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ABSTRACT OF REPORT ON THE DYNAMTCS OF AN UNTUNED CLOCK MECHANISM

As a first approach to the atudy of untunad clock mechaniazms, the physical
behaviour of the verge-star whesel combination of the Lux¢ clock mechaniss was
studied Yy mesanw of & scalod-up modal, Differential equations of motion for
the motion were de=aloped and solved, Curves showing ¢ypical m~tions were ob-
tained, The deperu.noe of equilibrium velocities (or equilibrium time delays)
upon (1) applied torque, (2) star wheel mament of inertia, (3) verge moment of
inertia, was studied, 7The following empirical equation for time delay per
revolution is derived

0612 . -.1.12
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B is a oonstant factor depending probably upon geometrical shapes and distances
in the star wheel - verge combination.

Application of the above results to the actual mechaniem can be nade,

# Note: The Lux clock was designed My the Raymond Engineering Laboratories of
Middletown, Connecticut, and was nanufactured for the National Buresu of
Standards by the lux Clock Marmufactiring Company of Waterbury, Connecticut,
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1, INTRODUCTION

The lux cleck is a device used in orduande work ns a
tima delay mechanism. It coasists of a sprimg drives ge&r iraia
teimimated Dy a gear whesl callad the star vhesl, The aonsatant
applisd torque of thy spriag i{s tranamitted through the gear traia
to the star wheel where it appsars as e constant applisd torqus of
difTerent megnitude, Unleas otherwise spacified ths word "torque" |
will refer to the torqus applied to the atar wheel, end the f
remaniader of the gear train as well a§ the spring will neithar be *
shown in diagrams nor otherwise discussed. The validity of this
method will be demonstrated later,

The testh of this star wheel engage alternately one face
and thea the other of an oacillatiag verge. The motion of this
verge ia turm controls ths moticn of the ster wheel; in particular

it duvurmines am upper limit te the mean velocity with which the ;
star wheel can turnm,

Mg, 1 is a siopile
VERGE h \ sketch of ths star wheel

verge coubination umed in '
the Lux clock. Dimensions -
B will be found on prints Nos,
/ A 485-7, 906-47 of the Raymomd
Engineering Co.

STAR WHEEL - !

4

TN

It 18 assumed throughout this work that the directiona
of motion of the starwheel im all diagrams 1is clockwise and that
this 15 the poditive vense uf suiation ef the whesl. As the
wheol rotates through ome tooth space the verge ¢scillates
counterclockwise then clockwise imto its original positiom. A
tooth on ths wheel (A) strikes the pallet face A om & leadimg

mnh cian e
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sollision ond presies asainst tbs pellst face A during lending
contmot, Tooth B sirikes pallet face B om & trsilimg collision

and during tmailinmg contect, It is our sonvention thnt e
sounterclockwlss rotatiun of the verge shall huve a positive unnge,
a clockwice rotation s« negative sense, The arruws Oon verge and
whesl in Fig., 1 show these positive saneas,
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11, SPACE RELATIONSHIFS

{(A) Yarzs Yomitios yarzus Whasel Foaitjom

It is of prime inmportamce to know how ths position of
the verge depeads upon the poaltica of the wheel, this ocompletely
4s8ide from dyoamiocsl comsiderstions, We will fimd in this
section the poasible positions of the vergs allowsd by tle wheel
under geometiical comsiderations oaly. The discuusion will alse
sarve to introduce the terminclegy.

Reference to Fig., 1 is somewhat misleading but an exaw~
ination of the motual testh of the star wheel will show that
contact between tooth and pallet face ocours yery nearly at the
point of the tooth rather than over on the tooth face. We assume
throughout that comtact occurs only at the tooth puint,

Before proceeding to the caloulations the following
poiat should be noted, (Refer to Fig. 1) As a tooth poves slong
a pallet fuoew it comes to a position of last contact, As the wheel
moves, this tooth (say A} slips free of the vergs. 5inde we are
intereated in the extreme geomstrical posfitions posuible we now
imagine the wheel to stop and the verge to move uantil we bave a
collision between tooth B mnd pallet face B, Again the whes])
moves, tooth B sliding along pallet faoce B until its position of
last contsct is reached, Omoe more we hold the tooth in place amd
allow the verge to come around until a (new) tooth A st~ikes pallet
face A, Aguln wheel moves s0 that tooth A slides aloag pallet
face A until lest contact. It is for the two regiens of sliding
sontact {leading and trailimg) that we shall investigate the vergv
position - wheel position relatiomship.
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Fig€. & reprodeints tho verys in an sgullibrium puut*iun. Thins
oould ocour for either lemding or trsiliswx anas, of Sourse. Ceriais
distencesd in this diagrem nre detormined from S:eéifx"ﬁticna. They
are: k » distance fror center of rotation of verge (0) to center
of rotatien of whesl (3}, R = rwdiue of ,circle slong whiok poiute
of star wheal teeth move, Angles B, ﬂ. are also known as are the
covrdinates of ¥ aud P'. It is uleur that point o serves as the
erigie for the {x, ¥} &éurdinates,

The squations of the pallet .sces Oun bs written in
the form

x couﬂf +y ain/g b

P 1n eitber case cau be foumd by using the known values of :? .
(x, y) mentioned above,

Fig., 3 shows the
wheel-verge combinution
at leat contact leasding.

X (xy, y1) are coordinates

of the leading verge
eorner, 8; is the angle
measured froaw the y axis
t0 tha center line of the
tooth, desigonated by R,
An engle such as 8, will
bs pogutive.

LAST CONTACT| LEADING Fig. 3

We wish to find @) as the upper limit of @ during leadimg

oortact.
Equation of pallet face: acos 8 +yain B « p (1)
x &« Raine
Equation of tooth eircle:
¥y = k + Roos @ (2)
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or, ﬂowlli,a. sin (G *ﬁ ) - %__ X B;B,‘ﬂ (3)

and thsse squntions are corrasot for either leading or traeilimg ocomtaot
i1f proper valuss of p, 3 and p', &' * are useg,

Now to find @,, write equations for circles wiose radii are R and P
respectivuly, “and solve simultenscusly. This gives (xyyy). Usimg
equationy (1) and (7} we ek gel 3' end 8; lmwediutely.

L
Next we find 8, and ] s (mot shown) for %the extreme

displacement of ths varge in tralling contact. This will ocour for
the 02 shown in Fig, 3 ' nd for ths verge rotated counterclookwise
uatil oomtact on pallet face B is mude, which position of ths verge
is not shown, Now ek is ths angle subtended by five tooth spaces,
8o that since ©; 1s known, 8, 18 also known (8, < 0), Hemce
equation (3) can be used to solve for 3'; immediately.

Y How tooth sliden
along trailing pallet
face until position

e e X of last costact trailing
is reached ns shown {n
Mg, 4, The value of
6, 18 known since by
A syumetry 6, « - 61.
By’ 1s computed from
equation (3) above.

%o now wish te find
the positiorn of the
verge As it rotates
clockwiase into a
position of firast
contact with the lsading
pallet face. This
position of the verge
is pot showa but ia
datermined by tho angle

> 0, Geometrical
LAST CONTAGT TRAILING O s dorations chow
that there are four

Fl6. 4 tooth spaces from the

tooth whioch meade last contact treiling to the tooth which mmkes firet
contact leading. This known angular displacemsut is @', Henoce 84
being known, 8, » O is at once computed and By can be found from
squation (3).
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Now we Mave rnusd extrems ponitions of verge during leading

oontuat ( 155. 8 l) and the corresponding whael pomitioms {8, @),
Any desired pointr bLetween these extremes can be dstermined from
equation (3}, Similar results hold for trmiling comtact, While the
angled 1s satisfeacdtory for locating wheel positions &, S' are not
satisfactory for lacating verge positiors, ‘e adopt u new angled,
which will lepresent the displacemant of the verge from itw aquilihrium
position, of > O 4f the displacement 1s countmrclockwise, (nd

ot ¢ O if the displacement 18 olockwise, o cun ts found irom
the kmown walues of 3 or _8' «nd simple genmetrical conaiderations,

The results of such calculstions are displaoyed in the two
graphs mmrked Fig, % and Fig. 6 , It 13 to Le moted thut euch of
thesas curves can be reasonably approximated by a straight linps, the
equationm beimg written on the graph,

It will be noted thnt these epproximmtions are poor in the
regions of larger values of o . Howsver 1% is just thia rsgion
into which the verge never moves whsn in actual vperamtion., Thase
regions represent possible mpacs positions which nre not occupled inm
the nctunl operuting oycle, Hence in the regions of rhysical impori-
ance the linear approximmtions are fairly sccurate,
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B} Zaver Ratic versus ithesl Position

It will become uecessary later to make use of a seoomd
geometrionl relationshiy whiek ws gpsxt describe. Ve comsider tim
leading ocuse.

TOPQUES - LEADING GCONTACT

Fig. 7 shows the action and reaction forces betweea verge
and wisel, The distanos © and v will be lever arme of the torques

applied to wheel and verge respeciively by ¥ amd F!', normal t0 pallet
face,

Inspection of the figure shows that u e R 208 (0 «+ 8 ).

Lst tha soordimates of P be (x, y). Then we can write

Ve V(xaorz)'vg

But x « Rein 8, y « k «R cos @ (k < 0)

Se v «¥E% + if - pf) + BKR aos ® (k < 0).

Now for the vurious valuss of & im the range of loadixg contaot,
already determined for the of ¥vm. 0 relationship, we sompute u,
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v, and u/v, plotting against 6. The results are given on the graph
marked Tig., 8.

The trailing case may be bhandled in an identical way apd
it results are nlottad on the zraph mariad Fix, 92,

In sach case it is found possible to approximats the

u/v va, 8 relaiionship redasonadbly well with a limsar fumotion,
osllsd general

3-1'1000.
\J
These reagults will be used later,

N
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III. QUALITATIVE DISCUBSION OF JSCHANISM BESAVIOUR

L — = e e

A P

Supsrficial ohssrvaiion of the mechunisn shows that the
effact of the verge unun the wheesl 48 i gonersl as follows,

{1) ke wheel rotates ip leading contact with verge,
accelerating the verge up to the point of last coamtaect, Durimg this
period potential energy of the epring is beimg converted imto
Kinstic spargy of (e wheel-verge systom.

{2) After lmat contact leadimg there is a period of free
motion, in that the verge and wheel are temporarily froe of each
other, During this period the vheel continues to accelerate under
the applied toraue while the verge rotates at constant speed,

(3) After a short interval the tmailing collision oocurs,
at some point on the curve of Fig, 6 . As & result of this coliision
soms kinetic energy is lost from the wheel~-verge system and is
trensformed into heat, This means that the velocitles of wheel amd
verge are changed. In general the e¢ffect of ths collision is to
slow down the vheel end reverse {or at least atcp) the motion of the
varge,

(4) Now the wheel uccelerates omce more, drivem by the gear
trein end spriug, amd, pushing the verge before 1t, sccelerates up
to the point of last contact treilimg.

(5) After last comtact $railimg a fTes periocd occurs once

more, during which the wheel ac.elerntes mpd the verge moves uniformly,.

(6) After & ehort imterval lemding collision occurs, Note
that ths tooth now imvelved im loading collieion and leading comtact
ie pot that referred to in paragraph (1) above but im the next
succoeding tooth on the wheel, As in trailing collision energy is
lost by whrol and vorge, and their volc:itles are olanged,

(7) Fipally wheel and verge once more accelerate im lesding
coptact uptil lust contact leading occurs, and the cycle begins to
repeat,

To put the matter as auccinstly as possible we say this:
during ome tooth aspace advance of the wheel (which is oms cycle of
the verge) & ~ertain amount of energy ia fed into the wheel=-verge
system because of the coastant torque applied to the wheel. But
during this time ensrgy is lost by the wheml=vergs combimstion in
the two collisions. If energy gaim and ensrgy loss are equal, them
the mechapism hns reached a trus cyelic condition where the entire
seguenocd of svents 18 repseted each cycle with the asams values of
velocity, acceleration angular displacement, etc, This we cal)

e " —
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the terminal conditfom of the apparatus.

i# not attmined inatantansously

rest., Several oycles of the verge

aStained,

upon releass of

nli-

Thin tarmina) condition

*he mpohanism frog

will be reguired bafore it 1a
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IV, QUANTITATIVE DISCUSSION OF MECHANISM BEHAVIOUR

It thiz sscilom we derive the vasic equations for predicticg
the bsksviour of the mechanisa.

A} Lesding nnd traill contact

(1) Leading tontact. - Reference should be smde o Pig. 7
The forces F, F' are lle forces of mction and reaction on tooth and

vorge. It 1» assumed that these fordes are normal to the pallet
face; that, in othsr words, there is no friotional foroce betwesen
verge and tooth., Thias will be our bamic sesumption. The figure
shows that situastion for any point of leading contact,

The foros I is a force sxerted on the wheel (on the tooth
denctsd by R) and results in a torque of magnituder()= Fu on the
wheel, The moment of inertia of the wheel is Iy, Thelw is also

eXxerted on the wheel a constant torque T, origimating at the sprimg
and transmitted to the star whesl by the gear train, Hence we write

T-7@-1, & .13

as the differential equation of motion of the whesl.
Yor the verge, the only torque is 7' (6) « F'v, and this

torque tends to accelerate the vergs. in the positive censse, in
accordance with our imitial assumptions. Hance we write

+ 7'(e) -1'.,%:.}. - I
as the differential equation of motiom of the verge.
Coullecting esquations we have
T-7(8)w 7 -2 -usl, b
T(8) « Frov - I &

1@ - T
® I

v

which can be written as

4|

0f course ¥ = ¥' in mgnitude, se

-.:..239..:.1.'_ (1)

il

o
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By similar considerwtions we oun show that on trailicg
oomatLct we Bave an squation

v, Lé-T ()
Iy o 1

<

‘3! Solutiop of Differential Kquations

(1) and (XI) cannot be solved without Jurther aimplification.
Yirst remesmber that for either leuding or trailing case we have been
able to write of = Y8 + D, y and D being krown in saoh cass.
It follows at once that

Ay e

Sevondly we can now mrke use of the fact that we can write
‘;'-- 7@ + G where F, G are known ¢onstants in bolh leading and trailing
cases.,

it onoe we see that we can simrlify (I) umd (X1} as follews . !

~(F@ ¢+ G) = Lé - T

I,v¥
whiokh becomes
.. AwTLY
A8 + B B=0L, Y +1I

v

A firet integral in

) + ‘f’
of . o2 'bg-'-" la MeB
° A A8, + B

where @& =~ Go when 8 « 00

Tdentiocnl considerations lead to a similar solution for the trailing
oase ( to be exhibited later).




A second integreal is not posmsible, ao thet for s desired
informntion grapbical integrotion must be resorted to,

(B} Free Motion

This cocurs Suring the smnll pericds of time just follevisg
last cuntect leading and last contast trmiling. The verge, whiok
tas nec torque applisd to it Quring & free perlod, simply moves
with the (constont) speed imparted tu it st last conteot., The wheel
on the other hand {s movimg under *he influence uf the constamt applied
torque, so atcslerates uniformly, acocordimg to the law

——atv 2 .,
8w FT toeb t e,

where = 8, © = 6 at t = O (This point is usually chosen to be
last contact, The situation is more fully described lnter.)

‘3! Collision

This is the moet diffiocalt portion of the cycles to dsal
with accurately. First we must recognize that there are two umkpowx
quantities for which certain ersumptions must of mscessity be mmde,
The first is the duration of the impact, the times over vhich ths
impulsive torque of collision 16 being exerted. The mescond iz the
degres of elasticity of the impact,

Lat us discuss this latter situation first, It is clear
that the collisiona ¢ould not be perfectly elastis, for if they were
thare could not be the loss of ensrgy which is esasential to the
behavicur of the mechaniasm, If the collision 1s ocompletely imelanstic,
the mathematioal problom is simplified, but it seems somswhat
unlikely that this could be true. The collision is most likely to
be partially elustic. There is energy lost per collieiom, but not
as much lost ag would ocour in the completsly inalastic case.

If wo wiah to work with the pertislly elastic caie a number
of questions at omce comfront up, chief of which is the velue we should
choose for the coefficient of restitution, Next we must assume that
the impaot time is w0 mmall that the effect of the constant torque
may be neglected. Then using tha conservation laww we could solve
for velosities of verge and wheel nfter collision. Thare now arises
the question of whether the verge and wheel are in comtact after
¢ollisiom, If they are not,does the wheel oateh up with ths verge
bafore position of last contact or not? To answer these queations
would not be easy, and the answers thenselves would depend lergely
upon assumptions,

AL sl s et
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Now if ors sxamimes carefully the behaviour of the mechaniem
during operation, the polishisg of the pallet feces seems to indicate
that there 13 oscntact between verge and tooth at all times follewing
sollision, Im this respsot thw collisios 1s apparently inelastio,
¥¢ 12 beligred thot this L2 mat physteslly an ipzlsatis asllizton,
but that the sombinatiom of & finits impunt time and ebe gonstant
applied torqus on the whasl produce whiat {s sffectively the same
thing.

As a repult thun of our leck of informatioa mvout physicel
quactitiea plus our cbservation of turc mechanism bekaviour we descided
to procesd on tle mssumption thet the collision ves perfecily imelastic
and that the lupact time weas zero, Comparison of theoretioal and
oxparimental results will justify tnis wasumption, ms we ass later,

We shall work out the equations for a lending collisionm,
apsumdd inslnstic with zero time of impuoe,

There will be sxerted om the wheel at izpact am impulsive
torque only, becaume the impulse applied by the conmtant tordue is
2800 Lf impaot time 10 zero. .he law of conservation of arngular
momentinn gives us for the wheel

[‘f.dt » Iy (& = 501 whare we dsal with vectors
throughout .

’fvd‘ L] I' (-d‘- - d. )t

Now thase twe torques are not egual iz megnitude ms s reference to
the discussion of the ratio u/v will shar, The {mpulsive torque

for the verge

f‘!" dt is negative in ssnse, and +'_v dt 18 positive snd it is
obvious thut the ratio of these integrals is then given by

L X .-
JFw
At leuding oollision 8, > O (velocity of wheel before collisiom)

<ie

o < 0 (velocity of verge before collision)

Now after collieion of« 7 & > O Y >0
Therefors we write
Iy (0 - 8a) = I..b - 1,8'0 These terms are no
RN longer vectors, 3igns

Iy (o - ﬁo) - x.,ré - I, «, attached to numeriwal
values nes indigated mnbove will preservs veotor relationaships,




Forming & ratic we bave
I8 - 1.8
Iyr® - Iya,

w.nce « K npd get

]
o =

B

> e "-'- o)
g » Ix8o 2 Kivt, “dere 8, > O
Ig + KIyr
ro> o
Ip an abalegous manner we ocun get
o« inb - Ky, whare % 70
Iy - Kiy ¥’ o > 0
y'< ¢
for trailing colliston.
For convenicncs we assexble all equations below
Contact Leading Contest Treiling
o2 .l .2 AS + B o2 . a2 2T 1, A 4 B!
e o°+-i’:um 6% = 8% + Ao,
7 = applied torque 7 = applied torque
A «Fl,7r A' « P'L oy’
B e 0lyy + I, B' = O'I V" 4 I
were % =Y 8 + D wiere O =y 0 + D
Y sm.0 8. » T8 40
v 'l
Free Motiog
T .
= 5?; t2 O ot ¢ 8
Collision leading Collision Trailing
ooy, 6 = Iuf- :
w* Hyr I - r
where u where , v
KegweTo + 0 Keyr = Fr.0 + Q'
svalumted at the dollision angle, eveluated at the ocllision angle,
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Y, SOIUTION CF HFE F' UATIONS Or MOTION

‘'ne sclution of the equations listed abtiove is wvery long and
uninteresting. A compmlete Alssussion of the problem inoluding »
definition of all terma and symbiols is given in Appendiz A, Also
in Appendix I is a deseription of a shortey mpthod of solution,

In gemeral we Pegin the sclution by assmuning that the
system {o at rest in & poeition of leading equilibdrium. ‘The wheel
is relsased, degins to move and ite veloeity (amd that of the varge)
is capputed for several points around the cycle. This process ia
ocoptinued until all valuesz of velocity for a given nysle are repeated
in the following oycle, The system has now reached an squilidrium
situation which will be repueted each cyclo thereafter,

After such a solution has been completed we kave a curve
on which whael velocity, 8, ie plotted egainst wheel position,
@'; and a second curve on wiich vergs velocity, & , is plotted
against vheel position, @', ‘There are two things in which we are
most iptsrested. (1) tils meen velocity of the wheel from whioh we
got the period of revolution, (2) the relationship of wheel posi*ion
and time, of verge position 'nd time. These latter curvss, 1if
obtajinable, can be cheoked against experimeutal curves.

We firat conoider the ourve 6 vs, 8¢, 86 Fig. 10.This
curve is ocomputed for a sst of velues of I', L, T to be discussel
later. We first agsume tho ocurve to be divided intc a number of
linoar segments each of which is reprosented by an squation

d-K(0-~e) + 8

the curve are 8;, O,, as
indioated in Fig. 12,

-

< Y .

®f——-———-———-
3

Fig. 12,

/ ;3-!0+A,A-'I0°+6°(1)

Tha limits of the segment of

I 1

S U
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It 15 a simple matter ta show that ® = ¢ {©) an given adove,
tesones

KQ:A _K(’:-:o}
e, + A ¢

when integrated to get 8 = 8 (t), and that from this

{2}

8 - (KB, +A) oF (¥ 7 %) (3)

The average velooity with reepect to time is given bY

; K(t~%
-b- - —h-i‘— - l‘mn M A) ¢ ( O) dt - -L——J-e — e
t At at at

Takicg logariths: of () and substituting gives

o, « E{02-8)) (4)
lpK 6o + A
K6 +4A

From this eguation {t is computed. Tiis Lowsver is a lengthy process
for nearly all the curves 6 ve. 8, sice it requires that we determine
K and A for sach line segment into which the curve is broken,

Let us compute the avarage velocity -é-o with regpect to
position rather than with respect io time,

T . )b X o 40

ox-'é',-éa.;_él -!(2&.%.’.].). + A (8)

Returning to equatiom (4), the logarithm term may be expanded in a
series, givimg

g, -

B A
Y a's — - (8
YT Hey s am) T 3T8y - AK)

It can be shown very easily that 1if '(——A-/Bfg - << )

T
then equation (6) and equation (5) become identical, ond 6, « O,
It ia easier to find O, froam ths eurve of ng.kOthm it 1s
to find 8¢, and 1f 4 @ « 0,01 radians, the difference betyesn the
values is very small, Yor this reeson tLe averege value, ©, ovar
any smsll approximatgly linser degment of the ourve is determined
from the sxpreasion § = 85 + &)
2
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‘The angle of rotation of the whesl for ome oyole ¢f the
vorge was divided {ato small interwals amd the averzze valocily oved
each of thess intervals was read from the graph, The timo required
for the star whesl to traverse each of thess inoremsnts was found dy
dividing the length of the intervel LY the averags velocity for that
Soorement, The sua of thess tiMmes fa ths iimes required for the wheel
%0 turm through the angle of ons tooth space, and the delay time per
revelution ia the ausm of these ¥ipwe multiplied by the mumber ef
teetL on the star whesl. The average angular valocity of the star
wheol ( sometimes oalled the terminal veloity) 4is the angle sudtended
by one tooth speoe divided by the sum of the time intervals.

From the valusd of time and the correspiniing veluss of star
wheel pomition s greph of star whesl position versus time oan be
plotted., Also, simoe the verge position is known a3 a function of
star wheel position o similar ourve of verge positicn versus ¢ime
oan be plotted, [Me curves of positions as a funotion of time for
a typioal star wheel and verge, shown in Fig. 13 , were odtained by
$his method from the ourve of Fig., 10,
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VI, DATA, THEORKTICAL AND XXPERIMENTAL; THE MODKL

Osrtain thsorstioal prediotiocns can be ohecked experimsntally,
and wherevsr this could be done the comparison was mmde, All results
discussed in this 860tion were obtained on the basis of the yarge-
whesl model desoribed in Seoction VII - EXPERIMENTAL METHODS, All
sxperimental metbods used in obtaining resulis quoted below are
fully desorived in Sectiom VII.

{A) WHEEL AND VERGE MOTION

As described in the preceeding parugrarh we were able to
obtain curves showing how star wheel position varisd with timm,
and the same for the verge. For_the partioular case (1'.' « 3640 gm. n.z,
Ie » 2079 gu ou®, T = 2,71 x 10° dyne om.), we obtained expsrimental
curves by the potentiomster methkod., Little detail is noted in
Fig. 14, which gives star wheel position versus time. GCeneral
characteristice may be compered with Fig, 13, Mg, 15 shows one of
the points of collision magrified by shortening the aweep tinme,
The short straight line segments in each curve represant the effect
of the individugl windines oa the votenticmeter.

Fig. 4 rig. 18

A better oomparison of $heory versus experimwnt can be
obtained by eomsidering Fig. 16, emd Fig. 17,

7ig. 18 yig. 1?

Tig. 16 represents an axperimental graph of verge positiom
vorsus tiue, obtaimed by tle potentiometer method., The ripples
impresced on the curve are not understood, They may represent
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sinply a vibration of the verge set up, 4during a collisicn, and this
seeme to be the most loglcal conslusion, Note the excelleat general
agresmmnt in shape Or the ourves of Fig., 18 mmi ¥ 12,

¥ig. 17 represeais an experimental graph of star sheel
position versus time, It waa obtuined by¥ the photo cell method,
It snould be noted that if the whesl movea with uniform apeed, the
trace fa trispgular in skaps. In Filg. 17 this zecond leg of thw
triangulsy tvace iz showing up. At the four centimeter mmrk om the
lert of the ourve shows a collision, as it does also et about ithe
1 centimeter mark. Of course our curve indicates clearly tha’ thege
collisiona ars not instantaneocus eas is the assuamption for the ourve
of Flg. 13, Nevertheless, ths genoral charectaristice of theorotioml
and sxperimentel curves are in good agreszment,

Some seven curves like Fig, 12 were cbtained theoretioally,
ench for a differsnt torque or moment of inertis. Also there were
obtained savera) other experiomntel ourves like Filgs, 14 and 17.
In all casss compariascm siowad reasompable sgiesmani ‘n tis Zenersl
structure o the curvea,

{B) NUMBER OF CYCLES BEFORE EQUILIFRIUM

In all cases computed ay mrnvioned above 1 ms found that
by the fourth cycle of motion scuilivrium had baun established,

Ro purticularly striking exjorimental eticdemce was obtained

by the wethod or Seotion VII part (C’, and no photographs are includad,

Such amall svidence ay we bare indicates witk certainty taat
aquilibrium is establisked within four oyoles,

{C) VARIATION OF TERMINAL VELOCITY WITH APFLIED TORQUE

By the "terminal valocity" we mean the mverage or mman
veloolty over 2 cycle afisr equilibrium hes been rsached, Thia
was ccoputed as explained in precesding Ssotion V from curve in
Fig. 10, Yor sach new oholice of torquo (I, I_ unchanged) a new valus
of terminal velocity is computed, using one o! the mpthods outlined
in Appendix A or Appendix B, Fig. 18 is a greph of & ve, T ,
Tares ourves are drawn, ons for each of three values of I.; I,
batwg unchanged in all cases, Both experimsntal and thoontianl
points gre plotted. In Fig., 19 the same data apprears, now plotted
ag 108 & va. log ¥ . Msasuremsnts of the slope of thess ourves
{both experimental and theoretical) give a value very oloss to 0.5,
This means of course that
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A cursory inapsctiom of the esguations used (Appendiz A or Appendix B)
inddnats tkzt Lhiac relaticasbip ie to be expected. The fact that w
do find 1t trus experimantally is further evidenoe of the walidity
of tha assumptions used in our theoretioal reascaing,

(p) VARIATION OF TERMINAL VELOCITY WITH Ivy.

On Fig. B0 are plottsd several ourves, ® ve, Iy, Three
Sudh ourves are given, each being taken at a different torque, but
Iy boing constant for all, Both the experimental and the theoretical
ourves are plotied in each cams, Mg, 21 exhibits the same data,
plotted us log @ ve, log Iy. It is notioeadle here thut the log ~ log
plots are straight lines, with an average slope of - .612., This
indioatss vhat
% -.618
6 ~ 1y

is the functional dependemce of & on I,. Thers ta no odvious way ia
N whiich thie dependencs oan be predioted by theory.

{
g (B)! VARTATION OF TERMINAL VELOCITY WITH I,.

The sgresmsnt of theoretical and expsrimesntal results for
variabie Iy was poor. I generul, theory predicts that as incresases,
tormimal valooity remmins nearly constant. Fig, 22 shows this at
tiree different 'rgluu of 1,,»( being held constant in all cases at

i 17 = £,71 x 10° dyne oms, Only thres points on each osurve were
cbtained experimentally axd these are plotted, For tha two upper
curves at lsast, very poor sgreaméat will be noted, Fig.28 , is a plot
of sxperimental values only. The pointe ooour in families of three
members, each mamber of the family being chareoterissd by a differeat
,uluo of Iy. Am sxamiBmation of thess points will help convimnoe ome
tkat the ffeat of I_on 6 is small indeed. Im faot the scatter of
the expsrimentsl points hides caompletely any dependemoce which may
sxist, It is of interest tometd that at tiw point yhere £, = 2598,
regardless of the valus of the three values of 6 in any ome family
of ourves nearly soincide. this should ococur is not knowa., Ons
ourve has been drawn for each group of pointe ae an aild to plokiag
out the groups,

S B T T I

N

PERvion oz < Cabl)

In gene we fimd i¢ diffioult to draw comolusions regarding
the dependence of 0 on I, We slall deternims this dependencs ir a
different way,
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(F) EMPINICAL EQUATION FOR TERMINAL VELOCITY

We gre now prepared to derive amx emperical equation whisch
will predict & for a ziven phyvsioal situation. It iz clear frog Both
theoly and experiment that 8, for a verge-wheel combinution of
given shaps and center apacing, can dspend only upon turse things;

(1) applied torque 7" , (2 ) wheel momemt of imertia I, (3) verge
moment of inertia L.

We have found above that
— -0612
) ~ 1"‘& Iy

Dimensionally, I, must enter this equatiom in suchk & mennar» that the
right hapd side of the equation has the dimsnsions time, The
simplest possible wey to accomplish thias is to write
— ,/2 -,612 +112
e=~A T I, I,
which gives us correct dimensions for ®. Now A is & constant {or
should be) which is dimensionless being determined, as it is, only
by the geometrical shapes and dimensions of the wheel-verge combination.

To check this equatior we computed A for sixteen differemt

values of © and their corresponding values of 7 , I, and Iy. We

found that

A= 2814 1.4
as & moan valuo

dence

L, =612 112
§-.om 1A 1,

is the empirical equation jredicting the terminal velocity for the
parttcular whesl-verge combination under study,

We next repsated this procedure for experimental values
of i, using same cases as above, We now found that

A-.BOO_-I:G%

Horw also, then, it seems to be tims that our irical equation will
prediot with reasonable acouracy the values of for given values of
..o other variables. The deviaticn in A only reflects, of gourse,
the exporimental variations among the determined values of 9, That
this valus O A 18 ammller is also to be sxpected, since the effect
of rfrioction, ignored ic our theoretiocal work, will cleerly decrease
the values 0f ® bulow theoretical expectations.
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In practice it 1y more commod (o discuss delay tiwe per
star whesl mevolution than it ie¢ to ditscuss terminal velocoity, iiemce
i wh may rewrite cur empirioal squaticns as

,l/’ 612 ".1.12
T~B 7%

where T is time delay per revolution amd B = ?.I{’!. .

(G) XXFECT OF PALLET FACE® SLOPES UPON TERMINAL VELOCITY

This section of the report indicates certaim preliminary
results only. Reference to rig.24%will indicate what changes were
oade in the pa)let facos.

Pointe ¥ and P' are
( kept in the same

r places vith reespect
te 0, tae center of
rotation of the verge.
! . O

N\

N

P "=~

FIG. 24

The angler at P and F!' were increased or decreased, AV P
is showa approximately ths " + 12° Verge" in whioh each face of the
vergs wes rotated outward 12°, giving a total inorease in the angle
at the cormar of 24°. Tne mame thing wns dope et P' of course.

The dotted lines at P' indicate how verge facss were
rotated 1nward 12° each to mske the “-12° Verge®. The trtal leorease

iz angle at the corusr is here 24°, and of course is dore at both P
anl P,
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When ons changes the slops of the pallet faces one is
aonfronted with 3 completely new sivumtion. IT is necessary to returm to
the basic ocalouletions, find how X varies with 8, and how u/v veries
with 6, and then recomputs a whole new seriss of terminnl velcoities,

Such celoulations hve besn ocarried ocut for the "+ 4° Verge"
and the “-4° Verge”, for a range of valuse of L,. Simgle saleulstions
for tha "+ 12° Verge™ and the "~12° Varge™ have been computed,

Certain tentative oconclusions may be drawn from this socanty
data, As the angles at P and ' are dscrersed, termimal velocitiea
tend to decresss, and as the cngles are imcreased, termimal valooities
tend to increase, Bescuuse o0f the geometrical factors involved, tme
* + 1£ Verge" and the "~ 12° Verge” are limiting cases bayond whick
the apparatus jemg for ones reascn or another,

More data will be acnuired and a fuller discussiom of the
effect of slops of pallet faces on terminsl velocity will be given later.
In particular it is hoped that the effect of this factor upon the
oonstant term A of ths empérical equatison might be fousd,

Ip closing this section 1t should be remsmbered that all
work described above was carried cut with the mo0del in mind, nome is

directly applicable to the actum) Lux rlock mechamimn without further
disoussion.
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| ; VII, XXPERYEWCAL METHODS, THE IXDEL
= {A] THE MODRL

Preliziaary 40 extenaive theorstical work on the operation
of the machasiim, a wofel of the star Whael azd verges was constructed of
briss., The dimensions of this model were ten timee those of the actual
meohant mn exoeprt for ster whisl thickness and the ciza of the star wheal
3 and verge shafis. The memuis of iloertia of both the model star wheel
and verge were msasured using & torsion pendulum, this data being givea
balow, BSinoe the theoretical work on the astar whsel and verge motions
involved moments of inertia, gecmetrical relationships of the star wheel
teoth ani the pallets of the verge, the faot that the star whael thickness
abd the shafts were not to scale wes of no consequencs, The star whesl
tooth and the verge pellets wers conatructed, scaled up ten timms,

: ss00ording to the tolerances specified for the actual mechanism, To

i minimize the effects of frioticn, the star wheel and verge shafts were
: mounted in ball bsarings, Various cylinders or disks of brass of known
' ‘ mment of inertia were made to be fastened by set screws to the verge
and star wheel shafts 80 thut effectively ths verge or star whsel moment
of 1rertia oould bde inoreased, luter in the vourse of the expsrimental
: work, « verge was made with removable pallets in ordexr that a atudy

; night be made of the effect of ihe shaps of the pallets op the termimal
. velogity of the star wheel, A picture of the acmpleted model with

the mew verge incorpormsed is shown s Fig, 28. A torque was aprlied
to the star wheel by hanging weights con a ocord wrapped about the wooden
driving pulley whowa oclearly in this photogreph.

ML AR m—— e
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Sisce the theoreticsl results could be mere readily checked
sxperimentally using the model than by using the lLux ¢lock mechanism,
the numerical valuss for moments of ipertis and torque used in the
theory are those that are applicable to the model, This izformation
Lonserning the model is as follows:

Moments of Inortia:

',J Star wheel alons 1648 gu-am®
; Driving pulley on star wheel shaft 451 m—cma
Munimum star whasl mooent of inertia 2
é used experimentally 2079 u—c.lz
Verge moment of insrtia 1033 gur-om

1 By adding brass disks, :bhe star wheel mament of inertis could be inoreased
: to the Pollowing values: (These include the moment of the whesl and
tha driving palley.)

2487 gm—omz
2957 gm-ow®
5957 am-cm™

o ———— .-
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Siwilurly by adding drass oyclinders to the verge mhaft the followiag
values were obtained for total verss momant of iggrtia:

1833 gw-cm® 2098 4840
£098 3840 5208
2598 4140

Ube redtus of the Ariviag pulley wes 2.76 centiusiers. A layout of the
various t;:l(!ﬂ and oylinders, a# well as verge and starwhesl is shows
ia Fig. .

(B) VEROE AND WHEKL, FOSITIONS AS }UNCTIONS OF TIME

A oarbon potentiometer was connected across a battery, The
potentiometsr shaft was coupled to the verge shaft and aonnection mmde .
fram the center terminal of the potectivmeter (contact erm) to the
vertical plates of the CRO, _.he grounded side of the CRO input was
oonnected to the negative terminal of the battery. The horizontal
aweep tine of the omcilloscope could be varied oontinuously and was
oalidrated to within 5%, If the verge moved at conatant velocity the
trace ahould be a stralght line whose slope is proporticnal to the
velocity of the vergs. Devimtions frow the linear trace indicate
the nature of the verge motion, am plotted against time,

A wire wound potentiometer was couplsd to the atar wheel
shaft and connections made as desoribed above for the verge position
as a function of timw, The wire wound potentiometer was modified to
allow 360° rotation. If the star wheel wers to rotate at copstant speed,
the potential difference between the contact arw of the potentiomater
and ground would produce a saw-tooth wave on the oscilloscope sciwen,
‘‘he photograpins representing the star wheel position as a function of
time were obtained by twrmiag up the oscilloacops gein and triggering
the sweep a4t the beginning of a revolution of the potentiometer, Thus
the vhotographed trace shows the positiom of the star wheel as a function
of time for one ¢ycle cf thes verge, the slope of the curve being
proportional to velocity.

‘Yo obtain an oscillosoope trece that presanted the relationship
betwesn star wheel position amd time as e continuous curve, the apparatus
shown by diagram @ in Flg, 27 was used. A disk with a mector cut
in 1t wua attachsd to the star wheel shafi so as to rotate in front of
an arc shapsd slit. A type 929 photocell wae placed in a housing behind
this aroc shaped sliv, Fig. 20 shows civthode followsr circult used with
photo oell, ¥f a light beam from a 22 o,p, source uniformly illuminates
the portion of the secotor disk in front of the photocell slit, a tri-
angular pulse should be produced as the sector pmsses in front of the slit
at constent angular velocity, This would ocour if the light passing
through the sector just fills the slit when the sector and alit coincide,
If this ocondition ig not mw*, the peak of tha triangular pulse would te
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out off, he method usad to {msure that the Ghl trece accurately
represented the star wheel poaition sa e function of time wus as

followas, The warzs wme »aunvad and the staT whael molalted at comstaas
apsad by a pulley system from a motor., The light beam wans thsn focusaed
on the sector sv e to give u trads of sonstant slope on the oscilloscope
soreer, (he swoep time of tho oacillograpk may has adjusted toc show

only that porvion of the trieangilar pulse produced as the assctor comea

in line with the elit.

¥ig, 29 shows the linear
pulse wheas the wheel moves at
uniform velocivy (lower
photgreph),

The upper curve is the trace
produced by the wheel in the
cefe = 2098 gm.cm.z,

Iy = 2079 gm.cm,?,

v = 2.71 x 10° dyne cm.

rig. 29

Fig. 30 is a photograrh of the apraratus us dessrided above
for the P, E,Cel)l method.

,vj VERGE MOTION AND RQUILIBRIUM CONDI''IONS

A check was made on the number of cycles required for the
model Btsr wheel %0 reach equilibrium conditions. -his was done by
attaching a phosphor bronze wire to the verge and connecting the frame
of the model to the ground of the CRO, Iwo phosphor bronze wires were
arranged on opposits sides of the first wire so that as the verge
oscilleted,the center wire and cne of the outside wires would act as a
switch cloaing a ocircuit applying & potential tec the 6RO and producing
a deflection, After a balf cycle, the other outside wirs and the
center acted as a swiich to apply a diffsrent and opposite potential
to the CRO producing a different deflection in -"ne opposiie direction.
It the deflections in successive cysles ware equally speced, terminal
velooity of ithe atar wheel had been obtainsd., T[he CRO sweep wus
manually triggered just before tha model was sllowed to start,

[
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D) TEEMINAL VALOOITY MEASUREMENTS

Yaricus soads were suspended by a atring sttacked to tie
wooden driviag pu.ley, thus securing .. rengs of drivisg torgues,
Termiznal velooities were dstarmined from measurements of tine required
for the loads to fall a distanco of 140 om. Many such measurezsats
were mtde over & rrurie of wheel momants and verge momenta,

In & of the above menutioned measurements of terminal
velocity the driv g l¢nd and wheel ware started from rest and no
correction was m4c Yor the time to reach terminal velocity. 'he sorrection
was found t0 be negligible since the wheel made about eight revolutions
in the measured time amd calculations showsd that equilibrium was
reached in about one-saventh of a revolution,

- .
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VIII, LUX CLOCK MECHANISM: DATA, RESULTS, EXPERIMENT

AFPLICATION OF THEORY TO TEE LUX CLOCK LMRCHANISM,

In reviewing our tbesry as appiied to the model wa will
reosmber that the satar wheel wmas considered to be Ifree except for the
constant applied torque and the reaction torque applied to it by the
verge. In the sotusl mschaiisa howsyer, thers is clearly an {nter-
nction bstween the ptar whesl and the remminder of the gear train,

This could possibly result in a considerably increased effective

woment of inertia for the star wheel, True, we have considersd that
wheel moment plays a smell role in determining 6, but it seams necessary
to investigate the asdbove situation regardless.

1'18.30 is a
schemetic diagram

of the gear train of
the Lux clock msohanism.
Gear # 1 1is the star
whael, and Gear #3 ip
the first gear in the
train., Some oloek
mechanisas have two
intermediate gears
rather tbhan ons, We

shell adapt our result
to a general case, s0
that the situation
pioctured is sufficient
for our purposes.

T 35 18 a schematic
T representation of the
J4 torque applied by the

Gear train of L ux clocr mechanism spring to the firss

goar wheel., Similarly
FIG.30 T°. ie a schematio

mp}osentation of the
torque applied By
the verge to the star wheel. The othsr symbols and vectors ars self~

evident, The moments of inertia of the three gear wheels are I,,
I,, and In respectively,

VWri‘ing differsntial equations of motion for three gears gives

[
(1) Fig vy -~ ’f‘ -Ilal

B

IOV U D




(2) - Na + Tup -Igﬂg
() Toa~Tsg 35=1g8
Solving simultapsously xives

7 _ pr 3 “
o W T [k g

o r
whare Me) = r—:—— ) Mgp = '?% » the machanical advautages.

-

Taa

is nothing but the torque applisd to the star wheel by
Mpy My

, the spring and gear train, and is the torque called 7 4n preceeding
1 : work. The term im breckets is the offective momsnt of the star whesl.

. Now in the mechanimm 'ﬁ&: 8, lﬁf « 7 approximately. Clearly tbena,
the second and third § in the bracket can be neglested since I,
lg are spproximately the size of Ij. Quite clearly this situation
could be readily generalized to a nunber of gears with the same
conclusion,

I3 AS far as the effect of the gear train on the whenl ia
ooncerned, the theory for the model may be applied unchanged to the
¢lock mechanimm.

{B) COMPARISON OF RXPERIMENTAL AND THEORETICAL MOTIONS

It has slready been notesd that the model used was scalad_up

; 10 times, which results in scaling up the moments of inertia by 105.

; If the velooities attained in the model were to be the same order of

magnitude as those atteinsd by the mctual mechanism, it would be

necessary to scale up the applied torques by a faotor 105 alse.

il Rough omleulations uho! that the terquds actually applied in the model ’
i were scaled up only 10 times. Hence the velocities mctually attained

in the model were same 100 times samaller than those found in the mechanisnm.

Now we ask this question. Will cur failure to use large

, torques in the modal result in theoretical predictions, theoretical

' surves in particular, whick will mot be found experimentally? The

] answer ias yes, but not dasically because of a break down im theoretical

Bt g T AT S R T
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caloulationa. Rasall that one ofF our oasioc assumptions was that the
time during which a oollision takes place is infinitesimally samll},
80 that the applied torque was ineffective during collision, We kuow
that this is not true. As the torque inoreasses such a supposition
leads to results lass trust worthy, For axample, suppose that our
theory predicts that the instantaneous collision skould result in &
reversal of direction of the star whee), a8 alwsys does happen when
is two or more tires larger thap L, In actuality, this collision
is dragged out over several millisecondns so that the change ia
velooity mentioned above doee not take place instantaneously, Rather,
the applisd torque acting during this interval preventa the reversal
preditted by theory. The larger the mpplied torque, tim greater
its affectiveness ir. preventing the ohanges in velocity prediocted

Star hee! fosition 8°

Time

Fig. 31 Fig. 32

Fig. 31 is a sketoch of the kind of curve theory predicts
for the case whea L, > SI', showing that the whesl backs up at emc¢h
Qollision,

Fig. 32 i» an experimental record of the curve for the
clock mechanism for the sames case. A comparison of the curves
indicates how the physical situation desoribed above alters the
behaviour of the star whesl. The "backing up® tendency of the
whoel 18 smoothed out as the result of the effect of the applied
driving torque.
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Fig. 32 is & photograph of a CRU trace obtained for the Lux
0look mechanims using & pholo nell as desacribed in Seotion VI far
the model, 7The Lux olock meohanimm was dissssexbled and matohing
holes Avillaes thrsugh $he plate oF the mecbanism that support the
goar train and through the ster wheel itself, Then small pleces of
aluminum foll were glued with Duoo cemsE® arount the edges of the
Dole in the star vheel 80 a8 to form en erc abaped slit in the star
whesl, Aluminugi foil weas similarly used fo form an are shaped slit in
one 0f the base Dlates of the meobanims. After reassembling the
mechanism, it was wounted in fromt of the 929 photo cell, A light
beam was focussed on the siit as shown in the photograph {Fig, 33).
To be sure that the traces obisined on the oscilloscope soreen
pressnted the relationship betwsen atar wheel position and time,
the apparatus was run at constant apeed with the verge removed. To
™n the meckaniss at constant speed, the spring operated driving
&ear was disengaged and an amuxiliary pulley driven gear used to drive
the mechanism,

-~

(C) PHYSICAL CON3.ANTS OF THE CLCCK MECHANISM

Lux olocks having nominal times of 1/2, 1, 1-1/2, 5, and
10 seo were used to obtain data on driving spring torque, wmechanical
advantege of gear train, wtatic star vheel torqus, terminal velocities,
limits of angular motion of verge, number of oycles of verze for star
wheel 0 rsach terminal velocity, and moments of inxeriia of ster
whae)l and verge.

Terminal velceity of the star whesl was mpasursd by
counting the number of revolutions of the ster theel and sstimoting
fractions of revolutions in the complete run of the clock, thia
number was divided by the time required rfor ths complete run us
measured by the average of ten time measurewsnts made with an
alectric seconds timer,

Terminal velocity of the atar wheel was also obtajned by
use of a photo cell receiving light reflscted from & mirror on the
star wheel 2t each revolution, The photo~oell pulse was fed to CRO
and the celibrated sweep time was used to caloulate the terminml
velocity., :his method wes used to check the other msthod which was
normally used,

‘The apring torque iu each clock was measured by a lever
am end weight arrangement. Msasurements were made with gear train
disengaged and engaged with the verge out of the clook.

Static star whsel torque was measured by a lever arm
and weight arrangemsnt using the hub on the star wheel as the
cylinder on whioch to wipd the thread from which the weight hung.
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The mecbanical advantage of th= two typas of gear trains
used in the 1/8, 1, 1~1/2, § and 10 eec clocke was calculeted from
T

ks numbsr of iteetib inm sach gear.

"

Momente of inertie of star wheel and vergs were determined
using a 811k thread as the suspension and applying the torsion
povdulum method, These values checked well with those of the model
wea scaled down by the factor of 109,

No dete gathered as outlined above is recorded here., It
will be referred to as needesd later.

{D) NUMBER OF CYCLES PRECEEDING EQUILIERIUM

A heam of light felling om a photo ocell was interrupted
by the $eeth of the rotating star wheel, 'he resulting signal on
the soreen of a CRO was photogrephed and ahown as Mg, S4 .

The distance betwesn adjacent
peaks of the trace indicate tine
intervala, ‘'ne photograph shows
¢learly tnat an equilibrium
condition is resched in
approximately 3 cycles. Apparatus
starts from rést at left side

of trace.

Fig, 34

(®) EMPERICAL EQUATION YOR TiRMINAL VELOCITIES

Hecalling the ampirical equation derived for the rodel, we
stk if a similar equation car be found for the actial mechanism,
In order to check such a&n squation, we need to kpov the moments of
inertia of star wheel and verge, Likewise the angular speed could be
determined., ‘Ihe most Adirfficulty is met when we attempt to measure
the torque. Inspestior of the v~»ious models of the mechevicgn
indicate that the samw apring 4s wmed in sach, However there is
oomsiderable variation in the measured valuec of the torque applied
to the star wheel. Guite clearly friction botween spring coils,
between gear teetl, and at shafts mll contribute differing amounta
of resistive torqua. It ieg ot at all surprieing that our experimantal
moasurements should vary widely.

If one now attempta to e~t up an empirical equation of ihe form

- ~.612 .112

b
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cnie st uge the exparimental values of 8, T ete. in order to detemine
e 'Tothle 45 done e fipd

A= W18 2,018 = 18 2 10%

anprexi:atelv., low rueh of the angular deviation is caused by

br.ak down L iheory is problematical. ithe data used would suggest
that the riore irportunt reuson for the large deviction lies in the
lack of consistency in experimental data used to determine A.

No subctantintion of the folloviry statewent ccn be mede, bLut it

is prob - hly true thet if better exverimental data were avajlable
the.ger:;pir‘:cnl forrulz would prediet ruch nore closely the true values
of 8B,

BEST AVAILABLE COPY



onw rust use the exparimental values of 8, T etc. in order to determine
e T thie i3 done e find

A= W18 2,018 = ,18 4 10%

apprexi:ate'v, low imich of the angular deviation is caused by
brea}l down LI theory is problematical. 1he data used would suggest
that the more importunt reuson for the large deviction lies in the
lack of consistency in experimental date used to determine A,

No subctantiation of the folloviryz statement cen be mede, but it

is prob-hly true th:t 1f better exverimental data were avajlable

thqsenmiricnl formula would prediet much more closely the true values
of B,

BEST AVAILABLE COPY




AFPRIDIL A
OOMPLPTE SOLUTION ¥OR THE MOTIUN OF THE SYUTEM

This caloulation is begun with the assumption thst the
star whesl and verge are stationary with the verge io tho squilibrium
poajtion and ths star whes) i~ ‘eading contact, Ths following symbols
will be used throughout.

TP

o » Angular position of radius vwotor to tip of star wheel
%00th at leading contact with verge in equilibrium position, measured
; in redians from the center line Jf star wheel and verge, positive
angles being meeasured cloockwise,

8y = Angular position of radius veotor to tip of star
wheal tooth at laat contact leading.

= Angular position of redius veotor to tip of star whesl
tooth at truillng ¢ollision,

03 - 8y

Angular position of radius veotor to tip of s.ar wheel
tooth at 1.3: contect treiling,

85 = Angular position of rediua vector to tip of ator wheel
tooth at lcading collimion.

8 - €3

3 . 8y, = Angular position of rmdius vestor to tip o. star

i ‘ wheel tooth in trailing contact at the instaut (lw star wheel resumes
rotation in ths positive senss if the star wheel haus been caused to
reverse direction upon collision with the verge.

Angular position of radius veotor to tip of star

wheel toothafn trailing contect when ster wheel returns to the position
of trailing collision with a positive velocity, 6., Is equal to O

and appears ouly in the onse where the truiling collisjion causes a
roversal of the star wheel.

. = Angular position of redius vector to tip of ster

L whesl tooth fn leading contaot at the inatant the star wheel resuxes
s rotation im the positivy sense after & leading collision which has
caused reversal,

Angular position of radium vector to tip of star
wheel tooth6¥n leading contact when wtar wheel Ivtums to the
position of leading collision with a pomitive velcolty and is equal
to 8g.

E S T
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O(m- Angular position of tne vergy at trmiling collision
mEasured in mdians ir9a the sguilivrium pomivionm of the vergs, positive
angles belng measured 1o a sounterciockwise dirsciica,

Xy« Angular position of the verge st leadisg collision
measured in the same manner as -(2 .

51 = Angular relocity of stnr wheel at last contact leading,
clookwise velooitien being positive.

62 = Angular velooity of star whesl just prior to trailing
dolliasion,

85 = Angular velocity of star wheel Lmmdiately following
trailing collision,

é‘ « Angular velocity of atar wheel at list oontact tralling.

65 = Angular velooity ©f star wheel just prior to lar:iing
sollision,

65 = Angular velooity of star whesl immedistely after
leading collision,

°sa = Angular velocity of star whoel at 8a.y.
€gp = Angular velocity of wtar wheel at O,p.

é‘l = Angular veiosity of verge at last contact leading,
positive verge vulocities bhaing measured in a counterclockwize
direction,

‘3(2 - <7(1 = Angular velocity of verge just prior to trniling
collisionm,

O, = angular velocity of verge immedistely following
tratling co?liaton.

Oy » Apgular volooity of vscge corresponding to the
star whoel velocity Oxp.

cﬁ( 4 ~ Anguler velocity of verge abl laat contact trailinmg.

CX % = Angular velocity of verge immadiatsly pricr to
leading collision,

©Xg = Anguler velocity of verge immedistaly after le/ ding
collision,

c"ﬁB = Angular velocity of verge oorrespondimg %Yo the atar
wheel velocity LIRS
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K, A, B, A", B, ¥ , Y "' =~ Scastents detorninad
from the spede relationship ourves,

'Y Drivine torqua {asuymad aonutant) aprliad to the atar

whasl,
Iy = Mment of inertie o the Vergs,
I, = Moment of imertia oI the verge.

éx = The ang's ir radimns betwsem the redius vector to the
tip of a tooth at leading comtact $o0 the radius veaicr to the tip of
the tooth which makes the next trailing oomtmot (in thia cnss, five
tooth epaces) amd is aliays considered positivk.

O+ » The angle in radiens betwsen the radius vecior to the
tip of u teoth at treiling comtmct to the redius veotor to the tip
of the teoth whioh makes the next ldadimg oomtact (in this case, four
tooth apaces) and 15 always conmidersd pomitive.

The velooities of the atar wheel nnd verge st the various
points in the first cycle are calculated from the followimg eguations’

‘B +
o T‘h%—"— ()

) - (e, (2)

After last contact leading, the verge comtinuss o tura
with a constant angular velocity oqual to ©C, , while the sta: wheel
iy accelernted by the driving torque. The poaitions of star wheel
and verge at trailing collision muast now be determined. One msthod
of ascomplisking this is to aszsume a value and calculate the time

lupse between last contact leading and irailing collision from the
equation:

v 2= %) (3)
o
The correaponding value is oaldulnted:
l T .2 2
This point ( ©Xg5, 8z) 1s located on ths graph of o vs, o

and successive values of o are shosen and the procedure repeated
until the poimt lies on the curve,
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ibe ster wheel and verge velooities just prior to trailimg
colliston are calculuted fraa the following!:

%22% t . B, (8}
kg- ;{1 (8)

Star wbeel and verge veiocities izmedintely follawing
trailing coilisjion are giver by the squations:

0. « ln 02 - K'Iv™e ()
S Iw-Eiy Y
- , L]
oy w Kooy (8)
Io the event that the value of 83 as determimsd from equatiua
(7) 18 negative & reversal of the dircction of star wheel métion ecoure

and it bsuomes necessary $o determine the positinn at whioh the star
wheel) comas to reast as followa:

22
A 1 - A'® B

o34 = A0 B o S - (s)

Yollowing this, the wheel moves in s positive direction
and arrives at the position at which ocollision Goourred with a
velooity:

. 2 &'”ﬁ + Bt

eaB - Aq 1n A'OSA + Bt (10)

This velovity is agual to minusg 63.

The whesl drives the verge until the position of last contact

trailing is reached, at which point ‘he velocities ars determined
as follown:

-2 . 8 2T A9, o B

% =68 XTI Cea . B (1)
. /.
X 18, (12)

If the velocity 65 as determined by eqyaticn (7) is positive,
equations (9) and (10) are pot used anf @, and 84p in equation (11)
are replaced, respectively, by 64 and Oy

Following last contnct treiling the verge coetinuse tn rotate
at a constant angular veldoity equal to e ¢ while the wheel 1»
accelsrated by the driving torque,
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“he point of leadimg collision must now be determined as

in the case Of treilinw s=1tdzicn previously discuased, A value of
X 18 chossn and the tinps lapse betwedn lost contmet trailling wnd
leading colifsich im calsulated by the equation:

=
- (1%
—E.:— !

As before, t.
© and the valus of o .ag,

t

.t is located on the graph of oX vs,
+d until the point lies on the curve,

‘he star-whasl and verge velooities just prior to leading
¢ollision mey tiieu be determined as follows:

g Ay (16)

Velocities immdiately following leading oollision ars
then caiculated by the equations:

- *

17
€ Iw+ KgV (a7
oy « Vo (18)

As in the trailing collision, if the velue of g as given
by equations (17) is negativs, the position at which the ater wheel
comes to rest is determinsd tz;c? the following:

~Af
] - M [ ] —# - B
A A

A (19)

The veloafty reached by the star wheel upon arrival At the

position of collisinon L=z ogqunl t0 klhiw G¢ and may be chedked by
the following::

+ X pp  ABGB + B

6¢B = A in Adgp » B (20)
oty = Yogy (21)
This caupletes what is corsidered to de the first oyols of
verge motion, As ip the case of trelling collision, equations

(19), (20) snd (£1) mre used only when squation (17) gives a megative
value of 64,

{wr) e o Tas . e . -
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To oulculate the velooities at the variouw poisis {u the
wecmd aycle, one procesds as follows., DThe slar wheel valocity at
last oomtact leadipng is determined from the following equation:

+ - E

GLE-QG +£{15M_ {&2)

”6 + B

aod the gorresponding verge velocity is:
0(1 - 'i’ 8.1 (28}

Fra: this point o, the oaloulstion pruoeeds exactly as
indisated in the first cycle, snd each scbsequent cycle follows the
pattern of the gecond cycle, Wnen the point is reached at which each
velnoity orloulated for a oycle is the seme me that cbtaimed in the
preceedirg cycle, the star wheal is comsidered to have rwachsd a
constant average vslocity, It is worth moting that, for all cases
connidered up to the present timm, this has ocourred by the fowrth
oyale,

After the system resches a constant averages velocity the
star wheel and verge velocities at the verious points in the o6ysle are
plotied against angular rotation of the star wheel. A ocomvenient
scale is obtained by c¢onsidering tha star whesl to be in the rererence
or zero position at the posiiion 0f leading collision. In moviag
from the position of leading ocollision to the position of last oconteot
leading, the atar whael must tura through an angls equal %o the difference
betwesn 6; and 8,. The velocities of star 'heel and verge a% last
contact leading are plotted at:

9’1 - 01 - QG (“’
Since the angle &, at last contact lsading is referred to
the tooth in leading contno%’ and the angle o at trailing collision

is referred to a diffurent tooth at an ¢ 0 from the tooth in
leading contaot, the velooities 0(2 o are plotted at a point:

62' - 91' + (QK - ‘l + ‘2) (%)

Flotting points for subsequent velocitiss are determined
¢3 Tollows:

By’ = 0,' (z6)
eu' ] 63' - (es - OM) (m)
953’ - Qa' {28)

8y’ = 85" ¢+ (0, ~ 0y) {e9)

et s <y
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L AR A e, - o -2, {30)
o, w iy (31)
0g,'= 8" - (8y - %) (s2)
San' = O, {%3)

Ao umery intarmadists [oista &8 MEdsdEsatry to draw the surve
are caloulated as follows, In the region froa the origin to 87y,
iatermmdiate pointe a distance A& from the origin are dstermined
from the equation

of . a2 27 A(Gg +0 6) + B
" n0." . in {3 (34)
¢ X Aleg) + B
In the region frum 8! to 8p', intermediscte points 6,' + 4 8
are given by:

62 - éla _'_5_?‘
B

A0 (38)

In the region from 03' to 6, intermediste points at
8,' ¢+ A ¢ are given by:

o2 ln»\'(o,‘ao)qsn'

A' 6y + B

- 652 + %1'7‘ (3¢)

and in the region from 8,' to 84, intermediate points at 8, o0
are calculated from the eauation:
0 m !
Under the condition that the star whesl is yevevsed rolslowing
& tralling c¢ollieion, imtermediate points 1n the region 6,' to 8s4 to €ap'
aninrveal A0 frm 044' Bay be determined from the fol ng!

27,
* I: L e (27)

‘2 2T Al (0 A 8) + B
e - 1— A'Ou . B' (3’8)

in this case the positive and nsgative roots ere both used,
the positive root ylelding s point on the ocurve beiween Ou' and 6,81
and the negative root a point between 8g' ond eaA'

If the leading collisiom causes s reversal of ths star
“heel, points between 6.', Oca' and 8.4' a distance A6 from Oga' can
Le ¢mleulated im a uimfar manner from the equation:

82 _%_‘rhkgoﬁ. + 40 +B (29)
Aem*
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APPRMNTY, 1

JHORT JWETHOD SOLUTION POR THE MCTION oF TN OYSTRE

It 1s readily obswrvad that ena saleulatisng of stdy whesl
¥8lo0ity by the method fust sutlined {x a 8low agd tedisus Sask
purtioulsrly when 1t 14 secessary to calculate this velosity for
& aumber Of verxe aud star wheel moments and torquss, In
performing these seloulations by the lomg method, it will be moted
that, Tor star wheely apt verge combinntions with the saze shaped
gurfaces, ths virge and sier whos) angies at trailimg colliskom,

Wz 224 By, and the corresponding smgies at leading os1l)sion,

o SARd 8« are very mearly donstant after terminal velooity 19
Teached, ‘ghou Yalues are foumd to be neerly constant irrespeotive
of the torque and of the vYerge and star wheel moments of imertia,
Assuming them to be comstant leads to a less ladoricus mmthod of
caloulation of tha avergge veloaity of the star whesl. This method
of caloulation 1s outlimed below,

™

Onoce the values of ep and @y are established by the previous
Dwthod of caleulation, the rollowing constants are avaluated,

< AG +B
Cy = 1n 40
1 & X6 + B (¢0)
Oy » ~K'L, ¥ (42)
{
Co=Ty = WI, 149)
Oy = 27 1n A'6q + B (44)
Al A'éy + B!
Cg = i?’ (65 = ox' - 6,) (8)
Cg = I, ¢ KI, " (47)

Now u value of 6 » tho star wheel velooity immediately
following lsading oollinfon, 18 assumed and t's velocitiing at
subsequent points in the cycle are calouln ted from the following:
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In all prodability the value of @4 so odbtaimed w 1l noi
agree with the valus essumed. Using the new value of 6z as the
initial condition and repeating the prosers will iz most casas
yield a closed oycle very quickly,

Yoilowimg this, the necessury imtermsdiste points to plot
& surve of star whsel veleocity versus star whssl angular
4laplacement are caldulated as before, asd the average vulooity
of tihe star whool 1s detirmined as previously imdioated,




