edge is
smaller than in the first example. The iterative variation of E is
given in figure 11 showing convergence to a final value of 68.95 volts/cm
and the corresponding current is 5795 amps. In summary, these examples
indicate that the numerical method employed is stable and provides a
convenient method for obtaining steady scate solutions to the energy
equation. Furthermore, with slight modification, the method can be used
to calculate actual thermal transients in radiative plasmas, for

applications where transient effects are important.
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A A = .0612 x 10-4 cm
min min
-4
A A = .0952 x 10 " em
max max
c electrical conductivity (mho/cm)
S
R Rosseland optical length; Th = ' KR(C)dC
.0
’ S
T Plauck optical length; 1 = ! K (S)dg
B ick optica gth; 5 j J
¢ spherical coordinate measuring azimuth angle of a ray in
figure 1.
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w unit direction vector of a ray
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Curve 581581-A
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Curve 581585-A
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APPENDIX F

Analysis of Xenon Discharges

J. J. Lowke
Westinghouse Research Laboratories
Pittsburgh, Pennsylvania 15235

I. INTRODUCTION

Calculations have been performed deriving temperature profiles
of discharges in xenon flash tﬁbes from given miterial functions for ﬁenon,
at a specified experimental value of current and electric field strength.
The calculations include the effects of conduction, radiation, and self
absorption-of radiation. Comparisons are made ot three different methnds
of doing these calculations. Results of these calculations indicate that
for typical values of electric field strength and current the temperature
profiles are .adiation dominated if the pressure is equal to or higher than
four atmospheres, the profiles are relatively fiat, the influence of
radiation at wavelengths less than 1000; is negligible, and the effect of
gelf absorption in the visible continuum is of only secondary importance in

determining the central temperature.

An analysis has been made of the time dependence of the experimental

data of electric field strength, current and radiation. The radiation
measurements suggest that the xenon discharge should be treated as a ti
dependent problem rather than a wall stabilized, steady state ar:, which is

the basic of the present calculations.
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I1. TEMPERATURE PROF.LE CALCULATIONS

Calculations of the temperature profile for a wall stebilized
steady state arc for a gi °n electric field strength, current and gas
pPressure have been made using (1) the Eddingron Approximation, (2) a pseudo
time dependeut equation and an exact radiation fiux calculation and (3) a
pseudo time dependent equation and an exact radiation intensity calculation.
It is considered that method (3) is the ieast expensive. However, for
comparisun of calculated values of central temperature and arc radius with
experiment, a simpie coastant temperatvre model is adequate.

The it material tuncticns for the calculations are those supplied
oy C. H. Church. The speccral absc.btivities are an estimate of the continuum
and neglect line radiation. Thermal and elect 1l conductivities are calcu-
lated using a program of De Voto. The effects of radiation were determired
by dividing the spectrum into 20 equal frequency bands extending to
5x 1016Hz(600;). ‘

1. Method using Eddington Approximation
This method is outlined in reference (1). Tre following equations

are solved mwerically,




worsisensmerl

3
v > -+ ) E2 1
.(Fc + FR o (1)
->
F, = -kvI (2)
> -»> d
Fp = Fp,dv (3)
v.F 4 (¢ - J K) 4
'FRv TR TN (4)
> 4t
FRv = 3K VJv (%)

The nomenclature is given in Table I.

Equation (5) is the unly inexact 2quation and is known in astro-
physics as the Eddington apprcximaticn. The equation is in

effect a diffusion approximation for the radiation flux and i3 equal
to a constant multiplied by the gradient of the vadiaticn energy
density, which is proportional t¢ VJv « An iterative procedure is

used to satisiy the boundary conditiuas which are as fellows

at r = 0 F, =0 and F., = 0

atr =R T=T and J o+ ZE F
n

A op S AT
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Tabhle 1

Nomenclatu.e

Conduction Flux Density

Radiation Flux Density

Thermal Conductivity

Electrical Conductivity

Spectral Absorbtivity

Spectral Emission Coefficient
Radiation Flux Density per unit Frequency
Radiation Intensity per unit Frequency
Temperature

Electric Field Strength

Electric Current

Radius

Wall Temperature

Specific lleat at Constant Pressure

Density
Integrated Emission Coefficient

Time
Planck Functien

Pressure

(wvatts cm )

(watts cm °)

(watts cm_l°K_1)

(mho cm-l)

(em™1)

(watts cm—3sterwlsec)
(watts cm-zsec)
(watts cm—zster-lsec)
(°K)
(volt cm—l)
(amps)

(cm)

(°K)

(Joules gm_1°K—l)

(gn cn?)

-3 -1
(watts cm “ster )
(sec)

) -
(watts c¢m “ster lsec)

(Atwospheras)




Input values are the material functioms k, o, Kv and Ev (which
are functions of temperatuve), und the experimental values of

I and E. R is determined from

2rR(F, + Fo) o = IE (6)

The sclution of these equations giving T, F_, and F_, as

R c
a fuaction of radius for E = 29 volt/cm and I = 1140 amps at a

pressure of 11 atmospheres is shown in Fig. 1.

P

2. Metnod using a pseudo time dependent equation and an exact

s rerme

radiation flux calculation
This method has bteen suggested by B. Swanson.
Rather than iterate to sat ;fy split boundary conditions
as in the former method, an assumed initial temperature profile
is modified using che time dependen* equation to obtain the
steady state solution.
The timne dependent equation, neglecting effects of mass

flow is given by equation (7)

Cp 2L = 4E® -V.F. - V.F (N




As we are only interested in obtaining the ste~dy state solution,

Cpp is made equal to 1, a constant, ? is obtained using

c
equaticn (2) and §R is obtained exactly using the integration
procedure of Swauson.2 A number of difficulties associated with
this method are overcome as described below.

(1) The numerical solution of this equation is unstable
for large step sizes in time. This instability is described by
Richtmyer3 and in the present method of solving the equation, the
size of the time step for stability has been empiricallr found
to clousely follov the requirement cited by Richtmyer that

2

At < Léél where F = k/pCp . (8)

Tenerally the small step size regquirement makes computing times
prohibitively large. However in radiation dominated arcs, the
temperature of most of the arc is controlled by the terms

oEz -“L?R of equaticn (7) and not by VFc which causes the
insrability. By initially dividing the cermv.‘fc by a factor of
the order of 30 and increasing the step size by the same factor

the rate of convergence to the final profile is greatly increased.
The.multiplying factor is then removed to determine the outer small
region of the profile, which is coutrolled by conduction. In this
latter stage of the calculatiorn it is only necessary to recalculate
§R’ whi~h is the most time consuming part of the calculation, at

o
say every twentieth time s.ep, for FR is determined primarily by

1

-
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the teumperature of the inner region of the arc. With this
simpiification any anitial temperature profile can be made to
rapidly converge to the firnal solution.

(2) In the present problem, current and electric field
strength are ‘aput values and the radius and the temperature
profile are tho wutput. After each time step the radius is
recalculated using equation (9), where the temperature profile

i3 regarded as a function of /R

R2 = I[2nE xcdx]-1 (9)

where x = r/R.

In this way the correct current is maintained as the
temperature profile is varied.

(3) It is found that the temperature profile can vary
monotonically and very slowly in a way making it difficult to
determine the error from the true steady state solution. To
test for convergence, after calculating each new temperature
profile, equations (1) and (2) are solved to obtain §R as a
function of r. If the temperature profile is correct, the values
of E will agree with the values of ;R obtained from the spectral

R

absorbtivities using the Swanson exact integration procedure.

gl DTS
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In the numerical results presented using this method the two
values of FR agree to 1% in each case. The method was used for
the conditions of Fig. 1 and the temperature profile is shown
as the broken curve. The small difference in the profiles near
the outer wall is ccnsidered to be due to an insufficiently small
step size In method 2 and not due to the Eddington approximation.
The step size in r/R near the wall in method 2 was 0.01 whereas
in the Eddington method it was 0.0001.

The method was also used for P = 4 Atmospheres with
E = 29 volt cm_1 and I = 1140 amps giving results insignificantly
different from those shown in Fig. 2, which were obtained using
method 3. Fig 3 gives results obtained using method 2 showing
the variation of FRU with r at two different frequencies. The
radiation flux integrated from the absorption edge at v = 2.9 x lOl
tov =351 1015 Hz attains a maximum of only 2% of the total
radiation flux at r/R = 0.87 for the conditions of Fig. 2.
The inclusion of lines in this region of the spectrum will only
decrease the radiatiocn flux as, from the Eddington Aprroximation,
which is equation (5), Kv is increased in the region of lines and
JU ~ BV (see Fig. 4). consequently it is concluded that, except
for very b .gh powers where the central temperature is greater than

14000°K, the effect of radiation for wavelengths less than 19gna

can generally be neglected in the present calculaticns.

5




: 3. Method using a pseudo time dependent equaticn and exact
radiation intensity calculations
For the conditions of the present problem it is of

considerable advantage to express equation (7) in the form

3T 2 >
—_— = 2 - - -
CPD 3t ol V.I':: A (e JvK\)d\)) (10)

where use 1s made of the continuity equation for radiation,
equation (4). From Kirchoff's Law ¢ = BVdev and € 1s simply
a function of temperature. Jv can be obtained exactly from a
modification of the Swanson integration procedure used to obtain

>

FR c
The advantages of this rwdification to method 2 are
a. The increment in temperature does not depeud on
the gradient of a computed quantity. 1In
method 2 to determine V.FR, FR needs to be
calculated to high accuracy and at many
~vadial steps.
b. For typical experimental conditions in xenon,
Jvadv is small compared with €, provided that
ultraviolet radiation can be neglected. Then
the integral need only be calculated at say

every 100th step, instead of after every 20th

step, as outlined in the latter part of Section

Gt
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IT1 2 (1). 1In fact if the integral in the
visible range of the spectr m is set at zero,
the central temperature is decreased by only
200°K for Fig. 1 and 300°K for Fig. 2.
Instead of having E and I as the input, as in method 2,
E and R are treated as the input and the value of 1 1s calculated
as output. The difficulty outlined in.II 2 (2) is thus removed
and the stability of the numerical solution is also improved.
The profile obtained using this method, with E = 29
and R = 0. ' as input at a pressure of 4 ttmospheres is shown
in Fig. 2. Fig. 4 gives Jv as a functlorn of frequency at two
radial points.
Constant temperature model
In any comparison of thecretically derived temperature
profiles with experiment one of tne principal interests is to
compare, for any value of I and E, the theoretical central tempera-
ture and radius with experimertal observations. An assessment
can then be made of the accuracy of the input material functions, ¢
and Kv’ assuming that the experimental arc is wall stabilized and
in an effective steady state condition. For this purpose, for the
experimental conditions considered in this paper, the central

)

temperature and R can be computed to with;.. 5% simply by assuming
that the arc is at constant temperature, without computing the

temperature profile.




For radiation dominated arcs, loss of energy by conduc-

tion at the center of the arc is negligibie compared with radiation

losses. Thus the innut elecrrical energy equals the net emisgsion

of radiation energy, as expressed in equation (11), {i.e.,

[

2 i .
OE” = 4u(e - J Jvhvdv) (1D)

At the center of a cylindrical plasma of radiue R and aniform
temperature‘T,Jv can be calculated using the two radiaticn

equations (4) and (5) again given below

> 4y
FR 3K vJ
v

As €, and Kv are constant the equations can be sclved analytically

to give

J,(e) = B {1 - 1/(1°(y) + Ly} (12)

v3 n

where y = v 3 KVR and Io and I1 are modified Bessel Functions.

e RO IO i e



12

In this way the integral in =quation (11) can be evaluated, and
the equation used to determine L for any given cylinder of radius
R and temperature T. The rurrent I Is then obtained from the
conductivity equatior (13)

I/E = nRzo (13)

Curves computed using equaticns (11), (12) and (13) are given in
Figs. 5, 6 and 7 for pressures of 2.5, 4 and 11 atmospheres
respectively. The agreement of the cential temperature and radius
predicted for pressures of 4 and 11 atwospheres for E = 29 and
I = 1140 with the temperature profiles of Figs. 1 aud 2 is within 5%.
Fer p = 2.5 Atmospheres, the point at E = 29 yolt mel
and T = 1140 amperes appears to be just in the folded region of
the curves of Fig. 5 where multiple solutions are possible. The
existence of multiple solutions has been investigated iut for
other input material functions ard for a different gas and will be
reported later. For xenon at 2.5 Atmospheres, for E greater than
30 and I = 1140 the only solution that exists is for a conduction
dominated ar~: where the central temperature is centrolled by
thermal conduction and not by radiation. At E = 29 volt cm-1
I = 1140 amperes the only soluticn that was found was that of a
conduction dominated arc with a central temperature above 19,000°K,
At these temperaturgs the input material functions are unknown.

No detailed search wae made for the existence of a solution corres-

ponding to a radiation dominated arc for this value of £ and I.
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COMPARISON WITH EXPERIMENT

1.

Steady state condition

For a tube of R = 0.63 cm the peak values of I, E and
temperature that have been measured are E = 22 volt cm-l, I = 1140
amps, central temperature = 11,500°K and pressure = 4.2 atmOSphc;ea.4
As these quantities apply for a time corresponding to %% =0
it should be appropriate to compare with the steady state theoretical
solution. Upper and lower limits of the possible gas pressure are
11 and 2.5 Atmospheres.

Results obtained from Fig. 6, and for simil: - curves at

4 Atmospheres but with different values of ¢ and KV are given

in Table Z.
Table 2 (p = 4, E = 29, I = 1140)
Input Output
o K R T
v

De Votto Values Normal Continuum G.4 13,300
De Votto Values 2 x Continuum 0.42 11,700
1/2 x De Votto Normal Con’ inuum 0.6 11,700
1/2 x De Votto 2 x Continuum 0.62 10,809
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If lines are included in the spectral absorbtivity data,
the integrated emission coefficient may be increased by a facter of
two. .owever, as is seen from Table 2, the computed radius is sti.l
only 0.42 cm and ¢ would stillneed to be decreased for the arc
to fill the tube.

Unfortunately measurements of the discharge radius are
difficult to mzke. Furthermore no accurate experimental measuremencs
of o for xinon are known. I. 1s seen that the theoretical predic-
tions are in very approximate agreement with experiment, but if the
dischavge does indeed £ill the discharge tube it would appear that
the De Vott, values of ¢ are too high. However an analysis of the
time de¢vendence of the experimental parameters suggests tha- the
discharge does not fill the tube. Therefore it should not be

concluded that ve believe that the ¢ or - data is in e:sror.

Time dependence of the discharge

From the time dependence of the eXperimﬂvtallyQ vbserved
values of E, I and radiation intensity at 82322, the curves of
Fi14. @ and 9 have been prepaved. In Fig. 8 it is seenthat the
turves for differing discharge energies are in reasonable coincidence
for the latter portion of the discharge time. However it is szen
in Fig. 9 thar the radiation intensity at a particular value of 1
varies markedly for disiharges of differirg input power. If the
discharge were tc be wall stabilized and effectively in the :teady

state condition, the value of E and central temperature (and *hus
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the radiatieon intensity) would be deterwmined for any -alue of

R and I. If the experimeital mensurements are co-réct, it appears
that the arc cannot be regarded as being wall stabilized and in
the steady state at times after t e peak radiation intensity.

It is known that the pressure inside of the discharge
tube is determined not only by the core temperature, but is con-
trolled to a large excent by the temperature of the gas near the
tube wall. It is suggested that thiis gas is continually heated
thrcughout the duration of the pulse, thus increasing che pressure.
The centra! temperature, nich is determined from equation (11),
i3 chus lower at a given I for pulses of high power because the
gas pressure is higher. Iz this way it may be possible to expl=in
the radiation weasurements of Fig. 9. It would then be expected
that the radius of the central portion of the arc does not f1ll
the tube, and increases throughout the duration of the pulse,

Measurements of the temperature profile at peak power
are consistent with the theoretical predictions that the tempera-

ture profile is very flat.

IV. CONCLUSIONS
For the experimental parameters typical for the operation of xenon
flash tubes, the following generalizations can be made.
1. The temperature Jrofiles are very flat and are radiation
deminated, provided the gas pressure equals or is greater

than 4 Atmospheres.
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2. Except for very high powers where the central temperature is
above 14,000°K, the effect cf radiation of wavelengths less
than lOOUR can be neglected.

3. Self absorption effects in the visible continuvm generally
effect the central :emperature by less than 1000°K.

4. The constant temperature model in which account is taken of
absorption, can be used to predict the centra} temperature
and outer radius of wall stabilized arcs to within 10%.

5. Of the three methods used to compute temperature profiles of
steady state, wall stabilized arcs from input material functions,
it appears that the time deperdent method using an exact
radiation intensity calculation is the most 2conomic,

6. Experimental measurements indicate that the arc discharge is not

wall stabilized and that time dependent studies are needed.

V. POSSIBLE FUTURE WORK
1. Experimental

(1) Time dependent studies of the radiation intensity as a
function of radius are nceded to determine whether the
radius varies with time.

(2) Improved measurements of the pressure as a function of time.

(3) Measurements of temperature profiles of a cascade arc in
xenon. Such a measurement would enable a determination
of electrical conductivity, which is a crucial input paraneter

ln the theoretical calculation of temperature prcfiles.



ur—

2.

17

Theorecical

(1) If the pressure and E were known as a function of time, a

time dependent study using equation (10) could be made to
predict the current and the temperature profile as i
functicn of time. The self-absorption integral of
equation (10) could be neglected giving very consid:rable
improvement in computation time and an error of only a
few hundred degrees in the central tempevature. It is
proposed that for a given I the cemperature of the gas
near the quartz walls which contain the arc, is dependent
on the total power fed into the pulse, but that the
temperature profile of the arc core at late times is
relatively insensitive to the initial temperature profile
that is assumed for the calculations. The gas pressure
as a function of time could be derived from the computed
temperature profiles and compared with the input pressure

as a function of time.

(2) A more involved computation zould be carried out sclving

equations (14), (15) and (16)

aT Vv
- . v - N ] — X .
Cpp (at + v.VT) = V.(kVT) + v e T v.Vv
= oéz - 4n - L iR g 0 (14)
p ot
LIA
] = - g
p 7t +pv.Vy Vp (1%)
2 +V.pv =20 (16)
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As p and p determine T Py 0, v and T can be determined as a

function of time and compared with experiments.
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