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Introduction

The author, not being a Hydrodynamicist, was much impressed by the
difficulty experienced in finding procedures for computing or approximating
hydrodynamic forces, on bedies, generated by waves., In particular, knowledge
vas desired concerning the hydrodynamic forces and moments acting on a body
of revolution mcving under waves, Very few papers were found which attempted
these ends., Some of these are given in the selected bibliography. MNost of
the methods were valid for, or developed for, only very restricted cases such
as balis or motion parallel to a mean surface, etc,

Attention finally centered on a paper by Cummins [1). However, the
exposition was found to be lacking, for our purposes, in the following respechs:

1) restriction to Potential Flow
2) resiriction to sleader bodies of revolution

3) restriction to motion parallel to the mean free
surface

li) restriction to constant velocity aleng an axis
of th2 boedy.

Wz shall consider these points individually,

The restriction to potential flow is most easily treated. If anyone

has done something similar for ncn-potential flows, we have not learned. as yet,
of his work,

No mention need be made here concerning the limitation to treatment
of slender bodies of revolution, except to remark that with the mapping

techniques, e.g. Miles [2], available, this restriction is not as great as
it first appears.

The restriction to motion parallel to the mean surface is, we think,
removed by this paper. Even so, the orientation of the body must remain
constant. This is not too hard to live with since this is just what would be
required for numerical integration, That is, if we are integrating numerically
with respect to time, say, then over a amall time interval we would hold such
things as orientation and velocity constant.

The restriction to constant velocity along an axis of the body is
not needed. We shall still take the velocity as constant, but will not restrict
it to being along an axis,

The present report, then, can not claim to be anything more than a
slight extension of Cummin's results to a situation which may be useful in
computer applications.

. TR PR S
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The organizaticn and notation of this report iz essentially that
of Cunmins. This should mike c.mparison easy.

It is recommznded that this report only be read if the reader has
available a copy of {1].

Coordinate Systems

It will be necessary to consider two systems of coordinates,

The first system, considered as stationary will be called the earth
system, It will be right-handed and orthogonal with its origin at the mean
free surface of the fluid. The positive direction of the z-axis is to be

upward (out of the fluid) and is assumed parallel to the local gravity vector,
The fixed axis will be denoted by x, y, 2.

The second set of coordinates is also to be right-handed and orthogonal,
This will be called the body system and will be aljz;ned in the body, fixed with
respect to the body. The eXis will be denoted by x; y, z.

The Fluid and Its Boundary Conditions

We consider a free surface disturbed by a regular trz2in of waves,
As a further assumption we consider a linear, irrotaticnal wave theory for deep
water, Such a theory might, for example, be specified by

Vo=

T e PR X

E . gz +m) ot constant

i ;
¥ . , = 1
% A 2=0 t
;%s
? ¢, = O on the bottom
n = - é Py at z = 0 in which M is the surface elevation.

The linear irrotational wave theory for deep water is satisfied by
the velocity potential (earth system)

2z
_ he A
0. 3 e cos V¥

<
p

g—{l(xcosﬁ*'ysinﬁwct*"a) in which
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A = wavelength
h = waveheight (crest to trough)
‘ ¢ = celerity
a = phase angle
. B = direction of propagation as measured from the x-axis.

The fluid velocitiss are then given as

u 0. 5~ Cos B e sin V¥
v=~¢y=f‘%?-sinae sin ¥
2nz
=< Tthe A
W -, ¥ e cos ¥

For 4 body mcving toward the surface at a constant velocity V we
obtain the following relation between coordinates

/ ;c'\ .
J} =0 ||y ] -ut in which
’
2 z /
o
®EB is the matrix of direction cosines relating the systems. Furthemore
i u’ [
|~ % ( v] =X
w \ ¥
‘ In the following we shall treat 0EB as a constant; and for convenience
' we set,
1
0., =0.. = (a,.)
" EB  BE ‘°ij

u \
m

v 1

m,

i

/

W
mn
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The potential function, with respect to the moving system, is then

‘p'w =g * (oBEg) -V which may be written

? ’ ’
. 5[331" ta,,y ta452 +wmt] , , ,
(Pw =Y cos & {[allx *a)2Y *a;52

+umt]cos B +[ azlx'+a22y'+a23z'+vmt] sin B -ct + a}

+ (OggP) + ¥

Hence we find that

- '\’ S - - .
(1) u’ == log)y ((pw)x' [(OBEE) !]x'
= an(u-um) + 321(V'Vm) + a31(w-wm)
(2) Vo= (o) == o) -] (0R) T

L}

ala(u-um) + aaz(v—vm) + ase(w“"'m)

(3) Wm0 - @), = [(0R) Y

/
als(u-mm) + aza\v-vm) + a33(w—wm)
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We shall represent the body in the same manner as in [1]. That

RYe NG MARTUAND
Singuiarities
is, we set
(L) b=
= . 1 aZui
Y L
1l =2
p.y = .32
sy, == La%
flz = o- 2 *

Hydrodynamic Force

Bi+HWj+ ULk with
X y 2

The Force is to be computed via:

(5) dF = dF, + dF, in which
- A, 3 3 ,
By = hme by mp t gt 5 ) g, &
AL A
3 = . -.__}_:.. J o __—Z. ’
aFt hnp(at1+at3+atk)ax

T}_le noetation used
Ean [19] - [21].

is that of Cummins [1], see especially page 5

We have then the relation

u =yd cosﬁ.eéz

v =y8 sinf e

sin ¥

&
¢ sin ¥

&u
w=-ybe " cos V¥
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L4 4 ’ 4 4 4 0
v = 6{[anx ta v *a, 42 +umt] cos B +[a21x +a,,¥ +a,,z Wmt] sin B - ct - u}

i‘k:
at

6(umcosﬁ+vms:mf3-c)

= Fe) 3 - RS
u, wEu+ 6 cos (um cos B + v, sin B - ¢)(~w)

<
]

4 = WOV +5 sinp (w cosp + v, Sin B = c)(~-w)

£
#

+ + & -8 -
& wmﬁw Gumu vmv b o5 B 1)

azd

-1 N oo . \
ST M = - L2 % (u’) = T & [an(u-um) + aal(v-vm) + aal(w-wm)]

2 2
) N ) s o a d
Aty T T e () g (e + (e ) 4 22 (v, )
= -éf.

a?
= e (aISut t 33V, *agyw,) .

We find, from these, that

2 c2
3 ba 31
a— = o H + - —— + 1
(6) 5TM I {(anum Al - T B) u (azlwm + aslv;n) v

+ [a:,lw7n - (a;,cos B + a,,sin B)(um cosf +v sinp - c)] w}
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-7 -
2 ca
ba 32
7 al =w-=-{la _w +a, u - U+ (8, W +a,,v ) v+
(7) 'Sfuy 2 2'm  "%2'm  cos B (az m 32 m)

[aazwm - (a,,cos B + a,,sin B)(um cos B + v sinB - c) ] W

2 ca
3 §§_ / - 33
(8) at uz -T2 \alawm HIRCELN cos ﬁ) ur (a33wm * a33vm) v

[asawm - (a,5c0s B + a,,sin B)(urll cos B +v_sinp - c)] W
If, furthermore, we consider the relations

z,=a31; z =

a b ’ a
« y 32 3 2%, 33

5 (a,,cos B + a,,sin 8)

N-é
)

"Ify, = & (a,,cos B + a,,sin B)

¥_»= 0 (a,,cos P + a,,sin B)

z
b2 5

§=,- e”cosﬂ'=z?GeZcos‘l/-\l/? eézsin\{f
e}

?437' ezsin\y=z,,6eézsin\l/+\1/,,eazcosW

S%-u=z?6u-\k, cos B w

Y

v*—'z?fiv-w\;:,‘7 sin B w

oY
0

ary
-~V

=

i

z?ﬁw + ‘J/?YG e62 siny |
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we find

(9) wls=

(10) usi' =

(11) uz,

(12) V;;’ =5 {(a12a31 *asadyy) u + (ay,a,, ¢+ 33282,) V +[

2 ) 2
) {2311331‘1 + 2a5,8,,v + [331 - (ay; cos p + a,; sin B) ] w}

5 {(anaaz taa@12) W (a5, taza,,) v 4 [a31a32 -

(a3 cos B + ay, sin ) (2), cos B + a,, sin B)] w}

5 {(311333 *331815) U (agy355 + ag2,,) v o+ [8'318'

33

(a*l ¢os B + a,, sin R) (313 cos B + a,, sin B)] W }

83283y =

(2,5 cos 8 + 32 sin B) (a ), cos g + a,, sin B)J w}

, 2
(13) Vy, =5 {2312332 U+ 2a55a,, v+ [3'322" (a2 cos g + a5, sin B) ]W}

() V;r =6 [(312333 *a333)5) u + (azaaaa * a38,5) V +[

’

15) Wer = 6 {(313331 *azaaz;) u+ (az335, + a33d8z;) Vv *[

6 I’ =
(16) Wy

83833 -

(a12 cos B + a,, sin B) (aJL3 cos B + a,5 sin B)]w}

3383; -

(a,; cos p + a2 sin B, (a,, cos p + a,, sin E)]w}

5 {(al3a32 ¥ 333810) U+ (aya,, + 3338,) V + [aaaaaz -

(a5 cos g + 33 sin B) (2 , cos B + a,, sin ﬁ)jw}

, 2 2
(17) Wos =8 {2a13a:33 uta,.a. v+ [a:*3 - (a.l3 Cos B ¢ a, sinp) ]w}
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) I4
d& = -bnp[ux (gw)x,+ uy (gc-:)y, TR, (gw)z,]dx , so that

’

0,
=3
fl

- ‘L + ’, o+ ’, .
', lmp[ux Byr ¥ B Bl t uz]dx :

2

o
= =hnp{- —Zi- [all(u-um)+a2l(v-vm)-faal(w-wm)} {2an::*._.slu-#-?;.:.31a2 v

1
2 . 2 6a° (g ;
+ (aal-»[ancos B *agsinBl’)wl -5 alz\u—-um)i-azz(v-vm)
+a 5, (W )] [(a 1232785021200 * (35255785,3,)7 * (aslasz" [ancos B
6a°
*a_ sin B] [alzcos B+a,,sin B]) w] - 5~ [8ya(u-u )ta,g(vev, )

+333(W““’m)j [(an"”'33""131‘11:«3)u Ha B ptag)223)V # (331333“ -[Lancos B

BN

+azlsin B] [alacos B+a,,sin B]) W]}dx'

considering terms of first order only (neglect terms containing products
of the variables). This may be reduced tc

dFZ

Ga” . 2
- =lirp T (anum-fazlvmw“aalwm) 2ana31u+:.a31a21v + (331" [aucos g
H

12 68.
+ag, sin f ‘)W l 5 (aya0 42,5V, agpW ) [(a11a33+a31al?)u + (325

-

a
I L
. ; \
[ H

+a5, 8,5, )V 1 (331332‘ [ancos B+a,,sin B] [amcos ptay, sin BJ/ wJ

ba
+ =5 (a0 FayaV, *aga¥ ) [(311333+331313 Yut{azi233*as823)V

e ’
+ (aalaaau[ancos f ta, sin B] [alscos B+a,, sin B])w] dx
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ptie
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PR,

2
_ ba \ [,. [,
P dFj’x = -hne (T} ‘L‘ l\allum+a21vm+a3lwm) 311331+(a12um+a22vm+a32wm)(ana 32

*a5,810) ¥ (alaum+a23vm+a33wm)(ana33+a21a13)] u ¥ 2[(5‘11““,’“"'21"m

2T A
wq‘-‘?ﬁ -

vl
-

KR
SHs R

o I

ay, 9 0(25385,) + (ay,w 18,07 ta5,w )(25,85,%05580,) (ay5u +aqzqv

2
» +a33wm)(a21a33+a31423)] v+ [(allum+a21vm+a31wm) (3‘31 —-[ancos B

12 . ( ‘ .
+a,,sin S] ) + 2(a g u *a, v Hagv ) \331332‘"[311"05 B+a,,sin B][a 1205 B

ta,,sin {3] + 2(a13um+a23vm+a33wm) (a31a33 -[ancos B+a,,5in B] [a 13C0S P

T A AR
A ".j. e

4

Bt
IO
Bk s

,.w)
o
il

+a, sin s])]w dx

¥ L

R

UR 6a2 ({ ca

LA = . - ’ +a - __?_];__) + _ "

% dFt,x linp ( T) l\auwm 31%" Tos u (a‘lwm aalvm) v
3

. N7 N . n ’
+ [aslwm-(ancx,s Bta,,sin ﬁ;\umcos iBﬂrms::;n B - c.)]w dx

. ca
! _ 2 . 31 ’ -
\ 5 (18) de = npda (anwm+a311_1m— o5 F " 2 [\anun+a21vm+aalwm)aua31+(a12um
g4 tagV s ) (@) 35,%0,08,,) + (amum+a23vm"'a33wm)(a 11333+a213'13>l}u
| ;

* {8z ¥ taa v, - 2 [(allum+a21vm+a31wm)(a31a21) + (alzum‘razzvm

+2 \ {
a, vm/(a21a32+a31a22) + (alsum+a23vm+aaawm)\321333+<131a23)J v

s . \( . - - 2
(a,,cos Bta, sin R){w cos p+v sin B c) {(anum+a21vm+a31w“) (3‘31
’ i 2

-'[ancos B*a,,sin p] ) + 2(a12um+a22vm+a32wm) (aslaaz-»[aucos B

*a, 5in ﬁJ [alzcos Bt+a,,sin ﬁ]) + 2(al3um+a23vm+a33wm) (aala33

l - [ancos Bt sin [| [amcos B+a,,sin B] ) ] wi dx’

B
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Proceeding similarly we find
ca

2 32
19) = nob +a el -8 u ta,,v va, w )} a..a..+a..a
(19) dFy npoa 2[3 Y 2a2%” Gos B] | C m 221V "33y m)( 12231%83234,)

+ (alzum+azzvm+a32wm) ba yay,+ 2(313um+323vm+as3wm)(312333"332313)} u

-

+ + +a5,a,,,) +
+ 2[a22wmwa32vmj ,’(anum 821V *aa1W, ) (82085542528, ) (alzum-o-aazvm

\ ]
+a32wm)(ha22a32) + 2(a13um+a23vm+a33x-7m)(a22a33+a32a23) / v o+ \2 [aaaw

- (a;,co0s B+a,,sin g)(umcos p+v _sin p - c)} - [(anumma1vm+a31w~rm)(a:ma.:11

f . i . 2
= | 212008 Bta,,sin BJ l_ 11€0s Bta,, sin B]) ¥ 2(a12um+azzvm+aazwm) (332

. . 2 ,
- [alzcos B+a,,sin BJ ) + 2(a13um+a23vm+a33wm) (aazaaa-[alacos P

*a,,5in B] [alacos B+a,,5in B])J W) odx’

ca i

2 33

(20) sz = npba { 2[a13wm+333um - EBE‘B"J - l (anum+a21vm+a3lwm)(a13a31+a33an)
\

+ 2(a12um*a22vm+a32wm)(a13a32+a33a12) + 2(a13um+a23vm+a33wm)(2a13a33)J u

/

[ 10
| 1 .
ey dn - N
* 2laea"m' aava l(allum+a21vm+a3lwm)(a23a31+a33a21) + 2(‘5*12111_,}’“322\'m

5

.
V5 oo {> v ,
o {8s2,0%0,52,,) + @30, *apaV, *agaW ){22,,35,) J Vot \2laaw

-~ (a,5c08 f+a  sin B)(umcos +v sinp - c)J - [(anummalv +a

|

el .
- 'Lalacos R+a,,sin ;3] 1 @,,C0s f+a,, sin B]) t (a 52l +a22v ta, W )(

3%, ) (a33a31

33232

= | 2,305 B+a,,sin p cos Pay,sin B + (a0 +a,.v +a, w )(a.>
423005 #7825 212 22 13%, %23V, "333W /) \83;
1) |} o

- [alacos B+a2351n g
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Let L, be the x-coordinate of the rear of the bocy,and iet L, be
that of the front. Then

-
R

-

b2 Ly Lz
F=dedx’;F=[dFdx';F=/dFdx'.
X X Yy y X 2

L, 1 L,

e o

ALt

Now, in each of dI-'x, dFy, sz, the only terms which vary with x’ are

a, u, v, w, If we set na® = A then each of de, dFv’ sz is of the form,

.y g YR T -,
T e e S AL SR -
-y

s,

A L Nt
»

Ao A

- , P2 .
pdi (c;u + cpv + cyw) dx)y in which e,, c,, c, are constant.

Satae. 7
Kbt o MO e s

R

Hence, csach of F , F , F 1is of the form
¥ 'y Tz

Lo Fa Ly
pb (01 [ Audx’ +czj Avax’ + ¢, wadx' .

Py e
£

; %}‘ 1 Ly L,

; 9 This may be written as
‘?

i b L
% hncpd ( . in g) 2A déz. . ro (2 62 ’
e . c,co8 B + cysin B sinydx - ¢4 j Ae cosydx'.
i L Ly

We may then write

At

(21) F, = é’if):‘l‘.‘f. { [ (anwmcos Brasyu cos B-cay, - 2 cos B [(a 18, *32, 7, 25, W )(::1ll 31)

g, e

* (alzum+a22vm+a32wm)(anaaz+a31312) * (amum+a23vm+a ¥ ) 8123337 313’] )

+ (aglwmma v, - 2IL(anum'l-azlvm'*aalwm)(aslaal) + (alzum+a22vm+a32wm)(a21a32

2
. o) .
tay,8,,) + (alsum*'azavm*aaawm)(321333*331323)]) sin ?} ]:[ Ae’? sin ¥ ax’
1

L, 0 [

| * . 2
- ({ancos B+a,,sin J’ lw cos B+v sin f- c] - [(anum+azlvm+a31wm) (a31

v \ ¢
-[ancos B+a,,sin p] ) + 2(a,,u | +355V, FagaW ) (aala32 lancos B
+a,,51n B] [alzcos fta,,sin B])+ 2(a13um+a23vm+a33wm) (a31a33—[ancos B
Ly
. . 6z
+a, sin BJI [alacos R4a_ ,sin B])] L[ Ae” cos v dﬁ}
§ 1
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(22) 7
(23) F,

= §9th (z[amwm%s [3+a33umcos {3—ca33} - cos ﬁ[(a u ta, v ota,w )(a

NARTLAMO
-13 -
- pnhe 2la. w_cos Bta, u cos P-ca - cos B|(a,,u *a,,v *a,.w )(a,,a
X 212"y 3z 32 1147822V T833W /84083,

*ag02);) *+ (ag5u 255V, Fa W ) Lajaay, + 2(313um+323vm+aaawm>(312333"332+&13’J

* (Q[azawm"aaavm] - [(allum‘*azlvm*aalwm)(a22a31+a32a21) * (3320 a2V
L,
. 62 . . .
tag v J(haya,,) + 2(a13um+a23vm+333wm)(822a33+a32a23)J sin B [A e sinydx

1
.
- Z[asawm-(alzcos Bta,,sin ﬁ)(umcos p+v_sin B-c)] - l(anum +a,,v

s s 1
+a31wm) (aszaal-[alzcos Pta,,sin B] [ancos B+a,,sin BJ) + 2(a12um+a22v

2 2
+ - 3 ~ -
.aazwm) (a32 [alzcos Bta,,sin {3] ) + c(a 3l aza' fay W, ) (a32a33 [ancos g

L, !
+a,,5in B] [alacos B+a,ysin B] )] fA ef)z cos ¥ dx’
L

31 13 31

tagad,) * 2(31211 BT )( 23855458, )Y 2(a13u 3V 25" )(2a13a33)]

+ (2 [azawm*raasvm} - [(allum+a21vm+a31wm)(8233314-&33:-.121) + 2(&11,‘,um+:=122vm
L,

&

tay v >(323332+333322) + 2(a13u 2, Vm"'aaswm)(zazaaas)J sin f| [A eézSin y dx’

32
( asswm...(alscos Bta,,sin B)(umcos B*vmsin ﬁ-c] [(anu +a, vm+a31w )( A43284,
[alscos f+a,,sin B] [ancos B+a,,sin B]) + (alaum+a22vm+a32wm) (.'=13_.5a32

. . 2

[al cos 8+a,,sin ﬁ] [alzcos Bra,,sin ﬁ]) + (alaum+a23vm+a33wm) (a33
L

. 2 1 ® &2 .

[ »05S fta,, sin P,] J Ae siny dxy.

L

Of course. we must remember when evaluating the integrals that z, ¥,

are functions of x’.
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Hydrodynamic Moment

The analysis as done by Cummins, from Eq, [hO] on page 7 to Eq. [59]
on page 10 of Ref. [1l] is carried over with but little change, For convenience
we shall write some of the pertinent {ormulae.

(2h) M o= M»C+Mt
(25) M,@ = Z (r x F'é) + hnpzl: (qw X A)i
(26) M, = p—(}i{ _[ $(rxn) do

S

To evaluate the surface integral we proceed as in Cummins, Correspond-
ing to his Eq. [L8] we have

2n
(27) th = pax’ E{j—t / ((p; + cps)(,j sin® - k cos@) d6 | dx”
)

riting

(p‘; (x’, a cos®, a sin @) =w;r(x', 0, 0) - a(v'cos 6+ w’'sin 6)
and

¢ = ~2(v'cos 6 + v'sin 6) , as in Cummins,
we oblain

we o= 2 _& ' ’ s _a_ ’ ’

(28) dx, 2npa’”x 3 (w') j = (v'Yr |dx’ .
e may write
(29) dy = rxdF, + hnp (qwxp.) dx/)
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This is ‘
’ 2 44ty fo 2 R 1 14 s 3
= - I % - :
(30) Q) ( -x d’ﬁ,z + npa“u’w’dx’)j + (x d.F"g’y npa“u’v’dx )k, since ,
= 1,2 s ¢ '’ ’ v’ N
I, x us gan (w'j=v'k) and the terms z dFl,x’ v szsx do not ?
appear because the legally moment is, in this case, evaluted along '

the xlaxis.
{
Then }

’ 2 1 1, 2 ’ ¢

(31) de(..xdFl,z+npauwcn(-2npax éat-(w)dx)j {

, 2 01 2, 2 2 .+ 3 ’ ’
+(xdF’e’y-npauvdx+2npax ;-)-—t;(v)dx)k
We shall write this as
= 3 4
(32) M dMyJ Mk .

Then we find that

2 17 ry v s ‘e .
npa {u wi- x'(u LA v wy,+ w w ot 2a13ut + 28,47

Py

t
. '
: + 23'33"1; )}dx
2 I'd T4 ’ ¥ ’ ’ s I '
= + -
‘ M, = nea {x (w'v -+ 2v vy 20Vt 22350, * 285, * 2a23wt) u’v’pdx
3 If as a first approximation we take
ret = + + ‘. + + v/
u'w (anum 8,07 aalwm) W (::113um 8537, aaa"’m) n
2 v’ == (a u+ta v +a.w v - {a v +a,, v +a,w ) u’
‘11 T2t Ty 125y “227p %327,
5
d ’ ’ !
¢ = - + +
A n'v_ (auum v, aalwm) W,

4
= - + +
v (alaum 222V, aazwm) Wy , ete.,

1 Bk

b Rl
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we find that
2 ? ’ ’
= + 4+ + + +
(33) dMy npa“{ x [(allum 2,1V, aalwm)wx, 2(:11211.m 2, aaé"m) Ve
3N i’ - - - 23..%
';\ + 2(313um+aasvm+ass“ﬁ) W 2a13ut 2a,,V, = 28,,W, ]
4
2 v - (a uta. v ta w)u -{a u+a, v +a, w)w) dx
“ 13"m <35 33 nm 1 m 21'm 31'nm
"pr}
;I?i _ 2 ’ 4
_f (3h) a, = mea (allum+a21vm+a31wm) v+ (alzum+a22vh+a32wh) u
i
}O
¥ 4 r 4 ’
4 - X {(allum+azlvm+a31wh) Vet 2(a13um+a22Vﬁ+a32wm) vy,
& ’
133 v - +
14 + 2(a13um+a23vm+a33wh) Voo - 283U 28,V ¥ 2ag,wW, b dx’
7l f} J
au
* ]
%% A straightforward, but messy, substitution for the primed variables
;% will show that each of dMy, dMZ is of the form
1€
1N .
;;7 ¢ 2 ’ 4 ’ )
+ + + +
npa [(cl tc,x")u+ (¢ +cx")v (c5 cgx’) w J dx
2
in which ¢,, ¢,, ¢35 €4, Cy, C4 are constants, On putting na” = A and
integrating, we find that dMy and dMz have the form

I,

p67‘ (c, cos B + ¢y sinB) [ A % sin y dx’ + (c, cos B

fz ’ GZ LZ
+c¢, sinB) ! Ax" e "siny dx - jr (cg

P

Iy Iy

’ .8
te, x)A e % cos Q'dx'} .
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The results of the integration are

(35) n =28he /

N :
P ¥ l. - [(anum'*a.uvm-l-aalv.m,(a13cos Bt+ayysin B) + (alsum+a23vm

N2
RN n
+a33wm)(ancos B+a,, sin {3)] f]A e siny dx + >y [ (a.num*‘anvm

L

a3, v,) ([.a13a31+a333n] cos B + [3233314":‘33321] sin B) * 2(a12um+azzvm

=l £y

RATIL et S by

+aaz"m) ( [313332 +333314 cos B + [a233'32+833324 sin B) * h(alsum+azavm

+333wm)(313a33cos B + a,,a;,sin B) - 2wm(a13cos B+a,,sin B) ~ 2(a33umcos B
L, dg

-ca,, +a33vmsin [3)} [ AX e A siny ax’ + [(anum+z,\2lvm+a$1\fvm)a33

2nz
~ ’
+ (a13um+323vm+333wm) 33,] fRA e cos ¥y dx + %‘- [ (aLllum+a2,_vm
Ly

+331wm) (333331- [alacos ff *ay,sin f}] lancos B +a,,sin B])+2(a12um
+a22vm+aazwm) (assaaz"' [alacos B+a,,sin B] [alzcos pta,,sin [3] )

(a2 N 2
+ 2(a13um+a23vm+a33wm) | 233 = [3,3005 B *a, sin B|7) +

*+ 2a,,C0s B(umcos {3+vmsin B ~-c) - 2&;.33w‘n + 2a,,5in B(umcos B

as \I' , k ’
wmoln?-c,i Ax’e cos\;,dx}

L,
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he .
(36) M, = E’_}i—-—— { [(anum+a21vm+aalwm) (2,,c05 BHa,,sin f) + (azlumﬂ-.z%vm

~-

L. 2nz
. . ’ 2
+a33wm)(ancos B +a,,sin 5)] Ae M sin v ax' - -{1- [(anum
L
2

8,V taaa¥, ) ([a12a31+a32an] cos § + [a22a31+a32a2;sm (3)

+ Ula,u *a v 4ag,W ) (3,835,008 B *ayyag,sin B) + 2(ayau *aggV

*ag i) ([alzasa*aszals_l cos f + [azzaas’*aazaz% sin 3) - 2 (a;5c0s B

L2 eng
+a,,8in B) - 2ag,(u cos B - ¢) - 2v ag,sin ﬁ} / e ™ sinyax’

L
Yy la w2

| X ,
- L(allum+azlvm+a31wm) ag, * (azlum+a22vm+a32wm) agJ J[ Ae cos V¥ dx

1

-

2n .
o (al,_um~¢-a2lvm'raslwm 832837 - [alacos Btagesin (3] lancos B
2 ¢ %2
+a,,sin B] + 2(a21um+a22vm+a32wm) (aaz - 123,08 Bta,,sin B. )
+ 2(331um+a32vm+a33wm) (a32a33 - [ a,,Cc0s R +a,,sin [3] {alacos Bta,,sin ,",J )

- 2nz
. . x I'4
+ 2(a,,c08 £ + 2,,8in ,'*)(um cos ﬁ+vmsm B—c)-2a32wm Ax’e cos ¥ dx

e = C e - .
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