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Introduction

The author, not being a Hydrodynamicist, was much impressed by the
difficulty experienced in finding procedures for computing or approximating
hydrodynamic forces, on bodies, generated by waves. In particular, knowledge
was desired concerning the hydrodynamic forces and moments acting on a body
of revolution moving under waves. Very few papers were found which attempted
these ends. Some of these are given in the selected bibliography. Most of
the methods were valid for, or developed for, only very restricted cases such
as balls or motion parallel to a mean surface, etc.

Attention finally centered on a paper by Cummins [1. However, the

exposition was found to be lacking, for our purposes, in the following respects:

1) restriction to Potential Flow

2) restriction to slender bodies of revolution

3) restriction to motion parallel to the mean free
surface

t ) restriction to constant velocity along an axis
of the body.

We shall consid,?r these points individually.

The restriction to potential flow is most easily treated. If anyone
has done something similar for non-potential flows, we have not learned, as yet,
of his work.

No mention need be made here concerning the limitation to treatment
of slender bodies of revolution, except to remark that with the mapping
techniques, e.g. Miles [2], available, this restriction is not as great as
it first appears.

The restriction to motion parallel to the mean surface is, we think,
removed by this paper. Even so, the orientation of the body must remain
constant. This is not too hard to live with since this is just what would be
required for numerical integration. That is, if we are integrating numerically
with respect to time, say, then over a small time interval we would hold such
things as orientation and velocity constant.

The restriction to constant velocity along an axis of the body is
not needed. We shall still take the velocity as constant, but will not restrict
it to being along an axis.

The present r-port, then, can not claim to be anything more than a
slight extension of Cummin's results to a situation which may be useful in
computer applications.
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The organization and notation of this report is essentially that
of Cumins. This should make r..mparison easy.

It is recommnded that this report only be read if the reader has
available a copy of [1].

Coordinate Systems

It will be necessary to consider two systems of coordinates.

The first system, considered as stationary will be called the earth
system. It will be right-handed and orthogonal with its origin at the mean
free surface of the fluid. The positive direction of the z-axis is to be
upward (out of the fluid) and is assumed parallel to the local gravity vector.
The fixed axis will be denoted by x, y, z.

The second set of coordinates is also to be right-handed and orthogonal.
This will be called the body system and will be aliAned in the body, fixed with
respect to the body. The exis will be denoted by x, y, z.

The Fluid and Its Boundary Conditions

We consider a free surface disturbed by a regular train of waves.
As a further assumption we oonsider a linear, irrotational wave theory for deep
water. Such a theory might, for example, be specified byi o2

! P g(z +T) + Pt + constant

4Z lt

0 on the bottomPZ

n1(t at z = 0 in which 7n is the surface elevation.

The linear irrotational wave theory for deep water is satisfied by
the velocity potential (earth system.)

2nz
hc XSe Xcosr

n (x cos + y sin ct + a in which

X/
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X = wavelength

h = waveheight (crest to trough)

c = celerity

a = phase angle

P = direction of propagation as measured from the x-axis.

The fluid velocities are then given as

2nz

u = "Vx - cos P e sin

2nz
nhc--

V -(P y sin P e sin

2nz
Tihc X

w =-z ='-I-e cos

For a body moving toward the surface at a constant velocity V we
obtain the following relation between coordinates

EB O- tj in which

6EB is the matrix of direction cosines relating the systems. Furthermoreuu
v =OB v -V

EB/ B

In the following we shall treat 0EB as a constant; and for convenience
we set,

-1(0s(a
OEB BE ij

J= (SEV- m !?M/
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hc

The potential function, with respect to the moving system, is then

w wO+ (%~r~) * v which may be written

w -W=y x*a,,*a,, + ]Cos 8 (ja311x +a12y'+aj.,z

+u t]Cos P +[I a2 ,xf+a22y'+a23Z'+V tl sin P -ot + Cc)

+ (0

H~ence we Aind t1a.t

* = - G') , -f0 P)-Yx

=al.(U-U) + a 2 (V-Vm)+ a3l2W'Q

(3) w' T' - VB

a ~ (~)+ a2 3 kv-V) + a 3 3 (w-W)

13I' 2'
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Singularities

We shall represent the body in the same manner as in [11. That
is, we set

(4) + Pyj + P. with

1 2i
=- au

1±y = - 1 a'v i'

y 2
1 2

1lydrodynamic Force

The Force is to be computed via:

(5) dF dF + dFt in which

dF -=,i r _ g7_

dFt -4hnP(. +. -2j --. ) dx't t t a t

The notation used is that of Cunmins [ 1), see especially page 5
Eqn [191 - F211.

We have then the relation

6 zu=y cos e sin '

v = y sin e sin

w = -y6 e cos *

z = a3 1x +a32y +a33zt+w t
az

t =wm
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a {a 1 x'+a,2y'+a 3Z*4u t] Cos + [a i' '+a a z'vt sin p-ct ar

U WU6CS (u cosp +V siv sin c)

=tw l + 6 Cs p (ur Co p +n sin p - c)(-w)

tW 6v + 6U si p (u co p + v iUm rn CO

wtw aw + (u) III u +a
1 m. 5) m v

2 (v~ + a31(w-w

2 8. (a11 all +u- +~v + +aa t)

a (a,,ut + a2 ~v t + a 3 2 Wt)

a2 2
-~~~~ [a, -- u +a3 . a ~~+ 3 w

ta 2 c)t d
.. , + ,vv + 3

a2~~ ~ ~ 
a31vU 

+ 
v2t

t z 5 2~ dt a31ufl)U, +op a2(am +n v3 sim )

r) t~ [ 3 m 3 -D a~Cos u + a2 1 sin + ~l

m m
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6a 2 ca3  )
(7) L -~{2 . ~ 32UM o P--. u a 2w mIa 3 2 v,) V

[a 32wM - (a 12 cos P + a22sinl P)(u mCos P + V m Sinl 0 - c) ]

L a! I2 a :l W +  a 3 3 c o a c 3 3 U + ( a 3 ,. y + a

t z 2n (005 Csj, 33M

a3 3 M (a3cos p+ a 23 sin p)(u rdcos p + vsin p - c)]

If, furthermore, we consider the relations

x a3 1  z y a32 ; =a 3 3

*y =6 (alcos P + a2,sin P)

*, = 6 (a 3 2 cos P + a 2 2 sin P. )

*z" 6 (al3cos p + a23sin P)

.a 6z 6ze Cos = 6 e cos 4' - e sina??

6z e6z 6 z
e sin4'ze san4 +4?e cos

U Z 64u' ? Cos p w

V = v - ?sin pw

w z6w + T6 ez sin4,

...?- .. . ..... .. . ..



AMPP =L A YisIOATOnY
SUVN IW, MAfM"

-8-

we findL " (9) ux ,  6 2a 1 a 3 u + 2a3 1a2 3v + a3 1 -(all cos p + a21  sin 2  w }

(10) = 6 (aa 3 2 + a 3 ,a 12 ) u + (a2 1a 3 2 + a 3 a2 ) v + a3 a 2 _

a (a 1 cos P + a2 , sin p) (a12 CO;3 p + a 2 2 sin P) w }
ii (11) u** • 6 all + a lal3 (a las + asla~ v + as a3(ii u, 1133 T31' 13) U + '21 33 312:70 V 31 a33  -(a,6o + a si P) (a

(a' cos + a2 1 sin) (a Cos + a2 3 sin P)] w}

(12) v = 6 a a3 + a32a,) u + (a a + aa) [ ax 123 22231 +32 21) V + a32a31 -

(a 1 2 COS P + a 2 2 Sin (a. 1 cos + a sin P) w

(13) y- 6 {2al 2 a3 2 u + 2a2 2a3 2 v + [a32  ( + sin P)2

(!J4) v', =6 {(a22a33 + a32a13 ) u + (a22 as3 + a3~a23) v + Las2a 3(a~~~~~~12 coS P + a2 2 sin p)( 1  o +a 3 snP] w~

(15) W, 6 {(a 3 a 3 3 + assail) u + (a2 a31 + a33a21) v + [a33a3 1 -(12 cos p+ a. sin p,(a 1  cos P + a 1 sin P)] }

(16) Wy, 6 (a 3a3, + a3 3a12 ) u + (a2 3a 32 + a 33a 2 ) v + Ia 3 3a 2

(a 3 cos p + a23 sin p) a 12 coS + a22 sin P)J w
2 

22
(17) V,= 6 2a au+2 a v [a (a3 cos P +a sin waU33
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We may writie

dF ~ = nP [PL (q~. ji (q) (qw),,]dx' so tiiat

,exx y y

a fp 6a' a,,(u-u )+a (v)+a, 3(w--)] f2alau+2a3 21V
T L2 m 1  mJ L1 131 M 'M 2

31 (a [al 1cos P + a. si~n .)w 2 a i2u- ) 2 2 (V-v)

+a 3(w-,w)1 [ (a.ia 32+a 31a 12)U + (a 2 ,a 32+a 31a2 2 )V + ( a31 a32 - I a 100s

+asin] [al 2cos B+a2,sjn &Iw a2 -[al(- +2(-

+a33(W-w,)J [(alla33 a3 1a1  +( 2 la 3 ,a 23)v +( 31 a33-[aLcos

+a 2 ,1S11] fa.3cos P+a23sin P] )WI)}dx'

considering terms of first order only (neglect ttniis containing products
of the variables). This may be reduced to

dF~ --hrp 6a 2 (allu +a2lvm+a3w) 2a11a u~+2a3la21v + (a2_- [a1 1 Cos

+ a (2 b al a( a

a21si Ij + " (al2um+a,,vno+a 32w) [( i 32  3 a 12)U ~ 2 a

+a31a2 ) a' ( 3  a32  acos r)+a 2lsin P] faicos P+a22 sin r)w

+ - (tI.3 +a23v+a3w) [(aiia33+a3 lal3)u+(aa33s+a 3ia23)V

+ (a 31 a3 3 .4a,,cos P +a si,. P] I a13COS P+a 23sin P]) W} clx
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dF) 6an (~)~ (aiiu +a v +a31w a a 1 3 + (au +a 2v +a3 w(a 11

+a31a1  + (al3um+a 23v +a33  )(a i 3 +a,,als)] u + 2f(allum+aaiv

+a im(a3 a) + (alzu+a 2vm+a 32 )(a. a 2 a3 a~ + (a,3um+a 23VM

31'4M) 1a~l)[2 32"'M)a,+a3 la)
+a w)(a a, +a a±4 v + (aa.,,~l +

33 rf 21 .331 2 M 311PO

+a sin + v(,u+ y+aw(a 3 a+a 1 np

+a~ ( c)w}dx

(aaua W ca 33+

(a~~iw+aa31v u 2 [(iu+ 2 va 1  (aa)+
d. 3x a3hna 3a 22  )aCos21 3a3 31a 3 V

+((ailo (3a2 si P){w s P +v cs P-c) si(n 1 12 m3
1WM- 1 m fl c UTfd

+a 2m~ 3 i- a 1 la 32 + la 2 + al_2v +a32  ~a3 ~a(a a00 p

a~l + 31V -j [a 2 [(,+a2 iv PJ) + 2(a 3 a2 .1 + a3 ) (a-1a33

[(a cos P+a sin P)j co30s f+ sin P-c) -)al +} v +tac

2 -- in 11 1In 31-
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Proceeding similarly we Aind

322(19) dF n n~af2aw a (iua3va2)(~~a

+ (al2uM+a22V +a32W ) ha .2a3 2+ 2(a,3u +a 2 3 V +a3w )(aa+aa)) u

a ~~+ (2 2+a v- F(allu +alv +a ~ )(:a :a: a,)+ (al~ma2r

a3 w )(ha a) + 2(a 3u +a 3v +a33"', a2a3 +2a?+ 32 m 2 21m c2l m( 3 a2va w ( a
(a12cos P+a22sin p)(u Cos p-;v sin P, - I llc)1m33
-a1200 p 22si ~3Iicsp1 (a~ u+a 2vm*a3m (a a(

a,2 OSP~ 2 sn liosP+a2lsin p (, 2 a2.v+,3WM)3

a a12 cos P+a 22sin P ]2) + 2(a13UM +a 23% +a 33WM) ( a3,a33-[a.2cos P

+a 34sn P] [a13cs P+a23Sin P]) ) w]Cb(
(20) dF pa 2 f( [+ -- ra1ua 1 a3 yaaaaz ik ([a,3wa~a33U 00 [o ]lma3IM a1a,+ .aL1

(a1 u 1-a v +a3 w' )(a1 a 12+2 V 2aa + 2 (a 33u, +a23  a33WM)(2a a)]

+ (2 C. 2 3 ;mca33VM- (agM+a 2 vm +a 3 W.) (a 2s-asl+a3 3 a 2 ,) + 2(a, 2 u a2+a

+a2w )(a _.a+a) + 2(a u +av +a u )(2a a ) v + (a
22 1 m 2 m 33 m 2 /3) \ 33 WM

a13 co f~ 23Sin p)(u Cos p~ sin -c)] - f(allu +aava)a

a* acos PPj si a,., Cos P+ si + ( av+13 a2 3 si I 21s ~ 12 , (aua 2 2v 3 2wM)0 3 3a 3 2
1 m 1 a

- al 3 cos ()+a,3S'n Pj alcos P4-a2 2 sin P]j (a,3u 4-a v+a w)(a2
.m 23VDI 3 3WM \33

[a1 0os P+a -in P 2)] &1323
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Let L, be the x-coordinate of the rear of the body, and let L2 be
that of the front. Then

FjfdF dx' F fdFydxJ; F df df x y y x f

L L

Now, in each of dFx , dF , dFz, the only terms which vary with x" are

a, u, v, w. If we set na A then each of dFx, dFv, dF is of the form,

p6A (clu + c2 v + csw) dx in which c1 , c2 , c3 are constant.

Hence, each of Fx, Fy, F is of the form
z

pL2 ~ 2  2L
p6 1 Audx' + c2 Avdx' + c3  Awdx)

1C L L
This may be written as

L2  L2
hncp (clcos + c2 sin ) A d6 z sin *dx" c3 f A e 6 z Cos dx

We may then write

(21) Fx 6pnhc a.1 wcos -+1 u cas _ 2 cos [(a 1 1 u +a21 v +a3 lw)(a1 1 a 3 1 )

+(ll + (a ++a
X "2.+3W 3m 2ma .a. m M a +

(a1 2 u+a2 2 v+a 3 2  )(al a3 2 +as a1 2 ) U a13U +a2 3 v +a3  , )(a11 a3 3 a2 1a 1 3  )
+ 1 w +a3 v - 2[(a1lu +a 21vm+a 3 lwm)(a 3 la 21 ) + (al 2 U +a2 2V +a 2w)(a2 1a3 2

+a3  (ai +a2  +a 3 3 w)(aa+a 3  2 3 )l) sin ]J A e6z sin * dx'

(rajcos P+a 2 in P [w cos P+v msin P- [(aiium-rz m Pc av+a31.M a3 2

-{a1 1 cos P+a 2 ,sin P12) + 2(a 1 2 U +a2 2 V +a 3 2 wm ) (a 3 la 3 2 - a.cos

+a1sin 03 [a 1 cos P+a 2 2 sin P])+ 2(a 1 3 uM+a 2 3V +a3 w m) (a31.a33-[a,,cosp

+a2 1sin p] [a 1 3 cos + q-sin Aj) 1  e6 z cos c d

1
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(22) F - phc t[(2al2W s COS +a 3 2U COS P-ca 3 2 ] - cos P[(a,.u a2iV +a3iw)(al2aa 3 1

+a32a11) + (al2UMa 22VM a32 w Ma 12a32  13 2aua2  3  3Ws,)(ai 2a33+a3,+aas)J

+ (2[a22WM +a32vm] [(a,1u M+a2lv +a3l w M)(a22a3 ,+a32a2 l) + (a2M+a22vn1

+a 32wm)(ha .2a32) + 2(al3UM +a23vm+a33WM )(a.2a33+a32a.3)]) si P JA jez sin * dx/

w ((a P~ in uCS * i p-c)] -(alu+av

(2[a32wm 12COS ~+ 22sin p)(u cos

+a31 ~ (a 2 3 [a,2COS p~a22sin P] [alcos P+a2 ,sin pi]) + 2(al 2 u +a,2v

+a32 ) ( 32 ~[ 12COS p 22si 4]) (a13 u p+a 23vM ;a 33 w (a 32 a3 3 -[a,.los' P

+a22sin pj [ 13co p 23sin P fA e, cos * dx

Fr, J
(23) F- 6pic (2[awco CO '33 O -cal 3 - COS Pk[alum+a 2 1VI+a 31wM)(a13a 31

Xa 3 a lli (p1 M+' 2v+3W(l2 + a33 ,uco2as."M~2VM+ 3,,(a13a3]

( a_.1  + (a12  ua +a v)(aa 3 a, 1  2a + 2(a w +a a

+aW )(a 23 a3 2 a33 2) + 2(a, 3u '+%32V +a33W )(2a. 3a33)] sin ej Ie6sin *, dx'

- (2fa33W ...(a 13COS P+a 3 sin P)(u McoSvmsinPc (luT all~~ a3a3

-[a 3cos P~,snP alo Pa2 1 sin p)+ (a 2U +a2 2V +a3 .,W ) (a33a32

[a3cos Q+a213sin ][a1 COS P+a2 2 sin P]) + (a1 3  +a2 3  +a33  a (2

.4alcz (, +a 23 sin PJ2)) fA e' sin * dx}

Of' course, we must remnember when evaluating the integrals that z, 4,, A

are functions of' x'.
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Hydrodynamic Moment

The analysis as done by Cumins, from Eq. [l] on page 7 to Eq. [591
on page 10 of Ref. [1] is carried over with but little change. For convenience
we shall write some of the pertinent formulae.

(24) M = Y, +M

i t

(26) Mt = FJ (rxn)do

S

To evaluate the surface integral we proceed as in Cumn~ins. Correspond-ing to his Eq. [hx we have

adn

(26) d = pax [ (w (ie-k d

Wtinaywrt

andn

(29) p a rxd f + !nrp (snx@ -) dx"

II~t dt
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This is

(30) d14.e = ( - x'dF2  + o 2u'L'dx')j + (x'dF,y -nP ua2u''dx')k, since

u = a u(w 'j-v'k) and the tern.s z'dF,, -ydFj ~ do not

appear because the legally moment is, in this case, evaluted along

the x'axis.

Then

Then ae x',z. + nPa 2u #wcbc - 2nPa 2x' (w ") dx')

+ (x'dF ,~ - rPa'~d'+ 2npax'~ (v') dx')k

We shall write this as

(32) "M =d14 j +dM k
y z

Then we find that

d1i pa 2 (u'w'- x'(u'w',- 2v'w',+ 2w'w',+ 2a,3ut + 2a23vtx y z

+ 2a33wt dx

Tz = npa2 (x/(U/v x+ 2v'vy,+ 2w'v',+z 2a,2ut + 2a2vt + 2a23wt)-u'vdx

If as a first approximation we take

u'w' - (a um+a2 vn+a 3 W) w'- (a,.u +a2 3v +a3 3W ) '

u'v ' ' (al 1 Um+avm+a 31 w) V' (a 2u+a 2 vm+a 3 2 w) u

u'wi - (a u +a v +a w) w',

v'w', - (a 12ua 22va ) , , etc.,y 12m Wy
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we find that

(33 - 7pa 2t[x'o(a:LL +avra w)w'+ 2(a u +a 2vm+a m
dM - i x 3 2  yw

+ 2(a 3u +a23v+a 3w 
) w',- 2a 3ut 2a2 3vt - 2a3 3wt

- (a 3Um+a. v,+a33Wm ) u' - (a_.u +a 2 v +a3 1w }) dx
(3h) a= "P (au +a,1v +a31W ) v' + (a. 2um+a, 2v +a32w ) u'

- [(allu.%+alv- w ) v', + 2(aau +a 2 v a3 W.) V,

+ 2(a u +a2 m+a3 ) v', - 2a ut + 2a v + 2a L'. /

A straightforward, but messy, substitution for the prined variables

will show that each of d14 is of the form

npa 2  (c + c2X')u + (c3 + c4 x')v + (c5 + c6 x')w dx'

in which c 1, c2 , C3, C4 , c, c6 are constants. On putting na = A and

integrating, we find that dMy and daz have the form

r 6
P&(. (c3 cos 1, + c3 sin ) A e sin dx +(c cos

+ c4 sin Ax e sin dx (c'

+ C6 x') A cos dx'

/
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The results of the integration are

y ( - (a:Ium+a2 1vnI+a 3 wv)(a 13c *) + (a13Uma23v M

+a3 W)(a 1 1 cos A+azisin q) A e s n 4 dx + - (

33ind + a u +a21

+3W,1) [1a + a 3al COS P + [a23a3,+%aa]. Sin P) + 2(au U+a..VM

+a32WM) ( [a13 a 2 + 3 .a cos P + [a23 a 3 2 +a. 3 a2 sin P) + 4(al3U+a23vm

+%3Wm)(al3a33cos P + a, 3 sin P) - 2w(aiscos +a 3sin P) - 2(a 3 UmCOS

L2 31Z

"c es+a 3 sinP)] 4Ax e'7" sin* dx" + I(allUm+aIVm+a33.Wm)a3

~ JJ~2nzi I -I m 2 V+ ( %+ N+ m) I- coso 'c + .3 (a,.u+a 1vm

L1

+33W m ) (%a 3 %1 - [alcos P a2 3 sin (3] .cos +a2 1sin +2(a2UM

+-a22 vM+a 2 wM) (as 3 sa32- [a1 lcos P+a23sin p] [a,2cos P+a22sin p1)

+ 2(a 1 3U +a2,v +asW ) ta 2 _ [a cos p +a sin P ]2) +
m m 33W 33 13 23

+ 2a 1 3 COS ((u m Co +v msin P - c) - 2a 3 w + 2a 2 3 sin P(u mCosp
n m 2n z

+Vm sin P - p Ax*e cos dx

'LI
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(36)I jumta 2 2VUJ

z Vh [(a11Iiu"+ 21vMa3 31w)(a 12c05 P+a2 ,sin r)) + (a.lma2v

(3)+a 3  )(a21,cos P +a2 sn p)] fA e sin Vdx' - (~ [aiu

op +a23v+a 31 w) a1 a 3 ,+a 3 2 alj Cos P + [a22a3,+a,,a~ sin p

+ ~ 12 u 22v 32w) ( 12a32COSp a2,a 32sin P) + 2(al.3u%+ 23vM

+a3 wm) ([a.2a3 ,+a,, 13  co a2 2a3 3+a32a2 j sin P)- 2m (a,,cos P
* 1 L2  2nz

+a 2,sin P) - 2a,,(u Cos P -c) - 2v ma32sain p Ax er sin 4dx'
mm

a, a23v+a3wm a32 + (a21u+a22V +a32M Z cos 4'dx"

+ . (alu+a 1vm+a3  ) (a32a - [aiao P+a2 zsin a a1 Cos P

~ ~ 2 r -2
+a2,si~n Pj)+ 2 (a2,1umla22vm+a32WM) a 3 2 - a, 2 cos j1+a 22Sin Q

+ 2(a 3 31 U +a32v +a33WM) (a 3 2 a3 3  a a12 cos R+a 22sjn [a 13cos P +a,, sinp)

2nz

2(a12cos f'+ a22sin fQ)(u cos P,+v sin P-c)-2a w Axe cos4
12 2 1 m32 Ms 1
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