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FOREWORD

This report describes research carried out under Contract No.
Nonr 4747(00) during the period De:ember 1964 to June 1965, The
investigation ircludes a numerical analysis of the neutral gas structure

of ioncspheric rocket plumes including ditiucive zffects and a principall

v

analy*ic study of the ion and electron distribution. The program for the

numerical evaluation of the neutral plume structure had been under
development previously under Contract AF19(628)-4360, ARPA Order No. 363
and this was continued concurrently with the prescent study. Although it
is not really pcssible to isolate the two efforts, the present study

has teen principally concernz=d with the incorporation of diffusive effect
and with the evalua'ion oF the effects of the geomagnetic field on the
ion distributiorn.

Because no description of the numerical procedure is presently
available, we give, 1in this report, a fairly detailed description of both
the inviscid and viscous calculations. Much of the work on the neutral
flow structure will be reported subseguently under Contracts No.
AF19(628)-3269 and AF19(628)-43€0.

Personnel who have spent an aprrecieble fraction of their time on
this study iaclude J. R. Barthel, J. J. Brainerd, R. S. Janda, M. S.
Schocnover, snd J. A, L. Thomson. The Project Scientist is J. As Lo
Thomson. Tbke technical monitor 1is Morton Cooper, Fluid Dynamics, Office
of Naval Research.

Figures 1I-1 to II-9 are classified Confidential and are submitted

as a scparate addendum to this report: GD/C-DBE65-025 (Addendwnm),

#l
-
fiid )
ki
it

S

i

bk

S Bl st



TR LR

1 ISR

B )

ABSTRACT

A calculation of the flow field in the vicinity of a
liquid-fueled rocket travelling through the ionosphere 1is
described. A finite difference program is used to obtain
both inviscid and viscous approximations tc the exhaust and
air flow field. The subsonic nose region is treated by an
apprcoximate procedure. Viscous effects are included in the
so-celled merged layer regime. The viscous effects are
treated by a modification of a procedure used by Cheng for
the nose region of a blunt body in hypersonic, low Reynolds
number flow. Numerical calculations of the neutral flow
field in the viscous layer approximation are presented for
the flow et 180 km.

The influence of the geomagnetic field on the motion of
the ions is significant at altitudes above gbout 150 km.
Simplified geometries are used tc study the ion motion. At
low sltitudes (below apout 150 km) the ions move with the
neutrals. At high asititudes (above 250 km) the ions ere more
or less constrained by the geomagnetic field to a cne-dimensional
motion along the field lines except in a region relatively close
to the missile where the density is sufficiently high tc sweep the

sons across the field lines. The model of the nigh altitude ion
motion is essentially that proposed previously by Lightnill (1960).
The mechanisms describing the moticn of the iong across the field

lines are examined in various limi!ing cases.
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Introduction

At high altitudes the static pressure of the exhaust gases at the
exit plane of a rocket engine nozzle is considerably greater than that of
the ambient atmosphere. The exhaust gases therefore expand greatly upon
leaving the nozzle. This expansion and the resulting interaction with
the atmosphere resulte in the characteristic high-altitude missile "plume'.

As the vehicle and plume move through the atmosphere, the amhient
medium is displaced in much the same way that it would be by a solid body
having the shape and dimensions of the plume. The disturbance of the
external medium and particularly of the aw-ient electrons by the passage
of the rocket, is the principal object of the investigation described here.

If viscous effects were negligible, it would be posrible to describe
the external flow exactly as that around a solid body having the same size
and shape as the plume. However, the plume size and shape are not known
& priori, and must be described by & method which treats both the internal
ard external flow in considerable detail. The inclusion of transport
effects makee the flow near the exhaust-air boundary considerably different
from the flow about & solid body, since finite tangential velocities at
the boundary and diffusion across the boundary must be considered in the
case of the plume at high altitudes.

The altitude range of interest in the present study is 100 to 300 KM.
The following generalizations about the exhaust-ambient flow field apply
in this altitude range:

1) The free stream is supersonic (M2 L), partially dissociated, and

weakly ionized.
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3)

h)

5)

The flow field is time-dependent due to aimospheric strctification
and vehicle acceleration.

The flow field may not be axially symmetric for non-vortical
trajectories due to atmospheric stratification.

The Reynolds and Knudsen numbers lie in ranges where viscous and
mixing effects are important, especially in the nose region and
along the plume boundary.

The ion-neutrar and ion-ion mean free paths are large enough that
the geomagnetic field may strongly perturb the ion and electron
density profiles.

The mean free path is large coupared with missile dimensions,

£~ that the relative disturbance of the free stream by the

misslle itself is small.

The approach we use to determine the neutral flow field is discussed

in detail in Section IVv. In general the approach is to use finite difference

procedures to obtain numerical solutions of the appropriate inviseid and

viscous equations of motion. Inviscid calculations of the air and Jet flow

are carrierd out first. OSome features of the plume, such as the overall size

and shape, aprear to be quite well descrited by the inviscid equations.

Significant viscous effects are ccnfined more to the detailed form of the

density and temperature distributions.

nwagnitude and importance of the viscous effects is given in Section IX-k.

ince the cyclotron frequencies of the ions and electrons in earth's

magnetic field may be large compared to the collision frequencies, the

geomagnetic field is expected to have a sigrificant influence on the ion

motion.

The ionization level, however, is sufficiently low that the motion

of the neutral particles is essentially unaffected by the presence of the

A brief preliminerv discussion of the
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ions. The nreutral flow field, therefore, may be evaiuated without rugard
to the magnetic field. The ion motion mey be evaluated subsequently,
treating the rotion of the neutral gas ss knovn. Most of the analysis in
the present ntudy is directed towards establishing a model for the ion
motion that may te used to evaluate the electron distribution in the
neighborbood of the vehicle. The major uncertainty lies in the deter-
minaticn of the ion motion across the mag etic field lines. Inhomogeneities
in tue ambient ionosphere, asymmetrical ion &nd neutral flow distributions,
tre finite time dependence of the neutral fiow may all enhance the rate of
diffusion of ions across the field. The motion of the jons is studied in
a number of limiting cases in Section V. A summary description of

the ior motion is given in Section III and of the neutral motion in

Section II.
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I, BSUMMARY Cf PRELENT METHOD USED FOR CALCUIATING THE NEUTRAL FLOW

1i-l., General Description

1

The high aititude plume may be divided into three regions: the
undisturbed air and jet streams and the intersction region (see FigureE-\&. 7The
inner boundary of the interaction region represents the greatest penetra-
tion into the plume of the influence of the external envircnment. This
inner limit of the interaction region is the Jet shock. Inside of this
shock the Jet flow 18 identical to the flow into a vacuum. In the inter-
ection _egion the exhaust gas flow is separated from the perturbed air
flow by a slip gurface (when diffusion i{s negligible). The outer boundary
of the interaction region is the air shock. At high altitudes, where much
orf the interaction region 1s thin : wpared o the overall flow field
dimensions, it is convenient to think .f the undisturbed jJet flow and the
undisturbed air flov as two equivalent regions separated by the inter-
action layer. These undisturbed {lc/s may be determired independently
(the Jet flow by evaluating the expansion into a vacuum) and then used ae
boundary conditions for u calculation of the interaction region. Iu this
arproach the important chssracteristic dimensions during the calculation
are those of the interaction region itself ratker than the less appropriate
(and often very different) _adial dimension of the Jei.

In the present calculation *be interaction region is analyzed in
varicus approximations: first, c.cictly inviecid flow azd second, flow
with viscous effects included :n the so-called thin layer approxiwmation.
The supersonic portion of the inviscid flow is computed "exactly" using !

finite difference techniques. At low altitudes the air shock 1. attached

to the nozzle edge (neglecting perturbing in®luences of the vebicle) and ‘
the eir flow 1s entirely supersonic (described by hypertolic equations). i
At sufficiently high altitudes the air ehock detaches, creating a subsonic I
region (described by elliptic equations) at the how of the plume, In

addition to exhibiting tke usual problems assoclated with the numericel

calculation of elliptic regione this portion of the flow i1s difficult to

define for other reasons. First, FigureX:lb indicates that, at high altitudes,

the nose region will be merged (i.e., at no point in the flow is the inviscid

approximatica useful)., Bome treatments of such a region are available

I1-1
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but it 18 not clear that sophisiicated treatment is appropriate at present. X
8ince most of the exhaust “".ow is directed backwards only a small mass
fractior of the total exhaust flow determines the structure of the nose
region. This flow may therefore be strongly influenced by the boundary
layer within the nozzle and by the additional minor mass flows associated
with the normal operation of a missile: vernier engine exhausis, gas
gensrator exhausts, etc. Thus, a detailed analysis of this reg’on that
ignores these effects may not be warrsuted,
Because of the small was3 flows involved, it is expected that this
region will not have a major influence on the downstream flow., Thus,
relatively crude approximate techniques provide c= adequate description
of the subsonic region. The procedures used for this purpcse are outlined
in SectionIV-2. Calculations of the inviscid flow at altitudes up to 180 km
indicate that the inviscid approximations of the exhaust plumes of typical
upper stsge vehicles Lave relatively sharp noses at all altitules. Although
the turning angle of the flow at the nozzle lip increases monotonically
vith increasing altitude and may appreciably exceed 90° for some nozzles
at very high altitudes, the Jet-air bourndary inclination decreases rapidly ‘é,
with increasing distance from the nozzle for the first several tens of
nozzle diemeters. Yor the 50:1 engine (shown in Figure IT-10) at 180 km
altitude, less than vue per cent of the air flow intercepted by the maxi-
mum cross sectional area of the exhaust plume enters the sir shock layer
at points where the boundary inclination exceeds 45°, Under these con-
d/tions we expect rather small detachment distances and small subsonic
regions (see Figure II-7).
Nozzle boundary layers, gas gererator discherges, and vernier engine
masa flows, in sddition to tne general merged layer effects in the subsonic
region, all have a tendency to make the nose of the plume more blunt. A
rough estimate of the importance of these mass flows and of tke assumptions
made in the calculation of the subsonic region may be obtained as follouws:
The peripheral mass flows typically constitute one to three per cent of
the total exl:aust gas muss flow. In Figure JI-{, we nav. irdicated the
nositions along the jet shock at which various fractions (e) of the total
exhaust gas flov have been esntrained by the Jet shock layer. We expect )
that the location and structure of the shock layers in the regilon close to %

II-2
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the nose, where less then five per cent of the total flow nas been
entrained, will deviate appreciably from those of the actual veanicle
because of the neglect of these minor mess flows. Far downstream, the
shock layer structure will be less affected. In Figures II-12 eand JI-13

we have indicated, at the dividing streamline, the annular width (Ae) which
contains five per cent of the exhaust mass flow. In the downstream region
it !s appareat that this width is small compared to the total width of the
mixing region (as would be expected for a merged Jet shock layer). Here,
ve expect that the mnjor structure of the flow will not be strongly
effected by these minor mass flows.

In Figure: II-11, 12, 13, we aisc indicate the annular widths (Aa) required
to contain a nmass flux of air equal to that which passes through the sub-
scnic and transonic region (MS¥5). In the present numerical calculations,
diffusion in this region is not accounted for. This will czuse appreciable
errors down to a point where the air mass flux in the mixing region con-
siderab.y exceeds that passing through this ncse region. Reference to
these figures indicates that the effects cf neglecting the diffusion in
the subsonic and trensonic regions will not introduce much error in the
:valuation of most of the downstream flow (for this particular nozzle and
at these high altitudes). In other words, even though the collisicn
Prequ2ncy and the diffusion rate in the wubsonic regi~n are sufficiently
high to result in a completely merged nose shock layer, the amount of wass
involved is smail compared to the total amount of air mixed with exhaust
gases thrioughout much of the flow field. When the additional peripheral
mass flows are included or vwhen smaller area ratio nozzles are considered,
the plume tends to become more blunt-nosed. This will increase the size
and importance of the diffusive phenomena occurring in the subsonic region.
At present, we do not have any quantitative estimates of how important these
effects will be for configurations markedly different frum the rather specific

one considered here.
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ITX-2 Results of the Present Calcuvlations of the Neutral Flow

In Figures II-2 to II-8 we show the results of inviscid calculations
of the shock locations and the contours of constant air density* at three
altitudes (100, 135, and 180 kmf; The two lower altitudes had been
calculated previously and correspond to the flow resulting from the
25:1 nozzle labeled #L in Figure II-10. The flow at 180 km altitude
was evaluated for & different nozzle (lateled "50:1-Nonuniform" in
Figure IJ-10). However, the jet mass flcw angular distributions are
similar for the two nozzles and little difference is expected between
them, In Figure II-9, we show the shock locations and air density
contours at 180 km evaluaced in the viscous layer approximation.

Reference to this figure shows that there is surprisingly little cnange

in the shock locations resulting from the effects of diffusion. In
Figures II-11 to II-15 we show radial distributions of density, pressure
and temperature on three different orthogonal surfaces at 180 km

(labeled 1. 2, and 3 in Figure II-2). In Figures II-16 and II-17, we show
temperature and density histories along two streamlines (3 and 2 in

Figure II-1). A number of qualitative cenclusions may be drawn from an

examination of these figures:

(1) Strong trensverse gradients in both prassure and density exist

across the Jet and air shock layers.,

(2) 1In the inviscid approximation, the density in the jet layer is
very much higher than in the air layer although the pressure
is lower, There is a slight entropy layer in the air flow
along the boundsry but it is not marked.

(3) Irn the viscous layer approximation, the jet shock layer appears
merged throughout the flow. The width of the mixing layer s
comp rable to the width of the air shock layer culy near the
bow of the plume,

_———7§5715w altitud s, the electron density distribution may be assumed
prevortional to the air density.
fFigures -2 to II-9 are presented in en addendum to this report

(GD/C -DBF55-023(Addendum) ) «
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(4) The effects of diffusicn have surprisingly little influence
on the gir density profile although the exhaust gas profile
is markedly changed. This observation svggests a model of
the process which imagines the jet as a cold solid body
whose surface is evaporating.

(5) The cooling effect of the exhaust gases in the mixing layer
largely eliminates the high temperature entropy layer.

(6) The pressure gradients at the jet and air shocks are
sufficiently large that the shock profiles are not properly
matched to the interio:r flow. A more accurate treatment

would have tc inciude the effects of shoci cu~vature on the
shock profiles,

{7) The nose of the plume is relatively sharp and the subsonic
region small.

(8) The Mach disc formed by the reflection of the jet shock from
the axis is small compared to the overall jet dimensions.

A preliminary attempt to evaluate the far field motion-at high
altitudes has been carried out in the small disturbance approximation.
In this approximation only radial motions are considered important and
the problem is reduced to obtaining an equivalent one .dimensional
unsteady solution of the Navier-Stokes equations. 7 . numerical calcu-
lation prucedure used is similar in the type of approximeticns made to
that used for the two-dimensional flow.* Results have been obtained for

one very high altitude case (290 km for a typical sustainer mass flow) and
these are shown in Figures II-18 to II-21.

*his case is a limiting case 04' - ») of the two-dimensional steady
flow and could be calculated with that numerical program. This limit
results in several simplifications in the analysis and a separate
program was written.
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The present results have been calculated for specific vehicles at
specific altitudes. For these highly under «xpanded Jets the results mey
be scaled to other aoltitudes, velocities and mass flows under certain
conditions. The high altitude scaling laws are discussed, in part, in
References 8 and € . Three differcnt cases may be distinguished. In order
of decreasing generality they are: the near field inviscid flow vhen the
free stream is hypersonic, the overall inviscid flow, and the flow field
when viscous effects are important. All of tie scaling laws depend on
the fact that, at these high altitudes, the undisturbed flow ir source-like

(p ~ £(g) r'z) and the Jet shock may be considered very strong at almost &1l
points in the flow,

a) The inviscid pear field when M_>> 1.

In this case the bow portion of the flow field has & characteristic

dimension R given by

R=so Vv J/pme,

where @ is the rocket exhrust mass flow, V. its limiting velocity (VJ =./2h

[

J
where hc is the stagnation enthalpy per gram), and P, and V, the free stream

properties. When the flow structure is evalueted in terms of the dimension-
iess coordinete (r/R, x/R), the shape of the flow field is independent of
altitude, velocity and mass flow and depends only on the angular distri-
bution of the vacuum flow(:f(wi) and the specific heat ratios of the jet
and air streams. Here the Jet and air densities and cnthaipies may be

represented in the universal forms

Py = P flc?/?; Yos Yy £(0))




i

0
i

L2, N
h, = Vo £, Kr/l_i; Yg» YJ’ f(cp)}

V. 2 2
p.j =< V%) pa f3 <r/§5 le YJ’ f(‘P))

S o o 2
hy =V 8 (/R Ygs ¥ f(wi)

b) The inviscid flow for finite values of M_

The scaling law Just discussed applies to that portion in the rlume
where the air shock may be considered strong. Far downstream the air
shock deviates appreciably from this 1imit. For the flow field at 180 km
nowhere in the flow .s this condition adequately satisfied. In this case
the flow structure also depends expli~itly on the value of the free stream
Mach number Mm. It is expected that this second sceling law will be useful
8t most ilonospheri: altitudes for correlating phenomena suvch as size and
shape that 3o not depend on the detailed structure of the shock layers.

¢) The flow with viscous effects

When phenomena which depend on the detailed shock layer structure are
to be considered, the effects of diffusion may be important. Here, in
addition to the free stream Mach number M , the flow structure may be scaled
from one altitude to another only if the velocity ratio vJ/v°° apd the

Knudsen numbcr Cproportianal to 4/ vy pm/v: ) are kept constent.

II-7
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IX~3.

Method Used for Evaluating the Inviscid Flow Field in the Present Study =

A finite difference approximation of the inviscid equations of motion
is used to evaluate the supersonic portion of the flow field. In this
aumerical calculation tie equations of motion are expresced in & curvilinear
coordinate system composed of the streamlines and the associated orthogonal
surfaces (potential surfaces in irrotational flow). Of the four differential
equations of moti-n for two-dimensional steady inviscid f'low, three may be
integrated directly to give the mass, total enthalpy and entropy conserva-
tion equations. These integrated 2quations pius the differerntial form of
the leteral momentum equation (which determines the streamline curvature )
are used to evaluate the flow. Data are evaluated on successive orthogonal
surfaces.

The streamline coordinate system was chosen for the finite difference

Al
)

formulation for several reasons. First, in the limiting case of very large
Mach number, where characteristics programs have difficulty because the
characteristics often do not intersect in 2 diverging flow unless the mesh
spacing is very small, the streamtube procedure reduces to the condition

&° the streamline curvature is zero and the solution is obtained trivially.
Second, by using the integrated conservation equations, it can be assured
that these are rigorous?y satisfied no matter what mesh spacing is used.
Third, because we are following fluid elements, chemical reactions or internal
relaxations may be easily incorporated. Also slip lines are treated without
difficulty. Fourth, because of che marching procedure used, lateral diffu-
sion, heat and momentum transfer can be included without excessive difficulty

in the thin layer approximation.

11-8




In the formulation ¢f the finite 4i““e‘ence procedure, un effort has
been made to retain a physically meaningful interpretation even when the
mesh sizes are sufficlently large that the relation between derivatives
and finite differences is somewhat obscure. For this purpose a1 streamline
or lagrangian cnordinate systems offers several advantages over an Eulerian
coordinate system for the evaluation of hypersonic flow flelds even though
it is often more comple:x and less efficient in terms of computing time per
mesh point. For example, in the computation of the invi.cid tlow, the
integrated forms of the continulity, parallel momentum and energy equations
are used so that these are rigorously satisfied no matter how large a step
size is used. Truncation errors are limited to the lateral momentum

equation:

A
oS pu2§§r)' (1)

This eguation for the streamline curvature is treated as follows: Each
streamtube is characterized by pressure p and a gas velocity |u|. These
are related to the streamtuhe area by the integral energy, momentum and
mass relaticns. The curvature< g—%)lz of tle streamline separating the

adjacent streamtubes 1 and 2 is evaluated from the relation

- ¥ Pr =T, P (2)
+
38 12 m, ul m, u, 2 -2 171
where r, and ry are the radii of the midpoinis of the two streamtubes

measured slong & surface orthogonal to the streamlines, and . and ﬁg the

1
(constant) mass flows in these tubss. Thus reasonably accurate evaluetions

of the flow can be obtained even when the values of the various flow quartities

II-9
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vary considerably from tube to tube. This is particularly uselul in the
high altitude Jjet shock layer, where t'= total prescure way vary by orders of
magnitude and the density by a tactor of % to 10 ucross the shock layer
while the curvature and flow velocity are virtually comstant. For this
case Eq. (2)would give accurate results even if the ertire shock layer
were represented as onc tube. OSince the computstion time is inverscly
proportionul to the square of the tube width and appreciable computing timee
are involved, even on the 7090, it is important to make the mesh size as
large as possible.

In th» present calculations relatively simple marching procedures
have been used (at present tle method is essentially second order Runge-
Kutta). Thus truncation errors can arise when flow variations parallel
to the streamline are large. Although the procedures can be readily ;§
improved to be ccnsiderably more accurate (i.e., fourth order Runge-Kutta)
the longitudinal flow variations generally encountered are usually quite
small compered Lo the marching rate permitted by the stability of the
difference scheme so that the present calculations appear to be stability
limited rather then accuracy limited.

An attempt huc been made to incorporate the lateral diffusion in*~ tie
calculation in a manner similar to the centrifugal momentum transport. Here
rore difficulties are encountered. The diffusion effects are incorpo-
rated by evaluating aiffusion fluxes of heat, momentum and specie at the
surface of each streamtube. Truncation erromenter intc relation between
the fluxes and the differences of enthalpy, velocity and concentration in

adjacent streamtubes. However, the calculation is arranged so that gain of

|
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heat, momentum or specie by ome tube are exactly balanced by losscs in
adjacent tubes. Thus,so long as the longitudinal variations of the flov
quarntities are small compared to the stepping rate, most of the truncation
errcrs can be thought as being equivalent to using slightly erroncous
effeztive difiusion coefficients.

Since the missile 1s acce’ ‘ratirg and the =tmosphere is not uniform
the actual plume expansion is not a steady phenomenon., However, the
exhaust-alr velocity difference far downstream, where this time depeandence
is expe~ted to have a significant effect, is smaller than the missile
velocity. Thus an approximate account of this effect for a vertical tra-
Jectory may be obtained by assuming that the flow disturbance at a given
altitude is the same as that for & rocke moving through a uniform atmos-
There at constant velocity. Here the values of the density and missile
.elocity must be taken equal to those corresponding to the altitude of
interest. (This is really equivalent to a small disturbance ipproximation
far from the vehicle.)

Because of atmospheric stratification, the disturbance created by a
vehicle traveling on & non-vertical trajectory will not be axially symmetric,
An approximate sccount of this effect may be obtained if it can be assumed
that the ezimuthal flow velocities are regligible. In this approximation
the flow distribution at a given azimuthal angle will be the same as that
in an “equivalent sxisymmetric flow" in which the atmoepheric density varia-
tion with radial displacement is assumed to be the same as t} iu the real
atmospliere in the given azimuthal direction. In other worde, for 4 hori-

zontal trajectory, the stream density and Mach rumber are assumed to vary

-
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with radii’ displacement. For an exponential atmosplere the “"eg-iivalent
axisymmetric free strean’ should have a density which varies with radial

displacement from the axi: according to

-rcos 8/%
Polr) ~p e '

where 8 i- tbs szimuthal apgle of interest, ™ the loeal scale height and
G the local ambient atmospheric density on the plume axis., Since the
finite difference formalism is the same for uwniform as for nonuniform

external flows this method is easily implemented,

II-12
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Method Used for Evaluating the Viscous Flow Field r
Probstein and Kemp S classify different types of viscous flows into
seven regimes: boundary layer, vorticity interaction, viscous layer,
incipient merged layer, fully merged layer, first order collision theory
and free molecular flow regimes. In tie first three regimes the shock is
treated as a discontinuity obeying the classical Rankine-lHugonict relations.
Ir the fourth (incipient merged layer) the shock structure hus to be included.
Here suggested treatments are either tc use the complete Navier-Stokes
equations to describe both the shock profile and the viscous interior as
one continuous pattern, or tc treat the shock es a discontinuity and modify
the Hugoniot relations so that the tangential shear stress and the enthalpy

flux conducted into the shock are properly accounted for. Cheng has used

<

th:s latter approa.:h successfully to treat the hypersonic blunt body problem.
In treating rarefied gas flows a ver: useful epproximation that is
often introduced is the so-called thin layer assumption. Basically thne

assumption says that, in the cocrdinate system chosen to evaluuate the solu-

tion, the viscous stresses and heat conduction are Jetermined by the velociuy

and enthaiyy gradients in a direction known a priori, such as parallel to one

of the coord nate axes. In many applicetions, such as {he blunt body shock

layer or the nypersonic slender body flow in the small disturbance approxi-

mation, this may »e satlsfied if the shock radius of curvuture is much greater ]

than the lateral dimensions of the flxw. It is expected that this condition

s v

applies to the intaruction region of the plume as long as the free strean

Mach number is sufficieatly high,
We have incorporated viscous effects intc the numerical calculation

using the thin layer approximatior. Using this approach in the incipient

S AT R 1 e
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merged layer regime, Cheng has developed an ele; .nt treatment of the hyper- E
sonic blunt-body prchlem at iow dens)ties.(g) The same sophistication of
sulution is vpresently possible for the high altvitude Jet. A coumplete evaluua-
tion of the jet flow f’leld would proceed as follows:* first, the flow is
evaluated in the inviscid approximation, where the supersonic region is
treated exactly and the subsonic region approximately, Second, viscous and
heat transport terms are included in the viscous layer approximation for the
supersonic flew (i.e., th2 shocks are still treated as discontinuous a.d
obey che classical Hugoniot reletions)., The third step is to treat the
superscnic flow assuming it is merged. Here Cheng's two-layer approach is
appropriate., This amounts to replacing the Hugoniot relations by mcdified
forms which allow the stagnation enthalpy and the tangential velocivy to
vary thrcugh the shock. At the same time the shock profile itself (shock
transition zone) may be treated independently in the thin layer approxima- il
tion. Here the shock is assumed to be locally approximated by e plane
shock whcse profile may be evaluated by a direct integration of the one-
dimensici2] Favier-Stokes eguations, using the local conditions evaluated
at the edge of tie merged layer as initial conditions. This profile is then
"tacked" on to the merged layer calcilations. This is essentially the
approximation in which Cheng treats the blunt-body problem. The equations
aere detailel in Section IV-3a,b,c.

Up to this point an apprcximate inviscid description of tue subsonic
region such as that detailed in Section IV-2c is used,

The logical fourth step ir this procedure would be to use Cheng's method

to evaluate the subsonic snd transonic region. Tue only difference from Cheng's

. i
During the present study, calculatioris have been carried out only in the first 3
two approximatiors,
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procedure would be thet instead of a solid boundary for the innevmost stream-
line, a boundary condition would have to be used which would Jjoin the elliptic
air region to the hyperbolle Jet region. A merged layer calculation would be
used for the flow inside this dividing streamline. Diffusion of heat,
momentun &nd species «cross the dividing streamline would be allcwed for.
The equations and method for this step are detailed in Seciion IV-3id.
buring the present ctudy it was found that the centrifugal pressure
gradients across both the jet and the air shock layer were large (see
Fig., II-19 throughout most of the flow. Except for a small region near the
nose of the pl. ne the pressure gradient in the air shock layer at 180 km
altitude is not very much smeller in absolute value than the peak gradient
within the shock transition zone itse'® (Figs. II-1},12and 13). Conse-
quently it is expected that the curvature of the shock front will have an
appreciavle influence on the shock profile and it will be necessary to
include this effect in order to get a consistent fully merged layer calcu-
lation. A self consistent procedure has not yet been formu:lated for this
purpose., Because the shock layer tangential shear stress and the stagnation
enthalpy flux are relatively small near the shock i~terface, except near the
nose of the plume where the deflection angles are large, it ic expected that
the influence of the shock curvatuie (really of the curveture o1 the stream-
lines behind the shock) on the shock profile will be the dominant source of
differences between a viscous layer calculation and a truiy merged layer
calculation. Expressed in ovther words, the difficulty is that, in the air
shock transition zone, tne streamline curvature and pressure gradient are
of opposite sipn to those in the shock layer and & plane shock approximation

results in a discontinuity in these quantities. In practice this means that i
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the peak pressurc, density and streamline def'lection calculated for e plane
shock will not be achieved in the actual flow., The detalled calculations
to date have been limited to the viscous layer approximation. The density
contours schown in Figures II-3 to 8in the neightorhood of the shock inter-
face were determined by fairing the shock layer profile smoothly into a
shock transit:on zone profile calculatel assuming zer¢ shock curva*'re,

For the Jet shock this difficulty is less apparent since the curvatures
in the ransition zone and in the shock layer have the same s5ign. In this
cose, 1t would be consistent tc locate the shock interface at the point in
the shock transition profile where the streamline curvature matched the
value in the shiock layer. However, the viscous laver calculations carried
out during this study have not included *“his sophicstication and it has been
assumed that the norral pressure and density Jumps were achieved across the
shock. The errors induced are expected to be relatively small, perhaps
equivalent to a shift in the position of the interaction layer by an amount

somewhet less than the width of the shock transition zone.
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iI1.

T pliZect oi the Geomagnetic Fileld

ITI-1. Generel Description

The ultimate purpose of the present study is to determine the electron
density distribution in the vicinity of a powered-rocket in the ionosphere.
Since, throughout much of the aititude range of interest,the larwor radius
of both ions and electrons may be considerably smaller than a mean free
path, the geomagretic field may considerably influence their motion.
Lighthill( L) has considered the disturbance that would be induced by the
passage of a satellite through the ionusphere and concluded that tite
perturbation produced would be primarily a one-dimensional motion Nf the
ions parasllel to the magnetis field, though we are concerned with a
somevhat wider range of altitudes, the neutral wind created by the passage
of a rocket provides a similar but much stronger perturbation to the ion

fluid.

It is known that the motion of a plasma in a magnetic field can be

quite sensitive to the boundary conditions imposed. The eft'ects are primarily

due to the long range of the electromagnetic body forces. In our initial

studies we have limited curselves to two simplified approaches. The first

is to consider sufficiently simple geometries for both the neutral flow fiela

and the electromagnetic field that it is possible to obtain "exact" numerical

solutions to the non-linear equations of motion. The second is to consider
approximations of esquations of motion that will allow consideration of more
general symmetries and allow at least a semi-quantitative evaluation of the
importance of properties of the neutral flow and the plasma (such as non-
uniform distributions) that it is difficult to include in the detailed

sclutiors.
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For a detailed solution, we have chocen to o .sider first the case
of a cylindrically symmetric neutral motion fn an axial magnetic field.

The busic a prior! assumpilion thet is made is that the ieveli of ionization
!5 sufriciently low that the motion of the neutral species is completely
unaffected by the vrecence of vhe ionized species. In this ca~e the

neutral motion way be calculated without regard to the presence of the ioric
speciec. The ion motior may then be determined by considering the ion fluid
as s fully ionized plasma which moves under the influence of a strong body
force (the net mumentum transfer from the prespecified neutral wind to

the ionized fluid) in addition to the electromagnetic field and its own
pressure gradients. In addition, appreciable heat transfer to the ion fluid
may take place as a result of the viscous stresses genesated between the
ions and the neutrals.

The condition for the neutral fluid to be independent of the ion
moticn can be estimated as follows. Suppose that the magnetic field is
sufficiently strong that u. << VT' Then the force exerted on the ions by
the neutrals per unit mass of the neutrals is given by

S'iv;V
Thus the neutral velocity in; be appreciably reduced by this drag in a

time of the order

t= PRV
p
Ca
together as a single fluid. This frequency doec not vary very strongly with

Thus, for frequencies less than vy, the neutral and ifonized species move

altitude and at 180 km altitude is of the order of 107~ sec-l. Thus, for the

much shorter time of present interest, we may ignore the influerze of the ions

*
Here u_ and V are the radial components of the icn and reutral velocity,
respecfively. The ion mass density is pj, the neutral density is p end the
ion-neutral collision frequency is vj.

I11-2
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on the neutrels.

If there were no magnetic field present, the ions would be pretty much
swept along with the neutrals. When the magnetic field is considered, we
must allow for the pnssibility that the ion motion across the field lines
may be strongly hindered. A rouwh picture of the phenomena involved may
be obtainec by considering the expansion of & cylindrically symmetric
neutral volume of gas into the ionosphere when the magnetic field i=s aligned
parallel to tho axis of symmetry. If the outward velocity of the neutrals
ic V and the ion velcrity is U, then the force per unit volume exerted by
the neutrals on the ions due to the ion slip will be of the order

Q Vin (V' M")

where Vo is a quantity of the order of the ion-neutral collision frequency
(and may also depend on V). This force will cause an azimuthal drift of
the ions and electrons. For a weakly ionized gas, this force, even when

exerted over a depth of several kilometers, is small couwpared to the magnetic

») -
pressure B“/8n, For example, if n, - 106 cm 3, v

p)

b 'l-l —
in = 10 sec 7, V-ur =2 X

10 cm/sec over & 5 km distance, then the force per unit area is of the order
of 3 % 1077 dynes/cm2 for an ion macs of 16. Thus a slight gradient in the
magnetic field (.0002 gauss/km) is sufficien® to balance this visccus stress.

Iet us first consider the case when the ion mass and electron maess are

equal, as are their interactions witkh the neutral fluid. Here, because of the

symmetry, we may conclude that no charge separation will tend to occur. Thus

both the axial and the radial electric field vanish identically. The azimuthal

drift velocity will be of the order

o, - C M Vi, gl?-‘Al)
% eB

III-3

LLa s

T




fcaln, due to collisfons with neutrats, there will be an azimuthal drag

torcc of the order

NN; \1“ 1J§p g

Thus, the outward drift velocity will be

MUy = ( v&n/wc; )L( V-u,.)

or
LS
- )% "/‘ (‘)
Me = Y 2
Vin T S,
where mci = eB/mic.
Thus strong hindrance of th< motion across the field lines is expected
when v, = < w, (~ 2Lo sec™t cor B - 0.b gauss ane an ion mass of 15).
i i
When thie ion and electron masses are unequal, radial rields due to
charge ceparation may occve. These may .ounsiderably influence the motion. (

A very slignt “1fference between the ion and the electron density can create
large electric fields. Thus we expecc that n == n, to a gocl approximation.
This coundition implies that tne ions and electrons will move radially with
the seme velocities.* This strong coupling of the two moti~ons results in
nighly distorted Larmor orbits. If the ions were acted on by a velocity-
independent radial force ard the ccilisiecn frequency were small, the two

orbits would be azimuthally driftirg ellipses having a ratio of semi-minor
m

to semi-major axis of . . The electron crbit .ould be elongated in the

azimuthal direction whereas the “on orbit ic eitngated in tl - radial

* . : . 2 -5

This conclusion depends specifically on the assumption that neither thne neutial
rotion V nor the plasma propertiec vary in the direction of the me _netic field.

As is shown in Section V-3 this requirement con be approximated in practice only (

if tne flow field dimensions are extraordina.ily large.

I1I-4
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In this case it can be shown that the outward drift velccity has

the form
v' ’L’ ’
L
Y Van + S
where Wy is the ".ybrid" larmor frequency 0»; =0, w ) and Ven is a

c
i7e

quantity c¢f the order of the electron-neutral collision freguency. Thus

wnen the nezative ion (electron) macs is twall, the coupling to the megnetic

i1

Jield is strenger. Taking Ven E%-Viq , we find that apprecisble ion slip

e
¢ 1 -
will occur when v, < {m,/n_) 4 w_ (> 3100 sec 1 for m, = 16). 1In Table III-1
in i""e ci i

wve give the ion-neutral collision frequency in the amtient io srhere at
various altitudes assuming Yin . >~6 x 10-lc n, where ng is the neutral number
dencity. Also in Table ITI-1 we indicate the coliision freyuency that might
be expected behind a moderate strength shock (taken %o be ~ 10 times tiat in
the ambient). It will be shown later that, because of the finite extent of
*he neutr:l flow in the direction of the magnetic field, the appropriate
coupli:g parameter is Vin ﬁ»ci. Reference to Teble ITI-1 then shows that
appreciable slip effects will occur at altitudes above 120 km in the less

dense parts of the flow field and at altitudes above 150 km even “n the

denser perts c¢f the flow ffeld.

Table III-1

1/4
. -3 -1y oy
Altitude na(cm ) Vi (sec wci (E;) wci
km ambient shock (sec-l)
100 8 x 10% 4800 48000 240 3100
i20 3 X 10t 180 1800
150 L x 10~0 ol b0
200 8 % 107 4.8 48
250 3 x 107 1.8 18
360 1 x 10° 0.5 6
' 1II-5
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The discussion given in the preceding section indicatec that, at high
altitudes, o geomagnetic f'ield strongly lLinders the transverse motion of
the ions in the less dense portions of the flow field., The neutral ilow,
which is essentiasliy independent cf' the presence of the magnetic field,
acts as a driving wind which stresses and heats the ion fluid. When the
suppression of the transverse motion of the ions is strong, the ions move
one-dimensionally alcng the magnetic field lines under the influence of
this three-dimensional wind. Except in the region cf the neutral flow
where there are strong density gradients (shock tronts), the characteristic
times for the motion are lon, compared to the time between lon-neutral
collisions., In thics approximetion it is expected that the ion and electron
temperature and pressure distributions will be reasonably isotropic and
Maxwellian (see Section III-3 although the individual vulues for the ion
and electron temperatures may differ considerably roth from the neutral
gas temperature and from each cother,

Also when the motion of the. ions across the magnetic field is strongly
suppressed, the lateral transpo."t of heat and momentum is markedly reduced.
In this situation the problen of evaluating the turee-dimensional electron
density distributions may be reduced to a number of independent one-
dime..sional flow problems once the underlying neutral flow field hacs been
2valuated. Here the magnetic field acts simply to confine the ionized
fluid to essentially rigid, frictionless channels, The ionized ges then
executes a one-dimensionsal metion urder the influence ¢f the momentum and
heat input from the predetermined neutral wind. In this mction the elecirca
magnetic fields play rno role (except for ambipolar diffusion effects),

At high altitudes we expect that this model of the motion will apply to

III-0
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much oi the flow field. Close to the vehicle, however, will always be f
a region where the gas density is sufficiently high tc ensure that the

iol; from the ambient ionosphere are swept along with the neutral exhaust

gases regardless of the magnetic field., TFor typlcal vehicles it is

2xpected that this region may be of the order o1 a kilometer in diameter.

This model of the perturbations induced in the ionosphere by the
vassage of the vehicle was first proposed by Lighthill( 1) to describe
the perturbation to the F-region electron density distrihuticn created
by the passage of a satellite. The only differ:..ce lies in the magnitude
of the effect and the nature of the source., Lighthill was primarily
concerned with the far field disturbance induced by a relatively small
body traveliing in the u- ~r regions of the F layer. In our case, the
source of the disturbance, the neutral wind, is distributed over a large
volumz and is expandirg at a speed somewhat greater than the local sound
speed, Thus thg acoustic type of motion induced in the ionized fluid will
occupy roughly the same veolume as the neutral flow field although the
velocities and density distribution of the ions may b2 .arkedly dif. _rent
from those of the neut:a’s.

Since the ion motion is essertially cone-dimensional, there is little
geometrical "attenuation" of the disturbances induced in the ion fluid as
compared to the 1/r or l/r2 sttenuation of the neutral flow. Thus, if there
were negligible viscous dissipation of the motion, the disturbance generated
in the ion fluid could travel long distances while retaining significant
emplitude, However, this effect is not expected in the present case since
the ion velocity is strcagly coupled to the component of the neutral flow
velocity rarallel to the magnetic field. A disturbance in the ion fluid
which propagates into a region where the neutral flow velocity is small

would be damped within a few ion-neutral mean free paths,

IXT-7

BTG o K142




Some non-acoustic types of disturbances may propagate beyond the
corfines of the neutral disturbance. The high thermal ccenductivity of the
electron gas will cause the heat generated by the friction between the
neutral wind and the electron gas to be spread throughout a volume which
may be much larger than that of the neutral flow field. The effect is
similar to the broad thermal layer in the electron gas which occurs in front
of' a sﬁook travelling through a fully or partially ionized gas. (Jaffrin (<) ,
Probstein and Jaffrin {(3) ). In the present case it is expected that
these conduction lengths will be considerably larger than the dimension
of the neutral flow field for most altitudes of interest. This, together
with the fact that the mechanism of thermal energy transfer frcm the
neutrals to the electrons is rather inefficient because of the small electron-
nevtral mass ratio, implies that the electron .emperature will nol te signi-
ficantly altered by the friction of the neutral wind. Because of this
high conductivity, compression or expansion ¢f the ionlzed fluid is also
not expected to alter the electron temperature appreciably. Thus it appears
that the electron gas may be considered isothermal with a temperature equal
to that of the ambient ionosphere.

Although the high thermal cenductivity of the electron gas parallel to
the magnetic field dces not appear to give rise to any effects outside the
region of the neutral flow, significant: effects ma' arise as a result of
the correspondingly nigh parailel electrical conductivity. Since the
accelerations impartcd to the positive ions due to their interaction with
the neuiral wind are generally different from those given to the electrons,
charge separaticn will tend to occur within the confines of the neutral
flow field. Because of the high lorngitudinal conductivity, these charges

will spread rapidly elong the field lines until they are eventually

111-8




neutralized by the small cross field leakage current. It is expected that }
this spceading constitutes an Alfvéﬁ motion gﬁided along the field lines
in a manner related to the magnetonydrodynamic whistler mode. However, l
the cnaractoeristic frequencies of this disturbance are considerably smaller
thar. che collision frequency. Thus the motion will be more diffusive than
wave-like,

Since the velocitles associated with the neutral flow are very much
less than the Alfvén speed (the Mach number based on the Alfvén speed is
of the order of 0.01), the amplitude cf the disturbance will be small,
The na*ture of these far Tield disturbances is discussed further in
Section V-b. A preliminary estimate of the disturbance expected in the
steady state Tor an axially symmetric neutral flow in an rligned field
inuicat?s that the perturbation to the electron density beyond the confines
of the neutral flc- wnay be of the order

% =4 § /(W)

where f is the reduction factor defined in Section V-3. This probably is

too small to be noticeable. In a transverse magnetic field, larger effects

are expected. Also the time-d.pendence of the Alfvén motion and/or inhomo-

geneities in the density of the ambient ionosphere may give more pronounced l
effects, espenially when the collision frequency is small. Further analysic }
will be reguired to evaluate the level of the field motion.

In this connection it is interecsting to note that Drell, Foley
and Ruderman have recently discussed a similar problem.( h) They were
concerned Jith the interaction between a large satellite and the ionosphere
and invoke an Alfvén type of motion radiated by the satellite te account

Jor its observed drag. Except for the fact that collisions are less

11I-9
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important in tieir case because of the much higher altitude and that

the source (ECHO L) ic small and of fixed size, the phenomena are quite
closely related: 1in both cases the source acts as a battery which

drives currents along the conducting field lines. Thes= authors expect

8 perturbation in the electron density as large as 15% to be propagated
along the field lines up to several hundred kilometers {rom the satellite.
The present analysis has not been carried sufficiently far to give any
real indication whether or not any perturbation approaching this megnitude

may be induced by the wind created by a large rocket.
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Fig. III-lc. Finite length axially symmetric plasma in an axial field.
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iv.

Detalled Descripiion of the Neutral Flow

IV-1. Background
During recent ycars an extensive literature dealing with the

structure of high altitude rocket plumes has develope$:3 Exverimental
measurements, "exact" numevical methods and approximate apalytical

methods have been used. For exnwple, schlieren and shadowgraph techniques
have been u-=2d to study underexpanded jets expanding intc still atmospheres
by Iatva]u,h’5 Wilcox et al.,6 D'Atsorre and Harshoarger.7 Because of
experimental difficulties laboratory data are genereily limited to exit

to ambient pressure ratins less 1000 and in most cases less than 10C.

These are much lass than the values for a missile at ionospheric altitud 3.
The laboratory data for jets in highly supersonic streems is meager.
Rosenberé& has used photorraphic technigues to define tae outline of the
plume at high altitude during A number of missile launches. From his data
he has determined an approximate size and shape of the plume bcundary (as
defined by its luminosity). Hill and Bl'abert9 have obtained upprorimate
correlation of Rosenbeirg's date using blast wave theory.

Ko attempt at & complete review of the eaistent tectniques will be

made here in view of the several studies presently availapvle. Adamson
has reviewed much of the unclassified literature on tne inviscid aerodynamic
siructure of the rocket exhaust plume. Rosner”gives a more receat Cetailed
survey of the state of the art for predicting plume structure &tc various
altitudes with and without viscous effects. 1In general, reliable procedures
are avallatle for certaia portions of the plume but not for others. The

expansior into acuum when the nozzle flow is reasonably uniform has been

treated by a number of people using the method «f c*eracterist.r, for the
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f'low close to the nozzle and sn asywmptctic anaiysis for the source-iike
flow at great distances. In the presence of a low but finlte pressure free
stream; a complex sncck structure develops. Upstresm of the point where
the Jet shock returns to the axis the flow has a simple structure and has
been treated by both exact and approximate methods. The reflection of the
Jet snock from the axis of symmetry typical'y results in the formation of
a shock triple point and a Mach disc. The flow downstream of this point
contains both supersonic and subsonic regions. Little deteiled analysis
has been successfully applied to this region for highly underexpanied jets.
The analytic techniques msy be divided into three categories: 1linea-
rized methods, epproximate methods and "exact" or detailed numerical methode
for obtaining solution of the equaticns without approximation. The
linearized theories are concerned with small degrees of under and over-
expansion apd are not of primary interest to the present problem. The
approximate methods attempt to obtain information about the plume structure,
such as boundary and shock locations or the far downstream average proverties
vithout requiring a detailed calculation of the entire flow field. The
boundary location procedures are reviewed in detail by Adamso&? In general
the approximaticns involve a method fo. specifying a Jjet pressure and a
stream pressure at the boundary 4nd demanding equality of these precsures.
Newtonian or Prandtl Meyer expansion approxiwitions have been used to specify
these pressures, These procedures appear to be capable of predicting,
withir a reasonable approximation, the boundary location not too far from
the nozzle, but the approximations typically worsen downstream. Hill and

Habert? have been able to obtain reasonable correlation of the high altitude
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plume shape usiug blast wave tleory. Thomson has used an asymptotic analysis

to correlate the properties of the far downstream pressure equilibrated Jet

13
to the nose shape. Alden, Hill and Habert treat the shock layer as thin

i

znd obtain a universal plume shape at high altitudes for hypersonic free
streams. A;‘vini‘txses an inviscid two shock layer formulation for the very
high altitude jet which includes centrifugul relief. He also assumes thin
shock layeir's and 8 hypersonic free stream. It is expected that these approxi-
mate techriques will yield useful information about the gross plume structure
but how accurately they r.present the detailed profiles is questionable.

The basic difficuity with meny of the approximate techniques that have
been developed is that the validity of the various approximations is difficult
to ascertain a priori. In many cases a detailed assessment of the accuracy
of the appruximations has also not been made a posteriori, often because the
results sometimes appear to agree well with certain features of observed
Plume chapes or morc detailed numerical calculatioas of the plume shape. The
difficulty, of course, is that the agreement is often limited to one quantity,
such as shape. A classic example is that of the blast wave similarity
approximation of a cylindrical or spberical explosion. Here the location
of the shock front is well described by the approximste theory long after
the similarity approximations break When the details of the irternal
structure are ccnpared, however, disparities often appear. For the present
problem the detailed structure is ot primary interest. For this purpose it
appears that an "exact" numerical solution ie required in order to obtain
relisble information,

Several numeiical programs, using the method-of-characteristics, have

15-17
been developed. Some of these are isentropic programs and asre most useful i
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for nozzle or vacuwn expansiou calculations or for nearlv talanced nouzrnles
where the shocks are wzuk. Others treat the air and jet Yk us non-
isentrocpic discontinuities assuming the air shock is attached to t:..c nozzle
lip. When the free strear is hypercouic and the air shock detuches, crcating
a subscnic region, tre Jet flow alone may be evaluated by using the Newtcnian
approximation to specify the bourdary pressure. When the Newtonian approxi-
mation is valid the jet flow may be computed first,yielding a blunt body
contour around which tre air flow may be evaluated subsequentli? In

the present problem the shock may be detached so that the Newtonian approxi-
mation is useful at the forward part of the plume, but the Mach numbers are
nct high enough that this is & gcod approximation for tre downstream portion
of the plume. At present there does not appear to exist a complete "exact"
numerical procedure for treating this problem.

There are very few treatments of a highly underexpanded jet including
diffusion effects. Vasiliu has formulated the problem in the boundary layer
approximation (very thin mixing 1ayer;? However, the procedure is an implicit
one and is awkward to apply. Some calculations have been carried out for a
turvulent thin boundary layer along the plume boundary. In any case, the
strong lateral gradients that occur at high altitude make the boundary layer
approximation suspect,

The approach used in the present study is a combination of procedures
that have been developed for axisymmetric jet flows and Tfor hype.sonic flows
over solid bodies. In the following paragraphs we discuss some of the
characteristics of the availsble procedures as they pertain to the present
problem.

Within the limits of continuum theory the Navier-Stokes equations are
usually assumed to provide a reasonable description of moderately rarefied

flow fields. @Questions exist concerning the validity of these equations
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for the structure of very strong shocks Lut at present no sulcable allernative
has been presented. Many daifferent useful methode have been developed for =
obtaining exuct or approximate solutions to these equaticns for various
boundary conditions. One powerful tool haes been the use of the similarity &

assumption. The similarity technique assumes that a separation of variables
is possible in the differential equation and the boundary conditions. With
thls assumption the partial differential equation is reduced to twvo sets of
ordinary differential equations which may be integrated by standard techniques.
In general simi’arity way be obtained only for certain types of boundary
conditions. The similarity technique has proved a powerful tool for

treating the hypersonic flow over slender bodies. Here, when the small
disturbance approximations are valid, (§ << 1 and M, 5%< 1 where § is a

characteristic body slope and M_ the free stream hach number) solutions

20
to an equivalent unsteady one dimernsionsl flow may be scught. Similar
21-23
solutions are cotained for flows over bodies where radius ry varies
as power of the axizl distance:
r, = cxn
-b L]
Here n ¥ 1 is the wedge or cone, and 3—3; < n < 1 yields convex bodies.
Here v = O for planar vodies and ¥ = 1 for axisymmeiric bodies. The special

case n <~ 5-277 yields the so-called blast wave solutions corresponding to the
one dimensional unsteady problem of an iutense energy release along the

ax1is of symmetry at L = 0. For axially symmetric bodies the blast wave
soluvtion co.. ~sponds to & parabolic body {(n = 1/2). Rlast wave thzory has

9

been used” to co-relate empirical dsta for the plume shape at high cltitude. y
The ease of applicetion of the theory Jjustifies its application for obtaining

order of magnitude results. Tn order to use blast wave theory for the flow '
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over a perAlolic body the effect of the btlunt nose, where he slender body
assumptior Taile, must be cousidered. 1t has been shown 24,33 that nose
blunting of ctherwise slender bodies can have a disproportionately large
effect on the flow field about the body. Here the ctrong and highly curved
shock at the nose of the body produces a strong gradiert in the entropy near
the body surface. Blast wave theory may possibly be used for the flow far
from the body if an approxzimate account of the entropy layer is included
(see Sychevze’and Iakuvaz7). When the similarity assumption may not be
invoked th. partial differential equations must be treated directly.

Normally this means a numerical procedure is ...uired.

Varerical Methods for Inviscid Flow

Supersonic 'ow

Ope of the most useful wechods for obta.ning aumerical solutions of
the pariial differential equetions for supersopic filow has rroven to be
the method of characteris*tics. Pro- . 'y used this methnd yields an "exact"
solution. In the high Mach number regions of the plume flow., however,
difficuities arise in the "woplication of this method in a numerjcal procedure.

Since the characteristic lines make an angle

o= su ()

the charucteristic grid is c¢longated in the streamwise direction when the
Mach numoer is iarge. As a result, errors will be magnified in the strean
direction and the inaccuracies in locating tle interaction of characteristics
will be large. To overcome these inaccuracies, small grids (i.e., small in
the direction transverse to the streamlines) would be necessary.

In the plume problem, this shortcoming of the method of characteristics
Jecomes serious many nozzle exit diameters from the nozzle exit. Fortunately,
the regions in which the characteristic angles are small are regions in

which cther methods (e.g., finite-differerce techniques) become quite useful.

1v-56

T e gt =

=




willt:

Under the heading of finite-difference techniques we include all numerical
methods for Airect numerical integration of the partial ditferential equation
other than the method of cnaracteristics. Basically two tyras may be dis-
tirguished: those that use a prescribed set of mesh points and hose that
incluade the detzrmination of the location of the mesh points in the calculation.
The distinguishing property of supersonic flows is that the differential
equations are of the hyperbolic type. Consequently, finite difference

marching technigues may be directly applied.

Subsonic Flow:

Nose Region Solutions for the External Shock Layer

The metnods discussed so far are inapplicable in the nose region of
the stream shock ayer where the flow is subsonic. Here the elliptic nature
of the equations prevents the direct application of finite difference marching
techniques. For the present problem the subsonic region is expected to bhe
small and to exert a relatively minor influence on the overall flow field.
In order to ottain the initial values for the calculation in the supersonic
region, however, an estimate of the subsonic flow in the nose region is required.
The evaluation of the hypersonic flouw over a blunt body has been
studied extensively during recent years and several methods for inviscid flow

2829

are available, including the Newtonian solution, the thin-layer approxi-
mza.‘t:ion,ao':"l tne integral relatiors me't:hodi.‘a‘.’3 and the various numerical’
methods of Swigart,a\* Van Dyke,“carabedian and Liebers‘t:ein,36 etc.

Since the free stream 1s hypersonic, the llewtonian approximatio: may be
used to sperify the pressui~ on the jet boundary in the subsonic nose region.
This provides an appropriaste boundary condition for the solution of the Jet

tiow in the inviscid approximation. Given this boundary one of the various

approximation procedures may then be used to estimate the subsonic flow.
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Iv-2. The Inviscid Flow Field Evaluation

IV-ca, Finite Difference Procedure Used for the Supersonic Flow

The momentum equation for inviscid steady flow is

(U - grad) u = - % grad p . (1)

The energy equation is

ﬁ’-grad(h+%ﬁz)-o, (2)
and the continuity equatior is
div pﬁ =0, (3)

The equation of state is p = pRT ,

The momentum equation may be rewritten in the fo.m

L2230,  dug, gradp L
g as*ﬁ-uasn o ()

where u = un, n is a unit vector parallel to the streamline and s ig the

distance along the streamlinz, For two-dimensional flovw we may write

ou 1 %

u35+p 35 0 (5)
and

w41l 2., (6)

08 p aYy

Here ¢ is the angular inclination of the streamlin2 and y is the distance

I along the surface normal t, the struamline, Equation (6) may be rewritten as

&S , 3 12
-ng+.58 (h+iu) 0. (7

where the entropy S is given by S = R [4n (p/pY)]/(Y-l) .

Thus the flow is isentropic along streamlines,
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Here h = y -1 RT. Equations 2, 3, 7, may be integrated along streamiines

to give
h + % u2 ®» constant
P/py = ccnstant
(8)
pua =~ constant
P = ART

Here A is the area of an individual sticamiube., The remaining equation

is the centrifugal equation:

o0, . L 3
3s 'YMZ 3y (0 P) &

2
where we have set st = yMZ.

The finite difference approximation is carried out as follows., The flow
is divided into a finit’ number of streamtubes., Initial duta is fed in along
an orthogonal surface. The initial data consists of the local streamtube
properties and the coordinates of the dividing streamlines, on the input
surface. The calculation proceeds by pradicting the flow properties on a
new orthogonal surface using the flow data on the previous surface plus the
boundary condition at each edge of the surface. The curvature x(K,I.> 2f the
streamline K at the point where it intersects the surface L is evaluated from
the lateral pressure gradient determined from the pressures in the adjacent
streamtubes (K, K+ 1) and (K - 1, K} on the surface L (see Figure IV-1}. This
curvature is used to extend the streamline K to the surface L + 1. This
procedure is repeated for each streamline in the flow. Prom the thus
determinec ctreamtube areas on the surface L + 1 the fluid dynamic propertres

for each tube are then evaluated from the three conservatic ~quations.
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It is known that the straightforward applicstion of the marching
frocedure descrired sbove is unconditionally unsteble. Howaver, it may
be rendeied ntable by the following procedure. Having determired trhe fluid
propertiec on the surface I, = 1. “h€ cucvature n’ (k, L + 1) of the stream-
line K at “he surface L + 1 is =svalucted from the pressure gradients on
this surface, Then the surface I, + 1 is recalcuiated using for the m=an

curvature of the stresiline K between the surface I, and I + 1 the expression
w o= (Ll-a) n(K.L) +a»’ (K,L+l).

Perturbation theory {acoustic approximation) shows that this procedure
1s staule when @ > 1/2, 1s unstabi_. when o < 1/2 and is neutrally stable
wvhen @ = 1/2, 1In addition to this restriction the step length between
the surfaces L and L + 1 must be chosen to be less than the value .f the
separation between the streamiines K and K + 1 multiplied by a number L»f

o ey

the order of V/MC- 1. Calculntions w'th various test flows show that when

‘sound waveus) are demped, In practical calculations

a > 1/2, perturbations
it is usually conveniert and sometimes necessary to choose (¢ slightly
greater than 1/2 in order to smooth cut perturbations,.

As presently programmed, the procedure ma:ches through an axisymmetric
or planar f:iow generating the orthogonal suri:~es. On each surface it
calculates the flow tctween two boundaries., These Loundaries may be of
various t,pes: & shock, a solid, or a free {ire.sure given as a function
of boundary inclination) boundary. The sheock boundary condition uses tne
Rankine-Hugoniot relations to cornect tie interior flow to the external
flow. The extirnal rlow aay e non-uniform and ma  pe given in analylic

or tabular form. The inpui tabular date 1is required to be in the seme form

= the fata the prograr calolatez,
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In the evaluation of the high altitude flow field, wc first calculate
the undisturbed flow into & vacuum. This calculation is carried sufficlently
far from the nozzle that sn analytic extrapolation =o iafinity may be carried
out. 1t is convenient ts reprvsent this flow in an a.alytic form to be used
ac the flow into which the Jet-intercepting shaock propagates. A procecure

for duing this is outlined in Section IV-cb.
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IV-2b. Representation of “he Undisturbed Jet Flow

The flow into a vacuum is relatively easily calculated and tnere
are a number of formulations available. Here viscous effects (excep' for
nozzle and combustion chamwber boundary layers) are cxpected to be small.
In Figure 1IV-2 we show Lhe streamlines calculated with the te
difference streantube program for the 50:1 sustainer engine expanding
into vacuum. In this particular calculation, the flow was pre- =* .. “rom
expandirg more *‘han 850 by an arzificial wall., At the present ti1 ¢ ihe
program is not set up to calculate a flow which turns through more than
900. Although this type of flow car be allowed fcr with relatively minor
changes, it is not anticipated that this will be necessary, For this nozzle
the mass flow which, in a vacuum expansion, turns through more than even
60° is  small fraction of the total flow (less than 1%). Thus, in this
cae, we do not expect this large angle flow to have much effect on the
downstream flow. Also, in prectice, this portion of the flow will be
largely nozzle boundary layer flow and is not well defined at present
(Fig. IV-k). (The flow that turns more thar 60° is confined to an annulus
less than 1 mm thick at the nozzle lip.)

For the finite difference calculation, it is convenient tc express
the uwndisturbed flow in an analytic form. Since the flow distribution is
singular at the nozzle lip, the zero pressure streamline and the point at
infinity, it is convenient to choose on analytic form that gives the correct
limiting form of the flow &t these singular pouints. A useful form is the

following Taylor series representation of the dens?f.y:
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! {(y-1) = 1, ¢!
zp , = n\7 ) / Bumn nm cos{n(n + §) %—. (1)
vhere

[ is the exit plane density a. the nozzie edge,

— — 0

2 . a\e
n = re/ r+ \x-)o)
6 = tan”t r/x
@ = the turning angle for the zero pressure streamline, and

@©
x is measured frow the intercept ¢ the 7. »9 pressure line with the axis.
This form gives the correct dependence ¢ r far from the nozzle (;~~'f-2)
and thc correct dependence ou § close to the zero pressure line (p--(9¢- 9)2/7'1).

The coefficients & n may be evaluatced as follows:

Let Mmax
cm = ) e (2)
m
Then
6, ¥l : :
~ 2 ! 2 1, 6
© fo) ‘

The quantities Gn(n) may be evaluated numericaliy at variov~ values of 7
from tne vacuum flow field calculation. The values of *the &n may then be
found by standarld least squares fit procedures. Standard computer routines
are available for this latter fit.

A procedure siumilar to this has been used previousiy and was found
to be a good fit to the flow throughout most of the field with a 28 term

series.
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In addition to toe denslty we 3150 need the flow inclipnation angle
¢. Here an appropriate representation is:
Ml

max
o=0fien ) a1 e 3 (an

m=0

&

5 ()

The same procedure as that outlined above mey be used here. In Figs.
IV-3 and L, we show the comparison between the numerical calculation of
the density profile and streamline locations and the analytic representa-
tion obtained with a oxo polyncmial-Fourier representation.

The outer parts of the vacuum flow field are appreciably affected by
the peripneral mass flows associated with the rocket and by the turbulent
boundary layer within the nozzle. 1In Fig. IV-5 we show the effect of the
boundary layer on the vacuwn flow for the 50:1 engine. (The boundary
layer was calculated using & Von Karman-Pchlhausen method.) In Fig.

IV-0 we show the effect of “he sonic exit exhausterator which surrounds
the 25:1 engine. About 3% of the total mass flow is released through this
exnausterator,

In the far field, the flow from any nozzle becomes source-like (p ~'R-2).

: In Fig. IV-T, we show the mass flow angular distribution for a number of
different nozzles, In the far field limit the analytic representation is

7y
21,

. 2 |
1 Fourier series representation of R p In the present calculation
we have typically used a 5 or © term sum, For approximste purposes, it

often suffices to use & one-term Tepresentation;

2

dm 18 1o
n - a(cos 28 v=l (5)

IV-14




In Fig. IV-B we compare the detailed mass flow distributisns for various
nozzles with this simple foriwi. In Table IV-l we list the corresponding
values of the parameter a. Reference ta this figure indicates this
form gives a reasonable representation of the density distiribution
obtained (within a factor of 2). The advantage of using this form is
that it may be evaluated for any nozzle withcut requiring 2 detailed
numerical evaluation of the vacuum flow. Mirels and Mullens have suggested
a similar approximation: 1 - (6/6@)2 instead of cos( %~g—). Either
formula gives a reasonable rough representation of the numé:ical
calculations.

In Figure II1~10 we show the far field distributions for three nozzles:
the 50:1 nonuniform exit nozzle and two 25:1 nozzles, #l and #2;* Nozzle
#2 represents the far field flow for the S-4 engine whose ex’t plane pres-
sure profile is shown in Fig. IV-9. This distribution, denoted Nozzle
#1, was intended to represent this flow but, due to a mistake in the
analytic fit procedure, the far field fiow distribution actually was
incorrectly computed at large angles to the axis. To a certain extent
the errors are of a n~ture simjiar tc a boundary layer effect. Unfortunately,
this flow distribution was used to evaluate the flow fields at 100 and
135 km. The effects on the external flow fields are expected to be
relatively small and confined to the bow regicn of the plume. Thus we do
not know exactly what shape nozzle the flcw iabeled #1 correspondsto.
However, differences in the flow are probably less than the absolute

accuracy of the overall calculation.

¥fhe two nozzles snown in Fig. IT-10 have a sufficiently non-uniform exit
plane profile that a precise calculation would predict a signiiicant Mach
disc shock structure near the nozzle exit, In the present calculation
this difficulty was circumvented by choosing the mesh size large enocugh
that no shock structure was spparent. The resultiug errors are expected
to be confined principally to the flow near the axis.
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IV-2c, APPROXIMATE TREATMENT OF THE NOSE INVISCID SHOCK LAYER

The inviscid flov around a blunt body moving at hypersonic speeds hus
been treated extensively. Hayes and Probstein” give an excellent review of
most of the techniques used. For the present problem the subsonic region
is not expected to exert a major influence on the downstream flow. For high
area ratio nozzles, the air shock mey remain attached (i.e., no subsonic region)
to rather high altitudes., Thus, at least for the initial evaluations, it
is not expected that a sophisticated treatment of this region is necessary.
Of the several procedures available thise that assume a simple relation
for the pressure distribution more or less a priori and use the conservation
laws to rcughly define the subsonic region are particularly suitable to be
used with the marching :echnique used here for the supersonic flow. Here
the evaluation of the subsonic calcuiation may essentielly be reduced to
a boundary condition at air-exhaust dividing streamline., One procedure
that will be cousidered is outlined in the following paragraphs.

Here the thin laver approximation is used vo estimate the pressure
gradients normal to the boundary streamline. In this apprc-imation end away

from the stagnation point the pressure at a height y above (i.e., normal to)

the boundary is >
p(y) =p, +K ![y pu-dy (1)

where K is the bcandary curvature, Assuming that the streamlines are approxi-

nately naraliel to the surface, the mass flux per unit area is given by
2Gp pt v 1/¢’ '
o = (2)

Here G 1is h/Rr and pt i the total pressure for a given streamline, This
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totel pressure may be expressed in terms of the shcok inclination at the
point where the streamline enters the bow shock. Mass conservation requires
that

dy = p_ u_ R dR/rpu (3)

whee R is the radial displacement of the streamline at the point where

iv enters the shock, Thus we may write
Po Yo Y ¢ 1Mp e b e e ‘a R’
o -2 (] BlE) ) R e
and °
p(y) =K pmumumj l-(-g—t)l/G%:d.R'+pB. (5)

Also the local radial displacement of the streamline is

r = rB + Yy cos 9 (6)

vhere tan 6 = drB/dz.

At each station the shock location is determined by solving

Ry = Tp + y(RS) cos (N

where y(RS) is given by Equation b4,
In order to evaluste the pressure p, the boundary pressure pB must be
evaluated in the Newtonian approximation. A somewhet imprcved value may
be obtained by requiring that the pressure behind the shock computed from
Equation (%)  agree with the value obtained from the Rankine-Jugoniot
relations; hcweve:r, this has not been incorporated in the present calculation,
This procedure ic not valid near the symmetry axis. However, the effect
on the downstream flow involved in using it into tr2 axis is expested to ue

small. To start the calculation, we need a value for the shock stanc-off
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distan~c that is compatible with the sbove procedure, I the Newtonian
Torm for the boundary pressuire close 1o the axis is assumed, and the jet
flow evaluated using thais boundary pressure, then an average radius of
curvature Ro for the nose may be deflred. 'The boundary curvature should
be averagud over radii of the ourder of the expected stand-off distance §.
Assuming that p/pL = 1 and that §/R << 1, Equation 4, in the limit of
R/RO << 1, may be reduced to the form

u u
© ®© m

6 = y(O) = m?}- @é‘RO. (8)

1l -1 ¥
:5(%& \";'_T R . (9)

| These relations give a stand-off distance that is compatible with the

For hypersonic flow

procedure described by Equations 4 to 7.

In practice, however, a simpler procedure is more convenient: the
stand-off distance is first assumed zero and the entropy gain through the
shock calculated from the slope of the line joining the axis starting point
and the tirst shock point given by Equation 1 (unless this inclination
exceeds 900). If this latter condition cccurs, the entropy gain is set
equal to that for a ncrmal shock.

In using this procedure, it was found that the shock front tended to

be unstahle, The methed was altered to & mixed marchingerelaxation

procedure in which the flow is calculated a number of times, The str=am-

line total pressure p, end the streamline curvature K(r,z) (assumed now
: to vary lineacly across vhe shock layer) for the (N+l)th iteration -re

i evaluate? from the Nth iteraticn. For the first iteration, tlz shock slope
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is assumed to be the same as the boundary slope and the streamline curva-
turz vo be the same as the local boundary curvature., This procedure
appears to converge within 3 or 4 iterations when used with typical
boundaries. It may ne convergent only in an asymptotic sense in that

it is not clear that small irregularities in the bhoundary contour do not
result in an increasingly fluctuating shock profile, Howewver, in the
present calculations, the amplification factor is sufficiently small that

it does not cause any difficulty, (See Figure Iv-10).
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Iv-c4d.

The Mach Disc Region

It is well known that the reflection of the jet snock from the
symmetry axis is of the irregular type wita triple shock point and Mach
disc formation., The detailed solution for this Lreasonic flow izquires
the soluticn of a set of mixed elliptic~hyperbolic equations. Various
approximate criteria have oeen suggested to determine the Mach disc

319,40
location in a simple fashion. Of these, that suggested Ly Bowyer,
D'Attorre anl Yoshih&m:geems to give the best agreement with experiment.
Here the inclinations of the Mach disc and the reflected shock are calcu-
lated at each point along the jet shock using the condition that the
pressure and flow direction downstream of the triple point are the same
for streamlines passing on either side of the triple point. The actual
triple point is supposed to occur at the station where the Mach disc is
locally normal to the incoming flow. In other words, the flow passing Jjust
inside the triple point is auswued to suffer only a slight deflection

(see Figure IV-11).

ncident shock
Reflected shock

Slip line

Mach disc

Fige. IV~1l. Mach Disc Geometry
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When, as in the high altitude jet, the Mach number in front of the
shock 1s high (~ 100), this criterion for the triple point formation may
be expressed rather simply. In this hypersonic limit, it may be shown
that the Mach uisc would form when the wave angle of the Jet shuck reaches

*
a critical value (0 ) which depends only on the specific heat ratio:

* ] * 2 * r.9.]_ * )
1-¢(0 <lisin 20 = (y+l - 2 sin“ 0 ) Z(0) -1
(&) 2 (v ) J 2 (e

where

\ \
Z(G*) =1l - -—A'% sin’ 9*)/ 1+ ')’L:‘i s:Lﬂ29*,

(y+1) J
and

e(B*) = .

2
si%) sin2 e*

For y = 1.3, 0" takes the vilue 19.2°, For (y+1)/(y-1) >> 1, o may be
approximated by the much simpler expression

9*'-:1 yli—i
For y = ).% this approximate rela-ion yields a value of 9* close to the
exact one (20.70).

The Mach numwpers in the neighborhood of the Mach disc indicate the
nature of the Flow in this region. Behind the incident shock, the Mach
nurber is 7.3, behind the reflected shock, 4.64, and behind the Mach disc,
0.32. The pressure behind the Mach disc is about 2% above the ambient

value,
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We expect that this critericn (the Mach disc locally normal to the
flow) will somewhat overestimate its size. Since the subsonic flow must
contract in order to lower its precs-ure, the sireanline passling Jjust below
the triple point should be defliected slightly inwards, If the slip line
were renuired .c have a downward inclination of only O:bo, the Mach disc
radiu. would bz reduced by about L3, Although D'Attorre .nd Harshbarger‘t
have compared the locelly normal criterion %o a variety of experimental
data and conclude that tue triple point occurs ciose to this condition,
the sensitivity of the size of the disc to the particular criterion chosen
would make a more detailed siudy of the flow in this region desirable,

In any case. ' disc diameter appears to be sufficiently small in the
present cases treated t.atl its presence can provably be igncrad for most
practical purposes. Reference to Figures II-1 and II-2 shuws tnat, at
180 km and M o= L,3, the “isc diameter is less than one-tenth the maximum
Jet diameter. For these highly underexpanded jets, the scaling iaws show
that the diameter of the Mach disc (for a given nozzle) depends only on
the values of the specific heat vatios and the value of the free stream
Mach number (Mm). Since 4.3 tends to be  lower limit to the Mach number
during sustainer flight, the Mach disc will te even less important at
other altitudes (see Figures II-L and o),

These co-nclusions are subject vo the gqualification that th= vacuuws
flow near the uxis 1s properly reprosented, For highly non-uniform nozzles
the near axies flow riay be improperly evaluated :n the present calculation
due to the cmearing cut of the Mach disc structure rniear the nozzle exit
plaue, A more re- istic evaluation of this pa:t of the flow would be
required teo evaluate in dotail the ‘nfluence of the ncicle non-uniformities

on the down. tream Mach disc structure,
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Viscous Effects

ince the altitude range of interest for the preser'. study is 100
to 300 km, the viscous and non-contim:um effects may have a significant
influence on certain regioni of the flow field. The free stream mean-
free-path, for instance, Is about the length cf & typical vehicle (20m)
at 135 km altitude. Thus the vehicle itself i in free-molecular flow
over wost of the altitude range. The Reynolds number and Knudsen
number based upon free stream condit‘ons and the plume nose radius vary
over quite large ranges.

Thie photographic measurements of Rosenberg and his coworkers‘z
indicate that the sutline of the visible plume is roughly parabolic in
shape and, at ar altitude of abouv 180 km, the radius of curvature of the
nose region for an Atlas or Titan vehicle is about 1 km. For a vehicle
velocity of 4 km/sec at this altitude the Reynolds number tased on the
free stream velocity and density, the plume nose radius and the viscosity
at the stagnation temperature (~ 9000°K for no shock induced dissociation)
is of the order of 30. (Here ::~ have assumed a square root variatiou of
viscosily with temperature).

Cheng 'w.s tieated the evaluation of the flow field in the nose region
of a hypersonic solid blunt body at low Reynolds number? He bas developed
a thin twe layer model for this calculation in which the evaluation of the
shock layer is ca.ried cut independently of the evaluation of the "shock
transition" region and the two profiles matched at their common boundary.
At very high Reynolds numbers the "shock t.ansition" region mey be

identitried as the shock itself and the shock layer as the inviscid flow
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behind it. A low Reynolds number (merged flow) the separation is a
mathematical artifice.

In Fig. 13 we have reproduced Cheng's Figure 5.3 in which he compares
the thin two layer evaluation of the flow with that obtained by levincky
and Yoshihara aiong the symmetry axis. Except for the wall boundary
conditions, the flow conditions ar similar to those expected at about
180 km altitude for nose regions of the plume of an Atlas or Titan vehicle.
Reference to Fig.I-c and to Fige I-3 shows that viscous effects will be
quite important in the nose regior of the plume. Although, as Cheng points
out, the good agreement between the two calculations is not an indication of
the absolule accuracy of Cheng's method, it does give us confidence in
extending the thin two layer procedure to the evaluation of the flow field
inducen by the rocket.

The importance of viscous effects far from the nose region is more
difficult vo evaluate. In the following paragraphs we go into some
detail to get an estimate of the magnitude of the effect since this pretty
well determines the approach requirea for the numerical calculations.

One measure of the importance of the viscous effects is the mtio 6B/6,
vhere 6B is a boundary layer thickness .ad § is the thickness of the air
shock layer assuming inviscid flow. i.f p(Tr) and u{r) are mean values for
the density and velocity across the layer at the point where the boundary

is displaced radius r from the axis, then

A

N
© o

1
-z

Hjo
|
1

In order to estimate the alue of §/r we note that, in the supersoni.

- &-1 ]
portion of the flow, u varies between vy un and u where u, is the
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limiting velocity (> u_ for hypersonic flow), For y = L.k, 0.4l < ufu_ < L.

The mean density may be estimatad es follows, The density at any

point in the inviscid air layer may be written in the form :
x
p = o (p/p,) /7 (1)
wvhere p 1s the local pressure and the subscript s refers to conditions on

the given streamline Jjust behind the air shock. When the alr shock is

3 ,
ctrong (i.e., when Mi sin“eB>> 1 where tan QB(= dr/dz) is the boundary

slope)
P, ~'pmu£ sinaeB
and
P =L e, (2)

Rosenberg's field observations indicate that the plume boundary is

rcughly parabolic:

".'B(z) ~\/ﬁnz‘ (3)
where Rr is the nose radius. Thus, at the station 2z, the shock layer
1

pressure is of the order
P~ pu/ (1 + /R (8)
As a mean value of the initial pressure p, we choose the value
P, -pmu2 1+ % (r/RN)2>. (5)

This is the value of p_ for the median streamline (on a muss flow basis).

Thus, in the supersonic region {roughly r > Rn),

<o/F, < ¢ (6)

ST K od

or 3.65 < -p-/pm < 1&.9 for Y = lohc
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Near the sonic line, therefore, pu ~ 2.0 p_u_ whereas far downstream
U ~ 3.6 o U4, These values apply only to the region where the shock is
strong. When M sin BB > 1, the shock will begin teo diverge from the
exhaust plume and the shock layer width will begin to grow linearly with
distance downstream. Also here the parabolic form of the boundary shupe
will become a poor approximation., Assuming a parsbolic shape so long as
drB/dz > I/Mm, we estimate the value of the boundary radius at the point

where the shock begins to diverge from the exhaust plume as
rlNMRo
® D
Thus we expect the preceding approximstions to be useful for boundary radii
d .
lying between Rn an MmRn
Choosing an average value of 2.8 p_u_ for ocu we obtain as a rovgh

estimate of the air shock layer thickness the value

6 ~ 0021'

for 1 < r,’Rn s ﬂm. In the downstream supersonic portion of the shock layer

we moy roughly expect the boundary layer thickness Lo grow according to
b~V

i.e., for a parabolic plume 63 ~ r, Thus the ratio of boundary layer thick-

ness to shock layer thickness (éB/b) appears to be roughly independent or

radius for Rn sr< Maﬂn. Forr > Maﬂn’ however, we may e.pect the ratic

of the boundary layer width to the shock-boundary separation distance to

decrease roughly according to

Another measure of the importance of viscous effects is the ratic cf

the shock transition zone thickness to the shock layer width., For a normsl

1v-2t




shock a measure of the shock thickness is

VoY

by = zdv7dy$max ¢ (7)

For Pr =Le =1, h + %‘- vo is constant through the shock and dv/dy is
maximum at the soric point. In this case the shock thickness may be

expressed in the form

*
* Ml+1
s levl'% 5 | - (8)

Ml-l
* * * *
Here u Iis the viscosity at the sonic point and Ml = l/a vhere a 1s the

sound speed when M = 1. For an eblique shock having a wave angle 6,

(assuming p ~ /T) the shock width may be expressed in the form

Vl + &i M2 smz e MI+1
~C 2 O " . (9)
&g M_sin 6 ¥

Ml-l

Here

M sin 8
[- -]

‘\/1 + ?;;—i— (M: sin® g-1)

*

1) R
and C 1s o cou.tant dependent on the free stream conditions (C = _}% (__1_)3‘
4

Lokl

Tn a Mach 8 free stream with y = 1,40, the shock transition widihs and
the sh' ck leyer widths are compared in the following table for a parabolic

shock (tan & = dr/dz ~ Rn/R):

**For air with v = 1.4, C = 5,8 x 10-9/p cm where p is in gms/cmJ

(at 180 km, ¢ ~ 101& cm).
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At 180 km with Rn = 1 km

k3
R/R in 8 S
/ n Mw o M]. kl?l ﬁ (%—)
0 8.0 2.71 16 .10 0.62f
1.C 546G 2.27 2 .2 0.62
2.0 3458 2.07 o 15 0.38
4,0 1.94 1,60 .8 <29 037

Thus it appears that the ratlo of shock transition width to shock layer
width varies relatively slowly in the strong shock region (1 < R/Rn <M).

In the outer region (R/Rn > M_), where the shock is weak, the shock
1
LI
L ll 1
is weak, AS A’ZE where Ap is the pressure jump across the shock. Far from

width AS increases proportional to « In other words, when the shock

the exhaust gas structure, the wave is expected to develop an N-wave form,
The strength of the trailing shock of the N-wave depends on the extent to
which the boundary pressure drops below ambient. The amplitude of the

wave, neglecting the viscous effects, decreases according to

AP ~'R'3/h

whereas the characteristic width of the wave form increases as Rl/h
(Whitham, 1952; Bethe, 1945). Thus the shock thickness varies as R3/LL

and the ratio of shock thickness to N-wave width increases as J/R: At
sufficiently large radii, therefore, the N-wave structure will he engulfed
by the shock transition region. At larger radii the wave appears as .

smooth acoustic pulse traveling at the local sound sp:ed. If the viscous

tFor the nose region, we estimate § as 0.16 R (see Section IV-2c).
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attenuation were negligible, the wave shape woild be maintained and the

amplitude would decay as R'l/e. However, because of the viscosity, the

wave is both distorted and ettenuated, Since the attenuation depends =
strongly on wavenumber, the chenge of the wave shape is best examined by =
:
considering its Fourier components, =
4
5

For weak sound waves the viscous equation of motion may be written

in the form ::
ey, (3 ()
= ) F —
ot ax- ax2 ot
where § is the local displacement. For § = § lut-1kX Lo yave the
dispersion relation;
caka = wa/ ll + 1 e ) . (11)
3oc
Assuming the viscous term is small, we may write
: b2
k ~ ko -1 Rre ko (12)

where k= w/c. Thus the sbsorption coefficient is

L - b/ 30e = bu(em?/3pen] (13)

where ko is the wavelength of the disturbance. An examination of the geometry of
N-wave formation indicates that an N-wave wavelength (ko) of the order

of M, Ry may be expected. The numerical calculations of the flow &t 180

km for M_ = 4.3 indicate that an estimate of sbout 4 times M Ry is more
realistic. At 180 km this correspords to abcut 20 km for a typical Atlas

or Titan vehicle, implying an N-wave damping distance of sbout 100 km.

(9)

Since considerations of the scaling of the plume shape with altitude

(see also Section II-2)indicate that the term me§M§ is expected to vary

E
' t
IV-29 l




ittle with altitude, the N-wave damping d.stance is also roughly independent
of altitude. Note that these considerations really only applv tc . vertical
trajectory where atmospheric straicification effects are not too important.
At these altitudes the atmospheric scale height is about 50 kme For non-
vertical trajectories the mode of decay of the N-wave is more complicated.,
The motion in the horizontal plane will be roughly similar to that in a
non-stratifizd atmospher- but propagation in the vertical direction will
be distorted by the atmospheric stratification. In any case, at very high
altitudes where the plume dimensions become appreciable compared to the
N-wave damping length, N-wave formation is not expected. At the lower
altitudes with which we are primarily concerned, a disturbance will propa-
gate awuy from the plume but the high frequency components will be largely
absorbed within a few tens of kilometers from the plume axis., Only the

low frequency components will persist to large radii,
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IV-3a, THE SUPERSONIC MERGFD IAYER CAICUIATION

In the two layer flow model the flow field is divided into twc
regions: the shock layer and the shock transition zone. Following Chenét
we denote the interface separating these regions as the "shock interface."
In general the shock layer is the region tcotween the air shock transition
2zone and the jet shock transition zone. We first consider the equations
of motion in the shock layer,

The basic assumption (equivalent to the thin layer assumption) is
that heat, momentum or species diffusion parallel to the streamlines may
be neglected compared with the lateral tramsport (j.e., 5%;>> gg). With

this assumptjon the Navier-Stokes equations may be reduced to the form:

div pu = 0 (1)
R E L EEDRAE 1c) g
S A E 1) R

Equation 2-2 may be written in the form

T oe— = e = =

dS _ 3H 1 3 au
35 55 " ay é;) (5)

When the viscous erfects are signirTicant only the continuity equation may
be directly integrated along streamlines:

puA = constant. (6)
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Equations 3, 4, 5, =nd 6 plus the equation of state form a ccanvenlent set
for the finite difference procedu 2. Here the marching procedure is to be
carried cut in a manner similaur to ithe inviecid cwse except that Eqe. 3
and 5 vre used to evaluate the change of the stegnation enthalpy and the
entropy along streamlines.

For the present problem ve will assume, at least initiaslly, that the

diffusion may be described in terms of a single bpinary diffusion coefficient.

With this assumption the continuity equatim for each species is

dc dc w
1.13/p i 1
Vo5 5 Sy \Fr —y> + == (7)

where ¢, is the mass fraction of the ith species and “ﬁ the mass rate of

formation of the ith species per unit volume per second due to chemical

reasction. In the present study chemical reactions are expected to have a
negligible influence on the flow field, so that setting u&
to be a ressonable approximation. With these approximations Equation 7 is

= 0 is expecved

decoupled from the other flov equations and thus may be uszd to determine
the species cistribution, but is not required to determine the total
density end temperature distrivution. This is strictly true only when the
local mean molecular weight does not vary through the mixing layer. How-
ever, since the purpose of monitoring the species diffusion is primarily to
determine the mean specific heat and the air partial density, this approxi-

mation is considered to be e reascnable first spproach.
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IV-3b. THE MODIFIED RANKINE-HUGONIOT RELATIONS

The shock transition zone equations (given in the following seccion)
when evaiuated at the shock interfuce, yleld s modified net of Renkine-
Hugoriot equaticns which are to be used as the boundary <>nditions for
the calculation of the shock layer. When the external flow ig a uniform
stream having a density p_, & pressure P, velocity Uw and stagnation

enthalpy H_, these modified equations have the form:

e Up Sin ”“‘2 cos(y - cp?) - U, cos ¢] = - [U T%(u cos(¥ - w)\);i (1)
2

P2 - P, * 0y U, sin ‘l’[u2 sin{y - @2) - U, sin *] (2)

= %[u- '%(u sin(y - q;),:L (3)

- 2

o, U_ sin q;LHQ - Hm:} = - [u -;(% (H + (Pir - u + ‘3‘— sino(y - @)]2 (%)

and
p, U, sin § = p, U, sin(y - cp2). (5)

Here tan § is the sliope oi the shock interface and the subscript 2 refers to
conditions in the shock layer evaluated at the shock interface. For a non-
uniform stre- such a5 the internal Jjet flow, appropriately modified
equations &. :quired. In the cransport ierms of these egquations some
factors of the order of cos(y - cpz) have been set equal to unity (here
V-, is the angle between the shock and the local ¢ amiine direction).
Thus these equations are useful for shock angles such that the angle ( ¥=p) a

is smell. This latter condition 1is not too restrictive in the downstream

!
:

o g

P
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flow wten the free stream 1. hypersonic since, for example, fcr ¢y = 1.4
and M_ = 6.0, Y - ¢, is less than 19° when the Mach number behind the shock

is greater thap 1.-,.

When u s set eyual to zero in Equations 1 to 5, they rcduce vo the

normal Hugoniot relations.
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IV'3C .

THE SHOCK TRANSITICN ZONE CALCULATION

The basic approximetion made in the two layer model is that diffusion
fluxes are significant only in one direction, which is essentially speci-
fied to be one of the coordinate directions. In the supersonie shock
layer this direction is assumed to be the orthogonal %o the streamlines.

In the shock transition region *he uppropriate direction is norrel to

the shock iuterface. In order <hat a reasonable approximaticn be cbtained
these two directions should differ by only a small angl= at the matching
boundary, the shock interface. In the nose region the shock layer co-
ordinates are chosen as the normals to the body surface and the associated
orthogonal surfaces. The small angle condition requires that the shock and
the body surface be approximately concentric. This will normally be satis-
fied in hypersonic flow. In the downstream supersonic flow we require that,
at the shock interfuce, the ctreamline normal makes only a small angle with
the interface normal. This condition is usually approximsted in hypersonic
flow. Far downstream, where the shock is weak, the angle betwsen these two
normals approaches (Mm)'l. In the intermediate region where sz sin2$ >> 1
but ¢ is not too large ($ is the wave angle of the shock) this difference
angle 1s of the order of I%}, Thus the two-layer approximation is expected
to be useful for hypersonic flow for small values of (y-1;/2.

For the shock transition irerion, Cheng chooses a coordinate sysuvem in
which y = O corresponds to the shock interface. Here gradients parallel to
the shock interface are to be neglected. With these approximations we may

write (Cheng's Equition (5.7))

Shv=o (2)
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Su _ @8/, 3uy .
cVEy Ty e (2)

an v b3/ av
REEAS A F1C (3)
2
M [ Byl v
pv$=$<u%|_ﬁ+@:-1>h+61/ (4)

Here v is the velocity normal to the shock interface and y the distance

along the rormal.

The free stream boundary conditions are: Py =Py Py = 0 hl =h_
Uy = U, cos ¥ =ad vy = U, sin § where tan ¢ the local slope of the shock
interface.

Integrating these equations across the shock transition zone we get,

for arbitrary strength shocks the relations

PV =p vy (5)
to, v, Vv = S & o p, + v.? (6)
ProyW 3Py 1T
du .,
PPV Uy Py (7
3 (o, (L v
plle=ug\n+(§;-l)h+5-)+plvlﬂl (8)

This set of ordinary differential equations may be directly integrated to
give the shock transition zone structure. Here the method would be to
start at the shock interface with the values of the flow parameters that
were obtained from the shock layer calculation and integrate outwards along

the normal to the shock interface.
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When the Prandtl number has the particular value 3/4 these equations

may be reduced to & single quadrature. Sinpce expected values are of this

order (0.70-0.72), we have utilized this approximation to evaluate the

shock profiles.
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IV'3dc

THE NOSE MERGED [AYER

This is the problem that Cheng treats for the nose region of a blunt
body. The shock transition zone equations are those given in Section IV-3c
and are the same as for the downstream portion of the flow. There are
two essential differences in the shock layer calculation between the nose
region and the downstream region. First, in the ncse region it is assumed
that the diffusive fluxes occur in the direction parillel to tiie local
normal drawn out from the body surface instead of being noimal to the local
streamline direction. 3Second, since the flow equations are elliptic in
the subsonic region, the momentum equations are altered to convert the
equations to a set of parabelic equations. The resulting cet of equations

M
(given by Hayes and Probstein 3 ) is

a—i(pur)+%(pvr)=o (1)
Boox v dn By 2. Ay (2)
%+p u2+p<u ’) (3)
B 3G2 24w

Here u is the x component of velocity, v the y component, y the distance
along the outward normsl and x the distance along a surface parallel to

the body surface. K, = Kc(x) is the curvature of the body surface (of the
dividing streamline in the jet case). In the case of the Jet we would take

one of the streamlines which originate at the nozzle 1ip as the dividing
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streamline, For the flow inside th.s streamline we use the supcrsonic
formalism of Sec. 1V-22 and the above formalism for the flow outside this
region. An appropriate matching ccndition is required at the dividing
strearline; equal pressure, equal and parallel velocity and equal
transverse fluwes, #rom this boundary condition would come the equation
that specified Kc(x).

Since the symmetry axis contains a sirgular point, the stagnation
point, a method for starting the marching process is required. For the
blunt body problem, Cheng expands the equations in a Taylor series about
x = 0 and solves for tlz zeroth and first order terms. A similar procedure
may be possible for the jet.

An alternate approaci: is to solve the inviscid jet flow assuming the
dividirg streamline pressure is that given by Newtonlan theory. Then,
using the thus determined nose re’.ius for the exhaust plume, obtain the
starting conditions for the marching process using Cheng's expansion
procedure,

The change-over from the subsonic nose calculation to the supersocnic
downstream calnillation does not have to he mude right at the sonic point,
It should be made downstream at a point where the angle between the shock
and the adjacent internal streamline is small but not so far downstream

that the streamline curvature varies significantly scross the snock layer,

-
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iv-3e, Small Disturbance Approximation

An approximation which has proved very useful in the treatment of
the flow arcund hypersonic slender bodies is the so-called small disturbance
approximation. Here il is assumed that the -teady two-dimensional axi-
symmetric flow about the body is equivalent to a one-dimensional unsteady
flow that would be seen by an cbserver at rest in the ambient atlmosphere.
The requirement for the validity of tnis approximation is that the perturba-
tions in the axial component of the velocity be negligihly small. If a
cnaracteristic deflection angle for the flow is 7, then the perturbation

in the axial component of the velocity is of the order of u(l - cos 7)) CF

2
E%— . In order that this velocity perturbation induce only a slight pressure
variation, it should be small compared to the local sound speed., In other

words, the small d!~turbance approximation will prove useful when

MT2 <1

vhere 1 is a characteristic flow inclination. The free stream Mach numbers
experienced by 8 typical missile traveling through the ionosphere range

tetween 4 and 12, Thus we expect that the small disturbance approximation

will prove useful when the flow inclinations are less than about 5 degrees.

In air the shock wave from a vehicle traveling at a Mach number of 5 will

give rise to a deflection of less than 5 degrees at distances downstream

where the pressure jump across the shock is less than a factor of 2. Thus

the small disturbance approximation will be strictly valid only for the far
field part of the flow., For the near field the more complicated two-dimensional

steady equations are required.
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The one-dimensional flow equations may be writte.: in the form:

L2
Di op 10 Ju (oH 14k du
pm““{*y._r'a?(y PrLé?*E ?Pr'léy_} (1)

o |
5
[}

o(u
D¢ ;%—‘WVJI (3)

where
H=h + % u2 (h)
and
-1 u2 .
p = Zy— D(H -3 . (%)

Here J = O for planar, J = 1 for axially symmetric, and J = 2 for
spherically symmetric flows, These equations may be recast in a form

more convenient for numerical evalusation:

2o {dw (b E] B ®

P%= '%%*‘—?;ﬂ (N

g—t' (0¥ ay) =0 (8)

; pt = © (9)
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where

L ou
f = 3 yJ by

™
ll

= oh/c
o / 0

Here y is the mass point coordinate and Ay tne spacing between two
ad jacent points. These equaticns have been programmed for the IBM 7090.
Representative flow distributions calculated for a simulated sustainer

engine at 230 km altitude are shown in Figures
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The Air-Jet Mixing layer - Boundary Layer Apprcximation

Al suiliciently low altitudes the mixing layer at ‘he Jet-air
interface will remain thin compared to the shock layer thickness if it
remairs laminar. In order to estimate *he importance of the viscous
dissipaticn at the Jet-air interface a much simplified model has oveen
used to evaluate the mixing layer profile at low altitudes. Although the
mixing layer is unstable to become turbulent, it is expected that the
time reguired for transition to take place will be long compared to the
flow time (through the majJor part of the jet) at least at the higher
altitudes.

In order to obtain an easily applied analysis two approximations
have been made: Tirst; that the mixing layer remains sufficiently thin
that the variation of the inriscid flow field properties across the
mixing layer is negligible; second, that the rate of cinange of the
inviscid flow fieid with dietance downstream is sufficiently slow that
the mixing layer profile may be assumed to be self-preserving. In this
approximation it can be shown that the air-Jet mixing layer profile is
equivalent to that between two parallel and uniform streams. It turns
out, however, that even for the lower altitudes orf our intereet neither
of these two approximations may be expected to be very good - particularly
the former. In Figure IV-1 we show density, pressure, and temperature
distribution in the neighborhood of the boundary calculated for the 25:1
engine at 135 km altitude assuming no viscous transfer. Alsoc ia
Figure IV-1 we show the self-preserving mixing layer profile calculated

assuming that the conditions at the Jet-air boundary were maintained
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across the mixing layer. Reference to this figure shows that, especially
in the Jet shock layer, the inviscid pressure and density both vary
strongly across the mixing layer.

Because of the strong variation of the temperature and density
across the Jet snock layer the calculated self-preserving profile cannot
be expected to be too meaningful. Techniques nre available which will
allow, in an approximate manner, for some variations in the fice stream
flow outside the mixing layer. However, sirce i{ appears that, at least
above 135 km altitude, the Jet shock layer may be completely merged,
it appears that, at the very least, a viscous layer c:lculation will
be required to evaluate the entire shock layer.

Thus, for the present, it does not appear too useful to try aand
refine this mixing layer calculation in the boundary layer approximation.
Tne description of the analysis of the mixing layer keeping the self.
preserving assumption will be reported subsequently. 1In brief the
procedure is to treat the equivaient mirxing layer between twe uniform
free streams. Here the equations admit a similerity solution in the
classical compressible boundary layer approximation. The Von Karman-
Pohlhausen method is used to obtain an approximation of the solution to
these equations“.3 The procedure has been programmed for the IBM 700
computer.

The hasic conclusion of this analysis is that the Jet shock layer
will be strongly affected bty the diffusive fiuxes. 1In our present
description of the electron distribution, the neutral density distribution
within the jet region may exert a strong influence on the electron
distribution. Thus it appears necescary to obtain a consideratly more
sophisticated descripticn of the Jet flow than that resulting from s
simple self-preserving boundary layer approach.
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Eveluation of the Initvial Flow Distribution at Very High Altitudes in the

Collisicnless ‘pproximation

The mixing layer calculations carried out at 135 km altitude indicate
that the Jet shock layer may be completely merged even at this relatively
low altitude. Although at this altitude the shock widths are relatively
thin compared to the shock layer thicknesses, this will not be the case
at very high altitudes. At sufficiently high altitudes that the shock
layer width is comparable to a mean free path, the flow will be poorly
described by tho continuum equations. This situation is approsched in the
bow region at altlitudes above 200 km.

An alternate approach to a completve continuum calculation is to compule
the early non-continuum part of the flow assuming zero interaction of the
exheust gases with the ambient atmosphere (cross sections for collisicons
between exhaust molecules and air moleculer vanish), and then, at some
more Or less aroitrary time, start a one-fluid continuum calculastion. This
iz a particularly useful procedure at high altitudes from & numerical point
of view, since a large amount of computing time is normally required to
compute the flow close to the wvehicle when the continuum equations are used
throughout.

We first of all consider this collisionless approximation of the initial
flow in the small disturbance approximation. The small disturbance approxi-
mation gives a useful descriyp’.on of the flow field when the exial gradionts
of the various flow properties are small compared to the radial gradients i
and may be neglected. If, in addition, the variation of the axial component i

of the velccity is small across the entire flow field, a Galilean transformation
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may be used to transform the steady state two dimensional flow to a one
dimensional unsteady flow problem. We restrict the present discussion to
this case.

Suppose the vehicle velocity relative to the atmosphere is Vﬁ. We
assvme therefore that the sxial component of the exhaust gas velocity
relative to the vehicle is also Vﬁ. At high altitudes Vm is cherefore

releted to the enthalpy release in the combustion chamber by ihe expression
V =42 h (1)

where hc is in units of ergs per gram. A%t very high altitudes the exhaust

flow close to vehicle is source-like. Thus we may Write (see Section IV-2b)

° \ 2
p = f(ch} sin @ (2)
V r
m L
where
P = tan-l r/z N (3)
and
Q"f () singp é&p =1 (%)
o]

r is the rxdial displacement from the symmet:i, axis and z {unco axial distance
(252 th). The radial component, v, of the velocity is Vﬁ sin . If m is
the total exhaust mass flou rate, then ﬁ/Vﬁ is the mass deposited per unit
iength along the trajectory. The r'raction of the exhaust flow thet has a

radiul velocity betweun v and v + dv is given by, approximetely,

148 _ . flo)
T Ehvi‘tancP (5) _4
m 4
A
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vhere -in ¢ = V/Vm.
For the vacuum expauscion the radial velocity as a function of radius

and tiwe is

v = r/t (6)

The exhaust gas density as e function of radiuc and time is (for R < Vht)

L] “'
e = 220p) (7
v- t :
n 2
where ¢ = sint (Vr_t)' A usetul approximation for f(p) ies a (cos I q)/ew' Y-leor
m ]

pa

¢ < 8_ (see Section IV-2b) where 6_ is the limiting expansion angle. In
this small disturbance approrimation 8 _ is assumed less than unity.

In order to ir “tiate a continuum calculation, we require the mean
fluid properties to be specified in terms of a one fluid mocdel. The mean

fluid velocity will be given by

v =p v /Lete ] (8)

where pa is the ambient density.

The fluid density is given by

=5 +
g =P te, (9)
and the enthalpy by
\ = Lo _2,v
h=[oh +Zp.v. -20 V] 5 - (10)

In Fig. IV-13, we show thc collisionless approximation to the flow field at

an altitude ¢f about 290 km.

This mod=l gives an accurate description of the flow only when the
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mean free path for exhaust-air collisions at all points in the {low field

is larger than the flow field dimension. Although this conditicn is not
even approached in the rocket flow field at any altitude of i.terest, never-
theless this approximation provides a useful representation of certain
aspects of the flow while retaining a very simple analytic stricture. In
the remainder of this section we examine the validity of the collisionless
approximation.

It should be emphasized at this point that, in these approximations, we
are primarily concerned with the early part of the flow (i.e., the bow region
of the plume). As will be apparent in the ensuing discussion, the specific
criterion is that the exhaust gas density on the axis of symmetry be much
larger than that of the ambient atmosphere. In order to get a better under-
standing of tlLe approximetions involved we will first consider another
simplified but more accurate description of the early part of the flow,

Here vwe assume that, in the region where collisions of ambient molecules
with exhaust molecules occur, the exhaust gas density is much larger than
the umbient gas density. As long &s the effect of the ambient atmosphere
is small, the exhaust gas density rises from zero at the edge of the vacaum
plure with a high power (§%T) of the distance trom the edge (see Section IV-2b).
Close to this edge the exhaust gas temperature is near zero and the velocity
attains its limiting value, Vﬁ. In a coordinate system moving with the
exhaust gas the ambient atmosphere appears to impinge on the stationary
exhaust molecules with a velocity Vﬁ.
let us consider first the sequence of events which cccur during the

expension when the molecular weight of the atmospheric species is much larger
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than that of tue exhaust gases. This would apply to & rocket exhausting
pure hydrogen, for example. In this case the atmospheric molecules penetrate
deeply intc the exhaust gases losing small amounts of momentum and energy

at each collision. The fractional energy loss per collision is of the order
€, where ¢ is twice the mass ratio,end the average scattering angle is e/2.
The kinetic energy is reduced by an order of magnitude after about 1.2/6
collisions. The rms scattering angle at this point is of the order Jg75
radians. Thus, when the exhaust molecules are light, the atmospheric
molecules penetrate the exhaust in essentially straight lines and come to
rest with respect to the exhaust molecules after a fav collisions. The
kinetiec energy is dissipated in heating the exhaust. Until such time that
the fractional concentration of atmospheric molecules becomes significant,
the increase jn the exhaust gas temperature is sl_ght. Because of the strong
rate of increase of exhaust gas density with distance, the tombarding
molecules will all be stopped at roughly the same depth. Thus, in this
model, we expect a snowplow action in which ambient mo! -cules are swept

up into a thin layer located some distunce from the plume edge. Initially,
the density of ions in this laye: increases at a constant rate. This process
will continue until the deposited energy raises the temperature of the mixtuve
sufficiently to cause an expansion of the gas into the oncoming flow. This
constitutes the development of the shock layer. A non-coniinuum transient
period now follows as the shock layer becomes {ully developed. In the fully
develcped state we expect that the peak electron density will be limited

to the value cor: sponding to a strong shock. Thus, according to this

model the electron density may go through a maximum as the flow develops.
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This maximum value may or may not exceed the value expected behind a strong
shock.

The opposite situaiion obtains in the other limiiing case when the
molecular weight of the atmospheric molecules is much smaller than that of
the exhaust gases. Here again there is little energy transfer per collision
but the average scattering angle is large. The i.coming molecules emerge
fron the exhaust gas structuie after a few collisions with essentially the
same energy With which they entered but are traveling in random directions.
In this approximetion the exhaust gas acts like a rigid,diffusely reflecting,
adiabatic wall. The atmospheric shock layer will be established in front
of it in a few collision times. In this limit, the electron density is
expected to rise smoothly to its maximum value.

In cases of practical interest the molecular weights of the exhaust
gas and of the ambient etmosphere are comparable. Thus we expect a state
intermediate between the two models described above. Since the structure of
the shcck layer is considerably different in these two limiting models, it
would appear that a fairly detailed description of this non-continuum regime
is required tc obtain s reasonaply accurate description of the flow. Attempts
in this direction have not, in general, met with much success. The approach
usually invoked is to assume that the continuum Navier-Stokes equations
apply throughout the flow. 1In this case, evern though the ¢istribution
functions are not Maxwellian, a one-fluid model is used in which a unique
temperature and stream velocity is assigned to each point in the flow.

The collisionless approximation (defined by Eqs. 8, 9, and 10).
is equivalent, near the plume edge, to a one-fluid approximation of the

heavy atmospheric molecule case. However, this simple prescription fails
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in tie neighborhocd of the thin layer where most of the atmospheric
mele ~ules collect. Rough calculations of the density of atmospheric

nolecules in this layer indicate that the fractional concentration of air

here iz of the order

where ¢ is the fractional energy loss per collision (e ~ 2 m/M), y is

the specific heat ratio, R the exhaust gas radius, ka the mean free path

in the ambient atmosphere, n, the number density in the ambient and D,

the number density o= the axis of symnetry. This expression is useful when
both (y+1)/(y-1) end the density ratio n, /na have large values. For our
conditions we expect values of the density ratio between ;o“ and unity.

For y = 1.4, and ¢ =~ 0.3, for example, the fractional concentration in the
depcsition layer is then of the order 0.1 to 0.5 times (R/kamb)s/é. Thus
we expect the cocllisionless approximation to be useful so long as the radius

of the vacuum boundary is smaller than the mean free path in the ambient

atmosphere, At later times in the expansion the heating of the exhaust gases

by the entrained atmosphere will result in the development of an appreciable
shock layer structure.

This procedure has beei. used to provide initial profiles for a small
disturbance calculation of the flow field at very high altitude (290 xm).

In a small disturbance approximation, the flow is assumed identical to an
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unsteady cylindrically symmetric viscous expansion. A soiution of the cne-
dimensional unsteady Navier-Stokes equations has been ottained numerically
using a finite difference procedurs, The deniity, velocity and pressure
distribution at various times are shown in Figs. II-18, 19, and 20. The
calculation was initiated 0.6 seconds after the exhsust gas was expelled
from the nozzle and used the collisionless representation as the initial
state, At this time the radius or the exhaust plume was about 2 km. Since
the mean free pnth at this altitude is about 1.5 km, the collisionless
approximation is expected to be unrelisble after this time. In Fig. II-21 we
have plotted, versus time, the radius of the cylinder containing a mass

equal to that of the exhaust products. Also shown in Fig.II-2l1 is the locus
of the points of egual exiauci-wcis wass fractica, The dividing streamline,
which bounds a mass equal to that of the exhaust gases, expands.rapidly for
20 seconds at which time it sttains its maxirum value of about 15 km., After
this, it contracts dightly, reaching a minimum of 13 km at 50 seconds. After
44 seconds, the exhaust gases are so diluted with air that nowhere does the
fractional air concentration drop helow 50%.

Although the collisionless reprosentetion is not expected to be valid
wvhen the plume radius is greater than the ambient mean free path, it apparently
glves a rough approximation of sone features of the flow field throughout the
early part ¢f the expancion even when the radius considecrably exceeds the mean
free path. In Fig.II-22 we have plotted the veloci®y and density profiles at
3.2 and 6,5 se~onds. References to this figure show thet the collisionless
approximation gives quite a reasonable, although smoothed out, representation

of the velocity profile even at these relatively late times. Th2 density
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distribution is less well represented, especially in the shock layer region.
Nevertheless, since the gross features of the flow are reasonably well
reproduced, the very simple analytic form of this approximation makes it
quite ureful for elicitirg qualitative and sem!-quantitative information

about the interaction of the ionized species with “he neutral wind during

the early part of the expansion.

So far we have only considered a cylindrical expansion. It is

expected that similar agreement (and lack of agreement) may be expected

in the more general axially symmetric case. Even the general three

dimensional problem of a rocket traveling in a stratified afmosphere is

trivially formulated in this collisionless approximation.
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Kinetic Effects

The calculations carried out st 180 km indicate that the high tempera-
ture region is confined to e small volume in the bow region of the plume.
Although the stagnation temperature of the air stream is relatively high
(~ 6500°K at 180 km altitude) the cooling of the air stream by the outward
diffusion of the cold exhaust gases maintains the gases at relatively low
temperatures. The high temperature, low density entropy layer that would
exist adjacent to the jJet boundary if the diffusive effects were negligible,
does rot occur at these altituces (see Figure II-12).

In Figures I1-10 and 17 we show the temperat'r~e and density histories
along two characteristic streamlinea. The streamline locations are shuwn
in Flgwe Ii-l. Reference to these figures indicates that, even for fluid
elements wuich enter the air shock layer relatively close 4 the stagnation
point, the temperature exceeds 2000°K for less than & second. Since the
collision frequency in the nose region is less than 100 e only reactions
having fairly high rate coefficients and low activation energies can be
important.

At this altitude the atmosphere is ccmpared primarily of Né and O,
Reference ¥ gives the mole fractions of K,, O and 0, as 0.55, 0.39 and 0.06
respectively. Even the most likely ionizstion reaction between the air con-
stituents

N2 + 0~ NO4 N
followed by

N+O-No" +e
will produce & negligible increase in the electron density. The mixing of
the exhaust constituents with the ambient atomic oxygen may produce signifi-

cant reaction.
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Molecular hydrogen present in the exhaust gases will react with atamic
oxygen according to

H2 +0-+0CH+H
Kaskan and Browne recommend ¢ reaction rate of 3.3 x 1012 e'36OO°KJT cm3/moln-sec?s’
Thus, along streamline a (see Figure II-1)the fraction of the hydrogen that reacts
with atomic oxygen is estimated to be one or two per cent.

Ooservations by Rosenberg indicate the CH radical 1s present in the

exhaust products of Atlas end Titen I vehicle;!“’lt may form part of one of
the products discharged from the ges generators. Since these products will be
concentrated at the periphery of the plume, we may characterize their environ-
ment &s similar to that on streamline a. CH can give rise to ionization via the

reaction

CH + 0~ CHO" + e.

This reaction is considered to be & source of chemionization in hydrocarvon
flames. Calcote gives a value of about 2 x 1012 cm3/mole-sec for the rate
coefficient‘f7

This value implies that 10 to 20 per cent of the available CH radicals
will yield free electrons. The concentration of UH in the exhaust gases in not
known. In the AtYas cngine about three per ceat of the total mass flow is
diverted through the gas genevators. Since this portion of fuel flow is burnt
at very rich conditions it is expected that a variety of kydrocarbons will be
present. If more than one per cent of this mass flov results in the CH radical,
the resulting contribution to the electrcn content of the flow field may be
significant at this altitude. This source of ionization will be more importent
at lower altitudes and less at higher altitudes. However, it is difficult to i
determine its absolute importance without a more precise definition of the

exhaust composition. i
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Glass quotes a value for the rate constant of acetelyne with stomi~
-13 3, v® .
oxygen at low temperatures of 2 x 10 cm /sec. For this value, we wouid
expect about 1% of the available acetylene Lo react along st.reamline a,
Since only a fraction of the flow will be hydrocarbons and orly a fraction
of those that dc react with atomic oxygen will yield CH, this source of

chemiionization may rot be of major importance,
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THE EFVECT OF THE GEGMAGNETIC FIELD

Ion Distribution at Early Time - Simple Mo.el

The discussion in Section III-2 indicates that the ion-neutral mean
pacth may be appreciably smaller than the neutral-neutral value. In this
section we develop a very simple model of the ion motion that is useful
when these two mean free paths are widely different. We consider here
only the early time motion cf a cylindrically symmetric neutral fiow in
a longi*udinal or transverse magnetic field.

In Section IV-3g the usefulness of the collisionless approximation of
the neutral motion was discussed. Ther= i*t was indicaved that this approxi-
mation was a useful, although crude, representation of a one-fluid model
of the neutral vwind during the init’al stages o” the expansion. The time
histories of the density and velocity distributions for a typical high
altitufe expansion are shown in Figs. IV-13 and 1k,

Significant variations in the neutral flow ca: only occur over
A{gtances greater than a reutral-neutral rean free path. When the ion-neutral
mean free path is much smaller than the neutral-ncutral value, ve may assume
that the ion motion equiliorates with the local velocity of the neutral

wind. To a first approximation, we expect that the ion velocity component

.parallel to the field lines thus will remain close to that of the neutral

wind

- (1)
Vi“ = .Vl‘l

The perperdicular component will reach a quasi-steady diffusion value. As
discussed in Section IL{I-1 we would normally expect the velocity across the

£ield lines to be of the order

T
A T B VL (@)

V-1

-+
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for a finite length flow field.

Here we assume that the ion pressure gradients are not important and
that polarization electric fields do not give rise to dominating effects
(such as anomalous diffusion). Using the collisionless approximation for
the flow field (Figs. IV-13 and 1k4) to specify v" . vl und v as a function of
position and time we have eva.uated the ion density distributions corresponding
to the ion velocity field given by Egs. 1 and 2.* Here both a longitudinal
and a transverse magnetic field have been considered. The density distributions
at various times are shown in Figs. III-4, 5, and 6. Ion densities along a
line parallel to B and along a line perpendicular to B are shown. In the
caleulation v was set equal to 6 X 10719 cec! ana w, = 240 sec™! where
n is the number density of the neutral wind.

The calculation was initiated at a time t = O assuming an initial
uniform ion density distributlion. A schematic representation of the resulting

three dimensionsl ion density distribution is shown in Fig. III-3.

*In & previous progress report the calculation was carried out for a cylindrically
symmetric neutral flow, in which case the radial electric field due to chaige
separation resulted in a much lower perpendicular diffusion velocity (corres-
ponding to the value given in Eq. III-2 instead of 1). For the flow fields of
practical interest, Eq. V-2 is considered more suiteble.
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Linearized Approximat.-n for Gen=ral C ometry

In the linearized approximation the equations of motion may be written

in the form_lsee Section V-4)

-h od = -t
'i.“_’c:,s.(e+m£. + 3, - (1)
2t M <
33.‘ e - (E *‘Q__'B “‘aq -%4-%— @)
ot Mg \ c

Here ai and ae are ihe accelerations of the: charged particles induced by

the neutra’ "wind." In terms of the momentum velocity U, defined by
T+ a8 )/ (g e (3)
N (’W‘g'\ri* “a Ve ( N b ¥
and the current velocity ?, defined by
Y = ‘
¥ N -7 (4)
these equations may be rec: st in the form

. - 2., 3
" = a‘f“:"c"'a"v'u"Pv“'v (5)

and

Ga.s_ . E + (a - (\-d)ﬂ) W + Ft(a‘-t v);a"vgﬁ)‘ (6)

The linearized form of Pois.on's equation may be written in the form
M(§+w'$“7)=0- (7)

Here we have used the notation

_8. * Qg/(““.‘*""c)

XA 2 eB/ (W4 me)e
wp 3 AT Mg e /i +me) @
¢ - ron; e [(mce Me)
o = 2 "”\Q,/,("‘d + M)
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3, = (md; vm,_a;)/(m;s'n\J

Vo w (Y M) /ot me) (8)

Vo & (M » ey )/ (wm +me)

Va= Vo=V, -
In the general case the driving forces, cepresented by the accelerations ;1
and 22, include the ion pre¢ssure gradients, and the ion-ion snd ion-electron
interactions in addition to the neutral-ion interactions.

At high altitudes where the ion-ion collision frequencies are comparable
to the ion-neutral values and/or at late times when the neutral drag forces
are small, these contributions to the acceleration terms can be
significant and should be included. At the lower altitudes arnd/or at early
times, the neutral intersctions are expected to dominate (see Section III).
For the present we will neglect these ion-ion contributions and assume that
the terms al and 32 are known functions of position and time.

Even with these rather considerable simplifications, it is difficult to
obtain detailed information concerning the reaction of the ion fluid to the
neutral wind except in rather simvle geometries. Thus we expect that e
mathematical model suitable for computation of an actual flow field may be
a drastic simplification of the general case. In order to gain an understanding
of the importance of which features of the neutral fiow and neutral-ion interaction
which must be included in such a model we consider various limiting cases.

In Section the dispersion relations for the plasma are given and
ihe various characteristic frequencies and propagation modes Aiscussed. In
Section the nature of the high and moderate frequency response of the
plasma to the neutral wind is discussed in the linearlized approximation for
soge simple geometries. In Section V-4 we consider. the solution of the non-

lincar equations of motion, again for some simple geometries only.




In addition to the equations of motion, Egs. 5, 6 and 7,

the two Maxwell equations

we need

i

Ri
i

1
i

i

<ot 4

Cannll i! & = ?iﬂ; (9)

and

w 3, ¢ (€4 wiE)]er . (10)
The frequencies we are concerned with are well below the plasma fregueacy
wp. In this case it is usually valid to neglect the displacement current
term é in Eq.10. This is of considerable advantage since it materially
reduces the complexity cf both the analysis and the numerical evaluation:.
However, when polarization charges are important it is then necessary to
introduce Poisson's eauation (the civergence of Eq. 10 ) explicitly:

dan ( 2? + tn;f i}) = 0.

Thus Eq. 10 becomes

M ;l: e W: 3/@" . (ll)

The approximation of the magnetic field resulting from Eq. 1l is one which

is determined solely by a divergence-free current and thus cannot be used

to deduce the charge distribution. For this we need the additional equation
7. Equations 5, 6, 7, 9 and 11 form a complete set from whick

solutions for the electromagnetic field (€, Gc), the electric current
velocity (V),and the mass velocity (ﬁ) may be obtained in terms of the
driving forces El and 32. In the general case al and 32 depend on the ion
pressure gradients in addition to the neutral-ion interactions. When these
are important we nee wntroduce the continuity equation for the ion fluid.

This may be written in the (linearized) form

”, + edwﬁ «0 (12)
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o

':é = 0, @ =1) and the zero electron mess model (ZEM) (r /m, = 0, @

where p is the mass density of the ionized species. Also required are
energy equations for the ion and electron temperatures Ti and Te’

For the low frequencie- of our principal interest (W < v 4 ,ve) it
will usually be sufficiently accurate to assume that both the pressures
and the temperatures are isotropic (P, = N TL= Ty ). On the other
hend, because of the large ion-electron mass ratio,it is generally
neressary to allow for differing values for the ion and electron

tempersatures.

For the present we will consider only the approximstion in which the

driving frequencies are sufficiently low and the neutral drag terms
sufficiently strong that the pressure gradient terms e.° = o ~tant,

i.e., that the dr..ing terms EJ and '32 L. Dbe considered known a priori.

This is formally equivalent {0 a cold plasma approrimation (’I‘i =T = 0).

As discussed in Section III-2 two limiting wmode's are of primcipal

interest; the iawniical particle model (IPM) (v, =0, Vi =y, mo=m,

0).

For the identical particle :.0del the governing equations beccme

M s A-?'xdc. +3, -

. -
= WY,
AR

The elementary single species magnetohydrodynamic equatione result

V-6

e~ M G 0 LS AN

-

(13)

(14)

(15)

(16)




g g

from this model when it is assumed that the current and the eleciric field
reach quasi-steady state values (V'* 9, iV~ O). This state is approached
when the driving frequencies are small compared to beth the plasma frequency

wp and the cyclotren freauency w,. In this approximation the electric field

iz given by

€ - Do @, (17)

L1

and the equations of motion may be reduced to the form

% fy (s BYxW, + 3 - uT (1)

and

2
W, = w&(a-‘&‘) + Y oa . (19)
4w <

Historically, these equations (or the more general higher frequency ones
using Eq.14 ) have proven quite useful for describing many aspects of the
motion of a finitely conducting plasma in a magnetic field. The forms given
in Eq.18 and 19 contain the description of damped Alfvén wave wotion and
diffusion of the magnetic field through the ionized fluid. The symmetry in
the motion of the positive and negative ions in the identical particle
model may be expected to allow the formulation and solution of problems for
which it is difficult to reduce the non-identical particle equations to
a tractable form. This applies also to the equivalent non-linear relations,

Of course, this model can only be expected to Gesnribe some of the

aspects of the motion of a real plasma in which the positive and negative

ion are different.
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A second model which exhibits many of the features of the actual
motion which are lost in the identical particle approximstion is that obtained
when the electron mass is allowed to approach zercu. In this case (ZEM) the
current equation (BqQ.l4 ) reduces to the form

E:-—-(’\I—3 Xa‘-_ ) (20)

The rermaining equations are unchanged. In this model the conductivity
parallel to the field lines is infinite (i.e., E“ = 0). The plasma motion
is, in general, more complicated in tiis model than in the identical particle
model because of the luck of symmetry. The electrons, now having negliglble
inertia, resrond instantly to the ion motion but their motion is typically
very different from the positive ion motion. In the absence of electric
fields the electrons move strictly along the magnetic field lines.

If it is known that polarization charges are not important then,for
frequencies small compared to the plasma frequency, the displacement current

in Eq.15 may be neglected and the linearized equations recast in the form
- c‘ —t - -—h . -
Mo :\ (UMQ ug) b w‘ + a. - vl wn (‘l)
)

and

. : X -h
3D = wl (AxR) - -‘c?.(wg-v) S, . (22)

= )

Some aspects of the difference between these two models are resdily seen in
the corresponding dispersion relations. These are tabulated in Table V-1
for propagation parallel to the field lines and for propsgation perpendi~ular
to them. If the cyclotron frequency is much larger than both the collision

frequency and the characteristic frequency of the driving forces, the

e 2 : e T W
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dispersion relations for the two models ar: identical. In this case the
megnetic forcesare sufficiently strong that both the pcsitive and the
negative ions are ccnstrained to mokion along the field lines and the
difference between the two mod..s vanishes. )
Differen. .: betweer the two models may alsc be seea in the steady
state appriximation by examiring the dependence of the mass velocity on tie
electric field, The mass v:locity u may be expressed in terms of tie
electric fi2ld E ana the driving acceleration teim 31. For the identical
particle model Egs. 18 and 19 may be combined to yield {when é = 0):

- LS
(u*) - (";.g)x (E:.) &= -a‘.g - _“\)‘ . (23)
N == Az N
ITPM )ﬂ '% v, '»:L-f Q3\u£s
Tie zerc electron mass model yields the expression
g -h - wlhy ol vt
(u.;,\ T (—2') x Le Q,+ & ) (24)
‘2EM b Yy W) owtewg

The factors of 2 appearing in Eq. 23 are due to the normalization of the
electric and magnetic fields given in Eg. 8. 2€ and 2 Gc correspond to
the same electric and magnetic fields in the identical particle model as
doc ¥ ena GE in the zero electron mass model. In Eq. 24 two term- appear
which do not cccur in the identical pariticle model. These Cifrerveices heve

obvious physical interpretations. FPirst, when a radial driving force a, is

1
applied to an axie..ly symmetric aligned field configuratio:n, the two ions

drift in opposite azimuthal directions with the same speed. Only when the

V-10
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particles have the same mass does this motion give rise to a vanishing
angular momentum of the plasma, corresponding to the first acceleration
term in Eq. 24. Second, the application of a radial electric field gives
rise to opposing redial diffusion velocities for the two ions. 1iIn this
case, when the particles are identical, the .ot radial mass flux vanishes,
as indicated by the absence of a term proportional to €1 in Eq. 23. In
the zero electron mass model only the positive ions heve & non-vanishing

radial velocity.
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! V-3 Quasi-Steady Linearized Approximation

In this section we examine the nature of the solutions of the linearized
equations cf motion in a steady state approximation in which we &assume the
driving forces are time-dndependent. We are particularly interested in
evaluating Lhe effects of the polarization electric fields induced by various
types of neutral winds and those due to the charge separation resulting from
the mass difference of the positive and aegative ions. We will first consider

the identical particle model and then the non-identicel one.

V-3a Identical Particle Model

When the ions are identical except for the sign of the charge the

equations of motion become

e S, + T, -wd (1)
i}ﬁﬁ' A EE 4 E;JLCG; -"%R}AQ (2)

\7-(3* *4?*3')-.-0. (3)

We assume that the neutral-ion interaction is also independent of the

sign of the charge (32 =0). In the steady state approximation these equations

become
Az Q;;utzé - z:\)//‘* (#)
B (WE + BT+ @D+ o)
* du (wp &) = O (6)
and
uu-q-g = = =G (7,
. V=12




-l
Actually it is not consictent to set curl & = 0 for the general problem

we want to consider, since the neutral flows of interest are those that
tend tc expand the plasma. The induced emf due to a finite aﬁ/ ot glves
rise to a drift velocity U which ia turn allows the field lines to move
with the plasma. However, here we are primarily interested in the effects
of the polarization fields. Since the equations are linear we may solve for
these two motions separately - first those for which curl E = 0 and second
those for which div € = 0 and then superpose the results. In this cection

we are concerned only with t.e former case. Thus we may derive the

electric field from a potential «o:
veseE. (8)

Throughout the present analysis we assume that the magnetic field
is ¢ nstant and aligned in the z direction. The component of the current
velocity v parallel to the magnetic field may be derived from Eq. 5 :

ﬁa » é“ /(*9‘) O

Using Eqs. 5 and &, Bq. 6 may, afver some manipulation, be reduced
to the form

Ve + ¥X-VY quy -_v.(ua..m/,g
4 % * > {%" » &

where W is defined by

w‘,‘ Y,
W= ~ . .
we + N

Si=ce the neutral drag term has only r and z components, the right-

hand side of Eq. 9 may be written in the form

V-13

7]

ey




- 35 a6 (% )

where akL is the radial component of the drag term. Thus, when the
neutral flow and the plasma propeities are axially symmetric the polari-
zatior electric fields vanish. In this case the analysis descrived in
Section y-6 may be applied to the motion.

An azimuthal variation in either the ion density or the neutral
drag may result in a non-zero charge density. The resulting electric
fields may corsiderably alter the ion mntion from that expected in the

absence of polarization fields.

Substitution of Eq. 5 into L yields the following expression for

the momentum velocity u:

- - % = =
n 2 ) + 4 R 4+ 4Exw
B (3.“ T Lo o a7 G

As expected, the motion parallei to the magnetic field is unaffected. The
motion perpendicular to the field lines is the sum of the diffusion term HD
‘ in the direction of the driving force and a term due to the polarization
fields EE' In the general case there will also be a term due to the induced
field which we are not considering here. Thus the velocity in Eq. 10 1is
rer.lly the velocity relative to the field lines. The diffusion term is
the same as thet given in SectionIII-l. (Note that the Larmor frequency in
: Eq.10 1is defined iu terms of (mi + me) whereas in Section III-1 it is defined

in terms of m, oniy).

In this sec.ion we want to examine the polarization term GE‘ First

v-1k




we note that
div & = (57:;2?) C QS // <Luu:'-r \ﬁﬂ“i> .

Thus the motion induced by the polarization fields (V X € = 0) is
incompressible (div u = 0).

We now want to examine the nature of solutions of Eq. 9 in the

(11)

special case when the azimuthal variations of both the electron density

(i.e., ui) and the perpendicular accelerstion are small. Before pro-

ceeding to this, however, it will prove convenient to express the results

of this section in terms of the current dencity 3 and the parallel and

perpendicular conductivities, qi and q - The current parallel to the

magnetic field is given by

'T.“ a Q.M‘-“.&/C - 4:_'0‘?“/6\\ *

(22)

Thus, since the conductivity is defined by the relation g = eJ/mf, the

conductivity parallel to the field is given by

oz = 4e* Mg /mer .

W

From Eq. 5 the current perpendicular to the field lines is

i‘l = €W M (é_,_ <+ eﬂ%)/ﬁ(“:*“}“) " (1b)

Thus, the perpendicular conductivity is given by

o 2 4e‘M,,/me.v.(|+ 4«-"}/\:.‘).

v-15
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The conditinn that div 3 = O in the stesndy state (Eq. v ) may te

now expressed in the form

din(ola .G 3“) e~ (6 Z‘.xav./v.) g

According to this relation the force excrted by the neutrals on the
ions in the direction perpendiculer to the magnetic field may be thought

-t

of as inducing a current Jn across the field:

nb

T“ F) 61 ag ‘ag /'9. .

{17)

Since the total current must be divergence-free these windeinduced
currents cgsuse polarization electric fields to be set up in order to

L 3 -
1 ;5 (= +
create additional. currents up( o, (‘ q= i‘ ) such ihat

aiv (J_+ '.ip) =0 (18)

The solution of Eq. 9 in the general case is difficult because of
the anisotropy of the conductivity. However, when both the magnetic field
and the collision fregquency are constant, the anisotropic Foisson's
equation resulting from Eq. 9 may be reduced to the more familiar iso-
tropic form by a sinple transformition of coordinates., To accomplish this
we first introduce the potential ¢ (E = ch) with the 2 axis aligned
perallel to -ﬁ

By transformirg fram the real space coordinates (r, 6, z) to a set
(r, 8, z’) in vwhich the coordinate parallel to the magnetic field is
shrurk by the factor VW , Eq. 9 may be reduced to the isotropic

form

V'-(Ql v‘,@) - _V',(ﬁ, K.nﬁe/\’.) . (19)
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Here V' is the gradient operator in the r, 9, z’ coordinates and
4 o - & b
32 5/%h = 31+ v . (20

In order to gain a better understerding of the nature of the solu-
tions to Eq.19 we now limit ourselves tc the case in which the frac-
tional azimuthal variaiions in the ion density (i.e., in a, ) and in the
perpendicular acceleration ('af .L) are both small. Then, retaining only

the first order terms in these quantities, we may reduce Ey. 19 to the

form

I‘ - Q‘ a,
v Y r '36%)_ vroo( 2) - (e

where -n-e is the mean vsiue of the ion density (avera.ged over the azimu-

thal angle): (31
Met3)e 3w | Melng,©) d® |

Since solutions to the inhomogeneous Iaplace equation are familiar
and relatively easy to visualize, it is useful to interpret Eq, 21 as
Poisson's equation for the (psuedo-) electric field B ( % E'= V';p) due

to & (psuedo-) charge distribution p’, defined by

Sp= o
M‘P 4w v,» 98 ’T\o..d-t‘_

V=17

)

]

(22)
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The psuedo-Tield E'{s related to the real electiric field E ty

E =%
r r

(23)

and

This psuedo-charge distribution , p', m1iy be thought of as a superposition
of a number of charged rings, on each of which r and 2z are constant. and on
each of wiich the total charge is zero. At each point the charge density
is proportional to the magnetic field strength QBQ), to the drag term
(%EL/V£>-due to the neut:iul wind (this drag term is roughly of the order
of the perpendicular component of the velocity of the neutrals across the
field lines) and to the fractional variation of the product LR al-.

-

Azimuthal variations in n, or a. may result irom random inhomo-

a
geneities in the neutral wind or in the umbient ion density and from
atmospheric stratification of the neutral or the ambient lou density.
Quite large variations in these quantities may be expocted as the flouw
develops if the axis of symmetry of the neutral flow is not aligred with
the magnetic field. In generazl, we expect non-zero values of p' whepever
the neutral wind velocity across the field lines is significantiy different
from zero.

In order to obtain a feeling for the resultant moticn of the ion fluid
let us consider first the special case in which the reutral flow field is

axially symmetric with the axis of symmetry paraliel to the magnetic field

(b 8y j36 = d) and in which the ratios of the characteristic longitudinal
g |
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dimensions (parallel to the field) to the lateral dimeasions for both
the neutral flow and for the ion density inhomogeneities are much
larger than J§;7§r—. At high altitudes in the ionosphere this require-
ment is expected to be difficult to meet in practical situations because
of the typically lerge ratios that usually obitain for c. /ql (see

Mable V-2 ).* However, the simplicity of this case warrants its treat-
meng iirst.

Since, in this case, the characteristic longitudinal dimension is
large compared to the lateral dimensions, even in the r', 3', 2’ coordinate
system, the resultant potential distribution in this coordinste system,
as well as in the real space coordinate system, is approximately two-
dimensiorul (r, @ only).

Let us ask what happens to randomly distributed inhomogeneities in
the ion density. The total electric field =t any point may he thought
of as & superposition of contributions from individusl irregularities.
Suppose thLat the ion density distribution may be represented as a sum of

contributions of the form, for example

@
Mo~ e * OMe up‘- - (- "t)/"‘; (24)

% .
The present discussion has been based on the assumption of equal masses

for the positive and negative ions. However, it is shown later that the

appropriate parameter for non-egual masses is still the ratio of the two
conductivities.
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Fig.V-la. BRadial Neutral wind interacting with plasma inhomogeneities.

Fig. V-1b Resulting diffusion of the inhomogenieties.
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and that the characteristic dimensions (roi) of the irregularities are
small compared o those of the neutral flow field. As a result of the
variations in n  in the direction of 3.1 X &;c s bolarization charge
distributions will be set up (see Fig. V-l1). The resultant electric

field near the center of an irregularity (r = ?i) will be of the order

Q, x@ g"
"3 o Y o & - .%‘— (?r)

0
v, »,

3,

where §”is the field due to all the otner irregularities. Since tlLese
are randomly distributed we expect E““ 0. Equation 27 will approximately
represent the electric field in the immediate vicinity of the irregularity

oniy. The drift velocity induced by this field will he of the order

wdb -l a
T o Lrewe . y &
‘Am e iru—— - —_LL_ —-? s 26
we v, e (26)

Thus, regions in which the ion density is greater than ithe everage tend to
move in the direction or the neutral wind and those having a lower dencity

move against the wind (! e that the velocity is not aensitive to the

dimensions of the inhomogeneity, nor to the value of the magnetic field).
Since this motion is incompressible (Eq. ll),the motion i3 simply a
rearrangement of the plasma, the regions of higher density being blown

outward in the direction of the neutral wind. A mean radial velocity,

V-2l
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Er’ may be evaluated from

R‘-‘Tf - _-l—- M‘ Q'Aﬁ . (27)

Thus the meun outward velocity is given by

e, - Q . 6“‘
’ V‘ ( W

The fact that the drift velccity is independent ¢f the magnetic field
cannot be trie in the -1t of B + 0. The restrictions on Eq. 26 are that
the charact.ristic dimensions of the inhomogeneities be small compared
to that of the neutral flow field but large compared to & ILarmor radius.
Thus when the Larmor radius is comparable to the flow field dimensions
Eq. 28 fails. When the characteristi:z dimension of the inhomogeneity is
comparable to that of the neutral flow field the mean outward velocity
cannot be obtained from Eq. 28 . The gene<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>