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FOREWORD

This report was prepared for the Applied Mathematica Research Laboratory,
Aerospace Resgearch Laboratories by Dr. P, R, Krishnaiah under Project 7071,
“Research in Applied Mathematics'. It contains some procedures for testing
the hypothesis of equality of covariance matrices against different alternatives
when the underlying populations are multivariate normal,

The author wishes to thank Miss Eva Brandenburg for typing the manuscript

carefully,
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I. Introduction and Summary

In many situations, it is of interest to test for the equality of variances or
covariance matrices against ceriain alternatives, Hartiey [6] considered
the problem of testing for the equality of variances against the alternative that
at least one variance is different from the other, Gnanadesikan {3] considered
the problem of testing for the equality of variances against the alternative that
at least one variance is not equal to the standard. Recently, Krishnaian {}1]
considered testing for the equality of variances against the alternative that at
least one variance is not equal to the next. In the above procedures, it was
assumed that the underlying populations are univariate normal., In this paper,
we consider multivariate generalizations of the above test procedures, The
test procedures proposed in this paper are based upon expressing the total
hypothesis as the intersection of some elementary hypotheses and tasting these
elementary hypotheses by using conditional distributions. In the two sample
case, our procedures are similar (but not equivalent) to the procedure propased
by Roy [14]; the test statistics used by him in testing some of the slementary

hypotheses aredifferent from those used in this paper.

2. Preliminaries and Statement of Problems

Let Si: (siqr) denote ith sample sums of squares and cross products (SP)
matrix and let ni+l denote ith sample size. Let r'ij denote top jxj left hand

)

corner of Z.= (Uiqr) and let sij denote the top jxj left hand corner of sishiqr

Also, let S.”.1 = (s* }and let 0*2
11 ijta

0 jdeno!e the common value of o*fj(defined below)when
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In this paper, we consider the problem of testmg H agamst A1 A_ and A where

2
Lp, 7 U p‘ d
H = = = = a
H: 21 e Iik. Al 51 Alj1j=l Alj?.’ AZ i1 AZjl e ‘ AZ_)Z n

P -
= U A_.

The test procedures considered in this paper are based on the following method.

We first test Hn against the alternative of interest, If Hll is rejected, we declare

11 is accepted, we proceed furthes and test HZ! and le

1 is accepted, we proceed further and test

that H is rejected. If H
holding the first variate fixed. If Hl NH

H31 and H32 holding the second variate fixed, We continue this proceudre until H

r-

is accepted or rejected. Here we note that ﬂ H, i1 n1 H_) is equivalent to the
j= j=

hypothesis that

Elr= ces T ‘Ekro

We need the following known results ( see [14]) in the sequel:

2
When Sij is fixed, the distribution of _h,‘j is independent of the distribution of s, j-H:
1]

the distribution of}g,ij is j-variate normal witk mean vector p‘ij and covariance matrix
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T el sij , and 'i,j+l/¢i.j+l is distributed asx with (ni-J) degrees of
f reedorn.

3. Testfor HAgainst A,

The following lemma is needed in the sequel ,

Lemma 4.1
I Xy sXyseens x,K are distributed independently as central chi-square variates
with ml, mz, e mk degrees of freedom, then
k-1 -1 _2y/2
(my /o) [ J1 m JLF, G my ] e
ﬂFlZ' FZ3""’Fk-l.k)= K T /21 1t 1 Rz-:l -IF ]Em/l
I Fm, m, 31 Mt T, iel
X. m,
where F. = —
ij X, m, ‘
J 1 ‘

The proof of the above lemma is given in [11].

We will first consider the problem of testing Hj against the alternative

1
Alj 1 when the first {j-1) variates are held fixed (with the understanding that
no variate is held fixed when H“is tested). In this case, we accept H_jl if
and only if
(4. 1) A..<F = u

ij i,i4l, ) T Tij

where Xij and “ij are chosen such that

(4.2) Pr = F <p.;i=1,2,...,k-1 IHJ.11=P.

i,i41,§ ~ Vij J

WhenH. . is true, sZ, /crz_. e sz./az. are independently distributed as chi-square
il 1j 0j kj 0j

4.
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variates with (nl ~j+1), ..., (nk-j+l) degrees of freedom, So, using LLemma 4. 1,we
can write down the joint distribution of FIZ’ FZS' P 'de.k when Hjl is true.

We will now discuss about a procedure for testing sz against A

1j2 when Hjl '

is true and when the first J variates are held fixed,

When Hjl is true and the first j variates are held fixed, we accept sz if

and only if

(4. 3) Fi,iH,juSCij ’ u=1,2,...,j
i= 152;---, k"l

where c;j's are chosen such that
1

(4.4) Pl F

tA

S e b2 nbi= L2, k-1 HH_ }= Pt
1 B 7 J

i,i41,ju ij

2

2
When Hjl is true,s /0'0 41 is distributed as a chi-square variate with

. jtl

(N-k j) degrees of freedom and it is distributed independently of Di i+1, ju for

i=12,...,k-landu=1,2,.. ++). Also, when Hjln sz is true, the joint
distribution of

(D D

- w9 - - P L I B ) D . e & ap D LN BN K I ) .
12j1°’ k-1,kj1°’ DIZJZ k-1,kj2 12jj Dk-l,k_u)
is a central multivariate chi-square distribution with 1 degree of freedom and

with @ as the covariance matrix of the "accompanying' multivariate normal

where
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and t = max. (w, v); (for the definition of the “accompanying" multivariate normal.

see [7]) . So, the joint distribution of

(F seeas F

12j1 k-1,kj1’ 0 Fazggresor iy g !

is a multivariateFdistribution with (1, N-kj) degrees of freedom and with ﬂ'
as the covariance matrix of the "accompanying" multivariate normal, For various

details on the multivariate F distribution, the reader is referred to[9,10].

Now, combining (4.1}, (4.2), (4. 3) and (4. 4) we use the following procedure

for testing H against Al .

Accept H against Ax if and only if

* * i= Zla.-. - '=. 2 e ca
kij = Fi.i+l.j5 pij i=1, k-1 j=1,2 p

(4. 5)

- = ] p---,’ '=l)2"--. "l
Fiisl,ju=¢; 9=l2 J ) (p-1)

i=1,2,..., k-1




e

where x and c

i} ij are chosen such that the probability of {4.5) holding good,

P p-1
when H is true, is {1-a). But this probability is equal to qu JI'_! qJ where
. * * L. .
q = PIR=F L =sdliislh2n. .k x[nul

| ({;*‘ = j j=1, ac-'t -1
9; P[Fi.iﬂ.ju Fepi T hdeend (p )’HZ
i=1,2,...,(k-1)

i
The optimum choice of the critical values is not known. For practical purposes,

we impose the following restrictions.

1/2p-1 %X
-~ = = 'z'..: ' = -
9y v 29,79} 951 (1-4)

* =¥,

iy

In addition, we impose the restriction that the test associated with testing H

is locally unbiased,

The (1-2) % simultaneous confidence intervals associated with the above test

procedure are given by

2
h* :7'”4,(11l ~j+1) vfﬂ {n.-j+1) 5 i1
sx2 (r. +1) ) a , 5“:3 LRI A2 B '
ij " ij 1
i=1,2,...,k-1 j=1,2,...,p
* 2 * %
b b B +p < €5 %wit1 Biuu® 41, jun?
iiju itl, ju “iju i+Y,ju 1™ (N-kj)
u=1,2,000, =l (p-1)
izlothun rk'l . :




4. Tests for H Against Az and AS'

When H is tested against AZ. we accept H if and only it

a,.sF, =b,, i=1,2,...,k-1 j=L2,..., p

21 dol) B s

u=hL2,...,) J=L2,...,p

] i=1,2,.,., k-1

o where 2,.,b.., c__are chosen such that
L3 N 8 1)

| p-1 ,
i Gl =1,

f and f
5 |

Qj= P[aijs'Fikj Sbij;l =lL2,..., k-1 j = l,Z....,pIHlj]

!= - :10 I---'.’: lznno-. - . .
Qj P[Fikju<cij;u 2 ji=1 k-1 HZJ]

We can evaluate Ql' cees Qp by using the methods (or their modifications) dis-

i
i
|
:
1

cussed in [1,4,5, 5,12] whereas Q'1 s sens Q;?'l can bte evaluated by using the
methods discussed in [ 9,10]. The optimum choice (in terms of increasing vower

of the test) of the critical values is not known. But, for practical purposes, we

can choose them by imposing restrictions similar to those in the Previous section,
We will now propose a procedure to test H against AS when the sample sizes

are equal to (n+ 1). According to this procedure, we accept H if and only if

N =sF , s N;ifi'=1,2,....%
iT ity i F

; Fo sc;iFi'=1,2,...,k u=1,2,...,j
! : 1ju J

. - -
where Jl‘ll R. I:] Rj = l-c
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R, P[l/xj = Figp s i£i'= 1.2.....leU]

' e i it = « .
Ri=P[F sciifi=ha..k u 1,2....,31%1.

Using the method discussed in [6], we can evaluate RI" .. .RP. In order to

evaluate R'1 s eeas R’ we note that, waen H, is true and j is fixed, the -

p-1 2

statistics Fiifiuare jointly distributed as a singular multivariate F distribution.
So it is complicated to obtain axact values of Rj' . But, we can obtain approxi-

mate values of R; by using Bonferronis inequalities [2; p. 100], For practical

e

purposes, we can choose the critical values such that

_ - 1/2p-1
=...=R,_; =(l-e) i

)
1 p 1
The simultzneous confidence intervals associated with the above test proce-

dures can be obianed easily.

5, General Remarks .

Roy [14] proposed a procedure, based on conditional distributions, for testing
the equality of two covariance matrices, But, the lengths of the confidence intervals
associated with the procedures proposed in this paper are at least as short as
the lengths of the corresponding confidence intervals associate with the
procedure by Roy [14], In the univariate case, the procedures proposed in this
paper for testing H against Al’ AZ and A3 are respectively equivalent to the pro-
cedures considered by Krishnaiah [11}, Gnanadesikan [3] and Hartley [6].
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