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THE DYNAMIC STRESS-STRAIN RELATYON OF LEAD
AND ITS DEPENDENCE O¥ GRAIN STRUCTUREL

by
2 3
J. M. Gondusky~ and J. Duffy

Abstract

Several specimens of commercial and high-purity lead of various
grain size and crystallographic orientation were loaded dynamically in
compression by means of the split Hopkinson bar. Strain rate was held
constant at approximately 1200 aaec'.-l for strains up to about 15%. The
dynamic stress~strain curves were found to lie approximately 50% higher
than the corresponding static curves.,

The compression tests described formed part of a larger project
whose purpose was to determine dynamic values of Tabor's constant for lead
and its dependence on crystal orientation. For th's purpose the results of
the compression tests were combined with those of dynamic indentation tests
previously performed on the same lead specimens. It was found that dynamic
values of Tabor's constant range from 2.4 to 6.0 depending upon grain
size and orientation. These values are approximately equal to the corres-
ponding static values. They may be compared to the value of 2.8 obtained
by Tabor and other investigators for numerous fine-grained polycrystalline

materials, including lead, and for strains up to about 20%.

1 The results presented in this paper were obtained in the course of research
sponscred by the Office of Naval Research under Contrc:t Nonr-562 (20) with
Brown University.

2 Member of Research and Development Technical Staff, Texras Instruments
Incorporated, Attleboro, Mass.

3

Professor of Engineering, Brown University.
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1. INTRODUCTION

A proportional relationship between the true stress in simple
compression, v, and an average applied pressure, P, required to produce an
equivalent strain in a ball indentation test was first proposed by Tabor.[l]*
According to this relation

C =P/o

and for fine-grained polycrystalline materials it was found that C i& in-
deed very nearly constant and approximately equal to 2.8,

In an investigation of the dynamic stress-strain relation of ﬁetals,

Mok and Duffy[2]

compared the values of yield stress as found by indentation
using a hard ball to the corresponding values in simple compression. Tabor's
constant, C, was found to be just a few percent above the value of 2.8 for
both static and dynamic tests on an annealed steel and for two annealed
aluminum alloys. However, the tests on lead gave a value of 3.59 which
ie significantly greater. At the same time, Mok and Duffy reported that only
the lead had exhibited "non-axial symmetric yielding" which, in the case of
a ball indentation, iavolved alternate 'piling-up" and "sinking-in' of the
material about thc perimeter of the indentation. When viewed from above, the
indentation appeared to be 'squarish".

Similar indentation flow patterns have been observed in static

tests by other investigators[a’u]

for single crystals of aluminum and copper
which also have a face centered cubic structure. This led Dudderar and Duffy[5'i
to the idea that the most likely source of the deformation patterns vould be

an orientated substructure possibly involving grains of a size comparable to

the indentations. To investigate this idea and to see if grain size or

* Numbers in brackets refer to references listed at the end of this paper.

4

R

1 e e

ey
e W Xy




-2 -

orientation influences the value of Tabor's constant, they prepared several
surfaces and specimers of lead with careful attention to grain size and
crystaliographic orientation. They determined the static and dynamic indenta-
tion pressure, P, for each surface using a one inch steel ball. Simple static
compression tests at strain rates of about 0.001 sec_l also were carried out
in a commercial testing machine. From these data, values of the static Tabor's
constant, C, were found to range from 2.25 to 5.50.

The present study deals with determination of the dynamic stress-
strain relation for specimens of lead of various grain size and crystallographic
orientation at a strain rate of about 1200 sec-l. The dynamic Tabor's cons-
tant for these specimens is computed using the results of ball indentation

tests performed by Dudderar an3i Duffy.ts]

2. PREPARATION OF SEECIMENS

The specimens used in the dynemic simple compression tests were
all machined from large lead billets. A total of 27 such specimens were
tested representing nine different grain sizes or orientations as described
in the Table. In the undeformed state the specimens were right circular
cylinders 0.400" in diameter and 0.490" 1long. They were machined from
material directly beneath undeformed portions of the surface following the
indentation tests on these same surfaces. Each specimen was polished
chemically and etched on all surfaces to remove all plastically deformed
material. Crystallographic orientation was determined by the standard Laue

{63

x-ray method. The specimens tested were as follows:
(a) Four specimens from large single crystals of 99.99% lead grown
in the laboratory. These were machined so the (001), {Ci2), (i1l)

and (135) planes were parallel to the impact face.

L
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{b) A fine-grained polycrystalline structure obtained from a 99.9%%

lead billet by straining about 30% and allowing recrystallization.

The grain size ranged from 1.5 to 5.0 mm. (maximum dimension).
(c) Four specimens obtained from a commercially cast billet of 99.9%

lead (the same metal used by Mok and Duffy). This billet was first

cut transversely at the mid-plane to give a columnar grain

structure and to reproduce as closely as possible the surface used

py Mok and Duffy in their indentation tests. One set of specimens

was machined so their geometric axes were normal to the midplane

of the billet. These are referred to as the columnar specimens.

A second transverse cut near the bottom of the billet provided

the "true bottom" (equiaxed) surface and a third cut was taken

18°

off this surface. Again, specimens were taken so their
geometric axes lay normal tc these surfaces. Finally, the long
equiaxed surface was obtained by a longitudinal cut near the edge
of the billet perpendicular to the columnar face and thus perpendi-
cular to the long grain axes which lay in the preferred growth

direction [001]. The "long equiaxed" specimens had axes normal to

this face. 7

3. DYNAMIC COMPRESSION TESTS

The dynamic compression tests were comducted using the Hopkinson

pressure bar in the arrangement first devised by Kolsky[7°8]. This split

f9]

Hopkinson bar technique is reviewed by Davies and Hunter and was further

developed by Lindholm[ll]. As shown in Figure 1, the cylindrical lead
specimen was placed between the two long elastic bars, and the impact pro-

duced by a mass striking one end of the bar system.
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It was important that strain rate be held as nearly constant as

possible throughout each test, and to achieve this the carriage tad a fairly
large mass (12.6 lbs.) A typical strain-time curve is shown in Figure 2.
The carriage travelled on a horizontal rail system at a velocity of about

20 ft./sec. A commercial "Hyge" gun, employing high pressure nitrogen, was
ying P

used to accelerate the carriage. This arrangement provided a mcmentum sufficient

to insure a substantially constant carriage velocity throughout the lcading
pexiod of about 100 u sec.

(10]

The method of Karman and Duwez was adopted to terminate the impact
rapidly thus serving further to maintain the strain rate as nearly constant

as possible. For tnis purpose, a disk of brittle material was fastened to the
carriage (Figure 3). The overall thickness of the disk was 1/2" to pre-

vent bending and premature fracture. However, a deep and sharp groove was
machined on one face leaving a thickness of only 0.015" which thus allowed

the disk to fracture readily and provided a rapid unloading of the compression
pulse upon contact with the anvil.

Since the velocity of the carriage is important, especially in
calibration of the system, a means of measurement was included. Immediately
before impact, a stiff steel pin fastened to the moving carriage made contact
with two stationary thin brittle wires which fractured immediately upon impact.
Each «ontact completed a trigger circuit which allowed a digital counter
to record the time interval (Figure 4),

The impact arrangement described provides an elastic stress wave,

s of rapid ris« time, and fairly constant amplitude which propagates down

the incident pressure bar toward the spacimen. A portion, 0. cf this

compressive loading pulse is reflected from the first interface, while part is
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transmitted through the specimen. The transmitted wave is in turn partially
reflected at the second interface and partjiall; transmitted so that the trans-
mitter bar receives a stress pulse, 0. Since the transit time within the
specimen is small compared to the duration of the main loading pulse, many
internal reflections occur within the specimen during the duration of loading.
The stress distribution in the specimen is thus fairly homogeneous and plastic
deformation takes place quite uniformly in the lead specimen. The compressive
stress wave, T travels to the free end of the transmitter bar where it is
reflected as & teusion wave to return to the specimen. Since the interface
between transmitter bar and specimen cannot support tension, this stress wave
assumes the role of an unloading pulse and separation occurs between the
specimen and the transmicter bar.

The Hopkinsen Lars in the present tests were made of 2024-T4
aluminum, had a 1/2" diameter and were Uu40" 1long. The length to diameter
ratio was chosen to avoid dispersive effects between the gage stations and
the interfaces with the specimen. The bars remained elastic throughout the
tests. The impact end of the incident bar was centered in the anvil with a
free fitting teflon bushing. The two bars were joined by a sliding teflon
collar. Light thread slings supported this collar and also the free end of
the transmitter bar. Thus the entire bar system was essentially ballistically
suspended and free from all axial restraint. One end of each Hopkinson bar
was polished to a fine finish taking great care to preserve the normality of
the faces to the axis of the bar. A thin layer of silicene grease was placed
between these faces and the specimen to insure uniform contact and freedom

for lateral expansion of the specimen. A special depth gauge was also used

to set the initial extension, 60, of the incident pressure bar (Figure 3).
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An accuracy of + 0.001" wds provided by the gauge and thus afforded a fine
control on the amount of total deformation in the specimen.

Te monitor the loading pulse type C-§ electric resistince strain
gages were bonded to the Hopkinson bars. Two gages were bonded on opposite
sides of the incident bar at a distance of 20" from the specimen. Two
gages were also bonded on opposite sides of the transmitter bar at a distance
of 14" from the specimen. Bending effects were elimingted by making each
pair of gages the opposite arms of two D-C bridges. These bridges were
completely separated with individual power supplies to eliminate any inter-
action. A bridge excitation voltage of 6.0 volts was used for the incident
gages while 18.0 voults was necessary to insure a sufficiently high output
for the gages on the transmitter bar.

The output of each bridge was then amplified and displayed on a dual
beam Tektronix Type 553 oscilloscope (Figure 4). Type 1Al plug-in signal
amplifiers were chosen for their wide band pass (21 m.c.) and high gain
(5mv./cm.). The incident bridge output became the input for channel #1 of
the upper beam amplifier and for channel #1 of the lower beam amplifier. The
transmitter bridge output became the input for channel #2 of the lower beam
amplifier. Thus with only channel #1 operative ir the upper beam amplifier
and with the lower beam amplifier operating in a chop mode, three traces were
displayed on. the screen of the oscilloscope. A single sweep cf the upper
beam was triggered by the carriage as it cut a light beam directed toward a
photocell immediately before the point of contact with the incident bar. A
delay was introduced into the trigger of the lower beam time-base.

Through the use of the apparatus as described above, continuous

strain-time histories were obtained of the incident pulse, €55 the reflected

R » iR R e ¥ = e s
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pulse, €pns and the transmitted pulse, €yt Recording was accomplished by a

polaroid camera mounted on the oscilloscope. A typical photograph is shown

in Figure 5.

4, ANALYSIS OF MEASUREMENTS

The experiment provides the strain-time history of the incident, the
reflected and the transmitted pulses. Since the two bars remain elastic
throughout the test, the stress and particle velocity can be determined at
each interface as functions of time. From the elementary theory of elastic

wave propagation in slender bars we know that
t

where u is the displacement at the time t, Co the elastic wave velocity,
and & the strain. The displacement v of the face of the incident bar is
the result of both the incident strain pulse € travelling in the positive

x direction and ~f the reflected strain pulse €. travelling in the negative

% direction. Thus

t t
u, = C e, dt - ¢C € dt
1 o 1 r
o) o
or
[ ¢
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The displacement u, of t’ e face of the transmitter bar is obtained Z{rom

the transmitted strain pulse €y travelling in the positive x direction,

so that !

The nominal strain in the specimen g is then

t
u, =~ u c
e (1 2) _ o (e -e -e)dt
1 1
o o
o

where lo is the initial length of the specimen. The expression may be
simplified if we take the stress across the short specimen as constant, since

then ¢ =¢, - €., and ¢ becomes
r i s

t
t
2 Co
[o]
o

The applied loads Pl and P2 on each face of the specimen are

*u
1

AE (ei + er)

and

o
|1

2 AE et

wheve E 1is the modulus of eiasticity of the pressure bars and A their

cross-sectional area. Thus, the average stress in the specimen os is

(Pl + P2)
0 = —m—————— =

s 2A
S

O

E(A/As) (ei te ¥ et)
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where As is the cross-sectional area of the specimen. This expression may

be simplified by taking the stress constant within the specimen, so that

o, = E (A/A)) € (2)

Hence, when the gage calibration is known, stress and strain in the specimen
may be found at any time from the value of et(t) and the area contained
beneath the curve er(t). In the present tests the values of stress and
strain were calculated at the end of each 10 u sec. interval along the pulse
length. This provided a series of points which determined the strain-time
curve and the stress-strain curve.

In the derivation of equations (1) and (2) the stress is taken as
ccnstant along the length of the specimen. This is sufficiently accurate if
the specimen is short compared to the wave length. In the present tests no
barreling or flared ends were observed on the deformed specimens indicating
not only a lack of lateral frictional restraint, but a state of fairly uniform
compressive strain. In addition, the experiment affords a more positive check
on the validity of the relation e, T et The pulses €, and €, were
fed as inputs to a differential amplifier and the sum displayed as the lower
beam on the oscilloscope. This sum was compared to the display of €, on
the upper beam. All differences between the two were within the accuracy with
which the photograph could be measured.

There is another check of resuLts which usually cen be made. The
total strain in the specimen can be found after impact by a measurement of the
final deformed length. This total strain should equal the total strain
computed on the basis of the oscillograph records. Unfortunately this check

could not be made for the present tests because the strain gages on the

s m——
»
-w

[

it




%s is the second time derivative of the strain.
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incident bar were too near the impact end (14 inches). As a result the
reflected pulse was incomplete because of a second reflection which occurred
at the impact end.

It should also be pointed sut that equations (1) and (2) give the
engineering stress and strain in the specimen. For comparison with indentation

tests, all data have been plotted as true stress anu true strain by use of

the equations

Q
-]
"

(1 - ¢€) (3)

[y
]

T In (1 - ¢€) (u)

where o0 and € are stress and strain in the specimen at the time t as
given by equations (1) and (2). Equations (3) and (4) are valid for the

compression tests if the material behaves incompressibly in the plastic range

of deformation.

{el

Davies and Hunter have investigated extensively the split
Hopkinson bar and have given a stress correction factor for radial and
longitudinal inertia effects in the specimen. According to these authors
the stress L in the specimen is given in terms of the stress o at the
surface in contact with the transmitter bar through the relatiou

L2

- 1
O O * Pg C 6§ o ~ 87

2 2
s s

d”] g
where Pq and y are the density and Poisson's ratio of the specimen
material, l° and d are the length and diameter of the specimen, and

In their tests, specimens

of dimensiocns 1 = Y3/4 ysd were employed to make the inertia correction

term vanish. Another way to make it vanish is to hold the strain rate és
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coustant. In the present tests, much attention was paid to the design of the
loading apraratus in order to achieve a constant strain rate. As a result the
strain-time plot was very closely limear in each test as may be seen in Figure 2,
a typical strain-time history. Whereas the strain-rate remained constant for
any given test its value could not be set with any precision. However, all
tests were in the range 1100 sec.-l to 1300 sec.-l.

With the Hopkinson bar it is possible to make an accurate dynamic
calibration of the instrumentation if the -velocity of the impact carriage is

known. Since the bar remains elastic we may write for the particle velocity

gl—d_uv.d—x.'e’c
at ~ dx at =~ [

and, since upon impact the particle velocity assumes the velocity of the

carriage V, we have

so that

Hence, when V and Co are known one can find the maximum strain.

5. EXPERIMENTAL DATA & DISCUSSION OF RESULTS

The results of the dynamic tests in simple compression are pre-
sented in Figures 6 throughk 14, Each figure represents several tests of cne
particular grain size or crystallographic orientation, and individual specimens
are distinguished by a symbol. The values plotted represent stress and strain

at the end of 10 p sec. intervals of loading, so that a line connecting points

P
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represented by one particular symbol would constitute the complete stress-
strain curve for that specimen, Other specimens are assigned differen*
symbols so individual stress-strain curves can be drawn for all tests. However,
in each figure only one stress-strain curve is actuvally drawn. It represents
an average of all specimens with one orientation and grain size.

Figures 6 through 14 also show the corresponding dynamic

(5]

indentation test data obtained by Dudderar and Duffy. Tabor's constant
has been calculated in each case to provide the best correlation with the «imple

compressioi. data. The Table presents the static value of Tabor's constant ‘

as reported in Reference 5 for each orientation and grain size tested and the i
dynamic value of this constant determined through the present investigation.
Large differences in the deformation patterns of the ball
indentations w2re noted in Reference 5. Both round and squarish indentations
were observed and correlated with the crystallographic orientation of the
indented surface. Similar variations in ihe deformation patterns were also
noted in the dynamic compression tests. Figure 15 shows full size photographs
of typical compression specimens for each of the nine orientations and grain
sizes investigated, A study of these specimens reveals the similarities with
the deformation patterns around the ball indentations, and a comparison of
deformation patterns in the two types of tests follows.
The four specimens taken from the commercially cast lead billet
with the columnar grain structure have fairly high Tabor's constants. The
columnar face contained grains approximately 2 to 4 mm in diameter by
60 mm long with the long axis of the columnar grain lying in the preferred
growth or [001] direction. The compression specimens in which impact
occurred on the columnar face exhibited an oblong squarish shape following im-

pact (specimen 5, Fig. 15). For the same face, impact with a spherical ball gave
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a squarish indentation (Figure 8, Reference 2, and Figure 1, Reference 5).
In hoth cases the deformation pattern is probably due to the four-fold
symmetry of the (1il) slip plane about the direction of impact. It should
be remembered that preferred growth is in the [001] direction. By contrast,
the long equiaxed, the true bottom and the 18° off bottom specimens exhibited
an essentially circular although exfremely irregular deformed shape in com-
pression (specimens 6,7 and 8, Fig. 15). This is consistent with the cir-
cular shape oLtained in the ball indentation tests. The long equiaxed specimens
taken perpendicular to the columnar surface had a more uniformly orientated
grain structure. The [001] directional misalignment was approximately 2°
to 3° In the true bottom surface the [001] axes were also essentially
parallel but were found to be within 1_50 of the normal to the indentation
surface. To suppress further the dependence on the [001] orientation, tests
were made on a surface 18° off bottom. The dependence of Tabor's constant
cn the [001] orientation is shown clearly by the results. The lowest value
of Tabor's constant occurs for the 18° off bottom surface; it is higher on
the true bottom, and highest on the long equiaxed specimens. It should also
be pointed out that the cross-section of the long equiaxed, the true bottom,
and the 18° off bottom specimens includes several grains. Thus the four-
fold symmetry of the (111) slip planes will not produce an elongated specimen
for these three equiaxed samples (irregular round indentations) as it did for
the columnar specimen (square indentations) as shown in Figure 15.

As expected, the single crystal specimens show a highly non-isotropic
flow pattern in the compression tests. The (001), (012), and (135) surfaces,
which exhibited squarish indentation patterns in the ball tests, produced an

oval cross-section in compression (specimens 1, 2 and 4, Fig. .15). These
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three specimens also exhibited varying degrees of slear strain distributed
uniformly along their length. In other words the specimens appeared tilted
in the direction of the smallest diameter in the oval cross-section. By
contrast, indentations on the principal slip plane (111) exhibited round
indentations with no hilling. Compression specimens with this orientation re-
mained right circular cylinders after impact (specimen 3, Fig. 15).

For the polycrystalline surface, ball indentations were fairly
round (though slightly irregular due to & grain size of 1.5 to 5.0 mm.
maximum dimension). In simple compression, the deformed specimens were found
to be guite round with a uniform cylindrical deformation pattern (specimen
9, Fig, 15). In general, these specimens exhibited no directional preferrence

on deforming,

6. CONCLUSIONS

The experiments described formed part of a larger project whose
purpcse was to determine values of Tabor's indentation constant for specimens
of lead of various grain size and crystallographic orientation under both
static and dynamic conditions. To establish Tabor's constant for any material,
two series of tests are needed: the first to determine the pressure under a
ball indenting the specimen, and the other to find the yield stress in simple
compression at a corresponding strain.

The present tests were intended to fulfill the latter purpose.
Dynamic stress-strain curves were found for a number of lead specimens in
simple compression., Results indicate that, in general, the dynamic (¢ = 1200
sec.“l) stress is approximately 50% higher than the corresponding static
(¢ <0.001 sec."l) stress for specimens of lead with different grain sizes and

crystallographic orientation. Figure 16 presents the stress-strain curve for
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each of four single crystal specimens and for the polycrystalline specimen.
Tabor's constant ranges from a low of 2.4 when the indented surface is

the principal slip plane (111) itself, to a high of 6.0 for an indentation
surface (012) at an angle of about 41° with the principal slip plane. Figure
17 presents the stress-strain curves obtained for the various commercial
specimens of lead. The curves form a fairly narrow spectrum since all four
commercial samples were essentially polycrystalline., Taber's constant in

this case, ranges only from 4.2 to 4,7. It is evident from the above that
the commonly accepted value of 2.8 for Tabor's constant presupposes a fine-
grained polycrystalline micro-structure. For single crystals Tabor's constant

ranges from 2.4 to 6.0 depending upon the crystal orientation.
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Values of Tabor's Indentation Constant for Lead

=

TABLE

IMPACT Tabor's Constant
SPECIMEN SURFACE
Static Dynamic
Laboratory cast single (111) 2.3 2.4
Crystal of 99.99%
lead, (001) 3.75 L.8
(135) 4,35 5.9
(012) 5.5 6.0
Recrystallized bhillet any 2.95 4,2
of 99.99% lead (rela-
tively fine grain
structure).
Commercially cas* orientated 18° 3.05 4,2
polycrystalline billet to the bottom
of 938.9% lead
(columnar gpain true bottom 3.4 4.6
structure).
long equiaxed 4,35 4,7
(i.e. parallel
to the geometric
axis of the
billet)
columnar face at 3.9 4,758

midplane of
billet
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FIGURE CAPTIONS

The split Hopkinson bar used in the present tests.

Strain time history in < typical dynamic simple compression
test. Single crystal with impact on (111) face.

Loading arrangement; showing carriage, fracture disk and incident
bar.

Instrumentation to measure strains and impact velocity.
Oscillograph record of incident, reflected, and transmitted
pulses for a single crystal of lead. Run No, 126; impact occurs
on the {1lll1) face.

Dynamic stress and strain for a single crystal of lead in simple
compression. Impact occurs on the (111) face. C = 2.4

Dynamic stress and strain for a single crystal of lead in simple
compression. Impact occurs on the (001) face, C =U4.8

Dynamic stress and strain for a single crystal of lead in simple
compression. Impact occurs on the (135) face. C = 5.9

Dynamic stress and strain for a single crystal of lead in simple
compression., Impact occurs on the (012) face. C = 6,0

Dynamic stress and strain for fine-grained polycrystalline lead in
simple compression., C = 4,2

Dynamic sti'css and strain for commercially cast lead in simple
compression. Impact occurs on a plane orientated 18° to the
true bottom surface of the billet., C = 4.2

Dynamic stress and strain for commercially cast lead in simple
compression. Impact occurs on the true bottom surface of the

billet. C = 4,6
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Figure

Figure

Figure

Figure
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Dynamic stress and strain for commercially cast lead in simple
compression. Impact occurs on the cclumnar face at midplane of the
billet. C = 4,75

Dynamic stress and strain for commercially cast lead in simple
compression. Impact cccurs on a long equiaxed surface (a plane
parallel to the geometric axis of the billet,) C = 4,7

Deformed shapes of lead compression specimens,

The influence of crystal orientation on the dynamic stress-strain

relation of single crystals of Llead in simple compression.

The anisotropy of a commercially cast lead billet as exhibited by
the dynamic stress-strain relation in simple compression. The
billet had a columnar grain structure and measured 6 in. in diameter

and was 10 in. long.
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